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Single Field Inflation: Observables and Constraints

Sandipan Kundu, Ph.D.
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Supervisor: Willy Fischler

One of the exciting aspects of cosmology is to understand the period
of ‘cosmic inflation’ that powered the epoch of the Big Bang. Inflation has
been very successful in explaining several puzzles of the standard big bang
scenario. But the most important success of inflation is that it can explain
the temperature fluctuations of cosmic microwave background and the large
scale structures of the universe. Despite its great success, the details of the
physics of inflation are still unknown. A large number of models of inflation
successfully explain all the observations making it remarkably hard to distin-
guish between different models. We explore the possibility of differentiating
between different inflationary models by studying two-point and three-point

functions of primordial fluctuations produced during inflation.

First, we explore possible constraints on the inflationary equation state
by considering current measurements of the power spectrum. Next, we explore
the possibility of a single field slow-roll inflationary model with general initial
state for primordial fluctuations. The two-point and three-point functions of

primordial fluctuations are generally computed assuming that the fluctuations

vil



are initially in the Bunch-Davies state. However, we show that the constraints
on the initial state from observed power spectrum and local bispectrum are
relatively weak and for slow-roll inflation a large number of initial states are
consistent with the current observations. As the precision of the observations
is increasing significantly, we may learn more about the initial state of the

fluctuations in the near future.

Finally, we explore the consistency relations for the three-point func-
tions, in the squeezed limit, of scalar and tensor perturbations in single-field
inflation that in principle can be used to differentiate between single-field and
multi-field inflation models. However, for slow-roll inflation, we find that it
is possible to violate some of the consistency relations for initial states that
are related to the Bunch-Davies state by Bogoliubov transformations and we
identify the reason for the violation. Then we discuss the observational impli-

cations of this violation.
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Chapter 1

Introduction

It is believed that inflation [75, 91, 13], a period of exponential expan-
sion of the universe, powered the epoch of the Big Bang. One of the exciting
aspects of cosmology is to understand the period of inflation that has taken
place 1074 seconds after the Big Bang singularity. It is truly remarkable that
we can address any meaningful question about an epoch shortly after the uni-
verse was born. A period of inflation naturally solves several puzzles of the
standard big bang scenario. But the most important success of inflation is that
it can explain the temperature fluctuations of cosmic microwave background

(CMB) and the large scale structures (LSS) of the universe.

1.1 A brief history of the universe

Before we discuss the physics of inflation, let us first briefly summarize
major events in the history of our universe. Based on our current knowledge,
we can divide the history of our universe in two parts: A) First 1074 seconds
and B) From 107" seconds to today (~ 13.7 billion years). 107 seconds
after the Big Bang singularity, the temperature of the universe is roughly

10 TeV. This is the energy scale that can be probed by accelerators and we



are somewhat confident about the validity of the Standard Model of particle
physics. Therefore, the history of the universe from 10~ seconds to today is
based on well understood physics. Whereas, before 1071* seconds, the energy
of the universe is well above 10 TeV and we do not have any direct experimental
evidence for the physics of that era. However, we have some theoretical control
over the physics above 10 TeV and the hope is that the very early universe

can provide us important information about fundamental physics.

1.1.1 From 10~ seconds to today

1) 107 s-107" s (T ~ 10 TeV - 100 GeV)
Before 1071° seconds, the energy of the universe is above 100 GeV and the
electroweak symmetry is restored and gauge bosons (Z, W*) are massless. At
t ~ 1071% electroweak symmetry is broken and the gauge bosons acquire mass.
As the temperature of the universe drops below 100 GeV, the cross-section of

weak interactions decreases.

2) 107° s (T ~ 200 MeV)
At this time a transition takes place in which free quarks and gluons combine

to form baryons and mesons:

quarks + gluons — baryons + mesons .

3)02s (T'~1—-2 MeV)

An interaction process between particles falls out of equilibrium when the

'For a detailed discussions see [104, 62, 140] (technical) and [138] (popular).



interaction rate is smaller than the expansion rate of the universe. The cross-
section of weak interactions decreases further and some weak interaction pro-
cesses fall out of equilibrium. As a consequence, two important events take
place at t ~ 0.2 s. (i) At T~ 1 MeV primordial neutrinos decouple from the
rest of the matter and travel freely without further scattering. (ii) Another

set of weak interaction processes

n+etept+1,,

n+v.eept e

fall out of equilibrium. However, the neutron-to-proton ratio does not become

constant after freeze out - the beta decay continues to reduce the ratio:
+ — —
n=p +e +1,.
The abundances of the primordial elements are directly related to the number

of surviving neutrons.

4) 1s (T~ 0.5 MeV)
At t ~ 1, the temperature of the universe is of order the electron mass. As
the temperature drops below the electron rest mass, electrons and positrons

efficiently annihilate
e +et = v+,

An initial electron-positron asymmetry of one part in a billion survives after

annihilation. The photons produced after the annihilation are in thermal



equilibrium. The temperature of the radiation is greater than the temperature

of neutrinos which decoupled from the rest of the matter in the past.

5) 200 — 300 s (7" ~ 0.05 MeV)
At around t ~ 200 s strong interaction becomes efficient. As the temperature
of the universe drops below 0.1 MeV, protons and surviving neutrons combine
to form deuterium nuclei. Once deuterium nuclei are formed, the rest of BBN
proceeds relatively quickly. The abundances of H, He and Li as predicted
by Big Bang nucleosynthesis (BBN)[111, 135, 61, 130, 131, 132, 133, 106] are

consistent with observations[20, 63, 85, 44].

6) 101 s (T ~1eV)
At this time energy densities of matter and radiation are equal and it corre-
sponds to the beginning of the matter-dominated epoch. Charged particles

and photons in the plasma are still in thermal equilibrium.

7) 102 — 10 s (T ~ 0.1 eV)
Around ¢ ~ 380,000 years, free protons and electrons combine to form neu-
tral hydrogen atoms. Photons decouple from the rest of the matter and form
the cosmic microwave background that 13.7 billion years later gives us the
earliest snapshot of our universe. Temperature fluctuations in the CMB pro-
vide direct information about the state of the primordial matter density at
the last scattering surface. It is important to note that not all free protons
and electrons form atoms. Due to the freeze out of recombination, one free
electron (and proton) per 10,000 neutral atoms remain after the completion of

recombination.



Neutral helium, which constitutes about 25% of the baryonic matter,
are formed way before hydrogen. But the universe at that time was not trans-
parent to the background radiation because of the presence of free electrons.
The way helium recombination is seen in CMB is simply because helium con-
sumes more electrons, leaving fewer electrons at the decoupling. Fewer elec-

trons make photons propagate more freely, enhancing the Silk damping.

8) 10 — 10" s (2 ~ 25 — 6)
Structure formation becomes more efficient after matter-radiation equality and
small density perturbations p(z,t) = p(t)(1 + §(z,t)) start to grow via grav-
itational instability and eventually form the large scale structure that we see
today. Stars and galaxies form first and then they interact gravitationally
to form larger structures like clusters and superclusters of galaxies. Both
gravitational attraction and background pressure play significant roles during

structure formation. Note that

d~lIna radiation
d~a matter
0 ~ const. dark energy

and hence structure formation is more efficient after matter-radiation equality.

Around z ~ 25 high energy photons start coming out of the first starts.
This high energy photons ionize the hydrogen in the inter-galactic medium.

This process takes place from z ~ 25 to z ~ 6. At the same time most massive



stars run out of nuclear fuel and explode as supernovae that create heavy

elements (C,0,...) which are essential for the formation of life as we know it.

Around z ~ 1 dark energy starts dominating the energy density of the

universe. At this time J ~ constant and structure formation stops.

1.1.2 First 107!* seconds

Before 10714 seconds, the energy of the universe is above 10 TeV and
the physics of that era is not accessible by direct experiments. However, we
have some theoretical control over the physics above 10 TeV and below 10'°
GeV. The very early universe can provide us important information about
fundamental physics at very high energy scales. It is believed that the fluctua-
tions of the CMB temperature are generated in the very early universe during
a period of inflation. Recent observations indicate that inflation takes place

at energies about 100 GeV (¢ ~ 107 ) [7].

Around the same energy scales, it is expected that Grand Unification of
the electroweak and strong interactions takes place. Cosmic strings, monopoles
that appear naturally in unified theories, might be important in the early
universe. However, from the current observations it is somewhat clear that

they do not play any significant role in the large scale structure formation.

Below the Planck energy 10' GeV quantum gravity effects are not
that important and because of that we can treat gravity classically. Around
t ~ 107 s, energy of the universe is comparable to the Planck energy and we

no longer can trust classical general relativity. With our current understanding



of physics this is where we lose all theoretical control.

1.2 Physics of inflation

The physics of inflation is rather simple. An exponential expansion
of the universe during inflation is thought to be responsible for a flat and
homogeneous universe on the large scale. On the other hand, quantum fluc-
tuations produced during inflation grew via gravitational instability to form
structures in the universe. In inflationary cosmological theories the tempera-
ture fluctuations of CMB and the large scale structures are directly related
to the scalar curvature perturbations produced during inflation. Inflation
naturally predicts an almost scale invariant power spectrum of primordial
fluctuations[129, 78, 76, 29, 105] which accords with current observations from
the size of the observable universe down to the scales of around a Mpc[81, 5.
Another exciting aspect of inflation is that it also predicts tensor fluctuations

that can be directly observed in cosmological gravitational waves[128, 119, 7].

Our universe is homogeneous and isotropic on the large scale. Large
scale evolution of the universe can be described by the Friedmann-Robertson-
walker (FRW) metric [136, 118, 117, 66]

2

2 _ 2 2

+ 72 (d92 + sin? 6’d¢2) ,

where, a(t) is the scale factor. The curvature parameter kK = +1,0,—1 for

positively curved, flat and negatively curved spacetimes respectively. Hubble



parameter H is given by

Let us now assume that the universe is driven by a perfect fluid. In a frame
which is comoving with the fluid, the energy momentum tensor of the fluid is

given by

with the equation of state: p(t) = wp(t). Where p is the pressure and p is the
energy density and w is called the equation of state parameter. Evolution of

the universe can be obtained from the Einstein’s equations
G, = 8nGT,, .

Now using the FRW metric, we obtained the Friedmann equations:
H?> 1 ) k
srG 37 T ey

S ott) + 3p(0)]

H+ H? =

Friedmann equations also lead to the continuity equation for the fluid driving

the evolution
p(t) + 3H[p(t) + p(t)] =0 .

In table 1.1, we have shown the solutions of Friedmann equations for different

epochs of interest.



w pla) | alt) | H(t)
Inflation ~ —1 const. et | const.
Ideal fluid | w > —1 | a=30+w) | gaie 3(1iw)t
Radiation % a? ti/2 %
Matter 0 a? t2/3 2
Dark energy -1 const. eft | const.

Table 1.1: Cosmological solutions with flat FRW metric for different epochs.

The essential feature of inflation is that the expansion of universe under-
goes a temporary accelerating period, where @ > 0. The Friedman equations
(along with the null energy condition) mean that a positive d@ implies that
—1 < w < —1/3. The scalar power spectrum is almost scale-invariant from
the size of the observable universe down to scales of around a Mpc; as the
authors show in [84], this places tight bounds on w: w must be close to —1
for those modes that contribute to the observed power spectrum. Therefore,

during inflation
a~e’’t H = const.

However, in section 3 we will show that w is less tightly constrained for those
periods of accelerated expansion corresponding to shorter length scales and
we will explore the possibility of a significantly varying w before the start
of decelerating expansion by dividing the inflationary epoch into two distinct

periods.



1.2.1 Big Bang puzzles and inflation

Let us now discuss why we need an inflationary period right before

the conventional Big Bang epoch. The theory of inflation has the important
property of explaining away (at least to some degree) many of the puzzles of

the very early universe in a broad class of general models [13, 75, 91].2

1) Flatness problem

Today our universe consists of mainly matter, radiation and dark energy. Let
us define a critical energy density

Y
© 8rG

Hy is the present day value of the Hubble parameter. We can now define

present ratio of the energy densities of different components with respect to
the critical energy density:

Matter energy density consists of both baryonic matter and dark matter, so

Qr = Qp + Qpyr. From Friedmann equations one can easily see

(%)2 = Q) + Qu (%)3—%9}% (%>4+Qk <%>2 ;

where

k
Q= —
Y

2For an alternative solution to some of these puzzles see [21]-[27].
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Observations indicate that Qp ~ 107 and Q) = 0.3157501, Q4 =
0.685T00:5[4]. Therefore, €, ~ 0 though it is still possible to have a non-

zero €. Now if we define a quantity
3 4
O(a) = Qn + Qs (%) + QR (%) ,

then today we have Q(ap) =~ 1. But for the standard Big Bang cosmology
without inflation Q(a) = 1 is an unstable fixed point and hence to achieve
that today €2(a) has to be extremely fine tuned in the early universe. It is

easy to check that [33]

|Q(CLBBN) — 1| ~ 0 (10716) s

|Q(CLGUT) — 1| ~ 0 (10755) .

This fine tuning problem can be avoided by having a period of inflation
before the standard Big Bang epoch during which a(t) increases by a very

large factor eV. Even if |Q(a) — 1] ~ O(1) in the beginning of inflation, it can

H 2
Q — 1|~ e 2N arir
() — 1)~ e (25

be shown that

where a; and H; are the scale factor and Hubble parameter at the end of

inflation. Therefore, the flatness problem can be avoided if

Let us now make the assumption that both a(t) and H do not change much

from the end of inflation to the beginning of the radiation-dominated era. With

11



that assumption one can show that minimum number of e-foldings needed to

solve flatness problem is given by [140],

(P1)1/4
N> |0
>n[0.037he\/ ’

where p; is the energy density at the end of inflation and h is the Hubble
constant in the units of 100km s~! Mpc™'. Therefore, with h = 0.68 and
(p1)Y* =2 x 10'° GeV [4, 7] flatness problem is solved with N > 62.

2) Horizon problem

Distance of the last scattering surface today is roughly 2/Hy. This distance
at the time of the last scattering is dj ~ 2H0_1(1 + 2z)7Y, where 2z &~ 1100
is the redshift at the time of last scattering. For the standard Big Bang
cosmology without inflation, the size of the horizon at the time of last
scattering is dy ~ (4/3)Hy (1 + 21,)~%2. The horizon at the time of last
scattering subtends an angle § = 2dy /dy, rad ~ 2°. Therefore, at the time of
last scattering, the regions that are separated by more than 2° are causally
independent. This is in contradiction with the observation of near-isotropy of

the CMB [60, 113, 99, 98, 100] at large angular scales.

This apparent contradiction can be explained by inflation during which
a(t) ~ et increases by a very large factor e”. Now for the Big Bang cos-
mology with inflation, the size of the horizon at the time of last scattering
is

ar,
N
arHy

dH%

12



where ay, is the scale factor at the time of last scattering. dj is still given by

dp =~ 2Hy'(ar/ag). The horizon at the time of last scattering subtends an

0 ~ (aO_HO) Vo
a [H I
Therefore inflation can be solved if

N>1n[M} ,

angle

0.037h eV

where we have again made the assumption that both a(¢) and H do not change
much from the end of inflation to the beginning of the radiation-dominated
era. Therefore, with h = 0.68 and (p;)*/* = 2 x 10 GeV [4, 7] the horizon

problem is solved with N > 62.

2) Monopole problem

It is expected that Grand Unification of the electroweak and strong interac-
tions takes place at energy 10'® GeV. All unified theories come with magnetic
monopoles which creates a problem for the standard Big Bang cosmological
models. It is expected that unified theories naturally produce one monopole
per horizon at the time of symmetry breaking. These theories typically
predict one monopole per 10° photons present in the universe today. Today
there are roughly 10° microwave background photons present per nucleon
[140]. So we should have at least one monopole per nucleon. However,

observations indicate that there are fewer than 1073° monopoles per nucleon.

Inflation provides a simple explanation. During inflation scale factor

13



increases by a very large factor e. Because of that the density of monopoles

—3N

decreases roughly by a factor of e >". Therefore, monopole problem can be

solved by having N > In(10'°) ~ 23 e-foldings of inflation.

1.2.2 Cosmological perturbations during inflation

In inflationary cosmological theories the temperature fluctuations of
CMB and the large scale structures are directly related to the scalar curva-
ture perturbations R produced during inflation. Inflation also predicts tensor
fluctuations, denoted by h;; that can be directly observed in cosmological grav-
itational waves. During inflation fluctuations “exit” the horizon (i.e. become
larger than the physical size of the temporary event horizon). Outside the
horizon, the fluctuations are “frozen-in” and both scalar and tensor perturba-
tions remain at the constant value set by the inflationary epoch.Then, once
the expansion begins to decelerate, these fluctuations “re-enter” the horizon in
reverse order from their exit. This means that the smallest scale perturbations

we observe were produced last, closest to the start of decelerated expansion.

The key success of the inflationary theory is its prediction of an almost
scale invariant power spectrum of primordial fluctuations, which is in accord
with the observations of the CMB [79, 142, 80, 74, 86, 35, 123, 36, 126, 87,
88, 37, 125, 4] and the LSS [143, 55, 12, 56, 54, 114, 82, 108]. However, the
limited information we can extract about this power spectrum means that a
wide class of inflationary models are viable. Moreover, the particular nature

of that class of models and the constraints upon them are predicated on many

14



assumptions about both the nature of inflation and the evolution history of

the universe.

The two-point and three-point functions of primordial fluctuations are
generally computed assuming that the fluctuations are initially in the Bunch-
Davies state[42, 39]. The Bunch-Davies state is the minimum energy eigen-
state of the Hamiltonian in the infinite past and it is a reasonable choice as
an initial state but not unique. It is somewhat of a philosophical question
whether initial conditions are integral part of a theory or should be analyzed
separately. In spite of the great success of the inflationary theory, it is always
important to verify the validity of different assumptions. There has been a
great deal of work focused on departure from the Bunch-Davies state[89, 70,
50, 83, 102, 101, 59, 16, 11, 53, 67, 47, 72, 10, 73, 14, 65, 71, 15, 17, 41, 19].
In later chapters, we will discuss in detail the effect of relaxing the assump-
tion of the Bunch-Davies state by choosing a general initial state built over
the Bunch-Davies state. One aspect of prime interest is to understand how
much information about the quantum state of primordial fluctuations in the
beginning of inflation can be obtained.Recently, this area of research has insti-
gated interest among physicists mainly because it has the exciting possibility

of providing us a window for the physics before inflation.

1.3 Models of inflation

Despite its great success, the details of the physics of inflation are

still unknown. Inflation is typically modeled by a (possibly multi-component)

15



scalar field, the essential feature is that the expansion of universe undergoes a
temporary accelerating period, where @ > 0. A large number of phenomeno-
logical models of inflation successfully explain all the observations making it

practically impossible to distinguish between different models.?

1.3.1 Single-field inflation

In these phenomenological models, only a single real scalar field con-
tributes significantly to the energy density during inflation. A large number
of phenomenological single field inflation models with different theoretical mo-
tivation have been proposed that are consistent with current observations.
Interestingly the three-point functions of primordial fluctuations for single-
field inflation, in squeezed limits, obey certain consistency relations that does
not particularly depend on the details of the single-field model and hence
can provide us with an important tool to falsify or establish single-field in-
flation [97, 58, 52, 57, 89, 120, 121, 18, 92, 115]. These three-point functions
[97, 68, 127] are important observables that in principle can be used to dif-
ferentiate between single-field and multi-field inflation models. Under very
general assumptions: (i) it is effectively a single field inflation and (ii) there
is no super-horizon evolution of the perturbations (i.e. both scalar and ten-
sor perturbations are frozen outside the horizon), the three-point functions

of comoving curvature perturbation (Rx) and tensor perturbation (h{), in the

3Recently, a lot of progress has been made in figuring out an effective field theory de-
scription of inflation [51, 141]. Also there are inflationary models that are derived from
string theory [34].
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squeezed limit kq, ko > k3 are known to obey some consistency relations which

are of the form

<jzk1jzk2ﬁzk3> = (QW)SPCR(kl)PR(kg)(TLS -1 (53 Zk
DD 7 ki.iky € k

(R, Riy 1) = (27)? P (k) P (k) (2 _ 7) w

<Ai1ﬁ§2jzk3> = (QW)SPh(kl)PCR(kg) T 553’53 Zk

kl 1k1] Zj k3

P*( k),

*(> k).

Where ng and n; are the scalar and tensor spactral indices respectively

1s 18 78" 3—
(it 1) = PPk P (5

and €;;(k) is the polarization tensor of the tensor modes. The other two

squeezed limit three-point functions <ﬁi1§2k2iz§3>, <ﬁilﬁk2ﬁ3k3) vanish in the

limit k3/k; — 0. There has been a great deal of progress in measuring the

three-point function (bispectrum) of scalar perturbation from the CMB and

LSS indicating nearly gaussian primordial fluctuations. The current observa-

tional constraint on the non-Gaussianity parameter fy[30] is very weak and
loc

¢ remains the best constrained non-Gaussianity parameter: fi¢ = 2.74+5.8

(Planck)[6].

Single-field slow-roll inflation
Let us now discuss the simplest and most popular single-field inflation model
which is so far consistent with all observations. We start with the Lagrangian
of gravity and a minimally coupled real scalar field with a canonical kinetic

term

-1 / J=ad' {#3 — g 8,00,6 — 2V (9)
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A homogeneous background solution (flat) has the form
ds® = —dt* + a*(t)dx>

with a background scalar field ¢(x,t) = ¢(t). This background obeys the

equations

3H? = 87G Bq? + V(gz_ﬁ)} ,
é+3Ho+ V() =0,

where H is the Hubble parameter H = a/a. For slow-roll inflation V(¢) is

approximately constant and slow roll parameters |e|, |n| < 1, where

Jis & 1 (V2
€E=— — = — B —
H? © 2H2M,° 167G \V )
1V

1 GV

One can also check that in the slow-roll limit

and hence

1.3.2 Multi-field inflation

Theoretically there is no reason why inflation can not be driven by
more than one scalar field. Physics of multi-field inflation is complicated and

generally depends on the details of the model. Several multi-field inflation
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models have been proposed with different observational predictions. A great
deal of work has been done to understand general as well as model specific

features of multi-field inflation [137, 103, 116, 134, 69, 32, 38, 139, 46, 45, 31].

The most general multi-field inflation model with Einstein-Hilbert grav-

ity and arbitrary numbers of real scalar fields is given by [140]:

1

1
Sza/f%ﬁﬁgﬁR—wmww@W@W“ﬂww-

Where V (¢) is an arbitrary potential and 7,,,(¢) is an arbitrary real symmetric
positive definite matrix. Again we will look for flat homogeneous background
solution of the form

ds® = —dt* + a*(t)dx>
with a background scalar fields ¢"(x,t) = ¢"(t). Equations of motion are

3H? = 811G %%Lm((ﬁ)(/gn&m +V(9)

H = — 470Gy (0) "™ .

It can be checked easily that the equation of state parameter is given by

$um($)0" 9" —V(9)

L ($) 8™ + V()

Therefore the condition for having an exponential expansion is

V(3) >> Jrun(B)33"

We will not discuss multi-field inflation further and from now on we will mainly

focus on single-field slow-roll inflation.
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1.4 Outline

In chapter 2, we review quantization of the fluctuations for single-field
slow-roll inflation. In chapter 3, we explore possible constraints on the in-
flationary equation state by considering current measurements of the power
spectrum. Next, in chapter 4, we explore the possibility of a single field slow-
roll inflationary model with general initial state for primordial fluctuations.
The two-point and three-point functions of primordial fluctuations are gener-
ally computed assuming that the fluctuations are initially in the Bunch-Davies
state. However, we show that the constraints on the initial state are relatively
weak and for slow-roll inflation a large number of initial states are consistent
with the current observations. In chapter 5, we introduce non-Gaussianity
matrix F and then present some semiclassical arguments to reproduce the
consistency relations for the three-point functions, in the squeezed limit, of
scalar and tensor perturbations in single-field inflation that in principle can be
used to differentiate between single-field and multi-field inflation models. In
chapter 6, we calculate the three-point functions for slow-roll inflation with the
Bunch-Davies state and coherent states to demonstrate that the consistency
relations are obeyed. On the other hand, we also show that the consistency
relations are violated for a-states which are states that are related to the
Bunch-Davies state by Bogoliubov transformations. We end with a discus-
sion on back-reaction of excited initial state and observational implications in
chapter 7. Chapter 8 is devoted to concluding remarks. A detailed calcula-

tion of scalar three-point function with coherent states is shown in appendix
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A. General results of the three-point functions with a-states are relegated to

appendix B.
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Chapter 2

Quantization of the fluctuations in inflationary
universe

From a theoretical point of view, inflation is important because it gives
us an opportunity to test predictions of quantum field theory in a curved
space-time. Inflation has been very successful in explaining several puzzles
of the standard big bang scenario. But the most important success of the
inflationary theory, is its prediction of almost scale invariant power spectrum
of primordial fluctuations[129, 78, 76, 29, 105]. In the inflationary scenario
the temperature fluctuations of cosmic microwave background (CMB) and the
large scale structure (LSS) are directly related to the curvature perturbations
produced during inflation. Current observations of CMB strongly support the

presence of an almost scale-invariant power spectrum.

2.1 Scalar field in FRW universe

First, let us review the quantization of fluctuations in an inflationary
universe with a single scalar field. We start with the Lagrangian of gravity

and a minimally coupled real scalar field with a canonical kinetic term
51 /\/ diz |- R g 0,0 — 2V (9) (2.1)
2 R FE I OnP% ' '

22



A homogeneous background solution has the form
ds® = —dt* + a*(t)dx> (2.2)

with a background scalar field ¢(x,t) = ¢(t). This background obeys the
equations
1- _
3H? = 871G {5& + V(qb)} , (2.3)

6+ 3Ho+ V() =0, (2.4)

where H is the Hubble parameter H = a/a. For slow-roll inflation V(¢) is

approximately constant and slow roll parameters |€|, |n| < 1, where

H L2 1 7\ 2
€E=— — & ¢ p) - K ) (25)
H? ~ 2H2M,2 167G \ V
1V
- 2.
g 81G V (2:6)

Next we consider perturbations around the homogeneous background solutions

d(x,t) = o(t) + d6(x,1) (2.7)
and the perturbed metric with scalar and tensor perturbations is given by

ds® = —(1+2®)dt* + 2a(t)(9;B)dz'dt + a*(t)[(1 — 2V)d;; + 20, E + hy;]dx'da’
(2.8)

Where h;; is purely tensor perturbation and satisfies following conditions:
hij = hjs, hii; =0, Oih;; = 0. (2.9)

Tensor perturbations are gauge-invariant at linear order but scalar perturba-

tions are not. We can avoid fictitious gauge modes of scalar perturbation by
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introducing gauge-invariant variables[28, 95]. One such variable is the comov-

ing curvature perturbation
H
R=T+ =io. (2.10)
¢

Expanding the action (2.1), we get the gauge-invariant second order actions

for scalar and tensor perturbations (with conformal time 7 defined in the usual

way)
(s) l 3 2@ 2 _ R)2
Sy = 2/ah’d 20”7 [IR (0;R) } : (2.11)
2
S = —Mgl /de3xa2 [h,?j - (@hij)z} : (2.12)

Where, Planck mass M, = (87G)~Y2 and (...)" = 0,(...). We can define the
Fourier transforms of the fields in the standard way,

R(x, 7) = / (;lTk)gﬂzk<T)eik~x | (2.13)

haer) = [ G5 3 e Rmi(r)e (2.14)

s=-4,X
where, €;(k) is a real tensor (polarization tensor)' and it obeys €f;(k) =
k'e;;(k) = 0 and efj(k)ef]/- (k) = 20,5. Because the fields R(x,7) and h;;(x, )

are real, we have the conditions:
Ri(r) =Rw(7) . W) =hi(7),  €ik)=¢;(-k) .  (215)

In terms of canonically normalized fields

vd(r) = @yk(ﬂ o) = Doy ) (2.16)

'Note that };(k) depends only on the unit vector k.
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the action Sy = S(S + S

Jﬁ/‘”{
/ drd’k { Yo' (1) — k2o (T)vs* (1) + %”Uf{(T)Uii*(T)}
(2.17)

"

<>k%mwm+§wmwﬂ

1
SQ 25

_I_

l\DI»—t

where z = “(;I) > In the lowest order in the slow-roll expansion the last equation

becomes

"

L1 Sk | (T (1 208 (7)o (1) + s (1) ()| .
S= 3 S [ A U ) = o (1) + i)
(2.18)

Note that the sum in the last equation is over s = 0,+, X, where s = 0
corresponds to the scalar perturbations and s = +, X correspond to two po-
larization modes of the tensor perturbations. From this action we get the

following equation for vy
V(7)) + wi(T)vi(T) =0 s=0,4, x (2.19)

with w?(7) = k* — (a"/a). Let ug(7) and u}(7) be linearly independent
complex solutions of equations of motion (3.1). Wronskian Wuy,u;] =
2ilm|u)(T)uj(7)] # 0 and it is time-independent; so we can always normalize

the mode function u(7) by the condition

Im[uy(T)up(7)] = 1. (2.20)

The general solution of equation (3.1) can be written as

(1) = E [af{_uZ( )+ as_J{(uk(T)} , (2.21)

s— s+ : s+ __ S—\*
where a; and o} are independent of 7 and a;" = (ay )*.
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2.2 Quantization of fluctuations

We will work in the Heisenberg picture to quantize fields v*(x,7),

(where s = 0,4, x). We introduce the commutation relations
(%, 7), 7 (y,7)| = 0% (x = )y (2.22)
where 7° = v* is the canonical momentum. Now the equation (2.21) becomes

1
Op(7) = 7 [diui(r) + ds’_Tkuk(T)] for s=0,+, x. (2.23)

The commutation relations (2.22) lead to commutation relations between &fj
and ay,

[dil’diﬂ = (27)%83 (k1 — ky)bss, [&f{/j,di] = [df;?&ig} =0. (2.24)

The Hamiltonian of the system of fluctuations is

S d3k AS AS * ~stas
H(T) = Z /W [aka_ka (T) —f-akTa_Tka(T)

5=0,+,%
+ (aiaiT + aﬁa;) Ek(T)} (2.25)
where,
F(r) = (u)? +wiui,  Ei(1) = [ ” +wiluzl. (2.26)

Note that the sum in (2.25) is over s = 0,4, x and hence it contains both

scalar and tensor fluctuations.
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2.3 Bunch-Davies vacuum

Next we will define a “vacuum” state and find out the mode-function
that describes the state. The Hamiltonian explicitly depends on the conformal
time 7, making it impossible to define a vacuum in a time-independent way.

We can define a vacuum by the standard condition: for all k
a|0) =0 for s=0,4+,x . (2.27)

But this is not sufficient to specify the mode-function. There is no time-
independent eigenstate of the Hamiltonian, so we take a particular moment
T = Ty, and define vacuum as the lowest-energy eigenstate of the instantaneous
Hamiltonian of the fluctuations at 7 = 7y (we can always do that as long
as w?(7p) > 0). That gives us the following initial conditions for the mode
function

uy. (7o) = :i:z'\/wk(ro)eu(k)’ u(10) = i;e“‘(k), (2.28)

wi(710)

where A(k) is some arbitrary time independent function of k. In the limit
when 7y represents infinite past (i.e. 70 — —o0), this vacuum is called the
Bunch-Davies vacuum state. In this limit, w? = k? > 0 and we can define

vacuum by equation(2.27) for all modes.

2.4 Power-spectrum for slow-roll inflation

For slow-roll inflation, V' (¢) is approximately constant and the slow roll

parameters |€|, [n| < 1. Therefore, the equation of state parameter w ~ —1
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and (a”/a) = (2/7%). Solving equation (3.1) with normalization condition
(2.20) and initial conditions (2.28) (with the + sign and 79 — —oo limit), we

get

() = % (1 + k"—T) . (2.29)

With this mode function we can now compute power-spectrums of scalar and

tensor perturbations for slow-roll inflation.

2.4.1 Scalar power-spectrum

Let us first compute the following quantity
A5 ~5' ~5 ~s 1
(01 ()i (7)) = (00 (7) b5 (7)[0) = 5(2m)°6° (k + k)b [ur(T) [, (2:30)

where we got the last equation using (2.23). Before we proceed let us introduce

some standard quantities

. . k3 dln A2
_ 353 / 2 _ 1 = R
(R (T) R (1)) = (2m)°0°(k + k') Py, Aj = 92 Py, n,—1 Tk
(2.31)

where n; is called the scalar spectral index or tilt. Using equations (2.29-2.31),

in the superhorizon limit (|k7| < 1), we obtain [97]

H4
A2 = —
A2 ¢2

ng=1—6e+2n . (2.32)

Where H is the Hubble parameter during inflation. Therefore slow-roll infla-
tion predicts an almost scale-invariant scalar power spectrum (i.e. n; ~ 1)

which agrees with observation of the CMB and LSS.
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2.4.2 Tensor power-spectrum

The power spectrum of two polarizations of h;; is defined as

3
RE(TVRE (7)) = (2m)30° (k + K')dss P, A2 = k—Ph. 2.33)
k k' h

272
The power spectrum for tensor perturbations is defined as the sum of the

power spectrum for the two polarizations
A? = 2737, (2.34)

Spectral index n; for the tensor perturbations is defined in the following way

dln A?
= ) 2.
T Tk (2.35)
Finally, in the superhorizon limit (|k7| < 1), we get [97]
H2
A? = 7_‘_2—]\41312 s ng = —2¢ . (236)

Therefore, slow-roll inflation also predicts nearly scale-invariant tensor power-
spectrum. Amplitude of tensor power-spectrum is rather small and the tensor-

to-scalar ratio is given by

s (X ) s 2
iy Ry ) _ 480 _ g, (2.37)
(Rx)R(x)) Az

Current bound on tensor-to-scalar ratio from Planck+WP is r < 0.12[5]. How-

r

ever, BICEP2 indicates that r ~ 0.20 [7]. A conclusive detection of primordial
gravitational waves will provide an important test for single field slow-roll in-
flation (with canonical kinetic term) because there is a consistency relation
between n; and r
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Chapter 3

Constraining the inflationary equation of state

The key success of the inflationary theory is its prediction of an almost
scale invariant power spectrum of primordial fluctuations, a prediction that
is borne out by what we measure of the perturbations in the cosmological
fluid today. However, the limited information we can extract about this power
spectrum means that a wide class of inflationary models are viable. Moreover,
the particular nature of that class of models and the constraints upon them
are predicated on many assumptions about both the nature of inflation and

the evolution history of the universe.

Whilst inflation is typically modeled by a scalar field, the essential
feature is that the expansion of universe undergoes a temporary accelerating
period, where @ > 0. During accelerated expansion fluctuations “exit” the
horizon (i.e. become larger than the physical size of the temporary event
horizon). Then, once the expansion begins to decelerate, these fluctuations
“re-enter” the horizon in reverse order from their exit. This means that the
smallest scale perturbations we observe were produced last, closest to the start

of decelerated expansion.

The top graphic in figure 3.1 schematically illustrates this, with a log-
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Figure 3.1: Schematic evolution of the quantity k/aH for a particular scale, k.
Changing the equation of state before(after) the end of inflation changes the nega-
tive(positive) part of the slope

arithmic plot of the quantity k,/aH. This quantity characterizes the size
of the comoving horizon relative to a particular scale, k., with k./aH = 1
corresponding to the scale exiting (or re-entering) the horizon. The slope
of the line is related to the dynamics (or, in the language we will be using
presently, the equation of state) of the cosmological fluid — when the slope is

negative(positive), the expansion is accelerating(decelerating).

In this chapter we eschew the aforementioned scalar field paradigm, and
rather consider the equation of state, bounding, as best we can, the equation

of state parameter w, defined by p = wp. The Friedman equations (along with
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the null energy condition) mean that a positive d implies that —1 < w < —1/3.
Changing the equation state changes the tilt of of the slope of the line in figure
3.1. We are primarily interested in changes to the negative part of the slope
(i.e. the accelerated expansion) that are consistant the current observational
constraints. One could also consider bounds on the equation of state during
decelerated expansion, which has been done by, for example, [40] and [8]. The
two possibilities are schematically shown respectively on the left and right of
the lower half of figure 3.1. As we shall see, the broad cause of the uncertainty
in the inflationary equation of state (and any uncertainity in the equation
of state immediately after inflation) it that we only have a direct probe of
the primordial spectrum for a subset of the e-foldings that correspond to our

current observable universe.

We explore possible constraints on w outside of those directly imposed
by the power spectrum. Said power spectrum is almost scale-invariant from
the size of the observable universe down to scales of around a Mpc; as the
authors show in [84], this places tight bounds on the deviation of w from —1.
However, as we will describe below, w is less tightly constrained for those

periods of accelerated expansion corresponding to shorter length scales.

We explore the possibility of a significantly varying w before the start
of decelerating expansion by dividing the inflationary epoch into two distinct
periods. The first, which for clarity we will refer to as “inflation”, has w ~ —1
and is responsible for producing the nearly scale-invariant power spectrum

we see on large scales. The second, from now on we call this “accelerated
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Together they solve horizon/flatness/monopole
problems
-1/3>w>-1
w=-1
w
Scale invariant ggxggzggz}trum
?oorv;lgr:; pectrum for short
wavelength wavelength

Figure 3.2: We divide the inflationary epoch into two distinct periods: (i)
“inflation” with w ~ —1 and (ii) “accelerated expansion” with —1 < w <
—1/3.

expansion”, lasts as long as is necessary to be consistent with particular choices
of the reheat scale (where deceleration begins at reheating) and the inflation-

acceleration transition scale. (see figure 3.2.)

3.1 Fluctuations During Accelerated Expansion

3.1.1 Not Power-Law Inflation

Before marching onwards with our calculations, we should note that
periods of expansion with w # —1 (but < —1/3) give rise to what is more
commonly known as power-law inflation, where the scale factor grows like t?

(p > 1 is a function of w — the detailed solution can be found below). This
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is a well studied situation [1, 93, 94| in inflationary cosmology; it arises, for
example, when we have a single scalar field with an exponential potential.
We should note, however, that our setup is different in two important ways.
Firstly, we are positing accelerating expansion in addition to inflation —i.e. it
is inflation that provides the nearly scale-invariant power spectrum we need
to explain CMB and matter power spectrum data. All we allow our period of
accelerating expansion to do is to provide additional e-foldings as needed to
solve the horizon problem and to change (possibly) the power spectrum at the

highest wavenumbers.

Furthermore, our treatment of the quantum vacuum for the modes
produced during accelerated expansion is different. Rather than assuming a
Bunch-Davies vacuum state [42, 39], we instead take the modes during inflation
as an initial condition on which to match those produced during accelerated
expansion — this is equivalent to assuming a sudden change in the equation
of state from w ~ —1 to —1 < w < —1/3 (see figure 3.2). For obvious
reasons (i.e. we match only the shortest wavelength modes) this gives the
same answer as assuming that the Bunch-Davies vacuum is the appropriate
one to use for power law accelerating expansion. In the case of power-law
inflation for sufficiently large powers (w sufficiently close to —1) one is close
enough to de Sitter space such that the de Sitter invariant a-vacua give an
appropriate family of privileged states from which the Bunch-Davies vacuum
is chosen. For larger values of w (smaller powers), while one can construct

the Bunch-Davies state, it no longer belongs to such a privileged invariant set,
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and thus is no longer an obvious choice for an appropriate vacuum.

Caveats and qualifications out the way, let us now move on to calcu-

lating the fluctuation spectrum.

3.1.2 Mode Functions

We are interested in the scalar fluctuations produced during an epoch
of accelerated expansion (with the equation of state is given by p = wp and
—1 < w < —1/3). Following standard treatments we obtain the differential
equation for the mode function

d? 1d?
¢ %% + (kZ———Z) v =0, (3.1)
T

dr?

where 7 is the conformal time and v is the Mukhanov variable which in terms

of the gauge invariant comoving curvature perturbation R is given by
v=2R, (3.2)

with z is defined in terms of the background scalar field as:

do :
_agy _ag

3.3
i (3.3)
In terms of the equation of state parameter, 22 = %aQ(l + w).

Solving this equation allows us to find the mode functions during both
inflation and our second period of accelerated expansion. This, in turn, will let

us find an expression for the spectral index. We summarize the results below.
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Solutions

During inflation, with w = wiy ~ —1 and a = a7t the mode

function is given by (in the Bunch-Davies vacuum):

e (). "

From equation 3.2, this give R;, as:

87G  1e T i
R, = - 1— — 3.5
F 3(1 + wing) @ 2k ( kT> (3.5)

During an epoch of accelerated expansion (matching the scale factor

and energy density to the prior inflationary period) the scale factor evolves as:
3 Srw
a=ay |:§Hf(1—|-w)(t—tf)—|-1:| , (36)

with H given by:
3 (14w)
H=H, (ﬂ) T (3.7)
a

and 7 defined in terms of a by:

L 2 (2 o 3(w+ 1) (3.8)

=— — — w .
T Bu+t VaH, | \ay
This allows us to write equation 3.1 as:
d? 1-3
_d Uzk + k2 — o P) VU = O ) (39)
T 27_]% (1 _ dutl ﬂ)
Ty

1

it The general form of the solution is given by a linear

where 77 = —

combination of Hankel functions:

vy = A(k)y/zHY {—} + B(k)yxHP {—} : (3.10)



With

3 1 3(1 —

Then R during this period is given by:

kx

Ry = 0

87C 1[A<k)¢5ﬂn {

o o)a |+ ovene [

Q

The functions A(k) and B(k) can be found by matching this solution
with that given in equation 3.5 — this, of course, assumes an instantaneous
transition from inflation to a second period of acceleration. Doing this for
all values of k is non-trivial, in particular for k corresponding to the horizon
size, only numerical evaluation of A(k) and B(k) is possible. However, for
modes asymptotic in |k7¢| it is relatively straightforward to find the curvature
perturbation. Far outside the horizon, |k7s| << 1, the curvature perturbation
is “frozen-in” and curvature perturbation remains at the constant value set by
the inflationary epoch. Deep inside the horizon, |k7¢| >> 1 matching solutions

with equation 3.5, we obtain (for 7 > 77):

R 8G (1_H>
k= 3Q(1 + wiyy) (1 B 11+Q)
2 kry

exp {—2 (m/2+7r/4—3];”15w)1 Va H® {Q} . (3.13)

While it is relatively easy to extract observables (in particular the value
of ng) from the above expression (we do so below), we should note that if a

secondary period on inflation produced visible consequences, the largest scales
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at which such effects could be observed do not correspond to either of the
two limits discussed above. Rather, since inflationary perturbations would be
responsible for large scale perturbations that we already measure, from the size
of the observable universe down to scales less than ~ 1Mpc, the largest scales
from a secondary period of accelerated expansion would be those produced
right after the end of inflation, when k7, ~ 1. At these scales, we have to
match our solutions numerically. We have carried out numerical investigation
of the matching for k7y ~ 1, and find that the form of v, approaches the
asymptotic results within a few percent for 0.5 < k7 < 2. Accordingly,
we concentrate on the form of the mode function given in equation 3.13 in
order to obtain an analytic expression for the primordial power spectrum of a
secondary period of acceleration, though we note that a more precise numerical

calculation would be needed in the event of an actual measurement.

The Spectral Index n;

In order to construct a physical observable, we calculate the scalar
spectral index. To do this we take the superhorizon limit, |kz/Q| << 1,' and
use the asymptotic behavior of the Hankel function for |y| << 1 (this result, of

course, only applies to modes which also have |k7¢| >> 1 — i.e. modes which

!One can check this is indeed the superhorizon limit by finding expressions for both
the physical wavenumber, k/a, and the event horizon, a faoo #Mda’ , in terms of the

quantities Q and z defined in equation 3.11.
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were well inside the horizon at the end of inflation):

H{" D[y — ﬂFirjrn] (%)w . (3.14)

From this we obtain:

, 8G Qo o
— iT[n], | ng=lyp(3—n)
Ry — il'[n] S0+ w1 (k: a )

exp {—z’ (m/2+7r/4—%1f7“’)} C 313)

Therefore, |R|*> oc k72", and the scalar spectral index, n, (defined through

|Ry|? o< k=477<)  is given by:

6(1+ w)

s—1=3—-2n=——""T_2"
n n (1+ 3w)

(3.16)

Clearly, for —1 < w < —1/3, we have 1 > ny > —oo. Having found the
relationship between w and n, our next goal is to see how constraints can be
brought to bear on these quantities. We do this by considering the thermal

history of the universe.

3.2 Constraints From Thermal History

As discussed above, fluctuations produced during a period of acceler-
ated expansion exit the horizon, and when they do so the associated curvature
perturbation does not evolve (assuming that a single component fluid is driv-
ing the acceleration), until it re-enters the horizon at some later time, when
the expansion is decelerating. Since our posited period of additional acceler-

ated expansion takes place after inflation, it will affect the power spectrum at
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shorter scales. By considering the evolution history of the universe and the
various bounds observations of the power spectrum place on said history, we
can constrain some of the parameters of any additional period of accelerated

expansion.

We assume a sequence of epochs after inflation, with a variety of differ-
ent equations of state: during inflation we have w = —1, during our accelerated
period of expansion we have —1 < w, < —1/3, then from t = ¢, (the time of
reheating) the universe evolves in the conventional manner as an appropriate
mixture of radiation, matter and A (this, of course, assumes an instantaneous
reheat). Solving the Friedmann equations in the various different epochs and
matching the scale factor and energy density across boundaries gives the so-
lutions shown in table 3.1 (for clarity we’ve glossed over the details of scale
factor evolution after reheating, but this will be taken into account below when

finding constraints).

t w Solutions
<ty ~ —1 a = afer(tftf)
p = pPr
H = 87;’pr
2
bp<t<twy | —1<w,<-=1/3| a = ay [3H;(1+w,)(t— tg)+ 1] 3T
ay 3(1+wa)
po= pr())
H H (a_f)§(1+wa)
t >t 1/3 a = ap[2Ho (t—t) + 1]2
a, 4
p o= pen (=2 )
H Hyp, (%22)

Table 3.1: Cosmological solutions for epochs of interest.
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We can use the above history to give us a bound on the combined
number of e-foldings from inflation and our accelerated period of expansion.
Noting that during radiation-domination and other decelerating periods of
expansion the particle horizon grows faster than the universe (and thus faster
than the perturbations in the cosmological fluid), we see that in the far past
modes that are currently inside the horizon were far outside it. This is the
horizon problem, and it is solved by having a period of expansion where the
horizon grows slower than the universe, which lasts long enough to ensure that
scales within horizon today were also within the horizon in the early universe.
The number of e-foldings that are required to solve the horizon problem is
fixed by the amount of horizon growth relative to the size of the universe since

deceleration began [140], or:

Ny =1In { (3.17)

athrh —1In pi}/;l
aoHy 0.037h eV

h is the Hubble constant in units of 100km s~* Mpc™'. Furthermore, the
number of e-foldings that took place between the time at which the mode
corresponding to the size of the horizon today previously held that honor, and

the time of reheating is given by:

Ny = Ny +In quhﬂ | (3.18)

tg is the time at which the mode corresponding to the size of the horizon today
was produced. Since for our model this mode was produced during inflation,

and since H is approximately constant during the inflationary epoch, we can
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replace t,, with t;:

In ij{gj}}m - g (14 w,) In [C;ﬂ - g (1 +wa) N, . (3.19)

N, is the number of e-foldings from accelerated expansion. Thus we have:

3
Nobs = NO + 5 (1 + wa) Na . (320)

Incidentally, since N,,s > Ny and since the observed scale-invariant
spectrum of perturbations is at scales from the current size of the observable
universe down, requiring that the primordial power spectrum (at large scales)
is explained by inflation guarantees that the horizon problem will be solved.
It’s clear from equation 3.17 that the minimum required number of e-foldings is
fewer for lower scale reheating. We cannot, however, push this scale arbitrarily
low — we know, for example that the universe was radiation dominated at
the time of big bang nucleosynthesis, which corresponds to a scale of around
1 MeV (in [77] Hannestad finds 7,5, > 4 MeV or > 1 MeV if reheating direct
to neutrinos). We thus work with a conservative lower bound on the reheat
scale of pi,/f ~ 10 MeV or — this would give 2 19 visible e-foldings (the precise
bound depends also on the value of N;). This analysis, and that which follows
below, assumes instantaneous reheating — if this were not the case the true
value of N, would be somewhat smaller, with the rest of parameters adjusted
accordingly. One might complain that baryogenesis places tighter bounds on
T,.n; while this is true for most models of baryogenesis, it can be avoided in

the Affleck-Dine scenario [9)].

42



In our scenario the e-foldings within the observable universe are di-
vided between inflation and accelerated expansion. We can place a lower
limit on the portion of visible e-foldings coming from inflation by consid-
ering the form of the power spectrum, in particular the size of the devia-
tion from scale invariance. To do this we use a recent reconstruction of the
power spectrum from Peiris and Verde [112]. The authors reconstruct ns(q)
for 0.0001 < ¢ [h/Mpc| < 3, finding that 0.7 < ng(q) < 1.3 — the values of this
bound depend on the details of the reconstruction, and it is somewhat tighter
for ¢ away from the upper and lower limits. Let us define ¢4, as the physical
wavenumber corresponding to the smallest scale perturbation produced by in-
flation and ¢y as the physical wavenumber corresponding to the horizon today,

then the number of visible e-foldings produced by inflation is given by:

Ni=In [qm‘”] . (3.21)
do

Then from equation 3.20 and noting N, = N, + N;, we have:

2
Ny =————(No—N;
3w, + 1 (No )
2 athrh Qmazx
3w, + 1 agH o
1/4
___ P _to (3.22)
3we+1 [0.037h eV ¢rmas '

N, can also be expressed in terms of the ratio of the scale factors at the
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Figure 3.3: The left-hand plot shows the relationship between N, and w for dif-
ferent choices of pi,/f (with N; ~ In10%): 10'6 MeV for the uppermost dotted line,
102 MeV for the dashed line, 108 MeV for the dot-dash line, 10* MeV for the widely
spaced dashed line and 10 MeV for the solid line. The right-hand plot shows the
same for differing N; (with pi}/f ~ 108 MeV): In10* for the uppermost dotted line,
In 10° for the dashed line, In 10% for the dot-dash line, In 107 for the widely spaced
dashed line and In 10® for the solid line.

beginning and end of accelerated expansion:

N, =In [arh}
ay
1 Ps
S— N 3.23
3(1 + wa) . |:p7“h:| ( )

Bounding p}/ * < 10 GeV (this bound comes from the amplitude of CMB
fluctuations, 1075 and the tilt-imposed upper limit of the slow roll parameter,
e < 0.05, see e.g. [140] for details) we can use equations 3.22 and 3.23 to find

allowed values of N, and w, for different choices of p,p.

In figure 3.3 we illustrate the nature of the N,-w, relationship as we
vary pi,/f (left-hand plot) and N; (right-hand plot); note that py varies as one
moves along the curves, each of which terminates when the upper limit for

py is reached. It is clear that for a sufficiently low reheat temperature our
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current observations of the power spectrum could be consistent with having a
period of quasi de Sitter inflation followed by a period of accelerated expansion
with an equation of state significantly different from w ~ —1. Moreover, such a
situation can be arranged with N; sufficiently large such that the perturbations
sourced by accelerated expansion are at length scales much smaller than those
currently probed by experiment. On the other hand, if we wish to push up
as close as possible to the current measurement of N; ~ In10* and thus be
on the boundary of having an observable signature of accelerated expansion,
we find the most dramatic result we can have (i.e. the largest w), comes from
having a minimal reheat temperature, and would give us ~ 95 e-foldings of

accelerated expansion with w ~ —0.41 and ng ~ —14.96.

As our ability to measure the power spectrum on the shortest possible
length scales improves, it is possible that we may be able to see the effects
of a variation in the equation of state. However, given the difficulty of ex-
tracting information about the primordial power spectrum from scales much
smaller than the scale at which local gravitational effects (i.e. not cosmology)
dominates the physics it seems unlikely that any distinct signature of a second
period of acceleration, unless its effects start at scales close to those at which
we are currently confident of a scale-invariant spectrum. This restriction ap-
plies not only to the tilt, but also to other potential probes of the equation of
state that rely on direct knowledge of the the spectrum (e.g. the running of

ng, higher order correlations etc.).

Although direct measurement of the spectrum is progressively harder
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at shorter and shorter distance scales, there are indirect probes that could be
useful bounding the amplitude of primordial fluctuations. In particular, we
know there must have been sufficient power at short distances to give rise to
star production at an early enough times to produce the reionizened universe
that we observe for z < 6 (some of the relevant issues are discussed in [64]).
In principle this requirement may conflict with the most extreme scenarios we
consider above, since a strongly red-tilted spectrum means that considerably
less power is present at short scales when compared to the dp/p ~ 1075 that
we have at large scales. However, although such constraints depend on the
details of reionization, they seem unlikely to provide much stronger bounds on

N, and w, for any given ¢,nq./qo and pi,/f.

Before moving on to our conclusions, let’s consider what might hap-
pen if there was a secondary period of acceleration with a more complicated
equation of state than that given by a constant w. To understand how such a
period (distinguishable for inflation in principle) can be constrained in general
it is helpful to consider again the relationships N, = Ny — N; and Ny > Ny

(the latter is implied by equations 3.19). Together these give:

N, >Ny — N;
p1/4
—ln|—Lh | —N;. 3.24
. [0.0B?h eV (3.24)

Given the lower bounds on the reheat temperature and the number of e-foldings
of almost scale-invariance it’s clearly possible to have at least a few e-foldings

of arising from a second accelerating epoch (with O(10) MeV reheating and
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scale invariance down to a Mpc, there are 8 unobserved e-foldings). Higher re-
heating scales would leave more possible e-foldings hidden. The precise nature
of the accelerating expansion that is responsible for those e-foldings outside our
current observations is almost free of constraints, subject only to the require-
ment that the energy density must change by a sufficient amount between
the end of inflation and the start of decelerated expansion after reheating.
This leaves a large set of possibilities available for an alternative acceleration
mechanism between the end of inflation and the start radiation-domination,
though one would expect that unless the equation of state parameter is chang-
ing rapidly compared to the Hubble constant, the space of possibilities would
be constrained in a similar manner to the constant w case discussed here. In

Na

fact if one defines the parameter w.p; = 5 “ . one replace w with w, 7 in the

above expressions, to give the same restrictions, but now on N, and w,yy.
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Chapter 4

General initial states for perturbations

In spite of the great success of the inflationary theory, it is always
important to verify the validity of different assumptions. The two-point and
three-point functions of primordial fluctuations are generally computed assum-
ing that the fluctuations are initially in the Bunch-Davies state[42, 39]. The
Bunch-Davies vacuum state is the minimum energy eigenstate of the Hamilto-
nian in the infinite past and it is a reasonable choice as an initial state but not
unique. It is somewhat of a philosophical question whether initial conditions
are integral part of a theory or should be analyzed separately. The purpose
of the next few chapters is to discuss the effect of relaxing the assumption
of Bunch-Davies vacuum by choosing general initial states of both scalar and
tensor perturbations built over the Bunch-Davies state. There has been a
great deal of work focused on departure from the Bunch-Davies state[89, 70,
50, 83, 102, 101, 59, 16, 11, 53, 67, 47, 72, 10, 73, 14, 65, 71, 15, 17, 41, 19].
One aspect of prime interest is to understand how much information about the
quantum state of primordial fluctuations in the beginning of inflation can be
obtained. In order to achieve that it is essential to explore the dependence of
different observables on initial states of the primordial fluctuations. Recently,

this area of research has instigated interest among physicists mainly because
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it has the exciting possibility of providing us a window for the physics before

inflation.

Constraints on the initial state from current measurements are rela-
tively weak. For slow-roll inflation, a large number of states are consistent
with the observations. However, renormalizability of the energy-momentum
tensor of the primordial fluctuations imposes some restrictions on the initial

state.

4.1 General initial states

Let us now define general initial states built over the Bunch-Davies
vacuum state |0). It is important to note that we are in the Heisenberg picture
where states are time-independent. We can use dfj operators to build excited

states over the Bunch-Davies vacuum state

) = \/m,;TQ, (@)™ (@)™ ] 10 (4.1)

Again note that we have used index s to denote both scalar and tensor pertur-
bations; s = 0 corresponds to scalar perturbations and s = X, + correspond to
two polarization modes of tenser perturbations. We can write down a general

excited state for a perturbation, using equation (4.1)
Go) =) Culs)- (4.2)
s
Therefore, a general state can be written as a direct product
|G) = [Gsmo) ® |Gs=rt) ® [Gsmx). (4.3)
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And with this initial state we can compute the power spectrum using

e AGIRODIG)
()i () = s (14)

It is important to note that for a general state |G), one-point function (5 (7))
may not be zero even at late time (7 — 0) and as a result both (R (7)) and
(hi (7)) can be nonzero. In that case, the power spectrum should be defined
in the following way,

(O%(T)O% (1)) gy =((O3(7) — (OR(MN(O3 () — (O (7))

~ A ~ Ay

=(0k(T) Ok (7)) — (O (7)) (O (7)) (4.5)
With the initial state (4.3), we can calculate
/ 1
(O (T) 0 (1)) 25(2703(53(1{ + K |up(7) | 0ss + A(s, 8" k, K )ujul,
+ A*(s, 8"; =k, =K )upup + B(s, s'; =k, K ) upu,
+ B(8/7 S _k/7 k)uzuklv (46)

where,

(Glagag|G)
G@le)y

1(Glay ag|G)

1
A(s, sk k) ==
(5,55 k K) = 2 (G|G)

B(s,s';k,K) = (4.7)

And
(03(7)) (0 (7)) = b(s: X)b("s K )ujujy + 07 (s; )" (s —K Jupun
+b*(s; —k)b(s"; K Yuguy, + b(s; k)b*(s'; =K )ujup, (4.8)

where,

L1 Cage) 1 (@laglcy
sk =B T v GGy (4.9)
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it can be shown very easily that A(s,s’ # s;k, k') =

Now, if s # ¢,
b(s; k)b(s'; k') and B(s, s # s;k, k') = b*(s; k)b(s'; k). And therefore,
(O(T) 00 (7)) iy = (OR(T)057°(7)) — (03(7)) (65 7°(1)) = 0 (4.10)
That leads to
(4.11)

(0% (T) 0% (7)) gty = (OR(T) 05 (7)) pny O

Let us now calculate (03 (7)95,(7))pny- Introducing k, = Vkk', k = k + k" and

Ak =k — k' and using equation (2.29), we can write

()it )y =5 200+ 107 (14 155

71 ik 1
n,—tkr ~ o o
Al k) (1 T kgﬂ)

k. 2
1 1Ak 1
_ N iAkT _
Bk k) (1 e k272>
1 1Ak 1
—iAkT
B,(~K, k) i (1 o k:f;?) o (412)

where,
A,k K) = A(s, 5k ) — b(s: K)b(s: K),

Bs(k,K') = B(s, s;k, k') — b*(s; k)b(s; k).

(4.13)

In the superhorizon limit (|k7|, |k'T| < 1), we finally obtain

N 1 3.3 1 1 1 k2 + k2
_(27T> 4 (k"’"k/)% (1 + L2r 2) + <k37'2 2k3

(0 (T) D3 (7)) phy =
X [—Ay(k, K') — A*(=k, —K') + B,(—k, k') + By(=K, k)] + -
(4 14)

[\

where the dots indicate terms of higher order.
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4.1.1 Scalar power spectrum

In the superhorizon limit, from the last equation at the leading order

we obtain
> - 1 H* H*
(Rie(T)Rac (7)) phy %5(%)3@53& +k) + e [~ Ao(k, k') — Aj(—k, —K')
+ Bo(—k, k') + Bo(—K/, k)]. (4.15)

Let us now simplify the last equation by making some assumptions about the
initial state. Our universe as we see it today, is homogeneous and isotropic
on large scale. Demanding homogeneity in the superhorizon limit restricts the

form of the power spectrum

~ ~

<:Rk(7')jzk/ (T)>phy = P(k, T)(Ss(k + k’)(Sss/. (416)

Where P(k, 7) is some arbitrary function of k and 7. If we also assume that the
initial state is isotropic, then P(k,7) = P(k, 7). Comparing the last equation
with the leading order term of equation (4.15), we also find that P(k,7) does
not depend on 7 and hence (Ry(7)Rye (7))pny is time-independent. All these

assumptions about the initial state allow us to write

—Ao(k, X) — Af(—k, —k') + Bo(—k, k') + Bo(—K, k) = (27)* Wy (k)5 (k + k'),
(4.17)
where, Wy(k) is some arbitrary function of k. Therefore the scalar power

spectrum is given by

(R (T)Ryer (7)) = (2)? .H4 (1 + Wo(k)> Pk + k), (4.18)



and

H dIn (1 + 2Wo(k))
A = (14 2Wy(k o=1—6e+2
R 47r2<52( + 2Wo(k)) n €+2n+ Tk

(4.19)
where, Wy (k) is defined by equation (4.17). Let us note that here we have
assumed that energies of these states are not large enough to affect the slow-

roll parameters.

4.1.2 Tensor power spectrum

For the tensor modes, in the superhorizon limit, at the leading order

we have

. ., H? 2H?
hi(T)hi, ~21)}———83(k + K )8,y + —5—
(i) he (7)dony 2(27)" 5507 (k + K)dsw + M7

M [_As(ka kl)
— A%k, —K') + By(—k,K) + By(~K k)]0,  (4.20)

pl

We can make similar assumptions about the initial state of tensor modes to

obtain

— Ak, k) — A*(—k, —K) + B,(—k, k) + B,(-K', k) = (27)* W, (k)5 (k + k') .

(4.21)
Therefore, the tensor power spectrum is given by
. .y H?
(he(T) i (7)) phy = (27r)3M 73 (14 2W,(k)) 63 (k + K )b, (4.22)
pl
and
72 dln (1 i S Ws(k))
Al=— 1|1 W(k = -2 ’
= (1 E ) e S

(4.23)
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where, Wy(k) is defined by equation (4.21).

In the special case: Wy(k) = W, (k) = W (k) which is the case when a
pre-inflationary dynamics excites both the scalar modes and the tensor modes

in the same way. In that case, the tenser-to-scalar ratio remains unchanged
r = 16¢€ . (4.24)

However, both ng and n; get corrected and hence the consistency relation
r = —8n; is no longer true. Detection of primordial gravitational waves will

provide us an important tool for probing the initial state.

4.2 Constraints from observations

Constraints on the initial state from current measurements are rela-
tively weak. Our universe as we see it today, is homogeneous and isotropic
on large scale. Temperature fluctuations of CMB and LSS are directly re-
lated to the curvature perturbations produced during inflation. In general,
the one-point functions (Ry (7)), (hi(7)) # 0, even though Ry(7) and hi(7)
are perturbations. Without loss of generality we can impose the restriction
that (Ry(7)) = (hi(7)) = 0 for the superhorizon modes. From that we can
write down

(Glal|G) = (Glag] G). (4.25)

Also the present observations of the CMB temperature inhomogeneities indi-

cates the presence of almost scale-invariant spectrum of curvature perturba-
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tions. That leads to the constraint

dln (1 + 2Wo(k))
dlnk

<<1 (4.26)

for all the observable modes. Currently only bound on the initial state of
tensor perturbations comes from the tensor-to-scalar ratio r. Current bound
on tensor-to-scalar ratio from Planck+WP is r < 0.12[5]. However, more

recent observations (BICEP2) indicate that r ~ 0.20 [7]. Therefore,

16¢ (1 s Ws(k:)>
(14 2Wo(k))

~ 0.20 . (4.27)

4.2.1 Some examples

Now we will give some examples to show that it is possible to construct

states that are identical to the Bunch-Davies state. These states must obey
Wo(k) =Wy(k) =Wy (k)=0. (4.28)
It is also easy to check that coherent states
ay|C) = C(k; s)|C) (4.29)
where (C]C) = 1. Constraints (4.25) and (4.28) lead to the condition

C*(=k;s) = C(k; s). (4.30)

To give another nontrivial example we look for states of the form |Gg) =

|0) + |¢), where |¢) is an excited state (or a combination of excited states).
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The simplest example of such a state is |G,) = |0) + [ d®k a(k) a51|0). But it
is easy to check that this state does not work. «(k) has to be real to satisfy

equation (4.25). Then one can show that «(k) has to vanish to satisfy equation

(4.28). But

G =100+ [ @i a) i)+ [ i 530 aail0). @51

where a(k) and (k) are real functions, makes it possible to construct states
that satisfy both constraints (4.25) and (4.28) and hence produce a scale-
invariant power spectrum. Equation (4.25) is already satisfied and equation
(4.28) leads to

alk)a(k') + (AN —1)B(k)B(K') =0 (4.32)

with N = (27)? [ d®k (B(k))?. So all the states given by equation (4.31) with
a(k) and (k) obeying equation (4.32) produce scale invariant power spectrum.

Example of one such state is

4 A2
[eX +A,/1—32”A /d3 k e a:10)

d3k d*ky e R a3t 62 0) (4.33)

where, A and ~ are real constants and 32:# < 1. Renormalizability of the
energy-momentum tensor of the fluctuations can impose more constraints on
these states. Here we should note that it is possible to construct infinite
number of such states (with even more complicated combination of excited
states) that obey constraints (4.25) and (4.28) and hence can produce a scale-

invariant power-spectrum.
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4.3 Constraints from renormalizability of the energy-
momentum tensor
Let us now define the energy-momentum tensor of the perturbations.
The Einstein’s equations for the full system is G, — 87GT,, = II,, = 0.
Following [2], we can perform a perturbative expansion of the Einstein’s equa-
tions:
M, =) + 100 + T2 + .. (4.34)
Evolution of the background is given by the lowest order equation Hfg} = 0.
The first order Einstein’s equations HE}V) = 0 give the equations of motion for

the perturbations. Therefore, we can write

G =8nGNTO) —TIQ) + ... | (4.35)

% i
where HE?,, has to be computed with the perturbations that solve the equa-
tions of motion HS,,) = 0. From the last equation, it is clear that the energy-
momentum tensor of the perturbations is given by 8mGnT,, = —H,(EV). Ob-
viously both scalar and tensor perturbations will contribute to the energy-
momentum tensor:

T = T3, + T, . (4.36)

~

We will promote T, to an operator and estimate (7J,,) for single-field slow-roll

inflation with a general initial state for the perturbations.
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4.3.1 Energy momentum tensor for scalar perturbations

In the longitudinal gauge, the metric with only scalar perturbation has

the form

ds® = — (14 2®)dt* + a*(t) [(1 — 2¥)6;;] do'da? . (4.37)

At first order we get ® = W. Other equations of motion for the perturbations

are

b+ HU =47Gdde, (4.38)

66 +3HO)+ V" (d)d¢ — (Z—;) 5 = — 20V'($) + 416, (4.39)
P V2 L.

. <47TG¢2 + ?) U —4nC (—¢5¢ + ¢5¢) . (4.40)

We have the good old gauge invariant variable R defined as
H
R=T+ =do. (4.41)
¢

Following [2], we can write down the energy-momentum tensor for the pertur-
bations T}, = —HELQV) in terms of ¥ and d¢
s 1 P\ a2 —2 2
T = s [12}1(\1!\1/) 3(0)?2 + 9a2(V) }
1, .. 1 1 - _
# [5007 + Ja (Vo0 + V@00 + 2O w00)|, (4.42)
3a?

1 . o .4
TS = a%0; (ﬁ {(24112 + 16H)W? + 24H (WW) + (V)? 4 40V — —(V\P)Q}
(e

+ {45%1/2 + %(&5)2 - é(v&@? 4550w — %v”(q‘s)w + 2v’($)w5¢D .
(4.43)
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Our goal is to find out constraints on the initial state from renormalizability
of the energy-momentum tensor. So we want to consider the contributions of

large-k fluctuations of T;,,. At large-k (k >> aH),

(4.44)

R, (4.45)

where, € is the slow roll parameter. In this approximation, for d¢ we obtain,

56~ RE (1 + ZHGG) N (4.46)

H k H
By inspection, it is very clear that all terms in equation (4.60) containing ¥
are suppressed by powers of Ha/k compared to terms without W. Therefore

in large-k limit we have,
b 51607 + 30960 + 1 (@67 (@47

75 ~as [ (667 — g VoLV (was)

4.3.2 Renormalization of energy-momentum tensor

Using equation (4.46), we can write down T3, (for large-k) in terms of

gauge invariant variable R

(Fow) = (%) @) + g (VR + —V"<¢><fiz?>} NCEE)
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For the vacuum state, we have the following expressions for the unregularized
energy-momentum tensor

. 1 (™ 3n 1
(0]T00/0) %m/ dkH* {% + 5721@(1 +3n) + r%ﬂ : (4.51)

. o 3n 1 1
(0|T5;;]0) ~ — a*s / dkH* {% + ér2k(1 +9n) — §T4k3] . (4.52)

i
where 7 is the second slow-roll parameter. To obtain the renormalized value of
(T%,,), one can use any regularization method (for example adiabatic regular-
ization). Detailed discussions of adiabatic regularization method can be found

in [110, 43]. Adiabatic regularization of (7%,,) can be done by subtracting

adiabatic modes up to order four.
<O|('TS/W|O>ren = <O|('TSMV|O> - <0|Tsuu|0>adia (4.53)

where, (O|f8uu|0)adi is calculated using the adiabatic mode functions of order

four

) T | H\ .
uzdz,ll(T) _ — ezf W(4)d7—’ dez(,r) _ <%> U,ZdZA(T), (454)

where,

W(4):]§_L+ 1

kr2 k3714

(4.55)

Therefore we have the following expression for (0[,,,]0) a4

~ 1 oo 1
(01T 00/0)aai =7 / dkH* {—377 + =72k(1 + 3n) + r%”*} + UV finite,
T

2 2k 2
(4.56)
5 1 [ 3 1 1
s ~ 2 4 2 41.3
<O|(.T ij|0>adi ~—a 5Z]4—7_[_2/ dkH [% + 67’ k}(]. + 977) — 57' k :|
+ UV finite. (4.57)
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Hence, (0|T%,,|0)yen does not have any ultraviolet divergences. For a general

initial state |G) we can renormalize energy-momentum tensor by
(G]T% 1w |Gren = (G|T*w|G) = (0]T%|0) aas- (4.58)

Note that in the right hand side, we do not have (G|‘JA'3W|G>adZ~. But we
have (0|‘JA'3W|O)ad,~. It can be understood easily in Minkowski space limit. In
Minkowski space, <G|‘J:5W|G>adi = (G|‘JA'5W|G). So, if we had <G|‘J:5W|G>adi in
equation (4.58), then (G|T%,,|G)yen = 0 for any state |G). Clearly that can

not be right.

4.3.3 Energy momentum tensor for tensor perturbations

Similarly we can define the energy momentum tensor for the scalar

perturbations. The metric with only scalar perturbation is given by
ds® = —dt* + a*(t) [6ij + hyy) da'da?. (4.59)

The energy-momentum tensor of tensor perturbations ‘wa is given by

» 1/. . 1
87 G T, :%hklhkl + 3 (hmhm + ?amhklamhkl) : (4.60)
—_— 3 - 3. . 1,
8 ij =a 52’]’ @ mhkl mhkl — ghklhkl + ECL hlk’hkj (461)

1 1
+ Zaihklajhkl — §alhkialhjk-

For a general initial state |G) we can renormalize this energy-momentum tensor
by
(GIT u|Ghren = (GIT* | G) = (01T |0} adi- (4.62)
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4.3.4 Constraint on the initial state

We will impose the constraint on the initial state |G) that (G|‘j'u,,|G)ren
does not have any ultraviolet divergences. That means the state |G) does not
introduce any new ultra-violet divergences to the energy-momentum tensor.
Therefore, to make sure that (G|T,,|G)ren has desired UV behavior, we will

impose the following constraint on the initial state
(G)T,,|G) = (0]T,,|0) + UV finite , (4.63)

If we impose constraint (4.63) on the coherent state ax|C) = C(k; s)|C) (with
C*(=k;s) = C(k;s)), we find that C(k;s) goes to zero faster than 5 for

large k. One can check that state (4.33) also satisfies constraint (4.63).
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Chapter 5

Consistency relations for the three-point
functions

5.1 Introduction

Despite its great success, the details of the physics of inflation are still
unknown. A large number of models of inflation successfully explain all the
observations making it practically impossible to distinguish between different
models. The three-point functions of primordial fluctuations[97, 68, 127] are
important observables that in principle can be used to differentiate between
single-field and multi-field inflation models. In particular, the three-point
functions for single-field inflation, in squeezed limits, obey certain consistency
relations that can provide us with an important tool to falsify or establish

single-field inflation [97, 58, 52, 57, 89, 120, 121, 18, 92, 115].

In this chapter, we will assume that there is effectively one single scalar
degree of freedom during inflation; discussion of this section does not par-
ticularly depend on the details of the single-field model. Inflation generates
both scalar (R) and tensor (h;;) perturbations and the power spectrums of the

perturbations Py and P,, defined as

(ReRi) = (21)20°%(k + K)Pr ., (hihi) = (2m)283(k + K)o Py, (5.1)
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depend on the details of the model. In the last equation, Ry and hj, are
the Fourier transforms of R and h;j, respectively. Whereas, for single-field
inflation the three-point functions of the perturbations, in the squeezed limit
(i.e. ki, ko > ks), are known to obey some consistency relations which are of

the form

o e (kg kuku ;
(A BiyCias) = (27 F ac:Pa(kr) Per(ks) S0 0 (Zk> :

(5.2)

where flk, E’k, Ok are either scalar perturbation ij or tensor perturbation ﬁf{
We have used the notations that for scalar perturbations s(R) = 0 and €);(k) =
d;j. For tensor perturbations, s(h) is the polarization of the mode and €;; (k)
is the polarization tensor that obeys €;(k) = k'e};(k) = 0 and €};(k)e U’(k) =
2055 Fac is a measure of non-Gaussianity which can be calculated in terms

of other observables using some very general arguments. Note that

5
loc __
e F e . 5.3
NL 12 RR ( )

5.2 Consistency relations

In this section, we will make some semiclassical arguments to repro-
duce the consistency relations (5.2) along with the non-Gaussianity parameters
Fc. Our goal is to compute (Ay, (7)By, (7)Ci, (7)) in the squeezed limit (i.e.
ki, ks > k3), after ki, ko modes have crossed the horizon; thus k3 mode crossed

the horizon in the distant past. Let us now clearly state all the assumptions

64



that we are going to make: (1) it is effectively a single field inflation! and (2)
there is no super-horizon evolution of the perturbations and hence both scalar
and tensor perturbations are frozen outside the horizon. We will also use the

exact squeezed limit k3 — 0.

Mode k3 crosses the horizon long before modes kq, ko and hence we
can treat mode k3 classically. It will contribute to the background metric and

modes k; and ky evolve in this perturbed background which is given by

dS2 = —dt2 + aQ(t)ggdx,;dxj , (54)

where,

95 — o 2RB(x)dij+hp;5(x) (5'5)

is the contributions from modes far outside the horizon with Rp and hp,;; are

given by
P
Rp(x, T :/ —— Ryee™®x 5.6
TV i K 58)
o) = [ 53T tongne 57
;i\ X, T) = €, T . .
B ke by (270)° o 7Tk

Therefore, in the squeezed limit (k3 < k3 & kq), we can make the approxima-
tion

~

(A1, (7) By (1) iy (1)) & (A (7) Biy () )1 G (7)) (5.8)

where, (Ay, (7) By, (T))x, is the two-point function in the perturbed background

(5.4). It is clear from the metric (5.4) that long wavelength mode (neglecting

IThis can be easily generalized for single-clock inflations.
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the gradients) is equivalent to a change of coordinates

_ e_RB6ij+hB;ij/2 ) (5'9)

X; — Xg = Al‘ij , with Aij =

5.2.1 Three scalars correlator

First, we need to find out how Ry transforms under the change of
coordinate (5.9). It is easy to check that Fourier transform of R(x/(x),7) is

given by
/ dix R(x(x), 7)e ™% = det(A~1) Ry, (5.10)
Therefore, under this change of the coordinates (5.9), Ry transforms as
R = det(A HRy 1y, with (A1), = eRedi—heai/2 (5.11)
Using the identity det(e?) = ¢! and tr(h;;) = 0, we obtain

det(A) =exp [tr(—Rpd;j; + hp.ij/2)] = exp(—3Rp), (5.12)

k;k:
IAT'Kk| = [(A—l)ij(/\—l)ilkjkl]l/2 ~ k <1 +Rp — hB;ijQZT;> : (5.13)
Also recall that
S (A kg + A ky) = det(A)63 (ky + ko). (5.14)

Next we will compute (Ry, (7)Ry, (7)) in the perturbed background (5.4) after
modes ky, ko cross the horizon. In the unperturbed background, the two point

function in the super-horizon limit is given by (Ry, (7) Ry, (7)) o 700 (kg +
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ko), where n, is the scalar spectral index at k& = k;. Now using equations

(5.12-5.14), we finally obtain

(Riey (7) Ry (7)) 1y = det(A™1) (Ra-1ge, (1) Rp-116, (7))
= det(A™H2(27)3 Pr(|A 'k )63 (A ky + A 'ky)
det(A)
) N\ 4—ns
det(A™1)

Ky.iKy.i 4—ng
1+ Rp — hpyj—o
252

= det(A™1)?(27)* Pr(ky)

5 (kg + ko)

= (27T)3Py(]€1>

63 (ky + ko)

. ki,
= (27T)3P5R(k’1) |:1 + (ns - 1):RB + (2 — n—) hB;ij% + :|

x (ki + ko). (5.15)

So far we have treated Ry, and hy as classical fields but now we will promote
both Ry, and hy, to quantum operators. Replacing Rp in the last equation

by (5.6), we obtain

~

(e, (1) Ry (7) Riy (7)) 2 (R, (7) Ricy (7)1 Riy (7))
d*k

= —(2m)* Pa(k1) 0% (k1 + ko) (1 — ) /k<<k ) Weik"‘(?k(ﬂ?kg (7))

=~ —(27T)3Pg{(k31)PfR(k’3)53(k1 + kg)(l - TLS) / d3k€ik'x(33(k + kg)

k<ky, ko
~ (27)° Pakr) Pr(ks) (ne — 1)5°(Y k) (5.16)
where, in the squeezed limit >k = k; + ko + k3 ~ k; + ko. Comparing the
last equation with equation (5.2), we find Fgg = (ns — 1). Therefore, in the

squeezed limit we have,

locNi

Wi~ (L= ny). (5.17)
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Note that for running spectral index, n, in the last equation stands for spectral

index at k = k.

5.2.2 Two scalars and a graviton correlator

We can perform a similar calculation for (Ry, (7)Ry, (T)iLiS (1)). Re-

placing hp.;; in equation (5.15) by (5.7), we can write
(Ricy (1) Ry (7) iy (7)) & ((Ray (7)Riy (7) s i (7))
ki.;k
3 . 1;81;5
Pa(k)o*(Y_K) (2 ; =) E

« / dke™* 3 e (k) (hi(r)hi, (7))
k<k1,k

§'=4+,X

kl zkl Hi
ki

X / &’k € (k)e™*6% (k + ks)
k<k1,k2

~ (27)° Py(k1) Py (k3)o Zk (2_2>

~ (27)° P (k1) Py (ks) (2—3)M K. (518)

Comparing the last equation with equation (5.2), we find

Fan = (2 - %) . (5.19)

5.2.3 Two gravitons and a scalar correlator

It is straight forward to use a similar argument to compute the other
two three-point functions. First let us note that the Fourier transform of

hij(x,T) is given by,

e;;(K)hy (1) = /d?’xhij(x,T) e~ kex, (5.20)



Under the coordinate transformation (5.9), hy;(x,7) — h;j(x'(x),7) and the
fourier transform of h;;(x’(x), ) is given by,
/dSXh¢j<X/(X),T) e X = det(AY) ef;(A’lk)h‘f(,lk(T). (5.21)
§'=+,X
Therefore, under this coordiante transformation, A{ (7) transforms as

h (1) — ;det(A DY e (AR (K)hY 1 (7). (5.22)

s'=+,x

We need to compute <ilf(1(7')ili/2 (7)) in the perturbed background (5.4) after

modes ky, ko cross the horizon. Now, using the last equation, we obtain

(B, (T iy (7))

:%ldet(Al)Q ST A Kk )e (ke (A ko e (ka) (3, (P, (7))

81,82=+,X

:i det(A™1)?(2m)° Pu(|A ™k )

XY e (AT k) (k)€ (A Ka)egy (ko) y,,6° (A Ky + A 'ko)

81,82=-+,X

2 /
=B et A1) P14 ey e )
X > (A K )eg (A k)6% (ky + ko)
$1=+,X

(5.23)

In the unperturbed background, the two point function of gravitons in the

super-horizon limit can be written as <fzil (T)izf(; (7)) o @ty 0° (k1 +ky), where
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n, is the tensor spectral index. Therefore,

75 78 (27T)3 s s’ —
(b, (T) iy (T) )1y = 1 Py (ky)eg; (ka)eqy (k) i (A~ "ky)
det(A?
x et(A™) 0% (ky + ko)
27T 3 ’
= )y e ) L 0 (A )
3 Ky
X | 1+nRp+ | = — fie hp.i; L 21’] + o Bk + ko)
2 2 k2
(5.24)
where, I1;; 1, (k) is defined as
ILijm (k) = €5 (k)epy (k). (5.25)
s=+,X

A formula can be obtained for II;;,, (k) by using the conditions that II,;,, (k)
is a tensor function of k (because polarization tensor €;;(k) depends only on
the direction of vector k), symmetric in ¢ and j and in [ and m and II;;,,, (k) =
I, 45 (k). 11 (k) also obeys the conditions k;11;; 4, (k) = 0 and 11,;;; (k) = 4.
The last condition comes from the normalization of the polarization tensor

S
ij

€l (k). Finally we have,

1L, 1m (k) =000 jm + Sim0ji — 0i01m + 5¢jf<zf<m + 5lmf(if<j

~

— bk — Sk — Okikon — ki + KiK. (5.26)
That leads to

efj(kl)e;’l(kl)nij,kl(A—lkl) = 48,9 + O(h3,) (5.27)
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yielding

(i, (7) iy (7)) iy =(27)2 P (K1) 0550 6° (Kt + ko)

3 kK.
 |14nRp+ (22 hpaj—st .| . (5.28)
2 2 2

Again, we will promote both Ry, and hy, to quantum operators. Using equa-

tions (5.7) and (5.28), we obtain

(R, (T) iy (7) R (7)) 2 (B, (1) By (7)) Ry (7))

= @0 Py (k)0 (3 s / TE xRy () Ry (7))

k<k ko (27T)3

~ (21) Py (k) Pa(ks) 80 6% (Y K / Pke™ 53 (k + ks)

k<ky ko

~ (2m)* Ph(k1) Pa(ks) ne 6,06°() k) | (5.29)

where, in the squeezed limit >k = k; + ko + k3 ~ k; + ko. Comparing the
last equation with equation (5.2), we find ¥, = n,. Note that for running

spectral index, n; in the last equation stands for the tensor spectral index at

]f:kl.
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5.2.4 Three gravitons correlator

Using equations (5.7) and (5.28), we obtain

(i, ()i (7 >/%f:;< )~ <<ﬁi< )ity (7)) il (7))
= (27)° Pu (k1) 50 6°( Zk ( )kl;;;l;lj
K e e e
- /k<<k1,k2 (27T> Z €ij (k) <hk (T>h’k3 (T»

s1=+,X

3—mn:\ kyiki;
~ (2m)° Pa (k1) Pa(k3)d,06° (D k) ( 2 t) 1774%1J

X / &’k €; (k)e™ 5% (k + ks)
k<ky,k2

3— kukl : k3
%(2%)3Ph(k1)Ph(k3)5ss/( 5 ) g 5> k).
(5.30)

Comparing the last equation with equation (5.2), we find

Fnn = <3_2nt) : (5.31)

with n; being the tensor spectral index at k = k.

From the discussion of this section it is also obvious that both
<ﬁi1 (T)ﬁlkZ(T)ﬁ§3 (1)) and (izf(l (T) R, (T) R, (7)) are zero in the squeezed limit
ki,ko > ks because there is no cross-correlation between scalar and tensor

perturbations, i.e., <qu (7)Rie, (7)) = 0. More precisely,

(b (M) Ray (ML (1)) (B, () Ricy (7) Ry (7))
Pr(kz) P (ks) v Py(ks) P (k1) =0 (5.32)
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in the limit k3/k; — 0. Therefore, three-point functions of scalar and tensor
perturbations in the squeezed limit, indeed obey consistency relations of the

form (5.2) where F4¢ is given

gjgggg Hfth ns—l 2— s
F= = _ 2 5.33
(Sthsz 5thh> ( ny S ) (5:33)

where all the quantities are evaluated at k = k.

It is important to note that there is an implicit assumption in the deriva-
tion of the consistency relations which plays a crucial role. In our derivation,
we have taken the squeezed limit k3 — 0 first and that allows us to approxi-
mate the effect of k3-mode as a perturbation to the background metric (5.4).
But in an honest calculation of squeezed limit three-point function, one should
compute the three-point function first and then take the squeezed limit k3 — 0.
So, we have made the assumption that the terms that we ignored by taking
the squeezed limit first are small. However, we will show that this assumption

is not always valid when the perturbations are in excited initial states.
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Chapter 6

Non-Gaussianities and general initial states

In the last chapter, we showed that under very general assumptions:

(i) it is effectively a single field inflation and (ii) there is no super-horizon

evolution of the perturbations (i.e. both scalar and tensor perturbations are

frozen outside the horizon), the three-point functions of comoving curvature

perturbation (Ry) and tensor perturbation (hj,), in the squeezed limit ky, ko >

ks obey certain consistency relations which are of the form

(Riey Riy Riacs) = (27)3 P (k1) Pr (k) (s — 1)8%( Zk

R R A ky,iky 675 (ks)
(Ric; Ry hig,) = (2)° Pr(er) P (es) (2 B ?) # Q%)
(i, i, Ray) = (27 Py (k) Pr(s) 588,53(21(

. kuklj W [ e)
(32 = PPk P (25 #5"1).

The other two squeezed limit three-point functions (hf 1§Qk2 ﬁ§3>, (hi lﬂAQkQJAQkQ

vanish in the limit k3/k; — 0. There has been a great deal of progress in

measuring the three-point function (bispectrum) of scalar perturbation from

the CMB and LSS indicating nearly gaussian primordial fluctuations. The

current observational constraint on the non-Gaussianity parameter fn[30] is

very weak and fi% remains the best constrained non-Gaussianity parameter:
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fle¢ = 2.7+ 5.8 (Planck)|[6].

One aspect of prime interest is to understand how much information
about the quantum state of primordial fluctuations in the beginning of infla-
tion can be obtained. In order to achieve that it is essential to explore the
dependence of different observables on initial states of the primordial fluctua-
tions. Recently, this area of research has instigated interest among physicists
mainly because it has the exciting possibility of providing us a window for the
physics before inflation. In this paper, we explore how the single-field con-
sistency relations depend on initial states of the perturbations. The primary
motivation is two-fold: first as the precision of the observations is increasing
significantly, we may learn more about the initial state of the fluctuations in
the near future. Second, in order for the consistency relations to be applied
as a tool to falsify or establish single-field inflation, it is important to know if

they are valid for general initial states.

The three-point functions of primordial fluctuations are generally
computed assuming that the fluctuations are initially in the Bunch-Davies
state[42, 39]. For slow-roll inflation it is well known that all the consistency
relations are obeyed for the Bunch-Davies initial state [97].In this chapter, we
will compute the three-point functions of scalar and tensor perturbations for
slow-roll inflation. We will show that the consistency relations are obeyed for
coherent initial states; in fact all the three-point functions of scalar and tensor
perturbations with a coherent state as the initial state are identical to the

three-point functions with the Bunch-Davies initial state. It is perhaps not
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very surprising since one can think of a coherent state as zero-point quantum
fluctuations around some classical state. Interactions will generate non-trivial
one-point functions, however, that will contribute only to the classical part.
The quantum fluctuations contribute to the physically relevant part of the

three-point correlations and hence they remain unchanged.

On the other hand, the consistency relation of scalar three-point
function is known to be violated for initial states that are related to the
Bunch-Davies state by Bogoliubov transformations (we will call them a-
states)[67, 14, 65, 19].'> We will show that when both scalar and tensor
perturbations are initially in a-states, all four consistency relations can be vi-
olated. For the derivation of the consistency relations, it is necessary to take
the squeezed limit first and then calculate the three-point functions. How-
ever, in an honest calculation of the squeezed limit three-point function for a
particular model, one should compute the three-point function first and then
take the squeezed limit. So, there is an implicit assumption that the terms
that are ignored by taking the squeezed limit first are small. However, for
a-states the correction terms are large in the squeezed limit and hence this
assumption is not valid. Let us also note that the other two squeezed limit
three point functions (fzfqﬁhq ﬁ§3> and <ﬁf{19§k23§k3) remain vanishingly small

even for a-states because there is still no cross-correlation between scalar and

IThese states are also called Bogoliubov states in the literature because of obvious reason
but we think the name a-states is infinitesimally better because of their similarity with the
a-states of de Sitter space.

2The consistency relation is also violated for models that involve non-attractor
dynamics[109, 49, 48].
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tensor perturbations.

6.1 Three-point functions and general initial states

In this section, we will set up the calculation for (Oy, (7)Oy, (7)Ox, (7))
(where Oy is either scalar perturbation Ry or tensor perturbation hf) with a
general initial state, then we will review the results for the Bunch-Davies state.
For a general state |G), the operator Ox can have a non vanishing expectation
value and hence physically relevant part of the three-point function is given

by,

(Os (1) 01 (7) Ory (7)) pny = ({01 (7) = (O, (1)) HOneo (7) = (Oss (7))}
{01, (1) = (O (T)}) + (6.1)

where (A) = (G|A|G). Using time-dependent perturbation theory, for any

operator (e.g. Oy, (7)Ox,(7)...) we have,

(GO, (7) 0w, (7)...|G) = (G (Teif:o H@"nt“’)df') Or, (1) 04, (7).

X (Te—iffo ant“’”f’) Gy, (6.2)

where all fields are in the interaction picture and H}

it (T) 1s the interacting part

of the Hamiltonian in the interaction picture. T and T are the time and anti-

time ordered product respectively. 7y is the conformal time at the beginning
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of inflation. At first order in perturbation theory, we obtain,
(G0, (1) 01, (7)--|G)

— (G|OL, (1)OL, (7)..1G) — z/ a7 (G| [0k, (1), (7)., HE(7)| 1G).
(6.3)

So far our discussion is very general and does not depend on the details of the

inflationary model.

For slow-roll inflation, we can use equations (6.1,6.3) to calculate dif-
ferent three-point functions. We are interested in the late time behavior of
the three-point functions i.e we will take the usual limit 7 — 0. For sim-
plicity we will assume that for the free theory, the operator expectation value
(O (7)) in state |G) vanishes at late time.? Therefore, at first order in slow-roll

parameters, three-point functions are given by,
(G10k, (7) 01y () Oy ()| Gy = (GO, (7) Oy (1) O (7)| G

~ (€104 (NIG) (G101 (7) 01 (7)|G) + eyclic perm)
(6.4)
where all the quantities in the right hand side should be computed using

equation (6.3).

6.2 Non-Gaussianities: Bunch-Davies state

Next, as a warm up exercise we will calculate the three-point functions

for slow-roll inflation with the Bunch-Davies initial state (defined in section

3We should note that interactions can generate non vanishing one-point functions even
for these states.
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(2.3))
10) = 10)scatar @ [0s=+) @ |0s=x) , (6.5)

to demonstrate that all the consistency relations (5.2,5.33) are satisfied and in

the leading order we obtain
_ g:jgjg ?g{h o —6€+277 3/2
?_ (gjhgg C‘th o —26 3/2 ) <66)
6.2.1 Three scalars correlator

At leading order in the slow-roll parameters, the third order action for

scalar fluctuations is given by [97]
S\ 4
S3 = —87TG/d3:L‘dT a’(7) (%) HRZO2R., (6.7)
where, R, is the redefined field
1 o 1 . 2
R=R.— 1 (3e — 2n) RZ — 5€ 072 (RO°R,) . (6.8)

In momentum space the last equation becomes

1 *p 1 P’p (k —p)°
Re=Rex— - (36 —2 ——RepRek—p — = RenRek—p-
k k 4( € 77)/ (2%)3 ,pYve,k—p 25 /(2ﬂ)3 k2 ;pYve,k—p
(6.9)
The interaction Hamiltonian can be found from S; = — f drH;,;. In momen-
tum space Hj;,; is given by
e, s\
s
H = =4 |\ H 1
int () (277)6a (1) (H) (6.10)

1
X /d3p1d3p2d3p3 (]7%) Ry, (TR, (T)R, (7)0%(p1 + P2 + P3).
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For the Bunch-Davies state, only the first term of equation (6.4) contributes

and we obtain,

(0Rie (7)Ricy (7) Ricy (1) [0y = (OIR4, (7) R, ()R, (7)]0)

—i [ a0 [, (VR (R (7). 1] 00
b (6.11)

The first term in the last equation can be written using the redefined field

(6.9)
(O1RL, (r)RL ()R, (1)0) = (6.12)
3 = 20) ([ GBS OB ()R (IR (1R, y(1I0) +cye perm)

3 ([ s P R (R, (IR ()R ()10 + ey permn)

ﬁ%gk(T) behaves like the free field, and can be written as
- 1
RL(r) = 5 [ + ()] (6.13)

where Ry (1) = (%) \/’% (1 + kT) and operator a annihilates |0)gcalar- At the

leading order in the slow-roll parameters equation (A.2) becomes

(O1Ri, (T) R, ()R, (1)[0) = — (2m)°6° (ks + ko + k) Pr(ke) (k1) (6.14)

|

k? + k3
36—217+6 2 + cyc perm.
3

DN | —
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Next term in the equation (6.11) can be easily computed yielding?

~i / ! (0] [ R, (PR, ()RL (7). HD, ()] 10) = —(2m)? Pk Pa(ky)

70
de kik3

(k1 + ko + k3) k3

x 0% (ky + ko + k3) ( ) + cyc perm.
(6.15)

Therefore, finally we have,

(01Ruc, (7) Ry (7)Ricy (7)|0) iy = —(27)°6°(D _ k) Pra(k) Pre (i

)
1 k2 + k3 de k2k32
= -2
X {2 (36 n+e€ 2 + Ui Fo + Fey) 12 + cyc perm,
(6.16)

where Yk = k; + ky + k3. Therefore, in the squeezed limit, fi5 is given by,
ﬁnghj—ng. (6.17)
12
6.2.2 Two scalars and a graviton correlator

At leading order in the slow-roll parameters, the relevant part of the

action is given by [97]
1 3 2 (52
53 = 5 d’xdr Q(T) m hij&«chaijc s (618)

where, R, is again a redefined field which has a form similar to (6.8), however,

for this computation only the leading part is important and hence R, = R.

4For large Ty, all exponentials with 75 will oscillate. When performing the calculations,
we can either use the average value (i.e. zero) for them or we can choose an integration
contour such that the oscillating pieces decrease exponentially for large 7o [97].
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In momentum space H;,; is given by

Hipy(7) = 2(2< ;6 <¢2> > /d?’p d*pyd®pses;(pPs) P12,

§'=+,X
X Rp, (T)Rpy (1)1 (T)8° (D1 + P2 + Ps). (6.19)

And hence at first order in perturbation theory, the three-point function is

given by

(0Rie (7) R (T, (7)10) iy = (0IRa, (1) Rs, (7) iy ()0

—i [ ar 0] [, (V3 (b 0. HL)] 0] (620

70
The first term in the last equation vanishes. The second term can be computed

easily, yielding

<0|jzk1 (T)ijQ(T) ( )|0 phy = 27T 353 Zk

2M 9= 2 k3>k1 ZkZJJ(klakQak3)
pl
(6.21)

where,

J(kla k27 kS) =

1 klkgkg ]fll{?g + ]{32]{33 + klk'g
—(k1k2k3)3 <—kt 52 + k ) (6.22)

with k)t = kl + k’g + kg.

Let us consider two limiting cases. In the limit k3 << kq, ko, we recover

Rie, (7)5 5 (ks)ky ik (3
<O‘Rk1(7)yk2(7) (M0} py = (27) 26°( Zk ) Px( kl)Ph(k'Z%)% 9/
1
(6.23)
Where we have used the fact that €}, (ks)ky ko ; = —€;;(ks)ki ;ki ;. Recall that

ns ~ 1 and hence this result is consistent with (5.2) and (5.33).
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Also note that in the limit k3 << kq, ko, we get

k3
Py (k) P (k) ~ 0 (k—%) (6.24)

and hence consistent with (5.2).

6.2.3 Two gravitons and a scalar correlator

At leading order in the slow-roll parameters, the relevant part of the

action is given by

1 5
S= 4 [daar ooy (Z-) WO, (6.25)

where, following [97] we have done further field redefinition

1 1,
R = Re + 5 hihi — 150 ? (hij0%hij) + ... (6.26)

where dots represent terms that are negligible outside the horizon. In momen-

tum space the last equation becomes,

1 dgp s1s s s 2(k — p)2
Rie = Ree + 39 Z /Whphkpﬁij(p)%(k ) (1 - T) :
8,8’ =4,%
(6.27)

In momentum space, the interaction Hamiltonian is given by

Hipy (1) = — ﬁa:}(T)H (%) Z /d3p1d3p2d3p3 (p%) (6.28)

$1,82=+,X

X B (T)hg (1) Ry (7)€} (P1) €} (P2)0° (P1 + P2 + Ps) -
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Hence at first order in perturbation theory, the three-point function is given

by

(01, (T i, ()R (1) 10}y = (Ol ()" (1) R, (7)10) (6.29)

—i [ ar o) [Bd () (R (), ()] )

70

The first term of the last equation is nonzero

O g R ()10) =22 P k) P Ok e O

X (%) O k) (6.30)

The second term can also be computed using the interaction Hamiltonian

(6.28), yielding

—i [ a0l [ R IR ). Lo >} 0) = —<2§’ Paks) Pu ()

s (k it () k) 6.31
XE’L]( 1)6 ( kgkt Z ( ' )

Therefore,

(2;) Pa(ka) Pa(ka)es, (k1 )es () (6.32)

k2 — k3 — k32 k2k:2 3
X [g (—k§ 5( Zk

In the limit k3 << k1 = ko, we obtain

(O, (7) i, (1) Ricy (7)[0) iy =

(Ol (7 (e (0D =~ = Pl Ptk () (10

= (27)* Pp(k1) Pa(ks)nidew6* (> k), (6.33)

where we have used the fact that n, = —2e.
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Note that in the other squeezed limit k3 << ki = ko, we obtain

(Ol (1) R (DB (D) Oy _ o (B3
Py (ks) Pa(ks) 0 (k ) -

(6.34)

Therefore, two gravitons and a scalar three-point functions in the squeezed

limit agree with the consistency conditions (5.2) and (5.33).

6.2.4 Three gravitons correlator

The third order action for the 3-gravitons interaction is given by®
M, 1
= jl /d?’xdT a(7)2 (hikhjl - ih”hkl) akalhij y (635)

The interaction Hamiltonian can be found from S3 = — f dTH;,;. In momen-

tum space H;,; is given by

Hing(7) = My a (6 ") /d3p1d3p2d3p353 (Z P>

 4(2m)
X Z h h52 hs3( )T (P1, P2, P3; 51, 52, 53) (6.36)

51,582,583

where,

S S 1 S S S
T'(p1, P2, P3; 51, 52, 83) = (Eﬁi (P1)€i (P2) — 561-}(101)%?(1)2)) €3 (P3)P3 kP31 -
(6.37)

At first order in the perturbation theory, we obtain

(O[hg, (T)hg, (T)hE (T)|0)phy = (O, (1) (7) R (7)]0)

—i [ ar ol (Wl i i ) B 10 (638)

70

SFor detailed discussions see [97, 122, 124, 96].
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The first term in the last equation vanishes. The second term is nonzero and

the final result is

o !
01, (7) iy (T) hig (7)1 0) iy (27T)353(k1+k2+k3)2M 1J(k1, ko, k) (6.39)

pl
X [T'(ky, ko, ks3; s, 8", ") + all permutations] |

where,

1 kikoks  kiko 4 koks + ki k
Ik, by, ) = (_ 4 kel 1R2 + Rokg + KiR3

- 6.40

(koks)? N kt ) (640
with k; = k1 +ko+ks. The three-point function (6.39) can be simplified further
(see [97])

(Ol i, (7) i, () iy (7)[0) gy = (27)°6° Zk I(kiy ko, keg)  (6.41)
X (_Gii/(kl)ij/<k2)€”/ (kg) ijlti/j’l’> ,
where,
tijl == kl,l(sij -+ kgﬁ'(sj‘l -+ k3,j5il . (642)

In the squeezed limit k3 << kq, ko, we obtain,

(01, (7 i, (T iy (7)[0)pny = (2)°8° (Y %) P (ko) Pi(ks)

Kyikyes! (k
X 0oy 3 #7(3) ‘ (6.43)

Therefore, all the three-point functions of scalar and tensor perturba-
tions for slow-roll inflation with the Bunch-Davies initial state are consistent
with the consistency relations (5.2,5.33) and the non-Gaussianity matrix F is

given by

_ (I Fpn) _ (—6e+2n  3/2
5= (3o m)‘( RSN (6.44)
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6.3 Non-Gaussianities from coherent states

Now we will calculate the three-point functions for slow-roll inflation
with a non-Bunch-Davies initial state of fluctuations. First we will consider
coherent states. Coherent states are special class of states because one can
think of a coherent state as zero-point quantum fluctuations around some

classical oscillation. Coherent states are defined as
ay|C) = C(k; 8)|C) s=0,+,x, (6.45)

where again s = 0 corresponds to scalar perturbations and two polarizations
of tensor perterbations are s = + , x. The functions C'(k; s) are not entirely
free of constraints; these states will not introduce any new UV-divergences to
the energy-momentum tensor only if C'(k;s) goes to zero faster than —/ for

large k.

A coherent state |C') can be represented as an excited state built over

the Bunch-Davies state:

IT T1c %" exp (e s)ak)] 0) . (6.46)

s=0,x,+ k

C) =

From the last equation it is clear that

ey = T] H( 1”)2). (6.47)

s=0,x,+ k

Note that the Bunch-Davies state is a special coherent state with C'(k;s) = 0.

Without loss of generality, we can impose the restriction that <ij(7)) =

(hi(7)) = 0, in the superhorizon limit (before we introduce three point inter-
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actions). That leads to the condition
C*(=k;s) = C(k; s). (6.48)

However, we will show that interactions will generator non vanishing one-point

functions even for these states.

Coherent state is a special state because it closely resembles classical
harmonic oscillation. We do not know anything about the physics before
inflation, a priori any excited state is as good an initial state as the Bunch-
Davies state. In particular, it can be shown explicitly that at late time, all the
three-point functions for coherent initial state are identical to that with the

Bunch-Davies initial state (6.16).
(€016, (7) 0211y (T) O3 (7)€ py = (0101, (7) Oty (7) O3 (7)[0) iy (6.49)

where Op, (7), (with n = 1,2, 3...) are either scalar perturbation Ry or tensor
perturbation izf{ It is not very difficult to understand why that is the case. One
can think of coherent state as zero-point quantum fluctuations around some
classical state (see figure 6.1). So, the field O¢"(7) in the coherent state can be
written as O (1) = O% (1) + Op*°(), where classical part O%(7) is obviously
the expectation value (O@(7)); and O*(r) is the original quantum field
but now in the vacuum state. Interactions will generate non-zero one-point
function even at late time, however, that will contribute only to the classical
part. Only the quantum fluctuations contribute to the physically relevant part

of three-point correlations and hence they remain unchanged (6.49). Let us
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Figure 6.1: Coherent state as zero-point quantum fluctuations around some
classical state

now make this discussion precise by performing a tree-level computation.®

Before we proceed, let us note few things. First of all, a coherent state

is annihilated by an operator ¢,
GlCYy =0, where, & = ap — C(k; s) (6.50)
and
[ckclj] — 27)30% (k1 — ko)0ow , 5,8 = 0,4, % . (6.51)
Any operator Oy, (7) of the free theory can be written in terms of operators

~g ~st
., and ¢,

1
ik (T) = E

0 G U (1) g, (1)] + O (), (6.52)

6See appendix A for a detailed calculation of scalar three-point function with coherent
states.
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where ., (7) is the mode function associated with the operator Oy, (7) and

for slow-roll inflation .y, (1) = e:g (1+ =) (up to a factor which is not

important for our purpose). O, () is the classical part

Onite, (7) = (C|Ony, (7)|C) = % [C (k) i, (7) + C* (=K )t (7)] -
(6.53)

Now one can easily show that for the free theory

(C|016, (11) Oy (7). | C)

— (0| (Ol;kl (71) + Orae, (n)) (Og;kz (72) + 02;k2(72)> LJ0) . (6.54)

Note that at late time (7 — 0), Onx,(7) = 0 because of the condition
(6.48). Now let us turn on interactions and compute the three-point function
(C|O01¢, (T) Oy (T) O34, (T)|C) in the limit 7 — 0. In first order in perturba-

tion theory, we obtain
(ClO11 (1) O34 (1) O3y (7)|C) = (CO] () O3y (1) O, (1)IC)

—i [ ar(C1 [0, (1104 (MOk (7). HL(] €). (659)

70

All the fields are now in the interaction picture. In the interaction picture
fields behave like free fields and hence can be written in the form (6.52). The
first term in the last equation is evaluated at time 7 — 0 and hence from

equation (6.54) we get
(€10 (1)0hy ()0l (7)]C) = (0101, (1) Ok (1Ol (P[0} . (6.56)

Before we proceed further, a few comments are in order: one can naively

assume that the quantity (0|0, (7)OL, (7)O%L,,(7)|0) vanishes. However, it
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is important to note that this quantity can be non-zero because some of the
relevant three-point interactions are written in terms of redefined fields which

generally have a quadratic piece (see section 6.2.1 for an example).

The second term in equation (6.55) is more complicated because it
depends on the full history. The interaction Hamiltonian in momentum space,

for the cases we are interested in, can be written in the following form

Hmt(T/) :)\(T')/d3p1d3p2d3p3f(p1,p2,p3)

X Ml’;pl(T/)MZ’;pz (T/)M?%;p:a (7)8%(p1 + P2 + Ps) (6.57)

where, A(7') and f(p1,p2, p3) are functions that we will keep unspecified.
M,.p,(7")’s are either scalar and tensor perturbations R () and hi(r') or
their derivatives Ry (') and 8,k (') (in the interaction picture). Similar

to (6.52), they can be expressed in the following way

- 1

M,x, (7',) = E

where v, (') is the mode function associated with the operator M,y (')

and M, (') = (C| My, (7)|C).

(G, (7)) + v, ()] + Mg, (7). (6.58)
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Now, let us evaluate the quantity (in the leading order)”

(€1 [Of s (1) Oty (1) Ok (), M (') N (7)) My ()] 1€
= (0] [Of 1 (1) Oy (1) Oy (7). My (7') N (') M ()] [0)
+ ({01081 (1) 01 |0NO] [ Oy (1), M ()] 10) M (') M ()

+ cyclic perm(1’,2',3") + cyclic perm(1,2, 3)) : (6.59)
One can also check that in the first order in perturbation theory

(€l (7€) = =i [ arA) [ Epidpa’paf (b1 p2.pa)8*(3_ )

70

% ({01 [0l (7), M, ()] 10) M (') M () 4 ye perm(1',2,3))
(6.60)

Finally one can easily show that

(C10104 (7)1 (1) O3 (1)|C) = (0101 (7)1 (7) Oy () |0y
+ (€104 ()ICNC1O21(7) Oy (7)) + cye perm(1,2,3))
(6.61)

Therefore, in the tree-level, using equation (6.4) we obtain

(ClO1¢, (T) O3ty (T) O3, (7)) py = (0]O1cy (7) Oty (7) O3y (7)0) oy -
(6.62)

Therefore, the non-Gaussianity matrix  remains the same®

_ Frx Fan o —6e + 2n 3/2
F= (gjth gjhh> o ( —2€ 3/2 ' (663)

"Note that A(7') in Hjps(7') is already slow-roll suppressed and hence we only need the
leading contribution.

80ne can check that the power-spectrums with coherent states are identical to that with
the Bunch-Davies state and hence this is consistent with equation (5.33).
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6.4 Non-Gaussianities from a-states: violation of con-
sistency relations
Another special class of non-Bunch-Davies initial states are a-states;
these states are related to the Bunch-Davies state by Bogoliubov transforma-

tions.? These states are annihilated by operator I;f(
bila) =0, where b5 = o (k)ag + B (k) (6.64)

for s = 0, x,+. as(k) and Gs(k) are arbitrary complex functions of k that
satisfy
las(K))? — |Bs(K)|> =1 for  s=0,x,+. (6.65)

A state |a) can be written explicitly as an excited state built over the Bunch-

Davies state in the following way

11 H ‘1 5 exp (— 2?(2) &fj&i*k)] 0) . (6.66)

s=0,x,+ k

Note that

(0]a) = H(m ‘1/2) . (6.67)

s=0,x,+ k

Few comments are in order: it can be shown that a-states are normalizable
only if |35(k)|* — 0 faster than k=3 at k — oco. However, the condition that
these states do not introduce any new divergences to the energy-momentum

tensor requires |3,(k)[* — 0 faster than k=* for large k (see chapter 4.1).

9These states are also called Bogoliubov states.
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The Bunch-Davies state is a special case of a-states with: o (k) = 1
and fs(k) = 0. And one can also show that for any coherent state |C') and
any a-state |a)

(a]C) = H H( 1/2> exp (—Qij*s((lglj)c(k;s)C(—k;s)). (6.68)

s=0,x,+ k

In these states, it is more convenient to express scalar and tensor per-

turbations in terms of operators l;f{ and I;fj:

Rulr) = —= [Ri(7) + D Re(7)] = —= [Bhi () + B B

7 [ hi(T) = 7
(6.69)

where,

Ri(7) = (E) (o (k)ur(T) + Bo(k)ur (7)), (6.70)

ap
hi(r) = (f) (@ (k) (r) + Bu(k)ui (7). (6.71)

'Lk‘r

with ug (1) = v (1+ i£). Practically, computations with o-states are similar

to that with the Bunch-Davies state but we have to replace the mode function
u(7) by as(k)ug(T) + Bs(k)uj(7) with appropriate s.

In this section, we will keep the discussion general and not specify the
functional forms of Bs(k). It is important to note that in this section we will
assume that the energies of these states are not large enough to affect the

slow-roll parameters. The power spectrum and the spectral index of scalar
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perturbations with a-states are obtained to be

H4
242k3

Py (k) lao(k) — Bo(K)|? (6.72)

ne — 1 =21 — 6e + In |ao(k) — Bo(k)|?. (6.73)

dink
Similarly, the power spectrum and the spectral index of tensor perturbations
with a-states are obtained to be

PLR) = 2 0.0 = B0 (6.74)

d
= =2+ —-In z; (k) — Bo(K)|?. (6.75)

Next we will calculate the three-point functions in the squeezed limit with «
states to show that they still can be written as (5.2), however, consistency
relation (5.33) is violated. In this section we will only present the squeezed

limit results; general results are relegated to appendix B.

6.4.1 Three scalars correlator

The calculation for the scalar three-point function with a-state as the
initial state is identical to the computation of section (6.2.1) and hence we only
present the result. The interaction Hamiltonian has already been computed
(6.10); the redefined field R. is given by equation (6.9). In the squeezed limit

(ks << k1 = k»), we obtain
(0 Ricy (7) Ricy (7) Ricy (7)) iy 2 (27)° Pr(ks) (k)

X [46 (%) ®(ky, k) — 6e + 277} *() k). (6.76)

3
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Therefore, in the squeezed limit, fi% is given by,

5 k
oo~ — [—4& (—1> O (ky, k3) + 6€ — 277] , (6.77)
12 ks

where ®(ky, k3) is given by,

D(kn, ks) = () (k) (O‘W — <’ﬁ>) (%(ffs) + Bo(ks)

ag(k1) — Bo(k1) ) \aol(ks) — Bolks)

In general the first term in equation (6.77) is large in the limit k3 << ky

) +c.c. (6.78)

and hence the consistency condition is violated. In section 7, we will estimate
how large this violation can be. But before that let us comment on why the
consistency relation is violated. For the derivation of the consistency relations,
it is necessary to take the squeezed limit first and then calculate the three-point
functions. However, in an honest calculation of the squeezed limit three-point
function for a particular model, one should compute the three-point function
first and then take the squeezed limit. So, there is an implicit assumption
that the terms that are ignored by taking the squeezed limit first are small.
The three-point function (this is true for all the three point functions) with
a-states contains terms like (where 7 is the conformal time in the beginning

of inflation)

o 1 — cos(—ky + kg — k3)T
[ dremCRitkeke) e = 9 SRR 6.79
z/ Te + c.c B S— ( )

T0
that are absent for the Bunch-Davies state. Now if we take the limit 79 — —o0

first and then k3 — 0, we obtain

0
A 2
Z/ dremRitha=hs) 46 e T (6.80)

0 3
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which is large in the squeezed limit. However, if incorrectly we take the limit
ks — 0 first, then we obtain
0 .
z/ dre™hithamhs) 46 e 0, (6.81)
70
Therefore, the terms that we missed by taking the squeezed limit k3 — 0 first

are rather large and hence the consistency relations are violated.

6.4.2 Two scalars and a graviton correlator

The interaction Hamiltonian in the momentum space is given by equa-
tion (6.19). The two scalars and a graviton three-point function in the squeezed

limit (k3 << ki = k2) can be calculated easily, yielding

) A A e (ks)ky iklj
(R () Ra (7 iy () @y = (22033 k>PR<kl>Ph<k3>%

Ky 3

X {—2 (k—g) O ks, ks) + 5 + } : (6.82)

where, function ©(kq, k3) depends on the initial state and it is given by

aa(kl) - ﬁg(kl)> (as(kS) + Bs(kS)
ao(k1) — Bo(k1) ) \as(ks) — Bs(ks3)

@(]{31, k?3) = Oéo(k’l)ﬂg(kl) ( > + c.c. (683)

Few comments are in order. In general the first term in equation (6.82) is
large in the limit k3 — 0 and hence the consistency condition is violated.
However, when the scalar perturbations are initially in the Bunch-Davies state
(but tensor perturbations are in an a-state), ©(ki, k3) = 0 and hence the

consistency condition is respected.
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Note that in the squeezed limit k3 << ko = k; the other three-point

function
(| Rie, (7) D5, (7) Rucs (7)) iy ks
Py (k1) Pr(k3) ~ 0 (’ﬁS(kl) k:_1> . (6.84)

In section 7, we will show that |5s(k1)| << 1 and hence this three-point func-

tion remains vanishingly small.

6.4.3 Two gravitons and a scalar correlator

The interaction Hamiltonian in momentum space is given by equation
(6.28). The two scalars and a graviton three-point function in the squeezed

limit (k3 << k1 = ko) can be calculated easily, yielding

(el b, ()i (7) Ray (7| @) phy & (27)° Py ) P (k)85 8° (Y | k)
(i
ka(E>mwb@y—%+“}, (6.85)

where, W(ky, k3) depends on the initial state

o (k1) — 5:(k71)) (ao(k3) + Bo(ks)
as(ki) — Bs(k1) ) \ao(ks) — Bo(ks)

Wk, k) = () () ( ) tee (6.56)

Note that the consistency condition (5.33) is again violated unless tensor per-
turbations are in the Bunch-Davies state. Whereas it is easy to check that
in the squeezed limit k3 << ko = ki, the other three-point function remains

vanishingly small

k—lewouﬁn) (6.87)

and hence it still obeys the consistency condition (5.2).
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6.4.4 Three gravitons correlator

The interaction Hamiltonian in momentum space is given by equation
(6.36). The three gravitons three-point function in the squeezed limit (k3 <<

k1 = ko) can be calculated easily, yielding

. C €5 (k3)ky ik
(albi, (VB (R () = (27033 ) Py P ) 2 et
1

« [—2 (?) Ok, ks) + > + } | (6.88)

3 2
Where, function ©(ky, k3) depends on the initial state and it is given by

ay(k) = B; (k1) \ (s (k3) + Bsw (k3)
Oés(kl) - Bs(kl)) (as”(kg) _ ﬁs”(k3)> + c.c.

(k1) = k1), k)
(6.89)
In general the first term in equation (6.82) is large in the limit k3 — 0 and

hence the consistency condition is violated.

Let us now consider a special case: fy(k) = Bi(k) = PBx(k) = B(k);
which is the case when a pre-inflationary dynamics excites both the scalar
modes and the tensor modes in the same way. Therefore, the non-Gaussianity

F matrix, defined in (5.33), is given by,
B % —1 —6e+2n  3/2
F=2f(ki, k3) (26 _ 1) + ( o 3/2) (6.90)

where,

o= () oo (50 (G 58) <]
6.91
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In particular £ is given by,

oo % (—de f(ky, ks) + 6c — 21)] . (6.92)
Now if we want to preserve scale-invariance, the function S(k) has to be ap-
proximately constant for all the observable modes. In that case, it is obvious
that the F-matrix for a-states is not consistent with (5.33) because the first
term in equation (6.90) dominates in the squeezed limit k3 << k; = ko. In
the next chapter, we will estimate how large f(ki,k3) can be for states with

energies not too large to affect the slow-roll parameters.
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Chapter 7

Constraints from back-reaction for slow-roll
inflation

We will now consider the back-reaction of excited initial states for slow-
roll inflation. Before we proceed, let us once more define the energy-momentum
tensor of the perturbations. The Einstein’s equations for the full system is
G — 8nGT,, = 1I,, = 0. Following [2], we can perform a perturbative

expansion of the Einstein’s equations:
M, =100 +10) + &) + .. (7.1)

Evolution of the background is given by the lowest order equation HES,) = 0.

The first order Einstein’s equations Hf}l,) = (0 give the equations of motion for

the perturbations. Therefore, we can write

(2)
D+,

G =8rGNTY) —1I (7.2)

where HLQZ,) has to be computed with the perturbations that solve the equa-
tions of motion H,(},,) = 0. From the last equation, it is clear that the energy-
momentum tensor of the perturbations is given by 87Gn7,, = —Hl(?,,). Ob-

viously both scalar and tensor perturbations will contribute to the energy-

momentum tensor:

rI,uy = TZV + ‘wa . (73)
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Explicit forms of T7, and T}, for single-field inflation can be found in [2].

We will promote T,,,, to an operator and estimate (T,,) for single-field
slow-roll inflation with a-states. (‘j'w,> contains UV-divergences and hence
should be properly renormalized using any regularization method (for exam-
ple adiabatic regularization).! For our purpose, for a general initial state |G)

it is sufficient to define the renormalized energy momentum tensor of the fluc-

tuations in the following way:
(GT | Ghren = (G|Tuw|G) — (0]T,[0) (7.4)
since a well-behaved initial state should not introduce any new ultra-violet

divergences to the energy-momentum tensor.

Our goal is not to perform an exact computation but to estimate how
large fo(k) and fS4(k) can be without causing large back-reaction. From that
we will estimate how large the deviations from non-Gaussianity consistency
relations can be for a-states. For a particular state, undoubtably an exact

computation will be more useful.

Before we proceed let us explicitly write down T,Eg) for single field in-

flation:

T =g = 5V (3) | (75

1- -
Tz(jO) _ 5ija2p(0) — 5@'ja2 (5(;52 Vv (¢)) ) (76)

Detailed discussions of adiabatic regularization method can be found in [110, 43].
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In the beginning of inflation i.e. at 7 = 7y, following [89] the leading contribu-

tion to the energy-momentum tensor of scalar fluctuations is given by

(F30) ~5 (%) (&) + (VR (7.7)

1 .

N
5\ ¢ 1 D2 2

(35) ~b (H SUR2) = (TR (73)

Similarly, the leading contribution to the energy-momentum tensor of tensor

fluctuations is given by (see chapter 4.1)

(Fho) mma 2 (4 + (@) (79)
(3 =225, [ () + (O]

M L) + (ORI @) — J(@hk) @) (710

We will now compute these quantities for a-states. We will assume that both
Bo(k) and Ss(k) are nonzero and approximately constant for ky < k < ki,
where, kg = agH, ap being the scale factor at the initial time 7 = 75. For
k > k., Bo(k) and ,(k) drop to zero very fast.? We have assumed that modes
inside the horizon (k > ko) at 7 = 7y are uncorrelated with modes outside
the horizon (k < ko) and only modes inside the horizon are excited at 7 = 7y
by some pre-inflationary causal dynamics. For ky < k < k., spectral indices

remain unchanged

ns~1—6e+2n, ny & —2¢ . (7.11)

2States like these are relevant if we want to preserve the scale invariance of scalar and
tensor power spectrums.
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Note that the squeezed limit three-point functions will have the nontrivial
ki1/ks term only when k; < k. Let us now compute the renormalized energy-

momentum tensor of scalar fluctuations at 7 = 7.

/k* K3k (14 2|6o(K)?) (7.12)

(] Tgo|ar) ~ R

where again ag is the scale factor at the initial time 7 = 75. Note that we
have ignored the terms with exponential factors 7 or e=2¥*7 because they
oscillate rapidly. Now using (7.4), we obtain,

1 [ H' (kN

—— | Kdk|Bo(k) ~ — [ — k)| 7.13
vy [ FaRWE ~ L () 1R, (713

0

(e Tool)ren ~

where kg = agH. Similarly for other components of the energy-momentum

tensor, we obtain

A a2H* [(k\*
T? 02— [ = k2. 14
(@lFladron ~ 3,8 (1) In(k) (7.14)

We can perform a similar computation for tensor perturbations and at 7 = 7

we obtain
. H* [k\*
Tl en ~ — [ — (k)| 7.15
(alToola) 8ﬂ(%)s§2w<>|7 (7.15)
2 174 4
5 5 Gl (F 2
<a‘j$j|a>ren ~ 0y 2472 <k0> s;X |Bs(ka)|” (7.16)

Before we proceed few comments are in order. Note that both scalar and
tensor perturbations behave like radiation and their energy densities decay as

1/a*. And also one can check that
PP=zp"  p=30, (7.17)
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as expected for radiations. When initial states of scalar and tensor perturba-

tions are the same i.e. 5(k) = Bo(k), it is easy to show that
ph=2p", pl=2p°, (7.18)

hence tensor perturbations contribute more to the energy-momentum tensor.

The back-reaction will not alter the background evolution if T,Sg) >>
<‘j'W>. For slow-roll inflation %&2 <<V (q@) and hence the energy densities
p* and p' must be small compare to the kinetic energy of inflation for the
background evolution to remain unaltered [65]. That leads to
> 1Bk << ir? <@)4 . (7.19)
5=0,+,x H* ke
It is impotent to note that as long as p* + p' <<V (gz_ﬁ), we will have slow-roll
inflation. However, the slow-roll parameter

H $2 H2 If* 4 ao 4 ,
e —) = (ks 7.20
H? 2H2Mp12 + 672Mp12 (ko) < a ) Z |ﬁ ( )’ ( )

s=0,4,%

is now affected by the excited state when the second term is comparable to
the first term. It will not affect the background evolution but it will influence

the evolution of perturbations and hence it should be treated more carefully.

For simplicity, we will assume that 8s(k) = So(k) = B(k), which is the
case when a pre-inflationary dynamics excites both the scalar modes and the

tensor modes in the same way. Therefore from the last equation we obtain,

471'2(;2 k'o :
1B(k)|? << =HT (k_*) : (7.21)
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Using the fact® that k; < k, and ks > ko and

_ H4|Oé(k}*) — B(k*)|2

A2 -
R A2 2

(7.22)

where, we also have the usual condition |a(k,)|*> — |B(k.)|? = 1, we obtain

1B(k.)[? << ‘“(k*)ggg(k*” (:—j) . (7.23)

As explained in [65], |B(ks«)| >> 1 has already been ruled out if we want to
avoid a step in the scalar power spectrum. For |B(k.)| << 1 or |B(ks)| ~ O(1)

it is easy to check that |a(k.) — B(k.)|[* ~ O(1) and we obtain

1 [(ks\°
1B (k)| << N (k_1> : (7.24)

Note that from observation A% = 2.2 x 107 [5] and even with k3/k; ~ 1072
from the last equation we get |5(k.)| << 1. Therefore with this constraints,

we obtain

= () e (S5 (S254)

= |k, k3)] << 2 (—) NI

ki
Note that the last equation is linear in k3/k; and hence f(ki,k3) — 0 in

(7.25)

the limit k3/k; — 0. However, the consistency relations are violated for the
physically relevant case, i.e. when k3/k; is small but finite; using the observed

value of A% and k3/k; ~ 1072, we finally get,

|f (R, ks )| << 200 . (7.26)

3Recall that our squeezed limit corresponds to ks << ki = ko.
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For three-scalars correlator, this corresponds to [f&¢| < 1 and hence it is

unobservable in the near future [65].* However, f(ki,ks3) is large enough to
violate all the consistency relations. It could be interesting to consider more

general single field inflation models where sound speed can be small.

4Even for |f(ki1, k3)| ~ 200, the signal to noise ratio for Planck is S/N < 0.9 and hence
can not be detected.
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Chapter 8

Conclusions

In spite of the great success of the inflationary theory, it is always im-
portant to verify the validity of different assumptions. First, we have explored
the possibilities of a secondary period of accelerated expansion in the uni-
verse’s history. With such a period immediately following inflation we show
that the bounds imposed by considering current measurements of the power
spectrum are relatively weak — with reasonable reheat temperatures and in-
flationary scales it is relatively easy to fit in a secondary period of accelerated
expansion with a vastly different equation of state to inflation and still have
a nearly scale-invariant spectrum at scales from the size of the universe down

to a Mpc and below.

Then we have explored the possibility of a general initial state for pri-
mordial fluctuations. Constraints on initial state from current measurements
of power spectrum and bispectrum are relatively weak and for slow roll in-
flation, a large number of states are consistent with the observations. The
Bunch-Davies state is just one such example. Coherent states are also inter-
esting examples of states that are consistent with current observations. It is

impossible to differentiate between these coherent states and the Bunch-Davies
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vacuum state just from the two-point and three-point functions.

Then, we have studied the consistency relations of the two-point and the
three-point functions of scalar and tensor perturbations in single-field inflation
with general initial conditions for the perturbations. The three-point functions
of the perturbations, in the squeezed limit (i.e. ki,ko > k3), are known to

obey certain consistency relations which are of the form

(k3 kl zkl ]

(A, Bu,Cu,) = (2m)*Fac Pa(k1) Po(ks)ds(a), S(B>

(k)

where Ak, Ek, C’k are either scalar perturbation ij or tensor perturbation ibf(
We have used the notation that for the scalar perturbations s(R) = 0 and
e);(k) = 0;;. For the tensor perturbations, s(h) is the polarization of the mode

and €;(k) is the polarization tensor. F4¢ is a measure of non-Gaussianity and

it is given by

?E (.rfgggg Stgzh> _ (ns —1 23:7:?)
Frr Fnn ny =

For slow-roll inflation, we find that all the three-point functions of scalar and
tensor perturbations with a coherent state as the initial state are identical to
three-point functions with the Bunch-Davies initial state. On the other hand,
there is a violation of the consistency relations for a-states, which are states
that are related to the Bunch-Davies state by Bogoliubov transformations.
For slow-roll inflation, the back-reaction of the initial state of the primordial
fluctuations imposes some restrictions on how large the violations can be. The

energy density stored in the excited initial state has to be small compared to
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the kinetic energy of inflation for the slow-roll parameters to be unaffected.
In particular, for the scalar three-point function, this imposes a constraint:
|fl¢] < 1 and hence it is unobservable in the near future; however, it is large

enough to violate the consistency relation.

For single field slow-roll inflation with canonical kinetic term, tensor
tilt and tensor-to-scalar ratio obey certain consistency relation: r + 8n; = 0.
When the perturbations are initially in excited states generated by some pre-
inflationary dynamics, the tenser-to-scalar ratio r, ny and n; can get corrected
and hence the consistency relation no longer holds. It is important to note that
even with excited initial states slow-roll inflation predicts r + 8n; ~ O(e, n).
Recent detection of primordial gravitational waves can provide a crucial test
for slow-roll inflation with the Bunch-Davies initial condition for the pertur-

bations.

Let us conclude by saying that although a complete characterization
of the three-point functions with different initial states is a challenging task,
the three-point functions for different shapes of momentum-space triangles can
be a useful tool for probing the initial state. Observations made by the cur-
rent generation of cosmological experiments may contain valuable information
about the initial state of primordial fluctuations and that would provide a

window for the physics before inflation.
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Appendix A

Computation of scalar three-point function
with coherent state

Using time-dependent perturbation theory we have,

(Ol (710 (1)
= (€] (T Fo M) R ()R (P)RY, () (T o e )
= (CIR}, (R (MR, (7)[C)

-if (O] [ Rl (R (AR, (). HL] ). (A1)

70
Now all the fields are in the interaction picture and H,,; is given by equation
(6.10). T and T are the time and anti-time ordered product respectively. 7
is the conformal time at the beginning of inflation and we will take the limit
To — —oo. Throughout the calculation we will assume that k; # 0. We will
also take the usual limit 7 — 0. The first term in (A.1) can be written using

the redefined field (6.9)

(O R, (1) R, (7 ( )IC) = (CIRE e, (1) R (D)RE, (7)1C) (A.2)

_411 (3¢ — 2n) ( ck1< )Rib(ﬂﬁi (7 ):ngg p( )‘C>+C.p,)

3¢ </ (270 k:3 ) <C‘chk1( )jzikg(T)fj{g (T )ngg, o(T )!C’>+C.p.) ,
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where c.p. stands for cyclic permutation. j%ik(T) behaves like the free field,

and can be written as

~ 1 7. . .
RE(r) = 5 | R () +a%Ru(r)] (A3)
where Ry (1) = (%) e\i/kg (1+ -%). Using the commutation relation
T ~ 1 * /
Rhalr) ] = 5 R ()6 = K, (A.4)

the first term in the right hand side of equation (A.2) can be calculated

<C|§z£,k1 (T>§2£,k2(7_)jzi,k3 (7)|C) = V2(2m)3C (ks) Re[Ry, (1) Pr(k1)8° (ky + ko)

| 3R R DR ()R (DI + ) + K 0 K|
(AL5)

In the limit 7 — 0, <C|5Q£k(7)|0> = 0 because of the constraint (4.30) and

Ry (7) is purely imaginary. Therefore,
(CIRE ke, (T) R ey (T)RE s, (T)]C) = 0. (A.6)
Last two terms can also be computed and in the limit 7 — 0 we get,

(CIRL, (r)RE (R (D]C) = —(2r)? {g (3¢ — 20) (Palks) Pa(ky) + c.p.)

+ %6 <PR(/€2)PR(k1)k%2—§k§ + Cp')} 0*(D_K). (A7)
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Next we will compute,

[ O (3 ()R () HETIC) = =26 [ ar'ad () (%)

x / d’p1d°pad’psd°(p) (]%) [(Re[R,, (T)] Re[R,, (7)]C (ps)C' (P2)

R, (7)9%,3 (7' Pr(k1)6° (k; + ky)0° (ks + p1) + p-cyclic) 4 k-cyclic]
(27T)3 21.2

kiks
T+ ki) {PR%)PR(@)

+2€ k3

+ c.p. ] .
(A.8)
Where, p = p1 + p2 + P3, k = k1 + ko + k3 and we have used the following

* /! Hd 1 eikr/
R ()R (T") = <¢2> a(m)k . (A.9)

equation

Similarly,

[l R, (R (RIC) = 2 [ dras ><jf;>

T0

/d3p1d3p2d3p353 (—2) Re R/ )]R@[R;)Q (7',)]C’(pg)C’(pg)jQ;€3 (T)
D3
R 1y (77 k1)6% (k1 + k2)6% (ks + p1) + p-cyclic) + k-cyclic]

@r)° s (k) {PR(kl)PR(kg)kQ 2

—2
6z‘(lﬁ + ko + ks3) k3

te p} |
(A.10)

Now we have to compute the last term in equation (6.4)

(O3 (ORI = —2¢ [ dr'a¥ () (%)

70

« [ @pid s’ (o) (pi) (2Re[R., ()] Re[R, ()| (ps)C(p2)

Im] i (T):R;ﬂ (T/)]PR(k2)53(k2 + k3)53(k1 + p1) + p-cyclic) .
(A.11)
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Putting all the terms together in equation (6.4), we have

(CIRE" (MR (MR (MIC) = —(2m)°6° (1 + ko + k) Pr (ko) Pr(ka)

1 k2 + k2 4e kE2k2
— —2 L2 12 p. (A.12
X[Q(SE n+e B2 )+(k1+k2—|—k3) 3 +cp. ( )
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Appendix B

Three-point functions with a-states

Here we will present full expressions of all the three-point functions

with a-states.

B.1 Three scalars correlator

The three scalar three-point function at late time (7 — 0) is given by

. . . (2m)3H®53 (D" k)
(R, (7) Ry (7) Ragy (7)) iy = —6°(Y k)
k k k phy — Z Ay oy M, ¢2 Z kQ

[ (g (k1) = B5 (k1)) (e (ka) — B3 (k2)) (o (ks) — ﬁo(ks))

« {(ao(k1>a0(k2)ao(k3) + Po(k1)Bo(k2)bo(ks)) m
+ (o (k1) oo (k) Bo(ks) + o (k1) Bo(k2)exo (k) m
+ (@olln)Bo(E)(ks) + Balkn)oo(E2)o(s)) ——

+ (o (k1) Bo(k2) Bo(k3) + Bo(k1)ao(k2)ao(ks3)) m} + c.c.]

+{<2§)3py<kl>&<k2> <2n e — hl ka2> +c-p-} (B.1)

where c.p. stands for cyclic permutations and c.c. stands for complex conju-

gation.

116



B.2 Two scalars and a graviton correlator
The two scalars and a graviton three-point function at late time (7 — 0)
is given by

A A ) H®  €;(ks)ky ko
s 353 it
<OZ|ka1 (T)RkQ (T)hk3( >|a phy = 27T 5 Z k 2 ;2 klekS)

x (ag (k1) — By (k1)) (ag(k2) — Bg (k: ))( o(k3) — B;(ks))

x {(ao(kr)ao(k2)as(ks) + Bo(k1)Bo(k2)Bs(ks)) Jo(ki, k2, ks)
+ (o (k1)ao(k2) Bs(ks) 4 Bo(kr) Bo(ka)ovs(ks)) Ty (ky, ko, k)
+ (a0 (k1) Bo(k2)as(ks) + Bo(k1)ao(k2) Bs(ks)) Ti (K, ks, k2)

+ (Oég(kl)ﬁo(k’g)ﬁs(k‘g) + 50(1{?1)&0(1{72)(13(]{?3)) 31(/{73, ]{52, k‘l)} + c.c. ,

(B.2)

where, c.c. stands for complex conjugate and
kikoks  kiks + koks + kik

Jo(k1, ko, k) = (—kt+ St 2t 23+ - 3) , (B.3)

t t
k1 koks —k1ky + koks + klkg)
Ji(ki, ko, ks) = | kv 4 ko — ks + + :
1k ez, ko) (1 2T (kg ey — k)2 ky 4 Ky — k3
(B.4)
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B.3 Two gravitons and a scalar correlator

Two graviton and a scalar three-point function at late time (7 — 0) is
given by

i, (i 7 o = =t e )% (3219

X (@2 () — B2 () (s (n) — 5 (82)) (@ (ks) — B )
s aulhnyastidan(ln) + 8.0 () olh) 11+
+ (@) (k) Bolls) + BB (k2o (o) ——
+ (@) Bo(h)aolls) + Bl ka) olhe) ———

+ (as(kl)ﬁs’(kz)ﬁo(k:a) + 5s(k1)as/(k2)&o(k3)) m} + c.c.]

S PP (e ) (B ) (D) (B9)
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B.4 Three gravitons correlator

Similarly, three gravitons correlation function can be calculated in the
a-states and the final result is

H4
2M,*

(i, (T iy ()i, (7) [0y, = (2)°6° (Y Ko)

x m (—Efy(kl)ej}(k2>€fll/’ (ks}fijlti'ﬂ’>

(s (kr) = B2 (k1)) (g (k2) — B3 (ka)) (g (ks) — B3 (ks))

X {(as (k1 )ovg (ko) (ks) + Bs(k1) By (k2) By (s)) Jo (K, ks, ks)
+ (s (k1) oy (ko) B (ks) + Bs(kr) Bo (ko) agr (ks)) Ty (kn, ka, ks)
+ (s (k1) By (k2) v (ks) + Bs(kr)ag (k2) Ber (k3)) 1 (ky, ks, k2)

+ (s (k1) By (k2) Bs (ks) + Bs (k1) ovs (ko) s (k3)) I1 (K3, ko, k) }

+cc, (B.6)
where, c.c. again stands for complex conjugate and
kikoks — kiko + koks + kik
To(kr, ko, ki) = (—/ft-l— 1k§ 3, M 2+ 23-1- 1 3) ’ (B.7)
t t

oy ok —kyky + ok + krk
ihibok) = (kb b Pk

(kl + ]fz — k3)2 kl + kQ — kg
(B.8)
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