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ABSTRACT

We calculate the nonlinear matter power spectrum using the third-order perturbation theory without ignoring
the pressure gradient term. We consider a semirealistic system consisting of two matter components with and
without pressure, and both are expanded into the third order in perturbations in a self-consistent manner, for
the first time. While the pressured component may be identified with baryons or neutrinos, in this paper we
mainly explore the physics of the nonlinear pressure effect using a toy model in which the Jeans length does
not depend on time, i.e., the sound speed decreases as a~'/2, where a is the scale factor. The linear analysis
shows that the power spectrum below the so-called filtering scale is suppressed relative to the power spectrum
of the cold dark matter. Our nonlinear calculation shows that the actual filtering scale for a given sound
speed is smaller than the linear filtering scale by a factor depending on the redshift and the Jeans length.
A ~40% change is common, and our results suggest that, when applied to baryons, the temperature of the
intergalactic medium inferred from the filtering scale observed in the flux power spectrum of Ly« forests would
be underestimated by a factor of 2, if one used the linear filtering scale to interpret the data. The filtering mass,
which is proportional to the filtering scale cubed, can also be significantly smaller than the linear theory prediction
especially at low redshift, where the actual filtering mass can be smaller than the linear prediction by a factor
of 3. Finally, when applied to neutrinos, we find that neutrino perturbations deviate significantly from linear
perturbations even below the free-streaming scales, and thus neutrinos cannot be treated as linear perturbations.
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1. INTRODUCTION

Pressure plays an important role for the structure formation
in the universe. Pressure determines the Jeans scale, A, below
which the growth of structure slows down, and eventually stops
and oscillates: while fluctuations in the cold dark matter (CDM)
and the pressured component evolve in the same way above the
Jeans scale, their evolutions are significantly different below the
Jeans scale.

The dominant source of gravity is CDM, which is cold
and its velocity dispersion is negligible before the collapse
of halos. However, the subdominant matter components—
baryons and neutrinos—have significant velocity dispersions,
which should be included in the calculation when precision
is required. While the accurate calculations have been done
for the linear perturbations, the effects of the pressure on
the nonlinear evolution of matter fluctuations on cosmological
scales (~10-100 Mpc) have not been studied very much in the
literature.

We address this issue by calculating the nonlinear matter
power spectrum using the third-order perturbation theory (3PT;
see Bernardeau et al. 2002, for a review), with the pressure
gradient term in the Euler equation explicitly included. This
enables us to study the effects of the pressure on the nonlinear
evolution of matter fluctuations in a self-consistent manner.

The rest of this paper is organized as follows. In Section 2,
we find the linear, second-order, and third-order solutions of
the coupled continuity, Euler, and Poisson equations for two
matter components with and without the pressure gradient. In
Section 3, we calculate the nonlinear matter power spectrum
from the solutions obtained in Section 2. In Section 4, we
compare our full 3PT calculation with the approximation used
by Saito et al. (2008) for the effects of massive neutrinos on
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the matter power spectrum. Finally, in Section 5, we discuss
the implications of our results for a few practical astrophysical
and cosmological applications. In the appendices we give the
detailed derivations of the 3PT results used in the main body of
the paper.

2. THIRD-ORDER PERTURBATION THEORY WITH
PRESSURE

2.1. Basic Equations

The main goal of this paper is to find the perturbative solutions
for the CDM density contrast, §., for which the pressure gradient
isignored, and the density contrast of another matter component,
dp, for which the pressure gradient is retained. This component
may be identified with baryons (hence the subscript “b”) or
neutrinos, depending on the sound speed one uses in the Euler
equation.'

The equations that we are going to solve include two conti-
nuity equations

SC(X, )+ V- [(1+6:(x, T))ve(x,T)] = O, (D)
Sb(x, )+ V- [(1+6E, 1)V, 1) =0, 2)
two Euler equations
Ve(X, T) +[Ve(X, T) - V]Ve(x, T) = —gvc(x, 7) — Vé(x, 1),
(3)

' While we use “b” to denote the pressured matter component throughout this

paper, we do not always mean baryons, but we always refer to a general matter
component with pressure.
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Vi (X, T)"'[Vb(x 7) - VIvp(x, 7)

lo (X T)Vép(X, T)
= —;Vb(x, 7)— Vo, 1) — W’ 4

and one Poisson equation

V2P(X, T) = 41 Ga*[pe(T)8:(X, T) + pp(T)8p(x, T)],  (5)

where §; = (p; — p;)/p; 1s the density contrast of a matter
component i = (c, b), p is the background matter density, a
is the scale factor, v; is the peculiar velocity field of a matter
component i, ¢ is the gravitational potential, and c; is the sound
speed of the matter component with pressure. Here, the dots
denote the partial derivatives with respect to the conformal time,
7,1.e.,, § = 308/dt, and V denotes the partial derivatives with
respect to the comoving coordinates.

We rewrite the Poisson equation as

V(x, 7) = %3(& 1), (©6)
where we have assumed an Einstein—de Sitter (EdS) universe
(we shall generalize the results to other cosmological models
later), for which the energy density of the universe is dominated
entirely by the matter density, and a o 72. The background
Friedmann equation is given by

87 G 4
”T[ﬁc(r) +oy(Dla? = . )

We have also defined the total matter fluctuation, §, which is
given by

5 _ Pe(T)0(X, T) + pp(T)8p(X, T)
(Xa T) = - -
0c(T) + pp(T)
= feb.(X, T) + fdp(X, T), (8

where f. = pc/(pc + pp) = Qc/Qp, and f, = pp/(0c + 0p) =
Q,/€Q,,. For an EdS universe, Q,, = 1.

Taking the divergence of the Euler equations, we obtain the
equations for the velocity divergence fields, 6; = V - v;. Moving
nonlinear terms to the right-hand side of the equations and using
the Poisson equation, we obtain

8c(X, 1) +0u(x, ) = =V - [8c(X, T)V(X, T)], )

Sb(x, T)+0,(x, 7)) = =V - [6p(X, T)Vp(X, T)], (10)

éc(x, T)+%9(~(X, r)+%6(x, 7) = —V-{lve(x, 1) - V]v.(x, 7)},
(11)

. 2 6
Op(X, T)+—Op(X, 1)+ —=8(X, 7)
T T

2
=-V. {[vb(x’ T) . V]Vb(X, T)}—V [W}
1+ 8,(x, T)

12)

Note that the second term on the right-hand side of Equation (12)
still contains the linear order term. All the other terms on the
right-hand side of the above equations are nonlinear.
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We shall simplify the pressure term, the second term on the
right-hand side of Equation (12), as follows. First, we shall
assume that the sound speed is homogeneous, i.e., ch = 0. See
Naoz & Barkana (2005) for the analysis of linear perturbations
with V2 # 0. Second, we expand the pressure term to the third
order in perturbations:

Vs Vs,
P = 2% Vs, — 8,V8, + 825, + O(8)). (13)
Pb 1+8b

Going to Fourier space, we obtain

5ok, )+ 0.k, 1) = — (2 )3 //dQIdQZ5D(QI+QZ—k)

2 91(‘117 0)8:(q2, 7), (14)
1

5,0k, ) +0,(k, T) =

e )3 //dQIdQ25D(Q1+Q2—k)

q2 L@, D, 7, (15)
1

L 2~ 6 -
0.k, )+ —Qc(k, )+ —5(1(, 7)
=y f/ dqidq28p(q +q2 — k)

k2
x %9 (a1, (@, 1), (16)
l 2

Z 2~ 6
Opk, T)+ —Op(k, ) + 80k, 7)
= (271)3 //dQ1dQ23D(QI +q— k)

K (q; - q)
X S ——
26]1612

cf(r)VSh(x, 7)
_F[V'< 1+ 85(x, 7) )](k)’ 4

Gp(a1, T)0p(qa, T)

where
cf(r)VSb(x, 7)
f[v' < L+8,(x, 7) ﬂ(k)
~ 1 - -
= —kzcsz(l')l:tsb(k) — m // dqidqx8,(q1, T)dp

1 ~
dqidqrdqsé
3027)0 /f/ 4144249305

x (q1, T)8p(q2, T)85(q3, T)8p(q1 + @2 + q3 — k)]. (18)

x (q2, T)0p(q1 +q2 — K) +

In the subsequent subsections, we shall solve these coupled
equations perturbatively. Hereafter, we shall omit the tildes on
the perturbation variables in Fourier space.

2.2. Linear Order Solution: Jeans Filtering Scale

In the linear order, one finds

8100k, T)+ 6 .k, 7) =0, (19)
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8160k, ) + 015k, T) =0, (20)
. 2 6
91.6(k7 T) + _el,c(ks T) + _Zal(ks T) = 07 (21)
T T

: 2 6
Gl,b(k, ‘L') + ;Ol,b(k, ‘L') + §81(k, ‘L')
— k2 (1)814(k, T) = 0, (22)

where the subscripts “1” mean that these quantities denote the
first-order perturbations, and §; = f.8;,. + f»51.. We rewrite
Equation (22) as

. 2 6 k% ()12
015k, 7) + ;91,;;(1(, )+ = ik, 7)) — ——

=0,

31 (K, T):|

. 2 6 k?
Orp(K, 1)+ =015k, )+ — | d1(k, T) — 5 d1,(k, T) [ =0,
T T k7
(23)
where we have used the usual definition of the Jeans wavenum-
ber, k;:
NG
e ()T’

k() = (24)
The Jeans wavenumber divides the solutions for & ; into two
classes: the growing solution for k < k;, and the oscillatory
solution for k > k;, when there is no CDM, i.e., f, = 1 and
81 = 1. When &; # 615, the Jeans wavenumber does not
provide a dividing scale for the solutions of §; ;.

The Jeans wavenumber depends on the temperature of the

matter component “b” as k; bel/ zr’l; thus, k; depends on
time in general, k; = k;(r). However, in order to simplify
the problem and obtain physical insights into the effects of
pressure on the nonlinear growth of structure, we shall assume
that k; is independent of time, which requires that the matter
temperature evolves as if the matter were coupled to radiation,
T, o 1/a oc 1/72%. This is not a realistic assumption especially
in a low-redshift universe where baryons are decoupled from
the radiation background and neutrinos are nonrelativistic—in
both cases the temperature evolves as T, o 1/a* o 1/t* and
thus k; evolves as k; o< T o a'/2, for the adiabatic evolution.

We shall solve the above coupled linear equations iteratively:
as CDM is always the most dominant source of gravity, the
zeroth-order iterative solution may be found by setting §; — 8 .
(i.e., fo — 1). We find the solution for the ratio of the density
contrasts, which is often called the “Jeans filtering function”
(Gnedin & Hui 1998)

S1p(k, 7)

k’ = a0
g1k, 1) 51k, T)

(25
which should be a decreasing function of k due to the effect
of pressure. At the zeroth order of iteration, the CDM density
contrast grows as

80k, 1) oca o T2, (26)

,C
and thus the equation for g; simplifies to

2

6. 6 k 6
kD28 kD 5147 Ja kD = 5. @D
T T kj T
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The solution for g;(k, 7) must be normalized such that
g1k, ) — 1ask — 0. We find

Ok, ) = +O(x" M), (28)

k2
k5

24 k2

The second term is a decaying mode, whose amplitude is set
by the initial condition, e.g., at the epoch when the baryon
temperature was raised (by, say, cosmic re-ionization) to the
point where the pressure became important, or at the epoch
when the neutrinos became nonrelativistic.

Ignoring the decaying mode (although we shall come back to
this later), we have the zeroth-order solution:

where

m(k) = —§|:1 +

1
g = (30)

&

At the first-order iteration, we have the pressure feedback on
the growth of CDM. The evolution of 8512 depends on k, and is
given by

81k, 7) oc "), (31)

where

1 24
n(k) = 5[ 1+ 5\/1 — 5 hll- gEO)(k))}

~ 2= gfb[l - 850)(]()] 32
B L3+%fb[1—g5°><k>] ' G2

The second equality is valid for f,[1 — gﬁo) (k)] <« 1. The
growing mode solution is given by

n(k) =2 =2 fy[1 = 8" ®)]. (33)
As g@(k) — 1 and 0 for k — 0 and oo, respectively, the large-
scale and small-scale limits of the growing mode solution is
(see, e.g., Section 8.3 of Weinberg 2008 for a recent review)

81, (k, 7)o T o a, k < ky, (34)
s\ (k1) o 2 oca 5 k> ks (39)

The growth of §; . on the spatial scales below the Jeans scale is
suppressed relative to that of the large-scale modes.
Taking the first-order iteration solution for § () into account,

1,c+
the first-order iteration equation for g}l) is

Ok, 7+ %[1 4 5\/1 - ;—:fb(l - gio)(k))}gil)(k’ 7)

6 k2 6(1 —
o [1 te = A2 350)(k))]g§”(k, =20 g
t ky T
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whose growing mode solution (with the normalization that

¢V = 1fork — 0)is

1—f

O
g (k)= :
L b -2 W)

(37

- K2 Jo :
L= fp+ E(l - 1+k2/k3)

This iteration converges quickly for f, < 0.5, and further
iterations are not necessary. The largest difference between
¢V(k) and g\"(k) occurs as k/k; — oo, and is 100% for
f» = 0.5. If the component “b” is identified with baryons,
f» == 1/6, and the difference is reduced to ~20%. The difference
between gﬁl)(k) and giz)(k) occurs at k ~ ky, and is ~4% for
f» = 0.5, and 0.2% for f;, >~ 1/6. The difference is much
smaller for neutrinos, whose f; are smaller for the modest
choices of the neutrino masses (my,; < 1 eV).

To simplify the subsequent analysis, we shall adopt the
zeroth-order iterative solution for the filtering function, g(lo) =
1/(1+k?/ k%), and the first-order iterative solution for the CDM
growth factor, Equation (33), as the solution at the first order
in perturbations. This solution is sufficiently accurate for our
obtaining the physical insights.

Let us comment on the decaying mode that we have ignored
in obtaining Equation (30). This decaying mode is an oscillatory
function at k/k; > 1/(2+/6) ~ 0.2, representing the acoustic
oscillation of the pressured component (Nusser 2000). While
this term is a decaying mode, it decays slowly, and is not quite
negligible even at low redshift. We show the decaying mode at
the zeroth-order iterative solution in Figure 1,

1
Ak, 1) = gV (k, T) — e (38)

assuming that the pressure became important at z,, = 10. This
figure shows that the decaying mode remains important even
until z ~ 0; thus, technically speaking, ignoring the decaying
mode results in an inaccurate form of the filtering function.
Nevertheless, we shall ignore it and adopt g, (k) = 1/(1+k>/ k%).
The exact form of g(k, t) is not so important for our pur-
poses. The main goal of this paper is to study how nonlinearities
affect this function. In other words, we are interested in how the
higher order filtering functions, g, (k, t), are related to the linear
one, g;(k, r). One may use any forms of g;(k, t) for a better
accuracy, depending on the problem (baryons or neutrinos).

2.3. Second- and Third-order Solutions

For the higher order (nth order) density perturbations and
velocity-divergence fields, we define the Jeans filtering func-
tions such that

_ Oap(k, T)

gk, 1) = Br k7))’ (39)
_ 911,b(kv T)

ho(k, 7) = kD) (40)

Assuming that CDM dominates the gravitational potential,
we find the zeroth-order iteration ansatz in an EdS universe:

Sk, T) =Y a"(0)8,.(K)gn(k, 7), (41)

n=1
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Figure 1. Decaying mode solution for the linear filtering function at the zeroth-
order iteration (f, — 1), Ag\"(k, ) = ¢k, 1) — 1/(1 + kK2/k3), where
gﬁo) (k, T) is the numerical solution of Equation (27), with the initial conditions
given by g(lo)(k, 7,) = 1 and g}o)(k, 74) = 0 where 7, is the conformal time at
Zx = 10. The top and bottom lines at k/k; ~ 1 are at z = 8 and 0, respectively,
and the other lines correspond to the intermediate redshifts.

[e¢]

Ok, 1) = Y _a(ma" (DK, (k, 7).  (42)
n=I
Detailed derivations of the nonlinear filtering functions at the

second order, g>(k, 7), and the third order, g3(k, t), are given in
Appendix B. The second-order solution is

10 Z[l _ 52_6,(1()]
3 3 82 (kK _
gk 1) = 2L 0, (43)
R
where
B20k) = 5 / dqF;(q. k — @81, (@)81..(k — q), (44)

s (k)—L/d F¥(q, k — )+ik—2
200 = gy J AT OET VT
x gi(q)gi(k — @)1 (qQ)d (k — q), (45)

and FZ(‘Y) is a mathematical function given by Equation (A28).
The third-order solution is

85 (k)
7—6[1 -
gk, 7) = M +O ), 46
7+ 2
J
where
1
33,0(k) = 2n ) /// dqidqadq3ép(k — q1 — q2 — q3)

X FO(q1, @2, 43)81.0(a1)81.0(a2)81..(q3),  (47)

1
Sg,c(k) = (27-[)6 /// dqldqqu35D(k —q —q2 — q3)
X FO(Q1, Qs 43)81.0(a1)81 Q)81 o(q3),  (48)
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and F3(S) and ]—";s) are mathematical functions given by Equa-
tions (A30) and (B27), respectively. One may check that these
functions are properly normalized, i.e., g, — 1 ask — 0, using
(Sé’c — 8cand 8y, — 83, ask — 0.

Ignoring the decaying modes, let us rewrite g, and g3 as

_ l[ 5’z£(k>]
10 2.0 (K
(k) = SRUNUEY (49)
1+ —OE
1— 91— ‘W“)]
7 530K
gs(k) = e (50)
I+50

[

These results may be interpreted as, roughly speaking, the
nonlinear filtering functions having smaller effective filtering

scales (larger filtering wavenumbers): k; — k = \/gk ; for
the second order, k; — k J = Tk ; for the third order, and

k; — I;j = ,/%n(n + %)kj for the nth order perturbations.

In other words, the higher order solutions for §,, are less
suppressed relative to the CDM solutions. In the following
section, we shall quantify this effect in more detail.

3. POWER SPECTRUM

In this section, we calculate the nonlinear matter power
spectrum using the results obtained in the previous section. The
total matter fluctuation, §, is given by § = f.8. + f»8», and thus
the total matter power spectrum, Py, (k), is given by the sum of
three contributions:

Polk, T) = f2P(k, T) + fofoPock, T) + f7 Pp(k, ), (51)

where P.(k) and P,(k) are the power spectra of the CDM
and another matter component with pressure, respectively, and
Pyc(k) is the cross-correlation power spectrum. Each term is
the sum of the linear part, P;(k, ), and the nonlinear parts,
Py (k, T) and Pi5(k, T):

Pi(k,t) = Pi1,i(k, T) + Pri(k, T) +2P13,(k, T), (52)

where i = (c, b, bc).
The 3PT power spectrum of CDM has been found in the
literature (see Bernardeau et al. 2002, for a review)

d
Pk, T) =2 f P, DPr(k— ). )
x [F(q, k — ], (53)

where Fzm is a mathematical function given by Equation (A28),
and

Prsolk. 1) = k2 Py (k. r)/ s Pitela.

252
2 gt k2
|:50ﬁ — 217 @ 79 + 6
3(q> — K*)P(2k* + 7q2) k+q
+— In
2 k>q? lk —q
See Appendix A for the detailed derivations.

(54)
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Here, we have implicitly generalized the results from an EdS
universe to general cosmological models, by writing

a*(r)
a(z;)
D) [ 8k 0)/8)), Kk, T)
T Dy, )(5” k, 7))/ (k. 7.)

1,c+ 1,c+

—— Pk, ;) = Pu(k, 1)

) Pk, ), (55

where 7; is some arbitrary epoch, 7, is the epoch where the pres-
sure effect becomes non-negligible (i.e., re-ionization epoch for
baryons and the relativistic to nonrelativistic transition epoch
for massive neutrinos), and D(t) is the linear growth factor
appropriate to a given cosmological model. This simple gener-
alization has been shown to provide an excellent approximation
to the full calculation: see Bernardeau et al. (2002) for mod-
els with nonzero curvature and/or a cosmological constant, and
Takahashi (2008) for dynamical dark energy models with a con-
stant equation of state of dark energy.

The linear spectra of the other contributions, P;; . and Py p,
are given by

Pripe(k, T) = g1(k) Py o (k, T), (56)

Pip(k, T) = gl (k) Pryo(k, 7). (57)

The nonlinear terms, the main results of this paper, are given by

1
Py pe(k, T) = W[Pzzﬁc(k, T)
3t

14 dq
+_ (2 )3P11L(st)Pllc(|k ql T)
x Fy(q, k — ) F (g, k — q)], (58)
1
Pzz,b(k, T) = E—ﬁ)z |:P22,c(k, 7)
37k
28 dq
+_ (2 )3 Pllc(q t)Pll c(|k (1| T)
x Fé”(q, k— @7 (q, k- q)
98 [ dq
e (2 )3 Pllc(q ‘C)Pllc(|k (1| T)
(s) 2
x (jr2 (a.k—q) } (59)
1 1 18
Pi3pe(k, ) = 3 gi1(k) + - ]]z_z Pk, )+ ﬁf’n,c
J J
dq (5)
<o [ s 4. P r)},
(60)
k
Piy(k, 7) = g‘+( ) |:P13L(k )+ 18Py (k. 7)
k’)

d s
X / (27:1)3f§)(q, —q, k)Pll,c(q, 1)} (61)

See Appendix C for the detailed derivations.
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Figure 2. Ratio of the total matter power spectrum, Py (k, z), to the CDM part,
P.(k,z), at z = 0.1 (top), 1, 3, 5, 10, and 30 (bottom). Left: the input Jeans
wavenumber of k; = 1 h Mpc™!. Right: k; = 3h Mpc~'. The dashed lines
(thin solid lines in the print version) show the ratios calculated from the linear
theory, whereas the dot-dashed lines (thin dotted lines in the print version) show
the linear calculations with k; = 2 and 6 2 Mpc ™" for the left and right panels,
respectively, to show that the actual filtering wavenumbers, predicted by the
3PT calculations, can be ~40% as large as the linear filtering wavenumber at
low redshift.

(A color version of this figure is available in the online journal.)

How would Py (k) compare with the CDM part, P.(k)?

1. In the linear limit, we should recover Py (k)/P.(k) —
[f. + f»g1(k)]?, which approaches unity as k — 0.

2. In the very small scale limit (k — 00), the pressured
component is completely smooth (§,(k) — 0) because
glz(k) — 0; thus, P(k)/ P.(k) approaches a constant value,
2.

3. In the intermediate regime, especially at the transition
scale between the super-Jeans scale (k < kj;) and the
sub-Jeans scale (k > kj), the shape of Py (k)/P.(k) is
significantly distorted away from the linear prediction.
Nonlinear clustering of the pressured component adds
power at k ~ k;, which shifts the effective filtering scale
to smaller spatial scales as we go to lower redshifts.

In Figure 2 we show the ratio, P, (k, z)/ P.(k, z) (solid lines in
the online version, thick lines in the print version), for different
redshifts (z = 0.1, 1, 3, 5, 10, and 30), and different k; (k; = 1
and 3 h Mpc~! for the left and right panels, respectively). In the
linear regime (see the bottom lines, z = 30), the ratio agrees
with the linear prediction shown by the dashed lines in the
online version (thin lines in the print version). As we go to
lower redshifts, we find that the filtering wavenumbers continue
to shift to larger values, i.e., the filtering scales continue to shift
to smaller spatial scales as we go to lower redshifts. This effect
cannot be predicted from the linear theory, where all the modes
evolve in the same way.

4. COMPARISON WITH APPROXIMATE TREATMENT OF
SAITO ET AL. (2008)

The nonlinear power spectrum with a significant contribution
from a pressured component has not been studied very much in
the literature, with one exception. Saito et al. (2008; hereafter
STT) have studied effects of massive neutrinos on the nonlin-
ear matter power spectrum using 3PT (also see Wong 2008;
Lesgourgues et al. 2009). However, their treatment is not satis-
factory: they have entirely ignored nonlinearities in neutrinos,
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but approximated the neutrino perturbations as linear pertur-
bations. More precisely, they calculated the nonlinear matter
power spectrum as

Po (ke 2) = f2Pek, 2) + 2 f fuPriek, 2) + £ Piuuk, 2).
(62)
In our language this leads to

Poi (k. 2) = f2P(k) + [2f fug1(k) + f7g1 ()] Puy,c(k, 2
(63)
Here, we have replaced the subscript “b” with “v” to avoid
confusion in notation.

How accurate is the STT approximation? To study this,
we compare Equation (63) to the full calculation given in
the previous section. Figure 3 shows the fractional difference
between our full calculation and STT’s approximation, [ Py (k)—
P3TT(k)]/ Por(k), for Q, /<, = 1/10, 1/20, and 1/100, which
correspond to the sum of neutrino masses of ), m,; >~ 1.3,
0.64, and 0.13 eV, respectively, where i = (e, u, ). We find
that STT’s approximation clearly underestimates the power at
k =~ kgps, where kgg is the neutrino free-streaming scale, or it is
the Jeans wavenumber computed with the velocity dispersion
of the neutrinos. More precisely,

NG

krs,i(7) = m7

(64)

in an EdS universe, where Uf ;(7) is the velocity dispersion of

neutrino species i (see, e.g., Appendix A.3 of Takada et al. 2006).

One may argue that STT’s approximation should be better
for a smaller neutrino mass: the errors in the total matter power
spectrum are 3.5%, 0.6%, and 0.003% Zi m,; = 1.3,0.64, and
0.13 eV, respectively, at z = 0.1; however, our results indicate
that their approximation is conceptually not correct: neutrinos
should not be treated as linear perturbations, as the neutrino
velocity dispersion has no effect in suppressing the neutrino
perturbations at and above the free-streaming scale. In other
words, the errors may happen to be small in the rotal matter
power spectrum for small neutrino masses because neutrinos
contribute only a tiny fraction of the total matter density anyway,
but the errors in the neutrino power spectrum are large. Figure 4
shows the fractional difference between the nonlinear neutrino
power spectrum, P,(k), and the linear power spectrum, P‘f‘"(k),
ie, AP/P = [P,(k) — PI"(k)]/ P,(k). It is clear that neutrinos
are significantly nonlinear, even well below the free-streaming
scale, k > kps. Nevertheless, the STT approximation may still
provide a convenient phenomenological tool for calculating the
nonlinear total matter power spectrum in the presence of massive
neutrinos.

5. DISCUSSIONS AND CONCLUSIONS

In this paper, we have obtained the second- and third-order
solutions for the density perturbations in a system consisting of
two matter components with and without the pressure gradient.
This is the first self-consistent analytical calculation, with
nonlinearities in the pressured component fully retained up to
the third order in perturbations.

As our study is focused on understanding the physics of the
nonlinear pressure effect on the matter power spectrum, we
have studied a toy model in which the Jeans wavenumber, k;, is
independent of time. This is equivalent to the temperature of the
pressured component following that of radiation, i.e., T o< 1/a.
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Figure 3. Fractional difference between our full calculation and the approxi-
mation used by STT, [P (k) — PSTT(k)1/ Por(k), for Q,/Q,, = 1/100 (top),
1/20 (middle), and 1/10 (bottom), which corresponds to Y m, = 0.13, 0.64,
and 1.3 eV, respectively.

Nevertheless, we have found several results that have qualita-
tive implications for the practical applications. We have found
that nonlinearities in the pressured component shift the filtering
scale from the well known linear filtering scale (Gnedin & Hui
1998) to a smaller spatial scale (larger wavenumber) by a factor
depending on the redshift and the Jeans scale. In other words, the
actual filtering scale for a given sound speed (or temperature)
is smaller than the linear scale. Therefore, if one used the lin-
ear filtering scale to interpret the fall-off of, e.g., the flux power
spectrum of the Ly« forests (Zaldarriaga et al. 2001), one would
underestimate the temperature of the pressured component.

How important is this effect? For example, when the Jeans
wavenumber is k; = 10k Mpc~!, our calculation predicts
that the effective filtering wavenumber is ~10, 12, 13, 13, and
14h Mpc™! at z = 30, 10, 5, 3, and 1, respectively. While we
do not expect 3PT to be valid at such high wavenumbers, our
results clearly indicate that the expected changes in the filtering
scale cannot be ignored. Table 1 summarizes the ratios of the
effective (actual) and the linear filtering wavenumbers. Note
that the linear filtering wavenumber is the same as the Jeans
wavenumber in our model; thus, we show kr ./ k; in Table 1.
We extracted the effective filtering wavenumber, &z ¢, by fitting
fe + fo/ (A + K2/ k. )]* t0 Pk, 2)/ Pe(k, 2). We find that a
factor of 1.4 change in the filtering scale is quite common over
a wide range of redshifts and k;.

A factor of 1.4 change in the filtering scale changes the
inferred temperature by a factor of 2; thus, one implica-
tion of our result is that the temperature of the intergalactic
medium (IGM) obtained from the Lya forests at z = 3 by
Zaldarriaga et al. (2001) might have been underestimated by a
factor of 2.

Figure 4. Fractional difference between the nonlinear neutrino power spectrum,
P, (k), and the linear power spectrum, PJ“‘(k), [P, (k) — Pll‘“(k)] /P, (k), for
Q,/Q,, = 1/100 (top), 1/20 (middle), and 1/10 (bottom), which corresponds
to Y my 2 0.13,0.64, and 1.3 eV, respectively.

Table 1
Ratio of the Effective and the Linear Filtering Scales, kr efr/ ks

ky z=0.1 1.0 3.0 5.0 10 30
(hMpc™")

0.1 1.08 1.04 1.01 1.00 1.00 1.00
0.5 1.37 1.21 1.07 1.03 1.01 1.00
1.0 1.43 1.32 1.14 1.08 1.03 1.00
3.0 141 1.38 1.28 1.20 1.08 1.01
5.0 1.40 1.39 1.32 1.24 1.12 1.02
10 141 1.40 1.35 1.29 1.16 1.03

Notes. This table shows the ratios of the effective (kr cfr) and the linear (k;)
filtering scales for different redshifts and k;. The ratios are closer to unity at
higher redshifts because nonlinearities are weaker.

A factor of 1.4 change in the filtering scale gives a factor
of ~3 change in the filtering mass. Our calculation shows that
the actual filtering mass is similar to the linear one only in
high redshifts, while the former is significantly smaller than
the latter in low redshift. This result is qualitatively similar
to those found in Okamoto et al. (2008) and Hoeft et al.
(2006); however, a quantitative comparison is not possible,
as our results apply only to the system with a constant Jeans
wavenumber.

What is next? As for baryons, we need to extend our for-
malism for incorporating a realistic thermal history of the
universe with a proper time dependence of k;. As for neu-
trinos, we need to incorporate not only the pressure gradi-
ent but also the anisotropic stress in the Euler equation. To
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do this we need to solve the Boltzmann equation. Neverthe-
less, our results presented in this paper show that neutrinos
are significantly nonlinear, even well below the free-streaming
scale.

This material is based in part upon work supported by the
Texas Advanced Research Program under Grant 003658-0005-
2006, by NASA grants NNX0SAM29G and NNXO08AL43G,
and by NSF grant AST-0807649. E.K. acknowledges support
from an Alfred P. Sloan Research Fellowship.

APPENDIX A
3PT FOR CDM

The continuity, Euler, and Poisson equations of CDM are
given by

1. Continuity equation:

S(X, )+ V- [(1+6x, )v(x,7)] =0. (A1)

2. Euler equations:

v(x, )+ [v(x,7) - VIv(x, T) = —gv(x, 7) — Vo(x, 7).

(A2)
3. Poisson equation (for an EdS universe):

2 _5
V2p(x. 1) = 3(x. 7). (A3)

First, we take the divergence of Equation (A2) and substitute
Equation (A3). Moving all the nonlinear terms to the right-hand
side of the equations, we find

SX,T)+V -v(x,7) = —V - [§x, D)V(x, 7)], (A4)

d a 6
—[V v, )]+ [V -vX, 0)] + 58X, 1)
T a 72

==V {[v(x, 7) - V]v(x, 7)}. (AS)
Let us take the Fourier transform of Equations (A4) and (AS5)

Sk, T)+0(k, )=

(@)
k'q] ~ ~
x f/dQIdQ25D(Q1+Q2—k) p 0(q1, 1)8(q2, 7),
1
(A6)
b 1)+ Lok 1)+ 2dk. 1) =
E) a ] ‘[2 ] - (27_[)3
SCIRE P
X // dqidqxép(qi +q2 —k)%G(ql, 7)0(q2, T),
2%‘]2

(A7)
where we have defined 6 = V - v, and its Fourier transform is
given by

vk, 1) = —i%é(k, 7). (AB)
One can decompose the solutions of the nonlinear continuity

and Euler equations, Sand§ , into the sum of infinite series of nth
order perturbations of density and velocity divergence fields:

. 1) = > a"(0)8,(K), (A9)

n=1

Vol. 700

oo

Ok, 7) = a(r)a" (x)0,(K), (A10)

n=1

respectively. Note that, strictly speaking, this particular decom-
position, a decomposition into a series with powers of a(t), is
valid only for an EdS universe. However, generalization to arbi-
trary cosmological models can be done in the end by replacing
a(t) with the appropriate growth factor, D(t) (Bernardeau et al.
2002; Takahashi 2008).

Now, let us solve Equations (A6) and (A7) at each order of
perturbations. The nth (n > 1) term of Equation (A6) is given
by

1
a(t)a" = (0)[nd, (k) +6,(K)] = T2y /quld(IzSD

n—1

k-q ) ne
X (q1+q2 — k) q21 Y a(0a" " (@) ().
1 m=1
(A1)
Dividing both sides by @(t)a"~'(), one obtains
né,(K) +6,(k) = A,(k), (A12)
where
1
Auk) = — dqidqép(qi +q2 — k
(k) FI5E // 4:dq28p(q1 +q2 — k)
Kk q n—1
41
X == > O @) (). (A13)

L m=1

Similarly, from the Euler equation, Equation (A7), one obtains

35,(k) + (1 +2n)6,(k) = B,(k), (A14)
where
1
B,(k) = — @y //dQ1dQ25D(QI +q2—Kk)
k*(q; -

n—1

q2)
= > 0u(@)0n(@).  (ALS)
9142 m=1

The forms of Equations (A12) and (A14) indicate that the
nth order solutions are written in terms of the sum of first to
(n — 1)th order solutions, with §;(k) = —6;(k). By solving
Equations (A12) and (A14) for §,, and 6,,, one obtains

5, (k) = (1+2n)A,(k) — B,,(k)’ (A16)
2n+3)(n—-1)

_ —3A,(k) +nB,(k)
fall) = Cn+3)n—1) ° (A17)

which can be rewritten as

Su(k) = /dQI ...dqdp(q +---+q, — k)

» 4n)31(qy) . .. 31(qy), (A18)

(27[)3}1—3
X F,,(ql, e
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1
O,(K) = — W/dQL--d(In(SD((h*'”'*'Qn -k
x G,(q1, ..., q)81(q1) ... 51(qy). (A19)

Here, the newly defined kernels, F, and G,,, can be found from
the following recursion relations:

. Gm(qlv vqm)

F.(qi,...,q, = ImAls - - -5 Hm)
@, ) ; Qn+3)n—1)
k-q;
X (1+2n)_2Fn—m(qm+lv~--,qn)
1
k*(q1 - q2)
X %anm(qmﬂs ey qn)],
9149
(A20)
and
n—1
Gm(ql,...,qm)
G,(qi,...,qy) = Im Al - - -5 Hm)
@, W;(Zn+3)(n—l)
K-
X [3_?1an((1"1+1» -~-,qn)
1
K*(qi - qo)
1—22Gn—m(qm+17 s Qn):|,
‘Ilq
(A21)

with the boundary conditions of F; = 1 = G. The second-
order solutions are

Sk-q ISCTRED)

F(q1,q) = + , (A22)
7 g} Tatq3

3k- 262(q, -
Go(q, @) = -~ (q1 - q2)

7 4} Tqiq3

; (A23)
where k = q; + 7. The third-order solutions are

1[7k- qi
F(q1, 92, q3) = ——F(q2, q3)
18 qt

k
+ MGz( qQ@, %)}

111923
y |:7k'(I12 k2(q12-q3)}

i ahd;

G(q1, q2)
18

(A24)

where q;; =¢q; +q; andk =) _q;.
It is often convenient to have the symmetrized forms of the
above kernels. They are

B (a1 @) = HF@Qr, @) + F(q.q)],  (A25)
G (a1, @) = LGa(qi, @) + Ga(q2, q1)],  (A26)

FPai, @, q3) = UF(a1, 2. q3) + F3(q1, g3, 42)
+ F3(q2, q1, q3) + F3(q2, 93, q1)
+ F3(qs, q1, Q2) + F3(q3, q2, q1)].  (A27)
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The explicit forms are

l((h ‘1) (gt +q3)

5 2(qr-q)?
Qi q)=>+= + . (A28)
? 77 gqfe; 2 4l
3 4¢( )2 1(a1 - @)(q
G g =5+ a [Gi+4) * p20,

T i 2 qlzqz

7 : q qQ
F @, @, a) = k- [Fz(”(qz, @ 7+ B, 43)—
qi q;

s qs (?) (23
+ B (q, (12)—} + = [ (2, g3) 2
32 27 1‘123

| 7
54

A5 69 L k-

Q25113 613412

s q s q s q
x [G; (@2 43— + G5 (@1, 43) -5 + G5 (@1 q2>—‘2]
93 q13 5112
(A30)

+GY(qr. q) L

In order to calculate the next-to-linear-order density power
spectrum, one needs to use the solutions of the density fluctua-
tions up to the third order:

Qr)Y Pk, 0)8pk +K) = (5(k, 1)K, 7))

= <( > a"l(r)&(k)) ( > a’(r)&(k’>)> ~a’(7)
m=1

I=1
x (81(K)81(K) + a*(7)(81(k)d3(K)
+8:(K)52(K') + 83(K)8; (K)), (A31)
which yields

P(k, T) = a*(t) P (k)y+a* (t)[ Poa(k)+2 Pi3(k)]+O(8°). (A32)
Here, we have defined the quantity, P;;(k), given by
Q) Pj(k)Sp(k +K) = (8;(K)8;(K)). (A33)

The nonlinear corrections, P, (k) and P;3(k), are

d s
Pu(k) = 2/ ﬁpll(Q)Pllﬂk —q)[F(q. k- (I)]z,
(A34)
where
F(qk—q) ==

N 1 [ —10g* +20kq3u — 10k%q?u> — 7k*q*> + Tkqu
14 q*(k* + q* — 2kq ) ’

(A35)

and u =Kk - §, and

(2;1)3 Fa(s)(q’ —q,k)P1(q). (A36)

Pua(k) = 3Py (k) /

Using
/ duF( =[50 e 79k2 +6k4 e
1F(q, —q, -6 215 >

X( k2)3(2k2+7q2) " k+q
k3q> lk—ql]
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one obtains (Makino et al. 1992)

4

27 * dg q°
Pis(k) = —k’> Py (k —p s0L _21L _ 79
13k) == 1 ( )/o ) 11(61)[ 2 [z

K2 3(q>— kK2 +74%) Kk

PP LN AC el L LS B TS
qg*> 2 kg3 |k —q]

APPENDIX B
3PT WITH PRESSURE

In this appendix, we shall derive the higher order filtering
functions. We shall solve Equations (14)—(17) perturbatively,
up to the third order in perturbations. The density contrasts and
velocity divergence fields of CDM and the matter with pressure
are all expanded into the infinite sum of nth order perturbations
as

8ok, 7) = fja"(r)an,c<k), (B1)
o
Oc(k, ) = ia‘(r)a"*(r)en,c(kx (B2)
po
Sp(k, 7) = ia"(r)an,c(mgn(k, o), (B3)
o
Oh(k, 7) = iama"-‘(memc(k)hn(k, 0, (B4

n=I1

where g,(k, t) and h,(k, 7) are the filtering functions for the
density and velocity divergence fields, respectively, at the nth
order.

With the above series expansion, Equations (15) and (17)
yield

o0

Y lna(ma" " (1)g, (K, 7) + a" (1) (k. 7))

n=1

X 8y, c(k) +a(v)a" " (D)h,(K, )6, (k)]

= (27r)3 //dQIdQ2SD(Q1+Q2—

o
x Y ad"™" hy(q, 1)81(Q2 T (@1)81.(q2).  (BS)
=1

oy

1 m=1

> l@a"" (x) + a(m)a" () — D))h(k, 16, (k)

n=1

+a()a" (0K, T)6, (k) + %a(wa"”(r)hn(k)(k, )0y c

6
x (k) + ;an(f)(fc + fogn(K, 7))8y (K)] = —

(2m)3
x//dqldquD(q1+qz—k) ;qlz 22)22 )
m=1 I=1

am+l—2(r)hm(q1, Thi(q2, T)0m.c(q1)01..(q2) + kch(f)

Vol. 700

Tor )3k2c2<r> [ [ daidasy

< (qr+q—K) YD a"™(0)gn(@r, )2 T)om.c

m=1 [=1

1
k*c2 ///d dqdqss
30078 (1) q1dq2dqsép

oo 0 X

X @@+ -k Y Y Y a"™ P (0)gu(qr, g

m=1 l=1 p=1
X (G2, T)8p(q3, T)8m.o(A1)81.c(q2)8p.c(q3). (B6)

X Za (T)gn(k 7:)5/1 r(k)

n=1

~

x (q1)81,c(q2) +

From now on, we shall write the sound speed, c;, in terms of
the usual Jeans wavenumber, k;, as ¢, = \/6/(k ;7). We shall
ignore the inhomogeneity in ¢, (i.e., spatial dependence of c)
throughout this paper. For the linear analysis for V¢, # 0, see
Naoz & Barkana (2005).

B.1. Second-order Solutions

We have derived the linear filtering function, g;(k), in
Equation (30). For n = 2, the continuity and Euler equations
are given by

4 2
8. (K)ga(k, ) + ;52,c(k)82(k, T)+ ;Qz,c(k)hz(k, 7)

2 1
=—— dqidq;é +q;—k
T n)} // q1dq28p(q1 +q2 — k)

k-qu 2
X —5—061,c(q1)81,c(q2)81(d1)81(q2) = ;Az(k), B7)
i

10 2 6
202002k, T) + 92L(k)hz(k D)+ —782.(K)

6 k*
e = 82.(K)g2(k, 7) = 2(2 7 /fdQ1dQ250

3k k2
X (‘11+Q2—k)[— - M}
4k; 2‘1142
4
X 81,C(Q1)51,0((12)81@1)81((h) = ﬁBz(k) (BS)

Here, 6; (k) = —6;,.(k). Combining Equations (B7) and (B8),
we get the second-order inhomogeneous partial differential
equation:

2

10 1 k
8ok, T)+ — &(K, T)+—|:20+6k }gz(k T)
J

4Bz(k)]
+ =0,
82,c(k)

1 [_ o 1042(k) 59)

T 52 (k)

where &, (k) is given by

82.0(K) = f dqF{(q, k — @)1 (@)1 .(k — q). (B10)

1
2m)?
Solving the above differential equation, we have
10A:(k)  4By(K)
52,c(k) 82,0 (K)

+ O,
20 + 6%

g2(kv 7:) =

(B11)



No. 1, 2009

where the oscillation component,

—g<li 1—(20+6f§>)
0" xt , (B12)

decays for any choice of 0 < k/k;. The second-order filtering
function for the velocity divergence field, 4,(h, 7), is given by

hay(k) = ﬁ[f\z(k) — 28,c(K)g2(K)], (B13)

where we have ignored the decaying term.
Using the explicit forms of A,(k) and B)(k) given by
Equations (B6) and (B8), respectively, we obtain

8 (k)
(|): ézc(k)] +

+_
k5

10 _
3

ok, 1) = O™, (B14)

—_ WIS

3

;o
where &, . is

8 (k) =

1 ;
7 / dqFy(q. k — @81 (@81 (k — q), (B1S)
where

2

3
Fqr, q) = [F( (q1, ) + —

1413 ]gl(m)gl(fh). (B16)

In the limit where k; — oo, F3(q1, q») = Fi¥(qu, qu), and
thus go — 1. For the velocity divergence filtering function, we
find

1
0, L<k)[<2n>3
X (@) Fq1,q2)— GSAq1,q2))g1(q1)g1(qn)

— 25.c(k)g2(k)

B | !
ZM[m/f‘lqldQﬁD

(qi - q)(q? + q§>)
24743

ha(k)= // q1dq28p(q1 + q2 — K)31,(q1)d1 ¢

x(qr+q2 — k)51,c(Q1)51,c(Q2)<1+

82,c(k)
QZ,C(k)

&K, (B17)

x g1(q1)g1(q2) [—2

where we have used 2F»>(q;, q2) — G2(qi1, q2) = %. This
1

expression also converges to h, = 1 as we take the limit of
kj — OQ.

B.2. Third-order Solutions

For n = 3, the continuity and Euler equations are given by

3a(t)a*(t)gs(k, 1)83 (k) + a’(7)g3
x (K, )83 o(K) + a(1)a*(v)h3 (K, 7)85 (k)

) 1
— i [ [ [ dadasdasy
X (q1 +q2 +q3 — K)81,(q1)81,c(q2)81,.(q3)

k- q s
X [ 7 ! 5 (q2, q3)
1
+ ;,2 2 ha(ain)g1(a3)GS (a1, m)} = a(D)a*(1)As(K),
12

(B18)
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[d(t)a*(t) + 2a*(v)a(D)lhs(k, T)65 (K) + a(r)a*(t)
x h3(k, 7)63 (K) + Ea(f)az(f)h3<k, )65 .(K)

6 6 k?
+ 203(1)53,C(k) — —2—2 3(7)53 (k)
J

1
— 0 / / / dq1dqdgs5o

X (q1 + q2 + q3 — K)31,c(q1)31,c(q2)31,(q3)

[ K2(q - q23)

X —
2611423

k2(q12 q3)
2q%,45

32 o 312 ©

-7 e —81(q1)&2(q23) K, (q2, q3) — _k2 82(q12)81(q3) F;

21(Q)h2(q23)GS(qo, q3)

hz(Q12)g1(Q3)G (a1, q2)

1 k2
X (q1, Q) + 5 2 g1(Q1)gl(Q2)g1(Q3)]
= 4*(1)a(7)Bs(K). (B19)

N 2
In an EdS universe, a(t) = %, we have

6 2
83.c()g3(k, T) + — 83, (K)ga(k, 7) + —65.(K)h3(k, T)

= %A3(k), (B20)
14 2. 6
—h3(k 7)03.(K) + — ha(k 7)63,c(k) t 3 —83,c(k)
k> 4
28 —503.(K)g3k, 7) = —ng(k). (B21)

Combining Equations (B20) and (B21), we have the second-
order differential equation:

) 14 1 K2
&k, )+ ?83(1(, T)+ =) 42 + 6k_2 gk, 1)
7

1 14A5(k) 4Bs;(k
s Lo Bl ARG, (B22)
72 83.c(K)  83.0(k)
Solving this, we obtain
TA3K)  2Bs(k)
(k. 7) = 383.0(K) _ B ®) | o132y, (B23)
7+ =
J

where the oscillation component,

—1372| 1 [1- 2 (7445
0 Pyt ( ! )> (B24)

)

decays forany 0 <
at the third order is

%. The velocity divergence filtering function

1
h3(k) = ) ——[A3(k) —

where we have ignored the decaying term.

383,c(K)g3(K)], (B25)
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Let us rewrite 7A3(k) — 2B3(K) in Equation (B23) as

TA3(kK) — QBz(k)

yrymva /// dqidqxdqsép(qi + Q2 + g3 — k)3
~ Q)
(41)81,c(q2)81.,c(q3)

|:7k"h
X
ar

7k

gl(Q1)gz(Q23)F2(S)(Q2, q3)

o lzhz(QIz)gl(Q3)G(zs)(CI1, q2)
2

N K*(q1 - q23)
1‘123

k( )
+—q212 &l hz(‘llz)gl(%)G( (q1. q2)
91293
2

3k ©)
+ -5 81(41)82(923) F, "(q2, q3)
242

2
— 82(q12)81(43) F;”(q1. @)

81((11)h2((I22)G (q2. q3)

2k

k2
k2 81((11)81((12)81((13)]

o /// dqi1dqxdq3dp(qi + 42 + 43 — K)F;3
(271)

X (41, 92, 93)81,c(q1)31,c(q2)81,(q3)
= 188§,C(k).
The new kernel, F3(q1, q2, q3), can be symmetrized as

F @i, @, q3)

= ¢[73(a1, Q2. q3) + F3(q1. g3, )
+ F3(q2, q1, 93) + F3(q2, q3, q1)
+ -7:3(513a q1.q) + 7:%((13, 92, q1)]

54 |:F(Y)((I2, Qz) g 2 81(a1g2(q23)

+ F(q), q@;gl(qz)gz(qls)
2

s q3
+ F(q), <I2)—281((13)82((112)]

' 1 [G%z, a0 P (g

611‘123

81((12)/12((11%)

+G(qr, g3 L
2q13

+ GO )2

81((13)}12((112)1|
3‘112

7 Q23
+ 5—4k : [G(;)((h, q3)—5-81(qh2(q23)
2

s q13
+ G(2 (qi, (ls)q—?gl((h)hz(fm)
3

s qi12
+GY (a1, (lz)—2g1((l3)h2((l12)]
12
2

+ —_——
18 k3
+ gl(‘lz)gz(QB)Fzm(Qh q3)

[81(‘11)82@123)F2(5)(Q2, q3)
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+ 21(q3)g2(q12) F(q1, @)

- gl(ql)gl(qZ)gl(q3)i|- (B27)

In the limit of k; — 00, 73 — F3, and g3(k) = 1. Using (Sg,c(k)
introduced above, we write g3 as

35 . (K)

33.c(k)

7—6[1—5;—

2
7+ 5
i

g3(k) = (B28)

APPENDIX C
3PT TOTAL POWER SPECTRUM

We calculate the power spectrum of the total matter fluctua-
tions, 8 = f.6. + fpép = f.0. + (1 — f.)8p, which is given, up
to the third order in perturbations, by

8k, ) = febc(K, T) + frdn(k, T)
= feld1.c(K, T) +82.(Kk, ) + 83, c(K, T)]
+(1 = fOlB16(K, T) + 825K, T) + 83 (K, T)]
= fel81.c(k, T) + 82 0 (K, T) + 83 (K, T)]
+(1 = folg1(k)d1 o(k, ) + g2(K)d2 (K, T)

+g3(K)33 (K, 7)]. (ChH

The power spectrum is
27)* Pat(k)Sp(k + K') = (3(K)S(K)))
= ({fede(®) + (1 — f)8p(K)}H fedc(K)
+(1 = f)8p(k)})
= (8.8 (K) +2 fo(1— fo)(8,(K)S,
(K)) + (1 = fo)* (8p(K)5,(K))
= @)’ Lf Pek) + 2f(1 = f) Py (k)
+(1 = £ Py()1sp(k +K),  (C2)

(B26)

where P, P, ., and P, are

@) P(k)Sp(k + K') = (8.(k)S:(K))
= ({81.c(K) + 82,c(K) + 83, «(K)H81 o(K)
+82,0(K) + 85, .(K)})
= (81.:(K)81 (k) +2(81 ()83 - (K))
+(82,0(K)82,(K))
= (27’ [Py1,c(k) + 2Py3 (k) + P (k)]
x §p(k + k'), (C3)

27)’ Poc(k) p(k + K') = (8, (k)8 (k')

= ({g1(k)81 o (K) + g2(K)83 - (K)
+ g3(K)33 «(K)} {8 c(K)
+85.0(K') + 83 (K)})

= g1(k)(81.c(K)31 (k')
+ g1(k) (81.c(K)33,c(K'))
+ (g3(K)33, (k)81 (K))
+ (2(K)32,c(K)8,c (K)

= (27) [ Pr1.pe(k) + 2P13 (k)

+ Pope(K)épk +k),  (C4)
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Figure 5. Dimensionless power spectra, AX(k) = K3 P(k) / (272), for a matter component with pressure (i.e., baryon, neutrino, etc.) are shown for several redshifts
(z = 0.1, 1.0, 3.0, 5.0, 10, and 30). We show the nonlinear calculations with 3PT in the solid and dotted lines for k; = 1.0 and 3.0 h Mpc’l, respectively. We also
show the linear calculations in the dashed and dot-dashed lines for k; = 1.0 and 3.0 2 Mpc ™!, respectively.

27)* Py(k)Sp(k +K') = (8,(K)8,(K'))
= ({81(k)81,c(K) + g2(k)d2 (k)
+83(K)83,c(K)} x {g1(k)d1, (k)
+ 82K, (K') + g3(K)83,.(K)})
= g1 (k)(81,.(K)31,c(K))
+281(k) (31, (K)g3(K)33,c(K))
+(g2(K)82, (k) g2(k")32, . (K))
= 27V [Py1,p(k) + 2P13 5 (k) + Py (k)]
x Sp(k + k), (C5)
respectively.
Now, Pijc(k), Pi3.(k), and Py (k) can be numerically
calculated with the corresponding kernels, Fz(‘y) and F3(s):
Q27) Pri1 ()8 p(k + K') = (81,5 ()8 (K)))

= 81(k)(81,:(k)31,.(K)), (C6)

(27)* Pi3 pe ()8 p(k + K') = 3[(81 5(K)33 c(K))
+(81,c(K)33,5(K)]
5L&1(0) (81 ()83 (K)

+(81,c(K)g3 (k)33 (k)]

1 1
|:(gl(k)+ 7+—kz>

2 K
k5

X (81,c(K)3,c(K)) +

X <31,c(k)8§,c(k/)>}, (C7)

27)* Pr e (k)8 p (K + k') = (82,5(K)82,(K'))

= (g2(K)82..(K)82,(K))
0. e |:(52,c(k)52,c(k’))
3 k§

7
*3 (5§,C(k)52,c(k'))}, (C8)

Q) Pi1 p(k)Sp(k + k') = (81 5(K)81 (k)

= g7 (k)(81..(K)81 (K)), (C9)
Q) Pi3p(k)8p(k +K') = (81, (K)83,(K))

= g1(k)(81,0(k)g3 (k)83 -(K))

gl(k) ’
= ——[(61..(K)33 . (k
S 81008 . 0)

k5

+6(31,.(k)d; (k)] (C10)

27)’ P p(k)Sp (K +K') = (82,5 (1)85 5(K))

= (82(K)32,c(K)g2(k)d2, o (K))
1
—_— [(52,6-(k)3z,c(k’)>

(2+5)

14 L
+ 3 (02,009, (k)

49
+3<6§,C(k)8§,c(k/)>}. (C11)
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The ensemble averages of the products involving &), (k) are
given by

(81.c(K)8; (K)) = 38p(k +K) P11 (k)

x / dqFY(q, —q, k) Py (q)
o0
= 68p(k +K)Pyy (k) / dq q* P11 (q)
0

1
% / duFO(e —q, k). C12)
—1

(82,:(K)8 (K)) = 28p(k +K)
X / dqPi1..(q)Pi1c(k — q)FYY

x (g, k— F(q.k—q), (CI3)

(85, (k)8 (K')) = 28p(k + k) / dqPri(q)Pri(k —q])
x [Fq, k- @] (Cl14)

Here, the term, f (2‘17‘1)3]-"3(q, —q, k)Py1.(g), in Equation (C12)
is given by
d s
| oA @ —a 0P

dq (7 ,
_ [ _da {5_4k.[F;v(_q,k)—gl(q)gz(k )

()}

~Fq, k)%gl (@ga(k + q)}

Sk —
K2 |:F2(S)(—q, k)L_(S;gl(q)gz(k -

2(k

s q-k+q)
~F(q, k)qz(k—)zgl(q)gz(k + q)}
e FOa 0~ g @k — @)

54 |2 (k )2 e

+F,’(q. k>( )2 g1(Q)ga(k + q)]

1 (—q-K)(G>+k)\ q- (k—q)
—ﬁk2[<1+ o ) ko @s®

(q-k(g*+k)\q-(k+q)

_<1+ 2q2k2 ) z(k )2 %(q)gl(k)]

7 (—q-K@+)\ k—-q ,
— 5K [(1 + yeTe >(k_q)2g1(q)g1(k)

k) (g% + k2 k
+<1+(‘1 Z);Zk; ))(k:‘]')le(q)gl(k)]

2

+ ———
18 k2

+ g1k +F (g, k)

- g%(q)gl(k)“Pu,C(q), (C15)

[g1<q>g2(k — @QF(—q.k)
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where we have used Equation (B17) and Fz(s)(q, —q) =
G(;)(q, —q) = 0. We then calculate the angular average of
FO i, [duFy), for the linear filtering function of g, (k) =
1/(1 +k*/k3):

) 1
/,ld“f3 ~ 612360r85(1 + r2)(r2 + 522
+ 810101 + 52) + 900r25*
+60r*s2(105 — 12552 + 78s%)
+9r8(321 — 24852 + 159s%)
+27r%(126 — 87s% + 70s* + 95%)]
—243r8(=7 + 55% + 2sH[5(r* + sH)(—1 + 5)?

1+
+72(5 — 552 — 195* + 55%)] In g u

[[30r2s3[—14000s6

(=7 +552)

— 5|
+[10s? +3r2(1 + sH)][—35s>
+3r2(=7 + sH)][—2000s° + 135r3(—1 + 5%)?
+240r*s2(3 — 4s% + 35%) + 30072 (s* + 5%)
+27r%(5 + 55 — 95 + 559)]

1 1052 + 3r2(1 + 5)?

x Eln[10s2+3r2(1 —s)Z}H’ (C16)

where r = k/k; and s = k/q. We find that the calculation of
F3 is numerically unstable as k/k; — O (r — 0). The exact
limit of F3 is limy /¢, .0 3 — F3, and thus one may replace F3
with F3 for a sufficiently small value of k/k;.

Finally, we generalize the above results from an EdS universe
to general cosmological models, by writing

2 D2
2(( ))Pl](k ;) — Pk, t) = 7 ((‘:l))
5(1> i 8(0), k. 7) 2
X( (;)L+ Lo é6§+( ’ > Pk, ), (C17)
81 c+(k’ T*)/81,0+(k7 7,)

where 7; is some arbitrary epoch, 7, is the epoch where the pres-
sure effect becomes non-negligible (i.e., re-ionization epoch for
baryons and nonrelativistic transition for massive neutrinos),
and D(7) is the linear growth factor appropriate to a given
cosmological model. We obtain Equation (58) from combining
Equations (C8), (C13), and P, . given by Equation (A34). Simi-
larly, we obtain Equation (59) from combining Equations (C11),
(C13), (C14), and P ., Equation (60) from combining
Equations (C7), (C12), and Py3 . given by Equation (A36), and
Equation (61) from combining Equations (C10), (C12),
and Pj3 .

Figure 5 shows the dimensionless 3PT and linear power
spectra, A?(k) = k*P(k)/(2m?), for a matter component with
pressure at different redshifts (z = 0.1, 1.0, 3.0, 5.0, 10, and
30) with k; = 1.0 and 3.0k Mpc~!. The 3PT and linear
power spectra are similar at the highest redshift, whereas the
3PT has significantly more power than the linear spectrum at
larger wavenumbers as we go to lower redshifts. As a result, the
filtering scale for a given linear filtering scale migrates toward
larger wavenumbers in lower redshifts.
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