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In this dissertation, we consider the category of schemes equipped with
a derivation and investigate a differential analogue of the fppf site on a differ-
ential scheme. We interpret the obstruction to the existence of integral points
in affine varieties given by certain differential equations introduced by Voloch
as the descent obstruction associated with torsors under a certain sheaf for our
differential fppf topology. We also consider a multiplicative analogue of those
differential descent obstructions and show that it is the only obstruction to the
existence of integral points in affine varieties over function fields. Finally, we
describe the obstruction set in the case of smooth projective isotrivial curves

of genus g > 2 over a function field, extending a result of Voloch.
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Chapter 1

Introduction

1.1 Conventions

Let R be a (commutative) ring. By a derivation of R, we mean a

Z-linear map 0 : R — R satisfying the Leibniz rule
d(ab) = 0(a)b+ ad(b), a,b € R.
We will write
R ={recR:5r)=0}

for the ring of differential constants of R. When R is a field, so is R’. Note

that, if R has characteristic p > 0, then
RP ={r?:r € R}

is a subset of R.

Given a field k, we fix a separable closure k of k. Any derivation of k
extends uniquely to a derivation of k, which will again be denoted by 6. When
k has characteristic zero, k is also an algebraic closure. However, in positive
characteristic, algebraic closures have no interesting differential properties: if

k is algebraically closed of characteristic p > 0, then any derivation 0 : k — k



must be identically zero. Indeed, every element of such k is a p-th power,

hence a differential constant.

Let K be a function field in one variable over a field k. Fix a separating
element t of K/k, that is, t € K such that K is a finite and separable extension
of the rational function field k(t). We write 0 for the derivation d/dt of k(t).
Since K is a separable extension of k(t), 0 extends uniquely to a derivation of

K, which is again denoted by ¢ = d/dt.
Let v be a place of K. We write K, for the completion of K with
respect to v and O, for the ring of integers of K,. Upon writing
R={a€ K :v(a) > 0},
m={a € K :v(a) >0},
we have
0, = lim R/m".
Therefore, 0 extends to a canonical derivation of O, (hence of K,), which is
again denoted by 9.

Let S be a (finite) set of “bad” places of our function field K. We write
Oks={a€ K :v(a) >0, forall v ¢ S}

for the ring of S-integers of K and

Ags=]]0ux ] Ko

vgS veS

for the ring of S-adeles.



Let X be a scheme. We write I'(X, Ox) for the ring of global sections of
X. Given an fppf sheaf G of abelian groups on X, we write H*(X, G) for the i-
th derived functor of the global sections functor I'(-, G). For convenience, when
X is the spectrum of a ring R, we write H(R,G) instead of H*(Spec R, G).
We will also omit Spec in the notation of fiber products. For instance, if X is

a scheme over a field K and L is a field containing K, we will write
X x K L

for the base-change of X to L.

1.2 Local-global principle and descent obstructions

Given an algebraic variety X over a field K, a central problem in arith-
metic geometry is to decide whether the set X (K') of K-rational points of X
is non-empty. When K/k is a function field in one variable, then one may first
try to solve the “easier” problem of deciding whether X (K,) # 0, for each
place v of K. Note that, if X(K,) = 0, for some v, then X (K) = 0.

One then naturally wonders whether X (K,) # (), for every place v of
K, implies X (K) = (). If the answer is positive, then one says that X satisfies
the local-global principle. If the answer is negative, the next natural problem

is to understand why the local-global principle fails.

Let G be a (smooth) group scheme over X. The fppf cohomology
group H'(X,G) classifies (sheaves of) torsors over X under G. Given an

(isomorphism class of a) torsor [Y] € HY(X,G) and = € X(K), we look at



the fiber of Y — X above x, which is a torsor [Y](x) € H'(K, Q) called the
evaluation of [Y] at z. Similarly, for every place v of K and z, € X(K,), we
may evaluate [Y] at x, yielding a torsor [Y](x,) € H'(K,,G). Therefore, for

each torsor [Y] € H'(X,G) we have a commutative diagram

X(K) X(Ak)

H'(K,G) I1, H'(K.,G)

where the vertical maps are given by evaluation of [Y] at rational points, and

the horizontal maps are the usual diagonal embeddings and

X(AK) = HX(KU>7

the product being over all places v of K.

Definition 1.2.1. We say that a point (z,) € X(Ak) is unobstructed by a
torsor Y — X under G if the evaluation ([Y](z,)) € [[, H'(K,,G) is in the
image of H'(K,G) under the diagonal H*(K,G) — [[, H'(K,, G). We write

X(Ag)” = {(z,) € X(Ak) : (z,) is unobstructed by every [Y] € H'(X,G)}
and call it the G-descent obstruction (set) of X/K.

The name “obstruction set” is motivated by the fact that

X(K) C X(Ak)® C X(Ak),



and thus X (Ax)? = () implies X (K) = (), explaining the failure of the local-
global principle for X. It is natural to ask how big X (Ag)? is compared to
X (K). We say that the G-descent obstruction is the only obstruction to the

existence of rational points in X if

X(Ag)” = X(K).

Fix a (finite) set S of places of K /k. Suppose X/K is the generic fiber
of a scheme X of finite type over Ok g. In this case, one can still use X-torsors
under G to study the set X(Og g) of S-integral points of X inside the S-adelic

space

X<AK,S) = HX(OU) X HX<KU)

vgS ves

We say the G-descent obstruction is the only obstruction to the existence of

S-integral points in X if

X(Ags)” =X(Og.s).

1.3 Voloch’s differential obstructions

Let X be an affine scheme of finite type over Og with generic fiber X
over the function field K as in the previous section. In [18], Voloch charac-
terizes X(Og) as a certain descent obstruction set. In this section, we recall

Voloch’s construction.

For ¢ € K, one regards the equation §(z) = ¢ as defining a torsor

under the group K° of differential constants of K. By a result of Kolchin ([10,



Corollary 1, page 193]), those torsors are classified by the group

HY(K,6) := K/§(K).
Explicitly, the class of ¢ € K in the above quotient corresponds to the torsor
given by 4(z) = c.

For each F' in the coordinate ring K[X] of X, we may consider the

commutative diagram

X(K) X(Aks)
HY(K, ) 1, H'(K,,6)

where H'(K,, ) := K,/d(K,), the horizontal arrows are the natural diagonal
embeddings and the vertical maps are evaluation of the regular function F' at
a rational point. This is very similar to the commutative diagram that one
considers when studying the descent obstruction associated with a torsor over

X, as we discussed in the previous section.

In this case, one says that (z,) € X(Ak,g) is unobstructed by the torsor
Yr:d(2)=F

if (F(z,)+0(K,)) € [1, H'(K,,0) is in the image of H'(K, ) — [[, H'(K,, ).
Explicitly, (x,) is unobstructed by Y if there exist ¢ € K and z, € K, such

that



for every place v of K. Voloch’s differential descent obstruction set is the set
of all adelic points that are unobstructed by the torsor Yr : §(z) = F, for
every I' € K[X].

The main results in [18] are:

Theorem 1.3.1. Let X be an affine scheme of finite type over Ok g with
generic fiber X over the function field K. If (x,) € X(Axk.s) is unobstructed

by all torsors

YF : (5(2) = F,
for F € K[X], then (x,) € X(Oks).

Theorem 1.3.2. Let X be a smooth projective curve of genus g > 2 over K.
Suppose that the derivation 6 = d/dt does not extend to a derivation on X.

Then, X (K) is described by differential descent obstructions.

The proof of theorem 1.3.1 consists of reducing the problem to the case

X = A(ng’S and then applying Serre’s duality and the Riemann-Roch theorem.

The proof of theorem 1.3.2 consists of embedding X as a closed sub-
scheme of an affine scheme and then using theorem 1.3.1. This affine scheme

is the first jet scheme of X along d, which we will discuss in section 1.5.

In section 3.1, we will show how to interpret Voloch’s differential ob-
struction as an obstruction associated with torsors under group schemes. To
do that, we will work in the category of differential schemes (section 1.4), then

consider a differential analogue of the fppf site on a scheme (section 2.1), and



understand the cohomology of sheaves for this differential fppf topology (sec-
tion 2.2). In addition, in section 3.2, we prove a multiplicative analogue of

theorem 1.3.1.

It is natural to wonder what happens if we remove some of the hy-
pothesis in theorem 1.3.2. In chapters 4 and 5, we show that when we allow
d = d/dt to extend to a derivation on X, the differential descent obstruction
set of X is in general bigger than X (K), the additional non-global points being

“differential constants”.

1.4 Differential schemes

By a differential scheme (X, D) we mean a scheme X together with a
global vector field D € Der(Ox). A morphism (X', D') — (X, D) of differential

schemes is a morphism f : X’ — X of schemes such that the diagram

fﬁ
Ox — f.0x

Dl jy

Ox — f.0x:
commutes.

The category of differential schemes was studied by Buium, for exam-
ple, in [2]. Although results in [2] were obtained for differential schemes in
characteristic 0, the results we need remain true in positive characteristic. For
instance, fiber products exist in the category of differential schemes. Explic-

itly, if (X1, D;) and (Xs, Do) are differential schemes over a scheme S, then



we equip X7 X g X2 with the derivation D given by
D(s1 ® s3) = D1(51) ® 52+ 51 ® Da(52),

where s; and s, are local sections of Oy, and Oy,, respectively.

We now fix a differential scheme (.5, ¢). An (S, §)-scheme is a differential
scheme (X, D) where X is an S-scheme whose structure map X — S induces
a morphism (X, D) — (5,9) of differential schemes. We define morphisms of

(S, 0)-schemes in the natural way and write
DiffSch/(S,0)

for the category of (.5, §)-differential schemes and their morphisms.

It is natural to wonder if we can equip an S-scheme X with a derivation
D turning (X, D) into an (5,0)-scheme. We assume that the structure map

f X — S is smooth. In this case, there exists an exact sequence
0 — f"Qg — Qx — Qx5 — 0, (1.1)

where Qg (resp. Qx) denotes the cotangent sheaf of S (resp. X) over Spec Z.

It induces an exact sequence
Der(Ox) — Der(Og, £,0x) £ Ext(Qx/s, 0x) = H'(X,TX),  (1.2)

where T'X = Homyg, (2x/s,Ox) is the tangent bundle of X (over S). The

connecting homomorphism

ks : Der(Og, f.0x) — HY(X,TX)



will be referred to as the Kodaira-Spencer map associated with f : X — S.

For simplicity, when f is understood, we write ks(d) instead of ks(f*6).

Proposition 1.4.1. There exists a derivation D € Der(Ox) turning (X, D)
into an (S, 6)-scheme if and only if ks(d) = 0.

Proof. A derivation D € Der(Ox) extends § via f if and only if D maps to f*6
under Der(Ox) — Der(Og, f.Ox) in the exact sequence (1.2). By exactness,

this is equivalent to f*¢ being in the kernel of the Kodaira-Spencer map.

We also remark that:

Proposition 1.4.2. If f : X — S is étale, every derivation on S lifts to a

unique derivation on X.
Proof. For an étale S-scheme X, the cotangent sheaf {2y /g vanishes. Therefore,
Der(Ox) — Der(Og, f+Ox)

is an isomorphism.

]

We can say more when X is a smooth projective curve and S is the

spectrum of a field K of characteristic p > 0 equipped with a derivation §. Let

K’ ={a€ K :d(a) =0}

10



be the field of differential constants of K. We say that X is (infinitesimally)
isotrivial if there exists an algebraic and separable field extension L/K and a

scheme X'’ defined over L? such that
X xg L= X x;5L.

Proposition 1.4.3. Let X be a smooth projective curve over a differential
field (K,0). There exists D € Der(Ox) extending 0 if and only if X is (in-

finitesimally) isotrivial.

Proof. Cf. [3] for p =0 and [16] for p > 0.

Remark 1.4.1.

1. Let K be a function field in one variable over a perfect field k. Let ¢t be
a separating element of K/k and consider § = d/dt. Traditionally, one
says that X/K is isotrivial if there exists a finite extension L/k and a
scheme X’ defined over k& such that X xx L = X’ x;, L. In character-
istic zero, this notion of isotriviality coincides with that of infinitesimal
isotriviality defined above. When the characteristic is p > 0, the two
notions will not coincide since K° = KP?. In this dissertation, we are
only interested in infinitesimal isotriviality. Thus we shall hereafter use

the term “isotrivial” to mean “infinitesimally isotrivial”.

11



2. Every smooth projective curve X of genus 0 over (K, J) is isotrivial.
Indeed, if L/K is a finite extension such that X (L) # 0, then X is

isomorphic to the projective line P! over L and P! is defined over K°.

3. An elliptic curve over K is isotrivial if and only if its j-invariant is a
differential constant. For instance, if K has characteristic zero, then the

elliptic curve with Weierstrass equation
y* =2 +ax + b, a,be K,

has j-invariant
4a3

o178
J =18 s o

and 6(7) = 0 if and only if
3a*b*6(a) — 2a*b5(b) = 0.

This happens if and only there exist differential constants Ay, Ay € 6

and ¢ € K such that

a=Mc and b=\’

4. In chapter 5, we will obtain an explicit description of the equation defin-
ing a smooth isotrivial hyperelliptic curve similar to that of isotrivial
elliptic curves as above. In particular, we will have explicit examples of

isotrivial and non-isotrivial curves of every genus g > 1.

12



1.5 Prolongations

Let X be a scheme over a differential field (K, ). By proposition 1.4.1,
9 extends to a derivation of Ox if and only if the Kodaira-Spencer class ks(6)
is trivial. However, even when ¢ extends to a derivation on X, some relevant
data on X may not be differential in nature. For instance, a rational point
Spec K — X may not define a morphism (Spec K, ) — (X, ) of differential
schemes. We can remedy this by embedding X as a closed subscheme in a
“best possible” scheme over K equipped with a derivation extending ¢, and
this construction is possible even when ks(d) # 0. In this section, we outline

the construction of such scheme and cite its key properties. The main reference
is [4].
Let m_; : X — Spec K be the structure morphism. Set
X! =SpecK,
X=X,
and recursively define

X" = Spec(S(Qxn) /1), n=01,...,

where I, is the ideal of the symmetric algebra S({2x») generated by local

sections of the form

d(my 1 f) = n1(f);  f € Oxn,
where 7,_; : X™ — X" ! is the canonical projection and

5n71 : Oxn—l — Wn,1*0X7L

13



is a derivation extending ¢ induced by the universal derivation d : O xn — Qxn.

We then have a sequence
— X2 XX

known as the prolongation sequence of X. Note that the collection (X™)
forms a projective system whose transition maps m, are affine and we have

derivations 6,, : Oxn — 7,,Oxn+1. Therefore, the inverse limit
X = @X "

exists as a scheme. It is a smooth scheme defined over K, affine over X and it
comes equipped with a derivation extending d, which will again be denoted by
9. The scheme X" will be called the n-th jet scheme (of X along §) and the
differential scheme (X, 0) will be called the infinite jet scheme (of X along
J).

Example 1.5.1. Let X be the affine variety in A% given by polynomials
filxy, ... x,) =0, 1=1,...,m.
Then, X! is an affine variety in A?" given by the additional equations
zn:fi’(xl,...,xn)x;—l—f‘s(xl,...,xn), i=1,...,m,
i=1

where f/ denotes the usual the derivative of f; as a polynomial, f? denotes the

14



polynomial obtained by applying ¢ to the coefficients of f;, and

xll - 50(1’1),

xfn = (50(3571)

are coordinates of A%" in addition to the coordinates z, ..., z, of A%.

Note that the equations defining X! in the example above are very

similar to the equations

n
Z‘fz‘/(mlv"'axn)dl‘iy i=1,...,m,
=1

defining the tangent bundle TX of X. For instance, if the coefficients of
the equations defining the variety X are differential constants, then X' is
isomorphic to the tangent bundle T X of X via an isomorphism over X given
by

/ .
dx; — o', 1=1,...,m.

This is a special case of the following more general fact:

Proposition 1.5.1. X! is an X-torsor under the tangent bundle TX. Its
isomorphism class in the fppf cohomology group HY(X,TX) is the Kodaira-

Spencer class ks(0).

Proof. Cf. [1, Chapter 3, Proposition 2.5].

15



As example 1.5.1 suggests, there exists a closed immersion
Vi: X — X!

which is a section of the canonical projection X! — X (cf. [1, Chapter 3,
(3.8)]). Fixing local affine coordinates 1, ..., x, around a point P € X (K),

we have
Vi(P) = (1(P),...,xn(P),d(x1(P)),...,d(x,(P))).

Therefore, a regular function on X! in a sense defines a differential operator
on X of order at most 1 (see [1, Chapter 3, Proposition 1.15] for a more precise
statement). This same discussion applies to higher jet schemes. We will refer
to an element in the coordinate ring K[X"] as a regular differential function

on X of order < n. An element of
K{X}:= K[X™]

will be referred to simply as a regular differential function on X. Note that a
regular function on X, that is, an element of the coordinate ring K[X], is in

particular a regular differential function on X (of order 0).

Finally, we remark that “forming the infinite jet scheme along 6” defines

a functor

Sch/K —» DiffSch/(K, )

from the category of schemes over K to the category of differential schemes

over (K, ). This functor is right adjoint to the functor

DiffSch/(K,5) —s Sch/K

16



that forgets the derivation of a differential scheme, that is,
Homgcn (S, X) ~ Hompigsen((S, D), (X, 0)), (1.3)
for every differential scheme (S, D) over (K,¢). In particular:

Proposition 1.5.2. Fvery K-rational point x : Spec K — X lifts to a unique

morphism (Spec K,0) — (X*°,0) of differential schemes.

17



Chapter 2

The differential fppf site

2.1 Differential fppf sheaves

We fix a differential scheme (S, d) and consider a differential analogue

of the fppf site on S.

Definition 2.1.1. Let (X, D) be an (S,6)-scheme. A differential fppf cover
of (X, D) is a family
{(X’La D’L) - <X7 D)}ZEI

of morphisms of (.S, d)-schemes such that the associated family {X; — S} of

morphisms of S-schemes is an fppf cover of X.

The category of (.5, §)-schemes together with the class of all differential
fppf coverings defines a Grothendieck topology as in [12, Chapter II]. This
Grothendieck topology will be called the differential fppf topology. The big

differential fppf site on (S, d) will be denoted by Sy

Remark 2.1.1. We could also consider differential analogues of the Zariski and
étale sites. However, by proposition 1.3.2, the differential Zariski (resp. étale)

site on (5,0) coincides with the usual Zariski (resp. étale) site on S.

18



Let Sy denote the (big) fppf site on S. Since a cover of (S,6) with
respect to the differential fppf topology is, in particular, a cover of S with

respect to the (non-differential) fppf topology, there exists a morphism of sites
S fl— Sdfl

induced by the identity and forgetting derivations. Every fppf sheaf G on S
thus restricts to a differential fppf sheaf on (.9, d), which will again be denoted
by G. For instance, the additive sheaf G, and the multiplicative sheaf G,,

define differential fppf sheaves on (S, §).

Let der : G, — G, be the morphism of differential fppf sheaves given
by
der(z) = D(z), =z eI'(X,0x),

for (X, D) an (S, d)-scheme. Its kernel is a differential fppf sheaf, denoted G.

Theorem 2.1.1. The sequence

0—G —G, 25 G,—0 (2.1)

of differential fppf sheaves is exact. Moreover, over an affine base (Spec R, §),

G? is represented by the differential group scheme

(Spec R[t], ),
where O is the unique derivation of the polynomial ring R[t] extending § and

such that 0(t) = 0.

19



Proof. The only nontrivial fact about the exactness of (2.1) is the surjectivity
of der. Let (X, D) be a differential scheme and = € I'(X, Ox). We need to
show that the equation der(z) = x has a solution in some differential fppf cover

of X. Consider the scheme
X' = Specy (0x][t]),

where ¢ is an indeterminant. For each open affine U C X, we endow the ring
Ox (U)]t] with the unique derivation Dy extending D € Der(Oy) and such that
Dy (t) = z. Gluing the derivations Dy for every U C X gives D' € Der(Ox)
satisfying D'(t) = x. Clearly, {(X',D’) — (X, D)} is a differential fppf cover.

We now prove the representability of GS over an affine base (Spec R, 9).
By definition, G? is the contravariant functor that sends a differential scheme

(X, D) to the set
I'X,0x)” = {2z €'(X,0x) : D(z) =0}
and a morphism (X, D) — (X', D’) to the induced map
(X', 0x)” = (X, 0x)P.

A morphism f : (X, D) — (Spec R[t], 0) is uniquely determined by the image

of t under the associated map f*: R[t] — ['(X, Ox) and it must satisfy
D(f*(t)) = f*(a(1)) = 0.
Therefore, the map that sends a morphism

f (X, D) — (Spec R[t], D)

20



to

fHt) e T(X, 0x)P

is a bijection, and the representability of G° follows.

Remark 2.1.2.

1. The surjectivity of der : G, — G, illustrates an important feature of
differential fppf covers: they introduce solutions to differential equations.
More precisely, let A be an order n differential operator, that is, A is a
map G, — G, over (S,9) given by a polynomial P in the variables
5°,6,0%,...,0" and with coefficients in Og. Suppose that the separant
of A, that is, the partial derivative Sy = 9OA/0d0", is invertible. Then,
the differential equation A(z) = z, x € Og, has a solution over the

differential scheme
(SpeCS OSHOa s 7tn7 S]/[7 D)

where t1,...,t, are variables, I is the ideal of Oglty, ..., t,, s] generated
by
{P(ty,... ,tn) —x, sSp — 1},

and D is the unique derivation of Oglto, ..., t,, s|] extending ¢ and such

21



that

D(ti>:ti+1, iZO,...,n—l,

n—1
D(t,) = s6(x) — s> tinPito, ... tn),
1=0

D(s) = —s*D(S),

where P; denotes the partial derivative of P with respect to the i-th

variable. Note that A(ty) = = and, clearly,
(Specg Oslto, - - -, tn, s]/I, D) — (S, 9)
is a differential fppf covering.

. For a concrete example of the above remark, consider the linear differ-

ential operator
A=agd® +a10+ -+ a, 10" +a,0"

with a; € Og and a,, € OF. Its separant is OA/90™ = a,,. The morphism

of sheaves A : G, — G, given by
A(z) = apxr + a1 D(x) + ... + a, D" (z), =z eI'(X,0x),

for (X, D) an (S, d)-scheme, is surjective since the equation A(z) = z,

x € Ox, has a solution in

(SpecX Ox[t(),tl, ce ,tn_l], D/>,

22



where D’ is the unique derivation extending D and such that D'(t;) =

tiy1, for i =0,...,n — 2, and
D' (tn_1) =a,'w —a; (agto + -+ an_1tn_1).
Moreover, if we write G for the kernel of A, we have an exact sequence
0—G) 5G, 5 G, —0
generalizing (2.1).

. Let F € T'(S, Og). The proof of the representability of G can be adapted
to show that the sheaf F on (S, 6) given by

F(X)={rel'(X,0x): D(x)=F},
for (X, D) an (S, d)-scheme, is represented by the differential scheme
(A}SW 8F)>

where O is the unique derivation on A} = Specg O5[t] extending § and

such that dp(t) = F. Note that (AL, dr) is an (S, §)-torsor under G9.

Now, let dlog : G,, — G, be the morphism of differential fppf schemes

given by

dlog(x) = D(x)/z, = e€T(X,0x)",

for (X, D) an (S,0)-scheme. Its kernel is a differential fppf sheaf denoted by

G? . One should think of G° as a multiplicative analogue of G9.
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Theorem 2.1.2. The sequence
0— G’ — G 25 G, — 0 (2.2)

of differential fppf sheaves is exact. Moreover, over an affine base (Spec R, 6),

G? is represented by the differential group scheme
(Spec R[t, t71],0),
where O is the unique derivation of R[t, '] extending § and such that O(t) = 0.
Proof. We proceed as in the proof of theorem 2.1.1. Let (X, D) be a differential
scheme and x € I'(X, Ox). Consider the scheme
X" = Specy (Ox|[t,t71]),

where t is an indeterminant. For each open affine U C X, we endow the
ring Ox (U)[t,t™!] with the unique derivation Dy extending D € Der(Oy) and
such that Dy(t) = xt. Gluing the derivations Dy for every U C X gives
D" € Der(Ox/) satisfying D'(t) = xt. In other words, dlog(t) = z. Since
{(X',D") — (X,D)} is a differential fppf cover, we conclude that dlog is

surjective and the exactness of (2.2) is now clear.

To prove the representability of GO | notice that G?_ is the contravariant

functor that sends the differential scheme (X, D) to the set
P(X,0%)P = {x € (X, 0%) : D(x) = 0}
and a morphism (X, D) — (X', D’) to the induced map

[(X',0%)P = (X, 05%)P.
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A morphism f : (X, D) — (Spec R[t,t7],0) is uniquely determined by the
image of ¢ under f*: R[t,t71] — T'(X, Ox), and

D(f¥(t)) = f*(0(t)) = 0.

Moreover, since t is invertible, its image f*(¢) lies in I'(X, O%)P. Therefore,
the map that sends
f:(X,D) — (Spec R[t,t7'],0)
to
Fit) e T(X, 0%)"
is a bijection and the representability of G? follows.
O]

Remark 2.1.3.

1. As in remark 2.1.2, the surjectivity of dlog can be seen as a special
case of the more general fact that we can use differential fppf covers to
solve a differential equation A(z) = x as long as the separant of the
differential operator A can be made invertible. Note that the separant

of the differential operator dlog(z) = d(z)/z is 1/z.

2. Let FF € T'(S,0g). The proof of the representability of G can be

adapted to show that the sheaf on (S,0) given by
F(X)={z e'(X,0%) : dlog(z) = F'},
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for (X, D) an (S, 0)-scheme, is represented by
(As —{0},0p).
where Op is the unique derivation on A} — {0} = Specg Og[t, t7!] ex-
tending § and such that Oz(t) = Ft. The scheme (A} — {0},0F) is an
(S, 6)-torsor under G°,.
If (X, D) is an (5, 9)-scheme, then D acts on
GL,(X) = GL,(I'(X, Ox))
componentwise. We set
GL(X) := {A € GL,(X) : D(A) = 0},
defining the differential fppf sheaf GLi.

In the non-differential setting, GL,, is the automorphism group of the

free Og-module of rank n. The sheaf GL?1 has an analogous description.

Definition 2.1.2. A differential Og-module is a pair (L, D) consisting of an
Og-module L and Dy, € Der(L) satisfying

Di(af) = d(a)f +aDL(f),

for all local sections a € Og and f € L. A morphism (L, Dy) — (L', D) is a

morphism ¢ : L — L' of Og-modules satisfying the differential condition

Dr(p(f)) = ¢(DL(f)),

for every f € L.
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The free Og-module of rank n can be made differential as follows:
choose a basis {t1, ..., ,} for O¢, choose A = [a;;] in the sheaf M, of n xn ma-
trices on S and define D4 as the unique derivation of O% extending ¢ € Der(Og)
and such that

DA(tZ) = CLiltl + ... Clmtn,
fore=1,...,n.

Proposition 2.1.3. Let (S,0) be a differential scheme.

1. The automorphism group of (0%, D4) is isomorphic to GLfL, for every
A;

2. (0%, Dy4) and (0%, Dg) are isomorphic if and only if
A — B =dlog(M) :== M'5(M),
for some M € GL,.

Proof.

1. Let o be a differential automorphism of (0%, D4) and let T" be the diag-
onal matrix diag(t, .. .,t,). We write [s;;] for the matrix representing o

with respect to the basis {¢i,...,t,}. The differential condition
Da(a(T)) = o(Da(T))
can then be rewritten as Da([s;;]T) = [s;;]AT. Since
Da([si5]T) = [0(si)|T + [s45] AT,
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we conclude that

implying that o € GLfL.

. Let 0 : (0%, Ds) — (0%, Dp) be an isomorphism, let T be the diagonal
matrix diag(t,...,t,) and write M for the matrix representing o with

respect to the basis {t1,...,t,}. The differential condition
a(Da(T)) = Dp(a(T))
can then be rewritten as
MAT = Dy(MT) = §(M)T + MBT,
implying that A — B = dlog(M).

Reversing the argument above shows that, if there exists M € GL, such
that A— B = dlog(M), then the map o : (0%, D4) — (0%, Dp) given by

o(T) = MT is a differential isomorphism.
[

In the non-differential setting, PGL,, is the automorphism group of M,

as an Og-algebra. We define PGLfL as the group of differential automorphisms

of (M,,,d). Conjugation by an element of GL is a differential automorphism

of M,, yielding a morphism

GL’ — PGL)

whose kernel is G? .
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Theorem 2.1.4 (Differential Skolem-Noether). Let (R, ) be a differential
commutative local ring. If o is a differential automorphism of the R-algebra

(M,.(R),0), then there exists u € GLS (R) such that

o(a) = uau™,
for every a € M,,. In particular, the sequence
0 — G — GL — PGL, — 0 (2.3)

of differential fppf sheaves is exact.

Proof. Let ¢ be a differential automorphism of (M,(R),d). By the non-
differential Skolem-Noether theorem (cf. [12, Chapter IV, Corollary 2.4]),
there is u € GL,(R) such that

o(a) = uau™',
for every a € M,,(R). By the differential hypothesis on o,

ud(a)u™t = 6(uau"),

for every a € M,,(R).

Since 6(uau™") = §(u)au™' + ud(a)u™" — uau?6(u), we see that

S(u)au™t = uau=25(u),
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and thus

dlog(u)a = u ™ uau™26(u)u
= au (w6 (u)u)
= au'6(u)

= adlog(u),
for every a € M,,(R). It follows that there exists A € R such that

d(u) = u.

If §(u) = 0, then u € GLS(R), and we are done. If (u) # 0, then the
equation d(z) = Az has a solution r in R* and every solution of §(z) = Az in

R is of the form ¢r for some ¢ € R®. Set @& = r—'u € GL’(R) and notice that
1

dat ™ = uau' = o(a),

for every a € M,,(R).

Remark 2.1.4.

1. Proceeding as in the proof of the representability of GS or G, one can
show that the differential fppf sheaves GL? and PGLS on (S,6) are

represented by affine differential group schemes.
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2. GL; = G,,, so one wonders to what extent the exact sequence (2.2)

generalizes for n > 1. Although, for n > 1, the cokernel of the inclusion
GL! - GL,
does not exist, there exists an exact sequence
0 — GL? — GL, =% gl. — 0,

where dlog is regarded as a 1-cocycle for the conjugation action of GL,,

on its Lie algebra gl,,.

2.2 Differential fppf cohomology

Let (S,9) be a differential scheme and G a differential fppf sheaf of
abelian groups on (S, 8). We write H'(Sqs, G) for the degree i differential fppf
sheaf cohomology group of Sg with coefficients in G. More precisely, H'(, G)

is the i-th right derived functor of the global sections functor I'(-, G).

We then have the usual Cech-to-derived spectral sequence
HP(Sqn, H(G)) = H"*(Sap, G),

and, by the same proof as in the non-differential setting, H'(Sy, G) is iso-
morphic to the Cech cohomology group H'(Sg, G) (cf. [12, Chapter III,
Propositions 2.7, 2.9 and Corollary 2.10]).

If F is a differential fppf sheaf of not necessarily abelian groups, then
it is convenient to define H'(Sy, G) as the degree 1 non-abelian Cech coho-

mology set of Sgr; with coefficients in GG. This allows short exact sequences of

31



differential fppf sheaves of not necessarily abelian groups to induce a (not so)

long exact sequence of cohomology sets:

Lemma 2.2.1. Fvery central extension
1—G — Gy — Gz — 1
of differential fppf sheaves on (S, ) induces a long exact sequence

1——TI(S,Gy)

I'(S,G2)

I'(S, G3)>

é(sdfla G1) — H*(Syp1, Go) — H*(Syp1, G3) — H*(Syp1, G1).

of groups and pointed sets.

Proof. Cf. [8, Remarque 4.2.10].

]

Let Se; and Sy be the (small) étale site and the (big) fppf site on S,

respectively.

Theorem 2.2.2. Let G be a sheaf of abelian groups on Sy (hence, on Sqr and
on Se). If the canonical map H'(Se, G) — H'(Sp, G) is an isomorphism,
then

H (S, G) = H'(Set, G).

Proof. We have continuous morphisms of sites
Sfl — Sdfl — Set
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induced by the identity. They induce injective homomorphisms
Hl(Set, G) — Hl(Sdfl, G) — Hl(Sﬂ, G)

If H'(Set,G) — H'(Sp, Q) is an isomorphism, then H'(Sqy, G) — H'(Sy, G)
is surjective, hence an isomorphism. It follows that H'(S, G) — H'(S4, G)

is an isomorphism.

Remark 2.2.1.

1. Etale and fppf cohomologies agree when G is a smooth, quasi-projective
group scheme (cf. [12, Chapter III, Lemma 3.9]]). In particular, theorem

2.2.2 holds when G = G,, G,,,, or an abelian variety.

2. When étale and fppf cohomologies don’t agree, H'(Sf;, G) could lie any-
where between H'(S,, G) and H'(Sy;, G) depending on the choice of ¢.
For instance, when S = Spec K, K a field of characteristic p > 0, and

G = iy, then
H;t(K7 Np) = O
Hipy (K, pp) = K™ /(K*)7,
Hypy (K, ) = (K7)°/(K™)P.
Note that the differential fppf cohomology and the (non-differential) fppf

cohomology agree when ¢ is the trivial derivation. Etale and differential

fppf cohomologies agree when (K*)° = (K*)? (e.g. when K is a function
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field over a perfect field k and 6 = d/dt, where t is a separating element
of K/k).

It is possible to generalize theorem 2.2.2 to higher degree cohomology

groups. However, we only need the following;:

Proposition 2.2.3.

1. (Differential Serre’s theorem) If S is affine, then
HY(Sap1, Ga) =0,
for every g > 1.

2. (Cohomological Brauer group) H*(Sap, Gim) = H?*(Set, Gi).

Proof. Consider the continuous morphism of sites Sy — Sgr; induced by the
identity and forgetting derivations. Let G = G, or G,,. The associated Leray

spectral sequence is
Hp(Sdfl, RqZ*G) EESS Hp+q<sﬂ7 G), (24)

and thus HY(Sy, G) =2 H(Sp, G) if R%,G = 0. In our context, the vanishing
of the sheaf R%,G can be phrased as follows: for every (S, 0)-scheme (X, D),

there exists a differential fppf covering
{(Xi7 DZ) - (Xv D>}
such that the image of H4(Xy;, G) in HI((X;) 1, G) is zero.
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Given an (S, d)-scheme (X, D), we choose an étale covering {X; — X'}
where X is the spectrum of a strictly Henselian ring A;. By proposition 1.4.2,

{X; — X} defines a differential fppf covering.

1. By Serre’s theorem, since each X is affine, H4((X;) s, G,) = 0. Hence,
the image of HY( Xy, G,) in HY((X;)u, G,) is trivially zero, for every
q > 1, showing that R%,G, = 0. Therefore, H(Sq, G,) = HY(Sy, Ga),

which implies that Serre’s theorem holds for the differential fppf topology.
2. Note that
H*((Xi) 1, Gm) = H*((Xi)et, Gm) = Br(4;) =0,

since each A; is a strictly local ring (cf. [12, Chapter IV, Corollary 1.7]).
This shows that R%,G,, = 0, and the Leray spectral sequence (2.4) then

gives the desired isomorphism.

[

In what follows, unless otherwise stated, all cohomology groups are

with respect to the differential fppf topology and we write .S instead of Sgy;.

Theorem 2.2.4. There exist exact sequences

der

0 — (S, 05)/6(1(S, 05)) = H'(S,G) — HY(S,G,) <5 HY(S,Gy,), (2.5)

0 — T'(S, 05)/ dlog(T'(S,0%)) — H'(S, G ) = Pic(S) =25 H(S, G,).
(2.6)
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Proof. The exact sequence (2.1) of differential fppf sheaves on (5, 6) yields the

long exact sequence

der der

I'(S,05) S5 T(S,05) — HY(S,G%) — HY(S,G,) =5 H'(S,Gy) — -+,

from which (2.5) follows.

Similarly, (2.2) induces the long exact sequence
r(S, 0%) 2% 1(S,05) = H'(S,G%) — Pic(S) 2% HY(S,Gy) — - |

from which (2.6) follows.

Remark 2.2.2.

1. Applying theorem 2.2.4 to the differential scheme (Spec K, ¢) yields
H'(K,Gj) = K/§(K)

and

HY(K,G%) = K/dlog(K™).

Those isomorphisms are consistent with Kolchin’s classification of princi-
pal homogeneous spaces under differential groups (cf. [10, Chapter VII,
Section 6, Corollaries 1 and 2|). Explicitly, let A\ € K. The K-torsor
Fax under G associated with the class of X in K/6(K) is given by

Fur(X) ={z € '(X,0x) : D(z) = A},
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for (X, D) a (Spec K, §)-scheme. The K-torsor F,, y under G, associated
with the class of A in K/ dlog(K ™) is given by

Fur(X) ={z € I'(X,0x)" : D(x) = Az},

for (X, D) a (Spec K, §)-scheme. In both additive and multiplicative
cases, those sheaves of torsors are represented by differential schemes

(cf. remarks 2.1.2 and 2.1.3).

2. The differential fppf sheaf G restricts to a sheaf on the étale site. One
might wonder if the differential fppf topology captures something the

étale topology can’t. The answer is that it does. In fact:

Lemma 2.2.5. Fiz a separable closure K of K. The derivation § of K then
extends to a unique derivation of I, which will be denoted by the same letter
0. Given A € K, if

z)=A

has a solution in K, then it has a solution in K.
Proof. Let z € K such that 6(z) = ), and let
m(x) = 2%+ ag_12 + -+ ag

be the minimal polynomial of z over K. Applying ¢ to m(z) = 0 yields

d

0= Z(iai)\ +6(a;_1))z" 1,

=1
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where, for convenience, we have set a; = 1. By the minimality of m, we must
have

mi)\+5(ai_1) :0, Z:]_,,d

Since m is separable, there exists a greatest integer ¢ € {1,...,d} such that

the characteristic p > 0 of K does not divide ¢ and a; # 0. If i = d, then
6(—ag-1)/d) = A,
and we are done. If i < d, then the relation
(i4+ Daj1A+6(a;) =0
together with the definition of ¢ implies that d(a;) = 0,. The identity

’iCLi)\ + (S(Cli,l) =0

5 (— “,“) — A
14,

Proposition 2.2.6. HL(K,G?) = 0.

then yields

Proof. By lemma 2.2.5, if the differential equation d(z) = A has a solution in
some étale cover of K, then it has a solution in K. Therefore, the differential
fppf K-torsor F,, given by d(z) = A\, A € K, is a K-torsor for the étale

topology if and only if it is trivial.
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Chapter 3

Cohomological differential descent
obstructions

3.1 G9-descent obstructions

In this section, we restate Voloch’s results (theorems 1.3.1 and 1.3.2)
using the language of differential schemes. First, we recall the basic setup. Let
K be a function field in one variable over an arbitrary field k of characteristic
p > 0. We fix a separating element ¢ € K and consider the derivation ¢ := d/dt
of K. Given a scheme X over K the goal is to understand the set X (K) inside
the adelic space X(Af). Given a (finite) set S of places of K/k, when X is
the generic fiber of an affine scheme X of finite type over Spec Ok g, we are
also interested in understanding the set X(Of ) inside

X(Axs) =[] X(0.) x []X(K.).
vgsS ves

Let G be a differential fppf sheaf of abelian groups. The derivation ¢
of K does not have to extend to a derivation on X, so we cannot in general
talk about a differential fppf cohomology group H'(X, G). However, we
can embed X in the infinite jet scheme X as discussed in section 1.5. The
derivation d now extends to a derivation on X*° and we may consider the dif-

ferential fppf cohomology group H'(X°°, G). Moreover, by proposition 1.5.2,
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each rational point z : Spec K — X lifts to a unique (differential) rational
point z : (Spec K,d) — (X, 6), allowing us to consider, for each (class of a)

torsor [Y] € H(X>, @), the diagram

X(K) X(Ak)

HYK,G) [1, H'(K,,G)
where all cohomology groups are with respect to the differential fppf topology,
the vertical maps are given by evaluation of [Y] at (differential) rational points

of X*°, and the horizontal maps are the usual diagonal embeddings.

Voloch’s differential obstructions arise when we consider the additive
sheaf G = G of differential constants. By theorem 2.2.4, the differential fppf
cohomology group H'(X*°, G9) classifying X*°-torsors under G sits in the

exact sequence

K{X}
V7SR

where H1(X* G, )’ = ker(H(X*°,G,) — H'(X*,G,)). Recall that K{X}

— H' (X>,G%) = H'(X* G,)° — 0, (3.1)

denotes the coordinate ring of X°°, that is, the set of all differential regular

maps on X, and we view K[X]| C K{X}.

By theorem 2.1.1, the sheaf G?° is represented by an affine differential
group scheme. As in the non-differential setting, it follows that all (sheaves of)
torsors corresponding to elements in H(X>, G°) are represented by differen-

tial schemes (cf. [12, Chapter 3, Theorem 4.3]). Moreover, by theorem 2.2.2,
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we can compute the differential fppf cohomology group H'(X*>, G,) using the

fppf or étale topologies, and the map
HY(X>® G°) = HY(X>® G,)

can be interpreted as “forgetting derivations”. In particular, the underlying

scheme of a torsor corresponding to a class in

K{X}

—é(K{X}) C H(X* G))

is the trivial G,-torsor AL = Spec Ox«|[t]. A derivation on Ak.. compatible
with the action of G must be given by 9p : Oxe[t] = Ox=|[t], Or(t) = F, for
some F' € K{X}. Such G’-torsor (AL .,dr) corresponds to the class of F in

K{X} 1y @
5(K{X})CH(X ,Go).

The fiber of the torsor (A%, dr) — (X°°,§) above z € X (K) viewed

as a differential rational point z : (Spec K, §) — (X*°,9) is

(A}(7 aF(x))?

which is the torsor over Spec K corresponding to the class of F/(z) € K in

K ~ 1
5K = HY(K,G?).

Proposition 3.1.1. A point (z,) in the adelic space X (A% is unobstructed
by (Akw,Or) if and only if there exist (z,) € [[, K, and ¢ € K such that

5(20) = Flz,) + c. (3.2)
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Proof. Recall definition 1.2.1. We say that (z,) is unobstructed by (A, Or)
if there exists ¢ € K such that the evaluation (A ,Op(s,)) is isomorphic to
the K-torsor (AL, d.), for every place v of K. By our discussion above, this

is equivalent to there existing ¢ € K whose class is mapped to the class of

(F(zy)) € [], K, under the diagonal
K K,
5(K) H 5(K,)

yielding the criterion in the statement.

Remark 3.1.1.

1. It is possible to verify directly that, for any differential field (L, J) and
a,b € L, the differential schemes (Al 9,) and (Al,d,) are isomorphic
as L-torsors under G¢ if and only if b —a € (L) . First, one shows
that a Gl-equivariant isomorphism o : L[t] — L[t| must be given by
o(t) =t+ A, A € L. Then, one uses the differential condition o(9,(t)) =
Oa(0(t)) to conclude that b —a = 6(\).

2. Without the language of differential schemes, Voloch in [18] uses (3.2)
as the definition of a point being unobstructed by his differential descent
obstructions. Proposition 3.1.1 thus shows that, with the language of

differential schemes, Voloch’s differential descent obstructions are more
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specifically the descent obstructions coming from (differential fppf) tor-

sors in
K{X}

B = Sy

C H'Y(X> G?Y).

A rational point (Spec K,d) — (A, dr) corresponds to a maximal
ideal of the polynomial ring Ox[t] stable under the action of dr and whose
residue field is K. It is easy to check that such maximal ideal must be generated
by t —z, where z is a solution to 6(z) = F. Therefore, from now on, to simplify,

we will refer to the X-torsor (A, dr) as the torsor given by §(z) = F.

We are ready to restate theorems 1.3.1 and 1.3.2 using the language of

differential schemes and differential fppf descent.

Theorem 3.1.2. Let X be an affine Ok s-scheme of finite type with generic
fiber X. If (z,) € {(Ak.s) is unobstructed by all X -torsors corresponding to
elements in

K{X}

K[X] C m C HI(XOO,Gg),

then (x,) € X(Og,s).

Theorem 3.1.3. Let X be a smooth non-isotrivial curve of genus g > 1 over
K. If (z,) € ], X(K,) is unobstructed by all G}-torsors given by first order

reqular differential maps on X, that is, corresponding to elements in

I(XY,0x) — % C H'(X>,G)),

then (z,) € X(K).
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Proof. We sketch the proof from [18] since the statement of theorem 1.3.2 is

less specific. First, one considers the embedding
V1 X — Xl,

where X! is the first jet scheme of X along d discussed in section 1.5. When X
is a smooth non-isotrivial curve of genus g > 1, the first jet scheme X! is affine
(more specifically, an affine surface), as proven in [5] and [6]. The argument

in [18] then shows that
Vi(X(K)) € X' (Aks),

for a suitable (finite) set S of places of K/k. Since X' is affine, we can now
use theorem 3.1.2 to see that (z,) is global if and only if (z,) is unobstructed
by all X!-torsors corresponding to regular functions on X'. The result as in
the statement of theorem 3.1.2 then follows from interpreting a regular map
on X! as an element in K{X}, more specifically an order 1 differential regular
function on X, and noticing that (X')> = X (which implies that differential

torsors over X! are differential torsors over X).

3.2 G? _-descent obstructions

Let K, §, X and X be as in the previous section. In this section,
we study the descent obstruction to integral points associated with X-torsors

under the affine differential scheme G?.
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By theorem 2.2.4, the differential fppf cohomology group H*(X>°, G9 )
sits in the exact sequence

K{X}

= Foprk ) (X7 G) 2 Pie(X®) =0, (33)

where Pic(X®)® = ker(Pic(X*) 2% H(X>,G,)).

As in the case of G

a’

every torsor under G? is represented by a dif-
ferential scheme. By theorem 2.2.2, we can compute the differential fppf co-
homology group H'(X* G,,) = Pic(X>) using the étale topology, and the
map

HY(X* G°) — Pic(X)
can thus be interpreted as “forgetting derivations”. In particular, the under-

lying scheme of a torsor corresponding to a class in

K{X}

1 00 1
dog(k{x & 4 X7 G)

is the trivial G,,-torsor
Al — {0} = Spec Ox=[t,t7].

A derivation on Al — {0} compatible with the action of G2, must be given
by Op : Oxeo[t,t7'] = Ox«|[t,t7!], Op(t) = Ft, for some F € K{X}. Such
G? -torsor (AL — {0}, 9r) corresponds to the class of F in

K{X}

1 9 6
dlog(K (X1 C H(X*, G)).

We will refer to the torsor (Al — {0},0r) — (X°,d) as the torsor

given by dlog(z) = F. Its fiber above z € X(K) viewed as a differential
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rational point z : (Spec K,d) — (X, ) is the K-torsor under G? given by
dlog(z) = F(z), that is, (A, Op()). This K-torsor corresponds to the class

of F(z) € K in
K

>~ [\(K,G).
dlog (K ¥) (K, G

Proposition 3.2.1. A point (z,) in the adelic space X (A% is unobstructed
by the torsor given by dlog(z) = F' if and only if there exist (z,) € [[, K0 and
c € K such that

dlog(z,) = F(z,) + c. (3.4)

Proof. Recall definition 1.2.1. We say that (z,) is unobstructed by the torsor
dlog(z) = F if there exists ¢ € K such that the fiber dlog(z) = F(z,) is
isomorphic to the torsor given by dlog(z) = ¢, for every place v of K. This
is equivalent to there existing ¢ € K whose class is mapped to the class of

(F(xy)) € [], K, under the diagonal

S
dlog(K>) -4 dlog(K)’

yielding the criterion in the statement.

We now prove a multiplicative analogue of theorem 3.1.2.

Lemma 3.2.2. Let K be a function field in one variable over a finite field k

of characteristic p > 0 and let a € K. If the Artin-Schreier polynomial
flx)=aP —z+b
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has a root in K,, for every place v of K, then f has a root in K.

Proof. Fix an algebraic closure K of K and an algebraic closure k of k inside K.
If f remains irreducible over the compositum K%, then f remains irreducible
over K, for some place v of K (in fact, infinitely many places), by Chebotarev’s

density theorem. However, we assumed that f has a root in K, for all v.

So, f must be reducible over K/ = K L, for some finite extension L/k.
Hasse-Weil’s bound for the number of places of degree n of K shows that, for
n large, there exist places vy and vy of K of degree n and n + 1. Therefore,
there exists a place v of degree coprime with [L : K]. This guarantees that v
is inert in the function field extension K'/K (cf. [15, Theorem 3.6.3]). In this
case, the tensor product K’ ®f K, is a field (namely, the completion of K’
with respect to v), implying that K’/K and K, /K don’t have K-isomorphic
finite subextensions. In particular, f cannot be irreducible over K. Since an
Artin-Schreier polynomial is reducible over K if and only if it contains a root

in K, we conclude that f has a root in K.

]

Theorem 3.2.3. Let X be an affine scheme of finite type over O g with
generic fiber X over K, where S is a finite set of places of K. If (x,) €

X(Aks) is unobstructed by all X -torsors in

K{X}

1 [eS) 1)
dog(k (X1 © T G,

then (x,) € X(Ogs).
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n

0y s for some positive

Proof. Since we may embed X in the affine space A

integer n, it suffices to consider the case X = AéKS.

Let x be a coordinate in A' and f € K. By proposition 3.2.1, (z,)
being unobstructed by the torsor dlog(z) = fr means that there exist ¢ € K
and z, € [[, K such that dlog(z,) = fz, + ¢, for every place v of K, or,
equivalently, in the language of 1-forms,

dz,

2y

=z, fdt + cdt.

Taking residues yields

dz,
v(z,) deg(v) = Res, v Res, x, fdt + Res, cdt,

v

where deg(v) is the degree of the place v. By the residue theorem, we have

Z Res, x, fdt = Z v(z,) deg(v),

v

which converges since the set S of “bad places” is finite and fdt has finitely

many poles. This being true for every f € K implies that the residue map

(0),) : Qe — k

given by
(zy),w) = Z Res, z,w

has image contained in Z/pZ, where p > 0 is the characteristic of K. If k is
not the field with p elements, since ((x,),-) is k-linear, we must have ((x,), -)
identically zero. By Serre’s duality and the Riemann-Roch theorem, it follows

that (z,) is global.
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We now consider the case p > 0 and k = Z/pZ. Foreachi =0,...,p—1,
assume that (z,) is unobstructed by dlog(z) = t‘x. Then, there exist ¢; € K
and z;, € [[, K such that dlog(z;,) = t'z, + ¢, for every place v of K.
Suppose dlog(z;,,) # 0. Applying the Cartier operator to the 1-form dz;,/z,

(or by lemma 1.3 in [17]), it follows that
Pty + ) = —(t'zy + ¢)P.

Note that, if dlog(z;,) = 0, the above equality is trivially true.

Therefore, when (z,) is unobstructed by dlog(z) = t'z, fori = 0,..., p—

1, we have a system of p equations

Lp-1 i |
{Z (p . ) 6 _Z k)'tz—k(gp—l_k(xv) = 5" V(e —tPaP — P i =0,...,p— 1} ,

k=0

or, equivalently, a matrix equation

Ty —0P"(co) — 2t — ¢}
6(zy) =07 er) —tPah — &
A . == . )
5p—1'<$v) —6”_1(01,,1) — .t(p—l)pxij — szl
where
0 0 . 0 ",
. 0 0 o (he) (Pt
Cp- D! @R L e (e
Since

p—1
det A= (-] (p . 1)@! £ 0,
1
=0
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we may consider the inverse of A and write

T, —6P (o) — 2P — b
§(x, =8P (ey) — tPa?l — &
(. e ) . ' . (3.5)
7 1) o gya) — 0 -

In order to solve for z,, we determine the first row of A=! explicitly by
computing the cofactors C;; of the first column of A. It is easy to see that
Cp1 = —det A. In order to compute the other first column cofactors, write

A = (a;t"™77P71) with a;; € Z/pZ and note that, for each j =2, ..., p,

p p
Yo Y
i=1 i=p+1—j
P , |
- _ . . . _ o '
ot \p (i+j—p—1)
p .
p—1 1—1 ,
:(__) 3 (__)@—Jﬂ
P=3i) o \P—]
b))
= . . p—J)
(p—J p—Jj+1 ( )
=0.
In the computation of Cj, for ¢ = 1, ..., p — 1, we may thus perform the row

operations

Ly 1 — Ly q+ Lyt

Lp_g — Lp_g + Lp_lt_l

Li — Lz + Li+1t71

50



to get

Cil = (—1)i+1 det

= — P det A.

This shows that the first row of A~ is

(=77t . =t —1),

and, by (3.5), we see that x, satisfies

(P~ 207D DY gy Z(5p_1(0i) + )t =0.

Let y, = (t*~! — 1)z,. Then, (y,) satisfies

p—1

=0

yg_yv"i_a:()v

for some a € K. By lemma 3.2.2; it follows that y, € K and thus x, € K, for

every v.

Fix a place vy of K and consider

Ty = Ty — Loy,
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for each place v of K. If (x,) is unobstructed by the torsor dlog(z) = fPz,
f € K, then so is (z,), which means that there exist ¢ € K and (2,) € [[, Kf
such that

fPr, +e, ifv+#

dlog(z.) = {c, if v = vg.
Applying the Cartier operator to the 1-form dz,/z, (or by lemma 1.3 in [17]),
we conclude that
) = =
and
fror ) + N e) = —frES = o,
implying that
5”_1(@) _ _fpz—pfvp7
if f # 0. Letting f vary in K*, we conclude that z, = 0, hence z, = z,, € K,

for every place v of K, that is, (z,) is global.

]

We finish this section stating the multiplicative analogue of theorem
3.1.3. The proof is identical replacing GS with G, and using theorem 3.2.3

instead of theorem 3.1.2.

Theorem 3.2.4. Let X be a smooth non-isotrivial curve of genus g > 1 over
K. If (z,) € T, X(K,) is unobstructed by all G -torsors given by first order

reqular differential maps on X, that is, corresponding to elements in

K{X}

H 00 ok )

C HY(X>™, G?),
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then (x,) € X(K).

3.3 An example

We consider the same example from [18] but here we use G -descent

obstructions:

Proposition 3.3.1. Let k = C and K = C(t). Write K, for the completion of
K = C(t) with respect to the place vy corresponding to A € CU{oco} and write
O, for the ring of integers of K. If X is the affine scheme over Og = CIt]
given by

24+ P+t =1+ 1,
then:
1. X(A[QS) 7é @,’
2. if P = (xomyoo) € X(KOO): then UOO(?/OO) =1;

3. every adelic point

(P) = ((za90)) € X(Ko) x [ [ X(0n)
AeC

is obstructed by the G° -torsor
dlog(z) = ay,

where a is half the reciprocal of the coefficient of t=% in the expression of

Yoo (a$ a power series in t™1).
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In particular, X(C[t]) = 0.

Proof.

1. When X ¢ {—1,00}, we have a local solution of the form P, = (x,,0)
with 23 = ¢ + 1. When A\ = —1, we have a local solution of the form
Py = (z_1,1) with 22, = (t + 1)?(1 — t). When X\ = oo, we have the

solution P, = (0,t71).

2. By the equation defining X, since vy, ((t* + t*)y%) and v, (z%) have
different parities, we must have vy, ((£2+t%)y2) = —1, and thus ve (Yso) =

1.
3. By the previous item, we may write
ap QG
Yoo = + I .o

where a; € C and a; # 0. Assume for a contradiction that (P)) is
unobstructed by dlog(z) = ay, where a = 1/(2a;) Then, there exist
(zx) € I, K and ¢ € K such that

dlog(z,) = ay + ¢
or, in terms of 1-forms,
dZ)\

—= = ay,dt + cdt,
29\
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for every A € CU{oo}. We take residues. For A € C, since y, is integral,
we have
dZ)\
Resy cdt = Resy —= — Res, ay dt = v(z,) € Z.
ZX

Therefore, on one hand, for the place at infinity, we have

Resy cdt = — Z Resy cdt € Z
AeC

However, on the other hand, we have
dZso
Resy cdt = Res,o —— — Resy aysodt
oo
ai

1 (05}

=) — 5 £ 2

a contradiction.
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Chapter 4

G’-descent for isotrivial canonical curves

4.1 Background

Let K/k be our function field with the derivation 6 = d/dt, where ¢
is a separating element, as in chapter 3. In this chapter and in the next, we
investigate what happens to theorem 3.1.3 when we drop the non-isotrivial

hypothesis.

Let C' be a smooth isotrivial curve of genus g over K. By proposition

1.5.1, the first jet scheme C! is a torsor under the tangent bundle
TC = Spece S(Qc/k)

of C corresponding to the Kodaira-Spencer class ks(d) € H'(C,TC). There-
fore, in the isotrivial case, C* = T'C' is not affine and the argument used in

the proof of theorem 3.1.3 has to be adapted.

Our adaptation will rely on whether C! has enough non-constant global
sections, despite C!' not being affine. For instance, when g = 0, C' = T'C has
no non-constant global section and we cannot hope to obtain a local-global

principle using GS (or G2,) descent obstructions. However, when g > 0, the
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ring of global sections of the tangent bundle of C i.e., the canonical ring

@ HO(OJ QZ‘/K)?

n>0
has non-constant functions.
We will investigate the case when C'is hyperelliptic in chapter 5. For the
rest of this chapter, we assume that C' is a smooth non-hyperelliptic isotrivial

curve of genus g > 3 over K. In this case, we have the canonical map

¢ : C — Proj S(H*(X,Qy/x)) = P9
induced by the linear system associated with the (very ample) canonical divisor
on C'. The canonical map is a closed immersion, and the canonical ring

@ HO<C7 Qg/K) = F<Cla ocl)

n>0

identifies with the homogeneous coordinate ring of the canonical curve p(C).

It is generated in degree 1 by Max Noether’s theorem.

We fix a basis {s1,...,s,} of H*(C, Q¢ k) so that

p = (51 13g),

and we write w; € I'(C', Oc1) for the first order regular differential function on
C corresponding to s; € HY(C, Qc/k) under a fixed isomorphism ct=TC.
Given P € C(K), note that, if w;(P) # 0, for some ¢ € {1,...,g}, we may
“dehomogenize” P% ' = Proj S(H(C, Qc/k)) with respect to s; to obtain the

expression




4.2 Main result

With the notations and conventions from section 4.1, set
C°(Ag) :={(P) € HC’(KU) cwi(P,) =0 for all ¢ and v}.
We refer to a point in C°(A) as a differential constant.
Theorem 4.2.1. If (P,) € [[, C(K,) is unobstructed by the GS-torsor
i(2) = fuw,
for every f € K and w; € T(C*,Oc1),i=1,...,g, then

(P,) € C(K)UC*(Ax).

Proof. Suppose (P,) is unobstructed by the Gi-torsor 6(z) = fw;, for every
feKandi=1,...,g. This means that there exist ¢ € K and (z,) € [[, K,
such that

d(zp) = fwi(R,) + ¢,

for every place v of K. In other words, the point (w;(P,)) € [TAL(K,) is

unobstructed by the GS-torsor over Al given by
§(z) = fr, x€ Ak,

for every f € K. By theorem 3.1.2, w;(P,) is global, for every i =1,...,g.

We embed C' in P9~ ! via the canonical map
¢ : C = Proj S(H(C,Qcyk)).
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Suppose that w;(P,) # 0, for some i € {1,...,g}. We can then use (4.1) to
express ¢(P,) in terms of wy(P,), ..., wy(P,). Since (w;(P,)) is global for every
j=1,...,9, we conclude that (p(P,)) is global. Since ¢ is a closed immersion,

it follows that (P,) is global.

Remark 4.2.1.

The argument used in this proof is similar to the following construction from
[1]. For C' a smooth isotrivial non-hyperelliptic curve of genus g > 3, one

considers a sequence of maps
C — C" — SpecT(C", O¢1) =2 Spec I(T'C, O7¢) — Spec S(H(C, Qe k)

where, under the identification C' = T'C, the map C' — SpecT'(C', O¢1) is
the contraction of the zero section, and
SpecT(TC, Or¢) = Spec @ HO(C, 0% x) — Spec S(H'(C, Qx/x))
n>0
follows from Max Noether’s theorem that states that the canonical ring
n>0

is generated in degree 1. This map C' — AY is called the J-Lagrangian map
in [1]. The /-Lagrangian map is constant on C° and is an injective local

immersion on C'\C?, the image of C' being the affine cone over the canonical

curve p(C) (cf. [1, Chapter 6, Theorem 2.4]).
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4.3 An example

Let K = C(t) with 6 = d/dt and consider the smooth isotrivial projec-

tive curve C' C P2 given by
VXt =2
Since C' is given by a nonsingular polynomial of degree d = 4, C' has genus
(d;) = 3. We consider the affine model of C' given by
Yyt tat =1,

where x = X/Z andy = Y/Z. When P € C(K) is a point on this affine portion
of C, we write P = (z,y). We also use the suggestive symbols z,y, dz, dy
(resp. z,y,x’,y") for the corresponding local system of affine coordinates on
the tangent bundle T'C' (resp. the first jet scheme C'). Explicitly, T'C' is given

by the additional equation
yPdy + tatdr = 0,
whereas C! is given by the additional equation
dopy’ 4 Aty 4+ 2t = 0.
It is not hard to see that the equation defining C* can be rewritten as

43/ 4t3(/ E):O
Y~y + 4tx :c—l—4t

providing an explicit isomorphism 7T'C' = C! over C, namely, the one given by
x
de — o' + —
T =T + 1
dy — .
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The regular 1-forms
dx dx dx
81:E,$2=5€¥7 332?
form a basis of H°(C, Q¢ k) over K. Under the isomorphism 7'C' = C* above,
the 1-forms sq, s9, s3 correspond to first order regular differential maps on C
given by

Até(x) + 4t6(x) + o Até(x) + o
W = —— o Wy = T e, W3 = Y,
4tyy3 Aty3 Aty3

which generate T'(C', O¢c1) as a K-algebra. Since dx/y® = —dy/(tz?), the

isomorphism T'C' = C! provides the alternative expressions

oy 0w W)

W = ——2L Wy = —x—2L wy = —y—==,
tad’ tad’ ta3

Proposition 4.3.1. Let C, K and w; be as above. Write Ky for the completion

of K = C(t) with respect to the place vy corresponding to A € CU{oo}. Then:
1. C(K)NC(K) = {(0,£1), (0, £i)};
2. there ezists P\ € C(K)) such that wi(Py) # 0, for every A € CU {oo};

3. thwi(Py) € Oy, for every positive integer k and \ # oo.

4. every adelic point

(Py) = ((zx,u0)) € H C(K))
AeCU{o0}
not in C°(K) is obstructed by the G?-torsor
d(z) = t"wy,

where N = Voo (Too).-
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In particular, C(K) = {(0,%1), (0, %1)}.

Proof. Tt is clear that the curve C' has no K-rational point at infinity, so we

restrict ourselves to the affine portion of C' given by y* + tz* = 1.

1. For each A € CU {o0}, a K-rational point P = (z,y) is a differential

constant if and only if —46(z) = t~'z, that is,

for some differential constant ¢ € K? = C satisfying y* = 1 — ¢. This is

only possible when ¢ = 0, in which case z = 0 and y* = 1.

2. When A ¢ {1, 00}, we have a local solution of the form Py = (1,y,) with
yy =1—t, and
wi(Py) =1ty % /4 #0.
When A = 1, we have a local solution of the form P, = (2,y;) with
y{ =1 — 16t, and

wi(P) =ty ?/2 £ 0.

When \ = oo, we have a local solution of the form P, = (t7!,y,,) with

yt =1—1¢3 and

w1 (Ps) = =3t 2y 2 /4 £ 0.

3. By the equation y* + tz* = 1 defining C, we have
Ug(yo) =0 and U()(LU()) =m,
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for some integer m > 0. Writing x¢ = uot™ with uy € Of, we see that

0 4 1
(1) o, A+ Dy
Yo 4ys

w1 (Pg) =
and thus t*w; () is integral, for every positive integer k.

For A # 0, 00, again by the equation definition C', we see that one of the

following must happen:

e uy(z)) = va(yn) <0; or
e v,(z)) =0 and vy(yn) > 0; or

e u\(yn) = 0 and vy(z,) > 0;

In all cases, using the expressions

4td(wn) +x S(ya)

dtys 2l

for wi(Py), we conclude that t*w,(Py) is integral, for every integer k.

. For A\ = o0, the equation defining C' tells us that vu (Yeo) = 0 and vee (7)
is a positive integer. Set n := vy (%), and assume for a contradiction
that P is unobstructed by d(z) = t"w;. This means that there exist

c € K and (z)) € ][], K\ such that
5(%) = t”wl(P,\) -+ C,

for every A € CU {oco}. By what we just proved in the previous item,

t"wq(Py) is integral for every A # oo. It follows that the polar parts of
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¢ at the places corresponding to A # oo are integrable. We may then

change z, if necessary and assume that c is a polynomial.

Writing oo, = usot™" with us, € 0, we see that

O(uce) (40 = Dt -y
Y3, Ay3, '

w1 (Poo) =
Note that v, (d(ua)) > 2. Therefore, the coefficient of ¢! in
I(zy) = t"wi(P) +

is non-zero, a contradiction.
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Chapter 5

G’-descent for isotrivial hyperelliptic curves

5.1 Background

We now investigate the case when the smooth projective curve C' is
hyperelliptic of genus g > 2 over our function field K. In this case, the
canonical map

Q: C — PI‘Oj S(HO(C, QC/K)) = p9t

is no longer a closed immersion. It is instead a degree 2 morphism with ¢(C)

a rational normal curve.

We first assume that the characteristic p of K is not 2 and, at the end
of this chapter, in section 5.5, we discuss the case p = 2. In what follows, let
x be an element in the function field K (C') of C such that the function field

of the canonical image ¢(C') identifies with K (z) via .

Lemma 5.1.1. K(z) is the only rational subfield of K(C') with
[K(C): K(x)] = 2.

There exist y € K(C) and a separable polynomial f in one variable of degree

29+ 1 or 29+ 2 over K such that



and K(C) = K(x,y). Moreover, if C has a K -rational Weierstrass point, i.e.,
P e C(K) such that

dimg H°(C,0c(2P)) > 1,
then we may choose f monic and separable of degree 2g + 1. In this case, the
affine equation y?> = f(x) defining C is unique up to a change of coordinates
of the form

29+1~

r=a’T+ 8, y=a*ty,

where o € K* and p € K.

Proof. Cf. [15, Chapter 6, section 3] and [11, Proposition 1.2].

Remark 5.1.1. Explicitly, C' is the gluing of affine curves given by

y* = f(z)
and
v? = w9 f(1/u)
via
U= - and v = xf;yﬂ'

However, for our purposes, when C' has a K-rational Weierstrass point P, it
will be more convenient to think of C' as the union of the affine curve given by

y* = f(x) and a single distinguished point at infinity corresponding to P.
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For the rest of this chapter, we will assume that our field K is large
enough so that C' has a K-rational Weierstrass point. By lemma 5.1.1, C' is

then given by an equation
Yy = f(l') — 1-29+1 + a2gx29 + .o+ ao,

with a; € K. We will assume that this equation is in reduced form, that is:

(x) if m > 0 is the smallest integer such that the characteristic p > 0 of K

does not divide 2g + 1 —m and agyt1—, # 0, then we assume
a2g—m = 0, if m# —1 (mod p)

and

d(azg—m) = 0, ifm=-1 (mod p).

Every isotrivial hyperelliptic curve is isomorphic to a hyperelliptic curve
given by an equation in reduced form (cf. remark 5.2.1). When p = 0, we
have m = 0, hence being in reduced form means that ayy = 0. When m = —1

(mod p), we must have 2g + 1 divisible by p and thus p divides 2g — m.

5.2 Differential functions on a hyperelliptic curve

Recall that, by proposition 1.5.1, when C' isotrivial, the first jet scheme
C' identifies with the tangent bundle TC. Let wi,...,w, € I'(C*, Oc1) be
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the first order regular differential functions on C' corresponding to the regular
1-forms

. d
S; 1= xz_lf c H(C, Qc/k), i=1,...,9,

under an isomorphism C! =2 T'C over C. We will give explicit formulae for w;.
If the coefficients ay, ...,as, of f(z) in the equation defining C' are
differential constants, then the first jet scheme is trivially isomorphic to the

tangent bundle T'C' and we have the expression

i-10(7) i-120(y)

w; =2 T —t =" —=

y f'(z)
Note that, although we write w; as a rational function in order to simplify
computations, w; is really a polynomial in the variables x, y, d(z) and d(y).

Indeed, since f(x) is separable, there exist polynomials g and h in the variable

x such that
L=gf+hf
and thus
wi = 2" g(a)yd(x) + 22" h(x)d(y).
If one of the coefficients ay, ..., as, is not a differential constant, then

an isomorphism C! = T'C' is no longer trivial and

o(z)

)
need not be regular on C'. For instance, let C' be the isotrivial hyperelliptic
curve over Q(t) given by y* = 229t — 29%1 and let § = d/dt. Then, §(x)/y is

not regular at the rational point (¢,0).
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Theorem 5.2.1. Let m be as in (%) and let n be the smallest positive integer
greater than m such that p does not divide n(2g + 1 — n) and asgi1—n # 0,
where, for convenience, ay := 1, for k ¢ {0,...,2g}. Then,

oy = i1 0@ —dlog(azg )y

ny

defines a differential reqular map on C.

Proof. Being isotrivial means that there exist a field extension F'/K and a
hyperelliptic curve ¢’ over K? such that C' xx F is isomorphic to C x g5 F.
Note that C’ need not have a K’-rational Weierstrass point but €’ x s F has
an F-rational Weierstrass point. Since C” is defined over K, such F-rational
Weierstrass point must be a differential constant. By lemma 5.1.1, C" X gs F

is given by an equation

where ¢ is a monic and separable polynomial of degree 2g + 1 with coefficients
in F°. Moreover, once again by lemma 5.1.1, there exist o € F*, 8 € F such

that the coefficients of
f(e?z + B)

9(2) = =13
are differential constants. Explicitly, if we set

_ —2
A29+17i = Q2g+1-i¥

z = ﬁofz,

then the coefficient Aoy41—; € F? of 2?7177 in g(z) is given by

A S (B, L =0,...,2 5.1
2g+1—j _Z 2+ 1— 7 2g+1—i% ) J=Y,...,4g. ( : )
=0 9 J
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Let n be as in the statement of the theorem. We note some important

consequences of (5.1):

1. For 0 <1 < m, setting j =l in (5.1) yields

(29—1—1—2'

Aggir_i? .
29+1—l) 2+1-i%

Aogy1—1 = Aggr1 + E
i<l

By the definition of m, a summand in the sum over ¢ < [ is nonzero only
if both 2g+ 1 —17 and 29 + 1 — [ are divisible by p, in which case, [ — i is
divisible by p, and z=% is a differential constant. Therefore, by the above
expression for Ag,y1-; together with induction on I, we see that Aggi1-

is a differential constant, for 0 <[ < m.
2. Setting j = m in (5.1) yields

)\29+17m = A29+17m + Z . m) A2g+17l2mil- (52)

<m

For | < m, by the definition of m, when p does not divide 2¢g + 1 — [,

we have agg+1-; = 0. When p divides 2g +1 — [, the binomial coefficient

(29+17l

%9 +1_m) is 0 modulo p. Therefore, (5.2) reduces to

)\2g+1fm = A2g+17ma

showing that Ayt i, is a differential constant.

3. Setting j =m + 1 in (5.1) yields

2g+1—-m
)\2gfm = Angm + ( g2g . )A2g+1mz
2g+1—1 _
+ Z ( 929 B )A2g+1—lZ bt



By the definition of m, a summand in the sum over [ < m is nonzero
only if both 29 + 1 — [ and 2g — m are divisible by p, in which case,
m—1+1 is divisible by p, and 2™+ is a differential constant. Moreover,
by the discussion in (1) and (2), Agy+1- is a differential constant, for
every | < m. Note that, by the definition of m, we have Agy1_p, # 0.

Applying ¢ to the expression for \y,_,, above then yields
(29 +1=m)d(2) = — A1 _m0(Azgm)-

We claim that

5(z) = 0. (5.3)

When m # —1 (mod p), recall that we are assuming as,_,, = 0, which
immediately gives §(z) = 0. When m = —1 (mod p), we are assuming

2

d(azg—m) = 0. Moreover, in this case, a 2™ 2 is a differential constant,

and thus

0(2)=(2g9+1—m)i(z) = —A2_91+1_ma_2m_25(agg_m) =0.

. Let r be the smallest positive integer greater than m such that p does
not divide 2g + 1 —r and aggy1-» # 0. In general, m < r < n. By the

same argument used to reduce (5.2), setting j = r in (5.1) yields
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Note that the term with Ay, _,, is always zero. Indeed, when r # —1
(mod p), we have Ay,_,, = 0, and, when m = —1 (mod p), we have
2g—m divisible by p, in which case the corresponding binomial coefficient

vanishes modulo p. So,

2g+1—m

A —r =A —r
2g+1 2g+1—r <2g+1—r

r—m
>A29+1m2 .

By the discussion in (2) and (3), both Asyy1_,, and z are differential
constants. It follows that Asyi1—, = agg1—ra " is a differential constant
and thus

2r dlog(a) = dlog(agg+1—r)-

Notice that if r # n, that is, if p divides r, then asy41—, is a differential
constant. More generally, by induction, we have §(ags+1—;) = 0 for all

m < | < n such that p does not divide 29 +1 — [ and agy41-; # 0.

. Ifn>2g+1, then (1), (2) and (4) show that C is given by an equation
with constant coefficients. In this case, w; = 271§(x)/y guaranteed in
the statement is the regular differential function on C' corresponding to
s; = x'"1dx/y under the trivial isomorphism 7T'C' = C! as we discussed

earlier in this section.

. In what follows, suppose n < 2¢g + 1. As in (4), setting j = n in (5.1)

yields
20+1—m e
Aogii—n = Aogpi—n + (29 L1 n)A2g+1mZ
2g+1-1
Aggi112" 7t
+ m;n (29 1 n) 29+1—1%
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By the discussion in (2), (3) and (4), we see that Agyi1_pn = aggr1—na™ "

is a differential constant and thus

1
2dlog(a) = - dlog(agg+1—n)- (5.4)

We construct a regular differential function on C' x g F' as the com-
position of the change of coordinates C' xx F' — C’ X s F' with the regular
differential map 6(x)/y on C’. Explicitly, this regular differential function on

C x g F is given by
§(a™%x — fa™?)

05729713/

w, =

2

By the discussion in (3) above, z = Sa~* is a differential constant. By (5.4),

it follows that
wy = a9y,
_o®d(a %)
Yy
_ 6(z) — 2dlog(a)z
Yy
715(33') — dlog(a29+1,n>$
ny '

By construction, this differential function is regular on C' and it is clearly

defined over K.

Finally, for e = 1,..., g, let w; be the composition of the change of co-
ordinates C x g F' — C" X js F' with the regular differential function x*~16(z)/y
on C'. Note that

(l‘ . 6)1'71601 — a729+372iwi
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is regular on C' X F. Induction on i then shows that

i—1 .
) ) ) (1 —1 ) o
Wi = xl_l(AJl _ (33 B B)Z_lwl . 2 :(_1)1—1_] (Z ; )51—1—]x]w1
Jj=0

is a regular differential map on C' and it is defined over K.

Remark 5.2.1.

1. The hypothesis that y*> = f(z) is in reduced form was crucial to obtain
(5.3). However, we point out that this hypothesis was only introduced to
simplify our expression for w;. Indeed, we can always change coordinates
(over K) to assume that an isotrivial hyperelliptic curve is given by an
equation in reduced form. More precisely, by the expression for Ag,_,

in the proof above, this can be done through the change of coordinates

rT=1— 29-m
(29 -+ 1 — m)a2g+1_m’

y=y
2. We revisit the example where C is given by 3% = 22! — t29%1 over

K = Q(t). By theorem 5.2.1,

té(z) — x _ 2t0(y) — (29 + 1)y
ty (29 + 1)tx?9

w1 =

defines a regular differential map on C. We may now evaluate w; at the

rational point (¢,0). We have w;(¢,0) = 0.
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3. As an example in positive characteristic, consider the isotrivial hyperel-
liptic curve given by y* = 2° + t12® + !9 over K = F3(¢). In this case,

m =0, n =5 and thus
té(x) — 2z

wp =
1 ty

defines a regular differential map on C'. Perhaps, the reader will notice
that we could have used n = 2 to obtain the correct expression for w;
despite 2g + 1 — n = 3 being divisible by p = 3. This is explained in
remark 5.2.2.2.

We can use theorem 5.2.1 to decide when an equation y* = f(z) over

K defines an isotrivial hyperelliptic curve:

Corollary 5.2.2. Let K be a separable closure of K. The equation
y? = 2 4 a9, 2® 4 ag, 17 + -+ ag

defines an isotrivial hyperelliptic curve in reduced form over K if and only if

there exist a € K and differential constants A1, ..., Agg—1 € K such that
A2g+1—i = )\iai-

Proof. Let L be the splitting field of f(x) in K. Since L/K is separable, &
extends to a unique derivation of L, which we again denote by §. By theorem

5.2.1,
né(x) — leg(&zg+1,n)$
ny

w1 =
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is regular on C' and thus on C X L. Therefore, for (a,0) € C(L), we must
have

nd(a) — dlog(agg+1—n)a = 0,

implying that

a" = )\a2g+17n7
for some differential constant A € K. If a is an n-th root of A2g41—n 1N K, then
the zeros of f(x) are

aa,...,Cyg+10,

where ci,...,c941 € K are differential constants, and the result follows.

Remark 5.2.2.

1. We have not used the hypothesis ¢ > 2 yet. So, theorem 5.2.1 and
corollary 5.2.2 are true for elliptic curves. In the elliptic case, one could
alternatively prove corollary 5.2.2 using the fact that an elliptic curve

is isotrivial if and only if its j-invariant is a differential constant (cf.

remark 1.4.1.3)

2. With a as in the statement of corollary 5.2.2, we have the formula

, —dl
w; = xz—lg(z) d Og(&)l'7
Yy

which is independent of n and m.
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3. Corollary 5.2.2. also allows us to write

29 +1

2% (5<y> dlog<a>y) — (2)(3(x) — dlog(a)z)

providing an explicit isomorphism C* = T'C' over C and the alternative

formula
i—126(y) — (29 + 1) dlog(a)y
f(x)

We point out that, as in the constant coefficient case discussed earlier

W; =T

in this section, although we represent w; as a rational function, w; is
actually a polynomial in the variables x, y, d(z) and d(y). To write w;

as a polynomial, let ¢ and h be polynomials in the variable x such that
1=gf+hf.

Then,

w; = 2"~ g(2)(d(x) — dlog(a)z)y + ' h(2)(20(y) — (29 + 1) dlog(a)y).

Using the coordinates u = 1/z and v = y/z9"1, it is easy to check that
wi(P) = 0, where P is the point at infinity corresponding to (u,v) =
(0,0).

5.3 Main result

As in chapter 4, we set
CU(K) ={(P,) € [JC(K) : wi(P) =+ = wy(P,) = 0}.
We prove that:
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Theorem 5.3.1. If (P,) € [[, C(K,) is unobstructed by the G-torsor given
by

i(z) = aw;,

for everyae K andi=1,...,g, then
(P,) € C(K)UC(K).

Proof. Suppose (P,) is unobstructed by the G-torsor §(z) = aw;, for every
a€ K andi=1,...,g. Then, there exist ¢c € K and (z,) € [[, K, such that

0(20) = fwi(Py) + ¢,

for every place v of K. In other words, the point (w;(P,)) € [[AL(K,) is

unobstructed by the G2-torsor over AL given by
§(z) =ar, x¢€ AL,

for every a € K. By theorem 3.1.2, it follows that w;(P,) is global, for every i.

Assume (P,) ¢ C°(K), that is, w;(P,) # 0, for some i € {1,...,g}.
Then, P, is in the affine portion of C' given by the equation y? = f(x) and
we write P, = (x,,¥,). Since the field K (z) is generated by quotients of the
regular 1-forms on C' and (w;(P,)) is global for every i, we conclude that ()

is global.
By theorem 5.2.1,

nd(z,) — dlog(agg+1-n)Ty

Y

wl(Pv) =
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Since (wy(FP,)) and (x,) are global, we have (y,) global, implying that (P,) is
global.

]

Remark 5.3.1. The hypothesis ¢ > 1 is important in this theorem. More
specifically, we used it when we said that K (x) is generated by quotients of
regular 1-forms. This is not true for genus one curves, since in this case a
quotient of two regular 1-forms is a constant function. In fact, in the elliptic
case, by the same argument used to show the invariance of the 1-form dx/y

under translations [14, Chapter III, Proposition 5.1], we have
w1 (P + Ry) = wi(P),

for every P € C(K) and (R,) € C°(K). If w;(P) # 0, we then have many
non-constant non-global adelic points of C' that are unobstructed by all G-
torsors. For a concrete example, consider the function field K = C(s,t) with

s?=1t*—1,5 =d/dt, and let C be the elliptic curve over K given by
y? = 4a® + 627 + 4z + 1.

Let

r-(ratm) e (rre)-

Fix a place vy of K and set

P P, ifv#
Q, ifv=wy.
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Then,
wi(P)=s'e K",

whence (P,) is unobstructed by all torsors coming from Klw;] = T'(C!, Q1)
but clearly (P,) ¢ C(K)U C°(K). However, note that P — Q = (1/2,0) is a

differential constant.

5.4 An example

We illustrate theorem 5.3.1 with an example:
Proposition 5.4.1. Let C' be the smooth hyperelliptic curve given
g =2 1

over K = C(t). Let P be the distinguished point of C' “at infinity”. Write K
for the completion of K = C(t) with respect to the place vy corresponding to
A€ CU{oo}. Then:

1. C(K)NC°(K) ={P};
2. there exists Py € C(K)) such that wi(Py\) # 0, for every A € CU {oo};
3. thw (Py) € Oy, for every positive integer k and \ # oo.

4. every adelic point

(P) = () e [ CK)

AeCU{o0}
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not in C°(K) is obstructed by the G®-torsor
§(2) = t*"wy,

where N := Voo (Too) /2.
In particular, C(K) = {P}.

Proof. By corollary 5.2.2, C is isotrivial with a = ¢t'/°> (up to multiplication
by a differential constant). Theorem 5.2.1 then tells us that the differential

regular function w; is given by

_ Bté(z) —x 2t6(y) —y
5ty 10tat

w1

on the affine portion of C given by y? = 2° + ¢, and by

u5t(5(u) —u _ 2t6(v)u — 6tvd(u) — vu
Stv 10t ’

w1 =
on the affine portion of C' given by v? = tuS +u, where x = 1/u and y = v/u?.
In particular, we have w; (P) = 0, where P = (u,v) = (0, 0) is the distinguished

point “at infinity”.

1. We have already seen that wy(P) = 0. A K-rational point P = (x,y) on
the affine portion of C' given by y? = % + t is a differential constant if
and only if 55(x) = t ', that is,

z° = ct,

for some differential constant ¢ € K° = C satisfying 4> = (¢ + 1)t. Note
that 2° = ¢t can only happen if ¢ = 0. However, in this case, we would

need y* = t, which is not possible over K = C(t).
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2. When A ¢ {—1,00}, we have a local solution of the form P, = (1,y,)
with y3 =1+ ¢, and

1
wi(Py) = _% # 0.

When A = —1, we have a local solution of the form P, = (2,y_;) with
y*, =32+, and
2
Sty—1

£0

wi(P-q) =

When A = oo, we have a local solution of the form P,, = (¢?,¢°b) with

=1+t and
9

) = g

£ 0.

3. By the equation y? = 2° + t defining C, we must have

209(yo) = Svg(zo) < 1

and thus there exists an integer m > 0 such that vy(zg) = —2m and
vo(yo) = —bm. Writing xo = uot 2™ and yy = wet "™ with ug, wy € OF,

we see that

o(u 10m + 1)u B
wi(Py) = —Euj)t:m _ (10m+ Duo S ) 0y3m—1,

Hence, t*w,(P) is integral, for every positive integer k.

For X\ # 0, 00, again by the equation definition C', we see that one of the

following must happen:

e Suy(z)) = 20x(yn) < 0; or

e v,(z)) =0 and vy(yn) > 0; or

82



e uy(yy) =0 and vy(xy) > 0;

In all cases, using the expressions

5té(xy) — x _ C20(yx) —
5ty 10¢x%

for wi(Py), we conclude that t*w;(Py) is integral, for every integer k.

. For A = oo, the equation defining C' tells us that
2000 (Yoo) = B0 (T00) < —1

and thus there exists a positive integer n such that v (2s) = —2n and
Voo(Yoo) = —Dn. Assume for a contradiction that P is unobstructed by
§(z) = t*"w;. This means that there exist ¢ € K and (z)) € [], K such
that

§(2,) = t"wi(Py) + ¢,

for every A € CU {oo}. Since t3"w;(Py) is integral for every \ # oo, the
polar parts of ¢ at the places corresponding to A # oo can be integrated.
Changing z if necessary, we may thus assume that c is a polynomial.
WItIng oo = Uoot®™ and Yoo = Weot™" With e, we € OX, we see that

O (oo 10n — Dtos g,
wi(Po) = (u )t73n+( n Ju 4=3n—1
Weo DWse
Note that v, (d(uw)) > 2. Therefore, the coefficient of ¢! in
§(2) = t*"wi(Ps) + ¢

is non-zero, a contradiction.
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5.5 Isotrivial hyperelliptic curves in characteristic 2

So far, we have assumed p # 2. When p = 2, the conclusion in theorem

5.3.1 must be weakened:

Theorem 5.5.1. Let K be a function field in one variable over a finite field k
of characteristic 2. Fiz a separating element t of K/k and let 6 = d/dt. Let C

be an isotrivial hyperelliptic curve of genus g > 2 over K given by an equation

y? — h(z)y = f(x),

where h(zx) is a polynomial of degree at most g over K and f(x) is a monic and
separable polynomial of degree 29+ 1 over K. If (P,) € [[, C(K,) — C°(K) is

unobstructed by all GS-torsors coming from

F(Cl, Ocl) — —6([[(({{%}})

then, upon writing P, = (z,,y,), we have (x,) global and y, € K, for every

— H'(C*™, G?),

place v of K.

Proof. Suppose (P,) is unobstructed by the G-torsor d(z) = aw;, for every

a€ K andi=1,...,g. Then, there exist ¢c € K and (z,) € [[, K, such that
d(zy) = aw;(P,) + ¢,

for every place v of K. In other words, the point (w;(P,)) € J[[AL(K,) is

unobstructed by the G2-torsor over AL given by
§(z) =ar, x€ AL,
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for every a € K. By theorem 3.1.2, it follows that w;(P,) is global, for every i.

Assume (P,) ¢ C°(K), that is, w;(P,) # 0, for some i € {1,...,g}.
Then, P, is in the affine portion of C' given by the equation y* — h(z)y = f(x)
and we write P, = (x,,y,). Since the field K (z) is generated by quotients of
the regular 1-forms on C' and (w;(P,)) is global for every ¢, we conclude that

(z,) is global.
This implies that v, is a root of the polynomial
v —ay+b

with @ = h(z,) € K and b = f(z,) € K, for every place v of K. If a = 0, then
b is a square in every completion of K, implying that K is a square in K and

thus y, € K. If a # 0, then the Artin-Schreier polynomial
22— 24 ba?

has a root in every completion of K, namely, z, = y,a”!. Lemma 3.2.2 then

guarantees that z, (hence, y,) is in K, for every place v.

]

Ezample 5.5.1. Consider the function field K = Fy(¢,s) with s* + s = 5+ 1

and the isotrivial hyperelliptic curve C' of genus 2 over K given by
4y =a° + 1.

Let vg be a place of K and set

P. = (t,S), ifU%UO
° (t,s+1), ifv=uw.
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Since C' has constant coefficients, the regular differential maps on C' corre-

sponding to the basis {dz, zdz} of H°(C, Q¢ k) are
wy =0(x) and wy = xd(x).

We have w(P,) = 1 and wy(P,) = t, showing that (P,) is unobstructed by all
torsors coming from I'(CY, O¢1) = Klwi,ws]. Clearly (P,) ¢ C(K) U C°(K),
but as theorem 5.5.1 guarantees, we have (z,) = (¢) global and y, € K, for

every place v of K.
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