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In this dissertation we examine two topics relevant to modern machine
learning research: 1) Subgraph counting and 2) High-dimensional subset selec-
tion. The former can be used to construct features for performing graph analytics.
The latter has applications in sparse modeling such as feature selection, sparse
regression, and interpretable machine learning. Since these problems become in-
tractable for large datasets, we design efficient approximation algorithms for both

tasks with data-dependent performance guarantees.

In the first part of the dissertation, we study the problem of approximating
all three and four node induced subgraphs in a large graph. These counts are called
the 3 and 4-profile, respectively, and describe a graph’s connectivity properties.
This problem generalizes graphlet counting and has found applications ranging
from bioinformatics to spam detection. Our algorithms use the novel concept of

graph profile sparsifiers: sparse graphs that can be used to approximate the full
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profile counts for a given large graph. We obtain novel concentration results show-
ing that graphs can be substantially sparsified and still retain good approximation
quality for the global graph profile. We also study the problem of counting local
and ego profiles centered at each vertex of the graph. These quantities embed ev-
ery vertex into a low-dimensional space that characterizes the local geometry of
its neighborhood. We introduce the concept of edge pivots and show that all local
3 and 4-profiles can be computed as vertex programs using compressed two-hop
information. Our algorithms are local, distributed message-passing schemes and
compute all graph profiles in parallel. We empirically evaluate these algorithms
with a distributed GraphLab implementation, and show improvements over pre-

vious state-of-the-art in experiments scaling up to 640 cores on Amazon EC2.

In the second part we shift to the problem of subset selection: for exam-
ple, selecting a few features from a large feature set. Motivated by the need for
interpretable, nonlinear regression models for high-dimensional data, we draw a
novel connection between this and submodular maximization. We extend an ear-
lier concept of weak submodularity from the setting of sparse linear regression
to a broad class of objective functions, including generalized linear model likeli-
hoods. We then show that three greedy algorithms (Oblivious, Forward Stepwise,
and Orthogonal Matching Pursuit) perform within a constant factor from the best
possible subset. Our methods do not require any statistical modeling assumptions
and allow direct control over the number of obtained features. This contrasts with
other work that uses regularization parameters to control sparsity only implicitly.

Our proof technique connecting convex analysis and submodular set function the-

X



ory may be of independent interest for other statistical learning applications that

have combinatorial structure.

In the third part, we consider the problem of explaining the predictions of
a given black-box classifier. For example, why does a deep neural network assign
an image to a particular class? We cast interpretability of black-box classifiers as a
subset selection problem and propose to solve it with an efficient streaming algo-
rithm. We provide a constant factor approximation guarantee for this algorithm
in the case of a random stream order and a weakly submodular objective function.
This is the first such theoretical guarantee for this general class of functions, and
we also show that no such algorithm exists for a worst case stream order. Our
algorithm obtains similar explanations of Inception V3 predictions 10 times faster

than the state-of-the-art LIME framework.
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Chapter 1

Introduction

We consider problems in two areas of machine learning: 1) Algorithms for
counting and approximating graph profiles and 2) Optimizing weakly submodu-
lar set functions subject to cardinality constraints. Both topic areas present new
challenges as we seek to analyze increasingly large datasets, since naive solutions
would simply enumerate every subset of data points up to a given size. In both
cases we use specific assumptions, either conditions on the graph structure or
dependency conditions among the set elements, to design natural approximation

algorithms with data-dependent guarantees.

Figure 1.1 shows motivating examples for these two topics. Many large,
structured datasets are represented naturally in the form of a graph for improved
information storage and retrieval. For example, given the graph in Figure 1.1(a)
one straightforward task is to count the number of triangles, shown in black. One
can also ask a more detailed question: for each vertex v, how many triangles in-
clude v? To generalize Figure 1.1(a), we consider a problem called graph k-profiles

which involves counting all induced subgraphs up to size k.

Figure 1.1(b) illustrates dimensionality reduction via a simple linear regres-

sion example: in this case the set of 2-dimensional blue points (x7,x;) is well-
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Figure 1.1: Simplified motivating examples for the two types of problems ad-
dressed in this dissertation. (a) Count the number of triangles in given graph,
shown in black. Additionally, count the number of triangles incident on a single
edge or vertex. If this is a social network graph, then this information can be used
to help identify or classify different users. (b) Select a plane on which to project
a high dimensional dataset, such that the data has some structure and we can in-
fer a relationship between some of the variables. For example, find the best two
variables to predict some third variable.

approximated by the 1-dimensional red line. If our goal is to predict a third vari-
able x5 from observed data, then this linear relationship suggests that one feature
can be eliminated. To generalize Figure 1.1(b), we consider sparsity constrained
(potentially nonlinear) optimization. For example, build a model using only 100
out of 1 million features. In truly large scale problem settings, the entire dataset
cannot be processed all at once. Here, the general combinatorial challenge is to

select a good subset of N items using only o(N) memory.

These problems are complements of each other: if we think about graph
profiles as designing graph features, the sparse optimization can be thought of as

selecting features to form a meaningful model. Both of these problems quickly be-



come intractable on modern datasets, so our focus will be on designing efficient ap-

proximation algorithms with provable, data-dependent performance guarantees.

The following sections provide an outline of the main results in the disser-

tation.

1.1 Part 1: Efficient Graph Profile Counting

The first part of this dissertation focuses on a quantity called the k-profile,
which is based on counting induced subgraphs of size k in a large graph. We define
three different kinds of profiles: the global, local, and ego k-profile in Chapter 2.
Subgraph counting is an important primitive for graph analytics tasks across many
domains, such as spam detection [1], bioinformatics [2], and clustering [3]. Addi-
tionally, they are deeply connected to the emerging theory of graphons and graph
limits [4-6]. In supervised learning problems, counts of certain subgraphs have
been used to classify nodes [7], edges [8], subgraphs [9], and graphs [10]. In all of
these applications, new features are extracted from graph-structured data. For the
case of local k-profiles, for example, every vertex is embedded into a moderately

sized feature space.

In many large-scale settings, data is distributed across multiple locations.
Thus it is desirable to design algorithms that run on distributed graph engines like
GraphLab PowerGraph [11], GraphX [12], or Pregel [13]. These frameworks use

message-passing to extract complex information beyond simple edge queries.

Question 1. Can we design efficient, distributed algorithms to compute local, global,



and ego profiles on very large graphs?

We propose algorithms for counting ego 3-profiles and local k-profiles for
k = {3,4}. These algorithms use message-passing to count all local profiles con-
currently, which avoids recalculating intermediate computations. They also fit
within the Gather-Apply-Scatter framework common to most modern, distributed
graph engines. Experiments show that with modest cluster sizes, our proposed

algorithms run much faster than naive, serial implementations.

For many applications, such as interactive, exploratory analysis, a data sci-
entist might be satisfied with approximate answers if they enable faster running
times and less memory consumption. One simple way to reduce computation is to
construct a subsampled version of the graph with uniform edge sampling, i.e. keep
every edge independently with some fixed probability p. From this, we show how
to derive unbiased estimators for each entry in the k-profile. Then the problem

becomes how to obtain good performance guarantees for this sparsifier.

Question 2. How well does a global k-profile estimator based on uniform edge sub-

sampling perform on real-world graphs?

We characterize the performance of the above k-profile sparsifiers as a func-
tion of the number of subgraphs dependent on a single edge. This allows us to
randomly discard most edges of the graph and still have k-profile estimates that
are provably within a bounded error with high probability. Our analysis uses two

types of concentration bounds: a result on deviations of multivariate polynomials,



and an information theoretic inequality for families of dependent random func-

tions.

1.2 Part 2: Regression Guarantees via Weak Submodularity

In the next topic area, we turn our attention to a complementary problem.
Sparsity is a fundamental design principle for nearly all machine learning models.
Similar to Occam’s razor, the guiding methodology is that simple models are easy
to implement and generalize better to new data not included in the initial training
set. Many example applications have very high-dimensional data: time series,
multimedia, one-hot encoding of categorical features, etc. Thus, many problems
such as sparse regression, matrix approximation, and dictionary selection share a
common framework: given p items, select a set S which maximizes some function

f(S) subject to the constraint |S| < k < p.

In general we cannot avoid the subset selection problem’s combinatorial
nature and can only solve it exactly by exhaustive search. Moreover, greedy algo-
rithms are not optimal unless the set function f is modular.! In a sparse regres-
sion application, this corresponds to the unrealistic assumption of independent
features. However, if f is submodular, a classical result shows that the greedy for-
ward selection algorithm of Nemhauser [15] returns a set within a factor of 1 — /e

from the optimum.

Question 3. Can classical (and recent) results from combinatorial optimization be

Very recently, a more refined analysis [14] characterizes problem instances of monotone sub-
modular maximization for which greedy algorithms indeed return the true optimum.



used in a more general setting by relaxing the definition of submodular set functions?

This question was answered partially by Das and Kempe [16] who defined a
notion of weak submodularity.” They showed that in the case of linear regression,
sparse eigenvalue conditions on the covariance matrix imply similar constant fac-
tor guarantees on the approximation ratio. However, the question remains largely
open for many recent advances in algorithms and applications from submodular
function optimization literature [17-19]. In the second part of this dissertation,
we make progress toward the answer by extending the analytical framework of

[16] to more general sparsity-constrained regression problems.

Question 4. Explore the connection between combinatorial structure and standard
assumptions in continuous optimization. In particular, can (weak) submodularity be
used to provide guarantees for continuous problems such as sparse regression under

Restricted Strong Convexity conditions?

We answer this question positively by showing that any continuous ob-
jective function satisfying a version of Restricted Strong Convexity (along with
a smoothness assumption) corresponds to a set function that satisfies weak sub-
modularity. Using this connection, we obtain performance guarantees for three
types of greedy algorithms (Oblivious, Forward Stepwise Selection, and Orthogo-
nal Matching Pursuit) without making any other modeling assumptions. Specifi-

cally, we need not assume that a true sparse solution exists but can directly control

2 This is one of many recent relaxations of submodularity. The reader is referred to Appendix C
for a detailed discussion of the relationships among different parameterizations of non-submodular
functions.



the sparsity of the output. Alternatives such as ¢; regularization either require very
strong assumptions or only control the sparsity level implicitly. First we show via
weak submodularity that when the function satisfies RSC, the approximation ratio
of each algorithm is lower bounded by a constant. Then we provide a general pro-
cedure to convert any approximation ratio guarantee into a bound on recovering
the optimal sparse parameter. In other words (after adding some other standard
statistical assumptions), convergence to the maximum function value also implies

convergence to the argmax.

1.3 Part 3: Streaming Weak Submodularity

In some applications, we wish to interpret the predictions of a black-box
neural network so that a data scientist, engineer, or domain expert can assess its
performance. Explanations for machine learning models are believed to be crucial
for adoption in many industries like healthcare, autonomous vehicles, and defense.
They also help provide a framework to enforce regulations on fairness across de-
mographic groups and to assign liability when a failure occurs. For example, the
European Union’s General Data Protection Regulation (GDPR), which took effect
in May 2018, contains language designed to inform consumers about how their

data is used to make automated decisions.>

However, each model evaluation can be expensive, e.g. if it is stored on

the cloud and accessed through an API. One disadvantage of the standard greedy

3Presently, the GDPR’s requirement of a “right to explanation” (and its enforceability in pro-
duction machine learning systems) remains controversial among legal scholars [20,21].



algorithm [15] is that it requires repeated access to each data element. This is un-
desirable for additional reasons in tasks such as large-scale data summarization,
where the entire dataset cannot fit in main memory. We address these issues by
considering a streaming version of the problem. Streaming algorithms make a
constant number of passes (often only one) over the data and use sublinear space.
Therefore, we examine streaming algorithms for maximizing weakly submodular
functions, with applications to interpretability of black-box neural network clas-

sifiers.

Question 5. When set elements arrive in a random (or adversarial) streaming order,
what is the approximability of weak submodular maximization as a function of y?
Are algorithmic guarantees consistent with the y = 1 submodular case, oris 0 < y <

1 fundamentally different?

First, we obtain an impossibility result which shows that, even for y = 0.5,
no randomized streaming algorithm which uses sublinear memory can have a
constant factor approximation. This is quite different from the case of y = 1
where a worst-case approximation factor of 1/2 — € is achievable [22]. Next, we
design and analyze a greedy, deterministic streaming algorithm for maximizing
y-weakly submodular functions which has an expected approximation ratio of
(1-¢€)y - [4 +1- 2\/}74] Here the expectation is with respect to a random
stream order. The algorithm uses O(e™'klog k) memory and does not require
knowledge of y to run. This is achieved by extending key algorithmic components

of SIEVE-STREAMING [22], combined with a novel analysis.



Question 6. Can streaming weak submodularity be used to establish performance

guarantees in new application areas, such as interpretability of black-box classifiers?

Finally, we provide a partial answer to the above question. We conduct
an experimental evaluation of our algorithm for nonlinear sparse regression and
interpretability of black-box neural network classifiers, namely Inception V3 [23].
We define a new subset selection problem similar to that of LIME [24] and apply
our framework to approximately maximize this function. Experimentally, we find
that our interpretability method produces explanations of similar quality to LIME

and runs approximately 10 times faster.

1.4 Organization

Chapter 2 deals with the first part of the dissertation: algorithms and ap-
proximation guarantees for several k-profile problems on large-scale graphs. Chap-
ter 3 deals with the concept of weak submodularity and its application to subset
selection problems, with sparse logistic regression as a special case. Chapter 4 an-
alyzes a streaming variant of weak submodular maximization, with applications
to both sparse regression and black-box interpretability. Each chapter concludes

with relevant directions for future work.

1.5 Notation

Next we collect some notation that will be used throughout this disserta-

tion. Sets are represented by sans script fonts e.g. A,B. Vectors are represented



using lower case bold letters e.g. x,y, and matrices are represented using upper
case bold letters e.g. X,Y. The i-th column of X is denoted X;. Non-bold face letters
are used for scalars (e.g. j,M,r), graphs (e.g. G, Hy, F3(v)) vertices and edges of a
graph (e.g. v;, v; C V, ejj = (v;,vj) = v;v; C E), and function names (e.g. f(-)). The
neighborhood set of a vertex v is denoted I(v), and the ego graph of v is denoted
N(v). The transpose of a vector or a matrix is represented by T e.g. X". For any
vector v, define ||v|[2x = |, /Z{;l 0(21.), where v(;) represent the order statistics of
v in decreasing order. Define [p] := {1,2,...,p}. For simplicity, we assume a set

function defined on a ground set of size p has domain 2[P]. For singleton sets, we

write f(j) == f({j})-

10
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Chapter 2

Graph Profiles:
Algorithms and Approximation Guarantees

2.1 Introduction

In this chapter,! we discuss several variations of the graph k-profile prob-
lem. We propose distributed algorithms for computing local k-profiles that fall
within the Gather-Apply-Scatter framework. Then we describe a general scheme
for approximate global k-profile counting, and analyze it using two types of con-
centration inequalities. Finally, we show the effectiveness of our distributed algo-
rithms and sampling schemes through a series of experiments on multicore, shared

memory platforms as well as distributed computing clusters.

Graph k-profiles are local statistics that count the number of small sub-
graphs in a big graph. They are a natural generalization of triangle counting and

are increasingly popular for several problems in big graph analytics. Globally,

'The material in this chapter is based on the following conference papers: [25] E. R. Elenberg,
K. Shanmugam, M. Borokhovich, and A. G. Dimakis. Beyond Triangles: A Distributed Frame-
work for Estimating 3-profiles of Large Graphs. In KDD, pages 229-238, 2015. [26] E. R. Elenberg,
K. Shanmugam, M. Borokhovich, and A. G. Dimakis. Distributed Estimation of Graph 4-profiles. In
WWW, pages 483-493, 2016. The dissertation author’s primary contributions are derivation of un-
biased k-profile estimators, application of concentration inequalities, algorithm implementations,
and analysis of experiments. The dissertation author also assisted with other contributions and is
the primary contributor of these papers.
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they form a concise graph description that has found several applications for the
web [1,27] as well as social and biological networks [2, 28]. Furthermore, as we
explain, the local profile of a vertex is an embedding in a low-dimensional fea-
ture space that reveals local structural information. Mathematically, k-profiles are
of significant recent interest since they are connected to the emerging theory of
graph homomorphisms, graph limits, and graphons [4,5,28]. Estimating k-profiles
of big graphs is a topic that has received attention from several communities re-

cently (e.g. see [3,25,26,28-32] and references therein).

2.1.1 Graph Profile Definitions

There are 4 possible graphs on 3 vertices, labeled H, . . . , Hs in Figure 2.1(a).
The global 3-profile of a graph G(V,E) is a vector having one coordinate for each
distinct H; that counts how many times that H; appears as an induced subgraph
of G. For example, the graph G = Ky (the complete graph on 4 vertices) has the
3-profile [0,0,0,4] since it contains 4 triangles and no other (induced) subgraphs.
The graph Cs (the cycle on 5 vertices, i.e. a pentagon) has the 3-profile [0,5,5,0].
Note that the sum of the k-profile is always (I‘]ZI), the total number of subgraphs. In
this chapter we are also interested in the significantly more challenging problem
of estimating 4-profiles. Figure 2.1(b) shows the 11 possible graphs on 4 vertices,?
labeled as F;, i = 0,...,10. Given a big graph G(V,E) and k = (3,4}, we are

interested in estimating the global k-profile, i.e. count how many times each H;

2Actually there are 17 local subgraphs when considering vertex automorphisms. This is dis-
cussed in Section 2.2.3 and [26] in detail, but for clarity we will ignore vertex automorphisms in
this introductory section.
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and F; appears as an induced subgraph of G.

HO H1 H2 H3

0% 0% o% %

‘e
P
celte”

S
]

F6 F7 Fg F9 FlO
(b)

Figure 2.1: (a) The 4 possible non-isomorphic graphs on 3 vertices used to calculate
the 3-profile of a graph G. The 3-profile counts how many times each H; appears
in G. (b) The 11 non-isomorphic graphs on 4 vertices used to calculate the 4-profile
of a graph.

In addition to global graph statistics, we are interested in local k-profiles:
given a specific vertex vy, the local 3-profile (4-profile) of v, is a 4-dimensional (11-
dimensional) vector, with each coordinate i counting how many induced H;’s (F;’s)
contain vy. In Figure 2.2 we show an example of the local 4-profile of a vertex. The
local k-profile can be seen as an embedding of each vertex in a low-dimensional
space that characterizes the local geometry of its neighborhood: vertices that con-
nect different clusters will have different local 4-profiles compared to those that are
only part of one dense cluster. A very naive estimation of 4-profiles requires ex-

amining (Z) possible subgraphs. Furthermore, for estimating each local 4-profile
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Figure 2.2: An example for local profiles. The global 3-profile is [0,3,6,1]. The
global 4-profile is [0,0,0,0,2,0,0,1,2,0,0]. The ego 3-profile of v, is [0,1,0,0]. The
local 4-profile of vy is [0,0,0,0,1,0,0,1,2,0,0]. The first 1 in the profile corresponds
to the subgraph F,. Notice that v, participates in only one Fy, jointly with vertices
V2,03, U4.

independently, this computation has to be repeated n times, once for each ver-
tex. Note that the local 4-profiles may be rescaled and added together to obtain
the global 4-profile. Since some of the 4-profile subgraphs are disconnected (like
Fy, Fy, Fs), local 4-profiles contain information beyond the local neighborhood of a

vertex. Therefore, in a distributed setting, it seems that global communication is

required.

Finally, we also consider the problem of calculating the ego 3-profile for
each vertex, e.g. vy. This is the 3-profile of the graph N (vy) i.e. the neighbors of vy,
also called the ego graph of vy. The ego 3-profile of v, can be seen as a projection of
the vertex into a coordinate system [28]. This is a very interesting idea of viewing
a big graph as a collection of small dense graphs, in this case the ego graphs of
the vertices. Note that calculating the ego 3-profiles for a set of vertices of a graph
is different (in fact, significantly harder) than calculating local 3-profiles. Indeed,
we show that the ego 3-profile can be computed by counting a subset of the local

4-profile. Figure 2.2 also shows an example of the ego 3-profile of a vertex.
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2.1.2 Contributions

For the rest of this chapter we describe three contributions in this area,

which are summarized as follows:

Algorithms:  Our first contribution deals with efficiently designing distributed
algorithms for estimating k-profiles on large graphs. We rely on the Gather-Apply-
Scatter model used in GraphLab PowerGraph [11] but, more generally, our algo-
rithm fits the architecture of most graph engines. This restrictive setting does not
allow communication between nonadjacent vertices, a key component of previous
centralized, shared-memory approaches. We introduce the concept of edge pivot-
ing which allows us to collect 2-hop information without maintaining an explicit
2-hop neighborhood list at each vertex. This enables the computation of all the
local 3-profiles in parallel. Each edge requires only information from its endpoints
and each vertex only computes quantities using data from incident edges. For the
problem of ego 3-profiles, we show how to calculate them by combining edge pivot

equations and local 4-clique counts.

We also show that, surprisingly, very limited global information is suffi-
cient to calculate the local 4-profile of a vertex and that it can be reused to calculate
all the local 4-profiles in parallel. Specifically, we introduce a distributed algorithm
to estimate all the local 4-profiles and the global 4-profile of a big graph. Our al-
gorithm operates by having each vertex first perform local message-passing to its
neighbors and then solve a novel system of equations for the local 4-profile. Fo-

cusing on a vertex vy, the first easy step is to calculate its local 3-profile. It can be
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shown that the local 3-profile combined with the full two-hop connectivity infor-
mation is sufficient to estimate the local 4-profile for each vertex v,. This is not
immediately obvious, since naively counting the 3-path (an automorphism of Fy)
would require 3-hop connectivity information. However, we show that less in-
formation needs to be communicated. Specifically, we prove that the triangle list
combined with what we call the two-hop histogram is sufficient: for each vertex
v; that is 2-hops from vy, we only need the number of distinct paths connecting it
to vy, not the full two hop neighborhood. If the two-hop neighborhood is a tree,
this amounts to no compression. However, for real graphs the two-hop histogram
saves a factor of 3x to 5x in communication (see the experiments in Section 2.4).
This enables an even more significant running time speedup of 5-10 times on sev-

eral distributed experiments using 12—-20 compute nodes.

Graph Profile Sparsification:  Our second innovation is a provable edge sub-
sampling scheme: we establish sharp concentration results for estimating the en-
tire global k-profile of a graph. This allows us to randomly discard most edges of
the graph and still have k-profile estimates that are provably within a bounded er-
ror with high probability. One idea that originated from triangle counting [33,34]
is to first perform random subsampling of edges to create a sparse graph called
a triangle sparsifier. Then count the number of triangles in the sparse graph and
rescale appropriately to estimate the number in the original graph. We present
two proof techniques, based on [35] and [36], that show the randomly sparsified

graph has a profile sufficiently concentrated around its expectation.
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System Implementation: Finally, we implement our algorithms in GraphLab
PowerGraph [11] and perform several experiments scaling up to 640 cores on Ama-
zon EC2. We present results on both overall runtimes and network communication
on multicore and distributed systems. We find that our algorithm can estimate the
3-profile of a graph in approximately the same time as triangle counting. Specifi-
cally, we compare against the PowerGraph triangle counting routine and find that
it takes us only 1%-10% more time to compute the full 3-profile. For the signifi-
cantly harder problem of ego 3-profiles, we were able to compute (in parallel) the
3-profiles of up to 100,000 ego graphs in the timescale of several minutes. We
compare our parallel ego 3-profile algorithm to a simple sequential algorithm that
operates on each ego graph sequentially and show tremendous scalability benefits,
as expected. The benefits of two-hop histogram compression and sparsification al-
low us to compute the global and local 4-profiles of very large graphs. For example,
for a graph with 5 million vertices and 40 million edges we estimated the global
4-profile in less than 10 seconds. For computing all local 4-profiles on this graph,
the previous state-of-the-art [30] required 1200 seconds while our distributed al-

gorithm required less than 100 seconds.

2.1.3 Related Work

In this section, we describe several related topics and discuss differences in

relation to our work.
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Graph Subsampling and Concentration Inequalities: Random edge sub-
sampling is a natural way to quickly obtain estimates for graph parameters. For
the case of triangle counting such graphs are called triangle sparsifiers [34]. Re-
lated ideas were explored in the Doulion algorithm [33, 34, 37] with increasingly
strong concentration bounds. The recent work by Ahmed et al. [38] develops sub-
graph estimators for clustering coefficient, triangle count, and wedge count in a
streaming subsampled graph. Other recent work [39-42] uses random sampling
to estimate parts of the 3 and 4-profile. These methods do not account for a dis-
tributed computation model and require more complex sampling rules. As dis-
cussed, our theoretical results build on [34] to define the first 3-profile sparsifiers,

sparse graphs that are a fortiori triangle sparsifiers.

Concentration inequalities for the number of triangles in a random graph
have been studied extensively. The standard method of martingale bounded differ-
ences (McDiarmid’s inequality) is known to yield weak concentrations around the
mean for this problem. The breakthrough work of Kim and Vu [35] provides su-
perior asymptotic bounds by analyzing the concentration of multivariate polyno-
mials. This was later improved and generalized in [43], and applied to subsampled
triangle counting in [34]. The results in Section 2.3.2 follow this proof technique,
while the analysis in Section 2.3.3 uses a different, information theoretic technique
called read-k functions [36] that produces sharper concentration results for prac-

tical problem sizes.?

*Even though concentrations using Kim-Vu become tighter asymptotically, this happens for
graphs with well over 10!® edges (see also Figure 2.6).
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Triangle Counting in Graph Engines: = Graph engines (e.g. Pregel, GraphLab,
Galois, GraphX, see [44] for a comparison) are frameworks for expressing dis-
tributed computation on graphs in the language of vertex programs. Triangle
counting algorithms [27, 45] form one of the standard graph analytics tasks for
such frameworks [11,44]. In [46], the authors list triangles efficiently by partition-
ing the graph into components and processing each component in parallel. Typi-
cally it is much harder to perform graph analytics over the MapReduce framework,
but some recent work [47,48] has used clever partitioning and provided theoretical

guarantees for triangle counting.

Frequent Subgraph Discovery: The general problem of finding frequent sub-
graphs, also known as motifs or subgraph isomorphisms, is to find the number of
occurrences of a small query graph within a larger graph. Typically frequent sub-
graph discovery algorithms offer pruning rules to eliminate false positives early in
the search [49-51]. This is most applicable when subgraphs have labeled vertices
or directed edges. For these problems, the number of unique isomorphisms grows

much larger than in our application.

In [28], subgraphs were queried on the ego graphs of users. While enumer-
ating all 3-sets and sampling 4-sets of neighbors can be done in parallel, forming
the ego subgraphs requires checking for edges between neighbors. This suggests
that a graph engine implementation would be highly preferable over an Apache
Hive system. Our algorithms simultaneously compute the ego subgraphs and their

profiles, reducing the amount of communication between nodes. Algorithm 3 is
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suitable for both NUMA multicore and distributed architectures, but our imple-

mentation focus in this chapter is on GraphLab.

Graphlets and Applications:  First described in [2], graphlets generalize the
concept of vertex degree to include the connected subgraphs a particular ver-
tex participates in with its neighbors. Unique graphlets are defined at a vertex
based on its degree in the subgraph. Graphlet frequency distributions (GFDs)
have proven useful in the fields of computational neuroscience [52] and bioinfor-
matics. Specifically, GFD analysis of protein interaction networks helps to design
improved generative models [53], accurate similarity measures [2], and better fea-
tures for classification [10]. The term graphlets typically refers to only connected
subgraphs, but in some examples such as [54], the authors analyze neuronal net-

works using all global 4-subgraphs.

Subgraph Counting: Fast matrix multiplication has been used for certain types
of subgraph counting. Alon et al. proposed a cycle counting algorithm which uses
the trace of a matrix power on high degree vertices [55]. Related approximation
schemes [37] and randomized algorithms [29] depend on centralized architectures

and computing matrix powers of very large matrices.

Previous systems of equations relating clique counts to other 4-subgraphs
appear in [29,30,56-59]. However, these are applied in a centralized setting and
depend on information collected from nonadjacent vertices. In this work, we use

additional equations to solve the same system by sharing only local information
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over adjacent vertices. We evaluate our algorithm against Orca [30], a centralized
4-graphlet counting algorithm, as well as its GPU implementation [60]. Notice
that while Orca calculates only connected 4-subgraphs, our algorithm calculates

all the connected and the disconnected 4-subgraphs for each vertex.

Concurrent with the writing and subsequent publication of these results in
[26], a parallel algorithm for 4-subgraph counting was introduced in [59]. Our al-
gorithm differs by working within GraphLab PowerGraph’s Gather-Apply-Scatter
framework instead of the native, multithreaded C++ implementation of [59]. In
terms of empirical performance, both our work and [59] show similar running time
improvements of one order of magnitude over ORcA. A more detailed comparison
would depend on the hardware and datasets used. More importantly, our work
focuses on a distributed (as opposed to multicore parallel) framework, and for our
setting minimizing communication is critical. Our theoretical results are signifi-
cantly different from [59] and may be useful in improving that system also. Specif-
ically, [59] explicitly counts the number of 4-cycles (F; in Figure 2.1(b)) whereas we
show that it is possible to use only two-hop histograms instead. This results in less
communication overhead, but this benefit is perhaps not as significant for shared-
memory multicore platforms. Our second theoretical result, the novel sparsifica-
tion concentration bounds, can be used for any subgraph estimation algorithm and

quantifies a provable tradeoff between speed and accuracy.
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2.2 Distributed Algorithms

In this section we introduce novel, distributed algorithms for estimating
the local k-profiles of massive graphs for k = {3,4}, as well as ego 3-profiles. These
local vectors can be used to obtain the global profiles (by rescaled addition as we
discuss in the sequel). Our algorithms can be applied independently of the edge
sampling described in Section 2.3. We rely on the Gather-Apply-Scatter (GAS)
model used in GraphLab PowerGraph (but, more generally, our algorithm fits the
architecture of most graph engines). A distributed algorithm in this framework has
3 main phases: Gather, Apply, and Scatter. Every vertex and edge has stored data
which is acted upon. During the Gather phase, a vertex can access all its adjacent
edges and neighbors and gather data they possess, e.g. neighbor ID, using a custom
reduce operation & (e.g. addition, concatenation). The accumulated information is
available for a vertex at the next phase, Apply, in which it can change its own data.
In the final Scatter phase, every edge sees the data of its (incident) vertices and
operates on it to modify the edge data. All nodes start each phase simultaneously,

and if needed, the whole GAS cycle is repeated until the algorithm’s completion.

We introduce the concept of edge pivoting which allows us to collect 2-
hop information without maintaining an explicit 2-hop neighborhood list at each
vertex. This enables the computation of all the local k-profiles in parallel. Each
edge requires only information from its endpoints and each vertex only computes
quantities using data from incident edges. For the problem of ego 3-profiles, we
show how to calculate them by combining edge pivot equations and local clique

counts.
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The key to our approach is to identify subgraphs at a vertex based on the
degree with which it participates in the subgraph. From the perspective of a given

vertex v, there are actually six distinct 3 node subgraphs up to isomorphism as

d

1,0°

d

) e .
given in Figure 2.3(a). Let ng,, ni,.n %00

ny.,» Ny, and n3;, denote the corresponding
local subgraph counts at v. We will first outline an approach that calculates these
counts and then add across different vertex perspectives to calculate the final 4

— e c — e
scalars (n2, = nj, +ng, and ni, = n

ot n‘li’v). It is easy to see that the global

counts can be obtained from these local counts by summing across vertices:

n; = % (Z ni,‘u] s Yi. (21)

veV

2.2.1 Distributed Local 3-profile

We will now give our approach for calculating the local 3-profile counts of

G(V,E) using only local information combined with |V| and |E].

Scatter: We assume that every edge (v,a) has access to the neighborhood sets of
both v and a, i.e. I(v) and I(a). Therefore, intersection sizes are first calculated at
every edge, i.e. [[(v) NI(a)|. Each edge computes the following scalars and stores

them:
n1a = VI = (IT(0)] + I(a)| - |T(v) N Na)]),

154 = IT(©)\{I(a) U a}| = [[(v)| - [(v) NT(a)| - 1,
5.4 = IT(@)| = [T(v) NT(a)| =1 = n5,,,

N3 va = |F(U) N F(a)l-

The computational effort at every edge is at most O(dpmax), Where dpay is the max-

imum degree of the graph, for the neighborhood intersection size.
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Figure 2.3: Naming conventions for local subgraphs throughout this chapter:
unique (a) 3-subgraphs, (b) ego 3-subgraphs, and (c) 4-subgraphs from the per-
spective of the white vertex v. Note that Jy(v) is the same as Fé(v). F3 is the
only subgraph with a third vertex automorphism Fé, because no other subgraph
contains vertices with 3 different degrees.

Gather: In the next round, vertex v “gathers” the above scalars as follows:

e _ E e e _ E
Moo = Nyvar Mp = N1va-
)

a€l(v) ael(v
a1l p 1
ng,v = 5 Z ng,va’ N3y = 5 Z n3va-
acl(v) a€l(v) (2.3)

d Cc
ni, = IEl = IT(0)| = n3p — nj,.

V-1
Nooy = 9 — N1y — N2y — N3p.
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Here, relations (a) and (b) are because triangles and wedges from center are dou-
ble counted. (c) comes from noticing that each triangle and wedge from endpoint
excludes an extra edge from forming Hf(v). In this Gather stage, the communica-
tion complexity is O(M) where it is assumed that I(v) is stored over M different

machines. The corresponding distributed algorithm is described in Algorithm 1.

Algorithm 1 3-proF
Input: Graph G(V,E) with |V| vertices, |E| edges
Gather: For each vertex v union over edges of the ‘other’ vertex in the edge,
Uger(v)ad = [(v).
Apply: Store the gather as vertex data v . nb, size automatically stored.
Scatter: For each edge e,,, compute and store scalars in (2.2).
Gather: For each vertex v, sum edge scalar data of neighbors
g < Z(U,a)el"(v) e.data.
Apply: For each vertex v, calculate and store the quantities described in (2.3).
return [v: v.n0 v.nl v.n2 v.n3]

2.2.2 Distributed Ego 3-profile

In this section, we give an approach to compute ego 3-profiles for a set
of vertices V C V in G. For each vertex v, the algorithm returns a 3-profile cor-
responding to that vertex’s ego N(v), a subgraph induced by the neighborhood
set I(v), including edges between neighbors and excluding v itself. Formally, our
goal is to compute {n3(N(v))}yev. Clearly, this can be accomplished in two steps
repeated serially on all v € V: first obtain the ego subgraph N(v) and then pass it
as input to Algorithm 1, summing over the ego vertices I(v) to get a global count.
The serial implementation is provided in Algorithm 2. We note that this was es-

sentially done in [28], where ego subgraphs were extracted from a common graph

26



separately from 3-profile computations.

Instead, Algorithm 3 provides a parallel implementation which solves the
problem by finding cliques in parallel for all v € V. The main idea behind this
approach is to realize that calculating the 3-profile on the induced subgraph N(v)
is exactly equivalent to computing specific 4-node subgraph frequencies among v
and 3 of its neighbors, enumerated as J;(v), 0 < i < 3 in Figure 2.3(b). Now, the

aim is to calculate J;(v)’s, effectively part of a local 4-profile.

Scatter: We assume that every edge (v, a) has already computed the scalars from
(2.2). Additionally, every edge (v,a) also computes the list N, = I(v) N I(a)
instead of only its size. The computational complexity is still O(dyax)-

Gather: First, the vertex “gathers” the following scalars, forming three edge pivot

equations in unknown variables J;(v):

Z (ng?:va) =3Jo(v) + 1(v)
)

ael(v
Z (nf;va) — ]2(,0) i 3]3(,0) (24)
ael(v)

Z ng,van'}w,va =2/ (U) + 2]2(0)

ael(v)

By choosing two subgraphs that the edge (v,a) participates in, and then
summing over neighbors a, these equations gather implicit connectivity informa-
tion 2 hops away from v. However, note that there are only three equations in
four variables and we must count one of them directly, namely the number of 4-

cliques J3(v). Therefore, at the same gather step, the vertex also creates the list
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CNy = Userw), peN,, (@-p)- Essentially, this is the list of edges in the subgraph in-
duced by I'(v). This requires worst case communication proportional to the num-

ber of edges in N(v), independent of the number of machines M.

Scatter: Now, at the next scatter stage, each edge (v,a) accesses the pair of lists
CNy, CN,. Each edge (v, a) computes the number of 4-cliques it is a part of, defined

as follows:

Pawa= Y, 1) € ENy). (2.5)

ijel(v)NI(a)
This incurs computation time of |CN,|.
Gather: In the final gather stage, every vertex v accumulates these scalars to
get 5(v) = % Y. N4y requiring O(M) communication time. As in the previ-
ael(v)

ous section, the scaling accounts for extra counting. Finally, the vertex solves the

equations (2.4) using J5(v).

Algorithm 2 EGo-sSEr

Input: Graph G(V,E) with |V| vertices, |E| edges, set of ego vertices V

forv e Vdo
Signal v and its neighbors.
Include an edge if both its endpoints are signaled.
Run Algorithm 1 on the graph induced by the neighbors and edges between
them.

end for

return [v: vego.n0 vego.nl vego.n2 vego.n3]

2.2.3 Distributed Local 4-profile

In this section, we describe 4-PROF, our algorithm for computing the exact

4-profiles in a distributed manner. To the best of our knowledge, this is the first
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Algorithm 3 EGo-pAR
Input: Graph G(V,E) with |V| vertices, |E| edges, set of ego vertices V
Gather: For each vertex v union over edges of the ‘other’ vertex in the edge,
Ue,,a = I(v).
Apply: Store the gather as vertex data v . nb, size automatically stored.
Scatter: For each edge e,,, compute and store as edge data:
Scalars in (2.2).
The list Ny,.
Gather: For each vertex v, sum edge data of neighbors:
Accumulate LHS of (2.4).
g.CN « g.CN U Ny,.
Apply: Obtain €N, and equations in (2.4) using the scalars and g.CN.
Scatter: Scatter CN,,CN, to all edges (v, a).
Compute ngy, as in (2.5).
Gather: Sum edge data n4,, of neighbors at v.
Apply: Compute J5(v).
return [v: vego.n0 vego.nl vego.n2 vego.n3]

distributed algorithm for calculating 4-profiles. The key insight is to cast existing
and novel equations into the GraphLab PowerGraph framework [11] to get implicit
connectivity information about vertices outside the 1-hop neighborhood. Specif-
ically, we construct the local 4-profile from local 3-profile, local 4-clique count,
and additional histogram information which describes the number of paths to all

2-hop neighbors.

Theorem 2.2.1. There is a distributed algorithm that computes the exact local 4-
profile of a graph given each vertex has stored its local 3-profile, triangle list, and

2-hop histogram.

Note that similar to (2.1), the local 4-profiles at each vertex can be added

and appropriately rescaled (using the symmetries of each subgraph, also called
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automorphism orbits [2]) to obtain the global 4-profile.

4-PROF solves a slightly larger problem of keeping track of counts of 17
unique subgraphs up to vertex automorphism (see Figure 2.3(c)). We will describe
a full rank system of equations which is sufficient to calculate the local 4-profile at
every v € V. The remainder of this subsection explains each component of 4-PROF.
These separate routines are combined efficiently in Algorithm 4 to calculate the

local 4-profile in a small number of GAS cycles.

Edge Pivot Equations: The majority of our equations relate the local 4-profile
to neighboring local 3-profiles with edge pivots as described earlier. At each vertex
v, each combinatorial equation relates a linear combination of the local 4-subgraph
counts to the count of a pair of 3-subgraphs sharing an edge va. Some of these
equations appear in a centralized setting in previous literature ([29,30,57,59]). In
our algorithm, the 3-subgraph pair count accumulates at v as all incident edges va
pivot over it. The edges fixed by a specific 3-subgraph pair correspond to common
edges among a subset of 4-subgraphs. Before that, in an initial GAS round, each
vertex v must gather the ID of each vertex in its neighborhood, i.e. a € I{v), and
the quantities in (2.2) must be stored at each edge va during the Scatter phase.
Gather: The above quantities are summed at each vertex v as in (2.3) to calculate

the local 3-profile at v. In addition, we gather the sum of functions of pairs of these
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quantities forming 13 edge pivot equations:

ne
> ) = ) + B),
ael(v) 2
ns / /
Z 2wa ) — 3F;(v) + F3(v),
ael(v) 2
20 (") = ) + 3Fu(@).
ael(v)
D aalt = 2F3(0) + Fi(o), 6
a€l(v) ’
Z N1 pa3wa = 2F5(v) + Fél(v),
a€l(v)
Z N5 pallyoa = F4(v) + 2F;(v),
a€l(v)
N3 paM30a = 2Fé(v) + 2F9’(v),
a€l(v)

n{,IN©)| = Fy(v) + Fy(v) + Fy(v).
The primed notation differentiates between subgraphs of different automorphism
orbits, as in Figure 2.3(c). By accumulating pairs of 3-profile structures as in (2.6),
we receive aggregate connectivity information about vertices more than 1 hop
away. Consider the sixth equation as an example. The product between n;,, and
ny ., subgraphs along edge va forms 4-node graphs with the following structural
constraints: three vertex pairs are connected, two vertex pairs are disjoint, and one
pair may be either connected or disjoint. F é(v) and F;(v) satisfy these constraints

and differ on the unconstrained edge. Thus, as shown in Figure 2.4, they both

e

: C
contribute to the sum of N3 403 00

The following edge pivot equations are linearly independent when solving

for the local 4-profile only. Note the last 2 equations require calculating the local

31



‘o - -

Zael"(v) n;,vang,va F;(U) 2F; (U)

Figure 2.4: Edge pivot equation for vertex v counting triangles as edges va pivot
about their common vertex v. The subgraphs F A;(v) and F;(v) differ by one edge.

3-profile:

> (") = o) o

ael(v)
Z ni,vang,va = F3(U) + F4(U)’
acl(v)
Z N yaswa = Fy (0) + 2Fs(v), (2.7)
ael(v)
Z Nn3a — N3pa = F3(v) + 2Fy(v) + 3F;0(v),
a€l(v)
Z NG, — N5, = Fa(v) + 2F;(v) + F; (v) + 2F,(v).
a€l(v)

Apply: Store the left hand sides of all 13 equations at v.

Clique Counting: The aim of this subtask is to count 4-cliques that contain the
vertex v. Similar to Section 2.2.2, we accumulate a list of triangles at each vertex v.
Then, at the Scatter stage for every wva, it is possible to check if neighbors common

to v and a have an edge between them. This implies a 4-clique.

Scatter: In addition to the intersection size |I(v) N I(a)| at each edge va as before,

we now require the intersection list {b : b € I(v),b € I(a)} as a starting point.
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Gather, Apply: The intersection list is gathered at each vertex v. This produces
all pairs of neighbors in I(v) which are adjacent, i.e. all triangles containing v. It

is stored as A(v) during the Apply stage at v.

Gather, Apply: Each edge va computes the number of 4-cliques by counting how
many pairs in A(a) contain exactly two neighbors of v. We use a similar equation

to calculate Fg(v) concurrently:

Z I(b,¢) € Aa) : b € T(v),c € T(v)] = 3F(v),
a€l(v)

Z I(b,c) € Ada) : b ¢ T(v),¢ ¢ T(v)] = F(v).

acl(v)

At the Apply stage, store the left hand sides as vertex data.

Histogram 2-hop Information: Instead of calculating the number of cycles
F;(v) directly, we can simply construct another linearly independent equation and
add it to our system. Let each vertex a have a vector of (vertex ID, count) pairs
(p,cqlp]) for each of its adjacent vertices p. Initially, c,[p] = 1 and this histogram
contains the same information as I{a). For any a € I(v) and p ¢ [(v), ¢4[p] = 1 &
vap forms a 2-path. Thus, v can collect these vectors to determine the total number
of 2-paths from v to p. This lets us calculate a linear combination involving cycle
subgraph counts with an equation that is linearly independent from the others in

our system.

Gather: At each v, take a union of histograms from each neighbor a, resolving

duplicate entries with the reduce operation (p,cq,) ® (p,ca,) = (P,Cq, + Cay)-
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Algorithm 4 4-proF
1: Input: Graph G(V,E) with |V| vertices, |E| edges.
2: Gather: For each vertex v union over edges of the ‘other’ vertex in the edge,
Uger(v)ad = [(v).
3: Apply: Store the gather as vertex data v . nb, size automatically stored.
4: Scatter: For each edge e,,, compute and store scalars in (2.2).
5. Gather: For each edge e,,, sum edge scalar data of neighbors in (2.6) - (2.7)
and combine two-hop histograms.
6: Apply: For each vertex v, sum over p ¢ I'(v) in (2.9), store other data in array
V. u. No Scatter.
7: Gather: For each vertex v collect pairs of connected neighbors in A(v).
8: Apply: Store connected neighbor (triangle) list as vertex data v. conn. No
Scatter.
9: Gather: For each vertex v sum (2.8).
10: Apply: Append data to array v. u. Multiply v . u by a matrix to solve system
of equations.
11: return [v: v.NO v.N1 v.N2 . . . Vv.N10]

Apply: Given the gathered histogram vector, {@er(v) ca[p]}per(v), calculate the

number of non-induced 4-cycles involving p and two neighbors:

2 (@“er‘“’ C"[p]) = F>(0) + Fy(v). 2.9)
)

2
p¢l(v

Next, we upper bound the savings from our 2-hop histogram by analyzing
the improvement when the only information transmitted across the network to a

vertex v is each non-neighboring vertex and its final count @er()c[p]. Let
hy = |I{I(v)) \ {I(v) U v}].

For each v, the difference between full information and histogram information is
at most . sere) (IT(@)| — 1) — 2h,. The exact benefit of (2.9) depends on the internal

implementation of the reduce operation @ as pairs of neighbors are gathered.
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Counting the number of distinct pairs of 2-paths to each 2-hop neighbor,
ie. %(c [p]? — c[p]), requires counting the second moment of ¢ taken over h,, terms.
Due to a result by Alon ([61], Proposition 3.7), the memory required to count this
value exactly (moreover, to approximate it deterministically) is Q(h,). Thus, up to

implementation details, our memory use is optimal.

Normalization and Symmetry: Our finallocal equation comes from summing

the local 4-profile across all 17 automorphisms:

17
ZFl-(v) = ('Vlg_ 1). (2.10)

To calculate the global 4-profile, we utilize global symmetry and scaling
equations. Let F; = Y ¢y Fi(v). Globally, each subgraph count is in exact propor-
tion with the same subgraph counted from a different vertex automorphism. The

ratio depends on the subgraph’s degree distribution:

F3 = 2F,, F,=F,, Fs=3F,
(2.11)

’ 14

Fs=F,, F, =2F;, Fy=F,

Global symmetry makes the equation for Fg and the system (2.7) linearly
dependent. We sum across vertices, inverting a single 11 X 11 system to yield the

final global 4-profile [Ny, . ..,Nio]" by scaling appropriately:

N=f NP oN2E N -E
0_4’ 1_2’ 2_4a 3 — I3,
F, Fs : F,
Ny=-2% Ny==, N¢=F., N;=-, (2.12)
4 2 5 3 6 6 7 4
F9 FlO

Ny =Fs, No=—, Nyp=—.
8 = I 9= 0=
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2.3 Sampling, Estimators, and Concentration Bounds

In this section, we describe and analyze an unbiased estimator of the global
k-profile based on uniform edge subsampling. Our analysis models the transfor-
mation from original to sampled graph as a one step Markov chain with transitions
expressed as a function of the sampling probability. Our result is that a random
sampling of edges forms a k-profile sparsifier, i.e. a subgraph that preserves the el-
ements of the k-profile with sufficient probability concentration. This framework

is a generalization of the triangle sparsifiers by Tsourakakis et al. [34].

Our first proof relies on a result by Kim and Vu [35] for concentration of
multivariate polynomials, similarly to [34]. Unfortunately, the Kim and Vu con-
centration holds only for a class of polynomials called totally positive and some
terms in the 3-profile do not satisfy this condition. For that reason, the proof
of [34] does not directly extend beyond triangles. Our technical innovation in-
volves showing that it is still possible to decompose our polynomials as combina-

tions of totally positive polynomials using a sequence of variable changes.

While this technique scales well in theory, typically the estimated errors
are orders of magnitude larger than the measured quantities for reasonable graph
sizes. Our second proof introduces novel concentration bounds for global k-profile
sparsifiers that use a novel information theoretic technique called read-k func-
tions [36]. Our read-k bounds allow usable concentration inequalities for sparsi-
fication factors of approximately 0.4 or higher (Section 2.4). Note that removing
half the edges of the graph does not accelerate the running time by a factor of 2,

but rather by a factor of nearly 8, as shown in our experiments.
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2.3.1 k-profile Sparsifier

In this section, we describe the process for approximating the exact num-
ber of subgraphs in a graph G. For 3 node subgraphs of type Hy, H, H, and Hs, as
depicted in Figure 2.1(a), denote the exact counts by n3 = [ny,...,n3]" and the es-
timates by [Xo,...,X3] . Because the vector nj is a scaled probability distribution,

there are only 3 degrees of freedom. Therefore, we calculate
.

V|
na(G) = [( 3 —ny —nz —ns, ng, N2, N3

We are sparsifying the original graph G by keeping each edge indepen-
dently with probability p. Denote the random subsampled graph by G and its
global 3-profile by [Yy,...,Y3]". We relate the subsampled 3-profile counts to the
original ones through a one step Markov chain involving transition probabilities.
The subsampling process is the random step in the chain. Any specific subgraph
is preserved with some probability and otherwise transitions to one of the other
subgraphs. For example, a 3-clique is preserved with probability p®. Figure 2.5

illustrates the other transition probabilities.

In expectation, this yields the following linear system:

E[Yol| |1 1-p (1-p? (1-p)° ||no

EM]| _{o p  2p(1=p) 3p(1=-p)*||m (2.13)
E[Y;]| {0 0 P’ 3p*(1 - p)| [n2|” '
E [Ys] 0 0 0 P’ ns
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Figure 2.5: Edge sampling process.
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from which we obtain unbiased estimators for each entry in X(G) = [Xo,...,X3]":

1- 1-p)? 1-p)°
Xo = Yy - pY1+( 2p) Yz—( 3p) Y,
p p p
1 2(1 - 3(1 - p)?
x =ty _ ( 2p)y2 ( 3p) Y,
p p p (2.14)
1 3(1-p)
Xo= =Y - 13
P P
1
X3 = =Y.
P

Lemma 2.3.1. X(G) is an unbiased estimator of n(G).
Proof. By substituting (2.14) into (2.13), clearly E [X;] = n; for i = 0,1,2,3. O

For the rest of the subsection, we shift our attention to 4-profiles. Denote
the exact counts by ny = [ng,...,n1]", the estimates by [Xy,...,X10]", and the
global 4-profile of G by [Y,,...,Y;0]". Just as each triangle survives with prob-
ability p* and each 4-clique clearly survives with p®. Therefore, in expectation,

E[Y1] = p6N10 and X9 = #Ym is unbiased.

This simple correspondence does not hold for other subgraphs: each clique
in G can only be a clique in G that survived edge removals, but other subgraphs
of G could be originating from multiple subgraphs of G depending on the random
sparsification process. We can, however, relate the original 4-profile vector to the
expected subsampled 4-profile vector by a matrix multiplication. Let F(abcd) and
F(abed) represent the induced 4-subgraph on the vertices abcd before and after
subsampling, respectively. Then define H by H;; = P(F(abed) = F; | F(abed) = Fj).
Thus, we form an unbiased estimator, i.e. E[X;] = N;, i = 1,...,10, by inverting

the edge sampling matrix.
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For 3-profiles, this process is described by the system (2.13). For 4-profiles,
the vectors are 11 dimensional and a similar linear system can be explicitly com-
puted - the full system of equations is included in Appendix B. This matrix turns
out to be invertible and we can therefore calculate the 4-profile exactly if we have
access to the expected values of the sparsified 4-profile. Of course, we can only
obtain one sample random graph and calculate that 4-profile, which will be an
accurate estimate if the 4-profile quantities are sufficiently concentrated around

their expectation.

2.3.2 Kim-Vu Concentration Bounds

We now turn to prove our first concentration bounds for the above esti-
mators. We introduce some notation for this purpose. Let X be a real polynomial
function of m real random variables {t;}? . Let & = (a1, a,...,a,) € Z and

define E;[X] = maxq.jq|,>1 E(09X), where

O ver (D yen Xt ] (2.15)

E(0”X) = E | (=
() =516y Ot

Further, we call a polynomial totally positive if the coefficients of all the monomials
involved are non-negative. We state the main technical tool we use to obtain our

concentration results.

Theorem 2.3.1 (Kim-Vu Concentration [35]). Let X be a random totally positive
Boolean polynomial in m Boolean random variables with degree at most k. IfE[X] >

Es:[X], then
P (1X - E[X]| > axVEIX]Es [X]2")
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= O (exp (-A + (k — 1) log m)) (2.16)

for any A > 1, where a; = 8Kk!V/2,

The above theorem was used to analyze 3-profiles of Erdos-Rényi random
ensembles (G,;) in [35]. Later, this was used to derive concentration bounds for
triangle sparsifiers in [34]. Here, we extend §4.3 of [35] to the 3-profile estimation

process, on an arbitrary edge-sampled graph.

Theorem 2.3.2. (Generalization of triangle sparsifiers to 3-profile sparsifiers) Let
n3(G) = [ng, ny, ny, n3] be the 3-profile of a graph G(V,E). Let |V| = n and |E| = m.
Let n3(G) = [Y, Yy, Ya, Y3] be the 3-profile of the subgraph obtained by sampling
each edge in G with probability p. Let a,f and A be the largest collection of Hy s,
wedges and triangles that share a common edge. Define X(G) according to (2.14),

€ > 0,andy > 0. Ifp, € satisfy:

no > a% 10g6 (m2+)/)
3max{a, f,A} — €2

P N a% log6 (mzﬂf)
max{{)%n?,A/m} - €2

2.17
p >aflogz(m)’) @.17)

aln; €?
p g (m7)

2 b
max{ L, =)

€
then || X(G) — n(G)||, < 126(";') with probability at least 1 — %
Proof. The proof of this theorem is deferred to Appendix A.1. O
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The sampling probability p in Theorem 2.3.2 depends poly-logarithmically
on the number of edges and linearly on the fraction of each subgraph which occurs
on a common edge. For example, if all of the wedges in G depend on a single edge,
i.e. f = ny, then the last equation suggests the presence of that particular edge in

the sampled graph will dominate the overall sparsifier quality.

2.3.3 Read-k Concentration Bounds

When applied to graph sparsification for triangle counting, the Kim and Vu
polynomial concentration [34, 35] from the previous section unfortunately gives
very loose bounds for practical graph sizes. Figure 2.6 compares the accuracy
bound derived in this section to the bound predicted by using [35]. Clearly the
Kim-Vu concentration does not provide meaningful bounds for the experiments
in Section 2.4. However, the bounds in this section match observed sparsifier ac-

curacy much more closely.

The novel concentration results in this section exploit the fact that par-
tial derivatives of the desired quantities are sparse in the number of edge vari-
ables. This allows us to use a novel information theoretic concentration technique
called read-k functions [36]. For simplicity, we only explain the concentration of
4-cliques (F;o subgraphs) here. We establish the general result for all 11 4-profile

variables in Appendix B. Our main concentration result is as follows:

Theorem 2.3.3. Let G be a graph with N1y 4-cliques, and let k1o be the maximum
number of 4-cliques sharing a common edge. Let X1, be the 4-clique estimate obtained

from subsampling each edge with probability 0 < p < 1, choose 0 < § < 1, and
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Figure 2.6: Comparison of 4-clique sparsifier concentration bounds with accuracy
measured in edge sampling experiments on the LiveJournal graph.

choose egx > 0. If
log(2/8)kyo )
og
p 2 2—10 R
ZGRKNl()

then |N1g — Xi9| < erxNio with probability at least 1 — 6.

Proof. Our proof relies on read-k function families [36], a recent characteriza-
tion of dependencies among functions of random variables. Rather than Lipschitz
bounding the value of each partial derivative, as in [25, 34, 35], this technical tool
benefits from the fact that each first partial derivative is sparse in the number of

edge variables.

Definition 2.3.1 (read-k families). Let Xi,...,X,, be independent random vari-

ables. For j € [r], let P; C [m] and let f; be a Boolean function of {X;}icp,. Assume

43



that |{j | i € P;}| < k for every i € [m]. Then the random variables Z; = fj({X,'}iepj)

are called a read-k family.

Each variable only affects k of the r Boolean functions. Let G be a graph
with Njy 4-cliques and a maximum of k¢ 4-cliques sharing a common edge. The
corresponding 4-clique estimator X, follows this exact structure. Each edge sam-
pling variable appears in at most kjo of the Njy terms. We now state the main
result required for our analysis. Note that when applied to estimating the num-
ber of 4-cliques, the bound is independent of the number of edges. Therefore, it
is much stronger than arguments involving Lipschitz bounded functions such as

McDiarmid’s inequality.

Proposition 1 (Read-k Concentration [36]). Let Z1,. .., Z, be a family of read-k
indicator variables with P(Z; = 1) = p;, and let p be the average of p1,. . .,p,. Then

foranye >0,
P(Zr: Zi>(p+ e)r) < exp (—D(p+ €l p)%)
i=1
P[ZZi <(@p- e)rJ < exp (—D(p —€ll P)%),
i=1

where D(x || y) = xlog (g) +(1—x)log (%) is the Kullback-Leibler divergence of

x and y. Both bounds are less than exp(—2€°r/k).

Let Yio = Zx(a,b,c,d)eﬂ-flo tabtbetedatdatactpd- Then

262 N10
P (|Y10 — p°Nol > ERKNlo) < 2exp [_ RE ]

k1o

44



2p12€2 NlO
= P (|X10 — N1ol > erxNio) < 2exp [—¢ )

klO

The claim follows by setting the right hand side less than § and solving for p. O

Next, we state conditions under which our method outperforms the Kim

and Vu concentration results [35].

Corollary 2.3.1. Let G be a graph with m edges. If p = Q(1/logm) and § =
Q(1/m), then read-k provides better triangle sparsifier accuracy than Kim-Vu. If

additionally k1y < N3/6

1o » then read-k provides better 4-clique sparsifier accuracy than

Kim-Vu.

Proof. We prove this result for the case of 4-cliques only because the case for trian-
gles is similar. First we must derive a similar 4-clique concentration bound using

the techniques in [34,35].

Lemma 2.3.2. Let G be a graph with m edges and Ny cliques, and kyo be the max-
imum number of 4-cliques sharing a common edge. Let ag = 8°V6!,0 < p < 1, and
exv > 0. Let Xy be the 4-clique estimate obtained from subsampling each edge with

probability p. If

p . a?log'?(m*)
2 b

max{\yl/NIO,‘S/klo/NIO} - €kv

(2.18)

then |N1g — X10| < €xv Nio with probability at least 1 — #

Similar to Theorem 2.3.2, the proof of this lemma is an application of the

main result in [35]. It can be found in Appendix A.
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Now we are ready to prove the corollary by comparing Theorem 2.3.3 and
Lemma 2.3.2. Fix p,§,> 0 and y > 1 such that p = Q(1/logm) and § = m™" =
Q(1/m). Now we analyze the bounds exy and egg. For any graph and a4 defined

in Lemma 2.3.2,

1 4
— <1, — <1,
a’ (5+y)t
r 2/3 (2.19)
log(2"Ym) < 2logm, (i)) < 1.
Nio
We further require kjp < le({ % Then the condition on p with (2.19) implies
p' > 1/log! (m)
y log(2'/Ym) : 5/6 2/3
> min {k1o/N:"°, (kio/ N .
Rearranging terms,
a2 log'*(m>*) max {\71/N10,\3/k10/N10}
€kv =
p
o log(2m")kio/Nio
> €py = = . m
2p

We note that the asymptotic condition on p in Corollary 2.3.1 includes a
constant term much less than 1. This is due to the looseness of inequalities in (2.19)
and implies that Theorem 2.3.3 is superior to Lemma 2.3.2 over all p values of prac-
tical interest. While these bounds contain the quantities we wish to estimate, they
provide guidelines for the performance of sampling heuristics. We also investigate

this in the next section for some realistic graphs.
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2.4 Experiments

First we describe implementation details common to all experiments in this
section. Then we present both running time and accuracy results for 3-profiles,

followed by similar results for 4-profiles.

The Systems: We perform the experiments on three systems. The first system
is a single power server, further referred to as Asterix. The server is equipped with
256 GB of RAM and two Intel Xeon E5-2699 v3 CPUs, 18 cores each. Since each
core has two hardware threads, up to 72 logical cores are available to the GraphLab

engine. We implement our algorithms on GraphLab v2.2 (PowerGraph) [11].

The next two systems are EC2 clusters on AWS (Amazon Web Services)
[62]. One is comprised of 12 m3.2x1arge machines, each having 30 GB RAM
and 8 virtual CPUs. Another system is a cluster of 20 c3.8x1large machines,

each having 60 GB RAM and 32 virtual CPUs.

The Data: In our experiments we use a total of six real graphs. These graphs
represent different datasets: social networks (LiveJournal and Twitter), citations
(DBLP), knowledge content (Wikipedia), and WWW structure (PLD - pay level do-
mains and Notre Dame). Notice that the above graphs are originally directed, but
since our work deals with undirected graphs, all duplicate edges (i.e., bi-directional)
were removed and directionality is ignored. Graph sizes are summarized in Table

2.1.
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Table 2.1: Datasets

Name Vertices | Edges (undirected)
Twitter [63] 41,652,230 1,202,513,046
PLD [64] 39,497,204 582,567,291
LiveJournal [65] 4,846,609 42,851,237
Wikipedia [66] 3,515,067 42,375,912
WEB-NOTRE [65] 325,729 1,090,108
DBLP [65] 317,080 1,049,866

2.4.1 3-profiles

In this section, we describe the experimental setup and results comparing
the 3-PrOF, EGO-PAR and EGo-SER algorithms. The performance (running time and
network usage) of our 3-pRoF algorithm is compared with the Undirected Trian-
gles Count Per Vertex (hereinafter referred to as TRIAN) algorithm shipped with
GraphLab. We show that in time and network usage comparable to the built-in
TRIAN algorithm, our 3-PROF can calculate all the local and global 3-profiles. Then,
we compare our parallel implementation of the ego 3-profile algorithm, EGO-PAR,
with the naive serial implementation, EGo-seR. It appears that our parallel ap-
proach is much more efficient and scales much better than the serial algorithm.
The sampling approach, introduced for the 3-pProF algorithm, yields promising re-
sults — reduced running time and network usage while still providing excellent
accuracy. We support our findings with several experiments over various datasets

and systems. Experimental results are averaged over 3-10 runs.

Local 3-profile vs. Triangle Count:  The first result is that our 3-PROF is able

to compute all the local 3-profiles in almost the same time as the GraphLab’s
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built-in TRIAN computes the local triangles (i.e., number of triangles including
each vertex). Let us start with the first AWS cluster with less powerful machines
(m3.2xlarge). In Figure 2.7(a) we can see that for the LiveJournal graph, for
each sampling probability p and for each number of nodes (i.e., machines in the
cluster), 3-PROF achieves running times comparable to TRIAN. Notice also the ben-
efit in running time achieved by sampling. We can reduce running time almost
by half, without significantly sacrificing accuracy (which will be discussed in the
sequel). While the running time is decreased as the number of nodes grows (more
computing resources become available), the network usage becomes higher (see
Figure 2.7(c)) due to the extensive inter-machine communication in GraphLab. We
can also see that sampling can significantly reduce network usage. In Figures 2.7(b)
and 2.7(d), we can see similar behavior for the Wikipedia graph: running time and

network usage of 3-PROF is comparable to TRIAN.

Next, we conduct the experiments on the second AWS cluster with more
powerful (c3.8x1large) machines. For LiveJournal, we note modest improve-
ments in running time for nearly the same network bandwidth observed in Figure
2.7. On this system we were able to run 3-pROF and TRIAN on the much larger
PLD graph. In Figures 2.8(b) and 2.8(d) we compare the running time and network
usage of both algorithms. For the large PLD graph, the benefit of sampling can
be seen clearly; by setting p = 0.1, the running time of 3-PROF is reduced by a
factor of 4 and the network usage is reduced by a factor of 2. Figure 2.9 shows the
performance of 3-prROF and TRIAN on the LiveJournal and Wikipedia graphs. We

can see that the behavior of running times and the network usage of the 3-pror al-
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gorithm is consistently comparable to TRIAN across the various graphs, sampling,

and system parameters.

Let us now show results of the experiments performed on a single powerful
machine (Asterix). Figure 2.11(a) shows the running times for 3-prRoOF and TRIAN
for Twitter and PLD graphs. We can see that on the largest graph in our dataset
(Twitter), the running time of 3-pROF is less than 5% larger than that of TR1AN, and
for the PLD graph the difference is less than 3% (for p = 1). Twitter takes roughly
twice as long to compute as PLD, implying that these algorithms have running

time proportional to the graph’s number of edges.

Ego 3-profiles: The next set of experiments evaluates the performance of our
EGo-pAR algorithm for counting ego 3-profiles. We show the performance of Eco-PAR
for various graphs and systems and also compare it to a naive serial algorithm
EGo-ser. Let us start with the AWS system with c3.8xlarge machines. In
Figure 2.10 we see the running time of EGo-sERr and EGo-PAR on the LiveJournal
graph. The task was to find ego 3-profiles of 100, 1K, and 10K randomly selected
nodes. Since the running time depends on the size and structure of each induced
subgraph, EGo-sER and EGo-PAR operated on the same list of ego vertices. While
for 100 random vertices EGo-sER performed well (and even achieved the same run-
ning time as EGo-PAR for the PLD graph), its performance drastically degraded for
a larger number of vertices. This is due to its iterative nature - it finds ego 3-
profiles of the vertices one at a time and is not scalable. Note that the open bars

mean that this experiment was not finished. The numbers above them are extrap-
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olations, which are reasonable due to the serial design of the EGo-SER.

On the contrary, the EGo-pAR algorithm scales extremely well and com-
putes ego 3-profiles for 100, 1K, and 10K vertices almost in the same time. In
Figure 2.12(a), we can see that as the number of nodes (i.e., machines) increases,
the running time of EGo-PAR decreases since its parallel design allows it to use
additional computational resources. However, EGo-sEr cannot benefit from more
resources and its running time even increases when more machines are used. The
increase in running time of EGo-SER is due to the increase in network usage when
using more machines (see Figure 2.12(b)). The network usage of EGo-PAR also in-
creases, but this algorithm compensates by leveraging additional computational
power. In Figure 2.13, we can see that EGo-PAR performs well even when finding

ego 3-profiles for all the LiveJournal vertices (4.8M vertices).

Next in Figures 2.11(b) and 2.11(c), we can see the comparison of EGo-PAR
and EGo-seR on the PLD and the DBLP graphs on the Asterix machine. For both
graphs, we see a very good scaling of EGo-PAR, while the running time of EGo-SEr

scales linearly with the size of the ego vertices list.

Accuracy: Finally, we show that while the sampling approach can significantly
reduce running time and network usage, it has negligible effect on the accuracy of
the solution. Notice that the sampling accuracy refers to the global 3-profile count
(i.e., the sum of all the local 3-profiles over all vertices in a graph). In Figure 2.14
we show accuracy of each scalar in the 3-profile. For the accuracy metrics, we use

ratio between the exact count (obtained running 3-proF with p = 1) divided by
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the estimated count (i.e., the output of our 3-prROF when p < 1). It can be seen that
for the three graphs, all the 3-profiles are very close to 1. For example, for the PLD
graph, even when p = 0.01, the accuracy is within 0.004 from the ideal value of 1.
Error bars mark one standard deviation from the mean, and across all graphs the
largest standard deviation is 0.031. As p decreases, the triangle estimator suffers

the greatest loss in both accuracy and consistency.

2.4.2 4-profiles

Let us now describe the implementation and experimental results of our 4-
profile algorithm on GraphLab v2.2 (PowerGraph) [11] by measuring its running
time and accuracy on large input graphs.* First, we show that edge sampling yields
very good approximation results for global 4-profile counts and achieves substan-
tial execution speedups and network traffic savings when multiple machines are
in use. Due to its distributed nature, we can show 4-PROF runs substantially faster
when using multiple CPU cores and/or machines. Notice that multicore and multi-
ple machines can not speed up some centralized algorithms, e.g. Orca [30], which
we use as a baseline for our results. Note also that Orca produces only a par-
tial 4-subgraph count, i.e. it calculates only connected 4-subgraphs, while 4-PROF

calculates all 17 per vertex.

2-hop Histogram: The first result compares two methods of calculating the

left hand side of (2.9) from Section 2.2.3. We show that a simple implementation

*Code is available at http: //github.com/eelenberg/4-profiles.
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in which a vertex gathers its full 2-hop neighborhood (i.e., IDs of its neighbors’
neighbors) is much less efficient than the two-hop histogram approach used in
4-PROF (see Section 2.2.3). In Figures 2.15 and 2.16 we can see that the histogram
approach is an order of magnitude faster for various numbers of machines, and
that its network requirements are up to 5x less than that of the simple implemen-
tation. Moreover, our algorithm could handle much larger graphs while the simple

implementation ran out of memory.

Running Time: Next, we show that 4-PROF can run much faster than the cur-
rent state-of-the-art graphlet counting implementations. The algorithm and the
GraphLab platform on which it runs are both distributed in nature. The latter al-
lows 4-pROF to exploit multiple cores on a single machine as well as a cluster of
machines. Figure 2.19(c) shows running time as a function of CPU cores. We com-
pare this result to the running time of a single core, C++ implementation of Orca
[30]. Our 4-proF algorithm becomes faster after only 25 cores and is 2x faster us-
ing 60 cores. Moreover, 4-PROF allows scaling to a large number of machines. In
Figure 2.18 we can see how the running time for the LiveJournal graph decreases
when the number of machines increases. Since ORca cannot benefit from multiple
machines, we see that 4-PROF runs up to 12x faster than Orca. This gap widens
as the cluster grows larger. In [60], the authors implemented a GPU version of
Orca using CUDA. However, the reported speedup is about 2x which is much less
than we show here on the AWS cluster (see Figure 2.18 for p = 1). We also note

a substantial running time benefit of the sampling approach for global 4-profiles.
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In Figures 2.18 and 2.17, we see that with p = 0.1 we can achieve order of magni-
tude improvements in both speed and network traffic. This sampling probability

maintains very good accuracy, as shown in Figure 2.19(b).

Accuracy: Finally, we show that our edge sampling approach greatly improves
running time while maintaining a very good approximation of the global 4-profile.
In Figure 2.19(a) we can see that the running time decreases drastically when the
sampling probability decreases. At the same time, Figure 2.19(b) shows that the
mean ratio of true to estimated global 4-profiles is within +2.5%. Similar to [42],
which uses a more complex sampling scheme to count connected 4-subgraphs,
this ratio is usually much less than 1%. We show here only profiles F; — Fy, since
their counts are the smallest and were observed to have the lowest accuracy. In
Figure 2.6 we compare theoretical concentration bounds on a logarithmic scale and
show the benefit of Theorem 2.3.3. While the guarantees provided by Kim-Vu [35]
bounds are very loose (the additive error is bounded by numbers which are orders
of magnitude larger than the true value), the read-k approach is much closer to the
measured values. We can see that for large sampling probabilities (p > 0.5), the
measured error is at most 2 orders of magnitude smaller than the value predicted

by Theorem 2.3.3.

2.5 Conclusions

We have introduced novel distributed algorithms for estimating 3 and 4-

profiles of large graphs. Our concentration theorems and experimental results
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confirm that 3-profile estimation via subsampling is comparable in runtime and
accuracy to triangle counting. We additionally show that 4-profiles can be es-
timated with limited 2-hop information and that randomly erasing edges gives
sharper approximation guarantees compared to previous analysis. Our scheme
outperforms the previous state-of-the-art and can exploit cloud infrastructure to

scale.

This chapter offers several directions for future work. First, both local and
ego profiles can be used as features to classify vertices in social or bioinformatic
networks. While algorithms for global 5-profile counting were recently studied
in [31], tractable distributed algorithms for k > 4 using similar edge pivot equa-
tions remain as future work. Our observed dependence on 4-clique count suggests
that an improved graph engine-based clique counting subroutine will improve the
parallel algorithm’s performance. Subgraph counting could potentially be used to
help design graph convolutional network architectures [9, 67, 68]. This perspec-
tive may be useful in the growing body of research on vector embeddings [69] and

generative models [70,71] for graphs.
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Journal and PLD datasets (average of 5 runs). Running time of EGoO-PAR scales
well with the number of ego centers, while EGo-SER scales linearly.
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Chapter 3

Weak Submodularity: Restricted Strong Convexity,
Subset Selection, and Sparse Regression

3.1 Introduction

Sparse modeling’ is central in modern data analysis and high-dimensional
statistics since it provides interpretability and robustness. Given a large set of p
features we wish to build a model using only a small subset of k features: the cen-
tral combinatorial question is how to choose the optimal feature subset. Specifi-
cally, we are interested in optimizing over sparse parameter vectors f and consider

problems of the form:

B € argmax(B) , (3.1)
B:lBllo<k

for some function I(-). This is a very general framework: the function I(-) can be

a linear regression R? objective, a generalized linear model (GLM) likelihood, a

'The material in this chapter is based on the following workshop paper and journal publica-
tion: [72] E. R. Elenberg, R. Khanna, A. G. Dimakis, and S. Negahban. Restricted Strong Convexity
Implies Weak Submodularity. In NIPS Workshop on Learning in High Dimensions with Structure,
2016. [73] E. R. Elenberg, R. Khanna, A. G. Dimakis, and S. Negahban. Restricted Strong Convexity
Implies Weak Submodularity. The Annals of Statistics, 2018 (to appear). The dissertation author’s
primary contributions are the connection of weak submodularity to general sparse regression, sub-
modularity ratio lower bound, generalized approximation guarantees for Oblivious and Forward
Stepwise algorithms, sufficient conditions for statistical recovery, and design, implementation, and
analysis of experiments. The dissertation author also assisted with other contributions and is the
primary contributor of these papers.
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graphical model learning objective, or an arbitrary M-estimator [74]. This subset
selection problem is NP-hard [75] even for the sparse linear regression objective,
and a vast body of literature has analyzed different approximation algorithms un-

der various assumptions.

The Restricted Isometry Property (RIP) and the (closely related) Restricted
Eigenvalue property are conditions on [(f) that allow convex relaxations and
greedy algorithms to solve the subset selection problem within provable approxi-
mation guarantees. In parallel work, several authors have demonstrated that the
subset selection problem can be connected to submodular optimization [76-79]
and that greedy algorithms are widely used for iteratively building good feature

sets.

The mathematical connection between submodularity and RIP was made
explicit by Das and Kempe [16] for linear regression. Specifically, they showed
that when [() is the R? objective, it satisfies a weak form of submodularity when
the linear measurements satisfy RIP. Note that for a given set of features S, the
function I(fs) with support restricted to S can be thought of as a set function and
this is key in this framework. Using this novel concept of weak submodularity
they established strong multiplicative bounds on the performance of greedy al-
gorithms for subset selection and dictionary selection. Work by Bach [79] in the
linear regression setting discusses the notion of suppressors; however, that condi-
tion is stronger than the weak submodularity assumption. Krause and Cevher [80]
draw similar connections between submodularity and sparse regression, but they

require a much stronger coherence-based assumption.
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In this chapter we extend this machinery beyond linear regression, to any
function [(f). To achieve this we need the proper generalization of the Restricted
Eigenvalue and RIP conditions for arbitrary functions. This was obtained by Ne-
gahban et al. [74] and is called Restricted Strong Convexity. Specifically, we show
that any objective function that satisfies restricted strong convexity (and a natural

smoothness assumption) of [74] must be weakly submodular.

We establish multiplicative approximation bounds on the performance of
greedy algorithms, including (generalized) Orthogonal Matching Pursuit and For-
ward Stepwise Regression, for general likelihood functions using our connection.
To the best of our knowledge, this is the first analysis of connecting a form of
submodularity to the objective function’s strong concavity and smoothness. Our
approach provides sharp approximation bounds in any setting where these funda-

mental structural properties are well-understood, e.g. generalized linear models.

Contrary to prior work we require no assumptions on the sparsity of the
underlying problem. Rather, we obtain a deterministic result establishing multi-
plicative approximation guarantees from the best-case sparse solution. Our results
improve over previous work by providing bounds on a solution that is guaranteed
to match the desired sparsity. Convex methods such as ¢; regularized objectives
require strong assumptions on the model, such as the irrepresentability conditions
on the feature vectors, in order to provide exact sparsity guarantees on the recov-

ered solution.

Our main result is that for any function I(-) that satisfies M-restricted

smoothness (RSM) and m-restricted strong convexity (RSC), the corresponding
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set function f(S) = —I(B) is weakly submodular with parameter y > m/m. The
parameters M, m, and y are defined formally in Section 3.3. We use this result
to analyze three greedy algorithms, each progressively better but more computa-
tionally intensive: the Oblivious (or Marginal Regression) algorithm computes for
each feature the increase in objective and keeps the k individually best features.
Orthogonal Matching Pursuit (OMP) greedily adds one feature at a time by picking
the feature with the largest inner product with the function gradient. The gradient
is the correct generalization of the residual error used in linear regression OMP.
Finally, the most sophisticated algorithm is Forward Stepwise Regression: it adds
one feature at a time by re-fitting the model repeatedly and keeping the feature
that best improves the objective function at each step. We obtain the following

performance bounds:

« The Oblivious algorithm produces a (¥/k)-approximation to the best k-subset

after k steps.

« Orthogonal Matching Pursuit produces a (1 — e~"/™)-approximation to the

best k-subset after k steps.

« Forward Stepwise Regression produces a (1 —e~")-approximation to the best

k-subset after k steps.

We also show that if Forward Stepwise Regression is used to select more than k
features, we can approximate the best k-sparse feature performance within an ar-

bitrary accuracy. Finally, under additional assumptions, we derive statistical guar-
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antees for convergence of the greedily selected parameter to the optimal sparse so-
lution. Note that our results yield stronger performance guarantees even for cases
that have been previously studied under the same assumptions. For example, for
linear regression we obtain a better exponent in the approximation factor of OMP

compared to previous state-of-the-art [16] (see Remark 8).

One implication of our work is that weak submodularity seems to be a
sharper technical tool than RSC, as any function satisfying the latter also satis-
fies the former. Das and Kempe [16] noted that it is easy to find problems which
satisty weak submodularity but not RSC, emphasizing the limitations of spectral
techniques versus submodularity. We show this holds beyond linear regression,

for any likelihood function.

Our connection between restricted strong convexity and weak submodu-
larity has many benefits. First, the weak submodularity framework can now be
used to develop theory for additional problems where spectral conditions would
be overly restrictive or unwarranted. For example, we show that RSC assump-
tions play an important role in characterizing distributed greedy maximization
[81] and rank constrained matrix optimization [82]. Second, this framework al-
lows statisticians to draw from classical results and recent advances in the field
of (weak) submodular set function theory to provide general guarantees on the

performance of greedy algorithms [83, 84].
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3.2 Related Work

There have been a wide range of techniques developed for solving problems
with sparsity constraints. These include using the Lasso, greedy selection meth-
ods (such as Forward Stagewise/Stepwise Regressions [85], OMP, and CoSaMP
[86]), forward-backward methods [87,88], Pareto optimization [89], exponentially
weighted aggregation [90], and truncated gradient methods [91]. Under the re-
stricted strong convexity and smoothness assumptions that will be outlined in the
next section, forward-backward methods can in fact recover the correct support
of the optimal set of parameters under an assumption on the smallest value of the
optimal variable as it relates to the gradient. In contrast, the results derived in
our setting for sparse GLMs allow one to provide recovery guarantees at various
sparsity levels regardless of the optimal solution, with only information on the
desired sparsity level and the RSC and RSM parameters. This is again in contrast
to the other work that also needs information on the smallest nonzero value in
the optimal set of coefficients, as well as an upper bound on the gradient of the

objective at this optimal set.

Focusing explicitly on OMP, most previous results require the strong RIP
assumption, whereas we only require the weaker RSC and RSM assumptions. In
our setting of arbitrary model conditions, OMP requires RIP as highlighted in
Corollary 2.1 of Zhang [92]. However, we do note that under certain stochas-
tic assumptions, for instance independent noise, the results established in those
works can provide sharper guarantees with respect to the number of samples re-

quired by a factor on the order of log [(k log p)/n] (See Section 3.5). Nevertheless,
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we emphasize that our results apply under arbitrary assumptions on the noise and

use only RSC and RSM assumptions.

In [16], Das and Kempe’s framework optimizes the goodness of fit param-
eter R? in linear regression. We derive similar results without relying on the
closed-form solution to least squares. Greedy algorithms are prevalent in com-
pressed sensing literature [86] and statistical learning theory [93]. Greedy meth-
ods for sparsity constrained regression were analyzed in [87, 88,91, 94-96] under
assumptions similar to ours but without connections to submodularity. Conver-
gence guarantees for ¢; regularized regression were given for exponential families
in [97], and for general nonlinear functions in [98]. However, the latter requires
additional assumptions such as knowledge of the nonlinearity and bounds on the
loss function’s derivatives, which can again be derived under appropriate stochas-

ticity and model assumptions.

Classical results on submodular optimization [15, 99, 100] typically do not
scale to large-scale applications. Therefore, several recent algorithms improve ef-
ficiency at the expense of slightly weaker guarantees [19, 22, 81,101-104]. Sub-
modularity has been used recently in the context of active learning [17,76,78]. In
this setup, the task is to select predictive data points instead of features. Recently,
[105], [106], and [107] obtained constant factor guarantees for greedy algorithms
using techniques from submodularity even though the problems considered were
not strictly submodular. These results solve specific problems and do not draw a
general connection to RSC. In [83], the authors show tight bounds for maximizing

cardinality constrained, weakly submodular set functions that also have bounded
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curvature. For maximizing weakly submodular functions subject to more general
matroid constraints, [84] recently proved that a randomized greedy forward step-
wise algorithm has a constant factor approximation guarantee. Strong convexity,
smoothness, and submodularity ratio were used in [108] to study robust support
selection and robust Bayesian optimization. More information about related re-

laxations of submodularity can be found in Appendix C.

There are deep connections between convexity and submodularity [79].
For example, the convex closure of a submodular function can be tractably com-
puted as its Lovasz extension [109]. This connection is fundamental to providing
polynomial-time minimization algorithms for submodular set functions [110,111].
Similarly, another continuous extension of set functions, called the multilinear
extension is vital for algorithmic development of constant factor approximation
guarantees for submodular maximization [112]. A more detailed study of convex-
ity and concavity-like properties of submodular functions was presented in [113].
More recent works exploit similar connections to provide constant factor approx-

imation guarantees for a class of non-convex functions [18,114,115].

3.3 Preliminaries

Recall that a set function f(-) : 2[P] - R is called submodular if and only
if for all A,B C [p], f(A) + f(B) > f(AUB) + f(A N B). Intuitively, submodular
functions have a diminishing returns property. This becomes clear when A and B
are disjoint: the sets have less value taken together than they have individually.

We also state an equivalent definition:
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Definition 3.3.1 (Proposition 2.3 in [79]). f(-) is submodular if for all A C [p] and
j.k € [p\A,

FAAULKY) = f(A) 2 fF(AU LKD) = FAU ).

The function is called normalized if f(@) = 0 and monotone if and only if
f(A) < f(B) for all A C B. A seminal result by Nemhauser et al. [15] shows that
greedy maximization of a monotone, submodular function (Algorithm 6 in Section
3.3.2) returns a set with value within a factor of (1 — 1/e) from the optimum set of
the same size. This has been the starting point for several algorithmic advances
for large-scale combinatorial optimization, including stochastic, distributed, and

streaming algorithms [81,102,103,116].
Next, we define the submodularity ratio of a monotone set function.
Definition 3.3.2 (Submodularity Ratio [16], Weak Submodularity). Let S,L C [p]

be two disjoint sets, and f(-) : 2P — R. The submodularity ratio of L with respect

to S is given by

s [FLU G - £

YLs = (3.2)
FLUS) = f(L)
The submodularity ratio of a set U with respect to an integer k is given by
= i . 3.3
Yuki= min s (3.3)
LcU,ISI<k

Lety > 0. We call a function y-weakly submodular at a set U and an integer k if

Yuk = Y-
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It is straightforward to show that f(-) is submodular if and only if y; s > 1
for all sets L and S. In our application, 0 < y; s < 1 which provides a notion of
weak submodularity in the sense that even though the function is not submodular,
it still provides provable bounds of performance of greedy selections. Our notion
of weak submodularity based on [16] is different from the definitions in [117,118].2
In Appendix F of [83], it was shown that our definition does not imply [118] and

vice versa.

Next we define the restricted versions of strong concavity and smoothness,

consistent with [74, 120].

Definition 3.3.3 (Restricted Strong Concavity, Restricted Smoothness). A func-
tionl : RP +— R is said to be restricted strong concave with parameter mg and

restricted smooth with parameter Mg on a domain Q C R X R? if for all (x,y) € Q,
m M
== lly = X3 2 1(y) = 10) = (VIG0.y = %) = ==Zlly ~ xII; .

Remark 1. If a function () has restricted strong concavity parameter m, then its
negative —I(-) has restricted strong convexity parameter m. In the sequel, we will use
these properties interchangeably for maximum likelihood estimation where l(-) is the

log likelihood function and —I(-) is the data fit loss.

If Q' € Q, then Mg < Mg and mqg' > mq. With slight abuse of notation,
unless stated otherwise let (my, M) denote the RSC and RSM parameters on the

domain Qy of all pairs of k-sparse vectors that differ in at most k entries, i.e. Qf :=

2A revised version of [118] instead uses the term proportional submodularity [119].
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{xy) « lIxllo <k llylly < k, lIx=ylly < k}. Ifj < k, then M; < My and
m; > my. In addition, denote Qp = {(xy) :lxllo <k, llylly <k, lIx=yll, <1}
with corresponding smoothness parameter M, which is clearly greater than or

equal to M; = M;.

3.3.1 Sparsity Constrained Generalized Linear Regression

Due to its combinatorial nature, there has been a tremendous amount of
effort in developing computationally tractable and fundamentally sound methods
to solve the subset selection problem approximately. In this section we provide
background on various problems that arise in subset selection. Our focus here will
be on sparse regression problems. We will assume that we obtain n observations
of the form (x;,y;). For now we make no assumptions regarding how the data is

generated, but wish to model the interaction between x; € R? and y; € R as

yi = g({xi, 7)) + noise,

for some known link function g and a sparse vector 8*. Each feature observation
is a row in the n X p design matrix X. The above is called a generalized linear
model, or GLM, and arises as the maximum likelihood estimate of data drawn
from a canonical exponential family, i.e. normal, Bernoulli, Dirichlet, negative
binomial, etc. [121]. Another interpretation is in minimizing the average Bregman
divergence between the response y; and the mean parameter (x;, f). There has
been a large body of literature studying this method’s statistical properties. These

include establishing sparsistency, parameter consistency, and prediction error [74,

76



97,122]. We refer the reader to the standard literature for more details on GLMs

and exponential families [121,123].

3.3.2 Support Selection Algorithms

We study general M-estimators of the form (3.1) for some function I(-).
Note that I/(-) will implicitly depend on our specific dataset, but we hide that for
ease of notation. One common choice of I(-) is the log likelihood of a paramet-
ric distribution. [16] considers the specific case of maximizing the R? objective.
Through a simple transformation, that is equivalent to maximizing the log likeli-
hood of the parametric distribution that arises from the model y; = (x;, ) + w
where w ~ N(0,02). If we let ES be the s-sparse solution derived, and again let Bk

be the best k-sparse parameter, then we wish to bound

() = (1-e)l(B"),

without any assumptions on the underlying sparsity or a true parameter.

For a concave function I(-) : R? +— R, we can define an equivalent set
function f(-) : 2?1 5 R so that f(S) = maXgpp(x)cs [ (x). The problem of support
selection for a given integer k is then maxs;<x f(S). Recall that a vector is k-
sparse if it is 0 on all but k indices. We provide approximation guarantees on the

normalized set function defined as f(S) = f(S) — f(0). The support selection

problem is thus equivalent to finding the k-sparse vector f that maximizes [(f):

Jax f(8) < ﬁ{%ifol(ﬁ) - 1(0) . (3.4)
IS|<k
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Let ﬁ(A) denote the f maximizing f(A), and let ﬂ(BA) denote ﬁ(A) restricted to the
coordinates specified by B. We present three support selection strategies for the

set function f(-) that are simple to implement and are widely used.

Oblivious Algorithm: One natural strategy is to select the top k features
ranked by their individual improvement over a null model, using a goodness of
fit metric such as R? or p-value. This is referred to as the Oblivious algorithm,
shown as Algorithm 5. In the context of linear regression, this is simply Marginal
Regression. While it is computationally inexpensive and parallelizes easily, the
Oblivious algorithm does not account for dependencies or redundancies in the

span of features.

Forward Stepwise Algorithm: A less extreme greedy approach would check
for incremental gain at each step using nested models. This is referred to as the
Forward Stepwise algorithm, presented as Algorithm 6. Given a set of features S
is already selected, choose the feature with largest marginal gain, i.e. select {j}
such that S U {j} has the most improvement over S. All regression coefficients are
updated each time a new feature is added. In the case of submodular set functions,
this returns a solution that is provably within a constant factor of the optimum

[15].
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Algorithm 5 Oblivious Support Selection

Input: sparsity parameter k, set function f(-) : 2l » R
fori=1...pdo

Vil < f({i})
end for
Sk « indices corresponding to the top k values of v
return Si, f(Sk).

S ok w e

Algorithm 6 Forward Stepwise Selection

1: Input: sparsity parameter k, set function f(-) : 21?1 » R
2: SOG «—0

3: fori=1...kdo

4 S argmaxje[p]\si_l f(slG_l U {]}) - f(SlG_l)

5. SY e SY Us)

6: end for

7

: return Sf, f(Sf)

Algorithm 7 Orthogonal Matching Pursuit
1: Input: sparsity parameter k, objective function I(-) : R? —» R
SFe—0
r « VI(0)
fori=1...kdo
§ < argmax; [<ej, )|
Sf — Sf_l U {s}
ﬁ(sf) € argmaxg. ... (g)cs? I(B)
r— VI(BS))
9: end for
10: return SIIZ, l(ﬂ(si)).

AN LI 24

@

Generalized OMP:  Another approach is to choose features which correlate

well with the orthogonal complement of what has already been selected. Using
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(3.4) and an appropriately chosen model, we can define the gradient evaluated at
the current parameter f to be a residual term. In Orthogonal Matching Pursuit,
features are selected to maximize the inner product with this residual, as shown
in line 5 of Algorithm 7. Here e; represents a unit vector with a 1 in coordinate
Jj and zeros in the other p — 1 coordinates. OMP requires much less computation
than forward stepwise selection, since the feature comparison is done via an n-
dimensional inner product rather than a regression score. A detailed discussion

can be found in [124].

3.4 Approximation Guarantees

In this section, we derive theoretical lower bounds on the submodularity
ratio based on strong concavity and strong smoothness of a function I(-). We show
that if the concavity parameter is bounded away from 0 and the smoothness pa-
rameter is finite, then the submodularity ratio is also bounded away from 0, which
allows approximation guarantees for Algorithms 5-7. While our proof techniques
differ substantially, the outline of this section follows that of [16] which obtained
approximation guarantees for support selections for linear regression. While our
results are applicable to general functions, in [73] we discuss a direct application

of maximum likelihood estimation for sparse generalized linear models.

We assume a differentiable function [ : R? — R. Recall that we can define
the equivalent, normalized, monotone set function f : 2Pl 5 R for a selected
support as f(S) = maxgppg)cs [(B) — 1(0). We will use set functions wherever

possible to simplify the notation.
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We now present our main result as Theorem 3.4.1, a bound on a function’s
submodularity ratio yyx in terms of its strong concavity and smoothness param-
eters (see Definitions 3.3.2-3.3.3). Proofs of lemmas and theorems omitted from

this section can be found in Appendix E.

Theorem 3.4.1 (RSC/RSM Implies Weak Submodularity). Define f(S) as in (3.4),
with a function I(-) that is (my|+k.Mu|+k)-(strongly concave, smooth) on Qy.x and

]\;I|U|+1 smooth on Q|U|+1. Then the submodularity ratio yyx is lower bounded by

m m
}’U,kZ ~|U|+k > |U|+k . (3.5)
M1 Mk

Remark 2. In the case of linear least-squares regression, m and M become sparse
eigenvalues of the covariance matrix, i.e. myyj+k = Amin(|U| + k) > 0 and M|U|+1 =
Amax(1) = 1. Thus Theorem 3.4.1 becomes yyx = Amin(|U| + k), i.e. “RIP implies weak

submodularity,” consistent with Lemma 2.4 of [16].

Remark 3. Sincem/m < 1, this method cannot prove that the function is submodular
(even on a restricted set of features). However, the guarantees in this section only

require weak submodularity.

Remark 4. Theorem 3.4.1 has the following geometric interpretation: the submod-
ularity ratio of f(S) is bounded in terms of the maximum curvature of I(-) over the
domain Q|U|+1 and the minimum curvature of I(-) over the (larger) domain Q).
The upper-curvature bound effectively controls the maximum amount that each in-
dividual function coordinate can influence the function value. The lower-curvature

bound provides a lower-bound on the improvement of adding all features at once.
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Hence, loosely speaking the submodularity ratio bound will be the ratio of both of
these quantities. This intuition is used more formally in the proof (Appendix E), where
for a k-sparse set S and j € S, l(ﬁ(U)) is perturbed by scaled projections ofVl(ﬁ(U))

onto ﬁj(.UUS) and es, respectively.

Theorem 3.4.1 allows us to generalize several results of [16], starting with

the following lemma:

Lemma 3.4.1. Let1 <k < n.

k
1 mq mq .
£ = max {1 o (s 5 Y0

j=1
k
1 myg my .
> max{z,—éle (3 + _Mk)} ;f(]) .

Now we present our first performance guarantee for feature selection.

Theorem 3.4.2 (Oblivious Algorithm Guarantee). Define f(S) as in (3.4), with a
function () that is M.-smooth and my-strongly concave on Q. Let fOBL be the value
at the set selected by the Oblivious algorithm, and let fOFT be the optimal value over

all sets of size k. Then

fOBL > max ﬂ’ mpmy 34 m fOPT
kM; 4MM; M,

2 3

m, 3m; m

> max —k,—k,—k fOPT.
kM, 4M]3 MZ

Remark 5. When the function is modular, i.e. mq = Mg forallQ, then fOBL = fOPT

and the bound in Theorem 3.4.2 holds with equality.
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Next, we prove a stronger, constant factor approximation guarantee for the

greedy, Forward Stepwise algorithm.

Theorem 3.4.3 (Forward Stepwise Algorithm Guarantee). Define f(S) as in (3.4),
with a function that is M-smooth and m-strongly concave on Q. Let Sg be the set

selected by the FS algorithm and S* be the optimal set of size k corresponding to values
fE5 and fOFT. Then

FS S (1 _ e‘Ysg,k)fOPT > (1 _ e—m/M) FOPT (3.6)

Remark 6. This constant factor bound can be improved by running the Forward
Stepwise algorithm forr > k steps. The proof of Theorem 3.4.3 generalizes to compare
performance of r greedy iterations to the optimal k-subset of features. This generalized
bound does not necessarily approach 1 asr — oo, however, since ysc ;. is a decreasing

function of r.

Corollary 3.4.1. Let f5* denote the solution obtained after r iterations of the For-
ward Stepwise algorithm, and let fOFT be the objective at the optimal k-subset of

features. Lety = ysc . be the submodularity ratio associated with the output of fFS*

and k. Then
fFS+ > (1 _ e—y(r/k))fOPT )

In particular, setting r = ck corresponds to a (1 — e”Y)-approximation, and setting

r = klogn corresponds to a (1 — n™")-approximation.

Corollary 3.4.1 is useful when y can be bounded on larger support sets. We
next present approximation guarantees when y can only be bounded on smaller

support sets.
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Theorem 3.4.4. Define f(S) as in (3.4), with a function I(-) that is m’-strongly con-
cave on Qi and M’-smooth on Q. Let Sg be the set of features selected by the Forward

Stepwise algorithm and Sy be the optimal feature set on k variables corresponding to

values f° and fOFT. Then
st >0 (Z—M’/m') (1 _ e—m’/M') fOPT '

Remark 7. We note that our bounds are loose for certain special cases like modular
functions and linear regression. These require making use of additional tools and

specific properties of the function and data at hand (see [16]).

Orthogonal Matching Pursuit is more computationally efficient than for-
ward stepwise regression, since step i only fits one regression instead of p —i. Thus
we have a weaker guarantee than Theorem 3.4.3. Similar to Corollary 3.4.1, this

result generalizes to running OMP for r > k iterations.

Theorem 3.4.5 (OMP Algorithm Guarantee). Define f(S) as in (3.4), with a log-
likelihood function that is (M,m)-(smooth, strongly concave) on Qay. Let fOMP be the
value at the set of features selected by the OMP algorithm and fOFT be the optimal

value over all sets of size k. Then
fOMP 5 (1 _ e—m/M) fOPT

Corollary 3.4.2. Let f¥* denote the solution obtained after r iterations of the OMP
algorithm, and let fOFT be the objective at the optimal k-subset of features. Let @ =

m/M) be the ratio associated with the output of f** and k. Then
( p

fP+ > (1 _ e—a(’/k))fOPT .
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In particular, setting r = ck corresponds to a (1 — e™“*)-approximation, and setting

r = klogn corresponds to a (1 — n~%)-approximation.

Remark 8. Theorem 3.4.5 and Corollary 3.4.2 improve on the approximation guar-
antee of [16] by a factor of y in the exponent. Previous work obtained the approxima-
tion factor 1 — e Y min(K) yyhereas the proof of Theorem 3.4.5 establishes 1 — e ~*min(2K),
Therefore we obtain a better exponent for linear regression and also generalize to any
likelihood function. Theorem 3.4.3 also gives intuition on when the performance of

OMP will differ from that of Forward Selection, i.e. when the inequality (3.6) is loose.

3.5 Statistical Recovery Guarantees

Understanding optimization guarantees are useful, but they do not clearly
translate to bounds on parameter recovery. Below we present a general theorem
that allows us to derive parameter bounds. When combined with Section 3.4, it

produces recovery guarantees for greedy algorithms as special cases.

Theorem 3.5.1 (Parameter Recovery Guarantees). Suppose that afterr iterations to
approximate a function evaluated at a set S; of cardinality s, we have the guarantee

that
f(Sr) = C f(S5) -
Recall that f(S;) = maxg,pyg)cs, L(B) — 1(0). Letﬁr be the solution to the optimiza-

tion problem and consider any arbitrary s-sparse vector ° with support on S:. Then,

under ms,, RSC on Qg,, we have that

1B - B2 < —— VB2, + ——(1 = C)I(E) - 1(0)] -
m m

S+r S+r

85



For the remainder of this section, we consider several cases of Theorem

3.5.1 and compare to results from previous work.

3.5.1 Forward Selection with Linear Regression Model

First we will consider a special case of Algorithm 6 for linear regression
where the rows of the design matrices are N(0,2) for a covariance matrix of the

form Y = I + 117, Further, we assume the model
y=Xp +w,

where ||f*]l; < 1 and is s-sparse, the rows of X € R" ? are N(0,%), and w; ~

N(0,0%) are i.i.d. We also take [(8) = /n|IXB — yl|Z.

Corollary 3.5.1. Given the above setup, if (s +r)o?logp = o(n) andr = Q(slogn),

then the parameter error goes to zero with high probability asn — oo.

3.5.2 Orthogonal Matching Pursuit with Linear Regression Model

Next, we consider the results of Zhang, which provide parameter recovery
bounds in the case of OMP (Algorithm 7). The simplest comparison is to contrast
our results with Corollary 2.2 of [92]. Consider the linear regression model above
with an original s-sparse vector, r iterations of the algorithm, and a spiked identity

covariance model, ¥ = (1 — a)I + a11”.

Proposition 2. While Theorem 3.5.1 holds for any a, Zhang [92] requires that a does

not exceed —-.
s+1
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Proof. Zhang requires the RIP condition to hold, namely M; < 2mg,,. We know
that the difference between means of 2Ain (s+7) and Apax(s) is A = 1—a—as. Since
Af2 < p/2in both cases and y? variables concentrate within constant factors of their
means, we have M; < 3/2(1 — a) + as/2 < 2mg,,. However, A > 0 & s < 1/a — 1.
Rearranging, we have a < ﬁ Thus, as has been noted in prior work, the RIP

condition will not hold for the spiked model in settings where a is much larger

than = m]

s+1°

Nevertheless, we can still proceed and assume that the RIP condition is not

required. In that case, the bound established in [92] shows
rl 112 * 2,2
”ﬁ - ﬂ ”2 < 24]\/Is+r||)<ﬁ - Y||2/m5+r .

When M., and mq,, are of the same order, then this result is better than ours by
log factors. However, when we consider a case like the spiked covariance model,
then our results are better by a factor of s in terms of statistical accuracy but worse

by a factor of log n with respect to sample complexity.

3.5.3 Orthogonal Matching Pursuit with Logistic Regression Model

Finally, consider our bounds for OMP (Algorithm 7) in the case of logistic
regression. Applying our approximation guarantees in Theorem 3.4.5 matches the
bound given by Theorem 2 of [94] up to constant factors. However, their guarantee
for parameter recovery requires a condition that is only known to be satisfied
under incoherence assumptions. Our Theorem 3.5.1 holds more generally. Their

conditions on exact recovery are incomparable with our statistical error bounds.
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3.6 Experiments

Next we evaluate the performance of our greedy algorithms with feature
selection experiments on simulated and real-world datasets. A bias term f is

added to the regression by augmenting the design matrix with a column of ones.

The Data: A synthetic experiment was conducted as follows: first each row of
a 600 X 200 design matrix X is generated independently according to a first order
AR process (@ = 0.3 and noise variance ¢* = 5). This ensures that the features
are heavily correlated with each other. Bernoulli +1 (i.e., Rademacher) random
variables are placed on 50 random indices to form the true support f_fk, and scaled
such that || ,3||§ = 5. Then responses y are computed via a logistic model. We also
conduct an experiment on a subset of the RCV1 Binary text classification dataset
[125]. 10,000 training and test samples are used in 47,236 dimensions. Since there

is no ground truth, a logistic regression is fit using a subset of at most 700 features.

Algorithms and Metrics:  The Oblivious, Forward Stepwise (FS), and OMP
algorithms were implemented using a logistic log likelihood function given X and

y on the given design matrix and response:

1(B) = ) logp(yi | xi:8) = ) log(1 + e™P) — yi(x;, B) . (3.7)
i=1 i=1

We implemented 3 additional algorithms. Lasso fits a logistic regression model
with ¢, regularization. Lasso-Pipeline recovers the sparse support using Lasso and

then fits regression coefficients on this support with a separate, unregularized
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model. The regularization parameter was swept to achieve outputs with varying
sparsity levels. Forward Backward (FoBa) [126] first runs FS at each step and then
drops any features if doing so would decrease the objective by less than half the

latest marginal gain.

Our main metric for each algorithm is the normalized objective function
l(’ﬁs) — 1(0) for the output sparsity s € {1,...,70}. We also compare the sets
supp(ﬁs) and supp(Bk) using area under ROC and percent of true support recov-
ered. Finally, we measure generalization accuracy by drawing additional observa-

tions (x;,y;) from the same distribution as the training data.

Results:  Figure 3.1 shows the results of our synthetic experiment averaged over
20 runs. For all metrics, Oblivious performs worse than OMP which is slightly
worse than FS and FoBa. This matches intuition and the series of bounds in Sec-
tion 3.4. We also see that the Lasso-Pipeline performs noticeably worse than all
algorithms except Oblivious and Lasso. This suggests that greedy feature selection

degrades more gracefully than Lasso in the case of correlated features.

Figure 3.2 shows similar results for the high-dimensional RCV1 Binary
dataset. Due to their large running time complexity, FS and FoBa were omitted.
While all algorithms have roughly the same generalization accuracy using 300

features, OMP has the largest log likelihood.
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3.7 Conclusions

We have extended the results of [16] and shown that functions satisfy-
ing RSC also satisfy a relaxed form of submodularity that can be used to analyze
the performance of greedy algorithms compared to the best sparse solution. Ex-
perimental results confirm that greedy feature selection outperforms regularized
approaches in a nonlinear regression model. Directions for future work include
similar analysis for other greedy algorithms that incorporate group sparsity [74]
or thresholding, and applications beyond sparse regression. Bounds on dictionary
selection (analogous to those in [16]) also apply to general likelihood functions

satisfying RSC and RSM.
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Logistic Regression Performance
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Figure 3.1: Synthetic Dataset - @ = 0.3, n = 600 training and test samples, p = 200
dimensions with true support on 50 features, averaged over 20 runs. (a) The greedy
algorithms perform better than Lasso and Oblivious algorithms, but beyond 50
steps they overfit to noise in the training data. While Lasso outperforms Oblivious
in support recovery (b), its regression suffers from regularization bias.
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Logistic Regression Performance
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Figure 3.2: RCV1 Binary Dataset - n = 10,000, p = 47,236. OMP outperforms
Lasso-Pipeline.
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Chapter 4

Streaming Weak Submodularity:
Interpreting Neural Networks on the Fly

4.1 Introduction

Consider the following! combinatorial optimization problem. Given a ground
set [N] of N elements and a set function f: 2N s Ry, find the set S of size k
which maximizes f(S). This formulation is at the heart of many machine learning
applications such as sparse regression, data summarization, facility location, and
graphical model inference. Although the problem is intractable in general, if f is
assumed to be submodular then many approximation algorithms have been shown

to perform provably within a constant factor from the best solution.

Some disadvantages of the standard greedy algorithm of [15] for this prob-
lem are that it requires repeated access to each data element and a large total
number of function evaluations. This is undesirable in many large-scale machine

learning tasks where the entire dataset cannot fit in main memory, or when a sin-

Parts of the material in this chapter are based on the following conference paper: [116]
E. R. Elenberg, A. G. Dimakis, M. Feldman, and A. Karbasi. Streaming Weak Submodularity: In-
terpreting Neural Networks on the Fly. In NIPS, pages 4047-4057, 2017. From that material, the
dissertation author’s primary contributions are design of the parameter a in the approximation
guarantees, as well as design, implementation, and analysis of experiments. The dissertation au-
thor also assisted with other contributions and is the primary contributor of this paper. Additional
material in this chapter is the dissertation author’s contribution.
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gle function evaluation is time consuming. In our main application, each function
evaluation corresponds to inference on a large neural network and can take a few
seconds. In contrast, streaming algorithms make a small number of passes (often
only one) over the data and have sublinear space complexity, and thus, are ideal

for tasks of the above kind.

Recent ideas, algorithms, and techniques from submodular set function
theory have been used to derive similar results in much more general settings. For
example, Chapter 3 (and corresponding publications [72,73]) used the concept of
weak submodularity to derive approximation and parameter recovery guarantees
for nonlinear sparse regression. Thus, a natural question is whether recent results
on streaming algorithms for maximizing submodular functions [17,22,127] extend

to the weakly submodular setting.

This chapter answers the above question by providing the first analysis of a
streaming algorithm for any class of approximately submodular functions. We use
key algorithmic components of SIEVE-STREAMING [22], namely greedy threshold-
ing and binary search, combined with a novel analysis to prove a constant factor
approximation for y-weakly submodular functions (defined in Section 4.3). Specif-

ically, our contributions are as follows.

« An impossibility result showing that, even for 0.5-weakly submodular ob-
jectives, no randomized streaming algorithm which uses o(IN) memory can
have a constant approximation ratio when the ground set elements arrive in

a worst case order.
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+ STREAK: a greedy, deterministic streaming algorithm for maximizing y-weakly
submodular functions which uses O(e 'k log k) memory and has an approx-
imation ratio of (1 — €)y - [4 + g — 24y + 4] when the ground set elements

arrive in a random order.

+ An experimental evaluation of our algorithm in two applications: nonlinear
sparse regression using pairwise products of features and interpretability of

black-box neural network classifiers.

The above theoretical impossibility result is quite surprising since it stands in sharp
contrast to known streaming algorithms for submodular objectives achieving a

constant approximation ratio even for worst case stream order.

One advantage of our approach is that, while our approximation guaran-
tees are in terms of y, our algorithm STREAK runs without requiring prior knowl-
edge about the value of y. This is important since the weak submodularity param-
eter y is hard to compute, especially in streaming applications, as a single element

can alter y drastically.

We use our streaming algorithm for neural network interpretability on In-
ception V3 [23]. For that purpose, we define a new set function maximization
problem similar to LIME [24] and apply our framework to approximately maxi-
mize this function. Experimentally, we find that our interpretability method pro-
duces explanations of similar quality as LIME, but runs approximately 10 times

faster.
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4.2 Related Work

Monotone submodular set function maximization has been well studied,
starting with the classical analysis of greedy forward selection subject to a matroid
constraint [15,99]. For the special case of a uniform matroid constraint, the greedy
algorithm achieves an approximation ratio of 1 — 1/e [99], and a more involved al-
gorithm obtains this ratio also for general matroid constraints [128]. In general, no
polynomial-time algorithm can have a better approximation ratio even for a uni-
form matroid constraint [129, 130]. However, it is possible to improve upon this
bound when the data obeys some additional guarantees [100, 131, 132]. For maxi-
mizing nonnegative, not necessarily monotone, submodular functions subject to a
general matroid constraint, the state-of-the-art randomized algorithm achieves an
approximation ratio of 0.385 [112]. Moreover, for uniform matroids there is also a
deterministic algorithm achieving a slightly worse approximation ratio of 1/e [133].

The reader is referred to [79] and [134] for surveys on submodular function theory.

A recent line of work aims to develop new algorithms for optimizing sub-
modular functions suitable for large-scale machine learning applications. Algo-
rithmic advances of this kind include STocHASTIC-GREEDY [102], SIEVE-STREAMING
[22], and several distributed approaches [19, 81,101, 103, 104]. Our algorithm ex-
tends ideas found in SIEVE-STREAMING and uses a different analysis to handle more
general functions. Additionally, submodular set functions have been used to prove
guarantees for online and active learning problems [17,76,78]. Specifically, in the
online setting corresponding to our setting (i.e., maximizing a monotone func-

tion subject to a cardinality constraint), [135] achieve a competitive ratio of about
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0.3178 when the function is submodular.

The concept of weak submodularity was introduced in [16,80], where it was
applied to the specific problem of feature selection in linear regression. Their main
results state that if the data covariance matrix is not too correlated (using either
incoherence or restricted eigenvalue assumptions), then maximizing the goodness
of fit f(S) = Rg as a function of the feature set S is weakly submodular. This leads
to constant factor approximation guarantees for several greedy algorithms. Weak
submodularity was connected with Restricted Strong Convexity in Chapter 3 and
the corresponding publications [72,73]. This showed that the same assumptions
which imply the success of regularization also lead to guarantees on greedy algo-
rithms. This framework was later used for additional algorithms and applications
[81,82]. Other approximate versions of submodularity were used for greedy selec-
tion problems in [18,105, 106, 108, 136]. To the best of our knowledge, this is the

first analysis of streaming algorithms for approximately submodular set functions.

Increased interest in interpretable machine learning models has led to ex-
tensive study of sparse feature selection methods. For example, [137] consider
greedy algorithms for logistic regression, and [98] solve a more general problem
using ¢; regularization. Recently, [24] developed a framework called LIME for in-
terpreting black-box neural networks, and [138] proposed a method that requires
access to the network’s gradients with respect to its inputs. We compare our al-

gorithm to variations of LIME in Section 4.6.2.
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4.3 Preliminaries

First we establish some definitions and notation specific to this section.
The number of elements in the input stream is assumed to be N, and all big O
notation is assumed to be scaling with respect to N. Given a set function f, we
often use the discrete derivative f(B | A) := f(AUB) — f(A). f is monotone if
f(B | A) > 0,YA,B and nonnegative if f(A) > 0,YA. Using this notation one can

define weakly submodular functions based on the following ratio.

Definition 4.3.1 (Weak Submodularity, adapted from [16]). A monotone nonneg-
ative set function f : 2Nl +s Ry is called y-weakly submodular for an integer r
if
mianeS\Lf(i | L)

LSSINT: f(S|L) ’

[LLIS\LI<r

where the ratio is considered to be equal to 1 when its numerator and denominator

are both 0.

This generalizes submodular functions by relaxing the diminishing returns
property of discrete derivatives. It is easy to show that f is submodular if and
only if yy = 1. Note that this definition allows the two sets to have nonempty

intersection, which differs slightly from the one in Chapter 3.

Definition 4.3.2 (Approximation Ratio). A given streaming maximization algo-
rithm ALG which returns a set S has approximation ratio R € [0,1] if E[f(S)] >
R - f(OPT), where OPT is the optimal solution and the expectation is over the ran-

dom decisions of the algorithm and the randomness of the input stream order (when

it is random).
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Formally our problem is as follows. Assume that elements from a ground
set [N] arrive in a stream at either random or worst case order. The goal is then to
design a one pass streaming algorithm that, given oracle access to a nonnegative
set function f : 2IM — R.(, maintains at most o(N) elements in memory and

returns a set S of size at most k approximating

gllggf (M) ,

up to an approximation ratio R(yx). Ideally, this approximation ratio should be as
large as possible, and we also want it to be a function of y; and nothing else. In

particular, we want it to be independent of k and N.

To simplify notation, we use y in place of yi in the rest of the chapter.

Additionally, proofs for all our theoretical results are deferred to Appendix F.

4.4 Impossibility Result

To prove our negative result showing that no streaming algorithm for our
problem has a constant approximation ratio against a worst case stream order, we
first need to construct a weakly submodular set function f;. Later we use it to

construct a bad instance for any given streaming algorithm.
Fix some k > 1, and consider the ground set Ny = {ui,vi}le. For ease of
notation, let us define for every subset S C Ni
_ k _ k
u(S) = ISn{u}i;l , o(S) =ISN{vi}i4l -

Now we define the following set function:

fe(S) =min{2 - u(S) + 1,2-v(S)} VS C Ng . 4.1)
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Lemma 4.4.1. fi is nonnegative, monotone, and 0.5-weakly submodular for the in-

teger |Ng|.

Since [Ng| = 2k, the maximum value of fi is fr(Nx) = 2 - v(Ng) = 2k.
We now extend the ground set of fi by adding to it an arbitrary large number
d of dummy elements which do not affect f at all. Clearly, this does not affect
the properties of f; proved in Lemma 4.4.1. However, the introduction of dummy
elements allows us to assume that k is an arbitrary small value compared to N,

which is necessary for the proof of the next theorem. In a nutshell, this proof is

k

based on the observation that the elements of {u;};_; are indistinguishable from

the dummy elements as long as no element of { vi}le has arrived yet.

Theorem 4.4.1. For every constant ¢ € (0,1] there is a large enough k such that
no randomized streaming algorithm that uses o(N) memory to solve maxs|<ak fi(S)

has an approximation ratio of ¢ for a worst case stream order.

We note that fi has strong properties. In particular, Lemma 4.4.1 implies
that it is 0.5-weakly submodular for every 0 < r < N. In contrast, the algorithm
we show later assumes weak submodularity only for the cardinality constraint k.
Thus, the above theorem implies that worst case stream order precludes a constant
approximation ratio even for functions with much stronger properties compared
to what is necessary for getting a constant approximation ratio when the order is

random.

The proof of Theorem 4.4.1 relies critically on the fact that each element is

seen exactly once. In other words, once the algorithm decides to discard an ele-
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ment from its memory, this element is gone forever, which is a standard assump-
tion for streaming algorithms. Thus, the theorem does not apply to algorithms that
use multiple passes over [N], or non-streaming algorithms that use o(N) writable

memory, and their analysis remains an interesting open problem.

4.5 Streaming Algorithms

In this section we give a deterministic streaming algorithm for our prob-
lem which works in a model in which the stream contains the elements of [N]
in a random order. We first describe in Section 4.5.1 such a streaming algorithm
assuming access to a value 7 which approximates ay - f(OPT), where a is a short-
hand fora = (V2—e /2 — 1)/2. Then, in Section 4.5.2 we explain how this
assumption can be removed to obtain STREAK and bound its approximation ratio,

space complexity, and running time.

4.5.1 Algorithm With Access to 7

Consider Algorithm 8. In addition to the input instance, this algorithm gets
a parameter 7 € [0,ay - f(OPT)]. One should think of 7 as close to ay - f(OPT),
although the following analysis of the algorithm does not rely on it. We provide

an outline of the proof, but defer the technical details to Appendix F.

Theorem 4.5.1. The expected value of the set produced by Algorithm 8 is at least

T 3-—eV/?-_2V2 e/ —
_ . :’['-( 2—6'_)//2—1).

a 2

Proof (Sketch). Let € be the event that f(S) < 7, where S is the output produced by
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Algorithm 8 THRESHOLDGREEDY(f,k,7)
Let S « 0.
while there are more elements do
Let u be the next element.
if |S| < kand f(u|S) > r/k then
Update S « S U {u}.
end if
end while
return S

Algorithm 8. Clearly f(S) > 7 whenever € does not occur, and thus, it is possible

to lower bound the expected value of f(S) using € as follows.

Observation 4.5.2. Let S denote the output of Algorithm 8, then E[f(S)] > (1 -
Pr[&]) - .

The lower bound given by Observation 4.5.2 is decreasing in Pr[€]. Propo-
sition 4.5.1 provides another lower bound for E[ f(S)] which increases with Pr[].
An important ingredient of the proof of this proposition is the next observation,
which implies that the solution produced by Algorithm 8 is always of size smaller

than k when € happens.

Observation 4.5.3. If at some point Algorithm 8 has a set S of size k, then f(S) > 7.
The proof of Proposition 4.5.1 is based on the above observation and on the

observation that the random arrival order implies that every time that an element

of OPT arrives in the stream we may assume it is a random element out of all the

OPT elements that did not arrive yet.
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Proposition 4.5.1. For the set S produced by THRESHOLDGREEDY,
1 —y/2
E[f(S)] 2 5+ (v [Pr[€] - ¢™"/*] - f(OPT) - 2r)

The theorem now follows by showing that for every possible value of Pr[€]
the guarantee of the theorem is implied by either Observation 4.5.2 or Proposi-
tion 4.5.1. Specifically, the former happens when Pr[€] < 2 — V2 — ¢~/2 and the
latter when Pr[€] > 2 — V2 —e 12, O

4.5.2 Algorithm Without Access to 7

In this section we explain how to get an algorithm which does not depend
on 7. Instead, STREAK (Algorithm 9) receives an accuracy parameter € € (0,1).
Then, it uses € to run several instances of Algorithm 8 stored in a collection denoted
by I. The algorithm maintains two variables throughout its execution: m is the
maximum value of a singleton set corresponding to an element that the algorithm

already observed, and u,, references an arbitrary element satistying f(u,,) = m.

The collection I is updated as follows after each element arrival. If previ-
ously I contained an instance of Algorithm 8 with a given value for 7, and it no
longer should contain such an instance, then the instance is simply removed. In
contrast, if I did not contain an instance of Algorithm 8 with a given value for 7,
and it should now contain such an instance, then a new instance with this value
for 7 is created. Finally, if I contained an instance of Algorithm 8 with a given
value for 7, and it should continue to contain such an instance, then this instance

remains in I as is.
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Algorithm 9 STREAK(f,k,€)
Let m « 0, and let I be an (originally empty) collection of instances of Algo-
rithm 8.
while there are more elements do
Let u be the next element.
if f(u) > m then
Update m « f(u) and u,, < u.
end if
Update I so that it contains an instance of Algorithm 8 with 7 = x for every
x€{(1-€)|i€Zand(1-€e)m/(9k?) < (1 - €)' < mk}, as explained in
Section 4.5.2.
Pass u to all instances of Algorithm 8 in I.
end while
return the best set among all the outputs of the instances of Algorithm 8 in I
and the singleton set {uy,}.

Theorem 4.5.4. The approximation ratio of STREAK is at least

3—e 12— 2V2—e/2

2

(1-e)y-

The proof of Theorem 4.5.4 shows that in the final collection I there is an
instance of Algorithm 8 whose 7 provides a good approximation for ay - f(OPT),
and thus, this instance of Algorithm 8 should (up to some technical details) produce

a good output set in accordance with Theorem 4.5.1.

It remains to analyze the space complexity and running time of STREAK.
We concentrate on bounding the number of elements STREAK keeps in its memory
at any given time, as this amount dominates the space complexity as long as we
assume that the space necessary to keep an element is at least as large as the space

necessary to keep each one of the numbers used by the algorithm.

Theorem 4.5.5. The space complexity of STREAK is O(e 'k log k) elements.
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The running time of Algorithm 8 is O(N f) where, abusing notation, f is
the running time of a single oracle evaluation of f. Therefore, the running time
of STREAK is O(N fe~!logk) since it uses at every given time only O(e~!logk)
instances of the former algorithm. Given multiple threads, this can be improved to

O(N f + € log k) by running the O(e~! log k) instances of Algorithm 8 in parallel.

4.5.3 Improved Guarantees for STREAK

Since the initial publication of the results in this chapter [116], the guaran-
tees on both THRESHOLDGREEDY and STREAK have been improved. These tighter

bounds are proved in Appendix F.

As a warm up, we provide a bound on a variant of STREAK for which y,
inverse curvature ¢ (defined in Appendix C), and f(OPT) are all known in advance.

This is a stronger assumption than having access to a good 7 (Section 4.5.1).

Theorem 4.5.6. Let f(-) have submodularity ratio y and inverse curvature . If

_ [OPDy(i-d

T (=2 a), then THRESHOLDGREEDY has an approximation ratio of %)
y(1-a)

=)

y(
¥(

1+

irrespective of stream order.

Remark 4.5.1. This result is consistent with Theorem 4.4.1 which does not depend

on a, see the proof of Proposition C.2.8.

Remark 4.5.2. When f(-) is submodular, Theorem 4.5.6 matches the 1/2 approxi-
mation ratio of [22]. However, it is not clear whether this (or any other) algorithm

achieves a better approximation for arbitrary (y,a).
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The following tighter bounds are achieved by utilizing a technical lemma

from [84].

Theorem 4.5.7. In expectation, THRESHOLDGREEDY has an improved approximation

ratio

E[f(S)] =

NI

G
4+ ==-2 41 ,
SR

where

V2y'+4—-2 Ay+4-2
a=+r2+1-1= Y2 = Yz .
Theorem 4.5.8. In expectation, STREAK has an improved approximation ratio

E[f(S)]Z(l—e)y-[4+g—2 y+4]

4.6 Experiments

We evaluate the performance of our streaming algorithm on two sparse
feature selection applications.? Features are passed to all algorithms in a random

order to match the setting of Section 4.5.

4.6.1 Sparse Regression with Pairwise Features

In this experiment, a sparse logistic regression is fit on 2000 training and
2000 test observations from the Phishing dataset [139]. This setup is known to

be weakly submodular under mild data assumptions [73]. First, the categorical

2Code is available at ht tps: //github.com/eelenberg/streak.
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features are one-hot encoded, increasing the feature dimension to 68. Then, all
pairwise products are added for a total of N = 4692 features. To reduce computa-
tional cost, feature products are generated and added to the stream on-the-fly as
needed. We compare with 2 other algorithms. RANDOMSUBSET selects the first k
features from the random stream. LocALSEARCH first fills a buffer with the first k
features, and then swaps each incoming feature with the feature from the buffer

which yields the largest nonnegative improvement.

Figure 4.1(a) shows both the final log likelihood and the generalization
accuracy for RANDOMSUBSET, LOCALSEARCH, and our STREAK algorithm for € =
{0.75,0.1} and k = {20,40,80}. As expected, the RANDOMSUBSET algorithm has
much larger variation since its performance depends highly on the random stream
order. It also performs significantly worse than LocALSEARCH for both metrics,
whereas STREAK is comparable for most parameter choices. Figure 4.1(b) shows
two measures of computational cost: running time and the number of oracle eval-
uations (regression fits). We note STREAK scales better as k increases; for example,
STREAK with k = 80 and € = 0.1 (¢ = 0.75) runs in about 70% (5%) of the time
it takes to run LocALSEARCH with k = 40. Interestingly, our speedups are more
substantial with respect to running time. In some cases STREAK actually fits more
regressions than LOCALSEARCH, but still manages to be faster. We attribute this to
the fact that nearly all of LocALSEARCH s regressions involve k features, which are

slower than many of the small regressions called by STREAK.

Figure 4.2(a) shows the final log likelihood versus running time for k = 80

and € € [0.05,0.75]. By varying the precision €, we achieve a gradual tradeoff
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between speed and performance. This shows that STREAK can reduce the running
time by over an order of magnitude with minimal impact on the final log likeli-

hood.

4.6.2 Black-Box Interpretability

Our next application is interpreting the predictions of black-box machine
learning models. Specifically, we begin with the Inception V3 deep neural network
[23] trained on ImageNet. We use this network for the task of classifying 5 types
of flowers via transfer learning. This is done by adding a final softmax layer and

retraining the network.

We compare our approach to the LIME framework [24] for developing
sparse, interpretable explanations. The final step of LIME is to fit a k-sparse linear
regression in the space of interpretable features. Here, the features are superpix-
els determined by the SLIC image segmentation algorithm [140] (regions from any
other segmentation would also suffice). The number of superpixels is bounded by
N = 30. After a feature selection step, a final regression is performed on only the
selected features. The following feature selection methods are supplied by LIME:
1. Highest Weights: fits a full regression and keep the k features with largest co-
efficients. 2. Forward Selection: standard greedy forward selection. 3. Lasso: {;

regularization.

We introduce a novel method for black-box interpretability that is similar
to but simpler than LIME. As before, we segment an image into N superpixels.

Then, for a subset S of those regions we can create a new image that contains
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only these regions and feed this into the black-box classifier. For a given model
M, an input image I, and a label L;, we ask for an explanation: why did model M
label image I with label L;. We propose the following solution to this problem.
Consider the set function f(S) giving the likelihood that image I(S) has label L;.
We approximately solve

lrglggf S,

using STREAK. Intuitively, we are limiting the number of superpixels to k so that
the output will include only the most important superpixels, and thus, will repre-

sent an interpretable explanation. In our experiments we set k = 5.

Note that the set function f(S) depends on the black-box classifier and is
neither monotone nor submodular in general. Still, we find that the greedy max-
imization algorithm produces very good explanations for the flower classifier as
shown in Figure 4.3 and the additional experiments in Appendix G. Figure 4.2(b)
shows that our algorithm is much faster than the LIME approach. This is pri-
marily because LIME relies on generating and classifying a large set of randomly

perturbed example images.

4.7 Conclusions

We propose STREAK, the first streaming algorithm for maximizing weakly
submodular functions, and prove that it achieves a constant factor approximation
assuming a random stream order. This is useful when the set function is not sub-
modular and, additionally, takes a long time to evaluate or has a very large ground

set. Conversely, we show that under a worst case stream order no algorithm with
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memory sublinear in the ground set size has a constant factor approximation. We
formulate interpretability of black-box neural networks as set function maximiza-
tion, and show that STREAK provides interpretable explanations faster than pre-
vious approaches. We also show experimentally that STREAK trades off accuracy

and running time in nonlinear sparse regression.

One interesting direction for future work is to tighten the bounds of The-
orems 4.5.7 and 4.5.8 further, as they are nontrivial but still somewhat loose. For
example, there is a gap between the theoretical guarantee of the state-of-the-art
algorithm for submodular functions and our bound for y = 1. However, as our
algorithm performs the same computation as that state-of-the-art algorithm when
the function is submodular, this gap is solely an analysis issue. Hence, the real
theoretical performance of our algorithm is better than what we have been able to
prove in Section 4.5. Theorem 4.5.6 shows that an algorithm can do significantly
better when y and & known exactly. This suggests that approximate knowledge
of non-submodular parameters may be useful for designing algorithms with im-

proved guarantees.

Analogous to the results in Chapter 3, another future direction is to design
neural network architectures for which the LIME or STREAK objective function sat-
isfies a weak submodularity condition. Recently, [14] characterized perturbation-
stable instances [141] of monotone submodular maximization problems for which
greedy algorithms recover the true optimum. It is worth examining the implica-
tions of this result for machine learning problems, as well as extensions of the

framework to non-submodular set functions.
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Figure 4.1: Logistic Regression, Phishing dataset with pairwise feature products.
Our algorithm is comparable to LocALSEARCH in both log likelihood and general-
ization accuracy, with much lower running time and number of model fits in most
cases. Results averaged over 40 iterations, error bars show 1 standard deviation.
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Figure 4.2: 4.2(a): Logistic Regression, Phishing dataset with pairwise feature
products, k = 80 features. By varying the parameter €, our algorithm captures a
time-accuracy tradeoff between RANDOMSUBSET and LocALSEARCH. Results aver-
aged over 40 iterations, standard deviation shown with error bars. 4.2(b): Running
times of interpretability algorithms on the Inception V3 network, N = 30, k = 5.
Streaming maximization runs 10 times faster than the LIME framework. Results
averaged over 40 total iterations using 8 example explanations, error bars show 1
standard deviation.

112



Original Image LIME + Max Wts

LIME + FS LIME + Lasso LIME + FS LIME + Lasso

LIME + Max Wts

Streak Streak

(a) (b)

Original Image LIME + Max Wts Original Image LIME + Max Wts

e D 2

LIME + FS LIME + Lasso

Streak Streak

(© (d)

Figure 4.3: Comparison of interpretability algorithms for the Inception V3 deep
neural network. We have used transfer learning to extract features from Inception
and train a flower classifier. In these four input images the flower types were
correctly classified (from (a) to (d): rose, sunflower, daisy, and daisy). We ask the
question of interpretability: why did this model classify this image as rose. We are
using our framework (and the recent prior work LIME [24]) to see which parts of
the image the neural network is looking at for these classification tasks. As can be
seen STREAK correctly identifies the flower parts of the images while some LIME
variations do not. More importantly, STREAK is creating subsampled images on-
the-fly, and hence, runs approximately 10 times faster. Since interpretability tasks
perform multiple calls to the black-box model, the running times can be quite
significant.
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Appendix A

Proofs for Chapter 2

A.1 Proof of Theorem 2.3.2

Let! m be the total number of edges in the original graph G. If e is an edge
in the original graph G, let t, be the random indicator after sampling. t, = 1 if e is
sampled and 0 otherwise. Let 3, H;, H;, H5 denote the set of distinct subgraphs
of the kind Hy, Hy, Hy, and Hs (anti-clique, edge, wedge and triangle) respectively.
Let A, (e),A(e, f), and A(e, f,g) denote an anti-clique with no edges, a H; with
edge e , a H, with two edges e, f, and a triangle with edges e, f,g respectively in
the original graph G. Our estimators (2.13) are each a function of Y;’s and each Y;

can be written as a polynomial of at most degree 3 in all the variables ¢,.
Yo = no + Z (1-1t,)+ Z (1= t)(1 — tp)+
(e)eH; Ale.f)eT;

PN E DI e AN

Ale,f.g)eHs

(A.1)

'The material in this appendix is based on the following conference papers: [25] E. R. Elenberg,
K. Shanmugam, M. Borokhovich, and A. G. Dimakis. Beyond Triangles: A Distributed Frame-
work for Estimating 3-profiles of Large Graphs. In KDD, pages 229-238, 2015. [26] E. R. Elenberg,
K. Shanmugam, M. Borokhovich, and A. G. Dimakis. Distributed Estimation of Graph 4-profiles.
In WWW, pages 483-493, 2016. The dissertation author’s primary contribution is applying Kim-Vu
concentration inequalities to graph profile sparsifiers. The dissertation author also assisted with
other contributions and is the primary contributor of these papers.
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Y, = Z t, + Z (1= t)tp+ (1 — tp)te)+

,(E)€j‘f1 A(e,f)ef}{g

Z te(1 —tp)(1 —tg)+ (A.2)
Ale,f.g)eXHs
Do (=) (1= tg) + 1y (1 = ) (1~ tp),
Ale,f.g)eXHs
Y, = Z fotf+
Ae,f)eH
(e.f)eH; (A3)
Do (et (1= 1) + ttg(1 = £) + to(1 = t)ty),
A(e,f,g)eﬂ'(3
Y; = Z tetrty, (A.4)
Ale,f.9)eXHs
Si= Y e (A5)
(e)eT,
Di= Y (te+tp), (A.6)
A(e,f)Eg'Cz
D, = Z botf, (A7)
A(e,f)eH,
Ty = Z (to + 1t + 1), (A.8)
A(e,f,g)eﬂﬁ
L= > (tety + ity + tyte), (A.9)
Ale,f.g)€Hs
Yl = 51 + Dl - 2D2 + Tl - 2T2 + 3Y3, (AlO)
Yz :D2+T2 —3Y3. (All)

Note that the newly defined polynomials have the following expectations:

E[S:1] = pny, E[D4] = 2pny,

E[Dz] = pznz, E[T]] = 3pn3, E[Tg] = 3p2n3.
We observe that in the above even by change of variables y, = (1 — t,), Y
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and Y; are not totally positive polynomials. This means that Theorem 2.3.1 cannot
be applied directly to the Y;’s or X;’s. The strategy we adopt is to split Y; and Y
into many polynomials, each of which is totally positive, and then apply Theorem
2.3.1 on each of them. P = {Y,, Y3,51,D1,D,,T;,T;} form the set of totally positive
polynomials (proved below). Substituting the above equations into (2.14), we have
the following system of equations that connect X;’s and the set of totally positive

polynomials P:

1-p
XO:YO_T(SI+D1+T1_2D2_2T2+3Y3)

1-p)? 1-p)?
+ ( p2p) (Dz + Tg — 3Y3) — ( pSP) Y3
2 (A.12)
=Y - T(Sl +Dy +Th)
1-p? 1-p°
+ pz (Dz + Tg) - p3 Y3.
X1 :%(51 +D1+T1 —2D2—2T2+3Y3)
2(1 - 3(1 - p)?
A 3 P) (D2 + T, — 3Y3) + sA-p” 3p) Y3 (A.13)
p p
1 2 3
= j—)(Sl +D1 + Tl) - F(Dz + Tz) + p_3Y3
1 3(1 —
XZZ—Z(D2+T2—3Y3)— ( SP)Yg
Pl , p (A.14)
= E(Dz +1Tp) — EY&
1
X3 = —Y3. (A15)
pS

Let ae, f., and A, be the maximum number of H;’s, H,’s, and H3’s contain-

ing an edge e in the original graph G. Let a,  and A be the maximum of «,, f., and
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A, over all edges e. We now show concentration results for the totally positive

polynomials alone.
Lemma A.1.1. Define variables y. = 1 — t,. Then Y} is totally positive in y,. With

respect to the variables y., E>1 [Yy] < 3max{a, ,A}.

Proof. We have the expectation of the following partial derivatives, up to the third

order:

8|5 | = s (- -

< 3max{ae, fe, Ae}.

]E[ Y,

§1+(1—p)§2,E[ % ]31.
IYeyr |

OYeY fYg

From the above equations, we have E>; [Y;] < 3max{a,f,A} for a nonempty

graph. O

To satisfy Ex; [Yo] < E[Yy], it is sufficient to have
no > 3max{a, f,A}. (A.16)
This is because Yy > ny with probability 1.

Lemma A.1.2. Y is totally positive int,. W.r.t the variablest,, E>1 [Y3] < max{1,p*A}.

Proof. We have the expectation of the following partial derivatives, up to the third

order:
oY oY oY
E|—|=p*A,E|——|=p<1,E > <1
ot, atetf 0tetftg
From the above equations, we have Ex; [Y3] < max{1,p?A}. O
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EZI [Yg] < E[Yg] implies
> max{——, A/ns} (A17)
max{——,A/n3}. )
p=z s 3
Lemma A.1.3. S; is totally positive in t,. W.r.t. the variables t,, E>1 [S1] < a.

Proof. We have the expectation of the following partial derivatives, up to the sec-

ond order:
S S
8|81 g B 25| 2,
ot Otetr
From the above equations, we have Ey; [S$1] < « . O

Esq [S1] < E[S3] implies

p>aln. (A.18)

Lemma A.1.4. Dy is totally positive in t,. W.r.t the variables t,, E>1 [D1] < J.

Proof. We have the expectation of the following partial derivatives, up to the sec-

ond order:
0D 0D
E =p., E =0
[ ot, ] e [atetf]
From the above equations, we have E>; [D;] < f. O

Esq [D1] < E[Dq] implies

p = B/(2ny). (A.19)
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Lemma A.1.5. Tj is totally positive in t,. W.r.t. the variables t,, E>1 [T1] < A.

Proof. We have the expectation of the following partial derivatives, up to the sec-

ond order:
oT oT:
E|l—2|=A,E|—|=0.
ot, Otety
From the above equations, we have E5q [T7] < A. O

Esq [T1] < E[T1] implies

p > A/(3n3). (A.20)

Lemma A.1.6. D; is totally positive in t,. Wrt. the variables t,, Esq [D;] <

max{pp,1}.

Proof. We have the expectation of the following partial derivatives, up to the sec-

ond order:
0D, 0D,
E = , E <1.
[ ot, l ppe [atetfl
From the above equations, we have Es; [D;] < max{pf,1}. |

Esq [D;] < E[D,] implies

p= max{ﬁ/nz,i}- (A.21)

N

Lemma A.1.7. T; is totally positive int,. W.r.t the variablest,, E>1 [T>] < max{2pA,1}.
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Proof. We have the expectation of the following partial derivatives, up to the sec-

ond order:
oT; 2
E =2pA,, E|——| < 1.
[ate } Pl 6tetf]
From the above equations, we have Es; [T;] < max{2pA,1}. O

Es [T2] < E[T3] implies

p > max{2A/(3n3), —=—}. (A.22)

1
\/31’13
Now merging all the conditions (A.16)-(A.22), we get

lAﬂa}

1
ng > 3max{a, B, A}, p > max{ (A.23)

s Nz ns’ng’ my

Applying Theorem 2.3.1 to all the totally positive polynomials, along with
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(A.23), we get

P (1Yo - E[Yoll > asVE[Vo]Ez1[%o]4])
= O (exp (=41 + (2) logm)),
P (1Ys - B[%]| > asVE[G]B=1[%:]2))
= O (exp (A2 + (2) logm)) ,
P (IS1 - B[S1]| > a1VE[S:]E=1[S11A3)
= O (exp (~13)),

P (IDy — E[D1]| > a;vE[D1]Es1[D1]4) 20
= O (exp (-14)) ,
P (ITy - E[T]| > ayVE[T)Ex1[T1]4s)
= O (exp (-1s)),
B (1D, - ED,]| > a,VE[D o1 [D712)
= O (exp (—4¢ + logm)),
P (IT, - E[L]| > aoVE[L]Ex:[T2]A2)

= O (exp (A7 + logm)) .
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Choose an € > 0. We force the following conditions:

E[Yo]Ex1[Yo]A] = €E[Yo],

E[Y3]E>1[Y3]A; = €E[Y3],

E[S1]E>1[S1]43 = €E[51],
E[D1]Ex1[D1]A4 = €E[Dy], (A.25)
E[T1]E>1[T1]4s = €E[T1],
E[D,]Ez:1[D2]g = €E[D],

E[T:)Ex[T2]A% = €E[T2].

Let y > 0. In order for the right hand side of every equation in (A.24) to be

O(exp(—y log m)), assuming all the bounds in Lemmas A.1.1-A.1.7, it is sufficient

to have
2 6 2+
no N as log (m Y)’
3 max{a, f,A} €?
p a’ log® (m2+”)
> 2
max{é/%l_S,A/ng,} B €2
2162 () (A.26)
P ., 4 log® (mY)
B Ay~ 2 ’
max{nl’z_nz’%} €
azlo 4 ml+y
p & gg )_
max{ﬂ 20 1 1) €

We can see that the conditions in (A.26) imply the conditions in (A.23).
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These can be simplified to remove some redundancy as follows:
no az log® (m2+)’)

3max{a,f,A} ~ €?
a?log® (m2+Y)

o

p
max{==,A/ns} €2 ’
T (A.27)
P a log?® (m)
aln €2 ’
p g ()
max(£, L) ¢

This is due to the fact that a3 > a; > a; and m® > m?. Therefore, subject to
(A.27), all totally positive polynomials Yy, Y3, Dy, D,,S1,T1, T concentrate within a
multiplicative factor of (1 + €) with probability at least 1 — O (%)

Under the above concentration result, let the deviations of X;’s be denoted

by 6X;. Now we calculate the deviation of X, using (A.12).

5y < €B[Yy] + ¢ ;” (IE[S,]] + [E[D1]] + [E[T:]])

2 .3
: - (EDAI + BT - e B[]

+ €
< G(Tlo +ny+3ny + 7713)

< 7¢(ng + ny + ny + n3).

Similarly for other X;’s, we get

0X1 < 12e (ny + ny + n3),

IA

IA

60X, < 6€ (ny + n3),

5X3 < €ns.
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Therefore, sampling every edge independently with probability p satisfying
all conditions in (A.27), all X/s concentrate within an additive gap of (1 + 12¢) (lgl)
with probability at least 1 — % The constants in this proof can be tightened by a

more accurate analysis.

A.2 Proof of Lemma 2.3.2

This proof is a straightforward application of Theorem 2.3.1, which is the
main result of [35]. Let Yio = Xg(aped)et,, Labtbcteatdatactpa- Clearly Y is totally
positive. Let kiogp, ape, and vgp, be the maximum number of 4-cliques sharing
a common edge t,,, wedge Agpe, and triangle Ay, respectively. Taking repeated

partial derivatives,

aYlO— 5
E = p’ki0.ab>
[atab _ P K10,ab
0Yyo | aY;
E[ = :p4o'ab09 E[ L ] = 4,
atab the | atab ted
Y, Y
E [—10 :psvabw E [—10] = 3,
atab tpetac | atab tpeted
aY; ] Y
B || |y
atab thetactda | atab theledtda
oY, ] oY,
E |:—10 =p, E[ 10 ] -1
Otaptycteatdatac | Otaptycteatdatactvd

Noting that op. < min{kioap,ki0pc} < kio, similarly vgpe < kio, and p° <

p4 .. <1, we have Ezl [Yl] < max{l,p3k10}. EZI [YIO] < E[Ylo] = p6N10 1mphes

p = max{v/1/Nig, Vk1o/Nio}. (A.28)
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Choose exy > 0 and let exyE[Y1o] = aéx/E[Ylo]Ezl[Ylo]/lé. Applying The-
orem 2.3.1 to Yjo given (2.18) and (A.28), the right hand side of (2.16) becomes

O(exp(—y logm)) = O(1/mY). Therefore, the error of the 4-clique estimator X is
_ 1 _ 1 6 _
86X = p—65Y10 = E(GKVP Nio) = €Nig

with probability greater than 1 — %
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Appendix B

4-profile Sparsifier Details

Another advantage! to read-k function families is that they are simpler
to extend to more complex subgraphs. We now state concentration results for the
full 4-profile sparsifier evaluated experimentally in Section 2.4. The edge sampling

matrix H is defined by the relations
E[Yo] No Xo Yo
: =H| : = l=H1 s, where
E[Y10] Nio X10 Y10

11-p A-p? Q-p? @Q-p* @Q-p?° @-p° @a-p* @-p* @-p° (@@-p°
0 p 2p(1-p) 2p(1-p) 3p(1-p)® 3p(1-p)* 3p(1—p)? 4p(1 -p)* 4p(1-p)® 5p(1-p)* 6p(1-p)°
0 0 P 0o pa-p 0 0 2p°(1 = p)* p*(1-p)® 2p*(1-p)® 3p°(1 - p)*
0 0 0 PP 2pP(1-p) 3pP(1 = p) 3p*(1 - p) 4p*(1 - p)* 5p°(1 - p)* 8p*(1 - p)
0 0 0 0 P’ 0 0 4p*(1-p) 2p*(1—p) 6p°(1 - p)

H=10 o 0 0 0 P 0 0 PP —-p) 2p3(1 - p)? 4p3(
0 0 0 0 0 0 P’ 0 P-p 2p°1-p)* 4p°(1-p)’
0 0 0 0 0 0 0 pt 0 pra-p) 3p*(1 - p)?
0 0 0 0 0 0 0 0 pt 4p*(1 — p) 12p*(1 - p)?
0 0 0 0 0 0 0 0 0 P’ 6p°(1 - p)
0 0 0 0 0 0 0 0 0 0 e

'The material in this appendix is based on the following conference paper: [26] E. R. Elenberg,
K. Shanmugam, M. Borokhovich, and A. G. Dimakis. Distributed Estimation of Graph 4-profiles.
In WWW, pages 483-493, 2016. It is the dissertation author’s contribution.
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Let t = 221, Then the inverse sampling matrix is given by

>

(1 ¢t t?2 2 3 B 1 ottt o ¢t

o L1 2t 2t 32 3 32 4 4 st o

O O RO RN B B

00 5% 0 » 0 0 % » 7

00 o L 2 3t 3t 4 52 8 121

P2 plz P2 pZ ZZ g2 522 1g23

1 a2t o 128

000 0 5 0 0 % % 7
H'=00 0 0 0 % 0 0o &% % 5 (B.1)

000 0 0 o0 L o L 28 4

p3 ) pS p3 :f:z

1 t 3t°

000 0 0 0 0 5 0 % ”

000 0 0 0 0 0 # I% lpz—i

00 0 0 0 0 0 O O 1% ;%

00 00 0 0 0 O 0 0 %

The binomial coefficients in these matrices influence our concentration bounds,

which we now state:

Theorem B.0.1 (4-profile sparsifier estimators). Consider the sampling process de-
scribed above and in Section 2.3. Let X;, 0 < i < 10 (and X be a vector of these
estimates), be the actual estimates of 4-profiles. Let k; be the maximum number of
subgraphs F; sharing a common edge. Let Y;, 0 < i < 10, be the 4 profile counts of
the sparsified graph. Then let N;, 0 < i < 10, be the actual counts. Choose 0 < § < 1

ande > 0. Let C = (192)%/2. If

Clog(2/8)kio\ "™ Clog(2/8) (ko + 6k1o) | /™
Pz €2Nj, ) P2 ( €2(Ny + 6Nyg) ) ’
_ (Clog(2/8) (ks + 4ks + 12k10))1/8
p= €2(Ng + 4Ny + 12Ny) ’
Clog(2/8) (ks + ko + 3k10) |/ Clog(2/8) (ks + ks + 2ko + 4k1o) \ "/
P2\ T2 (N, + Ny + 3N) ) P2 ( ¢2(Ng + Ns + 2Ny + 4Nyo) ’
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Clog(2/8) (ks + ks + 2ko + 4k10))1/6

€2(Ns5 + Ng + 2Ny + 4Nj¢) ’

Clog(2/8) (ks + 4ky + 2kg + 6ko + 12k10) |/

p= €2(Ny + 4N; + 2Ng + 6Ny + 12Nyy) ) ’
Clog(2/8) (ks + 2ky + 3ks + 3ke + 4k; + 5kg + 8ko + 12k10))”4

€2(N3 + 2Ny + 3N5 + 3Ny + 4N;7 + 5Ng + 8Ny + 12Ny) ’
Clog(2/8) (ks + ky + 2k7 + kg + 2ko + 3k10))1/4

€2(Ny + Ny + 2N7 + Ng + 2Ng + 3Ny) ’
Clog(2/8) (ki + 2ky + 2ks + 3kq + 3k + 3k + 4k + dkg + Sko + 6k10))1/2

>
p= EZ(Nl + 2N2 + 2N3 + 3N4 + 3N5 + 3N6 + 4N7 + 4N8 + 5N9 + 6N10)
Clog(2/6
no < VP (|V|2 - %)
€

then ||6X|| s < e(lzl) with probability at least 1 — 9.

Proof. We apply Proposition 1 a total of 11 times to the sampling-estimator system
defined above by H and H™!. In our context, each sampled subgraph count Y; is a
sum of functions in a read-ky, family, where ky, < min{|V| — 2, N;}. Let k;, be the

maximum number of subgraphs F; sharing a common edge e, and let k; = max, ki,
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fori = 0,...,10. The Y;’s have the following parameters:

V|
ry, = ( e ky, =V,

ry, = N1 + 2N2 + 2N3 + 3N4 + 3N5 + 3N6 + 4N7 + 4N8 + 5N9 + 6N10,
ky, = k1 + 2ky + 2ks + 3ky + 3ks + 3ke + 4k7 + 4ks + 5ko + 6k,
ry, = NZ + N4 + 2N7 + Ng + 2N9 + 3N10,
kY2 = kz + k4 + 2k7 + kg + Zkg + 3k10,
ry, = N3 + 2N4 + 3N5 + 3N6 + 4N7 + 5N8 + 8N9 + 12N10,
kY3 = kg + 2k4 + 3k5 + 3k6 + 4k7 + Skg + 8k9 + 12k10,
(B.2)

ry, = N4 + 4N7 + 2Ng + 6N9 + 12N10, ky4 = k4 + 4k7 + Zkg + 6k9 + 12k10,
ry, = N5 + Ng + 2N9 + 4N10, kY5 = k5 + kg + 2k9 + 4k10,
ry, = N6 + Ng + 2N9 + 4N10, kY(, = k6 + kg + 2k9 + 4k10,
ry, = N7 + Ng + 3Ny, kY7 = k7 + ko + 3k,
ry, = Ng + 4N9 + 12N10, kY8 = kg + 4k9 + 12k10,
ry, = No + 6Ny9, ky, = ko + 6k,
v, = N, Ky, = kio-

We show the application of Proposition 1 for Y; through Yy because Y;y was

shown in the proof of Theorem 2.3.3 and the other cases are similar:

P (IY7 = (p'N; + p*(1 = p)No + 3p*(1 = p)*Nyp)| = p*e(N7 + Ny + 3Ny) )
2p%e*(Ny + No + 3Njo)
k7 + kg + 3k10 '

< 2exp (—
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P (IYs — (p"Ns + 4p* (1 = p)No + 12p*(1 = p)*Nio)| = p"e(N + 4No + 12Ny) )
2p8e?(Ng + 4Ny + 12N10))
)

<2 —
—em( ks + 4k + 12Ky
P (|Y9 — (p°No + 6p° (1 — p)Nig)| > €(No + 6Nig
262(N9 + 6N10)
kg + 6k10

< 2exp (—

1
=P (|EY9 — (No +6(1 = p)Nig)| > €(Ny + 6N10))

Zploez(Ng + 6N1())
<2exp|-—- .

kg + 6k10

6 2€2N10

P(|Y10—P N10| ZeNlo) SZexp - K
10
6 6 2p'2€’Nig
= P(leO - NlOl > €N10) =P (lYg -p N10| =p €N10) < 2exp _k— .
10
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Rearranging to solve for p, we have

)

. (log<2/5>klo)”” g (log<2/5>(k9 + 6k1o) |
- 2€2Nj, ’ ~ | 2€%(Ng + 6Nyg)
N (log(2/5)(k8 + 4ko + 12ky0) | '/®
~ | 2€%(Ng + 4Ny + 12Nyp)
N (log(2/5)(k7 ko + 3klo))”8 . (1og(z/5)<k6 + kg + 2k + 4ko) |
2€2(N; + Ny + 3Njp) ’ ~ | 2€%(Ng + Ng + 2Ny + 4Nyg)
N (log(2/5)(k5 + ky + 2k + 4k10) \/°
~\ 2€2(Ns + Ng + 2Ng + 4Ny)
N (10g(2/5)(k4 + 4k + 2kg + 6ko + 12k10) '/
~ \ 2€%(Ny + 4N; + 2Ng + 6Ny + 12Nj;) ’
S (log(2/5)(k3 + 2kg + 3ks + 3ke + 4k7 + 5kg + 8kg + 12k1()
~ \ 2€%(N3 + 2Ny + 3N5 + 3Ng + 4N7 + 5Ng + 8Ny + 12Ny)
N (log(2/5)(k2 + kg + 2k + kg + 2ko + 3ky0) | 4
~ \ 2€%(Ny + Ny + 2N; + N3 + 2Ny + 3Nyy)
o (log(2/5)(k1 + 2ky + 2ks + 3ky + 3ks + 3kg + 4ky + 4kg + 5ko + 6k1g) )1/2
~ \2€2(N; + 2N, + 2N3 + 3N, + 3N5 + 3Ny + 4N7 + 4Ng + 5No + 6Nyg) ’

(B.3)
The final condition comes from the result for Yj:
VI\ log(2/8)|V|? log(2/6
no < V1) _ log(2/9)|V| < (v - 0g(2/9) ) (B.4)
4 2€? 2€?

Plugging into our estimators (given by H™!), we get the following error

bounds:

0Xo < €(ny + ny + n3) + e(ny + 2ny + 3n3 + ny + 3n3 + nsz)
V]
< €(2ny + 4ny + 8n3) < 8¢ 5 |

5X1 < €(N1 + 2N2 + 2N3 + 3N4 + 3N5 + 3N6 + 4N7 + 4N8 + 5N9 + 6N10)
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60X,

6Xs

X4

6Xs

IA

IA

IA

+2e(Ny + Ny + 2N7 + Ng + 2Ny + 3Ny)
+2€(N3 + 2Ny + 3N5 + 3Ng + 4N; + 5Ng + 8Ny + 12Ny)
+ 3€(N4 + 4N7 + 2N8 + 6N9 + 12N10)
+3e(N5 + N3 + 2Ny + 4Nyg) + 3€(Ng + Ng + 2Ng + 4N1g) + 4€(N7 + No + 3Nqp)
+4€(Ng + 4Ny + 12N1) + 5¢(Ny + 6N1g) + 6€(Nqg)

\4
€(Ny +...+192Nyo) < 192¢ .
€(Ny + Ny + 2N; + Ng + 2Ng + 3N1g) + €(Ny + 4N7 + 2Ng + 6Ng + 12Nj)
+ 26(N7 + Ng + 3N10)
+ €(N8 + 4N9 + 12N10) + 2€(N9 + 6N10) + 3€(N10)

V]
€(Ny +...+48Npg) < 48¢ .
€(N3 + 2Ny + 3N5 + 3Ny + 4N; + 5Ng + 8Ny + 12Ny)
+2€(Ny + 4N7 + 2Ng + 6Ng + 12Nq)
+ 3€(N5 + Ng + 2N9 + 4N10) + 36(N6 + Ng + 2N9 + 4N1())
+ 4€(N7 + N9 + 3N10) + SG(NS + 4N9 + 12N10)
+ 8€(N9 + 6N10) + 12€(N10)
Vv
E(N3 + 4N4 + 6N5 +...+ 192N10) < 1926(|4|)
€(N4 + 4N7 + ZNS + 6N9 + 12N10) + 4€(N7 + N9 + 3N10) + 26(N8 + 4N9 + 12N10)
+ 6€(N9 + 6N10) + 12€(N10)
\4

€(Ny+...+96N;g) < 96¢ .|

€(N5 + Ng + 2N9 + 4N10) + G(Ng + 4N9 + 12N10) + 2€(N9 + 6N10) + 4€(N10)
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< e(N5+...+32Ny) < 326(“2').
6Xs < €(Ng + Ng + 2Ny + 4N7g) + €(Ng + 4Ny + 12N1g) + 2e(No + 6N7g) + 4€(Nyo)
< e(Ng+...+32Ny) < 326(“2').
6X7 < e(N;7 + Ng + 3N1g) + €(Ng + 6N1g) + 3e(Nyp)
< €(N7 + 2Ny + 12Npp) < 126(|Z|).
0Xg < €(Ng + 4Ny + 12N1g) + 4e(Ng + 6Nyg) + 12¢(Nyp)
< €(Ng + 8Ny + 48Ny) < 486(|Z|).

5X9 < €(N9 + 6N1()) + 66(N10)

IA

14
€(N9 + 12N10) < 12¢ 4 .

6X1o

IA

€N10.

Thus the maximum deviation in any estimator is less than 1926(";'). Sub-

stituting €2 = €2/(192)? = €2/2C completes the proof.
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Appendix C

Non-submodular Parameters

The following appendix surveys several different relaxations of submodu-
larity, along with several bounds relating these quantities. Most of the definitions

and results can be found in [16], [73], [83], and [108].

C.1 Definitions

As a reminder, the discrete derivative is defined as f(B | A) := f(AUB) —
f(A). We assume the ground set to be N and describe properties of a set function

() :2N > R

C.1.1 Submodularity Ratio

Unless otherwise specified, throughout the dissertation we call a set func-
tion weakly submodular if the submodularity ratio y is bounded away from zero

for all sets of interest.

Definition C.1.1 (Submodularity Ratio, from [16]). Let S,L € N be two disjoint

sets, and f(-) : 2N — R. The submodularity ratio of L with respect to S is given by

__ ZjeS f(./ | L)
NICII I
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This is parameterized by an integer in two slightly different ways in Chap-
ters 3 and 4. In both definitions, the integer represents the cardinality of the sets
under consideration; the definitions differ depending on whether the sets must be
disjoint.

Definition C.1.2 (From [16]). The submodularity ratio of a set U with respect to an

integer k is given by

Uk = min LS -
Y L,S:LNS=0, Y
LCU,IS|<k

Definition C.1.3 (From [116]). The submodularity ratio with respect to an integer

k is given by

Yk == 1{115?’ LS -
IL|<k,S\L|<k

In [83], the space of feasible sets was restricted further by considering only
the sets encountered during the execution of a particular algorithm (e.g. Greedy).

Recently a complementary parameter was defined over all pairs of disjoint sets.

Definition C.1.4 (From [108]). The supermodularity ratio is given by

e max viee min JCID
T Lstas=0 " T Lsinso Yjes fGIL)

Clearly yx = mingy.juj<k Yuk, and f(-) is modular if and only if yjyy =y = 1.

Remark C.1.1 (Lattice Weakly Submodular Functions). The definitions in this sec-
tion differ from that of [117] for submodular lattice functions. Rather than general-

izing submodularity, [117] defines a subclass of submodular functions.
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Definition C.1.5 (From [117]). Given a lattice £ with join operation V and meet
operation A (e.g. max and min, respectively), a function f(-) : £ +— Z is lattice

weakly submodular if for all A,B € £, f(A) = f(AAB) = f(AV B) = f(B).

C.1.2 Proportionally Submodular Functions

Next we describe another distinct class of functions called proportional
submodular functions [118, 119], which originally shared the name weakly sub-

modular.

Definition C.1.6 (From [119]). A normalized, monotone function is proportionally

submodular if for all L,S € N,

ISI- F(L) + ILI- £(S) = ILNAS|- f(LUS) + [LUS|- f(LNS) .

C.1.3 Curvature

Curvature was initially defined in [100] to provide tighter bounds than

those of [15] for special classes of submodular functions.

Definition C.1.7 (Curvature, from [100]). The curvature of a function is given by

. fUINVY)
Kk:=1 rjréan—f(H@) .

This was later generalized in various ways [83, 131, 132] e.g. by replacing

the empty set and the ground set with two arbitrary sets.

Definition C.1.8 (Generalized Curvature, from [83]). The generalized curvature of
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a function is given by

e FGIEVUL)
' Ls fUIS\))
jeS\L

Again, we can define a complementary parameter.

Definition C.1.9 (Generalized Inverse Curvature, from [108]). The generalized in-

verse curvature of a function is given by

PR (A CAV OIS SN (A KCAY))
' Ls: fG1(S\))) Ls f(j1(S\juL))
jeS\L JES\L

C.1.4 Subadditivity Ratio

A relaxed form of subadditivity was used in [81] to analyze the perfor-

mance of distributed maximization of non-submodular functions.

Definition C.1.10 (From [81]). The bipartite subadditivity ratio with respect to a

set U is given by

f(L)+ f(S)
Lsis=0  f(U)
LUS=U

Yy =

Definition C.1.11 (From [81]). The bipartite subadditivity ratio with respect to an

integer k is given by

Ve:= min vy .
UCN:|U|=k

Two related quantities were defined recently to analyze the performance

of robust non-submodular maximization.
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Definition C.1.12 (From [108]). The subadditivity ratio of a function is given by
B fl)
UcN  f(U)
Definition C.1.13 (From [108]). The superadditivity ratio of a function is given by
N O S f0)

X ——

TUN Y fG) VN £F(U)

C.1.5 Submodularity Index
Recently, [142] defined an additive version of the submodularity ratio.

Definition C.1.14 (Submodularity Index, from [142]). LetS,L C N be two disjoint

sets, and f(+) : 2N R. The local submodularity index of L with respect to'S is given
by

fus= ) fGIL-FESIL) .

jes
Definition C.1.15 (From [142]). The submodularity index of a set U with respect to

an integer k is given by

Uk = min LS -
¢ L,S:LNS=0, ¢
LCU,IS|<k

The function is called super-submodular if ¢ > 0 and quasi-submodular if

¢ is only slightly nonnegative.

C.1.6 Approximately Submodular Functions

Recently, approximate submodularity was formulated to capture a notion
of noisy oracle access. Query complexity results for maximizing approximate sub-

modular functions were given in [106].
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Definition C.1.16 (Approximate Submodularity, from [106]). A function f(-) is
e-approximately submodular if there exists a submodular function g(-) such that for

allS C N,

(1-€)g(S) < f(S) < (1+€)g(S) .

C.2 Relations

Several recent results have described relationships between parameters in
the previous section. For example, it is clear that v = ypn|, and more generally we

have the following observations:

Proposition C.2.1. The following statements are equivalent:
1. f(-) is submodular.
2.y=1
3 a=0.

Proposition C.2.2. The following statements are equivalent:

1. f(-) is supermodular.

2. —f(-) is submodular.

140



Proposition C.2.3. The following statements are equivalent:

1. f(-) is modular.
2. f(-) is both submodular and supermodular.

Proposition C.2.4. If f(-) is submodular then v = 1. If f(-) is supermodular then

v=1

Proposition C.2.5 (From [108]). v

%

YN =1—adandv>y>1-a.

Proposition C.2.6 (From [108]). 6 >

\%
<
<

Proposition C.2.7 (From [83]). There exist functions which have submodularity
ratio bounded away from 0, have curvature bounded away from 1, and are not pro-
portionally submodular. Furthermore, there exist proportionally submodular func-
tions which do not have submodularity ratio bounded away from 0 and do not have

curvature bounded away from 1.

Proposition C.2.8. There exists a separation between functions with bounded sub-

modularity ratio and functions with bounded inverse curvature.

Proof. The function defined in (4.1) has y = /2 and & = 1. To see this, take S =
{v1,09,u1}, L = {uz}, and j = {v3}. We note that this explains how Theorems 4.4.1

and 4.5.6 do not contradict each other. m]

Proposition C.2.9. There exists a separation between functions with bounded sub-

additivity ratio and functions with bounded submodularity ratio.
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Proof. Let N = {x1,x,,x3} and consider the set function

0, [S]=0
f($) =41 ISl €{1,2}
2, 1S|=3

Clearly, v = 1 > 0 (take U = {x1}) while y = 0 (take L = {x1} and S = {x3,x3}). O
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Appendix D

Motivating Example:
Feature Selection for Linear Regression

To show the impact! of submodularity, we construct a linear regression
example. Even in p = 3 dimensions, the greedy forward selection algorithm’s

output can be arbitrarily off from the optimal R?. Consider the following variables:

T

~<
Il

All variables have unit norm and we wish to choose the 2-subset of {x1, X5, X3}
that best estimates y. Since Rf =0, Rg = z% and R% = 4722, x5 will be selected first
(Sf = {3}) if z > 0. x, will be chosen next (52G = {3,2}), and solving for R? for this

pair,

R, = (yX52)(X3,X32) " (X3,y)

The material in this appendix is based on the following journal publication: [73] E. R. Elenberg,
R. Khanna, A. G. Dimakis, and S. Negahban. Restricted Strong Convexity Implies Weak Submod-
ularity. The Annals of Statistics, 2018 (to appear). It is the dissertation author’s contribution.
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1 1 —2z%|[2z] 52 -8z!
=— [Zz z] 2 =—,
1— 474 -2z 1 z 1-—4z4

Vi-22

which goes to zero as z — 0. However, y = —~-%x; + %xz which makes R?, = 1

for the optimal set {x1,%,} (S2 = {1,2}).
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Appendix E

Proofs for Chapter 3

E.1 Proof of Theorem 3.4.1

Proof. We proceed! by upper bounding the denominator and lower bounding the
numerator of (3.2). Let k = |L| + k. First, we apply Definition 3.3.3 with x = ﬁ(L)
and y = ﬂ(LUS),

ZENBMY - BN, < 1Y) - 1Y) + (VI(pY), B - g @)

Rearranging and noting that I(-) is monotone for increasing supports,

0 < 1(B™) —1(")

IA

my 2
VIBY). B4 — B9y - —FIB - g,

my 2
< max_(VI(FV).v - gy - —Ellv - gV,

V:v(Lus)c =0 2

Setting v = ﬁ(L) + l/m;Vl(ﬁ(L))s, we have

0 < 1B — 1(BV) < —— VI(BD)s]lL (E.2)
ZmF

'The material in this appendix is based on the following journal publication: [73] E. R. Elenberg,
R. Khanna, A. G. Dimakis, and S. Negahban. Restricted Strong Convexity Implies Weak Submodu-
larity. The Annals of Statistics, 2018 (to appear). The dissertation author’s primary contributions are
the proofs of submodularity ratio lower bound, proofs of all approximation guarantees for Obliv-
ious and Forward Stepwise algorithms, and proof of sufficient conditions for statistical recovery.
The dissertation author also assisted with other contributions and is the primary contributor of
this paper.
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Next, consider a single coordinate j € S. The function at ﬂ ) is larger
than the function at any other B on the same support. In particular ! (ﬁ(LU n ) =
I(yj), where y; := ﬂ(l‘) + ajﬁ](.l'us) for some scalar @;. Noting that (x = ﬁ(L),y =

yj) € Q+1 and applying Definition 3.3.3,

(B — 18V 2 1BV + ;™)) - (ﬂ(”)

> <Vl(ﬁ(L)) ajﬁ(LUS)> |L|+1| Jﬂ(LUS)|2

Summing over all j € S and setting

ViV ﬁ(LUS)>
M|L|+1|/3}(-

0{]'—

we have

(vi(g™).p1))
2ML B2

- Z l(ﬂ(LU{j})) _ l(ﬁ(L)) > ~1 Z (Vl(ﬂ(l'))j)

jes 2Mii+1 jes

1 L) 2
= ——— VI8l
MiLj+1

l(ﬂ(LU{j})) _ l(ﬁ(l’)) >

2

Substituting the above line and (E.2) into (3.2), the result follows from taking the

minimum over all sets L, S. O

E.2 Proof of Lemma 3.4.1

Proof. LetS = [k]. Since f(-) is monotone, f(j) < f(S) forj € S. Summing over all
j € S and dividing by k yields the first part of the inequality. The rest of the proof
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requires combining several applications of Definition 3.3.3 to the underlying like-

lihood function [ for carefully chosen x,y. Define a k-sparse B by Ej = qj ﬁj(j), jES

for some positive scalar a; and 0 elsewhere. First we apply Definition 3.3.3 with

x=0andy = E This implies

1(B) > (VI(0 >——Z| 41

jes

(E.3)

Next, applying the same definition k times withx = 0 andy = /30) and summing

over j € S,

(Vl(O),ajﬂ“)> > a (l(ﬁ(f)) + @|ﬂ0)|2)
]ES
Combining (E.3) with (E.4), and setting
_om 1Y)
oMy T g0
k Mk'ﬁj |

we have
I M)y, g2
1) 2 3 5 l(BY) + 1BV +
Now applying Definition 3.3.3 with x = /30) andy =0,
M ; ; m j
~ 181 2 187) = 1B
Combining (E.5) and (E.6), we have

1B) = Y 5316 +

. 4M M
jes
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1(BY) + —l(ﬁ“’)

(E.4)

(E.5)

(E.6)



_ 3m; ()
_;(wk 4MkM1) BT,

Since [ (ﬁ(s)) optimizes [ over all vectors with support in S,

_ 1N s 1By s (5, ™ o)
&) =16 = 1) = 7 (3 Ml)jezsl(ﬁ )

4Mk( )me o

E.3 Proof of Theorem 3.4.2

Proof. Let S be the set of size k selected by the Oblivious algorithm and S* be
the optimal set of size k corresponding to values fOBL and fO'T. By definition,
Yjes fU) 2 Xjes f()- Letting C = max{1/k,3m/sM+m’[am?)} and combining Lemma
3.4.1 with Theorem 3.4.1,
fOPE=F8) = C ) )
jes

>C Y f() = Croxf(S) 2 C (%) (59

jes*

Mk OPT
=C
(Ml) / .

E.4 Proof of Theorem 3.4.3

Proof. Let I(-) be the log likelihood function and let Sl.G be the set selected by the
Forward Stepwise algorithm at iteration i. Define A(i) as the incremental greedy

. G G o _ . . . .
gain f(S7) — f(S;7,) with A(0) = 0. Denote the remainder set at iteration i as

148



Sf = S*\Sl.G, and define B(i) = f(S*) — f(SZ.G), the incremental gain from adding

the optimal set. Lemma E.4.1 relates these two quantities.

Lemma E.4.1. At iteration i, the incremental gain from selecting the next greedy
item is related to the incremental gain from adding the rest of the optimal set S* by
the following:

Yso
Al +1) > S]‘C’kB(i).

Proof. Let S = SU be the set selected by the greedy algorithm at iteration i, S* be
the optimal feature set on k variables, and SR be the remainder set S*\S. S¥ is a
subset of the candidate variables available to the greedy algorithm at iteration i+ 1.
Using Definition 3.3.2 and the fact that k > |S¥|,
kAG +1) > |SRIAG + 1) > |S)| max f(SUj) = f(S)
jes
> > [f(SUJ) - £(S)]
jeSK

> ys 5% (F(SUS®) = £(S)) = ysxB(0).

where the last inequality follows from the fact that S U S¥ D S*. O

Given Theorem 3.4.1 and Lemma E.4.1, the rest of the proof follows the
standard approximation bound for maximizing a normalized, monotone submod-
ular function (refer to [15] or the survey [134]). Next, observe that A(i + 1) =
B(i) = B(i + 1). Combining this with Lemma E.4.1 and letting C = st,k/k’ we have

the following inequality:
B(i+1) < (1-C)B(i),
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which implies
B(i) < (1-C)' B(0),

for all iterations 1 < i < k. Setting i = k and substituting B(k) = fOFT — fFS and
B(0) = fO°T,
fOPT _ fFS <(1- C)k fOPT

= fFS » fOPT [1 —(1- C)k] > fOFT (1 B e‘Ysg,k)'

The claim follows from applying Theorem 3.4.1. O

E.5 Proof of Theorem 3.4.4

Proof. First we prove the following lemma which bounds the ratio of the objec-
tive between optimal sets Sy and Si_; in terms of their smoothness and convexity

parameters.

Lemma E.5.1. Let Sy be the optimal subset of size k, and let m be the restricted
strong concavity parameter on Q. Let k" satisfy M'/m < k' < k, where M’ is the
restricted smoothness parameter of 1(-) on Q. Then for large enough k,

/

M [m
l(ﬂ(sk’)) > l(ﬁ(sk))® [(?) ] N l(ﬁ(sk/Z)) > l(ﬁ(sk))® (Z*M'/m)‘

Proof. Let j be the index that minimizes Iﬁj(.sk) |2. By M’-smoothness on Q; and the

fact that the min is smaller than the average,

1(BS) = 1(BSY),)
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s M s 2
> B + (VB BRy, — B = HIBY, = B,

MI
= 1) = 18741

This implies
2
l(ﬁ(sk—l)) M’”ﬁ(sk) I,
L N [ LA oy
l(ﬁ(sk)) zkl(ﬁ(sk))
Assuming that [ (ﬂ(m)) = 0 and using m-strong concavity on Qy,
(k)2
1B - 1B5) < -2 - g = 1 e s 2

ey - om

(Sk-1) /
S M
1) km

Then applying iteratively for M'/m constant, k large, and M'/m < k' < k, as in [16]

we have
k ’ P\ M/m
155 = 16 [ 130 =15 e (1) . .
Jj=k’+1 Jm k

Observe that the assumptions of Lemma E.5.1 are satisfied. Combining

with Theorem 3.4.3,

1BD) 2 1B 2 1(p5) (1 ")
> B0 (2717) (1- ¢ ")

= 1B > 1) (271) (1- &) o

E.6 Proof of Theorem 3.4.5

Proof. The key idea at each step i is to lower bound the incremental gain from the

index chosen by OMP. This is similar to the proof of Theorem 3.4.3, as well as [82] in
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which a matrix completion objective is considered. Let S = S be the set chosen by
OMP up to iteration i. Given S, let v be the index that would be selected by running
one additional step of OMP. Define D(i+1) = f(SF,,) - f(S) = I(B®°)) —1(8®),
and define B(i) = f(S*) — f(S).

Lemma E.6.1. At iteration i, the incremental gain from selecting the next item via
OMP is related to the incremental gain from adding the rest of the optimal set S* by
the following:

. Mivk = .
D(i + 1) > ——B(i).
kMi+1

Proof. We begin similar to the proof of Theorem 3.4.1. Let M = ]\;Im, m = mj,, and
e, be the unit vector with one at coordinate v. By Definition 3.3.3 with x = ,6(5)

andy = ﬂ(s) + ae, for any scalar a,

D(i+1) 2 U(y) - I(x) 2 (VI(BY).ae, ) - %az
= a||VI(B®)]|, - %az :

since OMP chooses the coordinate which maximizes the gradient. Substituting

IVI(B)l
a=———"—-",,
M

we have
D(i+1) = — IV
- 2M s

Let S® = $*\S. Since |S¥| < k,

1 2 1 2

- O e\ = (S)

D(i+1) 2 o _E§SR<V1</3 1ej) = 5 IVIE)sull,.
J
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Substituting (E.2) into the above and noting that S U SR 2 S*, we have

. m (SUS®) (S) m ~ .
DG+ 1) 2 1 (166°79) = 16)) = 2B

Given Lemma E.6.1, the rest of the proof follows that of Theorem 3.4.3. O

E.7 Proof of Theorem 3.5.1

Proof. LetC = C;, and A = Er — f°, which is at most an (s + r)-sparse vector. Recall

that by the definition of Restricted Strong Concavity on Q. , we have

-—m
Al

1(B') = 1(B%) = (VI(B).0) < —" 1A

Furthermore, simple calculations show that

I(B) - 1) = (1- O)[1(0) - 1(B*)].

Subtracting (VI(B°),A) from both sides of (E.8) we have

—r

I(B) = 1(B) = (VI(B*), D) = —(VI(),A) + (1 = O)[I(0) - I(B")] -

Applying (E.7) yields

-m

AN > ~(VIB).0) + (1= C)L1(0) ~ 1(B)

Next, note that

—(VI(B), ) = =[IVI(B*) l2s+-IAll2 -

Thus,
-m
2

LAl = =IVIB) Iz 1ALl + (1 = O)[1(0) = L(B)] -
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Recalling that for any positive numbers 2ab < ca? + b?/c and flipping the above

inequality,
. IVIBG,,  meerl|AlI2
m ||A||§ < 2,5+r + S r” ”2 + (1 _ C)[l(ﬁs) _ l(O)]
Mgy 4
Rearranging terms we have the final result. O

E.8 Proof of Corollary 3.5.1

Proof. Using a result of [74], we have that

2
1
IVIBY By, < (s DIV, < DT8P

with probability at least 1 — 1/p.

The minimum eigenvalue of the matrix X is 1, while the maximum s-sparse
eigenvalue behaves like 1 + 5. Hence, an RIP type condition will not hold. How-
ever, in our setting, we simply require a bound on M;. It can be shown using
tail bounds for y?-random variables that with high probability M; < 4. Letting

p(2)? = max; %j;, and using a result by Raskutti et. al. [143], we have that for all

IXv]|, 1/ /
> 14||Z 7%V, — 9 v
NG /4l| I, — 9p(= || Il4

v € R?,

>
mm lo
> (- 2= (1—c>81p<z>2%”<s+r> i
oo, > 1 Xv]|3 S 1 162(s +r)logp ,
v:||v]l,=1, n 32 n
Iollo<ssr
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1 81(s+r)logp

o8 o and with probability at least

with high probability. Therefore, y >
1—p~ Q) _ Q)
—~ 4 (s+r)o?lo 8(s + 1
I - B < e, 2D

S+r

(1 - Cs,r) s
n Mgy

where we have used the fact that [(f*) — [(0) < Amax(Zs) < 2(s + 1) with high
probability. Note that using arguments from [120, 144] we can apply the above

results to the setting of generalized linear models.

Now let (s + r)o?logp = o(n) and r = Q(slogn). Combined with Corol-
lary 3.4.1, this implies that ||Er - B112 = n=°W with probability 1 — p~*1) —

e O
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Appendix F

Proofs for Chapter 4

F.1 Proof of Lemma 4.4.1

The nonnegativity! and monotonicity of f; follow immediately from the
fact that u(S) and v(S) have these properties. Thus, it remains to prove that fj is
0.5-weakly submodular for [N/, i.e., that for every pair of arbitrary sets S,L C N

it holds that
> fwlD) 205 fi(SIL) .
weS\L

There are two cases to consider. The first case is that fi(L) = 2 - u(L) + 1. In this

case S \ L must contain at least [ f(S | L)/2] elements of {u; )k |- Additionally, the

i=
marginal contribution to L of every element of {ui}f‘:1 which does not belong to L

is at least 1. Thus, we get

D fitwiL) D Aw L) = 1S\ L) N fw)ly]

weS\L we(S\L)N{u; bk |

[f(S|L)/2]1 205 fi(S|L) .

\%

\%

Parts of the material in this appendix are based on the following conference paper: [116]
E.R. Elenberg, A. G. Dimakis, M. Feldman, and A. Karbasi. Streaming Weak Submodularity: Inter-
preting Neural Networks on the Fly. In NIPS, pages 4047-4057, 2017. From that material, the disser-
tation author’s primary contributions are design of the parameter a and the proof of Theorem 4.5.1.
The dissertation author also assisted with other contributions and is the primary contributor of this
paper. Additional material in this appendix is the dissertation author’s contribution.
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The second case is that fi(L) = 2 - v(L). In this case S \ L must contain at least
[fx(S | L)/2] elements of {vi}le, and in addition, the marginal contribution to L
of every element of {v,‘}f:1 which does not belong to L is at least 1. Thus, we get

in this case again

DUAWID = D fwll) 2 S\ L) N o]

weS\L we(S\L)n{vi}k

> [fi(S|L)/2]1 20.5- fi(S|L) . m

F.2 Proof of Theorem 4.4.1

Consider an arbitrary (randomized) streaming algorithm ALG aiming to

maximize fi(S) subject to the cardinality constraint |S| < 2k. Since ALG uses

o(N) memory, we can guarantee, by choosing a large enough d, that ALG uses no
more than (c¢/4) - N memory. In order to show that ALG performs poorly, consider
the case that it gets first the elements of {ui}f:1 and the dummy elements (in some

order to be determined later), and only then it gets the elements of {v; }11;1. The next

lemma shows that some order of the elements of {u,-}f:l and the dummy elements

is bad for ALG.

Lemma F.2.1. There is an order for the elements of{u,—}f=1 and the dummy elements
k

which guarantees that in expectation ALG returns at most (c/2)-k elements of {u;};_;.

Proof. Let W be the set of the elements of {ui}ll‘:1

and the dummy elements. Ob-
serve that the value of f; for every subset of W is 0. Thus, ALG has no way to

differentiate between the elements of W until it views the first element of {vi}le,
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which implies that the probability of every element w € W to remain in ALG’s

memory until the moment that the first element of {v;}¥ . arrives is determined

i=1
only by w’s arrival position. Hence, by choosing an appropriate arrival order one
can guarantee that the sum of the probabilities of the elements of {u,‘}lk:1 to be at

the memory of ALG at this point is at most

kM - k(c/4)-N _ k(c/4)- (2k +d) < ke
W| = k+d k+d T2
where M is the amount of memory ALG uses. O

The expected value of the solution produced by ALG for the stream order
provided by Lemma F.2.1 is at most ck + 1. Hence, its approximation ratio for

k > 1/c is at most

F.3 Proof of Observation 4.5.3

Algorithm 8 adds an element u to the set S only when the marginal contri-

bution of u with respect to S is at least 7/k. Thus, it is always true that

-S|

f(S) > P O

F.4 Proof of Proposition 4.5.1

We begin by proving several intermediate lemmas. Recall that y := y, and
notice that by the monotonicity of f we may assume that OPT is of size k. For every

0 <i < |OPT| = k, let OPT; be the random set consisting of the last i elements of
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OPT according to the input order. Note that OPT; is simply a uniformly random

subset of OPT of size i. Thus, we can lower bound its expected value as follows.

Lemma F.4.1. Forevery0 < i < k, E[f(OPT;)] > [1 - (1 —y/k)'] - f(OPT).

Proof. We prove the lemma by induction on i. For i = 0 the lemma follows from

the nonnegativity of f since
f(OPTo) 2 0=[1~(1~-y/k)]- f(OPT) .

Assume now that the lemma holds for some 0 < i — 1 < k, and let us
prove it holds also for i. Since OPT;_; is a uniformly random subset of OPT of size
i — 1, and OPT; is a uniformly random subset of OPT of size i, we can think of
OPT; as obtained from OPT;_; by adding to this set a uniformly random element
of OPT \ OPT,_;. Taking this point of view, we get, for every set T C OPT of size
i—1,

2ucopmir f(u | T)
|OPT\ T|

- ), fwlT)

ueOPT\T

> f(T) + £+ f(OPT\T| T)

_ (l_g) .f(T)+£-f(OPT) :

E[f(OPT;) | OPT,.; =T] = f(T) +

bl B

> f(T) +

where the last inequality holds by the y-weak submodularity of f. Taking expec-

tation over the set OPT,_4, the last inequality becomes
BLF(OPT)] > (1 L) BLF(OPTi-1)] + ¥ - F(OPT)
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Y ( y)"‘l Y
>1-=)-|1-(1-+% - f(OPT) + — - f(OPT
> (1-1) 1= (1= %) |- rorn L proem
_ vy
- [1—(1—E)]-f(OPT) :
where the second inequality follows from the induction hypothesis. m|
Let us now denote by 01,0y,...,0k the k elements of OPT in the order in

which they arrive, and, for every 1 < i < k, let S; be the set S of Algorithm 8
immediately before the algorithm receives o;. Additionally, let A; be an event fix-
ing the arrival time of o;, the set of elements arriving before o; and the order in
which they arrive. Note that conditioned on A;, the sets S; and OPTy_;,; are both

deterministic.

Lemma F.4.2. For every 1 < i < k and event A;, E[f(0; | S;) | Ai]l > (y/k) -
[f(OPTg_ix1) — f(Si)], where OPTy_;.1 and S; represent the deterministic values

these sets take given A;.

Proof. By the monotonicity and y-weak submodularity of f, we get

f@lSi) >y f(OPTi_i1 | Si)
u€OPT_ i1y

=y - [f(OPTj—is1 U Si) — f(Si)]

>y - [f(OPTk—ix1) — f(Si)] .

Since o; is a uniformly random element of OPT_;,;, even conditioned on A;, the
last inequality implies

2ueopT,_;, S (1 S)

E[f(oi | Si) | Al = P
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o 2ueopT,_;, S (w1 S)

- k

S [f(OPTk_is1) — f(Si)]
> . .

Let A; be the increase in the value of S in the iteration of Algorithm 8 in
which it gets o;.
Lemma F.4.3. Fix 1 < i < k and event A;, and let OPTy_;.; and S; represent
the deterministic values these sets take given A;. If f(S;) < 7, then E[A; | A;] >

[y : f(OPTk_i+1) - 2T]/k

Proof. Notice that by Observation 4.5.3 the fact that f(S;) < r implies that S;
contains less than k elements. Thus, conditioned on A;, Algorithm 8 adds o; to S

whenever f(o; | S;) > 7/k, which means that

A = {f(oi [S;) if f(o;|Si) >7/k ,

0 otherwise .

One implication of the last equality is
E[A; | Al 2 E[f(0i | Si) | Ai] = 7/k

which intuitively means that the contribution to E[f(o; | S;) | A;] of values of
f(o; | Si) which are too small to make the algorithm add o; to S is at most 7/k.
The lemma now follows by observing that Lemma F.4.2 and the fact that f(S;) < 7

guarantee

E[f(oi | Si) | Ai] = (y/k) - [f (OPTy—is1) = f(Si)]
> (y/k) - [f (OPTy_is1) — 7]

> [y f(OPTx_is1) — 7l/k . O
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We are now ready to put everything together and get a lower bound on

E[A;].

Lemma F.4.4. Foreveryl <i <k,

E[A] > y - [Pr[€] - (1 - y/k)k‘”l] . F(OPT) - 2r
1] = k .

Proof. Let &; be the event that f(S;) < 7. Clearly &; is the disjoint union of the

events A; which imply f(S;) < 7, and thus, by Lemma F.4.3,

E[A; | &] > [y - E[f(OPTx_is1) | &i] = 27]/k .

Note that A; is always nonnegative due to the monotonicity of f. Thus,

E[A:] = Pr[€;]-E[A; | €] +Pr[€]-E[A; | &] > Pr[€;] - E[A; | &]

> [y - Pr[&;] - E[f(OPTk—ir1) | &i] — 27]/k . (F.1)

It now remains to lower bound the expression Pr[&;] - E[ f(OPTk—;s1) | &i]

on the rightmost hand side of the last inequality.

Pr[€] - E[f(OPT_is1) | €] = E[f(OPTk_i21)] = Pr[€;] - E[f(OPTii1) | €]
> [1-(1-y/k)™ - (1= Pr[&;])] - f(OPT)

> [Pr[€] - (1 - y/k)*7"*'] - £(OPT) ,

where the first inequality follows from Lemma F.4.1 and the monotonicity of f, and
the second inequality holds since € implies €; which means that Pr[&;] > Pr[€]

forevery 1 <i < k. O
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Proposition 4.5.1 follows quite easily from the last lemma.

Proof of Proposition 4.5.1. Lemma F.4.4 implies, for every 1 < i < [k/2],

2T

E[A] > L f(OPT)[Pr[€] - (1 — y k)21 - 2

LpoPmmrel - (1 -y /o - 2

(v - [Pr[€] - e7"/*]- £(OPT) - 27) /k .

\%

\%

The definition of A; and the monotonicity of f imply together

b
E[f(S)] > ) E[A]

i=1

for every integer 1 < b < k. In particular, for b = [k/2], we get

E[f($)] = 7 - (v - [Pr[€] - 7"/ - f(OPT) — 2r)

=

N =X

(v - [Pr[€] - /7] - F(OPT) - 2r)

F.5 Proof of Theorem 4.5.1

In this section we combine the previous results to prove Theorem 4.5.1. Re-

call that Observation 4.5.2 and Proposition 4.5.1 give two lower bounds on E[ f(S)]

that depend on Pr[€]. The following lemmata use these lower bounds to derive an-

other lower bound on this quantity which is independent of Pr[€]. For ease of the

reading, we use in this section the shorthand y’ = e V2,

Lemma F.5.1. E[f(S)] > (B -y -2v2-y) =" 3_e—Y/Z_§ V2-e7v/
Pr[€] >2—-+2-Y"
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Proof. By the lower bound given by Proposition 4.5.1,

| =

E[f(S)]

\%

{y - [Pr[€] - ¥'] - f(OPT) — 27}
Ay-[2-v2-v' —v'|- f(OPT) - 21}

v [2-vE=v -] fOPT) - (=7 - 1)+ 2}
fe-V2—y -y -V2-y +1)

3y -2y

2

\%

|,\‘N|>—t[\3|n—tm

v
Q

Q= N

where the first equality holds since a = (/2 — y’ — 1)/2, and the last inequality
holds since ay - f(OPT) > r. O

Lemma F.5.2. E[f(S)] > -3 -y —2v2-)/) = %~ 3_e_m_§ V2—e" '\ henever
Pri] <2-+2-7".

Proof. By the lower bound given by Observation 4.5.2,

E[f(S)] 2 (1-Prl€]) - 72 (1-2+2-y) 1
( z_y,_l).—vz‘y"l.223‘Y"2VZ‘Y’.Z _

2 a 2 a

Combining Lemmata F.5.1 and F.5.2 we get the theorem. ]

F.6 Proof of Theorem 4.5.4

There are two cases to consider. If y < 4/3 - k™1, then we use the following

simple observation.

Observation F.6.1. The final value of the variable m is f™* := max{f(u) | u €

[N]} > £ - f(OPT).
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Proof. The way m is updated by Algorithm 9 guarantees that its final value is f™2*.
To see why the other part of the observation is also true, note that the y-weak

submodularity of f implies
e > maxf(u ) | u € OPT} = f(0) + max{f(u|0)|ue OPT}

> O+ 2 >, f@l0)> f@+Lrortin =L porm . o

uEOPT

By Observation F.6.1, the value of the solution produced by STREAK is at

least
Flum) =m > % . f(OPT) » %Yz . f(OPT)
> (1-e)y (’// ) . f(OPT)

- /
> (1 —e)y~%€y2 - f(OPT)

3—e V2 _2V2—ev/2
2

z(1-¢€)y- - f(OPT) ,

/2

where the second to last inequality holds since 1 — v/2 < 7%, and the last in-

equality holds since e + e71/? < 2.

It remains to consider the case y > 4/3 - k!, which has a somewhat more
involved proof. Observe that the approximation ratio of STREAK is 1 whenever
f(OPT) = 0 because the value of any set, including the output set of the algo-
rithm, is nonnegative. Thus, we can safely assume in the rest of the analysis of the

approximation ratio of Algorithm 9 that f(OPT) > 0

Let 7* be the maximal value in the set {(1 — €)' | i € Z} which is not larger
than ay - f(OPT). Note that 7* exists by our assumption that f(OPT) > 0. More-
over, we also have (1 —¢€) - ay - f(OPT) < z* < ay - f(OPT). The following lemma
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gives an interesting property of 7*. To understand the lemma, it is important to
note that the set of values for 7 in the instances of Algorithm 8 appearing in the

final collection I is deterministic because the final value of m is always f™*.

Lemma F.6.1. If there is an instance of Algorithm 8 with t = t* in I when STREAK

terminates, then in expectation STREAK has an approximation ratio of at least

3—e V2 _2V2—ev/2

2

(1-e)y-

Proof. Consider a value of 7 for which there is an instance of Algorithm 8 in I
when Algorithm 9 terminates, and consider the moment that Algorithm 9 created
this instance. Since the instance was not created earlier, we get that m was smaller
than 7/k before this point. In other words, the marginal contribution of every
element that appeared before this point to the empty set was less than 7/k. Thus,
even if the instance had been created earlier it would not have taken any previous

elements.

An important corollary of the above observation is that the output of every
instance of Algorithm 8 that appears in I when STREAK terminates is equal to the
output it would have had if it had been executed on the entire input stream from
its beginning (rather than just from the point in which it was created). Since we
assume that there is an instance of Algorithm 8 with 7 = 7* in the final collection

I, we get by Theorem 4.5.1 that the expected value of the output of this instance is

at least
T 3—e V2 _2V2—ev/2 3—e V2 _2V2—ev/2
— 5 > (1—-e€)y- f(OPT) - 5 X
a
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The lemma now follows since the output of STREAK is always at least as good as

the output of each one of the instances of Algorithm 8 in its collection I. ]

We complement the last lemma with the next one.

Lemma F.6.2. Ify > 4/3- k™1, then there is an instance of Algorithm 8 witht = *

in I when STREAK terminates.

Proof. We begin by bounding the final value of m. By Observation F.6.1 this final
value is f™* > % - f(OPT). On the other hand, f(u) < f(OPT) for every element
u € [N] since {u} is a possible candidate to be OPT, which implies f™* < f(OPT).
Thus, the final collection I contains an instance of Algorithm 8 for every value of
7 within the set
{1-¢)liczZ and (1-¢)- f™/(9k*) < (1-¢€) < f™™ -k}
> {(1-€)lieZ and (1-¢)- f(OPT)/(%) < (1-¢€)' <y- f(OPT)}.

To see that 7* belongs to the last set, we need to verify that it obeys the two in-

equalities defining this set. On the one hand, a = (V2 — e7¥/2 — 1)/2 < 1 implies
" <ay- f(OPT) <y- f(OPT) .
On the other hand, y > 4/3- k' and 1 — e7"/2 > y/2 — y?/8 imply

"> (1-¢€)-ay- f(OPT)=(1—€)-(V2—eV/2—1)-y- f(OPT)/2

>(1-€)-(y1+y/2—y*/8-1)-y- f(OPT)/2

> (1-€) (1 +y/4+y2/64—1) -y - FOPT)/2

167



=(1-¢€)- ({1 +y/8)>=1)-y- fOPT)/22 (1-¢) - y*- f(OPT)/16

> (1-¢)- f(OPT)/(9k%) . O

Combining Lemmata F.6.1 and F.6.2 we get the desired guarantee on the

approximation ratio of STREAK. O

F.7 Proof of Theorem 4.5.5

Observe that STREAK keeps only one element (u,,) in addition to the ele-
ments maintained by the instances of Algorithm 8 in I. Moreover, Algorithm 8
keeps at any given time at most O(k) elements since the set S it maintains can
never contain more than k elements. Thus, it is enough to show that the collection
I contains at every given time at most O(e™! log k) instances of Algorithm 8. If
m = 0 then this is trivial since I = 0. Thus, it is enough to consider the case m > 0.

Note that in this case

Il < 1-log mk o In(9k?)
- =€ (1 — €)m/(9k2) In(1 —¢€)
3 _ln9+3lnk:2_ O(Ink)
In(1 - €) In(1-¢€) °

We now need to upper bound In(1—¢€). Recall that 1—€ < e~¢. Thus, In(1—¢€) < —e.

Plugging this into the previous inequality gives

O(nk)

I <2- =2+0(e¢'Ink) = O(e ' Ink) . O
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F.8 Proof of Theorems 4.5.6-4.5.8

We present proofs for Theorems 4.5.6 and 4.5.7. Given the latter, the proof

of Theorem 4.5.8 is similar to that of Theorem 4.5.4.

F.8.1 Proof of Theorem 4.5.6

This bound uses the inverse curvature parameter from Definition C.1.9, re-

cently defined in [108].

Proof. Assume y, &, and f(OPT) are all known, and let S be the set returned by

THRESHOLDGREEDY. Let S; be the set already selected by the algorithm when el-

fOPT)y(1-a)

Ty (=) First consider the case

ement i arrives in the stream. We set 7 =
|S| = k. Each selected element has marginal gain greater than /. This implies

y(1-a)

)= 2 f18) >t = fOPD s

i€S
Next consider the case |S| < k. Let S® = OPT\ S.

F(OPT) = £(S) = f(SRuUS) - S)<—Zf |S) < i )Zf (i)

1€SR ieSR
Since these elements are not selected by the algorithm, we know that each term

in the summation is less than /.

ISI® T ISI®  f(OPT)y(1 - &)
FOPD =) < 0=k “i-a) 1+70-)
1 3 y(1—a)
= £(S) > f(OPT) [1 T &)] — £(OPT) [—1 . &)]
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F.8.2 Proof of Theorem 4.5.7

We will use the following lemma from [84] and an inequality for approxi-

mating a binomial.

Lemma F.8.1 (adapted from Lemma 2.3 in [84]). For every0 < i < k,

k—i+1
k+1

E[f(OPT;)] > [1 - ( )Y] - f(OPT) .

Proposition F.8.1 (Bernoulli’s Inequality). For0 <y <1andx > -1,

(I+x) <1+yx .

First we will use the above ingredients to get a lower bound on E[A;].

Lemma F.8.2. Foreveryl <i <k,

v [Prie] - ()] - FOPT) —2r

E[Ai] > P

Proof. We begin with (F.1) from the proof of Lemma F.4.4, and lower bound the

expression Pr[&;] - E[f(OPTy_;.1) | €;] as follows.

Pr[&;] 'E[f(OPTk—i+l) | €]

= E[f(OPT¢—i1)] = Pr[&;] - E[f(OPTk—i1) | €]

> [1 . (’“ *1 ‘k(’: - ”)y (- Pr[eih] . £(OPT)
- ()] o

where the first inequality follows from Lemma F.8.1 and the monotonicity of f, and
the second inequality holds since € implies £; which means that Pr[&;] > Pr[€]

for1<i<k. m]
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Proposition F.8.2 follows from the last lemma. Then we use this result to
prove Theorem 4.5.7. Theorem 4.5.8 is proved similarly to Theorem 4.5.4, with

Theorem 4.5.7 in place of Theorem 4.5.1.

Proposition F.8.2. For the set S produced by THRESHOLDGREEDY,
E[£(S)] = y - f(OPT) [Pr[z—:] v g _ 1] .

Proof. Lemma F.8.2 and Proposition F.8.1 imply for every 1 < i < k,

E[A] > %f(OPT) [Pr[a]— (1—y+y~kil)] —2% .

The definition of A; and the monotonicity of f imply together

k
E[f(S)] = > E[A]
i=1
y - fOPT) ¢ j
>y fOPT) P[] - ~———— 2 (1 ey m) _or
— v - f(OPT) [Pr[e] . g _ 1] _or . o

Now to prove Theorem 4.5.7, we combine Observation 4.5.2 and Proposi-

\2y'+4-2
tion F.8.2. In this section, we leta = Vr'/2+1 -1 = Y; and y’ = /2.

Lemma F.8.3. E[f(S)] > %- (4 +y =242y + 4) = (4 +Y[2 =24y + 4) when-
ever Pr[€] > 3 — 2y +4.

Proof. By the lower bound given by Proposition F.8.2,
E[f(S)] 2y - f(OPT) [Pr[€] +y" — 1] — 27
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y-fOPT) [2- 2y’ +4+y| -2t
(OPT) 2= V2 v 2+ y'] - = (W 1-1)

=y-f
22 ( \/m+y’—2m+2)
2 <4+y—2\/2y7+)

where the first equality holds since a = (1/2y’ + 4 — 2)/2, and the last inequality
holds since ay - f(OPT) > r. |

LemmaF.8.4. E[f(S)] > 2(4 +y =242y + 4) = 5(4 +V[2 =2y + 4) whenever
Pr[€] < 3 -+/2y +4.

Proof. By the lower bound given by Observation 4.5.2,

E[f($)] 2 (1-Pr[€])- 7> (1-3++2y'+4) ¢

V2 +4 -2 1 2y +8—-42y'+4 1
:( 2y’+4—2)- - :
2 a 2 a
Combining Lemmata F.8.3 and F.8.4 we get the theorem. ]
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Appendix G

Additional Images

Streak LIME + Streak Streak LIME + Streak

(@) (b)

Figure G.1: In addition? to the experiment in Section 4.6.2, we also replaced LIME’s
default feature selection algorithms with STREAK and then fit the same sparse re-
gression on the selected superpixels. This method is captioned “LIME + Streak”
Since LIME fits a series of nested regression models, the corresponding set func-
tion is guaranteed to be monotone, but is not necessarily submodular. We see that
results look qualitatively similar and are in some instances better than the default
methods. However, the running time of this approach is similar to the other LIME
algorithms.

2The material in this appendix is based on the following conference paper: [116] E. R. Elenberg,
A. G. Dimakis, M. Feldman, and A. Karbasi. Streaming Weak Submodularity: Interpreting Neural
Networks on the Fly. In NIPS, pages 4047-4057, 2017. It is the dissertation author’s contribution.
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Original Image LIME + Max Wts

LIME + Streak Streak LIME + Streak

(a) (b)

Figure G.2: Here we used the same setup described in Figure G.1.
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Original Image LIME + Max Wts

Streak LIME + Streak

(@)

LIME 4+ Max Wts

Streak LIME + Streak

(b)

Figure G.3: Here we used the same setup described in Figure G.1, but compared ex-
planations for predicting 2 different classes for the same base image: (a) — The high-
est likelihood label (sunflower). (b) — The second-highest likelihood label (rose).
All algorithms perform similarly for the sunflower label, but our algorithms iden-
tify the most rose-like parts of the image.
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