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Chapter 1

Introduction

1.1 History

In Physics a time dependent process is called adiabatic if the rate of
change is so slow that the solution can be approximately described by a time
parameterized family of static solutions. This slow rate of change corresponds
mathematically to stretching the time direction in the equations that govern
the process, and the limit as time is infinitely stretched is referred to as the

adiabatic limit.

Witten in [Wit85] introduced the idea of stretching the metric in some
space directions instead of time, and this notion was subsequently employed in
the study of n-invariants [Che87, BF86a, BF86b, BC89, Daigl]. This geometric
adiabatic limit was used by Mazzeo and Melrose [MM90] to relate the spectrum
of the Laplacian on forms to the Leray spectral sequence, and their results were

generalized by Forman in [For95].

Atiyah [Ati88] used the idea of stretching the neck for the Heegaard
splitting to study the Casson invariants and Floer homology. This was further
explored by Dostoglou and Salamon [DS94] to prove a version of the Atiyah-

Floer conjecture, relating the symplectic and instanton Floer homologies. In



their proof they relate the adiabatic limit of anti-self-dual connections on the
product of a cylinder and a Riemann surface to pseudo-holomorphic curves in

the moduli space of flat connections on the surface.

When the base manifold is a product of two Riemann surfaces, physi-
cists Bershadsky, Johansen, Sadov and Vafa [BJSV95] used the adiabatic limit
to obtain a topological reduction of 4-dimensional supersymmetric Yang-Mills
theory to 2-dimensional supersymmetric o-models. Although their methods
were not mathematically rigorous, an important consequence of such result
would be a relation between the Donaldson invariants on the product mani-
fold and the quantum cohomology of the flat connections on the fixed (non-

stretched) surface. This is the BJSV conjecture.

Donaldson invariants are defined in terms of the topology of the mod-
uli space of ASD equations, and quantum cohomology in terms of pseudo-
holomorphic curves in the moduli space of flat connections. Such curves can
be identified with solutions of the adiabatic equations, that are obtained as
the formal adiabatic limit of the ASD equation. The problem then is how
to relate the moduli space M of ASD connections as one of the surfaces is
stretched by a factor A™! and the moduli space M,q of adiabatic connections.

One expects M should converge in some sense to M,q as A — 0.

In his thesis [HI98], Handfield developed the first steps towards a rig-
orous proof the BJSV conjecture by showing how it is possible to construct a
family of connections [D,] € M, near an adiabatic connection [D,q] € M.gq.

There is however no guarantee that this construction will give a bijective cor-



respondence between M,q and M, even for small values of \.

1.2 The Product Structure

Let £ be a SU(2) bundle over a product X' x K of compact oriented

Riemann surfaces.

If p* and p¥ are the Riemannian metrics of X and K, and w* and w’
the corresponding Kahler forms, the product manifold 2’ x K has a product

metric and a product Kahler structure given by

p=p&p~, (1.1)

w=w”d . (1.2)

The orthogonal splitting 7' (X' x K) = TX @ TK induces in the obvious

way similar splittings of forms:

QNI x K) =07 QF,

OX(Z x K) = Q% @ Q5K g QK

Here for example Q%X represents the 2-forms on X x K which are nonzero

only when computed at a pair of vectors tangent to K.

Notation. If an object (vector, form, connection, etc.) has components along 3’
or K, we use a single superscript to indicate the corresponding component (e.g.

w* for the X component of the 2-form w). For forms with mixed components

X

we use multiple superscripts (e.g. n*** or n*%& for components of a 3-form).



Hence a connection D on a bundle over Y x K can be split according

to its directional components
D = D* + DX,
its holomorphic type
D = 0p + Op,
or both
D =05+ 05+ 05 +0p.
Its curvature splits as
F = F5S 4 pSK 4 KK
or, according to holomorphic type, as
[ = F20 4 pll o2
Definition. Let D, 0 and H be respectively a connection, a holomorphic

structure and a Hermitian metric on £. For any z € X denote by

e &, the restriction of £ over the slice z x K,

e D., 0., H, the restrictions of DX, 0%, H to &..

As Y is path-connected, all £,’s are isomorphic to some bundle F — K.
Fix some Hermitian metric Hx on F. As all Hermitian metrics in a bundle
are related by bundle automorphisms, the isomorphism &, = F can be chosen
such that H, = Hz under this identification. Subject to this condition, the

isomorphism is unique up to unitary gauge transformations of (F, Hg).



Remark. As F is a SU(2) bundle over a Riemann surface, it is topologically

trivial, even though £ might be non-trivial.

Definition. A trivialization of £ over a contractible open set U C X is an

isomorphism E|y = U x F.

1.3 The Adiabatic Rescaling

We define a parameterized family of metrics {px; A > 0} on X' x K by

So as the parameter A — 0, the surface Y is being indefinitely stretched,
and we call this limiting process the adiabatic limit. The Kahler form w)

corresponding to the metric p) is

x
w
Wy = V D WK,
and the rescaled pointwise inner product (refer to Appendix E for notation)

relates to the original one by

1\ 2 b)) K
(., .)pA =\ (.’ .)pl + (., .)pl on 1-forms,
(- , -)pA = )\4(- , -)iz + A2 (-, -)iK + ( , -)EK on 2-forms.
In particular, the pointwise norm for a 2-form n = n** 4+ n*¥ 4+ nX satisfies
l5, = N =1, + X R, A+ I (1.3)

Define a ‘trace’ operator Ay : QP9( X x K) — QP~ 171X x K), as in Appendix

A, by (Ayy, 77’)pA = (n, 77’/\@@),0X for all n € QP4 7 € QP~L9=1 For a 2-form



n € Q* X x K) this means
A= (7 W)+ (K W)
T + (KK, W)

— /\2AZ7722+AK77KK,

w
’ F)m

o1

where A* and AX are the trace operators on X and K corresponding to their

original Kahler metrics.

We define the rescaled Hermitian- Yang-Mills Equations, or HY M  equa-

tions, as being the Hermitian-Yang-Mills equations for the metric py, i.e.

03 =0
)\QAEF)\EE —|—AKF>{<K — 0 (14)

where the subscript A refers to any unitary connection D), satisfying these

equations.

Lemma 1.1. If D, satisfies the HYM ) equations then
|F/\KK|01 = |F){<K|p>\ = |F)?Z|PA = /\2|F)%?Z|Pl‘

Proof. The first equation in (1.4) implies F) € Q" (X x K, ad £) and therefore
F¥* = ¢w* and FEE = ¢wk for some €,& € Q%Y x K,ad€&). The second

equation then means A\?¢ + & = 0 and the result follows from
|F){<K|p1 = |€/| |WK|IJ1 = |/\2§| = >‘2|€| |w2|p1 = )‘2|F>\Ez|p1v

and from Equation (1.3). O



The formal limit of the HYM  equations as A — 0 yields the Adiabatic

{aﬁd -0 (1.5)

Limit Equations

FEK = .

A solution D,q of these equations is an adiabatic connection.

1.4 Statement of the Problem and Results

In this work, we attempt to improve the results obtained by Handfield
in [HI98] in a program to establish a relation between moduli spaces of Yang-
Mills connections and holomorphic curves in moduli spaces of flat connections

via adiabatic connections.

On Chapter 2 we define some maps between connections on £ and
functions from X into B} (refer to Appendix F for notation). These are
then used to prove a bijective correspondence between M, and Holg (X, M%)
(Theorem 2.4). Our approach differs from the one in [HI98| in that we work
with SU(2) instead of SO(3) bundles, so we can not construct a connection
on & from a function X' — M7 by simply pulling back a universal connection

defined over M.

On Chapter 3 we construct a family [D,] corresponding to some [D,q].
But instead of doing so by using the Implicity Function Theorem as in [HI98],
we impose a stability condition that allows us to obtain the family [D,] in a
very natural way. The idea is to look for this family along the orbit of G©

passing through [D,q], and use stability to guarantee the existence of a unique



[D,] in such orbit for each small .

We however ran into problems in proving [D,] — [Dag], due to the
possible occurrence of bubbling. Our approach was based in the techniques
used by Dostoglou and Salamon in their proof of the Atiyah-Floer conjecture
[DS94]. But after several attempts at adapting their methods to our case, we
realized there is a serious gap in their argument about the formation of slow
bubbles (which they call holomorphic spheres). A correction is attempted in
[GS01], although the convergence is still not good enough to bridge this gap.
So far we have been unable to obtain a better argument, but we conjecture
that if the argument in [DS94] can somehow be corrected then the same should

probably be true in our case.



Chapter 2

The Adiabatic Limit Equations

2.1 Connections and Maps Into the Moduli Space
2.1.1 Maps Induced by Connections

Given D € A* and z € Y, the restriction D, is an irreducible unitary
connection on (&,, H,). The isomorphism between (£, H,) and (F, Hr), which
is defined up to unitary gauge transformations, determines a gauge equivalence

class [D,] € B%. This gives a map

Definition. ¢p: X — B
z +— [D,].

Clearly ¢p depends only on the gauge equivalence class of D. Hence

we obtain a well defined map:

Definition. & : B* — C>(X, B%)

Note that & is not injective, as we can have two connections on &
whose restrictions along the slices {z} x K are gauge equivalent but not their
restrictions along the X' direction. Nor is it surjective. As B* is connected, all

maps ¢p € Im P are in the same homotopy class.



Definition. Cg°(X, B3x) = {maps in the homotopy class of Im ®}
= {p e C®(X,B%): ¢~ ¢p for some D € A}

2.1.2 Connections Induced by Maps

Let ¢ € C°(X,B%). We would like to construct a gauge equivalence
class [Dy] on € such that ®([Dy]) = ¢.

Given a cover {U;} of X by contractible open sets, ¢ can be lifted over
U; to a (non-unique) map a; : U; — A%. Depending on the context we write
either a;(z) or Dy, () to represent the connection obtained from this map at

z. For z € U; (| Uy, there is a g;x(2) € G such that

Da, () = gik(2) - Day (- (2.1)

As these connections are irreducible and the center of SU(2) is {£I}, g;x(2)

is unique up to a + sign. Also,

9ik(2)9kj(2) - Dajz) = Dayizy = gin(2)gri(2) = £1,

9ik(2)9r1(2)91j(2) - Dayzy = Dajizy = gin(2)gm(2)g1;(2) = £1.

If the signs of the g;i’s could be chosen in such a way to always have +I
above, they could be used as transition functions for “trivializations” U; x F
of a bundle £ — X x K. It is not possible in general to make such a choice *.

However, as in this case ¢ ~ ¢p for some D € A*, instead of lifting just ¢ we

'The g;1’s modulo £/ define a SO(3) bundle, and the choice of signs corresponds to lifting
it to a SU(2) bundle, what is only possible if the second Stiefel-Whitney class vanishes.

10



can lift the whole homotopy map, starting with “trivializations” U; x F of £
and the obvious lifts (D,); of ¢p. In this way, not only we get a natural way of
choosing the g;;,’s but they will also be homotopic to the transition functions
of £, so that & = £. Note that choosing a different D, homotopy or lifts
amounts only to obtaining another bundle isomorphic to £, or equivalently to

a gauge transformation of &’.

The partial connections D,; can be completed along the X' directions
in a natural gauge invariant way. Let z = z + iy be local coordinates on Uj;.
For each z as D, Da,() Q%Endy F) — QY(Endy F) is elliptic there are
Nwj(2), my;(2) € Q°(Endy F) such that

* oa; " oa;

Daj (Dajnl’j B a_xj> =0, Da]- (Dajnyj - 8_yJ> =0, (2.2)
and as a;(z) is stable Corollary J.3 implies these solutions are unique. Define
a connection D; on U; x F by

Dj:d+77xjd$+nyjdy+Daja (2'3)

where d is the trivial connection along U;. On U; (U an easy calculation
using (2.1) shows that

_ - _1 99k _ _1 99k
gjkl . _DJ =d+ (gjklnac]gﬂk —+ gjkl 8; ) dr + (g]klnngjk + gjkla_;) dy + Dak7

and also

9gjk day,

* -1 —1

Dak <Dak (gjk nxjgjk + gj a; > - % = O,

with a similar equation for y. Hence D; = gji - D, and these connections glue

together to form a global connection D, on &£'. The isomorphism £ = £’ now

determines a gauge equivalence class [Dy] € B, giving a well defined map

11



Definition. ©:CZ(X,B}) — B~

¢ = [Dy].
By construction, ® o © = id and therefore Im & = C (X, B%).

Proposition 2.1. Im© = {[D] € B* : (D¥)*F5% = 0}.

Proof. Any D € A* can be expressed locally as D; = d+1,,; dz+n,; dy+(D.);

for some 17, ,; € Q°(Endg F), and writing a; = (D,); we have

Oa,
F5 = (Dayney = 52) Ada+ (Dayy; -

9a;

8y> A dy.

If [D] € Im© then n,; and n,; can be chosen to satisfy (2.2), and in such
case (D¥)*F5® = 0. Conversely, if (D¥)*F5® = 0 then n,;, ny, are the
unique elements of Q°(Endy F) satisfying (2.2) and by construction [D] =
O(®(D)). O

2.2 Adiabatic Connections and Holomorphic Maps

The moduli space M’ of irreducible flat connections on F has a com-
plex structure given by the Hodge start operator *j acting on its tangent
space TaM% = {a € Q' (Endy F) : Daa = D*a = 0}. In this section we show
that the maps defined above establish a correspondence between the adiabatic

connections on £ and holomorphic maps from X into M.

Definition. Holg(X, M%) = {¢ € C°(X,B}) : ¢ is holomorphic, Im¢ C

12



Proposition 2.2. M}, C Im©.

Proof. Given D = 0¥ + 0% + 0% + 9% we have?
F5K = [0%, 05 + 05 + [0, 0% + %), (2.4)
(DEYESE = iAR (0% — 0F)F5E
=iA* [0% — 9%, [907,0% + 0%+ [07,0" + 9"]]
— 2%AK [95 | [0%,05]] +iAF [97 | [0, 55]] 29)
— 2iAK [9F | [8%,8K]] — iAK [57, [0%,8K]) .

If D € M, the adiabatic equations 0% = 9% = 0 and F5% = 0 imply
[0~,0%] =0, [0%,0%] =0, [0%,0%] =0,
and therefore (D¥)*F5K = 0. The result follows from Proposition 2.1. O

Proposition 2.3. ®(M,) = Holg(X, M%).

Proof. Let [D] € MJ,. By the previous Proposition [D] = O(¢) for some
¢ € C(X,Bx), and ¢ = ®([D]) as ¢ 0 © = id. From the definition of it
is clear that Im ¢ C M if and only if FEX = 0. So all that remains to be
shown is that 0% = 0 is equivalent to ¢ being holomorphic. As [D] € Im©, D
can be written locally as in (2.2) and (2.3) with a; = (D,);, and so

_ _ Mg T ANy _
0Dj:8+jTy]dz+@aj,

_ 9a%t  _ g i,
8%,]_:—(;; —é@(%—nyJ))/\dz. (2.6)

2We use the notation [61, 62] = 8182 + 8261, and [81, 6283] = 818283 — 828381.

13



The holomorphic condition for ¢ is

99 99
— +*xxg— =0.

ox K@y

The derivatives of ¢ at z can be computed by projecting the derivatives of
its lift a; onto (Im Daj(z))l. As D,y is flat it can be used to define an

elliptic complex which on the other hand gives a Hodge-like decomposition

ToyAr = Im Doy ©@Im D} @ H) (. =Tm D, ;) @ker D ). Hence 52 is

a;(z) a;(z ox
given by

8¢ (9(13'

r = oy~ Dme

for some n such that
. (94
Daj (% - Daj(Z)”) = 0.
By the uniqueness of solutions of (2.2), n = 7,;. For g—f there is a similar

formula, and so

0¢ d¢  /0a; da;
o * *Ka_y N <8x B Dajnmj) + *K( oy Dajnyj)
o o
— B + 1 By —8aj77$j —Zaajnyj
oat®  9al? ,
+ 8[; —1 a]y - aajnzj + Zaajnyj

2 (G (™) ) v (- (™)

By (2.6) the vanishing of the (0,1) component is equivalent to 512)j =0, and
similarly the vanishing of the (1,0) component is equivalent to 8%,], = 0. For
unitary connections 32]_ = 0 if and only if 01%]_ = 0, so ¢ is holomorphic if and

only if 6% = 0. [

14



Theorem 2.4. The maps ® and © give a 1-1 correspondence between M,

and Holg (X, M%).

Proof. Follows from the two previous results and the fact that o © =id. [

Theorem 2.5. For each slicewise stable class s € S there is a unique [Ds| €

M, with Os € 5.

Proof. For each z € X, as 5, € S is stable by Corollary J.8 there is a unique

[Ds .| € M’ such that (’1% € 5.. So s determines a map

(bs:EHM;:

2+ [Ds. ]

and a gauge equivalence class [Ds] = O(¢s). By construction FXX =0 (and
therefore [0X,0KX] = 0) and (0K). € s. is stable for any z € X. Proposition

2.1 implies (DE)*FZ% = 0, and so by equation (2.5),
05, (057, 05°]] =0, (05, (05, 05°]] = 0.

As over any slice 9 is stable, Lemma J.3 implies [0, 0X] = 0 and [0, 0K] =
0. Therefore 92 = 0 and [Ds] € M. Moreover, 0s € s by Corollary J.6.

Now suppose D’ is another adiabatic connection with @ € s. Then
D' = g(Ds) for some g € G¢. As D’ is adiabatic each D/ is flat, so as
D, = g(z)((Ds),) Corollary J.8 implies g(z) € Gr for all z. Hence g € G. O

15



Chapter 3

The Adiabatic Limit

3.1 The sequence of HYM ) solutions

Fix a slicewise stable class s € S.

By Theorems J.7 and 2.5 there are a unique [D,] € M for each A > 0
and a unique [D,q] € M, satisfying Oy, 0aq € 5. As 0y and J,q are in the
same class there is some gy € G© such that O\ = g - Oad, and as Dy and D

are both unitary,

Dy = g,\(Dad)-

The first step in proving convergence for a family of connections is to
obtain some bounds on the curvature. Let {\, },,en be any decreasing sequence

with \; =1 and A,, — 0.

Notation. Dn = D>\n7 Fn = F)\na Pn = Prnr Gn = Grn»
Partition X as Y = 3, U...U Xy, where

21201, 22202—01, 23203—02, 2422—03,

C1 = {z € X : there are some ¢ > 0 and a neighborhood of z x K in which

sup |Fy,|,, < cA, for all n large enough},

16



Cy = {z € X: for any § > 0 there is a neighborhood of z x K in which

sup |F,,|,, < 0 for all n large enough},
Cy = {z € ¥': |F,|,, is uniformly bounded on a neighborhood of z x K }.

In the next sections we will deal with the Y;’s one at a time, but first

we give an idea of what should be expected from each case.

21 corresponds to the ideal situation for our purposes. Our aim is to

prove that the other sets are empty and so X' = 3.

For z € Y5 we will have a sequence of points converging to z x K with
|F|p, — oo. Expanding the metric appropriately about these points we can
keep F), bounded without decaying to 0. As we are in (s, expanding at the
same rate as p, would make F,, — 0, so the appropriate expansion must be
slower. The p,-ASD equations then imply FEX — 0, and we end up with a

non-flat adiabatic connection on R? x K.

In the case of X5 we obtain a sequence 2, — z for which |F,|,, remains
bounded about z, x K. Expanding the metric about these slices according to p,
we obtain a sequence of ASD connections with uniformly bounded curvature.

As z ¢ O these will converge to a non-flat ASD connection on R? x K.

We prove Y5 and X5 are empty by comparing what we obtained from D,,
to what we get from D,4 by the same construction, and showing the existence

of both objects contradicts our stability assumptions.

Finally, Y4 corresponds to points (or sequences) where even in the

expanded metric p, the curvature remains unbounded. As the connections

17



are ASD with respect to p,, there is a minimum amount of energy that must
become concentrated at the point for the curvature to diverge. As the total
energy is finite, there can be only a finite number of such points. Each of them
will therefore be surrounded by Y. This will provide a contradiction, as the
energy of D,, inside a region can be controlled by the energy of D,q (that is

bounded) in the same region plus some contributions from the boundary.

3.2 Fiber Bubbles.

We now deal with Y5 as this case is simpler and allows us to introduce
some techniques that will be used again in the next section, when dealing with
5. Given z € X3 there is a > 0 such that, after passing to a subsequence,
it is possible to find a £k € K and a sequence (z,,k,) — (z,k) such that
| Fo (20, ki) p, > 0 for all n.

In order to avoid the problem of having the metrics p,, diverge as A, — 0

we pull shrinking neighborhoods of z, back to R2.

Definition 3.1. Choosing orthonormal (with respect to p;) basis {e}, 2} for

T.. X, define a sequence of maps ¢, : R?> x K — X x K by
oz, w) = (exp, (AuTiep + Apael), w).

Define also sequences of metrics g, on R?* x K, connections D,, on & = ¢,

and gauge transformations g, € Qc(c‘f ) by

ﬁn = @ana Dn = QO:;Dm 9~n = (Pzgn-

18



Denote the curvature of D, by F,.

Remark. Note that as R? is contractible & = ! €& does not depend on n, and

is isomorphic to R? x F.

Lemma 3.2. p, — p = e x p& in O over compact sets, where € denotes the

Euclidean metric on R2.

Lemma 3.3. {|F,|5,} is uniformly bounded over compact sets of R? x K.

Proof. As z € Cj5 there is a ¢ > 0 and a neighborhood U of z such that
|Foulp, < cin U x K for all n. Given any compact set 2 C R?, ¢,(Q2) C U for

all n large enough. Hence |F, |5, = ¢%|F,|,, < cin Q x K for n large. O

As D,, is ASD with respect to j,, by Theorem 1.6 we can assume, after

passing to a subsequence and taking gauge transformations,

Lemma 3.4. D,, — D in C™ over compact sets, where D is an ASD connec-

tion with respect to p.

Lemma 3.5. 0 < ||F||12(pr2xr) < 8T2¢a(E), where F is the curvature of D.

Proof. As |F(0,k)|, = lim, |E,(0,k,)|5, = lim, |F(2n, k)|, > 6 and F is
smooth (in an appropriate gauge), its L? norm is nonzero. Also, for any

compact set ) € R?, F satisfies

/ |F|? dvol, = lim |Ful2, dvols,
OxK

n—oo OxK

= lim |Fal2, dvol,,
0 Jon (X K)

< lim |Fal2 dvol,, <8m%cy(E),

=0 JoxK

19



what gives the upper bound. 0

Corollary 3.6. sup,, x |[F*%| x — 0 as |z| — 0.

Proof. As D is ASD the previous Lemma and Proposition 1.2 imply that
sup,,x |Fl, — 0 as [z — oo. The result then follows from |[F*¥| x =

|FEE], < | F . B
Definition 3.7. Define a connection Dy on R? x K by
Dy = lim ¢ Do = d¥° + (Dad)s,-

Here dR’ represents the trivial connection along R? and (Daq)s, is the K com-
ponent of D,q along zy x K. The limit is uniform on compact sets for all

derivatives.

Lemma 3.8. Dy is flat.

Proof. As DY is trivial and D{ is constant along R?, the result will be true if

(Daaq)., is flat. But this is part of the definition of an adiabatic connection. [

Lemma 3.9. D = g(Dy) for some g € GS(E).
PTOOf' As D, = gn(Dad)a

Dn - SOZ(Dn) = (SOZQn)(SDZDad) = jn(@ZDad)a

and by Proposition J.12 D = g(Dy) for some g € G¢(€). O
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The curvatures of D and D, are related by
F = g(Fy+ 0y(h™"0oh))g ",
where h = g*g. As D is ASD and D is flat, this gives
A,00(h ' doh) = 0.
Setting u = logh then A |u|? < 0 by Lemma B.5, and therefore
AR / luf? dvol = / (AR LAY 2 dvol <0, (3.1)
2xK XK

Lemma 3.10. For any § > 0 there is R > 0 such that if |2| > R then

D, —g-(Do).llcr <9 for some g € Gr.

Proof. Using Corollaries 3.6 and J.10 we obtain a flat connection Dg,; over
z x K such that |D, — Dgat|lco < 8 and [Ogat] = [0p.] = [(Do).]. As both Dy
and (Dy), are flat and in the same stable GC-orbit, they differ by a unitary

gauge transformation. O]

Corollary 3.11. [ . |ul> dvol — 0 as |z| — occ.
Proof. Follows from the previous Lemma, Corollary J.15 and Lemma J.14. [

Equation (3.1) then implies v = 0 by the maximum principle, and
therefore D = g - Dy with ¢ € G(£). This contradicts the fact that D is

non-flat, proving

Proposition 3.12. X5 = 0.
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3.3 Slow Bubbles.

Let 2z € Xy. As zp € Cy and |FEE|, = |FEE], | for any 6 > 0 there

is a neighborhood U of 2, such that

sup |EFR,, < 6. (3.2)
UxK

for all n large enough. This means if we applied directly the techniques from
the previous section we would end up with a flat connection D, which would
not provide the desired contradiction. On the other hand, as zy ¢ C} we can,
after passing to a subsequence of the connections, find a sequence z/, — zj
such that

-1
sup A, |Fylp, — 0o.
2 x K

By Lemma K.1 we can, after possibly changing to a different sequence z/, — zo,
assume

A I Eall 22 21, x 50) — 00 (3.3)

pﬂ7
By expanding the metric on X' at an appropriate rate we can get just enough
control over the curvature to be able to use the Compactness Theorem K.3.

The rate of expansion will be determined from the following function.

Definition. For any z € Y and any n € N let
€n(2) = /\ngFnHLQ(pn,zXK)

= VRIEEE B iy + NS e iy + AN [y ey

In order to obtain control over the curvature not only at z/, but on a

neighborhood we use the following Lemma due to Hofer (see [DS94, p. 631]).
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Lemma 3.13. Let M be a complete metric space and f : M — R be continuous
and nonnegative. Given 2" € M and r' > 0 there exist z € M and 0 < r < r’/
such that
d(z,2) <1, sup f < 2f(2), rf(z) = r'f(2)/2.
By (2)

Here B,(z) is the geodesic ball of radius r centered at z.

Equation (3.3) implies e,(z],) — 00, so applying this Lemma with the
metric p1, f = e,, 2/ = 2z, and ' = 1/y/e,(z!)) we obtain new sequences
z, — 2o and r, — 0 satisfying

sup e, < 2e,(2n),

n

Tnén(2n) — 00,

where B, is the geodesic ball centered at z, of radius r, with respect to plz .

Let X = e,(2,) "' and o, = A,/ )\, and define a new sequence of metrics

on X x K by

;P

pn )\/2

@ ot = (ol o) @y

With respect to these metrics,

O‘iHFr:ZE“%Q(p;L,anK) + HFTLEKHiz(p;”ZnXK)

+a;2||Fr{<K||%2(p%,znxK) = )\LLzen(zn)2 = 17

and

Oén‘FnEE’péz = O‘gl‘FnEE’pn = O‘rjl‘FfK’pn = 0‘;1|F75<K|p%'
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Also, by construction, for any z € B,

en(2)
en(2n)

a7_zl||Fn||L2(pn,z><K) = < 2.

Let v, pn, D,,, F, and Jn be as in Definition 3.1 with X/, instead of A,

and let g/, = ¢*p!.. Then pl, — ¢ ® p¥, D, is ASD with respect to j,,

O‘iHFERH%%ﬁ;L,wK) + ”FEKH%Q([;’”,OXK) + O‘JQHF:(KH%?(%,OM{) =1, (34)

an | FRR 5 = o | FEK 5 (3.5)
and

SUP ||Fn||L2(ﬁn,zXK) S 205717
z€By,

where Bn is the ball in R? of radius r,e,(z,) with respect to the metric p,, so
that B, x K = 05 (B, x K). Also, by Lemma K.1, for any bounded open set

U C R? there is a constant ¢ > 0 such that

||Fn||L°°(,5n,U><K) < cap.

Hence the conditions of Theorem K.3 are satisfied and there exists an adiabatic
connection Dy on U x K such that, after passing to a subsequence and taking

gauge transformations,
D, — DOHLOO(QXK) — 0, sup || FRE — F($K||L2(zx}<) — 0,
€n

for every compact set {2 C U. Moreover, by Lemma K.2, for any p > 2 there

is a constant ¢ > 0 such that
IES S p2owre) < cal /P,
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Hence equations (3.4) and (3.5) imply
||F§K’|L2(ﬁ%,OXK) > 1/2, (36)
for all n large enough, and therefore Dy has nonzero curvature.
Defining Dy as in Definition 3.7 we have

Lemma 3.14. Dy = g - Dy for some g € G(&).

Proof. By the same argument as in the proof of Lemma 3.9, Dy = g(Dy) for
some g € GS(€). Along each slice these two connections are both flat and in

the same G$-orbit, so by Corollary J.8 we get g € G. O

This provides a contradiction, as Dy is flat but Dy is not, and therefore

Proposition 3.15. %y = (.

3.4 Fast Decay.

From the definition we have that for any open set U CC X there is a

constant ¢ > 0 such that |F,|,, < c), over Ux K for all n. Therefore

|FT?Z|P1 < C)‘gla
’FTLEK|P1 < C7

’F:{K‘Pl < C)‘na

on U x K. These estimates will be useful in the next section when we deal

with Y.
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3.5 Point Bubbles.

If z € X, it is possible, after passing to a subsequence, to find a k € K

and a sequence (2,, k,) — (z, k) such that |F,(2,, k,)|,, — oo.

Pulling back to R? x K as before we obtain a sequence of ASD con-
nections with |F},(0, k,)|5, — oo. For any neighborhood V' of z Corollary 1.5

implies
2

F,? dvol, — E2 dvol, > =
Pn Prn Pn Pn
VxK on(VXK) 2

for all n large enough. Redefine C3 and Y, using this subsequence instead
of the original sequence. If there is still another 2z’ € Y3, repeating the same
argument (and therefore passing to a further subsequence) we obtain the same

for any neighborhood V’ of 2z’. Choosing V' and V' to be disjoint we obtain

2
€
/ |Fn|§n dvol,, >2- 5
(VUV) x K

for all n large enough. This process can be repeated inductively for as long
as we can find new points in (the inductively redefined) X;. But as these
integrals are bounded by 87%cy(€), after a number of steps we should reach a

subsequence for which Y, is a finite set.

So without loss of generality we can assume z € Y, has a neighborhood
V' containing no other points of Y. Any disc D CC V centered at z satisfies

2

/D IR, dvol,, > 5 (3.7)
X

26



for all n large enough. As D,, = g,(D.q), Proposition D.7 gives

/ |Fl, dvolpn:—/ (Fn, F)
DxK DxK
:_/ (Fad7 Fad)
DxK

+ / tr((Fad + g;angn) A hglaadhn>7
ODxK

where h,, = g¢.g,. The first integral on the right hand side of the equation
can be made as small as we want by choosing D small enough. The second

integral decomposes into three pieces:
/ tr(F;ZK A h;laiflhn>,
ODXK
/ tr(g;anEKgn A h;laﬁhn>,
ODXK
/ tr(g;lFngn A h;lﬁazdhn)
ODxK
As Xy = Y5 = () and we assumed VN Xy = (), then 0D C V C X, and from
the previous section we have
‘FTLEK|P1 < ¢,
|E 5 < e
The results of Appendix J then imply that k10X h, — 0and h, 0% h, remains
bounded. All these estimates are with respect to the fixed metric p;, so the

volume of 0D x K does not change and therefore these three integrals decay

to 0 as n — oo. This contradicts (3.7), what proves

Proposition 3.16. X, = 0.
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3.6 Conclusion

As the sequence {\,} is arbitrary, showing X' = Y| proves

Theorem 3.17. There is a constant ¢ > 0 such that |F\|,, < c), and therefore

’F)\EZ"P/\ < C)\ila
|F)\2K’PA < ¢,

‘FfK’P/\ < C)\a

on X x K for all A > 0.

Due to time constraints, we will not pursue here the natural develop-
ment of this work, that would be to use these results to obtain some sort of
convergence of [D,] to [Da,q]. However, on a subsequent work it should not be

difficult to obtain from these estimates a result like the one in [HI9S8]:

Theorem 3.18. For any e > 0 there is a A\g > 0 such that for any 0 < X\ < Ag

there is a gy € G such that

| gx(Dx) — Dag ||L€(P/\,2><K) <€

Remark. Note that here the distance between [D,] and [D,q] in measured with

respect to p, instead of a fixed metric.
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Appendix A

Kahler Manifolds and Riemann Surfaces

A Kéhler manifold M is a complex manifold with a compatible sym-
plectic form w, called its Kdhler form. By compatible we mean w(Jv, Jv') =
w(v,v'") and w(v, Jv) > 0 for all v,v" € T,M, where J : T,M — T,M, J* = —1,

is the almost complex structure.

The condition w(Jv, Jv") = w(v,v’) implies that w has holomorphic
type (1,1), and w(v, Jv) > 0 allows us to define a Riemannian metric on M
by

(v, ), = w(v, JV).

This extends to a hermitian inner product on TcM by linearity in the first

argument and anti-linearity in the second one.

Remark. Some authors use (U, v’)w = 2w(v, Jv") because they adopt the

0 0y — dr@dy_dywdr( 0 0y _ 1 Ve instead use

convention that dz A dy(g;, 3, 5 o0 By) = 3

dz Ndy = dzr @ dy — dy @ dx.

The relation between the Riemannian and complex structures on a
Kahler manifold provides us with many useful properties, some of which we

include here.

Lemma A.1. Let n = dimc M. Then “;L—T = dvol.
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Definition. Define a ‘trace’ operator A : QP4(M) — QP41 (M) by
(An,n), =@, 0 Aw)_,

for all n € QP9 5 € Qp~Lat,
Lemma A.2. Ifn is a 2-form then

Anp=(n,w), =" w),,
where n*' is the (1,1) component of n. In particular,

Aw = |w|? = dim¢ M
Lemma A.3. For any n,n € Q9,
A A7) =—i(n, 1),
Proof. This follows from the fact that w can be expressed as
w= ZZ 0; N H_j,
J

with {6;} being an orthonormal basis for (TgM)'0. O

Proposition A.4. Let D be an integrable connection on a bundle over a com-

pact Kahler manifold. Then

Adp — OpA = —i 5, (A1)
AOp — OpA = +i 05, (A.2)
Proof. See [Kob87, p. 65] for proof. ]
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On an oriented Riemann surface S the Hodge star operator takes 1-
forms into 1-forms, ie. x : Q' — Q! and »> = —1 on l-forms. So the
complex valued 1-forms split orthogonally as Q& = Q0 @ Q%! into the —i
and +i (respect.) eigenspaces of x. This gives the surface a complex manifold
structure (which depends only on the conformal class of the metric and won'’t
change under rescaling). Moreover, a Riemann surface is naturally a Kéhler

manifold, with its volume form being the Kéhler form.
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Appendix B

Hermitian Vector Bundles

Let £ — M be a complex vector bundle. A hermitian structure or
hermitian metric H on £ is a hermitian inner product on each fiber &,, varying

smoothly with p € M. We call (€, H) a hermitian vector bundle.
Definition. G = {bundle automorphisms of £ preserving H}.
Definition. G¢ = {bundle automorphisms of £}.
The elements of G are referred to as the (unitary) gauge transformations

of (£, H), while the elements of G are the complex gauge transformations of

£. The reason for this terminology is that G€ is the complexification of the

group G.

Definition. A connection D on (&, H) is unitary or H-compatible if it satisfies

d(&,n) = (D€, n) + (&, Dn),

for all £,n € T'(£). Here (-, ) is the hermitian inner product on the fibers

given by H.

Definition. A frame for £ over U C M is a collection of local sections
{&}j=1,..;ke defined over U and forming a basis {£;(p)} for each fiber &,

pelU.
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Definition. A unitary frame is a frame {¢;} with (gj, fk) = 0ij.

Definition. The connection matrixz of a connection D with respect to a frame
{¢;} is the matrix of 1-forms A? defined by D¢; = Af & Tts curvature matrix

is the matrix of 2-forms F Jk given by F'§; = F Jk k-

Lemma B.1. If D is a unitary connection then its connection and curvature

matrices with respect to a unitary frame satisfy Af = —/_li, F f =_F ,g )

Proof. If D and the frame are unitary we have

0=d(§, &) = (A6, &) + (&, AV 6n) = A5+ AL (B.D)
The curvature matrix is given by FJ &, = D*&; = (dAF — AL A AF) &, Thus
F} = dA] — AL NA] = —dAY — Af A AL = —FF (B.2)

J

]

Lemma B.2. Let D be a unitary connection over a complexr manifold and A;‘?
be its connection matriz with respect to a unitary frame {&;}. Let {£7} denote

the dual frame and af = (AY0)F. Then

J
Op& = dig, Op & = —ay, &, (B.3)

Op & =—al &, op& = ag. (B.4)
Its curvature matriz satisfies

(F20); = ~(F?),, (F'f = =(F™ (B)
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Proof. Equations (B.3) and (B.5) are obtained by splitting equations (B.1) and
(B.2) according to holomorphic type. By definition (D £7)(&) = d(&(&)) —
(D &) As & (&) = 04, splitting (D &5)(§) = —&5 (D &) according to holo-

morphic type gives the remaining equations. O]

Lemma B.3. Let D be a unitary connection on a hermitian bundle £ over a

complex manifold. Then (Opu)* = dpu* for any u € Q°(End £).

Proof. Write u locally with respect to a unitary frame as u = ui & I aé?

is as in Lemma B.2 then
dpu = (duj, + uja] — ujay) & ® &, (B.6)
dpu = (Oul — dlaj, + ufal) & ® & (B.7)
Therefore
(Opw)* = (0uh — dhal, + ufa]) & ® & = Opu”.
O]

Lemma B.4. Let D be a unitary connection on a hermitian bundle € over a

complex manifold. If u € Q°(End &) is hermitian or skew-hermitian then

|0pul| = |Opu| =

1
—|Du.
51Dl
Proof. By Lemma B.3, (Opu)* = dpu*. If u* = 4w this implies |0pu| = |0pul,

and as |Dul|? = |0pu|? + |0pu|? this proves the lemma. O
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Lemma B.5. Let D be a unitary connection on a hermitian bundle £ over
a Kdhler manifold. If h € Q°(Aut &) is positive definite self-adjoint and u =
log h then

EA f? < —i(u, Adp(h~'Oph)).

Proof. 1t is enough to prove it locally and for a dense subset of C*°(Aut¢).
Hence as h is positive definite self-adjoint we can assume it has distinct eigen-
values locally and can be diagonalized as h = Zj M & ® &G, with A; € R and
{¢;} forming an unitary frame. Then u = . A; §; ® ;. Defining a? as in

Lemma B.2 we have
Opu = Z O\ & &+ Z()\j — ) af & &, (B.8)
j ]’k
h'oph = 0N &R+ (M —1)af e, (BY)
J Jik
- _ 1 - 1 -
(u, h'0ph) :ZAj I\ = §aZA§. = 5a|u|2, (B.10)

J J
(Opu, h™'aph) = [ONP+D (= M) =1 Jaf. (B.11)
J J.k

Using Lemma A.3 and Proposition A.4 we obtain

(u, A5D(h’18Dh)) = A&(u, hilaph) — A(@Du, hilaph)

= . 5*5 ’U‘2 -+ i(@Du, hilaDh)p

A~ = DN =

Alul* +i(dpu, hilaDh)p.

The result then follows from the fact that as x(e* — 1) > 0 for any = € R,

(aDu, h_laph)p > 0. ]
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Appendix C

Holomorphic Vector Bundles

Let &€ — M be a complex vector bundle over a complex manifold. A

holomorphic structure on £ is any of the following equivalent structures:

Proposition C.1. Let £ — M be a complex vector bundle over a complex
manifold. The following structures are equivalent (i.e., the existence of one

induces in a unique way the other):

1. A maximal family of local trivializations @y : E|ly — U x CF covering €

such that the transition functions are holomorphic functions.

2. Operators O : QPI(M; &) — QPITY(M; E) which satisfy the integrability

condition 0 0 9 = 0 and the Leibnitz rule
(c0) = (0o) A + 500
for allo € T'(E), 0 € QPI(M).

Proof. The Leibnitz condition implies 0 is a local operator, so it’s enough
to define it for local sections. Let oq,...,0% € I'(€|y) be local sections corre-
sponding under the trivialization ¢y to a given frame of holomorphic functions

S1,...,8,: U — CF. We set do; = 0 and extend it to E-valued forms over U
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using the Leibnitz rule. As 0% = 0 on forms, this definition implies the same

property for 9 on E-valued forms.

Any other choice of frame would differ from {s;} by a holomorphic
function U — GL(k,C) and would therefore define the same 9. In the same
way, as the transition functions are holomorphic, the 9 operators defined on

different trivializations agree at the intersections, giving a global operator.

Conversely, the condition 0> = 0 is a sufficient condition for the lo-
cal existence of a basis of sections {07y, ...03} satisfying do; = 0 (see [DK90,
p. 50] for a proof). Each such basis induces a local trivialization. The Leib-
nitz rule implies that the transition functions between any two trivializations

constructed in this way will be holomorphic. O]
Definition. (£,0) is a holomorphic vector bundle.

Definition. Two holomorphic structures 0, 0, on £ are equivalent if they
differ by a complex gauge transformation, i.e. if 9 = go d; o g~ for some
g € GC.

Notation. g-0 = goOdog ™' =0+ gog™.

Notation. [0] = {g-0:g¢c G}

Definition. A holomorphic class b is a set of the form h = [J] for some

holomorphic structure 0.

Definition. A holomorphic section of a holomorphic vector bundle (£, 0) is
a section o satisfying 0o = 0. A holomorphic frame is a frame consisting of

holomorphic sections oy, ... oxe.
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Definition. A connection D on a complex vector bundle over a complex man-

ifold is integrable if Fiy* = 0% = 0.

Definition. A connection D on a holomorphic vector bundle (£,0) is com-

patible with the holomorphic structure (or simply d-compatible) if Op = 0.

Proposition C.2. Let D be a connection on & — M. It is compatible with

some holomorphic structure if and only if it is integrable.

Proof. If D is compatible with a holomorphic structure 0 then FB’Q = 0% =
0% = 0. On the other hand, if F g,z = 0 then 0 = 0p defines a holomorphic

structure. O]

39



Appendix D

Hermitian Holomorphic Bundles

Lemma D.1. An unitary connection D is integrable iff Fp € QY (End ).

Proof. If D is integrable then by Lemma B.1 we have F3° = (—F%)*0 =
—(FY*)* =0, hence Fp = Fj;". The converse is imediate from the definition.

O

Proposition D.2. Let (£, H,d) be a holomorphic hermitian vector bundle. It

has a unique O-compatible unitary connection D = Dysp.

Proof. If D is O-compatible then by definition dp = 0. If it is also compatible
with the hermitian metric, then its (1,0) component Jp is uniquely determined

(at least locally) with respect to some holomorphic frame {o;} by the relation
((9,3 oj, ak) = (9(0j, ak) — (aj, 5ak) = (9(0j, ak)

and the Leibnitz rule.

Given another holomorphic frame {0’ }, the transition functions defined
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by o} = g o) satisty dg;1 = 0 (hence dg;; = 0). Therefore
(0p o), 1) = ((Ogj1) o1 + 95100 01, Gom Om)

= (091) Grm (Ul ) Um) + 951 Gkm 8(01 ; Um)

= d(gji ka(cfz, Om))

= 3(0;- , 0%).
Thus the relation defining dp is not dependent on the choice of holomorphic
trivialization, and gives a globally well defined operator. O
Notation. Fy5 = Fp,,

Corollary D.3. Fy; € Q"' (End€)

Corollary D.4. Let (£, H) be a hermitian vector bundle. The maps O Dya
and D — Op establish a 1-1 correspondence between holomorphic structures

and integrable unitary connections on &.

Definition. g € G has three actions on connections on (&, H):

g-D =goDog™t = D+g(Dg™"), (D.1)

= (¢"") " o0pog +godpog? (D.2)

=4

S
=
1

= D+ (¢*") " (Opg™) + g(Opg™"),

g (9(D)n) (D.3)

=htodpoh+dp = D+h 1 (Oph).

=

S
T
I

Here ¢g*# means the dual of g with respect to H and h = ¢g*#g. The H

subscripts will be omitted if no confusion is possible.
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Remark. If g € G then g(D)y = g- D and g(D)y = D.

Proposition D.5. On a Kdhler manifold the following diagram is commuta-

tive:

Dg,Hog

D5 D ;
0.H 90)u g-0.H

Here H o g means of course (H o g)(u,v) = H(g(u),g(v)).

Proof. See [Bra90] for proof. O
Definition. The gauge equivalence class of D is the set
[D]={D':D'"=g-D for some g € G}

Definition. Given an integrable unitary connection D or a holomorphic class

b on (&, H), their (G¢-)orbits are defined as
O(D) ={D': D' = g(D)y for some g € G°},
O(h) = {D’ integrable unitary : dps € h}.
Clearly O(D) = O([dp)).
Proposition D.6. Fyp) = g(FD + 5D(h*18Dh))g*1.

Proposition D.7. Let Dy, Dy be unitary integrable connections on a hermi-
tian bundle over a manifold of dimension 4. If Dy = g(D;) for some g € G©
then

(B, Bo) = (Fy, Fy) = dte((2F + 0 (h™'0m) AB~'0rh),

42



where h = g*g.

Proof. By the previous Proposition Fy = g(F; + 0i(h™*d1h)) g™, so
(Fa. Bo) = = tr((F + 8 (h7'0i)) A (Fy + By (b 04h)) )
== — tI‘(Fl A Fl) - 2t1‘(F1 VAN él(hflﬁlh))—
— tr(él(hflﬁlh) N 51 (hilalh))
Using the hypothesis that Ff’o = F10,2 = 0 the Bianchi identity becomes 0, F} =
01F1 =0, and as the dimension is 4 we have
tr(F1 VAN 51(h_181h)) = 5131"(F1 VAN h_l(’?lh) = 5t1‘(F1 A h_lalh)
= dtr(F1 A h_lalh),
tr(él(h_lalh) A 51(]1_181]1)) == 5tr(51(h_181h> N h_lﬁlh)—
— tr(élél(h_181h> VAN h_lf)lh)
= dtr(él(h_lﬁlh) A h_lf)lh).
O
Proposition D.8. Let D, D’ be integrable SU(2) connections on a SU(2)
bundle € over a compact complex manifold. If D' = g(D) for some g €

Q%End €) then, after a normalization, we can assume detg =1 and g € GC.

Proof. As D and D’ are SU(2) connections they both induce the trivial con-
nection on the associated bundle det £, and g induces the transformation det g.
The relation dp = dp — (Opg)g~* becomes 9 = 9 — (I det g)(det g)~* and so
Odet g = 0. As the base manifold is compact det ¢ is a constant. The rela-
tion D' = g(D) remains valid if g is replaced by a constant multiple of itself,

therefore can normalize ¢g in order to have det g = 1. O
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Appendix E

Notation for Inner Products and Norms

On a Riemannian manifold M, denote by (~, -)p the pointwise inner
product of forms induced by the metric p, and by <-, ->p the global inner

product given by
(), = /M(.,.)p dvol, .

An inner product on the fibers of a vector bundle £ over M will be represented
as ( , ) This product applied to a pair of forms with values on £ denotes the
wedge of the forms and the inner product of their fiber values. On the other
hand, to take the products of both the fiber values and the forms, employ again
the notation ( , ')p. This same notation will also be used for an £-valued form
and a scalar valued one, in which case we take the inner product of the forms

leaving the £ values multiplied by the scalars.

The convention is that a hermitian inner product is C-linear in the first

argument and C-antilinear in the second one.
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In short, we can have:

L QP x QP — Maps(M, C),

QP QPUE) — T'(E),

D QPA(E) x QPI(E) — Maps(M,C),

()
()
()
(-,) :QPIE) x QP () — Qriata
(-, ) QP x QP - C,

()

p
SR QPIE) x QP(E) — C.
Denote by | - |, the pointwise norm and by || - ||, the integrated norm
given by

For example, for F € Q*(M,Q°(End £)) we have (F, F) = tr(F A F*)

and

1FI = (P By, = [ (B xRy = [ (B F), avol, = [ [P dvol,
M M L M
Remark. When there is no need to be explicit about which metric is being used

we may omit the subscript p from (-, -), |- | and || - ||, but not from (-, -)p

L? norms in the metric p (or simply L?(p) norms) over a subset U C

Y x K will be denoted by

| Mz o) = Z/\VJ A dvol)

l71<k
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and similarly for L, C*, etc. We omit k if it is 0, p when it is clear from the

context, and U if it is X x K.
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Appendix F

Notation

We fix some notation here for easy reference:

), K = compact Riemann surfaces,

(€,H) = SU(2) bundle over X x K with metric H,

(F, Hr) = restriction of (£, H) to any slice z x K,

End £ = endomorphism bundle of &,

EndgE={g € End € : trg = 0},

AutE = {g € End € : g is invertible},

GC = group of complex gauge transformations of £
={g € Q°(Aut€) : det g = 1},

G = group of unitary gauge transformations of (£, H)
={ge QAE): g = g7, det g = 1},

G% = group of complex gauge transformations of F,

Gr = group of unitary gauge transformations of (F, Hr),
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H = {holomorphic structures on £}/G°,

Hz= {holomorphic structures on F}/GE&.

Given a holomorphic class h = [0] € H and z € X, denote by b, the
class b, = [0,] € H.

Sy = {stable holomorphic classes on F}
= {s € Hz : s is stable},
S = {slicewise stable holomorphic classes on £}
={seH :5,€Sr Vze X}

A = {unitary connections on (€, H)},
A*={D € A: D, is irreducible V z € X'},
A% = {irreducible unitary connections on F},
B* = A*/G,
By = A%/Gr,
M = moduli space of slicewise stable HY M, connections of £

= {[D] € B* : D is a solution of (1.4)},

-, = moduli space of slicewise stable adiabatic connections of £
={[D] € B* : D is a solution of (1.5)}.
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M’ = moduli space of irreducible flat connections of F

= {[D] € B:: Fp =0},
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Appendix G

Yang-Mills on Kahler Manifolds

The Yang-Mills functional for unitary connections on a hermitian vector

bundle & — M over a 4-dimensional' Kahler manifold can be rewritten as

YM(D) = ||Fp|* = (Fp, Fp) = 2(fetfe fotelp) _ ([, «[Fp).

The term M is simply the self-dual component of Fp, which de-
composes orthogonally as F' [2,’0 +F ,%2 + (F D \/ii) \% For unitary connections
IF5°|l = 1 Fp°[l. And as |w| = 2 we have || (Fp, 25) 5II* = 31 (Fp, w) |* =

S AFp|?. Hence

YM(D) = 4| F%2|2 + [|AFp|? +/ tw(Fp A Fp).
M

This integral is the topological invariant —872chy(€). For an arbitrary

constant j, |[AFp||* can be rewritten as
I = [iAEp — I+ 2ip (o , 1) — 211

— liAFp — pI|f? +2m/ te(Fp) Aw — ,ﬂ/ te(1) d-vol
M

M

= ||Z'AFD—,u]||2+47T,u/ c1(E) ANw — p? 1k(€) vol(M).
M

'With slight modifications, this works in any dimension.
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The last two terms will attain a maximum when

2
T /M 1l (E) Aw. (1)

The Yang-Mills functional can finally be expressed as

/,L:

YM(D) = 4|FY°|? + [iAFp — pI||> + p? tk(E) vol (M) — 87%chy(E),

where p is defined as in G.1. The last two terms depend only on the geometries
of the bundle and the manifold, and the absolute minima of Y M are attained

by unitary connections satisfying

FP =0

The first equation means D is integrable. The second equation is the Hermitian-

FEinstein condition on D.

If the structure group is SU(n) then ¢;(€) = 5= tr Fp = 0, therefore

p=0and chy(€E) = 3(f — 2¢2) = —co(E). In this case

YM(D) = 4| Fp°|* + | AFp||? + 87°ca(€),

with its minimum value 87%¢,y(€) attained when

0% =0 (@2)
AFp =0. '

Equations (G.2) are the Hermitian-Yang-Mills (HYM) Equations, and their
solutions are HYM-connections. We note that in dimension 4 these equations

are equivalent to the well known Anti-Self-Dual Equation *xF' = —F'.
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Appendix H

Sobolev Theorems.

We state here the Sobolev Theorems for L? spaces of sections of a
hermitian bundle £ over a compact Riemannian manifold M" (with or without

boundary), and refer to [Pal68], [Sch95], [Heb99], [Mor98] and [FU84] for a

more complete discussion.
Lemma H.1. All Riemannian metrics on M and all unitary connections on
& yield equivalent LY norms.

Let 0 <[ <k, k' and 1 < p,p/,q < 0.

Theorem H.2 (Sobolev Embedding I). If k — % > 1 — 2 the embedding
LY — Ll is continuous and dense. If this inequality is strict and k > [ the

embedding is actually compact.

Theorem H.3 (Sobolev Embedding II). If k — % > [ there is a dense

compact embedding LY — C'.

Theorem H.4 (Sobolev Multiplication). There is a continuous embedding

V(&) ® LP(E) — L}(€ ® &) under either of these conditions:

b)) (k=2)+ (K —=5)=(1-2), k=2<0 and k-1 <0



These theorems are specially useful when used in connection with some

basic facts from functional analysis:
(i) If z,, = 2 then {||z,||} is uniformly bounded and ||z|| < lim inf ||z,||;

(ii) In a reflexive Banach space (for example, L} spaces on a compact
manifold for 1 < p < oo) any bounded sequence has a weakly convergent

subsequence;

(iii) A compact mapping sends weakly convergent sequences into strongly

convergent ones (after passing to a subsequence).
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Appendix I

Compactness Theorems

In this section we state a number of results concerning the convergence
of sequences of connections having certain bounds on their curvatures. As
their proofs are somewhat long, we give only references to where they can be
found. For completeness, we first give a couple of results that are central to

these proofs.

Lemma I.1. There exist constants c,e > 0 such that if D is any connection on
a SU(2) bundle over the 4-dimensional Fuclidean unit ball By with ||Fpl|r2 < €

then there exists an L% gauge (unique up to constant gauge transformations)

in which D = d + A with
(i) d*A =0,
(i) *Alsp, =0,
(iii) [[Allzz < cllFplL--
Proof. See [Uhl82a] for proof. O

Remark. The constant ¢ that appears in the following propositions is the same

as here.
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Proposition 1.2. Let D be as in the previous Lemma, with the extra hypothesis
that D be ASD with respect to a metric p on By. Then A is C™ in the half-sized

ball By, and satisfies
[Aller(B, 5) < (k) | Fpll L2
for constants c(k) independent of D. In particular,
max |Fp| < c(1) || Fpl2s,)-
By
These estimates are uniform over all metrics in a small C* neighborhood of p.

Proof. Refer to [FU84, p. 119] for the proof. ]

Proposition 1.3. Any ASD connection on a compact manifold is gauge equiv-

alent to a smooth connection.
Proof. See [FU84, p. 97]. O

These results are useful in proving the following compactness theorems.

Theorem 1.4. Let D,, be a sequence of connections on a 4-dimensional com-
pact set 0, ASD with respect to metrics p,. Suppose p, — p in C*1(Q) and
either

() 1Fp, 22 < § for alln,
or

(i) {|Fp,|} is uniformly bounded over €.

For any €Y € Q we then have, after passing to a subsequence and taking gauge
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transformations, D, — D in C*(Q), where D is an ASD connection with re-

spect to p.

Remark. As p, — p and () is compact, the above norms can be taken with

respect to either p,, or p.

Proof. See [FU84, p. 122] for proof. O

Corollary 1.5. Let D,, be a sequence of connections on a 4-dimensional com-
pact set 0, ASD with respect to metrics p,. Suppose p, — p in C*(Q) and

| Fp, |l r2) < § for alln. Then {|Fp,|} is uniformly bounded over any Q' € (.

Proof. Suppose the conclusion is false. Then passing to a subsequence one can
assume supg, |Fp,| — 00. This would contradict the previous result, according

to which there is a sub-subsequence for which supg, |Fp,| — supg |Fp|. O

We still have compactness even if the curvature bounds are only local,

as in the next Theorem.

Theorem 1.6. Let D,, be a sequence of unitary connections on a (possibly
non-compact) manifold M*, ASD with respect to metrics p,. Suppose p, — p
in C* over compact sets and each v € M has a neighborhood €2 such that
either

(1) [[1Fp,l[z20) < § for alln,
or

(i) {|Fp,|} is uniformly bounded over Q.
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Then, after passing to a subsequence and taking global gauge transformations,

D,, — D in C* over compact sets, and D is ASD with respect to p.

Proof. The proof is an easy adaptation of the proof in [DK90, p. 161] using
Theorem 1.4. O]

The next Theorem provides a similar, although weaker, result for other
dimensions and when the connections are not ASD but have a common LP

bound on their curvatures.

Theorem 1.7. Let D,, be a sequence of LY connections on a SU(2) bundle
over a compact manifold M, with 2p > dim M. If |Fp,||» < C for all n then,

after passing to a subsequence and taking LY gauge transformations, D, — D

in LY and ||Fp|l» < C.
Proof. See [Uhl82a] for proof. O

The proof of this Theorem applies readily to the following variation for

non-compact manifolds.

Proposition 1.8. Let D,, be a sequence of LY connections on a SU(2) bun-
dle over an open set U, with 2p > dimU, and let Q@ C U be compact. If
| Fp,|lery < C for all n then, after passing to a subsequence and taking L%

gauge transformations, D, — D in L2(Q) and |1 Fpllrr) < C.

Corollary 1.9. Let D,, be a sequence of smooth connections on a SU(2) bundle

over an open set U, and let Q C U be compact. If {|Fp, |} is uniformly bounded
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over U then, after passing to a subsequence and taking LY gauge transforma-

tions, D,, = D in L}(Q) for 1 < p < oo and D,, — D in LP(Q) for 1 < p < oco.

Proof. Immediate from the previous proposition and the Sobolev Embedding

Theorems. O]

Remark. These propositions are still true if instead of a fixed metric one has

a converging sequence p,, — p.

From these results we can obtain some useful facts concerning the mod-
uli space of flat connections. The next propositions refer to a flat SU(2) bundle

over a compact manifold M.

Proposition 1.10. Let 2p > dim M. For any 6 > 0 there is some € > 0 such

that if |Fp||zr < € there exists a flat connection Dy with ||D — Dg||r» < 9.

Proof. If there is no such €, we can find a sequence {D,,} of connections such
that ||Fp,|lz» — 0 and each D, is at a L? distance of at least § from any
flat connection. But by Theorem 1.7 D,, — Dy in LP with Fp, = 0, giving a

contradiction. ]

Proposition 1.11. For any 6 > 0 there is € > 0 such that if sup |Fp| < €

there exists a flat connection Dy with ||D — Dy||lcr < 6.

Proof. As before, assume it is not true and obtain a sequence {D,, } away from
any flat connection by at least a distance § in C', with sup |Fp,| — 0. Use

Corollary 1.9 and the compact embedding L} — C° (p > dim M) to obtain
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D, — Dgy in C° with Fp, = 0. Now as both D,, — Dy and F,, — Fp, in C°,

the convergence can be improved to C!, providing a contradiction. O
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Appendix J

Stability

In what follows Q denotes any SU(2) bundle over a compact Ké&hler
manifold (M, w), € an arbitrary SU(2) bundle over a product (X x K, w*®w’)
of Riemann surfaces with volume forms w* and w’, and F a SU(2) bundle

over K. For each z € X denote by &, the restriction of £ to the slice z x K.

For simplicity, we define stability for a holomorphic bundle (Q, d) only
when dimc M = 1 or 2. For the general case see [Kob87] or [UY86].

Definition. The degree of a line bundle £ over (M,w) is defined by

deg(L) = deg, (L) = / cl(L) AWt

M
Definition. (Q,d) is stable (resp. semi-stable) if any holomorphic line bundle
L C Q has deg(L£) < 0 (resp. deg(L) < 0). If we need to explicitly identify

the Kahler form, we write w-stable and w-semi-stable.

Definition. A holomorphic structure 0 on & is slicewise stable if for all z € X

its restriction 0, to &, is stable.

Definition. An integrable connection D is stable (resp. slicewise stable) if dp
is stable (resp. slicewise stable). A GC-orbit O is stable (vesp. slicewise stable)

if O = O(D) for some stable (resp. slicewise stable) connection D.
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Proposition J.1. Let wy = ‘f\—f Dwk. Any slicewise stable holomorphic struc-

ture on & is wy-stable for X small enough.

Proof. With respect to w, the degree of a holomorphic line bundle £ C &

becomes
1
deg,, (L) = / (L) AE + = [ G At (1)
XK A IxK
Over any slice z x K we have ¢;(£)55 = ¢;(L£,). As & is slicewise stable

deg(L,) < —1 and

/ZXK(;l(E)KKAwE:/Z(/ZXKcl(cz))wz:/Zdeng)wz < —vol(5)

Also, the first integral in (J.1) has an upper bound independent of £. This is
a consequence of the principle that “the curvature decreases in holomorphic
subbundles” (see [GH78, pp. 78-79] for details). Therefore there is an Ay > 0
such that deg, (£) < 0 for any A < )¢ and any holomorphic line bundle
LC€. O

Proposition J.2. Let 0, 0’ be semi-stable holomorphic structures on Q, one
of them being stable. If g € Q°(End Q) satisfies 0og = god' then either g = 0
or g is invertible everywhere. Any other ¢’ satisfying the same condition is a

multiple of g.

Proof. See [Kob87, pp. 172-173] for proof. ]

Corollary J.3. If u € Q%End Q) is holomorphic with respect to a stable
holomorphic structure then uw = cI for some ¢ € C. If u € Q°(Endy Q) then

u=0.
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Lemma J.4. For any stable holomorphic structure O on Q there is a constant
c > 0 such that

lull < cllOull,

for any u € Q°(End, Q).

Proof. If v € Q°(Endy Q) is such that 9*0v = 0 then dv = 0 and by Corollary
J.3 v =0 . Hence 9*0 has no 0 eigenvalue on Q°(Endy Q). If a > 0 is its

smallest eigenvalue then
<5u, 5u> = <u, 5*5u> > a<u, u>,
for any v € Q°(End, Q). O

Lemma J.5. Let 01, 05 be slicewise stable holomorphic structures on E. If

5{( == 52K then 51 == 52.
Proof. Let a* = 0y — 0f. As 050K + 00y = 0 and 0F = 0K we get
(0 +a*) o0 +05 o (0 +a”) =0,

and as 070F + 0KOF = 0 this reduces to 9a* = 0. Writing locally a® =

adz”, this means 0Xa = 0, and so a® = 0 by Corollary J.3. [

Proposition J.6. Let 0y, 05 be slicewise stable holomorphic structures on E.
Suppose for each z € X there is a g(z) € GE such that OF = g(z) - 0. Then
gEG® and 0, =g - 0s.
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Proof. If we show that the g(z)’s fit together nicely along X so that g € G©
then the previous Lemma can be applied to 05 and ¢~ - 9;. The structures 0,

and 0, are related by
Of =gody og™!,
51 :52+CL,
for some a = a* + af* € Q"1(Y x K,Endy £). Clearly
O5g+a®g=0.
As 0? = 02 = 0 we have
0=[07, 0] =[0y,9005 0g '] +t'a”
= (0yg) 00y 0og7 +gody 0y ogT +gody ogt o0y + 01 a”
= (Oyg)og o0 —gody 00y oy +g0dy ogt 00y +0fa”
=(By9)og  0d =9 0gody og™t + 9 08y + 0¥
=(0yg)og 00 +0{ 0(0yg)og " +0fa”
=01 ((0y9)g™" +a”),
and the stability of X and Lemma J.4 now imply
5§g+azg:0.

Hence 0,9+ ag = 0, and as 0, is overdetermined elliptic the result follows from

the regularity theorem for elliptic operators. O]

Theorem J.7. For each G-orbit O of Q there are three possibilities:
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1. if O is stable it has a unique (up to unitary gauge transformation) HY M-

connection, which is irreducible;

2. if O is semi-stable but not stable it can have at most one (up to unitary

gauge transformation) HYM-connection. If it exists it is reducible;

3. otherwise it has no HYM-connections.

Proof. See [Don85| for proof. O

Corollary J.8. Suppose Q is a flat bundle. Any flat connection on Q is semi-
stable, and if it is irreducible then it is stable. Any two flat connections in the
same GC-orbit are gauge equivalent, and each stable GC-orbit has a unique (up

to gauge equivalence) flat connection.

Proposition J.9. Let O be a stable GC-orbit on Q, {D,} a sequence of con-

nections in O and Dy a flat connection. If D,, — Dy in C° then Dy € O.

Proof. The connections in the sequence are related to D = Dy by D,, = g,(D)
for some g,, € G€. This relation is invariant if ¢, is multiplied by a constant, so
choosing some p > dim M we can assume ||g,|z» = 1 for all n. If a,, = 8, — Ip

and a = Jy — Op then a,, — a in C° and
5Dgn = —Aanfgn-

As on a Riemann surface Op is elliptic this implies g, is uniformly bounded in

. w . .
L?. Passing to a subsequence we can assume g, — ¢ in LY, where g satisfies
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l9ll» = 1 and

Opg = —ag.
This equation means Jy o ¢ = g o Jp, so by Corollary J.8 and Proposition
J.2 g is invertible and therefore 9y = ¢ - Op. As both connections are unitary

Dy = g(D). By Proposition D.8 g can be normalized so that detg = 1 and

g € GC. O

Corollary J.10. For each stable GC-orbit O on Q and any § > 0 there is
a € > 0 such that if D € O and sup |Fp| < € there exists a flat connection

Dy € O with ||D — DQ||Cl < 0.

Proof. Adapt Proposition 1.11 by choosing the sequence of connections to be

in O, and use the previous Proposition to guarantee Dy € O. O]

Proposition J.11. Let D,,, D) be integrable unitary connections on F such
that D!, = g,(D,) for some g, € G¢. Suppose D,, — D and D! — D' in C°,
where D is semistable and D' stable. Then, after passing to a subsequence,

gn — g in L¥ (p>2) for some g € G¢ and D' = g(D).

Proof. The relation

Dl = gu(Dy) = Dy + (g5) " (0ngs) — (Ongn) gy, (J.2)

does not change if g, is multiplied by ¢, = || gané, hence g,, can be normalized
so that ||gn||co = 1 for all n. Originally det g, = 1, so after this normalization

det g, = 2. Writing

an:5n_6Da a, = _8D7 GZED’ _gDa



we have a,, — 0, a/, — a in C°, and equation (J.2) gives

5Dgn = gnQn — a;gn (']3)

The right side of this equation is bounded in LP, so as on a Riemann surface
Jp is elliptic we find that g, is uniformly bounded in L%. After passing to a
subsequence we can assume g, — g in L} for some g € Q°(End F). Equation
(J.3) gives in the limit
dpg = —ag,

which is equivalent to

Opog=godp. (J.4)
As the embedding L} < C° is compact, ||g||co = lim ||g,|/co = 1. Hence by
Proposition J.2 g is invertible. Equation (J.4) then becomes 0}, = g - dp, and

as both connections are unitary this means
D' = g(D).

Note that as det g, = ¢ converges to a finite nonzero value the original g,,’s
were already uniformly bounded and did not converge to 0 in C°, and so the

normalization is actually not necessary. O]

Let € be a SU(2) bundle over U x K, where U is an open set of a

Riemann surface or R?, and K is a compact Riemann surface. We then have:

Proposition J.12. Let D,, D) be integrable unitary connections on & such

that D! = g,.(D,) for some g, € G°. Suppose D, — D and D! — D’
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uniformly on compact sets and D, D" are slicewise stable. Then D' = g(D)

for some g € G°.

Proof. For each z € U the previous proposition gives D!, = ¢g(z)(D,) for some
g(z) € G¢. Proposition J.6 then implies dp = g - dp and the result follows

from the fact that both connections are unitary. O]

Proposition J.13. Let Dy be a stable flat connection on F. For any § > 0
there is a € > 0 such that if |D — Do|| 2 < € there are another flat connection
Dy and u € Q°(Endy F) such that w* = u, D = e*(Dp), ||ull,z < § and
1Dy~ Doll: < 6.

Proof. For simplicity, we write Hermg F = {u € Q°(Endy F) : u* = u} and use
a subscript “k,p”, as for example in (A)g, , Q'(ad &)y, etc., to represent the
completion of these spaces in the L} norm. The space (Af,)12 of stable flat
L? connections is an open Banach manifold, with tangent space Tp (A}, )12 =
{a € Q' (adF)15 : Da = 0}. The map [ : (A}, )12 X (Hermg F)ao — (A)12
defined as

f(D,u) =e“(D) =D+ e “Ope* + e“dpe™™,

has derivative at (Dy,0) given by
df(pe,0)(a,v) = a+ dpv — dyv,

for any a € Tpy(Af)12 and v € (Hermg F)oo. By the Surjective Mapping
Theorem the Proposition will be proven if df p, ) has a continuous right in-

verse. As Dy + Df is elliptic any b € Tpip,0)(A)12 = Q' (adF); 2 can be
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orthogonally decomposed as
b:DoOé‘i‘DSﬁ‘i"Y,

for some a € QY(adF)aa, S € Q*(adF)z2 and v € Q'(adF); 5 such that
Dyy = Dgy = 0. In general such decompositions do not yield a unique o and
G, but for Dy stable Lemma J.4 provides uniqueness. As Dy is flat we have

Doa + 7 € Tp,(Af,i)12. Moreover (i)* =i and
DiB = (05 +95)3=—x (0o + Do) * 8= 0o(i * B) — (i * B),

50 b = df (py,0)(Doar+,1 % 3). Note that the ellipticity of Do+ Dfj and Lemma
J.4 give

181l < C(I(Do + Dg)Bll 2 + [1Bll22) < C'lI D56 2,
and therefore

1Docv+ 2z + lli # Bllg < " ([1Docx + 7]l 2z + 1D551lz2) = C”[1b]1 13-

Hence the linear map L(b) = (Do + 7,7 * 3) is a bounded right inverse of

Lemma J.14. If g; € G%, g € GF, and go = g1g then |log(g392)| = |log(g;g1)]|.

Proof. |log(gsg2)| = [log(97" gt g19)| = |9~ log(gig1)g] = |1og(gigr)]- O

Corollary J.15. Let Dy be a stable flat connection on F, D = g(Dy) for
some g € G2, and u = logg*g. For any 6 > 0 there is a € > 0 such that if

|D — Doz < € then [[ul|rz < 6.
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Proof. By Proposition J.13 there is a ¢ > 0 such that if ||[D — Dol[2 < €
then D = e“/2(D}) with D} flat, «"* = ' and ||u/||;2 < §. As Dy and D),
are both flat and in the same stable GE-orbit, they differ by a unitary gauge

transformation. The previous Lemma then implies ||u|zz = ||¢/|| 2. O
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Appendix K

Extra Tools

Here we state without proof some results from [DS03]. Although they
are proven for a different setting in that article, the proofs should adapt with-

out difficulty to our case.

Lemma K.1. Let U C X be open and Q0 C U a compact subset. Then for
every constant ¢y > 0 there are constants ¢, \g > 0 such that any HYM )

(0 < XA < \g) connection D satisfying

Sup || Fpll22(py,ox k) < Co A,
zeU

also satisfies

||FDHL°°(p,\,Q><K) <c ||FDHL2(P)\,U><K)‘

Lemma K.2. There is a constant § > 0 for which the following is true. Let
U C R? be open and Q C U a compact subset. For every co > 0 and p > 2
there are constants ¢, Ao > 0 such that any HYM, (0 < A < Ag) connection

D satisfying

IFp 5 L sy < co, | F5 S | peownmy <0

— Y
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also satisfies
/Q (||F§KH]ZQ(K) + NIV ES S ) + APHVngKHgg(K)> < e,
sup (IEES 200 + MV FES |2y + MV EE | 12r0y) < e A2,

Theorem K.3. Let €, be a sequence of metrics on an open set U C R2, con-
verging in C'* to the Fuclidean metric €. Let D, be a sequence of connections
on U x F, ASD with respect to metrics p, = (o, %€,) ® p’, where a,, — 0.

Suppose there is some ¢ > 0 such that for all n,

[l L2 (o0 x i) + [ Fnll Lo (on 5 i) < €t

Then there exists an adiabatic connection Dy on U X K such that, after passing

to a subsequence and taking gauge transformations,
| Dy — Dol| Lo (ax i) — 0, sup | FY% — F ™| n2axr) — 0,
ze

for every compact set Q C U (here the norms are taken with respect to either

€n D pk ored® pi).
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