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Spintronics is the study of mutual dependence of magnetization and elec-
tron transport, which forms a complementary picture in ferromagnetic (FM)
materials. Recently, spintronics based on antiferromagnetic (AF) materials
has been suggested. However, a systematic study is not yet available, and a
complementary picture of the AF dynamics with electron transport is high-
ly desired. By developing a microscopic theory, we predict the occurrence of
spintronic phenomena both in bulk AF texture and on the interface of AF with
normal metals. For the bulk, we find that the electron dynamics becomes adi-
abatic when the local staggered field is varying slowly over space and time, by
which the spin-motive force and the reactive spin-transfer torque (STT) are
derived as reciprocal effects. While the former generates a pure spin voltage
across the texture, the latter can be used to drive AF domain wall and trigger
spin wave excitation with lower current densities compared to FM material-
s. For the interface, by calculating how electrons scatter off a normal metal

-antiferromagnet heterostructure, we derive the pumped spin and staggered
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spin currents in terms of the staggered order parameter, the magnetization,
and their rates of change; the reactions of an incident spin current on the
antiferromagnet is derived as STTs. These effects are applicable to both com-
pensated and uncompensated interfaces with a similar order of magnitude. In
contrast to FM materials, the direction of spin pumping is controlled by the
circular polarization of driving microwave; and conversely, the chirality of AF

spin wave is tunable by the direction of spin accumulation.

1X



Table of Contents

Acknowledgments

Abstract

List of Figures

List of Tables

Chapter 1. Introduction

1.1
1.2
1.3

1.4
1.5

1.6

Motivation and Outline . . . . . . . .. .. ... ... .....
Magnetization Dynamics . . . . . . .. .. ... L.
Path Integral and Spin Berry phase . . . . . . . ... ... ..
1.3.1 Single Spin . . . . . . ..
1.3.2 Many Spin Systems . . . . . ... ...
Effective Lagrangian . . . . . . . . .. ... L.
Semi-classical Dynamics of Electrons . . . . . ... ... ...
1.5.1 Case I: Degenerate Bands . . . . . . ... .. ... ...
1.5.2 Case II: Well Separated Bands . . . . . ... ... ...
Spin-transfer Torques . . . . . . . . . ... ... .. ... ...

Chapter 2. Electron Transport in Antiferromagnets

2.1
2.2

2.3
24
2.5

Band Structure . . .. ... oo
Equations of Motion . . . . . . . ... ...
2.2.1 Spinand Iso-spin. . . . .. .. .. ... .. ...,
2.2.2 Geometric Evolution of Spin . . . . ... ... ... ..
2.2.3 Dynamics in Momentum Space . . . . . .. .. ... ..
2.2.4 Dynamics in Real Space . . . . . . ... ... ... ...
‘t Hooft-Polyakov Monopole . . . . . . . ... ... ... ...
Domain Wall Magnetoresistance . . . . . . .. ... ... ...
Proposed Experiment . . . . . . . ... ...

viil

xiii

xXvii

O W = =

10
11
17
18
24
26



Chapter 3. Staggered Field Dynamics

3.1
3.2

3.3

3.4

Nonlinear Sigma Model . . . . . . . .. .. .. ... ... ...
Staggered Field Dynamics . . . . . .. .. ... ... ... ..
3.2.1 Reaction of A Single Electron . . . . . . . ... .. ...
3.2.2 Spin Diffusion . . . . .. ...
3.2.3 Equations of Motion . . . . . .. ... ... ... .. ..
3.2.4 Charge Current v.s. Spin Current . . . . .. .. .. ..
Domain Wall Dynamics . . . . . .. . . ... ... ... .. ..
3.3.1 Collective Coordinates . . . . . . . .. ... .. .. ...
3.3.2 Domain Wall Velocity . . . . ... ... ... ... ...
Spin Wave Instability . . . . . .. ... ... ...
3.4.1 Mode of Uniform Precession. . . . .. ... ... ....
3.4.2 Mode of Finite Wave Length . . . . .. . ... ... ..

Chapter 4. Spin Pumping in Antiferromagnets

4.1

4.2

4.3

4.4

Antiferromagnetic Resonance . . . . . . . ... ... ... ...
4.1.1 FEigenmodes . . . . . . . . . ...
4.1.2 Susceptibility and Damping . . . . . . . . ... ... ..
Interface Scattering . . . . . ... ...
4.2.1 Ome Dimension . . . . . . . ... . ... ... .....
4.2.2 Fisher-Lee Solutions . . . . . ... ... ... .. ....
4.2.3 Higher Dimensions . . . . . . ... .. ... ... ....
4.2.4 Spin-mixing Conductance . . . . . . . .. .. ... ...
Spin Pumping . . . . ... ..o L
4.3.1 Brouwer’s Equation . . . ... ... ... ...
4.3.2 Pumped Spin and Staggered Spin Currents . . . . . . .
Materials and Experiments . . . . . . . ... ...

Chapter 5. Spin-transfer Torques in Antiferromagnets

5.1
5.2
5.3

Onsager Reciprocity Relations . . . . . . ... ... ... ...
Current-induced Torques . . . . . . .. .. ... ... .....

Spin Wave Excitations . . . . . .. ... ... ... .. ....

X1

69
69
73
74
76
80
33
84
36
89
93
94
95

101
103
105
106
112
113
119
130
134
137
138
140
144



Chapter 6.

Conclusions

6.1 Summary and Conclusions . . . . . . ... .. ... ... ...

6.2 Outlook and Perspectives . . . . . . . . . ... ... ......

Appendix
Appendix 1.
Bibliography

Vita

Equivalence of O(3) NLSM and C' P! model

xil

154
154
156

159

160

164

185



1.1

1.2

1.3

2.1

2.2

List of Figures

Left: the spherical triangle is constructed by connecting vertices
at nqy, ny, and ng by great arcs. Right: a closed path is divid-
ed by N steps, with each single time slice defining a spherical
triangle. . . ... Lo

n(t) with ¢ € [0, 8] defines a closed path (blue curve) on the
sphere. 7 € [0, 1] maps the path continuous towards the north
pole (red curves) with n(t,0) = n(t) and n(t,1) = ny. For V7,
n(0,7) = n(f,7). Grids are formed by varying both ¢t and 7,
which defines the differential area ds. . . . . ... ... ...

The eigenstates of Eq. (1.74) form a set of local spin bases, and
define a local frame that moves with n = M /M,. Components
of the conduction electron spin s (red) in the local frame are
denoted by s1, s9, and s3. In the tangential plane with normal
n, we make a coordinate transformation from é, and é; to n
and n X 1 so that everything expressed in the new basis is
physical. . . . ...

A schematic view of Bloch waves in the lower band. Sub-band
A means a local spin up electron has a larger probability on
the A sites and a smaller probability on the B sites; sub-band
B means the opposite case. They are degenerate in energy and
theil; wave functions have a finite overlap depending on the ratio
of Jle. . . .

Left panel: the isospin vector € (blue arrow) in the local frame:
C =10 + c2¢p + c3n, where 8 and ¢ are spherical unit vectors.
Right panel: In our particular gauge, € (blue) is coplanar with
n and s (red). The tip of € moves on a unit sphere, whereas
tip of s is constrained on the ellipsoid whose semi-major axis is
n and semi-minor axis having length &. . . . . . . . . ... ..

xiil

29

43



2.3

24

2.5

3.1

3.2

3.3

3.4

3.5

Spin evolutions for three different £’s when n(t) is moving round
a cone with constant angle 6 from the 2z axis. Upper panels:
the tip of s respects two constraints: it stays both on the cone’s
bottom (small gray slab) and on the spheroid described by E-
q. (2.25) (blue ellipsoid), thus the vector s is confined in between
two cones with different semiangles. Lower panels: orbits of the
tip from bird’s eye view. The topology of the orbits is separat-
ed into two classes (left and right) by the critical case (middle)
where the inner cone’s semiangle shrunk to zero. Orbits may
not commensurate withn. . . . . . . ... ... 0L

Left: F/AF/F trilayer with opposite ferromagnetic orientations
on two sides. The black double arrows represent the A-B sub-
lattices of the AF layer, which is dragged into a spiraling texture
due to exchange bias on the interfaces. Right: incoming elec-
trons only enter the A sub-band due to the upper ferromagnetic
polarizer, the out-going electrons partially occupy the B sub-
band depending on the valueof &, . . . . . . . ... ...

Schematics of spin-motive force experiments based on ferromag-
net (upper panel) and antiferromagnet (lower panel). . . . . .

While opposite (local) spin orientations are locked with different
spatial patterns in an AF metal, no such difference is present
in a normal metal. As a result, normal metals have effectively
€2 = 1. Since spin relaxation rate is proportional to 2, AF
metals have relatively longer spin diffusion lengths. . . . . . .

Magnetic moment of A sublattice is pinned along the polarizer.
Under time reversal operation, not only AF moments flip sign,
but the orientation of the polarizer switches also. Therefore, p;
defined in Eq. (3.29) is kept the same, i.e., the polarizer always
populate the a-subband. For specific wave functions of a and b
subbands, see Section 2.1. . . . . . ... ... ... ... ..

Schematic view of a setup of AF DW between two pinning ferro-
magnets at its ends. DW dynamics is described by two collective
coordinates, the center position z. and the canting angle ¢. The
DW width W is approximately invariant during the motion.

Scaled DW velocity plotted as a function of time, for G = 0.1
and G = 10, respectively. V,, exhibits damped oscillations

with the terminal value V,  (00) = G?/(1+G?). . . . . . ...

Spin wave spectrum (at zero k) as a function of spin injection.
As to whether the A or B sublattice is pinned along the polar-
izer, there is a sizable difference in the AF resonance frequency
represented by Aw. . . . . ..o

X1v

o1

63

66

7

80

85

91

95



3.6

4.1

4.2

4.3
4.4

4.5

4.6

4.7

4.8

4.9

4.10

In all four panels, red points have positive imaginary parts that
just cancel the damping, while blue points enhance the damp-

ing. (a) y > 0, v, parallel to k, plot for []v/y — i2ap,G; (b)
y > 0, v, anti-parallel to k, plot for [£]v/y + 12ap,G; (¢) y < 0,
v, parallel to k, plot for [£]vy — 2ap,G; (d) y < 0, vs anti-
parallel to k, plot for [&]vy +i2apsG. . . . . . . .. ...

The two eigenmodes of Eq. (4.16) have opposite chiralities and
opposite ratios between the cone angles of m; and m,. A mag-
netic field along the easy axis breaks the degeneracy of the two
modes. . . ...

In both mode w, (left) and wy (right), the damping torque push-
es the moment with the larger amplitude towards the easy axis
because the effective field (dotted arrows) it feels resides inside
its precessing cone, whereas the moment with the smaller ampli-
tude is dragged by the damping torque towards the antiparallel
direction of the other moment since the effective field is located
outside its precessing cone. . . . . . .. ... ...

98

107

110

Case (IT) differs from case (I) in that the magnetic atom is distinct. 114

Left: all connections between the two chains are t,,,; Right: only
the magnetic atoms are connected via t,, while all other links

A 1-d normal metal chain with hopping ¢y and lattice spacing
a is connected via t' to a 1-d AF chain with hopping ¢,, and
lattice spacing b. . . . . . . ...

Density plot of the real and imaginary parts of r versus a and
¢, where A = 1. For v < \/2, the o dependence of r is weak. .

Replace the ferromagnet in Fig. 4.5 with antiferromagnet, all
parameters are the same. . . . . . . . . .. ... .. ... ...

Density plot of the ro and Ar in Eq. (4.97) as functions of «
and Ewith A=1. . . .. .. ... oo

Left: a simple stack of 1-d chains, hopping along y is assumed to
be t,, for all sites. Right: t,, refers only to the hopping between
magnetic atoms, all other hoppings are ¢. . . . . . . . .. . ..

A compensated N/AF interface with cubic lattice. The interface
normal is along @. Unit cells (dotted Green circles) are periodic
in the [0, 1, 1] and [0, 1, 1] directions, which are labeled by g and
z,respectively. . . . ...

XV

116

120

126

127

129

131



4.11

4.12

4.13

5.1

5.2

The left panel depicts the Fermi surface e = 0. Integration over

k, and k. is restricted to the region where 0 < 2 cos ki\/g cos li;g <

1 is satisfied. From a bird’s eye view, it is just the shaded area
of the right panel. . . . . . . . ... ... ... ... .. .. ..

(Color online) Spin mixing conductance G, as a function of A
and ¢ in units of e*/h per a? (a is lattice constant) for compen-
sated and uncompensated N/AF interfaces. . . . . . . . . . ..
(Color online) Upper panel: dc components of spin and stag-
gered spin currents as functions of w in units of ZGT(vh 1)?ms.
Parameters: wy =0, wg = 1THz, \/wa/wp = 0.4, and Gilbert
damping o = 0.01. Lower panel: for fixed microwave power,
the resonance value of 1% (in the same unit as above) increases
with increasing /w4 /wg; it is also improvable by increasing wy
(—wpy) when the right-handed (left-handed) mode is excited. .

Spin-polarized electrons incident on the N/AF interface get re-
flected, by which angular momentum is transfered to the mag-
netic atoms. . . . . ... L L

A spin-Hall nano-oscillator based on a Pt/MnFy bilayer. The
current flowing in the bottom Pt layer generates a spin volt-
age vertical to the plane, which drives the dynamics of /MnF,
through STT. . . . . ... ... . .. ...

Xvi

135

136

142

152

153



2.1

3.1

6.1

List of Tables

Comparison of effective electron dynamics in ferromagnetic and
antiferromagnetic textures. In the former, spin dynamics is triv-
ial, and a Lorentz force is induced in the orbital motion. In the
latter, spin dynamics is non-trivial due to the mixture of de-
generate sub-bands, and the orbital dynamics is subject to a
Lorentz force as well as an anomalous velocity that are spin-
dependent. . . . . . . ...

Comparison of current-induced forcing terms studied in differ-
ent publications. All deal with AF metals with spatial texture
except Ref. [33,34]. . . . . . ...

A full comparison of the major results of ferromagnetic and
antiferromagnetic spintronics. Upper panels: bulk magnetic
textures with slowly varying order parameters. Lower panel-
s: heterostructures of magnetic materials with normal metals.
Symbols are chosen in the same convention as those used in
previous chapters. . . . . . . ... ...

X Vil

57

84



Chapter 1

Introduction

1.1 Motivation and Outline

Spintronics is the study of mutual dependence of electron transport and
magnetization dynamics, which initially stemmed from the field of magnetism
and has evolved into a large area in condensed matter physics today. Stud-
ies on spintronics has stimulated numerous possibilities in device design and
engineering, information science, nano-technology, and more importantly, the
fundamental physics. Despite that conduction electrons and local magneti-
zation are coupled through an exchange interaction, phenomena arising from

this simple physics are yet manifold.

Nowadays, people have paid substantial amount of efforts on improv-
ing the functioning of magnetic materials targeting at a strong and robust
control by electrical means. However, main stream studies all focus on ferro-
magnetic materials with non-zero macroscopic magnetization. Few attentions
have been paid to its intimate counterpart — antiferromagnet, which admits
vanishing magnetization where the magnetic ordering is characterized by the
staggered field. For a long time, antiferromagnet plays merely a subsidiary role

in magnetic materials, while its potential application has been overlooked. For



example, an antiferromagnetic layer is used to pin the ferromagnetic layer in
a spin-valve unit, where it provides auxiliary support to the device but has no

active role in information storage.

However, by a series of fundamental explorations, we claim that an-
tiferromagnetic materials are not only useful in processing information (such
as spin current generation), but also exhibit relatively easier control under
current-induced torques compared to ferromagnet. At the very beginning, the
story started from an effort to generalize the Berry phase physics that are
well established in ferromagnetic metals to a more fancy version incorporating
degenerate bands, namely, the non-Abelian Berry phase. While the initial mo-
tivation is pretty mathematical, successive discoveries with specific predictions

have becoming the principle impetus for later investigations.

In this dissertation, I present a full story of the arduous yet rewarding
ways towards antiferromagnetic spintronics. The dissertation naturally breaks
up into two categories, the bulk spintronics and the interface spintronics. I am
aiming at a complementary picture between electron transport (spin current)
and the dynamics of the background staggered field. Chapter two and three
are devoted to the two complementary aspects in the bulk, with the implicit
assumption that the system is infinite. Chapter four and five, on the other
hand, explore the two reciprocal processes on a normal metal /antiferromagnet
heterostructure where only interfacial physics is considered. The entire topic of
antiferromagnetic spintronics is concluded in Chapter six. A common thread

of our discussion is the Berry phase formalism within linear response.



The following sections of the present chapter introduce some basic no-
tions and necessary background required to understand the topics of the dis-
sertation. Without sacrificing rigorousness, I will try to emphasis the physical

picture and motivations more than mathematical tricks.

1.2 Magnetization Dynamics

The journey of spintronics starts from the magnetization dynamics.
The ferromagnetic ordering is characterized by the magnetization M, which
consists of both local magnetic moments and itinerant electron spins. Well
below the Curie temperature, fluctuations of M is negligible and we are able
to describe its dynamics by a classical equation known as the Landau-Lifshitz

Equation [60] that can be written simply as

oM
W:’yHeff XM, (11)
where 7 is the gyro-magnetic ratio, and H_,, is the effective magnetic field
including the external magnetic field, the exchange field, the anisotropy, and
the demagnetization. Eq. (1.1) is just the macroscopic version of the Bloch

equation for a single spin. Besides a precession about the effective field, it can

hardly provide much further information.

Interesting physics steps in when the damping effect is taken into ac-
count. Regardless of the microscopic mechanism, the damping effect always
drag the precessing magnetization towards its equilibrium position, i.e., the

direction of the effective field. So in a phenomenological manner, we can write



down the modified version of Eq. (1.1) as

oM Q oM
W_’yﬂeffXM—}_MsMXW’ (].2)

where « is a dimensionless constant that determines the strength of damping,
and M, is the saturation magnetization. At low temperatures, M, is nearly
constant thus only the orientation of M can change. Eq. (1.2) is usually known

as the Landau-Lifshitz-Gilbert equation (LLG).

As most keen learners may quest, is it able to combine the 88—]‘;[ terms on
both sides of Eq. (1.2) into a single term? Of course yes. By a straightforward

manipulation, the LLG is recast into a more suggestive form

a? OM «
(1+ Vf)_ﬁt :’)/Heff X M‘i"YMS

Mx(H, xM).  (13)

It is clear from the right hand side of Eq. (1.3) that the precessional torque
and the damping torque are perpendicular to each other. Meanwhile, they are
both linear in the effective field. When written in this way, the damping is
known as the Landau-Lifshitz damping. Eq. (1.3) is particularly important in

studying the linear response property of the magnetic system.

1.3 Path Integral and Spin Berry phase

Semi-classical dynamics is suffice to describe the itinerant and the lo-
calized electrons in a unified fashion, which will be characterized by a universal
Lagrangian in the following sections. To this end, a crucial ingredient known

as the Berry’s phase is introduced in the path integral formalism.



1.3.1 Single Spin

As is well-known in ordinary quantum mechanics, the path integral
is a weighted sum of all possible routes of quantum evolution in terms of
the exponential of action. For spin dynamics, however, we need to define an
unambiguous “path” before constructing path integral. Following references [3,
30,91], let us consider a spin-S representation of the SU(2) group. Denote |0) =
|S,.S) as the state of highest possible spin projection along the quantization
axis. Now define the state |n) labeled by the unit vector m upon a unitary

transformation from |5, S),
In) = ¢?moxn)-S| g gy (1.4)

where ng is a unit vector along the quantization axis, ¢ is the co-latitude of
n, namely ng-n = cosf. And S; (i=1,2,3) are the three generators of SU(2)

in the spin-S representation; for S = 1/2, they are just Pauli matrices.

The state [n) can be expanded in a complete basis of the spin-S irre-
ducible representation {|S, M)}, where M is an integer that —S < M < §

and labels the eigenvalue of S3,

53‘SaM> :M|S>M>7 (15&)

S?|S, M) = S(S +1)|S, M). (1.5Db)

The expansion coefficients are the matrices D) (n),g defined by

S
n) = Y DY(n)yslS M), (1.6)
=S



Figure 1.1: Left: the spherical triangle is constructed by connecting vertices
at mq, Ny, and ng by great arcs. Right: a closed path is divided by NN steps,
with each single time slice defining a spherical triangle.

which do NOT form a group but respect the algebra
D(S) (n1>D(S) (ng) = D(S) (ng)ei(b(nl’nQ’nS)SS, (17)

where 11, no, and ng are three arbitrary unit vectors on the unit sphere. And
®(nq,mn9,m3) is the area of the spherical triangle subtended by n, ns, and

ngs, as shown in Fig. 1.1.

Since there is no distinction between interior and exterior of a closed
path on the sphere (or closed manifold in general), the area of a spherical
triangle is only determined up to a 47 ambiguity. Since the eigenvalues of S5
equals M, which is either an integer or a half-integer, this phase ambiguity

has no physical consequence since

"™ — 1, regardless of M. (1.8)



The inner product of two spin coherent states |n;) and |ng) is

(n1|na) = (0]D'¥(n1) D (n)|0)

S
— ¢i®(n1m2,m0)S {y] ’ (19)

and the diagonal elements of the SU(2) generators S is (n|S|n) = Sn. Now
we resort to the path integral in the imaginary time; the evolution operator
is denoted by Z = tre'’T = tre=#H where T is the period of evolution. We
split the imaginary time by N slices that § = Ndt. As N — oo (6t — 0), the

exponentiated operators at adjacent times become commutative, so

7 = tre™P = lim [e7"]V, (1.10)

N—oo

Now insert a bunch of resolution of identity
I = [ dun)im) n. (1.11)

dyu(n) = (25—1— 1

4

) d*né(n? — 1), (1.12)

between each adjacent time step, we obtain

Z= lm (H / du(m)) <H<n<tj>\e6”f|n<tm>>)

- Jim. (H / du(m)) (H[<n<tj>|n<tj+l>> - 6t<n<tj>|H|n<tj+1>>J> ,
" " (1.13)

and n(tg) = n(tyy1) is assumed to close the path on the sphere. By virtue of

Eq. (1.9), we know

S
, 1 t:) - n(t,
<n(tj)yn<tj+1)>:e@(n(tj),n(tm),no)s[ +n J)Q il J“)} , (1.14)



and to the lowest order in dt, we have

(n(t;)|Hn(tj+1))
(n(t;)|n(tjs1))

= (n(t;)|H|n(t;)) + O(dt). (1.15)

By inserting Eq. (1.14) and (1.15) into Eq. (1.13), we obtain the path

integral formally as

Z = lim [ Dne 5el®) (1.16)

N—o0

where Dn = vazl dp(n(t;)) and the effective action is

N

:—zSZ(I) n(tj1), 70) SZIn{1+n()2 nlt+1)

+Z t;)| Hln(t;)). (1.17)

The first term of Eq. (1.17) leads to a sum over possible trajectories

1SA[n]

weighted by the phase factor e , where

= lim Z@ n(t;41), n0) (1.18)

N%oo

is the area of the spherical triangle depicted in the right panel of Fig. 1.1. A
way to express the area in terms of m requires a special mathematical trick
where the path n(t) is continuously but arbitrarily mapped to a series of paths
by n(t) — n(t,7). As illustrated by Fig. 1.2, when the parameter 7 varies
from 0 to 1, the path deforms continuously from the real path to the north
pole, i.e., n(t,0) = n(t) and n(t,1) = ny. For any 0 < 7 < 1, the deformed

path satisfies the closed path condition that n(0,7) = n(8,7). Due to the



n,=1(t, 1)

1t +dr)

n(t, )
v 1i(t + dt, 1)

1t 0)

n-
=71 (0,7 x 9, 7)dtdr

Figure 1.2: n(t) with t € [0, 5] defines a closed path (blue curve) on the sphere.
7 € [0, 1] maps the path continuous towards the north pole (red curves) with
n(t,0) = n(t) and n(t,1) = ng. For V7, n(0,7) = n(B, 7). Grids are formed
by varying both ¢ and 7, which defines the differential area ds.

arbitrariness of the mapping, curves of equal-t and equal-7 are not orthogonal,

thus the differential area is expressed by the mixed product
ds =mn - (On x O,n)dtdr, (1.19)

which is pictures in Fig. 1.2. Consequently, the area on the sphere enclosed

by the path becomes
1 B
Aln| :/ dT/ din(t,7) - [On(t, ) x O-n(t,T)] = Swz[n|, (1.20)
0 0

which is known as the Wess-Zumino term or spin Berry phase. It worths
emphasizing that the area is subject to a 47 ambiguity, which has no physical
consequence. Specifically, if we choose the lower cap of the path with the south

pole, it works as well in defining the effective action.



By taking the continuum limit N — oo, the final form of the effective

action in the imaginary time representation is written as
: Sot [P ,  [?
SE[n] = —ZSSWz[’n] + T dt\&tn(t)l + H(lf), (1.21)
0 0

where H(t) = (n(t)|H|n(t)). The second term of Eq. (1.21) amounts to a
small mass of a particle moving on a sphere. However, it vanishes as ot — 0,

and we will ignore it in the following discussions.

1.3.2 Many Spin Systems

It is a simple but non-trivial generalization of the spin path integral
from single spin to multiple spin systems. Assume that spins are interacting
through the Heisenberg Hamiltonian

H=J Y S(r)-S@) (1.22)
<rr'>

where < ... > implies summation over nearest neighboring sites. Now turn
back to the real time representation with ¢ — it and g — T, we obtain the

path integral Z = [ Dne*M [ with the action

T
Suln] = 83 Swln(r)] - J52/ dt S ) et (123)
r 0 <rr'>

This action can describe both ferromagnetic and antiferromagnetic systems
according to the sign of J. Setting the variational derivative of the action to
zero, i.e., 0,Sy[n] = 0, gives the local dynamics of the system, which is the

basic tool we will adopt in the next two chapters. Especially, the variation of

10



the Wess-Zumino (or Berry phase) term can be extracted out from Eq. (1.20),
8wz[n| =dn - (n x omn), (1.24)

where the functional variation is fulfilled by the deformation along 7 in the

neighborhood of the given path n(t).

1.4 Effective Lagrangian

In the preceding section we have formulated the magnetization dy-
namics in terms of the path integral, at the heart of which is the effective
Lagrangian as a functional of the order parameter. To describe the magneti-
zation dynamics and the electron dynamics in a uniform fashion, we also need
to characterize the conduction electrons by a proper Lagrangian. We first for-
mulate in a purely general context the dynamics of a quantum system subjects
to a time-dependent Hamiltonian that varies adiabatically. In the next sec-
tion, the formalism is applied to obtain the semi-classical electron dynamics

and is generalized to incorporate degenerate bands.

Consider a quantum Hamiltonian that depends on time through some
parameter H = H(r(t)). At each instant of time, the Hamiltonian fosters a
complete set of eigenstates {|1;((t)))} that is also parametrically depends on

r(t). Now the wave vector of the system is expanded by the eigenstates

T) = ¢;lu(r(1)), (1.25)

J

| 0165 S 12
where ¢; = |c;[e* is complex and respects the normalization ), [c;|* = 1. The

Schrodinger equation is equivalent to the variation over |¥) from the universal

11



Lagrangian L = (V|(i0; — H)|¥) (h = 1). Insert Eq. (1.25) into the La-
grangian, and consider the orthogonal-normalization condition of eigenstates

(Wi(r(t))|(r(t))) = 6;; (for V t), we obtain
L Z%iat (Z |Cj|2> = o6
j i
1 2 lallgle O (V) = PP (1.26)
ij
where V is the gradient over r, and FE;(r) is defined by the eigen-equation

H(r)[y;(r)) = Ej(r);(r)). (1.27)

The first term of Eq. (1.26) vanishes due to normalization. The third term is
a little bit tricky. Assume that the eigenvalues {E;} are all non-degenerate,
and 7(t) changes with time sufficiently slowly, then the phase factor e*(%—%)
for ¢ # j rotates on the complex plane by a large number of circles while
(1i(r)|V;(r)) has only undergone a slight change. When we take a time
average over one period of phase oscillation, all terms are nearly zero except
the diagonal terms with ¢ = j. Therefore, to the lowest order in the deviation
due to the weak time dependence of r(t), we can keep only ¢ = j terms in the

summation. This is known as the adiabatic approximation. Denote I; = |¢;|?,

and define the Berry’s connection on the j-th level as

A;(r) = i{;(r)[V,(r)), (1.28)

the adiabatic Lagrangian is written as

L=> L[-b;+7- A;(r) — E(r)). (1.29)

J

12



Since the system is labeled by three set of parameters {I;}, {#;} and r =
{Ry, Ry, -}, the quantum evolution is described by the Euler-Lagrangian
equations in terms of the three set of parameters, which can be directly ob-
tained from Eq. (1.29). These equations of motion should be equivalent to the

Schrodinger equation in the adiabatic limit.

(1) gTL]_ -2 <§Ti> — 0 gives I; = 0 or I; =constant, which means that the
probability of the system to be in any eigenstate remains invariant. This is

consistent with the adiabatic assumption.

(2) oL L <gf> = 0 gives the dynamics of the phase angle

After integrated over time, Eq. (1.30) becomes

b,(t) = /dr LA (r) — /thj(r), (131)
where we should note that dt has been canceled in the first term. Thus it only
depends on the geometry of the path of r in the parameter space, but does

not depend on the rate of change of 7(¢) at any instant of time. For a closed

path C in the parameter space, this geometric term becomes

?{drﬂ // ds -V x A;(r) (1.32)
enclosure C'

by the Stokes’ theorem. The curl B;(r) = V x A;(r) is known as the Berry
curvature, which amounts to a fictitious magnetic field in the parameter space.

By straightforward algebra, it can be expressed as

(V| V H|1;) x (| VH 1))
j=Im) (Ei — E,)? '

(1.33)

13



The flux of the magnetic field determines the geometric phase (or Berry’s
phase) of the system. Although the derivation up to now requires that the
eigenstates are non-degenerate, a non-zero geometric phase usually originates
from the magnetic flux of a fictitious monopole that locates at the degener-
ate point. What should be bear in mind is that the actual evolution of the
system can never touch the degenerate point in order to respect the adiabatic
approximation, but the degenerate point itself must exist somewhere in the

parameter space.

(3) Before varying with respect to 7, the physical origin of = has to be re-
solved. This is often realized by the quantum-classical hybrid system [143]
where r plays the role of classical position. For example, in the prototype
Born-Oppenheimer problem, the mass of the nuclei far exceeds that of the
electron, thus it is a good approximation to treat the nuclei motion as classi-
cal while keeping the quantum description of the electron dynamics. So the
entire atom is regarded as a quantum-classical hybrid system, and r is the
position of the nuclei. To this end, we need to add the kinetic term of the

classical part to the Lagrangian: L;; = L + %M 72, where M represents the

: : OLtot O (OLtot
mass of the classical particle. Then “3t 50 ( o

) = 0 gives
M7 =7 x B(r) — VE(r), (1.34)

where B(r) = >, [;B;(r) is the total (fictitious) magnetic field and E(r) =
>_; 1jE;(r) is the average energy of the system. The first term of Eq. (1.34)

is a Lorentz force due to the magnetic field, which is known as the geometric

14



force. The second term of Eq. (1.34) is known as the Born-Oppenheimer force.
They represent two different back-actions that the quantum subsystem exerts
on the classical subsystem. Typically the former is much smaller than the
latter and is often neglected. However, in the following discussions, the Born-
Oppenheimer force is zero, thus the geometric force is crucial and is used to

interpret the spin-transfer torques.

What has been demonstrated above is the simplest case of the adia-
batic dynamics. If the Hamiltonian depends on time both through r(¢) and
explicitly, H = H(t,r(t)), the eigenstate and eigenvalues are |¢;(t,7(t))) and
E;(t,7r(t)), respectively. In this case, besides the vector potential defined in

Eq. (1.28), we can also define a scalar potential

o5t r) = i{Y;(t, r)|0u;(t, ), (1.35)
which gives rise to an electric component to the Berry curvature

Et,r) =0 A(t,r)— Vo(t,r), (1.36)

where ¢(t,7) = >, [;¢;(t,r) and A(t,r) = >, [;A;(t,r). As a result, The

dynamics of slow variables Eq. (1.34) becomes
M7 =E(t,r)+7 x B(t,r) — VE(t,r). (1.37)

As a matter of fact, the electric and magnetic fields can be recast in a unified
description by virtue of the joint space-time coordinate r, = (¢,r) with p =

0,1,2,3,---. Regarding the effective speed of light as 1, the scalar and vector

15



potentials can be written in a single gauge potential A, = (¢, .A), upon which

we are able to define the electromagnetic field
Fw = A, — 0A,, (1.38)

which is an antisymmetric tensor that ¥, = —F,,..

The appearance of the artificial electromagnetic field in the parameter
space can be easily understood in the language of gauge invariance. In the adi-
abatic approximation, the system does not make transitions between different
energy levels, thus the dynamics refers only to the phase evolution of each in-
dividual eigenstates. As a result, an arbitrary phase change [1h;) — e™()]q),)

yields the effective Lagrangian
L = Lj[-6; +7,A, — Ej] (1.39)

invariant, where summation over repeated indexes is implied from now on un-
less otherwise stated. This is known as the emergent U(1) gauge invariance
under the adiabatic approximation, which guarantees the appearance of the
artificial electromagnetic field J,, in the dynamics of slow variables, in exactly
the same sense as how a charged particle is coupled to the real electromag-
netic field. The Bianchi identity of the antisymmetric tensor J,, requires

EarwOr T = 0 for Yo This leads to the Faraday’s law
VxE+9B=0, (1.40)

which has important consequences on the electron transport in ferromagnets.
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A prototype example is an electron moving in a magnetization tex-
ture that varies slowly in space and time. With a sufficiently strong exchange
coupling, the electron spin will be locked into the direction of the local mag-
netization m(¢,r). The precession of the electron spin then gives rise to a
geometric phase in space time, producing an effective electromagnetic field

depending on the gradient and time derivative of the magnetization

1 1
&= Jm (Oym x Vm) = 5 sina(0,aV 3 — Vad,f), (1.41)
1 1
B = —Zgijkmivmj x Vmy, = —5 sinaVa x Vj, (1.42)

where (7, t) and (7, t) are spherical angles specifying the direction of m,
m = {sin a cos 3, sin asin 3, cos a}. (1.43)

Eq. (1.41) and (1.42) are not restricted to magnetic systems, they are appli-
cable to the general case whenever the spin of a particle follows adiabatically

the background order parameter.

1.5 Semi-classical Dynamics of Electrons

Due to the spin degree of freedom, electron transport in magnetic ma-
terials is affected significantly by the dynamically coupled bands. The main
stream approach towards a general description of electrons in such context
involves the non-equilibrium Green’s function, the linear response theory, and
the effective gauge theory. While the first two are more rigorous and depend

only on minimal assumptions, the effective gauge theory, on the other hand,
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provides prevailing physical insights and mathematical clarity. More impor-
tantly, it unveils the hidden structure of geometry and topology that would

otherwise be elusive.

Construction of an effective gauge theory on an arbitrary magnetic
material is difficult. Nevertheless, by generalizing the effective Lagrangian
introduced in the previous section, a theory can well be formulated in two lim-
iting cases: degenerate bands and well-separated bands. In the vast majority
of magnetic materials, the situation falls in either of the two categories. By
adding the electron Lagrangian to the (magnetic) background Lagrangian, we

are able to describe their dynamics in a unified way.

1.5.1 Case I: Degenerate Bands

We adopt the semi-classical description of a single conduction electron,
where it is described by a wave packet that compromises the quantum uncer-
tainty in real and momentum spaces. This is done in order to take advantage

of classical concepts such as position, momentum, velocity, etc.

The wave packet formalism becomes a good approximation when one
band (or a group of degenerate sub-bands) is separated from other bands by
large energy gaps and the external fields are weak [16,17,101,133]. The wave
packet is a coherent sum of all Bloch states of that particular band in the first

Brillouin zone (BZ) through a weighting function w(k):

Y = /BZ dlow (k) un (K)), (1.44)
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where |u,(k)) is the periodic part of the Bloch wave in the n-th band. The
weighting function w(k) is chosen in a way that the wave function exhibits

Gaussian profile in both the real and the momentum spaces

/d3rr|('r|W>|2 _— /d3kk|w(k)|2 = k., (1.45)

r. and k. are the center-of-mass position and center-of-mass momentum, re-
spectively. According to the adiabatic theorem, if the background order pa-
rameter varies slowly in time and smoothly in space, the electron bands are
adjusted to the local environment and transitions out of the degenerate group
only contribute fast rotating factors that are averaged to zero (c.f. Eq. (1.29)).
Therefore, the wave vector can be expanded within the degenerate group. De-
note the joint space-time coordinate as r, = (¢,7.), so that the local Bloch
Hamiltonian is H = H(r,), and the periodic parts of Bloch wave vectors
are labeled by |u,(r,, k)). Without loss of generality, we focus on a doubly

degenerate band where the two sub-bands are represented by a and b,
W) = [ Erulealinr k) + alul, o), (L46)

where ¢, and ¢, reflect relative contributions from the two sub-bands. We
group the two coefficients into a column vector ¢ = [c,, ¢p]T, known as the
isospinor. The normalization condition |c,|? + |c|> = 1 becomes ¢'é = 1.
Similar to the derivation of Eq. (1.29), the effective Lagrangian of the wave

packet on the doubly degenerate band is obtained [22]

£ = Ltk o b d) = (W]~ 30[1)

=+ ke T+ i C+ N (Alr, + Alk,)e, (1.47)
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where k, = (0, k.) has no temporal component in contrast to r, = (¢, r.), but
it is still written this way just to simplify symbols. Different from the non-
degenerate case in Eq. (1.28), the Berry connections here are 2 x 2 matrices

and are functions of both r, and k,. The real space components are

AT‘ — 4 (ua|8l’;|ua), <U’a|a;’ub>
fo w|0fua), (un| 0] us)

=7 (Aj;)l + TQ(A;;)Z + rg(A;)?’, (1.48)

where in the second equality the 2 x 2 has been decomposed by three Pauli
matrices representing the isospin. The isospin vector T = {1, 72, 73} should
not be confused with the real spin vector ¢ = {0,,0,,0,}. Similarly, the

momentum space components are

Akzi <ua’aﬁ|ua>v <ua|a§’ub>

1.49
i = CunlOb ), sl | (1.49)

which in general should not vanish if spin-orbit coupling terms are added to
the original Hamiltonian. In existing literatures [22,23,69,72,149], the Berry
connections on degenerate energy levels are introduced in the Hamiltonian
form, but here the Lagrangian form is used to search for a unified description

for both the electron transport and the magnetization dynamics.

To avoid cumbersome matrix products in the the following discussions,

we now define the isospin vector

@ = {61,02,63} = éT’Té

= {2Re(c,c;), —2Im(cacy), ca)® — |cp]?}, (1.50)
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with which the Berry connection Aj, can be expressed as a vector in the isospin

vector space (the adjoint representation),
s 1 T ' T '
A = STlr AT = ((A4) (A2 (A7), (151)

where we have used 1Tr[r;7;] = 6;;. In a similar way, Aﬁ = ;T[T Af] =

{(A,’i)lv (A,]i)2> (.AZ)?’} Eq. (1.47) becomes
L =c+ ki, +ic'c+ € [ALr, + ALk, (1.52)

where the i¢'¢ term cannot be expressed in terms of € and €, but this poses
no problem in the following. Both Egs. (1.47) and (1.52) are useful forms of
the effective Lagrangian, they are sometimes known as the fundamental and

adjoint representations, respectively.

Within the semi-classical description, the state of a conduction electron
is completely determined by three parameters (€, r,, k,). Thus the electron
dynamics is represented by the equations of motion of (€,r,,k,), which can

be obtained from the Euler-Lagrange equations:

(1) 0£/6¢ =0 on Eq. (1.47) gives

¢ =i[Alf, + Alk,Je (1.53a)
¢ = —idl AT, + AlE,) (1.53b)
then from € = ¢f7¢ we have,
C=dclre+dlfré

= if, A, — Al ikl AL — Al (154

21



where 7 A,, terms are matrix products. In view of the decomposition Eq. (1.51),

we take a specified component of Eq. (1.54),
Co = i?*u(AZ)BéT(TaTg — TBTa)C + ’iku(ﬂz)ﬁéT(TaTg — TBTa)C
= —2c0, (A1) 1, + (AR)PE)(E Q). (1.55)
When written in the iso-spin vector form, the above equation becomes
€ =2€ x (A7, + Alk,), (1.56)
which can be regarded as the Bloch equation in the iso-spin space.

(2) 6£/6r, =0 on Eq. (1.52) requires some care. We note that
0L

r AT 1 LAY
a—m = GME —+ C- [(8M.A,V)7"V + (8M.Ay)k,/] (157&)
406 . .o d
Ea—m—k”+(e-.fl“+€~&flu)

=k +2[,€ - (A] X A}) + k€ - (A] x A})]
+ € [(OL AL + (OE ATy (1.57b)

where in the last line Eq. (1.56) has been used. Therefore, from
oL 0L d oL

5 a—m—&a—m =0, (1.58)
we obtain the equation of motion
k= O + € [T r, + Q) (1.59)
where the Berry curvatures are defined as
Q) =04, -0, A, +2A, x A, (1.60a)
QF=0,A — AL +2A], x AL, (1.60D)
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they are antisymmetric tensors with permutations of r, and k,, and at the
same time they are vectors in the isospin vector space — the internal space

unique to non-Abelian gauge theory.

(3) 0L/6k, = 0 on Eq. (1.52) follows quite similar procedures as above, and

the equation of motion is
Py = —0Fe — C-[QF 7, + Q] (1.61)
where the Berry curvatures are

kk _— ak gk k qk r r
Q= b AL — 9EAN 4+ 247 x A7, (1.62a)

kr — ok qr T qk k r
Q= ghAL — arAE 4 24" x A, (1.62b)

which, together with Egs. (1.60), form a generalized matrix of Berry curvature

jointing real space and BZ into a unified parameter space,

5 QL Q
Q,, = {Qg Qﬁ’“} . (1.63)

Egs. (1.59), (1.61), and Eq. (1.56) constitute the essential formula for the

non-Abelian adiabatic dynamics:

€ =2€ x (A}r, + Abk,), (1.64a)
k= e+ € Q77 + QUEL), (1.64b)
o= —0he — € [Q 7, + Q). (1.64c)

These equations will be frequently used in the following chapter to study the

electron transport in an antiferromagnetic texture.
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1.5.2 Case II: Well Separated Bands

In a ferromagnetic metal, the two spin eigenstates are well separated
due to the large exchange coupling (typically s-d mixing) between conduction
electron spins and local magnetization. The non-Abelian gauge theory devel-
oped previously is not applicable. Interestingly, when we regard the separation
of spin eigenstates as much larger than the typical frequency of magnetization
dynamics, the theory recovers in the opposite limit of adiabaticity (but a the-

ory interpolating the two limits are not possible).

Set the wave vector as |u) = c,| 1T (7, t)) + c| | (7¢, 1)), where the 7.
dependence originates from the local Hamiltonian. Similar to the previous

case, the effective Lagrangian is

L= zh<u|i—ltb> + hk. - 7. — (u|Hep|u). (1.65)

Due to the orthogonality (T | {) = 0, the energy term becomes (u|H..|u) =
|ca|?€+ + |cp|?€,. The physical spin is defined as s = (u|o|u), we known that

s3 = |ca|? — |cp|? and |cq|* + |cp|? = 1, thus we have the following:

1 1 -
(l Hoalu) = — 285+ —— e,

&+ & & — &
:TQ ¢+S3T2i

1

To compute the Berry connection term, we notice that

d
37) =tal 1+ as Dt

’dt
[Ca(fc'v+at)| T> +Cb(7;c‘v+at)‘ \L> ) (167)
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where V = ai Multiply by (u| we have

T’

du .. ..
(] ) = (¢ + i)
Feal (1 PeV + 0 1) + chen(T |70V + 4| 1)

+le (17 V40 1) + cacy (b [PV + 04| 1). (1.68)

Now define the Berry connection (2 x 2) matrices

} , (1.69)
} , (1.70)

which play the roles of a vector potential and a scalar potential, respectively.

From Egs. (1.66), (1.68), (1.69), and (1.70) we obtain the effective Lagrangian,

1
L = ihn'n 4 n'[r.- A + ®)n + hk, -1 — 550 — &, (1.71)

where 7 = [cq, )T is the pseudo-spinor. Here we adopt a different notation
to distinguished from the degenerate case, because the pseudo-spin here is
identical to the physical spin, whereas the two may not be identical in the

degenerate case.

The local spin wave functions are chosen to be

0 .

6_2% COoS 3 —e‘lg s
| T > = [ 92] ) ’ \l/ > = [ (2] 0
2

i@ . 9
e 2 Sln§ €72 COS

N

] , (1.72)

where 6 and ¢ are spherical angles specifying the direction of local magnetiza-

tion M (r,t), hence they are functions of space and time. Using Eq. (1.72), the
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Berry connections (1.69) and (1.70) can be written in a unified 2 x 2 matrix,

A (Te,t) = T AT, t) + (1, t)
_h cos 0¢ —sinf¢ — 0

= . . . 1.

2 | —sinf¢ + 0 —cosfp |’ (1.73)
where 6 = 7, - VO + 9,0 and ¢ = 7. V¢ + 0,0 are total time derivatives. It
should be noted that the choice of Eq. (1.72) is not unique, which gives rise

to the gauge freedom of the Berry potential.

1.6 Spin-transfer Torques

! When a current flows through a ferromagnetic metal, it becomes
spin-polarized due to local exchange coupling between conduction electron
spins and local magnetic moments. In turn, spin angular momentum is trans-
ferred to magnetization through the mechanism known as spin-transfer torque
(STT) [8,99,148], which is a consequence of spin conservation. STT provides
key mechanisms for numerous intriguing phenomena in ferromagnets, such as
current-driven domain wall motion [7,112], spin wave excitations [45,59], etc.,
which paves the way towards electrical writing in, e.g., STT-MRAM devices.
In both fundamental studies and applications, STT-driven magnetization dy-
namics has aroused enormous attention in the past two decades [12,88], and

it is becoming the core issue of spintronics.

While STT has been widely studied in numerous publications, here

!The contents of this section are based on the article: R. Cheng and Q. Niu, Microscopic
deriation of spin-transfer torque in ferromagnets, Phys. Rev. B 88, 024422 (2013).
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we present our own derivation using the Berry phase and effect Lagrangian
formalism developed in the previous section. At present, STT is believed
to be divided into adiabatic (reactive) and non-adiabatic (dissipative) con-
tributions. While the former has been derived microscopically via different
approaches [6,8,99], the latter has only been justified macroscopically through
spin conservation [108,132,144] and Galilean invariance [4], whose microscopic
origin is under intense debates. In many recent efforts, microscopic theories
have been developed in generic ways [27,31,85,106,114] and in specific con-
texts [105, 107,123, 125], but their coefficients do not lead to a consensus.
Meanwhile, some others even cast doubt on the existence of the non-adiabatic
STT [134]. From an experimental point of view, measurements of this torque
are not in agreement [15,42,70], and the magnitude is sensitive to spin-orbit

interaction [71] and impurity doping [58].

We adopt the s-d model where electron transport is mainly attributed
to the itinerant s-band. It will be treated separately from the magnetization,
which mostly originates from the localized d-band. The conduction electrons

interact with the magnetization through the exchange coupling described by

o SJer
= Ms

H., s M(r,t), (1.74)

where s is the (dimensionless) spin of a conduction electron, |M (r,t)| = M,
is the saturation magnetization, and S denotes the magnitude of background
spins. The coupling strength J., can be as large as an eV in transition metals

and their alloys, so that if M (r,t) varies slowly in space and time, conduction
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electron spins will follow the background profile when the system is in thermal
equilibrium, known as the adiabatic limit. However, when an external cur-
rent is applied to the system, a small non-equilibrium spin accumulation dm
transverse to local M (r,t) is induced. It is this dm that exerts STT on the

background magnetization.

To compute dm, we first study the spin response of an individual con-
duction electron to the background M (r,t) when current is applied. From
Eq. (1.74), we know that local spin-up (majority) and spin-down (minority)
bands are separated by a large gap A = SJ., = €, — &4, and the associated
spin wave functions are denoted by |1 (7,t)) and | ] (r,t)), respectively. As
stated in the previous section, the electron is described by a coherent wave

packet centered at (v, k.) [19,133]

|W) :/d3k3 w(k)e™ Tk [ca| T (Te, 1)) + e L (e, )], (1.75)

where w(k) is a profile function that satisfies [ dkk|w(k)|* = k.; |k) is the
periodic part of the local Bloch function; and ¢4, ¢, are superposition coef-
ficients. Since |1 (r.,t)) and | | (r.,t)) form a set of local spin bases with
the quantization axis being n(r.,t) = M (r.,t)/M,, we can construct a local
frame moving with M (7., t), where the coordinates are labeled by m, ég, and

€4 in Fig. 1.3. The electron spin expressed in this local frame reads

s = {s1,50,53} = nlon

= {2Re(c,c;), —2Im(cqac)), |cal® — |col?}, (1.76)
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X

Figure 1.3: The eigenstates of Eq. (1.74) form a set of local spin bases, and
define a local frame that moves with n = M /M,. Components of the con-
duction electron spin s (red) in the local frame are denoted by s1, s, and s3.
In the tangential plane with normal n, we make a coordinate transformation
from éy and €, to 1 and m x n so that everything expressed in the new basis
is physical.

where o is a vector of Pauli matrices, and 7 = [c,, ¢]" is regarded as the spin

wave function in the local basis.

The equations of motion are obtained from the universal Lagrangian
L = (W|iho, — H|W) through the variational principle, which involves not
only the dynamics of 7. and k., but also the dynamics between the two (well
separated) spin bands. The latter represents spin evolution with respect to
the local magnetization M (r,t) and exhibits fast rotating character due to

the large gap A. As derived in Eq. (1.71), the effective Lagrangian is,

1
L =ilin'y +n[r.- A + ®n + hk.-7. — 5530 = &, (1.77)
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where &) = 1(&(k.) + & (k.)), and the Berry connections are defined in E-
q. (1.73). It is worth mentioning that freedom exists in the choice of local
spin wave functions, which leads to free gauge choices of the Berry gauge con-
nection. More graphically, a specified set of spin wave functions corresponds
to a particular choice of local frame in Fig. 1.3, and the relative orientation
of the local frame can be rotated about n by gauge transformations, thus is
not physical. But everything will be expressed in terms of gauge invariant

quantities in the end.
Decomposing the Berry potential o/ (Eq. (1.73)) in terms of Pauli
matrices &/ = 0;A; (adjoint representation), we have

(A, As, A} — %Tr[oz;z%] _ %{—smegb, 0, cos 04}, (1.78)

where Tr[o;0;] = 26;; has been used. By taking the variational derivative of
the Lagrangian with respect to 1, we obtain the evolution of the spin wave

function in the local frame,

d |c c Alc
=il | = —ar ||+ 2| | 1.79
From Eq. (1.79) and its complex conjugate, we derive the spin dynamics in

the local frame

d d
zhdts Zhdt (n'on) =ih(n'on+n'on)
= (' an —nloan)
A
+ = <[—cZ,cZ]an+nTa { Ca }) : (1.80)
2 —Cp
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To transform Eq. (1.80) into a simple and elegant form, we should write it

down component by component. The third component of Eq. (1.80) is

. A
ihsy = 0" Ailoi, o3]n + 5 (=leal” = les]* + [cal* + [cs]*)

= —2ih77€3ij.AiO'j77 +0= 2ih53ij5i‘Aj, (181)
where g;5;, is the total antisymmetric tensor. The first component reads

’LhSl = HT‘Al [Uia 0'1]77 + A(CGCZ — C:Cb)
= —2ihneq;;A0m + 2iAlm|c,cp)

= 2ih€1ij8iﬂj — iASQ, (182)
and the second component reads

ihsy = Nl Ai[os, oa]n + iA(coc + )
= —2ih77€2ijﬂi0j77 + 2iARe[cacZ]

= Qihﬁgijsiﬂj + iASl. (183)

Now we are able to combine Eqgs. (1.81), (1.82), (1.83) in a matrix form:

| .
p 0 cosfp — — —0 <
1 - 1
52| = | —cosfp + — 0 —sinfo| |92 > (1.84)
53 . e . 53
0 sin ¢ 0

where 7., = h/A is defined as the exchange time.

Eq. (1.84) describes the coherent spin dynamics in the local frame mov-

ing with M (r.,t). However, spin relaxation as a non-coherent process should
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also be taken into account. In real materials spin relaxation is very case depen-

dent, but regardless of the underlying mechanism, it adds a term — Tif (8—8eq)
to Eq. (1.84), where 7,7 is the mean spin-flip time and s., = {0,0,1(—1)} is the
local equilibrium spin configuration for the majority (minority) band &4(&).
Eq. (1.84) should be solved numerically in general, but an approximation can
be made based upon the following considerations: the large gap A results in
an extremely small 7, (typically of the order of 107!* ~ 107%s). Thus on
the time scale marked by 7, the change of magnetization is negligible, i.e.,
magnitudes of 9, M and (7.-V)M are much smaller than M/7.,. To this end,
we define two small parameters ¢; = 7., sin ng.ﬁ and g9 = Twé which satisfy
Vel + el = M| /(M,A) < 1. On the same time scale, variations of £, and
g9 are even higher order small quantities, thus it is a good approximation to
treat £; and e as constants, by which Eq. (1.84) becomes a set of first order
differential equations with a constant coefficient matrix. As a result, it can
be solved analytically. Given the initial condition s = s, the solution of
Eq. (1.84) for the majority band is obtained, which, when maintaining up to

the lowest order in € 2, becomes the following:

1 + 52 1 + 52
ey + ey e—&t

[e1(cost + Esint) + ex(sint — € cost)], (1.85a)

si(t) = ©

So(t) = — i [e1(sint — € cost) — ex(cost + Esint)], (1.85b)
s3(t) =1+ 16;5;2 (e1 + £3)[cost + Esint], (1.85¢)

where ¢ = t/7,, is the scaled time, and & = 7., /7, (this is usually known as

the § parameter in the literature).
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As stated above, magnetization dynamics occurs on a time scale T
much larger than 7., thus the number N = T'/7., > 1. This allows us to
take a time average of the electron spin by defining (s;) = =+ fOT s;(t)dt. Then
all time dependent terms in Eq. (1.85) will be negligible, because according to

the following expressions

7 /T dt e ¢ cost = §+ e M(sin N — £eos N)
0

! N1+ &)
1 1 2 1 3
JL|eVire) 13V (1.86a)
N 1+¢ N 4
T — .
l/ dt e ¢t sinf = l—e NS(meNQ—i- cos N)
° N(1+¢?)
111 1+ &2 9
N 1+§2 N

no matter how large ¢ is, their upper bounds are suppressed 1/N as N > 1.
As a result, only the time-independent terms of Eq. (1.85) will survive after

the time averaging,

(s1) = % (52) = —5?+—+§§2, (s5) = 1. (1.87a)

If we write the spin as s = s., + 08, then ds = (s1)ég + (s2)é4. For the
minority band, Eq. (1.87) only differs by an overall minus sign. To express 0
in terms of gauge invariant quantities, we need to make a coordinate transfor-
mation that amounts to a rotation of basis in the tangential plane depicted in

Fig. 1.3. In matrix form, it is
n _ 2 €9 &1 ég (1 88)
nxmn Tex | €1 &2 é¢ ’ '
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where Q = |n|. Then we obtain

dsy,) = {2 ——[n xn+&n|
_ :F%[ <O e (e V) G Vn), (189

where n = 9yn + (7.-V)n has been used and 7, = is the center of mass

h{)k

velocity. The local non-equilibrium spin accumulation is obtained

5m = g / AE[21(E)gr()03: + D (€)gy(€)05,], (1.90)

where pp is the Bohr magneton, %; (€) is the density of states, and gr (€)

represents the distribution function. In a weak electric field E and zero tem-

9€4, 0 :
perature, we have g1, (€) = for,1(€) + eTor | B 750 ng where for,(€) is the

Fermi distribution function without electric field and 7y is the relaxation
time. It should be noted that when the mean spin-flip time 7,5 is assumed to
be independent of energy, it is equivalent to introducing it either in solving
the Boltzmann equation or in Eq. (1.84), and we have chosen the latter. Our

target now is to relate m to the charge current

io= =5 [oe | memet + ame 5.

Regarding Eq. (1.89) and Eq. (1.90), terms involving electric field E and 7oy,

can be expressed in terms of j.. After some simple algebra, we obtain

Tex No oM fnoaM
=T |- Mx -2
om 1+§2{ w2 Tor T M, ot
,U,BP . g:U’BP
+6M52M><(Je V)M + AL (jo- VM|, (1.91)
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where P = (n{ —ny")/(n{ +n,") is the spin polarization with n{ , being the

electron density of the two bands at the Fermi level, and

mzug/%@ﬂﬁbﬁﬂ—%@ﬁm@ﬂ

is the local equilibrium spin density of conduction electrons, which represents
the s-band contribution to the total magnetization. For the s-d model, the
magnetization is mainly attributed to the d-band electrons, thus the ratio
no/M; should be very small. For example, in typical ferromagnetic metals
(Fe, Co, Ni and their alloys), ng/M, ~ 1072, Eq. (1.91) reproduces Eq. (8) in
Ref. [144], but the above derivation is purely microscopic, and the four terms

of Eq. (1.91) can be traced back to the four terms in Eq. (1.89), respectively.

From Eq. (1.74), the STT exerted on the background magnetization
M(r,t)isT = (1/7,,My)dm x M, which should be added to the LLG derived

in Eq. (1.2). The final form of magnetization dynamics becomes

oM «a oM
o~ ey X Mg Mo
1 M
— V)M — V)M 1.92
by | VM -G < (e V)M | (1.92)

where w = Pj.up/eMs(1 + £2) is the effective electron velocity, and n =
(no/My)/(1 + &%) is a dimensionless factor. The renormalized gyro-magnetic

ratio and Gilbert damping parameter are

- 7y - 1
=1 a=—[a+ng, 1.93
Y 141 1 77[ 775] ( )

where the renormalization originates from the first two terms of Eq. (1.89) (or

Eq. (1.91)), and they are determined by the local equilibrium spin density ng
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which exists even in the absence of current. Egs. (1.92) and (1.93) confirm the

results macroscopic theory derived from spin conservation [144].

Our microscopic derivation relies on two assumptions: local equilibrium
can be defined, and M is nearly constant on the time scale marked by 7.,. The
former requires diffusive transport which is usually the case in transition metals
and their alloys; the latter, however, is only true when the characteristic length
of the texture [ (e.g., the domain wall width) satisfies [ > vp7,, where vp is
the Fermi velocity, otherwise the solution Egs. (1.85) and (1.87) are invalid.
In a recent experiment [15], people measured the non-adiabatic torque on very
narrow domain walls (1 ~ 10nm) and found disagreement with Eq. (1.92). A
rough estimate using vp ~ 3 x 10°m/s and A ~ 1eV tells us that vp7,, is of
the order of many angstroms, thus a domain wall of a few nm wide cannot
be considered as [ > vp7.,. In that case, our local solution is no longer a
good approximation, because the time-dependent terms in Eq. (1.85) become
important and the averaging in Eq. (1.87) is no longer good. As a result, STT

may exhibit non-local behavior and also oscillatory patterns in space.

The parameter £ determines the relative strength of the non-adiabatic
torque with respect to the adiabatic torque. It is very material dependent
and tunable in many different ways [58,71]. But according to Eq. (1.86) and
Eq. (1.87), the result is valid regardless of the value of £; only N = T'/7., > 1is
sufficient to guarantee the negligence of the time dependent terms of Eq. (1.85).
This can be used to explain a recent experiment in which £ is as large as

1 [71], while the observed domain wall velocity is still fitted using the form of
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Eq. (1.92). However, we should mention that large £ is usually accompanied
by large spin-orbit coupling, which brings about spin-orbit torque in addition
to the non-adiabatic torque [66,77]. This is an important issue that draws

people’s attention very recently, but goes beyond the scope of our discussion.

In another experiment, £ is enhanced by increasing impurity doping
(which decreases 7¢), but the damping is basically not affected [58]. This can
be easily understood through Eq. (1.93): since ng/M; ~ 1072 is very small
within the s-d model description, 7 is a small quantity, hence & could only be

slightly renormalized even if ¢ has a sizable change.

A final remark concerns the spin motive force [138,139] Egyr = %n .
(Om x Vn), which is small but should be taken into consideration in a strict
sense. As a result, the electric field should be replaced by the effective field
E.;f = E+ Egyp in deriving Eq. (1.91) from Eqgs. (1.89) and (1.90). This cre-

ates an additional contribution to the renormalized &, which has been studied

recently via a quite different route [145].
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Chapter 2

Electron Transport in Antiferromagnets

! Interplay between current and magnetization is an essential issue un-
derpinning the field of spintronics [148], which consists of two reciprocal prob-
lems: control of current through magnetization with a known configuration,
and its converse, i.e., control of magnetization dynamics via applied curren-
t. In ferromagnetic (FM) materials with slowly varying spin texture m(r,t)
over space and time, these issues can be solved by assuming that conduc-
tion electron spins always follow the background texture profile, known as the
adiabatic approximation [9,16,17,101, 133]. The microscopic basis underly-
ing adiabaticity is the strong exchange coupling H = —Jo - m(r,t) between
conduction electron spins and local magnetic moments, through which spin
mistracking with the background causes large energy penalty and becomes

highly unfavorable [138,139].

Under the adiabatic approximation, the current — magnetization in-
teraction is recast into an emergent electrodynamics, in which its reciprocal
influence boils down to a simple electromagnetic problem. Specifically, by di-

agonalizing the local exchange Hamiltonian via local unitary transformation,

!The contents of this chapter are based on the article: R. Cheng and Q. Niu, Electron
dynamics in slowly varying antiferromagnetic texture, Phys. Rev. B 86, 245118 (2012).
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fictitious electric and magnetic fields are generated that significantly affect the

orbital dynamics of the electron [5,124, 138,139

E, = %m . (atm X 8Z-m) = %sin 9(8t98i¢ — 3i96t¢), (2'1)
1 1
B, = _é_leijkm - (0;m x Oym) = —E&'jk sin 00,00,¢, (2.2)

where 0(r,t) and ¢(r,t) are spherical angles specifying the direction of m.
As a consequence, the influence of background texture is represented by an
effective Lorentz force F' = sh(E + 7 x B) exerted on the conduction elec-
trons, where s = +1(—1) denotes the spin-up (-down) bands. The electric
and magnetic components of the Lorentz force are responsible for the spin
motive force [1, 5,28, 41,96, 124, 136, 138, 139] and the topological Hall ef-
fect [14,57,74,140], respectively. In turn, the back-reaction of the Lorentz
force provides an interpretation to the current-induced spin torque exerted on
magnetic texture [6,48,115,132,141]. In a formal language, the adiabatici-
ty induces an effective gauge interaction Ly = j,A, as introduced by the
previous chapter, where j, acquires a gauge charge according to s = £1,
and A, = A,(m,0m) is the effective electromagnetic potential represent-
ing the space-time dependence of the texture. Variation over the current
0Lint/67, = 0 yields the effective Lorentz force; and variation over the mag-
netization 6L, /dm = 0 produces the spin-transfer torque. In this way, the

reciprocal relation of the current-magnetization interaction is manifested.

However, the above picture apparently fails in antiferromagnetic (AF)

materials where neighboring magnetic moments are antiparallel. Conduction
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electrons are not able to adjust their spins with the local moments that al-
ter orientation on atomic scale. Nevertheless, the staggered order parameter
n = (My— Mpg)/2M; can be slowly varying over space-time, where M4 and
Mg are the alternating local moments and M, denotes their magnitudes. A
natural question is whether a slowly varying staggered order still renders adi-
abatic dynamics of conduction electrons in some other sense. This is desired
knowledge for studying spin transport in AF materials, especially the quest

for current-magnetization interaction as that for FM materials.

In spite of recent theoretical [39,40, 76,102,103, 131, 135] and experi-
mental [44,122,128] progress, this problem has never been addressed micro-
scopically. But at the same time, AF materials are believed to be promising
candidates for new thrusts of spintronics [64], partly due to their enhanced
anisotropy, robustness against external magnetic perturbations, and vanishing-
ly small demagnetization, which bring prevailing advantages for device design

and engineering control.

In this chapter, we develop the effective electron dynamics in a bulk AF
texture with slowly-varying time dependence and smooth spatial modulation
by applying the non-Abelian Berry phase theory [22,23,69,72,149] on energy
bands that are doubly degenerate. The physics of adiabaticity in AF materials
is found to be an internal dynamics between degenerate bands which can be
attributed to a SU(2) Berry curvature. When translating into spin dynamics,
the adiabaticity no more indicates spin alignment with the background, but

a totally new evolution principle [Eq. (2.19)]. Aside from spin dynamics, the
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orbital motion of conduction electrons is coupled to two different gauge fields:
one leads to the non-Abelian generalization of the effective Lorentz force; the
other results in an anomalous velocity that is truly new and unique to AF
systems. With comparisons to FM materials, this chapter provides a general
framework on how a given textured AF background affects the dynamics of
conduction electrons [18]. The other side of the story, i.e., back-reaction of

current on the AF background, will be discussed in the next chapter.

2.1 Band Structure

Consider an AF system on a bipartite lattice with local magnetic mo-
ments labeled by alternating M4 and Mpg. The spin of a conduction electron
couples to the local moments by the exchange interaction J(M /M;)- o, where
o denotes the spin operator of the conduction electron, and M flips sign on
neighboring A and B sublattice sites. In spite of antiparallel of neighboring
moments, the staggered order parameter n = (M4 — Mp)/2M; usually varies
slowly over space and time, and we can treat it as a continuous function n(r, t).
Accordingly, the conduction electron is described by a nearest-neighbor tight-

binding Hamiltonian locally defined around n(r,t):

—Jn-oc (k)

H(n(r,1)) = v+ (k) Jn-o

(2.3)

where y(k) = —t > 5 €' is the hopping term with § connecting nearest neigh-
boring A — B sites (we set i = 1). The exchange J can have multiple origins

such as Hund’s coupling or s-d mixing, but it does not matter too much in
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the exchange limit. In general J can be negative, but we assume a positive JJ

throughout this paper.

The local band structure can be easily solved as +e(k) with (k) =
\/W, and in the adiabatic limit we neglect transitions between e
and —e. Each of the two bands are doubly degenerate, and without loss of
generality we will focus on the lower band —e with the two sub-bands labeled
by A and B, whose wave functions are [1,) = ¢®*7|u,) and |¢}) = e*7|w,).

The Bloch waves consist of the spatial part and the spin part

ua) = [A(R) T (r,8));  |uw) = |B(R)[ (r.1)) (2.4)
where k is understood as the local lattice momentum as the Hamiltonian
maintains local periodicity around (7,t¢). The position dependence all come
from the local spin eigenstates

1)) = [ ] L) = [‘6?2 sin 5] (25)

e’z sin 5 e’z cos 5
where 8 = 6(r,t) and ¢ = ¢(r,t) are the spherical angles specifying the
orientation of n(r,t). The choice of phase factors in Eq. (2.5) is not unique,

but this freedom does not alter our final results.

The periodic parts are spinors in the pseudo-spin space furnished by

the A — B sublattices. They are

AGK)) = AR e

|B(k)) =
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Figure 2.1: A schematic view of Bloch waves in the lower band. Sub-band
A means a local spin up electron has a larger probability on the A sites and
a smaller probability on the B sites; sub-band B means the opposite case.
They are degenerate in energy and their wave functions have a finite overlap
depending on the ratio of J/e.

which exhibit opposite spatial patterns schematically illustrated in Fig. 2.1.
While (14|15) = 0 due to the orthogonality of local spin eigenstates, (A(k)|B(k))

does not vanish, and we define this overlap as

£(k) = (A (k)| B(R)) — Jjﬁ’fy'w e 27)

which is a key parameter in our theory and £ < 1. It reaches maximum at the
Brillouin zone (BZ) center and vanishes at the BZ boundary. From Eq. (2.7)
we know £(k) is a system parameter determined by the band structure, and
it is constant since the energy conservation € = 0 requires 5 = 0. If J tends to
infinity, the overlap (k) will vanish and the two subbands will be effectively
decoupled, by which the system will become a simple combination of two

independent FM subsystems.
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2.2 Equations of Motion

With the wave functions derived in the previous section, we are able to
construct the effective gauge theory to study the electron dynamics. Since the
band is degenerate, the non-Abelian formalism must be invoked. The electron

wave packet introduced in Section 1.5.1 is

(W(r)) = /d3kw(k)[ca|A(k)>|T(m)> +alBE)L(ru)),  (28)

which defines the center-of-mass position by r. = (W/|r|W), the center-of-mass
momentum by k. = [ dkk|w(k)|?, and the isospin vector € by Eq. (1.50). The
electron dynamics is characterized by the equations of motion of the three

parameters k., 7., and €, i.e., which have been derived as Eq. (1.64).

By substituting the wave functions into Eq. (1.48) and Eq. (1.49), we

obtain the Berry connections in terms of #, ¢, and &

a1 cos 00,6 ¢(—i0,0 — sin00,,¢)
k2 1£(i0,0 — sin00,,0) —cos00,,¢
1
= 5[—7'16 sin 00,,¢ + 12£0,0 + T3 cos 00,6, (2.9)

and Al’j = 0. The vanishing of Al’j can be attributed to the omission of spin-

orbit coupling in the Hamiltonian.

The evolution of the iso-spin € represents dynamics between the A and
B sub-bands, which defines an internal degree of freedom unique to antiferro-
magnets. As explained in section 1.5.1, € itself is not gauge invariant and is
unmeasurable. However, it is ultimately related to the physical spin s which

has unambiguous observable effect.
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2.2.1 Spin and Iso-spin
With the wave-packet |W(r,)) (we have omitted the subscript ¢ for
simplicity), the physical spin is defined as
5 = (W(r)lolW (), (2.10)

which respects gauge invariance. From Eqgs. (1.50), (2.5), (2.8), and (2.10), we

know the components of s in the lab frame after some tedious algebra,

Sy = cysinf cos @ + E[cy cos b cos ¢ — cosin @, (2.11a)
Sy = c3sinfsin ¢ 4 £[cy cos fsin ¢ + ¢; cos ¢, (2.11b)
s, = cgcosf — &y sinf. (2.11c)

where ¢ is defined in Eq. (2.7).

On the other hand, the iso-spin € is defined by (1.50). Throughout the
dissertation, the gauge resides in the choice of local spin eigenstates, which
are obtained by acting U(r,t) = e 7=%/2¢710s0/2¢=19:X/2 on the eigenstates
of o,. While 6(r,t) and ¢(r,t) are physical, x(r,t) is not and can be chosen
arbitrarily; the gauge is fixed by setting x = 0. With this special gauge choice,
€ can be pictured as a vector in the local frame extended by 6, ¢, and n, as
depicted Fig. 2.2: € = ¢10 + ¢3¢ + c3n, and components of the real spin s in

this local frame are

51 = s, cosfcos g+ s, cosfsing — s,sinf = ¢y (2.12a)
Sg = —58;8in @ + 5, cos p = £co (2.12b)
s3 = Sysinfcos ¢ + s, sinfsing + s, cosd = c3 (2.12¢)
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where Eqs. (2.11) have been used, and we obtain the important relation,
s =&(10 + c20) + c3n. (2.13)

Equation (2.13) indicates two important properties: (i) € is coplanar with n
and s, which is specific to the particular gauge x = 0; (ii) while the isospin

vector is constrained on the unit sphere ¢? + c3 + ¢2 = 1, the physical spin

2 2
S$1+55

52

with semi-major axis being n(r,t) and semi-minor axis on its equator having

satisfies + s2 = 1, which constrains the tip of s on an prolate spheroid

length ¢ (Fig. 2.2, right panel).

For arbitrary gauge with x # 0, it is easy to show that we always have
s3 = c3 and s7 + s2 = £2(c} + ¢3), but the angles between s 5 and ¢; 5 will be

different, i.e., € will not be coplanar with n and s.

We mention that the iso-spin is different from the pseudo-spin furnished
by the A — B sublattices. Iso-spin refers to the superposition coefficients ¢,
and ¢,. Only in the limit & — 0 where |A) and |B) are orthogonal, iso-spin
and pseudo-spin become equivalent. But in such a limit, the two are also

equivalent to the physical spin.

2.2.2 Geometric Evolution of Spin

We know that in ferromagnet, electron spin is locked to the orienta-
tion of the local magnetization, thus s is actually a slaved variable. As a
consequence, the spin evolution is a geometric map from space-time to the

Bloch sphere. In the AF texture, however, iso-spin dynamics results in spin
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Figure 2.2: Left panel: the isospin vector € (blue arrow) in the local frame:
C =10 + co¢ + c3n, where 0 and ¢ are spherical unit vectors. Right panel:
In our particular gauge, € (blue) is coplanar with n and s (red). The tip of €
moves on a unit sphere, whereas tip of s is constrained on the ellipsoid whose
semi-major axis is n and semi-minor axis having length &.

mistracking with the background, is the spin evolution still geometrical?

To derive the spin dynamics, we first substitute Eq. (1.51) into E-

q. (1.56) with the Berry connection given by Eq. (2.9), and note that
0 = 7,0,0 = 0,0 + 7. - VO, (same for ¢) (2.14)

we obtain the iso-spin dynamics

1 |a 0  cos 0 —£0 | la
T 2| = | cos 0o 0 —Esinbg| |c2f - (2.15)
€3 &0 Esinfo 0 3

Then, we notice that in the laboratory frame, the spin components are re-

lated to the iso-spin by Eq. (2.11). Take the total time derivative over each
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component of s, for example,

$p = ¢35in 0 cos ¢ + c3(cos O cos ¢ — sin O sin (o)
+ £[é cos 0 cos ¢ — ¢1(sin 6 cos ¢f + cos 0 sin ¢)]

— {[Casin ¢ + ¢y cos gbqﬁ]
= c3(1 — &*)(cos 6 cos $0 — sin O sin <;5<;§)

= c3(1 = )ng (2.16)

where in deriving the second equality Eq. (2.15) has been used. In a similar

manner, we obtain the other two components
5, =c3(1—Eny, $,=c3(1 —E)n,. (2.17)
To eliminate c3 in the above equations, we reverse Egs. (2.11) and obtain,
c3 = Szpsinflcos¢ + sy sinfsing + s, cos = s-n (2.18)

then from Eqgs. (2.16) and (2.17), we obtain a simple and elegant equation of

motion for the physical spin,
§=01-8)(s-n)n, (2.19)

where the s dependence on the right hand side is important.

As dt can be eliminated from Eq. (2.19), we claim that the spin evolu-
tion is geometrical given that n(r,t) is a function of space-time. The motion
of s can be decomposed into a superposition of two motions: one strictly fol-

lows n (for stationary €) and the other represents mistracking with n (for
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dynamical €), where the latter originates from dynamics between the A and
B sub-bands and is unique to AF materials. It is worth emphasizing that
the mistracking between s and n has nothing to do with any non-adiabatic

process, but is entirely due to the non-Abelian nature of the problem.

From Eq. (2.19), we can generalize Eq. (2.13) to a gauge-invariant form,

which will be useful in the following discussions. Since
ds = (1—£&*)(s-n)dn, (2.20)
the dot product with m on both sides yields
n-ds=(1—£&*)(s- n)%d(nz) =0, (2.21)
where n? = 1 has been considered. Eq. (2.21) gives us the relation
d(n-s)=s-dn. (2.22)
On the other hand, dot product with s on both sides of Eq. (2.20) gives,
d(s?) =2(1 - €*)(s-n)(s-dn) = (1 — £*)d(s - n)? (2.23)

From Pythagorean theorem we know that s? = (s-n)% + (s X n)?, then take

derivative on both sides, regarding Eq. (2.23), we arrive at
2d(s-n)* = —d(s x n)*. (2.24)

Assume the initial condition to be (s - n)|y = 1, the above equation can be

integrated into

(8-m)*+ -~ =355+ =1, (2.25)
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which describes a three dimensional prolate spheroid. While Eq. (2.13) applies

only the our special gauge x = 0, Eq. (2.25) is valid in arbitrary gauge.

To appreciate the geometric property of the spin evolution and to bet-
ter compare it with the ferromagnetic case, let us consider a simple example
illustrated by Fig. 2.3: n(t) is varying round a cone of constant semiangle
in the laboratory frame, which can be realized in a spin wave. According to
Eq. (2.19), we know that ds, = 0 due to dn, = 0, thus, the tip of s should stay
in the bottom plane of the cone. On the other hand, we learn from Eq. (2.25)
that the tip is constrained on the spheroid that moves with the instantaneous
n(t). Therefore, the actual orbit traversed by the tip is contained in the in-
tersection of the two constraints. Through some straightforward geometric
analysis, we know that s is bounded between the n cone and an inner cone
whose semiangle depends on £. Figure 2.3 depicts the actual orbits of s for
three different £’s: they all exhibit precession and nutation, which can be eas-
ily read out from the bird’s eye view. Remarkably, the motion of s falls into

two topologically distinct classes separated by the critical condition

2
9 cos” 0

= 2.2
S (1+ cos?6)’ (2.26)

which corresponds to the case where the inner cone angle shrunk to zero (the
middle panel of Fig. 2.3). In a real spin wave,  is nearly zero, thus & ~ 1/ V2.
For real materials, we expect ¢t < J, thus from Eq. (2.7) we know that for a
partially filled band, ¢ is always smaller than 1/4/2. Therefore, the ¢ < &,
phase is more realistic. In section 2.3, we will provide further physical insights

on how the value of ¢ affects the topology of spin evolution.
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$>q. $<e

Figure 2.3: Spin evolutions for three different £’s when n(t) is moving round
a cone with constant angle 6 from the z axis. Upper panels: the tip of s
respects two constraints: it stays both on the cone’s bottom (small gray slab)
and on the spheroid described by Eq. (2.25) (blue ellipsoid), thus the vector
s is confined in between two cones with different semiangles. Lower panels:
orbits of the tip from bird’s eye view. The topology of the orbits is separated
into two classes (left and right) by the critical case (middle) where the inner
cone’s semiangle shrunk to zero. Orbits may not commensurate with n.
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Now, the physical picture of adiabatic spin evolution is clear: as the
background order parameter n(r,t) moves slowly in space-time, the prolate
spheroid moves with it. The motion of physical spin s is a superposition of
the relative motion on the spheroid and the motion of the spheroid itself. The
overall motion of s described by Eq. (2.19) is purely geometrical as dt can be
eliminated on both sides, as a result, a given path of n uniquely determines a

path of s on the spheroid which is independent of the Hamiltonian.

A further remark: it seems surprising that the magnitude of s varies on
the spheroid since £ < 1, but how can the physical spin have a non-constant
magnitude? We answer this question by studying the reduced density ma-
trix for the spin degree of freedom. It is a 2 x 2 matrix and can be written as
Ps = %(1+a-a’), thus the expectation value of physical spin is s = Tr[pso| = a.
Now since s? < 1, thus a? < 1, and what follows is Trp? < Trp,, which suggests
that the electron is effectively in a mixed spin state. This can be attributed
to the entanglement of spin and sublattice degrees of freedom, specifically, be-
cause s3 = c3, we are able to infer the spin projection along n by measuring
the probability difference on neighboring A — B sites (vice versa). The en-
tanglement provides us with partial information of spin orientation from the

knowledge of sublattice, this destroys full coherence of the spin states.

2.2.3 Dynamics in Momentum Space

In correspondence with the novel spin dynamics, the orbital dynamics

of an individual electron also becomes nontrivial, which is attributed to the
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non-Abelian Berry curvatures. In this section and the following section, we
derive the orbital dynamics of a single conduction electron in momentum space

(BZ) and real space, respectively.

From Eq. (1.51) the real-space curvature becomes
Q) =0A, -9 A, +2A, x A,

={0,0,(&* - 1)% sin 0(0,,00,¢ — 9,00,,¢)}

— {0, 0, (&2 1)%7;, (@ x Om)), (2.27)

where n = {sin 6 cos ¢, sin §sin ¢, cos #} is the local order parameter. We see
that only the third component is non-zero in our particular gauge marked
by x = 0. But one can check that in any gauge with xy # 0, the first two
components do not vanish. However, the third component is actually gauge

invariant and it has the form of Skyrmion density.

The cross components can be obtained in a similar way,

rk kr T qk k aqr r k
k= —Qbr — AL — OF AL+ 247, x AL

= %{a’;gsmea;;d), —akeary, o}, (2.28)

where again the first two components are changeable subject to gauge trans-
formations, whereas the third is gauge invariant. Moreover, due to Aﬁ =0,
the BZ space Berry curvature Qzlﬁ vanishes and it will be no more mentioned

in the following.

Before deriving the equations of motion, special attention should be

paid on the fact that gauge fields (Berry curvatures) in non-Abelian theory
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are not gauge invariant, but gauge covariant. It is the isospin scalars € - Q,,
that respect gauge invariance. Specifically, as we make a gauge transformation
on the wave functions |¢,) and |¢3), change of Q just compensates that of €.

By substituting Eqs. (2.27) and (2.28) into Eq. (1.59), regarding that

k, has only spatial but no temporal components, we arrive at,

k. = %@({2 —1n-(Vnxn)+ %S[cl sin Vo — V0]
= on {(Vnx (€~ 1)(s - m)a]}
= —%n -(Vn x §) (2.:29)

where 5 = 0 and Eq. (2.19) have been used. We also have ignored 8;5 term in
Eq. (2.29) since the band structure is only a function of k and is independent of
space-time in the adiabatic approximation. To make better comparisons with
the spin motive force [5,41,124,136,138] and the topological Hall effect [14,
57,74,140] widely studied in FM materials, we also derive another suggestive

form of Eq. (2.29). Take an arbitrary component i of Eq. (2.29),

k; = %cg(g —1)sin (8,06 — 00,0)

_ 303(52 1) sin 0{[0:00,6 — 0,00:0) + [B0(750,0) — (50,0)0,6]}

_ %cg(g — 1) {sin 0[0:00,6 — 8,00:0] + sin Oyt A0S}, (2.30)

where 6 = 8,0 +7,0,0 (the same for (;5) and the identity €;;x€xim = 0i10jm —dimji

have been used. Eq. (2.30) can be written in a concise way as,

k=(1-¢%)(s -n)(E+7xB), (2.31)

54



where the gauge fields are defined as

E- %sin&(@tQqu _V0,9), (2.32)

1
B = ~5 sinf(Vo x Vo), (2.33)

which are exactly the same as their counterparts in ferromagnets. Also as
in ferromagnets, it is easy to check that Eqgs. (2.32) and (2.33) satisfy the

Faraday’s relation V x E + 88—? = 0.

However, quite different from the ferromagnetic case, the gauge charge
s-n in Eq. (2.31) is not just a constant, but involves internal dynamics. In oth-
er words, the orbital motion is accompanied by a time-dependent gauge charge
which should be determined by solving the coupled dynamics of spin and orbit
all together. Moreover, the factor £2 results from the non-commutative term
2A;, x A, in Eq. (1.60a); it also reflects the coupling between spin and orbital

dynamics.

The parameter & € (0,1) plays a key role here: in the & — 1 limit, 1 —&2
vanishes thus from Egs. (2.19) and (2.31) we get null results § = 0 and k = 0.
In the other limit where & — 0, the solution of Eq. (2.19) reduces to s = +n if
initial condition is s(0) = £n(0), and Eq. (2.31) reduces to the conventional
Lorentz force equation, by which the system loses the non-Abelian feature and
behaves as two decoupled ferromagnetic sub-systems. It deserves attention
that in real AF materials, both A and B sub-bands host majority carriers, but
they are subject to effective Lorentz forces of opposite directions, which may

lead to non-trivial spin transport via Mott scattering.
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2.2.4 Dynamics in Real Space

From Eq. (1.61) and Eq. (2.28), we have
. 1 o .
7 = —Oke + §8k£(cl sinf¢ — co0). (2.34)

To get a gauge-independent equation, we need to eliminate c; 5 in terms of the

physical spin. Regarding Eq. (2.13) and 7 = 06 + sin 6¢¢, we have
n-(sxn)=E&(csinbp — caf), (2.35)
thus Eq. (2.34) becomes
: 1 :
7 = —0Oke — 5(8 X mn)-noglné, (2.36)

where the last term on the right hand side represents a spin-dependent anoma-
lous velocity. Moreover, from Eq. (2.7) we know

L- o

(9kln§: 52 - 3

(2.37)

thus the direction of the anomalous velocity %(s x 1) - nogIn¢ is the same as
the group velocity: it simply represents the modification of the group velocity

due to presence of background AF texture.

With the anomalous velocity, the orbital dynamics exhibits effective
spin-orbit coupling. We stress that this is unique to bulk AF textures and
has nothing to do with the anomalous velocity widely studied in ferromagnets
or quantum Hall systems. Mathematically, the anomalous velocity originates

from the Qf]; curvature that joints real space with BZ, the importance of
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Ferromagnetic texture Antiferromagnetic texture
s=n s=(1-&)(s - n)n
k=E+7xB k=(1-¢)(s -n)(E+7 x B)
7 = —Oke 7= —0ke —3(s xn) -n OIng

Table 2.1: Comparison of effective electron dynamics in ferromagnetic and
antiferromagnetic textures. In the former, spin dynamics is trivial, and a
Lorentz force is induced in the orbital motion. In the latter, spin dynamics
is non-trivial due to the mixture of degenerate sub-bands, and the orbital
dynamics is subject to a Lorentz force as well as an anomalous velocity that
are spin-dependent.

which has been overlooked before. For better comparison, we summarize the

fundamental electron dynamics of FM and AFM textures in Table 2.1.

A further point should be added is that in the most general case, the
effective Lagrangian Eq. (1.47) should also contain a term representing self-
rotation of the wave packet —Im[¢;(0}u;|(e — H)[0}u;)¢;], but after some so-
phisticated manipulations one can show that this term vanishes for quit similar

reasons as the vanishing of Q.

2.3 ‘t Hooft-Polyakov Monopole

In section 2.2.2, we have shown that the spin evolution is geometrical
even though there is no exact tracking of electron spin and the background.
Associated with this geometric motion, a SU(2) Berry phase P exp[—i [ A}, -
7dr,] is accumulated along the electron trajectory [69,72,149], which can be
regarded as the (non-Abelian) gauge flux of a ‘t Hooft-Polyakov monopole [43,

97] at the center of the unit sphere spanned by m. This is in analogy to the
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U(1) Dirac monopole associated the Abelian Berry phase of the electron wave

function in ferromagnets.

To study the monopole, we turn to a different coordinate system. By
assigning a variable magnitude to n, we define the dimensionless order param-
eter R = Rn = %n Then the Berry connection can be equivalently defined

in the R space, which relates to the original one by A,dr, = A;dR; with

el ol
Ai = [su ) !@l@y (2.38)

where & = |]/4/R2?+ |72 is also a function of R, and |§| = > 5™ de-
pends on the position in BZ. Written in spherical coordinates, components of
Eq. (2.38) are Az =0,
&0 —i 1 feotd ¢
AQ = ﬁi i 0l and A¢ = Eﬂ _5 —coth (239)
To see the monopole, we should further make a singular gauge transformation

on the potential,

1
Al = SApST + z’ES%ST
(1—-¢&(R 0 e
L (2.400)
1

S1n

r_ tys t
A¢ SA¢S —f—ZR 058¢S

(1 —=&(R)) [ —sinf e ?cosh
o 2R €' cos 6 sin @ (2.40b)
with the unitary matrix being
e /2008l —em0/2gin ¢
o { /2 gin g /2 cos g (2.41)
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Finally, expressing the gauge potential in Cartesian coordinates, we obtain

Y A . (1 - 5) Yy 1z
Ay = Ajcostcosp — Ay sing = TR [—iz | (2.424a)
I o / (1 - §) —Tr Zz
Ay = Aysing + A cos ¢ = sz | 2 x| (2.42b)
AL s . (1 - f) 0 -y — (A5
A, = Apsinf = 2B |y +in 0 : (2.42¢)

they are nothing but the “hedgehog” gauge potential of a ‘t Hooft -Polyakov

monopole at R = 0,

/_1_5(30
A= R

einRon, (2.43)
where R; = {z,y, 2z} and 0;’s are Pauli matrices. The radial profile of Eq. (2.43)
is determined by the factor 1 — &(R). For fixed nonzero 4, 1 — &(R) tends to
1 as R — oo, and 1 — {(R) ~ R? as R — 0, which cancels the R? in the
denominator thus the gauge potential is regular at origin. The form and
behaviors of Eq. (2.43) are all the same as the gauge potential proposed by
Sonner and Tong for realizing artificial ‘t Hooft-Polyakov monopole [100]. In
fact, our parameter £ can be understood as the f(B) factor in Ref. [100], they
both reflect the overlap of (partial) wave functions from doubly degenerate
bands. However, at BZ boundary 7 is zero, thus £ = 0 regardless of R. In this
case, Eq. (2.43) becomes the gauge potential of a Wu-Yang monopole and the

origin R = 0 becomes singular.

We can also define the associated Higgs field as

(Al AnlB)| ey
1 = | (BlogA) (Bloy|B)] = V1€ s (2:44)
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which is the pseudo-spin polarization of the AF systems. It describes the extent
to which the conduction electrons with opposite spins are spatially separated
on alternating A and B sites. In other words, it represents how much those
electrons respect the staggered order. Upon the same gauge transformation

with matrix (2.41), we have

R-
Ro g,
N

The SU(2) gauge field associated with Eq. (2.38) is broken into an Abelian

o — ¢y = Sou ST = (2.45)

magnetic field due to the effective Higgs mechanism,

1 R;
B; = §5iijjk = R8s’ (2.47)

where ® = &5 /|Py|. Eq. (2.47) is the magnetic field of a Dirac monopole.

An unsolved issue is the Bogomol'nyi relation [43,97]. For the non-
Abelian gauge field Q;; = 0;4; — 0;A; — 1[A;, A;], and the covariant derivative
D; = 0; — i[A;, ], it is straightforward to derive

1 |+ VIV + R
Q 5ijk[Dk¢H - |7| M Ulc]- (2-48)

VT2 (131 + R2)7

If not were the last term, Eq. (2.48) reproduces the Bogomol'nyi relation. One
can show that only for a profile function {(R) = 2R/sinh(R) (the case of a
true ‘t Hooft-Polyakov monopole) that the last term vanishes. While our {(R)
asymptotically resembles 2R/ sinh(R), it gives a different profile for finite R.

As a result, the last term in Eq. (2.48) vanishes only when R — oo.

60



To close the argument of the above two sections, we summarize the

coupled dynamics of spin and orbit as follows:

$§=(1-¢)(s -n)n, (2.49a)
k= —%n (Vn x 8), (2.49b)
P = —0Oke — %(s xn)-n O Ink, (2.49¢)

where n = On + (v - V)n, and we have omitted subscript ¢ of 7. and k. for
convenience of following discussions. Equations. (2.49) are the fundamental
equations of motion of a conduction electron in a slowly-varying AF texture,

which are represented by joint evolutions of three variables (s, k, 7).

In real materials with impurities, equations (2.49) are valid so long as
spin coherence length is as large as, if not more than, the typical width of
the texture. While this is quite true in ferromagnetic materials, its validity
in AF materials awaits experimental verification. At extremely low tempera-
tures, spin-flip scattering is dominated by magnetic impurities which can be
made negligibly small in clean samples. Besides, spin-independent scatter-
ing processes (e.g., electron-phonon scattering) do not destroy our essential
conclusions if 7 is understood as the drift velocity of carriers. We mention
that AF spintronics is an emerging field where very little is known. While it
shares some similarities with the established ferromagnetic spintronics, it is

not always correct to copy ideas from ferromagnetic systems.
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2.4 Domain Wall Magnetoresistance

Consider a spiraling AF texture sandwiched by two ferromagnetic lay-
ers, see Fig. 2.4. This magnetic structure has been realized in Co/FeMn/Py
trilayers in a recent experiment [137], where the ferromagnetic order of Co
layer is nearly fixed but that of Py can be rotated by external magnetic field.
The AF order is dragged into a spiral due to the exchange bias effect on the
AF/F interfaces. The layer thickness of FeMn is roughly 10 ~ 20 nm and
can be made even larger, which far exceeds the lattice constant thus adiabatic
approximation is valid; Meanwhile, typical spin coherence length is larger than
the layer thickness at low temperatures so that spin evolution is governed by

Eq. (2.19).

When an electron flows from top to bottom with applied current, the
top ferromagnetic layer polarizes its spin so that it enters the A sub-band
across the interface. According to Eq. (2.19), the physical spin orientation
of the electron after passing through the AF layer is rotated by Il = 7 —
arctan[¢ tan&n] if € < 3, and II = —arctan[{tanén] is £ > 1. This is a
topological result that only depends on the initial and final directions of n,
but is independent of the texture’s profile detail. When & — 0, II reduces to ,
which means the electron spin follows n and remains in the A sub-band, thus
it flows into the bottom ferromagnetic layer with a lower resistance; in the
¢ — 1 limit, II vanishes and the electron completely evolves into the B sub-

band thus experiencing a higher resistance. For an arbitrary £ and an arbitrary

total rotation of the spiral denoted by @, the electron will partially evolve into
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Figure 2.4: Left: F/AF /F trilayer with opposite ferromagnetic orientations on
two sides. The black double arrows represent the A-B sublattices of the AF
layer, which is dragged into a spiraling texture due to exchange bias on the
interfaces. Right: incoming electrons only enter the A sub-band due to the
upper ferromagnetic polarizer, the out-going electrons partially occupy the B
sub-band depending on the value of &.
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the B sub-band with the wave function cos({®/2)[1,) + isin(EP/2)|y), thus

the total resistance is
1
p=pot §AP[1 — cos(§P)], (2.50)

where pg is the intrinsic resistance of the AF texture itself, which depends
monotonously but not too much on . Ap represents the magnetoresistance
of the spin valve which is determined by material details of the two ferro-
magnetic layers and is independent of ®. If ® is increased beyond 7, p will
reach a maximum at ®,, = 7/£ and then reduces. The resistance maximum, if
observed, serves as an experimental verification of Eq. (2.19). Moreover, mea-

suring ®,,, also enables us to find ¢ without calculating the band structure.

We remark that the above results survive in the presence of diffusive
processes so long as spin-flip scattering is ignored. The reason is that spin-
independent scattering only deflects k-space orbit, whereas the s dynamics
is determined by the variation of m that is blind to k in one dimension. In
addition, FeMn is a non-collinear antiferromagnet that has more than two
sub-lattices. To test our theory unambiguously, we can replace FeMn by the
collinear IrMn which is feasible for current technique. Moreover, we are aware
of the experiment [10,11] where the spiraling AF texture exhibits spatial pe-

riodic patterns, it provides a better way of realizing large ®’s.

An experimental complication may arise from irregularities on the in-
terface. Small grains are hard to avoid, which may reduce the effect predicted

under a perfect assumption.
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2.5 Proposed Experiment

The induced gauge fields Eq. (2.32) can be detected via similar tech-
nique as the spin-motive force experiment based on ferromagnetic materials.
We learn from previous discussions a key property that the electron transport
of an AF metal resembles that of a ferromagnet when ¢ is small. In other word-
s, when the spatial overlap of the two degenerate subbands is small, the AF
can indeed be regarded as two ferromagnetic subsystems. The parameter ¢ is
a measure of how well the independence of the two subsystems is kept. From
Egs. (2.49), we see that the electron transport in AF just respects the rule
1+ 1=2(1-¢&%). The reduction by £* originates from the non-commutative

or the non-Abelian feature of inter-sub-band dynamics.

In a recent experiment [136], a comb shaped permalloy is fabricated,
where the shape anisotropy breaks the resonance condition of the material into
two well-separated frequencies. When one of the two eigen-frequencies is being
excited by external microwaves, the material exhibits both spatial texture and
time variation. A careful look at the resonance geometry tells us that the
spin-motive force is generated across the two leads, which results in a voltage

drop that can be detected easily, see Fig. 2.5 (upper panel).

We propose a similar experiment to measure the effective electrical
component of the non-Abelian Berry curvature in Eq. (2.32). As illustrated
in the lower panel of Fig. 2.5, we replace the normal metal leads made up of
AuPd in Ref. [136] by heavy metals with strong spin-orbit coupling, such as

Pt or Au. When the left part of the antiferromagnet (e.g., FeFy [79]) is driven
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Figure 2.5: Schematics of spin-motive force experiments based on ferromagnet
(upper panel) and antiferromagnet (lower panel).
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into resonance (see details in the next chapter), electrons of opposite spins
drift to different leads. Consequently, no charge voltage is generated between
the two leads. Nevertheless, the spin-motive force in the antiferromagnet leads
to a pure spin voltage between the two sides. When the spin accumulation is
injected into the Pt leads on both sides, it generates two opposite transverse
charge voltages as indicated by the black arrows in Fig. 2.5. This is due to the
inverse spin Hall effect — a frequently used technique to measure spin injection.

In this geometry, we can monitor either V; or V5.

However, when the left part of the antiferromagnet is resonating with
the microwave, the measured voltage Vi also includes the contribution from
spin-pumping. The spin-pumping effect on the N/AF interface is studied in
great detail in the next chapter; here we only need to note that it is an interface
effect independent of the bulk. So the difference between the magnitudes of
Vi and V5 gives the contribution of spin-pumping. If the antiferromagnet is
insulating, Vi = Vpump and Vi = 0 since the spin-motive force only exists in

metals and is a pure bulk effect.

Closing remarks. In this chapter, we find that a slowly varying
AF texture renders adiabatic dynamics of conduction electrons, which are de-
scribed by three coupled equations of motion [Egs. (2.49)]. Quite different
from the ferromagnetic case, the adiabaticity in AF materials does not imply
strict alignment between conduction electron spins and the profile of back-
ground texture. Instead, the adiabatic spin evolution is a superposition of a

motion following the background order plus a motion on a prolate spheroid
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attached to the local order, where the latter originates from internal dynamics
between degenerate bands. The overall motion of the spin is still geometric;
it can be attributed to the accumulation of a SU(2) non-Abelian Berry phase
originating from the gauge flux of an effective 't Hooft-Polyakov monopole in

the parameter space.

The corresponding orbital dynamics shares some similarities with fer-
romagnetic materials in that the k-space dynamics can be described by an
effective Lorentz force equation. However, two prominent differences in the
orbital dynamics distinguish an AF system from its ferromagnetic counter-
part: first, the gauge charge is dynamical rather than constant, by which spin
and orbital motions no longer separate; second, the group velocity is renor-
malized by a spin-dependent anomalous velocity, which is quite different from

what has been studied before.

Theory developed in this chapter lays the foundation for charge and spin
transports in textured AF systems, which will be applied to real materials in
the future. The validity of the theory needs to be tested experimentally since
available data on AF spintronic materials are very rare. This chapter solves
only the first half of the whole story; the other half, i.e., the converse effect
regarding the back-reaction of current on background AFM order, is discussed

in the following chapter.
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Chapter 3

Staggered Field Dynamics

'This chapter solves the reciprocal phenomenon of the electron trans-
port studied in the previous chapter. By varying the effective system La-
grangian that incorporates the conduction electrons and the background an-
tiferromagnet, we derive the current-induced dynamics of the staggered field
from a microscopic point of view. The formalism in this chapter is valid in the
long wave length limit, i.e., the pitch of spatial modulation of the background

texture far exceeds the lattice spacing.

3.1 Nonlinear Sigma Model

The dynamics of an AF system can be described, in principle, by the
Heisenberg Hamiltonian. However, solving the AF Heisenberg model is usually
elusive and requires special computational technique. This motivates people to
search for effective models that captures the essential physics while providing

mathematical clarity.

In the continuum limit, the long wave-length (low energy) dynamics of

!The contents of this chapter are partly based on the article: R. Cheng and Q. Niu,
Dynamics of antiferromagnets driven by spin current, Phys. Rev. B, 89, 081105(R) (2014).
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an AF system is effectively characterized by the nonlinear sigma model [3,30,
37,38,91,119], which was initially proposed to interpret the alternating gapped
and gapless behavior of one dimensional quantum Heisenberg AF chain with
respect to the spin magnitude of local moments. Here, we will not digress too
much into this picture, but instead introduce necessary mathematical tools

that are used in the following sections.

As shown in Section 1.3, the action of a local magnetic moment includes
an exchange term and a WZ term. Consider a one dimensional AF chain with

J > 0 and a total number of N atoms,

S—sZSWZ — Js? / dth], m(j+1,1), (3.1)

where s denotes the magnitude of local spins. The staggered AF chain requires
that m(j) = (—1)’n(j), by which the exchange term becomes ferromagnetic.
However, the WZ term distinguishes it from a true ferromagnet. The action

written in terms of the staggered order parameter is

N

sinl =3 (- 1Vsuain()) - %5 [ dtz G+10F (32)

j=1
and the WZ term can be further expressed as

N/2

SZ ]SWZ = SZ SWZ Swz[ (2’/“ — 1)]) . (33)

In view of n-m = 0 and n? + m? = 1, we decompose the staggered field n in

terms of its unit normal N and a small oscillatory part:

n(j) = N(G)V1—Im(5)P + (1) aom(j), (3.4)
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where ag is the lattice constant. To the lowest order,

n(2r) —n2r —1) = N(2r) — N(2r — 1) + ag[m(2r) + m(2r — 1)]

= ap[0. N (2r) + 2m(2r)] + h.o., (3.5)

so that the WZ term Eq. (3.3) becomes

N N/2

s (1PSwln()] = 53 /0 Aton(2r,1) - [n(2r, 1) x Om(2r, )]

N/2

~ say Z /T dt[0, N (2r) + 2m(2r)] - [N (2r,t) x O, N (2r,1)], (3.6)

where Sy, = [dtén - (n x dyn) has been used. In the continuum limit

(ag — 0), we can further simplify the WZ term as

N

§ Z(—l)jswz["(j)]

j=1

~ g / dtdz[N - (O,N x 9,N) +2m - (N x &;N)]. (3.7

Similarly, the exchange term becomes 2% [ dtdz[(9,N)? 4 4m?]. Thus the
effective Lagrangian density consists of four terms
L(N,m)=sm- (N x 0;N) — 2a9Js*m?

agJ s?
2

(0,N)? + gN (N x 9,N), (3.8)

and the action is understood as 8[IN,m] = [ dtdzL(IN,m). To obtain the
effective dynamics in terms of IN alone, we integrate out the small canting

field m(x,t), and define the effective action by

/ DNDme SINml — / DNG(N? — 1)e SerlN], (3.9)
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where the integration over m is a Gaussian integral and can be performed ana-
lytically. In the new action Seg[IN] = [ dtdzLes(IN), the effective Lagrangian

density reads

171
Lan(N) = 5 ~(ON)? = c(0.N)?| + Ze,wN ((8,N x 8,N),  (3.10)

where ¢ = 2ags.J/h is the spin wave velocity, and g = 2\/3/ hs. The last term
is a topological term in the sense that it does NOT depend on the metric
of space-time, but is only determined by the total antisymmetric tensor €, .

Eq. (3.10) can be easily generalized into higher dimensions, where (9,IN)? is
replaced by |VIN|? [38,91,119,129, 142].

The subtle physics underlying Eq. (3.10) is: the staggered field renders
the canceling of Berry phase of neighboring spins if IN is homogeneous in space.
However, when IN has smooth spatial modulation, a term 0,IN is induced
by the Berry phase which does not cancel. In other word, the cancellation
of WZ term m - (0,m x 9,m) of individual moments is accompanied by the
introduction of the term IN-(9,IN x 9, N) that governs the large scale variation
of the texture. The nonlinear sigma model (NLSM) described by Eq. (3.10) has
many equivalent forms, such as the C'P! model that has been widely studied
in high energy physics [3,91,119]. A strict proof of the equivalence between
NLSM and the C'P! model is provided in Appendix A.

While the topological term substantially changes the low energy exci-
tations through global effect, it does not affect local dynamics of the staggered

field, thus in the following sections we will not discuss it any more.
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3.2 Staggered Field Dynamics

Many recent experiments [84,122,128] and numerical simulations [49,
131,135] indicate that AF materials exhibit current-induced effects with simi-
lar orders of magnitude, if not stronger than, as those in ferromagnets. Those
pioneering investigations ushered the field of AF spintronics [64] and propelled
AF materials as promising candidates for real applications. From a theoret-
ical point of view, AF dynamics driven by charge current has been studied
both phenomenologically [39,120] and microscopically [40, 76, 102, 103]. In
the former, both adiabatic torque by ac current and non-adiabatic torque by
dc current are predicted, but an adiabatic effect in the dc limit is absent;
in the latter, adiabatic torque is generated by dc current, but the result in-
cludes only second-order derivatives in space and time. Case becomes rather
unclear when turning to spin current, which can be realized by attaching a
ferromagnetic polarizer to the system. This problem has only been explored
phenomenologically [32-34] and no microscopic study is yet available. Even
in the phenomenological model, it is the induced ferromagnetic moments on
top of the AF background that respond to the spin current, which is a higher
order effect that drives the AF staggered order indirectly. Is a spin current
able to drive the staggered order directly without the participation of induced

ferromagnetic moments?

Equipped with the effective gauge theory on the adiabatic electron dy-
namics studied in the preceding chapters, we answer this question in a recip-

rocal sense of the electron dynamics.
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3.2.1 Reaction of A Single Electron

The interaction term £;,; is constructed by summing over contributions
from individual electrons: L, = >, [d’kL,(k)fr(k), where Ly(k) is the
Lagrangian of an electron with momentum k in band A, and f\(k) is the
distribution function. As was shown in the Chapter one and Ref. [18,20], a
slowly-varying n(r, t) in space-time admits an effective gauge theory, which is

described by the single electron Lagrangian

L, = gf-u[—clgsin 00, + c2£0,,0 + c5 cos 80,,¢], (3.11)

where ¢; = &'7;¢ is the iso-spin component, and yu = {t,r} = {t,z,y, 2} labels

the spacetime. The 4-velocity 7, = {0,7} = {0,v.}, where v. = v.(k) =

%g—; is the electron group velocity. Now, the reaction of the electron on the

background is calculated through the variational derivative

0L, 5Leé 1 0L, .

on 50" T sm0 op (3.12)
where the components in spherical coordinates are
0L, 0L, B 0L,
50 00 "10(0,0)
h. . . [oe dc
= —57’#[501 cos 00, + c3sin 00, — 557“# {8—;8“9 + a—;aﬂw} :
(3.13a)
0L, 0L, { 0L, }
0o Op " [0(0up)
h_. 8C1 861
= §5ru K%Qﬂ + %(’M)) + ¢y cos 6’8&]

I dc dc )
— 5" [(a—;ﬁ,ﬁ + a—(;@,m) cosf — cssin 9(’%91 . (3.13b)
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To proceed, we need to relate ¢; to 6 and . Resorting to the dynamics between
a and b sub-bands, which is obtained by varying the system Lagrangian with

respect to cj 23 in Chapter One, we have the following relations:

de; = ey cosfdp — Ecsdl (3.14a)
dey = —c¢q cosfdp — EcgsinOdp (3.14b)
deg = €(c1df + o sinby) (3.14c)

these equations enable us to take partial derivatives of c¢; 23 with respect to

the two spherical angles 6 and ¢,

801 . 8C1 .

i —£es, 0o Co cOs 0, (3.15)
802 B 802 . .

0 0, P c1cosf — Eczsinb, (3.16)
863 . 603 . .

% = éCl, % = 502 sin 6. (317)

Substituting them into Eq. (3.13a) and Eq. (3.13b) ends up with two simple

and elegant expressions,

§L.  h . L. _h 3
50 = —5(1 — &7)essin 00,0, % = 2(1 —§7)cgsin 00,0, (3.18)

hence the variational derivative Eq. (3.12) finally becomes

—_

(

(SLe h . . A A h .
el S 52)037’#[— sin 00,00 + 0,0¢] = 5(1 — 52)(5 -n)r,(n x 0,n),

=+—(1-nx[on+ (v.-V)n], (3.19)

| St

where +(—) is for the a (b) sub-band. In deriving the second step, we have

used c3 = s3 = s-n (see Eq. (2.12¢)).
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3.2.2 Spin Diffusion

To derive the reaction of a spin current, we need to sum up all individual
electrons. However, when an ensemble of electrons are injected into the AF
texture, a serious problem arises: spin polarization of the current will relax due
to spin-flip scattering. Recall the spatial overlap between the two degenerate

bands Eq.(2.7)

€)= (A B =T o=

which is determined by the ratio of ¢/J and the position of Fermi level. In

AF metals, the exchange coupling is as large as that in ferromagnetic metals,
J ~ 1eV, which is supposed to be larger than ¢. If the Fermi level lies in the
middle of either the upper band or the lower band: % ~ 20% for J = 2¢, and
€2 < 1% for J = 10¢t, thus £ € (0,£2) is restricted to a small range close to

zero. The smallness of €2 leads to two important consequences:

(1) Coherent dynamics between a and b sub-bands is suppressed. The semi-
classical evolution of the physical spin of an electron wave packet respects
ds = (1 —&?)(s-n)dn. When £ < 1, we have demonstrated in Section 2.2.2
that s tends to following m, thus s - n =~ constant in the absence of spin
relaxation. In other word, if an electron initially belongs to one of the two
sub-bands, it will stay there forever and will not hop to the other unless spin-

flip scattering is introduced.

(2) Spin-flip scattering due to impurities is also highly suppressed. An at-

tached ferromagnetic polarizer injects spin imbalance into a metal with no
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spin imbalance

______ AN L N
T

spin relaxation

1
o~ 52
AFM metal Normal metal

Figure 3.1: While opposite (local) spin orientations are locked with different
spatial patterns in an AF metal, no such difference is present in a normal metal.
As a result, normal metals have effectively £ = 1. Since spin relaxation rate
is proportional to £2, AF metals have relatively longer spin diffusion lengths.

macroscopic magnetization when current is applied. This spin imbalance will
relax through many different mechanisms, for example, spin-orbital coupling,
spin-dependent impurity scattering, etc. In normal metals, spin relaxation
rate is proportional to [(1|Hss|))|* where H,; is the spin-flip Hamiltonian. In

AF metals, however, opposite spin orientations are associated with different

spatial wave functions, thus the spin relaxation rate should be

1
— ~ [(ualHoglup)[* = [{A] ® (P Hys|4) @ | B)I*

Tsf
= &[T Hygl DI (3.21)

Given the same Hg; and the same density of states around the Fermi ener-
gy, spin relaxation rate in an AF metal will be much smaller than that in a

normal metal, because it is suppressed by the smallness of 2, see Fig. 3.1 for
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an illustration. As a result, AF metals are good spin-preservers, which

seems to be counter-intuitive without solving the band structure.

In fact, we can regard the normal metal as a special case of AF metal
with & = 1. This is because & — 1 only when J — 0; without J, conduction
electrons are not able to distinguish A and B sub-lattices thus they cannot see
the AF background. Based on the above analysis, we assume the spin diffusion

length to be sufficiently large that exceeds the system size.

Similar to the treatment of a F/N interface, we solve the spin diffusion
equation [65,104] for a F/AF interface assuming perfect alignment between
the ferromagnetic polarizer and the staggered order parameter (can be realized

by exchange bias effect)

V(s py) = g — o) (3.22)

Here, A denotes the spin diffusion length, 1+ and ) are the electrochemical

potentials of local spin up and spin down bands.

We should note that for the left (right) case of Fig. 3.2, py (1) is

identified with p, on the AF side. Let us focus on the left case, the associated

91,4
e

current is jy| = %M, 1, Where o4, represents the conductivity. By taking

the continuity and boundary conditions

W1 (0) = i (0), (3.23)
JE(0) = 5T ), (3.24)
p(00) = 1, (00), (3.25)
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we obtain the spin current and the potential drop on the interface

1
L L L 5
Js = 31(0) = 5u(0) = Pjey— ) (3.26)
1
Ap =5 [ (0) + 1 (0) = (2" (0) + 7 (0))]
. AAF
= P, - , 3.27
T oan[l + A1 —P?)] (820
oF _oF
where P = — +0} is the conductivity polarization of the polarizer. The param-
T oy

eter B = /\X‘TFQ_FF? where op = of + 0 and oap = o' + 0¥, is a factor that
limits the injection efficiency of spin current. If the ferromagnetic polarizer is
half metallic (P ~ 1), § will not be a problem. However, there is no direct
experimental evidence on A4z, but as explained just now, the AF background
enforces a strong coupling between conduction electron spin and sublattice,
thus spin-flip must be accompanied by sub-lattice transition (in fact, sub-

band transition), the probability of which is quadratic in € (see Eq. (3.21)).

As a result, A sp is substantially enlarged.

For current purpose, we just estimate Asp by typical spin diffusion

length of normal metals, and assume o rp ~ op. As a result, § ~ 100 and

-:PQ

T ™~ 0.01 for P ~ 0.7. The accumulation of spin density on the interface

is ps = N(ep)Au, where N(ep) is the density of states at the Fermi energy. For
system size much smaller than A sp, ps preserves through the entire system, so

does js. We define the effective electron velocity as

js OAF
= de o oar 3.28
v eps  N(ep)Aar? ( )
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aband ‘ ‘ ‘ ‘ aband ¢ ‘ ‘ ‘
b band ¢ ‘ ‘ ‘ b band $ ‘ ‘ ‘

Polarizer flip
ps = /ddk[fa(k) — (k)] >0 always Ps = /ddk[fa(k) = fo(k)] >0
f,,(k) > fh(k:)

Figure 3.2: Magnetic moment of A sublattice is pinned along the polarizer.
Under time reversal operation, not only AF moments flip sign, but the ori-
entation of the polarizer switches also. Therefore, p, defined in Eq. (3.29) is
kept the same, i.e., the polarizer always populate the a-subband. For specific
wave functions of a and b subbands, see Section 2.1.

which is a system parameter independent of j.. In typical AF metals with
collinear order [52,121], N(ep) is roughly 0.2 ~ 0.5 states/(eV - atom), oap ~
2.5%10% S/cm at room temperature, thus v, is of order 10° cm/s. Asoap ~ T,

and \4p increases with decreasing temperature, v, can reach 106 ~ 107 cm/s

around 10K. The above results can be easily generalized to d dimensions.

3.2.3 Equations of Motion

Assume the polarizer pins the magnetic moment of A-sublattice through
the exchange bias effect. Microscopically, the spin and the spin current den-

sities with respect to the local staggered order (or equivalently, the po-

larizer direction, see Fig. 3.2) are defined as

Do — / CRfuk) — oK), G = / Qk[f(k) — fk)ve(k),  (3.29)
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where f, and f, are distribution functions of the two sub-bands. The £;,;

we seek is constructed by summing over each individual electron: L;,; =

> [d’kLy(k)f\(k). Regarding Eq. (3.19) and (3.29), and approximate &
A=a,b

by its value at Fermi energy {r (at low temperatures), we obtain

Lim N

A=a,b
h 0 )
= 3= &n x [p. 57 + (.- V)m (3.30)

where attention should be paid that the sign of ps and j, is determined with

respect to m, not a global axis.

We are ready to derive the current-induced staggered field dynamics.

The total Lagrangian for the system is

L= /der = /ddr(Ln + Lint), (3.31)

with d being the dimensionality. £, describes the AF background, which is
derived as the NLSM in the Section 3.1. In the exchange limit, n ~ 1 thus we
replace the unit vector N by the staggered field n in Eq. (3.10). As we only
care about the local dynamics, the topological term is ignored,

L, = i[1(8,5n)2 —c|Vn]? — w—gni], (3.32)

29 c c

where the coupling constant g = 2v/dal ' /hs; how it scales with the lattice
constant ay depends sensitively on the dimensionality d. The last term in

Eq. (3.32) describes the uniaxial anisotropy, where n | includes components of
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n perpendicular to the easy axis. Variation over the total Lagrangian density

L =L, + L;,; with respect to n is

se_ot dot ot
n  On dton J(Vn)
—hs
= ’n — AVin 4+ win
2\/3@3_10( t 0 J—)
2
P20 iV (339)

To account for the Gilbert damping, the Rayleigh’s dissipation function R =
[d¥R = a [ d% n? should be added; to enforce the constraint n? = 1, the

full variational equation should satisfy

OR 0 0L 0L 0L
d
: I iadT v ot Y} 34
/drdn nx{an—katan—l—v avn)  on 0 (3.34)

With these considerations, we finally obtain
nx [0'n — AVin+wing] +an x om+ G(p0;, + 3, - V)n =0, (3.35)

where § = cal 'V/d(1—¢2)/s and & = 2acy/da?~" /hs. Eq. (3.35) is the central
result of this section. Though similar to the adiabatic torque in ferromagnets,
the term j, - Vn does not behave as a torque, it is a driving force since the
AF dynamics is second order in time derivative. Therefore, we interpret the

last two terms as spin forcing terms.

It worths special attention that ps defined in Eq. (3.29) is even under
time reversal operation, it represents spin imbalance (in number density) with
respect to the staggered field (or the polarizer), which is illustrated in Fig. 3.2.

Under time reversal operation, n flips, but the polarizer is also reversed, thus
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ps is kept the same. In contrast, js is odd under time reversal operation. As a
consequence, all terms in Eq. (3.35) respect the same time reversal symmetry
except the Gilbert damping term. This is consistent with our starting point —
electron dynamics is restricted to the adiabatic limit. All effects derived from

it should be adiabatic and non-dissipative.

3.2.4 Charge Current v.s. Spin Current

We learn from previous discussions that only spin current produces a-
diabatic effect in the dc limit within first order space-time derivative, the three
properties have been taken advantages of all together. In contrast, although
a pure charge current is able to drive the staggered field dynamics of an an-
tiferromagnet, either one of the three properties must be lost. Specifically,
a pure charge current can generate: (i) non-adiabatic effect in the dc limit
within first order [39,120]; (ii) adiabatic effect via high frequency ac current
within first order [39,120]; (iii) adiabatic effect in the dc limit at second order
space-time derivative [102,103]. As a consequence, a charge current is usually

less powerful in driving an AF system compared to a spin current.

In ferromagnets, the non-adiabatic torque is typically two orders of
magnitude smaller than the adiabatic torque, but it is yet more important
because of the inability of driving a domain wall by the adiabatic torque [7,
12,108, 112, 144]. In antiferromagnet, however, the situation is completely
different thanks to the second order time derivative of Eq. (3.35). As will

become clear in the next section, we are able to harness the adiabatic torque
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Reference | Approach Driving Result

40, 76] Green’s function | charge current | numerical

[102,103] | linear response | charge current | &[n x (.- V)n|, V’n
n-[om x (j.- V)n|n

. . d .
[39,120] | phenomenology | charge current | adiabatic n x (¢ - V)n
non-adiabatic n x (j.-V)n
(33, 34] phenomenology | spin current (no texture) n x (n X p)
[18,20] Gauge theory spin current adiabatic (ps0; + Js - V)n

Table 3.1: Comparison of current-induced forcing terms studied in different
publications. All deal with AF metals with spatial texture except Ref. [33,34].

and exert substantial control of an AF system by spin currents.

Nevertheless, it is quite useful to clarify the effects of charge current
studied in various publications. We compare results from existing literatures
in Tab. 3.1, where the vector direction has been manipulated to be addable to

the right-hand side of Eq. (3.35).

3.3 Domain Wall Dynamics

Due to the absence of dipolar interaction, formation of an AF domain
wall (DW) requires two pinning ferromagnets (along the easy axis) at the ends.
The pinning originates from exchange bias effect on the interface between the
ferromagnetic polarizer and the AF material [53,68,75]. Consider the DW of
180 degree depicted in Fig. 3.3. Such a configuration can be achieved by first
growing two pinning ferromagnetic layers on a homogeneous AF metal, then
rotating one of them to the opposite direction. Though not in exact agreement

with theoretical prediction [82,83], it has been realized experimentally in many
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Figure 3.3: Schematic view of a setup of AF DW between two pinning ferro-
magnets at its ends. DW dynamics is described by two collective coordinates,
the center position z, and the canting angle . The DW width W is approxi-
mately invariant during the motion.

different contexts [10,11,137].

As a compromise between exchange interaction and anisotropy, the DW
assumes a soliton profile [82,83]. When the DW is moving, we describe it by
the Walker’s ansatz [95]:

o(z,t) = p(t); tan@ = exp [2{;/—2(“;)(15)} : (3.36)

where ¢ and 6 are spherical angles specifying the local orientation of n(r,t).
The first equation states that n-vectors at different positions are kept coplanar
and have a common canting angle. The second equation implies that the
DW remains a soliton shape except that its width W (t) varies with time and
that the DW moves as a whole with an instantaneous center position z.(t).
Eq. (3.36) enables us to compute the total Lagrangian as a function of three

parameters z., ¢, and W, known as the collective coordinates [109].
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3.3.1 Collective Coordinates

Ignore an overall constant —=22 (as it does not affect the equation
2\/8(10 c

of motion), the effective Lagrangian density reads
L= (0m)? — 2(0.n)* — win? +2GcosO(ps0p0 + j50-0).
Regarding n(r,t) = {sin 6 cos ¢, sin f sin ¢, cos 0}, we have

(Om)? = (0,0) + sin® 0(0,0)?,

(0.m)* = (0.0) + sin* 0(0.0)?,
and n? = sin®#. From the Walker’s ansatz

o(z,t) = p(t);  0(z,t) = 2arctan {exp [Z;v—?tﬂ } :

we are able to derive the following expressions,

1 Z— Z

0.0 = — cosh™! ,
cosh™( W )

%4
Ze 2= Z
-l

Z— Z
%74 )
Z— Z

)

Zec

W} coshfl(z;

),

sin@ = cosh™(

cos ) = — tanh(

thus the total Lagrangian L = [ d% £ becomes

22 c? 26 T dz
L — c 2 - 2 =y -s / s
<W2 T 2~ o * W SO) cosh?[Z=2]

7 z— 2, W2 oodz (2 — 2.)?
—29ps¢ | dztanh — | ===
9p QO/ <z tan [ W ]+ ‘174 / COShQ[%]
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(3.40)

(3.41)
(3.42)

(3.43)

(3.44)
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where we have performed an integration by part in deriving the term containing
js- This mathematical trick is the same as that in tackling with a ferromagnetic

domain wall. To evaluate Eq. (3.45), we notice that

0 N
/ dz tanh[z ‘;/ZC] = lim [ dz tanh[z - ZC]
—00
—00 —N

6(Nfzc)/VV + 6(zng)/W

=W lim I oS e — 2% (346)

and similarly, we also have

o0 o] _ 2 1
/ ¥ oW, awd / A2 Gz Loys (347
—oo COSh™[#57] —oo cosh®[*57] 6

Not bothering with an overall factor of 2, we obtain

32 2 72 W2
L =254 W@+ 29(pszep + js@) — — — wiW + ——, 3.48
w O* 4+ 25(pszep + Jsip) WVt 5 (3.48)

which is a functional of three collective coordinates z., ¢, and W. It worths
noting that the last three terms of Eq. (3.48) only depend on the variable
W (t), they determine the change of the domain wall width along its motion.

The Rayleigh’s dissipation function can be evaluated in a similar way,

~ oo ) 22
R = %/ dz[6? + sin® ¢?] = & (ZW + ngQ) : (3.49)

which has the same form as the first two terms in Eq. (3.48).

Before calculating the DW velocity, we first explore the dynamics of

W (t), which is obtained by 2k — 4 (8—L> — 91 _

aw — dt \ aw aw
A — 22 ) w2 (W2 2W
W2 — (wg — 902) + E (W - W) =0. (350)
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In the absence of spin current, all time derivatives in the above equation vanish,
which gives us an initial condition W (0) = ¢/wy. Considering what will become
clear at the end of this section that the domain wall motion respects z. < ¢

and ¢ < wp, Eq. (3.50) becomes

) 5 /ir .
c o (W 2W
= _ == _-"] =0 51
e “0+12<W2 W) (3:51)
We scale W by its initial value W (0) and time by w;'. Define dimensionless
variables t = wyt and z(t) = W (¢)/W(0), we obtain

1
ot —(z—-)=0, with z(0)=L (3.52)
x
For arbitrary initial value of (0), Eq. (3.52) can be solved as

- 2¢/3 - 1
z(t) = 2Xp4/1 + X sin (%gt +arccos 4 [ n 3C2> +(142X3), (3.53)
\ 0

wi(0)
43 °

scale (wp ~ 100 GHz, it amounts to only 10 ps), during which the variation

where Xy = Since ¢ registers the passage of time on an extremely small

of the width is negligible, so we know i(f) — 0. If we take #(0) = 0, then
X, = 0 and the solution becomes x(#) = 1, which means the domain wall width
W(t) = W(0) = ¢/wp is a constant of motion. Even for a small nonzero
#(0), the solution x(f) only slightly oscillates around 1. As a matter of fact,
if we regard W and W in Eq. (3.50) as higher order terms and omit them, we

immediately arrive at

~—, for Z. < cand ¢ < wp. (3.54)
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That W is nearly constant allows us to disregard the last three terms in E-
q. (3.48), by which we are left with only two dynamical variables z. and ¢,

and the effective Lagrangian now reads

52

L= ZW + W? + 25(pszep + Jsp)- (3.55)

Eq. (3.55) is the first central result of this section.

3.3.2 Domain Wall Velocity

When the domain wall is regarded as a particle, its velocity stands for
the rate of change of its center. By taking variational derivatives with respect

to z. and ¢, i.e.,

- ( o ) -0, (3.56a)

we obtain the equations of motion of the DW:
Zo4 az. = psGWo, (3.57a)
¢+ ap = %(vs — Zc), (3.57b)

which can be solved analytically. We scale the parameters as

v, = V= 0="7 G:'OS9

) ~ 3 R ~
PV aW Q a

and t=at, (3.58)

(note: t here is different as that in demonstrating W (¢) dynamics just now)

by which Egs. (3.57a) and (3.57b) become
: G
Vow +Vou = VQ, (3.59)

Q+Q=G6GvQa-V,,), (3.60)
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where dot indicates derivative with respect to . The above two equations are
coupled dynamics of the dimensionless variables V. and 2. We can decouple

them by eliminating either Q or V,,,,

Vi +2V, + (GP+ DV, = G, (3.61)

Q420+ (G*+1)Q =GV, (3.62)

they are equivalent to underdamped harmonic oscillators driven by constant

forces. For the initial condition V. (0) = 0, the solution of Eq. (3.61) is

G2 — Ge '[G cos GT + sin G1]
Vow = e , (3.63)

which is plotted in Fig. 3.4 for two different G’s. As t — oo, V., terminates
at V., (00) = G*/(1 + G?). As mentioned before, p; is proportional to the
current density j., and so is G. Therefore, V., (00) is quadratic in j. for small
current and approaches v, as a limit at extremely large current. However, the
DW velocity may not saturate at v; when effects due to pure charge current

are considered [39,120].

Regarding pure spin current effect alone, we estimate for typical collinear
AF metals, such as IrMn and PdMn [52,121]. The core spin is 2 ~ 4 pup; ¢ is of
order 10° cm/s; a is 3.6 ~ 3.8 A; the damping rate is similar to ferromagnetic
metals thus & ~ 10% s7!. For a current density of 105 A/cm?, G is somewhere
between 0.1 and 1, thus the DW is driven up to 10* cm/s. As a comparison,
the same DW velocity in ferromagnets requires 10® A /cm?, which means that

an AF DW is easier to drive. However, if the polarizer is not half metallic, for
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n Vo (00) — G=10

2 4 6 8 ¢

Figure 3.4: Scaled DW velocity plotted as a function of time, for G = 0.1
and G = 10, respectively. V, , exhibits damped oscillations with the terminal
value V,,, (00) = G*/(1 + G?).

example, with a polarization of 0.7, the required current density will be raised

up to roughly 107 A /cm?.

To close the argument, three remarks are in order. (i) The solution of
Eq. (3.62) gives similar result as Eq. (3.63), which indicates that no matter
how slow the DW center moves, it is always accompanied by the precession of
. This is in sharp contrast to the DW dynamics in ferromagnets, where pre-
cession only occurs after the Walker’s break-down. What removes the Walker’s
break-down here is the absence of demagnetization due to vanishing net mag-
netization. (ii) Our theory is based on the adiabatic electron dynamics, thus
G(psOs + Js - V)n only includes the adiabatic effect of spin current. While only

non-adiabatic torque determines the terminal velocity of a ferromagnetic D-
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W [7,12,108,112,144], the AF DW here is driven to a steady motion by purely
adiabatic forcing, the transfer efficiency of which is usually much higher than
that of non-adiabatic effects. This is responsible for why an AF DW is more
movable. (iii) When a DW is passing by, local moments will be dragged away
from the easy axis, which result in a change of anisotropic magnetoresistance
along the transverse direction; this effect is found to be sufficiently large to
observe in recent experiments [67,84,126]. Thus we have a feasible way to

monitor the AF DW motion.

We provide a final remark on the DW behavior at ¢ — oo, where the

terminal velocity and the terminal rotation rate are

o) =o(rog) W =gy (o). o

respectively. We make a rough estimate on the change of DW width at t — co:

for j. ~ 10° A/em?, G?/(1+ G?) ~ 0.1, thus (vs/c)? ~ 1% and (p/wg)? ~ 1%.
Regarding Eq. (3.54), we know W (o0) only differs from W (0) by roughly 1%.

A careful calculation shows that

W (o0) vs\2 G?*(1—G?)
W0) :\/”(?) S e (3:65)

If G < 1, the DW width expands; If G > 1, the DW width shrinks. We know

that vs/c ~ 1, thus for the case G > 1 (extremely large current density), W
cannot be considered as nearly constant! But for our estimations just now, the
system is within G < 1 region, where % < %, thus W (oo) differs from

W(0) at most by 10%. It can also be shown in a straightforward manner that

charge current does not significantly alter W either.
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3.4 Spin Wave Instability

Injection of spin current significantly modifies spin wave excitations in

ilkr—wt) where n | is a small

antiferromagnets. We take the ansatzn = é+n e
deviation (|n | < 1) perpendicular to the easy axis €. It is worth mentioning
that the relative motion between m 4 and mp within a unit cell [the dynamics
of m = (my + mp)/2 with the constraint m - n = 0] seems to have been

ignored, but in fact it has been resolved into the dynamics of n described by

Eq. (3.32). Substituting the above ansatz into Eq. (3.35),
(—w? + K+ wi)n x ny —iwan x n, + p§(—iw +iv, - k)ny =0, (3.66)

write it in matrix form and set its determinant zero

w?— Ak —witiaw  ipsG(w — vs - k)
—ipsG(w—v, - k) w?—cAk? — W +iaw| 0, (3.67)
we obtain the eigen-equation
(w? — wi — *k*) +idw £ p,G(w — v, - k) = 0. (3.68)

where + (—) refers to the case where the direction of the A (B) sublattice is

pinned along the ferromagnetic polarizer. The solution of Eq. (3.68) is

w==[—i& % ps§

DO | —

1/~ + (0.9)? + 4(ud + h2) F AP, - k F i20p.5 |, (3.69)

where [£] is independent and has no connection to other £ and F. Eq. (3.69)
is elusive and sophisticated, so we discuss separately the case of uniform pre-

cession and spin waves with finite wave length.

93



3.4.1 Mode of Uniform Precession

First consider the macrospin model that the system precesses as a whole
(k =0). In this case, we solve w as a function of p,. In expanding Eq. (3.69),

we notice that wy > @. Keeping up to the lowest order in &,

1 9 | i~ psS
W= ia £ psGl=E] (,/(p89)2+4w0+2a\/m> + h.o.| .
(3.70)
Its real part reads
1
Relo] = ; |05/ (p. 57 + 465 (5.71)

where the two + are independent. The first +(—) sign represents that the
polarizer pins the A (B) sublattice. Eq. (3.71) is plotted in Fig. 3.5; we see that
the frequency difference Aw for opposite polarizer orientations is proportional
to the spin density ps. An estimation for IrMn and PdMn [52,121] is as follows:
with j. ~ 107 A/cm?, Aw = p,§ reaches 100 GHz, which is comparable to the
anisotropy gap wg. Such an appreciable difference can be easily measured by

AF resonance (see Section 4.1).

We should note that in the presence of a spin current, the two branch-
es with Relw] < 0 experience enhanced damping, whereas branches with
Re[w] > 0 exhibits reduced damping. Since for finite wy, we always have
\/ﬁw < 1, the current-induced anti-damping will never be able to over-

come the intrinsic Gilbert damping. Thus spin wave instability driven by spin

current is impossible for the uniform precession mode.
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Figure 3.5: Spin wave spectrum (at zero k) as a function of spin injection.
As to whether the A or B sublattice is pinned along the polarizer, there is a
sizable difference in the AF resonance frequency represented by Aw.

3.4.2 Mode of Finite Wave Length

As the current density is increased, the imaginary part of w(k) changes
sign at a threshold, where the instability occurs. As a result, spin waves at
certain frequencies become unstable, i.e., magnons are emitted by the fast

moving electrons.

In this section, we only consider spin wave excitations in the longitu-
dinal direction of the electron flow, thus v, - k = tv,k. To guarantee that
the instability occurs for vs > 0, we must take vs - k = —vsk (see Eq. (3.75)

below). Namely, v, should be (anti-)parallel to k for the —(+) sign. Denote

y=—a"+ (ps9)" + dwp + k) — ApsG)vsk, (3.72)
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the solution Eq. (3.69) then becomes

1
w =5 |—ia £ pSEIVY T iQ&pSQ] . (3.73)

As we vary the current density, y may flip sign, so we split the cases into y > 0

and y < 0 and discuss separately.

(1) Ify > 0, [£]v/y — 12ap,S is plotted by the red and blue points in Fig. 3.6~
panel (a); [£]vy + 12ap,5G is plotted in Fig. 3.6-panel (b). Only red points
correspond to positive imaginary values, which are able to compete with the
damping —i&, and lead to the instability. The blue points, on the other
hand, correspond to the modes experiencing enhanced damping, which do not
concern us here. The critical condition is marked by [Im [y F i2ap,S]| = &,

which gives the same result for both (a) and (b):

[y* + 45&2(p59)2]% sin B arctan <2d589>] = a. (3.74)

Using sing = ,/ILQ"SG, the above equation gives \/y? + 4a%(psG)? = y + 242,

which simplifies to y + &% = (p,9)%. In view of Eq. (3.72), we have
(psS)vsk = *k? + Wi, (3.75)

define kg = wp/c, the threshold spin current density is thus obtained,

i = puw :%{k @]

S

3.76
w (3.76)

(2) If y < 0, it is just a similar job as above. [£]/y F i2ap;G are plotted in
panels (c) and (d) of Fig. 3.6. Again, the [£] sign is marked by red and blue
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points. The critical condition in this case becomes

[y? + 41(12(,089)2]i sin [% — %arctan (25‘4y,0|59)} = a, (3.77)

which leads to \/y2 + 4a2(psG)2 + |y| = 2a2. Since |y| = —y, it gives the same
result (Eq. (3.76)) as case (1).

The threshold condition Eq. (3.76) is associated with a specified wave
number k. At k = ko, the threshold reaches a minimum j™" = %c, which
marks the most unstable mode. For this particular mode, the wave length is
estimated to be A\g ~ 10* nm for IrMn and PdMn [52,121]. Since Aq is much

larger than the lattice spacing of the two materials, the adiabatic assumption

at the beginning is guaranteed.

For IrMn and PdMn, we also estimate that the threshold current densi-
ty is of order 107 A/cm?. Again, this value will be much higher if the polarizer
is not half metallic. But we stress that the instability solved above is a phe-
nomenon peculiar to spin current injection. If the polarizer is completely
removed, § will vanish and ;& will go to infinity, by which the instability
will disappear. In fact, pure charge current leads to a Doppler shift of the
spin wave velocity [40, 76,102, 103]; it is not able to trigger an instability of
the same sense. Furthermore, it is pretty remarkable that & does not appear

in Eq. (3.76), though the instability is physically due to the overcoming of

damping by the spin current.

To better understand the physical picture of the instability, especially

how the excited spin wave propagate, we are also in need of the real part of

97



\ 4

NG
~ .
~
~

% | —i2Gp.G

\ 4
\ 4

(c) (d)

Figure 3.6: In all four panels, red points have positive imaginary parts that
just cancel the damping, while blue points enhance the damping. (a) y > 0,
v, parallel to k, plot for [£]\/y — i2apsG; (b) y > 0, v, anti-parallel to k, plot
for [£]y + i2ap:G; (c) y < 0, v, parallel to k, plot for [£]vy — i2apsG; (d)
y < 0, v, anti-parallel to k, plot for [£]\/y + i2ap,G.
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w(k) at the threshold point:

Re[w] = % {j:psg F cos B arctan <2&589>] }

1 L 1 2+ 482(p,5)?
- ip89¢[y2+4d2(059)2]4\/ taly ; e
1
= {#n5 7 Vy+at
1
- 2 {ipsg + ,039} =0, (3'78)

where cosg = ,/H‘;—OSO has been used. Relw] = 0 is true for any k at their
corresponding critical points, which means the spin wave instability is not
associated with propagating modes, but is in fact an instability towards the
formation of stationary a spatial pattern with period 27 /ky. When an inhomo-
geneous spatial configuration is developed, exchange energy of the AF back-
ground is increased. Therefore, to sustain such a texture, energy of conduction
electrons must be transferred continuously to the background moments. This
may cause a sudden rise of the differential resistance dV/dI at the threshold,
which could be detected with high accuracy [45,116-118]. We emphasis in
passing that only the existence of the instability is predictable, the dynamics

beyond the threshold point requires a separate treatment.

The critical condition Eq. (3.76) can be obtained by an alternative strat-
egy. If the system develops a stationary spatial pattern at the threshold (see
Eq. (3.78)), the background profile must be a solution of the time-independent

version of Eq. (3.35), viz.,

n x Vn =win, +§(j4, - V)n. (3.79)

99



By substituting the spin wave ansatz, we obtain the eigenvalues of the solution

)\:% izif[i]\/q%)?_(igsy . (3.80)

The eigenvalues are purely imaginary if and only if Eq. (3.76) is satisfied,

which characterizes the stationary spatial waves with wave number £=2.

Closing remark: In the previous and present chapters, the reciprocal
picture of the coupled dynamics of conduction electrons and bulk AF textures
is developed in great detail. The theory is purely general and applies to a broad
class of AF metals. In the real world, however, AF materials are typically
insulators, thus spintronic phenomena can hardly occur in the bulk. This
motives us to generalize our investigation to AF insulators and turn to the

interfacial phenomena, which will be presented in the next two chapters.
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Chapter 4

Spin Pumping in Antiferromagnets

'A major task of spintronics is understanding the mutual control of
spin transport and magnetic properties. This inspires intense studies in funda-
mental physics which opens new avenues in magnetic recording technologies.
A new direction in this field aims at harnessing spin dynamics in materials
with vanishing magnetization, such as antiferromagnets (AFs) with compen-
sated magnetic moments on an atomic scale. As compared to ferromagnet-
s (Fs), AFs operate at a much higher frequency in the Tera Hertz (THz)
ranges [54,55,94,130], which makes it possible to perform ultra fast informa-
tion processing and communication. At the same time, since there are no stray
fields in AF's, they are more robust against magnetic perturbations, an attrac-
tive feature of AFs for use in next-generation data storage material. However,
to build a viable magnetic device using AF, it is vital to find observable ef-
fects induced by the rotation of the order parameter. The recent discovery
of tunneling anisotropic magnetoresistance in AF may potentially fulfill this

demand [67,84,126]. Nevertheless, in such experiments, the AF is dragged

!The contents of this chapter are based on the article: R. Cheng, J. Xiao, Q. Niu, and A.
Brataas, Spin Pumping and Spin-Transfer Torques in Antiferromagnets, Phys. Rev. Lett.
113, 057601 (2014).
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passively by an adjacent F, which is rotated by a magnetic field. This moti-
vates us to ask: will an AF interact directly with (spin) currents without the

inclusion of F' or magnetic field?

Partial answers are available from recent investigations. While the
observation of current-induced change of the exchange bias on a F/AF interface
indicates spin-transfer torques (STTs) in AFs [122,128], theoretical models
of STT have been developed in a variety of contexts [20,32-34, 39, 40, 61,
76,92, 102,103,120, 135]. To achieve a general understanding of spintronics
based on AF's, we recall a crucial insight from well-established ferromagnetic
spintronics: STT and spin pumping are two reciprocal processes intrinsically
connected [12,88]; they are derivable from each other [65]. To the best our
knowledge, all existing studies on AF have focused on STT, whereas spin
pumping has received no attention because it seems to be naively believed

that the vanishing magnetization spoils any spin pumping in AF.

Spin pumping is the generation of spin currents by the a precessing
magnetization [65,111,113]. When the magnetization m of a F varies in time,
a spin current proportional to m X m is pumped into an adjacent normal (N)
metal. In contrast, m vanishes in equilibrium in homogeneous AFs and is small
even when the system is driven out-of-equilibrium. Instead, the staggered field
(or Néel order) m characterizes the system. A natural question arises: does

the motion of n lead to any pumping effect?

In the following sections, we first argue heuristically that spin pumping

from the compensated magnetization of the two sublattices constructively add
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up rather than cancel. We confirm this anticipation by exploring electron
scattering across a N/AF interface, and derive analytically the pumped spin
and staggered spin currents [21]. To complete the reciprocal picture, we finally

derive the STT due to an applied spin voltage.

4.1 Antiferromagnetic Resonance

We consider an AF with two sublattices and an easy axis along 2 [51,56].
The directions of the magnetic moments are denoted by two unit vectors my
and my. The precession of m, and ms are driven by the exchange interaction,
the anisotropy, and a magnetic field assumed to be in the 2-direction. In units
of frequency, they are represented by wg, wa, and wy = vHy (v is the gyro-

magnetic ratio), respectively.

The three ingredients determine the eigen-frequency of the AF pre-
cession. When the frequency of a driving electromagnetic wave matches the
eigen-frequency, antiferromagnetic resonance (AFMR) occurs. We start with

the equations of motion

m1 =m, X [wEm2 — (WA +CUH)2], (41&)

mg = Mmy X [wEm1 + (LL)A — wH)ﬁ], (41b)

where additional damping terms will be discussed later when necessary. We

add up the above two equations

M =wizZXn+2z X (wsn +wgm), (4.2)
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and subtract them to obtain
1 =2wpn X m+ 2 X (wam + wyn). (4.3)
Take the time derivative of Eq. (4.3), we have
n=2wp(nxm+mnxm)+2zx (wam +wgn). (4.4)
Plugging Eq. (4.2) into Eq. (4.4) yields

i =2wp[n X m+wa(n*2 —n.n) —wy(2-n)mj

+wi(n,2 —n) +wpwaz x (2 xm) +wyz x n. (4.5)

In AFMR, the deviation of n from 2Z-axis is small, so n, ~ 1; the amplitudes
of the two sublattices are nearly the same, thus the canting is small |m| < 1,
and n? ~ 1. Apply the vector product of m on both sides of Eq. (4.5), taking

into account that m - n = 0, we have
nxn=2wpws+wi)n x 2 —wyl(wa + 2wp)n X m —nl. (4.6)

To eliminate m, we resort to Eq. (4.3) and apply the vector product of n on
both sides, and obtain the expression

1
m:m[w,qnx(ixn)—nxh], (47)

from which we read of: (i) precessions of m and m have a 7 phase difference;
(ii) the magnitude of m is smaller than that of n by a factor —=%—0 where
AT2wg

0 is the cone angle of n. Substitute Eq. (4.7) into Eq. (4.6), we obtain

n X f=(2wpwa +wi)n x 2 —wyn +wy(n x 2)), (4.8)
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If we decompose n by the ansatz

n=2+e" (Zx> with n,, n, < 1, (4.9)
v

it is straightforward to compute the resonance frequency

w==+vHy £ \/wA(wA—I—ZwE), (4.10)

where the two £ are independent, so it seems that there are four different
eigenmodes. However, we will show that the number of distinguishable modes

is two. Practically, wg overwhelms w4 by orders of magnitude, thus we could

take w ~ fwy + 2wawE.

4.1.1 Eigenmodes

In linear response regime, we decompose m, and ms into equilibrium

and oscillating parts

m; =2+ e (m1x> : my = —2+ ™! (mZI) , (4.11)
Moy,

and assume |m | < 1. In the base (my,;, ma,, mi,, mgy), the resonance

frequencies are the eigenvalues of the matrix

0 0 —ia if

0 0 —if —iA
oo —if 0 0|’
i3 i 0 0

M = (4.12)

where o = wy — (wa+wg), = wg, and A = wy + (wa +wg). The eigenvalues

of M can be easily derived as

Wy = —wh = wy + Vwa(wa + 2wg), (4.13a)

Wy = —wh = wy — \/wa(wa + 2wg), (4.13Db)
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which reproduces Eq. (4.10) that are obtained in a non-rigorous way. In the

order of wy, w,, wp, wy, the eigenvectors of M are collected in a matrix

1 111
N |7V == (4.14)
1 —1 7 —1

—i/n ifn  —in in

as its four columns, respectively, where the coefficient

9 2
n = 1+5—A+\/°‘)A(°"“‘2+ wE) {1+ za (4.15)
E

wg WE

determines the ratio between the amplitudes of m; and m., and it is inde-
pendent of wy. From Eq. (4.13) and (4.14), we know that w, and w! are NOT
different modes but are redundant representation of the same mode; so are wy

and w;. The two distinguishable modes are

w=wy +wr =wy £ Vwa(ws + 2wg), (4.16)

which are characterized by different chiralities and are depicted in Fig. 4.1.
From a bird’s eye view along —2 of the left-handed (right-handed) mode, both
m, and my undergo a circular clockwise (counterclockwise) precession with
7 phase difference. In the absence of magnetic field, viz. wy = 0, the two
modes are degenerate. In contrast to ferromagnetic resonance, AFMR does

not require the magnetic field.

4.1.2 Susceptibility and Damping

AFMR is marked by the peak of susceptibility in response to an external

electromagnetic wave with matching frequencies. To derive the susceptibility,
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Left-handed Right-handed

easy axis

Figure 4.1: The two eigenmodes of Eq. (4.16) have opposite chiralities and
opposite ratios between the cone angles of m; and ms,. A magnetic field
along the easy axis breaks the degeneracy of the two modes.
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we add a small oscillating part to the external magnetic field so that H =
Hyz+ h,, and Gilbert damping terms to Eq. (4.1) (it is easy to show that the

Landau-Lifshitz damping will do the same job), which yield

'rh1 =m, X [wEm2 — (wH —|—wA)£ — ’}/hL] + aymy X ml, (417&)

'th =My X [wE’ml — (wH — (A)A)ZA — ’th] —+ gy X ’I’hg, (417b)

where a7 and as can be different in general. Define complex vectors hy =
h, £ ih, and my = m, £ im,, where +(—) stands for the right-handed (left-

handed) polarization [35]. Some straightforward algebra lead us to

[w(l — iOél) - (WH + WwWgE + wA)]mH: - wEin = —’yil:t, (418)

wpmit + [w(l +iag) — (wyg — wg — wa)Moet = yﬁi, (4.19)

from which we solve the transverse magnetic components in terms of the os-

cillating magnetic field

mit| 'Yﬁi WH — W — Wq — 10w
{ﬁhJ D {—wH +w—wy —iawl|’ (4.20)
where the denominator reads
D =(w — wy)? + ayow? — wa(wa + 2wE)
—w((a — a2)(w —wy) + (a1 + a2)(wa + wg)]. (4.21)

Ifa;=a;=0,D = (w—wg)? — walws + 2wg) diverges at both w, and w,
which has been expected ny the previous analysis. Since m, and ms come from

identical magnetic atoms and the system anisotropy is uniaxial, a; and as have
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essentially the same magnitude. If a; = —ay, the two moments are damped
towards 2z and —z, respectively, in mode w,; in mode wy, however, they will
experience anti-damping and slip towards the equator, which is unphysical.
So we must have a; = ay, where the two moments are damped towards their
effective magnetic fields rather than the easy axis. We illustrate this in Fig. 4.2,
the damping torque on the moment with larger cone angle tends to diminish
its amplitude, while the damping torque on the moment with smaller cone

angle drives it to be antiparallel with the other moment. With a; = ay = «,

and recall wp = \/wA(wA + 2wg), Eq. (4.21) becomes

D = [(w—wy)® + *w? — W] — 2iaw(ws + wg). (4.22)

In the calculation of spin pumping below, we need the susceptibilities

of m and n fields, which are defined as

Mit +Mor  —7y(wa +iow)
— ! - : 4.23a
X+ s D ( )
Thli — mgi —")/<(JJ — (JJH)
X, = ~ = , 4.23h
4 o D ( )

for o« < 1 and wy < wg, the magnitude of y4 at resonance is much smaller
than that of 25 (|my| < |n4|), which are approximately

g WA
2B~ — [ 22 4.24
| + | a(ij:wH) wg ( )

Comparing with the FMR susceptibility |x,| ~ ol [35], we see that 2.

is suppressed by a factor of ,/ Z—; However, in some AF such as FeFy, wy =~

0.36wg, thus the factor is roughly 0.6, not small in any sense [78,79]. If the
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—wm y

Figure 4.2: In both mode w, (left) and wy (right), the damping torque pushes
the moment with the larger amplitude towards the easy axis because the ef-
fective field (dotted arrows) it feels resides inside its precessing cone, whereas
the moment with the smaller amplitude is dragged by the damping torque
towards the antiparallel direction of the other moment since the effective field
is located outside its precessing cone.
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static magnetic field Hy is applied along +2 (—2) direction, i.e., wy is positive
(negative), 2 (2°F) will be enhanced. In fact, the resonance susceptibility
is inversely proportional to the resonance frequency, what the magnetic field
does is bringing down the resonance frequency w, (w,) thus enhancing the

absorption rate of the left-handed (right-handed) mode.

For very strong magnetic field, the system experiences spin-flop tran-
sition at wy ~ wg [50], where the sublattice magnetic moments suddenly
become perpendicular to the easy-axis. The resonance susceptibility diverges
at this critical point, but in real experiment, an infinitesimal deviation of the
magnetic field from the easy axis direction cures the divergence [90]; a finite
temperature causes nonzero x,, which renders the AFMR to be Ferrimagnet-
ic resonance [127] and the divergence is circumvented. Therefore, while the
resonance susceptibility peaks in the neighborhood of spin-flop transition, the
absorption rate of microwave in a real system may not be large if wy < wg.

Using materials with large w4 /wg ratio should be a thumb rule.

Having sufficient knowledge of AFMR, we are able to anticipate the
spin pumping by AFMR. A heuristic way to grasp the essential feature of this
issue is to consider m; and my as two independent F subsystems. Then spin
currents pumped from them will be proportional to m; X M, and my X Mo,
respectively. From Fig. 4.1 we see that m; ~ —my and m; ~ —my, thus the
contributions from the two are basically the same and add up constructively.
As a result, the total spin current is roughly proportional to m x 1 where

n = (m; — my)/2 denotes the staggered field. In a strict sense, however, due
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to the difference of the cone angles of m; and ms, a small magnetization m

will always be induced, as is shown in Fig. 4.1.

Furthermore, scattering channels associated with different sublattices
on a N/AF interface will mix, thus an AF is not equivalent to two Fs. To
what extent the above naive picture survives is ultimately determined by the

interface scattering of electrons.

4.2 Interface Scattering

Typical AF materials are insulators [36,47,78,79] and incident elec-
trons from the normal metal cannot penetrate far. Consequently, only a single
atomic layer of AF directly connected to N suffices to describe the dominant
contribution to interface scattering. Therefore, the essential physics is cap-
tured by modeling the N/AF interface as being semi-infinite system in the
transport direction and infinite in the transverse direction. As illustrated in
Fig. 4.10, the interface is compensated, where neighboring magnetic moments
are located at different sublattices. The case of an uncompensated interface is

analogous to N/F(insulator) interface.

This section involves substantial amount of tedious mathematical ma-
nipulations. To make it more understandable, we start from a simple one
dimensional chain, and use two standard approaches to solve the scattering
matrix: the wave function matching method, and the Fisher-Lee formalism
based on the interface Green’s function [24,25]. From the latter, we prove

quantitatively that a normal metal-—magnetic insulator interface can well be

112



modeled as being semi-infinite system in the transport direction. Base on this
fact, we are able to perform the cumbersome calculation of spin-dependent

electron scattering problems in higher dimensions.

4.2.1 One Dimension
(1) Single semi-infinite 1-d chain:

In case (I) of Fig. 4.3, the end atomic site has a magnetic moment m.

For current normalization, the incident and reflected plane waves are

. h eféika h 6+éika ,
mo_ . S s re — TS/S - . S 5 425
v tsinka | e—tka [, ¥ V tsinka | etika ') ( )

1 1

where s denotes the spin index. The wave function should satisfy
—tp_ 1+ [(U—-FE)—Jm- oy =0, (4.26)

where U = 2t and E = 2t(1 — coska), and t and J represent the hopping

integral and the exchange coupling strength, respectively. From Eq. (4.25),

— h —ika ika /
Y1 = P [e7™"s) + ™ rgyls")] (4.27a)
o =\ s 19+ k) (4.27b)
0=\ tsinka U T TsIS .

substitute them into Eq. (4.26), and project the equation onto (s”|, we obtain

te_ikaés//s + t@ikars”s +Jm - O [55’5 + Ts’s] = 2l cos ka[58"3 + 7”8//3]. (428)
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Figure 4.3: Case (II) differs from case (I) in that the magnetic atom is distinct.

Define A = J/t, Eq. (4.28) in matrix form is (e "% —Am-o)r = Am-o — L.
Decompose the reflection matrix r by the Pauli matrices, it is solved as

-\ 2i\sin k
r= Ay Zidsinka (4.29)

/\2 _ 6—2ika )\2 _ Q—Zika

When A — 0, the second term vanishes, and r — —e%**?[. Denote r =
rol + ASm - o where AS determines spin-pumping, it can be expressed as

2ixsinka  2Asinkalsin 2ka + i(A? — cos 2ka)]

AS = — =
A2 — g 2%ika (A2 — cos 2ka)? + sin® ka ’

(4.30)

where k is determined by the Fermi energy: ka = arccos(1 — E/2t).

If the magnetic atom is different from the rest, as depicted by case (II)
of Fig. 4.3, hopping to that atom is ¢. We define £ = t'/t, then

—tp_y + (U — By — t'hps = 0, (4.31a)

—t' Yo+ [((U — E) — Jm - o]y = 0, (4.31b)

where 1), is the wave function of the magnetic atom. Denote Cy, as the

probability of an electron being in spin state |s’) on the magnetic atom when
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the incident wave is in state |s). Then ), can be decomposed by
v =\ T Conls) (4.32)
=1/ —Cysls). .
M tsinka
Similar to (I), Eq. (4.31) yield two matrix equations

ekl  e7hay _¢C =0, (4.33)

EI+7r)=[-Im- o+ 2coskalC, (4.34)

where the s”s element of the product m - oC' is m - [o]s¢[C]ys. Eliminate

matrix C' and decompose r by Pauli matrices, we obtain the solution

r=Al+Bm- o, (4.35)
4 )\2 4(1 — 2 2 k
A: (5 : )_I_ ( g )COS a , (436)
\2e—2ika _ (26—7,ka cos ka — 52)2
2i\? sin ka
B = , . 4.37
\2e—2ika _ (2671160, cos ka — 52)2’ ( )
where A can be written in a more suggestive form
: o 2062 sin ka(2e™* cos ka — £2)
A= —e?ka y cika : : : 4.38
€ +e \2¢—2ika _ (26—zka cos ka — §2)2 ( )
If £ 50, A— —e* and B — 0, as expected. If £ = 1, we have
, 1— X\ 2i\sin ka
_ 2ika
r=e \2 €—2ika1 + 2 e—Qikam "o (4.39)

which differs from Eq. (4.29) only by a phase factor e**¢. This is because the

plane wave basis incorporate the magnetic atom if ¢/ =¢. If £ < 1 but A > 1,

: 2¢2 262 .
A ekl 1 4 z% sin2ka], B = i%em“ sin ka, (4.40)
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where the factor €2/ can be regraded as coming from a second order hopping
process between the chain and the magnetic atom. For £ of order one, however,
the two cases above are NOT qualitatively different. Thus in the following
discussions, without jeopardizing the essential physics, we assume £ = 1 to

simplify the calculation unless otherwise stated.
(2) Double semi-infinite 1-d chain:

We extend the 1-d model to a double chain where the magnetic atoms
are aligned anti-parallel in Fig. 4.4. In the left panel, all connections joining
the two chains are t,,, denote a = t,,/t; in the right panel, only the magnetic
atoms are joined by t,, whereas all other links are . For the former, the wave

function satisfies

_t(¢n—1 + d)n-i-l) - tm’f—lqﬁn = (E - U)¢n7 (441)

where 77 acts on the sublattice space, and U = 2(t+t,,). Definee = (E—U)/t

and A = J/t, the band structure is easily obtained

1
e =—2coska —Ta, with |T) = ¢, = 7 [1} , T ==+ (4.42)
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Let R7,7 denote the amplitude for an incident state |7)|s) to be reflected into

|7"}|s"), by which the wave function (of the n-th atom pair) becomes

h —inkT !/ h ‘k,T/ / /
n= ink?a R\ ————¢mk7 e , 4.43
Yo = (e W) )+ RUTy e s, (443)

where k7 satisfies € = —2cos k"a — 7a. One the boundary,

Similar to the 1-d case, we project the whole equation onto the (7”|(s"| state.

Notice that in the |7) ® |s) representation,

T _ 1 m (0 1 1 _ 10 _ gt
=50 7')<1 0) <T>—(0 _1>—7’(5 , (4.45a)

2 )
e Lo (10N (1N (0 1\ .
5 (L7 <0 _1) (T) = (1 0> =TT, (4.45b)
from which we obtain

T ==(1
1 T
—ikTa ot + T S]nk a ik‘"'//a
€ s's s's . 7 e
sink™ a
"= o sin k™a
+ AT (- o)grs + A O-)S”S/RSI; ,T\/:
sink=""a
" 7 sinkTa
o+ Rod \/: . (4.46)
sink™ a

Scattering at a N/AF interface has four channels: (7,s) where 7 = +, — and

= [2cosk™a + a(t — 7")]

s =T,). Haney and MacDonald [40] have argued that spin-flip scattering
occurs if and only if the sublattice state is also flipped between |+) and |—),
which follows from the invariance of the AF Hamiltonian under the combined

operations of sublattice interchange and time reversal. Therefore, the spin
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dependence of the reflection coefficients are
Ry =55y, RyT=r"F(n-oy,). (4.47)
For fixed energy e, =e_ = ¢, Eq. (4.42) requires
20 = ke e 4 gikza _ (eik;a + e—ik;a)7 (4.48)

which can be used to eliminate a. After some tedious calculation, we finally

obtain the reflection coefficients

6i(k:*—k:*)a — 22

o
L T B oy s (4.49)

i(k~—kt)a _ 22
e
SV R oy (4.50)
2i\V/sin kT asin k—a
e ot

" =T 2 — ikt kT )a (4.51)
When a — 0, the chains become decoupled and kt = k= = k, so r©t =
R /\2:%, and = = poF = ZASEL - Thig is consistent with the 1-d

result Eq. (4.29). The entire reflection matrix can be written as

++ +=(p .

R_| "o 7 (n- o) ’ (4.52)

r~t(n-o) r "o
which will be used frequently in the following sections.

If only the magnetic atoms are communicated through ¢, as illustrated
by the right panel of Fig. 4.4, it renders the magnetic atoms different from
others, thus the plane wave retains only to non-magnetic sites. The wave

function of the magnetic atoms is

/ h N
=Ci\ ——=— 4.
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and this time we need to solve two equations

—t[t_1 + Qo + ¥ar] = (E — U)o, (4.54a)

—tihy + [~Jo3 @ (n - 6) — tWQlby = (E — Uy, (4.54b)

where 1, is defined in Eq. (4.43). Again, set A = J/t and « = t,,,/t, we obtain

3 T
—ikTa o' sink™a RT”T ik‘T//a .
e s's + m[ S”Se ‘l’ S”S]
" " sin k7a
= [2cosk™a + (1 — 7")] [5;,,57 + Roni\| == e ] . (4.55a)
sink™ a
" " sin k7a _ - | sinkTa
DT RO S N 0) e O T |
sink™a sink—™"a

sink7a

= [2cosk™a+ (1 — at")|CTT (4.55b)

sink™a’
Adopt Eq. (4.52) for the R matrix, we obtain after a lengthy algebra:

et _ e T (L= e — (1 —a)] - X2
rtt = X2 [e-#a 1 (1 —a)lfe*a—(1—a) (4.56)

e [ 4 (1= ][5 — (1 a)] = A
A2 —[em# e 4 (1 —a)lle* e — (1 —a)]’
2i\e! T HEay [oin ktasin k—a

A2 —[em*e + (1 —a)lle™ @ — (1 —a)]

r=e

(4.57)

=t = (4.58)

If @« — 1, these results reduce to the previous result up to a phase factor.

4.2.2 Fisher-Lee Solutions

In Fig. 4.5, a normal metal chain is connected to an ferromagnetic chain
through t; the lattice spacing of the two sides are not necessarily identical.

We can use similar wave function matching techniques to handle this problem,
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Figure 4.5: A 1-d normal metal chain with hopping tq and lattice spacing a is
connected via t' to a 1-d AF chain with hopping t,, and lattice spacing b.

but it becomes extremely complicated when generalizing into 3-d. So in the
following, we adopt the Green’s function approach (Fisher-Lee formalism) to
solve the metallic case. The central issue of this approach is the derivation of

self-energy ¥ and Y for the normal metal and ferromagnet, respectively.
(1) Green’s function of the normal metal:

The Green’s function G = [wl— Hy| ! of the semi-infinite normal metal

is defined as

Bty 0
te E  t

G=|V t E  t , (4.59)
0ty B

where E' = w— 2ty = 2t cos ka is the shifted energy. This is an infinite matrix,
we set its dimensionality to be N and take the N — oo limit at the end.
However, only the first element G is relevant to the interface scattering [24,

25], thus what we actually need is

Dy

GOO = lim D s (460)

where Dy is the determinant of the NV x N dimensional matrix. By a straight-
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forward manipulation, we obtain the recursion relation
Dy = EDy_1 —t;Dn_». (4.61)
We can solve it by solving its characteristic equation
r* — Er 4+t =0, (4.62)
when —2t, < E < 2ty, it has two complex roots:

1 1
ro=glBriJag— B = [E /At - B2, (4.63a)

when E < —2ty or E > 2t, it has two real roots:
1 1
rlzé[E—k\/th%—E?], r2:§[E—\/4t%—EQ]. (4.64a)
The general expression for Dy is
Dy = art 4+ br, (4.65)

where the coefficients a and b can be fixed by the initial condition D; = F

and D2 = E2 — t%

(i) For =2ty < E < 2ty, we obtain

L 1—1 £ b L 1+ £ (4.66)
a==|1—t—m—|, = - |—— :
2 VAtE — B2 2 VAt — E?
Define R = \/zj?ﬁ and ¢ = arccos %, Dy can be expressed as
1 ; L a2 2 "
DN-W{[l—Z\/ﬁ |iE+Z 4t0—E:|
E N
+ |1+t {E—z’\/élt%—E?}
\A4t: — E?
=4 Rt} sin(N + 1), (4.67)

121



with +(—) for F > 0(E < 0). The Green’s function we are looking for is

1. sin[N )]
Goo = — lim ————.
74 N sin[(N + 1)y

(4.68)
To get an unambiguous limit, we need to add an infinitesimal imaginary part
to the energy: F — E +int (we only consider the retarded Green’s function;

the advanced solution refers to 7). Then

E . nt
© = arccos — — 1

2t0 m + 0(77+2>, (469)

in the N — oo limit, the factor e=*¥¥ dies out, thus we have

iNo e—iNcp

. (&
Goo = 4 ]\}1_{20 (N1 1p _ o—i(N+1)p
1 1 1 —iarccos -
= —67“0 = —e 2tg | (470)
to to

In view of the band structure, we have ka = arccos(1 — 5;-), the final form of

the retarded Green’s function reads

1 .
Goo = —t—el’m, with k = k(e). (4.71)
0

(ii) For E < —2t; or E > 2t,, we obtain

1[ E
a=— |1+

1 E
EE—— b==|1—- ——
\At: — B2 2 [ \At: — B2

thus the Green’s function becomes

: (4.72)

1 . Dy
Goo = t . Dx

5 (E+E?2 — 43N — (E — \/E? — 4t3)N (4.73)
(B + /E? — 42)N+1 — (B — \/E? — 43)N+1’
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if £ < —2ty, we have

1 - -
0L i
1 | 2 2-
G = 5.5 E—\/E?— 42| . (4.75)
0

When E # 0 is fixed, and let tg — 0, Gog — 1/E.

if £ > 2ty, we have

(2) Green’s function of the ferromagnet:

To compute the Green’s function for the ferromagnet, spin degree of

freedom has to be considered, which renders the Green’s function matrix
-1

wl — Hy =T 0
N —T7  wl— H, =T e
G" = 0 Tt WI—Hy - ; (4.76)
"I NxN
where Hy = —Jm o +2t,,00 and T' = —t,,,0¢, where 7y is the identity matrix.

From linear algebra, the inversion of a blocked matrix is

Ruxn  Powm] ™
Qan Sme

[ (R-Ps'Q)! —(R— PS~'Q)~tpPs!

T |-ST'QR—PST'Q)t ST+ STIQ(R— PSTIQ) TIPS

If we identify R = wl — Hy and P = Q' = [T 00 --- 0], then S is nothing

(4.77)

but GN~! that represents the Green’s function for a ferromagnetic chain with
the leftmost atom removed. The upper left block of the right hand side of
Eq. (4.77) tells us that

(Wl — Hy)GY, — TG TG =1, (4.78a)

G (Wl — Hy) — GRTGE TN =1, (4.78b)
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which indicates [Hy, GY)] = 0 since T = T'. This commutation relation will

play a crucial rule in the following calculations. As N — oo, we must have

GN ~ G, for simplicity we denote g = A}im G&. Then Eq. (4.78) provides
—00

us with a matrix equation of g
(wl — Hy)g —t2,9° = 1. (4.79)

To solve Eq. (4.79), we take the z-axis in the spin space to be m, thus Hy =

—Jos + 2t,,09. Decompose g by the Pauli matrices
g:AUQ+BUl+CUg+D03, (480)

the commutation relation [Hy, G§)] = 0 requires B = C' = 0, and coefficients
A and D can be solved by Eq. (4.79). This will be our standard procedure
of solving Green’s functions throughout this section. Define « = A + D and

B =A— D, and set the Fermi energy Er = w — 2t,, = 0:

(i) If J < 2t,,, the ferromagnet is metallic, and the retarded solution is
1 1
o= [—J PN Jﬂ  B=55 [J i/, Jﬂ L (481)
(ii) If J > 2t,,, the ferromagnet is insulating, and the retarded solution is

a:%{_uﬁ}, 5:%[(]_@] (4.82)

Finally, the self-energy of the ferromagnet is

2(/_/2

Y= ?[(a + B)og + (a — B)os), (4.83)
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where o3 will be replaced by m - o at the end to dismiss the influence of
the special gauge chosen to simplify our calculations (similar trick has been

adopted in Chapter two).
(3) Electron reflection:

According to the Fisher-Lee equation, the reflection coefficient is
r=—1+4 (2itgsinka)G, (4.84)

where G is the Green’s function for the “system”, which is taken to be the
last atom on the normal metal side. When the Fermi energy is set to be zero,

ka = /2, and the Green’s function is
§=[0—-3y—Zp] ", (4.85)

where Y = —itg is the self-energy of the normal metal. Scale A = J/ty, & =
t'/to, and o = t,,, [t as what has been done before; consider Eq. (4.83), (4.84),

and (4.85), we solve the reflection coefficient

[4at — €N — VA2 — 4a?)?] 0¢ + 4ia’E (A — VA2 — 4a?)os

r= for a < —,
4ot 4+ 4N — VA2 — 4a?)? 2
(4.86)
2 ¢4 i\ 2 by
(0" = &oo+iMTos o A (4.87)

- a? + &+ E2v/4a? — N2 2
We notice that Eq. (4.86) satisfies |r|? = 1. If a — 0, Eq. (4.86) becomes

r—)\2_§4 + 20A¢” m-o
T ga’ Ty

(4.88)

which reproduces Eq. (4.35), (4.36) and (4.37) for ka = w/2. We plot E-
q. (4.86) and (4.87) as functions of o and ¢ in Fig. 4.6, where we find that
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Figure 4.6: Density plot of the real and imaginary parts of r versus a and &,
where A = 1. For a < \/2, the o dependence of r is weak.

for the insulating case (o < A\/2), the a dependence is quite weak. In other
word, the increasing penetration depth of the evanescent wave does NOT alter
r significantly. This fact justifies the validity of the semi-infinite mode we

adopted in the previous section where only one magnetic atom is considered.
(4) 1-d infinite normal metal—antiferromagnet chain:

With the Fisher-Lee solution above, we take one step further towards
the spin-dependent scattering of an antiferromagnetic interface. Consider a
1-d N/AF chain as illustrated in Fig. 4.7. The magnetic atoms (red and blue)

are described by the Hamiltonians
Hy = 2t,,00 — Jos, Hy = 2t,,00+ Jos, (4.89)

in an alternating pattern. However, since H; # H,, the iteration scheme of

solving the Green’s function previously developed has to be generalized. The
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Figure 4.7: Replace the ferromagnet in Fig. 4.5 with antiferromagnet, all pa-

rameters are the same.

Green’s function matrix is now

[E— H, t,00 0
tmO'(_) E — H2 tmO'o
G — 0 tmO'O E — H1 tmO'() (490)
: 0 tmoo E — Hy

Since G, ~ G{ "> when N — oo, we have to do the matrix reduction twice

in order to eliminate G§j,*. After some algebra, we obtain

hghlg — t%nghlg = hg, (491&)

ghlhg — t%nghlg = hg, (491b)

where g = ]\}im Gl = ]\}im Goo %, and hyg) = E — Hyg).
— 00 — 00

Different from that of a ferromagnet, we obtain a generalized commu-

tation relation hohig = ghiho. Decompose the Green’s function as

g:AUo+BUl+602+Dgg, (492)

it automatically satisfies the generalized commutation relation. Substitute
Eq. (4.92) into Eq. (4.91), we obtain B = € = 0; denote Q@ = E — 2t,,, then A

and D satisfy either JA+ QD =0, or (J* — Q%) + 2¢2 (AQ + DJ) = 0. If the
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former is true, the solution is

A:% :1i 1—%}, (4.93a)
= % _—1 Fi/1- 92475_’2”’32] : (4.93b)
If the latter is true, the solution is
_ % :1 ié - 92475_3” J2] , (4.94a)
_ % :_1 :F% - Qf’fnﬂl . (4.94D)

But we know that the physical solution should reduce to the normal metal
case (D — 0) when J — 0, thus only the former survives. If we set the Fermi
energy to be zero (£2 = 0), the system is always insulating for arbitrary finite

J. So the solution becomes

1

A=0, D= [—J + T2t 4@} . (4.95)
Substitute them into the Green’s function:

—itogo - tlQ'DUg
t% + t4D2 ’

G=1[0—-3y —Xp] " = [itgog — t*Dos] ! = (4.96)

scale a = t,,/tg, A = J/to, and £ = t'/ty, and identify o3 by n - o as what it

would be in a general frame, the reflection coefficient is obtained

r=rooo+ Ar(n-o) = —1+ 2it,§

[0t = &A= VX2 +40?)?] 0g + 4PN - VA2 +4aP)n - o (1.97)
N dot + €4\ — VAT 4a?)? S
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Figure 4.8: Density plot of the ry and Ar in Eq. (4.97) as functions of a and
& with A = 1.
When a — 0, Eq. (4.97) reduces to

A=t 2002
- )\2-1-{40_ )\2+§4n-a',
which is the same as Eq. (4.35)-(4.37) for ka = 7/2 (Er = 0). The only

r

(4.98)

difference is that m is replaced by the staggered order n = (m; — my)/2.

From Eq. (4.97), we see that Ar has a maximum value 1 regardless of
a and &. We plot g and Ar in Fig. 4.8, which shows that as « increases, the
maximum Ar occurs at increasing £. We read off an important information
from this fact: for 1-d insulating AF chain, spin-pumping into the normal met-
al is determined by the end magnetic moment as if the system is a N/F chain,
tunneling into the bulk AF (evanescent waves) only modifies the optimal value
of £&. As will become clear later, this justifies that for an uncompensated N/AF
interface in higher dimensions, spin-pumping has no qualitative difference from

that in ferromagnetic systems.
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4.2.3 Higher Dimensions

Comparing to the Fisher-Lee formalism, wave function matching is
more transparent and straightforward, thus we will adopt the latter in this

section and generalize the 1-d result into higher dimensions.
— Two dimension:

We consider two cases for two dimensions in analogy to the 1-d double
chain. Depicted in the left panel of Fig. 4.9, we simply stack 1-d chains of
Fig. 4.3 in staggered order, and assume the hopping along y direction is ¢,, for
all sites. While translational symmetry is preserved along y, the coupling to

the magnetic atoms yields the folding of BZ. So the wave function is

) = e¥1o(a) = g, = e | 0], (1.99)

where n and m are integers labeling the atomic sites. The eigen-equation reads

E¢n = Uy — t(dn-1 + bus1) — tmQn, (4.100)

where the operator Q acts on the pseudo-spin space, it takes the form

A 0 2 cos kya

Q= 2 cos kya 0 = 2cos kyar. (4.101)

One should note that valid choices of Q are not restricted to Eq. (4.101), thanks
to the gauge freedom of the Bloch wave. For bulk normal metal, Eq. (4.100)

can be easily solved. Define ¢ = (F — U)/t and « = t,,/t, we obtain

1
e = —2[cos kya + aT coskyal, with |7) = ¢, = 7 Ll_} : (4.102)
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Figure 4.9: Left: a simple stack of 1-d chains, hopping along y is assumed
to be t,, for all sites. Right: t,, refers only to the hopping between magnetic
atoms, all other hoppings are ¢.

where 7 = =+ represent the two bands in the shrunk BZ. We notice that the

case of double chain amounts to set 2 cos kya = 1.

. 44 +
Again assume RS = rE£5y s and Rs,f = r®F(n - oy ,); the band

. . e ik et ikt
structure also provides a relation 4 cos kya = e+ 4 e7he @ — (gthe @ 4 g=ikea),

Following a similar procedure as the double-chain case, we obtain

e cilkd —kz)a _ )2 e 2i\/sinkfasink;a (4.103)
N2 — e—i(ki+hs)a’ A2 — e—i(kd +hz)a '
2i\\/sin k-asin kta ik —kf)a _ \2

pot — ZAVSIkasinkta - e (4.104)

A2 — e—ilkd +kz)a A2 — e—ilkd+kz)a’

which is exactly the same form as the double chain case. However, kI and k

are now dependent on k,: for £; = 0 we have kF¥a = arccos[Fa cos k,a], which

gives (ki + k;)a =7 and sinka = sink; a = \/1 — a? cos? kya.

Now we turn to the right panel of Fig. 4.9 where only magnetic atoms
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are connected via t,,. Following a similar procedure as the double chain case,

we finally obtain

pHt _ 2ikia [eikia +2(1 — ) cos kyal[e %= — 2(1 — ) cos kya] — \?
A2 — [e=tkie 4 2(1 — @) cos kyal[e~tha e — 2(1 — ) cos kya)’

(4.105)
_ ik [e=# @ 4 2(1 — o) cos kya][e™ @ — 2(1 — a) cos kya] — A2

A2 — [e~*ia 4 2(1 — ) cos kyal[e~ihz e — 2(1 — ) cos kya)’
(4.106)

r

_ 2ieik Hha ) /i kFasinkya
A2 — [e=thia 4+ 2(1 — ) cos kyal[e~hza — 2(1 — a) cos kya)’
(4.107)

If @« — 1, these results reduce to the previous case where hopping along v is

the same for all sites.
— Three dimension

Depicted in Fig. 4.10, situation in 3-d is similar to the latter case of
2-d, where only magnetic atoms are connected via —t,, while all other links
have the same hopping —t. This simple model represents a real interface of

normal metal/AF insulator.

We choose [0,1,1] and [0,1,1] as our y and z directions, the merit of
which is that only two atoms are grouped into a unit cell, thus we are able to

take advantage of the 2-d approach. What we need to modify are: U = 6t,

A k,a k.a
Q) = 4cos —= cos — 71, (4.108)
V2 V2
and the band structure ey = —2cos k= F 4 cos ]%1 coS ’f;g . For linear response,

only electrons on the Fermi surface contribute, thus in the following calculation
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Figure 4.10: A compensated N/AF interface with cubic lattice. The interface
normal is along @. Unit cells (dotted Green circles) are periodic in the [0, 1, 1]
and [0, 1, 1] directions, which are labeled by ¢ and 2, respectively.

we assume ¢, = £_ = ¢¢. The result should be of the same form as Eq. (4.105)—

Eq. (4.107) except that cos kya is replaced by 2 cos f cos ]f[ especially,

. s+ — N N
2i\eilks Tha )“\/sm kfasink;a

rtT = .
A2 — [e~ihia 4 4(1 — o) cos ]i@ cos ’i;g][e thea — 4(1 — ) cos ’i@ cos ’i@]
(4.100)

When e = 0, we have k” + k; = w/a. As only k, > 0 states will be

considered (k, < 0 states will never reach the interface), we know

J

- kya  k.a
k, a = arccos|2 cos —= cos

V2 V2

kya
ktfa =1 — arccos|2 cos —= cos

e g

so that the module square of AS can be simplified as

AN2[1 — 4 cog? B2 cog? ka2
P = | o . (4.110)
A% + 1+ 16a(a — 1) cos? kL\/g cos? ’i;g]
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Eq. (4.110) is what we are going to use in calculating the spin-mixing conduc-

tance in the following section.

4.2.4 Spin-mixing Conductance

As discussed in previous chapters, in the exchange limit we have |m| <
1 and |n| =~ 1. It can be shown that to linear order in the small m, Eq. (4.52)
is only slightly modified by adding a term proportional to m. The coefficient
of the added term is approximately r*~. For the sake of mathematical clarity,
we turn back to the A-B sublattice representation (7; and 73 interchange),

where the scattering matrix is

where 6 and 7 2 3 are spin and pseudo-spin Pauli matrices, and 7y and & are
identity matrices. The last two terms of Eq. (4.111) with a common coefficient
AS are spin-dependent and represent the Umklapp and normal scatterings,
respectively. In the Umklapp process, an electron acquires 7/a momentum
in the transverse direction during the scattering. The coefficient AS, in our

insulating AF case, is just r™~ obtained in Eq. (4.109).

The term 7»[(n xm)- o] is also allowed by symmetry. But its coefficient
is much smaller than AS. Meanwhile, it does not contribute to the mixing

conductance upon integration over the Fermi surface.

As will become clear in the following, pumping effects are related to

the coefficients in Eq. (4.111) through the spin-mixing conductance G =
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Figure 4.11: The left panel depicts the Fermi surface e = 0. Integration over

k, and k. is restricted to the region where 0 < 2 cos kL; coS ’i;g < 1 is satisfied.
From a bird’s eye view, it is just the shaded area of the right panel.

G, + iG;, where

e2A
G, = W// |AS|?dk,dk., (4.112)
e2A .

where k, and k. are the transverse momenta and A the interface cross section.
Similar to their counterparts in F, G, typically overwhelms G; by orders of
magnitude within practical parameter ranges, thus G, is more pertinent to our

discussions.

The integrations of Eq. (4.112) and (4.113) are performed over the

Fermi surface. As shown in Fig. 4.11, the shrunk BZ is marked by k, €

kya k.a

(=2 752)k= € (=5 75,), within which 2 cos = cos 732 is always positive.
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Figure 4.12: (Color online) Spin mixing conductance G, as a function of A
and § in units of €?/h per a® (a is lattice constant) for compensated and
uncompensated N/AF interfaces.
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But the integration over (k,, k,)-plane should be restricted to the region where

0 < 2cos k%/g coS ’f;g < 1, which corresponds to the shaded area in the right

panel of Fig. 4.11. An analytical result is not available due to the complicated

shape of the Fermi surface, so we numerically perform the integration.

We define the dimensionless energies A = J/t and § = t,,,/t. The result
G, = G,(),0) is plotted in the upper panel of Fig. 4.12, where G, reaches the

maximum at A = 0.86 and § = 0.5. To elucidate how spin scattering is affected
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by the staggered field, we also calculate G, for an uncompensated interface as
a representative for N/F and plot the result in the lower panel of Fig. 4.12.
Clearly, the two cases are similar in magnitude 2, implying that spin transfer
on a compensated N/AF interface is as efficient as that on N/F for the case
of insulating magnets. With the current insight of AF dynamics, this feature
is consistent with the expectations in Ref. [46] of “no difference for the spin
absorbed by a fully ordered interface with a large net magnetic moment or a

compensated one.”

4.3 Spin Pumping

Although the AF resonance frequency reaches the THz region (1 ~ 10
meV), the motion of the staggered field remains adiabatic as evidenced by
comparing (h times) the resonance frequency with two characteristic energy
scales: (i) the Fermi energy in N is a few eV; (ii) the exchange coupling between
conduction electron spins and magnetic moments can be as large as eV. As a
result, the spin eigenstates and the scattering matrix Eq. (4.111) adiabatically

adapt to the instantaneous configuration of AF.

Consequently, spin-pumping can be studied from the perspective of
adiabatic pumping, which was first introduced in a closed system by Thou-

less [110] and was later generalized to open systems [146]. The seminal work

2Within tight-binding model, a bipartite AF is always insulating at half filling for finite
J, regardless of t,,. But comparing to t in N, t,, is in general much smaller, thus § = ¢,,/t
is customarily taken to be close to zero. For 6 — 0, the maxima of G, appear at A = 1 for
both compensated and uncompensated interfaces.
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by Brouwer [13] has developed the idea of adiabatic pumping to a general e-
quation applicable to any type of pumping due to slowly changing parameters.
The Brouwer’s equation was later identified as the non-Abelian Berry phase
for open systems [147], which has upgraded the pumping problem on an equal

footing as the effective gauge coupling discussed in Chapter two.

4.3.1 Brouwer’s Equation

When a system Hamiltonian depends on a set of parameters {X;}, the

dX; o0

total time derivative is expressed by % =) it

As a result, a geometric
phase is accumulated by the wave function after a closed path of traveling in

the parameter space,

=2 // ds - Tm (V| x [V, (4.114)
known as the Berry’s phase [9], where ds is the differential area along surface
normal in the region subtended by the closed path.

When generalized to open systems [146,147], it is the scattering matrix
that replaces the wave function. Denote the probability amplitude of scattering
from m to n channels by S,,,, then the Berry phase of the n-th channel upon

one period of parameter change is

Yo =20 / / ds - TmVS! x VS,.., (4.115)

where V represents gradient in the parameter space. In the electron scattering

problem, the Berry phase associated with the n-th channel determines the
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emissivity of that channel. Specifically, the net charge flowing into the channel
is Qn = 5=7n. As a result, the average current is I,, = Q,/T where T is
the period of parameter change. Due to charge conservation, the current is
subject to the constraint ) I, = 0, which is the open-system counterpart of

the constraint on the Berry phase.

If the scattering channels are spin-dependent, we will also get pumped
spin currents. As mentioned just now, the magnetic resonance frequency is
much smaller than the exchange interaction, thus the magnetic precession
naturally serves as the parametric adiabatic motion, and the spin current

pumped into channel a can be formally expressed as [13,65,111,113|

IP(t)=e) X W (4.116)

OR 1 7 ~ss' q(ms’ ,no
AT DI DD D s el (4.117)

B mn ss' o
where ) stands for summations over channels of transverse momenta. The
above equations are purely general and does not distinguish AF from ferro-
magnet in priori. In fact, if the summation incorporates sub-lattice channels
(or pseudo-spin), the AF spin pumping will be put on an equal footing with

ferromagnetic spin pumping.

The Brower’s equation is purely general and applies to other pumped
currents as well. According to what appears in the position of &, corresponding

pumped current is obtained.
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4.3.2 Pumped Spin and Staggered Spin Currents

Regarding the staggered field n and magnetization m as two indepen-

dent adiabatic parameters, and taking into account the following identities

Tr[r;7;] = Trloio;] = 265, (4.118)
Tr[rimme] = Tr[oy00k] = 2ieijx, (4.119)
EijkE€kmn = 5im5jn - 5in6jm7 (4-120)
€ijk€jabEkmn = dimEnab — OinEmab, (4-121)

we obtain the pumped spin current by substituting the scattering matrix S in

Eq. (4.111) into Eq. (4.116). The result is [21]

%L:@mxn+mxmy4mm (4.122)

where I is measured in units of an electrical current. Since n = (m; —my)/2
and m = (m; +my)/2, Eq. (4.122) can indeed be interpreted as arising from
a coherent sum of two independent F spin pumping contributions by m; and
mo, which justifies the naive result envisioned at the beginning. However,
the spin-mixing conductance G, and G; are different from those of F due to
the mixing of scattering channels from different sublattices. Moreover, AF
dynamics is much faster than ferromagnets thus a stronger spin pumping is

expected from AF.

By taking a time average of Eq. (4.122) over one period of oscillation,
only the first two terms survive and contribute to the dc component of spin

current 1%, Despite that |m| < |n|, the contribution of m x 1 to I% can be
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comparable to that of n x 7. This is because 1% is proportional to 62 (# labels
the cone angle of precession) and the cone angle associated with the staggered
field is much smaller than the one associated with the magnetization, 6,, ~ 0

but 0, ~ 7/2, as shown in Fig. 4.1.

Consider now the AF motion is generated by a microwave with oscil-

lating magnetic field h; perpendicular to the easy axis, then

18 ~Gy by Pw [[x4 (@) + |25 (@)]7]

(W — wi)? + a?w? — wi]® + 402w (ws + wp)?

where x4 and 27 are susceptibilities defined in Eq. (4.23a) and Eq. (4.23b),
respectively. Here, we stick to the + convention, while allow w to be both
positive and negative in order to represent the right-handed mode and the

left-handed mode, respectively.

If the microwave is circularly polarized, only the mode with matching
polarization depicted in Fig. 4.1 is driven into resonance at certain frequency.
When the magnetic field vanishes, 1% is an odd function of w and is plotted
in the upper panel of Fig. 4.13, where the peak (dip) for positive (negative) w
corresponds to the resonance of right-handed (left-handed) mode. Hence an
important consequence is implied: the direction of dc spin current is linked to

the circular polarization of the driving microwave.

Since the sublattice degree of freedom is involved in the AF dynamics,
we can also derive a staggered spin pumping. A staggered spin current repre-

sents the imbalance between the spin current carried by the two sublattices. It
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Figure 4.13: (Color online) Upper panel: dc components of spin and staggered
spin currents as functions of w in units of Z‘GT(vh L)2-ns. Parameters: wgy =0,
wr = 1THz, \/wa/wg = 0.4, and Gilbert damping o« = 0.01. Lower panel:
for fixed microwave power, the resonance value of I% (in the same unit as
above) increases with increasing /wa/wg; it is also improvable by increasing
wp (—wp) when the right-handed (left-handed) mode is excited.

142



has three components Isg), Is(z), I'Y associated with three pseudo-spin Pauli

matrices. In a similar manner as spin pumping,

ﬁ1§g> =G,(n xm+mxn)—Gmn, (4.124)
and €I = —Im[G,Jriv and €I = —Re[G,]n, where
e?A .
Gu=17" / / S* ASdk,dk., (4.125)

results from spin-dependent Umklapp scattering that is unique to AF. When
we take the time average, IS(;) and I§§’ drop out, only Is(f) survives. The dc

component % is

Lg% m 2G,w |+ (0) 25 ()| R
2G, 72| hy Pw(w — wi ) /W + a2w? (4.126)

[(w— wi)? + a?w? — wi]? + 402w (wy + wp)?

whih is an even function of w in the absence of static magnetic field, and is

plotted in Fig. 4.13 (upper panel).

We emphasis that elastic spin scattering in the normal metal will de-
stroy any staggered spin accumulation, which decays on the time scale of h/t.
Therefore, the staggered spin current can only be defined within a distance of

the mean free path away from the interface.

As a matter of fact, four possible combinations can be studied in the
adiabatic regime: charge pumping, spin pumping, pseudo-spin pumping, and
staggered spin pumping. However, one can easily shown that the charge pump-

ing and the pseudo-spin pumping all vanish because of symmetry. While a
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collinear AF breaks time reversal symmetry, the combined symmetry of time

reversal with sublattice interchange is preserved [89].

4.4 Materials and Experiments

When a spin current is injected into a heavy metal with strong spin-
orbit coupling, it will be converted into a measurable transverse voltage via
the inverse spin Hall effect [2,73,93]. This effect has been widely used in
the detection of spin pumping by F resonance, and we expect to verify our
prediction with the same technique. However, in a recent experiment using
Pt/MnF; [90], no apparent signal is found at a similar level of microwave pow-
er as in conventional Pt/YIG. To explain this null observation, we resort to
the efficiency of the microwave absorption at resonance point, which is propor-
tional to \/wa/wg in AF, whereas no such factor exists in F. To see it more
explicitly, we plot in Fig. 4.13 (lower panel) the resonance value of 1% versus
\/m. In MnF, [36,47], \/m is only few percent, which we believe
is responsible for the suppression of the signals. Fortunately, there are better
candidates, e.g., FeFy has the same crystal and magnetic structures as MnFs,
but the ratio \/m ~ 0.6 is extraordinarily large [78,79]. Thus, we expect

a sizable microwave-driven spin pumping using Pt/FeFy heterostructure.

In addition, the microwave absorption can also be enhanced by reducing
the resonance frequency with a strong magnetic field, as illustrated by the lower
panel of Fig. 4.13. But this brings about a dilemma that it is hard to take

full advantage of the high frequency (THz) and the high microwave absorption
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efficiency simultaneously. One way out of this dilemma is to detect the spin
pumping by observing the enhancement of Gilbert damping. An alternative
cure is to drive the AF dynamics by spin-transfer torques via spin Hall effect

instead of microwaves.

Small grains are unavoidable in large area N/AF interfaces since the
typical grain size is below pum. As the optimal microwave absorption occurs
only when the local easy axis is perpendicular to the oscillating magnetic field,
the non-collinearity of the anisotropy fields of individual grains will somewhat
reduce the net spin pumping upon averaging over the entire interface. Howev-
er, progress in fabrication of N/AF heterostructure and reduced cross sections

should lead to improved surface quality with less disorder in the form of grains.

We note that the majority of transition metal oxides, such as NiO
and MnO [98], belong to the class of easy-plane AF. The resonance mode of
such materials, however, does not have definite chirality. The two sublattice
moments rotate the opposite way, and spin pumping is essentially canceled
out. Another possible candidate CryO3 [26,29,87] has very high Ty ~ 308 K
above room temperature, it exhibits corundum structure and is an easy-axis
AF. However, experimental data indicates that the anisotropy energy of CryO3

is quite small, which reduces the susceptibility at resonance.
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Chapter 5

Spin-transfer Torques in Antiferromagnets

Tn this chapter, we derive the reciprocal effect of spin pumping on a
N/AF heterostructure, which consists of the back-action of an incident spin
current from the normal metal that exerts on the interfacial AF magnetic
moments. It is expressed as spin-transfer torques (STT). In principle, we
should also include the torque arising from staggered spin current. However,
as stated in the previous chapter, staggered spin accumulation decays very
fast and is extremely difficult to generate. Therefore, for practical purposes,

we only study spin current induced torques in the following.

5.1 Onsager Reciprocity Relations

In linear response regime, the microscopic reversibility of thermody-
namic processes sets important constraints on macroscopic transport coeffi-
cients, which results in equalities of certain ratios between flows and thermo-
dynamic forces, known as the Onsager reciprocity relations [60,80,81]. Con-

sider multiple pairs of current (flow) X; and driving force Y; that are related by

!The contents of this chapter are based on the article: R. Cheng, J. Xiao, Q. Niu, and A.
Brataas, Spin Pumping and Spin-Transfer Torques in Antiferromagnets, Phys. Rev. Lett.
113, 057601 (2014).
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linear response: X; = L;;Y};, where summation over repeated index is implied.

The rate of change of the free energy, or the entropy production rate, is

the Onsager reciprocity relation requires that L;;(H, m) = €€, L;;(—H,—m),

where €, = 1 (¢, = —1) if X; is even (odd) under time reversal.

For example, if a magnetic system is subject to both an electric field
and a magnetic field, the two driving forces lead to electric current and mag-

netization dynamics. The linear response relation is expressed as

MV [Lmm L) [H
|: Is :| - |:Lsm Lss:| |:Vs:| ) (52)

where I° is the spin current, H is the effective magnetic field, and V* is
the vector of spin voltage. The coefficient L™ represents the spin-transfer
torque induced by the current flow, while L*™ represents spin pumping from
magnetization precession. The Onsager relation L} (m, H) = L7j*(—m, —H)

enables us to derive either one of the two effects by the other.

The dimension of the driving forces are usually different under differ-
ent conventions. However, the dimensionality of the off-diagonal transport
coefficients are always equal. Specifically, if only the (-th driving force is
present, the a-th current is X, = L,3Ys (no summation over (); similarly,
X 3 = LgoY, if only the a-th driving force exists. The dimension of L,g and
Lgo are [Log] = [Xa]/([Y3][T]) and [Lga) = [Xs]/([Ya][T]), respectively. Since
[(Xol[Ya] = [X5][Ys] = [F], hence [Yp]/[Xa] = [Ya]/[Xp], and we immediately
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have [Lag] = [Lga). Therefore, we are free to choose the dimension of currents
and driving forces arbitrarily (in order to simplify calculation), and the dimen-

sion of off-diagonal transport coefficients will be compatible automatically.

If the system is antiferromagnetic, however, Eq. (5.2) must be general-

ized to incorporate both spin and staggered spin currents

m L g pms pmael ot f

wl= T T e mel |3 (53)

Ie Lem  [an  [as  Laa| |y
where I, and V, are staggered spin current and voltage, respectively. The
effective magnetic field in Eq. (5.2) is generalized into two thermodynamic
forces f,, and f, acting on the magnetization and the staggered field. The

Onsager relation is now
Lij(H, m, ’I’L) = EiEiji(—H, —m, —n), (54)

where n is odd under time reversal.

5.2 Current-induced Torques

The symmetry allowed free energy of an AF material can be con-
structed by symmetry considerations [39, 60]. In the exchange limit, the
free energy is invariant under the interchange of the two sublattices, i.e.,
F[m,n] = F|m,—n]. The leading order free energy that respects the symme-

try requirements is F' = [ dr[Am?/2+ B> (0n)?/2 — H - m], where A

1=T,Y,2

and B are the homogeneous and inhomogeneous exchange constants, respec-

tively [39,120]. To simply the following calculations and to be consistent with
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our conventions in the previous chapter, we scale every term by frequency, and

the free energy becomes

haw hw, hw .
F = /dV[T‘LSmQ—F % g (Om)? — —Hm-H], (5.5)
1=2,Y,z

where a is the lattice constant; m, n, and H are all dimensionless unit vec-
tors that can be spatially inhomogeneous. The corresponding thermodynamic
forces acting on m and n are

oF OF
fm:__ fn:_%a (56)

om’
they are extensive variables and assumes the energy dimension. Regarding
the invariance under sublattice interchange, and m -n = 0 and |n|* ~ 1, the

symmetry allowed Landau-Lifshitz equations are [39]

hmzv[fnxn+fm><m], (5.7a)
hn = %3fm X, (5.7b)

where the gyro-magnetic ratio has been absorbed by the thermodynamic forces

upon scaling, and the damping terms are ignored.

From Eq. (5.5) and Eq. (5.6), we know f,, = —hwom % for wy = 0,
thus a simple manipulation of Eq. (5.7b) reveals that
m=——nxn. (5.8)
wo

Comparing Eq. (5.8) with Eq. (4.7) for wy = 0, we have

Wwo = wa + 2wg. (5.9)
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Inserting Eq. (5.7a) and Eq. (5.7b) into Eq. (4.122) gives the response of the
spin current to f,, and f,. By invoking the Onsager relation Eq. (5.4), we
derive the response of m and m to a given spin voltage V; in the normal metal,
which is identified as two STT terms 7,, and 7,. To linear order in m, the
two torques are expressed in frequency dimensions as [21]

3

T = —:—VGrn x (n x V), (5.10a)
3
T, = —:—V[Grn x (m x V) — Gin x V], (5.10b)

which are consistent with the proposed phenomenological model [32-34]. They
are supposed to be added back to Eq. (5.7a) and Eq. (5.7b).

In solving the AF dynamics, it is instructive to eliminate m and derive
a closed equation of motion in terms of m alone [20,39,103]. To linear order
in the small m, the second term of Eq. (5.7a) can be neglected. And the

dynamics of the system is now expressed by

, 1a?
m = ?ﬁf" X 1+ T, (5.11a)
) 1a?
n:ﬁvfm X 1+ Ty, (5.11Db)

from Eq. (5.11b) we know wym = n X 7, — n x n, which gives

: [%("Xm)—nxh]. (5.12)

Wo

Substitute Eq. (5.12) into Eq. (5.11a) we obtain

d
n X i+ wow,a’Vn + woT, = —(n X 1,), (5.13)

dt
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which is purely general. The right hand side of Eq. (5.13) involves time deriva-
tive on T, it is regarded as a higher order term. To prove rigorously that 7,

is indeed a higher order torque, we eliminate m by virtue of Eq. (5.10b) and

Eq. (5.11b), which yields

G, G, .
T, Xn+—(n-V)r, = n
EWo EWo

(5.14)
Eq. (5.14) can be solved exactly, but for simplicity, it suffices to keep the

solution up to linear order in G, /ewy,

G,

EWo

(n-Vyn xn. (5.15)

Th =

Therefore, the effect of &(n x 7,) term in Eq. (5.13) is of order w4(G,V;/e),
comparing with the wy7,, term that is of order wy (G, V;/e). In view of Eq. (5.9)
we know wy &~ 2wg > wy, thus the 71, torque is the dominant term whereas.
In a strict sense, however, their contributions also depend on the relative

orientation between n and V.

Finally, we resume the Gilbert damping as well as the easy axis anisotropy,

the effective dynamics to linear order in V, m, and nn becomes

woa®

eV

n x (it + awen + win, ) = G,n x (n x V). (5.16)

where n | are perpendicular components of n with respect to the easy axis. As
the STT only acts on the interface and we consider a thin AF and disregard
a possible non-uniform motion, otherwise a term wyw,a’n x V2n should be
included in Eq. (5.16). For thick metallic AF where electrons propagate into
the bulk, Eq. (5.16) should be replaced by its bulk counterpart [20,39].
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Figure 5.1: Spin-polarized electrons incident on the N/AF interface get re-
flected, by which angular momentum is transfered to the magnetic atoms.
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5.3 Spin Wave Excitations

As an example, we consider the uniform AF dynamics driven by STT.

Assume the spin voltage Vj is collinear with the easy axis, the spectrum of

4 3G,V
—ia:l:\/—oﬂ—ir—(wA—l—ia )
wWo eV

For small V;, w has a negative imaginary part so that any perturbed motion will

Eq. (5.16) is solved as

w 1

(5.17)

decay exponentially in time and the system is stable. However, a sufficiently
large V; will flip the sign of Im[w], which yields the system unstable and marks

the onset of uniform AF excitation.

By setting Im[w] = 0, we obtain the threshold spin voltage

V [ aw
yih = £ (2R 5.18
=2 (%) (5.19

where +(—) corresponds to the excitation of right-handed (left-handed) mode.

The chirality selection by the sign of spin voltage is just consistent with the
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Figure 5.2: A spin-Hall nano-oscillator based on a Pt/MnF, bilayer. The
current flowing in the bottom Pt layer generates a spin voltage vertical to the
plane, which drives the dynamics of /MnF5 through STT.

direction control of spin pumping by the microwave polarization. Since G,
scales linearly with the interface area, V! scales linearly with the thickness of

the AF layer.

In real experiments, a challenge arises from the large wg, but we can
still get reasonable V™ by reducing the layer thickness. For MnF, and FeF,
of few nm thick, the threshold spin voltage is estimated to be 10-100 ©V.
The STT-driven AF dynamics suggests the feasibility of building a spin-torque
nano-oscillator (STNO) using AF, which generates THz signal from a dc input
without the need of static magnetic field. However, as typical AF materials
are insulators, a spin-valve like STNO is impossible. We notice that in recent
experiments [62,63], people have successfully excite magnetic resonance by spin
Hall effect, which works for both metallic and insulating magnetic materials.
We expect to build such a spin Hall nano-oscillator based on antiferromagnetic

materials with similar techniques, as schematically depicted in Fig. 5.2.
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Chapter 6

Conclusions

6.1 Summary and Conclusions

We are now in a good position to conclude the long journey of anti-
ferromagnetic spintronics. Motivated by the anticipation that the adiabatic
motion of the staggered field, the order parameter of antiferromagnets, should
lead to non-trivial response of conduction electrons in a similar but not the
same sense as that in ferromagnets, we have solved the coupled dynamics of
the staggered field and conduction electrons in both bulk antiferromagnetic

textures and N/AF heterostructures.

In bulk antiferromagnetic metals where the staggered field exhibits s-
mooth spatial modulation and slow time variation, the behavior of conduction
electrons can well be captured by a non-Abelian gauge theory, which general-
izes the established Abelian gauge theory in ferromagnetic metals. The spin
dependent electron transport is significantly affected by the spin-motive force
originating from the non-Abelian version of the Lorentz force. Different from
its counterpart in ferromagnets, the spin-motive force in antiferromagnets gen-

erates pure spin voltage instead of charge voltage across the sample.

As a reverse effect, the dynamics of the staggered field strongly depends
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on the motion of conduction electrons. Different from the (adiabatic) spin
transfer torque in ferromagnets, a spin current drives the second order time
derivative of the staggered field by spin forcing, which fosters new possibility
to realize high domain wall velocity with low current density. Thanks to the
linear dispersion of spin waves, the spin-current induced magnon emission in
antiferromagnets resembles the Cherenkov radiation of photons in a media

with reduced speed of light.

On the interface of compensated antiferromagnets with normal metals,
spin scattering is found to be not far from the naive picture where the staggered
field is split up into two independent ferromagnetic orders, but the mixing of
scattering channels do renders the naive picture non-strict. For collinear anti-
ferromagnets with easy axis anisotropy, a non-trivial spin pumping has been
derived based on the simple two-sublattice model. Unique to antiferromag-
nets, the pumped staggered spin currents also exist in theory, but it is quite
difficult to detect as the staggered spin accumulation decays very fast away

from the interface.

As a reciprocal effect, the spin-transfer torques are derived from spin
pumping via the Onsager relations. When a spin voltage is applied on the
interface of an antiferromagnet, it drives the coupled dynamics of the staggered
field and the small magnetization. In an effort to eliminate the magnetization,
we found a similar equation of motion in terms of the staggered field alone as
that in bulk antiferromagnets. While the current-induced torques have quite

similar forms as their ferromagnetic counterparts, it is n x 9?n that replaces
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what should otherwise be d;m. As typical antiferromagnets are insulators, a

spin-Hall nano-oscillator is proposed to verify the prediction.

All the above conclusions are summarized in Tab. 6.1 in a comparative

manner with their counterparts in ferromagnets.

6.2 Outlook and Perspectives

Investigations throughout the dissertation are based on the single elec-
tron approximation where many body physics has been completely ignored.
In addition, the theory is valid in the adiabatic limit, where non-adiabatic
effects can not be described analytically by the effective theory in principle.
Phenomenological models do captures the non-adiabatic corrections, but a

microscopic derivation is still in need.

The spin-orbit coupling may play an essential role, but we have omitted
it from the very beginning. What can be simply anticipated from spin-orbit
coupling is that the momentum space Berry curvature should be non-zero, and
electron scattering on the interface does not preserve spin. Those features can
lead to significant deviations from current predictions, hence they are good

candidates for future studies.

Besides, recent attentions have been aroused on the magnon-driven dy-
namics of antiferromagnets, which applies to insulating materials in particular.
It is quite important to formulate an effective theory of magnon transport in

antiferromagnets with slowly-varying staggered field.
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Ferromagnets

Antiferromagnets

non-degenerate band

£=(4]B) =1
s=n

U(1) Abelian Berry phase:

V(L) = $ Audry,
Dirac monopole

k=E-+7xB
T = —8k5

0ym subjects to:
adiabatic (js-V)m
non-adiabatic  fm x (js-V)m

doubly degenerate band
§(k) = (A[B) € (0,1)

b= (1-€)(s n)i
SU(2) non-Abelian Berry phase:

U(T) = Pexp[—i ¢, A}, - Tdr,]
‘t Hooft-Polyakov monopole

k=(1-¢)

T = —8k€—

—~

s-n)(E+7rx B)
(s xn) -1 Oglné

N[

n x 9?n subjects to:
adiabatic (1 —&?)(js-V)n

non-adiabatic  3(1 — &*)n x (j.-V)n

: Gym x m— Gym
-0

s - not applicable

s - not applicable

e Fa e

Lij (H, m) = Lji(—H, —m)

Tm: Gym X (m x V)
T, : not applicable

((%m) ~ Tm

D Gr(mxn+mxm)—Gm

SN S

0
s: Grnxm+mxn)—Gn
0

Li;(H,m,n)=L;(—H,—-m,—n)

Tm: Gom X (n X V)
T, Gmx (mx V) —GmnxV,

(nx n) ~ 7, + 0(n x 1,)

Table 6.1: A full comparison of the major results of ferromagnetic and anti-
ferromagnetic spintronics. Upper panels: bulk magnetic textures with slowly
varying order parameters. Lower panels: heterostructures of magnetic mate-
rials with normal metals. Symbols are chosen in the same convention as those
used in previous chapters.
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As one of the first explorations of antiferromagnetic spintronics in the
community, our study guides through a variety of ways to realize novel func-
tioning of antiferromagnetic materials in different situations. However, to
achieve a similar level of understanding of antiferromagnets as ferromagnets,

there is still a long way to go.
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Appendix 1

Equivalence of O(3) NLSM and C' P! model

A striking property of the C'P! model is the gauge field minimally
coupled to the C'P! field acquires the Maxwell dynamics in the long wave
length limit [86], which mediates attractive interaction between conduction

electrons of opposite spins.

We provide a simple but rigid proof of the equivalence between O(3)
NLSM and the C' P! model via path integral approach. We write down explic-
itly the amplitude for the O(3) NLSM:

20 = / PInd(i2 — 1)e 5 J dsdunoun, (1.1)
and the amplitude for the C' P model:
2y = / P2 DA5(|2|2 — 1)e s I 421Ou—iAn2P (1.2)

Proof of the equivalence is nothing but to show Z; is proportional to Zs under
the Hopf map n = 2762. Express the C P! field as z = (21, 20)T = (rei®, se?)T
it is easy to check that r? + s* = 1 due to n? = |z|> = |2|* + |22|> = 1. This
means that the C'P! field is constrained on a unit complex sphere. In terms

of r, s, a, and 3, the action in Z; can be written as

1 1
17 dzd,n - Oyn = g/dx[r2s2(8uoz — 0,8 +(0,r) + (0,8)°]. (1.3)
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Next, we integrate out the gauge field in 2, which is Gaussian, and then

express the action also in terms of the new variables r, s, a, and f3:

Ly = / D* 2D A,5(|2]2 — 1)e s ] 1#OuiAaP
— / 942‘@Au5(|2|2 o 1)6—%fdxauzfauz —7fdx[A2+ZAH(ZTaMz ZBHZT)}

6_5 f dx[’”2(8ua)2+52(8u6)2+(8u7")2+(8u5)2] ) (14)

Considering r* = r?(1 — s?) and s* = s*(1 — r?), it is straightforward to show
that the action in the above path integral just equals the action obtained in
Eq. (1.3). Put it another way, while the two path integrals have different

variables, their integrands (the actions) are equal:

2, = /@%5 e~ 5117l (1.5)
Zo = (ro)? [ 72|z — e (16)

with Si[n] = Ss[(z)] = S[r, s, a, B

To proceed, we have to show that the entire amplitudes of Eq. (1.5) and

Eq. (1.6) are proportional, i.e., the equality:

/@4z5(|z|2 — 1)e~ 51 /@%5 (1.7)

where c is an overall constant that can be eliminated by proper normalization.

By virtue of the selection rule of the ¢ function and the Hopf map

i = 2162 we used above, we are able to rewrite the left hand side of Eq. (1.7)
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in the form:

/@4Z6(|Z|2 _ 1)6—S[ﬁ(z)] _ /@425(|z|2 _ 1)/_@%53@ _ zTé_Z)e—S[ﬁ]’
(1.8)

thus the equality of Eq. (1.7) would be proved if we can show

/.@4253@ — Ae)S(|22 = 1) = ¢ 5(R% — 1), (1.9)

In other words, the proof of the equivalence between the two models is now
a matter of demonstrating Eq. (1.9). To prove Eq. (1.9), we first clarify the
meaning of 2%z by
Py = H dRez;(z,)dImz;(z,), (1.10)
Tpri=1,2
and then carry out the integral in the r, s, «, 8 coordinates. Since Rez; =
rcosa, Imz; = rsina, Rezs = scos 3, and Imzy = ssin 3, the Jacobian of the

coordinate transformation reads

O(Rez1, Imzy, Rezg, Imzy)
J— —rs. 1.11
o(r,a, s, B) " (15

Then the left hand side of Eq. (1.9) becomes:

LHS_/ / /da/d65r+s 1)

§(ng — 2rscos(a — 8))d(n, + 2rssin(a — B))d(n, — (r* — s%))

= dR/ dS/ /d¢5R+S—1)

( I—Q\/_Scos( $))6(ny + 2VRS sin(¢))d(n. — (R —S)), (1.12)
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where simple transformation of variables has been used. Integrating in the

order dR, df, and dS, we obtain
LHS. — /dg/dwnfq (1= 5)5 cos(6))
5(ny 4+ 2/(1 — 8)Ssin(¢))d(n. — (1 — 25))
=2 [ 6 bl — T 0T eos(6)30n, + VT nsin(@). (113

The last integration over d¢ is somehow tricky. Define the function f(¢) =

V1 —n,2cos¢p — n,, it has two zero points at ¢g= =+ arccos \/1’1“07 and the

absolute value of its derivative at these points is

f'(d0)] = V1 —n.2singy = /1 —n2 —n2, (1.14)

using the properties of the ¢ function, Eq. (1.13) becomes

2
LHS:g/ 46 5(ny + /T—n2sin(6))
—27

0(¢ — arccos =) + 0(¢ + arccos =)
V1—n2—n?

:8\/ﬁ[5(ny_\/l_n%_nz)+5(ny+ 1‘”:%—”3)]

™ LPIN
= Zé(ni +ny+nl—1) = Z<5(n2 —1). (1.15)

Therefore, Eq. (1.9), hence Eq. (1.7) is proved.

In conclusion, the C'P! model is equivalent to the NLSM under the

Hubbard-Stratonovich transformation
/@42@14#(5“2’2 — 1) e_%fdz‘(au—iAu)zP

7T392 1 A N
= T/@%é(ﬁ? — 1) 15 J dwOunOun, (1.16)
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