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Inference and Uncertainty Characterization in Complex

Structures

Qiaohui Lin, Ph.D.
The University of Texas at Austin, 2022

Co-Supervisors: Purnamrita Sarkar
Peter Miiller

The common theme of the projects in this thesis is statistical inference and
characterizing uncertainty for complex structures, including networks and separately

exchangeable data matrices.

In the first two projects, we focus on uncertainty quantification of network
subgraph count statistics. In the first project, we study the network jackknife procedure
to consistently estimate the variance of subgraph counts under the sparse graphon
model. In the second project, we develop a family of network multiplier bootstraps for
subgraph counts using linear and quadratic weights. In both projects, we complement
our theoretical proofs with simulation studies and real data analysis on social

networks.

In the final third project we consider the more elementary questions of

how investigators arrive at certain model assumptions, focusing on commonly used



symmetry assumptions known as various forms of exchangeability. In particular, we
argue for a more common use of separate exchangeability as a modeling principle.
We show how this notion is still ignored in some recent work, but could easily be

included.
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Chapter 1

Introduction

1.1 Graphon models and subgraph counts

Many applications involve data that are naturally characterized as networks.
Examples include social network data such as Facebook, and biological data such as
brain networks and protein-protein interaction networks. The increasing use of such

data calls for more statistical inference tools.

Subgraph count statistics (count functionals) are of great importance in
characterizing networks. For example, in biological networks, certain subgraphs may
represent functional subunits in the larger system (Milo et al., 2002; Chen and Yuan,
2006; Daudin et al., 2008; Kim et al., 2014). In social networks, the frequency of
triangles provides information about mutual friendships (Newman, 2001; Myers
et al., 2014; Ugander et al., 2011). Although many results have been established
to estimate subgraph counts on very large networks, quantifying the uncertainty of
such estimates remains less studied. Such work is critical for statistical inference and
has recently attracted much attention. Quantifying the variability of subgraph count
estimators not only reveals information about the data generating process, but also is
key to construct confidence intervals and conduct tests to compare networks. Such

inference will be discussed in details in Chapter 2 and Chapter 3.
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Resampling methods including jackknife, bootstrap, and subsampling have
been well studied for quantifying uncertainty in independent and identically dis-
tributed data, and some recent literatures (reviewed in Section 3.1) have started
to study and implement resampling methods on network data. In Chapter 2 and
Chapter 3, we develop our new family of network resampling methods in quantifying
subgraph counts, including network jackknife procedure and network multiplier
bootstrap family. We study the properties of these procedures, compare with current

methods and provide application examples on real world data.

1.1.1 The Sparse Graphon Model

Our network resampling methods are developed under sparse graphon models
for networks. Sparse graphon models are a very rich family of network models.
Many widely used network models such as stochastic block models (Holland et al.,
1983) and random dot product graphs (Young and Scheinerman, 2007) are all part of
this family. To formally define sparse graphon model, we use the parameterization
introduced by Bickel and Chen (2009). Let a size n graph be represented by a n X n
binary adjacency matrix {A(”)}neN and latent positions X1, ..., X, ~ Unif[0, 1]. We
assume that A® is generated by the following model: for i = j, Afl.”) = 0; for all

i # j,letn;; ~ Uniform[0, 1],
AL =AY = 1(myj < paw (X, X)) ~ Bernoulli(p,w (X, X)), (1.1)

where w is a graphon function that satisfies w : [0, 1]?> — R and is a symmetric
measurable function such that fol fol w(u,v) du dv =1 and w(u,v) < C for some

1 < C < co. We refer to w as a graphon. The parameter p,, = P(A;; = 1) determines

16



the sparsity level of the sequence {A™},cx. Many real world graphs are thought
to be sparse, with o(n?) edges; p, — 0 is needed for graphs generated by (1.1) to

exhibit this behavior.

Bounded graphons arise as a limiting object in the theory of graph limits;
see Lovéasz (2012). Alternatively, graphons are a natural representation for (infinite-
dimensional) jointly exchangeable arrays, where this notion of exchangeability
corresponds to invariance under vertex permutation; see for example, Diaconis and
Janson (2008). Bounded graphons subsume many other commonly studied network
models, including stochastic block models (Holland et al., 1983) and random dot

product graphs (Young and Scheinerman, 2007) as we mentioned above.

While boundedness of the graphon is a common assumption in the statistics
literature (see, for example, the review article by Gao and Ma (2019)), it should
be noted that unbounded graphons are known to be more expressive. As noted by
Borgs et al. (2019), unboundedness allows graphs that exhibit power-law degree
distributions, a property that bounded graphons fail to capture. For mathematical
expedience, in the present article, we focus on the bounded case, but we believe that

our analysis may be extended to sufficiently light-tailed unbounded graphons as well.

Here we illustrate two examples of sparse graphon models. They are also
the examples we use in simulation studies in Chapter 2. Chapter 3 also uses similar
examples, for which we do not provide details here to avoid repetition. The first
example for illustration is a Stochastic Block Model (SBM) (Holland et al., 1983), a
commonly used model to study networks with communities. In a SBM with sparsity

level p, and m number of communities, let binary matrix Z € {0, 1} denote

17
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Figure 1.1: Illustration of a three-community Stochastic Block Model as an example
of sparse graphon model: discretizing uniform latent positions and partitioning vertex
set (left), community-community interaction matrix (middle), and a realization of
size 20 p, = 1 graph formed by the model (right).

1.0 1.0 ® ® ®
o.s:r 038 ® ®
0.6 - 06 @ @ @ ©©
04 0.4 ® @ e ®
@
02 02 ® ®
0.0 T T T 0.0 @
00 02 04 06 08 1.0 @
Graphon w(X;, X;) = | X; — X|| GR(2) n =20,p, =1

Figure 1.2: Illustration of a continuous graphon model (GR(2)) as an example of a
sparse graphon model: graphon function (left), and a realization of size 20 p,, = 1
graph formed by the model (right).

cluster membership, and B denote a community-community interaction matrix. Let
a,b denote community label. Conditioned on Z;, = 1 and Z;;, = 1, nodes i and j

form an edge with probability p,Bp:
P(Aij =1]Zg,=1, Zjb =1) = ppBap-

Here we present in Figure 1.1 an example of three-community SBM, where member-
ship probability of three communities are (0.3,0.3,0.4), B = ((0.4,0.1,0.1), (0.1,0.5,0.1),

(0.1,0.1,0.7)) and a small size n = 20, p, = 1 graph generated from it.

18



For the second example of sparse graphon model, we consider a continuous

graphon which we call GR(2), where
P(Aijj=1|Xi=u,X; =v) = pulu—-v|.

We present in Figure 1.2 the illustration of this graphon model and a size n = 20

pn = 1 graph simulated from the model.

1.1.2 Subgraph Count Functionals

In this subsection, we present the definitions of subgraph counts. The count
functionals that we consider were first studied in Bickel et al. (2011). We first
introduce some notation needed to define these functionals. Let G, denote a graph
with vertex set V(G,) = {1,2,...,n} and edge set E(G,) c V(G,) X V(G,). Let
R € E(G,) denote the subgraph of interest parameterized by its edge set. For
convenience, we assume V(R) = {1, 2, ..., r}. Furthermore, let G,[R] denote the

subgraph induced by the vertices of R.

We consider two different types of count functionals. The first one counts
exact matches and has the following probability under the sparse graphon model:
(Eq 1.1):

P(R)=P(Gu[RI =R =E | [| powXXp) [] (1= puw(Xe x| (12)
(i.))eR (i,/)eR
We also consider the functional Q (R), which provides the probability of an induced
subgraph containing the subgraph R:

Q(R)=P(RCG,(R)=E| || puw(X: X)) (1.3)
(i,j)eR

19



Note that Q(R) is agnostic to the presence of additional edges. When the
graph sequence is sparse, P(R) and Q(R) are uninformative, as P(R), Q(R) — O.
Let s = |E(R)| and r = |V(R)|. Instead, define the following normalized subgraph

frequency:
P(R)=p,"P(R)  QO(R) =p,’ O(R) (1.4)

Furthermore, let Iso(R) denote the class of graphs isomorphic to R, and |/so(R)|

its cardinality. Our estimator of P(R) is given by:

S U5 = GylS)) (1.5)

P(R) = p;‘—(?) o(R)] 24

Similarly, define Q(R) as:

O(R) = p* D LS € GalS)) (1.6)

() lso(R)| &

Due to magnification by p,*, (1.4), (1.5), and (1.6) are not necessarily upper
bounded by 1; nevertheless, they are still meaningful quantities related to subgraph

frequencies.

It is not hard to see that P(R) = Q(R)(1 + O(py,)).

Examples of Count Functionals As examples of count functionals, we introduce

the edge, triangle, Two-star (V-star) density. which we explicitly define below.

P(Edge) = O(Edge) := ==/~

20



Zi<j<k AijAjkAi
(3)0n

i<k jdezi AijAik (1 — Ajg)
('31)/0%(1 — Pn)

i j<k,j ki AijAik
(3)0n

We have developed shortcuts to efficiently calculate these count statistics

P(Triangle) = Q(Triangle) :=

P(Two-star) :=

O (Two-star) :=

in large size graphs. Let C = A? be the matrix square of A. P(Triangle) can be
expressed as 3, (Cjj - Ai;) /6. P(Two-star) can be expressed as 2 (Gij- (1=A4i))/2,
while QO (Two-star) is Y, (‘é’) /2 where d; is degree of node i. We have also developed
approximated count functionals with its algorithm and properties introduced in

details in Chapter 3.

1.2 Exchangeability and other paradigms in Bayesian model

choices

In statistical inference we usually start with an assumed inference model.
In particular, in Bayesian inference many commonly used models take the form
of hierarchical models. While investigators usually do not extensively discuss the
motivation for such model choices, there are actually broadly applicable theoretical
results and representation theorems that one can rely on. We review such principles
in some detail in Section 4.1, and provide here just a brief summary. The perhaps
most widely invoked principle is exchangeability. In many problems it is natural
to require that any inference model should be symmetric with respect to arbitrary

re-labeling and change of indices for experimental units (patients, proteins, etc.).
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That is, the probability model should be invariant under a permutation of indices of

the experimental units.

The classic de Finetti’s theorem (de Finetti, 1930) states that exchangeability
of an extendable sequence xi,...,x, is equivalent to the assumption that it can
be expressed as conditionally independently identically distributed from a random
probability P, where P ~ L. The de Finetti measure £ can be interpreted as
the prior in the Bayes-Laplace paradigm, thus calling for a Bayesian hierarchical
model. Partial exchangeability satisfies invariance for permutations of observations
only within sub-populations. Thus, the order of observations is only irrelevant
when the membership of observations in sub-populations are preserved. Partial
exchangeability allows meta analysis for modeling data from related populations
and borrowing information across populations. However, it is common in many
studies to have more than one type of experimental units. The need of separate
exchangeability arises from a more complex structure of data. It allows two types of
experimental units with the data usually recorded as a data matrix. For example, in
one of the examples we studied different microbiomes observed in different subjects.
Separate exchangeability indicates invariance under separate permutations of rows
and columns, respectively. Mathematically, using 2 {0 denote equality in distribution,
a data matrix Z is separately exchangeable if

d
Zl:n,l:J = Zm(l:n),nz(l:J)

for separate permutations 7 and m, of rows and columns. Under such constructions,
the Aldous-Hoover representation theorem (Aldous, 1981; Hoover, 1979) for sepa-

rately exchangeable arrays allows the data to be modelled in a hierarchical model in
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terms of latent quantities. This result has motivated Bayesian statistical inference for

such array data. We discuss these principles in more details in Chapter 4.

Exchangeability in graphon models Sparse graphon models exhibit vertex ex-
changeability. The distribution of the random graph is unchanged when node labels

are permuted. It is natural to see that the adjacency matrix is thus jointly exchangeable:

d
Al:n,l:n = An(l:n),n(l:n)

using the same permutations of & over rows and columns. Jointly exchangeability
is close to separately exchangeability and is also subject to the Aldous-Hoover
representation of extendable (infinitely-dimensional) exchangeable arrays. Many
models studying graphs and relational data, including the sparse graphon model we
study here, are motivated by Aldous-Hoover representation theorems for exchangeable

arrays (Bickel and Chen, 2009; Lloyd et al., 2012; Caron and Fox, 2017).

1.3 Nonparametric Bayesian inference

Nonparametric Bayesian (BNP) models are Bayesian models with infinite-
dimensional parameters (Ghosh and Ramamoorthi, 2003; Miiller et al., 2015).
Performing Bayesian inference on such models requires a prior probability model
on the infinite-dimensional parameters. Such prior models are known as Bayesian
nonparametric priors. The Dirichlet Process (DP), introduced by Ferguson (1973,
1974), an infinite-dimensional priors over distributions with discrete sample draws, as

an analogue to the finite-dimensional Dirichlet Prior, is the most popular BNP Priors
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and remains the cornerstone of many BNP models. For more currently available
BNP tools, extensive reviews of recent BNP priors beyond the Dirichlet and related

processes can be found in Phadia (2015) and Hjort et al. (2010).

The essence and one of the biggest advantages of BNP models as pointed
out by Hjort (2003), is flexibility. The data is not restrictively modelled by a fixed
number or a low number of parameters. BNP models allow a growing number of
parameters with increasing sample size, and in some cases, even growing number of

candidate models.

Over the past few decades, nonparametric Bayesian methods have found a
wide range of applications on many problems such regression, survival analysis,
hierarchical models, clustering and feature allocation (Miiller and Quintana, 2004).
In our motivating examples in the third project, we focus on regression and nested
random partition problems using BNP models, and discuss the use of separate

exchangeability as a modeling principle under these models.

1.4 Contributions

The three project in this thesis include several original contributions to the
theory of random graph models as well as to basic modeling principles in Bayesian

statistics.

Network Jackknife In Chapter 2, we propose a leave-node-out jackknife procedure
for network data and study its properties. Under the sparse graphon model, we

prove an Efron-Stein type inequality, showing that the network jackknife is always
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conservative in expectation as an estimate of the variance for subgraph counts. We
also establish consistency of the network jackknife. We complement our theoretical
analysis with a range of simulated and real world data examples and show that the
network jackknife offers competitive performance in cases where other resampling
methods are known to be valid. In fact, for several network statistics, we see that the
jackknife provides more accurate inferences compared to related methods such as

subsampling.

Network multiplier bootstrap In Chapter 3, we propose a new class of multiplier
bootstraps for subgraph counts. Based on first and second-order terms of Hoeffding
decomposition of the bootstrapped statistic from multiplier bootstrap respectively,
we propose bootstrap procedures with linear and quadratic weights. We show that the
quadratic bootstrap procedure achieves higher-order correctness for appropriately
sparse graphs. The linear bootstrap procedure requires fewer estimated network
statistics, leading to improved accuracy over its higher-order correct counterpart in
sparser regimes. To improve the computational properties of the linear bootstrap
further, we consider fast sketching methods to conduct approximate subgraph counting
and establish consistency of the resulting bootstrap procedure. We complement our
theoretical results with a simulation study and real data analysis and verify that our

procedure offers state-of-the-art performance for several functionals.

Separate exchangeability. In Chapter 4, we introduce the notion of separate

exchangeability as a modeling principle. The main contributions in that chapter are:
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(i) recognizing and clarifying the need of respecting separate exchangeability in
model constructions and (ii) discussing two specific models that implement separate
exchangeability. In many parametric models such structure is naturally respected.
However, this is not the case in many nonparametric Bayesian models. We identify
one example in recent literature in an analysis of microbiome data, and study one
other example with original data from a protein study of a neurodegeneration disease.
In both cases we discuss how to use separate exchangeability as a modeling principle.
Methodologically, in the latter application we show how separate exchangeability is
naturally respected in a nonparametric regression implemented as a popular dependent
Dirichlet process model with appropriate choices. In the earlier application we modify
a common atoms model for dependent (subject-specific) random probability measures
to respect separate exchangeability by carefully introducing parameters in the model

to reflect the desired symmetry.
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Chapter 2

On the Theoretical Properties of Network Jackknife

This chapter is published in the Proceedings of Machine Learning Research
(Lin et al., 2020a). Contribution Statement: My contribution for this chapter includes
performing the research, developing the theories and their proofs, developing analytic
tools and R code for this work, analyzing data (simulated data and real-world data). I

have also contributed to the writing of this chapter.

2.1 Introduction

Network-structured data are now everywhere. The internet is a giant, directed
network of webpages pointing to other webpages. Facebook is an undirected network
built via friendships between users. The ecological web is a directed network of
different species with edges specified by ‘who-eats-whom’ relationships. Protein-
protein interactions are undirected networks consisting of pairs of bait-prey proteins
that bind to each other during coaffinity purification experiments arising in mass

spectrometry analysis.

In these application areas, it is often of interest to characterize a network using
statistics such as the clustering coefficient, triangle density, or principal eigenvalues.

There has been a substantial amount of work on approximating these quantities
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with small error on massive networks Feige (2006); Goldreich and Ron (2008);
Assadi et al. (2018); Eden et al. (2017); Gonen et al. (2010); Kallaugher et al. (2019).
However, comparatively little attention has been paid to assessing the variability of
these statistics with a few exceptions that we will discuss shortly. Quantifying the
uncertainty of these estimators is of utmost importance, as it gives us information
about the underlying variability of the data generating process. Take for example the
problem of comparing two networks, which is a key question in many biological
applications and in social network analysis. A natural direction would be to first
obtain resamples of networks to construct distributions of different summary statistics
and then compare these distributions. While there has been some recent interest
in two-sample tests for networks Kim et al. (2014); Durante and Dunson (2018);
Ghoshdastidar et al. (2017); Tang et al. (2017), very few works use resampling to

compare networks.

Resampling methods have a long and celebrated history in statistics, with the
bootstrap, jackknife,and subsampling being the three main forms. There is a now
vast literature developing these methods for IID data; for seminal works in this area,
see Quenouille (1949); Efron and Tibshirani (1986); Bickel et al. (1997); Politis et al.
(1999); Shao and Wu (1989). Even when the data are not independent, resampling
methods have been shown to yield asymptotically valid inferences for a wide range of
functionals under various dependence structures. For weakly dependent time series,
for example, the key innovation is to resample contiguous blocks of data instead of
individual observations. Under mild conditions on the block length and nature of

dependence, blocked variants of resampling methods, including the block bootstrap
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(Kiinsch, 1989), block subsampling (Politis and Romano, 1994), and the blockwise
jackknife (Kiinsch, 1989) have been shown to asymptotically capture the dependence
structure of the data, leading to theories that closely resemble the corresponding

theories for IID data.

Recently, some work has started to emerge involving resampling procedures
for networks. Levin and Levina (2019) propose two bootstrap procedures for random
dot product graphs that involve estimating the latent positions and resampling the
estimated positions to conduct inference for the functional of interest. The authors
establish bootstrap consistency for functionals that are expressible as U-statistics
of the latent positions, which encompasses many important classes of functionals

including subgraph counts.

Lunde and Sarkar (2019) consider a procedure that involves subsampling
nodes and computing functionals on the induced subgraphs. This procedure is shown
to be asymptotically valid under conditions analogous to the IID setting; that is,
the subsample size must be o(n) and the functional of interest must converge to a
non-degenerate limit distribution. Previously, Bhattacharyya and Bickel (2015) had
shown the validity of subsampling for count functionals. By proving a central limit
theorem for eigenvalues, Lunde and Sarkar (2019) also establish subsampling validity
for these functionals under certain conditions. Finally, in Green and Shalizi (2017),

the authors propose sieve and nonparametric bootstrap procedures for networks.

We would like to note that that both the sieve approach of Green and
Shalizi (2017) and the latent position estimation approaches of Levin and Levina

(2019) depend on accurately estimating the underlying graphon. The nonparametric
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bootstrap procedure described in Green and Shalizi (2017) requires resampling much
larger networks from a size n network, leading to computational inefficiency. Even
subsampling requires weak convergence and a known rate of convergence; it turns
out that the latter may be estimated (Bertail et al., 1999), but doing so entails a
substantial increase in computation and is likely to adversely affect the finite-sample
performance of the procedure. While asymptotically valid under general conditions,
the finite-sample performance of subsampling methods is known to be sensitive to

the choice of tuning parameters; see for example, Kleiner et al. (2014).

2.1.1 Our Contribution

In the present work, we study the properties of a network jackknife introduced
by Frank and Snijders (1994) under the sparse graphon model. On the theoretical
side, we make two primary contributions. First, analogous to the IID setting, we
show that the network jackknife produces variance estimates that are conservative in
expectation under general conditions. Our result here justifies the network jackknife
as a rough-and-ready tool that produces reasonable answers (erring on the side of
caution) even when the asymptotic properties of the functional of interest are poorly

understood.

While the upward bias of the network jackknife is a favorable property, it
does not provide information as to how the jackknife compares to other resampling
procedures for more well-understood functionals. As another theoretical contribution,
we establish consistency of the jackknife for a general class of count statistics studied

in Bickel et al. (2011). We also extend our result to smooth functions of counts,
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which encompasses widely used measures such as the transitivity coefficient.

We complement our theoretical results with an empirical investigation of
the network jackknife on both simulated and real datasets. In our simulation study,
we study the rate of convergence of the jackknife variance estimate for two sparse
graphon models under a range of choices for the network functional. Our results
suggest that by and large, the jackknife has better finite-sample properties than
subsampling. For real data, we conduct network comparisons of Facebook networks
constructed from a number of different colleges such as Caltech, Berkeley, Stanford,

Wellesley, etc.

The paper is organized as follows. In Section 2.2, we do problem setup and
introduce notation. In Section 2.3, we present our theoretical results and some proof
sketches. Finally in Section 3.6 we present experimental results on simulated and

real networks.

2.2 Background

In this section, we first briefly recall the original Jackknife for IID data. Then
we describe the network jackknife procedure under sparse graphon models. Recall

that the sparse graphon models are introduced in Section 1.1.1.

2.2.1 The Jackknife for IID Data

The jackknife, attributed to Quenouille (1949) and Tukey (1958), is a resam-
pling procedure that involves aggregating leave-one-out estimates. More precisely,

letYy,...,Y, ~ Pand let S, be a permutation-invariant function of n variables. Fur-
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thermore, let S, ; denote the functional computed on the dataset with ¥; removed and
letS, = % ?21 Sn.i- The jackknife estimate of the variance of S,_; = S(Y1,...,Y,—1)
is given by:
n
Varjack Sn-1 = Z(Sn,i - 5,)? (2.1)
i=1
For appropriately smooth functionals, it is well-known that the jackknife
consistently estimates the variance; see for example, Shao and Tu (1995). The
bootstrap, introduced by Efron (1979), typically requires weaker regularity conditions
than the jackknife for consistency. In fact, it is well-known that the jackknife is
inconsistent for the median (Miller, 1974) while the bootstrap variance remains

consistent under reasonable conditions (Ghosh et al., 1984)1.

However, for more complicated functionals, it may often be the case that both
the bootstrap and the jackknife are inconsistent2. Even in these cases, the jackknife
still provides reasonable answers. The remarkable inequality of Efron and Stein
(1981) asserts that the jackknife is always upwardly biased, ensuring a conservative

estimate of the variance.

Since networks are inherently high-dimensional objects, asymptotic results
are often harder to come by compared to the IID setting. The theory of the jackknife
for IID processes suggests that, even in this challenging regime, a network analogue

of the jackknife may have some advantageous properties.

1t should be noted that the delete-d jackknife is valid under more general conditions; see Shao
and Wu (1989).

2Recent work by Fang and Santos (2019) suggests that Hadamard differentiability of g is both
necessary and sufficient for bootstrap consistency of g(6,) whenever 8, is asymptotically Gaussian.
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2.2.2 The Network Jackknife Procedure

Let f : {0,1} "~ X"~1 1 R denote a function that takes as inputan—1xn—1
adjacency matrix and let Z,; denote the random variable formed by applying f
to an induced subgraph with node i removed. Under the model (1.1), observe that
each induced subgraph formed by leaving a node out is identically distributed
as a consequence of vertex exchangeability. Therefore, functionals calculated on
these induced subgraphs are similar in spirit to the the leave-one-out estimates for
the jackknife in the IID setting. Following Frank and Snijders (1994), a natural

generalization of the jackknife to the sparse graphon setting is given by:

n

Varjack Zn-1 = Z(Zn,i ~Z,)* (2.2)

i=1

where Z, = 1

p l’.’zl Z,; and Varjack Z,-1 1s an estimate of Var Z,_, the variance

with respect to an induced subgraph with node set {1,...,n — 1}. We would like to
note that letting Z,_; := Z,, constitutes a slight abuse of notation since p,_1 need

not equal p,, but doing so substantially improves the readability of our proofs.

2.3 Theoretical Results
2.3.1 The Network Efron-Stein Inequality

The first result we state here is our generalization of the Efron-Stein inequality
to the network setting. Intuitively, the Efron-Stein inequality may be thought of as a
general property of functions of independent random variables. While edges in the
adjacency matrix are dependent through the latent positions, the fact that they are

functions of independent random variables allow us to prove the following:
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Theorem 1 (Network Efron-Stein Inequality). If Z,,—| is a permutation invariant

statistic, then we have,

Var Z,—1 < E(Varjack Zn-1) (2.3)

The main ingredients in our proof are an adaptation of a martingale argument
due to Rhee and Talagrand (1986) and an appropriate filtration for graphon models
inspired by Borgs et al. (2008). We provide a proof sketch below; for details, see
Appendix A.1.

Proof Sketch. As discussed in the Supplementary Material, for 1 < i < n, we may
express Z,; as a measurable function of latent positions X; ~ Unif[0, 1] for1 <i <n
and 7;; ~ Unif[0, 1] for 1 < i < j < n. More precisely, Z,; is a function of the

variables that are not shaded below:

Xi m2 m3 . M . Min

X2 M3 . M . N

X3 ... m3 N3n
Zni=8 (2.4)

Xi Miiv1 - Nin

Xn-1 Th-1,n
X
We design a martingale difference sequence d;,

di = E(Zn1|%i) — E(Zn-1]Zi-1), (2.5)
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based on filtration 2;:

Ei = O-{Xl’ ’ Xl'$ 125 M1is 1235 5 M2i5 5 5 771'—1,1'}

X1 m2 o M- N
Xo o M-l Mo
.. (2.6)
=T ;
Xi—2 Mi-2,i-1, Mi-2,
Xi-1 Mi-1i
Xi
Then we can show that,
n—1
Var Z,_; = Z Ed’.
i=1
On the other hand, the expectation of Jackknife estimate is:
n
. E(Zn1 — Zup)?
E;(zn,,-— W)= (= ) @.7)

Now, we construct another filtration A such that E(Z, ;| A) = E(Z, 2| A).

In particular, we use:
A=0{Xz3, ..., Xis1, N34, - - s M3it15 - - s Niir1 }- (2.8)
This is essentially ;. , with the first and second row and columns removed. Define

U= E(Zn,1|2i+l) - E(Zn,llﬂ)

V= E(Zn,2|2i+1) - E(Zn,Zlﬂ)

Using the fact that E(X?) = E(E(X?|X)) > E(E[X|Z)?) for some random variable

X which is measurable w.r.t to some Sigma field X, we get:
E(Zy1 — Zn2)* = E(U -V)* =2E(d?) (2.9)

The result follows from plugging in Eq 2.9 to Eq 2.7. O
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Remark 1. Using the aforementioned filtration for graphon models, is also possible
to prove another network variant of the Efron-Stein inequality following arguments
in Boucheron et al. (2004). This alternative procedure does not require the functional
to be invariant to node permutation and allows flexibility with the leave-one-out
estimates. However, the resulting estimate is often not sharp. See the Appendix A.6

for more details.

2.3.2 Beyond the Efron-Stein inequality

While the Efron Stein inequality in Theorem 1 is surprising and useful for
estimating uncertainty for network statistics, it would be much more satisfying if
indeed the jackknife estimate of variance in fact coincided with the true underlying
variance, at least asymptotically. We want to draw the attention of the reader to
leftmost panel in Figure 2.1. The solid black line shows the mean and standard error
of the ratio between the jackknife estimate of the variance and the true variance for
edge density for a blockmodel and a smooth graphon (details in Section 3.6), as
graph size grows. This figure shows the surprising trend that, in fact, the jackknife
estimate is not only an upper bound on the true variance; it is in fact asymptotically
unbiased. Our next proposition establishes exactly that. In what follows, let Z,, denote

the edge density (see Section 3.6).

Proposition 1. Suppose that /01 /01 w?(u,v) du dv < o and np, — oo. Let

02 =limy—e0 1 - Var(Z,_;). Then,

n - E(Varjack Zn—1) — 0> (2.10)
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The proof of the above result involves tedious combinatorial arguments and is
deferred to the Appendix A.4. The above proposition says that, the jackknife estimate
of variance of the edge density of a sparse graphon model (see Eq 1.1), in expectation,
converges to the true variance. This is a somewhat weak result, since it does not
say anything about the jackknife estimate obtained from one network. However, it
begs the question, whether a stronger result is true. In fact, in the next section, we
prove that for a broad class of count functionals, the jackknife estimate is in fact
consistent. This paves the way to the next section, which we start by introducing

count functionals.

2.3.3 Jackknife Consistency for Count Functionals

In this section, we study the properties of the jackknife for subgraph counts,
which are an important class of functionals in network analysis. In graph limit theory,
convergence of a sequence of graphs can be defined as the convergence of appropriate
subgraph frequencies (Lovész, 2012). More practically, subgraph counts have been
used to successfully conduct two-sample tests in various settings. In social networks,
for example, the frequency of triangles provides information about the likelihood of

mutual friendships/connections and is therefore a useful summary statistic.

Recall the definitions of count functionals in Section 1.1.2. Bickel et al. (2011)
establish a central limit theorem for these functionals under general conditions on
the sparsity level and structure of the subgraph. Under analogous conditions, we

establish the following consistency result:

Theorem 2 (Jackknife Consistency for Counts). Suppose that R is acyclic graph
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and np, — oo or R is a simple r-cycle and n"~ p! — oo. Furthermore, suppose that

S W2 (u,v) du dv < co. Let 0 = limy oo 1 - Var P(R). Then,

n- Va\r]ACK IS(R) i) 0'2 (211)

Our proof relies on a signal-noise decomposition of the jackknife variance.
Bickel et al. (2011) establish that the variance of a count functional is largely driven
by the variance of a U-statistic related to the edge structure of the subgraph. For
this U-statistic component of the decomposition, results for jackknifing U-statistics
due to Arvesen (1969) may be used to show convergence in probability towards the
variance of the corresponding U-statistic. Since the jackknife is a sum of squares, we
are able to decouple the effects of a remainder term and show that it is negligible.

We provide a sketch below, and defer the details to Appendix A.2.

Proof Sketch. Define density (normalized counts) of R when leaving ith node out is
Zni = (”;1)_1p;S(T —T;), where T is total counts of R in G, r and s are number

of vertices and edges in R. Define Z, = (’rl)_]p,;“T. Then Varjack = 3, (Zni — Zn)2
Var P(R) = Var Z,.

Theorem 1 of Bickel et al. (2011) establishes that nVar(Z,) converges to a
positive constant. Thus we scale VngACK by n, and decompose n\’lngACK into
n| Y (@i = @)*=2 ) (@i = @) (Bi =B+ ) Bi=B)|,  (2.12)
i i i
where @; = Z,; — E(Z,;|X,), Bi = E(Zyi| X0), @ = 1 30 i, B = L 30, Biand
X, = (Xi,...X,). The term n 3;(8; — B,)* corresponds to the signal component

discussed before the theorem statement.
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We show in the Supplement that E Y;(a; — @,)? can be further written into
E Y57 cov(S,T|X,)]|.VS,T ~ R.ByBickeletal. (2011), E [ Y57 cov(S,T|X,)]|=
0(%). ny.:(a; — a@,)? is thus negligible by Markov Inequality. The cross term

nY(a; — a,)(B; — B,) is also negligible by the Cauchy-Schwartz Inequality.

Remark 2. Our theoretical results hold for both notions of subgraph frequencies.
However, note that O (R) is independent of n, but P(R) depends on n and approaches
O(R). While vr[P(R) — P(R)] and vn[Q(R) — O(R)] have the same limiting
variance, inference for a fixed target using P(R) requires stronger sparsity conditions;

namely p,, = o(1/+/n). See Section 2.3.4 for a related discussion.

Remark 3. Central limit theorems and jackknife consistency can also be shown
for more general (cyclic) graphs. However, in these cases, more stringent sparsity

conditions are needed.

Now, let f(G,) denote a function of the vector (P(R)), ..., P(Ry)). Further-
more, let V f denote the gradient of f and u € R? the limit of (P(R)), ..., P(Ry))
as n — oo; it turns out that u corresponds to an integral parameter of the graphon

related to the edge structure of the subgraph. We have the following result.

Theorem 3 (Jackknife Consistency for Smooth Functions of Counts). Suppose that
(R1, ..., Ry) are simple cycles and n"i~'pli — oo fori € {1,...,d} corresponding
to simple cycles, or acyclic graphs and np,, — oo. Let s* = max{|E (Ry),

...E(Ry)} and suppose that fol /01 w? (u,v) du dv < co. Furthermore, suppose

39



that V f exists in a neighborhood of u, Vf(u) # 0, and that V f is continuous at p.
Let 0']% is the asymptotic variance of \n[ f(G,) — f(E(G,))]. Then,

n - Vatack f(Gy) = o

Proof Sketch. Let Z,,; = (Z,;(1),...Z,;(d)), where d is a constant w.r.t n and each
entry corresponds to a count functional with node i removed. Let Z,, = % 1 Zni-

We use a Taylor expansion of f(Z, ;) around Z,.

F(Zni) = F(Zo) + VT (Zni = Za) + (VL (&) = V() (Zni — Z2),

E;

where &; = (41, - .5 Gig) = ¢iZni + (1 = ¢;)Z, for some ¢ € [0, 1]. Thus, we also

have:

F(Z0) =T =V ) (Zi = Za) 4 Ei =~ 3 E;
i (2.13)

I; 11;
We bound n ¥;(1;)*> and n 3, (11;)* separately. Let X denotes the covariance matrix
of a multivariate U-statistic with kernels (A1, ..., hg), where each h; is the kernel
corresponding to the count functional in the j* coordinate of the vector Z, (see Eq

A.7 for detailed definition). We can show that
n ) (1) = V() V()| = 0p(D).
i

We can also show that n Y (11;)? is also op(1). Then, let u, = E[Z,]. Note that if
one counts subgraphs by an exact match as in Bickel et al. (2011) y, — p. If one

counts subgraphs via edge matching, u,, = u. Thus, both these types of subgraph
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densities, which asymptotically have the same limit, can be handled by our theoretical

results. By Theorem 3.8 in Van der Vaart (2000),

Vi(f(Z) = f () ~> N(O,V f () ZV f (1))

This shows that the jackknife estimate of variance converges to the asymptotic

variance of f(Z,). The proof is deferred to the Appendix A.3. O

2.3.4 A Remark on the use of the Network Jackknife for Two-Sample Testing

In principle, the jackknife variance provides a quantification of uncertainty
that may be used for many inference tasks. When the limiting distribution is
Normal, one may use a Normal approximation; otherwise, one may use Chebychev’s
inequality. However, in these cases, the centering is 6,_; = E(Z,-), which depends
on n. Inferences about 6,_; are often useful for a single graph, but for two-sample
testing, issues may arise when comparing networks of different sizes. Probability
statements involving a fixed population parameter 6 are needed. To ensure that the
jackknife yields valid inferences for an appropriate population parameter, we will
need to impose some additional assumptions. In what follows, let {7, },ci denote a
sequence of normalizing constants and let U,_; = ,_; — 0 for some 6 € R. We have

the following result:

Proposition 2. Suppose that 1, — oo and 1,U,, ~» U for some non-degenerate U

with mean 0 and variance o and {(1,U,)?} nen is uniformly integrable. Then,

A R Var U,
70(6y = E(8,)) ~> U, Var LN (2.14)
a

n
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Figure 2.1: Ratio of Jackknife estimate Varjack to true variance Var for

edge density, triangle density, two-star density and transitivity in size n =
100, 500, 1000, 2000, 3000 graphs simulated from the SBM (top) and GR2 (bottom),
compared to subsampling with b = 0.05r, b = 0.1n, b = 0.2n variance estimation
on the same graphs.

As a consequence of Proposition 2, if a central limit theorem is known
for v/n U, and a uniform integrability condition is satisfied, then one may use the
jackknife variance in conjunction with a Normal approximation to conduct (possibly

conservative) inference for 8. For count functionals, we have mentioned when this

condition holds, so in this case it does not need to be checked.
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2.4 Experiments

In this section, we present simulation experiments and experiments on real
data. For simulations, we compare our variance estimate with that estimated using
subsampling. We present our results on two graphons. For real data, we compare
networks based on C.1.’s constructed using jackknife estimates of variance of network

statistics like edge or triangle density and normalized transitivity.

Count functionals used In this chapter, we consider the edge, triangle, two star
density introduced in Section 1.1.2. We use P(Edge) (same as Q (Edge)), P(Triangle)
(same as Q (Triangle)) and O (Two-star) (asymptotically same as P(Two-star)). As a
smooth function of count statistics, we use:

P(Triangle)

Normalized transitivity := — .
O (Two-star)

Here we use Q(Two-star) instead of P(Two-star) for the purpose of compu-
tation simplicity and for the fact that Q is independent of n. In a hypothesis test, it is
more natural to use a statistic whose expectation does not depend on n, since one
may wish to compare two networks of different sizes. See Remark and Section 2.3.4

for details.

2.4.1 Simulated Data

We simulate graphs from two different graphons. The first is a Stochastic
Block Model (SBM) Holland et al. (1983), which is a widely used model for networks

with communities. A SBM is characterized by a binary cluster membership matrix

43



Z € {0, 1}’ where r is the number of communities, and a community-community
interaction matrix B. Conditioned on Z;, = 1 and Z;;, = 1, nodes i and j form a link
with probability B,;,. We use B = ((0.4,0.1,0.1), (0.1,0.5,0.1), (0.1,0.1,0.7)) and

generate a Z from a Multinomial(0.3, 0.3, 0.4).

For the other graphon, we consider the following parameterization:
hy(u,v) =P(A;j=1|Xi=u,X; =v) = vy|lu—v| (GR2)

where v,, is a sparsity parameter. We use v, = n~'/3. We denote this graphon by GR2.

From these two graphons, we consider graph size n of n = 100, 500, 1000, 2000,
3000. For each n, we simulated 100 graphs to calculate the approximate true variance
of edge density, triangle density, two-star density and normalized transitivity among

these graphs.

Computation:  For each simulated network, we remove one node at a time,
recalculate a statistic Z,; on the graph with (n — 1) nodes left. Next we compute
the jackknife estimate of the variance Ve;rJACK =2 (Zni — Z,)?, where Z, is the
average of the Z, ;’s. It should be noted that for some statistics, jackknife, owing to its
leave-one-node-out characteristic, can be implemented to reduce computation. For
example, in calculating triangles, we calculate the number of triangle on the whole
graph once and the number of triangles each node is involved in. This can be done by

keeping track of the number of common neighbors between a node and its neighbors.

For each statistic mentioned, we report the mean of the ratio V;I'JACK/ Var Z,,

among 100 graphs of each n and a 95% confidence interval from the standard
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deviation from a normal approximation of these 100 ratios. We also plot a dotted line
to denote 1. Closer to this line a resampling procedure is, the better. In Figure 2.1, we
plot this on the Y axis with n on the X axis. We also plot the same for subsampling
with b = 0.05n, b = 0.1n, b = 0.2n performed on the same graphs. Figure 2.1 a,b,c,

and d contain results for the SBM, whereas the rest are for the smooth graphon.

We see that for both graphons, Varjack /Var converges to 1 much more
quickly in comparison to subsampling and has much smaller variance. These figures
also show how susceptible the performance of subsampling is to the choice of b. For
b = 0.05n, subsampling overestimates the variance, and exceeds the upper bound on
Y axis of some of the figures. In Figure 2.1 (h) we see that VngACK for the normalized
transitivity converges slowly for GR2, and subsampling with all choices of b are

worse as well.

Eigenvalues: Here we examine the performance of jackknife on assessing the
variance of eigenvalues, to which we have not yet extended our theoretical guarantees.
In Figure 2.2 we show the Varjack /Var for the two principal eigenvalues of the
SBM ((a) and (b)) and two graphons described before. Here we only compared with
subsampling with b = 0.3n and n = 1000, 2000, 3000 as subsampling for eigenvalues
in sparse graphs only works asymptotically for very large n Lunde and Sarkar (2019).
For smaller n and b in our sparsity setting, we saw that subsamples of adjacency
matrices often were too sparse leading to incorrect estimate of the variance. Let us
first look at Figure 2.2 (a) and (b) for the SBM setting. For both the eigenvalues in this

case, Varjack /Var converges to 1, whereas subsampling consistently underestimates
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Figure 2.2: Ratio of Jackknife estimate Varjack to true variance Var for first and

second eigenvalues in size n = 100, 500, 1000, 2000, 3000 graphs simulated from
stochastic block model in (a) and (b) and the graphon GR2 in (c¢) and (d), compared
to subsampling with » = 0.3n variance estimation on the same graphs.

the true variance. For graphon GR2, we see from Figure 2.2 (c) that both jackknife
and subsampling estimate the true variance well, whereas for the second eigenvalue
(see (d)) they both perform extremely poorly. These preliminary results of jackknife

estimates show tentative evidence that our theory can be applied to statistics beyond

count statistics, like eigenvalues, which we aim to investigate in future work.

2.4.2 Real-world Data

We present two experiments using Facebook network data Rossi and Ahmed
(2015). In the first experiment, we compared three colleges: Caltech, Williams and
Wellesley. While Caltech is known for its strength in natural sciences and engineering,
Williams and Wellesley are strong liberal arts colleges. They all have relatively
small number of students (800-3000), but with different demographics. For example,
Wellesley is a women’s liberal arts college, whereas the other have a mixed population.

We present the 95% confidence intervals (CI) obtained using a normal approximation
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with the estimated variances for two-star and triangle densities for these networks.

We see that while all three have similar two-star density, Wellesley has
significantly higher triangle density. We also see that CI's from jackknife and
subsampling with b = 0.1n and b = 0.2n are comparable. Subsampling with
b = 0.05n tends have a wider CI, as it overestimates the variance. It is interesting to
note that, for triangles, subsampling with 4 = 0.2n took nearly 10 times as much
time as jackknife, since we used the leave-one-node-out structure. In comparison, for

both methods, two-star counting is overall much faster than counting triangles.

In the second experiment, we look at three college pairs: Berkeley and
Stanford, Yale and Princeton, Harvard and MIT. First we decide which statistic
differentiates between a given pair. For this, we split each college data set in half, into
a training set and test set. On each of training set, we estimated their triangle density,
two-star density, normalized transitivity and their variances estimated by jackknife,
demonstrated in Table 2.1. Interestingly, in Table 2.1, the triangle density is large
for all colleges, owing to the sparsity of the networks. From Table 2.1 we can see

normalized transitivity estimates have relatively smaller variance and well separates
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Table 2.1: Triangle, two-star density and normalized transitivity and their variances
estimated in college training sets

College Triangle Two-star ~ Norm. Trans.
Est Var Est Var Est Var

Berkeley 77.95 18.10 6.31 0.27 37.05 5.57
Stanford 36.62 5.12 590 0.11 1861 0.16
Yale 2420 240 522 0.09 13.90 0.06
Princeton 20.87 234 525 0.11 1191 0.06
Harvard  38.56 5.11 6.28 0.10 18.43 0.10
MIT 3020 7.89 6.11 0.24 14.82 0.15
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Stanford Princeton MIT

Figure 2.4: For 3 pairs of colleges, 97.5% CI constructed using VEI'JACK on normalized
transitivity

each of the pairs in training sets. Thus we choose normalized transitivity as the test
statistic. We now obtain jackknife estimate of variance of normalized transitivity

using the the test sets.

Figure 2.4 presents 97.5% CI’s for normalized transitivity for each college.
Thus, two disjoint CI’s are equivalent to rejecting a level 0.05 test. Figure 2.4 basically
shows that transitivity can in fact separate Berkeley and Stanford Facebook networks,

as well as Harvard and MIT Facebook networks, giving us interesting information
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about the inherent differences between the network structures of these colleges.

2.5 Discussion

In the present work, we have shown that the network jackknife is a versatile
tool that may be used in a wide variety of situations. For poorly understood functionals,
the Network Efron-Stein inequality ensures that the jackknife produces conservative
estimates of the variance in expectation. For a general class of functionals related
to counts, we establish consistency of the jackknife. Our empirical investigation is
encouraging regarding the finite sample properties of the procedure, as the network

jackknife outperforms subsampling in many simulation settings.
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Chapter 3

Trading off Accuracy for Speedup: Multiplier
Bootstraps for Subgraph Counts

A paper based partly on the contents of this chapter is under revision (Lin

et al., 2020b).

3.1 Introduction

From social networks like Twitter and Facebook to biological networks like
protein-protein interaction networks and brain networks, network data has become

ubiquitous in a broad range of real-world applications.

Count functionals play a pivotal role in the analysis of network data. In
biological networks, it is believed that certain subgraphs may represent functional
subunits within the larger system (Milo et al., 2002; Chen and Yuan, 2006; Daudin
et al., 2008; Kim et al., 2014). In social networks, the frequency of triangles provides
information about the likelihood of mutual friendships (Newman, 2001; Myers et al.,
2014; Ugander et al., 2011). At a more theoretical level, count functionals may be
viewed as network analogs of the moments of a random variable. Thus, a method
of moments approach may be used to estimate the underlying model under suitable

conditions (Bickel et al., 2011). Furthermore, the convergence of graph sequences
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(at least dense sequences) may be stated in terms of the convergence of a collection

of subgraph frequencies (Borgs et al., 2008).

Given their practical and theoretical importance, quantifying the uncertainty
of count functionals is naturally of substantial interest. While real-world networks
share many qualitative features (see for example, Newman (2003)), they often vary
substantially in terms of size, given by the number of vertices in the network, and
sparsity level, given by the number of edges relative to the number of vertices. For
networks of small to moderate size, inferential methods that are highly accurate are
advantageous; for sparse, massive networks, one needs to simultaneously consider

computational tractability and accuracy.

To meet these diverse needs in real-world applications, we develop a new
family of bootstrap procedures for count functionals of networks, ranging from a
very fast and consistent randomized linear bootstrap to a fast quadratic bootstrap
procedure that offers improved accuracy for moderately sparse networks. Both
procedures may be viewed as approximations! to a multiplier bootstrap method
in which each potential subgraph in the network is perturbed by the product of
independent multiplier random variables. This multiplier bootstrap is closely related
to a bootstrap method for U-statistics (see for example, Bose and Chatterjee (2018)).
Under the sparse graphon model (see Section 1.1.1), subgraph counts may be viewed
as U-statistics perturbed by asympotically negligible noise, allowing the adaptation

of bootstrap methods for U-statistics to the network setting.

More precisely, the linear and quadratic bootstraps may be viewed as first and second-order terms
of a Hoeffding decomposition for the multiplier bootstrap, respectively.
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One of the main theoretical contributions of our paper is deriving (uniform)
Edgeworth expansions for the quadratic bootstrap. Edgeworth expansions may be
viewed as a refinement of the Normal approximation that accounts for skewness of the
distribution of interest; an excellent treatment of this topic in the IID setting is given by
Hall (2013). By establishing an Edgeworth expansion for the quadratic bootstrap and
showing that it is very close to the Edgeworth expansion of the sampling distribution,
we show that the bootstrap is higher-order correct under certain sparsity conditions,
meaning that it offers a faster convergence rate in the Kolmogorov distance than the
Berry-Esseen bound. Establishing higher-order correctness is often key to justifying

the (typically) computationally intensive bootstrap over a Normal approximation.

Edgeworth expansions of network moments were first studied by Zhang and
Xia (2020). The authors show that the network noise has a smoothing effect that
allows them to bypass the typical Cramér’s condition, which is restrictive in the
network setting. We also bypass the Cramér’s condition for the bootstrap, but by
using a different approach. We choose a continuous multiplier that matches the first
three moments of the data; it is well-known that continuous random variables satisfy
Cramér’s condition. To derive our Edgeworth expansion for the bootstrap, we also
build upon results from Wang and Jing (2004) for order two U-statistics. It turns out
that network noise, particularly when the graph is sparse, causes certain terms related
to our Edgeworth expansion to blow up. While the details are technical, we show that
a valid Edgeworth expansion is still possible, with the sparsity level directly affecting

the convergence rate.

On the other hand, the linear bootstrap is not higher-order correct in any
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sparsity regime as it only aims to approximate the leading term of the Hoeftding
decomposition. However for sparser networks, we observe an interesting phenomenon;
in this case, the linear bootstrap outperforms the higher-order correct variants in
terms of accuracy. In essence, the extra terms in the quadratic bootstrap cannot be
estimated accurately enough for sparse graphs and consequently these terms hurt
more than they help in sparse regimes. For sparser graphs, we propose speeding up
the linear bootstrap further by randomizing the precomputation of count functionals.
By randomizing to an extent that is appropriate for the sparsity level of the network,
we sacrifice very little statistical performance for vastly reduced computation. Thus,
the approximate linear bootstrap is well-suited for scalable inference on large, sparse

graphs.

In addition to obtaining Edgeworth expansions for count statistics, we also
obtain Edgeworth expansions for smooth functions of U-statistics. We show that,
under suitable sparsity assumptions, the cumulative distribution function of smooth
functions arising from the quadratic bootstrap match this asymptotic expansion and
are therefore higher-order correct. In this setting, obtaining analytical expressions
for Edgeworth expansions are cumbersome, whereas the bootstrap is automatic and

user-friendly.

We will now provide a roadmap for the rest of the paper. In Section 3.2,
we discuss related work, focusing on the emerging area of resampling methods
for network data. The problem setting and our bootstrap proposal is introduced in
Section 3.3. In Section 3.5, we present our main results, which establish higher-order

correctness for our bootstrap procedures. In Section 3.6, we present a simulation
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study, which shows that our procedure exhibits strong finite-sample performance in
various settings. Finally, in Section 3.7, we use our bootstrap methods to compare

networks representing the voting similarities of U.S. Congress from 1949 to 2012.

3.2 Related Work

The first theoretical result for resampling network data was attained by Bhat-
tacharyya and Bickel (2015). Their subsampling proposals involve expressing the
variance of a count functional in terms of other count functionals and estimating the
non-negligible terms through subsampling. Lunde and Sarkar (2019) show that it is
also possible to conduct inference using quantiles of the subsampling distribution as
in Politis and Romano (1994). Green and Shalizi (2017) propose a bootstrap based
on the empirical graphon. Lin et al. (2020a) establish the validity of the network

jackknife for count functionals.

Levin and Levina (2019) study a two-step procedure that is closely related
to our linear bootstrap procedure. The above authors propose estimating the latent
positions with the adjacency spectral embedding in the first step (see, for example,
Athreya et al. (2018)) and resampling the corresponding U-statistic with the estimated
positions in the second step. They derive theoretical results under the assumption
that the rank is known of the random dot product graph model is known and finite.
In contrast, our procedures do not impose assumptions on the spectral properties of

the underlying graphon.

Zhang and Xia (2020) establish conditions under which the empirical

graphon bootstrap exhibits higher order correctness. They require Cramér’s condition
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for the leading term of the Hoeffding projection, which is restrictive for network
models. The empirical Edgeworth expansion proposal, which has been considered
in other settings (see, for example, Putter and Van Zwet (1998) and Maesono
(1997)), involves studentizing by a variance estimate and plugging in estimated
moments into an Edgeworth expansion. While our rates are less sharp than existing
work, we see that multiplier bootstraps can handle functions of subgraph counts
more easily than empirical Edgeworth corrections. We show that even for smooth
functions, our proposed bootstrap procedures exhibit higher-order correctness. While
computationally more demanding, work in other settings suggests that the bootstrap
may have some favorable properties over empirical Edgeworth expansions (see, for

example, Hall (1990)).

On the mathematical side, the analysis of our multiplier bootstrap involves
Edgeworth expansions for weighted sums. Prior work (c.f. Bai and Zhao (1986) and
Liu (1988)) suggests that establishing sharp rates of convergence for the independent
but non-identically distributed sequences is more difficult, with the above references
establishing a o(n~'/?) error bound instead of the O (n~") bound for i.i.d. sequences.
Edgeworth expansions for multiplier bootstraps of (degree 2) U-statistics are also

considered in Wang and Jing (2004).

From the computational standpoint, (Chen and Kato, 2019) presented a
randomized algorithm to estimate high dimensional U-statistics from a subsample of
subsets from the set of all subsets of a given size. We propose a different sampling
method that exploits the structure of U-statistics and draws random permutations

instead of subsets. Empirically, we show that this method provides faster computation
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over subset sampling.

3.3 Problem Setup and Notation

3.3.1 Count Functionals

Under the sparse graphon models, recall the definitions of count functionals
in Section 1.1.2. For notational convenience, in this chapter we re-express them as
follows. Let R denote the adjacency matrix of a subgraph of interest, with r vertices
and s edges. Let Az(ln)z, denote the adjacency matrix formed by the node subset

{i1,...,i,} and for each such r-tuple, define the following function:

.....

no ambiguity, is formed by averaging over all r-tuples in the graph.

7o Z H(A™ ) (3.1)

n) Toeees r
r/ 1<i1<iz<...<i <n

Recall the definition of P(R) in Eq 1.5. Note that P(R) = p;*T;,. Define the following

kernel:
B (X, X;,) = B{H(A" ) | Xips ... X, ). (3.2)

For readability, we will suppress the n in A, in what follows. Now, define the following

(conventional) U-statistic:

T, = % Z h(Xip~--Xir)

1<i1<ir<...<ir<n
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For notational convenience we will refer to A(Xj,, ..., X;.) by h(Xs), where S is the
subset {i1,...,i}. Denote 6, := E{h(Xs)}. We see that 6,/p; — u. This can be
thought of as a normalized subgraph density that we want to infer. The normalization

by p;, is to ensure that our functional converges to an informative non-zero quantity.

By a central limit theorem for U-statistics (Hoeffding, 1948), it can be shown

that (7,, — 6,)) /0, is asymptotically Gaussian. Here we have:

w2 = var[E{h(Xs) | X1}], o2 =r’t2/n (3.3)

Furthermore, Bickel et al. (2011) show that, (7, — T},) /o = op(1) under mild
sparsity conditions for a wide range of subgraphs. Thus, we may view (T, — 6,,) /0, =
(T, = T,) /o + (T;, — 6,) /o, as a U-statistic perturbed by asymptotically negligible

noise.

3.3.2 Preliminaries of proposed bootstrap procedures

In order to estimate the subgraph density, we will consider the following
multiplier bootstrap procedures. In what follows let &1, . . . &, be i.i.d. continuous
random variables with mean y = 1 and central moments yp = 1, and u3 = 1. An
example of such a random variable is the product Z of two independent Normal

random variables X and Y, defined below:

X~N(1,1/2)  Y~N(1,1/3) Z=XY (3.4)

Let &;,..;, denote &, X ... X & and define the following multiplicative
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bootstrap:

T;;,szﬁi Z Eiroi - {H(A(”) .)—f,,} (3.5)

(I’l .....
r/ 1<i1<iz<...i,

Our multiplicative bootstrap is motivated by Hoeffding’s decomposition (see
Supplementary Section B.1 for details). The first two terms of the decomposition for
T, — 6, are given by:

g1(X)) = E{h(Xi, X;, ... Xi,) | Xi} — On
gZ(Xi’ X_]) = E{h(Xl’ Xj’ Xi3 LR Xir) | Xi’ XJ} - gl(Xl) - gl(X_]) - 91’!9
leading to the representation:

Zglm r(r Zgz(x,,X>+op("”) (3.6)

Similarly, conditional on the data, it can be shown that we have the following bootstrap

analog. Let:
" 1 .
81() = —+ Z {H(Aii,...i,) = Tu} (3.7)
(1) 1<te Trni i
Y 1 .
2200, )) = — > {H(Aj.i)) - T} (3.8)
("2) 1<tyend Tt
§2(i,J) =820, J) = &1(1) = §1(J) (3.9)

Furthermore, Eq 3.7 can be used to standardize the bootstrap replicates using the

following estimate of 7, (Eq 3.3):
) 81(0)?
= 3.10
. % " (3.10)

We now present the Hoeffding decomposition for our bootstrap statistic. The proof is

deferred to Supplement Section B.1.
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Lemma 4. We have the following decomposition:

: -1
PICR -gl(z‘>+%; (66 -&-&41) - 226.)

+Op (p,in_l/26(n,pn, R)) ,

A 'f
nM ~ tn

(3.11)

where 6(n, pn, R) is defined as follows:
1

R is acyclic
n
5(n, pus R) = "1

3/2
npy!

R is a simple cycle.

Although the quadratic term in the above expansion may seem different from
Eq 3.6, Some manipulation yields that ;. ; (& §; =& —€&;+1) - §2(i, j) is equivalent
to 2 ;&€ — D&, j) — (&= 1) - §1() — (& — 1) - &1(j), which is similar to the

corresponding term in the Hoeffding decomposition of the U statistic (see Eq 3.6).

Viewing g1 (i) and &> (i, j) as estimates of g1 (X;) and g2(X;, X;), respectively,
it is clear that that our weighted bootstrap version encapsulates important information
about 7}, — 6,,. The above decomposition also suggests that one may approximate the
non-negligible terms more directly. Ignoring the remainder term, we arrive at the

linear and quadratic bootstrap estimates:
e 75 r C A e
Loy =Tn+— ZZ(&- =1)-810) (3.12)
l:

-1
oD S g —t-g 4D p ). G
<J

T =T + ——~
n.Q nL n(n—l)i_

Now that we have introduced the main concepts, we are ready to present the
our bootstrap procedures. We first present the results on our fast linear bootstrap

method.
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3.4 Proposed algorithms

In this section, we present a fast linear bootstrap method using Eq 3.12.
Recall that the multiplicative bootstrap requires to precompute 7;, and g, (i) for all
i. This computation is O (n") in the worst case. In addition to this, the computation
complexity for MB-L is O (Bn). Therefore, in what follows, our goal is to reduce the

precomputation time.

3.4.1 Fast linear bootstrap

We propose a randomized approximation for 7,, and g; (7). The main idea is
that an average over all size r subset can be written as an average over n! permutations

(see Hoeffding (1948); Lunde and Sarkar (2019)).

For any i € {1, ...,n}, denote the set of all subsets of size r — 1 taken from

geee

H(Asui).

Denote

) 1
Hy (i) = —— Z H(Asui).
r—1/) SeS{-i}

One can also write H; (i) as follows:

HI(0) = —— 3" He(0).

(n—1)!
. _ Xsesy H(Asui) C
Here H,(i) = =—%———, where S, denotes the set of all disjoint subsets
1
{mi-=+1s - T o i=1,..., % obtained from permutation 7. Now let 7;
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be a permutation picked with replacement and uniformly at random from the set of

all permutations of {1,...,n} \i.

Our randomized algorithm makes use of this structure anddraws j = 1,..., N

independent permutations 7 ;. We compute
~ Zj Hﬂ i (l) ~ 1 & ~
H (i) = —"— T,=- ) H|(i 3.14

(i) = = = Z‘ 1(0) (3.14)

To calculate H, (i), for each i, we permute the node set excluding i for N times

and for each of these permutations w we check the disjoint set S, for count functionals.

Thus, the complexity for calculating A (i) is now O (N2). From {H,(i)"_}, T, is

calculated from their mean and 7, is defined as

~2 Z?zl{ﬁl (l) - Tn}z
T, = .

n

2 (3.15)

The linear bootstrap uses 7, ; by plugging in g (i) = H,(i) — T, and T,, in Eq 3.12.
= . r - -
) =Tn+;ZI]<§i— DAL =T}, (3.16)
1=

We denote this algorithm by MB-L-apx and explicitly provide the algorithm in

Algorithm 1.

3.4.2 Higher order correct bootstrap procedures

In this section, we present our proposed Quadratic, and Multiplicative

algorithms (MB-Q, and MB-M).

61



Algorithm 1. Construction of linear or approximated linear bootstrap estimate of

CDF
Input: Network A, motif R, number of resamples B,

approximate € {True, False}, parameter u
If approximate = True
Compute {H; O}, T, (Eq 3.14) and %, (Eq 3.15)
Else

Compute T;,, (Eq 3.1), {£1(i)}"_, (Eq3.7) and %, (Eq 3.10)
End
for j e {1,...,B} do
Generate n weights £(/) = {§l.(]),i =1,..., n}j.g=1 using Eq 3.4
If approximate = True
T:(j) « T:’L (using Eq 3.16.)
Else
Ty (j) « T, (using Eq 3.12.)
End
end

1 T*(j) - T,
ReturnEZj]l(# < u)

2 Tn
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Algorithm 2. Construction of quadratic or multiplier bootstrap estimate of CDF

Input: Network A, motif R, number of resamples B, choice of bootstrap
procedure a € {M, Q}, parameter u

Compute 7, (Bq 3.1), {81(0)}1_; (Bq3.7), {8205, /)1, (Bq3.9) and %,
(Eq 3.10)

for j e {1,...,B} do

Generate n weights £€/) = {fl.(j),i =1,..., ”}le using Eq 3.4
Ifa=M
Ty (j) < T, (using Eq 3.5.)
Else
T*(j) « T;’Q (using Eq 3.13.)
End
end

1 T:(j) - T,
Return — 3 1 M <u
B 72 Tn
For a given network, we first compute T, and %, (see Egs 3.1, 3.10). For
each algorithm, we generate B samples of n weights {fl.(j ),i =1,..., n}f=1 from the
Gaussian Product distribution (see beginning of Section 3.3.2). For each of these,
MB-M, MB-Q, and MB-L respectively values T; Jve T: 0 and T;’ ;.- From the B values one

then constructs the CDF of the statistic in question, after shifting and normalizing it

appropriately. We present this in Algorithm 2.

While we divide by #?n, note that our statistic is not studentized, which
is why our expansion differs from previous work. Conditioned on the data, 7, is

constant for the bootstrap samples.

Note that MB-M is computationally expensive since it involves computing the
expression in Eq 3.5 for each sample of the bootstrap. The worst-case complexity

of evaluating all (f) subsets of nodes is n”. For B bootstrap samples, the worst-case
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timing of MB-M will be Bn". In comparison, for MB-L and MB-Q, we can precompute
the 21(¢) and g,(i, j) values in O(n") time. After that, the time per bootstrap sample
is linear for MB-L and quadratic for MB-Q. Thus worst-case computational complexity
for a dense network for MB-M, MB-Q, and MB-L is O (Bn"), Bn? and Bn respectively,
excluding precomputation time (which is O(n") in the worst case). In contrast, the
approximate linear bootstrap algorithm MB-L-apx takes O(Nn/r) computation for
each H,(i),i < n. Note that we can easily parallelize this step. With C cores, that

will lead to a computational cost of Nn?/rC.

3.5 Main Results

3.5.1 Theoretical guarantees for approximate linear bootstrap

In this section, we show that the linear bootstrap statistic using the approximate
moments in Eq 3.14 is indeed first-order correct under appropriate sparsity conditions

as long as N is large enough. For theorem 5, we will use the following assumption:
Assumption 1. We assume the following:
(@) 1,/p; = ¢ > 0, for some constant c.

(b) 0 < w(u,v) < C, for some constant C.

The first condition is a standard non-degeneracy assumption for U-statistics.

Theorem 5. Suppose Assumption 1 is satisfied, the weights &1, . . . , €, are generated
from a distribution such that E[£1] = 1, E[(£1 = 1)?] = 1, E[(¢1 = 1)?] < 0. Further

assume that p, = w(1/n) when R is acyclic or p, = w(n~Y/") when R is cyclic. Then,
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(a) The standardized bootstrap distribution converges at the Berry-Esseen rate to

1
npy’

a standard Normal under the condition that N >

p T:,L -T, B
{var(Ty, | A, X)}1/2 ~

sup — O (u)

UER

u

=0p(n"?), 37
where P*(+) denotes the conditional measure conditioned on A and X.

(b) The variance of T:, | satisfies:

var(T;L | A, X)

1 1
=1+0 +0 . 3.18
o2 P(npn) P(an‘) G189

(c) If T: ; in Eq 3.17 is replaced by the T, , computed without approximate

moments and T, is replaced by T,, then Eq 3.17 holds. We also have:

var(T;’L | A, X)

1
5 = 1+Op( ) (3.19)
Oy npn

Remark 4 (Comparison to existing work on approximating U- statistics). In Chen and
Kato (2019), the authors draw w(n) subsets of size r from all ('r‘) subsets with replace-
ment to estimate an incomplete U-statistic. The total number of subsets we examine
for approximating a local count statistic is also w(n). Comparing our Theorem 5
with their result shows that both methods require similar computation to achieve
consistency. However, practically, drawing Nn/r subsamples with replacement seems
to be slower than drawing a N permutations and then dividing each into disjoint
subsets (see Fig 3.3).

Remark 5 (Approximation quality). In the above theorem, if Nn/r = w(p,*), then
the ratio of the variance of the linear bootstrap statistic and that of the count statistic
in question converges in probability to one. This shows that for sparse networks we

need larger number of random permutations to estimate the moments.
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Remark 6 (Broader Sparsity Regime). Eq 3.19 suggests that the linear bootstrap
without approximation gives a consistent estimate of variance even when the average
degree np, goes to infinity. This shows a stark contrast to Theorem 6 and Corollary 6.1,
where the average degree has to much larger to achieve higher-order correctness. It
should be noted that the arguments in Zhang and Xia (2020) require p, = w(1/+/n)
for acyclic graphs and therefore, their convergence rates for empirical Edgeworth

expansions do not hold in sparser regimes.

Remark 7 (Conditions on subgraphs). While we state Theorem 5 for acyclic and
general cyclic subgraphs, it should be noted that weaker sparsity conditions are

possible for simple cycles. In particular, for simple cycles one only needs n*~! p$ — co.

3.5.2 Results on higher-order correct bootstrap procedures

Below, we establish an Edgeworth expansion normalized by the true standard
deviation, which is more appropriate for our purposes. Since estimating the variance
leads to a non-negligible perturbation, the polynomials in our expansion differ from
those established by Zhang and Xia (2020). All proofs and details are deferred to
Supplement Section B.3 and Section B.4. In what follows, let F},(«) denote the CDF

of T, and G, (u) denote the Edgeworth expansion of interest, given by:

2 _
Gu) = () - ()~ B2 (X))} 430 - DE{g1 (X1 (X2)g2(X1. X)) .

6n/27)
(3.20)

Furthermore, recall 7> = var[E{h(Xs) | X1}] denotes the asymptotic vari-
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ance of the U-statistic. Throughout this section, we will impose the following

condition:

Assumption 2. For acyclic R, p, = w(n~'/?) and for cyclic R, p, = w(n™'/").

The above is a nontrivial sparsity assumption that we require for higher-order

correctness. We have the following result:

Proposition 3. Let G,, be the Edgeworth expansion defined in Eq 3.20 and let R

be a fixed subgraph. Suppose that Assumptions 1 and 2 hold. Further suppose that

pn = O(1/logn) or Cramér’s condition holds, i.e. limsup,_, |E {ei’gl(xl)/Tn} <1
then we have,
sup |[Fy(u) = Gp(u)| = O(M(n, pn, R)) (3.21)
where F, is the cumulative distribution function of
M » n/lon R is acyclic 329
(napna ) - 1,-/2 RlS CyCliC ( . )
P

Now, we will state our bootstrap approximation results. We will first show
that conditioned on the network, and latent variables, the CDF of MB-Q matches
the asymptotic expansion in Eq 3.20, where the true moments are replaced by their
empirical versions. In what follows, let £, (-) denote the expectation operator with

respect to the empirical measure of A and X. Define

(= 1) (u)

Galu) = @) = i

|2 {2107} +30 = DEg1 (D81 (egalis )}
(3.23)
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where we have:

DRTIGEEESAOY
i=1

1 (3.24)
Eda1Dg1(Ng20 DY = o > &2l N210&13).
2) 1<i<j<n
Theorem 6. If Assumptions I and 2 are satisfied, the weights &1, . . . , &, are generated

from a non-lattice distribution (see Feller (1971) page 539) such that E[&1] = 1,
E[(é1- 1) = 1, E[(¢&1 - 1)*] = 1, then

T;’ 0~ T,

n

P*

sup <ul-G(u)

u

|
=op(n”'?) + Op ( o8 ) ,

n?Bp,

where P*(-) denotes the conditional probability of event () conditioned on A and X.

Remark 8. While the above theorem is for standardized bootstraps, our proof may
be adapted to yield an analogous statement for bootstraps studentized by a variance
estimator inspired by the Delta Method. In essence, the studentized bootstrap may
also be expressed as a weighted U-statistic and a negligible remainder term, allowing

the use of similar proof techniques.

Remark 9. While Zhang and Xia (2020) establish higher-order correctness under
milder sparsity conditions for subsampling and the empirical graphon, our result
here does not require Cramér’s condition for g;(X;), which is an important feature
for network applications. Our simulation study suggests that our rate here can be

improved, but we leave this to future work.

Combining Theorem 6 with the Hoeffding decomposition in Eq 3.11, we

obtain the corollary below for the multiplicative bootstrap. Since the remainder term
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in the Hoeffding decomposition concentrates slowly for well-connected subgraphs of
sparser networks, we impose additional assumptions on the subgraph to maintain the

rate from the previous theorem.

Corollary 6.1. Suppose Assumption 1 is satisfied and either R is acyclic and
pn = w(1/~+/n) or R is a simple cycle and p, = w(n~'"). Further suppose that
the weights &1, . . ., &, are generated from a non-lattice distribution with such that

E(&) =1, E{(& - D} = 1, E{(é&1 = 1)°} = 1, then,

sup - én(u)

u

A

n

™ T
pP* (—n’M " <u

1
= op(n™) 4 0p (ﬂ)

n*3p,

where P*(-) denotes the conditional probability of event (-) conditioned on

A and X and 6, = rf'n/nl/z.

The proof of Theorem 6 build upon results from Wang and Jing (2004), which
establish higher-order correctness of the weighted bootstrap for order-2 U-statistics.
However, certain terms that appear as constants in their work blow up when perturbed
by sparse network noise. To deal with this issue, we control various terms unique to

the network setting and use different arguments to control the overall error rate.

As in Zhang and Xia (2020), it is also possible to consider an empirical
Edgeworth expansion in which the expectations of interest are estimated. We state a

result for this procedure below:

Lemma 7. Under the assumptions in Assumption 1 and 2, we have

sup |GAn(u) — Fy(u)| = Op(M(n, pn, R))
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The lemma above suggests that the empirical Edgeworth expansion achieves
a better rate than the bootstrap procedures considered. In the experimental section,
we see that the empirical Edgeworth expansion (EW) in fact achieves the smallest
error when the network is dense enough. However, for smooth functions of counts,
it is cumbersome to derive such expansions and the bootstrap emerges as a strong
practical alternative that offers improved accuracy over a Normal approximation in

certain regimes.

3.5.3 Smooth functions of count statistics

In network science, the transitivity coefficient, which may be defined as a
smooth function of triangles and two-stars, is commonly used to quantify how much
nodes in the network cluster together. Given the importance of such functions in
applications, accurate inference for these parameters is naturally of substantial interest.
Our results in this section establish the quadratic and multiplicative bootstraps as
accurate and user-friendly methods for smooth functions of counts that sidestep the
cumbersome computation of gradients and moments required by empirical Edgeworth

expansions.

Our theorem below is the first result in the literature for Edgeworth expansions
of smooth functions of count statistics. In fact, to the best of our knowledge, Edgeworth
expansions for smooth functions of U-statistics were not derived previously. It turns
out that arguments to derive Edgeworth expansions for smooth functions of 11D
means such as those in Hall (2013) depend heavily on the properties of cumulants

of independent random variables and require multivariate Edgeworth expansions,

70



complicating extensions even to U-statistics. In contrast, we adapt flexible Edgeworth
expansion results of Jing and Wang (2010) to approximate non-negligible terms

arising from a Taylor approximation of the smooth functional.

To state our result, we need to introduce some additional notation. Let # denote
a d-dimensional vector of count functionals, let u* be a vector of corresponding
bootstrap statistics generated by either the multiplier bootstrap T:’ y Or the the
quadratic bootstrap T; 0 Furthermore, let f : R? — R denote the function of interest.

Consider the following smooth function of bootstrapped count frequencies:

Sy=n"?{f(u*) - f(u)}/5s (3.25)

where 7 is used to standardize the bootstrap version and will be defined shortly. The
standard Delta Method involves a first-order Taylor expansion; to attain higher-order
correctness, we need to consider a second-order expansion. We use the following

notation to denote the derivatives of interest evaluated at the expectation E (1) = u:

_0fx)

0% f (x)
a; = . = ——
ox()

4= Do)

, (3.26)

9

X=p

x=u
Define corresponding gradients for the bootstrap evaluated at the count

functional u:

. _0f(x) _ P fx)
G0 | T x| _, (3.27)
Define the asymptotic variance of the smooth function as:
d d 5(0) ()
ri Dr; [
ol = a;a; E Gl .() 781 .() . (3.28)
/ J S s
i:] ]:1 pl’l pn
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and define the empirical analogue of the asymptotic variance as:

& (g r,gi”(b)
= Z Za aj; E, )
i=1 j=1 p” pn

(3.29)

We are now ready to state our Edgeworth expansion for the smooth function
of the bootstrapped statistics. For simplicity, we state the Edgeworth expansion for
u”* resulting from the quadratic bootstrap procedure MB-Q. A similar result holds
for MB-M, albeit under stronger conditions on the subgraph like those imposed in

Corollary 6.1.

Theorem 8. Suppose that oy > 0, the function f has three continuous derivatives in
a neighbourhood of u and suppose that the weights &1, . . . , &, are generated from
a non-lattice distribution such that E(€1) = 1, E{(¢&; — 1)?} = 1, E{(¢&;1 - 1)} = 1.

Further suppose that Assumptions 1 and 2 are satisfied. Then, we have:

P*(S;: <x) =®(x) +n—1/2¢(x){A10_ + éAZO' 3(x ~1)) +0P( logn )

23p,
(3.30)

Pn

i k
rig\" (1) r,gi”(n rkgi ><l>

d d 5 () (1)
-1 o= (8D g (D)
AIZEZZ%En( L0t )
; n

d d d d (1) ~ (k) A () ~(1)
o~ 8 (D) gy (D ri&y (D) rig," (D)
+3 Z Z Z Zalaj tEn o o E, o o
rig\" (1) r]g(”(m) ri(ri = D (1, m)
o o) o '
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In the Supplementary Material, we derive Edgeworth expansions for smooth
functions of U-statistics corresponding to the non-negligible component of the count
functional in Proposition B.5.1 and show that our bootstrap version of the Edgeworth
expansion is close to this expansion in Proposition B.5.2. To derive Edgeworth
expansions for the U-statistic, we impose a non-lattice condition; however, it is likely
that this assumption can be removed for count functionals if a smoothing argument

used in Zhang and Xia (2020) is adapted.

3.6 Simulation Study

We consider two graphons in our simulation study. The first graphon we
consider is a Stochastic Blockmodel (SBM), introduced by Holland et al. (1983). The
SBM is a popular model for generating networks with community structure. The SBM
may be parameterized by a K X K probability matrix B and a membership probability
vector 7 that takes values in the probability simplex in RX. LetY,,...Y, € {1,...,K}
be random variables indicating the community membership of the corresponding
node, with probability given by the entries of 7. Under this model, we have that
P(Al(]'.’) =1 | Y, =u,Y; =v) = p,B, . In our simulations, we consider a two block

SBM (SBM-G) with B;; = 0.6 fori = 1, j = 1 and 0.2 for the rest. 7 = (0.65,0.35)

The second model we use is a smooth graphon model from Zhang et al.
(2017) (SM-G) with w(u,v) = (u? +v?)/3 X cos(1/(u? +v?)) +0.15. This graphon
is continuous and high rank in contrast to the first graphon, which is piece-wise

constant and low rank.

Define err(F, G) as the maximum of |F(x) — G(x)| over a grid on [-3, 3]
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with grid size 0.1; this will serve as an approximation to the Kolmogorov distance
between F and G. In order to study this error, we first need an estimate of the true
CDF. To this end, we conduct Monte Carlo simulations with M samples generated
from each model. Note that, since our goal is to show that the error is better than
the Normal approximation, we need M = w((np,)?), which ensures that the error
from the Monte Carlo samples is o(1/np;). To ease the computational burden, we
perform simulations on small networks with n = 160 nodes. We generate M = 10°
Monte Carlo simulations, so that the higher order correctness is not obscured by
error from the simulations. In addition to this, we also compare the coverage for
different resampling methods in Figure 3.2, where we use n = 500, since the true
CDF does not have to be estimated. In this setting we estimate the true parameter of
inferential interest from a 15000 node network. In the next subsection we show how

to obtain higher-order correct confidence intervals.

3.6.1 Higher-order correct confidence intervals

In this paper, we have studied the properties of bootstrap methods for
standardized count functionals of networks. While our Edgeworth expansions establish
that the standardized bootstrap is higher-order correct in the Kolmogorov norm,
it is well known (see Hall (1988)) that corresponding confidence intervals do not
offer refined accuracy over those formed from a Normal approximation. In contrast,
studentized bootstraps produce higher-order correct confidence intervals. While our
theoretical results can be extended to studentized count functionals (see Remark 8),

it is also well-known that for statistics such as correlation coeflicients, studentization
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may not be suitable because the variance estimate can be unstable (Hall, 2013).
Alternatively, bias-corrected standardized ClIs have also been extensively investigated
in other settings; see for example, Efron (1980), Efron (1987), and Hall (1988). In
this section, we show how to correct standardized intervals to attain higher-order

accuracy for coverage.

The (uncorrected) two-sided confidence interval for the standardized bootstrap
two-sided confidence interval with nominal coverage « is given by: 7| = ( v La, b Lta ) ,
where we define function L(¢) = P(T* < t | A, X) for bootstrap samples {7}, and
$o = L7'(a). Let z, denote standard normal critical point at @ where ®(z,) = @,
then $, = L~'(a). Equivalently, define 7, as the critical point at « for standardized
bootstrap sample (T; — T,,)/ 6 distribution and ¥, as the critical point at a for
studentized bootstrap sample (7* — 7,,) /& distribution. The standardized bootstrap

CI 1; can be written as

L =T, + n-l/Z&,,m,Ta, T, + n'l/sznﬁHT).

Since the population version of 7] involves the true o, instead of 0, it follows that
oy, — 0, 18 too large of a perturbation for higher-order correctness to hold. In order to

make them higher order correct, i.e. make them identical to the studentized CI, one

can correct the CI as follows (see Hall (2013) for more details):

5= (0700 (1) + @12} Fre 417165 {51 (210) + 1 (2120 )
(3.31)
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where for any x € R, p;(x) and §;(x) are estimates for p;(x) and ¢g;(x). Recall
that p;(x) and ¢;(x) are polynomial coefficients of the second order term in the

Edgeworth Expansions of the standardized and studentized statistic.

When the statistic is a count functional like the triangle or two-star density,
then we already know the form of p;(x) and ¢ (x). For smooth functions of count
statistics like the transitivity, we derive the standardized and studentized Edgeworth
expansion for the smooth function of the corresponding U statistics in the supplement
Sections B.5.1 and B.6 respectively. We also show that the Edgeworth expansion
of the bootstrapped smooth function converges to this population version in the

supplement Section B.5.4.

3.6.2 Competing methods

We compare our algorithms, namely MB-M and MB-Q, with the network resam-
pling procedures discussed in Section 3.2. In particular, we consider subsampling
with subsample size b,, = 0.5n (SS), the empirical graphon with resample size n (EG),
the latent space bootstrap (LS), and the empirical Edgeworth expansion (EW). For the
latent space bootstrap, we treat the latent dimension as known for SBM-G and estimate
the latent dimension for SM-G using Universal Singular Value Thresholding (USVT)

procedure of Chatterjee (2015). We provide a brief description of each algorithm

below.
Empirical Graphon (EG). We draw B size n resamples S’ with replacement
from 1,...,n . We compute the count functional f“n*l. on A(”)(S;‘,S;‘). We also

compute 7}, and -2 on the whole graph. Now for triangles and two-stars we compute
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the CDF of {(T’;k ;= 7,/ &n}f; - For functions of count functions, we compute the
function for each resampled graph, center using the function computed on the whole

network.

Subsampling (SS). We draw B size b subsamples S; without replacement from
1,...,n. We compute the count functional T;J on A" (S7,S7). We also compute T,
and 67 on the whole graph. We set &7 = n/bé77. Now for triangles and two-stars
we compute the CDF of {(YA’;J. T/ é'b}f: - For functions of count functions, we
compute the function for each subsampled graph, center using the function computed

on the whole network.

Latent Space (LS). We first estimate the latent variables X := {X1, ..., X,,}
from the given network. For SBM-G, we use the true number of blocks, whereas for
smooth graphon SM-G, we use the USVT algorithm to estimate the number of latent
variables. We compute the count functional To be concrete, we compute g1 (X;)
fori = 1...n, and then compute 7,(X) = T,(X1, . .., X,). Now we simply use the
additive variant of bootstrap T;,(X) + ~ (g1 (X;) — T,(X)) (see Levin and Levina
(2019); Bose and Chatterjee (2018)). For triangles and two-stars, we normalize by
the square root of r2/n Y; g1(X;)?. For functions of count functionals, we center

using the function computed on X.

We compare the performance of the resampling methods for two-stars,
triangles and a variant of the transitivity coefficient defined in Example 3 of
Bhattacharyya and Bickel (2015), which is essentially an appropriately defined ratio

between triangle and two-star.
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3.6.3 Results
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Figure 3.1: We plot err(F,,F, ) for triangle density for all methods on the Y axis,
where F; (t) corresponds to the appropriate resampling distribution. We vary the
sparsity parameter p, on the X axis. The networks in the left column are simulated
from SBM-G and those in the right column are simulated from SM-G. The first row is
centered at bootstrap mean and normalized by variance estimation from each method
07, The second row is centered by triangles density estimated on the whole graph
(MB-L-apx is centered at approximate triangle density estimated from the whole
graph) and normalized by &7,.

In Figure 3.1, we plot the maximum of (absolute) difference of the bootstrap
CDF F, over the [-3, 3] range (err(F,,F))) for triangle density from the true CDF
F,, for sparsity parameter p, varying from 0.05 to 1. We show the average of the
expected difference over 30 independent runs along with error-bars. In this figure

we see an interesting phenomenon. For sparse networks with p, < 0.2, the linear
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Figure 3.2: We present coverage of 95% Bootstrap Percentile CI with correction for
triangles (top) and transitivity coefficient (bottom) of the SBM-G (A) and SM-G (B)
models with p, varying from 0.05 to 1

method outperforms the higher order correct methods. As the networks become
denser, the higher order correct methods start performing better. For p,, < 0.2, we
also see that the empirical Edgeworth expansion performs worse than the linear
bootstrap method. We also compare the bootstrap samples centered at the bootstrap
mean (first row) with bootstrap samples centered at the subgraph density computed
on the whole network. We see that the latest space method (LS) and approximate
linear bootstrap method (MB-L-apx) behave differently under these two centerings,
with LS performing much worse. This suggests that while both suffer from bias, LS
suffers from it to a higher degree. For all parameter settings, we used N = 50 log n.
It is possible that increasing N for sparser settings may lead to reduced bias of

MB-L-apx.

In Figure 3.2, we show the coverage of 95% Bootstrap Percentile CI with
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Figure 3.3: Logarithm of running time for four-cycles in SBM-G against sample size
n.

correction for triangles (top) and transitivity coefficient (bottom) of the SBM-G and
SM-G models in p, from 0.05 to 1. We simulate 200 graphs for each p, from SBM-G
and SM-G models, construct CI from bootstrap percentiles and correct the CI using
Eq 3.31 for triangles and transitivity respectively. For smooth functions, computing
the bootstrap distribution is straightforward. One simply computes #* which is now a
vector of bootstrapped triangles and two-star densities. Now a standardized bootstrap
replicate is given by {f(u*) — f(u)}/& s, where u is the vector of triangles and

two-star densities computed on the whole graph, and & is given by Eq 3.29. For

transitivity, f(x,y) = x/y.

3.6.4 Computation time

In Figure 3.3 we show logarithm of running time for 4-cycles count against
growing n for SBM-G model. (See the Supplement for timing of SM-G.) We compare
our approximate linear method MB-L-apx with MB-L-SWR, which uses a randomized
algorithm for approximating U-statistics proposed by Chen and Kato (2019), Section

2.2, for precomputation of the local network statistics. We see that among higher

80



order correct methods, MB-Q offers strong computational performance, outperforming
methods such as the EG and SS. We see that while EG has comparable performance
to MB-Q, it requires recomputation of the count statistic for every bootstrap iteration,
making it about 500 times slower than MB-Q for n = 500 for four-cycle counting.
MB-M is the slowest one we do not show here as the weights make symmetric counting
shortcuts not as simple to apply. EW is the fastest among higher order correct methods,
but it cannot be readily adapted for smooth functions of count statistics and is
much slower compared to additive methods LS, MB-L, MB-L-SWR, MB-L-apx. The
four additive methods, i.e. LS, MB-L, MB-L-SWR, MB-L-apx are the fastest four of
all methods, but they are not higher order accurate; among them MB-L-apx is the
fastest method in all with our proposed approximate precomputation. The procedure
MB-L-SWR draws around N(n — 1)/(r — 1) size r — 1 subsets with replacement,
whereas we draw N permutations at random and then divide each into consecutive
disjoint subsets of size r — 1. While these two methods have similar computational

complexity theoretically, we observe that MB-L-apx appears to be faster empirically.

For better presentation, additional experiments including the sup of (absolute)
difference of the bootstrap CDFs for two-star density and timing for four-cycles for
the SM-G model are deferred to Supplement Section B.7. The experiments are run
on the Lonestar super computer (1252 Cray XC40 compute nodes, each with two
12-core Intel® Xeon® processing cores for a total of 30,048 compute cores) at the

Texas Advance Computing Center.
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3.7 Real Data Application

In this section, we apply our algorithms to compare networks representing

the voting similarities of U.S. Congress. We use roll call vote data from the U.S.

colour 0.004 - colour

density
density

CcP CcP
sp 0.002 - SP

81st Congress (1949-1950) 109th Congress (2005-2006)

Figure 3.4: Threshold for forming edges between congress members calculated from
histograms of same-party (SP) and cross-party (CP) agreements, illustrated with
example of 81st Congress and 109th Congress

House of Representatives (Jeffrey B. et al., 2020) from 1949 (commencement of the
81% Congress) to 2012 (adjournment of 112" Congress). Each Congress forms a
network of representatives (nodes). An edge between a node pair is formed when
the number of agreements, i.e. number of times they both vote yay or nay exceeds
a threshold computed by (Andris et al., 2015) of this congress. The threshold is
computed by constructing histograms of same-party pairs’ number of agreements
and cross-party pair’s number of agreements and using the intersection point of the
two histograms as the threshhold. We will denote same-party by SP and cross-party
by CP. For example, the threshold value is 124 for 81st Congress and 766 for 109'"
Congress as illustrated in Figure 3.4. For each network, we calculate the normalized
cross-party edge density and cross-party triangle density, and perform our bootstrap

methods on these quantities. We construct 95% second-order corrected Confidence
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Intervals from the MB-Q method and present the Cls over 81st to 112nd Congress.
Note that the CIs are adjusted by Bonferonni Correction where a = 0.05/32 for 32

experiment congresses.
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Figure 3.5: Bonferroni-adjusted 95% second-order corrected CI for cross party edge
density (left) and cross party triangle density (right) from 1949 (commencement of
the 81st Congress) to 2012 (adjournment of 112nd Congress).

In Figure 3.5, we can a significant decrease in cross party edge densities
and cross party triangle densities over the years, suggesting a trend of decreasing

bipartisan agreement.

3.8 Conclusion

In this paper, we propose multiplier bootstraps for network count functionals.
Our multiplicative proposal involves perturbing a potential subgraph by the product
of independent multiplier random variables. We also present the linear and quadratic
bootstrap, which can be seen as different orders of approximations of the Hoeffding
decomposition of the statistic arising from the multiplier bootstrap. We show that
the quadratic bootstrap is higher-order correct for moderately sparse graphs whereas
the linear bootstrap is first-order correct but faster. For the first time in the literature,

we also derive Edgeworth expansions for smooth functions of counts. Empirically,
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we observe an interesting phenomenon in which the linear bootstrap, which is not
higher-order correct in any regime, performs better than other methods for sparse
graphs since the higher-order correct methods directly or indirectly involve estimation
of higher-order moments that may not be accurately estimated under sparsity. To truly
harness the computational power of the linear bootstrap, we also present and analyze
an approximate bootstrap method which uses randomized sketching algorithms for
estimating local network counts that are used by the linear method. Taken together,
we establish the multiplier bootstrap as a user-friendly, automatic procedure that can

be tailored to yield higher-order correctness or scalable and consistent inference.
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Chapter 4

Separate Exchangeability as Modeling Principle in
Bayesian Nonparametrics

This chapter is submitted for publication (Lin et al., 2021). It is currently

under review for Statistical Science.

4.1 Introduction

We argue for the use of separate exchangeability as a modeling principle and
unifying framework for data that involves multiple sets of experimental units. While
exchangeability and partial exchangeability have proven to be powerful principles
for statistical modeling (Bernardo and Smith, 2009), separate exchangeability has
been curiously under-used as a modeling principle in some of the nonparametric
Bayesian literature. In the context of two typical examples, we introduce two modeling

frameworks that implement inference under separate exchangeability.

Contrary to partial exchangeability and exchangeability, separate exchange-
ability facilitates inference that maintains the identity of experimental units in
situations like the two motivating applications with shared sets of one type of
experimental units over subsets of the other type of experimental units or blocks.

That is, if the data (or a design matrix) is a rectangular array, the nature of rows
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and columns as different experimental units is preserved. See the two motivating

examples for illustrations.

Under parametric inference separate exchangeability is often naturally pre-
served by just introducing additive row- or column-specific effects. In contrast, this
is not true in nonparametric Bayesian models. In the present article we discuss two
general strategies to define Bayesian nonparametric (BNP) models to perform flexible
inference and prediction under separate exchangeability. The first example concerns
inference for microbiome data, with J patients and / OTUs (essentially different
types of microbiomes) being two different experimental units (Denti et al., 2021).
We discuss how to define separately exchangeable partition structures via nested
partitions similar to Lee et al. (2013). The second example is about inference for
protein activation for / proteins in J patients, under two different conditions. We
build a separately exchangeable model for random effects, using simple additive

structure.

The rest of this article is organized as follows. Section 4.2 reviews the notion
of exchangeability and how it relates to modeling in Bayesian inference. Section 4.2.3
discusses the borrowing of information under separate exchangeability, focusing in
particular on dependent random partitions as they arise under mixture models. Section
4.3 describes two motivating data sets. In the context of these two applications we
then proceed to introduce two specific models to implement separate exchangeability
in related problems. Section 4.4 presents one general strategy based on a construction
of nested partitions that preserves the identity of two types of experimental units. The

strategy is illustrated with inference for the microbiome data set. Section 4.5 presents
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another general strategy based on a BNP regression model with an additive structure
of random effects related to the two types of experimental units. Section 4.6 contains
concluding remarks and suggested future work. Additional details, including Markov
chain Monte Carlo (MCMC) based posterior inference algorithms, are presented in

the supplementary materials.

4.2 Exchangeability as a Modeling Principle

To perform inference and prediction we rely on some notion of homogeneity
across observations that allows us to leverage information from the sample x., =
(x1,...,x,) todeduce inference about a set of future observations x,,+ 1.+, . De Finetti
refers to this as “analogy” (de Finetti, 1937). In Bayesian statistics, the assumptions
are stated in the language of probability and learning is naturally performed via

conditional probability.

4.2.1 Exchangeability and partial exchangeability.

Exchangeability. A fundamental assumption that allows such generalization in
Bayesian learning is exchangeability, that is, invariance of the joint law of the
data with respect to permutations of the observation indices. This entails that the
order of the observations is irrelevant in the learning process and one can deduce
inference for x,41.,4+m from observations xi.,. More precisely, a sequence xi., is

judged exchangeable if

d
X1:n = Xn(1:n) “4.1)

87



for any permutation r of [n] := {1,...,n}. Here 2 denotes equality in distribution.
If the observable xi, . . ., x, are considered a sample from an infinite exchangeable
sequence (x;);>1, that is finite exchangeability holds for any sample size n > 1, de
Finetti’s theorem (de Finetti, 1930) states that such an extendable sequence x1, . .., X,
is exchangeable if and only if it can be expressed as conditionally independently
identically distributed (i.i.d.) from a random probability P. The model is completed

with a prior on P:

v|P Y P o i=12...

P ~ L 4.2)

The characterization of infinite exchangeability as a mixture of i.i.d. sequences
highlights the fact that the homogeneity assumption of exchangeability in Bayesian
learning is equivalent to assuming an i.i.d. sequence in the frequentist paradigm. The
de Finetti measure £ can be interpreted as the prior in the Bayes-Laplace paradigm.
The random measure P in (4.2) is known as the directing measure and its prior £
is known as the de Finetti measure. If P is restricted to a parametric family, we
can write P as Py, where 6 denotes a finite dimensional random parameter and £
reduces to a prior probability model on 8. However, if P is unrestricted we have the
characterization in (4.2) and £ can take the form of a BNP prior on P (Miiller and

Quintana, 2004).

Note that the unknown probability P arises from an assumption on observable
quantities, justifying inference on the parameters/latent quantities in terms of measur-

able quantities. Eliciting assumptions in terms of observable, and thus testable, events
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is fundamental in science also if the main inference goal were inference on latent
quantities. In general, a predictive approach of statistics is becoming increasingly
popular in the statistics and machine learning community. See Fortini et al. (2000,
2012) or Fortini and Petrone (2016) for interesting discussions of the predictive
approach and characterization results for the prior probability measure in terms of

predictive sequences under exchangeability and partial exchangeability.

Partial exchangeability. Inreal world applications, the assumption of exchangeabil-
ity is often too restrictive. To quote de Finetti (1937): “But the case of exchangeability
can only be considered as a limiting case: the case in which this ‘analogy’ is, in
a certain sense, absolute for all events under consideration. [..] To get from the
case of exchangeability to other cases which are more general but still tractable, we
must take up the case where we still encounter ‘analogies’ among the events under
consideration, but without attaining the limiting case of exchangeability.” Indeed,
depending on the design of the experiment it is often meaningful to generalize
exchangeability to less restrictive invariance assumptions that allow us to introduce

more structure into the prior, and thus into the learning mechanism.

If the data are collected in different, related populations a simple generalization
of exchangeability is partial exchangeability. Let X = (x;; : i = 1,...,1;, j =
1,...,J) denote a data array, where j is the label of the population from which x;; is

collected. We say that X is partially exchangeable if the joint law is invariant under
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different permutations of the observations within each population

. . d . .
G,y ii=1o iy j=1hLoo )= ey ci= L0 s j=1,.0.,J),
(4.3)

for any family of permutations {71, ..., n,}. Partial exchangeability entails that the
order of the observations is irrelevant in the learning mechanism up to preserving
the information of the population memberships. If partial exchangeability holds for
any sample sizes (/1, ..., I;) the “analogy” assumption of partial exchangeability
can be characterized in terms of latent quantities (e.g. parameters) via de Finetti’s

theorem (de Finetti, 1937),

xij | (Pr....P) ™ P j=12,..0i=12,...

(P1,...,P;)) ~ L. (4.4)

Therefore, partially exchangeable extendable arrays can be thought of as decompos-
able into different conditionally independent exchangeable populations. As in (4.2)
the characterization in (4.4) does not restrict the distributions associated with the
different populations to any parametric family. The P; would usually be assumed to

be dependent, allowing borrowing of strength across blocks.

Note that exchangeability is a degenerate special case of partial exchangeability
which corresponds to ignoring the information on the specific populations j from
which the data are collected, i.e., ignoring the known heterogeneity. The opposite,
also degenerate, extreme case corresponds to modeling data from each population
independently, i.e., ignoring similarities between populations. See Aldous (1985) or

Kallenberg (2006) for detailed probabilistic accounts on different exchangeability

90



assumptions and Foti and Williamson (2013) and Orbanz and Roy (2014) for
insightful discussions on the topic in the context of non-parametric Bayesian models

(BNP).

The way how partial exchangeability preserves heterogeneity is perhaps easiest
seen in considering marginal correlations between pairs of observations. As desired,
partial exchangeability allows increased dependence between two observation arising
from the same experimental condition, compared to correlation between observations
arising from different populations. For instance, under partial exchangeability (4.3)

it is possible that
Corr(x;j, xi7j) > Corr(x;j, xi7jr), j#j, i#1 4.5)
while by definition of exchangeability, under (4.1)
Corr(x;j, x;7j) = Corr(x;;, i), (4.6)

entailing that in the learning process we can borrow information across groups, but to
learn about a specific population j the observations recorded in the same population
J are more informative than observations from another population j’. Here and in
the following we assume that x;; are real valued, square integrable random variables
such that the stated correlations are well defined. See Appendix A for a (simple)
proof of (4.5).

Going beyond correlations between individual observations, one can see a similar
pattern for groups of observations under populations j and j’. See Section 4.2.3 for

more discussion.
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Statistical inference. From a statistical perspective partial exchangeability is a
framework that allows to borrow information across related populations while still
preserving heterogeneity of populations. Partially exchangeable models are widely
used in many applications, including meta-analysis, topic modeling and survival
analysis when the design matrix records different statistical units (e.g. patients) under

related experimental conditions (e.g. hospitals).

Flexible learning can be achieved assuming dependent non-parametric priors
for the vector of random probabilities P, in (4.4). An early proposal appeared in
Cifarelli and Regazzini (1978), but the concept was widely taken up in the literature
only after the seminal paper of MacEachern (1999) introduced the dependent DP
(DDP) as a prior over families ¥ = {F,, x € X}, an instance of which could be used

for £ in (4.4). See Quintana et al. (2020) for a recent review of DDP models.

Finally, in anticipation of the later application examples we note that while
in a stylized setup it is convenient to think of x;; in (4.4) as the observable data, in
many applications the discussed symmetry assumptions are used to construct prior
probability models for (latent) parameters. The x;; might be, for example, cluster
membership indicators for bi-clustering models, or any other latent quantities in a
larger hierarchical model. The same comment applies for the upcoming discussion

of separate exchangeability.

4.2.2 Separate exchangeability.

We discussed earlier that exchangeability can be too restrictive to model

the case when observations are arranged in different populations. Similarly, partial
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exchangeability can prove to be too restrictive when the same experimental unit is
recorded across different blocks of observations (e.g., the same patient is recorded in
different hospitals). A similar case arises when two types of experimental units are
involved, and observations are recorded for combinations of the two types of units,
as is common in many experimental designs (e.g., in the first motivating study in

Section 4.3 the same type of microbiome is observed across different subjects).

In such a case a simple, but effective, homogeneity assumption that preserves
the information on the experimental design is separate exchangeability, that is,
invariance of the joint law under different permutations of indices related to the two
types of units (or blocks). If data is arranged in a data matrix with rows and columns
corresponding to two different types of units (or blocks), this reduces to invariance
with respect to arbitrary permutations of rows and column indices. More precisely, a

data matrix is separately exchangeable if

d
X1in,1:J = Xgy(1:n),m(1:J) 4.7)

for separate permutations rr; and 7> of rows and columns, respectively.

The notion of separate exchangeability formally reflects the known design in
the learning mechanism. That is, it introduces more dependence between two values
recorded from the same statistical unit than between values recorded in different
statistical units. Note also that partial exchangeability of x;.; 1.7 grouped w.r.t. columns
plus exchangeability of the columns is a stronger homogeneity assumption than
separate exchangeability in a similar way as exchangeability is a degenerate case

of partial exchangeability (i.e. we loose some structure). Similar to (4.5) and (4.6),
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under separate exchangeability it is possible that
Corr(x;j,x;j) > Corr(x;j, xi7j1), j#j, i#i (4.8)
while by the definition of partial exchangeability, under (4.3) we always have
Corr(x;;, x;j:) = Corr(x;j, X;rjr). 4.9)

In fact, inequality (4.8) is always true with > (for extendable separately exchangeable
array), as can be shown similar to a corresponding argument for partial exchangeability
in Appendix A. See Section 4.2.3 for a more detailed discussion on the borrowing of

information under partial and separate exchangeability.

Finally, we conclude this section reviewing a version of de Finetti’s theorem
for separately exchangeable arrays. If x1.; 1.5 is extendable, that is, it can be seen as a
projection of (x;; :i=1,2,...; j=1,2,...), arepresentation theorem in terms of
latent quantities was proven independently by Aldous (1981) and Hoover (1979). See
also Kallenberg (1989) and reference therein. More precisely, an extendable matrix

X1:n.1. 18 separately exchangeable if and only if

xij = f(0,&,m;, 8ij)s (4.10)

for some measurable function £ : [0, 1]* — R and i.i.d. Unif(0, 1) random variables
0,&,m; and (;, i, j € N. The representation theorem in (4.10) implies a less
strict representation theorem in which the uniform distributions are replaced by
any distributions pg, p, and p,, as long as independence is maintained (together

with a corresponding change of the domain for f). This representation in turn can

94



alternatively be written as

n J
p(x1.1.0) = / Po(0) npg(fi) npn(ﬂj) HP(XU | 6,&i,m;) d6 déy., dny.y.
i=1 =1 ij

4.11)
Similar to (4.2) or (4.4) model (4.11) can be stated as a hierarchical model
X 1 0.mj & ™ Pogys i=1,.5 =12,
O~py L &% pe Ly i=12,.j=1,2,... (4.12)

where Py, . is the law of p(x;; | 6,&;,7m;) in (4.11). Finally, in both, (4.11) and

(4.12), the probability models can still be indexed with unknown hyperparameters.

4.2.3 Separately exchangeable random partitions

We discuss in more detail the nature of borrowing of information under partial
and separate exchangeability. For easier exposition we focus on a matrix X = [x;;, j =
l,...,J, i=1,...,1I], with two columns, i.e. J = 2. Note that the assumptions of
partial and separate exchangeability imply marginal exchangeability within columns.
Moreover, we exclude the degenerate cases of (marginal) independence between x.;;
and x1.7 ;», when no borrowing of strength occurs under Bayesian learning, as well as

the fully exchangeable case when we loose heterogeneity across columns.

In the previous section we discussed how separate exchangeability, contrary
to partial exchangeability, allows to respect the identity of an experimental unit i by

allowing for increased dependence between x; ; and x;» compared to dependence
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between x; 1 and x; 5. !

We now extend the discussion to borrowing of information also on other
functionals of interest of x;.71 and x;.72, potentially even while assuming x; ; and
x;s» independent for any i,i’ € [I], but x;.;; and x;.; 2 dependent. In the following
we focus on a fundamental example related to borrowing of information about a
partition of x1.71 and x1.;>. For this discussion, we assume discrete Py ¢ . In that
case, ties of (x;;, i = 1,2,...) define a partition of {1, ..., I} for each column j (and
similarly for rows — but for simplicity we only focus on columns). Let ¥'; denote this
partition in column j. A common context when such situations arise is when x;; are
latent indicators in a mixture model for observable data y;;, with a top level sampling

models p(y;; | xi; = €, ¢¢), where @, are additional cluster-specific parameters.

Similarly, a partially exchangeable model (4.4) with discrete probability
measures P; defines a random partition ¥; in column j. If we then induce dependence
between ¥ and ¥, (by way of dependent P;), it is possible to borrow information
about the law of the random partitions, for example, the distribution of the number of
clusters. See Franzolini et al. (2021) for definition and probabilistic characterizations
of partially exchangeable partitions. However, by definition of partial exchangeability
(4.3), with only partial exchangeability it is not possible to borrow information about
the actual realizations of the random partitions ¥, ¥,. For example, under a partially

exchangeable partition

p({x1r =xo ) [ {x1; =x2;}) = p({x1,jr = x3,0} | {x1,; = x2,;}). (4.13)

INote that sometimes it might be desirable to introduce negative dependence (repulsion), e.g. as
Corr(x; 1,x772) < 0.
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In contrast, under separate exchangeability it is possible to have

px1r =x20} [ {x1,; = x2,;}) > p({x1,j7 =x3;7} | {x1,; = x2;}). (4.14)

From a statistical perspective this means that under separate exchangeability the fact
that two observations are clustered together (e.g. 1 and 2) in one column can increase
the probability that the same two observations are clustered together in another
column. This difference in the probabilistic structures, and thus in the borrowing
of information under Bayesian learning, is particularly relevant when observations
indexed by i have a meaningful identity in a particular application. For example,
in one of the motivating examples, units i = 1, 2, 3 refer to three different types of
microbiomes (OTU). In words, (4.14) implies that seeing OTUs 1 and 2 clustered
together in subject j increases the probability of seeing the same OTUs co-cluster
in subject j’. In the actual application x;; will refer to parameters in a hierarchical

model.

In Section 4.4 we discuss an effective way to define flexible, but analytically
and computationally tractable, non-degenerate separately exchangeable partitions.
We first cluster columns, and then set up nested partitions of the rows, nested within
column clusters. That is, all columns in the same column-cluster share the same

nested partition of rows.

4.3 Two Examples

We use two motivating examples to illustrate the notion of separate exchange-

ability, and to introduce two modeling strategies that provide specific implementations
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respecting separate exchangeability.

In the first example we assume separate exchangeability for data y;;. In short,
we construct a separately exchangeable model for a data matrix [y;;] by setting up a
partition of columns and, nested within column clusters, partitions of row. Such nested
partitions are created by assuming separate exchangeability for parameters x;; in a
hierarchical prior model. In the second example we assume separate exchangeability
for the prior on model parameters 6;; which index semi-parametric regression models.
The separately exchangeable model is set up in a straightforward way by defining
additive structure with exchangeable priors on terms indexed by 7 and 7. In both cases
the model is separately exchangeable without reducing to the special cases of partial

exchangeability or marginal exchangeability.

Microbiome data - random partitions. The first example is inference for micro-
biome data for J = 38 subjects and / = 119 OTUs (operational taxonomic units). The
data report the frequencies y;; of OTU i for subject j (after suitable normalization). In
building a model for these data we are guided by separate exchangeabilty with respect
to subject indices j and OTU indices i. We use a publicly available microbiome data
set from a diet swap study (O’Keefe et al., 2015). The same data was analyzed by
Denti et al. (2021). The dataset includes subjects from the US and rural Africa. The
interest is to investigate the different patterns of microbial diversity (OTU counts)
across subjects and how the distributions of OTU abundancy vary across subgroups
of subjects. Focusing on inference for microbial diversity they restricted attention to

inference about identifying clusters of subjects with similar distributions of OTU
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frequencies, considering OTU counts y;; as partially exchangeable. While this focus
is in keeping with the tradition in the literature, it is ignoring the shared identity of
the OTUs i across subjects j. In Section 4.4 we will set up an alternative model that

respects OTU identity by modeling the data as separately exchangeable.

We show some summary plots of the data, trying to motivate the proposed
inference. First we sort OTUs by overall abundancy (across all subjects). Figure 4.1
(top) shows the cumulative relative frequencies of OTUs in rural Africans (RU),
African Americans (AA) and all subjects, highlighting a difference in distribution
of OTU frequencies between RU and AA. Throughout, The OTU frequencies in
this data have been scaled by average library size, i.e, y;; is the absolute count of
OTU z;; normalized by the totals y; = 3.", z;;. The two barplots at the bottom of
the same figure show OTU abundancies in the two groups, suggesting that subjects

might meaningfully group by distribution OTU frequencies.

In Figure 4.2, we show hierarchical clustering for subjects based on the 10
OTUs with highest empirical variance. Note how the clusters correlate well with
the two groups, RA and AA, suggesting that in grouping subjects by distribution
of OTUs frequencies we should proceed in a way that maintains and respects OTU
identities (as is the case in the hierarchical clustering). Importantly, any inference on
such groupings has to account for substantial uncertainty. Observing these features
in the figures motivates us to formalize inference on grouping subjects by OTU
abundancies using model-based inference. We will set up a separately exchangeable

model, exchangeable with respect to subject and OTU indices.

99



Iy
o
o

o
3
a

Cumulative Relative Frequencies
o o
o @
(52 o

o
o
=}

oTuU
colour ALL — AM-AF R-AF
20~
60~
15
8 8
2 e
& - g
2 2
3 310-
< <
5 S
o <
S 20- 5
an D .
o ||||| ................................................ ] ol II |Ii“|||l|||||u|.n.... ............................ :
6 2‘5 E;U 7‘5 160 1éE 6 2‘5 50 7‘5 160 1‘25
oTU oTuU
Rural-African African-American

Figure 4.1: Top: Cumulative Relative Frequencies of OTU for average Rural Africans
(RU), average African Americans (AA) and average of all subjects. Bottom: Histogram
of OTU abundancy in RA and AA (scaled as described in the text).

Protein expression - nonparametric regression. In a second example we analyze
protein measurement data in a study of ataxia, a neurodegenerative disease. The
same data is studied in Lee et al. (2021). The data measures the abundancy of 4350
potentially disease-related proteins among two groups of subjects, one control group
and one patient group. Each group includes 16 subjects with ages between 5 and 50
years. The subjects’ ages define time for our observations. There are T = 16 unique
times 74, t = 1,..., T, with one control and one patient for each unique time 7;. That
is, T refers to time in calendar years, and ¢ is an index in the list of the 7 unique

time points. The data are protein activation data y;;, j = 1,...,J,i=1,...,1, for
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Figure 4.2: Agglomerative Hierarchical Clustering with Euclidean Distance and
Complete method subjects using 10 OTUs with highest cross-subject variance.

the J = 32 subjects and I = 4350 proteins. For each subject, z; is an indicator for
being a patient (z; = 1) or control (0), and ¢; € {1,...,T} denotes the age. The
inference goal is to identify proteins that are related with the disease, defined as
proteins with a large difference between patients and controls in change of protein
expression over age. We set up a nonparametric regression for y;; versus age ¢;. The
regression mean function is constructed using a cubic B-splines with 2 interior knots,
an offset for protein i, and an interaction of treatment and B-spline, to allow for a
difference in spline coefficients for patients versus controls. See the later discussion
for more model details. In this case, the separate exchangeability assumption is made

for protein-and-age specific effects 6;; that appear in the regression mean function.

Figure 4.3 shows a random subset of the data. The figure shows protein
expression (on a logarithmic scale) over time for 10 randomly selected proteins,
separately for patient and control groups. The figure highlights the high level of noise

in this data. Recall the primary inference goal of identifying proteins with the largest
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Figure 4.3: Randomly selected 10 proteins: log abundancy y,; against age ¢;. Solid
lines correspond to patients (z; = 1), and dotted lines indicate controls (z; = 0).
Lines corresponding to the same protein share the same color.

Table 4.1: Top 10 selected proteins using simple data summaries. Notice the lack of
overlap. See the text for details.

Naive method 1: Empirical difference of differences

1| Q9H6R3 | Q9Y3El | P49591 | QI9NQO66-1 P01859

6 | 060256-1 | P10915 P10768 P53041 QI9H6U6-8
Naive method 2: separate regression for each protein

1| QI3634-1 | Q9Y6U3 | P04275 | Q5VSLO-1 | QINYYS
6 | QOUPU9-1 | P06454-1 | P24844-1 | Q8WZA9 P48651

difference in slopes between patients versus controls. Table 4.1 shows the selected
top 10 proteins using two simple data summaries. Let jo1, jor, j11 and jir denote
the indices of four subjects, with j, indicating the subject with z; = zand ¢; = ¢.
The first set of 10 proteins are the proteins with the largest empirical difference

~ _ Jipir T Yiju _ Yijor ~ Yijor

i = , 4.15
T-1 T-1 ( )

that is, the 10 proteins with largest observed difference between patients and controls
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in change over time. One problem with ¥; is that it is based on only the 4 subjects with
minimum and maximum age, and does not borrow any strength from data for subjects
with ages in between, or other proteins. The second set of 10 proteins are the proteins
with largest fitted difference, fitting for each protein two separate smoothing splines,
one to all patients and a second one to all controls, and evaluating §; replacing the
data by the fitted values J;; under these smoothing splines. The second set therefore
includes borrowing of strength across all subjects, but still no borrowing of strength
across proteins. And both summaries ignore uncertainty of ¥;. Note that the top 10
proteins based on these two data summaries include no overlap, highlighting again
the high level of noise in these data, and the need for more principled inference
and characterization of uncertainties. These observations motivate us to develop a
hierarchical model to borrow strength across proteins and time, and to allow for a
full description of uncertainties. The hierarchical model across subjects and proteins
is set up using separate exchangeability on parameters 6;;. Note that in this case
separate exchangeability is not on the data, but on parameters (including slope etc.)
of the fitted curves. See later for details. The model includes a random partition of
proteins to group proteins with similar patterns into common clusters, allowing us to
identify a group of interesting proteins as the cluster with the highest cluster-specific

change in protein expression over time.
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4.4 Separate Exchangeability through Nested Partitions

4.4.1 Separate versus partial exchangeability

The microbiome data records frequencies y;; of I = 119 OTUsi =1,...,1,
for J = 38 subjects, j = 1,...,J. The measurement y;; reports the scaled abundancy
of OTU i in subject j. The main inference goal is to identify subgroups Cy,
k=1,...,K", of subjects with different patterns of OTU frequencies. The subsets
Cy define a partition as Uf;l Cr = [J] with C, N Cr = 0 for k # k’. We refer to
the Cy as subject clusters. Alternatively we represent Cy using cluster membership

indicators S; = k if and only if j € Cy.

Partially exchangeable model. We assume mixture of normal distributions. Let
GEM () denote a stick-breaking prior for a sequence of weights (Sethuraman, 1994).
Marginally for each subject j (i.e., marginalizing over other subjects, j* # j), we

assume

yilej:kiifle, i=1,2,...

S iid
Gy = Z Wng(/Jg,O'g) and O = (#5’0-62) ~ Go, wy ~ GEM(Q)
(=1
p(Sj=k|m) =nrand = (71,...) ~ GEM(B) (4.16)
with independent sampling across i = 1, ..., I. Marginally, for one subject j, the
first two lines of (4.16) imply a Dirichlet process (DP) mixture of normal model for

vij» i =1,2,.... That is, the marginal law for each j is a DP mixture

vii 1Y G i=1,....1
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G = / N(u, 0?) dF (i, ) and F = Z Wikeupor ~ DP(, Go).  (4.17)
l

We keep using notation wy, to highlight the link with (4.16). Here (u¢, o) are the
atoms of a discrete random probability measure F and DP(a, G¢) defines a DP
prior with total mass @ and base measure G. See, for example, (Miiller et al., 2015,
Chapter 2) for a review of such DP mixture models. However, the fact that in (4.16)
multiple subjects can share the same Gy introduces dependence across subjects.
Additionally, note that the normal moments 6, = (ug, 0'52) are indexed by ¢ only,
implying common atoms of the G across k. The model construction is completed by
assuming that y;; in (4.16) are sampled independently also across j given the vector
of random probabilities. Below we will introduce a variation of this final assumption,

motivated by the following observation.

The use of common atoms (¢, o) across G allows us to define clusters
of observations across OTUs and subjects. This is easiest seen by replacing the
mixture of normal model in the first line of (4.16) by a hierarchical model with latent

indicators M, j as
p(yij | Mij =€) = N(ug, o) and p(M;; = € | S} = k) = wie.

Interpreting M, ; as cluster (of OTUs) membership indicators, the model defines
clusters R je = {@j) : 1\7I,~j = {}. The model also defines a random partition ‘i’j
of OTUs for each subject j with clusters defined by R, = {(ij) : M;; = }, i.e.,
‘i‘j ={R je» € =1,2,...}. In this construction subjects j with shared S; = k share
the same prior p(‘i‘j) on the partition of OTUs, implied by y;; | P; ~ P; with

P = Gg;, defining partial exchangeability as in (4.4), with the random partition

105



(S1,...,8y) defining a dependent prior on (Py, ..., Py). Conditional of Sy, ..., Sy

the latter is characterized by only K* distinct G.

A separately exchangeable prior. Recognizing the described construction with M; 5
as reducing to partial exchangeability when non-degenerate separate exchangeability
is implied by the nature of the experiment, we introduce a modification. While the
change is minor in terms of notation, it has major consequences for interpretation
and inference as we will show later. We replace the indicators M; ; by M (note the
subindex ;) specific to each OTU and cluster of subjects, with otherwise unchanged
marginal prior

p(My =€) = wye (4.18)

and p(yi; | S =€, My =€) = N(ue, o’f). The assumption completes the marginal
model (4.16) by introducing dependence of the y;; across j € Cy, which is parsimo-
niously introduced with the M;; indicators. The marginal distribution (4.17) remains
unchanged. But now the implied random partitions ¥ ; are shared among all j € Cy.

Let Wy = {Ry;,[ = 1,2, ...} denote this shared partition.

In practice we use an implementation using a finite Dirichlet process (Ishwaran
and James, 2001) for Gy, i.e., we truncate G with L atoms. Similarly, we truncate
the stick-breaking prior for 7y at a fixed number of K atoms. For later reference we

state the joint probability model conditional on K and L is

J 1
— . 2
p(y121,11J9 S’ M’ ™, w’| K’ L) - 1_!: np(yl] | NM’-’S_]"O-Mi,Sj)
]:

i=1
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j=1 k=1 i=1
with p(m) = p(71,..., k) = GEM(B) and p(wi) = p(W1, ..., wir) = GEM(a)
being finite stick breaking priors, and p (uy, 0'?) chosen to be conditionally conjugate

for the sampling model p(y;; | ue, O't,z).

In summary, we have introduced separate exchangeability for y;; by defining
(i) a random partition y = {Cy, . .., Cg+} of columns, corresponding to the cluster
membership indicators S, and (ii) nested within column clusters Cy, a nested partition
Yy = {Ry1, ..., RiL} of rows, represented by cluster membership indicators M;y.
In contrast, a model under which j € Cy only share the prior p(¥ ;) on the nested
partition reduces to the special case of partial exchangeability. The model remains
invariant under arbitrary permutation of the row (OTU) labels in any column (subject).
Without the reference to separate exchangeability a similar construction with nested
partitions was also used in Lee et al. (2013). The construction of the nested partition is
identical, but there is no notion of common atoms to allow for clusters of observations

across column clusters.

Finally, to highlight the nature of the model as being separately exchange-
able with respect to OTUs and subjects we exhibit the explicit Aldous-Hoover
representation (4.11), still conditional on hyperparameters. We show separate ex-
changeability conditional on ¢ = (7r, w) by matching variables with the argu-
ments in (4.11) as follows: n; = §;, & = (M, k = 1,...,K), 6 = (u,0), and
p(xij | 6,&,m;) = N(,U[,O'g) with £ = Mg ;. Here we used that (4.11) allowed

conditioning on additional hyperparameters, in this case ¢.
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4.4.2 Results

Posterior simulation is implemented as a straightforward Gibbs sampling
algorithm. All required complete conditional distributions follow easily from the joint
probability model (4.19). Posterior Monte Carlo simulation is followed by a posterior
summary of the random partition using the approach of Dahl (2006) to minimize
Binder loss, using the algorithm in Dahl et al. (2021). We estimate three clusters
of subjects, C1, C», C3. We show the three subject clusters in Figure 4.4 by plotting
cumulative frequencies of OTUs. We sort all OTUs by overall abundancy across
subjects. For each cluster of subjects, we collect all subjects j and plot cumulative

(observed) frequencies.
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Figure 4.4: Cumulative Relative Frequencies of OTU in the subject clusters Cg,
k =1,2,3, of subjects.

Figure 4.5 summarizes the nested partition of OTUs, nested within the three
subject clusters. The three panels correspond to subject clusters & = 1,2 and 3. For

each subject cluster, the figure shows the estimated co-clustering probabilities of
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OTUs, i.e., plkl = p(M;; = M | y, S) for each pair (i,i") of OTUs. As usual for
heatmaps, the OTUs are sorted for a better display, to highlight the clusters.

1 2 3
125~

100-
value
14

75~

oTu

50~

Figure 4.5: OTU co-clustering probability under each subject cluster of subjects. In
each block, OTU are ordered by their cluster assignment.

Figure 4.6 shows the same nested partitions, but now by showing the data
vij arranged by subject clusters. In each panel OTUs are sorted by observational
clusters. That is, each plot shows the data corresponding to j € Si, for k = 1,2 and
3. The subjects j € Cy are on the x-axis. The OTUs are on the y-axis, arranged by
the estimated observational clusters. The patterns in y;; echo the clusters shown in

the previous plot.

Inference as in Figure 4.5 or 4.6 is not meaningfully possible under partial
exchangeability, since the nested partitions p; = (ﬁ je»t=1,..., L) are not shared
across j € Ci. In other words, consider for example two subjects j = 1 and j = 2.
Assume for subject 1 we record two OTUs a and b co-cluster in a cluster with
high frequency, whereas for subject 2 OTUs ¢ and d cluster together. Under partial
exchangeability j = 1 and 2 might be placed in the same cluster Cy although the

different OTUs might be linked to entirely different diets.
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Figure 4.6: Heatmap of column scaled y in log scale for each subject clusters of
subjects. OTU is sorted by each cluster specific OTU cluster assignment.

4.5 Nonparametric Regression
4.5.1 Separate exchangeability in an ANOVA DDP model

ANOVA DDP. In this example we set up a separately exchangeable model as
an implementation of the popular dependent Dirichlet process (DDP), by means
of introducing the symmetric structure in the prior for the atoms in a Dirichlet
process (DP) random measure over subjects and time. In this example, the separate
exchangeability assumption is not on the observed data (protein expression over time
and two different conditions). Instead we set up a separately exchangeable prior for
the linear model parameters in a statement of the DDP as a DP mixture of linear
models. The actual construction is very simple. We achieve separate exchangeability

by setting up additive structure with terms specific to proteins i and time ¢.

The DDP is a predictor-dependent extension of DP mixtures first proposed
by MacEachern (1999, 2000). It defines a family of random probability measures
F = {F,, x € X}, where the random distributions F, are indexed by covariates x and

each F, marginally follows a DP prior as in (4.17). The desired dependence of F;
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across x is achieved by writing the atoms or the weights of the DP random measure
F\ as functions of covariates (Quintana et al., 2020). The simplest version of the
DDP arises when only the atoms of F vary over x (common weights DDP) and are
specified as a linear function of x. This defines the linear dependent DP (LDDP) or
ANOVA DDP (De Iorio et al., 2004). The model can be written as a DP mixture
of linear models, that is, as a mixture with respect to some (or all) linear model

parameters, and a DP prior on the mixing measure. See below for a specific example.

The DDP naturally implements partially exchangeable structure if it is
assumed as de Finetti measure in (4.4). Consider data y;;, assuming p(y;; | ¥) =
f p(yij | 8) dF;(6), typically using the additional convolution with a density
kernel p(y;; | €) to construct a continuous sampling model, if desired. A similar
situation arises when data y; is observed with a categorical covariate w; € {1,...,J}
and p(y; | wi = j,F) = fp(y,-j | ) dF;(6). In either case, a DDP prior on
F = (F;,j=1,...,J) implements a partially exchangeable model for the observable
data y;;, or y; grouped by w;, respectively. However, if the experimental context
calls for separately exchangeable structure with respect to i and j, appropriate model
variations are called for. We introduce one next, where the separately exchangeable

structure is on the parameters 6 in (a variation of) the DP mixture representation.

A separately exchangeable ANOVA DDP. To state the specific model we need
some more notation. Recall the notation set up in Section 4.3, with y;; denoting
the abundancy of protein i in subject j, and 7; and z; denoting subject-specific age

and condition. We use cubic B-splines with two internal nodes to represent protein
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expression over a grid of 7 = 16 time points, 7;, t = 1,...,T. The linear model
parameters in the ANOVA DDP model include coeflicients for the B-spline basis
functions to represent protein expression over time for controls, plus an additional
equal number of coeflicients for the same basis functions to represent an offset for
protein expression for patients. More specifically, let x; € R 12 denote a design vector
for subject j, with (x;1,...,x;6) being 6 spline basis functions evaluated at time ¢;,
and (x;7,...,xj12) = 2;(x;1,...,x;¢) representing an offset for patients (z; = 1).
That is, linear model coefficients for (x;1,...,x;6) model protein expression over
time for controls (z; = 0), while the coefficients for (x;7,...,x;12) represent an

additional offset for patients (z; = 1) in protein expression over time.

Let y; = (yij, j = 1,...,J) denote all data for protein i. We assume an

ANOVA DDP model, written as DP mixture
J
fyilG, e, 8) = / {1_[ N(yij; @i+ 6;; + a3, 07) }dG(ﬁi’O}z)), (4.20)
j=1

with a DP prior for G = X, 1463, 5,. G ~ DP(£, Go). Here @; are protein-specific
offsets and ¢, are offsets for each of the unique time points, = 1, ..., 16. We use a
finite DP, G ~ DPy (&, Gy), truncated at H = 25 (Ishwaran and James, 2001), with
total mass parameter ¢ and G defined by 3, ~ N(Bo, 00/) and 0',3 ~ InvGa(ay, by).
We complete the prior specification with §; ~ N({, w) and a; ~ N(uo, O'g). Here,
(&, Bo, o0, ao, bo, po, 0'3, lo, wop) are fixed hyperparameters. See Appendix B for

specific values.

Note that the linear model is over-parameterized. For example, we do not

restrict the cubic splines to zero average over all (two) subjects observed at the same
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time 7; = £, implying confounding of the intercept with 6,. However, recall that the
inference target is the difference in slope between patient and control for a given

protein, which is not affected by this over-parameterization.

The regression model is set up to allow straightforward inference on the
protein-specific difference in slope for patients versus controls. As in (4.15), let again
Jot, jors j10, jir denote indices of subjects with (z;,¢;) = (0,1),(0,7), (1,1) and
(1,T), respectively. Then keeping in mind that x,, and « ;. differ only in the last 6

elements (and ignoring scaling by a constant 1/(T — 1)),

Yi= [z, —xj,,) = (T —xjo)]Bi = (Tjp7:12 — 2y, 7:12) Bi712 (4.21)

represents the desired difference in slope between patients and controls. Posterior
inference on vy; implements the desired model-based inference on the difference of

slopes with borrowing of strength across proteins and subjects.

Let 0;; = («;, 6y, i, 0-1.2) denote the parameters that index the regression
model for protein i at time ¢. By construction the prior probability model on 8;; is
separately exchangeable, as it is invariant with respect to separate permutations m of

protein indices and 7’ of age:

p(ol:I,I:T) = p(en(lzl),n’(l:T))-

Note that 3; represents the mean function for patient i as coefficients for the spline
basis (valid for any 7). Only in (4.20) this mean function is evaluated for = ¢; and
x = x;. In particular, separate exchangeability is assumed for the mean function

parameters, not for the fitted values or the data. The model is separately exchangeable
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by construction. Alternatively one can trivially match the variables with the arguments

in (4.11), & = (a4, B;, 03) and n; = 6.

4.5.2 Posterior Inference

MCMUC posterior simulation. Posterior simulation under the proposed ANOVA
DDP (or DDP of splines) model for protein expression is straightforward. We used
the R function bs from the package splines to evaluate the spline basis functions for

x ;. The transition probabilities are detailed in Algorithm 1 in the appendix.

For the statement of the detail transition probabilities in Algorithm 1 it is

useful to replace the mixture model (4.20) by an equivalent hierarchical model
Yij | 8i = h~ N(a; +6;, + By, ;) (4.22)

with p(s; = h) = ;. Recall that (3, 35) are the atoms of the random mixing
measure G in (4.20), and that we use a finite DP truncated at H atoms. Interpreting s;
as cluster membership indicators defines inference on a random partition of proteins.
Let then Cj, = {i : s; = h} denote cluster & defined by s;, and let n, = |Cy|. Note
that in this notation we allow for empty clusters that arise when an atom (3, &7,)
is not linked with any observation, i.e., C; = @ and nj;, = 0. Using this notation, see

Algorithm 1 in Appendix B for a description of MCMC posterior simulation.

We are mainly interested in two posterior summaries, a partition of proteins
by different patterns of protein expression over time, and identification of the proteins
with the highest rank in |y;| (the difference in slope between patients and control).

The latter proteins are the ones that are most likely linked with ataxia.
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We start by identifying the MAP estimate K* for the number of clusters
K* = Y, 1(ny, > 0) in (4.22), and then follow the approach of Dahl (2006) to
report a posterior summary of the random partition of proteins. Let s* denote the
reported partition. Conditional on s*, we then generate a posterior Monte Carlo
sample for 3, for each cluster to obtain (conditional) posterior mean and variance for
the cluster-specific Bh- We did not encounter problems related to label-switching
in the actual implementation - in general one might need to account for possible

label-switching.

Ranking proteins. The main inference target is to identify proteins with the most
significant difference between time profiles for patients versus controls, suggesting

such proteins are the most likely to be linked with ataxia.

We therefore focus on the difference (across conditions) in differences (over
age) of mean protein expression, defined as y; in (4.21). We evaluate the posterior
mean E(y; | y) using Rao-Blackwellization, that is, as Monte Carlo average of
conditional expectations y; = % S E(yi | "7, y), where 6"~ are all parameters
in the m-th posterior Monte Carlo sample, excluding 3. Note that ; is a deterministic
function of the cluster-specific B, when s; = h. Let ¥, denote the cluster-specific
estimate. Conditioning on s* we can then identify the set of proteins with the largest

average change.

Alternatively, we can cast the problem of identifying interesting proteins as a
problem of ranking, and more specifically, one of estimating a certain quantile, to

report the most promising 100(1 — ¢)% proteins. Here c¢ is chosen by the investigator.
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Choice of ¢ should reflect the effort and capacity to further investigate selected
proteins. We then formalize the problem of reporting promising proteins as the
problem of identifying the proteins with |y;| in the top (1 —c¢) percentile of |y;| values.
The problem of ranking experimental units in a hierarchical model and reporting
the top (1 — ¢) percentile is discussed in Lin et al. (2004) who cast it as a Bayesian

decision problem. Let

1
R =rank(y;) = > (17l = lys)),
i’=1

denote the true ranks, with R; = 1 for the smallest |y;| and R; = I for the largest
lvi|. Alternatively we use P; = R;/(I + 1) to report the quantile, or the percentile
100 P;%. One of the loss functions that Lin et al. (2004) consider is a 0-1 loss aimed
at identifying the top 100(1 — ¢)% units, i.e., the c—quantile. Let R; denote the
estimated rank for unit i, and P; = R;/(I + 1). The following loss function penalizes
the number of misclassifications in the top ¢ quantile, including the number of
proteins that are falsely reported (false positives) plus those that are failed to be

reported (false negatives).

I
1 1 —~ —~
Lo/i(c) = F{# misclassifications} = 7 {Z AB(c, P;, P;) + BA(c, P;, P,-)}
i=1

where AB and BA are penalties for the two types of misclassifications,

AB(c,P,P)=1(P>c¢,P<c)=1(R>c(I+1),R<c(I+1),

BA(c,P,P)=1(P<c,P>c¢)=1(R<c(I+1),R>c(I+1),
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Lin et al. (2004) show that L ;(c) is optimized by R: = R with
R (c) = rank{p(P; > ¢ | y)}, (4.23)

or P = RY/(I+1).

4.5.3 Simulations

We set up a simulation with J = 20 subjects and I = 100 proteins. The
simulation does not include a split into patients and control (think of the data as
already reporting the difference of patient and control). We generate ¢; ~ Unif (0, 1)
(equivalent to age in the actual study), a hypothetical partition of proteins with cluster
membership indicators s; € {1,2,3} using p(s; = h) = 7;,, # = (0.25,0.3,0.45).
We set up protein-specific offsets a; using shared common values for all proteins
in a cluster, i.e., @; = @&, with (@, @2, @3) = (0, -3, 1), and patient-specific offsets
0; ~ N(0,0.1). To mimic the actual data, we manually modify some §; to create
similar patterns as in the data (see Figure 4.8b). Using these parameters we set up a
simulation truth

@+ 2+ 30+ 6 €, 5=
Yij = ozi—2tj+t;+§j+e,~j, s; =2
a; +1; —3t;+6j+eij, s;i=3
with ;; ~ N(0,0) and o = 0.2,0.5,1 for 5; = 1,2, 3, respectively. See Figure
4.8b (black lines) for the mean functions for proteins in the three clusters under the
simulation truth. Under this simulation truth, the proteins in cluster 2 are those with
largest overall slope. Figure 4.7 shows 20 randomly selected y; versus age ¢, in the

simulation (left panel) and in the real data (right panel).
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Figure 4.7: Left: 20 randomly selected y; from simulation versus age ¢, each color
indicates a different y;. Right: the mean log abundancy difference between patient
and control in 20 randomly selected proteins from data.

MCMC posterior simulation converges after 3000 iterations. As before, let
ny = |Cyl, and let K* = Zle I(n, > 0) denote the number of non-empty clusters.
Figure 4.8a shows a histogram of the posterior distribution p(K* | y). The posterior
mode K* = 3 recovers the simulation truth, with little posterior uncertainty. We then
evaluate the earlier described point estimate s* for the posterior random partition.
Conditioning on s* we continue to simulate MCMC transitions to evaluate conditional

posterior means for ,éh a; and J; in the analysis model (4.20).

Let, = E(6; | s*,v), Brn = E(Bn | s*,y) and @ = E(; | s*, y) denote the
conditional posterior means. All posterior means are evaluated numerically as Monte
Carlo sample averages. Also, let ), = # Yiec, @;. For a data point y;;, lett = t;
and h = s7. Then y; = o} + o+ a:; By, are the posterior fitted values for y; ;. Figure
4.8(b) shows the posterior fitted values yy,, and pointwise one-standard deviation
intervals. The estimates closely track the true mean profiles. These simulation results
indicate that with moderate sample sizes as in the actual study, and noise levels

comparable to the data, inference could reliably estimate protein expression over
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Figure 4.8: (a) Histogram of p(K* | y) in the simulation experiment. The simulation
truth is K* = 3. (b) Prediction v, (solid black line) and simulation truth (solid color
line) for each cluster in the simulation experiment versus age ¢. Dotted lines indicate
pointwise one standard deviation standard errors.

time. The a posteriori identification of the proteins with the largest change over time
perfectly recovers the simulation truth in this example. The assignment s* includes

no misclassification for any of the 100 proteins.

4.5.4 Results

We implement inference under the proposed DDP model with the separately
exchangeable prior. We find the following eleven clusters for the 4350 proteins.
For each cluster, we separately plot the cluster predicted protein abundancy y;, =
(Yns» t =1,...,T) for patients (solid) versus control (dashed). For comparison we
show corresponding averages of protein expression, averaging the data y;; across
all patients (dotted) and controls (dash-dotted) for each estimated cluster (under s*).
The predicted mean protein abundancy for each cluster 4 is computed as before, as

Yhar = 8¢ + &P+ aj, for a data point y;; with s* = h, ; =  and z; = z, and the
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cluster-specific posterior means 3, and a* defined as before.

In Figure 4.9, we see noticeably different trajectories for patients and controls,
except for cluster k = 3 (in panel (c)). The figure also indicates R? (coefficient of
determination) as an indication of model fit for each cluster, with an average R> of
0.70 (0.075 empirical standard deviation) across the K* clusters. For an additional
goodness of fit assessment we use a model fit diagnostic proposed by Johnson
(2004). For each iteration, we randomly select a subject j and protein 7, calculate the

<(m)

fitted value yl.J'." = Yz using currently imputed parameters, including the random

partition s, and form the residual z;; = y;; — 5?1(71) Figure 4.10 shows a normal gq-q

plot of the residuals z;;, dropping an initial burn-in and thinning out iterations. The

approximately 45 degree line indicates no evidence against model fit.

Evaluating the posterior rank summary (4.23) we find top 100 (= 2.5%)
ranked proteins, with highest |y;|, i.e., (absolute) difference of slopes between patients

and controls. Table 4.2 shows the top 20 of these.

Table 4.2: Top 20 Ranked Proteins with highest posterior |y;|

Q15149-8 | Q13813-2 | Q13813-3 | Q01082-1 | 015020

Q00610-1 | Q14643-5 | Q01484 P49327 P46821
P14136 Q8NF91 | P35580-4 | P14136-3 | Q05193-3

Q05193-5 | P61764-2 | P46459 P61764 | P07900-2
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4.6 Discussion

We have argued for the use of separate exchangeability as a modeling principle,
especially for nonparametric Bayesian models. The main arguments are that (i) in
many cases separate exchangeability is more faithfully representing the experimental
setup than, say, partial exchangeability; and (ii) some summaries of interest (related
to the identity of the experimental units) cannot even be stated without introducing
separate exchangeability. An example for the latter are shared nested partitions of rows
across different columns in a data matrix. In a wider context, the discussion shows
that careful considerations of the experimental setup often leads to more specific

symmetry assumptions than omnibus exchangeability or partial exchangeability.

In many cases separately exchangeable probability models will serve a
tractable submodel of a larger, encompassing inference model as we did in Section

4.5.1.

Finally, recall that the proposed separately exchangeable BNP model in the
first example can be rephrased in terms of dependent random partition models that
exploit the random partitions induced by the ties of Dirichlet processes. In this
context, an interesting future related research is to study the learning mechanisms
that arise from similar compositions of Gibbs-type priors (Gnedin and Pitman, 2006;
De Blasi et al., 2013) that preserve analytical and computational tractability of the

random partition law.
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Figure 4.9: Predicted protein abundancy vy, in cluster & versus age ¢ for patients
(z = 1, solid) and controls (z = 0, dashed) versus age ¢. For comparison, the dotted
and dash-dotted line plots the average over all patients in the same cluster (under s*)
under condition z at time ¢.

122



Normal Q—-Q Plot

Sample Quantiles
0

Theoretical Quantiles

Figure 4.10: Normal Q-Q plot of residuals.
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Chapter 5

Conclusion

In this thesis we study inference and uncertainty in complex structures. In
the first two chapters after the initial introduction we focus on count statistics in
networks under sparse graphon models, which is intrinsically a jointly exchangeable
structure. In the fourth chapter, we explore separate exchangeable structures with its

examples and applications in Bayesian nonparametrics.

In the first chapter, we propose a network jackknife procedure, a leave-one-
node out method to estimate the variance of count statistics in networks. We prove
that under the sparse graphon model, the network jackknife estimate of variance is
always conservative in expectation and is consistent for count statistics and smooth
functions of count statistics. As we showed in simulations, our network jackknife
algorithm outperforms traditional subsampling methods in variance estimation and in
computation speed. We have tentative evidence that network jackknife has a potential
to be applied beyond count statistics such as eigenvalues and achieve consistent

estimation. Future work and attention is needed for this exciting extension.

In the second chapter, we propose a family of network multiplier bootstrap
methods for inference of count statistics. Our linear and quadratic multiplier bootstraps

are bootstrap procedures with linear and quadratic weights, which respectively
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correspond to the first and second-order terms of the Hoeffding decomposition.
Between linear and quadratic bootstraps, we see a trade-off of speed and accuracy.
For moderately sparse graphs, quadratic bootstrap is higher-order correct while linear
bootstrap is first-order correct but faster in computation. To make linear bootstrap
even faster, we also propose an approximate linear bootstrap where a randomized
sketching algorithms is used for estimating local network count statistics. We present
empirical results in both simulations and real data networks. Future work includes

applications on larger and sparser social networks and biological networks.

In the third chapter, we review the definition of separate exchangeability and
discuss separate exchangeability as a modeling principle in Bayesian nonparametric
models. We provide two examples. In the first example related to microbiome
analysis, the data from the experimental setup is separately exchangeable. In the
second example related to a protein study, separate exchangeability is introduced
in the prior probability model for the parameters. For the microbiome data in
the first example, we use a model of nested partitions. The proposed model is a
variant of the common atoms model to respect the separate exchangeability structure
in the experimental units. For the protein study in the second example, separate
exchangeability in the prior probability model for the parameters in a nonparametric
regression is introduced by appropriate choices in the model construction. In both
examples, we argue for the use of separate exchangeability as a modeling principle
that is often overlooked in the modeling process of Bayesian nonparametrics. As
separately exchangeable probability models can be used as tractable submodels

in a larger inference model, an interesting future study is to further explore these
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applications.

The methods that we propose for inference and for characterizing uncertainty
in complex structures such as networks or separately exchangeable structures can be
used in many applications using social science data or biological data. The problems
that we discussed are only some specific examples of issues that arise with inference
for complex structures. These studies are just a beginning, as complicated data arising
from social and biological sciences call for the development of more theory and

methods for inference and uncertainty estimation methods.
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Appendix A

Theoretical Proofs and Additional Experiments for
Network Jackknife

A.1 Proof of Theorem 1

To facilitate the proof below, we will explicitly define the data generating
mechanism for the Bernoulli trials defined in Eq 1.1. For 1 <i < j < n, define the
random variable 77;; ~ Unif[0, 1] and let A;; = 1(5;; < p,w(X;, X;) A 1). We may
view a function f that takes as input an — 1 X n — 1 adjacency matrix as a function g
of the underlying latent positions. We require that g is invariant to node-permutation,
meaning that g remains unchanged when some (bijective) permutation function
¢:{1,2,....,n—=1} > {1,2,...,n— 1} is applied to the indices corresponding to

X; and both the row and column indices of 7;; separately.

In what follows, let X,, = (X;)1<i<, and m, = (;j)1<i<j<n. Furthermore,
we will let X,,; denote the vector formed by removing node i and 1, ; denote the
(concatenated) vector formed by removing all elements containing row or column

index i.

Proof. Let Z,; = g(X,.i,nn;) denote the functional calculated on an induced

subgraph of n — 1 nodes excluding node i. As before, let Z,,_; = Z,, ,. Construct the
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following martingale difference sequence:
di = E(Zy1|%) - E(Zy-1|Zi-1) (A.D)

Here, we consider a filtration introduced by Borgs et al. (2008), which was originally
used to establish exponential concentration for certain subgraph frequencies in the

dense regime.

LetZo = {0, Q}, Zy = (X)), X2 = 0(X1, X2, m12), X3 = 0 (X1, X2, X3, 712,
113, 23) and so forth up to n. The filtration we consider has the following interpre-
tation: for each time 1 < ¢ < n, suppose that we observe a t X t adjacency matrix
induced by the nodes {1, 2,...,t}. Then, %, captures all of the randomness in the
corresponding induced subgraph. We may visualize X; as a o-field generated by a

triangular array so that:

X i i
! 75(122 Z;t: Z;l X1 nm2 o .. M, i-1
! ' X .. n2,i-1
2i=0 - ;X1 =0 .
! Xi2 Ni2i-1, Ni-2,i i-1 X
X; o i-2 Mi-2,i-1
i—1 Mi-1,i X:
Xi i—1

Observe that Z,_1 — E(Z,-1) = X, d;, d; is ¥; measurable, and E(d;|Z;_1) = 0.

Therefore, the variance of Z,, can be written as:

n 2 n
Zdi) S @) +2 Y Edd))
i=1

i=1 i<j

var Z,_1 = E

Now, for i # j, observe that:

E(did;) = E(E(d;d;|%;)) = E(d;)E(d;|Z;)

= E(d;))(E[E(Sn|Z))|Zi] = E[E(Sp|Zj-1)|Zi]) =0
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For the jackknife estimate, we have that:

E

2

. 2| _ n, Z”,] _ E Zn,l n,2
21 (Zni — Zn) )— E ;. =

i<j

We also denote by X;.;, the sigma field containing all information of random
variables X;,...,X;, and ni,i < k < € < j. Now define A as X3,,1. Since
Z,-1 is invariant to node-permutation, A is independent of o (X, 123, . . . , 72,) and

o (X1, M3, - N1n)
E(Z,1|A) = E(Zy2|A)
Define:
U=E(Zn)|Zin) = E(Zy1|A), V= E(Zy2|%i1) — E(Zy2|A) (A.2)

Then, using the fact that E[X 2|%i41] = E[X|Zis1]? for some X, measurable r.v. X,

we have:

E(Zy1 = Zn2)* 2 E[E(Zy1|Zi41) — E(Zy2|Zi1)]*> = E(U = V)? (A3)

Notice that conditional on A, U is a function of { X2, 723, ..., n2.i+1}, while
V is a function of {X1, 713, ...,n1,+1}. Thus, U and V are conditionally independent.
Then, since A C X;;1, by the tower property of conditional expectations, we have

that:

E(U-V)?=E(U?» -=2E(UV) + E(V?)

= E(U») + E(V?) =2E(E(U|A)E(V|A))
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= E(U?) + E(V?),
Now, we expand E (U?) as follows:

E(U?) = E((E(Zu1|Z(is1)) — E(Zy1|A))?]

(@)

= E((E(Zn1|Z2:41) = E(Zn11Z3:441))°]
(ii)

= E[(E(Zn,nlzlt) - E(Zn,nlzl:i—l))z]

= E[(E(Zn-1|%) = E(Zy-1]%i-1))%] = E(d?)

Step (i) holds because the random variables associated with node 1 are not present
in Z, 1. Step (i7) holds because Xi,...X, and 7;;,1 < i < j < n are i.i.d random
variables, and E[Zn,l |22:i+1] (E [Zn,l |23:i+1] ) and E[Zn,nlzl:i] (E [Zn,nlzl:i—l]) are

equal in distribution.

Similarly, EV* = Ed?, E(U — V)* = 2Ed}. Thus,

E(Zy1 — Zy2)* 2 E(U-V)?* = 2Ed? (A.4)

n

Z(Zn,i - Zn)2

i=1

n-1

E E(Zyy = Zn2)* 2 (n—= DEd? =var Z,_;  (A.5)

O

A.2 Proof of Theorem 2

For notational convenience, let Z,, = ﬁ(R) and let Z, ; denote the subgraph

frequency defined in Eq 1.5 with node i removed:

1

__r 1(S = G,[S]) (A.6)
(") Mso(R)| s _5v(s)

Zni = p;;s
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We first present a lemma that will be used in the proof. An identity relating the mean
of leave-one-out jackknife estimates to a U-statistic plays an important role in the
proof of jackknife consistency for U-statistics. Using a novel combinatorial argument,

we show that a similar identity holds for normalized subgraph counts:

Lemma A.2.1. Letting Z,; and Z, be defined as above, we have that:

1 &
= Z Zzn,i =Z,
i=1

Proof. For a subgraph with r nodes and s edges, denote the number of this subgraph
in G, as Q. Denote the number of subgraphs node i is involved in as Q;. We now
analyze ), Q;. For each vertex set with cardinality r, a given subgraph is counted

once from each vertex. Therefore, 3 | Q; = rQ.

Observe that Z,; + Q; = Q since the set of subgraphs that do not contain
node i and the set of subgraphs that contain node i are disjoint and their union gives

the set of subgraphs counted in Q. It follows that:

‘Z 'Z(Q Q) _(n-nQ _ 0

- -z,
"3 n(" ey Cen

Now, we introduce the limiting value of the scaled variance, which represents
the value we are aiming for with the jackknife. Bickel et al. (2011) show that the

asymptotic behavior of P(R) is driven by a U-statistic corresponding to the edge

132



structure of the subgraph. For a subgraph R with V(R) = {1,..., p}, define the

kernel:
1
WX X) = e [T wexxp a7
|ISO(R)| S~R, V(8)={1,....,r} (i,j)€E(S)
Theorem 1 of Bickel et al. (2011) establishes that:
n-var P(R) — o2
where o> = r?¢ is the variance of the U-statistic with kernel A, with ¢ =

Var(E(h(Xy,...,X,)|X1)). We will now scale the jackknife variance by n to study

its asymptotics. Let:
a; = Zn,i - E(Zn,ilxn)’ ,Bi = E(Zn,ilxn) (AS)

For simplicity we will use &, (or 3,,) to denote the average of a; (or 3;). Now, consider

the following signal-noise decomposition:
n- Zn:(zn,i ~Zy)’=n- Zn:((li — @y + i — Bn)’
i=1 i=1
=n- Zn:((li —@,)° +2n- Zn:(ai — @) (Bi — Bn)
i=1 i=1
+n- Zn]w,- ~ B’ (A.9)
i=1

We start by bounding the third sum, which is the signal in our decomposition.
Observe that S3; is a U-statistic with the kernel 4 defined in (A.7); therefore, by

Theorem 1 and its following discussions of Chapter 5 in Lee (1990), we have that:

ne Y (Bi=B)? = o (A.10)
i=1
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The result will follow if we show that the remaining two sums in the
decomposition are negligible. If the first sum is negligible, the Cauchy-Schwarz

inequality would imply that:
n n n P
ne > (@i—@)(Bi—Bn) <n- JZ(ai — @) Y (Bi=B)> =0
i=1 i=1 i=1
It remains to show that: n - 37" | (a; — an)? LN 0. Now, observe that:

Z(ai - c’xn)2 = Z al.z - nc‘v,zl
i=1 i=1

Expanding the square for )", a7 we have that:

N

@} = ) (Zui~ E(Zil X))

n -2
() X @ -we Y wem-way

S~R, igV(S) T~R, igV(T)

where ¢/ (S) and W(S) are given by:

1
MS):WMGH o 1L

J)EE(S), S~R (i.j)€EE(S), S~R
1
UORE -l I ERUC R ORI || RV IR0
(i.))€E(S), S~R (i,/)EE(S), S~R

and E(S) are (i, j) € V(S) x V(S) that are not contained in E(S). Now, similar
to Lee (1990), we group elements in the sum based on the number of elements in

V(S) N V(T). For each |V(S) N V(T)| = c, there are n — 2r + ¢ terms in total. It

follows that:

2.0 (n_l) Z(n—zr+c>2 (07 ¥(S) = W(S) ;"0 (1) = W(T))

i=1 [V($)NV(T)|=c
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2 r
= (n— 1) Z(n—2r+c) Z y(S.T), say.
c=0

’ V(S)AV(T)]=c
Now we turn to n@>;

-1 1 (i)
n = Zni__ EanXn :Zn_EZan
@ Z , Z (Znil X2 (| X)

n

Equality (i) follows from Lemma A.2.1. Now expanding @2 in a similar manner, we

have that
-2 r
_ (n—r)?(n-1
@y = D y(S.7),
n r
c=0 |V(S)NV(T)|=c
Then,
n -2 r 2
1 _
n Z(Gi—&n)2= (n ) (n—2r+c— (n=r) ) v(S,T)
r
i=1 c=0 [V(S)NV(T)|=c

r 2 _ -2
=> > (c—r—)-(” 1) (S, T)
n 2
c=0 [V(S)NV(T)|=c

Now, taking expectations, we have that:

-2 r
E(”;l) >y

c=0 |V(S)NV(T)|=c

_ -2 r
=E (” 1) > (p;sw(S)—W(S))(p;sw(T)—W(T))

r =0 |[V(S)"V(T)|=c

=E[ ) Cov(s.TIX,)| = 0 (%)

where the last line follows from the proof of Theorem 1 of Bickel et al. (2011).

Now, by Markov inequality, we have that
n-Z(ai—an)zio (A.11)
i=1

and the result follows.
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A.3 Proof of Theorem 3

Proof. LetZ,; = (Z,;(1),...Z,:(d)), where d is a constant w.r.t n and each entry
corresponds to a count functional with node i removed. Each count functional may

involve subgraphs of different sizes. We will use a Taylor expansion around Z,,.

F(Zui) = F(Z0) + V(D) (Zny — Zy)

= F(Z) + VW (Zni = Zp) + (VL (&) = VE() (Zni - Zy),

E;

where &; = (41, -+ .5 Gia) = ¢iZni + (1 = ¢;)Z, for some ¢ € [0, 1]. Thus, we also

have:

— - 1
[(Zni) = F(Zn)) = V() (Zy = Zo) + Ei = — > Ey
n5 (A.12)

I; 11;

For the first part we see that,

n Y U =0V F (@) | 3 (Zni = Z0)(Zai = Z)" | V(1) (A.13)

We will first show that the inner average of the above expression converges to the
covariance matrix of Z,; (recall that here we are considering a finite dimensional
vector). Extending the same argument in Eq A.9 to finite dimensional Z,,;’s (and «;
and B;’s defined in Eq A.8),

n Z(Zn,i - Zn)(Zn,i - Zn)T

i

=n Z ((a'i —ay)(a; - C_Xn)T + (@i — @) (Bi - Bn)T +(Bi — ﬁ_n)(a'i - &’n)T

i

+(Bi = B (Br = B)")
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By Theorem 9 of Arvesen (1969) we have that:
= ~ P
n > (Bi=Bn)(Bi— B > (A.14)

Above, X is the covariance matrix of a multivariate U-statistic with kernels
(hi, ..., hq), where each h; is the kernel corresponding to the count functional in the
j™ coordinate of the vector Z, (see Eq A.7). Now combining Eq A.14 with Eq A.13

we see that,
n Y (1) = FZf )| < IVF)IPn ) e = @l
+20|VL @I Y Wew = @) (B - Ba)l - (A15)

The first part is 0, (1) by an analogous argument leading to Eq A.11. For the

second part, we see that an application of Cauchy Schwarz inequality gives:

”Z (i = @) (Bi = Bn)]

d
< J (Z n(i(j) - %(j))Z) ( S B —Bnu»Z)
J=1 i

i
The first part inside the square root is 0, (1) due to Eq A.11, and the second part is
O,(1) by Eq A.10. Using this in conjunction with Eq A.15 and since ||V f(u)]| is

bounded, we see that:

= Op(l)

n Z(n)z — V)TV F (1)

All that remains now is to show that part /1; in Eq A.12 is negligible even when

summed and multiplied by n. First note that (I1;)* < E?.

n Zumz <n Z (VF(&) = V) (Zni — Zo)I?
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< max V£ (&) = VI 1 Y (Zui = Z) (Zai = Z0) | (A16)

Theorem 2 shows that the second part in the RHS of Eq A.16 is O, (1). We will now

show that the first part is asymptotically negligible.
Observe that:
max [|; = pll < max cillZy; — pll + max (1= ¢l Zy - pll

< Nd - max|Z,i () = Zu()] + 2120 = ul

n

<Vd- maXJZ (Zni()) - Zn(j))2 +2[|Zy = pll
J

i=1
Above, Z, = Z, by Lemma A.2.1. The first term on the RHS converges
in probability to O from our Theorem 2. By Theorem 1 of Bickel et al. (2011),
|Z,, — ul| is also negligible. Since max; |[{; — u|| = 0, (1) and V f is continuous at
u, by continuity, we have that max; |V £ (&) = V£ ()||* = op(1). Since the second
term on the RHS of Eq A.16 is O, (1) from our previous argument and the first term

is 0, (1), it follows that the LHS of Eq A.16is 0, (1).

Let u, = E[Z,]. Note that if one counts subgraphs by an exact match as
in Bickel et al. (2011) y,, — u. If one counts subgraphs via edge matching, u, = u.
Thus, both these types of subgraph densities, which asymptotically have the same
limit, can be handled by our theoretical results. By Theorem 3.8 in Van der Vaart
(2000),
V(£ (Zy) = (1)) ~> N(O, Vf (1) EV £ (1))

This shows that the jackknife estimate of variance converges to the asymptotic

variance of f(Z,).
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A.4 Proof of Proposition 1

Throughout this section, we will use the notation x,, < y, to denote x,, =
vu(1+ 0(1)). Before presenting the proof, we present two accompanying lemmas

which will be used in the proof of Proposition 1.

Lemma A.4.1. Denote Df") the degree of node i in the size n graph.

n-1 p™ 4
var( i )x —E(var E w(Xi, X1)|Xi)
n—1 n3
L ("3") pn k ki

4 9
+—var[E(w(Xi, X0)|X)] +0(n?p; ).

Lemma A.4.2. Denote Dfn) the degree of node i in the size n graph.
p™  pv

Z cov (n—l)pn’ (n—l

i,j,i#] 2 2 )Pn

4 o
=% 3var(E[w (X, X))|1X;]) + O(n2p; ")

We will use the above to lemmas to prove Proposition 1, which we now

present.

Proof. Denote D, as the total number of edges in graph G,,. By definition,

Denote DE") the degree of node i in the size n graph. We have that E D;") =E Dﬁ.”) for

any node pair. Thus the jackknife estimate of edges for a graph with node i removed
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is D, minus the degree of node i. Define

n-1 n-—1
n: n, ,: n— Al
Y ( 2)p Yn ( 2)p1 (A.17)

Then by definition, we have
p,-p" D,-D"
(n;l) On Y

n,i —

Then, the jackknife estimate is

n D Dm>2
DNCTE A PP B o] i

i=1 l;ﬁ] i#]

n—1 (n) (n)y p
D7) 1 D" D;
=) var =3 cov| =, - (A.18)
i=1 2N i#] Yno Tn
whereas the total number of degrees in a (n — 1) graph is D, = :7:_11 DE"_I)/ 2

as each edge is counted 2 times from each node. We first obtain an expression for

var Z,_1.

S0 1 (o
var Z,_1 = var — | = —(n—1)var - (A.19)
(") on-1 4 n
(n-1) pn-1)
1 D\ D"
+— Z cov| ———, L (A.20)

For the second term in the R.H.S of Eq A.18, from Lemma A.4.2, it is easy
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to check that it is O (n~2). Thus scaling Eq A.18 by n — 1 we have,
p™

n _ n 1
- 7Y =(n-1 ! Z
(n—1)E ;(zn,, Z)% = (n );var( " +0 (n)

= izE[Var Z w(X;, X0)|X:] + 4var[E(w(X;, Xi)|X:)] + O ( ! ) +0 (1)
n Kokt "Pn n

(A.21)

Plugging in Lemma A.4.2 into the second term of R.H.S of Eq A.19 and

scaling Eq A.19 by n — 1, we have

(n—1)var Z,_

1
= SE[var ), w(Xe. X0l Xi] + var[E(w(X;, X0)|X0)]
k,k#i

1 (A.22)

= %E[Varz w(X;, Xi)|X;] + 4var[E(w(X;, Xp)|Xi)] + O ( ! )
n k#i Pn

The difference between Eqs A.21 and A.22 is:

- 3 1
(0= DE(Zui = Z)* = (n = 1var Zy- = E[var ) w(Xi. Xi)|Xi] + 0 ( ) .
n , npn
k,k+i
(A.23)

Note that, we also have:

%E[Var Z w(X;, Xo)|Xi] = lE[Var(w(Xi,Xk)lXi)] =0 (1/n) (A.24)
n K ki n

Eq A.24 establishes Eq 2.10. Furthermore, in conjunction with Eqs A.19
and A.18, it also shows that both (n — 1)E 37" | (Z,,; — Z,)? and (n — 1)var Z,_,

converge to positive constants. This concludes our proof. O
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We now present the proofs of Lemmas A.4.1 and A.4.2.

Proof of Lemma A.4.1. Applying law of total variance,
(n)

n—1
+ ZE
i=1

n—1

=2

=1

n—1

Z var

i=1

var X (A.25)

Yn
We now show that the second term on the RHS of the above equation is small.
D(n) Zj:/:l ij
%) on

Z];tl an(Xl’ X )(1 - an(Xl’ X ))

(2) P

=0(n’p,") (A.26)

n—1
D E
i=1

n—1

=) E
i=1

n—

var X

var

i

1
E
o1
Z pnE[w (X, X;)]

42
i) P

X

For the first term on the RHS of Eq A.25, for any fixed i, we have:

(n)
D A 4
var |E | ——|X|| = varE M X| = —var Z w(X;, Xi)
Vi (n—l)(n—Z)p nt _
2 n k,k#i (A 27)
4 4
= —E |var Z.W(X,,XkﬂX —var [E Z.W(X,-,anxi
k., k+#i k., k+#i
Exchanging the sum and expectation in the second term, we can also write,
4 4
—var | E Z w(Xi, X0)|X; | = —var [ E(w(X;, Xi)|X0)]. (A.28)
k ki

Since Eq A.25 involves a sum over n — 1 identical terms, owing to the fact that {X;}

are 1.1.d, we get the result by multiplying Eq A.27 and A.28 by n — 1. O

Proof of Lemma A.4.2. We decompose the covariance into

pwm Dﬁn)
Z cov| ——, = Z cov
Yn Yn

iJi#] L i#]

(n)

X

,E

Yn Yn
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X||. (A.29)

The second term on the RHS of the above equation is small as shown before.

Z E |cov| —/—, L |x
1
= 2Z:E[Var(A[le)]
ntpy 4=

X

1 o
——pnE[w(Xi, X;)] = 0(n?p;")
n2p;

For the first term in Eq A.29, for any fixed 7 and j, we have

cov| E|——|X|,.E|—L-|x
Yn Yn

e (zii" w(Xi, X)pn T3 w(X), Xo)pa

(n—l)z(n—Z) On ’ (n—l)z(n—Z)

Pn (A.30)

4
= n—400V(Z w(Xi, Xi), Z w(X;, X;)

k. k#i S,S%]

= % Z Z cov(w(X;, Xi), w(X;, Xy)).

k,k#i s,5%]
Let S; = {i,k},and S; = {j, s} be two pairs containing i and j respectively. Some

algebraic manipulation yields,

D D covwXe X w(X X)) = D cov(w(Xi, X, w(X;, X,))
k,k#i s,5%]

|SiﬂSj|=l
+ Z cov(w(X;, Xx), w(X;, Xy)).
|SiﬂSj|=2

(A.31)
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In the R.H.S of the above expression, the second summation has n(n — 1) terms,
whereas the first has n(n — 1) (n —2) terms. Furthermore, for [S; NS;| = 2, itis easy to
see that cov(w(X;, Xx), w(X;, Xy)) is simply the variance of var(w(X;, X)) which
is positive. For [S; N S;| =1, WL.O.G. let S; = {i,u} and S; = {j, u}. Conditioned

on the shared node X,,,

COV(W(X,‘, Xu), W(Xj, Xu)) = COV[E(W(Xi, Xu)lxu)a E(W(Xja Xu)lxu)]

= var(Ew(X;, X,,)|Xy,) (A.32)

which is also positive. Hence the contribution of the first sum is of a larger order.

Now we enumerate all the ways in which §; and §; can have a node in
common, with the constraint of i # j. For any fixedi and j, s.t.i # j, [S; N S;| =1
means that there is 1 common node in §; = {i, k} and S; = {j, s}. There are three
possible cases, i = s, k = j, k = 5. Thus, Eq A.30 can be expanded as (W.L.O.G,

suppose i = §),

D(n) D(.”) 4
cov|E | ——|X|,E |—L-|X|| = = [3(n - 2)cov(w(Xi, Xi), w(X;, X;))]
Yn Yn I’l4

4
= — X 3cov(w(Xi, Xx), w(X;, X;))
n

@ % % 3var(E(w(X;, X)) X;) (A33)
n

Step (7) uses an analogous argument from Eq A.32, and conditions on X;.

Eq A.29 involves a sum over all (i, j) pairs, i # j, , owing to the fact that

{X;} are i.i.d, we get the result by multiplying Eq A.33 by n(n — 1). O
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A.5 Proof of Proposition 2

Before we state the proof of our result, recall the following well-known
relationship between uniform integrability and convergence of moments. See for

example, Theorem 25.12 of Billingsley (1995).
Proposition A.5.1. Suppose that X,, ~ X and {X,,},>1 is uniformly integrable.
Then, E(X,) — E(X).

Now we will prove our proposition below:

Proof. In what follows let X, := 1,[0, — E(6,)] and V,, = 1, - U,. Recall that
U, = 6, — 6. While our result here is more general, in a jackknife context, 0, =7,

following the notation that we use elsewhere. Consider the following decomposition:
Tn [én - E(én)] =Tn [én — 0] + E(7,[0 - é\n])

Since {V?},>1 is uniformly integrable, it follows that {V,},>; is also uniformly
integrable. Therefore, by Proposition A.5.1, E(7,[6 — 8,]) — 0. By Slutsky’s
Theorem, it follows that 7,[8, — E(6,)] ~ U.

To show that the variances converge to the same value, observe that E (X?) is

given by:
E(X) = E(V;) = (E(Vn)?

First, V> ~» U? by continuous mapping theorem. Since {V?},s is uniformly
integrable, E(V?) — E(U?) by Proposition A.5.1 again. Finally, (EV,)?> — 0 and

the result follows. a
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A.6 Additional theory

It should be noted that a similar inequality for a closely related procedure
has an even simpler proof. This alternative procedure does not require the functional
to be invariant to node permutation and allows flexibility with the leave-one-out
estimates. However, the resulting estimate is often not sharp. More concretely, let Z,
denote a function of A and let Z“- be an arbitrary functional calculated on a graph
with node i removed. Consider the following estimator:

n
Varjack Zn = Z(Zn = Zni)? (A.34)
i=1
Combining the aforementioned filtration with arguments in Boucheron et al. (2004)

leads to the following inequality:

Proposition A.6.1 (Network Efron-Stein, alternative version).

var Z, < E(Varjack Zn) (A.35)

A.7 Additional experiments

We first present Tables A.1 and A.2 with details of the networks we used in

our real data experiments in Section 3.6 of the main paper.

For our real data experiments, (Section 3.6 of main paper) we compared
subsampling with jackknife on the three colleges (see Figure 2.3). For simplicity, for
the second experiment comparing three pairs of college networks (see Figure 2.4), we
only showed the confidence intervals obtained using jackknife. Here, in Figure A.1,

for completeness, we present confidence intervals for test sets constructed from the
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Table A.1: Details of college networks for first real data experiment (see Figure 2.3
of main paper)

Caltech Williams Wellesley
Nodes 769 2790 2970

Edges 16656 112986 94899
Ave. Degree 43.375  63.927 81.023

Table A.2: Details of college networks for second real data experiment (see Figure 2.4
of main paper)

Berkeley Stanford  Yale  Princeton Harvard MIT
Nodes 22937 11621 8578 6596 15126 6440

Edges 852444 568330 405450 293320 824617 251252
Ave. Degree  74.332  97.819 94544  88.952  109.040 78.040

six college networks using both jackknife and subsampling with different choices of
b. This again shows that jackknife CI's mostly are in agreement with those obtained

from subsampling.

In addition, we show the timing results our real data experiments. Figure A.2
shows computation time of the three college example of Facebook network data (see
Figure 2.3). We demonstrate the triangle, two-star densities and normalized transitivity
variance computation time using jackknife and subsampling with b = 0.05n,b = 0.1n

and b = 0.2n, B = 1000 in each college network.

In Figure A.3, we show the computation time of variance estimation for the
same statistics on the test sets for the same set of algorithms. Since we split training

and test set in half, the training sets have approximately the same time.
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Figure A.1: Confidence intervals of subsampling and jackknife in calculating triangle,
two-star densities and normalized transitivity in the example of six college Facebook
networks test sets. The four CIs for each college are in the order of jackknife,
subsampling with b=0.05n, b=0.1n, and b=0.2n respectively.

These figures show that, it is possible to implement jackknife in a computa-
tionally efficient manner when there is nested structure in the subgraph counts. In all

these cases, we see that for the larger networks, subsampling with large b is often

considerably slower than jackknife.
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—— Jackknife —— Jackknife —— Jackknife
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Figure A.2: Computation time of jackknife compared to subsamphng in calculating
triangle, two-star densities and normalized transitivity in the example of three college
Facebook networks.
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Figure A.3: Computation time of jackknife compared to subsampling in calculating
triangle, two-star densities and normalized transitivity in the example of six college
Facebook networks test sets.
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Appendix B

Supplementary Material for Network Multiplier
Bootstrap

B.1 Proof of Lemma 4

Proof. In what follows, we will consider a projection of T, with respect to the

random variables &1, . . . &,, conditional on A and X.

Recall that &; follows the Gaussian Product distribution. First, we may express

T:, y as:
] 1 .
Tow=7w D, (i = 1) {H(Ai(lr?..,i,) - Tn}
r) 1<ii<ir<...iy

where &;,..;, denotes the product &, X - - -X¢&; . It turns out that applying the Hoeffding
decomposition directly to 7', leads to tedious combinatorial calculations; following
Bentkus et al. (1997), let Q, denote an r-tuple of {1,...,n}. For each summand,
we will consider a Hoeffding representation with respect to ,. Note that using the

Hoeffding projection (also see Bentkus et al. (1997) section 2.8),

r

[Ta-1=2 > i &,

1<i<r k=1 1<ij<---<ig<r

where for Q; = {1,...,k},

NGRRNAEDY <—1)k"B'E{ []&-11 B}

BeQy 1<i<r
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Thus the first two terms are given by:
hi(&1) = (& -1)
hy(é1,6) = (E&-D - -1 - (E-D=(E-1D(E-1)
In what follows, we will also denote Az(ln)z, by Aé”), where S = {i,...,i,}. Let

N 1
(i, j)=— >, H(As), (B.1)

r—2) S|ijes
Z H(Asy).

ﬁu(ila-"’iu): n—u
(r—u) S | i],...,l'ues

Thus T; ) can be written as follows:

. 1 X
L= Y (6 - 1) {HA )~ 1)
(r) 1<ij<iz<...<iy
,

:(% oy oy hk(é‘il,...,fik)'{H(Ai(lri...,ir)_A”}

r) 1<i)<ip<...<iy k=1 1<ij<---<ip<i,

1 © - : .
-7 ) Bl &) - AHAS) =T 1, i e )

r! k=1 1<ij<-<ix<n S

2 {H(Aé”)) - T} 1(iy,... i €9)

1 v (n—k
= :l)kzz;(r—k) Z hk(‘fil""’é‘:l'k) (n—k)

1<i|<-<ix<n r—k

—_

o 11)) 2 (&= =D 6.)) - T} +R,
S~——
82(i.))

n(n

S |y

Z(fi ~D&16) +

1<i<j<n

(B.2)

Now, it remains to show that the remainder of (7, ,, ~T,)/6,is O(6(n, pu, R)),

where:
1

6(n, pn, R) = {npl"

R is acyclic

57 Ris asimple cycle.
Py
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The residual R, is a sum of higher order Hoeffding projections, which

are all uncorrelated. Therefore, we see that the variance of the u'”" order term is
~ . . 2
ZlSi1<i2~~<iu gll(ll’ sy lu)
A2 (n 2
On (u)

Consider any term g, (1, ..., u). We will now bound E{g,(1,...,u)?}.

. We will now obtain expressions for 3 < u < r.

E{g.(1,...,u)*} < 2[var{H,(1,...,u)} + var(T})]
~——
O(pz*n)
The bound on the second term follows from Bickel et al. (2011) and will be smaller
than that of the first term. Let S, , denote all subsets of size r — u, not containing

1,...u. For any subset S € S, ,, also define, S, = S U {1,...,u}. For the first part,

we have:

2sres, , CoV{H (As,), H(Ar,)}
i

Note that the dominating term here will indeed be the one where |S N T| = 0.

Var{I:Iu(l, U} =

n

The number of such terms is (,"

). Also the covariance of those terms will be
the subgraph we are counting. This number can be at most u# — 1 for acyclic R and
u for a simple cycle R. For [S N T| = k, the number of terms is (,,_5 ,) and the

exponent on p,, is at most 2s — (u + k — 1). Thus, for an acyclic subgraph, we have,

2s—(urk—1
k=0 (2r—§u—k)png (k=D
)
(=)

,
< Z n-kp%s—(lﬁk—l) _ p%s—(u—l) (1 + Z 1 )
k=0

k
k>0 (npl’l)

var{H,(1,...,u)} <
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The cyclic one is worse by a factor of p,,. Thus the contribution of the u'" element of

the Hoeffding decomposition is

(Z)Zf',% Op ( (n[ﬁf)u_l) R a simple cycle

~ s , 1 ;
n Zil,...,iu gM (lla AR lu)2 OP ((npn)”*l ) R aCyChC
: = 1

This shows that the third term contributes the most to R, in Eq B.2. By
Markov’s inequality, and the definition of Op(.) notation, it is easy to see that

R, =0p(6(n, py, R)). O

B.2 Proof of Theorem 5

Proof. Foranyi € {1,...,n}, denote the set of all subsets of size r — 1 taken from
{1,...,i—1,i+1,...n}as S_;. Denote H(A;,,. ;) forS={ir,...,i,} € S{-i} as
H(Agyi). Denote

Hl(i)zL Z H(Agui).

n—1
r—1/) SeS{-i}

Now let 7; be a permutation picked with replacement and uniformly
at random from the set of all permutations of {1,...,n} \ i. We have j =
1, ..., N independent permutations ;. Let S; denote the set of all disjoint subsets
{m-r-Dts - Ti=n 1= 1,01, % obtained from permutation 7. We write

n
~ . ~ r ~ ~
T, - T = ;Zl(a - D{A) - T,),
l:
where
. 2 Hy, (i)
H () = —1’
1(9) N
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Hy (i) =

r—1
1 n
T,=—- > H®).
n; 1(7)
Note that

2
. - r B
var(Ty7; = T)|A. X) = — D

i

Proof of Theorem 5 (a):

Let ¥; denote (&; — 1){H, (i) — T,,}. Conditioned on A and X, H, (i) — T, are

observed constants, Y; are independent but not identically distributed with variance

~ 2
g
G = var[(& = D{H1() = T} | A, X] = E[{Hi(i) - T,}* | A, X]
Applying Berry-Esseen theorem to 77, — T, conditioned on A and X, we
have
T —T,
sup |P* ~n’L ~n <ul|-o(u)
ueR \/wlr(T:L -T,|A, X)
Y
= sup |P* _aili <ul|-o(u)
~2
UER Zi 0-’”_

n

. 32
< (Z(&ii ) Zl%' =: C1yn,
i= i=

Now in order to bound ¥y, we need to bound £ 5'3 ;» We decompose 5'3 ; into
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G2 = E[(H()-T)? | A, X]
=E[{H() - Hi()} | A, X] + (H\ (i) - T,)* +E [(T, - T,)* | A, X|
+2B[{H, (i) — Hi () {H: (i) - T,)} | A, X] = 2B[(H, (i) - T,)(T, = T,) | A, X]

—2E[{H,(i) - Hi()}(T, - T,) | A, X] (B.3)

It is easy to see that the first two cross terms are zero. As for the third, the

law of iterated expectation gives:

E[{H:()) - Hi(ONT, = T)] | A, X] = %Var{ﬁl(i) | A, X}.

Now we calculate the third term in Eq B.3,

2
A X} =

Yy var{H (i) | A, X}

E{(T,-T)*| A, X} =E —

l o, -

- H{(i)-H{(
. Zl{ 1) ~ Hi(0))
For the first term, we also have,

E [{H () - Hi()}* | A, X] = var{H,(i) | A, X}.

Collecting all terms in Eq B.5, we have

Yy var{H (i) | A, X)} N

p 210)°>. (B4

F2. = (1 - %) var{H,(i) | A, X} +

Since the first two terms in Eq B.4 are always positive forn > 2, )}, & 31. > nt?.

Also, by Lemma B.4.3, we have nt> = cnp2*(1 + 0p(1)) for some constant c.
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Now we compute )71.3. Observe that,
PR C(ZE 1 () - Hi ()P4, X]
+ D HG) =T + ) ENIT, - T4, X] (B.5)

Note that for the last term in Eq B.5, using Jensen’s inequality for convex

function f(x) = |x|?, for some constant Cy
. 1 .
D EUT ~T,PIA. X < nx— 3 E[|A() - T,1|A. X]
i i

< Co| ) E[IHG) = Hi()PIA, X] + > [Hi (i) - Tn|3) :

which are just the first two terms in Eq B.5. So now we bound the first two terms in

EqB.5.

From Lemma B.4.5, we have with probability going to one, the second term

in the above equation Y, |H; (i) — T;,|> < cnp>*, for some constant c.

Now we look at the first term in Eq B.5. Using Rosenthal’s inequality, for

some constant C; and C,, we have

2 % > EllHx() — Hi ()| A, X]

1 Ve

DUE[IA1G) - Hi()P|A, X] < €

Y
3/2

+ () Z%

1

D E[(Hqx(i) - Hi(1)*|4, X]

¢)
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Now, we bound E(Y;). Let ) = E[H(Asy;) | X;] and observe that E|H; (i) —
09| < E|H(Asyui) — 0% |¢ for ¢ > 1 via Jensen’s inequality. Moreover, conditionally
on X;, note that for S € S;, H(Agy;) are mutually independent since their node sets
are disjoint. Now for Y7, we use Rosenthal again to bound the third absolute moment

of the Bernoulli sum:

E( () - () <
n’ (n

1
T2 E
“LE|H(Asw) - 09 +

ps 33/2
:0(—”)+0 Pn )

E (l D H(Asu) -

SeS,

3/2 E[E(H(Asu) — 6)?|X;)*?]

n2 n3/2

Now, to bound E (Y>), we first check,

2

N
E| Y E [(Hai) - Hi(i)* A, X] <C1NZ (
j=1

< ClNZ(p,f/n Pl )

(e, ()~ H1(5) 1A, X])2

= O(N°p}* In®)
(B.6)

To obtain the last step, observe that

2
E (E [(Ha() = Hy(0))? |A,X])2 =E|7 - D1 Z (Hx(i) - H1<i>>2)

1)v

(n -
( —1)'Z He(@) 0

2
Z<H (i) — 002 = (H (i) — 0)? )
2

+2F l(Hl (i) - 9(”)4]
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2
(@) 1 2
< 4E (H,T : —9<’>)
(n—l)!zﬂ: @
1 2 . |
v g NPT N
S| s 2 (HAsa=00) + 3 (H(Asu) = 0" (H (A7) = 0)
€S, (i) SnT=¢
S, TeS, (i)
2
Hi(i) + D> 2s 45-2
<4p (SO  ogriy] =0 (P v o (2
n n2 n2
Note that:

E(H} (i)’ X))

C . . . .
= =5 2, E|H(Asu) =0 H (A1) - 0 H(Agu) — 0 H (A — 001X,
n SNT=4¢
S'NT'=¢

The last line is true because the terms with the largest contribution are those with
|ISNS’|=1and |T NT’| = 1. The latter term corresponds to the variance terms (i.e.

§=§,T =T, whichis O (%) forr > 2

Step (1) follows from Jensen’s inequality:

(0-0%) 2 5 o0

Using the fact that [|X||3/2 < || X]|2, we have for some constant C,
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Therefore, combining E(Y;) and E (Y;), we have, for some constant C; and

s,
3s/2 3s/2
ZE A1 () — Hi()’]A, X] <C1_X 2 ar |t N
p p3s/2 p3s/2
= (1~ + C\ 22— + Cy—=2

N2 N2, 2 N3/2p1/2°

p3s/2 2 32
Nz < NW 72 and v << Nz/z i
3s/2
n
N3 2

Note that we always have

So as long as N > g , the dominating term is

Thus, combining all terms in Eq B.5 in expectation, for some constant C3

and Cy, under the condition that N > - q , we have

Z%

Since 3;7; is Op(E (X;7;)), and note that 3; &, > cnp;* (1 +0p(1)) for

3s/2
+ C4np,§s.

<G 1/2N3/2

some constant ¢, we are ready to present an upper bound for ¢,

3?/2

> )/-3 C3 i 1/2 372 +C4np 1 _
N = e = O | e | = Op | [+ 0p(n71).
(Z,‘:l O-n,i) / (nan) / N3/2n2pns
(B.7)
Note that W < # under the same condition that N > nlz.
Thus we have, under the condition that N > n’%,
I/Z(T* _ T )
n
sup |P| —L " <y | A, X |- ®u)|=0p (n_l/z). (B.8)
ueR

no ~2
r\fzizl i
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Thus we have proof of Theorem 5 a).
Proof of Theorem 5 (b): Note that
2
=k a _ I"_ ~2
var(T, ; — Tx|A, X) = p Ei T

Using Lemma B.2.1 we have the following result for its expectation.

TPn
Nn|’

E [var{H(i) | A, X)}] = 0(

Now it follows from Eq B.4 that:
Zi 5-3,,'

n

2 roy
= 0] ) B.
£ P(Nn) B9)

Using Lemma B.4.3 (a), it follows that #2/72 = 1+ Op(1/np,).

Proof of Theorem 5 (c): For the un-approximated linear bootstrap, there is no
randomness in H; (i), since it equals A (i). Thus var(H (i)|A, X) = 0. So the result

follows from Eq B.4. O

Lemma B.2.1.

E [var{H,(i) | A, X}| =0 (’;\lfon) .

Proof. Let 6; denote E[H,(i)|X;]. Then, we have

EQar(ii (1) ~ Hi(1) | A, X)) = 1 { i ) B = 0)° = E(Hi(0) - e,->2}

_ %{E(Varuﬂ) | X;) — E(var(H (i) | X))}
)0l
B Nn Nn
ol
=o(%n).
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B.3 Proof of Proposition 3

Proof. In what follows, we prove Proposition 3 holds for Edgeworth expansion of a
standardized count functional. Our argument here is closely related to Zhang and Xia
(2020), thus we do not present the complete proof here. They have showed in Theorem
3.1 in the above reference, that under same conditions, Edgeworth Expansion for
studentized T}, denote as G, (u) here, has the same property as Proposition 3. We
have first derived our Edgeworth Expansion formula in eq 3.20 for standardized
T, instead of studentized T}, and we state the form of the characteristic function of

G, (u) below:

Proposition B.3.1. We have:

Voo (1) = / G ()

=e 7 (1 —ir 6n1}2‘r3 [E{g](X1)} +3(r - 1)E{g1(X1)g1(X2)gz(X1,Xz)}]) :

Our standardized T, denote as T}, can be decomposed into

A

= Tn_,un:Tn_,un_l_’fn_Tn

1
Tn = =1y +Tn’2+0p (—) +Rn,
Oy On On n
where
1 « r—1 T, -T,
T, = m Zgl(xi), T, = m Zgz(xi,xj), R, = p—
i=1 i<j

We will begin by bounding R,. Similar to the theory for U-statistics, the

behavior is largely determined by a linear term.
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Let:

T, -T,
R,.1 = Linear part of —".

n

where the linear part has the form:

1
Rui = 5w > ci {Ai — E(Ay | Xi. X))}
(2) i<j

for c;; = ¢;j(Xi, Xj, pn) = p;ln_l/2 defined in Section 7 of the above reference.

Theorem 3.1(b) of the above authors establishes that:

Rn - Rn,] = OP(M(I’Z, Pns R))’

Under the assumed sparsity conditions, given X, the distribution of R, | permits the

following (uniform) approximation by a Gaussian-distributed variable Z,,:

1)
1/2 >
pa’*n

2
where Z,, ~ N(0, %) and o2 is defined as the variance of Eq B.3. Note that o, =< 1

Fr,,ix(u) = Fz,| =Op

sup
u

when n — oo.

Now to prove our theorem, we will show the three equations below.

sup F’fn (M) - FTn,1+Tn’2+Rn =0 (M(n7 Pn> R)) > (BIO)
1
SUP | F,, 147, 5 +R, () = F, 147, 042, = O | 75— |5 (B.11)
u Pn n
1
sup FTn,1+Tn’2+Zn - Gn(x) =0 }Tl > (B12)
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We prove Eq B.12 using Esseen’s smoothing lemma from Section XVI.3 in

Feller (1971),

sup |Fr,, 47, ,+z, () — G (x)
u

Y1
SC]/—
5t

where ¥ is the characteristic function. y is set to n. We omit the proof here as it is

G (1) (B.13)

dt + cy sup ,
u Y

l’//FTn,1+Tn,2+Zn (I/t) - '*//Gn (t)

not hard to check by breaking the integral into |¢| € (0, n€),(n€, n'/?) and (n'/2, n).
Using similar arguments as Lemma 8.3 of Zhang and Xia (2020), we have Eq B.13
and thus Eq B.12 hold for our characteristic function in Proposition B.3.1. It is
also not hard to check that, using similar arguments of the above reference, under

Assumption 2, Eq B.10 and Eq B.11 hold given Eq B.12. O

B.4 Edgeworth Expansion for Weighted Bootstrap - Proofs of
Theorem 6 and Corollary 6.1

Using Eq (10), we express our quadratic bootstrap statistic as:

_ Zil&i - 1)§1(l')+(r = 1) 2icicj<n(&iéj — & =&+ Dga(i, )

0 nl/2¢, n2(n-1)7t,

T, (B.14)

We will first prove Theorem 6. However in order to prove it we state a slightly
different version of Theorem 3.1 in Wang and Jing (2004). The main difference is
that one condition in the original lemma is not fulfilled in our case. In particular,
Bernoulli noise with p,, — 0 blows up some terms that are needed to bound the error
associated with the Edgeworth expansion. However, a thorough examination reveals

that the argument carries through with some modifications.
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Let

1
Ko = 32 B2 1<.Z byibyjdni E{Y1 Y29 (Y1, Y2)} (B.15a)
<i<j<n
- 1 14
Lin(x) = Z {ED(x — by,;Yj/By) - D(x)} - 50" () (B.15b)
=1
LZ,n(x) = —Kz,nCI)/”(x) (BISC)
EZn(X) = (I)(x) + Ll,n(x) + L2,n(x)a (BlSd)

Lemma B.4.1. Consider the following expression.
1 1
Vo= g 2 ba¥i+ =5 Z duijt (V1. Y)), (B.16)
J i<j
where B2 = 2 bij. Let 8 := E(|Y1]?) and A = E{y*(Y1,Y>)}, and let E(Y;) = 0,
E(le) =1 and x(X1) > 0. Furthermore, let E{¢/(Y1,Y2) | Y;} =0 forall1 <t < n.

For some constants {1, £, {3 the sequence b, ; satisfies
1 v 1 <
- AL - Dbl <l < o, (B.17)
i=1 i=1

2
nij*

Furthermore, define a; = % 2 j#i Ay ;- and for sufficiently large k, define:

1 < 1
lin =~ Z} @ sp=- Z @F = (lan)?, sy = lan+ ks, (B.18)

If B, k(Y1) and A are bounded, then,

5,1
sup |P(V, < x) — Ezn(x)| =0 (5,;1—0gn),

n2/3

Intuitively, arguments for establishing rates of convergence for the Edgeworth

expansions require comparing the characteristic function of the random variable of
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interest with the Fourier transform of the Edgeworth expansion. To this end, the
respective integrals are broken up into several pieces. The bounds required in (B.17)
are used to estimate the error of the Edgeworth expansion in some of these steps, but

appear as constants and are suppressed in the Big-O notation.

On the other hand, as previously mentioned, it turns out that certain terms
that appear as constants in Wang and Jing (2004) blow up when perturbed by sparse
network noise and appear in the rate. In particular, the term /5, arises from needing

to bound % ity @; for all m < M for some M large enough.

Since the data is fixed, we may view ay, ..., @, as constants. We therefore
have the liberty of choosing a “good set" in which «a; are well-behaved. Without
loss of generality, we may label these elements {«1, ..., ay}; the corresponding
multiplier random variables are still independent. Even when there is no randomness,
it turns out that a large proportion of {e1, . .. @,} must be within k& sample standard
deviations of the sample mean /4, for k large enough. This observation, which we
believe is novel in the bootstrap setting, allows us to establish a tight bound for

% ity a; for all m < M. We state this lemma below.

Lemma B.4.2. Let x1,...,x, be constants in R and let x,, = % iy Xi and sﬁ =

Ly (x; — %)% Define the set:
Iy =4{x; >x,+ks,}

Then,
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Proof. Observe that:

1 _
Sp 2 lTl Z(xi _xn)z
i€l
1 n
> =) k%2 = |Ik] < —
>~ ) ks = [N <

i€l
O
Remark B.4.1. Our lemma is closely related to concentration of sums sampled without
replacement from a finite population. In fact, it implies the without-replacement

Chebychev’s inequality; see, for example, Corollary 1.2 of Serfling (1974).

We will show that T: o can be written as Eq B.16, with carefully chosen {b,,;}
and {d,;;}’s. We now present some accompanying Lemmas to show that Eq B.17 is
satisfied with probability tending to 1. Proofs of Lemmas B.4.1, B.4.5, and B.4.6 are

provided in following subsections.

We present some useful results shown in Zhang and Xia (2020) which we

will use later in proofs of our theorems.

Lemma B.4.3. Let 2 = 3, §1(i)*/n. We have,

1. For acyclic graphs, if np, — oo, and for cyclic graphs, if np], — oo, we have:

%’%—1+0(1)+0(1) (B.19)
2 \npa)” T\ '
E(121()) = g1(X)|/p})* = O(1/np,) (B.20)
2. Under Assumption 2, we have
81003 05 _
S~ E{gi(X)%)] = 0p (0050 72) (B21)
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2i<j 81(0)81())&20, J)

()

- 0p <p’3;s—0.5n—1/2) ,

(B.22)

- E{g1(X1)g1(X2)g2(X1, X2)}

and
£ = 1] = 0p(p** /n'/?). (B.23)

Lemma B.4.4. Under the sparsity assumptions in Assumption 2, for large enough C,

%Z Z:gz(i,j)2 > Cp2!

i j#

-1

P

Lemma B.4.5. Under the sparsity conditions in Assumption 2 and for some arbitrary

e >0,

P(z,wgl(i)/pzﬁ S C) o

n

» (2,- 1@/l C,) N

n

for positive constants c, ¢’ not depending on n.
Lemma B.4.6. Let &) be generated from the Gaussian product distribution. We have
El& =1 < oo,

Now we are ready to provide the proof.

Proof of Theorem 6. It is easy to see from Eq B.14 that f“}f o can be expressed as:

n,Q Bn +l’l1/2(n— 1) Z '//(Yi,Yj)dn,ij,

1<i<j<n

167



where we have:

Yi=§& -1, (B.24a)
bni = gl(f), (B.24b)
P
Bl =>b2, (B.24c)
i=1
r—1 n
dpij = ——82(i, j) X —, (B.24d)
T, n-1
(& ép) =& —&— &+ 1. (B.24e)

Note that since 72 = 3, 81(i)*/n. Thus we use B2 = nt2/p2*. Thus, B2 = 3, bfl’i.
Furthermore, Lemma B.4.6 shows that our & — 1 random variables have finite
E{l& - 1I°}.

Lemma B.4.5 shows that the conditions in Eq B.17 are satisfied on a high

probability set of A, X.

Using Lemma B.4.5, we see that the first two conditions in Eq B.17 are
satisfied with probability tending to one under Assumption 2. Since B2/n = ¥, bfl’i /n
converges to a positive constant (see Lemma B.4.3), the first condition holds. Now,
we need to bound {4 , and s, as defined Eq B.18. First, let 8, := %4 32(i, /)*/n
and B, = Y; Bni/n. Also let y, = Ziﬂii/n — 2. Then ¢4, = CB,;/%2. Note that
using Lemma B.4.4, we have, with probability tending to one, £4,, < Cp;'. From

Lemma B.4.3, we have 7, is ©(p; ). Furthermore, let G (i, j) == Ha(i, j)—ha(X;, X;).

We have

G2(i, j)* = G2(i, j)* — E{G2(i, j)* | X} +B{G2(i. j)* | X}

Bij 0(p3")
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We now will establish the O (p2°~!) bound stated above for the second term. Let Sﬁj
denote all subsets of size r not containing i, j.
2 resi E{H(Aijus)H(Aijur) | X}

()

In the above sum the terms with |S N 7| = 0 dominate, and for each of them the

E{G:2(i,j)* | X} =

conditional expectation is bounded a.s. by O (p2*~!) because of the boundedness of

the graphon. Now note that:

8206, ))* < 3[{H2(i, j) = ha(Xe, X)) + {ha (X, X;) = 0,37 + (T, = 6,)?]
< 3{Hy(i, j) = (X, X))} + 0(p;* ")

1 _
Bni < ;Zéij +0(p™™h

J#

2
i s %Zﬁ’%’i = %Z {%Z%‘ +0(p2s‘1)}

[ J#i

o 1l
<out L5
n i njii
~—_— ——
A

Now note that, E(6;;) = E{E(¢;; | X)} = 0. Thus, for all i,

2
E(A)Z%ZE{%Z&]} Z%ZVar(%Zdij

i J#i i J#i

=0(p™/n)

Thus, we have, for a large enough C,

E(A 1
P(yﬁchﬁs‘z)SP(AZC’pﬁs‘Z)30( i z):o( )
pns_ "Pn

—_ 2 2 . g .
Therefore, since s2 = %nf)l)’; ¥n/ %2, we have with probability tending to one,

Loy + ks, = O(p;").
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Since the first two conditions in Eq B.17 are satisfied with probability tending

to one, from Wang and Jing (2004) Theorem 3.1, we have,

E(& -1 RN " -
sup (L1, (u) + %sz,iq) ()| = op(n™17%),
" noi=l

Now we see that, using the definitions of Lj,, L,, in Eq B.15a, plugging in
definitions of b,; and d;;’s from Eq B.24, and using the fact that E[Y;Y;y/(Y;,Y;)] =
E[(& -1 -1 =1,

sup |Ea, (u) — G ()] = op(n™'1?).

Therefore, putting all the pieces together we see that

Now we are ready to finish the proof of Corollary 6.1.

Proof of Corollary 6.1. Here we take care of the error term in the Hoeffding projec-

T

tion in Eq 3.11. Set X = T"”gn_ Y = T;,Q. From Eq 3.11, we see that X =Y + R,,,

where R, = Op(d(n, pu, R)). Using Eq B.25, we see that on a high probability set,

Fy(u+a) — Fy(u)

< |Fy(u+a) = Gu(u+a)| +1Gu(u+a) = Gu(u)| +1Gu(u) = Fy(u)|

1
SCa+O( 20gn)
n*3p,
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Therefore, using Lemma 8.2 in Zhang and Xia (2020),

A
*

Tn'M -1,

sup |P* — <u|-Gu(u)

u

1
:op(n—‘/2)+op( oen )

n*l3p,

n

Proof of Lemma 7. 1f we can establish Eq B.22 and Eq B.23 from Lemma B.4.3
for our empirical moments, we will get the desired result. Note that our empirical
moments involve the first term as well as a slight variation of the second term, which
is given below.

2i<; 81(081())&2(1, J)

()

E {g1()g1(j)g2(i, )} =

We will show that this follows from Eq B.22.

Sicj 810)81())&2(i. J)
()

C Zi 81081(D(&20.5) —&1() - 21()

) ()

_ L 8108 (DNBG ) i £10O21()(@1G) +21())
() 2(3)

_Zi 81 081(N&0S)  Tir £1)°01()
() (2)

_ L8088 (B D)(E;81() - i ()
() (2)

() 2i<j 81(D81()N&G 7)) X, 81()3

= n + n
(2) ()

(if) Di<j §1(i)§nl(j)§2(i,j) + 0, (p_f;s)
() n
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(i) uses the fact that ¥, §1(i) = 0. (ii) uses the fact that E{g;(X])3} = O(p>*) along
with Eq B.21. Hence from Eq B.22 we have:

0 —E{g1(X1)81(X2)g2(X1, X2)}
2
3s

= max {Op (p—”) ,Op (p3s_%n_1/2)}
n

= 0p (p3s—%n—l/2) .

'2,-<,- 81()81()&2(, )

This, along with Eqs B.21 and B.23 yields the result. O

B.4.1 Proof of Lemma B.4.4

Proof. Recall the definition of H, (i, j) from Eq B.1.
8200, )) = By (i, j) = Ty = {H2(i. j) = ha(Xi, X))} + {ha(Xi, X} = 6,) — (T, — 0,)
821, )* < 3[{Ha(i. j) = ha(Xi, X)) 1 + {ha(Xi, X;) = 0} + (T, — 0,)°] .

Since var(7},,) = O(p>*/n) and the second term is bounded a.s. due to our boundedness
assumption. We will just prove that ¥, {Hz(i, j) — ha(X;, X;))}?/(n — 1)p** is

bounded with high probability. It is not hard to check that

E{(Aa(i, j) — ha(Xi, X))*/ 02} = O(1/pn)

Therefore,

D E{82(0, )*/(np™) = O(1/pa)}

J#
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Furthermore, let G2 (i, j) := Ha (i, j) — ha(X;, X;). We have

Ga2(i, j)* = G2(i, j)* = B{Ga(i, j)* | X} +E{G2(i, j)* | X}

dij O(px*™)
We now will establish the O(p,zls‘l) bound stated above for the second term. Let Sﬁj

denote all subsets of size r not containing i, j.
2 resi E{H(Aijus)H(Aijur) | X}
2
(=)

In the above sum the terms with |[S N 7| = 0 dominate, and for each of them the

E{G:2(i,j)* | X} =

conditional expectation is bounded a.s. by O (p2*~!) because of the boundedness of

the graphon.
We will analyze }’; 3’ ;; 0;;. Note that E(6;; | X) = 0.

V&r(%ZZéU|X
iJ

2 Zj var(6;; | X) + Xk ki Zj,t’,j#’ cov(dik, 6 ¢ | X)

nt

(B.26)

1
6= ——5 », H(Aijus)H(Ajjur) — E{H(Ajus)H(Ayur) | X)
(r—2) S.TeSY

HY,(S.T)
For variance, we have:

var(6;;) = E{var(6;; | X)}

Y E{cov(H[(S1,T\), H(S52,T2) | X)}
_ S]#T],SQ?ETQES;J

(2"
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The dominant term in the above sum is the one with Sy, S, 77, 7> all disjoint.
Consider any other term in the above sum where any pair of the subsets have
p nodes, d edges in common and the rest are disjoint. In this case there are
2(r=2-p)+2(r—2)+p =4(r —2) — p choices of nodes and the number of edges
are lower bounded by 4(s — 1) + 1 — d = 45 — 3 — d (since all pairs have {i, j} in
common). When p > 1, for acyclic graphs, d < p — 1 and for general subgraphs

with a cycle, d < (5). Thus, for p > 0, we have:
0 (n4(r—2)—p pﬁs—"o’—d) )

N pnHd

(:1—2) " Pn

Note that for acyclic graphs, it is easy to see that under our sparsity conditions the

=0(p," ) x 0 (

above is dominated by p = 0. For general cyclic graphs, since p, = w(n~'/"), note

that, since p <r,

_ 1_1’—1) p(rel)
wPpd > pp P02 5 (1257) 5 2

So, var(6;;) = O(pp™3).

For covariance, fori # j # k # €, we have:

cov(6ik,0¢) = E{cov(dik,dje | X)}

2 Efcov(H;(51,T1), H] (52, T2) | X)}
_ S]¢T1€S£k,52¢TQES,{€

(2"

Consider any two pairs of subsets with p nodes and d edges in common. First note

that p > 2 in order to have a nonzero covariance. In this case there will be 4(r —2) — p
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choices for nodes, and (25 — A;x) + (25 — Aj¢) —d > 45 — 3 — d edges.

) 0 (n4(r—2)—p pis—Z—d) s .
= =0 |— | X0 |———].
(n—2)4 n2 nP=2pd-1
r=2
Note that, for acyclic graphs d < p — 1 and hence the above is maximized at

p =2,d =1aslong as np,, — oo.

For general cyclic subgraphs, d < (}). Furthermore, since p +2 < r, and
Pn = w(n_l/r), we have, for p > 2:
nP2pd! = )
n

-2 _2(1=£L
= nP—Z—w = n(p 2)(1 2’) > n(p—2)% — 00

Thus under the conditions of Assumption 2, we have:
cov(Sik, j¢) = O (o [n?)

Step (1) is true, because conditioned on X, there needs to be at lease two nodes
ui, up in common between {i, k US; UT;} and {j,€ U S, U T} to have a nonzero
covariance. This leads to only 4(r — 2) — 2 choices, which dominates the sum. This
along with Eq B.26 gives us:

var (% Z Z 5,-j) -E {Var (Z Z Sii/n* | X

i j#i i j#i

} = 0(pf=3 ).

Thus we have for large enough C, we have

> Cp’%s—l

P (% 2.2 800 = Cop!

i J#

< ij/n*+0(p;*
<P(‘ZZ(5 /n* +0(p>h

J#
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pzs—Z n2pn
O
B.4.2 Proof of Lemma B.4.5
Proof. Let A; :=|21(i) — g1(X;)|/p;. We have:
Yilg1() /el
n
A3 o1 (X:)/pS |A2 | VoS PA: S Y/ oS3
. 2i +3Z, lg1(Xi) /oyl A; +3Zl lg1(X)/ oy |~ A N i le1(Xi) /ol
n n n n
=B +B,+ B3+ By (B.27)

First note that using the boundedness condition on the graphon, |g;(X;)/p;| is
bounded. Hence By < c a.s. Using Lemma B.4.3, we know that E(A;)?> = O(1/np,).

Since }; A; < nl/ Zy j A?, for the second term we have, for some C > 0 :

n'’E 3 A? . C

P(By > €) < < B.28
Furthermore,
EY. A? C
P(By > ¢) < 2’2 L < 5. (B.29)
ne np,€

By repeated application of Cauchy-Schwarz inequality, we have (}; x? )<Y, xi2 i xl‘.1

(X x%)3, we also have:

EY; N (X, EA}? C
< <
n

2 2 =30
€ ne np e

P(By =€) <
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Therefore, using the sparsity conditions in Assumption 2, we see that the first equation

in the lemma statement is proved.

For the second, we use:
Silei/eal | Siler(X)/pal | %Al Sils (X0 /sl
n - n n n
=C1+aBy - B3,

where @, § are positive constants, and B, B3 were defined in Eq B.27. Using
Assumption 2 part 1, we see C; > 0, a.s. Also, now for a small enough constant €,
using Eqgs B.28 and B.29, we see that the second equation in the lemma statement is

proven.

B.4.3 Proof of Lemma B.4.1

Proof. Define the following quantities.

v;j(t) = E{exp(ith,;Y;/B,)}

Also define ¢, and ¢, , as:

2

) t
Pra(r) =2 1+;{7j(t) ~l+3
¢2,n(t) = _tzKZ,ne_t2/2~

Finally define,

1 1<
Sn:B_ananj, m:_/Z m'jw(Yi,Yj)

7
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As in the original proof, we define:

/ ) ¢ d{®(x) + Ly }dx = ¢1.,(t) (B.30a)
/ ) e dLy ,dx = it (1) (B.30b)
/ ¢ En(x) = G1.0(1) + it (1) (B.30c)

Now, for some ¢ > 0to be chosen later, from Esseen’s smoothing lemma Petrov

(2012) and Eq B.30 we have:

P(Vn < X) - E2n(x)

sup
X

_ i . c— dEZ,n(x)
< [ I - 61000) —itda(0ldr + O sup|
|r|<nl-c X X

Ci(IKoul +B)

nl—c

< / 1t B = ¢1,(1) — itda,(1)|dt + (B.31)
[t|<nl-c

The last line is true due to the following argument. Note that, for some v; in

the |b,,;Y;/B,| ball in the neighborhood of x, for j € {1,...,n},

4 Jl( ) Y |
ld—xx - ; [E{¢(x - b”]'Yj/Bn)} - ¢(x)] - ECD (x)
= Z E {—banj/Bn¢’(X) + biJY]2/2Bi¢~(x) — bfij;/6B§L¢w(Vj)} _ %(DW()C).

J=1

Thus, we have:

dL 1.n (x)
dx

< 1
< D" et {b2/BAS 0] + calbuy/BUPEAYIDIS” ()1} + 5107 ()
j=1

X
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< C+E(Xi]) +C’

Z |bnj/Bn|3

J
<C+p/n'*<cp  Sincep>1

Also note that, for any € > 0, for n large enough,
[ 161w/t =01/n)
[t|>n€
/| 20 = 01Kl
t|>n€
Thus the main idea is that E (¢"") behaves like E (itS,) + itE (itS,An.,).

4
/| ) = 010(0) = 200l < D1
t|<nl-c

j=1
Going back to Eq B.31, we break up the first part of the RHS into four parts,

and the remainder gets absorbed into O(|K»,, + 8|/n'~¢) term in Eq B.31.

[1.,] = / t|7" [E(e"V") — E(itS,) — it E(itSpAn,)| dt
|t|<n€

o] = /| M) g0
tl<n€

|13,,] = /| | [E(Anne™) = ¢ou(t)| dt
tl<n€

Lan| = / 17 [Ee)] i
n€<|t|<nl-c

First we will bound some terms which will be used frequently. Since ab < (a*+5b%)/2.

c
K2 < DT bEb2 +dk)(1+2)

3/2R2 ni”nj nij
B ST e
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_CU+d
() + 5,

i<j
C(1+ /1) 4 )
< ;13/—233 (Bn + lypn )
C'(l + /1)[4,,1
< — iz (B.32)
As for A, ,, we have:
/114
2 _ _ n
EAnn - 3 Z Z dm/
i=1 j=i+l
Furthermore we will use:
R(z) =e¢*—1-iz  |R(2)| < |z|* forall a € [1,2] (B.33)

We will first bound /; ,,. Using Taylor expansion, for some || < 1,

[I10] < / 6|72 [2|E(A; e"5n e | dt
|t|<n€ ’
1+ )1
< 1/2/ H|E(A2 )dr < C%
|t|<ne ’ n'—¢
Next we bound /5 ,. Using a similar argument in the proof of the original

version of this theorem, we have:
2

|12n|< 4Zb4 +C2

—32 |ba; PE(X1 )
B J
<Cin~ 2/3 +CrA%/n
Now we do I3 ,,. Denote Z; = b,,;Y; /B, and ¢;; = dp;;y(Y;,Y;). First note that

E{yije" )}y = =126 + 01 (1), (B.34)
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where we have:

by = B (0i;ZiZ;j) < |buibnjduij| | BIEY,Y 0 (Y, Y))} < A2 (b6, + d2;) | Ba.

(B.35)
Using Eq B.33 and the fact that E{y/(Y;,Y;)} = 0 and E{y/(Y;,Y;) | Y;} =0,
0i.; = EWi i{ZiR(1Z)) + Z;jR(1Z;)) + R(1Z;))R(1Z)}])
< Clt|*°E (|lﬁijZiZ}'5| + |lﬁiijZ,-1'5|)
< Cltlz'sE“Ylel.s'vb(Yia Yj)l} (ldmjbmbyll]s/Bisl + |dm’jb,lli'5bnj/Bi'5|)
< CltF3(ap)12 (diij + b2 by + |bm~|3bﬁj) S/

Using Eq B.34, and setting [ [ ; v« (2) = e 12 4 62, we see:

E(Aupue™) = n72 ) B(yyje) =7 3" E{pe" 0} | | vio)

i<j i<j k#i,j
-3/2 2 -2/2
=17 20+ 01, (0} (6 o +92,i,j)
i<j
2 2
= n_3/2 Z{—tzfi’je_’ /2 + 93’”'(1‘)} = —Kz’ntze_t /2 + n_3/2 Z 93,1"]',
i<j. \_.._.\/._.._.__/ l<j
¢2,n(t) N e
Rn,4

where using Lemma A.4 in Wang and Jing (2004), for [t| < n€ << n'/®

2 2

C bs. +b.
1602, < 7 (,3+ nj = nz) (t2+t4)e_t2/8
n n

Furthermore, using Lemma A.4 and }; |byil? < ton

)
103, < 21660271 + 10141 l_l yi(t) < 216102, ;| + 4|01, ,]e™"
ki, j
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2 2
C i ] 2
|€i,j92,i,j| < mwi’jl (ﬁ + %) (1‘2 + t4)€ /8

Summing the above expression over i < j, we also have,
Z |€;.j02..5]
i<j

. 3 . L3
< cAl? ﬁBi +3l/4;,ﬂ2 N Zi<j |d”lll|(|bn[§n]| + |bmbnj|)) (12 +t4)e_t2/8
n n

12
B* + 14 ,n?
< CAR g {(Z dii,-) (Z bSibij)} ( +He ™ (B.36)
n n

i<j i<j
! A
To bound (A) we see:
1/2 1/2
(A) < {<n214,n><nfz> D biibij} <1’ (bolan)'? {(Z bif) (Z ”51)}
i<j i J

1/2
< c’n5/214/n %)

Plugging this back in Eq B.36, and assuming WLOG I3, > 1,

(ﬁBﬁ + l4,nn2 1

16 02 ;] < C'AV2 + =200 2| (2 + e B
] V4L 3/2 2 4.n
n n ?

i<j

< C’l4,n/11/2,8n1/2(t2 +t4)e—t2/8

Finally, we also have:

D 1014 < CleP (a2 (14,,,n2 +2£2n33) n < Cle3 (AB) Py un'

i<j

Finally we have, since t* < |¢| + |¢|%, and |¢]>> < |¢] + |1]°,

_ _ _42 _42
R4 <n 3/22 103, < n3/? (Z 2662, ] +4Z |61,:j1e Be™ /8

i<j i<j i<j
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< (t214,n/11/2(t2+t4)e—12/8n—1 + |t|2'5(/lﬁ)‘/214,nn‘3/4e"2/8)
— _ _ 2
< Ly (228" + () P74 (el + 1108

< Clay (8207 + (1 Bn) (o] + 1115

Finally, for 15, we have:

] < / 1] Ry adt
[t|<n€

< C'ly, (ﬁzn_l + A+ ,B)n_3/4) / (1 + [t 8ar

|t|<n€

< C'Vl4, (ﬁzn_l LA+ ﬁ)n—3/4)

Now we will bound /4 ,.

Define Q := {k : min(1/2,{’2/€13/2) < n'2b, /B, < 252/513/2}. Using
Lemma A.5 in Wang and Jing (2004), we see that |Q| > con, for some ¢ € (0, 1).

Now, let I' := {i | @; > @ + ks,}. Applying Lemma B.4.2 and setting
k = +/2/cp, we see that [I"°| > n(1 — co/2). Therefore, |I'° N Q| > nco/2. Let
ko = lco/2].

WLOG assume b, - .. bygon € QNI and £/, > 1/2. Now for m €

[2, kon], we have:

1 v . 1
Sm=— Z b Yk Syl = — Z bk Xk
By k=1 By k#i,j
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For 1,...,m < kon, we have:

% Z Z di%ij = %;Zn;a’i < l4,n + ksn = 55,n

i=1 j=1,j#

As for A, ,, we have:
1 m—-1 n m
2 2
EAL,) =5 Z > iy < Alsas (B.37)

Now we use the decomposition in Bickel et al. (1986) (17)-(22).

E(eltV,,) — E{eit(vn_An,m)ei[An,m}
= B{e/"Vi=8um) (1 4 itA,n)} + R
= B{e/"Vi=8um) (1 4 itA, )} + C2Als m [0

. m n
o it Z (Vo m
— E{elt(Vn An,m)} + m E E{elt(Vn An,m)wij} +Cl‘2/115,n;

i=1 j=i+l

where the last line is obtained using Eqs B.33 and B.37, as follows:

Rys < |[E{eVn=tnm2 A2 Y| < C1?Als ym /0

Note that V,, — A, , can be written as S,,—1 + Yy, », Where Y, , does not depend on

Yi,...,Ym_1. So we will write:

m=1 n m-=1 n i
2, 2 (Dip| =) > B Cntbirttnay, )
i=1 j=i+l i=1 j=i+l
m-=1 n i
=D, D Bl mEVittnay, )
i=1 j=i+l
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- m—-1 n
< sup [E(e™Sn)] 3 3 E(wy;)

i<j i=1 j=i+l

- m—-1 n
< sup [B(e"Snn)| >° 3" Iduis [E{y (Y, Y)) 1}

i<j i=1 j=i+l

B m—1 n
< A2 sup [E(e*Sm-1))| mnz Z dfu.].

i<j

i=1 j=i+l
< +/Als, sup |E(e/Sm-1)|mn
i<j
Plugging it back, we have:
) . t - ij
|E(e™")| < |[E(e™m1)| + %\wm sup |E(eSm-1)|mn + cﬂazs,n% (B.38)
i<j
Now, we have for |t| < 1/4n'/2/E(]Y1]?)
|E(eitSm)| < e—comtz/n |E(eitS£,{)| < e—co(m—Z)tz/n

Taking m = [6nlogn/cot?] + 1 (for a large enough e, this is still smaller than kqn),

from Eq B.38 we have:

lt|”! [E(e""m)| at

/neg|z|<1/4n1/2/E(|Yul3)

e—comtz/n m , m
< + ——[As e DIy Cle|Als = | di
/"‘éltl<1/4n“2/E<|Y1|3) ( 7| nl/2 ¥ n 2

log?n

< C’/US,n

Now we will deal with the range 1/4n'/2/E(|Y1]%) < |t| < n'=¢. Since (Y1) > 0,

and hence for large enough n,
[y ()] < 1-«(¥1)
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|E(eitsm)| < e—mK(Yl)
E(eizsij” < o~ (m=D(11)
Using this in conjunction with Eq B.38, and setting m = [4logn/k(Y1)] + 2,

|t|7! [E(e"Vm)| dt

./1/4nl/2/E(|Y1 13)<|t|<nl-c
e—K(Yl)m

m m
+ \//115’ e_K(Yl)(Wl—z) + Cltl/lls’ _)
/1/4n‘/2/E(|Y1|3)s|tISn‘—f 7] nl/2 " "2

< C,pnl5,n lognnz(l_c) _ Als, logn
k(Y)) n? k(Yy) n2c

Thus, using the bounds on 1 ,,, I2 4, I3, and 14, along with Eq B.31, Eq B.32

we get:
sup [P(V, < x) = Eon(x)]
X

+ (1 + )y, /n'/?
Inl+C,IB ( 1) 47”/”
: -

M-

Il
—_

1

IA

1+ D)y, Als, 1
C(( )4, +n_2/3+l4,n(/1+ﬁ+,32)7’l_3/4+ 5,0 l0gn

nl—Ze K(Yl) n2c
.\ C"8+ (1+ )y, /n'/?

nl—c

logn
< (lgp+ksy)—
(s, )n2/3

The last line assumes 3, A and k(Y) are all bounded. O

B.4.4 Proof of Lemma B.4.6

Proof. Let X ~ N(1, c%) andY ~ N(1, c%) be two independent random variables.
We have &; = XY.

E(|XY - 1)°) < E(]XY®) + 1 + 3E(X?|Y|) + 3E(|X|Y?)
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= E(IXP)E(Y?) + 3E(X)E(]Y]) + 3E(|X|)E(Y?)

< 00

The last step is true because both E(|X|?) and E(|Y|?) are bounded for bounded

Cci1,Ca. O

B.5 Detailed Results for Smooth Functions of Counts

In this section, we establish Edgeworth expansions for smooth functions
of counts for the bootstrap and show that they are close to Edgeworth expansions
of the conditional expectation of the count statistic, which is a U-statistic. To our
knowledge, Edgeworth expansions for smooth functions are not explicitly stated
in the literature even for U-statistics. It turns out that the non-negligible terms
arising from a Taylor approximation of the smooth functional are of a form where
a flexible Edgeworth expansion result of Jing and Wang (2010) may be invoked.
Edgeworth expansions for smooth functionals are also considered in Hall (2013),
but the argument provided there requires multivariate Edgeworth expansions and
depends heavily on the properties of cumulants of independent random variables,

complicating extensions even to U-statistics.

Since the Edgeworth expansion of the conditional expectation requires a
non-lattice condition, it is assumed below. However, it is likely that this condition can
be removed if one derives an Edgeworth expansion for the count functional directly
and uses a proof strategy similar to Zhang and Xia (2020) that exploits the smoothing

nature of Bernoulli noise.
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B.5.1 Edgeworth Expansion for Smooth Functions of Counts

In what follows, let f : R — R denote the smooth function of interest, u

denote a d-dimensional vector of conditional expectations corresponding to scaled

fn(1> f(d)

count functionals { FREREE p”s —} given X, and u = E (u). In this section, we consider

Edgeworth expansions for the statistic:

Sp=n"(f(u) = fF(w) /oy,

where 0'% is the asymptotic variance of S,. The standard Delta Method involves a
first-order Taylor expansion, resulting in a Normal approximation with rate O (1/+/n)
when the gradient is not equal to O at u. To attain higher-order correctness, we need
to consider a second-order expansion. Recall the derivatives of interest a;, 1 <i < d

and a;;,1 < i, j < d defined in Eq A.8. Furthermore, define the following analog the

|

In the proposition below, we state the form of the Edgeworth for an appropri-

moments of the linear component of the U-statistic:

(i (i
Aiyoi =E {(rilglll?(xl) ”.(rl'dglld.)(xl)

Siy Si

Pn Pn

d

ately smooth function f.

Proposition B.5.1. Suppose that oy > 0, the function f has three continuous

derivatives in a neighbourhood of u, and Z;il a,-gii) (X;) is non-lattice. Then,

P(Sy <2) = O(x) + 17 2p1(x)$(x) + 0 (%,2) ,
n

1 _
pi(x) = —{Ajo;' + 6A20-f3(x2 - D},
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where 0']%, Ay and A, are given by:

d d d d d d d
Ay = Z Z Z aiajardijr +3 Z Z Z Z aiajadigd e

=1
. . k
Y Y E rig) (Xi) ryg” (Xo) ric(ri = gy (X, Xi,)
+ Zzl;aiajak o 0% Pk '

Before stating the proof in detail we add an auxiliary lemma, which is needed

to the bound the contribution of a remainder term.

LemmaB.5.1. Let S, = V,+c/+/n. Let P(V, < x) = ®(x)+p1(x)d(x)/vVn+o(1/+/n).

Then we have:
P(S, < x) = @(x) + (p1(x) + c)p(x) /Vn +o(1/v/n) (B.39)
Proof. We have:

P(S, <x)=P(V, <x—-c/Vn)
= ®(x - c/Vn) + ”‘(x‘—w_j/@qxx — c/n) +o(1/n)

Note that sup, |¢(x)| < C for some universal constant C. So we have:
®(x — ¢/Vn) = @(x) - c¢/Vng(x) + O(1/n),

and
lp(x = c/Vn) — ¢(x)| = O(1/n).
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Using the above two equations with Eq B.39, we attain the stated result. O

Now we present the result in Proposition B.5.1.

Proof. A second-order Taylor expansion yields:

' P(f )= f() = n'* <u—p, Vf(u) > +§n“2<u—u)TH(u><u—u>+0P (%) '

(B.40)

Furthermore, by a multivariate Hoeffding Decomposition for u — u:

(1
181 )(X)

L
I’L2

1p‘21’

Uu—p=- .
H " d)

_Lo (]
r—luL+n—uQ+ P 3/2

where

nPllugl| = Op(1),

r|(r1 D Zt<j (1)(Xi’Xj)

”(;—d“ZKJg Y (X, X))

llll=0r (17?).

Now for the first term in Eq B.40, we have

1 1
P < V) 2= <, V0 > 4 <uQ,Vf<u>>+op( )

The second term in Eq B.40 is

n'?(u = p)H(p) (u — )

1 1 1\ 1 1 1
— ,1/2) il - _
n {nuL+n uQ+0p( 3/2)} H(,u){ urp + uQ+Op( 3/2)}

1 2 1
— /2
=n {n H(,u)uL+ uLH(,u)uQ+Op( 3/2)}
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1 H 1
St (Wur + OP
Now Eq B.40 may be expressed as:

n'2(f ) = f() =n""? <up, V() >

1 1 1
+ =5 {< ug, Vf(u) > +§uLH(,u)uL} +Op (Z) .

We have,
Al -1/2 _3/2 1
Sn = +n7 Pa(X) + 07 Y BX1L X) + Op | (B.42)
\/_O-f I<m
where
d

1
Q(Xl)=a—fz lg?(X)

i=1

d
1 ri(ri=1)
B(Xy, Xn) = O'_f {Z aiTg;)(Xl, Xm) + Zal] Si+s; g1X)(l)g(])(Xm)}

i=1 n i,j n

Applying Theorem 2.1 of Jing and Wang (2010), under the conditions of

proposition B.5.1, we have

sgp P (Sn - \/gé_f < x) —E,(x)| = o(n/?),
where
Ey() = () — 229D b 0 4 3E (X a (X BX X))
6

Using Lemma B.5.1 and definition of A;, we can simply E,(x), yielding:
P(Sy < x) = ®(x) +n' ¢ (x)p1(x) + o(n™"7?),

1
pi1(x) =— {A10'J?1 + 8A20‘f3(x2 - 1)} .
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B.5.2 Proposed Bootstrap for Smooth Functions of Counts

In this section, we consider Edgeworth expansions of smooth functions for
the bootstrap. Recall from Section 3.5.3 that #* denotes a d-dimensional vector of
bootstrapped counted functionals generated by either the multiplier bootstrap T;’ M
or the the quadratic bootstrap T; 0 in the latter case, one may ignore an additional
Op(n~3/?) term that arises from approximating a U-statistic by the first two terms of
the Hoeffding decomposition. Now recall the bootstrap analogue S, from Eq 3.25,

the gradients of the smooth function evaluated at the empirical counts from Eq 3.27.

Let P* denote the bootstrap measure conditioned on A and X, with randomness
arising from the multiplier weights £. Furthermore, let P, denote the the empirical
measure P, = ,% i1 0x,. It will turn out these two measures are closely related.
With a slight abuse of notation, the expectation operator corresponding to £, will be

denoted by E,f(X) = 13" f(X)).

n

We define the following empirical analogues of the moments of interest:

- S & ROAIE Y RO iU
/l,‘l ,,,,, ,‘J:E I’,'IT r,‘dT = — ril 5; r,'d 5;
pnl pnd n =1 pnl pnd

TR0 g\ (1
=En ri, 5, | Ty Sy .
Pn Pn

Now recall that the empirical analogue of the asymptotic variance from

Eq 3.29. We now prove Theorem 8, which establishes an Edgeworth expansion for

P*(S; < x).
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B.5.3 Proof of Theorem 8§

Proof. We will start by establishing Eq 3.30. Let V; be & — 1 and let V denote the

vector:
V=(&-1, ..., & -
Given A and X, we have
o[ OV (2 i &7 L m) ViV |
u —a= n A(d)(l)vl + n2 Vd(;d 1) S gzd)(l — +Op (n3/2)

.

1 1
;uL+ uQ+0p( 3/2)

Using a second-order Taylor expansion analogous to EqB.40, we have:

n'2(f(u*) - f@) =n"'? <ul, V(@) >

+ 31/2 {< uQ,Vf(M)>+;uL H(M)ML}+OP(1), (B.43)

We also have, by definition,

E* (g (08" (mgy" (1, mVivin} = B2} (2} (m)gy" (1,m))}.

Then, by Eq B.43 and definition of & and Al, we have,

n' 2 (f () ~ f (@)

O'

1
\/_G'f B anlvl 3/2 Zdnlmw(vlav )+0P( )

=1 I<m

S, =

n
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where

=—Z @iy (v
anl =n,
dmm:i¢§: Mg D(%hM+§:up;§“%D(%m%

9f = n n

W(Vl, Vm) = Vl m

Using Lemma B.4.1 and similar arguments therein if

1 n 1 n
=322 >0, = > byl < < o,
n ? n

=1 =1

then

s " Al ~ l5, logn
sgplP (S"_\/ﬁé'f Sx)—G(x)|=0( 22/3 ,

where and «; := % Dol d}% im- and for sufficiently large k:

l4n = Z ay, S;% - Z Z alz - (14,n)2, lS,n = l4,n + kSn

l

and

Gn(x) = (D(x) + zl,n(x) + ZZ,n(x),

Ev3 n
5 Dbt = Do),

”ll

,}’l

n I<m
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(B.44a)

(B.44b)

(B.44c¢)

(B.44d)

(B.45)

(B.46)



Since }}; bﬁ ;/n =1, the first condition in EqB.45 is satisfied. Let ¢; := v:—’
’ Pn Of

For the second condition, note that since |.|? is convex,

1 3 _ & : 31 A5 (N3
S 2 bl < 5 ) e )l ()
i fj=1 i
Since the function f has three gradients in the neighborhood of u, Lemma B.4.5

shows that the above is bounded, thereby satisfying the second condition in Eq B.45.

Simplifying L, , and L, using Eq B.44, we have

G,(x) = ®(x) + n—1/2¢(x)éfi2&;3(x2 —1).

Now we bound the remainder term by bounding /5 ,,. We write «; as

2

d
1 Cri(ri=1) _q Ty (i

@ = Tzz Zai%gé’)(l,mhzaq sli+]sjg§l)(l)g§])(m) . (B.A47)
f m=l | i=1 Pn ij Pn

Yl,lm Y2,lm
Expanding (Y}, +Y>, im)?in EqB.47, itis straightforward that, by Lemma B.4.4,
lanis Op(py").

Now we bound s,. Since a; > 0 and (Y 5, + Yo ) < 2(Y121m + Yzzlm), we

write
2
I v 41
2 2 2 2
S,ZS; @ SZ 2 Yl,lm+ zzYZIm
=1 =1 f m#l f m#l
2 2
1| 1 5 1| 1 5
L N L S Ty of L S
n n2 A n n2 A
=1 [ m#l =1 [ m#l
Z Z
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To estimate Z;, we use:
2

n

213 Ly

l—l f m#l i=1 j=

d
oriri(ri=1)(r;j=1)
alaj e st+sJ ! gé)(l )g(])(l’ m)
1

I’l

Using the fact that

1 1 (i
g“(lnwg“>azn>< 2Sg(”<1m> + =8y (Lm)?
p

Sits;

by the same arguments in the proof of Theorem 6, it is easy to check that Z;

-1
Si+S i+Sg+s; Si+s +sk+s,
For Zy,letc;ji: = ajjairirjrire/pn -’ and C;jxs = AijAetit jTir e/ Pn

Consider the estimate:
. 2
2 o A (k
Z<—; ZmeawmeWﬁwwW>
O\ i
zV
) 2
2 1 N A(k A
= > |20 D cmdy (037 el ()8} (m)
ng? n
f I=1 m#li,j,k,t

@)
ZZ

We will start by establishing the order of the Zéz) term. Observe that:
2

%EZ Z Z Cuktgi)(f)g(])(m)ggk)(f) (I)(m)

m#l gkt
Z T [ V)22 (e (028 (m)? ]
m#li,j,k,t
S%Zzzud[wwwwﬂ[“mwmbﬂ
m#li,j,k,t
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| Q,
o

zzz o (a0 0| Bl on®| £ [a 0] E g0 )
C m#li,jkt

Due to Lemma B.5.2 and Eq B.50, since d is finite, we see that the above is

O(1). To complete our bound for Z;, observe that:
P(Z¥ > M)

& 0" me g m)|| > M

. 2
<P|max (Cijkr — Cijkr)” —
i,j.k.t n

1
; .

\4;

m#li,j k.t

Since max; j k,; (Cijkr — Ci jkt)z is lower-order and the second term in the product
inside the probability statement may be viewed as a variant of Zél) with ¢;ji, = 1, we
can conclude Z, = O(1). Combining Z; and Z,, we have, with probability tending
to one, sﬁ < Cp, Iand Isp=1Ilsp+s, <C'p ! for some universal positive constants

C and C".

Thus, from Eq B.46 and Lemma B.5.1, we have Eq 3.30.

We now state and prove Lemma B.5.2, which we had used in the proof of the

above theorem.

Lemma B.5.2. Under the sparsity conditions in Assumption 2,

E(61(D®) = 0(p})
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Proof. We decompose g1(/) into
g1(l) = Hi (D) = () + &1 (D) = (T, - ).
Then for some constant C,
§1(0° < C{(H () = m(D)® +g1(1)° + (T, - )} (B.48)
g1(D)¥ is 0(p?). Now for (T, — 0)3,
Ty = 6)° < C{(T, - T)° + (T, - 0)°},

where (T, —0)® = ©(p?*) by boundness of graphon and we investigate E {(7,, - T;,)%}.

Let S, denote all r-node subsets from node {1, ..., n},

) Y E[{H(S1)—h(S1)}...{H(Ss) — h(Ss)}]
E{(Tn_Tn)g} = - (n)g

Consider any term in the above sum where each of the four pairs of the

subsets have p;,i = 1,...,4 nodes, d;,i = 1, ...,4 edges in common. In this case

there are 8r — 3}, p; choices of nodes and the number of edges are at least 8s — }’; d;.

First note that p; > 2, to have non-zero contribution. For acyclic graphs, d; < p; — 1
and for general subgraphs with a cycle, d; < (1;" ). Thus, for p; > 2, we have:
O (nSr-Zeripy2ih) )

W nﬂ%ﬁiy

For acyclic graphs, it is easy to see that under our sparsity conditions the above is

=0(p}’) x 0

dominated by p = 2. For general cyclic graphs, since p, = w(n~"/") and p < r,

o ) l_l’i’l) 4p; (r+1)
n”pai > np‘( S
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So, E{(Tn - Tn)g} = 0(p;§s)-

To finish bounding E[g;(1)®], we look into the first term of Eq B.48. Let S!

denote all » — 1 node subsets from node {1, ..., n} excluding node /,

E{(Hi() = i (1))%}

> E[{HUIUS) -h(lUS)}...{H( US3) —h(lU Sg)}]
S1,...,.53eS!

(o)
Similarly, consider any term in the above sum where each of the four pairs of the
subsets have p;,i < 4 nodes (besides node /), d;,i < 4 edges in common. In this case
there are 4(2r — 2) — >; p; choices of nodes and the number of edges are 8s — ) ; d;.
(since each subset already share node /). When p; > 1, each pair share node / and
another p; nodes, then for acyclic graphs, d; < p;, and for general subgraphs with a

cycle, d; < (pi;l). Thus, for p; > 1, d; > 0, we have

0 (n4(2r—2)—zip,'p§s_2i di) . .
o)
where as we showed above for acyclic graphs, under our sparsity conditions the
above is dominated by p = 1. For general cyclic graphs, since p, > n'/" and p; < r,
nPip — oo. Thus, E{(H,(l) — h (1))} is also O (p%*).
Thus, combining all terms in Eq B.48, E[§(1)%] is O(p3). O

B.5.4 Comparing Bootstrap Edgeworth Expansion with the U-statistic Edge-
worth Expansion

Finally, we show that the bootstrap Edgeworth expansion is close to that of

the conditional expectation, which was established in Proposition B.5.1.
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Proposition B.5.2. Suppose that oy > 0, the function f has three continuous
derivatives in a neighbourhood of u, and Z,il aigii) (X;) is non-lattice. Furthermore,
suppose that the weights &, . .., &, are generated from a non-lattice distribution
such that E(&1) = 1, E{(¢&1 = 1)?} = 1, E{(¢&; = 1)*} = 1. Then we have:

logn
n*p, |

P (S, <x)=P(S, <x)+op (n_l/2)+0p( (B.49)

Proof. Now we show that 7, A and A, converge to oy, Ay and A;. We first show
Aij and A, converge to A;; and 4.
) L [8 e ()
/lij = I”,'VJ'E sl—SJ .
pl’l pn
g (x)g\” (X)) }
si Sj '
Pn Pn

/1,‘1' = rirjE{

Using the fact that E(V;) = 0,E(V})> = 1, E{g?)} = 0, and an analogous argument as

in the proof of Lemma 3.1d) in Zhang and Xia (2020), we have:
/~1ij — ;= Op (n—l/ngl/z) '
Similarly, expanding A and A;jx, using the fact that E(V}) = 1, E{gii)} =0,
Aijk — dijk = Op (n‘”zp;”z) .
Using the same argument in the proof of Lemma 7, we have
E{g (0" mgy” (1,m)} = B’ (XDg” (Xnm)gs” (Xi, X} = 0, (0™ 2p;17%).

Furthermore, under the assumption that f has three continuous derivatives in the

neighbourhood of u, we know that

4i=a; +Op (n—l/zp;”z)  Gij = ai; +Op (n—l/zp;”z) . (B.50)
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Thus, together with Eq B.50, we have,

- 12 —1)2
7}~ ap=0p ().
Al —A;=0p (n_l/zp;l/z) ,

AZ _ A2 — OP (n—l/zprzl/Z) )
Finally we have,
o 1. __ _ _
) =—{A5;" + 6A20-f3(x2 - D}=pi1(x) +Op (n 1/2/?;11/2) :

Therefore, under the same condition of Proposition B.5.1, from Eq 3.30, we have,

logn

P*(S: < x) = ®(x) +n 25 (x)d(x) + Op (T)
n='=pPn

logn )

=P(S, <x)+op (n_1/2)+0p( 73
n?3p,

B.6 Detailed Results of Confidence Interval Bias Correction for
Smooth Functions of Counts

B.6.1 Edgeworth Expansion for Studentized Smooth Function of Counts

In order to write O'J% as a function of u and &j% as function of u, we have
to expand the vector of u by including terms such that the variance can be written
as a function of the expectation. For example, for simple mean, one needs to add

(x1,x2) = (x, x?) for data point x, since the variance is then x, — x%. For i.i.d random

variables, this is simple, but for U statistics, the dependence makes this more nuanced.
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We expand the vector of u into #. Given X, the uncentered # is

5 {T,fl) 7D rir, Z?zlfzﬁ')(xi)fzﬁz)(Xf) Fa-1rd Xy fzﬁ"")(Xi)fzﬁ")(Xi)
=42 .

et npy' py’ T npy' pr’ ’
d terms (g) terms
~(1 ~(d
D LI CO R DYy GO }
251 254 ’
Py np,
d terms
(B.51)
where
~ 1 ~
h(Xi) = — Z h(Xi, Xiys oo Xi,).

n
(r—l) 1<i| <. <@y <n,iy,... 0 #i

Denote i = Eii, and w' = i — fi. Define h(u) = o, h(if) = AJZ‘ and
¢ci = Vh(i)®.

Proposition B.6.1. Define S, = n'/2(f(u) — f(u))/& . Under the condition that
the function f has three continuous derivatives in a neighbourhood of u, and

st aigy)(Xl), is non-lattice, we have:

(S, <) =)+ Pqr (600 +o ().
n

q1(x) = —{B + éBz(X2 -1},

where By and By are
d d

1 o
By = Ao - 50']?3n Z Z aic E{u O/},
i=1 j=1
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A
B, =6B; —6A + —i
g,
f
Ay and Aj are defined in Proposition B.5.1. The regularity conditions are to ensure

the remainders in the stated order uniformly in x.

Proof. Now, we define A(ii) = A(u) = f(u) — f(p), B(h) = (f (u) = f () /h(i).

Then by Taylor Expansion we have,

B(it) = AG) /h(i0)'? = A(it) = h(i)™/?

=A(ﬁ){h(ﬁ)“/2+(ft—ﬁ)TV(h(ﬂ)‘”zH (- D iy o (i)}

= A/ H()™ = ARG (Th()” (u—u)+0P( 31/2)

:A(ﬁ)/Uf—%(ﬁ—ﬂ)T 3Vf(,u)(Vh(/J)) (u_ﬂ)+0p( 31/2)

D
ajcy ... d4dicy

3 1 . .7 3 1
_A(u)/O'f—E(u—u) oy a'd'él a;éd (u—p)+0p( 3/2)

where

d’
azc W Ou'),
1

d’
(=)' D= ) = )
i=1

Ags1 = Age2 = ...=aqg =0.

=

We have S/, = nl/zw = n'/2B(ii). Thus we can write S, into

d d
1 1
S =n'A(u)joy - Ecrf 1/2ZZa c Oy +0P( ) (B.52)
i=1 i=1
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Since a; = 0 for i > d, we only discuss here wOuw) fori < d,j <dand

wOw'Y) fori < d,d < j < d’. We first prove that

/ ’ ’ /7 1
O = = E{u (@) (])}+n 227()(1’ X)) +Op ( 3/2) (B.53)
I<m

holds for both cases, where y is some symmetric function of X; and X,,,.

0 ul? u<i> G) _ N <QJ‘>
(1) — ’ L
Fori < d,j < d, since u T+ +0p(3/2) J -t t

0r (57).

@, ()
. . U, u 1
Dy = L L
= OP( 3/2)
¥iri 1
z’s,’ S,Zg§’><x>g(”<x>+ A S,Zg§”<x>g<”(xm>+op( 3/2)
p pn n J<m

Thus,

Euu') = ngl — Zgi”(Xz)gl”m

and Eq B.53 follows.

(l) ()
Fori<d,d<j<d,wi ="+ +0p (1), while

)y — Tkt (k) 7 (1) Tile (1) (k)
u AR x)hY (x) - E A9 (XA (x))
npy* pnsz‘lzl1 p,sf n Z

for some k,t € {1,...,d}. Denote E{A*(X;)} = 86X, Hoeffding decomposition of
h* (X)) yields,

KOy -6 ) ‘ 1
L i -0+ T S (00X + e ) + 0
Pn n-= s:ﬁll<s<n
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—gl")(X)+ Z {gg">(x,,x)+g§">(X)}+oP(1)

sil 1<s<n

(B.54)

e (x)
n

Denote U = , then

w0 = O g0 0u s LS 60 x0g 00000

Sk+Si+S;
=1

n
k k
+—Zg§”<xl>g< ’(xm>g(’><xm>+ 5 D8 (X0gt? (X)ey (X, Xon)

I<m I<m

1 k 1
2 Zgi >(X1)g§z)(Xm)g§ (X1, X, m)} +0p ( 7

I<m

Taking Expectation, Eq B.53 easily follows.

Now that Eq B.53 holds, using Eq B.42 and Eq B.52, we have

i=1 j=1

+n ”ZZa<Xz>+n 2 S B(X X) + (X, m)}+op(1) (B.55)

I<m

Therefore, using Lemma B.5.1, we know that

B = Alo'f ——0'_3 ZZac E{wDuw}, (B.56)
=1 j=

From Eq B.55, we also have that Theorem 2.1 of Jing and Wang (2010)
applies to S/, under the same conditions of Proposition B.5.1. For the simplicity of
calculation, we note that B, can be estimated using the identity p;(0) = ¢;(0) and
the forms of Ay, Ay, and By, which gives us By = 6B — 6A| + %.

f
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Thus, under same conditions of Proposition B.5.1, we have
P(S), <x)=®(x) + n2g(x)p(x) + 0 (n_l/z) ,
where By and B, are defined above, ¢ (x) is as

q1(x) = —{B; + éBz(X2 - D}

B.6.2 Estimating Confidence Interval Corretion for Smooth Function of Counts

In order correct the confidence intervals arising from the standardized
bootstrap, we need to estimate p;(x) and ¢ (x). This requires the calculation of -2,
A; and A, are straightforward. In this section, we show how to compute g (x) for

transitivity.

While we only show in detail the calculations of transitivity (d = 2), they can
be easily used as building blocks to extend to other smooth functions of counts with

d>?2.

In the case of transitivity, the original u used for estimation of p;(x) is of
length d = 2. Recall that for estimating g (x) we need to expand this vector so that
the variance is a function of this vector. This expanded vector (see Eq B.51) is of
length @’ = 5. Denote y;; = nx Ew’®w'/), We also have for T and V, ry = r, = r = 3,

and 51 = 3 and s, = 2.

To estimate By and B,, we first use the fact that ¢, forkin 1 < k < d’ follows
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Hall (2013) Section 3.10.6 as follows:

d dd
Ck —ZZZa,ka]u,j —2akZa,u(’)+ Z aaj, (B.57)
i=l j= i=1,j=1,(k)
where Zfl:"f j—1.(x) denotes the pair (i, /) in i (Do) that 70 3() = 70 For example,

in transitivity, #® = g,

Now we simplify Ew'®@w'() for 1 <i < d, 1 < j < d’ for the purpose of
estimating B and c; in Eq B.56 and Eq B.57. We do not consider the case where
i > d since a; for i > d is 0. By the definition of ', using Hoeffding Decomposition
of fzii)(Xl) (i € {1,2}) showed in Eq B.54, simple algebra yields,

2
"D (i r 1 .
E{w D'} = WE{gll)(Xl)g(J)(Xl)} +0 ( 3/2) 1<ij<2,

n n

3
’ ’ r
) = B e )
1

nppy
+2(r - 1>E{g§”<xl>g§”<xz>g<”<x1,xm]

+

1
—mE{g{" (X1)g{" X1} +0 ( 3/2)

3
’ ’ 2 2
E(w@u®} = —|E{e;” (X1)g}? (X1)?)
np;

l’l

+2(r - DE{g"? (X1)g!? (X2)e{? (X1, Xz)}]

4
(1 2 1
oaE{gl (X)g? X1} +0( 5
Pn
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73
E{uMu®} = —
n nl n 2

+2(r - DE{g'" (x))g!? (x2)e'? (X1, Xz)}]

E{¢\" (x1g® (X%

2rt

1
b E(V (X)g® X1} +0 (—) ,
npy oy

+
32

3
r 2 1
—— [Elei? (x0g} (X))
n n

+2(r - DE{g"? (x))g!" (x2)el" (X1, xm]

2t mE{gM(x)gPx}+0 .
npy' Py’ : : 2

E{uPu®} =

+

Now for the case of i = 1 and j = 3, applying the same technique, then we

will have,

r3
E{u,(l)u,(3)} :—Zs .

+(r = DE{" (x1)g!" (X2)87 (X1, X))

+(r - DE{g'" (x)g!? (x2)el" (X1, Xz)]

4
r 1 2
+ ——mEg "V (x)gPx1)
NPy Pn

4

1 1
+ —5—mE{g)" (X1)*} +0 (W ,

npy

E{g'" (x1)%\? (X1)}

Similarly, fori = 2 and j = 3, we have
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1’3
Blu@u} =——0
;'11 n‘ 2

+(r = DE{g P (x1)g!" (X2)e7 (X1, X2))
+(r - DE{g\? (x1)g!? (x2)ed" (X1, x»}
4

r 1 2
+ — mE{gV (X1)g P X1}
NPy Pn

n

E{g'® (x1)%!" (X1)}

4
r 2 1
+ 2S1/11E{8§ (X2 +o0 (3—/2) :
np;, n

Now we can estimate B; from Eq B.56 and ¢;,1 < i < 5 from Eq B.57 by
estimating E {u’®w’(/)} above using gﬁ")(xl) and gé")(xl, X>), for i € {1,2}. Using

the fact of p1(0) = ¢1(0), we can estimate B; by
Bz = 63\1 - 6AA1(3'f_1 + Ayﬁ'ﬁ.
Then we have the estimated §(x),

4100 = ~(By + £Bo( ~ ).

Now we show the studentized edgeworth expansion of some statistics f (7, V)
using same # as transitivity, including 7, 3T + 5V, TV, 3T /V(transitivity) and
T?V?. The ¢ (x) of the Edgeworth expansion of the studentized version of these
statistics £ (7, V) share the same E{uw'®@w)} (i € {1,2},jin{1,...,5}. The the only
difference lies in evaluating different derivatives a of f and thus having different ¢,

B and B».

Recall that err(F, G) is defined in Section 3.6 as the maximum of |F(x) —

G (x)| over the range [—3, 3], over a grid size 0.1. In the following two tables,we
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show this distance between the true CDF and our empirical edgeworth expansion and
the normal approximation for five different smooth functions. Tables B.1 and B.2
show these for the standardized and studentized statistics. The empirical edgeworth
expansion is estimated using a random graph with n = 160, p,, = 1, generated from
two graphons SBM-G and SM-G with the same parameters as in Section 3.6. The true
CDF is estimated by 10° size 160 graphs generated by the same graphons with same

model parameters.

Table B.1: Standardized EW Sup CDF error compared to N(0,1)

SBM SM-G
Studentized | err(F(S,), F) | err(®, F) | err(F(S,), F) | err(®, F)
T 0.002 0.018 0.004 0.030
3T+5V 0.003 0.011 0.002 0.018
TV 0.006 0.023 0.016 0.042
3T/V 0.005 0.027 0.006 0.051
T%Vv? 0.036 0.078 0.092 0.142

Table B.1 shows the standardized sup error sup, |F(S, < x) — F(x)|, where
S, is the standardized statistic, £(S, < x) = ®(x) +n~'2p; (x)¢(x) and F(x) is the
true distribution of the standardized statistic. In Table B.2, we show sup, |F (S, <
x) — F'(x)], where F(S < x) = ®(x) +n~ /2§ (x)¢(x) and F’(x) indicates the true

CDF of the studentized statistic.
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Table B.2: Studentized EW Sup CDF error compared to N(0,1)

SBM SM-G
Studentized | err(F(S,), F’) | err(®, F’) | err(F(S.),F') | err(®, F')
T 0.004 0.021 0.008 0.043
3T+5V 0.002 0.012 0.005 0.026
TV 0.006 0.029 0.015 0.054
3T/V 0.012 0.031 0.007 0.052
T?V? 0.022 0.058 0.045 0.106

We see that for both graphons the empirical edgeworth expansion has much
lower error than the Gaussian approximation. Also, the linear combinations of the
statistics typically have lower error than those which need the estimation of first and

second derivatives.

B.7 Additional experiments

In this section we provide additional experiment results that were left out

from the main text for better presentation.

B.7.1 Additional results for two-stars

We show in Figure B.1 the maximum of (absolute) difference of bootstrap
CDF F; over the [-3, 3] range (err(F),,F,)) for two-star density from the true CDF
F, for sparsity parameter p, varying from 0.05 to 1. We show the average of the
expected difference over 30 independent runs along with the error-bars. In Figure B.2,
we show the 95% CI coverage for two-stars. The results of two-stars are similar to

those of triangles in the main paper.
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Figure B.1: We plot err(F,,F, ) for two-star density for all methods on the Y axis,
where F; (t) corresponds to the appropriate resampling distribution. We vary the
sparsity parameter p, on the X axis. Networks in the left column are simulated
from SBM-G and those in the right column are simulated from SM-G. The first row is
centered at bootstrap mean. The second row is centered by triangles density estimated
on the whole graph (MB-L-apx is centered at approximate triangle density estimated
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Figure B.2: We present coverage of 95% Bootstrap Percentile CI with correction for

. 0
il i "QW; ”””””””” oot =T [e))
P

o
— MB-Q LS EG @
— MB-L SSs MB-L-apx w0
T T T T ®

0.2 0.4 0.6 0.8 1.0

EG
MB-L-apx

T
0.6

T
0.8

1
1.0

two-stars of the SBM-G (left) and SM-G (right) models in p from 0.05 to 1.

212




B.7.2 Additional timing results

In Figure B.3 we show logarithm of running time for four-cycles count against

growing n for SM-G model.

-2 0 2 4 6 8 10
|

T T T T T
200 400 600 800 1000

Figure B.3: Logarithm of running time for four-cycles in SM-G against sample size n.
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Appendix C

Supplementary Material for Separate Exchangeability
in Bayesian Nonparametrics

C.1 Proofs

We include a brief proof of (4.5).

Claim: Infinite partial exchangeability (4.4) entails

Corr(x;j, xi7;) > Corr(x;j,xi7j) j#j, i #i. (C.1D

Proof. We define U;; = x;;/Var(x;;) such that Cov(U;;, U; ;) = Corr(x;;, x;7;). By

de Finetti’s theorem (4.4) and law of total covariance
COV(U,'J', U,'/j) =0+ COV{E(UZ']' | Pj)E(U,'/j | Pj)}

>0+ COV{E(UU | Pj)E(Ul'/j/ | Pj/)} = COV(U,"]‘, Ui/j/),

Considering a trivial example with > in (C.1) proves the claim in (4.5).

C.2 Algorithm 1

Algorithm 1 below states the transition probabilities for posterior simulation

in model (4.20). The description makes use of the following notation. Let X denote
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a (J x 12) design matrix with x; in row j. the following quantities are used in the
description of Algorithm 1. We use a notational convention of marking quantities that
are cluster-specific with a tilde, as in (Bn, 1), etc. Let then gy, X, and 8, denote
yij» «; and 9, arranged by clusters. That is, § is a (n,J x 1) vector stacking y; for
allie Chas gp = (yij, 1€Cqy; j=1,...,J); X is an (npd X 12) matrix with X
stacked nj, times on top of each other; and Sh is a (nyJ X 1) vector that concatenates

ny, copies of & = (64, ...,04,).
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Algorithm 3. MCMC algorithm for posterior inference
Priors: We fixed hyperparameters: &£ = 1, 8y = (0,0,...,0), 0'30 =l,ag =1,
bo=1,200=0,wp=0.01, o =3, O'O SAISOIGtZo— 2].

B0
for 1:M do
1. For each protein 7, sample

J
P(si=h| ) oy | [ NOijs i +@)fn+06,,7)
j=1

2. Update Vi, h =1,...,H — 1, keeping in mind that Vi = 1 is fixed:

H
Vil -~Be(l+npé+ > ne), h=1,... H-1
{=h+1

andset rp, = Vi [y (1 =Vp), h=1,...,H

3. Update Bh and &fl: Recall the definition of 3y, X, and &y, as
cluster-specific combined vectors and matrices. See the text for a detailed
definition.

Bul- ~ N(fnZn),
B =Zn {XT 2 (Gn — é&n = 8n) + 2" Bo}
X, = (L' + X72,'X;)"" and T, = Diag,,,,, (57).

6-,% -~ InvGa(ay, bp)

2ieC, 25:1()%7 - mij)2
2

np XJ
ap =ap+ andbh:bo+

mi; = a; + a:;,gh — 0y
4, Update age-specific effect §;. Let m; = Zle 1(t; =t). Sample

6 | . ~N(m;,Vt)

v, w2+ > 21/ g

Jitj=t i=1

o

i

. Zjie T ij - ' Bs; — i)’
- +

4. Update protein-specific intercept a;. Sample

@ |-~

/,10/0'3 + ij':l Z{:l(yij - m}ﬁsj - 5’1‘)2/5-3}' 2 <2\
. 5 , (l/a'O +J/G ) .
Loy +J /oy,

end
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