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The work presented in this dissertation is related to several lines of re-
search in the area of Discontinuous Galerkin (DG) Methods for computational
electronic transport in semiconductor devices using Boltzmann - Poisson (BP)

models.

The first line of research is the use of EPM related energy bands in a
DG solver for BP where we consider a n™ —n —n* diode problem, in order to
increase the accuracy of the physical modeling of the energy band structure
and its derivatives, via a spherical average of the EPM band structure and
the spline interpolation of its derivatives, as these functions are involved in
the collision mechanism, such as electron - phonon scattering in silicon, and

transport via the electron group velocity. The balance of these two mechanisms
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is the core of the modeling of electron transport in semiconductors by means
of Boltzmann - Poisson. The more physically accurate values of the spherical
average EPM energy band and its derivatives interpolated by splines give a
quantitative difference in kinetic moments related to the energy band model,
such as average velocity, energy, and particularly the current given by our
numerical solver. This highlights the importance of band models and features
such as anisotropy and derivative interpolation in the BP numerical modeling

of electron transport via DG schemes.

The second line of research is related to the mathematical and numeri-
cal modeling of Reflective Boundary Conditions (BC) in 2D devices and their
implementation in DG-BP schemes. We have studied the specular, diffusive
and mixed reflection BC on the boundaries of the position domain of the de-
vice. We developed a numerical equivalent of the pointwise zero flux condition
at the position domain insulating boundaries for the case of a more general
mixed reflection with a momentum dependant specularity parameter p(E) We
obtain this numerical zero flux condition by formulating the general mixed re-
flection BC as the solution of the problem of finding a function and parameter
that balance the incident and reflected microscopic probability flow at each
point of the insulating boundary. We compared the influence of the different
reflection BC cases in the computational prediction of moments after imple-
menting numerical BC equivalent to the respective reflective BC. There are

expected effects due to the inclusion of diffusive reflection boundary conditions

over the moments of the probability density function and over the electric field
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and potential, whose influence is not only restricted to the boundaries but ac-
tually to the whole domain. We observe in our simulations effects in kinetic
moments of the inclusion of diffusion in the BC, such as the increase of the
density close to the reflecting boundary, the decrease of the mean energy over

the domain and the increase of the momentum z-component over the domain.

The third line of research is related to the development of positivity pre-
serving DG schemes for BP semiconductor models. We pose the Boltzmann
Equation for electron transport in curvilinear coordinates for the momentum.
We consider the 1D diode problem with azimuthal symmetry, which is a 3D
plus time problem. We choose for this problem the spherical coordinate sys-
tem p(|p], u = cosb, ), slightly different to the choice in previous DG solvers
for BP, because its DG formulation gives simpler integrals involving just piece-
wise polynomial functions for both transport and collision terms. Applying
the strategy of Zhang & Shu, [63], [64], Cheng, Gamba, Proft, [36], and En-
deve et al. [65], we treat the collision operator as a source term, and find
convex combinations of the transport and collision terms which guarantee the
positivity of the cell average of our numerical probability density function at
the next time step. The positivity of the numerical solution to the pdf in the
whole domain is guaranteed by applying the limiters in [63], [64] that preserve
the cell average but modify the slope of the piecewise linear solutions in order
to make the function non - negative. In addition of the proofs of positivity
preservation in the DG scheme, we prove the stability of the semi-discrete DG

scheme under an entropy norm, using the dissipative properties of our colli-



sional operator given by its entropy inequalities. The entropy inequality we
use depends on an exponential of the Hamiltonian rather than the Maxwellian

associated just to the kinetic energy.
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Chapter 1

Introduction

1.1 Motivation

Boltzmann - Poisson (BP) is a system coupling a partial differential
integral equation such as the Boltzmann Equation with the Poisson Equation.
The Boltzmann equation models the transport and collisions of electronic par-
ticles in semiconductors by following the time evolution of the probability
density function representing the electronic charges in the respective phase
space. The Poisson Equation is necessary in the model to obtain the electric
field which is not only external, since the charges create a self consistent elec-
tric field, therefore the latter is dependent on the charge density and a fixed
doping background as well. The BP system is nonlinear due to the depen-
dance of the electric field on the charge density. It is also nonlocal due to
the collision scatterings in momentum space, which can be related to different
physical phenomena, but which scatter a momentum vector into another one

that can differ significantly.

The BP system has been traditionally used in the electrical engineering
community to model electronic transport in semiconductor devices of different

dimensionality in position space, such as diodes (1D), MOSFETSs (2D), and



FinFETs (3D). The lowest possible phase space dimensionality for the 1D
problem in position space is, under certain symmetry assumptions, 2D plus
time. For 2D problems and higher, the dimensionality of the momentum space
is 3D plus time. Therefore, the total dimensionality of the problems treated
by BP spans from 3D plus time (the lowest dimensionality in total) to 6D plus

time, for a full 3D device.

These dimensionalities explain why BP was traditionally treated nu-
merically by Monte Carlo solvers (DSMC) in the electrical engineering com-
munity. However, Monte Carlo methods have by its own nature an unavoidable
statistical noise, dependant on the number of particles used in the simulation,
and have some issues related to the treatment of boundary conditions [34].
Deterministic methods to solve the BP system do not have this kind of statis-
tical error, give a much finer resolution of the time evolution of the probability
density function and its moments from its transient state to its steady state,
and can incorporate boundary conditions in an easier fashion, for example,
using DG methods [34]. The downside of deterministic numerical methods
is, in principle, the computational cost associated to the full dimensionality
of the phase space problem plus time. The overall objective of deterministic
numerical methods for Boltzmann - Poisson, such as Discontinuous Galerkin
(DG) Finite Element Methods (FEM), is to provide accurate results of the
pdf and its moments, that agree with Monte Carlo solvers but which provide
a much higher resolution of the physical quantities, and that provide them at

a fractional computational time compared to Monte Carlo.



DG, our particular deterministic numerical method of choice for BP,
is a finite element method that was originally motivated for the modeling of
hyperbolic transport problems such as neutron transport [1]. DG captures
in its numerics the essence of the physics of transport, by propagating the
information in the numerical domain according to the direction in which this
information is traveling, via the numerical fluxes, such as the upwind rule,
for example. It conserves mass locally, and because the transport part con-
siders the local interaction of next neighboring cells, it gives sparse systems
that are generally block diagonal that are easily invertible. The trade off is
the higher number of degrees of freedom when compared to continous finite
element methods, since DG allows discontinuous basis functions for the repre-
sentation of hyperbolic problems. DG is a method designed to represent the
physics of transport in its numerics. Therefore, the phase space advection part
of the Boltzmann Equation is perfectly captured by DG when solving our BP
system. The other main component of the Boltzmann Equation, namely the
collision term, can be incorporated as a right hand side source term in the
DG method. This collision term is also the one that is more computationally
expensive when solving BP with DG methods. Finally, the Poisson Equation
can be solved given the charge density by a method such as Local DG, which
is an adaptation of DG to solve elliptic problems, which will be described later

in this document, but which has been studied in detail in references [1], [50].



1.2 Literature Review

The semi-classical Boltzmann description of electron transport in 3D
semiconductor devices is an equation in six dimensions plus time when the sys-
tem is not in steady state. For a 1-D device model, under azimuthal symmetry
assumptions, the phase space dimensionality can be reduced to 3D plus time,
this being the BP problem modeling transport in semiconductors with the low-
est dimensionality. The heavy computational cost is the main reason why the
Boltzmann - Poisson (BP) system had been traditionally solved numerically
by means of Direct Simulation Monte Carlo (DSMC) methods [19]. However,
after the pioneer work [20], in recent years, deterministic solvers to the BP
system were proposed in [21], [22], [23], [24], [25], [26], [27]. These meth-
ods provide accurate results which, in general, agree well with those obtained
from Monte Carlo (DSMC) simulations, often at a fractional computational
time. Moreover, these type of solvers can resolve transient details for the
electron probability density function f, which are difficult to compute with
DSMC simulators. The initial methods proposed in [23], [24], [25], [26] using
weighted essentially non-oscillatory (WENO) finite difference schemes to solve
the Boltzmann-Poisson system, had the advantage that the scheme is relatively
simple to code and very stable even on coarse meshes for solutions containing
sharp gradient regions. However, a disadvantage of the WENO methods is
that it requires smooth meshes to achieve high order accuracy, hence it is not

very flexible for adaptive meshes.

Motivated by the easy hp-adaptivity and the simple communication



pattern of the discontinuous Galerkin (DG) methods for macroscopic (fluid
level) models [28], [29], [30],[31], it was proposed in [32], [33] to implement
a DG solver to the full Boltzmann equation, that is capable of capturing

transients of the probability density function.

In the previous work [32], [33], the first DG solver for (2.8)-(4.17)
was proposed, and some numerical calculations were shown for one and two-
dimensional devices. In [34], the DG-LDG scheme for the Boltzmann-Poisson
system was carefully formulated, and extensive numerical studies were per-
formed to validate the calculations. Such scheme models electron transport
along the conduction band for 1D diodes and 2D double gate MOSFET de-
vices with the energy band (k) = ¢(|k|) given by the Kane band model (valid
close to a local minimum) in which the relation between the energy e and the

wavevector norm |k| is given by the analytic formula, referred as the Kane

Band Model,
h2’k|2

1.1
2m* (1.1)

e(14+ae)=

where m* is the effective mass for the considered material, Silicon for the case
of this work, and « is a non-parabolicity constant. This band model can be
understood as a first order variation from the parabolic band model, given by

the particular case a = 0.

A DG scheme for full band BP models was proposed in [35], following
the lines of the schemes in [32], [33], [34], generalizing the solver that uses the
Kane non-parabolic band and formulating it to treat a possible full band case.

A preliminary benchmark of numerical results, using isotropic band models



with a dependence just on the momentum norm, shows that the direct evalua-
tion of the Dirac delta function can be avoided, and so an accurate high-order
simulation with comparable computational cost to the analytic band cases is
possible. It would be more difficult or even unpractical to produce the full band
computation with other transport scheme. It is worth to notice that a high-
order positivity-preserving DG scheme for linear Vlasov-Boltzmann transport
equations, under the action of quadratically confined electrostatic potentials,
independent of the electron distribution, has been developed in [36]. The au-
thors there show that these DG schemes conserve mass and preserve the pos-
itivity of the solution without sacrificing accuracy. In addition, the standard

semi-discrete schemes were studied showing stability and error estimates.

In all of the aforementioned deterministic solvers previous to [35], the
energy-band function e(k) is given analytically, either by the parabolic band
approximation or by the Kane non-parabolic band model. The analytical band
makes use of the explicit dependence of the carrier energy on the quasimomen-
tum, which significantly simplifies all expressions as well as implementation of
these techniques in the collision operator. However, some physical details of
the band structure are partly or totally ignored when using an analytic approx-
imation, which hinders its application to transport of hot carriers in high-field
phenomena (the so called hot electron transport) where the high anisotropy of
the real band structure far from the conduction band minimum becomes im-
portant. Full band models, on the other hand, are able to provide an accurate

physical description of the energy-band function, portraying this anisotropic



band structure far from a conduction band minimum.

One of the most commonly used methods to compute full bands is
the empirical pseudopotential method (EPM). Such method gives a full band
structure truncating the Fourier series in the k-space [37] for a crystal lattice
potential model given as the sum of potentials due to individual atoms and
associated electrons, with few parameters fitting empirical data such as opti-
cal gaps, absorption rates, etc, to finally compute the energy eigenvalues of
the Schrodinger equation in Fourier space. A more detailed discussion of this
method can be found in [37], [38]. While full band models, as the ones given by
EPM, have been widely used in DSMC simulators [19], their inclusion in deter-
ministic solvers for the transport Boltzmann Equation is more recent; on [40],
[41], full band models have also been combined with spherical harmonic ex-
pansion methods used to solve the Boltzmann equation numerically. However,
high order accuracy is not always achieved by spherical harmonic expansion
methods when energies vary strongly and only a few terms of the expansion
are usually employed [42]. In contrast, the simulations for the BP system de-
veloped in our line of work, as in [32], [34], do not involve any asymptotics

and so are very accurate for hot electron transport regimes.

The type of DG methods to be discussed in this work, as was done in
[34], belongs to a class of finite element methods originally devised to solve
hyperbolic conservation laws containing only first order spatial derivatives, e.g.
[43-47]. Using a piecewise polynomial space for both the test and trial func-

tions in the spatial variables, and coupled with explicit and nonlinearly stable



high order Runge-Kutta time discretization, the DG method is a conserva-
tive scheme that has the advantage of flexibility for arbitrarily unstructured
meshes, with a compact stencil, and with the ability to easily accommodate
arbitrary hp-adaptivity. For more details about DG scheme for convection
dominated problems, we refer to the review paper [48], later generalized to the
Local DG (LDG) method to solve the convection diffusion equations [49] and

elliptic equations [50].

1.3 Main Contributions

The main contributions of this dissertation lie in the fields of computa-
tional electronic transport and Discontinuous Galerkin Methods for Boltzmann

- Poisson models. These contributions are:

e The incorporation of conduction energy band structures such as EPM
(Empirical Pseudopotential Method) in Discontinuous Galerkin Methods
for BP, via spherical averages of the EPM band structure, and spline
interpolations of its derivatives, in order to provide these methods of
a more physically accurate modeling of the electron group velocity and
collision mechanisms such as electron - phonon scattering in the case of

silicon semiconductors.

e The formulation of numerical boundary conditions modeling diffusive

and general mixed reflection with a momentum dependant specularity

-,

probability p(k) for Discontinuous Galerkin Methods in BP, which sat-



isfy the numerical equivalent of a mathematical zero flux condition at an
insulating boundary, conserving the mass by balancing the incident and
reflected probability flow in momentum space pointwise at this bound-
ary. The computational implementation of these boundary conditions
for our numerical method to model devices with a 2D geometry (with a
respective 3D momentum space) such as a 2D bulk silicon diode and a

double gated MOSFET.

The development of positivity preserving Discontinuous Galerkin schemes
for BP models of electron transport in curvilinear momentum coordi-
nates, treating in the scheme the time dependant electric field given by
the Poisson equation and the collision term related to electron - phonon
scattering. In the case of the symmetric diode problem in semiconduc-
tors, with dimensionality of 3D plus time, the coordinate system chosen
in momentum space is such that all the integrals related to the DG
formulation depend only on simple polynomial functions, which gives a
simpler description than the one related to spherical coordinate systems
for the momentum used in previous DG solvers for BP. In addition of
the proofs of preservation of positivity of the numerical solution after
each time step, we present as well a proof of the stability of the semi-
discrete DG scheme with respect to an entropy norm depending on the

Hamiltonian.



1.4 Dissertation Outline

Chapter 2 provides an introduction to kinetic models for semiconduc-
tors such as the Boltzmann - Poisson system, and its formulation as a math-
ematical problem. We also give an overview of the mathematical properties
of the electron-phonon collision operator for silicon semiconductors, as well as
a description of the family of entropy inequalities that can be derived from
the structure of this collision operator. We include in this chapter too a brief
introduction to the physics associated to electrons in semiconductors. We fi-
nalize with a brief introduction to the Discontinuous Galerkin Finite Element
Method, giving as an example the case of a transport equation in one dimen-

sion.

Chapter 3 formulates the Boltzmann equation using spherical coordi-
nates for the electron momentum vector. It shows then the Runge-Kutta Dis-
continuous Galerkin (RK-DG) formulation of the Boltzmann - Poisson problem
in momentum spherical coordinates. It then presents the use of EPM related
energy band models, its spherical average and the spline interpolation used
to approximate its partial derivatives to obtain the respective electron group
velocity, and its computational implementation in the DG solver for BP. The
respective numerical results of the incorporation of the EPM spherical average

energy band in our DG-BP solver are presented.

Chapter 4 concerns the formulation of numerical boundary conditions
to model in a Discontinous Galerkin setting the mixing of specular and diffu-

sive reflection with a momentum dependant specularity probability p(/Z) It
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presents the mathematical formulation of the specular, diffusive, and general
mixed reflection boundary conditions, where we emphasize the role of the zero
flux condition in all of these cases by formulating these BC as the solutions
to the problem of finding functions and parameters such that a pointwise zero
flux condition is satisfied balancing the incident and reflected microscopic flow
in momentum space. We present the formulation of the numerical equivalents
of these reflection BC and the numerical equivalent of the pointwise zero flux
condition as well. In particular, we introduce the numerical formulation of the
general mixed reflection BC with momentum dependant specularity probabil-
ity p(E), and posing it as the problem of finding a function and parameter such
that the respective reflection BC satisfies a pointwise numerical equivalent of
the zero flux condition, we find the numerical version of the general mixed
reflection BC with p(l;) under the assumption of a finite element space made
of tensor products of position and momentum functions. We present at the

end the results of numerical simulations implementing specular, diffusive, and

general mixed reflection BC for a 2D bulk diode and a double gate MOSFET.

Chapter 5 is concerned with the development of DG schemes that pre-
serve the positivity of the probability density function (which mathematically
is non negative by definition) for the Boltzmann - Poisson model of semicon-
ductor transport. We formulate the Boltzmann - Poisson system with the
momentum in curvilinear coordinates, motivated by the physics and math of
our model. We use the work of Zhang & Shu [63], [64], and Cheng, Gamba,

Proft [36] for our problem, incorporating our electron - phonon collision term

11



as a source in the scheme, and considering the time and charge dependence of
the electric field. We choose a particular spherical coordinate system for the
momentum which is slightly different from the choice of previous DG deter-
ministic solvers. It is more convenient since, when applied to the symmetric
diode problem, it renders integrals related to the DG formulation which just
involve polynomial or piecewise polynomial functions, which are simpler than
for other coordinate choices for k in previous DG-BP schemes. We mainly
study and present our results for the symmetric diode problem, 1D in posi-
tion, 3D plus time in total. We present at the end a proof of stability of the
semi-discrete DG scheme formulated under an entropy norm dependant on
the Hamiltonian. As a corollary, for the particular case of a time independent

potential, the decay of this entropy norm follows directly.

Finally, the conclusions of this work are summarized in the last chapter.

We discuss as well our goals for future work.

12



Chapter 2

Preliminaries

The presented research concerns the mathematical and computational
modelling of the physical phenomena of charge transport in semiconductor
devices, by means of the numerical method known as Discontinuous Galerkin
applied to the Boltzmann - Poisson system. Its possible applications are re-
lated to problems of computational design for the performances of nano-scale

transistors, or the modelling of electronic devices such as diodes or MOSFETS.

We present an introduction to the basics needed to understand the
physics, mathematics, and numerics related to our proposed work. We first
present to the reader a brief review of kinetic theory and the Boltzmann Equa-
tion. Then, the Boltzmann - Poisson (BP) mathematical model for transport
in semiconductors is introduced and explained, explaining in detail the mathe-
matical properties of the collision operator. We present then the fundamentals
of semiconductor physics related to electronic transport. After that, an intro-
duction to the Discontinuous Galerkin (DG) method is presented, explaining

its formulation for the basic case of a transport equation in one dimension.
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2.1 The Boltzmann-Poisson Model for Semiconductors

2.1.1 Kinetic Theory and the Boltzmann Equation

The Boltzmann Equation is a mathematical model for systems of a large
number of particles, often having an underlying Hamiltonian structure, related
to the interaction through a long range, mean force field, but also being under
the influence of short range forces, which are called collisional mechanisms.
The description of a system with such a large number of particles is described
in a more practical way by means of a particle density approach rather than
following the individual positions and velocities of each one of all the particles
of the system. We go over the concepts necessary for a description of the

physical system in terms of a density in its phase space.

Definition 2.1.1. Probability Density Function Let (x,p) € R¢ x R%, d =
1,2,3, be a point in the phase space for one of the particles of the system.
We define as the Probability Density Function (pdf) the function f : R X
R? x R? — R such that f(t,x,p)dxdp is the probability of finding a par-
ticle at time t on the infinitesimal phase space element of volume dx dp cen-
tered at the point (x,p), related to position x and momentum p. That is, if
P|, {(x,p) € B} is the probability at time t of a particle being in the phase-

space region B, f(t,Xo,Po) is defined as

. Pl {(x,p) € B}
t, Xo, = lim UR S
J (%o, Po) (Ax,Ap)—0 [ dxdp
B = {(x,p): |x—xo| < Ax, |p — po| < Ap}, (2.2)

Pltp) B} = [ fltxp)ixdp. (2.3

, (2.1)
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A Vlasov model for a system of particles provides a macroscopic de-
scription of its motion assuming their interaction is driven just by long range
forces, considered in the Hamiltonian of the system, disregarding scattering of

particles generated by short range forces,

d, 0 of . Of . ) i
d_{:a_{+a_i.x+%-p:o, x=v(p) p=Fxt). (24

It can be interpreted as an equation for the conservation of probability.
As stated in [17], it only represents a useful model for a collision-less system,
or for a time scale much shorter than the mean time between two consecutive

scattering events.

A Boltzmann model for a system of particles, on the other hand, con-
siders that the total rate of change of the probability density function (its total

derivative) is due to collisional mechanisms

d 0 0 0
QU =G =gk bl (25

where the short range forces are represented in the collisional operator Q(f).
This collisional operator models instantaneous scatterings of particles from one
state to another, in such a way that their momentum vector changes extremely

fast, while the change of the position vector takes place slowly [17].

For a classical system of particles, under the Laws of Newtonian Me-

chanics, we have

x=v(p), p=F(x1t), (2.6)
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where the function v(p) models the velocity of the particle in terms of the
momentum, and F(x,t) gives the force over the particle on the position x at
time t. For electron transport problems, under the quasi-electrostatic approx-

imation, the force is due just to the electric field, that is, F = —¢E(x, t).

We obtain then the Boltzmann Equation model for the pdf f(t,x, p)

representing our system of particles .

Definition 2.1.2. Boltzmann Equation

0 19) 0
a—{—l—a—i-v(p)—F%'F(X,t) = Q(f) (2.7)

2.1.2 Introduction to the Boltzmann - Poisson system

The Boltzmann-Poisson (BP) system is a semi-classical model for elec-
tric charge transport in semiconductors. The BP system can be used to de-
scribe the hot electron transport in modern semiconductor devices at nano-
scales. As stated in [17], this model describes the long range interactions
over charge carriers and the statistical evolution of its states that includes
an account of the quantum scattering events. The BP system treats charge
carriers partly as classical particles by describing them by means of a time-
dependent probability density function f(t,x,k) over the phase space (x,k),
and using a Boltzmann equation to model the time evolution of the associ-
ated probability density function in the phase space. The quantum nature of
the carriers is considered in several terms of the Boltzmann equation. The

quantum crystal wave-vector k is used as the momentum phase space vari-
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able in the model. The model for the local velocity of the charge carriers is

the group velocity v(k) = 1 Vke(k) of its quantum mechanical wave function,
related to the electronic energy band function (k) of the considered semi-
conductor material. As usual, & is the Planck constant divided by 27. The
collision integral operator models the quantum scattering mechanisms acting
over the charge carriers. The flow of charge carriers is induced by the force
over the electron charge —q, which is assumed to be given by a mean electric
field, F(t,x) = —¢ E(t,x). This effective electric field, modeled by the Poisson
Equation, takes into account long range interactions made of both internal
carrier self-consistent and external contributions, such as an applied potential
(bias). Hence, time-dependent solutions of the the BP system contain all the
information on the transient of the carrier distribution and the time evolution

of the total electric field. A phenomenological derivation of the BP model can

be found in [17].

Consequently, the semi-classical Boltzmann - Poisson (BP) system

for electron transport along an energy band is given by the system

of 1
a_{ + 2 Vies(k) - Vaf = TE(t %) Vi = Q(). (2.8)

and

Vi - [6-(x) ViV (t,x)] = 14 [p(t,x) — Np(x)], E(t,x) = =ViV(t,x), (2.9)

€0

where f(t,x, k) represents the probability density function (pdf) of finding an

electron being at the physical location x with momentum wave-vector k at
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time t, V(x) is the electric potential for the total charge, the associated mean
electric field is the negative potential gradient, denoted by E(x,t), and (k)

is the energy band function.

The collision integral operator Q(f) describes the scattering over the
electrons, where several quantum mechanisms can be taken into account. In
the low density approximation, the collisional integral operator becomes linear

in f, having the form

QN = [ 1SHI0f(6x1) = SEK)FEx0]dK, (210)
Qe
where S(k,k’) is the scattering kernel, representing non-local interactions of

electrons with a background density distribution.

In the case of silicon, for example, one of the most important collision
mechanisms are electron-phonon scatterings due to lattice vibrations of the
crystal, which are modeled by acoustic (assumed elastic) and optical (non-
elastic) non-polar modes, the latter with a single frequency w,, given by

Sk,k) = (ng+1)Kde(K) —ek) + hwy)

+ny K§(e(k') — e(k) — hw,) + Ko d(e(k') — e(k)), (2.11)
with K, K, constants for silicon.

The symbol § indicates the usual Dirac delta distribution corresponding
to the well known Fermi’s Golden Rule [18]. The constant n, is related to the

phonon occupation factor

h(,d —1
()]
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where kg is the Boltzmann constant and 77, = 300K is the constant lattice

temperature.

In the Poisson Eq. (4.17), the parameter ¢ is the dielectric constant in
a vacuum, €,(x) labels the relative dielectric function which depends on the
material. p(t,x), the electron charge density, is given by the integral over the
domain in the k-space €2y
p(t,x) = ft,x,k)dk, (2.12)
Ok
and Np(x) is the doping profile, representing an external fixed density of

positive charge carriers.

The Boltzmann Eq. (2.8) can be generalized to more bands &; by re-
placing f with a vector array of pdf’s f;, and including the related scattering
terms in the collisional operator. The associated BP systems of pdf’s would

have the form

0fi
a + ﬁVk & foz + E kal ZQz,] ) (213>
— Vi (€VxV) = ¢N(x) + Zquz, = —V,V. (2.14)

In this case, each f;(t,x,k) is the probability density function over the phase
space (x,k) of a carrier in the i-th energy band/valley in position x, with
crystal momentum hk at time t. The collision operators Q; ;(fi, f;) model i-
th and j-th carrier recombinations, generation effects, or intra-band scatterings

when i = j. E(t,x) is the electric field, £;(k) is the i-th energy band surface,
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the i-th charge density p;(t,x) is the integral over all possible k-states of f;,

q; are their respective electric charges, and N(x) is the doping profile.

2.1.3 Mathematical Formulation of the Boltzmann-Poisson Prob-
lem

2.1.3.1 Classical Formulation of the BP IVP with BC for a single
conduction band

We consider the probability density function (pdf) for electrons along a
single conduction band, denoting it by f (¢, x,k) We denote by 2 the physical
domain in the x-space. To solve the Boltzmann Eq. (2.8) coupled with the
Poisson Eq. (4.17) requires to assign an initial value for f and suitable bound-
ary conditions both for f and the electric potential V. Following [17], we
recall the classical (strong) formulation of the initial value problem for the BP

system with boundary conditions, for a pdf of electrons on a single conduction

band

Find f: Rt xQuxQ = R, f(t,x,k) > 0and V(,x) : Rt xQ, — R,

such that the Boltzmann equation

0
o Ve Vuf — TB(1%) - Vf = Q). (2.15)

with the linear collision operator Q(f), defined by

Q) = / S K)f(t %K') — S(k, K) f(t,x, k)] dK’,

Sk, K) = (1) K 8(2(k) —e(k)+hw,) 1, K 8(e(k)—e (k) —hw,)+Ko 5(=(K)—<(k))
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and the Poisson equation

Vs [6r () UV (6:3)] = (e, x) = No()], Bt x) =~V (6,%),
(2.16)

subject to the initial condition
f(0,x,k) = fo(x,k) V(x,k) € Qx X Q, t =0,

and suitable boundary conditions for f on 0Q, x Q and Q) x 9, and for
V on 0§ are satisfied. The boundary 9€) is usually split for the Poisson
Equation in Dirichlet 9QF, Neumann 9QY, and Interface boundaries 9QZ,

such that 99, = 902 U IO UIOL.

Examples of boundary conditions used for the Boltzmann Equation

include [17]

e Charge neutrality [51], [26], [33], [34]

ND (X) f”.b(t, X, k)
pin(t7 X)

four(t,x, k) = t>0,2c00 ke, (2.17)

This condition is usually employed at the device contacts (Dirichlet

boundaries 9Q2).
e Null x-flux
n(x) Vif(t,x,k) =0 t>0,2€ 00, ke, (2.18)

where n(x) is the normal to the surface 92 at the point x. This con-
dition is imposed on the part of the physical domain with an insulating

layer (Neumann boundaries QY ).
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e Vanishing boundary conditions in the k-space
flt,x,k)=0 t >0, x € Qy, k € 0Q. (2.19)

These conditions correspond to negligible densities for large energy val-
ues. We use these vanishing conditions for the Boltzmann Equation in
our work. We will just mention that, if we had chosen () as the first
Brillouin zone, then periodic boundary conditions in the k-space would
be the correct physical conditions. However, it is difficult to apply these
conditions on the complex shape of the boundary of a truncated octa-
hedron, which is the shape of the first Brillouin zone for Silicon and

Germanium crystals.

Boundary conditions related to the Poisson Equation could be
e Applied potential (bias)
V(t,x) =Vo(t,x) t>0,xe€00?. (2.20)

This condition is imposed where we have device contacts (Dirichlet bound-

aries).
e Neumann boundary conditions for the electric potential
n(x) - ViV(t,x) =0 t>0,x €00y, (2.21)

where n(x) is the normal to the surface 92) at the point x. This con-
dition is imposed on the part of the physical domain with an insulating

layer, which is a Neumann boundary.
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It is important to mention that the contact boundaries 922 for the

Boltzmann and Poisson equations must be the same.

2.1.4 Properties of the Boltzmann Linear Collision Operator for
Electron Scattering in Silicon Semiconductors

We will study in this section the properties of the Linear Collision
Operator for our problem of hot electron transport under a low density ap-

proximation regime

Qf) = /Q [S(K', k) f(t,x, k) — S(k,k')f(t,x,k)] dk’, (2.22)
Sk, k') = (ng+1) Kd(e(kK)—e(k)+hw,)+n, K 0(e(k')—e(k)—hw,)+ Ko d(e(k')—e(k)) .

As mentioned in the previous section, the scattering kernel S(k,k’)
models electron - phonon collisions in silicon, which cause energy jumps of
hw, for optical electron-phonon scattering, and which are approximated as

elastic for acoustic electron - phonon scattering.

2.1.4.1 Mass Conservation

The integral of the collision term over the momentum space is zero

/Q Q(f)dk — /Q /Q [S(K, ) f(t, %, K') — S(k, ) £(t, %, k)] dk/dk — 0.
(2.23)
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This is an important property since we can use it to derive an equation of

mass conservation. If we define the particle density p and the current J as

p(x,t) = f(x,k,t) dk, (2.24)

Qe

Ixt) = [ k) e

kK, dk, 2.25
A : (225)

we have that

dp d df
£ = %/Qkfdk:/gkadkz Qk@(f)dk,

dt
Q(f)dk = / %dk+/ v;;g-vxfdk—/ %E-kadk.
Qk Qk Qk

9%
The last term related to the electric field will vanish due to the either peri-
odic, cut-off, or vanishing boundary conditions of f in 02y after applying the
divergence theorem. Using the fact that the integral of the collision operator

over the momentum space is zero we obtain our equation of mass conservation

dp 0 Ve q _

% = 5 Qkfkoer o h fdk =+ kak (JE)dk = QkQ<f>dka
o _ —ap(x’t)+VX-J(x,t)+O: Q(f)dk =0. (2.26)
dt ot Qi

2.1.4.2 Moments of the Boltzmann pdf

We introduce as well the following notation for the moment of the pdf

for a function g(x,k, t)

(9) (x,t) = o f(x,k,t) g(x, k. t) dk = (f, g>L2(Qk) : (2.27)
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Under this definition, we have the following mass, velocity and energy

moments

) = [ feokot) - 1dk = p(xb), (2.28)

& = [ ek 2R e g, (2.29)
O h

O = [ fxk 00 d = (. s (2.30)

They are analogous to the zeroth, first, and second moments about
the origin, being proportional to them for the case of a parabolic band model

e(k) = h*k?/2m*, for which the velocity is then v(k) = hk/m*.

We will omit the subscript L?(€) from our notation for the inner
product. If needed, we will clarify in which space the inner product is taken

in the subsequent development of the thesis.
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2.1.4.3 Collision Operator Structure & Detailed Balance Principle

We will study in this section the structure of our linear collision operator

for electron - phonon collisions in silicon. First, we notice that

Q(f)

= /Qk [S(K k) f(t,x,K) = S(k, K) f(t,x, k)] dk" = (S(K', k), f') = (S(k, k'), f)
= ((ng+ 1) Kd(e(k) — (k') + huwp) + ny K o(e(k) — e(k') — hwy), )

= ((ng + 1) K6(e(K') — e(k) + hewy) +nq K 5(e(K') — e(k) — hawy), f)

+ (Kod(e(K) —e(k)), f' = f)

= K (0(e(k) — e(K) + huwyp), (ng + 1) f" = ny f)

— K (0(e(K) —e(k) + hwy), (ng + 1) f = ngf’)

+ Ko (d(e(k) —e(k)), [ = f) -

We remember that the phonon distribution follows the Bose-Einstein

~1
statistics, ng, = [exp ( o > — 1} , therefore we have that

kpTry,
ng+1 _1 hw,,
= 1= ) 2.31
nq nq + eXp (kBTL ( )

The Collision Operator acting on f can be written then as

o) = Kn, <6<e<k>—s<k/>+mp>,ekl°%f'—f>

— Kn, <5(5(k’) —e(k) + hwp),e’“j;%f - f’>

+ Ko (d(e(K) —e(k)), f'— f) -
We observe by means of this structure of the collision operator that the
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energy dependent Maxwellian

_ ek

M(k) = ¢ %570 = M((k)) (2.32)

is an equilibrium distribution in the Kernel of our collision operator, as

hwp (k) _ el

) _
Q <€ kBTL) = Kn, <5(8(k) — 8(1{/) + hwp), ekBTLe kBTL — ¢ kBTL>

hwp (k) (k')

- an <(5(8(k/) — €(k) + hwp), eFBTLe FBTL — ¢ kBTL>

<(k') (k)
+ K0<5(€(k,) —8(1())7 eikBkTL —@kBl;"L> = 0,

since each of these terms vanishes individually by the shift in energies due to

the Dirac deltas.

Moreover, the structure of this collision operator is related to the more

general Detailed Balance Principle. We have that

hiwp
Sk,kK)=n, K {e’CBTLé(e(k’) —e(k) + hwy,) + d(e(k') —e(k) — hwp)} +Kod(e(k)—e(k)).
Using the formula above, we have then that

e(k)

Sleldem =kt {e&wk’) — 2(K) + i) + 3(=(K) — e(k) - w} eI

__e(k)

T+ Kod(e(K) — e(k))e R

and

e(k')

S ke Tk = ng K [e&6<e(k> — e(K') + fugy) + 8(e(k) — (k) — hw,))} e e

e(k))

+ Kyd(e(k) —e(k'))e FsT .
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Therefore, we have that

(k') (%)

S(K k)e "5 — S(k,K)e it =

Fwp —e (k') )
K?’Lq |:(5(€(k) — E(k/) —+ ]L”pr) (6 kT,  — e kBTL):|

hwp —e (k) _ e
— an |i(5(€(k/) — €(k) + hwp) (6 kT, — e kBTL>:|

_ s _ ek
+ Kyd(e(k') —e(k)) (e FETL — ¢ ’“BTL) :

and we can conclude that there is a Detailed Balance Principle satisfied by

our particular scattering, but distributionally, since
_ e _ =)
<5<k’,k)e o1 — Sk, K )e ol g> -
hwp—e(k’) _e(k)
<an [5(5(k) —e(k') + hw,) <e "BTL — e kBTL)] , g>
hwp —e (k) _ ety
- <an {5(5(k’) —e(k) + hwyp) (e BT — e kBTL)} : g>

(k') e(k)
+ <K0 5(6(1{/) - E(k)) (e_kBkTL — e_kBl’}L) , g> =0,

as each of the terms above vanishes individually on a distributional sense.

Therefore, the following term operates as a zero distribution,
_ =) _ )
Sk, k)e *Tr — S(k,k')e FTr =0. (2.33)
We obtain then a Detailed Balance Principle in a distributional sense

e(k) e(k)

S(K k)e "5 = S(k,K)e B | (2.34)

which defines the following symmetric distribution o(k’, k) below

e(k/

(k) e(k)
o(K, k) = S(K,K)e 57 = S(k,K)e 7 = o(k, K). (2.35)
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This Detailed Balance Principle is a distributional yet local equality
showing that the energy dependent Maxwellian is in the kernel of the collision

operator. We can write the collision operator in the following way then,

Q) = /Q [S(k’,k)e BT £ (1%, K)e BT — S(k, K)o B8t £(t, %, k)eFss | d/

= [ s ke <f t, ka,lf/) f.x, k>> dK’ (2.36)
Qi e FBTL e_kBTL
= (oo 3o L) (237
with
(. K) = ok, ) = ¢ T TE [Ky 6(2(k) — (k) + (2.38)

ﬁqu
ng K (e’ﬂ?TL(S(e(k) —e(k') + hw,) + d(e(k) —e(k') — hwp))] .
2.1.4.4 Collision Invariants, Dissipative property, Entropy Inequal-
ities, Energy & Momentum Transfer Theorems

We obtain the following identity using symmetry arguments and the

Detailed Balance Principle

o f(t,x, K t, %, k
Q(f)gdk = /Q : S, K)e FoE I 2 )N — ) 9(x, k, t)dk'dk
k k

e FBTL e FBTL

_e(k) (k")

e( /
= / S(k, k/)e_kBl;)L fltx k)  f(t,xK) g(x, K, t)dk'dk
Qi J Qe

e kBTL e kBTL

) F(t,x, k t,x, K
_ / S(K K)e Fam fltx k) St %K) g(x, K, t)dK'dk
Q

e(k) k)

e e kBTL e EpTr
_ o k/, f’ f , /
B /Qk /Qk 2 <M(k’) - M(k>) (9(x,k, t) — g(x,K',t)) dk'dk .
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We can derive so called entropy inequalities for collision operators like
ours when considering functions g (f(x, k,t)/M (k)) that have a monotone de-

pendence on their argument. That is, since

- - / ,kaTIL [ / r /
QkQ(f)gdk— /Qk/ﬂk (X, k)e (M, M) (¢’ — g) dK'dk

_ __/Qk/ﬂk (K, K (--%) (f — g)dK'dk, (2.39)

and since S(k, k') = (n,+ 1) K o(e(k) — e(k) + Tw,) + ng K d(e(k) —e(k) —
hw,) + Ko 0(e(k') —e(k)) is a sum of positive point mass distributions, we have

that, if g (%) is monotone increasing ,

(a0 (G £) (6 (6) ()

Collision Invariants are the physical observable quantities conserved by

Q(f), that is, functions g(x,k, t) such that
i Q(f) 9(x Kk, t) dk = (Q(f), 9) - (2.40)

The only family of functions that are both monotone decreasing and

monotone increasing at the same time are the family of constant functions

g=C, C €R, for which
Q(f)-Cdk=C Q(f)dk <0. (2.41)
Kk Qk

The conservation of mass follows from choosing the element g = 1 in the family

of collision invariant constant functions, as

dp _ 9p B
T T Vxd= QkQ(f)~1dk_0. (2.42)
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The energy (k) or the velocity Vie(k)/h are not monotone functions
of the argument f/M. However, we can obtain transfer of energy & momen-
tum conservation theorems using the collision structure studied before. We
can derive the following Kinetic Energy-Work Theorem, keeping in mind that
integrals at the boundary 02 will vanish due to the boundary conditions of

f at 8Qk s

o) etk = 2 [ pegodcsve [ 2OV L B [ 1%
N

Qu 8t Qu Qe h h
Q(f)ek)dk = ? + Vi - <€V—k€> +qE - J(x,t), (2.43)
Qi t h

NCOECIES /Q/Q S(K.K)e 7 (%-%) (e(k) — (k) dk'dk .

We can derive as well a Conservation Theorem of Momentum Transfer

- fE
[anTEae - 5 [ 1 Sace v, fkkdk_ [ TeTesE
Ve - 0J Ve Vge dJ
QOTdk - E*“<TT> [ = (24

e(k))

M M h h

Q( Edk / / k/ e kBTL (i_i) (ng(k) B ka(k/))dk/dk.
Qe O J O

For example, in the case of a parabolic band model (k) = h?k?/2m*,
we have that [, fVie/h*dk = [, f3/m*dk = 3p/m*, as this average is a

measure of the curvature of the energy band in the momentum space.
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Back to the structure of our collision operator

_ SO (Y
anpne -~ [ ] (£ - 4) @ - paca,

we recognize that our collision operator has a family of entropy functionals,

associated to the family of functions g(f/M) monotone in the argument f/M,

from which a family of entropy inequalities can be derived.

There are two monotone functions g of interest. The first oneis g (f/M) =

f/M. In this case, we have

Q(f) = /Qk /Qk ol k ( %)2 dk'dk < 0. (2.45)

This entropy inequality is important because it defines a norm of f in which

our pdf is decreasing

0 > Q(f)idkz %%kor/ Vsf - vkgfdk——/ Vif - E-—
df f f? Ve Vi f?
0 > /detM L% Qk—dk+V /Qk——dk hE- L

d 1 [ df?
oz/ff —/fMldk.
o, dt M o, dt

This entropy inequality defines a natural Maxwellian-weighted L?-norm in k in
which f is decreasing. Therefore, we define the following Maxwellian-weighted

dot product

<fa g)BQ(Qk) = ng_ldk7 (247)

Qe

which defines then the following Maxwellian-weighted L?-norm

2 1/2
ooy = ([ 4rax) (2.45)
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Using this notation, we can express the previously found entropy inequality

for g = f/M as

df 1 a 2 1 2 VkE q
0 > — = - > SV (ST —E-(/, 2() -
B <f7 dt>B2(Qk) 20t HfHB () i QV <f h >B2(Qk) h v ka)B o

The second monotone function to be considered is g (f /M) = log (f/M).

We have that

[ ok, k) (f" f /! / )
QkQ(f) logﬁdk__/gk/ng(M M) <logﬁ—logﬂ) dk'dk < 0.

We can derive then the following associated entropy inequality for f

of, f Vie I

q f
0 > log —dk + —— - Vxflog dk——E-/ Vi flog = dk.
0 0t °M 0 b M N e
In order to express this entropy inequality in a clearer way, we notice
that
foe _ e(k)
log =—0f =log fOf —log MOf =0[f (log f —1)] + af, (2.49)
M kgTy

so, if we define the following relative local entropy as

e(k)

H:f(logf—l—l—kT

):f(logf—l—log]\/[):flogﬁ, (2.50)

then

f

OH =log 1-0f + [~ 9¢e(k) (2.51)

ksTy
Therefore, we can express our entropy inequality as
OH Ve Vie(k ))
0 > “dk + /—VHdk——E/ (VH dk
0, Ot o N T Iy
f h(v)

J q
0 <log > + Vi« <V10g . hE o, Vi H dk + hE T,
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We can consider a couple more monotone functions g(f/M) that let
us find stability and positivity properties of the solution f of our Boltzmann

Equation.

Consider the function g(f/M) = sgn(f/M), which is discontinuous yet

monotone increasing. We have that

_ o(k'.k f [ / /
QkQ(f)Sgn—dk = /ﬂk/ﬁk ( M)(gnﬁ—sgnﬂ> dk'dk < 0.

Substituting the collision operator for the transport term of the Boltz-

mann Equation, we have that

i / af / lfw kE / ffW
> ——dk = ——dk - — dk—+ — Vif-
0 /Qk sgnM 0 sgn W o sgen-—V, f- dk i o, sgn wf-Edk,

and since we have as well that
sgniaf—sgnfaf oG, G= /sgn—@f:/sgnfaf:m . (2.52)
we can rewrite our inequality in the form

0 > /Qd\f\ /a|f‘dk+/ Valfl- X ak — L [ Vif| Edk

hJo,
Vke
0 > |f|dk— | fldk + V. - \f|—dk——E Vil f| dk .
Qp h Qk

Therefore, we have just proved that the solution f to our Boltzmann

Equation is L'-stable, since its L' norm decreases on time.

We can prove the positivity of f using a shifted version of the previous

monotone function. We consider now the function

g (%) = (sgn% — 1) =sgnf —1, (2.53)
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which is monotone increasing too, so

d
OZ/QkQ(f) (sgn%—l) dk:/ﬂkd—‘:(sgnf—l) dk, (2.54)
and, since we have that
(sgf ~1)0f =0G. G [(enf-Dof=|fl-fz0, (259

we derive that

0> /Q de = %/ﬂk(m — f)dk. (2.56)

Therefore, the function of time on the right hand side is decreasing, so
|- Dleodi= [ a1 plde=o. (257)
Qi Qxk

We can conclude that the solution of our Boltzmann Equation preserves
its positivity over time. If our initial condition was a non-negative function

fli=o > 0, then at any subsequent time it holds that
0= [ (7= Dlyde= [ (151 Pledk=o0.
Qk Qk
Therefore we have that

0=/Qk ES

and, since |f| — f > 0, the only possible way this can happen is if a.e. on the
domain € we have

fxk,t) =|fl(x,k,t) >0, (2.58)
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for any time t > 0, x € Q.

For a general monotone increasing function g(f/M), we can try to

derive similar entropy inequalities noticing that

0o i) = [ o Gag) G #7557 —wur- ]

so, provided that we are able to find a function G such that

g(%) of = 9G., G(f,M)z/g(%) f (2.59)

for 0 = 0;, Vx, Vi, d;, we obtain the inequality

oz/gkg( ) /—dk (2.60)

which yields
0G Vke

0 > —dk Tkt | Ve k-1 | VG- Edk
Qk a Qi h h Qe

0> < Gdk—g Gik+Vy - [ V< gk g / ViG dk

= dt at Jo, “ Jo. R A

If G(f, M) = fP(f, M), then we have that

0> 4 dek— fPak+ Vo [ 1P - Yg. [ Vi(fP)dk
dt Oy Oy Oy h FL Oy
d 0 q Vi(fP)
0> Tip)= at<>+v Py} - 2 (DD
with
P(f,M) = G(f, M) :%/g<%> of . (2.61)

One particular set of monotone functions of f/M is the family of poly-

nomials g(f/M) = (f/M)*, o # —1, which is monotone, f/M > 0.
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For the polynomials (f/M)* we have that
Sy (LY

I\ M M
_ N, f " fort .

G, M) = /(M) =3 I(M) a+1aM
(N / f\" oe(k)

G M) = a+1(M) ar1) !\ kT’ (2.62)

so the associated set of entropy equations for o« > 0 are of the form

() Yo {4 e () 252)

and for the monotone decreasing functions s.t. 0 > a # —1 we have

<)) () )t 52)

in both cases integrating by parts and using the boundary conditions of f in

2 +

0 (for the vanishing at infinity BC case, we also assume that f decays at a

Maxwellian rate f/M — O(1) ).

The case a = 0 is the monotone case that is both decreasing and

increasing, giving then an equality that is the well known mass conservation

equation
0= (1) 4 Ve (v)
= — x (V).
ot

For the singular case & = —1 we have the decreasing function

AN

M e R = —

s = (4) =%

GUf. M) = / g(f/M)Of = / MTaf — Mlog f - / log fOM,

G(f,M) = Mlogf—l—ﬁ/Mlogf@s(k),
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with the entropy inequality
o /M M q M Vie(k)
0< —(—1 « ({—1 E-(—1 .
—at<f ogf>+V <f ong>+kBTL <f ogf—

2.2 Physics of Electron Transport in Semiconductors

2.2.1 Semiconductor Physics: Energy Bands and Conductivity

The physical phenomena we are interested is the charge transport in
semiconductors. We proceed then to describe the physics behind why a mate-
rial is a semiconductor, as opposed to a a metal or an insulator. The difference
in conductivity between these 3 different kind of materials can be explained in
terms of the separation of their energy band gaps. The charge carriers, elec-
trons, are fermions, obeying then the Fermi Statistics in equilibrium, which
gives the occupancy probability f of finding a fermion in terms of the single

particle (assuming there is no degeneracy) energy state e

1
" 1+exp((e —ep)/KpT)’

er st fler) =1/2

f(€)

e is called the Fermi Level. Ky is the Boltzmann’s constant and 7' is the
temperature in Kelvins. The filling of the bands determines the conductivity

of the material, which can then be classified according to 3 different categories.

e Metals: High Conductivity Their Fermi Level €r is within one or more
energy bands. There are many occupied states above e, and many

unoccupied states below. This results in a high conductive material.
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Electron energy

metal semiconductor insulator

Figure 2.1: Difference between Semiconductors, Metals & Insulators. Energy

Band Gaps
e Insulators: Very Low Conductivity e is within a large band gap between
the conduction and valence bands. There are extremely few electrons and

vacancies (holes). This results in very low conductivity.

e Semiconductors: Low to Intermediate Conductivity ep lies within the
moderate size band gap between conduction and valence bands. There
are only a few electrons and vacancies (holes). This results in low to

intermediate conductivity.

As mentioned in [11], the advantage of semiconductors is that we can
control the electron and hole concentrations and thus, e.g., conductivity, via

addition of impurities, externally imposed fields, light, etc.
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2.2.2 Semiconductors with Periodic Crystal Structure

We consider in our study semiconductor materials classified as crystals,
a periodic array of atoms. This crystal structure is defined by a lattice (a
periodic array of mathematical points in space) and an atomic basis (a fixed
array of one or more atoms associated with each lattice point). The lattice
has a translational symmetry. The translation vectors 7' that leave the lattice
invariant under translations are given by a basis of vectors a;, as, ag, so that

any two lattice points are connected by a translational vector of the form
T =1a; + jas + kag, where 1,7,k are integers.

The lattice periodicity in the position x-space translates in an associated pe-
riodicity in the Fourier k-space. We have then a reciprocal lattice as well in
k-space. The reciprocal lattice vectors are generated by a basis by, bs, bg,

related to the basis of the lattice vectors in x-space by the property
bi caj = 271'5@‘,
where ¢, j are integers, and J;; is the Kronecker delta.

The reciprocal lattice is invariant under translations by vectors G of

the form
G = iby + jby + kbs, where 14,7,k are integers.

The vectors GG are called reciprocal lattice vectors.

A cell related to the translational symmetry of the lattice is called a

unit cell. It is called a primitive unit cell when it can’t be reduced to a smaller
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cell. A Wigner - Seitz unit cell is the primitive unit cell that best displays
the symmetry of a lattice. The Brillioun Zone (BZ) is defined then as the

Wigner-Seitz unit cell of the reciprocal lattice.

2.2.3 Quantum Mechanics: Schrodinger Equation, Energy Eigen-
values & Bloch functions

Quantum Mechanics is the physical theory that gives the energy bands
which explain the conductivity behaviour of a semiconductor material. We
obtain these energy values by solving the Eigenvalue Problem of Schrodinger
Equation

W) = | S0V V()| (),

2m

where ¢ is the energy eigenvalue associated to the eigenstate function ¥(x),
x is the position vector, V(x) is the related atomic potential of the system,
h is Planck’s constant, and m is the electron mass. Since our material is
periodic, we can assume that the related atomic potential V' (x) is periodic as
well. Then, using the lattice vectors related to the translational symmetry of
the reciprocal lattice, we express the potential in a Fourier Series in terms of

the reciprocal lattice vectors GG, in the form
V(x) = Z Cg 9.
G

The eigenfunctions related to this problem are called Bloch functions. So, for

k in the BZ, and «a being an Energy Band index, we have

U, k(x) = eikxumk(x), where  uqk(x) = Z okt PIGx
G
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The energy eigenvalues ¢, (k) of Schrodinger Equation are given by the deter-

minant

‘ (W _ ga(k))ac,g, 4 Cew| = 0.
The reciprocal lattice vectors G, G’ are used for indexing the matrix above,
understanding that they were defined before in terms of 3 integers, so G =
G(i,j, k), G = G'(i',7',k'). The unit matrix is then represented by d¢ ¢,
and we also define Cg ¢ = Cg_¢/, where Cg_¢ is the Fourier expansion
coefficient of the potential V(x) corresponding to the lattice vector G — G'.

The Dispersion Relation €, (k) appearing in this Quantum Mechanical problem

is called the energy band structure.

2.2.4 Electronic Band Structure and the Empirical Pseudopoten-
tial Method (EPM)

The Empirical Pseudopotential Methods (EPM) [37] give a full elec-
tronic band structure in k-space. In these methods, the Lattice Potential
V(x) is approximated as the sum of potentials w(x) due to individual atoms
and associated electrons. For the case of Silicon, with a 2 atom basis, V' can

be expressed as
V(x) = Z Cae®*  Cu=SaWg, where
a

Sg =T et =2cos(G-T), T=ali+7y+2)/8,

—iG’-xd
and W — Jow(x)e X |
fo dx

where Sg is called the structure factor, and Wy is the form factor.
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The Pseudo-potential part of the method means that the atom po-
tential is assumed symmetric & isotropic, so Wg = W(|G|). The Fourier
Expansion of V(x) is truncated

V(x) = Z Se Wegel@
IG|<|Glmaz
The energy values ¢,(k) are given by the determinant (in terms of the finite

set of lattice vectors s.t. |G|, |G'| < |G|maz)

)(hQHk+ ar

7 5a(k)>5G,G’ + Sqg_aWa_a'|=0.
m

This determinant is solved for ¢,(k) as a function of W (|G|). The
Empirical aspect of the method consists in choosing the W (|G|) parameters
to fit experimental data such as band types, gaps, optical absorption rates,

etc. More information about EPM can be found in [11], [38].

2.2.5 Conduction Energy Band - Carrier Velocity Models

The Quantum Mechanical Wavefunction associated to our charge trans-

port problem has the form
Uox(x,t) = Z Ak | €€ Z Qs s @08
k,a G

It is natural then to use as a model for the charge carrier velocity along a

desired band the group velocity of the quantum mechanical wave function

ow_ 10z
ok  hok'
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Figure 2.2: Brillouin Zone & Electronic Energy Band structure for Silicon.
Electronic Structure and Optical Properties of Semiconductors (Cohen and
Chelikowsky [38])

Some analytic band models are commonly used to describe the electronic bands
that give as well a carrier velocity model on the conduction band. For example,
the Parabolic Band Model is a reasonable fit on conduction energy band

valleys. It is basically a 2nd order Taylor fit to a local minimum &(kg) of the

conduction band.
3

2 ( k —kOZ L [(0e(ko)\
= e ()

=1

The Effective mass approximation m; is related to the 2nd Order Taylor Co-
efficients as above. It is commmon in the Boltzmann community to use a
Parabolic Band model in which a single effective mass parameter m* is the
same used for the 3 orthogonal directions. On the other hand, the Kane Band

Model [4] can be considered as a first order correction of the parabolic model,
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with a non-parabolicity factor a

12 (k — ko)?
1 S e 7

e(1+ ae) Gy

The Kane Model has a validity limited up to energies of 1-2 eV [18] , which

limits is validity as well in applying it to model high-field transport.

2.3 Discontinuous Galerkin Method
2.3.1 Introduction to the DG Method - 1D Linear Hyperbolic Equa-

tion

Discontinuous Galerkin (DG) Methods are a class of finite element
methods using discontinuous basis functions, which are usually chosen as piece-
wise continuous polynomials. The DG method was first designed as an effective
numerical method for solving hyperbolic conservation laws, which may have
discontinuous solutions. It was introduced in 1973 by Reed and Hill [3] in the
framework of neutron transport, modeled by a time independent linear hyper-
bolic equation. We recommend the reference [1] for a review of the method
on a 2D case (we will follow their presentation on the next section). This

introductory session to the DG Method is based on [9].

Since the basis functions on the DG method can be discontinuous,
these methods have the flexibility which is not shared by typical finite ele-
ment methods, such as the allowance of arbitrary triangulation with hanging
nodes, complete freedom in changing the polynomial degrees in each element
independent of that in the neighbors (p adaptivity), and extremely local data

structure, (elements only communicate with immediate neighbors regardless
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of the order of accuracy of the scheme) resulting in a high parallel efficiency
(usually more that 99% for a fixed mesh, and more than 80% for a dynamic
load balancing with adaptive meshes which change often during time evolu-

tion, as commented in [1]).

In this section we will focus on the method of lines DG methods, that
is, we do not discretize the time variable. We consider then a semi-discrete
formulation of DG. To set up some basic ideas about how the Discontinu-
ous Galerkin Method works, we present as an example problem a Transport

Equation in 1D of 1st Order with constant coefficients. We have then
uy + u, = 0.

To make a weak formulation of this problem, we multiply our equation by a
test function v

uwV + uzv = 0,

and we integrate over the considered cell in the domain, the interval I =
(zr,7R)

/utvd:t:—l—/umv =0, on I=(xp,xR),
I I

integrating by parts on the z-domain to pass the derivative in x from the

solution living in the trial space to the test function

/utvda: — /uvm +uv(zgr) —wv(xg) = 0.

1 1
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The DG Method for solving our problem (which is a weak formulation) is
defined as follows. Find u € V},, the trial function space, such that for any
test function v in the test space V}, (in this case the test function space is the
same as the trial space), it holds that

/utvdx — /uvx + v (zg) — ' (xg) = 0.

I 1

In this case, v~ (xy) = lim v*(w) = lim,_,,+, which is a useful

T—ag o
notation since our functions could be discontinuous at the boundaries between
intervals (cells). u is called the numerical flux, which is a single valued function
defined at the cell boundary. It depends on the values of the numerical solution
u of the DG Method, which is discontinuous precisely on those boundaries.
There are several (function) rules to define the numerical flux @. One of them

is the upwind rule.

For example, for this particular problem, according to the upwind rule
we would have that & = u~ if the direction of the transport vector (wind) is

(1,0) and @ = w* if its direction (—1,0).

The upwind flux rule tries to follow the physics of the transport phe-
nomena it describes by taking in the boundary the value of u ’carried” by the
'wind direction’ associated to the hyperbolic equation, that is, the vector (1, 0),
as if this value was transported from one cell to the neighboring one by the
transport process. On the other hand, the values of the test function taken in
these boundary integrals (point evaluations for this 1D problem) are the values

of v on the interior of the cell I = (x, Xg), thatis, ov*(zy), v~ (zg), which
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Find u € V)= piecewise polynomial

—> WIND (1,0) space, s.t. for any v € Ifh,

Ug / wvdr — f uv, dx
I I
% +iaw” (zp) — av’ (v) = 0.
o+
_Quy,

makes sense since v is a test function. After applying a semi-discrete DG for-
mulation in z, we would obtain a system of ODEs for the coefficients related
to the test function. Assuming, for example, that V}, is the space of piecewise
constant polynomials, we would then obtain the ODE du;/dt = L(ur,u;_1),

where u; is the value of the constant value inside the cell 1.

To mention briefly the issue of time discretization in the DG method,
we must mention that for hyperbolic problems or convection dominated prob-
lems, a class of high order nonlinearly stable Runge-Kutta time discretizations
is often used. It is distinctive from them that they are convex combinations
of first order forward Euler steps, which makes them maintain strong stabil-
ity properties in any semi-norm (total variation semi-norm, maximum norm,
entropy condition, etc.) of the forward Euler step. It is only needed then

to prove nonlinear stability for the first order forward Euler step, which is
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relatively easy in many situations, such as the TVD schemes, and the same
strong stability property is automatically obtained for the higher order time
discretization in this class. One of the most popular schemes in this class is
the following 3rd Order Runge-Kutta method for solving u; = L(u,t), where
L(u,t) is a spatial discretization operator (it does not need to be, and it is
often not, linear)
ut) = u" + AtL(u™, "),
3 1 1
@ — Zyr 4 2o L ALY - At
u 4u+4u +4 (u' 1" + At),
1 2 2 1
D) — Zgn 4+ Zu® 4 SALL(u®, " 4+ AL .
u FUt T U+ 3 (u'?, +3 )

We refer to the survey paper [8] for more details.
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Chapter 3

DG Deterministic Solvers for BP Models of
Electron Transport incorporating EPM

3.1 Boltzmann equation in spherical coordinates for the

k-vector

We show here the Boltzmann equation with the momentum k in spher-
ical coordinates presented in [35]. As opposed to the previous work in [34], the
coordinate transformation based on the Kane analytic band relation proposed
in [21] can no longer be used for an energy band that does not assume this
analytic Kane band model and that takes into account anisotropy for (k).
The spherical coordinate system is used in k space instead of Cartesian coor-
dinates because of the higher resolution demands near the conduction band
minimum (chosen as the origin k = 0), and large cells in k-space are sufficient

for describing the tail of the distribution function accurately.

We introduce a change of variables to obtain the dimensionless quanti-

ties
t V2m*kgT;
t:t_’ (f,z)zg, kz%ﬁ(u,\/l—u%ow, 1—u2sincp>
withr >0, € [-1,1],p € [-m, 7.
1
& = k
(r o p) = 1—m-e(k),
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Vtat, box, biy, Uy 2)

v , E=-—¢ V.V,

U(t,z,y,2) =

Vi
(.E,

where the spherical coordinate transformation maps the k-domain €2 onto the

and E, = 0.1V, (1.

with ¢, =

set Q of the (r, i, @) space. Typical values for length, time and voltage are

given by £, = 107%m, t, = 1072 s and V, = 1 Volt, respectively.

Thus, a new unknown “weighted” pdf function ® is obtained by mul-

tiplying the pdf f by the Jacobian of the spherical k-transformation

vr

2 f(t7x7y7z7717u7()0)7 (3'1>

Q(t7 x?y? Z”r? /1/7 <p) =

which can be interpreted as the probability density function of an electron

being in the neighborhood of the phase-space state (x,y, z, 7, i, @) at time t.

Hence, writing the collisional integral in spherical coordinates and mul-
tiplying the Boltzmann equation by the Jacobian associated to the k-spherical
transformation, yields the following Transformed Boltzmann Equation (TBE)

for the unknown @

o 0 0 0
——+ 75— (a1 P)+— (a2 CI))—l-&

0 0
ot  Ox dy 0

_M (as <I>)+% (ag ®) = C(D),

(3.2)
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with the transport vector @ = (ay, as, as, as, as, ag)’ with components

08 1 —pu?0é
al(.) =c¢p (2\/;'UE+7£%)’

0& /1 —p? cosp OE sin @ o0&
as(:) =cp | 2v/r/1 — p? cosp — — — -],
2(+) D< VIV = p? cosp o 7 RN vk %

/1 — p? sinp 0E cos 0¢&
— 2 /r /1 ge _
as(") CD( ViviL—p Slwa Jr +\/-\/ﬁa<p>

as(-) = —2cp/r [u E.(t,z,y,2) + /1 —p2(cosp Ey(t,x,y,2) + Sinz(t,:c,y,Z))} ,

vr v

[_ Sinngy(tax:ya Z) + COS@Ez(taxaya 2)] )

1— 2 1= 22
CL5(') = —Cg [ K Ex<t7x7y7z) - u (COSQOEy(th>yJZ) + SingOEz(thayWZ))] )
() L
ae(+) = — N —
6 E \/F 1 _#2

and the linear collision operator

C(®)(t, x,y, 2,7, 11, ) / v @) Oty 2,0 1 @) dr' dpldy!

—O(t,z,y, 2,1, 1L, @ / e, @) 'dy’, (3.3)

where the scattering kernel is

8(r, py 0,7 1) = e (E(r, ") — E(r, ) + )

+co 5(8(T/7 /’l’/7 90,) - 8(T7 1y 90) - ap) + Co 5(€<7J7 ILL,7 SOI) - 8(7’, 1, 30))7

accounting for acoustic and optical electron-phonon interaction, the main scat-

tering mechanisms in silicon. The constants above are defined as

. kBTL . t*QE* . hwp
b = g* 2m* ’ n= Qm*kBTL ’ W= kBTL ’

2m* t,
(cp,c,c0) = 73 Ve2m* kT [(ng + 1)K, n K, Ko .
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The dimensionless Poisson equation is

9 (—:8—\1/ +2 68—\1[ —i—g 68—\1[ = ¢, [p(t,z,y,2,t) — Np(x,y, 2)]
or " 0z oy \ " Oy 9.\, ) T @PETEE DA% Y21

(3.4)

where

—3 3
V2mrkgT V2m*kgT, 0?
ND("E7y’ Z) = (%) ND(E*m7€*y7£*Z)7 Cp = ( mh b L) 60*5 5

pt,z,y,2) = / O(t, x,y, 2,7, 1, @) dr' dp'dy' .
Q

3.1.1 Geometrical interpretation of the force terms in the TBE

Although the terms (ay, as, ag) related to the transport in the x-space
due to the electron group velocity in the TBE can be easily interpreted as just
the gradient Vye(k) expressed in spherical coordinates, the terms (a4, as, ap)
related to the transport in the k-space due to the electric field might be more

obscure to understand. A simple expression for them can be identified.

ay = —2cE\/7_"(,u,\/1—,u2cosg0,\/1—,u2sin<p> -E=—2cgré, -E,

(3.5)
1— p? _ 1— 12
as = —CET'u (\/1 — p2, — 1 Cos p, —usmcp) -E = —CET'U e - E,
(3.6)
! 0 i )-E L e, - E
ag = —cp ———= (0, —sinp,cos¢) - E = —cp ———=¢, - E.
NN ne BV T
(3.7)

These transport terms express the acceleration field induced by E in spherical

coordinates, as they are related to the negatives of the directional cosines of
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E with respect to the unit vectors é,, é,, é,. Hence, the TBE (3.2) is written
in conservative, divergence form, as a flow in the k-space due to the electric
field decomposed in each of the orthogonal components of the spherical k-
coordinates. This can be easily derived from the expression for the divergence
in general curvilinear coordinates, applied to the particular case of spherical
coordinates k(r, i, ). This calculation is performed below in the following

section.

3.1.2 TBE in Divergence Form for k in Spherical Coordinates

The divergence in k in the standard spherical coordinates (|k|, 0, ¢)
for a vector field A(x,k,t) = (A1, A, A3) = A€ + Apéy + Ayé, has the

expression

1 O(k[2Ap) L 0(Apsing) 1 04,
k2 0| k[sinf 00 k[sind dp

Vie- A = (3.8)

The divergence of A, with a respective orthogonal decomposition A = A,¢é, +
A,é, + Agé,, in terms of the modified spherical coordinates (r, i, ¢) used in

the TBE is obtained from (3.8) by taking into account |k|? = (2m*kgTy/h*)r,
d h d
i = cosf. Therefore d|l7;] = \/WQ\/F’ d—/; = —/1 — pu?, following

that €, = —ép, A, = — Ay, and € = é,, Ay = A,. We have then

VoA — 10(r4,) dr h < 1 0(Apsin®) du 1 814@)

r or dK| * V2mikpTy \\/rsinf  op  df - Vrsinf dp

h 2 |0 0 1 — p? 0 1
-l DR s S ———a ).
V2m* kT, /T [(‘97“ (rde) + ol ( 2 9> + ) <2 1— 2 3")]
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We obtain then the divergence in the modified spherical coordinates used in

this work, since

Vg A= (L)
2 k N vV 2m*k:BTL

(3.9)
So, the k-transport term in the TBE (3.2) can be expressed in the divergence

form (3.9) by using

g (%(t’x) . ka) — %ka' (Mf> = \/TFVk -A (3.10)

for the vector field

o —q E(tu X)
N B

= —qE(t,x) @
h VT2

The formula (3.9) mentioned above for A can be interpreted geometrically as

A (3.11)

a flow of electric field in the orthogonal directions of the spherical coordinate

geometry used, since by definition,
A, =A-¢, A, =A-¢, A,=A ¢, (3.12)

We can express the Boltzmann Equation transformed to our coordinate system

to the momentum as

P .
a5 T cpO(wy,2) * (PV) — cEOpuy) - (M -E®//1/2) = C(®), (3.13)

with

1
é, | . (3.14
) - (a1

Ny

5 r

cpU = (a1, as,a3), M(r,p,p) = (réT

%)

e
Q(TAT)%—E JAM +£ ;Aw ‘
or ol 2 dp \ 2 1—p2



3.2 DG formulation for the TBE and the Poisson equa-

tion

An important point is to keep in mind that, in the DG formulation
used for the problem, a numerical flux is imposed in the surface integrals. So,
when applying the upwind rule to the TBE in the scheme, the value of the
approximated pdf must depend on the sign of terms of the form of components
é, - E, etc. Therefore, the upwind rule to be applied is a condition that models
the physics of electron transport in the new phase space (x,y, z,7, 1, p) due
to the mean electric field force acting over the charge carriers. The details of

the discussion about the scheme and numerical fluxes can be found in Section

3.2.2.

3.2.1 Domain and Finite Element Space

Let’s consider a 2 D rectangular domain in the physical space and a

rectangular domain 2 in momentum space. We use simple rectangular cells

Qijkmn = |:£L',L-7 ) SCZ+%:| X |:yj7%7 yj+%i| X Kkmn7

[NIES

where

Kmn = [rk*? Tk%} X [ﬂm—%’ Mm%] X [@ng, son%} ,
with

Titl ini%, Yt :yji%, Thtl :mi%--- :

andi=1,..,N,, j=1,..,.N, k=1,.N,, m=1,..N,n=1,.. N,
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The test functions ¢ (z,y,r, 1, ¢) belong to the linear function space

Vhlz{v:v

Qjrmn € p! (Qz]kmn)} )

where Pl(Qijkmn) is the set of polynomials of degree at most 1 on the cell
Qijkmn-
A set of piecewise linear basis functions for V! in the open cell kamn

is given by

Az; Ay; Ary, JAVTS Ay,
Hence, in the cell Qijkmn, we approximate our weighted-pdf ® by a

piecewise polynomial ®;, of first degree in V}!,

(x — @) )
A IRy

+ Mijrmn(t) % + Pijmn (t) % (3.16)

(Dh(t7 Zz,y,r, U, %0) = Ejkmn(t) + Xzykmn(t)

(r—ry)

+ Rijkmn (1) m

The charge density on [:cl;%, x; +%] X [Z/j—éa Y; +%] under this piecewise linear
approximation is

Ny Nu Ny

= 1 + (=) w—u)] ,
o ; mZ_1 ; |: Hhmn <t> ki (t) A%l/Q + Yijhomn <t> A y]/z TrRAMUm ASOn
(3.17)

The problem is then reduced to find, by means of our numerical scheme, the

unknowns

T;]kmn(t)y ijkmn(t)a Y;jkmn(t)a Rzgkmn(t)a szkmn(t)a szk:mn(t) (318)
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3.2.2 Discontinuous Galerkin Formulation for the TBE

The corresponding weak DG formulation and its corresponding approx-
imation consists on finding ®, € V!, such that for any test function v, € V}!

and a generic cell K of the decomposition of €2, x €y, solves

0P 0 0
/ =5 vndo — /K al;fb (a1 @) do — /K ai,h (as @) do — (3.19)
ovy, vy, ovyp,
d — d — d
/K 87’ (a4 h) do /I; 8/1 (Cl5 h) do /K 8(p (a6 h) do +

Fj—FerF;—FerFﬁ—FT+FJ—F#+F;—F¢:/ C(®p)vy, do,
K

where vy, is a test function in V}!, do = dx dydrdude, and where the F*’s
terms are boundary integrals over four-dimensional boundary surfaces associ-

ated to each 5-dimensional volume element €z, that is,

+ yj+% Lanr% A
Fr= / / / a1 Ppv dydrdude
vy iy b1 e, 1 Tixy
Tird [Tl [Hmgl [Pord
2 2 2 2
Fyi = / / / as Py dxdrdude
xzf% T‘k*% 'umf% 9071,7% yji%
Tird [Yi+rd  [Pmil [Pnrd
FE :/ / / asPpuf dxdydude
w1y e, e, ==
Tird Y54l [Tl [Pl
2 2 2 2
F;t :/ / / as®pv; dxdydrdp
R B T L Pmtl
ird [Yi+d [Te+d [Hmed o .
Fj :/ / / / aﬁq)hv,ﬂ dxdydrdpu
mi—% y]'—% Tp— 1 1 (p"i%

The values for v are the ones for the function vy, on the interior of the con-
sidered cell. The upwind numerical flux <i>h defines the value of ®; at the

boundary. That means ®; might be discontinuous at the boundary.
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The collisional terms

/K C(®)op, do

become a linear combination, with numerical constant coefficients, of the the
unknowns (3.18) which are precomputed and stored. The Poisson equation
can be solved by either an integral formula, projecting the solution to the
electric field into the space V!, for the 1D device case, or by means of a LDG
method, for higher dimensional cases. A Runge Kutta method is applied for
the time evolution of the time dependent coefficients (3.18) for the piecewise

linear approximation @, € V.

3.2.3 Transport and Collision terms in the DG formulation

We consider now the details of the DG scheme for 5D plus time.

3.2.3.1 Collision terms

Denote by Kipn = [rk_%, rk+%] X [um_%, ,um%} X [gpn_%, ‘Pn+%] the
rectangular cells in the spherical coordinates for k-space. Because the colli-
sional operators only perform integrations in k-space, it is convenient to write
the basis functions in (3.15) as the product of two functions 7} ;(x,y) and

& mun (T 11, ), which are given in Qyjxm, = Qr by

. 2z — ) 2(y —y)
@} 15 = {1, LL 1= Ay J (3.20)

— 2(T - rk) 2(:“ - ”m) 2(90 - Qpn)
P —
{Sk,m,n(r)}p:&l’“75 - {17 A’I"k 9 Aﬂm y Agpn 5 1, 1 321)
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where we define

i=(v,y), 7=umy), T =0 u,¢), di=drdudp,  (3.22)

I=1(ij,kmmn), (3.23)
{ 1 if (Z,7) € Q,

0 otherwise.

and

WP(t) = Ti(t), Wr(t):=Ri(t), Wi(t):=Mi(t), WP(t):=Pi(t),
(3.25)
W) = X;(t), W) = Yi(t). (3.26)

Then, in a piecewise continuous linear approximation of ®, we have
(almost everywhere), that

O(t,7,7) =) xi(@F) | Y WHH) 0l ;@) &0(7) (3.27)

p=0

Because the phonon collision scatterings only consider the Fermi Golden
Rule [18] and the spherical coordinates localize the negative part operator,
there is a natural split of the collision operator in gain and loss terms of

probability density rates.

Gain Term of the collisional operator. The gain term, when

using the piecewise linear function (3.27), becomes
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° \/F — P D — =/ = P —/ —/
Z Z 7 le(x) WI (t) nz,‘](x) S(T 7r) k;7m7n(r ) dT )
T Ky
with x; and W7 from (3.24 - 3.26)
i (%) = 1 if (z,y) € [mi—%v xz+%:| X |:yj—%a yj+%:|
0 otherwise
In the weak formulation, the gain term is multiplied by the test function
18=(%) &, »(7) and an integral over the domain Qy, I = (i,j,k,m,n), with
respect to (#,7) is performed, obtaining
VT
/Q D XD W) () /K (7!, 7) &f (PP 1 -(2) € ()T dF
I I
(3.28)

5

Vr L Ly Lo [T Vi g g
ZW}D(t)/ 5 8(7',7) ‘Z’m’n(r/)dr/ﬁgmﬁ(r)dr 2 2 Xij 77?,]'(@ ng’j(x)dx.
K Kimn Y xg_% y;_%

(3.29)

The integration with respect to z and y gives

Yy [Yird N oD N
Xi; () m;;(Z) 77;7;(55) dx dy = 03055 Bpg Axi Ays,
Yoy TYieg
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where the matrix f3,, is given by

(qu) =

O~ = = =
O O —= =
O O = =
O O = e
Qwr O O O O
w—=o O O O O

e}

Then, equation (3.29) is reduced to

S W Ot [ [ [ S0 )0 €0
kmnp 0 kmn kmn
(3.30)

<

Loss Term of the collisional operator. The weak formulation of
the loss term of the collisional operator gives

/ txfj/ /d”/_ S(r,7) /m](f)fk () didi ~

/ @(t,f,?){z ‘fg(ﬁf’)dﬁ’] Wl (D)EL (7 dEdr. (3.31)
Qj ’ ’ ’

k7m7n Kk'mn

Using the linear approximation of ® given by (3.27), integral (3.31) becomes

/Q {ZXIxF)ZW” nufékmnF] {Z \FS(W) *']n @) €(7) di dF

k.m.n Kkmn

> /
=ZW}”<t>/Qnﬁ’,y EmalT {Z f( >d]§]< TV} () dTdF

k.m.n Kimn

Therefore, equation (3.31) reduces to

Z (t) BpgAx; Ays; Z / [ ; \f S(F, )dF’] %mﬁ(f') gg’mﬁ(m dr'.
=0 k,m,n Kima kmn
’ (3.32)
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3.2.3.2 Transport terms

The following notation for boundary terms will be needed. We denote

(i)ii% = ‘i’(t’%i%aym 1) qui% = @(t,x,yji%,r, 1 ) (3.33)
brps = twyras ), Ppar =S a,y g, 9),
(i)ni% = ch(t, LY, T K, (pni%) 5
Ufﬂ,ﬂii% = nfil,j (%i%a Y), 77£j|i:t% = nf,j(xi:t%’ Y), (3.34)
775ji1|j:|:% = nf,jil(xvyj:t%)’ n£j|j:|:é = nﬁj(x,yji%); pef0,1,---,5}
fZ,m,n|ki% = fZ,m,n(Tkiéa 1 #) fz,m,n|m:|:% = fz,m,n(ﬂ Fmtls ©),
fi,m,n|ni§ = éi,m,n(h My Qpn:t%)
gz:tl,m,n|k:|:% = ézﬂ,m,n(rki%a 1y %) s gi,m:l:l,nlm:t% = éi,m:l:l,n(TJ Hmtds ©),
éz,m,nﬂ:l|ni% = fi,m,nﬂ(ra s S%i%) , pef0,1,---,5}. (3.35)

We consider first the weak formulation of the transport terms in space,
namely 2 (a;®) and a% (ag®), related to the advection in x, where the first
cartesian component a; of the electron group velocity is involved. Because
their discretization forms are similar we only present the one for a% (a1D).

0 [a1(r, p, ) ®(t, Z, 7)) (2, 7) dZ dri =

A = h
(A1) o, O
= Alac,- /Q[ ay(7r) [éi+%¢i+é — @i_%wi_%} dzdr — /Q[ ar (M) P (t, Z, F)(%zﬁ(fj)dfdp

Due to the upwind flux rule, we have to consider two cases depending on the
sign of a;. In the sequel, the symbol ~ will denote the approximation of given

integral terms.
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If a1 (7) > 0 in Ky, for ¢ =0, ..., 5, one obtains

5
WO [ o
ZAI.CEZ/QI al(r)n1]|l+ Ekmn(_‘)nzﬂ,_s_%f;z’myn(r)dxdr

p=0

5 P
W 1 kmn(t) o
> = [ 6L (P

p=0

° 20,

WHO) [ s €L () 2 €l () d 7

S
ol

Yy
gy [ @€ (L (WD)

kmn

3
M\»—‘

Cn|I

o nf 1,5 znz,]|zldy/K (F‘)gkmn( )gkmn(f)dr ljkmn(t)

[
L

S
I

Mm

26 Tird  [Yivd o =

mi—% yj—% kmn

3
I
o

If a1(7) < 0 in Kyppp, for ¢ =0, ..., 5,

(A1)

Q

5 P
Wi (t)
i+1jkmn
ZAJLL'Z/QI al(F)Wf+1,j|i+%£z7m7n( )7717J”L+1€kmn(7:‘) dzdr

1 —\
A ,ZWf(t)/ ar (P17 35 1% (O i 1 &1L 1 () AT
ZT; Q
p=0 4
: P D (=2\ ¢P 25q4 —
ZWI(t) al(f’)m,j(w)fk,m,n(ﬁ {kmn(r)d Zdr
p=0 &
5 yJ+§ D
nl+1,]|z+ 777,,]|7,+1dy (T_‘)é-k;mn( )gkmn(f)dr z+1]kmn(t)
— Y. 1 Kkmn
p=0 =3
S (Y
gy [ a6 (6L (W
p=0 y]_% Kimn
5
26 Tird (Y5l . .
o [ @ty [ a6, 06,0 AW,
p=0 Li xi,% yj,% Kgmn
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We consider now the weak formulation for the transport terms in mo-
mentum space % (ay @) + g_u (a5 P) + g_sa (ag @) advected by the electric field.
It can be noticed in Eq. 3.2 that all the terms ay, as, ag are the sum of terms of

the form a.(7) E.(t,Z), where E,(t, Z) is a cartesian component of the electric

field.

The r-derivative including a4 can be split as a sum of terms as the

following
a — — — I
(Age) = a—[a*(F’) E.(t,Z) ®(t, 2, 7)Y (Z,7) dZ dr
Q; or
1 . 1 -
= — gl 1 B (6, 2) Py 1 1 dZdr — — sl 1 B (6, 2) P14, 1 dZdr
Arg Jo, |k+2 (t, 7) k;+2¢k;+2 Ary, Jo, lk L (t,7) Oy 2¢k L

- / . (7) B (1,) 000, 7.7) 205, 7) dE
Qr

By the Upwind Flux Rule, if a.(7) E.(t,Z) > 0 in 0FQy, for ¢ =0, ..., 5,

5
w7 . . . o
() % SR [l BT Ol W D6 sy 007
I

p=0
5 T17P
Wijk—1
_ Z ng mn/ a*\k_lE*ng”j(x)gi’il’m’n]k_;ng,j(x)§g7m7n]k_;dxdr
= Tk Q, 2 2 2
5
. 4 L 24q o
= WO [ 0D B i @) €L, () R (@) i
p:0 Q[ rk
5 .1 (Y1 Bl [Pl
it5 itg s . R m+ n++5
= Z/ : QE*(t,:c)ngj(m)an(x)dxdy / : Qa*\k+%§£,m,n\k+%§g,m,n\k+%dudw
p=0""i-g Y-} =g 7 ¥n-}

2041 . N
S GG Y L

ot d [$nsld
P q P
- / / a’*|k—% 5kfl,m,n|k—% gk,m,n‘k—% dpdep Wijkflmn
n @

1 1
m—zx n—g
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If a.(7) E.(t,7) < 0in 05Q;, ¢ =0,...,5,

1 Z ~ =
(A4*) ~ Ary, Wiz;'kJrlmn(t) /Q a*‘k—‘r 1 B (t .Z') nz J (.%') §k+1 m n‘k—&- 77@,] (x) ’Sk m n’k-{- L AT dr
p= I

5
w7 . o
- ZArk/ﬂ el L By 5 (B)EE sl ke 105 (B)E o AT AT

I

2001 g /o oo
Ay n; ;(Z) dZ dr

— S wr /Q 0(P) Bu(t,8) (D) €L (7)
I
N
-y Eu(t, 2) of,(2) 18, () da dy
T, y

0
P} [Pntd »
x G |k+% gk—&-l,m,n
Bl o

3 Sl d 982 ) Wik tmn ()

The weak form for the term related to a% (a5®) is

(As,) = 9 [a.(F) B, (t, &) ®(t, Z, )] (Z, 7) di dF.
o, O

By the Upwind Flux rule, if a.(7) E«(t,Z) > 0 in 83591, q=0,..5,

(A5.) ~ / / (1, 7)1 (F) 7l () d dy

q
/ / (I* m+ gk m,n|m+% 5k,m,n|m—&—% dr d(p
1

k—1
2

T [ e | W)

l\.’)

ey [l drdo| WP /
a*|m77 gkm 1n|m77 é-kmn| 1 ray ijkm— ln( )
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If a.(7) Ex(t,Z) <0 in anI ,q=0,....5,

Tiry [Yird oD N d (e
E,(t,T) R (Z) ;4 (Z) dz dy
T, y

p=0 -3 Y-}
Tetd [Pl
X { !/ ’ / ’ a*‘m—&—% fz,m—l-l,n’m-l—% gg,m,n‘m—i—% dr d(p] Wz?;km—{—ln(t)
ka% wnfé
Terl [Pl
- / v / 1 &l 1 6l 1 drdp
Tk—% @n—%
2042 P = 7P
- @ (7)€L, ) dF| WIE)
AMT)’L Kimn Y
The weak form for the term related to % (ag®) is
9 . . . Do oo
(Ag) P [a.(7) El(t,2Z) ®(t, Z,7)| (2, 7) dZ dF (3.36)
Q 0¥

| [T Y L g
(Ags) = g E.(t,2)n; ;(@) n} ;(@) dedy| x
x y

0
Tyl [Hmgl 20,43 .,

[ L gy dndrn 52 [ g, 00 W
Tk— SO’I’L Kkmn

| [ [, | 1 &P | €& | drdp| WP (t)
*Iin—3 Skmn—1in—35 Skmnin—3 H ) :
Tk,% o

ijkmn—1

If a.(7) Ex(t,Z) <0 in ﬁjﬂf ,q=20,....5,
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m+%

1 M
j/
"

20,3
+ 4 / ax (T b 7 dF:| pt}.
22 ) € ] W)

*|nfl§kmn|n77€kmn’ 1 drd'u

ni,

5 T 1 [ Y1
i+ 5 Jjt5 _ R R
(o) = S| [ [T Byt @@ do dy |
p=0 ["¥i-§ Y-
ey e
/ / a*’n-ﬁ-% é‘Z,m,n—‘,—l‘n—i-%gg,m,n|n—‘r% drdu Wi];'kmn—l-l(t)
MR
I
a
Tk_% _

1
2

3.2.3.3 Computation of Collision Integrals for electron - phonon
scattering with radial dependance.

In the case of an energy band function with radial dependance £(r)

S(r,r') = 005(8(7"’) —&(r)) +cyo(e(r) —

= Z o) —&(r) + lay) . (3.37)

E(r)+ap) +c_d0(E(r) — E(r) — ayp)

The radial energy band function can be projected on the space of piece-

wise linear functions of r to obtain

ZXk (re) + Ag(r — ri)] ZXk k) + 0 &(r) (r—mre) ],

(3.38)

and, after this projection, we can calculate the collision integrals involving a

delta distribution with the piecewise linear function in their argument. The
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computation of such collisional integrals are given by

/I(C((I)h)vhda = ZZ Ukmnﬁqux Ay]/

kmnpO Ky

| S a0
Kimn

kmn

Vi
- WE(t) BpgAx; Ay; / / S(r,r') &8 (7)) &L _(F)dr dr’
Z Pq ]k;n K Koo ) k,m,n<_‘) Ic,m,n() 2
- Z Z zgkmn ﬁquJ? AyJ (339)
k,m,n p=0
—/ —/ r —
/ [/ S dEr) — E0) + Loy €6, >dr] S INLY
Kima Kkmnl— 1
5
— W?(t)ﬁqungyj X
p=0
S [ S e e i) 71600 |
k,m,n Kimn | Y Epmaj=—1 2

In order to perform the integrations involving /r numerically by means

of Gaussian quadrature, the change of variables r» = s? is applied, so that the
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functions of s to be integrated are just polynomials,
/ C’(Cbh)vh do =
K
s
Z Z Uk‘mn ﬁqufL“ Ay]/ 5&1%77%,71(527”:@) 25 X

k,m,n p=0 kmn
+1
[Z cl/ (E(rp) + Ap(s™ —rg) +lay, — E(ry) — Ap(r' — ) &L, (F' ) d ] dsdude
I=—1 Y Ermn
5 o
_ ZWf(t)quAngyj Z/ 523 X
p=0 k,m,n kmn
+1
[Z o [ B+ oy £lr5) — Arr = 1) €, (€L 1) dr] asdyldy
I=—1 Kimn
5
=D > Wi (DB AnAy; (3.40)
k,mmn p=0
_ A:(s% — r: _
/ & (875 11:0) X (8(T'“) T Ails T'“)Aj; fay — &) +Akrk> s*dsdpdp x
Kima

+1
nTa A' p— l — 8 A
E Cl/ / " k ,m,n ( rk) i k(s Tk)f;: & (Tk) T AT ; Mla 90,) d'u’dgp, -

I=-1

5
Yy E(rg) + Ar(s? —ry) + lay, — E(ry) + Aprg
ZW}) )Bpg A Ay; Z / d/L dy' s X7 ( (i) i k)Ak P (rz) k k)

k,m,n

m+ At s
ch/ 2/ T () ) &L (r(s), 1) dudep || ds
1

= m—1 1
I=-1 5 —5 r(s)

with 7’(8) — g(rk)-‘rAk(8/2—rk111:lap—5(ré)+AETE.

The integrals above involve only polynomials, which are numerically

computed by Gaussian quadrature rules.
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3.2.4 The algorithm for time evolution

Starting with given initial and boundary conditions, the algorithm ad-

vances from t" to t"*! in the way described below.

—_

. Compute the density p.

2. Solve the Poisson equation and find the electric field E.
3. Compute the transport terms a;’s.

4. Compute the collision part.

5. Solve the (large) system of ordinary differential equations for the coef-
ficients of the linear approximation of ®; (which are obtained from the

DG formulation), by using a TVD Runge - Kutta scheme.

6. Repeat the previous steps as needed.

3.2.5 Poisson Equation in 1D

PV = PNy(2) — pa(t,z)] € VL, (3.41)

€r

with Dirichlet BC for ¥(z,t), to obtain E(z,t) = —c¢, 0,¥(z,t). For the 1D

case, there is an analytical solution to the Poisson Eq. BVP with Dirichlet
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BC, given by the integral formula

U(x,t) = ¥(0)+ [‘I/(l) —U(0) + /0 % Ny (") = pu(t,2")] (1 — I/)d$/] x

€r

_ /0 ' % [Na') — gt ')} (« - 2"’ (3.42)
= [+ 2 [ o) - miea] (0 - ]

| - )
= 2 [0 - ) (o - )

evp
and
Bz, t) = —c, 0,0 (w, ) = (3.43)

Iy (\mé + [ =) 2 ) - it = [T E D) - (e 0) d:c')
— eVt 2 [ Na) = ) (1= e =2 [N )] )

€ €& Jo
N

4

e‘\;}? e};h?

We observe that, if 079 = Z [N, (2) — pu(t,z)] € V3, then the ana-
Iytical solutions are such that E(z,t) = —c, 9,¥(z,t) € V;* and ¥ € V}3.
This differs from a piecewise constant density approximation for which —9?¥ =
2 [Nu(x) — pu(t, )] € V;) implies that E(z,t) = —c, 0,¥(z,t) € V!, ¥ € V2.
We must project then the analytical solution E(x,t) to our Dirichlet BVP
in the Finite Element space V;' to find an approximate solution FEj(z,t) that
belongs to the appropriate space for our problem, and likewise for ¥ and its

respective projection Wy,.

E(x,t) = Ey(z,t) =, E(x,t) € V;. (3.44)
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Given the analytical solution of the electric field, it is clear that we only need

to project the part of F(x,t) that doesn’t belong to V;!, namely

F(x,t) :/ N (2") — pn(t, 2")] do’ — H,ll/ (Nn(2") = pn(t,2")] da’. (3.45)
0 0
Let’s remeber that

(' — x;)

(N(2') = pu(t, 2")] wrepe—win) = € (8) + i (1) Az;/2

eVl (3.46)

Therefore,
F(z)] = [N = pu(t )] de = Z )+ =) | g
[Tig—sTig+] 0 h pu( - Xi Ax;/2

= Z/_+ [c?(t)w%(t) ("Z;/Z)} da’ +/:_ [cgo “30%] i

1<10 ’
($ — X )2 Al‘i
F(@),, —cocan s = 2 A0AT + & ()@ — i) + ¢}, (1) { A:Eioo |-

1<ig
The only part of F(x) that doesn’t belong to V;! is proportional to R(x) =

—(xAZE) We project this residual in V!, so

Tip+ Tiy+ (x — T )2 Ax2
1- R(x)da = ) gy = Tl
Aio— (x) ! /$i0— A‘rio ! 12 7

ot (= ) ot (= )"
YT | po)de = Y —
/rio— Ax;, /2 R(z)dx /xio— Az /2 /2 v=0

The projection of R(z) in V;! gives the piecewise constant approxima-

tion R* = ["0" 1. R(x)dx/Aw;, = Axl . Projecting F — I} F € V},
ig

) — M F(z) [wig—ig+] > dAwi+ & (e—wi-) + {

<10

Al'io AZL’Z'O
12 4 |7

[Tig—Tig+
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10 10

[xio —Tig +] ’

me [Zc (H)Az; — ¢! (t)% + & (t)(x - xio_)] . (3.47)

1<10

The projection of the electric field E(x,t) into V;! is then

En(z,t) =T E(z,t) = —c, (vo + ‘é—f’ /0 Nu(@') — pu(t, )] (1 — 2)dz’ — LTI F(a, t)) ,

€r

En(x,t) = —cyx

<% Cp /0 [Nh<x/) - ph(ta l’/)] (1 - x,)d szo [Z COA:UZ - Czo Aglo

€
r 20 1<10

or equivalently, Ej,(x,t) = —2%2x

€r

+ cm(x — T )])

10 <10

understanding that the coefficients ¢/ (t), ¢ ,(t) are time dependant. If we con-

sider in particular the projection of the electric field for = € [x;,—, z;,+] we

have that
Cy C
Eh<x7t)|a:€[x¢0*,xio+] - € .
Vo !
(60 4 [ 00l) - ta) (1 - )i
D 0

67"‘/0 ! 0 1 Axl 0 Axl
< Cp +/0\ [Nh—ph] (1—x/)d$,_le0 [ZCZAxZ - ciOTO + CiO 20

r — I
A”%04_1) >’
2

1<t9

where the following integral, after being calculated, is

/0 (') — pu(t, 2] (1)’ = S (1)) A= 3 el () S (3.49)

% %
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Therefore

Ei(z,1)| = 2%y (3.49)

€[z —Tig+] T

P
On the other hand, the Poisson Eq. BVP with Dirichlet BC in 1D can
also be solved approximately by numerical methods. For example, by means

of a Local DG Method, obtaining with this method ¥ € V}!, E(z,t) € V}l.

3.3 The nT-n-n" silicon diode

We consider the symmetric case of a 1D n™-n-n* diode, in which the
conduction band energy function is assumed to be of the form e(|k|) = e(r).
This assumption preserves azimuthal symmetry for the problem if the initial
condition is independent of the azimuthal direction . Therefore, under these
assumptions the problem has azimuthal symmetry in k for all times ¢ > 0,
so it suffices to consider k = k(r, ut), reducing then the dimensionality of the
problem to 1-D in z-space and 2-D in k = k(r, 1), then the problem reduces
to a 3-D plus time. Assuming E has null y and z components, this symmetric
case reduces the TBE to

o® 0
— T oo (@ ®)+

0 s,
ot | ox 5o (g @) + o= (a5 @) = C(®), (3.50)

or o
where the terms aq, a4 and a5 are now simplified.
The Poisson equation is reduced to

5 (a5 ) = e lotr) = N (o). (351)

1)

Vi Az? Az; Az,
(EC 0 +;(1 —xi)c?A:L‘i — ZC%% - ZC?A:EZ — c}o% + Cgo% + c




For this case both the potential and electric field have analytic integral solu-
tions, that are easily computed numerically for the piecewise linear approxi-
mation of the density p,. Then, such electric field solution is projected in the

VI space of piecewise linear polynomials.

3.3.1 Device specifics

We consider first a diode of 1 um length, with an n-channel of 400 nm
length, doping of 5 x 10?*m™3 in the n™ region and 2 x 10*' m™2 in the n
region. We also consider a 0.25um diode with a 50 nm channel with n*-doping

of 5 x 10** m~3, and n-doping of 1 x 10%' m=3.

3.3.2 Numerical simulations

The space V;' of piecewise linear polynomials in (z,r, ), with time
dependent coefficients, is used as both the trial and test space in our DG

scheme. The input data of the numerical simulations is

e Computational domain: z € [0,1], 7 € [0, 7], 4 € [—1, 1], where
T'mae 18 taken in the numerical experiments such that ®(¢, z,r, u) ~ 0 for
T & Tpmaee (for example, 7., = 36 for Vi,s = 0.5 Volts in the 400nm

channel case).

e Initial condition: ®(0,z,7r,pu) = I, {CND(x)ge_a(r)}, where C'
constant is such that p(z,0) equals the doping Np(z) at ¢ = 0. The

initial condition is projected by ITj into V!
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e Boundary conditions: Neutral charges at the endpoints rL = 0 and

TN+l = 1.

O(t, 1,7, 1)
p(t, x1)

Cut-off in the k-space ®(t, z, 7oz, ) = 0.

(b(t? IN,, T, ,u)

®(t,0,7, 1) = Np(0) p(t, zn,)

and (¢, 1,7, u) = Np(1)

e Applied potential - bias: ¥(¢,0) =0 and V(¢,1) = V4.

No boundary conditions are needed on » = 0, p = 1. Upwind fluxes in r and
4 are analytically zero at these boundaries, since they are related to points in
k-space such as the origin and the poles, which are transformed into boundaries
when applying the spherical change of coordinates. It is very simple to verify

that ay =0 at r =0, and a5 =0 at u = £1.

3.4 Computation of the spherical average of a local EPM

conduction band for silicon

The motivation of this work is to incorporate numerically, in a DG
solver of the BP system electronic conduction bands whose values are obtained
by the radial averaging of the full band structure given by a local empirical
pseudopotential method (EPM) around a local minimum of the conduction
band for silicon. This is done as a midpoint between a radial and an anisotropic
full energy band models, with the goal of providing a more accurate physical
description of the electron group velocity and of the scattering mechanisms
by Fermi Golden Rule, and consequently improve the transport and electron -

phonon collision phenomena. The approximation of the electron group velocity
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is obtained from the numerical values of the derivatives of the conduction band,
which are obtained by means of a cubic spline interpolation. The numerical
values of the spherically averaged EPM band and the derivatives are obtained

as described below.

A local empirical pseudopotential method (EPM) code developed by
Chelikowsky et al. [37] is adapted to compute the conduction band structure
of silicon in its Brillouin Zone in the k-space. The local pseudopotentials are
used in this EPM code to mimic a silicon semiconductor with crystal diamond

structure [38].

A color plot of the local EPM conduction band on the first octant of

the k-space enclosing the Brillouin Zone for silicon is shown in Fig. 3.1.

The calculated EPM band structure e(k,, ky, k,) = e(k(r, i1, ¢)) is then
averaged over the k-spheres r; around the local energy minimum point kg =
(0.8562,0,0)27/a (where a is the lattice constant for silicon) by means of a
10 point Gaussian quadrature on the angular space. Using the symmetry of
the silicon conduction band, the integration only needs to be performed in the
(i, ) domain [0, 1] x [0, 7]

1 s
/ / e(re, iy p) dudp 10 10
E(ry) = 29420 ~ Z Zwm Wn E(Tky tms Pn) - (3.52)

1 ™
/ / d,u dgp m=1 n=1
0 0

The values of the radius of these k-spheres are the grid points 7 in the DG-

BP simulations. In this way we obtain a band model that has a dependence

on r, and at the same time it uses the information of the anisotropic energy
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Figure 3.1: Local EPM conduction energy band-structure (¢) color plot in the
k-space 1% octant enclosing the Silicon Brillouin Zone. Conduction band local
minimum: k, = (0.8562,0,0)(27/a)
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band values in the angular k-domain via its numerical average. As a midpoint
between a radial band model and a full band anisotropic model, it has the de-
sired advantages of both. A cubic spline interpolation is then performed, using
the numerical values of the radial average £(r) at the midpoints of the r-cells,
and the derivative of this spline interpolation is used to obtain a numerical
approximation of the derivative dé/dr at these r-midpoints.

The spherical averages of the EPM conduction band &(r) vs r oc |k—kg|?
with the related spline interpolation for Si are shown in Fig. 3.2 (in red). The

parabolic (blue), which is a linear function of r, and the Kane (green) analytic

conduction band models for silicon are plotted as well.

It can be observed that there is a quantitative difference between the
different energy band models. The spherical average of the EPM band is below

the Kane band model, which is below the Parabolic band.

We show in Fig. 3.3 the relative [; error norm of the spherical average
EPM band with respect to the local EPM data e(r, i1, ¢) as a function of r,

given by the formula

<[€ — é]2> (Tk) ~ 21173:1 rlzozl WmWn [S(rka Hom,s @n) - g(rk)]Q
(€?) E:r?zl 7110:1 WinWn [E(T, tns Spn)]2

It can be observed in Fig. 3.3 that the relative [, error increases with r,
which indicates that far away from the local minimum kg the anisotropy of

the conduction band becomes increasingly more important.
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Plot: Comparison of Energy (g) vs r:|k—k0|2 for the EPMravg, Parabolic, and Kane Band Mod
1 ~
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Figure 3.2: Energy (E) vs r = |k—kg|? for the parabolic, Kane, & symmetrized
EPM spherical average band.
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Rel. 12-Norm Error of Radial avg. Conduction Band | a = 10.2610 A.U., I<U =(0.8562,0,0).
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Figure 3.3: Relative [>-deviation in the angular space of EPM average from
the EPM full band for Si, as a function of r = |k — ko|?
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3.5 Numerical results

The BP transport along the EPM spherical average energy band is
numerically simulated by means of our DG-BP solver, and compared to sim-
ulations where the values related to the analytical Parabolic and Kane band
models are implemented numerically. We compare simulations for two n*-n-
n™ silicon diodes with different characteristics. The first one has a length of
1pm, an n-channel length of 400nm, n* doping of 5 - 107em =3, and n doping
of 2-10%em=3. The other one has a device length of 0.25um, an n-channel
length of 50nm, an n™ doping of 5-10®¥cm ™3, and n doping of 1 - 10¥em 3.
We show simulations for a potential bias of Vi = 0.5 V. For the 400 nm channel
diode, the number of cells used in the simulations for each of the variables was:
N, =120, N, = 80 and N, = 24. The interval size for r is taken as Ar = 0.45,
having then 7, = 36. We use a mesh as in [34] which gives better resolution
close to the first juncture at x = 0.3um, and which also has a finer refinement
close to the pole in the direction of the electric field. It uses Az = 0.01 for the
first 20 cells in z-space, Az = 0.005 for the next 40 cells, and Az = 0.01 for
the last 60 cells. Regarding p, it uses 12 cells for p € [—1,0.7], and 12 cells
for p € [0.7,1].

For the 50 nm channel diode, the number of cells used in the simulations
for each of the variables was: N, = 64, N, = 80 and N, = 20. The interval
size for r is taken as Ar = 0.8, having then 7,,,, = 64. As in [34], we use a
mesh intended to give better resolution close to the junctures at x = 0.1um

and x = 0.15um, and which also has a finer refinement close to the pole in the
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direction of the electric field. It uses Ax = 0.01 for the first 9 cells in z-space,
Az = 0.001 for the next 20 cells close to the the first juncture at © = 0.1um,
Ax = 0.005 for 6 cells at the center of the n-channel, Ax = 0.001 for the next
20 cells close to the second juncture at x = 0.15um, and Az = 0.01 for the
last 9 cells. Regarding p, it uses 10 cells for p € [—1,0.7], and 10 cells for
w € [0.7,1]. We let the solver run until ¢ = 5.0ps, a time when the simulations

are close to a numerical stationary state.

We show plots of the average velocity, the average energy, the momen-
tum (proportional to the current), the electric field and potential, for both
the 400nm channel and 50nm channel diodes. There is a clear quantitative
difference, particularly in kinetic moments such as average velocity, average
energy, and momentum (current), whose values depend on the energy band
model used in each case then. This should be expected since these kinetic
moments are averages of quantities related to e(k) or its partial derivatives in

k-space.
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Density(log-scale) vs. Position (x)
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Figure 3.4: Density (p, in log-scale) vs. position (z) plots for different conduc-

tion band models: parabolic, Kane, EPM average. 400nm channel. ¢ = 5.0ps.
0.5 Volts Bias.
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Figure 3.5: Density (p, in log-scale) vs. position (z) plots for different conduc-

tion band models: parabolic, Kane, EPM average. 50nm channel. ¢ = 5.0ps.
0.5 Volts Bias.
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Figure 3.6: Average velocity (v) vs. position (x) plots for different conduction
band models: parabolic, Kane, EPM average. t = 5.0ps 400nm channel. 0.5
Volts Bias
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Figure 3.7: Average velocity (v) vs. position (x) plots for different conduction
band models: parabolic, Kane, EPM average. ¢ = 5.0ps 50nm channel. 0.5
Volts Bias

86



<e> (eV)

0.03 I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

X (micro-meters)

Figure 3.8: Average energy () vs. position (x) for different conduction band
models: parabolic, Kane, EPM average. t = 5.0ps. 400nm channel. 0.5 Volts
Bias.
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Figure 3.9: Average energy (¢) vs. position (z) for different conduction band
models: parabolic, Kane, EPM average. t = 5.0ps. 50nm channel. 0.5 Volts
Bias.
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Figure 3.10: Current (Momentum) vs. position (z) for different conduction
band models: parabolic, Kane, EPM average. ¢t = 5.0ps. 400nm channel. 0.5

Volts Bias.
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Figure 3.11: Current (Momentum) vs. position (z) for different conduction
band models: parabolic, Kane, EPM average. ¢t = 5.0ps. 50nm channel. 0.5

Volts Bias.
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Figure 3.12: Electric field (F) vs. position (x) plots for different conduction
band models: parabolic, Kane, EPM average. ¢t = 5.0ps. 400nm channel. 0.5
Volts Bias.
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Figure 3.13: Electric field (F) vs. position (x) plots for different conduction
band models: parabolic, Kane, EPM average. ¢t = 5.0ps. 50nm channel. 0.5
Volts Bias.
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Figure 3.14: Electric Potential (V') vs. position (x) plots for different conduc-
tion band models: parabolic, Kane, EPM average. t = 5.0ps. 400nm channel.
0.5 Volts Bias.
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Figure 3.15: Electric Potential (V') vs. position (x) plots for different conduc-
tion band models: parabolic, Kane, EPM average. t = 5.0ps. 50nm channel.
0.5 Volts Bias.
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Figure 3.16: Current (Momentum) vs. (t,z) for the 400nm channel diode,
using the EPM average band. From initial time to ¢ = 5.0ps. 0.5 Volts bias.
The initial condition is proportional to the Maxwellian exp(—e(r)) times the
doping profile N(x). The initial oscillations are produced by the initial state
being far from the final steady state.
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Figure 3.17: PDF f(r, p;to, o) vs. (ks, ky) coordinates (Azimuthal symmetry,
with k, = 0) at the point zo = 0.3um at to = 5.0ps, for the 1um diode with a
400nm channel, using the EPM radia19 Swerage energy band. 0.5 Volts bias.
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Figure 3.18: PDF f(r, p;to, z0) vs. (ks, ky) coordinates (Azimuthal symmetry,
with k, = 0) at the point zo = 0.7um at to = 5.0ps, for the 1um diode with a
400nm channel, using the EPM radia19 gverage energy band. 0.5 Volts bias.



Chapter 4

Reflective Boundary Conditions in DG for BP
Models of Electron Transport in
Semiconductors and Zero Flux Condition for
General Mixed Reflection

We discuss in this chapter the use of Discontinuous Galerkin (DG) Fi-
nite Element Methods to solve Boltzmann - Poisson (BP) models of electron
transport in semiconductor devices at nano scales. We consider the mathemat-
ical and numerical modeling of Reflective Boundary Conditions in 2D devices
and their implementation in DG-BP schemes. We study the specular, diffusive
and mixed reflection BC on physical boundaries of the device, comparing the
influence of these different reflection cases in the computational prediction of

moments close to the boundaries and their associated scale.

4.1 Introduction

Regarding Boundary Conditions (BC), there are several kinds of BC
for BP semiconductor models. They vary according to the considered device
and physical situation. For example, in the case of electron transport along a

single conduction band, the following BC could arise:
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Charge neutrality boundary conditions, given by [54]
I' subset of 002z . (4.1)

This BC is imposed in source and drain boundaries, where electric currents
enter or exit the device, to achieve neutral charges there, as pou (%, t)—Np(Z) =

0.

Reflective BC happen in insulating boundaries, usually defined by a
Neumann boundary I'y, of 2D and 3D devices. In general, reflective BC can
be formulated as the values of the pdf at the inflow boundary being dependent

on the outflow boundary values

J@E Dl = Fr(flry.) (42)

where the Neumann Inflow Boundary is defined as

Iy = {(Z,k)|Z ey, ke, vk)-nZ) <0}, (4.3)
B(F) = %v,;g(zz), (4.4)

n(Z) outward unit normal. The Neumann Outflow Boundary is defined as
It ={(Z,k)|T €, ke, 5k) n@) > 0}. (4.5)
Specular Reflection BC over the Neumann Inflow Boundary is given by
fl-(@ k1) = Fs(fls) = fl(Z K1) for (Zk) €Ty, t>0,  (46)

(7, K)ell, K st oK) =dk)—2n@) - 5k)nz). (4.7)



Diffusive reflection is a known condition from kinetic theory, in which
the distribution function at the Inflow boundary is proportional to a Maxwellian

[52], [2] with T' = Ty, = Ty (¥) the temperature at the wall
(@ 8) = Fp(fl) = Co{fl} (@) e=B/ET (@ F)eTy, (48)

Y@= [ ) (@) k. (19)
u(k)-n>0

Mixed reflection BC models the effect of a physical surface on electron

transport in metals and semiconductors, giving the reflected pdf representing

the electrons as a linear convex combination of specular and diffuse compo-

nents, as in the formula

fl-(@ kt) = Ful(fly) =pFs(fls)+ (1 =p) Fo(fly) (4.10)

. _ k) Lo _
= pf|+(f7 klvt) + (1 _p) Cl 0, {f|+} (557 t) e KsT 9 (QT,]{?) € 1—‘N .

p is sometimes called specularity parameter. It can either be constant or a
function, dependant of the momentum. For example, the work by Soffer [55]
studies a statistical model for the reflection from a rough surface in electrical
conduction. It derives a specularity parameter p(l;) which depends on the

momentum, given by

p(k) = e Wik 0?6 (4.11)

where [, is the rms height of the rough interface, and Oy is th angle between

the incident electron and the interface surface normal.

Reflection BC is a widely studied topic in the context of the kinetic

theory of gases modelled by Boltzmann Equations. However, in the context of
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kinetic models for electron transport in semiconductors, there is less extensive
previous work related to the study of the effect of reflection boundary con-
ditions such as diffusive, specular, or mixed reflection. A non-exhaustive list
of references where reflection BC are studied for Boltzmann equations in the
context of kinetic theory of gases would include the works of Cercignani [53]
and Sone [52], where the specular, diffusive, and mixed reflection BC are for-
mulated for the Boltzmann Eq. for gases. V. D. Borman, S. Yu. Krylov, A. V.
Chayanov [59] study the nonequilibrium phenomena at a gas-solid interface.
The recent paper of Brull, Charrier, Mieussens [60] studies the gas-surface
interaction at a nano-scale and the boundary conditions for the associated
Boltzmann equation. The recent work of Struchtrup [61] studies as well the
Maxwell boundary condition and velocity dependent accommodation coeffi-
cients in the context of gases mentioned. It considers the convex combination
of specular reflection, isotropic scattering, and diffusive reflection, incorporat-
ing velocity dependent coefficients into a Maxwell-type reflection kernel. It
develops a modification of Maxwell’s BC, extending the Maxwell model by al-
lowing it to incorporate velocity dependent accomodation coefficients into the
microscopic description and satisfying conditions of reciprocity and unitary

probability normalization.

Regarding reflectivity in the context of Boltzmann models of electron
transport, Fuchs [56] proposed a boundary condition for the probability density
function of free electrons incident in the material surface, which is a convex

combination of specular & diffuse reflection with a constant specularity pa-
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rameter p. Greene ([57], [58]) studied conditions for the Fuchs BC in which
the specularity parameter p(E) is dependant on the angle of the momentum
lg, deriving a boundary condition for electron distributions at crystal surfaces
valid for metal, semimetal, & semiconductor surfaces, and showing that Fuchs
reflectivity parameter differs from the kinetic specularity parameter in physi-
cal significance and in magnitude. It considers the unperturbed electron states
of a crystal with an ideal perfectly specular surface as standing wave states,
and the diffusive reflection killing partially the incoming wave function. Soffer
[55] studies a statistical model for the electrical conduction, and derives under
certain assumptions, such as a rough surface random model with a Gaussian
probability of height above or below a horizontal plane, analytical formulas for
a momentum dependant specularity parameter p(k) = exp(—4{2|k[? cos? ©) as-
sociated to this physical phenomena, abovementioned in (4.11). As mentioned

before, [, is the rms height of rough interface, and ©p is th angle between the

incident electron and the interface surface normal.

The reference book of Markowich, Ringhofer, & Schmeiser [17] for semi-
conductor equations discusses the mathematical definition of boundaries ac-
cording to the physical phenomena, and defines accordingly the kind of BC
to be imposed at those boundaries: Dirichlet, Neumann, Inflow and Outflow
boundaries. A work of particular importance for us is the one by Cercig-
nani, Gamba, and Levermore [54]. They study high field approximations to
a Boltzmann-Poisson system and boundary conditions in a semiconductor.

The BP system for electrons in a semiconductor in the case of high fields
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and small devices is considered. Boundary conditions are proposed at the
kinetic level that yield charge neutrality at ohmic contacts, which are Dirich-
let boundaries, and at insulating Neumann boundaries. Both BC, either the
one yielding charge neutrality at Dirichlet boundaries, or the one rendering
zero flux of electrons at the boundary, assume that the pdf is proportional
to a ground state associated to an asymptotic expansion of a dimensionless
Boltzmann-Poisson system. Then they study closures of moment equations
and BC for both the pdf and for the moment closures. Jiingel mentions in his
semiconductors book [2] the different kinds of reflection BC common on the
kinetic theory of gases, specular, diffusive, and mixed reflection but no further
study of diffusive and mixed reflection BC in the context of semiconductors is

pursued.

We intend to present in this work a mathematical, numerical, and com-
putational study of the effect of diffusive, specular, and mixed reflection BC in
Boltzmann-Poisson models of electron transport in semiconductors, solved by
means of Discontinuous Galerkin FEM solvers. We study the mathematical
formulation of these reflection BC in the context of BP models for semiconduc-
tors, and derive equivalent numerical formulations of the diffusive and mixed
reflection BC with non-constant p(E), such that an equivalent numerical zero
flux condition is satisfied pointwise at the insulating Neumann boundaries at
the numerical level. We present numerical simulations for a 2D silicon diode

and a 2D double gated MOSFET, comparing the effects of specular, diffusive,

and mixed reflection boundary conditions in the physical observable quantities
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obtained from the simulations.

4.2 BP system with k coordinate transformation assum-
ing a Kane Energy Band
The Kane Energy Band Model is a dispersion relation between the
conduction energy band e (measured from a local minimum) and the norm of
the electron wave vector |k|, given by the analytical function (« is a constant

parameter, m* is the electron reduced mass for Si, and A is Planck’s constant)

h?‘kP

(14 ae) = e

(4.12)

For our preliminary numerical studies we will use a Boltzmann-Poisson model
as in [34] , in which the conduction energy band is assumed to be given by a
Kane model. We use the following dimensionalized variables, with the related

characteristic parameters
t=t/t., (z,y) = T/l,, 0, = 10"%m,t, = 10725, V, = 1V.

A transformed Boltzmann transport equation is used as in [34] as well, where
the coordinates used to describe k are: 1, the cosine of the polar angle, the
azimuthal angle ¢, and the dimensionless Kane Energy w = ¢/KgT', which is
assumed as the conduction energy band. Kpg is Boltzmann’s constant, 1" is the

wall temperature, which we will assume to be equal to the lattice temperature

T;,s0 Ty =T =T, and axg = aKgT. So

. V2 kgT,
k(w, 1, o) = %vw(l + agw) (u, V1= p?cosp, /1 — p?sin 90) :

(4.13)
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A new unknown function ® is used in the transformed Boltzmann Eq. [34] ,
which is proportional to the Jacobian of the transformation and to the density

of states (up to a constant factor)

O(t, ,y, w, 1, ) = s(w) f(t, T, k),

where

s(w) = Vw(l + agw)(1l + 2axw). (4.14)

The transformed Boltzmann transport equation for ® used in [34] is

od 0 0 0 0 0
— + — (1) + —(2P) + —(g3P) + — (g4 ®P) + —(g5P) = C'(P). (4.1

The vector (gi, go) represent the 2D cartesian components of the elec-
tron velocity %Vlge(lg), in the coordinate system (w, p, ¢). The triplet (gs, 94, g5)
represent the transport in the phase space of the new momentum coordinates

(w, i, ) due to the self consistent electric field

—

E(t7 x? y) = (El'(tJ aj7 y)7 Ey(tJ x’ y)? O) )
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with
91()
92(*)
95(-)

9a(+)

95(")

- @ 1+ 2akw ’
oL+ axca)
— 1+2—;4il;w V1= eosp,
— _ckQ 1£12Z§£w) [MEw(t,m,y)+ 1—u2cosgoEy(t,x,y)],
N H“Z;f;jw) E(t.r.).

= —C |:\/ E tI’ 3/ NCOSSOEy(thay)} )
\/ W (1+04KU)

1_ —
= —c v i e, E(t,z,y),

w(l + agw)
—sinp
= —c E,(t, x,
k\/w(l—i—a;{w)\/l— 2 lt-2.)
1
= —c - E t,x,y),
QkaTL t*qE*
;= —4{|—— and ¢ = ——,
E* m* 2m*k’BTL

and €, €,, €, the orthonormal vector basis in our momentum coordinate

space.

The right hand side of (4.15) is the collision operator (having applied

the Dirac Delta’s due to electron-phonon scattering, which depend on the

energy differences between transitions)

C(®)(t, 2, y,w, 1, ) = s(w {CO/dsO/du@t:vy,wu ¢')

T 1
+/ dw’/ dp' [ ®(t, z,y,w+y, 41, ") + - @(t, 2z, y, w — v, 1, w')]}
0 —1

— O(t,z,y, w, i1, p) 27 [cos(w) + cys(w — ) + c_s(w + )],
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with the dimensionless parameters

2m* t,

hw
(co,eqy0-) = A 2m* kpTy (Ko, (ng + 1)K, ngK), ~= -

kgTy

The electron density is

3
n(t.t, lex, by) = / ftt, box, by, k) dk = - ) p(t,x,y),

RS

(\/ 2 m*kBTL

where
+o00 1 T
p(t,r,y) =/ dw/ du/dso (L, ,y, w, f1,¢) - (4.16)
0 -1 0
Hence, the dimensionless Poisson equation is
0 ov 0 ov
a_ r o a0 T o = tv y -N ) ) 4.17
2 (o50) + o (o5 ) = elpttmn - Nofeg) . (@)

with

-3 3
V2m*kpT, V2mrkgTy \ 02
Np(,y) = (%) Np(la, by) and ¢, = (%) eoq-

4.3 Discontinuous Galerkin Method for Transformed Boltz-
mann - Poisson System and Implementation of Bound-
ary Conditions
The domain of the devices to be considered can be represented by means

of a rectangular grid in both position and momentum space. This rectangular

grid, bidimensional in position space and tridimensional in momentum space,

is defined as

Qijkmn = [*’I:i—f xw%] X [yj—%7 yj+%:| X [wkf? wk+%} X |::um7%7 /’Lm+%:| X [an%a (10n+%:|7

.

[ SIS

-~ -~

Xij Kk:'mn
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where i =1,...N,, j=1,...Ny, k=1,...Nyy, m=1,...N,,n=1,... N,

©
Ax; Ay,
xiil:miiTa Yjrl = Yj ng
Wrey T WRE ST fmag = ETGT L Pnay = e

The finite dimensional space used to approximate the functions is the
space of piecewise continuous polynomials which are piecewise linear in (z,y)

and piecewise constant in (w, p, )

Vi=Av:v

Qsomn € @ (Qijkmn) = P (Xi5) @ P (Kpmn)}, (4.18)
with the set @°(;jxmn) of tensor product polynomials, linear over the element
Xij = [@_%, xi%} X [yj_%, yH%] and constant over the element
Ko = [y | X [y sy < [ney ]

The function ®; will denote the piecewise polynomial approximation

of ® over elements €1,

o, = EI:XI(x,y,w,u, ®) [Tz(t) + X (1) % +Y;(t) (yA;j%)} 1= (i,5,km,n).

Under this approximation, the density on the cell [SCF%, xH%] X [yjfé, yj+%] is

N, Ny

w

(z — ) (y — ;)
t = ijkmn Xz mmn Y; mn AwiA mA n
pn(t, z,y) kE 1m§ 2 { ijkmn T Xijk Ar /2 + Yijk Ay;/2 WAy AP

Ny NH NW

k=1 m=1 n=1

+ (iiZXZka”AkaﬂmAS@n) (A /2)

k=1 m=1n=1

A AN (v— )

k=1 m=1n=1
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4.3.1 DG Formulation for Transformed Boltzmann Eq.

The Discontinuous Galerkin formulation for the Boltzmann equation

(4.15) is as follows. Find &, € V},, s.t.

J

+Fj—Fx+Fy+—Fy+F$—Fw+Fj—Fu+F;—F@:/Q C(®y,) vy, dQ.

ijkmn

(q)h)t Up, dQ) — / qu)h (Uh)x dQ) — / ggq)h (Uh)y dQ) (419)
Q Q

ijkmn ijkmn ijkmn

for any test function v, € Vj,. In (4.19), the boundary integrals are given by

Ffz/ / / / 7P v ( Tip 1, Y W,y )dy dw dpdep,

m\

Tipl Wyl ot 1 Pyl
Fy:t — / ? / ? / ’ / ’ gQQ) Uf:l:(xu yjj:%7w7:u’7 SO)df dw dlj“ ng,
x, K ¥

w\
w\

#m 1 —_—
/ / / o / o g5(I)U}T(x7y7w7,u7 Spnj:%)dxdydw d:ua
w, I

1 1 1
2 =3 k=3 m=

Nl

where the upwind numerical fluxes 9/35, s=1,...,5 are defined as
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9/16|a:,-i1/2 = <g1 +2|g1|) <I>h|;ij[1/2 + (gl_Twll) (I>h|;:.i1/2 ;
9/2@%‘11/2 = (%\gz\) q)h|7;j:t1/2 T (%—T\gz\) q)h@il/z’
s, = (2o, (252 e,
ﬁ’ﬂmilﬂ _ (94 ‘1‘2\94|) Duly ot <94 2|g4|> Zmim ’
PRI (%) il t (%%W) Ot L. (420)

4.3.2 Poisson Equation - Local Discontinuous Galerkin (LDG) Method

The Poisson equation (4.17) is solved by the LDG method as in [34] .
By means of this scheme we find a solution Wy, g, s, € W, , where (q,s) =

(0,0, 0,¥) and W} ={v:v

x, € P'(Xij)}, P'(X;) the set of linear polyno-

mials on X;;. It involves rewriting the equation into the following form,

ov ov
q= —=, S = 71—
5 T, W . (4.21)
Or (e,q) + oy (e,8) = R(t,z,y),

where R(t,z,y) = ¢, [p(t,z,y) — Np(z,y)] is a known function that can be
computed at each time step once @ is solved from (4.19), and the coeffi-
cient €, depends on x,y. The Poisson system is only on the (x,y) domain.
Hence, we use the grid [;; = [%—%: xH%} X [yj_%, yj+%}, withz=1,..., N,,
j=1,...,N,+ M,, where j = N, +1,..., N, + M, denotes the oxide-silicon

region, and the grid in j = 1,..., N, is consistent with the five-dimensional
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rectangular grid for the Boltzmann equation in the silicon region. The approx-

imation space is defined as

Wi = Y1)} (4.22)

Here P‘(I;;) denotes the set of all polynomials of degree at most ¢ on I;;. The
LDG scheme for (4.21) is: to find g, s, U € V}, such that

Yirl y
| awdady+ [ Widady — [7 oy oy pay+ [
Ii I; Y Yy

2,7 0,7 i—

/ shwhdmdy~|—/ Uy (wp,)ydzdy —/ o Uyw; (, Yl )d$+/ \Ifhw,‘f(x,yj_%)dx =0,
I; ; I . 1

] %)

1
2 I=32

-2

Yyl e
—/eﬁwmmw+/ P &ay (x (iy1,y)dy / € anpy (T;-1,y)dy
I; 5 Y. 1
J il
—/ €r5h(Ph)y da:dy+/ €Dy, (T, y]+ / Grshph T,Y;-1 )d35
Li i1
—/ R(t,z,y)ppdxdy, (4.23)
Il,]

hold true for any vy, wp, pr, € W{. In the above formulation, we choose the
flux as follows, in the z-direction, we use U, = U, 6.q, = 6q —[¥h). In the
y-direction, we use U), = U, 6.5, = €5, — [¥;]. On some part of the domain
boundary, the above flux needs to be changed to accommodate various bound-
ary conditions. For example, in the case of a double gate MOSFET device,
for the boundary condition of the Poisson equation, ¥ = 0.52354 at source,
¥ = 1.5235 at drain and ¥ = 1.06 at gate. For the rest of the boundary re-
gions, we have homogeneous Neumann boundary conditions, i.e., ‘g—i’ = 0. The

relative dielectric constant in the oxide-silicon region is €, = 3.9, in the silicon
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region is €, = 11.7. Near the drain then, we are given Dirichlet boundary con-
dition, so we need to flip the flux in z—direction: let \ilh(a:H%, y) = \I/;(mH%, Y)
and é?]h(xiJr%,y) = &y (T1,y) = [Wa](ziy 1, 9), if the point (z;,1,y) is at the
drain. For the gate, we need to flip the flux in y—direction: let \I/h(x, yj+%) =
\I'Z(xayﬁ%) and g\rgh@yyﬁ%) = 6T8}:<xuyj+%) - [\Ijh](‘r7yj+%)7 if the point
(x, yj+%) is at the gate. For the bottom, we need to use the Neumann con-
dition, and flip the flux in y-direction, i.c., ¥, = U}, &5, = ¢.s,. This
scheme described above will enforce the continuity of ¥ and 67”88_;11/ across the
interface of silicon and oxide-silicon interface. The solution of (4.23) gives us
approximations to both the potential ¥;, and the electric field (E,), = —cyqn,

(Ey)h = —CySh-

4.3.3 RK-DG Algorithm for BP, from t" to t"*!

The following RK-DG algorithm for BP is a dynamic extension of the

Gummel iteration map. To evolve from time t" to time ¢"*!:

1. Compute the electron density pp(x,y,t).

2. Solve Poisson Eq. for the given p(z,y,t) by Local DG, obtaining the
potential W, and the electric field E, = —(qu, sp,). Compute then the

respective transport terms gs, s = 1,..., 5.

3. Solve by DG the advection and collision part of the Boltzmann Equation.
A Method of Lines (an ODE system) for the time dependent coefficients

of @, (degrees of freedom) is obtained.
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4. Evolve ODE system by Runge-Kutta from " to ¢"*!. (If partial time

step necessary, repeat Step 1 to 3 as needed).

4.4 Boundary Conditions Implementation for 2D-Z, 3D-
k devices at x,w, i,  Boundaries
We will consider in this work 2D devices in position space, which need
a 3D momentum description for kinetic equations modeling semiconductors.
For example, a common device of interest is a 2D double gate MOSFET. A
schematic plot of it is given in Figure 4.1. The shadowed region denotes the
oxide-silicon region, whereas the rest is the silicon region. Potential bias are
applied at the source, drain, and gates. The problem is symmetric about the
X-axis.
Another possible 2D problem is the case of a bi-dimensional bulk silicon diode,
for which the doping is constant all over the physical domain, and which would
have just an applied potential (bias) between the source x = 0 and the drain

x = L, (no gates), with insulating reflecting boundaries at y =0 and y = L,,.

We consider in the following sections the different kinds of boundary
conditions for 2D devices and their numerical implementation, either at -

boundaries or at w-boundaries.

4.4.1 Poisson Eq. Boundary Condition

The BC for Poisson Eq. are imposed over the (z,y)-domain.

For example, for the case of a 2D Double gated MOSFET, Dirichlet
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Figure 4.1: Schematic representation of a 2D double gate MOSFET device

BC would be imposed to the potential ¥, as we have three different applied
potentials biases, ¥ = 0.5235 Volts at the source x = 0, ¥ = 1.5235 Volts at
the drain x = L,, ¥ = 1.06 Volts at the gates. Homogeneous Neumann BC

would be imposed for the rest of the boundaries, that is, 9, ¥ = 0.

For the case of a 2D bulk silicon diode, we impose Dirichlet BC for
the difference of potential W between source and drain, ¥ = 0.5235 Volts
at the source x = 0, ¥ = 1.5235 Volts at the drain + = L,. For the
boundaries y = 0, L, we impose Homogeneous Neumann BC too, that is,

3y\11\y0 = 0, Yo = 0, Ly

4.4.2 Charge Neutrality BC

As in [34], at the source and drain contacts, we implement the charge

neutrality boundary condition (4.1). Ghost cells for i = 0 and i = N, + 1
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at the respective boundaries are used, implementing this BC numerically as

below:
—0) = Bl — Np(i=1)
O(i =0) = P( 1) oi=1)
and
Np(i = N,)

Oi =N, +1) = d(i = N,)

4.4.3 Cut - Off BC

In the (w, i, )-space, we only need to apply a cut-off Boundary Con-

dition. At w = w,,,., P, is made machine zero,

éh(x7 y? w? /‘L7 (107 t)‘w:wmax = 0

(4.24)

No other boundary condition is necessary for w-boundaries, since analytically

we have that

o at w=20, g5 =0,
o at u==1, g4 =0,
. ath:O,W,g5:O,

so, at such regions, the numerical flux always vanishes.

4.5 Reflection BC on BP

Reflection Boundary Conditions can be expressed in the form

(4.25)



such that the following pointwise zero flux condition is satisfied at reflecting

boundaries

0 = n(@)- J(Zt) =n(Z) -

0 - / (@) 5E) F@ R Dl dE + / n(@) - 5(F) F@F, 0l
n(Z)-(k)>0 n(Z)-

0 :/ U~nf\rN+dE+/ 7 nFa(fle,, ) dk .
v'n>0 <0

as in Cercignani, Gamba, and Levermore, [54] where the given BC at Neumann

boundary regions at the kinetic level is such that the particle low vanishes.

For simplicity we write 7 = (k) = V Ee(E) /h. We will study three kinds
of reflective boundary conditions: specular, diffusive, and mixed reflection.
The last one is a convex combination of the previous two, but the convexity

parameter can be either constant or momentum dependant, p(k). We go over

the mathematics and numerics related to these conditions below.

4.5.1 Specular Reflection

It is clear that, at the analytical level, the specular reflection BC (4.6)

satisfies the zero flux condition pointwise at reflecting boundaries, since

/ In(@) - 5(R)| £, F. 1)

n-v >0

- [ @)@l @y dE=o.
N+ —n-T <0 T+
(4.27)

T

Specular reflection BC in our transformed Boltzmann Eq. for the new coordi-

nate system is mathematically formulated in our problem as
(p|7(x7y7w7ﬂ7<p7t) :®|+<x7y7w7u7ﬂ-_g07t)7 ('r7y7w7/’[’7(p> GFE‘ (4‘28>
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To impose numerically specular reflection BC at y = 0, L, in the DG method,
we follow the procedure of [34]. We relate the inflow values of the pdf, as-
sociated to the outer ghost cells, to the outflow values of the pdf, which are

associated to the interior cells adjacent to the boundary, as given below

(Dh|—(may1/27wnua Spat) :(I)h|+(w7yl/2awauv7r_sp7t)a Yi/2 :Ov (429)

q)h|—(x’yNy+%’w’u790’t) = ¢h|+(xvyNy+%vwnua7T - 907t)7 Yny+1 = Ly.

In the case of the boundary y;,» = 0, assuming Ay = Ay, Ap, = Ap,, with
n' = Ny —n+1,if (2,912 =y, w, 1, ) € Qiokmn then (x,y1/2+y, w, u, m—¢) €
Qi1kmn - The values of <I>h|i/2 at the related inner and outer boundary cells
Qiokmn (J = 0) and Qigmn (7 = 1) must be equal at the boundary y; /2 = 0.
Indeed

;Silkmn, (,T, y1/27 w, p, ™ — @, t) -

(y1/2 - yo) -

Ayo/2

(?Jl/z — 1)
Ay /2

DPila,op,,, (T Y172, W, 1, 0, ) = By,
(x — zy)
Ax;/2

(x — ;)
Ax;/2

EOkmn + XiOk:mn + Y;'Okmn

7ﬂilk’mn’ + Xilkmn’ + Y;lkmn’

Therefore, from the equality above we find the relation between the

coefficients of ®; at inner and outer adjacent boundary cells, given by
,—TiOkmn = Lilkmn’; XiOk:mn = Ailkmn’, YviOk:mn = _}/;lkmn’ . (430>
Following an analogous procedure for the boundary yu,11/2, we have

— +
i, Ny+1,kmn (2, Yny+1> Wi s s t) = thlQi,Ny,

(I)h (xvyNer%?wnuaﬂ-_gpat)?

kmn/
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then

(x — ;) (Uny 4l = YN,+1)

Ti,Ny+1,kmn + Xi,Ny+1,kmnﬁ + Yi,Ny+17kmn A 2 =
i/ ?JNy+1/
(x — xy) (?/Nﬁ% —yn,)
T%,Ny,kmn’ + Xi,Ny,kmn’A— + Y;Z,Ny,kmn’A— ) (431)
/2 yNy/2
hence
T'i,Nerl,kmn = 44§,Ny,kmn’, X’L’,Nerl,kmn = A4,Ny,kmn/, Y;,Nerl,kmn = _Y:L',Ny,kmn/ .

4.5.2 Diffusive Reflection

The diffusive reflection BC can be formulated in the following way
F@E |- = Fp(fly) = Co{fly} @) e=®/ET (7 k) e Ty, (4.32)

where o {f|;+} (Z,t) = o(#,t) and C = C{n(Z)} are the function and param-
eter such that the zero flux condition is satisfied at each of the points of the

Neumann Boundary

0 = / qj’.77f|FN+ d]g_|_/ 7-n [Og(f,t)e—e(ﬁ)/KBTL dlZ,
v-n>0 7-n<0

0 = / T flr,, dk — a(f,t)~C/ |5 ) e =B/ KT g
v-n>0 <0

It follows then that

T3 @O= [ Tnf,. @R (433)
v(k)-n>0

—1
C (@)} = ( [ g gle b dk) , (4.34)
U-n<0



€_S(E)/KBTL fﬁ(];).n>0 v- n f’FN+ (‘f” E’ t) d];:

J(@ kD) = . i
( )| fﬁ'n<0 |1—)’ 7]| 6—5(k)/KBTL dk

(4.35)

The diffusive reflection BC, formulated in terms of the unknown func-

tion @ of the transformed Boltzmann Equation 4.15, is expressed as

(I)‘*(ma Y, w, 1, P, t) = FD(@’Jr) =Co {(I)‘Jr} (.I', Y, t) 67w8<w) ) (436)
o(z,y,t) =/ - (g1, 92)(w, p, ©) @| 4 dwdpdep, (4.37)
(g1,92)m>0
-1
con=([ g ale sy dududg) . (439
(91,92)m<0

We have, over the portion of the boundary considered, that n = (0,—1,0) for

y=0and n=(0,1,0) for y = L,. Therefore

e s(w) [_,, oo |92] @4 dwdpdy
J_goco 92| €7 s(w) dwdpdyp

~s(w) f+g2>o 92| @[ dwdpdp
Lt gaco 192l €70 s(w) dwdpdyp

D[ (2, yp, w,t) = =0, (4.39)

e

Q| _(x,yp, w,t) = Y = Ly . (4.40)

4.5.2.1 Numerical Formulation of Diffusive BC for DG

For the DG numerical method, we have to project the boundary condi-
tions to be imposed in the space V;,. Our goal is to have at the numerical level

an equivalent pointwise zero flux condition at the reflection boundary regions.
We formulate then the diffusive BC for the DG method in the following
way
Pp|— (2, yp, w, p1, 0, 1) = I {Fp(Pnl+)}

= I, {Cop{Pn]+} (z,yp t) e “s(w)}, v =0,L,.
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where o, € V}, is a function in our piecewise polynomial space for (z,y) and

C' is a parameter such that the zero flux condition is satisfied numerically
0 = [ Gewidas [ gogtdo
gn>0 g
— [ gt [ Gogm(Fp(e)}do (1.41)
g-n>0 g-n<0

=/ G-l + / G010, {C o (@l } (g t) e s(w) ) AT
g g-n<0

In the space V}, of piecewise continuous polynomials which are tensor products

of polynomials of degree p in 7 and of degree ¢ in w, the following holds

I, {f1(Z) fo(W) } = Hp { f1(2)} Ty { fo()} (4.42)

Vi ={v 1 vla . € QP (Qijkmn) = PP(Xij) @ PU(Kimn) }-

Therefore, for our particular case we have that
I, {Con(z,yp, t) e “s(w)} = Copla,yp, t) I {e“s(w)} | (4.43)
so for the numerical zero flux condition pointwise we have that
0 = / ﬁ'ﬁ‘bhhdw‘i‘/ G- nCop{®uli} (x4, ) I {e™s(w) } db
gn>0 <0

0 = / G nPp|did — op {Pp|+} (2, yp, 1) C / |- n| I {e_ws(w)}dw.
gn>0

—

gn<0
We observe then that we can obtain a numerical equivalent of the point-

wise zero flux condition if we define

on {Pnl+} (2,95, 1) = / G- nPulddi = o { Q[+ } (2, 95,1), w=0,Ly.
£ga=g>0

cop=ctE= ([ fgam{esw) dw) S

g2=g-n<0
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In our particular case, in which we have chosen our function space as
piecewise linear in (z,y) and piecewise constant in (w, u, ), the projection of
the Maxwellian is a piecewise constant approximation representing its average
value over each momentum cell , that is

-y vs(w) dw dpdyp St e s(w) duw

k,mmn k,m,n
(4.44)

Therefore, for the particular space we have chosen, we have that

on AP+ } (2, 0,1) = / g, Op| did = o {Pp|4} (2, 45, 1), (4.45)
+g2>0

yb:0=y1/2 (n=—9), or y=Ly,=yn+12 (n=+7),
+g2<0

wk+1/2
Z / )dw/ |92 dw dpdep,  m =7,
Awk Wi — 1/2 k.mmn
®h|—(xaybawaua¢a ) :CO'h{CI)h|+} (xaybat)ﬂh {e—w )}7 yb:O Lya
fig2>0 |92| q)h|+du_i X Z;:wgqi,io Xk,mmn fk )dw/Awk
®h’—(xayb7w7,ua gO,t) = +g2<0 .

k,m,n fkmn |92| dw dﬂ' dQO fk e—ws U}) dw/Awk

We notice that the polynomial approximation oy, is equal to the ana-
lytical function o operating on the polynomial approximation ®;|,. However,
the constant C' needed in order to achieve the zero flux condition numerically
is not equal to the value of this parameter in the analytical solution. In this
case (' is an approximation of the analytical value using a piecewise constant

approximation of the Maxwellian (its average over cells).

The approximate operator o, {®|,} (z,y,t) gives a piecewise linear

polynomial dependant on (z,y) with time dependent coefficients. We have
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that

ply € Vi = 0 {Pnl+} (2,9, 1) —/ 92| Pp|+ dwdpdep € Vi,
+ cos >0

where @, is such that, at the boundary y = y;, of the cell €5y, is given by

2(z — ;) 2(y — )
th’-i‘(ta z,y,w,, 90) - T‘Ukmn(t) + Xl]kmn(t> A—IEZ + Y;gkmn@) TJJ :
We define I = ijkmn, so in Q; = X;; X Kypp. Then,
on(e,9,1) = o2(8) + o) L) gy = 1) (4.46)

Awi/2 Ay;/2
We summarize the main results of these calculations for oj, and ®|_, by
showing just the ones related to y = L, (the case y = 0 is analogous). At
the boundary y = L,, the inner cells associated to outflow have j = N,,

adjacent to the boundary, whereas the ghost cells related to inflow have the

index j = N, + 1. We compute the integral o}, as follows

vw(l +agw
on{®nl+} (2, 9,1) = / ( = )vl—MQCOSSO Pp|+ dwdpdep
cos >0

14+ 2w

cos Oy |+ dwdpude .

n<Np/2
B Z /K «/w(l—irosz)\/l_7”2

14+ 2agw

k,m,n kmn

Therefore, we have, with I = (4, j, k,m,n), j = N, below, that

nSNW/2 w
k12w (1l + agw Hm+1/2 Prt+1/2
oy = E Tz‘Nykmn/ 1 (+ 5 )dw V11— pldu cos pdyp ,
Emn We_1/2 QKW Hm—1/2 On_1/2
n<N,
=e/? Wi41/2 \/— H 2
w(l + agw m+1/2 n+1/2
o7 = E XiNykmn/ N ( 5 )dw V1 — p2du cos pdy ,
k,m,n Wg—1/2 +2agw Hm—1/2 Pn—1/2
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n<N,, vz (1 + agw) "
+ m41/2 Pnt+1/2
= Z YiNykmn/ wl aKw)dw V1 —/ﬂdu/ cos pdyp .

o w1/ 1+ 2cw

Hm—1/2 Pn—1/2

(4.47)

Once the coefficients of gj, have been computed, we use them to obtain

the polynomial approximation ®,|_, with j = N, + 1, from (4.45)
n>N, /2 (x f
0 T — k€
Piles, = 20 2 i€ {(’f o R ot 1 A—wk
(4.48)

We have at the same time, by definition, that

n>Ny/2 v — )
_ i
(I)h|y:Ly = E Xi,Ny+1,kmn |:EN +1,k,m,n + XZN +1kmnA—/2

i,k,m,n

+Y;N +1kmn( 1)

Therefore, the coefficients for @h\;: L, are

[ e Vs(w)dw

TNy 1, kmn (8) = CU?Nykmn(t) Awy , (4.49)
N [ e s(w)dw
Xi,Nerl,kmn(t) = CUiNykmn<t)kT 5 (4.50)
e Ys(w)dw
Vi timnl) = (1) C (0 5y

Awk ’

keeping in mind that our parameter C'is given by the formula below

n>Np/2 —wg /—
= Z fk dw/ —i—aKw /\/1— d,u/cosgadgp

1 + QOéKlU

kmmn

(4.52)
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4.5.3 Mixed Reflection

The mixed reflection condition is a convex combination of the specular

and diffusive reflections:
FE R = pflo @K, 1) + (1= p)Co {fl,} (@ )e *B/ET (7 F) e Ty,

p is the Specularity Parameter, 0 < p < 1. p can be either constant or

-,

p = p(k), a function of the wave vector momentum.

For p constant, it can be shown easily that the previous formulas ob-
tained for the specular and diffusive BC, in particular the previous formulas for
o C(z), works also in this case to obtain a zero flux condition at the Neumann

boundaries:

nd = [ wapledi s [ weg [pr@ RO+ (- p)Ce ()] dF
v-n>0 U-n<0

—

—e(B)

:/ 17~?7f\+d75+p/ U-nf(f,E’,t)!+dE+(1—p)oC/ 7 -neFsTL dk
>0 7-n<0 ot

-n<0
— o(@ 1) — pol.t) + (1 —p) (@ ) (~1) = 0.
However, for p(l;) a function of the crystal momentum the same choice of
o(#,t) and C(z) as in the diffusive case does not necessarily guarantee that
the zero flux condition will be satisfied at Neumann boundaries. Therefore,
a new condition for C' in order to satisfy this condition must be derived. We

derive it below.

The general mixed reflection BC can be formulated as

f(fv E? t)‘* = p(/g)fh(f, E/’ t) + (1—p<E>) CIU/ {f‘Jr} (fa t) eie(E)/KBT7 (f7 ];) < F;V
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where o' {f|+} (Z,t) and C" are the function and parameter such that the

pointwise zero flux condition is satisfied at the Neumann boundaries

0 = 5@ - J(T1)

=/ ﬁ~nf\+dl%’+/ 17-77[p(/;)f(f,g’,t)!++(1—p(
U-n>0 U-n<0

—=(k) .

))C'eFoTE o' (2, 1) | dk .

By

Since

0= / i fl4 dk+ / I p(k) (&K, 1), dk— o' (%,1) C' / (1—p(k))|7-n| X572 ds,
v-n>0 7-n<0

—

7-n<0
we conclude then that

v-n>0

7-n<0

o (f1s} (E.1) = / 5o n fl dF / 55| p(R) F(@ K1) dE, (4.53)
o= ([ a-p@nealeTTaE) L sy

The general mixed reflection BC then has the specific form

F@ k- = plk) flo(Z.F 1)
@) (S 0 L = [ 150 p(R) F(E R 1) dF)

- —®)
Jineo(L = p(R)[T - ] eXETe dk

Y

Notice that the product C'o’(Z,t) has the form
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(Srgoo @ 0 f1s dE = [ |0l p(E) (77 0)] 1 dF)

C'o'(Z,t) = ~ —5—
Jomeo(L = (k)T | X7 dk

(4.55)

which for the case of p constant, it reduces to the original function

o(Z,t) and parameter C' {n(Z)}.

If p = ct,
(fioo @S5 = p [ |-l (7 R0 dF)

—e(k)
Jipeo1 = D)l ] 7575 d

(1=p) Jyoo @ nfly dk
(1= ) fy o5 0l ot di
oo @0 f |+ dk
Jo o5l €% dF

v

= Co(z,t).

However, for the non-constant case p(E) the new function and param-
eter o'(Z,t), C'(n) need to be used instead, as the previous o(Z,t), C(n) will

-

not satisfy the zero flux condition in general for p(k)

—

7-n<0

0= [ Gufledis [ wnp@) @R DL dE -0 C [ (1-p(@) | e dF,
v-n>0 U-n<0

fﬁ'woﬁ. nfls dk + fﬁ-n<017' 771)(/5) f(Z, E’,t)|+ dk
o1 = p(R))|T -] e¥2TE dE;
f17~n>0?7' 77f|+dlg

_E(E) —
Jneo 18-l 52 dk

C'o’ =

+ = Co(Z,t) in general for p(E)
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A more general possible case of mixed reflection BC would have a spec-
ularity parameter p(Z, E, t) dependent on position, momentum, and time. The

related reflective BC would then be
FI-(E k1) = p(@ k) f (& F,t) + (1 — p(&, F, t)) C*(&,t)o™ (&, 1) M (%, k)

(Z,k) € Ty-, and (Z,K) € Dy+ (4.56)

where M (7 /2) is the equilibrium probability distribution (not necessarily a
Maxwellian) according to which the electrons diffusively reflect on the phys-
ical boundary. ¢*(Z,t) and C*(&,t) are the functions such that the zero flux

condition is satisfied pointwise at insulating boundaries

= / Uf|+dE
vn>0

- / T [p(@ O[3 K0 + (1 p(@,F,0)) C*(F, 0)0" (7, )M (7, F) | dF
vn<0

- / 0 Ofledf [ Tp(E Rl @ R
n>0 7-n<0
- o @0c@o [ - (1-p@ ko) M@ R,
7-n<0

Therefore we conclude for this reflection case that

o {f14} (@) = / - 3] dF — / - 7| p(@, R 6) f14 (&, K, )R
7-n>0 n<0
(4.57)

CH(Z,1) = < / » In - 7] (1 (@, F, t)) M(z, E)dlZ) B : (4.58)
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and then the full BC formula for the p(Z, k, t) reflection case is

FI(Z 1) = p(@ K, ) f| 4 (T, K1) +

. N S I B 1edR = [, o In- B (K. ) f1 (3 K 1) dk
(1-p@k.0) M, k:)[ = S .
fﬁ-T]<0 |n ) 17| <1 - p(fa kat)) M<f7 k)dk

Remark: p(Z, k, t) can be any iid random variable in (Z, k, t).

4.5.3.1 Numerical Implementation

The numerical implementation of the general mixed reflection with

-

specularity parameter p(k) is done in such a way that a numerical equiva-

lent of the pointwise zero flux condition is achieved.

The general mixed reflection boundary condition in our DG numerical

scheme is

Ol = p{Fu (®nly)} (4.59)

= I, {p(0) @p |+ (7, ", 1) + (1 = p(w))C'oj, {®p] 4} (7, 1) e s(w) } .
We will be using the notation

W= (w,p,p), d=dwdudp, &= (w,pm—p). (4.60)

The specific form of C’ and ¢’ will be deduced from the numerical

analogous of the mixed reflection boundary condition. We want to satisfy
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numerically the zero flux condition

0 = n(@)- / ) i (4.61)

s [ T I @0 (F )+ (- @) e ()} d
7-n<0

= [ vlas - [ el (pl)el (@ 7. 0) da
J-n>0 U-n<0

+ [ . 71l {(1 = p(@))C'o,(Z, t)e™"s(w) } dw. (4.62)

In the space V}, of piecewise continuous polynomials which are tensor

products of polynomials of degree p in Z and of degree ¢ in ), it holds that

Iy { f1(Z) fa(W) } = I { f1(2) } I { fo ()}, (4.63)

Vi ={v 10|, € @V (Qjrmn) = PP(Xij) @ PUKimn) }-

Therefore, we have for our particular case that

e s(w)dw
1L, {(1 = p(@)C'0 (7, e s(0)} = Cop(3.8) | 3 oy L P To()

k,m,n kamn dw

Using this, our numerical pointwise zero flux condition is
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0 - / 5| dis — / 5| Ty {p(@)®1 |4 (7, &, 1)} did
v-n>0 7-n<0
(W))e "s(w)dw

fK (1 —-p
+ / v-nC'o, (Z,1) X ke — A
71<0 ' 2 S @0

k,m,n

_ / 50Ol dd — / 50| Ty {p(@)Bn] 4 (7, &, 1)} did
v-n>0 U

7-n<0
S, (1= p(@))es(w)dw
oty (&t ;- oy i
+ O-h(‘r7 )/{;‘.7]<0U n [Z Xk fK di w
k.m.n kmn

= [ vlad - [ el (pl)e(@ 00} da
af 7-n<0

Lo Lk, (L= p(d))e ™ s (w)did
— o, (z,t)C Z /Kkmn |U - n| dw kamn 70 :

We conclude then that we can achieve a numerical equivalent of the

pointwise zero flux condition by defining

A} @0 = [ Gt~ [ (5l L (p(@) )@ 7 0) dd
v-n>0 7-n<0
(4.64)

— Ys(w)dw
(' {n}) " = /Kk kamn AwaMBA%( ) . (4.65)

k,m,n, 9-n<0

Therefore, the inflow BC in our DG numerical method is given by the
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expression

q)h|_ - Hh {p<w)q)h|+(f7 U_jlat)}

+m{a-pane ([ sonwla
- / | (@) (77,0 ) ¥ s(w) |

The particular form of the coefficients defining the piecewise polynomial
approximation ®;|_ for the general mixed reflection BC is presented below for
the boundary y = L,, since the calculations for the case of the boundary y = 0

are analogous.

For the boundary yn, 112 = Ly, 10U X +§-g = go X cose, which
defines the sign of go. Outflow cells have the index j = N, . They are cells
inside the domain adjacent to the boundary. Inflow cells have the index j =
N, + 1. They are ghost cells adjacent to the boundary. We have in our case

that

o= / 92@h|+dw_/ 0o T {p(0) @ (7, 1)} i
cos >0 cos p<0

n<N,/2 n>Ny /2
= Z/ 92@h|+d?U— Z/ |g2|Hh{p W) P4 (T, 0, 1)} didf .
k,m,n kmmn

If ] = (’L"Ny + 1,k,m,n) (iIlﬂOVV)7 .[/ — (Z.,Nyyk:)m’n/% n/ = Ngla —n+ 1

(outflow), the projection integrand is given by

T, {p()®a 4 ( n>§/2x Jemn PEOVT e @) s
h h|+ fkmn I I A[L’Z/2 I
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The coefficients of o7, are given below. We have now that I = (i, N, k,m,n),

I' = (i, Ny, k,m,n’), n' = N, —n+1,so from the previous two formulas
then
n<Np/2 1—}—0( w
/0 \/ K
: = V1 —p2d d 4.66
0N, kmn / 1+ 20w / N/COSQD 2 ( )
n>Np/2 \/—
1+ agw) fk
- T/ A\/1 d d mn
kmn I / 1"—20[}('11) / //L/’COS()D‘ 7 o did fkmn 7
”<NP/2 Vol +axw)
1z K
: = V11— p2d d
Uz,Ny kmn / ].+ZOKKUJ / M/COSQD '
n>Np/2 \/—
1+ agw) fk
kmn 1( / T /\/ u/!cow\ I —— fkmn :
”<NP/2 Vel Fage) [ —
1y K
Uz,Ny kmn / 1+QOZKUJ / M/COSSO 12
n>N,/2 \/—
1+ agw) fk
- Y/ 7\/1 d d mn
k‘Xm:n I / 1+2aKw / lu/"cosg0| o did fkmnd_’

Since on one hand we have

Oply, = W {p(@) @y (T, 0, 8)} + 10, { (1 = p(w)) O, {@p |+ } (7, 1) e s(w) }

n>Ny, /2 o
= Z Xi,Ny—H,k,m,n fk\fﬁ |:T‘z Ny,kmn/ + Xz Ny, k,m,n’ (A /2> + Y;,Ny,k,m,n/
i,k,mmn kmn
S S (1= () s(w)d
i,Ny+1,k,m,n =
ik,m,n ! fkmn d

0 (iU - %)
x C' |:0'/Z N, + o lNy Ari2 + g’zNy(+1)} ,
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and on the other hand

n>Ny/2 )
T —x;
?JN+1/2_ E Xi,Ny+1,k;m,n |:ENy+1kmn+XzNy+1kmnA—/2

i,k,m,n

we conclude that the coeflicients for ®,|_ are

T — fkmn C/ /0 fkmn(]‘ p(m))ein(UJ)dw
1,Ny+1,k,m,n fkmn d’LU fk,mn du—)» )
fk J — p(w))e™"s(w)dw
Xi mmn mn C, Y kmn ,
7Ny+17k7 ) fkmn dw ’LN fkmn du—)»
Y. " % — I’ fkmn Cl 1Y fkmn B p(w>>6_w8<w)dw
PR fkmn d'lU B fk;mn d@U 7
I' = (i,Ny,k,m,n’), I=(i,Ny,k,m,n). (4.67)

4.6 Numerical Results
4.6.1 2D bulk silicon

We present results of numerical simulations for the case of n 2D bulk
silicon diode with an applied bias between the boundaries x = 0, L, and reflec-
tion BC at the boundaries y = 0, L, (Figs. 4.2). The required dimensionality
in momentum space is a 3D E(w, i, ). The specifics of our simulations are:

Initial Condition: ®(w)|,_, = I {Ne *s(w)}. Final Time: 1.0ps
Boundary Conditions (BC):

k-space: Cut-off - at w = w4, P is machine zero.

Only needed BC in (w, i, ¢): transport normal to the boundary analitically
zero at ’singular points’ boundaries:

At w=0,93=0. At p==1,9,=0. At p=0,m, g5 = 0.
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Z-space: Charge Neutrality at boundaries x = 0, x = 0.15um.

Bias - Potential: V|, _,=0.5235V, V| = 1.5235 V.

2=0.15m
Neumann BC for Potential at y = 0, L, = 12nm: 9,V |,—o,z, = 0.

Reflection BC at y = 0,y = 12nm: Specular, Diffusive, Mixed Reflection with
constant specularity p = 0.5, and Mixed Reflection using a momentum depen-

dent specularity p(k) = exp(—4n2|k|?sin o), the nondimensional roughness

rms height coefficient being n = 0.5.

We observe an influence of the Diffusive and Mixed Reflection in macro-
scopic observables. It is particularly noticeable in the kinetic moments. For
example, the charge density slightly increases with diffusivity close to the re-
flecting boundaries, and, due to mass conservation, alters the density profile
over the domain. Momentum & mean velocity increase with diffusive reflec-
tion over the domain, while the energy is decreased by diffusive reflection over
the domain. There is a negligible difference in the electric field  component

below its orders of magnitude for the different reflection cases.

4.6.2 2D double gated MOSFET

We present as well the results of numerical simulations for the case of
a 2D double gated MOSFET device (Figs. 4.3). On one hand, the BC for the
Poisson Eq. for this device would be the Dirichlet BC ¥ = 0.5235 Volts at the
source x = 0, ¥ = 1.5235 Volts at the drain x = L,, and ¥ = 1.06 Volts at the
gates. On the other hand, Homogeneous Neumann BC 9;¥ = 0 are imposed

at the rest of the boundaries. Specular reflection is applied at the boundary
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y = 0 because the solution is symmetric with respect to y = 0 for our 2D
double gate MOSFET (Fig. 4.1). On the other hand, at the boundary y = L,
we apply specular, diffusive, and mixed reflection BC, both with constant
p = 0.5, and with a momentum dependent p(k) = exp(—4n2|k|?sin® ¢) with
roughness coefficient n = 0.5. We use again the initial condition: ®(w)|,_, =
I, {Np(z,y)e*s(w)}, running the simulations up to the physical time of
1.0ps. We use again as well a cut-off BC in the boundary of the momentum
domain, so ® is machine zero at w = w4, and we apply charge neutrality

BC at x =0, x = 0.15um.

We observe a quantitative difference in the kinetic moments and other
observables between the different cases of reflective BC, with the physical quan-
tities being of the same order of magnitude. The electron density increases
close to the gates with diffusive reflection, and close to the center of the de-
vice, given by the boundary y = 0, the density profile is greater for specular
reflection. The energy moment clearly decreases with diffusive reflection over
the physical domain. The momentum z-component for specular reflection is
less than for the other reflective cases. There is a difference in the profile of
the electric field z-component between the specular reflection and the other
cases that include diffusivity, increasing it with diffusive reflection close to the
drain. The electric field y-component increases with diffusive reflection close to
the boundary y = 0 representing the center of the device. The electric poten-
tial is greater for the cases including diffusive reflection than for the perfectly

specular case.
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Figure 4.2: Density p (m™3), 132 Mean energy e(eV), Momentum
U, U, (1028@), Electric Field Components FE, and E,, and Potential
V (Volts) vs Position (z,y) in (um) plot for Specular, Diffusive, Mixed p = 0.5
& Mixed p(k) = exp(—4n%|k|? sin? @), n = 0.5 Reflection for 2D bulk silicon.
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Chapter 5

Positivity preserving DG schemes for a
Boltzmann - Poisson model of electrons in
semiconductors in curvilinear momentum

coordinates

5.1 Introduction: Boltzmann Equation with Momen-
tum in Curvilinear Coordinates
We can write the Boltzmann - Poisson model for electron transport in
semiconductors for a more general set of collision operators as the system in

the (Z, p) position-momentum phase space for electrons

O f+0zf-05e+05f-q0.V = Q(f) = /

S@" = p)f'dp’—f | SW—p")dp”,
Q Qp

(5.1)

2

—

—&g-(é@gV)(f,?ﬁ)zq[N(f)— F(@p0dp|, E(&@t) = —0:V(T,1).

Q5

(5.2)
The momentum variable is p' = hIZ, k is the crystal momentum wave vector,
e(p) is the conduction energy band for electrons in the semiconductor, f(Z, p,t)
is the probability density function (pdf) in the phase space for electrons in the
conduction band, ¥(p) = 0z (p) is the quantum mechanical electron group
velocity, ¢ is the positive electric charge, V' (Z,t) is the electric potential (we

assume that the only force over the electrons is the self-consistent electric
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field, and that it is given by the negative gradient of the electric potential), €
is the permittivity for the material, N(Z) is the fixed doping background in the
semiconductor material, and S(p” — p) is the scattering kernel that defines

the gain and loss operators, whose difference give the collision integral Q(f).

For many collision mechanisms in semiconductors, the scattering kernel
S(p" — p) depends on the difference e(p) — (p’), as in collision operators of
the form 0(e(p) — e(p') + lhw,) for electron - phonon collisions. This form is
related to energy conservation equations such as Planck’s law, in which the
jump in energy from one state to another is balanced with the energy of a
phonon. The mathematical consequence of this is that we can obtain much
simpler expressions for the integration of the collision operator if we express
the momentum in curvilinear coordinates that involve the energy e(p) as one
of the variables [21], [24], [26], [34] . The other two momentum coordinates
could be either an orthogonal system in the level set of energies, orthogonal
to the energy gradient itself, or angular coordinates which are known to be
orthogonal to the energy in the limit of low energies close to a local conduction

band minimum, such as (u, ).

This gives both physical and mathematical motivations to pose the
Boltzmann Equation for semiconductors in curvilinear coordinates for the mo-
mentum E(kl, ks, k3), to later on choose the particular case of curvilinear co-
ordinates such as (g, 1, ). We will assume in the rest of this chapter that our
system of curvilinear coordinates for the momentum is orthogonal, as in the

case (e, p, ) in which (|p]) is a monotone increasing function, so this set of
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coordinates is equivalent to the representation in spherical coordinates for the

momentum.

The Boltzmann Equation for semiconductors (or more general forms of

linear collisional plasma models) written in orthogonal curvilinear coordinates

ﬁ(plap27p3) fOI' the momentum ﬁ: (pzapyapz) is

Tf0:V &, JfO:V - é,, JfOzV - ép,
8T )+ 80 (T e [apl (fh_le) o, <fh—26> 0, (fh_ge)]

=C(f)=JQf) = J/ S(p" — p)J'f dpydpy dps—J f | S(p'— p’)J" dph dpy dpf ,
Q5 Q5

P

with h; = 8—” , 7 =1,2,3, hihshs = J = m the jacobian of the
transformation, J' = %, and ¢é; the unitary vectors associated to each
8(p17p27p3) J

curvilinear coordinate p; at the point (p1, p2, ps).

We notice that we have expressed the Boltzmann Eq. in divergence
form with respect to the momentum curvilinear coordinates. We can write it

even more compactly in the form

0zV (Z,t)-é
O, (Jf) + ds - (JfT(F +Za,,]( & (2 )-¢

2)—cn. 63

J
If J > 0, we can interpret Jf(Z, p1,pe, ps,t) as a probability density

function in the phase space (Z, p1, pa, p3)

This Boltzmann Eq. is a more general form for orthogonal curvilinear
coordinates, from which our previous spherical coordinate systems from Chap-
ter 3 and Chapter 4 can be derived. For the one in Chapter 3, the orthogonal
curvilinear system is (r, i, ), with 7 oc k?. The one in Chapter 4 is (w, p, ¢),

with w o< €. assuming a Kane band energy «.
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5.2 1Dx-2Dp Diode Symmetric Problem

As we have mentioned, for the case of a 1D silicon diode, the main
collision mechanisms are electron-phonon scatterings
+1
S(F' =B =Y eb(e(@) —e(@) +jhw), er = (npn + DK, et = n K,
j=—1
with w the phonon frequency, assumed constant, and n,, = n,,(w) the phonon

density. K, ¢y are constants.

If we assume that the energy band just depends on the momentum
norm, £(p), p = |p|, and that the initial condition for the pdf has azimuthal
symmetry, fli—o = fo(x,p, 1), pf =0, p'= p(p, /1 — p2 cosp, \/T — i sin p),
then the dimensionality of the problem is reduced to 3D+time, 1D in x, 2D
in (p,u), and the BP system for f(x,p,p,t), V(x,t) is written in spherical
coordinates p(p, i1, ¢) for the momentum as

o[BI, 20

O f + 0u(fOpep + “2))} g0,V (z,t) =Q(f), (54)

P
q +1 DPmaz
o — - [N(x) — o / fpzdpd,u,} . V(0)=0,V(L)=V,.
—1 0

We have assumed that the permittivity € is constant. The Poisson BVP above
can be easily solved and an analytic integral solution is easily obtained for
V(z,t) and E(x,t) = —0,V (z,t), which later can be projected in the adequate
space for the numerical method. For this problem we only need to concern
about the Boltzmann Equation, since given the electron density we know the

solution for the potential and electric field.
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The collision operator, in this case, has the form

x(e(p) + jhw)
e'=e(p)+jhw

+1 +1 do’
Q(f) =27 L:ZICJ‘ /_1 d:u, f(x,p(g’)’ﬂl>p2(g/)d_§,

+1

dp’
- f(x,p,,u,t) Z Cj2p2(€,)d_6/

x(e(p) — jm)] ,

j=—1 ¢'=e(p)—jhw

where x(¢) is 1 if € € [0, £pmae) and 0 if € € [0, €naz), With €ae = €(Pmaz). The

domain of the BP problem is z € [0, L], p € [0, pmaz], 1 € [—1,+1], t > 0.

de

Moreover, since ¢(p), then dze = <p. We assume that 3—; > ( is well behaved

dp
enough such that p(e) is a monotonic function for which % = (g—;)_l exists.
The collision frequency is
+1 dp/ +1
v(e(p) = Y ¢;dmx(e(p) — jhw) p2(6’)d—8, =Y en(e(p) — jhw),
j=—1 e=e(p)—jhw  j=—1
(5.5)
where
n(e(p) ~ ) = | 3() - () + i) (5.6
Q

2

is the density of states with energy £(p) — jhw.

5.3 DG for Boltzmann-Poisson 1Dx-2Dp Problem
5.3.1 Weak Form of the Transformed Boltzmann Eq.

Since for f(z,p, ), g(z,p, 1) we have that

/ fgdpdx =27 / / fgp? dpdpdz (5.7)
Q, Jo, Q. Jo

1)

we define the inner product of two functions f and ¢ in the (z,p, ) space as

(f,g)XXKz/X/ngpzdpdudfc, (5.8)
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where X C [0, L] and K C [0, prmaz) X [—1, +1].

The Boltzmann Equation for our problem is written in weak form as

(01, 9)a+Du (FOpen), g>9+([8p“§f )y 2T ”2”] qamwx,t),g) — Q) g)g

where Q@ = X x K. More specifically, we have that (0,g = 0)

8t/fgp2 dpdudx —I—/ax(fapsu)gﬁdpdudx

Q Q

+ /3p(p2fu)q5xV(ar,t)gdpdudw+/(%(f(l—MQ))qé’xV(x,t)gpdpdud:v
Q Q

= /Q(f)gdepdudx.
Q
5.3.2 DG-FEM Formulation for the Transformed Boltzmann Eq.
in the (z,p, 1) domain

We will use the following mesh in the domain
Qikm = Xi X K = [Ti—, T+ | X [P, prot] X [l pm+] (5.9)
where

Tit = Tix1/2, Drkt = Dk£1/2,  Hm*t = mt1/2 - (5.10)

We define the notation for the internal product in our problem, using the above

mentioned mesh, as

fgp’dpdpds = (f, g)ay,, - (5.11)

ikm

The semi-discrete DG Formulation for our Transformed Boltzmann

Equation in curvilinear coordinates is to find f, € V¥ such that Vg, € V¥
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and YV Qim,

) fu gn p*dpdudz

ikm

— Ope(p) fo 1t Ougn p°dpdudz £ / Oy ﬁplm an
km

ikm

T pidpdu
_/ikaQ(_qE)(ﬂf,t)fh,uapghd,udx - [mpii (~aE futt)psgnl%, dudz
_/ikm(l—N2>fh(_qE)(x,t)8ughpdpd,uda: + /ik“—anﬁ(—qm)hmigh\fmipdpdx

=/ Q(fn)gn p*dpdudz .

The Numerical Flux used is the Upwind Rule. Therefore we have that

— A+ | _ = |
Tubtley = ( 2' |) Jolz + <%) Juld s
— —qEp+ |qE | _ —qEpu — |qEpu|
_qEth|pki = ( 9 fh|pki+ 9 fh ;;i’
— —qE + |qF| _ —qE — |qFE)|
—E fulye = (# frlps + —s Jul, o -

Using the notation in the paper of Eindeve, Hauck, Xing, Mezzacappa
[65], the semi-discrete DG formulation is written as follows. Find f, € V/F

such that Vg, € V}¥ and V Qi

) / fu gn p*dpdudz
Q

ikm

~ / H f, 0,94 pPdpdpdr % H foloe gnlZ, pPdpdp
Qikm

o)
—/Q p? HP) f,, 0,9, dudr £+ pie /Q(m H® fulp. gnl | duda
ikm im
- /Q (1= p*)HY fy, Ougnpdpdude £ (1 - pi3,.) o T il [, ppdz
ikm ik

_ / Q(f1)gn pdpdydz
Qikm
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where we have defined the terms (d,e(p) > 0)

Tit — apgfhﬂ

Ti4

H® (p,p) = pdpe(p), HEOf
H(p) (t7 x, :u) - —QE(I, t)/'L ) H(p)f|pki - _quh:u|Pki )

H(#)(xut) = —qE(ZE,t>7 H('u)f’#m:l: = _quh|Mm:t )

Q(m) = [Tk—a rk—&-] X [:um—v :um'*‘] = 0uQm

km

Q) = [Tiey Tit] X [ tmt] = Opim

m

Qi (i, iy ] X [, Ty ] = 0, -

ik
The weak form of the collisional operator in the DG scheme is, specifically,

/ Q(fn) gnp* dpdpdz = / [G(fn) — v(e(p)) fu] gnp® dpdpdz = (5.12)
Qikm Q

ikm

+1 +1 dn'
o | (Z cox(e) +tw) [ [fh@,p(s'),u')p?(e')d—p,] ) gn 7 dpdyude
Qikm \i=_1 -1 1 lep)+jhw
J
+1 dp,
—4m / fu( o t) | ) e x(e(p) — jhw) {pQ(e’)—,} gnp* dpdpdz .
Qikm j=—1 de e'=¢e(p)—jhw

The cell average of f; in Qg is

Fo_ fQikm fhp2 dpdpdz _ fQikm fudV

- _ 5.13
fiem = S dpdpds Vi (5:13)

)

where for our spherical curvilinear coordinates we have

3
‘/zkm:/ dvadV:THZda (21,22,Z3)2Z2<£E,p,u), T:V")/)‘aﬁY:l?)‘:pZ'
Qikm d=1
(5.14)
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The time evolution of the cell average in the DG scheme is given by

at f_‘zkm -

1 / —
- HE f,
‘/;km [ 0z Qkm

s [ HOR dudo = [ HOR, duds
OpQim

—

o PPy — / @,
0z Qkm

. DPdpdp

OpQim
+ (1= py) H® fol . pdpdz — (1 — piy, ) H® fol pdpdx]
0k, Ouik
+1 +1 dp/
+ |27 / doo / dy’ {fh(w,p(é"),u’)p2(€’)fx(8’)} p* dpdpdz
Qikm \j=—1 -1 £ e(p)+jhw
J

+1

ful,p, p,t) <Z ¢ [pQ(s’)Z—Zx(ff’)}

j=-1

1
—4 / > p? dpd,udx] .
Q '=e(p)—jhw Vikm

Regarding the time discretization, we will apply a TVD RK-DG scheme.

ikm

These schemes are convex combinations of Euler methods. We consider there-
fore the time evolution of the cell average in the DG scheme using Forward

Euler: O figm ~ (fitl — fr /At

ikm ikm
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+1 _
f'ZILcm -

m

ikm
At” Tx) 7. 2 () £, 2
- H® fyly,, p°dpdp — H® fil,, p*dpdp
Vikm LJo,04 0
+ pi+ / H(p)fh|10k+ dpdz — pz* / H(p)fhbkf dpdz
OpQim OpQim
+ (1= ppy) H® fylpy pdpde — (1= a7, ) H fil - pdpdl‘]
ik 0k
+1 d
! 14 2
+ [%/ < CJ/ du{ fh(xp()ﬂ)p()d] )pdpdud:r
Qikm j=—1 g’ e'=e(p)+jhw
+1 dy n
~ar [ ftep ><ch PN >p2czpdudx o
Qikm j=—1 8 el=¢ ( ) Jhw ikm
or, more briefly,
Fiver = Fipm + T + Lo, (5.15)
where the transport and collision terms for the cell average time evolution are
defined as
At" ) 2 T (2) £ 2
Pr = = H@ fpl,, p*dpdp — H® fu],, p dpdp
+ Dis / H® fyl,,, dpde — pj- / H®) fylp, dpdz
+ (1= ) H® ol pdpde — (1= pi2, ) H® fy . pdpdw] ,
Bk Qi
N 20 dp, ! 2
e = |27 Z ¢; du Il p(E), 1) P () 5 X(E) p* dpdpda
'Lkm j—fl € E(p)-i-jﬁw
—47T/ fulz,p, 1 t) (Z ¢; p*( ( ) )depdudx o
zkm j_—l 5/:5(}7)7‘]')‘7,&_; ikm
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5.3.3 Positivity Preservation in DG Scheme for BP

We use the strategy of Zhang & Shu in [63], [64], for conservation laws,
Eindeve, Hauck, Xing, Mezzacappa [65] for conservative phase space advection
in curvilinear coordinates, and Cheng, Gamba, Proft for Vlasov-Boltzmann
with a linear non-degenerate collisional forms [36] to preserve the positivity of
our probability density function in our DG scheme treating the collision term
as a source, this being possible as our collisional form is mass preserving. We

will use a convex combination parameter « € [0, 1] such that

_ _ r - r
n+1 n T n C
nrl , —— 1— ‘ 5.16
ikm a(zkm+a)+( a)(zkm+1_a>7 ( )
—_—— ~ ~
1 II

and we will find conditions such that I and I are positive, to guarantee the
positivity of the cell average of our numerical probability density function for
the next time step. The positivity of the numerical solution to the pdf in the
whole domain can be guaranteed just by applying the limiters in [63], [64] that
preserve the cell average but modify the slope of the piecewise linear solutions

in order to make the function non - negative.

Regarding I, the conditions for its positivity are derived below.

- FT . fﬂikm fhp2 dpd#dﬂf

I= fimt Vi
At” 7). 2 (@) 2
_ [ / O Jolo.. pPpdy — / H@ fola.. p*dpdy

st [ HOf dpde -t [ HOR,, dpds
8inm

ainm

+ (1 =y, H® fi e pdpde — (1= pi2,_) H® f],,,._ pdpdx
6HQ“€ auQik
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We will split the cell average using 3 convex parameters s; > 0, [ = 1,2,3, s.t.

$1+ 8o + s3 = 1. We have then

1
I = |:(81 + S9 + S3 / fhp dpd,udx
‘/z'km

At"
- ( / H (x)f h

i+ /8 H® fy |y, dudz — pi- /8 . H® fylp, dpd
'pRéim

inm

zkm

—

aachm

v Prdpdp

+ (1 - /J?,H)/ HW fi ], pdpdz — (1 — 2, ) HW pdpdx)]
Oufik

1 ziy
_ [sl / | ik dvdas
ikm e Qi

Hm+
+59 / / Jn0* dpdpda + s3 / / fnp* dpdpdz
OpQim Ok

At"
< H®F, viy Podpdp — / H® fi o, pdedu)
Q 0z Qkm 0 ka

a,uQik

N —
S0 [ EO R dudo =i [ HOR,, duds
«@ 6p im 8inm
Atn — —
- ~ Homs) H® fuy, pdpde — (1= i, ) HW fylu,, pdpdz
« 0 Qi 0k
1 Tit At —— —
_ { {31 / Fop? dr — ( H® fulos, p° — H® folo, pQ) } dp dyu
Vikm 0z Qkm Ti— a
v/
8inm Pk—

Pht 2 At" oy 2 o) £
S2 fhp dp— o <pk;+H(p)fh|Pk+_pk*H(p)fh|Pk—) d,U,dI
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All the functions to be integrated are polynomials inside a given inter-
val, rectangle or element. Therefore, we can integrate them exactly using a
quadrature rule of enough degree, which could be either the usual Gaussian
quadrature or the Gauss-Lobatto, which involves the end-points of the inter-
val. We use Gauss-Lobatto quadratures for the integrals of f, p? over intervals,
so that the values at the endpoints can balance the flux terms of boundary

integrals, obtaining then CFL conditions.
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N
1 . A" ——
=y / {31 Y Bafuls, p° Az — —— (H(”” Jalews 9> = H® il p )}dpdu
ikm 0z Qkm G=1
al A" —— —
+f { > el v A = == (P HO filye, o HO fil, ) } duda
OpSlim =1 @

N
. At? —
+ / {83 Zwéfh s ° Ay — —— [p(l - Mimi)H(“)fhhmi] } dpdm]
Qi 1 @

N-1 Ap
- [/ {S1A£Uz' (wlfh’; N fule, Y wé.fh‘wg) - (H(””)fh
aachm 422

N-1
+/ {52 <U71fh|;}:_ Pro N fulp, Pry + D Wi fuly, p?) Apy,
pShim P=2

ﬁii) } p*dpdp

At (pk:+H P fh|pk+ Iﬁw\fhh)kf) } d,u dx
N-1
+/ {83 (wlfh Nl + Z Ws fh u§> P* A,
0k §=2
At" 1

(= B2 EO Rl — (= i Dl ] 0} dois)

ikm
N-—1
| [ snnd S dailey + (iuf

At"

as1Ax;

o+ wah|;i+>

(H(I)fh|$i+ - H(x)fh|$i—> }p2dpd,u

+/ s2Apy, { (wlfh|pk Py + Wn fal,, Ph+ pk+> + Z Wi fulp, D7
Qi

At™
asosApy

N-1
+/ 30" A, { (W ful), +anfal,,, )+ Z W f s
Ok §=2

At"
assp A,

<pz+H(p)fh’pk+ - pi* H(p)fh’pk7> } d:u dx

(0= e )T Rl = (= i Vol fdte]
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We reorganize the terms involving the endpoints, which are in parenthesis. So

At"

it as Az

i@ fh,m)

1 R At —— . _
I = {/ s1Az; { <w1fh‘§; + H(x)fh’m) + (wah -
Vikm |Jo,04,, ‘ asiAx;
N-1 N-1
+ }:%h@}ﬁ@@+/ﬂ @AM{EJMEMﬁ+
G=2 pShim =2
2 ~ + 2 ~ _
+ Pr- <w1fh|pk OésQApk H(p)fh|pk> +pk+ (wah Py OéSQApk H(p)fh|pk+) } d/UL dr
N-1
+ / dxdpp253Aum{Zw§fhus+
B pa
At (1 — pn ) 7= A = ) o7
SV B 5 o Fol™ _____ﬂLH _

To guarantee the positivity of I, assuming that the terms f|.,, fu
are positive at time t", we only need that the terms in parenthesis related to
interval endpoints are positive. Since w; = wy for Gauss-Lobatto Quadrature,

we want the non-negativity of the terms

R At ——
0 < <wah ST H®@ f, :vii>>

as; Ax;
At ——
0 < <U1th s T 52 lDE H(p)fh]pki> , (5.17)
At™(1 .
0 < ('LUth e T Oz:fTZi)H(u Jnlpm i) .

We remember that we have used the following notation for the numerical flux

MJF( |u|)fh Zi] 7

terms, given by the upwind rule,

— — +
H(x)f|$ii = apgfh/’dl’ii = 8p6 [(M |,U’> In

j2% fh M3

(TR = [Epl — - [Epl + Ep
H® fly. = —qEfupilp. =4 ( 5) fales — — ) fule|

— — E+|E E
H(M)f‘umi = _quh‘Hmi =dq |:(¢> f |Nmi (ﬁ) f |Umi:| :
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We have assumed that the positivity of the pdf evaluated at Gauss-
Lobatto points, which include endpoints, so we know fi[l ., fal/, ., ful} . are

positive. The worst case scenario for positivity is having negative flux terms.

In that case,

At" At"
0 < inflf. ——21 9 S L 9
= wah Tit OéSlAl’i P8|:u‘fh Tit fh Tit (wN OéSlA.fCi p€|/L|) )

R At™ R At
0 < dnful),, — QSQApkﬂE(%t)th v = Iul . <wN - aSQAka‘E(SUat)MO ;

n 2 n 2
NI ™ qusap A assp At

qE(x, )| full, . = full . (@N q]E(x,t)]) .

We need then for the worst case scenario that

A"
as1Ax;
At"

E(x, t
Bl
At”(l - N?ni)

aszp Afim

a175|1u|a

8,
=
vV

qlE(z, 1),

S8
2
V

or equivalently,

asiAx;
O ||
. assApy,

Wy ———————

q|E(x, t)p|

R as3 Afly, p n

WN Z At".

| E (2, (1 — i)

A~

WN

At"

At",

Therefore, the CFL conditions necessary to satisfy the positivity of the trans-

149



port term [ are

as Az, > A
max; Jpe(ps) - Maxy |ty ]
ONA
gmaxg | E(xs,t)| - maxy ||
OéSng]NA[Lm * Pk— 2 Atn )

gqmaxy |E(x4,t)| - maxy (1 — p,1)

Regarding 1, there are several ways to guarantee its positivity. One
possible way to guarantee its positive is given below, by separating the gain
and the loss part, combining the cell average with the loss term and deriving
a CFL condition related to the collision frequency, and imposing a positivity
condition on the points where the gain term is evaluated, which differs for
inelastic scatterings from the previous Gauss-Lobatto points because of the
addition or subtraction of the phonon energy Aw. We would need an additional
set of points in which to impose positivity in order to guarantee positivity of

II as a whole.
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I'c
II = =
fzkm+ 1—a

+1 dp/
fitm + |20 / ( ¢ / d/ {fh z,p(e'), u)p2(€’)yx(€’)} p* dpdpda
Qikm \j=—1 < e(p)+jhw
/ Atn
Su(z,ppt) (4 Y ¢ { —X( ’)] p* dpdpdz =
/lkm 321 ’ e(p)—jhw Vikm (1 — a)

o [t [ty i)

=i (

j=—1

4 At" L dp’ 1
frdV — / i [pQ(E’)—X@’)] p* dpdpda =
/zkm ( o Oé) Qikm ]:Zl de'’ e(p)—jhw Vikm
ITALT - dp
=Py [ [t O] |t +
j Qigm J — £ e(p)+jhw
AT AP dp’
(e, p,pt) (1 — —— c; [pQ(EI)—X(E/)] p* dpdudz =
/Qikm (1 - Oé) jgl ’ de’ e(p)—jhw V;km
ITAL _ dp’
a—a) D il Qukm| Y wargfu(we ' (e(pr) + jhw), 1) {P’Q(g)d—yx(ff/)} P}
Jj=-1 8,1,q e(pr)+jihw
AT At dp’
Su(z,pypst) [ 1— cj [p (e)—5x(e ')} p? dpdpdzx :
/Ucm <1 - a) 21 ’ dg 5(p)—jhw V;km
j
where the notation for the measure of the elements is
|Qikm| = Az; AprApig, - (5.18)
Given that the collision frequency
+1 dy
Vi) =7 Y & (o)~ ) [ ) S0 (5.19)
j=—1 € er=e(p)—jhw



is positive, as it is made of positive and non negative terms, we combine the
cell average with the loss term in order to derive the following CFL condition

related to the collision frequency. If

dr A G dp'
1— Z cj x(e(p) — jhw) [pQ(e')—} >0,
(1 - Oé) j=—1 de’ e’'=e(p)—jhw
then
(1-a) - { NN (1-a)
A" < max ¢ |x(ENp*(e)— = ——,
4 Pr jz_:l ’ de’ ]| (p)— i maxp, v(pk)

where the maximum is taken over the Gaussian Quadrature Points py.

To completely guarantee the positivity of 11, we must impose a posi-
tivity condition on the set of points where the gain term is evaluated, which
differs for inelastic scatterings from the previous Gauss-Lobatto points because
of the addition or subtraction of the phonon energy hw. That is, we want

p; > 0.
&/ =e(pr)+ils

> wergfn(we v ((py) + jhw), 1) [p2(6')§—g (6')}

s,1,q
So, in order to get the positivity of this term, we need that in the additional

set of points (z,p'(e(pr) + jhw), p1y,) it is satisfied that
fh(l's,p/(5<pr> + ]hw)v /L:]) >0.

Another possible way to guarantee positivity for I1 is by considering
the collision term as a whole. The difference between the gain minus the

loss integrals will give us a smaller source term overall, and therefore a more
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relaxed CFL condition for At". We have that

I] — n — ikm ikm —
fzkm + 11—« ‘/;km + (1 - O{)V;km zkm /ka fhdv * ( CY)
/ dp’ /
/ <27T > CJ/ dy’ fu(,p(e), 1)p*(e )dp X (&) - th(p)> p2dpdud:r] :
Qikm j=—1 -1 g’ e(p)+jhw

We will treat then the cell average of the collision term as a whole
by taking the difference of the gain minus the loss terms and considering this
difference as a source term, and we will apply the same techniques for positivity

preserving DG schemes for transport equations with source terms.

"o { s+ 2 [ QU s
+1 dn’
Q) = 2 Y [ flanle) i) ) ) ~ fulp).
j=-1 -1 2 &'=e(p)+jhw
+1 '
) = 4 Y o [P )] = u(e(p)). (5.20)
j=—1 e'=¢e(p)—jhw

We want /1 to be positive. If the collision operator part was negative,
we choose the time step At" such that I is positive on total. We will get this

way our CFL condition in order to guarantee the positivity of I1. We want

1 Atn
I = / [fh(%p?l%t) + —Q(fh)<x7p”u’t):| p2 dpd,udx Z 07
Vikm S (1-a)
’Qmm‘ At )
I = -
Vzkm ; WqWrWg fh(-fl?qapmﬂsat) + —<1 — a)Q(fh)(SEq,phy,s’t) pr > 0
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If 0 > Q(fn) for any of the points (x,, p,, fts) at time ¢", then choose At" s.t.

ATL
0 < fulegpint) + ¢ Q) (g prs i, ).

1 —a)
A"
(1-a)

(1 - a)fh<xq7pr>,u57t)
A n
YOS 00 @b e 0

Our CFL condition in this case would be then

0 S fh(‘rqap'ralfbsat)_

|Q(fh)|($q,pr7 s, t) )

A" < (1 _a) fh(xwprmu&tn) } ] (521)

min
QUfn) (@q,propis ™) <0 { QU (g, Prs s, t™)

The minimum for the CFL condition is taken over the subset of Gaus-
sian Quadrature points (x4, pr, its) inside the cell €, (whichever the chosen
quadrature rule was) over which Q(f,)(x4, pr, pts,t") < 0. This subset of points

might be different for each time " then.

We have figured out the respective CFL conditions for the transport
and collision parts. Finally, we only need to choose the optimal parameter «

that gives us the most relaxed CFL condition for At" such that positivity is

preserved for the cell average at the next time, f/;"!. The positivity of the
whole numerical solution to the pdf, not just its cell average, can be guaranteed
by applying the limiters in [63], [64], which preserve the cell average but modify
the slope of the piecewise linear solutions in order to make the function non -

negative in case it was negative before.
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5.4 Stability of the scheme under an entropy norm

We can prove the stability of the scheme under the entropy norm related

to the interior product
/ fngne® p*dpdpdz (5.22)

inspired in the strategy of Cheng, Gamba, Proft [36]. This estimates are
possible due to the dissipative property of the linear collisional operator applied
to the curvilinear representation of the momentum, with the entropy norm
related to the function e#@Pt) = exp (e(p) — ¢V (z,t)). Assuming periodic
boundary conditions in all directions for simplicity of the stability proof, we

look for f, € th such that, Vg, € th and YV Qi

O fr gne™ p*dpdudx (5.23)

ikm

- Ope(P) fr 11 Ou(gre™) p*dpdpdr £ 0ye Futtlars gne”

ikm km

T, pdpdp
— / P (—aE) (2, t) frp Op(gne™) dpdz & / Prs (=B fupt) lpsgne™ |, duda
ikm im
[ =) B 00, pdpduds F [ (U= 1 0Bl " [, pdpd
ikm ik

= Q(fn)gne™ p*dpdudz

ikm
where we are including as a factor the inverse of a Maxwellian along the charac-

teristic flow generated by the Hamiltonian transport field (9,e(p), 0,V (x,1))

Mo = exp(e(p) — gV (1)) = (Ve @) (5.24)

which is an exponential of the Hamiltonian energy, assuming the energy is

measured in KT units.
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We include this modified inverse Maxwellian factor because we can
use the entropy inequalities related to the collision operator derived on the

introduction. That is, we know from (2.39) the following dissipative property

L1 . ey (S f o
| QUgdp =5 | S = p)e (p) (e_g(p,) - e_a(p)) (9" = g)dp"dp,
(5.25)
which can be also expressed as (multiplying and dividing by e~V (@)
— 1 —/ —H' f/ f / N
QAQ(f)gdp =73 Qﬂs(p — p)e T (9" —g)dp’dp’. (5.26)

Therefore, if we choose a monotone increasing function g(f/e~#), namely
g= f/ef = fel, we have an equivalent dissipative property but now with

the exponential of the full Hamiltonian,

/ 2
S(p" — pe (efH, - eiH) dp'dp < 0. (5.27)

Foo.1
o =3 .

2

So we have found the following dissipative entropy inequality

) Q(f) fe" p*dpdudy = Q(f)eiH p<0. (5.28)

Qp
As a consequence of this dissipative entropy inequality we obtain the

following stability theorem of the scheme under an entropy norm.

Theorem 5.4.1. (Stability under the entropy norm [ f, gre” p*dpdudz): Con-
sider the semi-discrete solution fy, to the DG formulation in (5.28) for the BP

system 1n momentum curvilinear coordinates. We have then

1
0> / 10y fr, €1@PD 2 dpdpde = 5/ 8tf,36H(‘”’p’t) p? dpdpdz . (5.29)
Q Q
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Proof. Choosing g, = f5, in (5.23), and considering the union of all the cells

Qikm, which gives us the whole domain 2 = ), x €2, , for integration, we have
0> /Q QUi fue pPdpduds = /Q Oufn fre™ pPdpduds
- /Q Oye(p) fo B frc™) pPpdpds + /B 0y "
- [ Peam ity e dude + [ P BT dud

—/ (1= 1*) fu(=aB) 0u(fue™) pdpdpdr + / (1= p*)(—qE fn) fae" pdpda.
Q 0,0
We can express this in the more compact form

0> / Oufn fre™ p* dpdudz — / fu - O(fae™) dpdpdz + / fuB i1 fre' do |
Q Q oN
(5.30)

defining the transport vector g with the properties

B = (p°ude(p), —qE p*n, —qEp(1 — 1)) , (5.31)
B = Oapwb = (0,-2pqEu,2uqk), 0. = —2pqEu+2pqEu =0,

B-0H = (p*ndye(p), —qEp*p, —qEp(1 — 1)) - (qF,0,¢,0) =0, e = 0.
We integrate by parts again the transport integrals, obtaining

/fhﬁ - O(fue™) dpdpdz = —/3' (fuB) fre™ dpdudz + | fr8 - nfpe™ do
Q Q o0
_— / (B-0f) fuc® dpdyd + [ 8- iifre® do
Q o0
but since
B-0(fue™) = B-e"0fy + B fue"OH = "B 0fs, (5.32)
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then we have

/ fuB - O fue™) dpdudz = / (8- 0fi) fue” dpdpdr = 5 [ i3 0o do
Q Q o0
(5.33)

We can express our entropy inequality then as

1 ~
0> / O fr fret p? dpd,udx—i fuB-nfuedo+ | fup-i fuef do, (5.34)
Q 80 o0

remembering that we are integrating over the whole domain by considering the
union of all the cells defining our mesh. We distinguish between the boundaries
of cells for which -7 > 0 and the ones for which £ -n < 0, defining uniquely
the boundaries. Remembering that the upwind flux rule is such that fh =1,
we have that the value of the solution inside the cells close to boundaries for
which g-n > 01is f, , and for boundaries 5 -7 < 0 the value of the solution

inside the cell close to that boundary is f,". We have then that

1
0 > / DS fre® p? dpdpdac — - / o8- e do + / FoB - fre do
Q 2 Joa 80

1 . Ca A e
0 > /3tfhfh€Hp2dpd/idx—§/ f{|5'”|fh€Hd0 —|—/ fu 1Bl fy el do
Q B

A>0 B-a>0

1 . _ .
+ 5/ f,jlﬁ-n!f,jeHda—/ fhlﬁ~n|f,jeHda,
B-H<0 B-H<0

and using a notation e; for the boundaries that allows redundancy, balanced
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then by a factor of 1/2; we have
H 2 1/1 - — H - “— H
0 > Qatfhfhe pdpdudm—§ 5 fulB-nlf, e’ do + 1B 0| f, et do
en €h
1 . _ .
+ i/fhﬂﬁ'n\fffeHda— fh\ﬁ-n\fh*eHda>
ep €n
0 9 1 /1 _ e H
0o > Qatfhfhe p dpdud9€+§ 3 fnlB-nlf, e do
en
1 . _ N
+ 5/f,ﬂﬁ-n\f,j’eHda—/fh|,6’-n|f2’eHd0>
ep €h
0 > / Oufn fre® p? dpdpda
Q
1 ) _ . .
+ Z_L(/ f,l_f,l_|ﬁ-n|eHda —2/ fhfmﬁ-n]eHda—i-/ f}ff;|6-n|eHda>
€h €h €nh

1 .
0 = [ o fuet o dpdude 4 [ (5~ £ ile! do (5.35)
Q €h
Since the second term is non-negative, we conclude therefore that

1
02/ fadufn €00 p? dpdpdz = 5 / O fre! P p* dpduda,  (5.36)
Q Q

and in this sense is that the numerical solution has stability with respect to

the considered entropy norm. O

As a remark, we obtain the following corollary:

Corollary 5.4.2. (Stability under the entropy norm for a time independent
Hamiltonian): If V = V(x), so 0;H = 0, the stability under our entropy norm

gives us that, fort >0,

||fh‘|i§1{p2 (t) = /Qf,f(x,p,u,t)eH(x,p) p? dpdpdx < HthiinQ (0).  (5.37)
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Proof. The corollary follows from the fact that, since ,H = —q0,V = 0, we

have

d
0> / 0y (f,feH(x’p)) p? dpdudx = %/ 2z, p, p, t)eT@P) p? dpduds  (5.38)
Q Q

Since the entropy norm is a decreasing function of time, our result follows

immediately. [
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Chapter 6

Conclusions

The work presented in this dissertation is related to several lines of
research in the area of deterministic DG numerical methods for computational

electronic transport in semiconductor physics.

The first line of research is the use of EPM related energy bands in order
to increase the accuracy of the physical modeling of the energy band structure
and its partial derivatives, via a spherical average of an EPM band structure
and the spline interpolation of its derivatives, as these functions drive the
mechanisms of collision (electron - phonon scattering) and transport (via the
electron group velocity). The balance of these two mechanisms is the core of
the modeling of electron transport in semiconductors by means of Boltzmann -
Poisson. The values of the energy band obtained from the spherical average of
the EPM full band structure and its derivatives interpolated by splines, gives
a quantitative correction in kinetic moments (averages) related to the energy
band model, such as average velocity, energy, and particularly the momentum
(proportional to the current) given by our numerical solver. This highlights the
importance of band models and features such as anisotropy and interpolation

of their derivatives in the BP numerical modeling of electron transport via DG
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schemes. Work in progress is related to the computational implementation of
a DG scheme with the full EPM band structure and the spline interpolation of
its partial derivatives. Future work will focus on DG methods for Boltzmann
- Poisson systems with multi - bands, for the modeling of electron and hole

transport or multi-valley modeling.

We have considered in the second line of research the mathematical
and numerical modeling of Reflective Boundary Conditions in 2D devices and
their implementation in DG-BP schemes. We have studied the specular, dif-
fusive and mixed reflection BC on the boundaries of the position domain of
the device. We developed a numerical equivalent of the pointwise zero flux
condition at the position domain boundaries for the case of a more general
mixed reflection with a momentum dependant specularity parameter p(E)
We compared the influence of these different reflection cases in the compu-
tational prediction of moments after implementing numerical BC equivalent
to the respective reflective BC, each one satisfying a mathematical zero flux
condition at insulating boundaries. There are effects due to the inclusion of
diffusive reflection boundary conditions over the moments of the probability
density function and over the electric field and potential, whose influence is not
only restricted to the boundaries but actually to the whole domain. Expected
effects of the inclusion of diffusivity in kinetic moments are the increase of
the density close to the reflecting boundary, the decrease of the mean energy
over the domain and the increase of the momentum z-component over the

domain. Future research will consider the inclusion of surface roughness scat-
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tering mechanisms in the collision operator for our diffusive reflection problem
in silicon devices, for example. Another line of work of our interest for future
research will be the more general case of a p(Z, l;) specular probability depen-
dant on momentum and position as well, considering its mathematical and
numerical aspects, and its respective computational simulations, intending to

use as input experimental values of p(Z, E)

The third line of research is related to the development of positivity
preserving DG schemes for BP semiconductor models. Due to the physics
of energy conservation given by Planck’s law and to reduce the dimension
of the associated collision operator given its mathematical form, we pose the
Boltzmann Equation for electron transport in curvilinear coordinates for the
momentum. This is a more general form that includes the two other BP mod-
els used in the previous lines of research as particular cases. We consider the
1D diode problem with azimuthal symmetry assumptions, which give us a 3D
plus time problem. We choose for this problem the spherical coordinate system
P(p, i1, ), slightly different to the previous choices, because its DG formulation
gives simpler integrals involving just (piecewise) polynomial functions for both
transport and collision terms. Using the strategy in [63], [64], [36] we treat
the collision operator as a source term, and find convex combinations of the
transport and collision terms which guarantee the propagation of positivity of
the cell average of our numerical probability density function at the next time
step. The positivity of the numerical solution to the pdf in the whole domain

can be guaranteed just by applying the limiters in [63], [64] that preserve the
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cell average but modify the slope of the piecewise linear solutions in order to
make the function non - negative. We have been able to prove as well the
stability of the semi-discrete DG scheme formulated under an entropy norm,
assuming periodic boundary conditions for simplicity. For the simpler case of
a time dependent Hamiltonian, the decay of the entropy norm of the numer-
ical solution over time follows as a corollary. This highlights the importance
of the dissipative properties of our collisional operator given by its entropy in-
equalities. In this case, the entropy norm depends on the full time dependent
Hamiltonian rather than just the Maxwellian associated solely to the kinetic

energy.

164



Bibliography

[1] C. W. Shu, Discontinuous Galerkin methods: general approach and sta-
bility, Numerical Solutions of Partial Differential Equations, S. Bertoluzza,
S. Falletta, G. Russo and C. W. Shu, Advanced Courses in Mathematics
CRM Barcelona, Birkhauser, Basel, 2009, pp.149-201.

(2] A. Jungel, Transport Equations for Semiconductors, Springer-Verlag (2009).

[3] W.H. Reed and T.R. Hill, Triangular mesh methods for the neutron trans-
port equation, Tech. Report LA-UR-73-479, Los Alamos Scientific Labo-
ratory (1973).

[4] E. Kane, Band structure of Indium Antimonide, J. Phys. Chem. Solids,
vol. 1, pp. 249-261, (1957).

[5] X. Zhang and C.-W. Shu. On mazimum-principle-satisfying high order
schemes for scalar conservation laws, J. Comput. Phys., 229:30913120
(2010).

[6] M. G. Crandall and L. Tartar. Some relations between nonexpansive and

order preserving mappings, Proc. Amer. Math. Soc., 78:385390 (1980).

[7] P. Ciarlet. The finite element method for elliptic problems, North-Holland,

Amsterdam (1975).

165



[8] C.-W. Shu and S. Osher. Efficient implementation of essentially non-
oscillatory shock-capturing schemes, J. Comput. Phys., 77:439471 (1988).

9] Y. Cheng, Deterministic Numerical Methods for the Boltzmann-Poisson
System, Tutorial of ICERM workshop on 'Novel Applications of Kinetic
Theory and Computation’ (2011).

[10] A. Majorana, The Boltzmann-Poisson System: Model Document (Version
D: Full Bands) , U. Catania.

[11] F. Register, Semiconductor Physics Graduate Course Notes, U. Texas -
Austin, 2012.

[12] L. Reggiani, Hot-Electron Transport in Semiconductors, Springer-Verlag
Berlin Heidelberg, 1985.

[13] A. Majorana, S.A. Marano, Space homogeneous solutions to the Cauchy
problem for semiconductor Boltzmann equations. SIAM J. Math. Anal.,

1997, 28 (6), 1294-1308.

[14] A. Majorana, S.A. Marano, On the cauchy problem for spatially homo-
geneous semiconductor Boltzmann equations: existence and uniqueness.

Annali di Mat. Pura e Appl., 2005, 184, 275-296.
[15] D.K. Ferry, Semiconductors, Maxwell MacMillian: New-York, 1991.

[16] K. Tomizawa, Numerical simulation of sub micron semiconductor devices,

Artech House: Boston, 1993.

166



[17] P. Markowich, C. Ringhofer and C. Schmeiser, Semiconductor Equations,

Springer-Verlag, 1990.

[18] M. Lundstrom, Fundamentals of Carrier Transport, Cambridge Univer-

sity Press, 2000.

[19] C. Jacoboni and P. Lugli, The Monte Carlo Method for Semiconductor

Device Simulation, Spring-Verlag: Wien-New York, 19809.

[20] E. Fatemi and F. Odeh, Upwind finite difference solution of Boltzmann
equation applied to electron transport in semiconductor devices, Journal of

Computational Physics, 108 (1993) 209-217.

[21] A. Majorana and R. Pidatella, A finite difference scheme solving the
Boltzmann Poisson system for semiconductor devices, Journal of Compu-

tational Physics, 174 (2001) 649-668.

[22] J.A. Carrillo, .M. Gamba, A. Majorana and C.-W. Shu, A WENO-solver
for 1D non-stationary Boltzmann-Poisson system for semiconductor de-

vices, Journal of Computational Electronics, 1 (2002) 365-375.

23] J.A. Carrillo, .M. Gamba, A. Majorana and C.-W. Shu, A direct solver
for 2D non-stationary Boltzmann-Poisson systems for semiconductor de-
vices: a MESFET simulation by WENO-Boltzmann schemes, Journal of
Computational Electronics, 2 (2003) 375-380.

[24] J.A. Carrillo, .M. Gamba, A. Majorana and C.-W. Shu, A WENO-solver

for the transients of Boltzmann-Poisson system for semiconductor devices.

167



Performance and comparisons with Monte Carlo methods, Journal of Com-

putational Physics, 184 (2003) 498-525.

[25] M.J. Caceres, J.A. Carrillo, .M. Gamba, A. Majorana and C.-W. Shu,
Deterministic kinetic solvers for charged particle transport in semiconduc-
tor devices, in Transport Phenomena and Kinetic Theory Applications to
Gases, Semiconductors, Photons, and Biological Systems. Series: Model-

ing and Simulation in Science, Engineering and Technology. C. Cercignani

and E. Gabetta (Eds.), Birkhduser (2006) 151-171.

[26] J.A. Carrillo, .M. Gamba, A. Majorana and C.-W. Shu, 2D semiconduc-
tor device simulations by WENO-Boltzmann schemes: efficiency, boundary
conditions and comparison to Monte Carlo methods, Journal of Computa-

tional Physics, 214 (2006) 55-80.

[27] M. Galler and A. Majorana, Deterministic and stochastic simulation of
electron transport in semiconductors, Bulletin of the Institute of Mathe-
matics, Academia Sinica (New Series), 6th MAFPD (Kyoto) special issue
Vol. 2 (2) (2007) 349-365.

[28] Z. Chen, B. Cockburn, C. Gardner and J. Jerome, Quantum hydrody-
namic simulation of hysteresis in the resonant tunneling diode, Journal of

Computational Physics, 274 (1995) 274-280.

[29] Z. Chen, B. Cockburn, J. W. Jerome and C.-W. Shu, Mized-RKDG finite
element methods for the 2-d hydrodynamic model for semiconductor device

simulation, VLSI Design, 3 (1995) 145-158.

168



[30] Y.-X. Liu and C.-W. Shu, Local discontinuous Galerkin methods for mo-
ment models in device simulations: formulation and one dimensional re-

sults, Journal of Computational Electronics, 3 (2004) 263-267.

[31] Y.-X. Liu and C.-W. Shu, Local discontinuous Galerkin methods for mo-
ment models in device simulations: Performance assessment and two di-

mensional results, Applied Numerical Mathematics, 57 (2007) 629-645.

[32] Y. Cheng, .M. Gamba, A. Majorana and C.-W. Shu, Discontinuous
Galerkin Solver for the Semiconductor Boltzmann Equation, SISPAD 07,
T. Grasser and S. Selberherr, editors, Springer (2007) 257-260.

[33] Y. Cheng, I. Gamba, A. Majorana and C.-W. Shu, Discontinuous Galerkin
solver for Boltzmann-Poisson transients, Journal of Computational Elec-

tronics, 7 (2008) 119-123.

[34] Y. Cheng, I. M. Gamba, A. Majorana and C.-W. Shu A discontinuous
Galerkin solver for Boltzmann-Poisson systems in nano-devices, Computer

Methods in Applied Mechanics and Engineering, 198 (2009) 3130-3150.

[35] Y. Cheng, I. M. Gamba, A. Majorana and C.W. Shu A discontinuous
Galerkin solver for Full-Band Boltzmann-Poisson Models, IWCE13 (13th

International Workshop on Computational Electronics) (2009).

[36] Y. Cheng, I. M. Gamba and J. Proft, Positivity-preserving discontinuous
Galerkin schemes for linear Vlasov-Boltzmann transport equations, Math-

ematics of Computation, 81 (2012) 153-190.

169



[37] J. Chelikowsky, and M. Cohen, FElectronic structure of silicon, Physical
Review B, 10 (1974) 5095-5107.

[38] M L. Cohen and J.R. Chelikowsky, Electronic Structure and Optical Prop-

erties of Semiconductors, Springer Series in Solid-State Sciences 75 (1989).

[39] M. C. Vecchi, D. Ventura, A. Gnudi, and G.Baccarani, Incorporating full
band-structure effects in spherical harmonics expansion of the Boltzmann

transport equation, Proceedings of NUPAD V Conference, vol. 8, pp. 55—
58, 1994.

[40] S. Smirnov and C. Jungemann, A full band deterministic model for semi-

classical carrier transport in semiconductors, Journal of Applied Physics,

99 (2006) 063707.

[41] C. Jungemann, A.T. Pham, B. Meinerzhagen, C. Ringhofer and M. Bollhéofer,
Stable discretization of the Boltzmann equation based on spherical harmon-

ics, box integration, and a mazximum entropy dissipation principle, Journal

of Applied Physics, 100 (2006) 024502.

[42] A. Majorana, A comparison between bulk solutions to the Boltzmann equa-
tion and the spherical harmonic model for silicon devices, Progress in In-
dustrial Mathematics at ECMI 2000 - Mathematics in Industry, 1 (2002)
169-173.

[43] B. Cockburn and C.-W. Shu, TVB Runge-Kutta local projection discon-

tinuous Galerkin finite element method for conservation laws II: general

170



framework, Mathematics of Computation, 52 (1989) 411-435.

[44] B. Cockburn, S.-Y. Lin and C.-W. Shu, T'VB Runge-Kutta local projection
discontinuous Galerkin finite element method for conservation laws I11: one

dimensional systems, Journal of Computational Physics, 84 (1989) 90-113.

[45] B. Cockburn, S. Hou and C.-W. Shu, The Runge-Kutta local projection
discontinuous Galerkin finite element method for conservation laws IV: the

multidimensional case, Mathematics of Computation, 54 (1990) 545-581.

[46] B. Cockburn and C.-W. Shu, The Runge-Kutta local projection P1-discontinuous
Galerkin finite element method for scalar conservation laws, Mathematical

Modelling and Numerical Analysis, 25 (1991) 337-361.

[47] B. Cockburn and C.-W. Shu, The Runge-Kutta discontinuous Galerkin
method for conservation laws V: multidimensional systems, Journal of Com-

putational Physics, 141 (1998) 199-224.

[48] B. Cockburn and C.-W. Shu, Runge-Kutta discontinuous Galerkin meth-
ods for convection-dominated problems, Journal of Scientific Computing,

16 (2001) 173-261.

[49] B. Cockburn and C.-W. Shu, The local discontinuous Galerkin method for
time-dependent convection-diffusion systems, STAM Journal on Numerical

Analysis, 35 (1998) 2440-2463.

171



[50] D. Arnold, F. Brezzi, B. Cockburn, and L. Marini, Unified analysis of
discontinuous Galerkin methods for elliptic problems, STAM Journal on

Numerical Analysis, 39 (2002) 1749-1779.

[51] C. Cercignani, .M. Gamba, C.L. Levermore, A Drift-Collision Balance
asymptotic for a Boltzmann-Poisson System in Bounded Domains, STAM

J. Appl. Math., Vol 61, No. 6, (2001) 1932-1958.

[52] Y. Sone, Molecular Gas Dynamics: Theory, Techniques, and Applications,
Birkhauser (2007).

[53] C. Cercignani, The Boltzmann Equation and Its Applications, Springer-
Verlag, Appl. Math. Sc. 67, (1988).

[54] C. Cercignani, I. M. Gamba, C.D. Levermore, High Field Approximations
to a Boltzmann - Poisson System and Boundary Conditions in a Semicon-

ductor,  Appl. Math. Lett. 10, 4, 111-117 (1997).

[55] S. Soffer, Statistical Model for the size effect in FElectrical Conduction,
Journal of Applied Physics 38 1710 (1967).

[56] K. Fuchs, Proc. Cambridge Phil. Soc. 34 100 (1938).

[57] R. F. Greene, Boundary Conditions for Electron Distributions at Crystal
Surfaces,  Physical Review 141 687 (1966).

[58] R. F. Greene, R. W. O’Donnell, Scattering of Conduction Electrons by
Localized Surface Charges, Physical Review 147 599 (1966).

172



[59] V. D. Borman, S. Yu. Krylov, A. V. Chayanov, Theory of nonequilibrium
phenomena at a gas-solid interface, Sov. Phys. JETP 67 (10), 1988.

[60] Brull, Charrier, Mieussens, Gas-surface interaction and boundary condi-

tions for the Boltzmann equation, Kinetic & Related Models (2014).

[61] Struchtrup, H. Mazwell boundary condition and velocity dependent ac-
commodation coefficient, Phys. Fluids 25, 112001 (2013).

[62] B. Ghosh, S. Banerjee (Supervisor), F. Register (Co-Supervisor), Semi-
classical Monte Carlo simulation of nano-scaled semiconductor devices, UT

Electronic Theses and Dissertations, (2007).

[63] X. Zhang and C.-W. Shu, Positivity-preserving high order discontinuous
Galerkin schemes for compressible Fuler equations with source terms, J.

Comput. Phys., 230 (2011) 1238-1248.

[64] X. Zhang and C.-W. Shu, On positivity-preserving high order discontin-
wous Galerkin schemes for compressible Fuler equations on rectangular

meshes, J. Comput. Phys., 229 (2010) 8918-8934.

[65] Eirik Endeve, Cory Hauck, Yulong Xing, Anthony Mezzacappa, Bound-
preserving discontinuous Galerkin methods for conservative phase space
advection in curvilinear coordinates, Journal of Computational Physics,

2015.

173



[66] I. M. Gamba, A. Majorana, J. Morales and C.W. Shu A fast approach
to discontinuous Galerkin solvers for Boltzmann-Poisson transport systems

for full electronic bands and phonon scattering, INCE15, 1-4 (2012).

[67] J.A. Morales Escalante, .M. Gamba, A. Majorana, Y. Cheng, C.-W. Shu,
and J.R. Chelikowsky, Deterministic DG Solvers for EPM-Boltzmann-
Poisson Transport, INCE16 Abstracts, 2013.

[68] J. Morales Escalante, .M. Gamba, Boundary conditions effects by Dis-
continuous Galerkin solvers for Boltzmann-Poisson models of electron trans-

port, Proceedings Paper, 17th IWCE, 2014.

[69] J. A. Morales Escalante, .M. Gamba, A. Majorana , Y. Cheng, C.-W.
Shu, and J. Chelikowsky, Discontinuous Galerkin Deterministic Solvers
for a Boltzmann-Poisson Model of Hot FElectron Transport by Averaged
Empirical Pseudopotential Band Structures, submitted to CMAME, 2016.

[70] J. Morales Escalante, I.M. Gamba, Reflective Boundary conditions in
Discontinuous Galerkin solvers for Boltzmann-Poisson models of electron
transport in semiconductors and Zero Fluxr Condition for General Mized

Reflection, preprint.

[71] J. Morales Escalante, E. Endeve, C. Hauck, .M. Gamba, Positivity Pre-
serving DG schemes for a Boltzmann - Poisson model of electrons in semi-

conductors in curvilinear momentum coordinates, preprint.

174



Vita

José Alberto Morales Escalante was born in Mexico City on September
5th 1984, the son of BAcc Maria del Carmen Patricia Escalante Lopez and
BBA Aureliano Morales Vargas. He attended the Colegio México Bachillerato
in Mexico City for high school, graduating in 2002. He received the Bachelor
in Physics from UNAM, the National Autonomous University of Mexico, in
2008, having Professor Maria del Carmen Jorge y Jorge and Professor Panay-
otis G. Panayotaros as his undergraduate thesis advisors. He started the PhD
in Computational Science, Engineering, and Mathematics at ICES, the Insti-
tute for Computational Engineering and Sciences, in The University of Texas
at Austin, in August 2009, and obtained his MS in Computational Science,
Engineering, and Mathematics in May 2012, under the advising of Professor

Irene M. Gamba.

Permanent address: 1906 Pearl Street Apt 202
Austin, Texas 78705

This dissertation was typeset with IATEX" by the author.

'IATEX is a document preparation system developed by Leslie Lamport as a special
version of Donald Knuth’s TgX Program.

175





