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The dissertation contains two major research projects. In the first
project, we first study a multi-period inventory planning problem. In each
period, the firm under consideration can source from two possibly unreliable
suppliers for a price-dependent demand. Our analysis suggests that the opti-
mal procurement policy is neither a simple reorder-point policy nor a complex
one without any structure, as previous studies suggest. Instead, we prove the
existence of a reorder point for each supplier. No order is placed to that sup-
plier for any inventory level above the reorder point and a positive order is
issued to that supplier for almost every inventory level below the reorder point.
We characterize conditions under which the optimal policy reveals monotone
response to changes in the inventory level. Furthermore, two special cases of
our model are examined in detail to demonstrate how our analysis generalizes

a number of well-known results in the literature.
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In the second project, we study a long-run inventory planning problem
in which the retailer can replenish inventory and change price adjustment. We
establish that it is optimal to change the price from low to high in each replen-
ishment cycle, the optimal order-up-to level may decrease when the ordering
cost increases, and fewer customers are served when the unit cost of procure-
ment increases. Additionally, we provide efficient algorithms to compute the

optimal stocking and pricing policies.
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Chapter 1

Introduction

We move to an age which is full of uncertainties and changes. Retailers
have to adjust their sales policies based on inventory levels, demand uncertain-
ties, competitors’ strategies etc. On the other hand, customers’ choices not
only depend on prices of retailers but also rely on their trust on the retailers.

This dissertation tries to answer a few issues in such complicated context.

In the first project, we study a multi-period inventory planning prob-
lem. Multi-souring can hedge against risk of supply unreliability. However, it
is unclear what procurement policy the firm should follow when the demand of
the product is also price-dependent. We formulate a multi-period procurement
problem and developed a new procurement policy, named “near re-order point
policy”. It is neither a simple reorder-point policy nor a complex one without
any structure, as previous studies suggest. Instead, we prove the existence of
a reorder point for each supplier. No order is placed to that supplier for any
inventory level above the reorder point and a positive order is issued to that
supplier for almost every inventory level below the reorder point. We charac-
terize conditions under which the optimal policy reveals monotone response

to changes in the inventory level. Furthermore, two special cases of our model



are examined in detail to demonstrate how our analysis generalizes a number

of well-known results in the literature.

In the second project we study a long-run inventory planning problem
in which the retailer can replenish inventory and change price dynamically.
The study answers the following three questions: 1) How frequently should a
retailers change prices? 2) When to change prices if the retail can only adjust
price limited times? 3) How to change prices? Our analysis discovers that the
frequency of price change is related to the adjustment cost. In the extreme
case, the retailer will change price every time the inventory level changes. The
retailer prefers to change price less frequently if the adjustment cost is higher.
We also investigate the pattern of the optimal sales strategy. We show that it
is optimal to change the price from low to high in each replenishment cycle,
the optimal order-up-to level may decrease when the ordering cost increases,

and fewer customers are served when the unit cost of procurement increases.



Chapter 2

Sourcing from Suppliers with Random Yield
for Price-Dependent Demand

2.1 Introduction

! Supply as well as demand uncertainties are commonly present in prac-
tice. They impose different types of challenges in procurement planning. For
example, firms have realized the importance of mitigating supply risk via mul-
tiple sourcing whereas chosen to shape demand via dynamic pricing to miti-
gate the risk of under- or over-stocking. In this study, we combine these two
approaches into a problem of jointly pricing and multiple sourcing in a multi-
period, single-product revenue maximization setting. We study the problem of
an inventory manager who can replenish from two sources with random yields
and price the product based on the stock level in each period over a finite

planning horizon.

We show that the optimal procurement policy is neither a simple reorder-
point policy nor a complex one without any structure. Instead, we prove the
existence of a reorder point for each supplier. No order is placed to that sup-

plier for any inventory level above the reorder point and a positive order is

!The project is a joint work with Professor Feng Qi and Professor Sridhar Seshadri.



issued to that supplier for almost every inventory level below the reorder point.
We label such a policy as a “near reorder-point policy” because the optimal
order quantity may equal zero at countable points below the reorder level. We
also characterize conditions under which the optimal policy reveals monotone

response to changes in the inventory level.

Two important special cases of this problem have been widely discussed
in the literature. The first is the problem of supply diversification under ex-
ogenous price. This line of work was initiated by Anupindi and Akella [5]
with further development by Dada et al. [27], Burke et al. [14], Federgruen
and Yang [31], Federgruen and Yang [30], among others. For multi-period
problems, it is known that under the assumption of a continuous demand dis-
tribution, the optimal policy is a reorder-point policy for each supplier. That
is, a strictly positive order is placed when the inventory level is less than the
reorder point for that supplier. In contrast, we establish that for discrete

demand distribution the policy is in general a near reorder-point policy.

The second special case of our problem is when only a single unreliable
supplier is involved and the demand is price dependent. For this model, Li and
Zheng [48] prove that the optimal order quantity and price are nonincreasing
in the inventory level when the demand has only an additive noise component.
They also conjecture that the optimal policy is complex when a multiplicative
demand noise is introduced. In this case, they suggest that there can be
several strictly positive alternating ordering and no-ordering intervals of the

inventory level. In contrast, we show that such positive no-ordering intervals



cannot exist because the policy is a near reorder-point policy.

We consider two suppliers but our results extend to n suppliers. We
allow for both additive and multiplicative demand uncertainty. We also discuss
how the sequence of knowing the uncertainty and making the decisions impacts
the policy behavior. Specifically, there are thirty-two potential cases. The
manager can know the price uncertainty before or after the price decision and
he also can know uncertainty regarding yields from suppliers before or after
placing the order. There can be multiple suppliers or just a single supplier.
The demand uncertainty can be additive or multiplicative. The distribution
of the demand can be continuous or discrete. We provide results for all these

cases.

The remainder of this chapter is organized as follows. In §2.2, we lay
out the model and derive our main result—the optimality of a near reorder-
point policy. In §2.3, we revisit two important special cases of our model to
demonstrate that our policy characterization is exact. We also derive con-
ditions under which the optimal price and order quantity decisions become
monotone with respect to the inventory level, which allows us to generalize
a number of previous results. In §2.4, we examine the case when either the
supply yields are perfectly correlated or the supply and demand are perfectly

correlated. Section 2.5 concludes the study.



2.2 Problem Formulation and the Near Reorder-point
Policy
This section presents the general model. The problem is formulated in

§2.2.1 and the main result is derived in §2.2.2.

2.2.1 Model Development

The manager faces a T-period planning problem. To simplify the no-
tation, we consider a system with stationary parameters over time. At the
beginning of period t, the (net) inventory level I; is reviewed. The manager
needs to replenish inventory for fulfilling an uncertain demand D(p;), where
Py is the unit selling price that has to be determined. There are two potential
suppliers, indexed by ¢ = 1,2, whose output yields may be uncertain. Specifi-
cally, if an order of ¢, is placed, the actual amount delivered from supplier ¢
is w;qr ;, where u; € [0, 1] is the random yield rate with Eu; = @; > 0. Both the
price p; and orders (g; 1, ¢ 2) must be determined before demand and supply
uncertainties are resolved. The unmet demand is backordered and the leftover

inventory is carried over to the next period.

The manager pays ¢; dollars for each unit delivered from supplier .
In other words, he pays an average of ¢; = u;c; for each unit ordered from
supplier 7. Without loss of generality, we assume ¢; < ¢5. The manager also
pays a surplus/shortage cost H(-) upon the demand realization. We assume
that H(-) > 0 is continuous and convex. Also, H(0) = 0, |H(x1) — H(xq)| <

cH|xy — x5| for some positive and finite ¢, and lim, 1., H(z) = co.



The customer pays the current price p; upon the realization of demand
in period t. This price may not be the same as the price quoted at the time
when he actually obtains the product if the demand is backordered. In other
words, the delay in filling the order does not affect the price charged directly.
Instead, the manager pays a penalty cost for the backorder via H(-), which
includes the loss of goodwill or compensation to the customer. Such a pricing
scheme is widely used in examining joint pricing and replenishment decisions.

The demand in period ¢ is given by

D(pr) =eD(pr) +w, pi € [p, Pl (2.1)

where ¢ and w are, respective, the multiplicative and additive demand noise
terms. We assume that w has mean zero and support [g,ﬁ, and ¢ has mean
one and support [g, Z]. Moreover, w and ¢ are independent. For any feasible
choice of p; € [}_9,@, the demand is nonnegative with probability one and the
average demand D(p;) is finite. The average demand D(p;) > 0, p; € [p,p], has

).

2 Thus, choosing an average demand d is equivalent to charging a price p(d).

an inverse p(d) that is decreasing over [d, c:Z], where d = D(p) and d= D(

I3

We shall assume that p = p(d) > ¢; so that it is profitable to procure and

sell the product for some feasible selling price. We also require the revenue
R(d) = dp(d) to be finite and concave for d € [d, :]. The pricing scheme and the
demand model stated above have been commonly assumed in the literature

(see, e.g., [48],[22], [18]). We do not restrict the demand D(p;) to follow a

2Increasing and decreasing are in the weak sense unless otherwise specified.



continuous distribution. In reality, discreteness of demand distribution may
arise due to several reasons, such as sales restrictions (e.g., bulky quantities

required by wholesalers).

Now we can write the inventory dynamics for our problem as follows

[15]:
It+1 = It + U1q1 + Ug(qo — ed — w. (22)

Let V;(I) be the optimal profit function in period ¢ when the inventory level

is 1. We assume that Vy1(I) = 0 for all I. Then, the optimality equation is

given by
{9] ‘/t(I) == glax Jt(I7 qlanad)J (23)
q12>0,922>0,
d<d<d
where

Ji(I,q1,q2,d) = R(d) —ciqy — Caqa + EL(I + u1qr + usqe — ed), (2.4)

L(y) = —-EH(y—w)+aEVia(y —w), (2.5)

and « € [0,1] is the discount factor. We denote ¢; (1), i = 1,2 and d;(I) to
be, respectively, the optimal order quantities and average demand?® in period

L.

3If multiple optimal solution exists, we always choose the one with the smallest q;,(1). If
there are multiple optimal solutions containing the smallest g/ (), we choose the one with
the smallest g; (/) and then the one with the smallest d; (I). Under such solution selection
criterion, the optimal ¢; ; (1), ¢; (1) and dj (1) are continuous in I; see Lemma A.0.1 in the
appendix.



For ease of exposition, we have assumed that the random yields and
the demand noise terms each form an independent sequence of independent
and identically distributed random variables. However, all the results derived
carry through when each of the processes are Markov-modulated or when they
are correlated. Moreover, all of our results hold when considering more than

two suppliers.

2.2.2 A Near Reorder-point Policy

In this section, we prove that the optimal ordering policy for the model
developed in the previous section is a near reorder-point policy. Under this
policy, as stated in Theorem 2.2.1 below, there is a threshold I}, for supplier
1, ¢ = 1,2, in period t. No order is issued to supplier ¢ if the inventory level is
above I;. If, however, the inventory level is below I}/, a positive order is placed
to supplier ¢ almost everywhere—there cannot be a non-degenerate interval
below I;7; within which no order is issued. Later in §2.3, we will demonstrate
that the policy characterized in Theorem 2.2.1 is exact. In other words, the
optimal ordering decision is neither a simple threshold policy nor a complex
one involving alternating ordering and no-ordering intervals as previous studies

may suggest [48].

Theorem 2.2.1. (The Near Reorder-Point Policy) There exists a finite
optimal reorder point If; < +o00, 1 = 1,2, such that

) —0 el +o0)UX:
qt,,-m{ iz +00) U

>0  otherwise.

where X; is a countable set and thus has Lebesque measure of zero.



We prove the theorem by establishing Lemmas 2.2.1 through 2.2.6 be-
low, which also allow us to obtain insights into the problem. The idea is to
define a benchmark problem, model B, and compare its solution with that of
our general model. In particular, the benchmark problem assumes the sup-
plier 1’s yield rate in period ¢ is a deterministic value, #;, and the yields in
any future periods stay at u;. Therefore, the only difference between model B
defined below and model G lies in the calculation immediate profit in period t.
Specifically, the objective function for the benchmark problem can be stated

as

[B] ‘/tB([) = qlgol,%gxm, JtB<[7 q1, 42, d)v
égdgf

JP(I,q1,q2,d) = R(d) — &1q1 — Cago + BLy(I + 1 + uagz — £d).
Let ¢/ (1) , ¢5(I) and dP’(I) denote the optimal decisions of the above prob-
lem. We term this benchmark problem as model B, whereas the general prob-

lem defined in (2.3)-(2.5) as model §.

The first observation, articulated in the next lemma, is that the cost

functions involved in both problems are well-behaved.

Lemma 2.2.1. The functions Ly, J;, JZ, and V; are concave. Both JE(I,q1, 2, d)
and Ji(1,q1,q2,d) are submodular in (I,q;) and supermodular in (g;,d) and
(I,d), i=1,2.

Lemma 2.2.1 suggests that the cost functions in both models are con-
cave, which is a direct consequence of concavity of one-period costs. The con-

cavity results allow for further exploration of the optimal policy analytically.

10



Moreover, the submodularity and supermodularity of the objective functions
suggest that inventory and the order quantities are substitutes, whereas they
are complements of the average demand. Intuitively, these relations may sug-
gest smaller order quantities and a larger average demand when the inventory
level is higher. However, as we show in §2.3, the optimal decisions may not
be monotone with respect to the inventory level even in special cases of our

model.

The next result indicates a simple strategy to order from supplier 1,

who has a deterministic yield, in the benchmark problem B.

Lemma 2.2.2. There exists a §f such that ¢ (I) = max{(y7 — I)/u1,0}.
Moreover, there exist qfy and df, such that ¢ (1) = qfy and dP(I) = dP for

Iéﬂfy

Because the yield rate of supplier 1 is deterministic in problem B, de-
termining the order quantity qfl for a given [ is equivalent to determining the
post-order inventory position y, = I+11qf. Given (I, qf), the optimal order
from supplier 2 and the optimal average demand depend on ({, qfl) only via
yp,. These observations allows us to compute the optimal 7, as the base-stock
level for supplier 1, which is independent of the inventory level I. Whenever,
the inventory level I is below the base-stock level gfl, an order is issued to
supplier 1 to bring the stock level up to gjfl. Correspondingly, a fixed order
of q’t% is placed to supplier 2 and a fixed price of p(d?) is charged. When

I > 1751, however, no order is issued to supplier 1. In this case, the optimal

11



order quantity from supplier 2 and the optimal average demand depend on
the inventory level in a nonlinear manner in general, as implied from our later

analysis in §2.3.2.

Compared to the benchmark model B, our model G is less likely to

order from supplier 1 as stated in the lemma below.

Lemma 2.2.3. If ¢/,(I) =0, then ¢;,(I) = 0.

The intuition of Lemma 2.2.3 is as follows. When a positive order
is placed to the supplier with random yield in model G there is a risk in the
associated delivery quantity. This risk makes it even more undesirable to order

in model G given that no order was placed with the supplier in model B.

It is interesting to contrast this result to Theorem 4.4 in [48]. They
prove that ¢ (I) = 0 implies ¢;,(I) = 0 and ¢/, (1) > 0 implies ¢;,(I) > 0 for
the special case of our models with a single supplier (i.e., @y = 0) and without a
multiplicative demand noise (i.e., ¢ = 1). In other words, the optimal policies
call for either ordering from supplier 1 in both models, or not ordering from
supplier 1 in both. The comparison in Lemma 2.2.3 allows for the possibility
of ordering in model B (i.e., ¢ (1) > 0), but not in model § (i.e., ¢/, (1) = 0).
Such a possibility, as shown in our subsequent analysis, can indeed happen in

our models.

Our next result further states that whether or not to place a positive

order has a direct implication on the marginal value of the inventory.

12



Lemma 2.2.4. Let G ;(I) be the smallest unconstrained mazimizer of Jy(1, qe1, 2, dt)

with dy = di(I) and q; = q;,;(I), j #i.

i) If G:;(I) <0, then there exists a § > 0 such that w < ¢

ii) If Gi;(I) > 0, then there exists a 6 > 0 such that w > ¢.

By definition, we must have g;;(I) = 0 when ¢;;(I) < 0 and ¢,(I) =
Gri(I) = 0 when ¢;;(I) > 0. According to Lemma 2.2.4 ii), the marginal value
of inventory must exceeds the unit ordering of the supplier whenever a positive
order is issued to that supplier. Because the marginal value of inventory is
decreasing (as V;(I) is concave), this observation indicates a reorder point for

the supplier, which is bounded from the above.

Lemma 2.2.5. There exists an I}, < 400, such that ¢;,(I) = 0 for I > I},.
i=1,2.

With Lemmas 2.2.3-2.2.5 in hand, we can derive the following result

which directly leads to Theorem 2.2.1.

Lemma 2.2.6. Suppose that there exists an I such that qzl(jr) =0 and qzl(l_%—
0) >0 for any 6 € [0,74) and some vy, > 0. Then, there exists a v_ > 0 such
that g (I — &) > 0 for any 6 € (0,~_).

According to Lemma 2.2.6, given that no order should be placed at the
inventory level I and that a positive order is placed at I + 6, then a positive

order must be placed around the neighborhood of I. In other words, there

13



cannot be a non-degenerate interval containing I such that no order is placed
in this interval. The next lemma further ensures that there can be at most

countable number of such 1.

Lemma 2.2.7. Let X be the set of I that satisfies the conditions in Lemma 2.2.6.

Then X7 is countable.

To see how Lemmas 2.2.6-2.2.7 lead to Theorem 2.2.1, define I}, to be
the largest I such that ¢;,(I — d) > 0 for arbitrarily small positive 6. Note
from Lemma 2.2.5 that I, is finite. Thus, ¢;;(I) = 0 for any I > I;. Then I
described in Lemma 2.2.6, if it exists, must be lower than I;. Therefore, for
I < I¥,, we must have ¢;,(I) > 0 almost everywhere—leading to the result
for supplier 1 in Theorem 2.2.1. The result for supplier 2 can be obtained

similarly.

Remark 2.2.1. Theorem 2.2.1 can be extended to n-supplier settings. All

one needs to do is to repeat the argument in the proof of Lemma 2.2.6 with

Gri = q;;(I) fori={2,--- ,n}.

In our model, we have assumed that the manager makes the pricing
decision before observing the yield realization. This fits the situation when
the manager does not have the flexibility of real-time price adjustment based
on current sales. Such a situation may arise, for example, when the price
change requires a certain approval procedure within the firm that takes time

or when the sales process is not instantaneously visible to the manager. If,

14



however, the manager is free to quickly adjust the price based on the demand,

there can be two variations of our model, as stated in the remarks below.

Remark 2.2.2. [f the price decision is made before observing the yields and
after observing the demand noise, then the optimal price decision is decreasing
in the tnventory level and the optimal order decisions follow a near reorder-

point policy. See Lemma A.0.2 in the Appendix.

Remark 2.2.3. If both the price and ordering decisions are made after ob-

serving yields, then the optimal policy is a base stock list price policy [29].

The policy described in Theorem 2.2.1 can be complex and reveal non-
monotone behavior with respect to the inventory level. Before ending this
section, we characterize sufficient conditions under which the optimal policy

has simple structural properties.

Theorem 2.2.2. (Conditions for Simple Policy Structure)

i) If the demand ed + w has a continuous distribution for each d € [d, ?l],
then the optimal order quantities follow a strict reorder-point policy, i.e.,

qi;(I) >0 for I < I}; and q;;(I) =0 for I > I};, i =1,2.

i) If the demand has only an additive noise, i.e., € = 1, the following results

hold.

a. When the inventory level increases, the optimal average demand in-
creases but the increase is smaller than the change in the inventory

level. That is, for a small enough 6 >0, 0 < dj(I+9) —di(I) < 4.

15



b. If the yields are of the all-or-nothing type, i.e., u; € {0,4;}, i = 1,2,

then the optimal order quantity qzi(]) s decreasing in I, 1=1,2.

Moreover, i) and ii-a) can be extended to general multiple-supplier settings,

while ii-b) holds only for the two-supplier case.

Part i) suggests that when the demand has a continuous distribution,
the policy characterized in Theorem 2.2.1 becomes a strict reorder-point policy.
In this case, the reorder point I; clearly divides the space of the inventory
level I into an ordering region I < I}, and a nonordering region / > I;;. This
represents a generalization of the results obtained by Anupindi and Akella [5]
and Federgruen and Yang [30], who prove the optimality of strict reorder-point

policies for the special case when price is exogenous.

With only an additive noise in demand, Li and Zheng [48] show that
the optimal price is decreasing in the inventory level when there is only one
supplier. Part ii-a) extends this observation to the case of multiple suppliers.
Moreover, if the suppliers’ yields are of the all-or-nothing type, the optimal
order quantities are decreasing in the inventory level as indicated by part ii-b).

This result generalizes a similar one in [5] for the model with exogenous price.

2.3 Two Special Cases and Exact Examples

In this section, we revisit two special cases of our model that have
been analyzed in the literature and demonstrate how earlier results might

not hold when the demand distribution is discrete or the demand noise is

16



multiplicative. The first special case discussed in §2.3.1 involves two suppliers
with random yields and exogenous price. The second special case treated in
§2.3.2 assumes one supplier with random yield and endogenously determined
price. In each case, we present an exact example for the near reorder-point

policy characterized in the previous section.

2.3.1 A Model with Two Suppliers and Exogenous Price

In this case, the price is exogenously given and thus d = d = d.
Anupindi and Akella [5] and Federgruen and Yang [30] analyze a version of
this problem with continuous demand distribution and derive a strict reorder-
point policy (recall Theorem 2.2.2(i)). Our analysis, however, suggests that
such a policy is suboptimal in general when allowing for discrete demand dis-
tributions. Example 1 below shows that the optimal policy is exactly a near
reorder-point policy:

Example 1: ¢; =5, co =6, H(z) = 0.5 max{z,0} + 15max{—=z,0}, d = 10,
Pr{u; = 0} = Pr{u; = 1} = 0.5, Pr{uy = 0.2} = Pr{uy = 1} = 0.5,
Pr{e = 0.5} = Pr{e = 1.5} = 0.5 and w = 0. The solution of this problem

with T"=1 is given by

I (1) (1)
(—o0, - 1) -1 51
(15 5) 5 25
272 2
2,5) —10+41  25-51
[5,15) 15— 1 0
(15, 00) 0 0
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Inventory level I

Figure 2.1: The optimal ordering decisions for Example 1.

The optimal policy for Example 1, depicted in Figure 2.1, is the near
reorder-point policy characterized in Theorem 2.2.1. Example 1 also suggests
that the monotone property derived in Theorem 2.2.2 ii-b) (with the all-or-
nothing type yield) does not extend to the case when one suppliers’ minimum
yield is positive. In this example, the optimal order quantity from supplier 1
is zero when I = 5/2, while it is strictly positive around the neighborhood of
5/2. When the inventory level is relatively low, i.e., I € [-15/2,5/2), supply
uncertainties induce a high risk of stockout. In this case, the optimal policy
tends to order more from supplier 2, who is more reliable but more expensive
than supplier 1. As the inventory level increases within this range, the order
quantity from supplier 2 is fixed at 25/2, while that from supplier 1 reduces
linearly. In contrast, when the inventory level is relatively high, i.e., I €
(5/2,5), it is undesired to place a single large order from one supplier because

now the concern is mainly on overstock. As the inventory level increases within
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this range, the order quantity from supplier 2 decreases dramatically. Instead,
the optimal policy tends to allocate more quantity to supplier 1 to leverage its

lower ordering cost.

In general, the optimal order quantities from both suppliers may in-
crease or decrease with the inventory level. It is, however, impossible that
both order quantities increase at the same inventory level, as stated in the

next theorem.

Theorem 2.3.1. When d = d = 3, the optimal order quantities cannot be
strictly increasing in the inventory level at the same time. That s, for any

I* < 1% qf;(1%) < qi;(I°) implies ¢ ;(I*) > g ;(I°) fori,j € {1,2} and i # j.

2.3.2 A Model with One Supplier and Endogenous Price

Li and Zheng [48] discuss the case with one supplier and endogenous
price which corresponds to us = 0. They derive a strict reorder-point policy
under the assumption that the demand uncertainty is additive. They present
a counter example to demonstrate that the optimal policy in the case with the
multiplicative demand uncertainty is complex. In their example, it is optimal
to order nothing over a strictly positive interval and order a strictly positive
quantity for some inventory level above that interval. We know from Theo-
rem 2.2.1 that a solution with a strictly positive no-order interval below the
reorder point is suboptimal and the optimal policy should be a near reorder-

point policy. In fact, a strictly threshold policy is optimal in their example as
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we show in Appendix. 4

The optimal policy for the case with the multiplicative demand uncer-
tainty can be illustrated using Example 2 below. This example suggests the
optimal policy in general is neither a complex one without any structure nor

a strict reorder-point policy:

Example 2: T = 1, ¢ = 12.8, H(z) = 0.5max{z,0} + 25 max{—=z,0},
p(d) =20—0.5d, Pr{u; = 0.1} = Pr{u; = 0.4} = 0.5, us =0, Pr{e = 0.5} =
Pr{e = 1.5} = 0.5 and w = 0. The solution of this problem with 7" = 1 is

given by
I ¢ (1) d*(I) K[l +ugi(I) —ed*(I)]
(—00,0) —21 0 27
0, 5) 201 61 0
N I L (VA -3
1. 2) 0 21 I
3 7) 0 —5+1
4, 60) 0 21 1
(60, 00) 0 40 —40 + 1

In general, both the optimal order quantity and price may not be mono-
tone with respect to the inventory level. However, at least one of them is

decreasing as the inventory level increases, as stated in the next theorem.

Theorem 2.3.2. When uy = 0, the optimal order quantity qi(I) and the

optimal price cannot be strictly increasing in the inventory level at the same

4We replicate their example and find such a complex structure goes away when the
computational accuracy is high enough.
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Figure 2.2: The optimal ordering and pricing decisions for Example 2.

time. That is, for any 1* < I, qf\(I*) < q; ,(I°) implies d;(I*) < d;i(I°) and
d;(1%) > d;(1°) implies qf1(I*) > q;1(I").

2.4 Effect of Correlation on the Optimal Policy

The complex policy behavior in our model is due to the direct inter-
actions between the decisions and the various source of uncertainties via the
terms wuyqp, usge, and ed in the state dynamics (2.2). As pointed out in Theo-
rem 2.2.2 and Remarks 2.2.2-2.2.3, the optimal decisions may become mono-
tone with respect to the inventory level when some of such interactions are
removed from the model. Our analysis so far has assumed that the random
terms involved are independent. Intuitively, the source of uncertainties can
be reduced when some of the random terms become perfectly correlated. The
question is: will the optimal policy reveal monotone property when some of

the random terms {uq,us,c} become perfectly correlated? The answer, as
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we demonstrate below, depends on the sign of correlation— it is true under
negative correlation but not under positive correlation. In §2.4.1, we study
correlated yields with two suppliers and exogenously determined price. We
also analyze the case when the yield of one supplier and the demand noise are

correlated in §2.4.2.

2.4.1 Two Perfectly Correlated Suppliers and Exogenous Price

The yields from two different suppliers can correlated for various rea-
sons. For example, the suppliers might procure components from a single
source [54]. One such famous case was a small fire at a microchip plant owned
by Philips in 2000. The plant supplied chips to both Ericsson and Nokia.
Both Ericsson and Nokia had low yield due to the accident. When suppli-
ers are in one region, their yields can be positively correlated. All Taiwanese
LCD suppliers are exposed to the same natural disaster and the same political
instability. If, however, the two sources of supplies are both internal manu-
facturing facilities, the firm may have limited engineering expertise or quality
investment budget to allocate between these facilities [46]. In this case, the
yields can be negatively correlated. To model these situations, we assume the

yield of supplier 1 has a linear relation with the yield of supplier 2:
up = aug + b, (2.6)
where a and b are constants.

Theorem 2.4.1 characterizes the monotone properties of the optimal

decisions which are also summarized in Table 2.1.
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Theorem 2.4.1. (Perfect Correlated Supply Yields) When d

the following results hold.

i) When b >0, qf,(I) is decreasing in I.
i) When ab <0, ¢fo(I) is decreasing in I.

iii) Suppose ¢; < co. For b =0 and a > 0, there exists an optimal solution
in which q;,(I) is decreasing in I and qf,(I) = 0. For b = —atuy and
a < 0, there exists Gy such that q;,(I) is deceasing in I and qf,(I) =

max{cjt,g - 52—4{227 0}

We interpret Theorem 2.4.1 with the help of Table 2.1, in which we clas-
sify the policy according to the stochastic relation between the yields and their
correlation. The conditions inside the parentheses give rise to the correspond-
ing sign of correlation and stochastic relation between the yields. We observe
from the second row of Table 2.1 that both order quantities are decreasing
in the inventory level when the yields are perfectly negatively correlated. (In
this case, the orders to the suppliers might be complementary and thus reduce
the supply risks.) If, however, the yields are positively correlated, the order to
the supplier with the stochastically larger yield is decreasing in the inventory
level, while the other order may increase or decrease with the inventory level.
Thus, the more reliable supplier is used to hedge with inventory and the less
reliable to miligate the increase in variance of ordering more from the other

supplier.
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Table 2.1: Interpretation of Theorem 2.4.1.
uy <* uy uy > uy

Positive corr. (0<a<1,-u,<b<0) (a>1,b>0)

a >0 a2 (1) M i) L aia (1) 1, i (1) 1

Negative corr.
a<0 Ga(D) 4, a2 g (D) L g(D) 4

2.4.2 One Supplier and Endogenous Price with Perfect Correlation

In practice, the yield and demand can be correlated for various reasons.
For example, the yield rate is decided by the technique and the equipment [6].
When a supplier realizes that the incoming demand is high, he might prefer
to adopt a more reliable (high-tech) production line. In this case, the yield
and the demand uncertainty are positively correlated. However, if the supplier
is a small company, then a booming market might make the small company
experience shortage of raw materials. In this case, the yield is negatively
correlated with demand. To address the effect of the correlation, we focus on a
single supplier (uy = 0) and assume that the price is endogenously determined.
We assume that the yield rate u; and the multiplicative demand uncertainty

e are correlated as follows:
up =ae+b (2.7)

for some constants a and b.

Theorem 2.4.2 characterizes the monotone properties of the optimal

decisions which are also summarized in Table 2.2.
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Theorem 2.4.2. (Perfectly Correlated Yield and Demand) When uy =

0, the following results hold.

i) di(I) is increasing in I when ab < 0. In particular, if b = 0 (then we
must have a > 0), df(I) = arg maxde[i’a{R(d) + (¢1/a)d} is constant for

I < Ify and d;(I) is increasing in I for I > If;.

i) q;f,(I) is decreasing in I when b > 0.

Table 2.2: Interpretation of Theorem 2.4.2.

most g W >st g
u = u =
Positive corr. (0<a<a, —eu <b<0) (a> a1, b>0)
a>0 g (D) i g (D), pr(1) 14
Negative corr.
a<0 g (D LD g (D) pi)

We interpret Theorem 2.4.2 with the help of Table 2.2, in which we
classify the policy according to the stochastic relation between the yield and
the demand and their correlation. The conditions inside the parentheses give
rise to the corresponding sign of correlation and stochastic relation between
the yield and the demand. We observe from the second row of Table 2.2 that
both the order quantity and the optimal price are decreasing in the inventory
level when u; and e are perfectly negatively correlated. This is similar to the
previous example in which the two risks affect one another. If, however, u; and

¢ are positively correlated, either price or the order quantity response might
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not be monotone. Specifically, when the price has a stochastic larger noise,
the price is still decreasing in the inventory level, while the order quantity may

increase or decrease with the inventory level.

2.5 Concluding Remarks

In the chapter, the price is decided before observing yield and demand.
Our results can be extended to the case of pricing after observing demand and
the case of placing the orders after observing the yield. Combining these, we
summarize all cases in which there is a simple structure to the optimal policy
in Table 2.3. For example, we can see that a strictly reorder-point policy
is obtained when the demand has a continuous distribution. However, if the
demand has a discrete distribution, the optimal order quantity in general is
a near reorder-point policy. We can also see that both the order quantity
and price are monotone in the case of a single supplier and additive demand
uncertainty. However, the optimal order quantity follows a near reorder-point
policy when the demand has multiplicative uncertainty or when there are

multiple suppliers.

There are several dimensions along which our work could be extended.
The chapter focuses on the finite horizon. The characterization of the optimal
policy for the infinite horizon case would be interesting. In the chapter, we
assume that suppliers do not carry inventory and are not strategic on their
decisions. A possible extension is to consider suppliers’ behavior under com-

petition.
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Table 2.3: Summary

e Observing one supplier’s yield before ordering, or
Monotone Order Quantity | e a single supplier and additive demand uncertainty, or
e two all-or-nothing suppliers and additive demand uncertainty

e Observing yields of two suppliers before pricing, or

e deterministic yields, or

Monotone Price e additive demand uncertainty, or

e multiplicative demand uncertainty and deterministic yield

e Continuous demand distribution, or
Reorder-point policy e a single supplier and additive demand uncertainty
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Chapter 3

Inventory-based dynamic pricing with costly
price adjustment

3.1 Introduction

Rapid advances in technology have created many new opportunities for
firms to change price and replenish inventory frequently. Firms realize that
pricing and inventory decisions are interdependent in influencing the dynamics
of demand and supply. A low price in the case of overstock typically allows
for faster inventory turnover and reduced holding costs, and a high price in
the case of stockout often alleviates the pressure of backlogging. Coordinating
pricing and inventory decisions has become a major strategy for many firms
[28][17]. In the meanwhile, price revision may be associated with significant
cost (e.g. LevyBergen and DuttaVenable (1997) [47], Aguirregabiria(1999) [4],
Chen and Hu(2012) [20]) that cannot be overlooked in evaluating the benefit
of implementing an inventory-based pricing strategy. Moreover, firms must
understand the effect of price revision cost on the design of combined inventory

and pricing policy.

In this paper we study how a firm’s ability to change prices frequently

and efficiently may create additional revenue opportunities. We model a
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continuous-review stochastic control problem to make the pricing and inven-
tory decisions. The customer arrives according to a Poisson process with a
price-dependent arrival rate. A replenishment order is associated with a fixed
ordering cost and a variable ordering cost. During each inventory replenish-
ment cycle, the firm decides the amount of stock to order as well as how to
adjust the price as customer demand arrives. Every time the price is revised,
the firm pays a fixed adjustment cost. The goal is to find a combined pricing

and ordering policy that yields a high profitability.

In our model, if the inverse demand arrive rate is linear or convex in the
average interarrival time over a certain range, then the optimal price must be at
one of the two ends of this range. This result suggests that we can replace any
inverse demand rate function by its concave envelope. The resulting problem
has the same optimal solution as the original problem. In other words, our
formulation is general enough to allow for any price-demand relations, which
represents a generalization of related studies in the literature. Moreover, our
analysis holds for any monotone inventory holding cost functions, which need

not be concave or convex.

We show that the optimal prices are always higher than the myopic
price which maximizes the instantaneous gross (of any fixed costs) profit rate.
Within an order cycle, the optimal price increases and the time-average gross
profit rate increases as the inventory level drops. In general, the optimal order-
up-to level increases when the variable ordering cost increases, the inventory

holding cost increase and the demand increases. Interestingly, the optimal
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order-up-to level may not be monotone in the fixed ordering cost. This is
due to the presence of a fixed price adjustment cost, which requires a careful
coordination between price adjustment and inventory replenishment. We show
that the scale economy in ordering is reflected in the replenishment cycle—A

larger fixed ordering cost induces a longer average order cycle length.

When price adjustment is not costly, the optimal profit rate can be
represented by the difference of the marginal price and inventory holding cost
within each price segment, i.e., the range of stock level within which a single
price is charged. In this case, the optimal pricing and ordering decisions can
be computed easily. With costly price adjustment, however, the problem can
be computationally challenging, because the profit function is not unimodal
in the order quantity. We drive bounds on the optimal order quantity, which
allows for narrowing down the search of the optimal solution. To allow for fur-
ther computational tractability for problems with strong economies of scale in
ordering, we consider a relaxation of the model in which we allow the inventory
level to take continuous values. Under this relaxation, we uncover an inter-
esting trade off between the fixed costs and the inventory holding cost that
is analogous to the classical EOQ model. In particular, when the inventory
holding cost is linear (convex, concave) in the stock level, the total of fixed
ordering cost and price adjustment cost is equal to (greater than, less than)
the total inventory holding cost within a replenishment cycle. We further show
that by properly accounting the inventory holding cost, the optimal solution

yields a same time-average profit for all price segments. This observation al-
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lows us to identify an efficient way to compute the optimal solution for the

relaxed problem.

Through a numerical study, we demonstrate that the inventory-based
price adjustment can yield significant profit improvement compared to the
optimal static pricing policy. This is particularly the case when the fixed
ordering cost is high, the variable ordering cost is high, the inventory holding
cost is high, the demand is high, and the price adjustment cost is low. We also
find that limited price adjustment can yield a benefit that is close to unlimited

price adjustment.

The remainder of the paper is organized as follows. Section 3.2 reviews
related literatures. We lay out the model in §3.3 and analyze the optimal
policy in §3.4. In §3.5, we discussed a relaxed problem of our model. Section

3.6 concludes the study.

3.2 Literature Review

In practice, varying prices is often a natural mechanism for revenue
management [38]. In most retail and industrial trade settings, firms use various
forms of dynamic pricing such as promotion [7], auction [58], end-of-season sale
[33], clearance price [55], personalized service [53], and price negotiations [43]
to respond to market fluctuations and uncertainty in demand. Most of the
studies in this area focus on understanding the firm’s optimal selling strategy

and do not consider inventory replenishment.
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In many production and supply-chain management contexts, inventory
can be replenished at a cost. In such cases, both pricing and inventory deci-
sions need to be made. Pricing decisions are used to control demand, while
replenishment decisions are used to control supply. The central problem is to
optimally coordinate these demand and supply decisions. The study on com-
bined pricing and inventory decisions dates back to Whitin(1955)[59], with
further development along various dimensions including seasonal demand [39],
fixed ordering cost [21][22], unreliable supply [51] [48] [32] and risk aversion [3]
[24]. Excellent surveys are provided by Elmaghraby and Keskinocak(2003)[28],
Yano and Gilbert(2003)[60], and ChenSimchi-Levi(2012) [23].

In a study similar to ours, Rajan, Rakesh and Steinberg(1992) [52]
consider the relationship between pricing and ordering decisions for a monop-
olistic seller firm facing deterministic demand. Their paper provides guidance
in determining when price changes during the cycle are worthwhile due to
product aging, how often such changes should be made and how such changes
affect ordering frequency and quantities. We consider uncertain demand ar-
rival process and costly price adjustment. Consequently, the price revision in
our model is based on the different inventory level, which is closer to practice.
Chen, Wu and Yao(2010) [19] study a similar model in which the demand
process is a price dependent Brownian motion. They consider three forms of
demand-price relation, namely, linear, exponential and power functions. They
also assume that the inventory holding cost is linear in the stock level. In

contrast their study, our model allows for a general monotone price-demand
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function and a general monotone inventory holding cost function. Moreover,
the consideration of costly price adjustment makes our problem much more

challenging.

There are several papers model costly price adjustment in dynamic
pricing. Celik, Muharremoglu and Savin(2009) [16] analyze the problem of
selling a fixed stock of product over a finite horizon. They demonstrate the
complexity of the optimal policy in the presence of price adjustment cost.
Aguirregabiria(1999) [4] considers a periodic inventory replenishment system
in which price adjustment is associated with a fixed cost. They demonstrate
a cyclical price behavior in the optimal policy. Chen and Hu(2012) [20] ex-
tend this study by allowing different costs for markup and markdown. Under
the assumption that the demand is deterministic, they design a polynomial
time algorithms to maximize the total profit. Chen, Zhou and Chen(2011)
[25] consider a more complex price adjustment cost which consists of a fixed
component and a variable component. They derive solutions for two special
cases of the problem, one without fixed price adjustment cost and one without
inventory carryover. For the general model, they demonstrate the complexity
of the optimal policy and propose a heuristic solution. Unlike the aforemen-
tioned studies, which assumes a linear price-demand relation, our model allows

for any monotone demand function that need not be concave or convex.
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3.3 The Model

The firm faces an infinite-horizon planning problem. The goal is to
maximize the long-run average profit by appropriately adjusting the inventory

level and the product price over time.

Customer demand arrives according to a Poisson process, whose rate
A(p) depends on the price p currently chosen by the manager. We assume that
the set of feasible prices P is bounded with p = minP and p = maxP. Also,
A(p) > 0 for p € P and A(p) strictly decreasing. Then the expected interarrival
time of the demand, 7(p) = 1/A(p) is strictly increasing in p, and its inverse
p(7) is increasing over T = {7 : p(r) € P}. We also define 7 = 7(p) and
7 = 7(p). Therefore, charging a price p(7) is equivalent to setting an expected

interarrival time 7. Whenever he adjusts the price, the manager incurs a fixed

cost A > 0.

The manager can pay a fixed cost K and a variable cost ¢ to replenish
inventory with a negligible delivery leadtime. The manager also incurs an
inventory cost rate of h(i) per unit time when the inventory level is i. We
assume that h(7) is strictly increasing in ¢ with 2(0) = 0 and A(i) > 0 for

¢ > 0. Demand backlogging is not allowed.

In theory, the manager may adjust the price p at any time but at a cost
A. However, because the demand process is Poisson, it is straightforward to
see that we only need to restrict to policies that change price and inventory at a

demand arrival epoch. Now consider the situation where a demand arrival just
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occurs and the current inventory level becomes . Suppose that the average
time until the next arrival is 7;. Then the expected gross profit during 7; can

be computed as
m(i,7) = p(m) — h(i)Ti — c. (3.1)

We shall assume that 7(1,7) > 0 to rule out the trivial case where it is never
optimal to order and sell any positive quantity. We further note that because
holding inventory is costly (i.e., h > 0) and backlogging is not allowed, the
manager should always replenish whenever the inventory level drops to zero.
Then the manager’s problem is to choose an order-up-to level S and a set
of expected interarrival times 7 = {7,--- ,7g} that maximizes his long-run
average profit expressed as
Zf:l m(i,7;) — A 25;11 Lirigriny — K
2211 Ti ’

where 1x is the indicator function for event X. Note that in computing the

(3.2)

above profit function, we have assumed a stationary policy (S, 7) and applied
the renewal reward theorem. For our subsequent analysis, we use (S*,7) to
denote the optimal decisions and V* to denote the optimal average profit. We

also define 7(S) to be the vector of optimal expected interarrival times and

to be the corresponding average profit when the order-up-to level is fixed at
S. In the case when multiple optimal solutions exist, we always choose the

one with the smallest S*.
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3.4 Analysis of the Optimal Policy

In this section, we analyze the properties of the profit function and
derive the optimal policy. In §§3.4.1, we characterize the optimal solution
under several special cases, which allows us to rule out these cases in our
analysis of the general model. In §8§3.4.2, we specify the properties of the
optimal policy and demonstrate the complexity of solving the problem. In
§63.4.3, we analyze how the optimal policy responds to the changes of the

model parameters to obtain insights into the policy behaviors.

3.4.1 Preliminaries

In our model, we do not impose any condition on the price-demand rela-
tion. Our first result stated below suggests that it is without loss of generality

to restrict to a concave p(7).

Lemma 3.4.1. Suppose

for some feasible 7%, 7%, 7¢ € T with 7@ < 7° < 7¢, then 7;(S) # 7° for any

1<i< S andany S.

To understand Lemma 3.4.1, we first consider the case where the fea-
sible set of expected interarrival times is a compact interval, i.e., T = [1,7T]. If
p(7) is convex or linear over some interval [7%, 7¢| C [r,7], then Lemma 3.4.1

states that the optimal 7;(S) cannot be an interior point of this interval. With

36



this result, we can replace p(7) by its concave envelope p(7) defined by the
following procedure. For each interval [7%, 7¢| over which p(7) is convex, define

a pair {71, 72} with 7! < 7% < 7¢ < 72 such that

72 = max{7% : p(7) < —:cc::lp(Tl) + Zp(7C) for any 7! < 7 < 7O},

7O 1

{ 7t = min{r? : p(7) < TZZ)_’TQp(TA) + TT{_TT:p(TQ) for any 74 < 7 < 72},

We replace the segment of p(7) over [r!,7%] by a linear segment defined as

p(r) = 7_722_’7_71]9(7'1) + 77{_7:1]9(72) and keep p(7) = p(7) otherwise. Then it is
easy to see that p(7) is concave. Moreover, based on Lemma 3.4.1, the optimal
solution for the problem with the inverse demand p(7) coincides with that for

our original problem.

Now consider the case where the feasible set of the expected interarrival
times is discrete, i.e., T = {7!,72 ---}. Then one can perform the test with all
7, 7%, 7¢ € T and exclude the points 7° satisfying the condition in Lemma 3.4.1.

This leads to a new feasible set over which p(7) is concave.

The next lemma further provides a lower bound on the optimal ex-

pected interarrival time that can be easily computed.

Lemma 3.4.2. 77 > ™ = argmax,er{[p(7) — ¢|/7}' for all 1 < i < S*.

Moreover, if p(T) is concave, [p(T) — c|/T is unimodal in T.

We note from (3.1) that 7 also maximizes 7 (i, 7)/7 = [p(7)—¢]/T—ih.

In other words, 7 is the myopic optimal expected interarrival time when we

'We always choose the smallest maximizer if multiple ones exist.
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ignore the fixed cost of ordering K and the fixed cost of price adjustment
A. Lemma 3.4.2 indicates that the presence of fixed costs induces a longer
expected interarrival time, or alternatively a higher product price. We remark
that 7™ is determined myopically because it does not take into account its

impact on the future inventory level and inventory cost.

Lemma 3.4.3. If A> K, then 77 =17 for all 1 <i < S*.

Lemma 3.4.3 suggest that price adjustment is never optimal if the as-
sociated fixed cost is higher than that of ordering. Based on Lemmas 3.4.1,

3.4.2, and 3.4.3, it is without loss of generality that we assume a concave p(-),

7_M

T , and A < K in our subsequent analysis.

3.4.2 Structure of the Optimal Solutions

Within each order cycle, the inventory level drops from the order-up-to
level S to zero as the demand arrives. Intuitively, the manager should charge
a higher price at a lower inventory level. This is formally established in the

next lemma.

Proposition 3.4.1. The following results hold:
i) 7;(S) is weakly decreasing in i for any S > 1.
i) [p(rF) — c|/7F is weakly decreasing in i.

iii) m(S*+1,75.) /78 < V* < w(S*,78) [ TEe.
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Proposition 3.4.1(i) states that the expected interarrival time and thus
the price is weakly increasing as the inventory level decreases. This is because
at the beginning of the order cycle, the inventory holding cost is high due to the
high inventory level. Speeding up the demand arrival by charging a low price
helps to reduce inventory. Toward the end of the order cycle, the inventory level
and thus the inventory holding cost becomes low. Slowing down the demand
arrival by posting a high price allows the manager to improve his profit. Such
a policy leads to an increased time-average profit at each replenishment cycle,
as Proposition 3.4.1(ii) further suggests. In particular, the time-average profit
from selling the first unit, i.e., 7(S*, 74.)/74., is lower than that of selling the
subsequent units. This is mainly because a lower price is charged at a higher
inventory level. Moreover, the time-average profit of selling any item should
be no lower than the optimal profit rate V* because of the fixed costs involved

in the latter.

Proposition 3.4.2. The function V(S) satisfies the following:

V(S) <wM(S+1) if S < S*
WMAS +1) S V(S) <wM(S) if S =5, (3.3)
V(8) = wMA(S) if S > S,

where w (i) = W(iLM)f wMA(i) = —””’Zm‘f‘, and T4 = arg max,cq p(T);C_A.

By definition, w? (i) is the gross profit rate (excluding all fixed costs)
of selling the ith unit, and w™4(i) adjusts w™ (i) by including a fixed price
adjustment cost for each unit. Clearly, w™ (i) > wM4(i) and both can be

computed easily. When it is not costly to adjust price, i.e, A = 0, w™ (i) =
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Figure 3.1: The long-run profit function as characterized in Proposition 3.4.2
wMA(4). In this case, Proposition 3.4.2 suggests a simple way to search for the
optimal order-up-to level.

When A > 0, the long-run profit function V(S ) is not unimodal in S,
as demonstrated in Figure 3.1. Proposition 3.4.2 suggests how to narrow down
the range to search for an optimal S* over the curve V(S ). The first relation
in (3.3) implies S* > 8 and the last relation in (3.3) suggests S* > 4. The
optimal order-up-to level is S* = 8 and the optimal policy calls for changing

the price after selling 3 units during an replenishment cycle.

Lemma 3.4.4. The function V(S) satisfies the following conditions.
i) If S < 5%, then V(S) — V(Sy) > —dw for all Sy < S,
i) If S > S*, then V(S) — V(Ss) > —bw for all S < S,

where dw = wM (i) — wMA(i) is independent of i.
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In general, Lemma 3.4.4 further suggests the direction to search for the
optimal order-up-to level. If we find S; < S satisfying V(S) — V(Sl) > —dw,
then the optimal order-up-to level is bigger than S. If we find S; > S satisfying
V(S) — V(S,) > —bw, then the optimal order-up to level is less than S. We

note that when there is not cost for price adjustment, i.e., A = 0, we have

w = 0 and thus Lemma 3.4.4 implies that V(S) is unimodal.

Lemma 3.4.5. S* € [S,S), where

S = inf{n:rMil[h(n)—h(i)]zK},

S = sup{n:i[A—l—Fh(n)—zh(i)]<K}.

i=1
Lemma 3.4.5 specifies the upper and the lower bounds of the optimal

order-up-to level S*. Note that when the inventory holding cost is linear, i.e.,

h(i) = hi, then

2K 2A—1h ., 2A — 1h
5 {\/ ner—o) e - o) +2h(2?—z)J’

g _ [J2E 1.1
N ™h 4 2|

The bounds S and S increases when the set-up cost K increases and decreases

when h increases. Also, S decreases when the adjustment cost A increases, and

M

S decreases when the myopic optimal expected interarrival time 7" increases.

3.4.3 Comparative Statics

In the section, we analyze how the optimal policy depend on the model

parameters.
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Proposition 3.4.3 (The Optimal Order-up-to Level). Consider two otherwise

tdentical systems with

i) variable ordering costs ¢ > c®,

ii) inventory holding costs h®(i) > h®(i) satisfying h®(i) — h®(i) being weakly

mcereasing in i,
i) fived ordering costs K < K® and A =0, or

w) inverse demand functions p'(7) = p(v%,7), i = 1,2, being submodular in

(7%, 7) and increasing in ¥, and v* < .
Then S* < Sb*.

According to Proposition 3.4.3, a lower unit ordering cost, a higher
inventory cost,? or a lower demand rate leads to a higher order-up-to level,
which confirms with one’s intuition. One may also expect that a higher fixed
ordering cost would also induce a higher order-up-to level. Although this
is true when there is no fixed cost of price adjustment, it is generally not
the case otherwise. The left panel of Figure 3.2 provides a counterexample.
We observe that with a positive price adjusting cost, it may become optimal

to order less as the fixed cost becomes larger. With less units of items to

2Note that the condition that h?®(i) — h®(i) is weakly increasing is realistic and not
restrictive. It simply says that the incremental cost of having one additional unit of inventory
in system a should be no lower than that in system b. This is what one would expect if
holding inventory is more costly in system a than in system b.
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sell in a cycle, the optimal policy can potentially reduce the number of price
changes and thus save on the price adjusting cost. This implies an interesting
coordination problem between ordering and pricing strategies. As a result of
such coordination, the optimal order-up-to level is not monotone with respect
to the fixed ordering cost as well as the price adjustment cost, as demonstrated

in Figure 3.2.

]

The optimal order-up-to level
(98]

The optimal order-up-to level
(98]

1 1.5 2 2.5 3 0 0.2 0.4 0.6 0.8 1
The fixed ordering cost K The price adjustment cost A

Notes. ¢ = 0.55, h(i) = 0.3, K = 2.5, A = 0.2, 7 € [0.4,4], p(7) = In(8.37),
7 €{0.4,2.2., 4},

Figure 3.2: The optimal order-up-to level as a function of model parameters

Proposition 3.4.4 (The Average Cycle Time). Consider two otherwise iden-

tical systems with fized ordering costs K¢ > K. Then Zf:a; T > Zf:b; b,

Proposition 3.4.4 suggests that as a result of the coordination between
price and order, the average cycle length reduces as the fixed ordering cost de-
creases. Compared with Proposition 3.4.3, the economies of scale in ordering
is reflected in time rather than in quantity. Figure 3.3 demonstrate that the
average cycle length is generally not monotone with respect to the price ad-

justment cost or the variable ordering cost, even though the order-up-to level
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p(1.2) = 3.0.

Figure 3.3: The optimal average cycle length as a function of model parameters

Proposition 3.4.5 (The Average Selling Speed). Consider two otherwise

identical systems with variable ordering costs ¢* > c®. Then Zi; TS SY >
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Figure 3.4: The optimal average time to sell a unit as a function of model
parameters
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Proposition 3.4.6 (The Frequency of Price Adjustment). Consider two oth-

erwise identical systems with fived price adjustment costs A* > Ab. Then,

Sa*_q Sbx_1
D1 Lrmegrosy < > i Lirbesree y
S _ax - Sh* b ’
Z¢:1 T; Z¢:1 T

Proposition 3.4.6 states that the frequency of changing price decreases

as the adjustment cost increases.

3.5 Continuous Relaxation

As we have shown in §§3.4.2, the profit function V(S) may have a
complex structure. In the presence of price adjustment cost, i.e., A > 0,
V(S ) is not unimodal. This imposes a challenge in solving the problem for
systems exhibiting strong economies of scale in ordering (i.e., requiring a high
order-up-to level). In this section, we consider a relaxation of the problem
by allowing the inventory level to be continuous. When p(7) is differentiable,
one can evaluate the derivative of the profit function using this relaxation.
In §63.5.1, we first show that when price adjustment is not costly, one can
easily obtain the exact optimal solution when p(7) is differentiable. In §§3.5.2,
we introduce the concept of price segment and reformulate the problem with
continuous relaxation. In §8§3.5.3, we analyze the structural properties of the

relaxed problem.
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3.5.1 The Special Case without Price Adjustment Cost

Proposition 3.5.1. If A =0 and price function p(t) is differentiable, then

V(8) = p'(7:(8)) — h(i),Vi. (3.4)

From Proposition 3.5.1, we also can compute the optimal solution for
different price functions as shown in Table 3.1. This proposition also reveals
that the value function at a given inventory level can be regarded as a rate
of profit. We shall see that the optimal solution has the property that the
optimal profit rate is maintained constant if the inventory cost is accounted

for properly!

The result in Proposition 3.5.1 allows for easy computation of the opti-
mal solution. In Table 3.1 we provide solutions for three examples of commonly
used demand functions when the inventory cost is linear, i.e., h(7) = hi. The
detailed derivation of the solutions can be found in the appendix. We shall
note that this table provides a simple guideline for changing prices when the

cost of changing them is extremely small.

3.5.2 Definition of Price Segment

To treat the general model with A > 0, we introduce the notion of
price segment. From Proposition 3.4.1, the price changes from high to low as
the inventory level goes down. Denote N = Zf:ll 17, %7,.,y as the number of
price adjustment in one replenishment cycle. For each feasible solution (.5, 7),

we can define two vectors & = {xg, z1, -+ ,xnys1} and = {19, t1,"** ,in1} @S
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Table 3.1: Examples of the optimal solution for the case without adjustment
cost

Demand Function (S,V) is the solution of S* T
Linear VSh+V = (;\;?
pr)=a-1 Sla—c)— K =525 — (h+ V)™ 8] | 3%
Ezponential 1+In(Sh+V)=I(ap) - <
p(1) =aln(fr) | Slaln(af)—d-K -« (5] T
(BT > ¢) = 2[(Sh+V)In(Sh+V) — (h+ V) In(h + V)]
Isoelastic (Sh+ V)ﬁ = @
- h(1-125) & s/ _aB
p(7) = ar’ (Set+ K)———="—— (ST "V v
R mﬁ’aje) - ih+V
(B<1,0<7<1) =(Sh+V)T¢ —(h+ V)17
follows.
o = 07 IN+1 = S,
Ty = Hnn{”TIBz-l-l % Teyy Tk = To_q+1, Li-1 <k< 'rl}a 1< J < N;

Gy o= Tu, 1<j<N+1.

When the inventory level falls in (x;_1, z;], items will be sold at the price p(¢;).
We call the interval (z;_1,z;] the jth price segment. At each replenishment
cycle, the inventory level changes from the (IV + 1)st price segment, to the
Nth price segment, ---, until the first price segment as the inventory level
decreases. Denote H(x;_1,x;) as the average inventory holding cost per unit

time when inventory level is in the interval (x;_1,z;]. That is,

Z?izj_l—i-l h(l)

Tj— Tj-

H(xjy,25) =

Then, we can rewrite the long-run average profit V (S, 7) as

S (@ — @m0 [p(ey) — G H (2m1,25)] | — conn — K — NA

V(S,7) = V'(N,0.) = Sl — )]
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For our subsequent analysis, we use (N*, 2%, *) to denote the optimal decisions

that yields the optimal profit V* to denote the optimal average profit. We

also define (i(N),#(N)) to be the optimal decision when the number of price

adjustment is equal to V.

Proposition 3.5.2. If the price function p(v) is differentiable, then

VO =p(0) — H(j o), forall 0< 5 < N* 1.

-1

Proposition 3.5.2 shows that the long-run average profit equals the
difference between the marginal price and average inventory holding cost over
a price segment. In other words, the average profit rate for each price segment
remains constant. This result is a generalization of Proposition 3.5.1. Note
that when A = 0, it is optimal to adjust price whenever the inventory level
changes. In this case, a price segment is defined as (i — 1, 4] for each 1 <7 < S.
The simple equation stated in Proposition 3.5.2 can be used to verify whether

a pricing strategy is a candidate for being optimal.

3.5.3 Continuous Approximation

The problem as described above is very hard to solve when N is large.
In this section, we explore the property of the approximate problem in which
we assume that inventory level changes as a continuous variable and obtain a
feasible solution by using a continuous approximation to the inventory level.

Specifically, the average profit can be approximated as follows
S )@y —wjmn) =4 [ M@)da] — conan — K — NA/?) 5)
\ .
S (g — w-1)1)

W(N, ;%) =
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Note that in the above expression we have replaced the summation by the
integration in computing the inventory holding cost. In other words, this
approximation assumes that the demand arrives continuously at a price de-

pendent rate.

For our subsequent analysis, we use (N*, 7%, 2*) to denote the optimal
decisions for the approximated problem and W* to denote the optimal average
profit. We also define (2(N),#(N)) to be the optimal solution and W (N) to
be the corresponding average profit when the number of price adjustment is

N.

Proposition 3.5.3. The equation h(z)[z — y| — fyZ h(z) = L%,z € (y,+00),

M

has a unique solution z(y), where ' = argmax,{[p(¢t) — c|/t}.

(i) If W(N) + h(z(@ns1 (V) < [p(M) = €] /e then W(N) < W(N +1).

(it) If W(N + 1) + h(z(ina(N 4+ 1)) > [p(t™) = /M then W(N) >
W(N +1).
Proposition 3.5.3 strengthens the results in Proposition 3.4.2 and Lemma 3.4.4
with the continuous relaxation of the problem. In the original model with a
discrete inventory level, one searches for the optimal policy by changing the
inventory one unit at a time. In the continuous relaxation, this is done by

including or excluding a price segment.

Proposition 3.5.4. Suppose that p(-) is differentiable. If h(-) is strictly con-

cave (linear, strictly convex), then
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N+1

K+NA <(=>) ¥ [zj(N) / . h(x)dx]. (3.6)

j=1 j-1(N)

In the classical EOQ model, the fundamental trade off is to keep a
balance between the fixed ordering cost and the inventory holding cost. As
a result of this trade off, the optimal economical order quantity should lead
to the set-up cost equal to the inventory holding cost within each order cy-
cle. Proposition 3.5.4 suggest that a similar trade off in our model when the
inventory holding cost is linear. The key difference in our model is the consid-
eration of price adjustment. Therefore, in the left-hand side of (3.6), we shall
also account for the price adjustment cost as a part of the fixed cost. The
expression of inventory holding cost on the right-hand side is more complex
than in the classical EOQ model. This is due to the fact that the rate of
selling the product changes with the price. In general, the equality between
the fixed cost and the inventory holding cost does not hold in our model, when
the inventory holding cost is not linear. According to Proposition 3.5.4, the
fixed cost is smaller (larger) than the inventory holding cost in an optimal so-
lution when the inventory holding cost is concave (convex) in the stock level.

Proposition 3.5.5 further discovers the impact of inventory holding cost on the

optimal solution.

Proposition 3.5.5. If the price function p(i) is differentiable, then for all
J<N+1,

—
~

HE(N,i(N),Z(N))
[#;(N) = &;_1(N)]i;(N)’

W(N) = mf (N, 2;-1(N), #;(N), ;;(N)) - (3.7)
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7j—1

ply) —c Jo7 h(x)dx

Ly Tj— Tj-1

HE(N,7,7) = La‘[(%—xj_l)h(xj)_/:f

i—1

(- 751) Nf [Lm(h(xm)—h(xm_l))}

m=j+1

h(m)dm] ,

The segment holding cost H JE accounts the total inventory holding cost
paid for the items sold in the jth price segment, which is computed in a
way analogous to the concept of echelon holding cost. The first term of H jE
corresponds to the holding cost during the jthe price segment as these items
are sold and the second term calculates the cost of holding these items in
previous price segments. The segment gross profit rate 7T]-E is the time-average
gross profit rate over the jth price segment. Therefore, Proposition 3.5.5
suggests a relation among the optimal profit, the segment gross profit rate and
the time-average segment holding cost. This relation says that the difference
of the last remains unchanged across different price segments and it equals
the optimal profit. This observation provides the following insight to the
seller firm: given the current inventory position, the firm should set the price
based on the segment inventory cost instead of the inventory cost at paid
during the current price segment. Using this idea, we allocate the fixed cost to
price segment j proportionately according to the segment holding cost. The
allocation provides a method for solving the continuous approximation in a

nice and understandable way (see the details in the appendix).
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Also notice that the proof of Proposition 3.5.5 only uses the first-order
condition for optimality with respect to ;. Hence, more can be asserted about

the profit rates as stated below.

Corollary 3.5.1. Given t, if ¥ are determined optimally and the fixed costs are
allocated proportional to the segment holding cost, then the profit rate across

the segments are equal.

3.5.4 Numerical Study: The Value of Price Adjustment

In this section, we examine the effect of each parameter in the model
on the value gained from changing prices within ordering cycles. In most retail
practice, the number of different prices is usually very limited in view of various
implementation considerations. In the subsequent analysis, we focus on how to
obtain the optimal price segments and optimal selling prices for a given upper
bound N on the number of price adjustment. We use the method developed in
§3.5 to compute the optimal policy for the problem with continuous relaxation
and compare the results with the static pricing model W(O), in which a fixed

optimal price p(0) is maintained throughout the replenishment cycle.

In Table 3.2, we analyze the effect of different model parameters. We
observe that when it becomes more costly to change price (i.e., when A in-
creases), the number of price points in a cycle reduces. However, the cycle
length C'T™, the average selling speed 7* and the average price p* may in-
crease or decrease in A. These observations are consistent with our discussion

in §§3.4.3. Compared with the case of static pricing, allowing for changing
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price can lead to more profit improvement when the cost of price adjustment

is lower, as shown in the last column of the table.

Table 3.2: Effect of model parameters on the value of price adjustment

Parameter (Uhegrs o 01 cr v p W+ p0)  W(0) \WI;(‘S’)(O)\xwo%
A= 0 2,4(51,'3’711'?5?55,8§754?§f§g,2if4§§-47 922 847 08413 851 0.7109 18.34%
0.5 (150,188 2.30.3.11,4.13) 3880 2.22 847 08423 851 0.7109 15.76%
0.30 (1.50,2.62, 3.64) 3831 219 841 08155 851 0.7109 14.70%
0.60 (1.50,2.28, 3.69) 3878 220 843 0.7999 851 0.7109 12.51%
15 (1.53,3.12) 3701 214 834 07726 851 0.7109 8.67%
K= 20 (1.55,3.21) 2701 1.03 7.07 12531 781 1.2348 151%
30 (1.50,2.07, 2.97) 3114 198 813 1.0874 8.05 1.0409 4.47%
10 (1.50,2.28, 3.69) 3878 220 843 07999 851 0.7109 12.51%
15 (1.50,2.39, 4.13) 4282 232 858 0.6772 874 0.5679 19.26%
c= 05 (1.50) 9898 150 7.7 1.62 7.7 16162 0.00%
1.0 (1.50,2.32) 3225 174 767 132 T.AT 1.2829 3.23%
15 (1.50, 2.64) 3441 189 7.904 1.0477 TAT 0.9496 10.33%
2.0 (1.50,2.28, 3.69) 3378 220 843 07999 851 0.7109 12.51%
= 0.01 (1.50) 10054 150 7.7 27144 717 2.714d 0.00%
0.05 (1.50,1.92) 5304 1.64 749 1.8234 7.24 1.8120 0.62%
0.15 (1.50,2.28, 3.69) 3878 220 843 0.7999 851 0.7109 12.51%
0.20 (1.50,2.58, 5.00) 3768 255 8.82 04892 9.13 0.3545 37.99%
o =35 (1.53,2.61,5.00) 1183 271 793 03521 836 02357 19.38%
40 (1.50,2.28, 3.69) 3378 2.20 843 07999 851 0.7109 12.51%
15 (1.50, 2.49) 3380 1.86 8.80 1.3093 8.80 1.2424 5.38%
5.0 (1.50,2.17) 31.88 172 956 1.8541 9.17 1.8130 2.27%
7= 30 (1.84,2.91,5.00) 1685 310 858 03608 0.13 02653 36.60%
3.5 (1.60,2.62, 4.71) 4333 262 849 05755 877 0.4799 19.92%
10 (1.50,2.28, 3.69) 3378 2.20 843 07999 851 0.7109 12.51%
45 (1.50,2.65) 3455 1.90 843 1.0325 831 0.9556 8.04%

Basic Setting: p(¢) = aln(B) for ¢ € [1.5,5], a = 8 = 4, K = 40, ¢ = 2, A = 0.6,
Zi\rzo[(x;+1_$;)b;]

5
TN*41

h(i) = 0.15i, and N = 10. CT* = 2N\ [(a5,, — af)ef), ©* = and

o = SNt~ ()]

17\1*4—1 ’

When the fixed ordering cost K, the variable ordering cost ¢, or the
unit inventory holding cost h becomes higher, inventory based price adjust-
ment yields a larger value. Moreover, the difference among price points also

becomes larger, as implied in the second column of Table 3.2. Even though the
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response of the optimal policy to these three cost parameters is very similar,
the explanation is very different. An increased K implies a strong scale econ-
omy in ordering and an extended cycle length. In this case, it is desirable to
further reduced the price at the beginning of the cycle to speed up the selling
and reduce inventory. When it is close to the end of the cycle, a much higher
price is charged to ensure profitability when inventory level is lower. Conse-
quently, price adjustment becomes more useful when K is large. An increased
¢ is immediately translated to a reduced gross margin, which induces the firm
to increase the price. However, in view of the inventory holding cost, it is
not economical to uniformly reduce the product price over the replenishment
cycle. Instead, the firm should keep the low price at the beginning of the cycle
and only increase the price toward to end to compensate for the increased unit
cost. Therefore, the firm’s ability to change price becomes important when ¢
is high. Intuitively, a larger A may induce the firm to charge a lower price at
the beginning of the cycle to speed up the selling process. However, this is
not always true. From Table 3.2, we observe that the firm would rather make
up the increased holding cost by further increasing the price toward the end

of the cycle.

The profit improvement from changing price decreases as « or [ in-
creases. From the second column of Table 3.2, we observe that the difference
of price points becomes smaller as a or § increases. This is because the speed
of selling the product (i.e., 1/¢) becomes less sensitive to the price. Interesting

a and S has a different effect on the average selling price—The firm can sells
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at a higher average price when « increases or § decreases.

In Table 3.3, we compute the percentage gap between the optimal profit
rate and that under limited number of price adjustments. Recall our discussion
for Proposition 3.4.6. The optimal policy calls for more frequent price change
when the adjustment cost is low. Therefore, it makes sense for us to focus on

the case when A = 0 such that it is optimal to revise the price frequently.

Table 3.3: Effect of Upper bound N for Different Adjustment Cost

Parameter @ »100% YW 100% Y2 x100% YL x 100%

W (100) W (100) W (100) W (100)

A= 0 84.46% 96.56% 98.75% 99.32%
0.15 86.20% 98.06% 99.83% 100.00%

0.30 87.18% 98.67% 100.00% 100.00%

0.60 88.88% 99.58% 100.00% 100.00%

1.5 92.02% 100.00% 100.00% 100.00%

K= 20 96.49% 99.48% 99.81% 99.90%
30 91.89% 98.47% 99.44% 99.72%

40 84.45% 96.56% 98.75% 99.32%

45 79.04% 95.12% 98.20% 99.09%

c= 1.0 94.90% 99.35% 99.76% 99.88%
1.5 89.80% 98.41% 99.42% 99.70%

2.0 84.45% 96.56% 98.75% 99.32%

2.5 78.08% 94.33% 97.63% 98.81%

h= 0.01 100.00% 100.00% 100.00% 100.00%
0.05 98.60% 99.83% 99.92% 99.93%

0.15 84.45% 96.56% 98.75% 99.32%

0.20 66.14% 92.04% 97.28% 98.78%

a= 35 60.20% 90.74% 96.83% 98.58%
4.0 84.45% 96.56% 98.75% 99.32%

4.5 92.47% 98.78% 99.56% 99.78%

5.0 96.34% 99.53% 99.83% 99.92%

8= 30 67.05% 93.21% 97.50% 98.73%
3.5 77.60% 94.21% 97.59% 98.80%

4.0 84.45% 96.56% 98.75% 99.32%

4.5 89.50% 98.34% 99.40% 99.70%

Basic Setting: p(t) = aln(Be) for ¢ € [1.5,5], a = f = 4, K = 40,
¢c=2, A=0, and h(z) = 0.15:.

As a general observation from Table 3.3, price adjustment is subject

to rapid diminishing returns—The additional value obtained from allowing for
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one more price revision within an ordering cycle decreases rapidly with the
maximum number of price adjustments N. In all instances reported in the
table, almost 99% of the optimal profit can be achieved by allowing when
N = 4. Note that in computing the results in Table 3.3, we have set A = 0
in our basic setting. From the first part of the table that the number of price
adjustment needed to obtain almost 100% optimal profit rate reduces as the
price adjustment cost increases. In other words, when price adjustment is
costly, even less number of price revisions are needed to achieve a high profit.
This is consistent with most retail practice that a very limited number of price

points are observed for a certain product.

The result in Table 3.3 further suggests that one can find a close-to-
optimal solution for our problem by testing limited number of price points
using the continuous relaxation of the model. This allows for dramatically

reduction of the problem size.

3.6 Concluding Remarks

Many firms now have the flexibility to change price, order products or
do both at any time. However, the flexibility on pricing poses challenges for
making the optimal pricing and replenishment decisions. Our paper explores
this question and provides general instructions for making these decisions. Our
study shows that the optimal pricing strategy is to charge a low price at the
beginning and change to high price later. We also see the effect of the cost

of changing prices. The total replenishment cycle increases as the setup cost
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increases. The average inter-arrival time increases as the unit cost increases.

To investigate more, we discuss two special cases. One is without ad-
justment cost. We find the firm prefers changing price at each inventory level.
The optimal solution has the property that the rate of profit is maintained
constant if the inventory cost is accounted for properly. We provide the ex-
pression of the optimal order-up-to level and the optimal long-run average

profit for different price functions.

For the general case, we provide the continuous approximation solution.
We show that in the optimal solution the fixed cost may be larger or small
than the holding cost within a replenishment cycle, depending on the inventory
holding cost function. We investigate the profit rate at each price segment and
discover that in the optimal solution the difference between the profit rate of
each price segment and the optimal long-run average profit equals the echelon
inventory cost of each price segment. We proved a formulation which can be

easily solved using standard package.

It would be interesting to see whether changing prices within a cycle
is as effective when there is positive leadtime. Leadtime equals zero in our
paper. As we know, involvement of leadtime would make the problem much
more difficult. It is due to the fact that the long-run average problem can
not directly be reduced to one replenishment cycle any longer. The general
method is to design a heuristic pricing replenishment policy and compare it
with the optimal pricing and replenishment policy. We hope to do so on future

work.
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The restriction on the arrival process creates the benefit of simplifying
the problem from changing price anytime to changing price based on the in-
ventory level. If demand does not follow a Poisson Process, we can not make
such simplification. However, if firms change the price based on their current

inventory level, then our results can be extended to any arrival process.

Our results also lend themselves to empirical testing regarding the op-
timality of the pricing and stocking policies. Firms can use data about the
inventory position to calculate echelon inventory cost. Further, they can test
whether their marginal profit of each price segment minus the long-run average
profit equals echelon inventory cost. If not, then firms can get more profit by

adjusting the price at the corresponding price segments.
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Chapter 4

Conclusion

Two parts of dissertation discuss how to adjust price in different envi-

ronments.

The first project discusses a periodic review inventory model. The
retailer can replenish inventory and change price at each period. We demon-
strate that the optimal order policy is a near-reorder point policy. On the
other hand, the optimal price may increase as the inventory decreases. We
also summarize optimal policies under different supplier uncertainties and de-

mand uncertainties.

The second project discusses the optimal sale strategy during the re-
plenishment cycle. The retailer can adjust price at any time. When demand
follows Poisson distribution, it is equivalent to adjust price at each inventory
level. We find that under the optimal policy, the retailer prefers to adjust
price at each inventory level when the adjustment cost is zero. However, the
retailer only needs to adjust price at limited times when the adjustment cost
is strictly positive. It is interesting to find that the optimal profit rate will

improve largely even when the price is only adjusted once.

When a customer was cheated, he may not visit the retailer any longer.
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Appendix A

Appendix for Chapter 2

Proof of Lemma 2.2.1. When ¢t =T, we have Vy(I) =0 and
Jr(L,q1,q2,d) = R(d) — c1q1 — c2q2 — EH (I + w11 + u2g2 — ed — w)

is concave. Because concavity is preserved under maximization, V() is con-
cave. Now suppose that Vi, i(/) is concave. It follows immediately that
Ji(I,q1,q2,d) is concave and thus V;(I) is concave. It then follows that L;(y)

is concave and thus JP(I,qi, g, d) is jointly concave.

Since L; in (2.4) is concave, L;(I + ui1q; + usqa — ed) is submodular in
(I,q;) and supermodular in (g;,d) and (I,d), i = 1,2. Hence, J; and JP are

submodular in (7, ¢;) and supermodular in (g;, d) and (I, d).

Lemma A.0.1. Suppose that F(I,q,qs,d) is jointly concave in (I,q,qa,d).
Let

@ = {(Iadlag%d)’F(Ialea(jQ?Cb = max F([7Q1>Q2ad)}7

01>0,02>0,d<d<d

QT(I) = lpf {q~1|([751752>d) 66}7

q1

() = inf{@l(1d.0.d) € 0,4 = gD},

q2

(1) = it {d(ld.d.d) € 0.6 = Gi(1). @ = 3(1)
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Then ¢;(I), ¢5(1), and d*(I) are continuous in I.

Proof By definition, (¢; (1), ¢s(I),d*(I)) is a maximizer of F(I, q1, g2, d).
Because F(1,q1,qa,d) is jointly concave in (1, g1, g, d), © is a convex set [11].

Therefore, ¢f (1) = ming, {q&|([, q1, Go, CZ) € @} is continuous in 1.

Now we note that F'(I,q;(I),qe,d) is jointly concave in (I, qq,d). Let

0, = {(an,ci)w(f,qr(m,qa,d): max F(I,ql,qz,d>}.

q2>0,d<d<d

Then ©, is a convex set and ¢5(I) = min{g|(1, §2,d) € ©1} is continuous in

I.

Finally, we have F(I,¢{(I),q5(I),d) being jointly concave in (I, d). Let

0, = {&\F(I,qi‘(f),qé‘(f),ff) = maxF(I,ql,qz,d)} :

d<d<d
Then O, is a convex set and d*(I) = min{d|(I,d) € ©,} is continuous in I.

Proof of Lemma 2.2.2. Define y; = I + u1¢; and

Dy (y1, g2, d) = JtB(I7 (y1 — 1)/, q2,d) — &1 1

= R(d) — cy1 — Caqa + ELi(y1 + usge — ed). (A.1)

We observe that the right-hand side does not depend on I and is concave in
(y1,q2,d). Let J(yl) and ¢»(y1) denote the maximizer of ®, for a given y;. It
follows that ®;(y1,d2(y1),d(y1)) is concave in y; and has a maximizer, which
we denote by 7. We also denote g7, = @5 (yf,) and df = cj(gthl) Thus,

the optimal ordering decision for supplier 1 follows a base-stock policy, i.e.,
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qfy(I) = (gP, — I)" /uy. Moreover, when I < 7/, we must have I + ¢ (I) =
gty, which implies ¢, (I) = 65'(5/) = afy and df (1) = d(gf;) = df’.
Proof of Lemma 2.2.3. We suppose ¢;,(I) > 0 and ¢ (1) = 0.

Then, we must have

JE(0,at5(1),d7 (1))
= R(dy (1) = 2a/5(I) + EL(I + uzq;(I) — edf (1))
= Ju(0,4:5(1), d7 (1))
< Jilafa (D), aio(1), di (1))
= R(d;(I)) — &1gi1 (1) — e2qio (1) + BLe(] 4 urg;y (1) + uagi (1) — edi (1))

< R(d;(I) — e1gi, (1) — eaqio (1) + BL(I + tag;y (1) + uag;o(1) — edi (1)),

The first inequality follows from the facts that for model §, (0, ¢/, (1), df (1))
is a feasible solution and (g7, (1), /o(I),d;(I)) is the optimal solution. The
second inequality follows from the concavity of L; and Jensen’s inequality.

If the inequality is strict, then the above relation suggests that in model B,
(g;1(1), q; (1), d;(I)) yields a higher profit than (0, ¢ (I),dP(I)). This con-
tradicts the optimality of (0,¢/%(1),df(I)). If equality holds in the above
relation, then ¢;(I) = 0 is also an optimal solution. Therefore, we conclude

the proof.

Proof of Lemma 2.2.4. We prove the result for supplier 1 and that

for supplier 2 follows in a similar way. To see i), we note that ¢ 1(f) < 0
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implies, for a small enough 4,

O Z Jt(LQQZz(I%df(I))—Jt(fa_5/@1,@,2(1)@:(1))
= Vill) = [R(di (1)) — &x(=0/t) — Caq;5(])

FEL(1 4 ui(=0/11) 4 uaqi o (1) — ed; (I))]

= —ad+Vil) = [R(d; (1)) — C2ai5(1) + EL(] — w16/t + uagqp o (1) — edi (1))]

> —c16 + V(1) — [R(d{(I)) — Cagio() + EL(I — w16 /ty + uaq;o(I) — ed; (1))

= e+ VilI) — [R(;(D)) — Gago (1) + EL(I — 6 + uaqfo(I) — ed;(1))]

v

—e1d 4+ VilI) — Vil — ).

The second inequality follows from Jensen’ inequality. The last inequality
follows from the maximality of V;(I — ¢). Hence, we obtain part i).

We show part ii) by contradiction. There does not exists a § > 0

Vi (I46)—Vi(I)
-5

Vi (I+8)—Vi(

satisfying > c1. We must have 5 D < ¢ for any 0 > 0 and

thus for any ¢ € [0, ¢;,(I)uy)]. It follows, for each realization of uy = u; # 0,
atng,(I) > Vil + g, (1)) — Vi)

S+ ag; 1 (1), 0,4:5(1), di (1)) = Ji(1, g5, (1), ;o (1), d (1))

= g () + BL(I + t1gg, (1) + uag;»(1) — edi (1))

v

—BL(I 4+ uiqf (1) + uaqi (1) — edi(1)). (A.2)

The second inequality follows from the maximality of V;. Taking expectation
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over 11, we obtain

v

1t gr (1) c1qi (1) + BL (I 4 uigf (1) + uaqf (1) — ed; (1))

—ELi(I + u1g;y (I) + uagr (1) — edi (1))

= 51@21(]) = Clﬁl@f,l(”’

Since equality holds in the above relation, we must have equality in (A.2) for
each @;. It follows that V(I 4 0) — Vi(I) = ¢16 for § € [0,¢;,(1)uy)]. This

leads to a contradiction.

Proof of Lemma 2.2.5. The result would follow if there exists an I''5
such that ¢;,(I) = 0,7 = 1,2, for any I > I”P. Note from Lemma 2.2.4(ii) and
the concavity of Vi(I), ¢/,(I) = 0 if w < min{cy, o} = ¢ for any § >
0. We show that there exists an I'Z such that w < min{c, e} =
for I > IVB and any § > 0. This is clearly true for period T'+ 1. Suppose it is
true for period t + 1. Note that w > 0 for I > 0 and v > 0. Hence,

there exists an IVP such that

E[L(IV8 + 6 — ed) — L,(IVP — £d)]

5 <0+ ac; <.
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This implies

IN

IN

<

Vi(IPB +6) — V,(IFP)

UB UB
max :Jt(-[t +5a Q17Q2ad) - max :Jt(-[t thQZyd)
q1,92>0, d<d<d q1,92>0, d<d<d

q1,42>0, d<d<d

max {Jt(ItUB +0,q1,q2,d) — Jt(ItUBvqlaq%d):|

max B |:Lt([tUB + 6+ urqr + usqy — ed) — Ly(I7P + uiqy + uage — ed)
41,0220, d<d<d

E [Lt(ItUB + 6 —ed) — L(IVP — gd)]

015.

Hence, we conclude the proof.

Proof of Lemma 2.2.6. We prove the result by contradiction. Sup-

pose that the result is not true. Then by the continuity of ¢ ,(1) established in

Lemma A.0.1, there exists a v~ such that ¢; (I —d1) = 0 for any &; € (0,77).

Now choose a 8, € [4,0] € (0,77) satisfying § < 0. Because ¢; (I — 6;) =0,

we must have

Vil = 61) = R(d;(I —&1)) — Caq;5(I — 01)
—f-ELt(]_ — 61 + UQ(]Z&(]_ — 51) — €d;k(l_— 51))
== JtB(j— (51,0,qz2(j—(51),d:(j— 61))

< max JZ(I —61,0,q9,d).

42>0,d<d<d

Because ¢; (1 +6) > 0, we have from Lemma 2.2.3, ¢7 (I + §) > 0 and thus

qf,(I — 01) > 0. Moreover, from Lemma 2.2.2, we must have the base-stock
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level g2 > I, and ¢f,(I) = (5P, — I)/us for I < I. Now define JP(I,q,) =
AX, 50 g<d<d JB(I,q1,q2,d). Then JP(I,q) is jointly concave in (I, q;) and

the smallest maximizer of JZ(I — &1, q1) is ¢P (I — 61) = (gF, — I+ &1)/wy >
01/1;. Therefore,

Vil —6,) < JP(I—6,,0)<JB(I-61,01/)—k

= max :{R(d> - 51(51/1_61 — Ca@o + ELt(j + U2q2 — €d>} — K
42>0,d<d<d

S W([) — 0151 — K, (A3)

where k = JE(I,0) — JB(I,—0/t;) > 0 as the base-stock level yP, > 1. To
see the second equality, we note that x = JP(I — 01,6, /a1) — JE(I — 6y, (51 —

0)/ay) < JP(I - 6y,01/ay) — JP(I — 6,,0). Therefore, (A.3) implies

Vi(D) — V(I = 6)) > c161. (A4)

Let G;1 (1) be the smallest unconstrained maximizer of J;(1, g1, ¢; 5 (1), di (I)).
Because ¢; (I —6) = 0, we must have (1 —d1) < 0. Now if g1 (1 —6y) <0,
then from Lemma 2.2.4 and the concavity of V;(I), we have V,(I)—V;(I —d,) <

c161, which contradicts (A.4). Hence, we obtain g;1(I — &) = 0 for 6, € [d, 0].

Now we note that V; is concave so that there can be at most countable
points at which V; is not differentiable [10]. For a differentiable point I €
[[ — 6,1~ §], we have

!/ a * * *
Vi) = EELt(I +u1g; (1) + uaqfo(I) — edi (1))
0
= mELt(I + uaqy o (1) — edi (1))
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is well defined. Because §;1(I) = 0, we derive by the envelope theorem

aJt([7 q, qi?:2([)7 d;<[))
dq

0
= -G+ EEulLt(I + uaqy (1) — ed; (1))

q=0

o) . .
= —&+ ﬂlE]ELt(I + uzq; o (1) — edi (1)) = 0.
This implies that V/(I) = ¢,/u; = ¢;. This contradicts (A.4).

Proof of Lemma 2.2.7. Because V;(I) is concave, it can have at
most countable number of non-differentiable points. Let N denote the set of
non-differentiable points. We show that X; € N . Suppose this is not true.
Then there exist an I with V//(I) well-defined over the neighborhood of I such
that I satisfies the conditions in Lemma 2.2.6. In other words, ¢fy(I) = 0
and g (I +6) > 0 for any arbitrarily small §. From the proof of Lemma

A.0.1, G14(I) is continuous. Hence, we must have g, (/) = ¢f,(/) = 0. By the

envelope theorem, we have

_ OEL(I (1) —ed; (1
LR URE )]

Hence, the right-hand side of the above is well defined. The first-order condi-

tion of ¢ 1(f) = 0 leads to
OBL,(I + ugq;o(I) — ed; (1))

57 = 0.

—C1 tup

Now consider the benchmark problem B. The above relation implies that
0JF (I, q1, 45(1),d; (1)) OEL(I + uzqf»(I) — ed; (1))

= —C t+ U
q1=0

It is also clear that

JP(IL,0,q55(I),d; (1)) = max _JP(I,0,q,d).

2>0,d<d<d
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Therefore, ¢, (I) = 0, ¢5(I) = ¢;,(I) and dP(I) = d;(I). By Lemma 2.2.2,
we must have g7, (I) = 0 for any I > I. Moreover, by Lemma 2.2.3, we deduce

that ¢f, () = 0 for any I > I. This leads to a contradiction.

Lemma A.0.2. If the pricing decision is made before observing (uy,us) and
after observing (e,w), then the optimal price is decreasing in the inventory

level and the optimal orders follow a near reorder-point policy.

Proof of Lemma A.0.2. Let V,(I) be the optimal profit function in

period ¢t when the inventory level is I. The optimality equation is given by

V;/(I) = Q1£%aq§>0 Wt([7 qi1, q2)

Wt([7 qi1, QZ) = Ea,w[maX: jt(Ia q1, 42, d)]
d<d<d

LI, q1,q2,d) = R(d) —ciq1 — Caqo — By, H(] + u1q1 + u2qy — ed — w)
By, Vit (I + wigr + tage — ed — w)
Note that J,(I, ¢1,q2,d) is supermodular in (/,d). Hence, the optimal price

is increasing in /. Finally, the optimal ordering decisions can be derived in a

way similar to that of Theorem 2.2.1.

Proof of Theorem 2.2.2. To see part i), we note that the optimal
profit function V;(7) is differentiable in I when ed + w has a continuous distri-

bution. The result follows immediately from the proof of Lemma 2.2.7.

For part ii-a), we first show that d;(I) is increasing in /. We have

ViI) = max {(R(d) + Gi(I - d)}, (A5)
deld.d)
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where

Gi(z) = max {—ciq1 — Cago + ELi(2 + uiqq + u2q2) }.
q120,q2>0

Since L, is concave, it is clear that G(z) is concave in z and thus G;(I —d) is
supermodular. We deduce that R(d) + G(I,d) is supermodular, which leads

to the desired result.

Next we prove that the change in d;([) is less than the corresponding

change in I. We can write (A.5) as

Vi(I) = max R(I — z)+ Gy(2).

z€[I—d,I—d)

Since R and G; are concave, R(I — z) + G(z) is supermodular in (7, z). It
follows that the maximizer z;(I) = I — d;([) is increasing in I. Hence, we

obtain the desired result.

To prove part ii-b), let 6; = Pr{u; = u;}, i = 1,2, and 2 = [ —d. We

have
Ji(L,qi,q0, 1 —2) = R(I—2)+ (1 —01)(1—0:)Li(2) + Ge(z, 1, q2),
where

at(% qi1, Q2) = —019151% - 0292526]2 + 91(1 - 92)Lt(z + ilQl)

+(1 = 01)02 Ly (2 + Usgz) + 01602 Ly (2 + Urqr + Uago).

Note that for fixed (I,d), the optimal (g1, g2) maximizes Gy(z, ¢, ¢2) and de-
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pends on (I,d) only via z = I — d. Now define y; = 2z + u1¢;. Then,

max at<zaQ17Q2)

q12>0,g2>0
- ylg;%{zo Gi(z, ()1 — 2)/11, @2)
— ?2%({01012 — CobaTiaqs + (1 —01)02L(z + 52(]2) Oz ),
22

(A.6)
where

Qz,q2) = gngﬂz(—cﬂlyl 4+ 01(1 — 02)Le(y1) + 0102 Li(y1 + Tago).

Let 71(g2) denote the unconstrained maximizer of Q(yi,¢2). Then, for given
(z,q2) the optimal y; is max{y(q2),z}. It is easily seen that Q(y1,q2) is
jointly concave and thus Q(z,¢s) is concave. If §1(ga) > 2), then Q(z,q2)
submodular in (z, ¢2) because L, is concave. If, however, 71(g2) < z, then then
Q(z,q2) is concave in ¢y and constant in z. In either case, the function inside
the maximum of (A.6) is submodular in (go, 2) and thus the optimal go(2) is
decreasing in z. We further recall part i) that the optimal z; (1) = I —d;(I) is
increasing in I. We deduce that ¢ ,(I) = g2(2/ (1) is decreasing in I. Now note
that g} ,(I) = max{71(q2(2;(1))) — 2{(I),0} /u;. Since ¢f, = 0 when I > I},

we focus on the case I < I}';. Let yo = 2 + Uaqy. For I < Ify,

q1§52§206t(z7 q1, q2) (A7)
- fyf;@x{cl@lz — Caba(yo — 2) + (1 — 01)02Le(y2) + Q((y2 — 2) /2) }

where

Q) = H;?X{_Clglfh +601(1 — 02) Ly (y1) + 0102 L (y1 + U2qa) }-
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Because L; is concave, Q is concave. It follows that the function inside the
maximum of (A.7) is supermodular in (ys,z) and thus the optimal ys(2) is
increasing in z. We further recall part i) that the optimal z;(I) = I — dj(I) is
increasing in I. We deduce that z;(I) + g5, (I) is increasing in 1. Also, we

can rewrite () as follows,

Qlg) = H}]?X{_Clel% + 01(1 — 02) Ly(2 + Urqr) + 0102 Ly (2 + Uoqe + Urqu) }-

(A.8)

The function inside the maximum of (A.8) is submodular in (z,¢;) and (z +
U2, q1). Because both z; (I)+1aqs (1) and z; (1) increase in I, g ,(I) decrease

in 1. We conclude the proof.

Proof of Theorem 2.3.1. We prove the result using contradiction by

assuming that ¢;,(I*) < ¢f,(I°). We must have

0 < A% qy(I"), qra(17),de) = J(1°, 454 (1%), 4 5(1"), dy)

= _Cl<q;:k,1(lb) - QZ1<Ia>) + ELt(Ib + ulQZ‘,l(fb) + UZQZQ(Ib) —edy)
—EL,(I° + urqs, (1) + U2qz2(]b) — edy)
—C1<CIZ1(Ib) - qzl(f“))

FEL 1 i, (0%) + i) = o = (1= P a(aia (1) = 2 (17) )

IN

_EL, [Ib - urgty (1) 4w (") — edy (I” I (1) q:,2<1“>))]

= _Cl(qzl([b) - q?,l(f“)) + EL, (Ia + “1QZ1([b) + U2Qt*,2([a) - 5dt)
—EL (1 + urqy (1) + uag; 5 (1) — edy)

= Jt(Ia7 q:,l(lb>> q;tk,Z(Ia)? dt) - Jt(laﬂ q;l(Ia)v q:,Q(Ia)v dt) <0.
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The first inequality follow from the optimality of (¢, (1°), ¢ 5(I")) for Jy(I°, i1, qr.2, dy).-
The second inequality follows from the concavity of L;. The third equality

comes from the optimality of (¢;,(I¢), q; (1)) for Ji(1%, qs1, Gr2, dy)-

Moreover, in the view of above proof, we can obtain that the results of
i and ii-a hold for multiple suppliers and the result of ii-b only holds for two

suppliers. We conclude the proof.

Proof of Theorem 2.3.2. Suppose that d;(I*) > dj(I*) and ¢ ,(I*) <

q;,k,1(fb) for I < I*. Then we must have

0 < J(I% g5 (I%),0,d; (1%) = J(I°, ;1 (1%),0,d; (1%))

= —alg (I°) = g5, (1) + EL(I° + wig;, (I°) — ed; (1))
—EL(I" + wig; (1%) — ed; (I%))
—c(gp, (1°) — ¢/, (1)

R e N (e D) |

IN

~EL, [I*’ +ung (1) — ed; (I°) — <Ib — I+ e(d;(I") — d;‘([”)))}
= —ag(I") = ¢;1 (1) + BL(I* + wig, (I') — ed; (1))
—BL(I" + ugp, (1) — ed; (1))
= J(I% g, (17),0,d; (1)) = J(I° ¢;1(1%),0,d; (I%)) < 0.
The first inequality follow from the optimality of (g; ,(1°), d; (I°)) for J,(I°, ¢41, 0, dy).
The second inequality follows from the concavity of L;. The third equality

comes from the optimality of (g, (1), d;(I¢)) for Ji(I%, q;1,0,d;). We reach a

contradiction. We conclude the proof.
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Proof of Theorem 2.4.1. If a = 0, then u; = b is deterministic.
From Lemma 2.2.2, we know ¢;,(I) follows a base-stock policy and is thus
decreasing in I. Now note that for I < g/, ¢;,(I) = @/}, is constant in I.
For I > gjfl, we have ¢, (I) = 0 and Jy([,0, g2, d) is submodular in (7, g2) by
Lemma 2.2.1. Hence, ¢;,([) is decreasing in I. In particular, if a = b = 0,
then u; = 0. In this case, the problem reduces to one with only supplier 2 and

thus ¢;,(/) is decreasing in I as pointed out by Henig and Gerchak [41].

Now we examine the case when a # 0. To see part i), we first note that
qio(I) = 0 for I > I,. In this case, ¢f (/) is decreasing in I since Jy(/, q1,0, d)
is submodular in (7, ¢1) by Lemma 2.2.1. If I < 7y, then ¢/ o(I) = G;2(I) where
Gr2(I) is defined in Lemma 2.2.4. Now define x = aq; + ¢2 (or @2 = © — aqy)
and J:(1,q1,z) = Ji(I,q1, ¢ — aq,d). Also let Wi(I,q1) = max, d:({, q, )
with Z(1,q;) denoting the corresponding maximizer. It is easily seen that J,
is concave and thus W; is concave. The result would follow provided that

W;(1,q) is submodular in (I,q), i.e. for any I* < I® and ¢¢ < ¢,
Wi (1% qf) + Wt(1b7 qlf) < Wt([a7ql1)) + Wt(Iba qr)- (A.9)

It is clear that (A.9) holds when I% = I°. Therefore, we focus on the case
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when 1% < I°. Define 2 = #(1¢,¢%) and 2° = (I ¢}). We deduce
Wi(I°, qf) + We(I",7) — 2R(d)
= —(C1 + aca)q} — cax® + EL (I + bq} + ugz® — ed)
—(€1 + aCy) ¢t — Goa® + EL(I° + b} + uga® — ed)
= —(&1 + aty)q) — cax® + BL(I* = b(q} — gf) + bg} + upz® — ed)
—(€1 + aBy)q} — Ex’ + EL(I° + b(q® — ¢%) + bg? + upa® — ed)
< Wi(I? = (g} — q7),q7) + WelI” + b(d) — qf), q7) — 2R(d).  (A.10)
The inequality follows from the maximality of W;.

Moreover, by the concavity of W,(1,q), we obtain
Wi(I° ) = Wi(1* = b(d} — ¢f), 47) S Wi(I° q}) — Wi(I*, ¢0)

A1l
I' — I* + b(q? — qf) B 1P =10 AL
WiI” +b(qy — ai),q7) = Wil q7)  _ WilI®, ) = Wi(I" g}) (A12)
I — I+ b(q) — qf) - 1P —1Ie .
Relations in (A.10), (A.11) and (A.12) imply
Wi(I°,qi) = Wi(I®,q1) _ Will®, q) = Wi(I°, 7)
Jb — Ja — Jb — Ja ’
which leads to (A.9).
To see part ii), we note that uy = —%ul — 2 Hence, a similar argument

as that in part i) yields the result.
To see parts iii), we note that u; = aus when b = 0. We have
(I, q1,z) = R(d) — cratsq — catis(x — aqq)
+EL(I + auzqr + us(x — aqr) — ed)

= R(d) + CL'HQ(CQ — C1)Q1 — CoX + ELt(I + Uk — €d>
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The right-hand side is separable in ¢; and z. Hence, the optimal z} (/) maxi-
mizes the last two terms for # > 0. Since L; is concave, it is clear that x; (1)
is decreasing in I. Also ¢f, (/) maximize atiz(cy — c1)q1 over q1 € [0, 77 (1) /al.
If ¢; > ¢, we must have ¢;,(I) = z;([)/a is decreasing in I, which, in turn,
implies g;,(1) = 27 (I) — agf,(I) = 0. If, however, ¢, < ¢, then ¢;; = 0 and
qi»(I) = {(I) is decreasing in I.

For b = —a(uy +u,) and a < 0, we have g;,(I) is decreasing in I from
the part i. From the Theorem 2.2.1, Lemma 2.2.4 and the fact ¢; < ¢o, we
know that G 1(I) > 0 and Go(I) > 0 when I < [7,. From the continuity of

@i »(1), we only need to prove that there exists g;» and an optimal solution

satisfying that ¢/ (I) = Gro — igiu when I < I, Define y; = I —a(tz+u,)¢
and
Ug
Oy(yr,2) = 5L, q.2) = [(c2 —c1)= + ]l
Uy + U

=2
= R(d) — ci(atiy — a(uy + gQ))ql
U
—colig(x — aqy) — [(02 — )= CE cl}[
Uy + U,

FEL (I + (aug — a(y +w,))q1 + ua(z — agi) — ed|

Uu —
= R(d) — [(CQ — Cl): 2 + Cl} ([ — CL(EQ + QQ)Ch) — ColoX
uz +u,

FEL (I — a(ty + w,)q1 + ugx — ed]

= R(d)— [(02 — )

Us

= + cl}yl — CoUsX + ]ELt[yl + Uk — Ed]
Ug + u,

We observe that the right-hand side does not depend on [ and is concave in

(y1,x). Let (y1,Z) to denote the maximizer of ®;. We must exist an optimal
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solution satisfying I —a(ts+u,)q; (I) = 41 and aqi(I)+q5(I) = T when I < I},

Thus, ¢5(I) =z —aqi(I) =& — L= Jro —

u2+u
2+,

~ — 1
Define g1 = 7 + T, Uty

We conclude the proof.
Proof of Theorem 2.4.2. The proof is similar to the one for Theo-
rem 2.4.1. The added complexity here is that we have to consider the decision

di(I) which is bounded from above.

Example 3 Li and Zheng [48]: T =1, ¢; = 1, H(z) = h(max{z,0})? +
s(max{—=z,0})? with h = 2, s =9, p(d) = 20 — d, Pr{uy = 0} = 1, Pr{c =
0} = Pr{e =2} = 0.5 and w = 0. The yield rate u; is uniform(0,0.5).

4

35 N
3 N

25 N

Inventory level I

Figure A.1: The example provided in Li and Zheng [48].
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Appendix B

Appendix for Chapter 3

Lemma B.0.1. If A;/B; < Ay/Bs with By > 0 and By > 0, then the following
results hold:
Z) Al/Bl < (Al + AQ)/(Bl + BQ) < AQ/BQ.

ZZ) ]f By > Bl, then (A2 — Al)/(BQ — Bl) > AQ/BQ > Al/Bl. ]f B; > BQ,
then (Al — AQ)/(Bl — Bg) < AQ/BQ.

iii) g(n) = giizgz is increasing in n.
Proof. The proof for part (i) is straightforward. Part (ii) follows because

'(n) = Ay(By +nBy) — By(Ay +nAy) _ AyB1 — A1 By 0
g = (B1 + nBy)? (B1 + nBy)?

Derivations for the solutions presented in Table 3.1.

Linear demand function p(t) = a — é We have p/(1) = T% From (3.4), we
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B

have 7; = 4/ 77, Hence, given S, we have
. Sla—0) = K —BY L, (Vih+V + r)

S 1
\/_ZHW

th+V
Sla—c)— K = \/_Z\/zh—i-v—l—\/h;v)

S(la—c) — —2\/_Zx/zh+V

If S is a large number, we can use an integral to approximate the right-hand

side. That is to say

S(a—c) = K =2 [ Vah + Vdx
S(a—c) — K = 52[(Sh+ V)¥2 — (h+ V)3

Take the derivative of both sides with respect to S, we have

_4/B 12 dv 1724V
a—c=— [(Sh+V)"4(h+ dS) (h+V) dS]
dv 1 (e —c)h
— = — hvSh+V].
ds \/SH+V—\/S+V[ 2V/3 |
We obtain that % > 0, when vSh+V < (Oéj/‘gh; % =0, when vSh+V =

(a—c)h , dV

2f’ds<0 when /Sh+V > @

f

Therefore (S*, V*) are a solution of the following equation system

VSV = &= (B.1)
S(a—c) = K = 5P[(42) - (h+V)*/?] (B.2)

The optimal expected interarrival time can be obtained by 77" =y / 7=
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Ezxponential demand function p(T) = aln(B7), (BT > ). We have p/(1) = 2.
From (3.4), we have ; = | /7755 Hence, given S, we have

—Sc— K+« Z;‘g:l[ln(ihofv) - ihTV]

- S
aZi 1#
S
zh—i—V
S”K_O‘Zln@mv gmv

af
th+V

S(c+oz)+K—aZln

)]
Sla(n(af) — 1) — (] Zln ih+ V)]

If S is a large number, we can use an integral to approximate the right-

hand side. That is to say

Sla(ln(ap) —1) — ] - K = a[f In(ih + V)]dx
Sla(ln(aB) = 1) =] = K = ${(Sh+ V)[In(Sh+ V) = 1] = (h+ V)[In(h + V) — 1]}
Sla(ln(aB) =1) =] = K+ a(S = 1) = 2[(Sh+V)In(Sh+ V) — (h+ V) In(h + V)]

Slaln(aB) = = K —a = §[(Sh+V)In(Sh+V) = (h+ V) In(h + V)]

Take the derivative of both sides with respect to S, we have

av

aln(apf) —c= %[(ln(Sh +V)+1)(h+ d—v) — (In(h+V) + 1)ﬁ]

as

avil, Sh+V c
7 hl n( WV )_ln(aﬁ)—a—[ln(SthV)—l—l]
We obtain that 9% > 0, when 1 + In(Sh + V) < In(af) — £; %22 = 0, when

1+In(Sh+V) < ln(aﬁ) £, 4% <0, when 1+ In(Sh+ V) > In(af) — £
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Therefore (S*, V*) are a solution of the following equation system
1+ In(Sh+V)=I(af) - < (B.3)

Slaln(af) —c = K —a = $[(Sh+V)In(Sh+ V) = (h+ V) In(h 4+ W B.4)
The optimal expected interarrival time can be obtained by 77" = | /75=-

Isoelastic demand function p(t) = at®, (B < 1, 0 < 7 < 1). We have

p(1)= (T‘)Xf’g_ﬁ From (3.4), we have 7, = '~ mofv Hence, given S, we have

v —Sc— K + Zle[ (m_;_v)ﬁ/(liﬁ) —th l_i/ ihafV]

Yo ' wly
i=1 TtV

iV 2y
. af GRS |

Se+ K Z[a(m . V)B/(l—ﬁ)] ()1 Z[m - V]B/(l—ﬂ)
= =1

If S is a large number, we can use an integral to approximate the right-

hand side. That is,

Sc+ K = a5 (875 — B77) [5 (zh + V) Trda
1 B 1 _
Se+ K = 2B (Sh+ V)T — (h+ V) 75
1-8

Take the derivative of both sides with respect to S, we have

1 B8 1
-3 (B1-F — B1=F B dVv _8.dV
o= T s vy i ) vy O
av1 8 1 c
h+ V) 75 — (Sh+ V) T8 T 1
dSh[( ) ( )= (Sh+V)% ar(@%_/gf)



1 B 1

We obtain that 4% > 0, when (Sh + V)% < am(ﬂl;ﬁ —AIF). 4% =0, when
i o g 8 = g
(Sh4 V)5 = aTZETP8TP) 4V when (Sh+V)Ts > @ ETP=5T7)

Therefore (S*, V*) are a solution of the following equation system

1B _1
(Sh+ V)5 = e ZETP=5TF) (B.5)
_1 B _1 1—2 1-2
Se+ K = “ZBELBED(Sh + V) =5 — (h+V)T7]  (B.6)
-3
The optimal expected interarrival time can be obtained by 7" = '~ zh’fﬁ, :
L]

Computation of the Optimal Solution for the Continuous Relaxation

Let w; be the ratio of the length of the jth price segment to the length
of the replenishment cycle. To find the optimal selling price, we can write the

problem as follows.

(MP)  max W:]:i{wj[p(m—c_Lijlh@)da:_ ; H

jiw;it5iC; Lj i —xj—1 (T —xj1)y

N+1
st. Y (=K+NA,
j=1

(zj —xj1)t :
Z%iﬂ(xm — Tm—1)tm]
Tj > :Ejfl,Vj

Here, (; can be represent as a method to allocate the fixed cost (K +

NA) to N + 1 price segments.
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We can use BARON to obtain optimal solutions for MP. In all the
examples reported in §3.5.4, the optimal solution of MP can be obtained in

no more than 10 seconds.

Proof of Lemma 3.4.1. Suppose that the result is not true. Then we must
have 7;(S) = 7° for some j. Let iy = min{i : 7, = 7°} and iy = max{i : 7; =
Tb}. Wecanfind 7; =7 for 1 <1 <4y —land 73 =7for i +1 <1 < 8S.
Now define two vectors as follows:

T¢ for iy <i <73 7€ for i1 <i <73
1S1S% 4 O { 151 < 1

K :{ 7i(S)  otherwise, P 7;(S)  otherwise.
b

Denote A = Z=2. Then 7(S) = A/t + (1 — A7 and p(7:(5)) < Ap(r) +
(1= NprE) for i <i < S. We have

7(i,7:(S)) < Ar(i, 7)) + (1 = N (i, 7°).

By the optimality of 7;(S), we have for I = A, C,

S iy s . o
V(5) > V(s 7l) > 2=t 10T AZS; ]lnl(s#nfl(s) K—cS
i=1Ti

Note that the second inequality follows because 2522 L4 (s)24 () < Zf:z Lorgpr
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Moreover, strictly inequality holds for I = A. We derive

V(S) > max A[Z;g:1 W(i; TiA) - AZ;S':2 ]]“f'i(s)#f'ifl(S) — K — CS]
AT A
=1 'L

L= N[0, 76, 78) — AT, Lasypnu(s) — —05]}
(1-2X) Zf 1Tz‘C

Y

- A w6, 7) = AX L, Lasyzss) — K — ¢S]
AZZ‘ 17 ‘f‘(l_)‘)Zfch
+(1—A)[Zf (6 7E) = AT, Lasyznais) — K — ¢S]
A L (=)L rf

S .

i 5 11 A 74 ( T, - - S ~
> [lel’/‘T(ZT( ) — 25312 i(S)#7i-1(5) C}:V(S).

>imr Ti(S)
This is impossible and hence we conclude the proof. O

Proof of Lemma 3.4.2. We prove the result using contradiction. Suppose
that the result is not true. Then j = min{i|7} < 7,0 < i < S*} is well
defined. Let | = max{i|7/,, ; = 7,1 < < S* —j + 1}. We consider two

cases.

Case 1: 1 = S. In this case, we must have j = 1 and thus 77 = 77 < 7™

We derive

V* = p(ri) — ¢ _ Zf; h(i) _ K

T S* T S*
p(t") —c _ Zf:l h(i) _ K x M M
< M G MG - V(S y Ty , T )

M

The inequality follows from the maximality of 7™ and 77 < 7. The above

relation contradicts the optimality of V*. Hence, this case is not possible.
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Case 2: 1 <1 < S. Consider any X C {1,---,5*}. We can partition
X into at most s < S number of sets {z1,--- ,z,} such that 7" = 7/ , where

k1 = min{z;} for k =1,2,--- ,s. Then,

IVI)

(4,75 ) @
ZieX ﬂ-(ia Ti*) o ZZ:l |:T]:;1 ZiExk 71:1 ; :| ZZ:I |:7_l::<1 Ziegck %:| B 7((2,’ TM)

< —
Zz’ex T ZieX T ZieX T ™

Now define I = {i : 1 <i<j—1lorj+1<i<S}and N4 =
252—11 Lirs #rr,,y- We derive

V(S* .- ,7’;_177'M7... ,TM7T;+Z+1’... e
Zie[ ﬂ-(iv 7'2-*) + Zz@é[ W(i; TM) B ANA + K
Dier T T > ier T T
> 2ierm(i ) /T + 2igr (6 7))/ 7] B ANA+ K
Dier T [TV + 1 Doier T HITS
Zie] (i, 77) + (TM/T;) Zigy (i, 77) B ANA + K
B ier 7o+ (TM Tl Dier T TS

S Zil m(i,7}) ANA+ K
- S+ N - S N -
Zi:l T Zi:l T

The first inequality follows from 7} < 7™ and the second equality is obtained

V*

by applying Lemma B.0.1(iii). The above relation contradicts the optimality
of V*.

Finally, the unimodality of [p(7) — ¢]/7 in 7 can be easily verified for a

concave p(7). Hence, we conclude the proof. O

Proof of Lemma 3.4.3. We prove the result by contradiction. Suppose N4 =

Zle_l Lrs 7 > 1. Then we can define a sequence of indices {lo, -+, Iyaj1}
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with 1 =1y <--- <lyay; =S5"+ 1such that 77 =77 for [ <7 <[ —1
and 1 < k < N4 + 1. Define
l'+1—1 . *

i=l

0<isNA (L1 = )7

- I — .
SO - K XE w6,) — A+ (A= K)

A j a (lj'—l-l — ZJ)T; o <l§'+1 — lj)Tj*
A l -1 -
> Zszo [sz:l;t (i, le) - A] 4 A-—K
N g:0<lk+1 — lk>7';; (lj'—i-l - lj)Tj*
N4 lpp1—1 -
Z k=0 [Z’Lk:-;k 71—(277—[]@) - A] + (A - K) — V*

NA *
j—o (L1 — lk)Tzk
The first inequality follows because 7 (i, 7) is weakly decreasing in ¢, the second

inequality from Lemma B.0.1, and the third inequality form A > K. The above

relation contradicts the optimality of V*. Hence, we conclude the proof. [

Proof of Proposition 3.4.1. Suppose the result in part (i) is not true. Then
there exists some inventory level j, 1 < j < S, such that 7;(S) > 7;_1(5). Note
that we can always choose j to be the maximum of such inventory levels, i.e.,
g = max{i : 7;(5) > 7;_1(S)}. Define {1 = min{i : 7,(S) = 7;_1(5),1 < i <

Jj— 1} and lp = max{i : 7;(S) = 7;(5),7 <i < S}. Now we construct another

vector (71, -+ ,7g) as follows:
73;1(5) 1fl1+12—j+1§Z§127
7 =< 75(9) ifly <i<l+1—7,

721(5) if1§i<l10r12<i§5.
By construction we have 25:1 7(8) = 25:1 7; and thus Zlep(f'i(S)) =
Zle p(7;). Because h(7) is strictly increase, we have Zle h(i)7;(S) > Zle h(i)7;.
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Also, by maximality of 7, we deduce Zfz_ll Lis,9) 48005 = Zfz_ll L2500y

Therefore,
V) - Tallls) “HOAS) ~ AT b K e
> et Ti(S)
_ ZLE) — hi)R) = AN Ly — K~ S
Zz 1 Ti
= V(S,7)

It contradicts with the optimality of 7(S). Thus, we obtain part (i).

Part (ii) follows immediately because 7™ < 7f < -+ < 74, and [p(7) —

c]/7 is unimodal in 7 with the maximizer 7.
Part (iii) can be obtained by contradiction. If V* > m then
S*
from Lemma B.0.1, we have
A A]]_ TEs 7 S*
V(S = 1) > V(S" = L7, 7 y) = oI s

S*—1 =
Zz T

It contradicts with the optimality of V™.

Next we show 7(S* 41, 78.) /76 < V*. We assume w(S*+1,78.) /T4 >
V*. From Lemma B.0.1(ii),

V(S_'_ 1) > V(S_'_ 177—1*7 e 77—;'*77—;*) >V
It contradicts with the optimality of V*. We conclude the proof. O

Proof of Proposition 3.4.2. We first show V* < w*(S*). Suppose V* >
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wM(S*). We have
S 1 . 5% —2
Zi:l 7T(27 T’i ) - K - A Zi:l 1{Ti*7£7_i*+1}
25:1_1 T
S*_1 .k S*—2 s %
ooy owli, ) - K =AY Lirrsrr 3 (i, TE) — Algrs,  #re

S*—1 4 %
Zi:l T; + Tge

V(S* - 1’7—1*7 T ’Tg*—l) -

v

= V.

The inequality follows from Lemma B.0.1(ii) and the fact that V* > w™(S*) >

T‘-(S*’T;*)_AH{T;* 17£T§*} . . *
= . The above relation contradicts the fact that S* is the
S*

smallest maximizer. Hence, we must have w™ (S*) > V*.

Next we prove w™4(S* + 1) < V*. Suppose w™4(S* + 1) > V*. Then,

V(S* 1,75, i, 7V14)
S w(i ) = K = AV Yy (8" +1,74) — A
ZZS; T 4 TMA
Yl 7) — K =AY My -
25:1 i

The first equality follows from Lz, #rmay < 1 The second inequality fol-

>

> V.

lows from Lemma B.0.1(i) and the observation that V* < w™4(S* + 1) =

”(S*H’TTA];T)_C_A. The above relation contradicts the optimality of V* and thus

WMA(S* +1) < V™.

Now we show that V/(S) > wM4(S) for S > S*.

V(S +1) 2 V(S + 170, 75,7
S iy ) = K = A ey + (574 1, 7M4) — A

>

Zf;Tz‘*‘i‘TMA
m(S* +1,7MA) — A .
> ( M4 ) = wMA(S* 4+ 1).
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The first inequality follows from the optimality of V(S* 4+ 1). The second
inequality follows from L, prmay <1 The last inequality follows from
Lemma B.0.1(ii) V(S*) > wMA(5* + 1) = T8HLZI=A Note that wM4(i) >
wMA(i 4+ 1). Thus, we can repeat the same argument to show V(i) > w™4(4)

foralli > S*+1.

Finally, we note for S < S*, V(S) < V(5*) < wM(5*) < wM(S +1).

Hence, we conclude the proof. O

Proof of Lemma 3.4.4. To see part (i), let S* = max{i|V (i) < w™A(i)}.
In view of the proof of Proposition 3.4.2, we have V(S% — 1) < V(S <

wMA(S) < wMA(S% —1). By induction, we have for all S; < S < 5%,
V(S1) < V(S) S V(5% < wM(S%) < wMA(S) < w™A(Sy)

Next we consider the case S; < S and S* < S < S*. Using Proposition 3.4.2,
we have wM4(S) < V(S) < wM(S) for all $* < § < §* and V(S;) < V(S*) <

wM(S*). Hence,

V(S)—=V(S) > wMA(S) —wM(5%)
= WMA(S) — wMA(S") — (WM (57) — WMA(8Y))
>0—dw=—dw

The first inequality comes from w™4(S) > V(S) and V(S;) < w™(S*). The

MA()

second inequality comes from that S < S* and w .) is a strictly decreasing

function.
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To see the part (ii), from Proposition 3.4.2, we have V(S) > wM4(S)

when S > S*. Hence, V(S) 4 0w > wM(S) > wM (i) for all i > S. Hence,

V(S) + dw
X (4, 75(52)) — ALz, | (5,)£%(52)
> s+I1n<%§sg{V(S 7—1(82) S(SZ))a 723(52) }

= max
S+1<j<S2

{ Zf:l m(1,7;(S2) — K — A Z Ls;(S2)#4141(52)
S (S |
7(J,7(S2)) — ALz (50)#7(52) }
75(52)

, S—1
iy (i, 7i(S2)
> . s — K =AY i)
Zz 1 71(52) + Z; =5+1 7i(S2) i=1
+ Z (5, 75(52)) A]lfj_usw#j(saﬂ}
j=S+1
We conclude the proof of the part (ii). O

Proof of Lemma 3.4.5. Suppose there is a finite S such that 7™ Zil[h(g) -
h(i)] > K,

V(S,TM7... 77-M> _ S(p<TM) _C)S_TJ\{I(_ Ziszl h@) > S'(p(TM) _Scjj\/[_ S’h(g)TM :wM(S)

Therefore, V(S) > w™(S). From Proposition 2, we have S* < S.

Suppose there is a finite S such that Zil[A + 7h(S) — h(1)] < K.
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Combining with A > 0 and the optimality of w*4(S), we have

(g < L) —c— A K- SA+ T ORS)
o S A(S) S 7i(S)
K= SA+ 32, h(i)lr

< WwMA(8) +(S) -

ST
K—-Y*% T—h(i)T+ A
_ g K-S MO+ Al g
ST
Therefore, V(S) < wM4(S). From Proposition 2, we have S$* > S. O

Proof Proposition 3.4.3. By Lemma 3.4.1, we only need to treat the case
when 7 is over a compact interval. To see part (i), we note that 7 continues
and weakly increases in c. Therefore, if ¢* — ¢ is sufficiently small, we have

bx
TMb < pMa < Zle Tz»b*/Sb*—’_E]l{le*:TMb} for any € > 0. We consider two cases:

Case 1: If 7'{’* = 7Mb then Tib* = M for all 1 < i < S* by Lemma

3.4.2. Also

Va(Sb*)_wMa(Sb*+1) > (Sb* Ma . ,TMa)—wMa(Sb*+1)
KR

_ . = bx

o STM(I Sb* + h(S + 1)
D e TC) N

= © §rMb Slb* +h(S” + 1)

— Vb(Sb*,TMb, . 77_Mb) o wa(sb* + 1)
7.[.b(sfb* + 1,7_Mb)
T Mb

= V- >0

The first inequality comes from the optimality of V“(Sb*), the second from

Ma ~ 7_Mb

T , and the third from Proposition 3.4.1. Together with Proposi-

tion 3.4.2 (i), we obtain S < S
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Case 2: If 70* > 7MP then ZS b* /8% > max{rMe 70

zlz

, Tabe - Suppose

S > S We claim 7. > Tg*;*. To see that, suppose 7gi. < ’7' . Let [* =

max{i : 7% > 78,1 < i < S*}. Because Vo > V(S 0% ... 14 ,Tgb*, e To),

we derive from Lemma B.0.1(ii)

Sb* b Sb* ax
[Zz fas1 ™ (6,7, Sb*) + A]l{ﬁa :st*}} = Lz (5 7S > p(ré.) — p(rde)

Va* >
= (Sa* _ la) Sb* (Sa* _ la)TSa* — }S):Z* _ TSa*
. . . b p(T bb*) p(T EZ*) . . b
Likewise, we can derive V* < Sb*—. These relations imply V™ < V**
? T . _TS p y 9
gb* a*

which contradicts the fact that ¢® > ¢®. Thus, we must have 7%, > Tg’;*.

Now note from Proposition 3.4.1, V*" > 7°(S” 41,75 ) /75 and V* <
wb(Sb* 78x.) /7%, Then,

T (SY + 1,7 Sb*> B T (S¥, i)

b
Ve —ve gf,* TS
p(rh) = p(rge) — .
— S b* o S g . h(Sb + 1) —f—h(Sa*)
Sb* Sa*
> p( gﬁ) —c B p(7és.) — S c® — ¢ '
- g}ﬁ* T&a - maX{TM“,Tg’g*}

The first inequality follows from the assumption S** > S, To see the second
inequality, we consider two cases: (a) If 705 > 7 then 7M* < 70
It follows that [p(75.) — ¢’]/7h. — (¢* — &) /75 > [p(rie) — ¢*]/7é. (b)

If Tg*;* < t™a then ™Mb < Tgt < 7a_ Tt follows that [p(r sb*) — ] Tb,f* >

prie) — )/ (= ) e > [plrg) — )i + (et = &)

ax
< Tgax-

However,

@ —Cb Sb* @ —Cb
) (B.7)

S ke T max{rTMe 78}

Ve b R A Vb(Sb* 7_1 . Tg;) _
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which leads to a contradiction. Therefore, S** < S%* and obtain part (i).

To see part (i), suppose S > S**. We claim 78 > 75.. To see that,

suppose 78 < 7. Let 1* = min{i : 77 = 74,1 < i < S*}. Because

Vor > Ve(SH et rle oo rh), we derive from Lemma B.0.1(ii)
S b _ S __a(; —ax

o > i (0T Sb*) + Al T =T J = 2 (6 7GR > p( 3’5) — p(7ée)
= (Sa* _ la ) Sb* (Sa* — Ja + 1)7-5:* - S’t* _ Tsa*

. . . b p(r Sb*) p(T g;:*) . . ax b

Likewise, we can derive V" < —S——>—. These relations imply V** > V>,

gbx Sax

which contradicts the fact that h%(i) > hb(i) for all i > 0. Thus, we must have

TGar > TS,,* .

We further note
(S £ 1,78 wa(Se, 7En)

Vb* . Va* . -
st* Tgax
b ax*
Tobs) — C ax )
_ p( Sbb*) _ p(TS a*) ¢ + ha(sa*) _ hb<Sb* + 1)
Sb* Sa*

> R9(S9) — hP(SY 4 1) > ho(S” 4+ 1) — hY(S* + 1).

The first inequality comes from Proposition 3.4.1(iii) and the second from

Lemma 3.4.2 and 7%, > rg’g* > ™ However,

Vv < V(S el

S rva(s\ _ pb(s b
= 21 [h (Qb* ZL (l)]Tz S ha(Sb* + 1) . hb(sb* + 1)
LT

The last two relations contradicts each other. Hence, we conclude part (ii).

To see part (i), we note that V?(S) < V4(S) for any S > 1 and

VP < V. Suppose S < S then from the proof of part (i), we have

Va(Sb*) > Vb(sb*) > wM(Sb* + 1) > wM(Sa*) > Va(sa*) > Va(Sb*).
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This leads to a contradiction, and thus we must have S%* > S,

Finally, we show part (iv). Without loss of generality, suppose p(7) is
continuous in 7. First, we will show that 7 decreases in 7. For every ¢ > ~4

and 7¢ > 7%, we have

ﬁ(fyca TC) o ﬁ(fyd7 TC) . ﬁ(VC; TC) B 15(70[, TC)
Tc Tc _ Tc
_ o0 =0T (T — (T _ PO TY) P07
o = -d —d 4

The first inequality comes from the submodularity of p(~y,7), the second in-
equality from 7¢ > 7¢. Hence, IM/T is submodular in (v, 7). Thus, (p(y,7)—

¢)/7 is also submodular on (7, 7). Therefore, 7 decreases in 7.

Without loss of generality, we assume +* — ~% > 0 is small enough

satisfying that

MY < pMa o Hlin{Te}llT{)*>TMb + €l b am,

~ Sb* =~ _bx)__
where 7% = min{r : p(TT)_C = Z;Z,(T bz d , 7 > M%) and € > 0. To show that
i=1Tj

So < S§% we analyze two cases: Case 1, 7% = 7™° and Case 2, 70* > 7M°,

Case 1: 77* = 7% From Proposition 3.4.1, we have 7% = 7™ for all

1 < i< S*. We also have

Va(Sb*) . wMa<Sb* + 1)

a * a a a * K ij* h(@) .
> V(Sb7TM,---,TM)_wM (Sb +1):_S7_Ma_ g(1[)* +h(Sb +1)
K Sb* h .
> ~ 5 Zzglb* () FR(ST 1) = V(P pME L pMEy L Mb(gbe 4 1)
b Qbx Mb
oo TS+ LT
= V7= g > 0.
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The first inequality comes from the optimality of V*(S*). The second in-
equality comes from 7% > 7M%  The third inequality comes from Proposition
3.4.1. Combing V%(S") > wMa(Sb* 4+ 1) with Proposition 3.4.2 (i), we have

that S%* < b,

Case 2: 70 > 7Mb  Suppose S¢* > S%. Let [* = min{i : 7% =

)

% . % . * bx * bx
Tée, 1 <1 < S%}. First, we show 78, > Tgbe- OUPPOSE Tgi. < Tgp.. Because

Var > Ve(Ser T T, T, ), we derive from Lemma B.0.1(ii)
Sb* . b Sb* . o ~
—_— [Zi:l“ 77&(27 Tsz*) + A]I{Tﬁl*Zng*}] - Zi:la Wa(z’ ng*) > p(7a7 ng*) - p(,ya’ Tg:*)
- (Sax —la+ 1)1l — (Sv — 1o 4 1)78 - Tl — T '

) ) . (Y07l ) =P (VP T
Likewise, we can derive V% < s “

ax
st* _Tsa*

Because p(v,7) is sub-
modular, we have p(y*,75.) — p(y*, 78.) > p(v*, 78.) — (7", 78 ) and thus
Va* > Vb This is impossible as p’(7) > p%(7). Therefore, we must have

* %

TGar = Tg,,*.
Also from Proposition 3.4.1, V¥ > 7b(S" + 1,7'3’;*)/73’5* and V& <
(S, 78) /T4 < wMe. We have

b (S%* + 1,7'3’2*) B T (S™, T8,

Vb* . Va*

o Ta%

~ b’ Tb** —c ~ a,7 Ta:* —c

_ PO me PO g gy 4 s
T Gbx Tgax
S Py, o) — ¢ B p(y*, T — ¢
- o Tax,
Ot — )
= o .
st*

The second inequality follows from the relation h(S%*) > h(S** + 1) as S >

S To see the third inequality, we consider two cases. (a) If Tg’g* > rMa then
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a bx e
e > bt > pMe g follows D0 Tehe) "¢ o PONTER)Ze gy g b

Ma
Sb* st* il T Sb* < T 3 then

Sax*

(Y7, « Ma
TMa > rbe > rMb By Lemma 3.4.2, we obtain P ,ff )=c > BT s )—c
S T

Sb*

We further note

bx

b bx\ _ 5(~a bx
Vb* N VO Vb* _ V(I(Sb* 7—1*’... Tg’g*) = Zz:l[p(’y 7Tgb*) b*p(,y ) Ty )]
Zl 17
(77 Sb*)_ (fy ) Sb*)

< o (B-8)

st*

We reach a contradiction and thus we obtain part (iv). O

Proof of Proposition 3.4.4. From Proposition 3.4.3, we have §%* > S%*.
Suppose Zf:bl 7o > Zf:al 7%, Because Vb > V(So* ro*, -,7’;:*), we derive
from Lemma B.0.1(ii).

a*

Sb* . Sb* 1 S Sax_1
Zz 171'(7, 7_ ) AZ ]I{Tb*;éT e [Zz 17T( ) AE ]1{73*757'?4:1]

V<
Sb* b Sax
Do T T i T
Also, because V** > V(S™, 7%, ... 705.), we derive from Lemma B.0.1(ii).

bx a*

bx S 3 % Sax_
Ve < Zfﬁr(l T ") — AZS 11{rb*;é7 g [Zi:l m(i, ) — A 11{T“*7ﬁn+1}}

Sbx « Sax %
o T = i T
The two relations above imply Va* > V¥ which leads to a contradiction.

Sa*
Hence, we must have Z i) < oo T O
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Proof of Proposition 3.4.5. We have

b b b
0 < V& — Vst o ... st*) + Vo= VST e T8
o ax* b a*x __ax ax bx a bx bx
= V¥ -V(S¥, ¥, 1ée) £V =VYS Tl,-",Sb*)
" Sb* Sa* b [ Sa* Sb*
- C Sb Sa* + C Sa* - Sb b
*__bx a ax* * bk
Zi:1 i Zz 104 _Zi:l T; Z¢:1 T;

ga*

Hence, Sirt” > St O

Proof of Proposition 3.4.6. The result follows directly from the relation
Ve L v > ve(stt st*) + V(S T, 7).

Since the argument is similar to that of Proposition 3.4.4, we omit the details.

O

Proof of Proposition 3.5.1. Differentiating the objective function (3.2)

with respect to 7;, (1 < i < §), we have

'(13) — h(i 1
p(T)S @) L)
> >
which leads to V = p/(7;) — h(7), Vi. O

Proof of Proposition 3.5.2. Differentiating the objective function V” with

respect to ¢, we obtain

(o) = Hlzjoy 2y)daf(zy —25-0) (25— )V
(2 — m1)ul D —me)u]

97



which lead to V' = p/(¢;) — H(xj_1,2;). O

Proof of Proposition 3.5.3. Let G(z,y) = h(z)(z —y) — fyz h(x)dz. Then,
Gi(z,y) = (z—y)l(2)+h(2)—h(z) = (z—y)(2) > 0 and lim,_,, G(z,y) = 0.
Hence, for a fixed y, there exists an unique solution z(y) of G(z,y) = A/M,

z>y.

Next, we claim

A z A 2(y)

L+ [Th(z)dr 5 + h(x)dx

L fy () > L fy (@) , V2>, (B.9)

z—y 2(y) —y

To see that, we note
o [+ [ h(x)dz (z = y)h(z) — & — [ h(z)dx , G(zy)— 4
- - (s =y = —
0z -y (z —y)? (z —y)?

Also, G(z,y) — A/t™ < 0 when z € (y,2(y)) and G(z,y) — A/t™ > 0 when

z € (2(y), +00).

To prove part (i), we denote y; = Zy41(N). Then

o) < P ne)
CopM) —e Fr At L Ma)de
N M 2(y1) —
B (M) = cl(z(y1) —yn) — M yi(yl) h(z)dr — A
- [2(y1) — g™

Applying Lemma B.0.1, we obtain
W(N> < W(N + 17 Z0(‘]\7)7 T 7ZN+1(N)7 LM?£1<N)7 T 7‘%N+1(N)7 Z('Z%NJrI(N))) < W(N + 1)7
leading to part (i).
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To prove part (i), we assume that W(N) < W (N + 1) holds. We have

A

W<N+ ].) > W(N, Zl(N+ 1), ,ZN+1(N+ 1),22‘1(N+ 1), ,iN_H(N—F ].))

Let yo = Tn41(N + 1). Applying Lemma B.0.1, we deduce

) (En+2(N + 1) = ) [plins2(N + 1)) = o] = inga(N + 1) [ (z)da

W(N+1) < ~ =
( ) [Zn2(N 4 1) — yoin g2 (N + 1)
X Eni2(N+1) A

p(LN+2(N + 1)) —C fy2N+2 h(x)dx + iny2(N+1)

inN+2(N +1) Inp2(N+1) —ye

Eny2(N+1) A

< p(LM) —C . fy? h(l’)dl’ + iN+2(N+1)

B M Ena(N +1) =y
z(y2) A

< p([’M) —C . fy2 h(ﬂ:)dﬂ: + Iny2(N+1)

- 2() — v

p(M) — ¢
=~ — ().
This leads to a contradiction and thus we obtain part (ii). O

Proof of Proposition 3.5.4. Let G(y) = [ h(x)dx — %(y) We have

hy) +yh'(y) _ hy) — h(0) — (y — 0)A'(y)
2 2 ‘

G'(y) = h(y) —

It is easy to see that G'(y) > (=, <)0 when h(z) is strictly concave (linear,

strictly concave).

The first order condition of z; yields

plen+1) — insrh(zng) — ¢ _ i W _
S (= w1y S (g — wyo1)]
ply) = Pj(vbflrl) — h(z)(y — 1) N(+L1] — )W 0.Vj <N
Yoimr @5 —5-1)14] Yot (@5 —xj-1)1]
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We deduce

plin+1) — ¢ = h(zyg) + W, (B.10)
LN+1

p(4) — p(Lj+1) = h(x;)+ W, ¥j < N. (B.11)
Lj — Lj+1

In view of (3.5), we have

W[$N+1LN+1 + Zl’j(bj — Lj-i-l =W Z — Tj-1 L]
=1 N Mot .
= [p(ent1) — cJon + Z%’[P( p(Lj41)] Z / ] — [K + NA4]
=W+ hzyp)]ryaena + Z (W + h(x))]2; (e = tig1)]
_ Z (¢ /xﬂ h(z)dz] — [K + NAJ.

Simplifying the equation above, we obtain

N+1 2 N+1
K+NA- Z [Lj/ z)dx] = 22 |:LJ (xj—1) — G(z;)]|. (B.12)
j=1 i1

Hence the result follows. O

Proof of Proposition 3.5.5. The first-order condition of z;, 1 < < N +1,

yields
plinyr) — ¢ _
— W= h(xN+1>7
IN+1
) =)y <N
Lj — Lj+1
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Hence,

pleni1) —c—= Wiy = inpih(wn 1),

p(e) = p(tjr) = Wt = tj41) = (4 — t541)h(x5), j < N.

For all 1 < j < N + 1, summing up the first (N 4+ 2 — j) equations leads to

p(t;) —c— Wiy =iypmh(zng) + Z {(Lm —

m=j

Hence

(p(tj) —c— W)z — xj-1) — 14 /Ij h(z)dx

j—

=] (o = asohle) = [ wtayte] + (o, -

j—

{pw) —e [ ha)de

Lj Tj— Tj—1

- W} (zj — xj-1)1

=3 =yt = [ hGora] + -

j—

we conclude the proof.
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25) 3 [omr () = b))

m=j+1

N+1
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