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Hybrid inverse problems refer to inverse problems where two partial
differential equations of different types are coupled. Such problems appear in
modern hybrid imaging modalities where we attempt to combine two different
imaging modalities together to achieve imaging abilities that could not be

achieved by either of the two modalities alone.

This dissertation is devoted to the study of hybrid inverse problems
in two molecular imaging modalities that are based on photoacoustics: the
coupling of ultrasound imaging with optical tomography through photoacous-
tic effect to achieve high-resolution and high-contrast imaging of molecular

functions of biological tissues.

The first inverse problem we study here is related to quantitative two-
photon photoacoustic tomography (TP-PAT). The mathematical problem here

is to reconstruct coefficients in a semilinear diffusion equation from interior

vil



information on the solution of the PDE. We derive some uniqueness, non-
uniqueness and stability results on the reconstruction problem under various
circumstances. Moreover, we propose a few image reconstruction algorithms
and perform numerical simulations using these algorithms to complement our

theoretical analysis.

The second inverse problem we study here arise in quantitative fluo-
rescence photoacoustic tomography (fPAT). The objective is to reconstruct
optical coefficients in a system of radiative transport equations from interior
data on the solution to the system. We study the question of uniqueness and
stability of reconstructions and develop some direct and iterative image re-
construction methods for the reconstruction of the quantum efficiency and the
fluorescent absorption coefficient. We also perform numerical studies on the

inverse problems for media with different absorption and scattering properties.
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Chapter 1

Introduction

Inverse problems in optics and acoustics have been extensively studied
in recent years. These problems have many applications in biomedical imaging
where we are interested in learning physical properties of biological tissues
from acoustic or optical measurements. Many imaging methods of interests
in biomedical imaging are non-invasive in the sense that we would only have

measurements outside or at the boundary of the domain.

Even though an ideal imaging modality would produce images that
have both high resolution and high contrast, most traditional modalities are
observed to only have one of the two desired properties when used indepen-
dently. To achieve both high resolution and high contrast, a natural idea is
to combine different imaging modalities with complementary properties. For
example, optical tomography is a high-contrast and low-resolution imaging
modality. It has high contrast as the optical properties of healthy and un-
healthy tissues are observed to have a large difference. However, its spatial
resolution is limited due to multiple scattering of light [13, 15]. Ultrasound
imaging, however, exhibits much lower contrast, due to the fact that ultra-

sound speeds vary little between healthy and unhealthy tissues, but much



higher resolution, due to its ability to focusing accurately. Photoacoustic to-
mography is an imaging modality that that combines the advantage of optical

tomography and ultrasound imaging.

1.1 Coupling Optics with Acoustics in PAT

Photoacoustic tomography (PAT) is a hybrid imaging modality based
on the photo-acoustic effect, which couples optical and ultrasonic waves. In a
PAT experiment, we send near infrared (NIR) light into the medium of inter-
est. As optical radiation propagates, a fraction of its energy is absorbed and
generates a local heating of the underlying medium. The medium expanses
due to the temperature rise and then contracts when the remaining photons
leave the medium. The mechanical expansion and contraction result in an
acoustic signal that propagates through the domain of interest. Finally, ultra-
sonic transducers located at the boundary of the domain record the emitted
pressure waves as a function of time. We then intend to infer from the ul-
trasonic measurements the optical properties of the medium, for instance the

optical absorption and scattering coefficients.

It is generally believed that the propagation of near infra-red light in
biological tissues can be accurately modeled by the radiative transport equa-
tion. Let Q € R%d > 2) be the domain of interests and S~! be the unit
sphere in R%. We denote by X = Q x S?~! the phase space and I'y = {(x, V) €
00 x S¥ 1| £n(x)-v > 0} its boundary sets. We denote by u(x,v) the density

of photons at location x, traveling in direction v € S¥!. Then u(x,v) solves



the following radiative transport equation [12, 81]

—v-Vu+ (0, +05)u = oy O(v,v)u(x,v)dv', in X
st (1.1)
u(x,v) = g(x,v), on I'_.
The coefficient o,(x) and o4(x) are respectively the absorption and scattering

coefficients, and the scattering kernel ©(v, v’) describes the probability that a

photon traveling in direction v’ gets scattered into direction v.

The initial pressure field generated by the photoacoustic effect can be

written as [13]:

H(x) = E(x)oa(x) K1 (u)(x), (1.2)

where = is the (nondimensional) Griineisen coefficient that measures the pho-
toacoustic efficiency of the underlying medium, and K (u)(x) = [o., u(x, v)dv

is local photon density at x € €.

The initial pressure field generated from the photoacoustic effect, H,

evolves in space and time following the acoustic wave equation [22, 13, 98]:

2
L @—Apza in R x R?
CQ(X) atQ 8 (13)
p(0,x) = H, a—f(o,x) =0, in R¢

where ¢(x) is the speed of the ultrasound in the medium. The data that
we measure are the solutions to the wave equation (1.3) on the surface of

the medium, py )x3; tmax being large enough and ¥ C 012, for various

Oatmax

excitation light sources.



1.2 Hybrid Inverse Problems in PAT

The inverse problem in PAT is to reconstruct optical absorption and
scattering coefficients, as well as the Griineisen coefficient from measured ul-
trasound signals. This is an inverse problem that involves both optics and

acoustics. The problem is usually solved in two steps.

In the first step of PAT, the initial pressure field H is inferred from
the ultrasound measurements p(t, X)|(0,...)xs- This is a relatively well-known
inverse source problem for the wave equation that has been extensively studied
in the past [29, 40, 41, 51, 52, 57, 58, 64, 67, 74, 76, 78, 81, 98, 99, 100, 104].
In most of the settings considered, the sound speed is assumed to be known.
When sound speed is constant, explicit formulas have been obtained for a large
class of geometries of interest [12, G4, 67, 78]. When the sound speed is not
constant but known, time reversal algorithms have good performance under

non-trapping conditions [3, 58, 98, .

In the second step of PAT, which is often called quantitative photoa-
coustic tomography (QPAT), we intend to reconstruct optical properties (o,
and o) and the Griineisen coefficient = from the reconstruction result of
the first step, the data H in (1.2). This step has recently attracted signif-
icant attention from both mathematical [3, 9, 18, 19, 21, 22] and computa-
tional [23, 30, 31, 33, 45, 70, 93, , | perspectives. The reconstruction
problem in this step is identical to diffuse optical tomography (DOT) problem
except that here we have interior H while in DOT we only have data on the

boundary of the domain. The use of interior data improve the resolution of



the reconstruction significantly. This is the main advantage of photoacoustic

tomography over diffuse optical tomography.

Let us remark that most of the past works on hybrid inverse problems

in PAT have been done in diffusive regimes of light propagation. Let U(x) =

1
Ki(u) = /sdl u(x, v)dv, where u(x, v) is solution to (1.1), y(x) = 3.1l
then U(x) solves approximately [31]:
V-(wVU)+oc,U = 0, in Q (1.4)

Ux) = g(x), on 09

when the underlying medium is strongly scattering but weakly absorbing. In
this regime, equation (1.4) provides an alternative mathematical model for
the second step of PAT reconstruction. The advantage of this model over the
transport model (1.1) is that the diffusion equation is posed in physical space
and therefore is computationally less expensive to solve than the transport

model.

1.3 PAT in Molecular Imaging

The objective of this dissertation is to study hybrid inverse problems
in two-photon abosorption photoacoustic tomography (TP-PAT) and fluores-
cence photoacoustic tomography (fPAT), two variants of PAT in the setting
of molecular imaging where the goal is to image specific molecular functions
inside biological tissues. In both cases, we prove uniqueness and stability re-
sults on the inverse problems in the quantitative steps and provide numerical

simulations to complement the mathematical analysis.



The rest of the disseration is organized as follows.

In Chapter 2, we study two-photon quantitative PAT in diffusion regime
where we are interested in recovering single-photon and two-photon absorption
coefficients. We present some of the general properties of the semilinear diffu-
sion equation. We then develop some uniqueness and stability results for recon-
structing both a single coefficients and two coefficients. Uniqueness results for
reconstructing the diffusion coefficient along with the two optical absorption
coefficients under linearized setting are also obtained. Non-uniqueness result
to recover Griiniesen coeffcient together with the aforementioned coefficients
is also presented. We demonstrate the theoretical results with some numer-
ical simulations based on synthetic data. The semilinear diffusion equation
is discretized with a first-order finite element method on triangular meshes
and solved using a quasi-Newton method based on the variational formula-
tion. The inversion is performed with both direct methods and optimization
methods. The results in this chapter is based on a joint work with Professor

Kui Ren in [89].

In Chapter 3, we study quantitative PAT for fluorescence optical tomog-
raphy in transport regime. The aim is to reconstruct fluorescent absorption
coefficient and quantum efficiency. We develop some uniqueness and stability
results on reconstructing both a single coefficient and two coefficients. We also
present some numerical experiments based on synthetic data. The transport
equation is discretized angularly with discrete ordinate method and spatially

with a fist-order finite element method on triangular meshes. The inversions



are performed using direct methods and standard optimization algorithm. The

results in this chapter is based on a joint work with Professor Kui Ren and
Yimin Zhong in [90].
A summary of the disseration, as well as some perspectives on future

work are presented in Chapter 4.



Chapter 2

Hybrid Inverse Problems in Two-Photon PAT

2.1 Introduction

Two-photon photoacoustic tomography (TP-PAT) [68, (9, , ,

, , , , | is an imaging modality that aims at reconstructing
optical properties of heterogeneous media using the photoacoustic effect re-
sulted from two-photon absorption. Here by two-photon absorption we mean
the phenomenon that an electron transfers to an excited state after simultane-
ously absorbing two photons whose total energy exceed the electronic energy
band gap. The main motivation for developing two-photon PAT is that two-
photon optical absorption can often be tuned to be associated with specific
molecular signatures, such as in stimulated Raman photoacoustic microscopy,
to achieve label-free molecular imaging. Therefore, TP-PAT can be used to

visualize particular cellular functions and molecular processes inside biological

tissues.

The principle of TP-PAT is the same as that of the regular PAT [24,
, 71, |, except that the photoacoustic signals in TP-PAT are induced via
two-photon absorption in addition to the usual single-photon absorption. In

TP-PAT, we send near infra-red (NIR) photons into an optically absorbing and



scattering medium, for instance a piece of biological tissue, 2 C R" (n > 2),
where they diffuse. The density of the photons, denoted by u(x), solves the
following semilinear diffusion equation:

—V - y(x)Vu(x) + o(x)u(x) + p(x)|ulu(x) = 0, in Q
u(x) = g(x), on 0N

(2.1)
where 7(x) is the diffusion coefficient, o(x) and pu(x) are respectively the
single-photon and the two-photon absorption coefficients, and the incoming
NIR photon source is modelled by the function g(x). The medium absorbs a
portion of the incoming photons and heats up due to the absorbed energy. The
heating then results in thermal expansion of the medium. The medium cools
down after the photons exit. This cooling process results in contraction of
the medium. The expansion-contraction of the medium generates ultrasound

waves. The process is called the photoacoustic effect. The initial pressure field

generated by the photoacoustic effect can be written as [22, 13]
H(x) = Z2(x) |o(x)u(x) + p(x)|u|u(x)], x € Q. (2.2)

where = is the Griineisen coefficient that describes the efficiency of the pho-
toacoustic effect. This initial pressure field generated by single-photon and
two-photon absorption processes evolves, in the form of ultrasound, according

to the classical acoustic wave equation [22, 13].

The data we measure in TP-PAT are the ultrasound signals on the
surface of the medium. From these measured data, we are interested in re-
constructing information on the optical properties of the medium. The re-

construction is usually done in two steps. In the first step, we reconstruct



the initial pressure field H in (2.2) from measured data. This step is the
same as that in a regular PAT, and has been studied extensively in the past
decade; see, for instance, [10, 27, 29, 40, 52, 57, 61, 63, 74, 81, 98] and ref-
erences therein. In the second step of TP-PAT, we attempt to reconstruct
information on the optical coefficients, for instance, the two-photon absorp-
tion coefficient p, from the result of the first step inversion, i.e. the inter-
nal datum H in (2.2). This is called the quantitative step in the regular
PAT [8, 15, 22, 20, 31, 44, 70, 72, 80, 88, 90, 94, 123].

It is clear from (2.1) that the two-photon absorption strength depends
quadratically, not linearly, on the local photon density u(x). It is generally
believed that events of two-photon absorption in biological tissues can only
happen when the local photon density is sufficiently high. In fact, the main
difficulty in the development of TP-PAT is to be able to measure the ultrasound
signal accurate enough such that the photoacoustic signal due to two-photon
absorption is not completely buried by noise in the data. In recent years, many
experimental research have been conducted where it is shown that the effect
of two-photon absorption can be measured accurately; see, for instance, the
study on the feasibility of TP-PAT on various liquid samples in [1 18, , 120]

(solutions), [68, 120] (suspensions) and [69] (soft matter).

Despite various experimental study of TP-PAT, a thorough mathemat-
ical and numerical analysis of the inverse problems in the second step of TP-
PAT is largely missing, not to mention efficient reconstruction algorithms. The

objective of this study is therefore to pursue in these directions. In the rest

10



of the chapter, we first recall in Section 2.2 some fundamental mathematical
results on the properties of solutions to the semilinear diffusion equation (2.1).
We then develop in Section 2.3 the theory of reconstructing the absorption
coefficients. In Section 2.4 we analyze the linearized problem of simultane-
ously reconstructing the absorption coefficients and the diffusion coefficient.
Numerical simulations are provided in Section 2.5 to validate the mathemat-
ical analysis and demonstrate the quality of the reconstructions. Concluding

remarks are offered in Section 2.6.

2.2 The Semilinear Diffusion Model

To prepare for the study of the inverse coefficient problems, we recall
in this section some general results on the semilinear diffusion model (2.1).
Thanks to the absolute value operator in the quadratic term p|ulu in the
equation, we can follow the standard theory of calculus of variation, as well
as the theory of generalized solutions to elliptic equations in divergence form,
to derive desired properties of the solution to the diffusion equation that we
will need in the following sections. The results we collected here are mostly
minor modifications/simplifications of classical results in [7, 14, 39, 16]. We
refer interested readers to these references, and the references therein, for more

technical details on these results.

We assume, in the rest of the chapter, that the domain €2 is smooth
and satisfies the usual exterior cone condition [16]. We assume that all the co-

efficients involved are bounded in the sense that there exist positive constants

11



f € R and © € R such that
0<6<E(x),7(x),0(x), u(x) <O < oo, Vx € Q. (2.3)
Unless stated otherwise, we assume also that

(7,0, 1) € WH(Q)]?, and, g(x) is the restriction of a C*(£2) function on 9.

(2.4)
where W12(Q) denotes the usual Hilbert space of L?({2) functions whose first
weak derivative is also in L%*(€2). Note thathere we used W1?(Q) instead of
H'(Q) to avoid confusion with the H we used to denote the internal data

in (2.2).

Technically speaking, in some of the results we obtained below, we can
relax part of the above assumptions. However, we will address this issue at
the moment. For convenience, we define the function f(x,z) and the linear

operator L,
f(x,2) =0(x)z 4+ u(x)|z|]z, and Lu= -V -yVu. (2.5)

With our assumption above, it is clear that £ is uniformly elliptic, and f(x, z)
is continuously differentiable with respect to z on Q x R. Moreover, f,(x, z) :=

0.f(x,2) =0o(x) +2u(x)|z| >0 >0,VzeR.

We start by recalling the definition of weak solutions to the semilinear
diffusion equation (2.1). We say that v € W = {wjw € W*(Q) and wjgq = g}

is a weak solution to (2.1) if

/ny(x)Vu -V + o(x)u(x)v(x) + p(x)|u|u(x)v(x)dx =0, Yv € W&’Q(Q).

12



We first summarize the results on existence, uniqueness and regularity of the

solution to (2.1) in the following lemma.

Lemma 2.2.1. Let (v,0,u) satisfy (2.3), and assume that g € C°(0RY). Then
there is a unique weak solution u € W2(Q) such that u € C*(Q) NC°(Q) for

some 0 < a < 1. If we assume further that (vy,0, 1) and g satisfy (2.4), then
u € W32(Q)NCo(Q).

Proof. This result is scattered in a few places in [7, 14] (for instance [l4,
Theorem 1.6.6]). We provide a sketch of proof here. For any function w € W,

we define the following functional associated with the diffusion equation (2.1):

1 1 1
Iw] = / L(x,w, Dw)dx = / —y|Vw|? + zow? + = p|w|w?| dx.
Q o2 2 3
It is straightforward to verify that I[w] : W — R is strictly convex (thanks

again to the absolute value in the third term) and differentiable on W with
I'lwlv = /Q [v(x)Vw -V + o(x)wv + ,u(x)|w|wv] dx.
We also verify that the function L(x, z, p) satisfies the following growth con-
ditions:
|L(x,2,p)| < C(1+ [2]* + [pl*),
|D.L(x,2,p)] < C(1+[2]%),
|DpL(x, 2, p)| < C(1+ |pl),

for all x € 2, 2 € R and p € R". It then follows from standard results in

calculus of variations [7, 14, 39] that there exists a unique u € W satisfies

Iu) = félvr& Iw],

13



and u is the unique weak solution of (2.1). By Sobolev embedding, when
n = 2,3, there exists ¢ > n, such that v € L%(Q2). This then implies that
f(x,u) € LY?(Q) with the assumption (2.3). Let us rewrite the diffusion

equation (2.1) as
— V- (vVu) = f(x,u), inQ, u=g, on . (2.6)

Following standard results in [39, 46], we conclude that f € L%?(€2) implies
u € C*(Q) for some 0 < a < 1, where a = a(n,0/0). Moreover, when
g €C09), u € C°(Q). If we assume further that (v, o, u) and g satisfy (2.4),
then f € W12 thanks to the fact that u € C°(Q). Equation (2.6) then implies
that u € W32(Q) N C°(Q) [39, 16]. O

We now recall the following comparison principle for the solutions to

the semilinear diffusion equation (2.1).

Proposition 2.2.2. (i) Let u,v € WH3(Q) N C%(Q) be functions such that
Lu+ f(x,u) < 0 and Lo+ f(x,0) > 0 in Q, and u < v on IY. Then
u < wvin Q. (i) If, in addition, Q0 satisfies the exterior cone condition or

u,v € W2%(Q), then either u=v or u < v.

1

Proof. For t € [0,1], let uy = tu+ (1 —t)v and define a(x) = / fo(ug, x)dt. Tt
0

is then straightforward to check that a(x) > 6 > 0 (since f, > 6 > 0). With

the assumption that u € C°(Q) and v € C°(Q), we conclude that u; is bounded

from above when ¢ € [0,1]. Therefore, a(x) < A < oo for some A > 0. We

14



also verify that f(u,x)— f(v,x) = a(x)(u —v). Let w = u — v, we have, from

the assumptions in the proposition, that
Lw+a(x)w <0, inQ, w <0, on S

Since £ + a is uniformly elliptic, by the weak maximum principle for weak

solutions [16, Theorem 8.1], w < 0 in . This then implies that © < v in Q.

If we assume in addition that u,v € W?%%(Q), we can use the strong
maximum principle to conclude that w = 0 if w(0) = 0 for some =z € Q.
Therefore, either w = 0, in which case u = v, or w < 0, in which case u < v.
If u,v € WH2(Q) and  satisfies the exterior cone condition, we can use [10,

Theorem 8.19] to draw the same conclusion. ]

The above comparison principle leads to the following assertion on the

solution to the semilinear diffusion equation (2.1).

Proposition 2.2.3. Let u; be the solution to (2.1) with boundary condition
9i, j = 1,2. Assume that vy, o,  and {g;}5_, satisfy the assumptions in (2.3)
and (2.4). Then the following statements hold: (i) if g; > 0, then u; > 0; (ii)

Supq u; < SUPyq g5 (141) if g1 > ga, then ui(x) > uq(x) Vx € Q.

Proof. (i) follows from the comparison principle in Proposition 2.2.2 and the
fact that w = 0 is a solution to (2.1) with homogeneous Dirichlet condition

g=0. (ii) By (i), w; > 0. Therefore f(x,u;) > 0. Therefore, we can have

-V - (vVu;) = —f(x,u;) <0, in Q.

15



By the maximum principle, supgu; < supyq g;. (iii) is a direct consequence

of part (ii) of Proposition 2.2.2. O

In the study of the inverse problems in the next sections, we sometimes
need the solution to the semilinear diffusion equation to be bounded away from

0. We now prove the following result.
Theorem 2.2.4. Let u be the solution to (2.1) generated with source g > ¢ > 0

for some €. Then there exists ¢’ > 0 such that u > & > 0.

Proof. We follow the arguments in [5]. We again rewrite the PDE as
-V -9Vu=—f(x,u), inQ, u=g, on 0.

Then by classical gradient estimates, see for instance [53, Proposition 2.20],

we know that there exists K > 0, depending on =, |V7| and 2, such that
lu(x) —u(xg)| < K|x —x¢|, Vx€Q, x¢€ 0.

Using the fact that ¢ > ¢, we conclude from this inequality that there exists a
d > 0 such that
u(x) > ¢e/2, Vx € Q\Qy,

where g = {x € : dist(x, ) > d}. Therefore, supg, , u > ¢e/2.

Let ¢(x) = o(x) + p(x)|u(x)|. Due to the fact that u is nonnegative
and bounded from above, we have that 0 < § < ¢(x) < O(1 + supyq |g]). We

then have that u solves

-V -ywWVu+cu=0, in{, u=g, on 0.
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By the Harnack inequality (see [16, Corollary 8.21]), we have that there exists

constant C', depending on d, 7, ¢, €1, and 4/2, such that

C inf u > sup u.
Qd/2 Qd/Q

Therefore, infg, , u > %. The claim then follows from

£
infu > min{ inf w, inf «} > - min{1/C, 1} =¢'.
1192u_mln{glilmu,é{lﬂdu}_zmm{/ 1t =e¢

]

We conclude this section by the following result on the differentiability
of the datum H with respect to the coefficients in the diffusion equation. This

result justifies the linearization that we perform in Section 2.4.

Proposition 2.2.5. The datum H defined in (2.2) generated from an illumi-

nation g > 0 on 0S), viewed as the map

_ (v, 0, 1) = ZE(ou+ plulu)
H[’%O_? M] . W1’2(Q) X’},w(g) % Loo(Q) - WI,QéLQ) (27)

is Fréchet differentiable when the coefficients satisfies (2.3) and (2.4). The
derivative at (v, o, 1) in the direction (6, d0,0p) € WH2(Q) x L°(Q) x L>=(£2)

s given by
H! [y, 0, 1](67) o1 + 2pun,
Hily,0,p(60) | == dou + 2plulvs : (2.8)
H)[v,0,u](6p) dovg + 2u|u|vg + oplu|u

where v; (1 < j <3) is the solution to the diffusion equation
— V- (vV;) + (0 + 2u|ul)v; = S5, in €, v; =0, ondQ  (2.9)
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with
S1 =V .6vVu, Sy = —dou, S = —dplulu.

Proof. We show here only that u is Fréchet differentiable with respect to v, o

and p. The rest of the result follows from the chain rule.
Let (67,d0,0u) € WH2(Q) x L°°(2) x L*°(€2) be such that (v, 0, u') =
(v + 07,0 + do, ;u + dp) satisfies the bounds in (2.3). Let v’ be the solution

to (2.1) with coefficients (7, 0’, '), and define u = ' —u. We then verify that

u solves the following linear diffusion equation

—V- (V) + [o+ plu+u)|u = V-6V —dou’ — dpu?, in Q

u = 0, on 0f2

where we have used the fact that v > 0 and v’ > 0 following Proposition 2.2.3
(since g > 0 on 0€2). Note also that both u and «’ are bounded from above by
Proposition 2.2.3. Therefore, o + u(u+ ') is bounded from above. Therefore,

we have the following standard estimate [10]

][y < € (167V ]| 20 + 1600|120y + |00 12(0)

< E([[0v] () + 100 o) + 0pll o)) (2.10)

Let % = o' — u — (v1 + vy + v3) with vy, v9 and vg solutions to (2.9).

Then we verify that u satisfies the equation

-V (7V5) + [0+ 2uu}5 = V-0yVu—dou—op(u +u)u, in Q

u = 0, on 0f2
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Therefore, we have the following standard estimate

allwrz@) < € (167Valz2@) + |60t 2 + |040%] r20))

< & (67l @ IVl 2@ + 100l 2@l 2 + l0pll L@ 1l 2(e)) -

(2.11)
We can thus combine (2.10) with (2.11) to obtain the bound
[@llwre@) < € (1070170 ) + 1001 F00 ) + [1018l| 70 () -
This concludes the proof. O

We observe from the above proof that differentiability of H with respect
to o and p can be proven when viewed as a map L®(§2) x L®(Q2) — L>(2),
following the maximum principles for solutions u and 4. The same thing
can not be done with respect to v since we can not control the term ||V -

YV || o) With [[67||zeo() Without much more restrictive assumptions on

0.

2.3 Reconstructing Absorption Coefficients

We now study inverse problems related to the semilinear diffusion
model (2.1). We first consider the case of reconstructing the absorption coeffi-
cients, assuming that the Griineisen coefficient = and the diffusion coefficient

v are both known.
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2.3.1 One coefficient with single datum

We now show that with one datum set, we can uniquely recover one of

the two absorption coefficients.

Proposition 2.3.1. Let = and v be given. Assume that g > ¢ > 0 for some
e. Let H and H be the data sets corresponding to the coefficients (o, u) and
(5, 71) respectively. Then H = H implies (u, o + plu|) = (@, & + fila]) provided

that all coefficients satisfy (2.3). Moreover, we have

(o + plul) = & + Elu @) < CIH = Hl |10, (2.12)
for some constant C'.
Proof. The proof is straightforward. Let w = u — u. We check that w solves

(H—H), inQ, w=0, on Jf. (2.13)

[1]I —

- V- (7Vuw) =

Therefore H = H implies w = 0 which is simply v = w. This in turn implies
H H ~ o~

that — = —, that is ¢ + plu| = o + p|u|. Note that the condition g > & > 0
u u

implies that u,u > ¢’ > 0 for some & following Theorem 2.2.4. This makes

it safe to take the ratios H/u and H /u, and to omit the absolute values on u

and u.

To derive the stability estimate, we first observe that

1 H H,  H@—u)+(H—-H)u
(o + plul) = (@ + mlul)| = Zl— - =] = =
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Using the fact that u and u are both bounded away from zero, and the triangle

inequality, we have, for some constants c¢; and ¢y,
(o + ulul) = & + Bl @) < eillii — ull oy + call H = Hll oy (2.14)

On the other hand, classical theory of elliptic equations allows us to derive,

from (2.13), the following bound, for some constant cs,
= | ooy < esl|H — H|| (- (2.15)

The bound in (2.12) then follows by combining (2.14) and (2.15). O

The above proof provides an explicit algorithm to reconstruct one of o

and p from one datum. Here is the procedure. We first solve
1 i
-V-("Vu)=-=H, inQ, u=g, ondf (2.16)

for u since = and v are known. We then reconstruct o as

H
=—_—— 2.17
o= =~ ulul; (2.17)
if 4 is known, or reconstruct u as
H o
= = - —, (2.18)

if o is known.

The stability estimate (2.12) can be made more explicit when one of

the coefficients involved is known. For instance, if p is known, then we have

=31 = 215 —slul= (=t} | = £ [T =)
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This leads to, using the triangle inequality again,
lo =Gl o) < Al — ullpo) + AIH — Hl|zw(0-
Combining this bound with (2.15), we have
lo =&l < C|H = Hl 1), (2.19)
for some constant C’. In the same manner, we can derive
e = Fill ooy < C"|H = Hl| (0, (2.20)

for the reconstruction of p if ¢ is known in advance.

2.3.2 Two coefficients with two data sets

We see from the previous result that we can reconstruct o + p|u| when
we have one datum. If we have data generated from two different sources
g1 and go, then we can reconstruct o + plui| and o + ulug| where u; and us
are the solutions to the diffusion equation (2.1) corresponding to g; and go
respectively. If we can choose g; and go such that |us| — |uy| # 0 anywhere,
we can uniquely reconstruct the pair (o, ). This is the idea we have in the

following result.

Proposition 2.3.2. Let = and v be given. Let (Hy, Hs) and (Hy, Hs) be the
data sets corresponding to the coefficients (o, i) and (7, i) respectively that are
generated with the pair of sources (gi,¢g2). Assume that g; > € >0, 1 = 1,2,

and g1 — go > € > 0 for some ¢ and &'. Then (Hy, Hy) = (ﬁl,ﬁg) implies
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(o, 1) = (0, 1) provided that all coefficients involved satisfy (2.3). Moreover,

we have

lo =l + I = L) < C <HH1 — M|y + [ H2 — H2HL°°(Q)) ,
(2.21)

for some constant C.

Proof. Let w; = u; — u;, 1 = 1,2. Then w; solves
- V- (yVw;) = —é(Hi — H;), in ), w; =0, on 0f. (2.22)
Therefore H; = ﬁ]Z implies u; = u; and
o+ plui| = 0 + flul.

Collecting the results for both data sets, we have

1 |uy| o 1 |uy| o
= ~ . 2.23
) ()=o) (3 (228)
When ¢; and g» satisfy the requirements stated in the proposition, we have

Uy — ug > &' > 0 for some &’. Therefore, the matrix ( ) IU1I > is invertible.
2

We can then remove this matrix in (2.23) to show that (o, ) = (o, ).

To get the stability estimate in (2.21), we first verify that

N N H, H, _ N .
(0= 8)+ (=Pl = —* = = —filu| = [@l), =12

K3 (2

This leads to,

H H
1 oy (B g -
G- (53
Plhal JAm=n )\ B B g )
U U 2 2



Therefore, we have

Hl(ﬂl — Ul) + (H1 — I:jl)ul

(7Y (1Y n ] ~ )
Iu—ﬁ o 1 |UQ|) HQ(ﬂQ—U2)+(H2_ﬁ[2)U2 ~ ~
— [i(luz| — fuz])

Uglly

It then follows that

o — 7o) + |10 — 1]l Lo )

<c (HHl - fleLm(ﬂ) + [[Hy — ﬁ2HL°O(Q) + [Jur — || Lo () + [Jua — a2HL°<>(Q)> :

(2.24)
Meanwhile, we have, from (2.22),
lw; — Uil pe @y < ¢ H; — Hill (), i=1,2. (2.25)
The bound in (2.21) then follows from (2.24) and (2.25). O

2.4 Reconstructing Absorption and Diffusion Coefficients

We now study inverse problems where we intend to reconstruct more
than the absorption coefficients. We start with a non-uniqueness result on the

simultaneous reconstruction of all four coefficients =, v, o, and p.

2.4.1 Non-uniqueness in reconstructing (=,~, o, i)

Let us assume for the moment that v*/2 € C?(Q2). We introduce the

following Liouville transform

v = \/yu. (2.26)
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We then verify that the semilinear diffusion equation (2.1) is transformed into

the following equation under the Liouville transform:

A2 o p )
_ g —0 i 2
Av ( 172 T 5 + NI | Jv=0, inQ,  v=7"'7g, ondQ (2.27)

and the datum H is transformed into

= =(x va HUQX ) )
O = 260) (00 + 070 (2.25)

Let us now define the following functionals:

AYY2 o 1 o 1
a=—7p+—, B=—=5 G =7 C2==".
N2y ~3/2 ~1/2 ~

[1]

(2.29)

The following result says that once («, 5, (1) or («, 8, (2) is known, introducing

new data would not bring in new information.

Theorem 2.4.1. Let v'/?|5q be given and assume that v'/? € C*(Q2). Assume
that either (o, 5,(1) or (a, 8,(2) is known, and H is among the data used to
determine them. Then for any given new illumination g, the corresponding

datum H is uniquely determined by (g, H).

Proof. Let us first rewrite the datum as H = (v + (v When « and 3 are
known, we know the solution v of (2.27) for any given g. If (; is also known,

we know also (;v. We therefore can form the ratio

H—Go G2 3

H—Gv (v v?

|

We then find H as H = — (H — (v) + (0. If ¢; is not known but ¢, is known,

[\

v
we can form the ratio

H—-G? G ©

==

H — (2712 B Cﬂ)
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This gives H = E(H — (v?) + (o2, The proof is complete. O
v

The above theorem says that we can at most reconstruct the triplet
(e, B,¢1) or the triplet (v, 3,(2). Neither triplet would allow the unique de-
termination of the four coefficients (Z,~,0, ). Once one of the triplets is
determined, adding more data is not helpful in terms of uniqueness of recon-

structions.

Similar non-uniqueness results were proved in the case of the regular
PAT [19, 20]. In that case, it was also shown that if the Griineisen coefficient
= is known, for instance from multi-spectral measurements [21, 72], one can
uniquely reconstruct the absorption coefficient and the diffusion coefficient
simultaneously. In the rest of this section, we consider this case, that is, = is

known, for our TP-PAT model.

2.4.2 Linearized reconstruction of (v, o, )

We study the problem of reconstructing (v, o, i), assuming = is known,
in linearized setting following the general theory of overdetermined elliptic
systems developed in [36, 95]. For the sake of the readability of the presentation
below, we collect some necessary terminologies in the theory of overdetermined
elliptic systems in Appendix A. We refer interested readers to [17, 65, 114] for
overviews of the theory in the context of hybrid inverse problems and references
therein for more technical details on the theory. Our presentation below follows

mainly [17].
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We linearize the nonlinear inverse problem around background coeffi-
cients (v, o, i), assuming that we have access to data collected from J different
illumination sources {g;}7_;. We denote by (07, dc,du) the perturbations to
the coefficients. Let u; be the solution to (2.1) with source g; and the back-
ground coefficients. We then denote by du; the perturbation to solution w,;.

Following the calculations in Proposition 2.2.5, we have, for 1 < 7 < J, in ,

=V - (0vVuy) = V - (vVouy) + douj + oplujlu; + (o + 2p|u;l)ou; = 0,
(2.30)

dou; + dplujlu; + (o + 2pfu;])ou; = 0H;/E,
(2.31)

To simplify our analysis, we rewrite the above system into, 1 < j < J,

-V - (0vVu,) = V- (yVou;) =—0H;/Z, in (2.32)

w00 + |ujluidp + (o + 2pjuj|)ou; =+0H;/=, in Q (2.33)

This is a system of 2.J differential equations for J+3 unknowns {é+, do, du, dus,
ceey (SU,J}

To supplement the above system with appropriate boundary conditions,
we first observe that the boundary conditions for the solutions {51@}3]:1 are
given already. They are homogeneous Dirichlet conditions since g does not
change when the coefficients change. The boundary conditions for (-, o, 0p)
are what need to be determined. In the case of single-photon PAT, it has
been shown that one needs to have 7sq known to have uniqueness in the

reconstruction [19, 88]. This is also expected in our case. We therefore take
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0700 = ¢1 for some known ¢;. The boundary conditions for o and y are given
by the data. In fact, on the boundary, u = g. Therefore, we have, from (2.33)
which holds on 0€2, that

900 + |g;|g;0p = 0H,; /=, on 0f).

If we have two perturbed data sets {0H;,0H,} with g; and gy sufficiently

different, we can then uniquely reconstruct (dojaq, dpa0):

0Hsqy — 0H
= ¢y, 5M|a£z == 291 192 = ¢s.
:9192(|g2| - |91|)

5H1\92\92 - 5H2’91’91
59192(|92| - |91|)

5U|ag =

Therefore, we have the following Dirichlet boundary condition for the un-

knowns

(57,50’, 5#,5%1, Ce ,5UJ) = (¢1,¢2,¢3,0, cee ,O) (234)

Let us introduce v = (dv,00,0u,duy,...,0uy), S = (=6Hy,0H, ...,
—0H;,0H;) /=, ¢ = (¢1, P2, 03,0,---,0). We can then write the linearized
system of equations (2.32)-(2.33) and the corresponding boundary conditions

into the form of
A(x,Djv =8, inQ B(x,D)v = ¢, on 0 (2.35)

where A is a matrix differential operator of size M x N, M = 2J and N = 3+,

while B is the identity operator. The symbol of A is given as

0 uy |uglug o+ 2uluy| ... 0

Alx,1§) = : S : : :
0 uy |uglug 0 oo+ 2pfuy)
(2.36)
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with V; =Vu,;, 1<j<Jand £ € S"L.

It is straightforward to check that if we take the associated Douglis-

Nirenberg numbers as

{527, =(0,-2,...,0,-2), {158 =(1,2,2,2,...,2), (2.37)

=1 =
the principal part of A is simply A itself with the —i§ - Vy and —Auw; (1 <
j < J) terms removed.

In three-dimensional case, we can establish the following result.

Theorem 2.4.2. Let n = 3. Assume that the background coefficients v €
CHQ), 0 € C3(), and p € C*() satisfy the bounds in (2.3). Then, there exists
a set of J > n+1 illuminations {g; }5]:1 such that A is elliptic. Moreover, the
corresponding elliptic system (A, B), with boundary condition (2.34), satisfies

the Lopatinskii criterion.

Proof. Let us first rewrite the principal symbol Aq as

—iVi-¢ 0 0 qg® ... 0

Vot oufu)un w w0 ... 0

Ao(x, i€) = : S
SVE 0 0 0 ofeP

1Xlélg (0 +2ufus)uy wy |ugluy 0 0

It is then straightforward to check that Ag(x,1€) is of full-rank as long as the

following sub-matrix is of full-rank:

ES (0 + 2uful)ur wr funfug

./Zt/()(X, IE) =

i:/'gé(cr + 2ulug)uy wy |usluy
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To simplify the calculation, we introduce X; = o + 2pu|u,], ]/5] =V,-&.
i

7€

and u; from each row. Without loss of generality, we check the determinant

from the first column

We also eliminate the non-zero common factor

of first 3 (since J > n+ 1 = 4) rows of the simplified version of the submatrix

Ao(x,i€). This determinant is given as

_ Iy ~ 3 ~ X
det(Ag) = Fi =2 (Jug| — |ua|) + Fo=2(Jur| — |us|) + F3=(|uz| — |u1])
Uy Usg us

_ 2129203 (F\l U3U2(|§3|E— |U2|) 4 ﬁZUIUS(;LﬂE_ \u3|) 4 ﬁgwul(gﬂz— |U1|)) .
3242 1243 2241

UU2Us3
With the assumptions on the background coefficients, we can take u; to

be the complex geometric optics solution constructed following Theorem 2.6.6

(in Appendix B) for p; with boundary condition g;. Then we have

& wi (Jui| — ug|) i (fus| — Juyl)
7 Wity i) _ Uiy AV v
S 55> Sy, &

= ulujukwmk +0(1)) - €.
i

This gives us,
det(Ao) ~ (S1(fua| = us])py + (sl = s [} oo+ T (| = [uz]) s ) -€- (2:38)
Let us define o, = X (|u;| — |uy|) with (k,4,5) € {(1,2,3),(2,3,1),(3,1,2)}.
Then we have a; + as + az = 0. Let (ey, e, e3) an orthonormal basis for R3.
Then & = 30_, crep with [ey|? + |ea]® 4 |es]? = 1. We take
P =5 (7'181 + 1?162)7
Py = Do (7282 + i?ze3>7

P = s (7'393 + i?3e1),
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where || = ||, V1 < k < 3. It is straightforward to verify that p; - p, =0,
ol = V2|7 |Bk] for all 1 < k < 3. We now deduce from (2.38) that det(Ay) ~

g + iz where
Or = a1 161 + aamefPace + azTsfBscs, Oz = a1 B1ce + aaTecs + asTsPBsc;.

Take 01 = B = PB3, 7o = 7 = 1, 1 < k < 3. Then det(Ay) # 0 unless
¢1 = ¢2 = c3. | This is because if det(Ag) = 0, we have (g = 0, Oz = 0, and

a1 + as + as = 0. That is

1 1 1 o 0
C1 Cy C3 (6) = 0
Cy C3 (C (0% 0

This contradicts the construction of {ay}i_,]. Let us now take

Py = 2ps.

Then the submatrix formed by u;, us and uy will have full rank when ¢; =
co = c3. Therefore the submatrix formed by wuq, us, us and uy is of full rank

for any &.

To show that (A, B) satisfies the Lopatinskii criterion given in Defini-
tion 2.6.4 for a set of well chosen u;, we first observe that since B = Z, we

have, from the definition in (2.55),

{2 ={-1,---, -1} (2.39)

with the selection of the Douglis-Nirenberg numbers {s; }?/, and {¢; 3]:13 in (2.37),

and the principal part of B has components By 11 = 1 and By i = 0 otherwise.
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Therefore, the system of differential equations in (2.56) and (2.57) takes the

following form

d d?
(Vj-¢—iVy- V@)(S’Y(Z) —(=I¢P? + @)5%(2) =0, z2>0 (2.40)

u;00(2) + |ujlujop(z) + (0 + 2p|u;])ou;(z) =0, z>0 (2.41)

0y =0, z=0 (2.42)

where v, o, i, u; and V; (1 < j < J, are all evaluated at y € 0§2. We first
deduce from (2.41) that, for 1 < j < J,

Y5 - Méu, z > 0.

Su; =
o 2 2

Plugging this into (2.40), we obtain that, for 1 < 7 < J,

V¢ —iV,-v-)s el By (M o W%s ) 0.
(V- € =iV, vm)dy + (¢ +dz2)(2j TS u) 2>

Without loss of generality, we consider the system formed by wy,us,us. Let

~ 2

Fj:Vj~V,pj:ﬁande:;—§.

5 We look for eigenvalues of the system as

the root of

F/:l - i/\% p1’Y()\2 - |C|2) QW(/\Q - |C|2)
det E2 — i/\Ez p27()\2 - |C|2) CJ27(>\2 - |C|2) = 0.
Fy—iAFy pay(N = [C°) asv(W* = [€]?)

We observe first that the above equation admits two repeated roots Ao 3 = £[(].

Besides that, we have another root

~ ~ ~

A — iF1(p2Q3 — p3q2) + Fa(psqy — p1gs) + Fs(p1gz — p2qh)
L= —ix - =

Fi(p2gs — p3q2) + Fo(psqn — p1gs) + Fs(p1gz — p2q1)‘
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Moreover, the eigenvectors corresponding to Ay 3 are of the form

0
23 = x
Y

with 2 and y arbitrary. Therefore, 0y(z) = ce’*1l?. Using the boundary
condition 4y(0) = 0 and the decay condition dy(z) — 0 as z — oo, we
conclude that dv(z) = 0. This in turn implies, from (2.41), that do(z) = 0

and dp(z) = 0. The proof is complete. O

For the set of Douglis-Nirenberg numbers {s;} and {¢;} in (2.37), as
well as the parameters {n;} given in (2.39), we defined the function space,

parameterized by ¢ > n + %,
W = WEs2(Q) x ..o x WE202(Q) x WEM—22(90) x ... WEm—22(9Q).
We have the following uniqueness and stability result.

Theorem 2.4.3. Under the same conditions of Theorem 2.4.2, let {0H;}]_,
and {SE}}]:1 be the data sets generated with (6,0, dpu) and (5;,5\(;,@) re-

spectively. Assume that the data are such that (S,¢) € Wy and (g, 5) e W,.

J
=1

that {(8H,}], = {SH,}], (resp. (S.0) = (5.0)) implies (57,00,00) =

Then there exists a set of J > n + 1 boundary illuminations, {g;} such

(5\7/,(/5\0/,@) (resp. v = V) if Yo = 25\7/‘89. Moreover, the following stabil-

ity estimate holds:

J+3 2J 3
Z ||'Uj—’17j||WZ+tj,2(Q) < C(Z ||Si_8i||WZ—S¢vQ(Q)+Z ||¢k_¢k||wefnk7%,2(am>7
j=1 i=1 k=1

(2.43)
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for all€>n+%.

Proof. We start with the uniqueness result. Let 0H; =0, 1 < j < 3, we then

have that
w60 + |ujluidp + (0 + 2pfu;])du; =0, 1< j<3.

We can eliminate the variables do and du to have, with £ = {(1,2,3),(2,3,1),
(3,1,2)},

Z wiuj(uj; — u;) (o + 2p|ug))ouy, = 0. (2.44)
(1,3,k)€E

Let G be the Green function corresponding to the operator —V - 4V with
the homogeneous Dirichlet boundary condition. We can then write (2.44) as,
using 0790 = 0 as well as 6uj|m =0,

> wiug(uy —ui) (0 + 2pfux]) / v (y)Vu(y) - VG(x;y)dy = 0.
(i,j,k)EE f

Take uy to be the complex geometric optics solution we constructed in The-
orem 2.6.6 with complex vector p,, using the fact that u; ~ ePr*(1 + py)
(and ¢y decays as |p,,| ') and Vuy, = ug(p,, + O(1)), we can rewrite the above
equation as, for |p,| sufficiently large,

> sl — (o + 2pful) [ 5(¥)un(y)py- VG xiy)dy = 0.

(i,j,k) €€ @

Even though it is not necessary here, but if we select p, such that Rp, < 0
and |Rp,| is sufficiently large, then we can simplify the above equation further

to
/Q (y)v(x;y) - VG(x;y)dy = 0. (2.45)
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with v the vector given by

v > o) (wi(u; - w)) Kuely)py. (2.46)

(lvjvk)eg

We now need the following lemma.

Lemma 2.4.4. Let v be such that: (i) there exists ¢ > 0 such that |v| > ¢ >0
for a.e. x € Q; and (i) v € [WH(Q)]" at least. Then (2.45) implies that
oy = 0.

Proof. Let u be the solution to
—V-4yWVu—-V-(0yv)=0, inQ, u=0, ondf) (2.47)

Then
u(x) = / 5y(y)v(x:y) - VG(x; y)dy.

Therefore (2.45) implies that u = 0. Therefore
-V -éyv =0, inQ, 0y =0, on 0f. (2.48)

This is a transport equation for é+ that admits the unique solution §y = 0 with
the vector field v satisfying the assumed requirements; see for instance |

) )

, 35, 51] and references therein. O

It is straightforward to check that we can select {p;}?_, such that the
vector field v defined in (2.46) satisfies the requirement in Lemma 2.4.4. We

then conclude that 6y = 0.
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The conditions assumed on the background coefficients ensure the ellip-
ticity of the system as proven in Theorem 2.4.2. The stability result then fol-
lows from (2.58); see more discussions in [17] and references therein. Note that
the simplification inthe last term in (2.43) is due to the fact that ¢, = % =0

when 4 < k < J + 3. Note also that the following simplification can be made

in (2.43):
2. N J -
D IS = Sillwe-siz@) <2) N6H; — 6Hj|lwerza-
i=1 i=1
The proof is complete. [

2.5 Numerical Simulations

We present in this section some preliminary numerical reconstruction
results using synthetic internal data. We restrict ourselves to two-dimensional
settings only to simplify the computation. The spatial domain of the recon-
struction is the square Q = (1,1)2. All the equations in §2 are discretized with
a first-order finite element method on triangular meshes. In all the simula-
tions in this section, reconstructions are performed on a finite element mesh
with about 6000 triangular elements. The nonlinear system resulted from the
discretization of the diffusion equation (2.1) is solved using a quasi-Newton

method as implemented in [30].

To generate synthetic data for inversion, we solve (2.1) using the true
coefficients. We performed reconstructions using both noiseless and noisy syn-

thetic data. For the noisy data, we added additive random noise to the data
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by simply multiplying each datum by (14 /3¢ x 10 *random) with random a
uniformly distributed random variable taking values in [1, 1], € being the noise

level (i.e. the size of the variance in percentage).

We will focus on the reconstruction of the absorption coefficients ¢ and

1. We present reconstruction results from two different numerical methods.

Direct Algorithm. The first method we use is motivated from the method

of proofs of Propositions 2.3.1 and 2.3.2. When we have J > 2 data sets

J

{H;}{_, from J illuminations {g;}7_,, we first reconstruct, for each j, u} as

the solutions to

H*
=V (vVuj) = —?J in Q, u; = g; on OfL.

J

T

. Collecting this quantity from all data,

J

1]

We then reconstruct o + ,u|uj| =

we have, for each point x € (2,

HY

g .

* H
L |ubl E—u‘%

We then reconstruct (o, ) by solving this small linear system, in least square
sense, at each point x € (). Therefore, the main computational cost of this

algorithm lies in the numerical solution of the J linear equations for {u}}.

Least-Square Algorithm. The second reconstruction method that we will

use is based on numerical optimization. This method searches for the unknown
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coefficient by minimizing the objective functional

J
1 —_ —_ *
CEESS /Q (Eou, + Spluslu; — HI)2dx + kR(o. 1), (2.49)
j=1
where we use the functional R(o, ) = 1 ([, [Vol?dx + [, |[Vu|?dx) together

with the parameter x to add regularization mechanism in the reconstructions.
We use the BFGS quasi-Newton method that we developed in [36] to solve
this minimization problem. It is straightforward to check, following Proposi-
tion 2.2.5, that the gradient of the functional ®(c, 1) with respect to o and u

are given respectively by

J
! [0, u](do) = / {Z |:ZjEUj + UjUj] do +kVo - V(SJ} dx (2.50)
Q

[0, u](0p) = /{

J
[sz|uj\uj + 'Uj‘IU/j|Uj:| op+ KV - Vdu} dx (2.51)
where z; = Z(ou; + p|ujlu;) — H; and v; solves

Jj=1

— V-V, + (0 4 2p|uy|)v; = —2;2(0 + 2pfuj]), in Q, v; =0, on JQ

(2.52)
Therefore, in each iteration of the optimization algorithm, we need to solve
J semilinear diffusion equations for {u;}7_, and then .J adjoint linear elliptic
equations for {v;}7_; to evaluate the gradients of the objective function with

respect to the unknowns.

Experiment I. We start with a set of numerical experiments on the recon-
struction of the two-photon absorption coefficient p assuming that the single-

photon absorption coefficient ¢ is known. We use data collected from four
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Figure 2.1: The true coefficients, v (left), o (middle), u (right), used to gen-
erate synthetic data for the reconstructions.
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Figure 2.2: The absorption coefficient p reconstructed using synthetic data
containing different levels (e = 0,1,2,5 from left to right) of noises. The
Direct Algorithm is used in the reconstructions.
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different sources {g;}j_;, {H,}j—,. We perform reconstructions using the Di-
rect Algorithm. In Fig. 2.2 we show the reconstruction results from noisy
synthetic data with noise levels € = 0, ¢ = 1, ¢ = 2, and ¢ = 5. The true

coefficients used to generate the data are shown in Fig. 2.1.

To measure the quality of the reconstruction, we use the relative L?
error. This error is defined as the ratio between (i) the L? norm of the difference
between the reconstructed coefficient and the true coefficient and (ii) the L?
norm of the true coefficient, expressed in percentage. The relative L? errors
in the reconstructions of u in Fig 2.2 are 0.00%, 2.45%,4.98%, and 12.23% for

e=0,e=1, =2 and € = 5 respectively.
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028 o2 03
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0.24

{0.22
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018
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0.14
012 o1 01 01
0.1

Figure 2.3: Same as in Fig. 2.2 except that the reconstructions are performed
with the Least-Square Algorithm.

Experiment II. One of the main limitations on the Direct Algorithm is that
it requires the use of illumination sources that are positive everywhere on the
boundary. This is difficult to implement in practical applications. The Least-
Square Algorithm, however, does not have such requirement on the optical
sources (but it is computationally more expensive). Here we repeat the simu-

lations in Experiment I with the Least-Square Algorithm. The reconstruction
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results are shown in Fig 2.3. We observe that, with the same (not exactly
the same since the realizations of the noise are different) data sets, the recon-
structions from the two different algorithms are of very similar quality. The
relative L? errors for the reconstructions in Fig 2.3 are 0.00%, 2.44%,4.62%,

and 9.36% respectively for the four cases.

SeRe] menn)
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01 0.05

Figure 2.4: The absorption coefficient pair o (top row) and u (bottom row)
reconstructed using the Direct Algorithm with data at different noise levels
(e =0,1,2,5 from left to right).
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Experiment III. In the third set of numerical experiments, we study the
simultaneous reconstructions of the single-photon and two-photon absorp-
tion coefficients, 0 and . We again use data collected from four different
sources. In Fig. 2.4, we show the reconstructions from data containing dif-
ferent noise levels using the Direct Algorithm. The relative L? error in the
reconstructions of (o, u) are (0.00%,0.00%), (0.79%,2.76%),(1.56%, 5.55%),

and (3.91%, 13.71%) respectively for data with noise levels e =0, e =1, e = 2
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and € = 5.
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Figure 2.5: The same as in Fig. 2.4 except that the reconstructions are per-
formed using the Least-Square Algorithm.
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Experiment IV. We now repeat the simulations in Experiment I1I with the
Least-Square Algorithm. The results are shown in Fig. 2.5. The relative L? er-
rors in the reconstructions are now (0.22%, 2.38%), (1.21%, 6.43%),(2.34%, 10.98%),
(5.64%, 22.06%) respectively for data with noise levels € = 0, ¢ = 1, € = 2,
and € = 5. The quality of the reconstructions is slightly lower than, but still

comparable to, that in the reconstructions in Experiment III.

We observe from the above simulation results that, in general, the qual-
ity of the reconstructions is very high. When we have the illumination sources
that satisfy the positivity requirement on the whole boundary of the domain,
the Direct Algorithm provides an efficient and robust reconstruction method.
The Least-Square Algorithm is less efficient but is as robust in terms of the

quality of the reconstructions. The reconstructions with the Least-Square Al-
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gorithm are done for a fixed regularization parameter that we selected by a
couple of trial-error test. It is by no means the optimal regularization parame-
ter that can be selected through more sophisticated algorithms [35]. However,
this is an issue that we think is not important at the current stage of this

project. Therefore, we did not pursue further in this direction.

2.6 Concluding Remarks

We studied in this chapter inverse problems in quantitative photoa-
coustic tomography with two-photon absorption. We derived uniqueness and
stability results in the reconstruction of single-photon and two-photon absorp-
tion coefficients, and proposed explicit reconstruction methods in this case with
well-selected illumination sources. We also studied the inverse problem of re-
constructing the diffusion coefficient in addition to the absorption coefficients
and obtained partial results on the uniqueness and stability of the reconstruc-
tions for the linearized problem. We presented some numerical studies based
on the explicit reconstruction procedures as well as numerical optimization
techniques to demonstrate the type of quality that can be achieved in reason-

ably controlled environments (where noise strength in the data is moderate).

Our focus in this chapter is to study the mathematical properties of
the inverse problems. There are many issues that have to be address in the
future. Mathematically, it would be nice to generalize the uniqueness and sta-
bility results in Section 2.4, on multiple coefficient reconstructions in linearized

settings, to the full nonlinear problem. Computationally, detailed numerical
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analysis, in three-dimensional setting, need to be performed to quantify the
errors in the reconstructions in practically relevant scenarios. It is especially
important to perform reconstructions starting from acoustic data directly to
see how sensitive the reconstruction of the two-photon absorption coefficient
is with respect to noise in the acoustic data. On the modeling side, it is very
interesting to see if the current study can be generalized to radiative transport

type models for photon propagation.

Appendix A: Terminologies in overdetermined elliptic
systems

We recall here, very briefly, some terminologies and notations related to
overdetermined linear elliptic systems, following the presentation in [17, ].
Let M, M , N be three positive integers such that M > N. we consider the
following system of M differential equations for N variables {vy, -, vx} with

M boundary conditions:

Ax,D)jv = §, inQ (2.53)
B(x,D)v = ¢, on df) (2.54)
Here A(x, D) is a matrix differential operator whose (i, j) element, denoted
by Ai;(x,D) (1 <i< M,1<j<N),isa polynomial in D for any x € Q.

B(x,D) is a matrix differential operator whose (k, /) element, denoted by

Bre(x,D) (1 <k< ]\7, 1 < /¢ < N), is a polynomial in D for any x € 0f.

We associate an integer s; (1 <1i < M) to row i of A and an integer ¢,
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to column j (1 < j < N) of A.

Definition 2.6.1. We call the integers {s;}}2, and {t;}}_, the Douglis-Nirenberg
numbers associated to A if: (a) s; <0, 1 < i < M; (b) when s; +t; > 0,
the order of A;j(x,D) is not greater than s; + t;; and (c) when s; +t; < 0,
Ai;(x,D) = 0.

Definition 2.6.2. The principal part of A, denoted by Ay, is defined as the

part of A such that the degree of Ao,;(x, D) is exactly s; +t;.

We say that A is elliptic, in the sense of Douglis-Nirenberg, if the matrix
Ao(x, &) is of rank N for all £ € S*~! and all x € Q.

Let b, be the order of By, and define

= — < k< .
Nk 12?1(\{@“ tg), 1 ~ k ~ M. (2 55)

Definition 2.6.3. The principal part of B, denoted by By, is defined as the

part of B such that the order of By is exactly ny + to.

Let By(x, D) be the principal part of B. Fix y € 01, and let v be the
inward unit normal vector at y. Let ¢ € S"~! be a vector such that ¢ - v =0

and |¢| # 0. We consider on the half line y + zv, z > 0 the system of ordinary

equations
. d.
Ao (y,i¢ + V@)U(Z‘) =0, z>0, (2.56)
d. .
By(y,i¢ + I/%)u(z) =0, z=0. (2.57)
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Definition 2.6.4. If for any y € 0%, the only solution to the system (2.56)-
(2.57) such that u(z) — 0 as z — o0 is u = 0, then we say that (A, B) satisfies

the Lopatinskii criterion.

It is well-established that [17, 95, 1 14] when (A, B) satisfies the Lopatin-
skii criterion, the system (2.53)-(2.54) can be solved up to possibly a finite
dimensional subspace. Moreover, a general a prior: stability estimate can be

established for the system. Define the function space
Wy = WEs2(Q) x .. x WEsM2(Q) x WEn—22(9Q) x ... W o 22(99),

for some ¢ > n + % Then it can be shown that, if (S, ¢) € W,

N
Zj:l ||Uj||w“tjv2(g)

M M ~
< C(Zi:l ||Si||wf—%2(9) + 2 im1 ||¢i||Wefni—%,2(aQ)> + Ctho ||Uj||L2(Q)’
(2.58)

provided that all the quantities involved are regular enough. The last term in
the estimate can be dropped when uniqueness of the solution can be proven.

More details on this theory can be found in [17] and references therein.

Appendix B: CGO solutions to equation (2.1)

This appendix is devoted to the construction of complex geometric op-
tics (CGO) solutions [101, 107] to our model equation (2.1). We restrict the
construction to the three-dimensional setting (n = 3). We start by revisit-
ing CGO solutions to the classical diffusion problem that was first developed
in [101]:

—V-(vVu)+ou=0, inQ (2.59)

46



with the assumption that v € C*(Q) and o € C'(Q). Let u, be a solution
to this equation, then the Liouville transform defined in (2.26) shows that

Us = /YU solves

A
A, — (—ﬁ v f)a* —0, inQ. (2.60)
N

The following result is well-known.

Theorem 2.6.5 ([16, 101, 107]). Let v € CXQ) and o € C*(Q). For any
p € C" such that p-p =0 and |p| sufficiently large, there is a function g such
that the solution to (2.60), with the boundary condition u.|sq = g, takes the
form

i, = eP*(1 + o(x)), (2.61)

with o(x) satisfying the estimate

(2.62)

Aﬁ o
plllellwes@ + lellwaa < cH_ L7
( ) ( ) ﬁ 7 WQ’Q(Q)

The function @, is called a complex geometric optics solution to (2.60)
and

wy = 7 2eP*(1 + p(x)) (2.63)

is a complex geometric optics solution to (2.59). With the regularity assump-

tion on 7 and (2.62), it is easy to verify that

Vu, ~ u.(p+ O(1)). (2.64)

We now show, using the Newton-Kantorovich method [75], that we can
construct a CGO solution to our semilinear diffusion model that is very close,

in W32(Q), to u, for some p.
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Theorem 2.6.6. Let v € C*(Q), 0 € C*(Q) and u € CH(Q). Let p € C" be
such that p- p = 0 and |p| sufficiently large. Assume further that p and €
satisfy

—Flp| < R(p-x) < —klp|, VxeQ, (2.65)

for some 0 < Kk < K < oo. Then, there exists a function g such that the

solution to (2.1) takes the form

u(x) = uy(x) + v(x), (2.66)
with v such that

[vllws.2a) < ce” P, (2.67)

for some constant ¢ and some k' € (1,2).

Proof. Let us first remark that since 2 is a bounded domain, the assumption
in (2.65) is nothing more than the constraint that R(p) < ¢y < 0 for some c.
Moreover, the assumption in (2.65) allows us to bound the CGO solution u,
and its gradient as

02| oo () < e, (2.68)

[Vl < ce P (o] +1). (2.60)

Let P(x, D) be the differential operator defined in (2.1). We verify

that, with the assumptions on the coefficients involved, P, , the linearization

of P at u,, P, = —V -9V + o0+ 2u|u,|, admits a bounded inverse as a linear
map from W32(Q) to W'?(Q).
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We observe from the construction that u, is away from 0. Therefore,
there exists a constant r > 0 such that the ball B,.(u.,) (in the W3?2(Q) metric)
contains functions that are away from 0. Let u; € B, (u.), us € B,(u,) and

v € W32(Q) be given, we check that

P v —Piv=2u(|ui| — |ug|)v. (2.70)
This leads to
1P, v — P,vll2) = 120(ui] — |ua|)vll2) < cllur — uallwsz @) |vllws2)-
(2.71)

We can also bound ||V(P;, v — P, v)|| 12 as follows. We first verify that

V(P v = Poo)llze = 21V (p(lur] = uz])v) || 220
< 2| (| = Juz]) Vol z2(9) + 2[IV (| = [ua])) vl 2(q)
< 2|l | = ua ) 2o ) V0l 220 + 201V (e | = uz])) Lo o [|9]] 220
< Cllollwsao (Il =l + IV (ullur] = [ ]) e ) - (2.72)

We then perform the expansion, using the fact that |u;| > 0 (j = 1,2),

Y (el ] = [u])) = (Jus] = [ua )V sV (i1x — 1) + (

|U1|

L v,

il fua]

This gives us the bound

IV (1(Jur] = |u2)) (@) < erllur — ual| () + c2l|V(ur — u2) || zoo(e)- (2.73)

We can then combine (2.72) with (2.73) and use Sobolev embedding, for in-

stance [10, Corollary 7.11], to conclude that

IV(Pv = Puv)llz@ < Cllur — usllws2l[vllws2()- (2.74)
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We then have, from the bounds in (2.71) and (2.74), the following

bound on the operator norm of P, — P, by

< cHu1 — UQHW:s,z(Q).

/ !/
Hpul - PuQ HE(W3v2(Q)7W1*2(Q))
Let w be the solution to P,,_(x, D)w = P(x, D)u, , that is,

— V- AVw + (0 + 2ulu|)w = plus|u,, in Q, w =20, on 0f.

It then follows from classical elliptic theory that

(2.75)

(2.76)

1(P) 7P, D)ooy < cllluulwiz) < 2P (|p| +1) < de1P!,

(2.77)

for some k' € (1,2), where the last step comes from the bounds in (2.68)

and (2.69).

It then follows from the Newton-Kantorovich theorem [75] that, when

|p| is sufficiently large, there exists a solution to (2.1) in the ball of radius

7' = ce*'*IPl centered at wu,, in W*2(Q). The solution is of the form (2.66). [
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Chapter 3

Hybrid Inverse Problems in Fluorescence PAT

3.1 Introduction

Fluorescence PAT (fPAT) is another variant of PAT that is used as a
tool of optical molecular imaging [26, 82, 83, , 112,111, 116]. The main ob-
jective here is to visualize particular cellular functions and molecular processes
inside biological tissues by using target-specific exogenous contrasts. In a typ-
ical fPAT imaging process, we first inject fluorescent markers into the medium
to be probed. The markers will travel inside the medium and accumulate on
their targets, for instance cancerous tissues inside the normal tissue. We then
send a short pulse of NIR photons at wavelength A, to the medium to excite
the fluorescent markers who then emit NIR photons at a different wavelength
Am. The absorption of both the excitation and the emission photons by the
medium will then generate ultrasound waves inside the medium following the
photoacoustic effect just as in a regular PAT process, assuming that fluores-
cence takes place instantaneously as excitation light pulse is absorbed [92].

We then measure the ultrasound signals on the surface of the medium and

This chapter is based on K. Ren, R. Zhang, and Y. Zhong. Inverse transport problems
in quantitative PAT for molecular imaging. Inverse Problems, 31, 2015. 125012. The author
of this dissertation is the main contributor.
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attempt to recover information associated with the biochemical markers.

The density distributions for the external light source and the flu-
orescent light in the tissues are both described by the radiative transport
equation. Let Q@ c R? (d > 2) be the domain of interests and S?-1 bhe
the unit sphere in RY. We denote by X = Q x S?! the phase space and
[y ={(x,v) € 9Q x $¥ ! £ n(x) - v > 0} its boundary sets. We denote by
uz(x,v) and u,,(x,v) the density of photons at the excitation and emission
wavelengths respectively, at location x, traveling in direction v € S%~!. Then

uz(x,v) and u,,(x, v) solve the following coupled system of radiative transport

equations
V-V, + (g + 0sp)tty = 05.Ko(uy), in X
V- Vg + (Cam + Osm)Um = OsmBo(Un) +N0azp(x)Kr(u,)(x), in X
Uz (x,v) = g.(x,v), Um(x,v) =0, on I'_

(3.1)
where the subscripts £ and m denote the quantities at the excitation and
the emission wavelengths, respectively. The coefficients o,, and o, (resp.
Oam and og,,) are respectively the absorption and scattering coefficients at
wavelength A\, (resp. \,,). The scattering operator K¢ and the averaging

operator K are defined respectively as

Ko(ug)(%,v) = [o1 O,V )ug(x,v')dv’
Ki(ug)(x,v) = de_lux(X,V/>dV,,

with the scattering kernel ©(v,v’) describing the probability that a photon

(3.2)

traveling in direction v’ gets scattered into direction v.

The total absorption coefficient o,, consists of a contribution o, 4;

from the intrinsic tissue chromophores and a contribution o, ,; from the flu-
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orophores of the biochemical markers: 04, = 042 + 0qqf. The absorption
coeflicient due to fluorophores, o, ¢ is proportional to the concentration p(x)
and the extinction coefficient e(x) of the fluorophores, i.e. 0,,; = e(x)p(x).
The coefficient 7(x) is the quantum efficiency of the fluorophores. The coef-
ficients n and o,,; are the main quantities associated with the biochemical

markers.

The energy absorbed by the medium and the markers consists of two
parts. The first part is from the excitation photons. This part can be written
as 04, K1(u;). The second part of absorbed energy comes from emission pho-
tons. This part can be written as 4, K7(u,). Therefore, the pressure field

generated by the photoacoustic effect can therefore be written as:

H(x) =

(1]

(x) [(%,z(X) = 1(%) a7 (%)) K1 (110) (%) + 0, (%) K1 (1) () |

() (2. F1 (1) (%) + O (%) (1) () ). (3.3)

[1]

where =Z is the (nondimensional) Griineisen coefficient that measures the pho-
toacoustic efficiency of the underlying medium, and o7 . is the short nota-
tion for 0,4 + (1 — 1)0azr. We want to emphasize that when calculating
the initial pressure field generated, we have subtract a portion of the energy,
N0, K1 (uy), from the total energy absorbed by the medium and the markers.

This is because that portion of energy is used to generate fluorescence, not the

heating in the photoacoustic process.

The initial pressure field generated from the photoacoustic effect, H,

evolves in space and time following the acoustic wave equation (1.3) as in a

53



regular PAT process. The data that we measure are the solutions to the wave

equation (1.3) on the surface of the medium, p )x0Q, tmax being large

Ostmax
enough, for various excitation light sources.

Following [92], we call the process of reconstructing information on 7
and 0,5 from datum pjy4,,..)xo0 fluorescence PAT (fPAT). This is a molec-
ular imaging modality that combines PAT with fluorescence optical imaging.
We refer interested readers to [92] for more discussions on the mathematical
modeling of fPAT, including detailed derivation and justification the mod-
els (3.1) (in diffusive regime) and (1.3), and to [26, 82, 83, 109, 112] for some
experimental and computational results on fPAT. Recent progress on fluores-
cence optical imaging itself can be found in [0, 11, 47, 66, 79, 96] and references

therein.

Image reconstruction in fPAT is a two-step process as in regular PAT.

In the first step, we reconstruct H from measured acoustic data. We assume
here that this step has been finished with methods such as those in [1, 10, 27,
, A0, 50, 52, 57, 61, 63, 81, 98] and we are given the internal datum (3.3).
Moreover, we assume that: (A-i) the Griineisen coefficient = as well as the
absorption and scattering coefficients of the medium at the excitation wave-
length, 0, ,; and o, ,, have been known from other imaging technologies (for
instance a multi-spectral quantitative PAT step [21, 72]) before the fluorescent
biochemical markers are injected into the medium; and (A-ii) the absorption
and scattering coefficients at the emission wavelength, o, ,, and o,,,, are also

reconstructed by other imaging methods (for instance a regular quantitative
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PAT technique [8, 18, 19, 21, 220 31, 33, 44, 72, 80, 88, 94, | after the
Griineisen coefficient is known). Therefore, our main objective is only to re-
construct the quantum efficiency 1 and the fluorescence absorption coefficient
Oa,f(x) in the system (3.1) from the datum H in (3.3). This is the quantitative
fPAT (QfPAT) problem.

Let us now remark on a couple of issues regarding the practical rele-
vance of the current work. First of all, in many practical applications, it is
preferable to use contrast agents that do not emit photons after absorbing
incoming excitation photons. In other words, the biochemical markers have
quantum efficiency n = 0. In this case, the second equation in (3.1) drops out
of the transport system, and the terms involve 7 and u,, all drop out from the
datum (3.3). We are therefore back to the same mathematical problem as in
a regular quantitative PAT process. The theory of the reconstruction in this
case is covered in Theorem 3.3.3 of our results. Our results in this chapter
are in fact more general in the sense that we can deal with the general case
of non-negligible quantum efficiency, that is n > 0. When n > 0, we have
to take into account the impact of the emitted fluorescence photons in the
reconstruction process. Neglecting this impact in the model would certainly
introduce errors in the images reconstructed. The second issue we need to
address is the difference between the work we have here and the theory on the
same problem that have been developed in the diffusive regime [92]. It is gen-
erally believed that the radiative transport equation is a more accurate model

than the diffusion equation to describe the propagation of NIR photons in
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biological tissues [12, 87], even though it is more complicated to theoretically
analyze and numerically solve. Our analysis in this chapter is useful when the
diffusion approximation to the radiative transport equation breaks down, for
instance in media of small volumes but large mean free paths. Optical imaging
of small animals [50], for instance, is one of such biomedical applications for

our work here.

The rest of the chapter is organized as follows. We first present in
Section 3.2 some general properties of the inverse problem, especially the con-
tinuous dependence of the datum H on the unknown coefficients. We then
consider in Section 3.3 the reconstruction of a single coefficient from a sin-
gle internal data set. We derive some uniqueness and stability results on the
reconstruction. In Section 3.4 we study the problem of reconstructing two co-
efficients simultaneously, mainly in linearized settings. We then present some
numerical simulations based on synthetic data in Section 3.5 to validate the
theory and the reconstruction algorithms we developed. Concluding remarks

are offered in Section 3.6.

3.2 (General Properties of the Inverse Problems

We review in this section some general properties of the inverse problem
of reconstructing 7(x) and/or o, ,(x) in the transport system (3.1) from the
datum H in (3.3). We denote by LP(X) (resp. LP(Q2)) the Lebesgue space of
real-valued functions whose p-th power are Lebesgue integrable on X (resp.

Q), and H,(X) the space of LP(X) functions whose derivative in direction v

56



is in LP(X), ie. Hy(X) = {f(x,v): f e LP(X)and v-Vf e LP(X)}. We
denote by LP(I'_) the space of functions that are traces of #,(X) functions
on I'_ under the norm || f|lzrr_y = ([5 fSi:l In(x) - v||f[Pdvdy)/?, dvy being
the surface measure on J and SI' = {v : v € S s.t. —n(x)-v > 0}.
It is well-known [2, 34] that both H}(X) and LP(I'_) are well-defined. To
avoid confusion with H(X), we use W7 (Q) to denote the usual Hilbert space
of L*(Q) functions whose partial derivatives up to order k are all in L?(Q).

Besides the assumptions in (A-i)-(A-ii), we assume further that:

(A-iii) The domain (2 is simply-connected with C? boundary 9. The known
optical coefficients satisfy 0 < ¢1 < 0441, Os.25 Taym, Osm, = < Ca < +00 for some
positive constants ¢; and c;. The unknown coefficients, (7,0, ,r) belongs to

the class
A={N,002f) :0<c3<n<ecy <1, 0<c5<0gur <ce <400} (34)

for some positive constants cs, ¢4, ¢5 and cg. The scattering kernel © is sym-

metric, bounded and normalized in the sense that
Ov,v)=0(V,v), 0<c;<O(V,Vv)<cg<+oo, Vv,v €St
O(v,v)dv' = / oW, v)dv =1, Vv eS

Sd-1 Sd-1

(3.5)

for some positive constants ¢; and cg. The illumination g,(x,v) is strictly

positive such that 0 < cg < g,(x,v) for some cqg.

With the above settings, it is easy to see, following standard results
in [2, 34], that the system (3.1) admits a unique solution in the following

sense.
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Lemma 3.2.1. Let p € [1,00] and assume that (A-iii) holds. Then for any
given function g.(x,v) € LP(I'_), there exists a unique solution (uz,u,,) €
1 1 ~
H,(X) x H,(X) to the couple transport system (3.1). Moreover, the following

bound holds:

el ze(x) + Jtml| o) < ellgell o) (3.6)

with the constant ¢ depending only on €2 and the bounds for the coefficients in

assumption (A-iii).

Proof. When the assumptions are satisfied, it follows directly from standard
transport theory in [2, 34] that the first transport equation admits a unique
solution u, € H,(X) such that [|ug|lrx) < €llgalle@r ). We then deduce,
with the same argument that the second equation admit a unique solution

Up, € H(X) such that [[tm]|rx) < EN0awr Ki(te)| o) < ¢lluel Lo (x)- The

bound in (3.6) then follows from selecting ¢ = &(1 + ¢). O

The above lemma ensures that the datum H in (3.3) is well-defined for
any g.(x,v) € LP(I'_) (p € [1,00]) that satisfies the assumptions in (A-iii).
Moreover H € LP(2) following standard results in [34]. The next result shows
that the datum H depends continuously on the unknown coefficients and is

differentiable with respect to the coefficients in appropriate sense.

Proposition 3.2.2. Let p € [1,00] and assume that (A-iii) holds. Then for

any given function g.(x,v) € LP(I'_), the datum H defined in (3.3), viewed
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as the map

. (M, 0anf) — E(Ugny](ux) + aavaI(um))
H[nao-a,a:f] . Loo(Q) % LOO(Q) — LP(Q)

(3.7)
is Fréchet differentiable at any (n,04.5) € L>(2) x L>®(Q) in the direction
(01,000.f) € L®(Q) x L>®(2) that satisfy (n,04.¢) € A and (9 + 01, 0guf +

004.r) € A. The derivative is given by

H' [717 Ua,xf] (5777 50_a,xf)

= Z((=0M0aar + (1= 0)000er) K1 () + 02, Kr(02) + 0 Ki (o)) (3.8)

where (Vz, V) € Hyp(X) x HY(X) is the unique solution to

V-V, + 01,0, = 05,:Ke(Vy) — 0044 fUs, m X
A\ vUm + Ot,mUm = Us,mKG) (Um) + naa,foI(Ux)
+(N00auf + 0N0asf) Kr(ug), in X
vz (x,v) =0, U (x,v) =0 on I'_

(3.9)

where 0, = 0q 4 + sy GNA Oty = Ogqm + Osm-

Proof. Let 1 =04 0n, Ganf = Oanf + 004.f, and define A(nog,f) = 1040 —
N0auf. We denote by (@,,) the solution to (3.1) with the coefficients

(7, Ga0r), and H the corresponding datum. It is straightforward to verify

that (ul,ul) = (4 — Uy, Uy, — Uy,) solves the following system of transport
equations
v -Vu, +ou, = 05.Ke(ul,) — 004450, in X
v-Vu,, + oy pu, = o mK@(u;n) +noa . Kr(u)) + F(x), in X
ul(x,v) =0, ul,(x,v) = on I'_
(3.10)
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with F(x) = A(noe.)Kr(t,), and (u,u)) = (v}, — vg, ul

vl ! — V) solves the

following system

v - Vu + Utmu” = 05, Ke(u)) — 6044, in X
ul(x,v) =0, ul (x,v) =0 on I'_,

(3.11)
with G(x) = A(Noaqf) Kr(ul) + ndoe . Kr(uy).

With the assumptions on the coefficients and the illumination source
e, we conclude that (ug, um) € Hy(X) x Hp(X) and (g, Um) € Hp(X) X
H,(X) [2, 34]. This implies that F' € LP(Q) and

1E o) = (110002 + 010 a0r + 0100 a,0) K1 () || Lr(e)
< (@llonll =) + El|0Tapll oo () + Esll0n]| oo () [|0Ta,01 | oo @) | o (x)

< (Cllonll o) + Calld0asll L@ + Esllonll @ 100as | (@) )ngHLp((r)a)
3.12

Following the same argument as in Lemma 3.2.1 we conclude that (3.10) admits

a unique solution (u,u;,) € H,(X) x H)(X) that satisfies

||| o) < E[00aapiliallLrx) < El|00all oo (@)l el Lo x)

SéHéJawaL‘”(Q)Hga;”LP(F_), (3.13)
and
[, e x) < E(1N0aar Kr(uy)l o) + 1 Fllr@)) < E(lullecx) + I1F ||re)

< (@llonll=) + C2ll60aps L) + sll0nll L @100ams Lo @) |92l o)
(3.14)
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Therefore we have G € LP(Q2) and the bound

1Glle) < (100024000005 +000000p) K1 () | Loi)+ 107000 00 K1 (1) Lo(e)
< (llonllzee(o) + ol100a,msl Lo (o) + 5110m| L (9) 1000w || Lo () 12 [l o )
+ 100l oo @) 100 0,01 l| Lo (@)t || 2o (x)
< (A onl[ L) + 000,01l @) + E5l[0n[ Lo () 100w s |2 (2))

X 000t @) |9all ). (3-15)

We then deduce, in the same manner as above, that (3.11) admits a unique

solution (u/,w) ) that satisfies

T 'm

[zl Lox) < Ell00amurllLr@) < Ell00aws Lol | zox)

<éc)|60a.ar (Lo llgell Loy (3.16)

and

linllzrcx) < €(noaes K)o + 1 F @) < el v + 1l o)

< (@llonllze=(e) + 2ll00a0f |l L (@) + E3l10n[| Lo @) [[00a0s [l Lo () )||ngLp<(r>
3.17)

The estimates (3.16) and (3.17) show that (uy,u,,) is Fréchet differentiable
with respect to n and o,,¢ as a map: L®(Q) x L>(Q) — LP(Q) x LP(Q)
(p € [1,0¢]). Note that u, is independent of 7, so its derivative with respect

to n is zero, as can be seen from (3.16).

The differentiability of H with respect to (1), 04.f) then follows from

the chain rule and the fact that o7 , is differentiable with respect to (1, 040 ).
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Alternatively, it can also be seen easily from the bounds (3.13), (3.16), (3.17)

and the following algebraic calculation:

H[ﬁ7 5‘(1,1‘]0] - H[n7 Uavwf] - Hl[ﬁ’ O-(Z,If:l (5777 50—(1,"17f)

= E|oa o K1)+ 0am K1 () + (0000 = A(N0a0) K1 (ug) = 010000 Ki(ua) |-
(3.18)

This completes the proof. ]

We will study Born approximation, i.e. linearization, of the inverse
problem of QfPAT in Section 3.4. The above result justifies the linearization
process. To compute the partial derivative with respect to n (resp. oq.f),
denoted by H;[n,04.f] (vesp. H[[n,00.f]), We simply set 60,,5 = O (resp.
on=0) in (3.8) and (3.9). It is straightforward to check that

[0, 04.0¢](07) o
/LR =+ —  _Ki(vn), 3.19
:‘O-a,foI(ua:) g Ua,foI(uz) I( ) ( )

with vn, € H,(X) the unique solution to

A\ va + OtmUm = Us,mK@(Um> + 5770-0,,fo[(“&:)7 in X

Um(x,v) = 0, on I'_, (3.20)
and
H; [nvo-axf](éo-axf) Ug:t Oa,m
i : : - 5Ua,m + —7KI(’UZ> + : KI(Um)7
=(1—n) Ko (u,) =) Ko (u,) (1 —n) Ky (u,)
(3.21)
with (v, vm) € H,(X) x H)(X) the unique solution to
V-V, + 01,0, = 05.Ke(vy) — 004U, in X
v vvm + O-t,mvm - Us,mK@(Um) + no-a,foI(Ux) + néaa,szI (Ua:)a in X
vz (x,v) =0, U (%, v) =0 on I'_.
(3.22)
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The following result is a standard application of the averaging lemma |31,

, 73]. Tt will be useful in Section 3.4.

Lemma 3.2.3. Assume that (A-iii) holds. Let g.(x,v) € L>®(I'_) be such

that Kj(ugz) > ¢ > 0 for some constant c. Then the rescaled linearized data

H(/f[nvo'a,zf}(éo'a,zf) . .
oK) viewed as the linear operator

O'gz Ta,m
Hé[ﬁa O-a,:rf]((so-a,xf) : (SO'a@f — (1 — 77)50(171;]0 + mKI(Ux) + mK}(Um)
=K (uy) L}(Q) — IL2(Q)
(3.23)

is Fredholm. The same is true for %{;’j@ if the background coefficient

Oazf = € >0 for some c.

Proof. Let us denote by S, (z € {x, m}) the solution operator of the transport
equation with coefficients o, ., 05, and vacuum boundary condition, i.e. w, =

S.(f) with w, the solution to:
v-Vw, + o w, — 05 . Ke(w,) = f, in X, w,=0 onI_.
We can then write K(v,) and Kj(v,,) in (3.23) respectively as

KI(U:E) = _Ax<5aa,rf)7 and, KI(Um) - _Amx<5aa,mf) + Am(n(saa,mf)
(3.24)

where the operators A,, A,, and A,,, are defined as

N, (804.f) = K7 (Sx(uchaa,xf)), A (6040f) = K (Sm(KI(ux)éamf)),(3.25)

Az (004.7) = K (Sm (N0 0z K1(Sy (uxéaa@f))) .(3.26)
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Following the averaging lemma [34, 18, 73] and the compact embedding of
W;/Q(Q) to L*(Q), we conclude K : L*(X) — L?*(Q) is compact. Due to
boundedness of u, (and therefore K(u,)), n and o4,f, both S, and S, are
compact as operators from L?(Q) to L*(X) with the assumptions on the coef-

ficients in (A-i) [34, 73]. Hence, A;, A, and A,,, are all compact operators

on L*(Q). Therefore H [";}jﬁg;’ =2/) a5 an operator can be represented as

(1 —n)Z + K with K compact. Therefore it is Fredholm. The same argument

Hl,[m%,xf}(fsﬁ) ) D

works for =R, (nn)

3.3 Reconstructing of a Single Coefficient

In this section, we consider the reconstruction of one of the two coef-
ficients of interests, assuming the other is known. We start with the recon-

struction of the quantum efficiency.

3.3.1 The reconstruction of 7

Assume now that the fluorescence absorption coefficient o, ;5 is known
and we are interested in reconstructing only 7. This is a linear inverse source

problem. We can derive the following stability result on the reconstruction.

Theorem 3.3.1. Let p € [1,00] and the source g, € LP(I'_) be such that the
transport solution u, to (3.1) satisfies Ki(uy,) > ¢ > 0 for any (n,04.¢) € A.
Let H and H be two data sets generated with coefficients (1), 0a.z) and (7, 0a..r)

respectively. Then H = H a.e. implies n = 1 a.e.. Moreover, the following
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stability estimate holds,
N H ~ Hllioiey < |0 = D0uss Ki(w)lioey < CIH ~ Hlliwy  (3.27)

where the constants ¢ and C depend on Q and the coefficients 04 zi, Oam, Osz,

Osm, and =.

Proof. Let (ug,u,,) and (i, 4,,) be solutions to the coupled transport sys-
tem (3.1) with coefficients (1, 04 ,¢) and (7, 044 ) respectively. We notice im-

mediately that u, = t,. Define w,, = u,, — 4,,. We then verify that

(H - H)/E = _(77 - ﬁ)aa,foI(u:c) + Ua,mKI(wm> (328)
This leads to the bound
IH — H|| o) < il =M 0aust Kr(ua) || 2oy + 2(0aum) 1K1 (W) || o). (3.29)

and the bound

11 = D)0y Ki(us)l o) < & E)H = Hl|o(@) + E2(0am) K1 (wm)|| o)
(3.30)

We check also that w,, solves the transport equation

A\ v'wm + (Ua,m + Us,m)wm = Us,mK®<wm) + (77 - ﬁ)o-a,cchI(uaz)7 in X

W (x,v) = 0, on I'_.
(3.31)
It then follows from classical results in transport theory [2, 34] that this equa-

tion admits a unique solution w,, € H;(X ) that satisfies the following stability

estimate
1wl r(x) < €3( Tams Tsms EN(1 = 1) 00y K1 ()| Lr () (3.32)
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The left bound in (3.27) then follows from (3.29) and (3.32).

To derive the right bound in (3.27), we replace the last term in the
transport equation (3.31) with 0 K;(wn) — (H — H)/Z to get

V-V + (Oam + Os )W = CamK1(wy) + 0 mKo(wy,) — H?ﬁ, in X

W (x,v) = 0, on I'_.
(3.33)

We define O(x,v,v/) = —Zem _ | __%sm__Q Tt is straightforward to verify

Ta,m+0sm Oa,m+0sm

that © is symmetric and normalized in the sense of (3.5). We can then rewrite

the above transport equation as

V- VW + (Oam + Osm)Wn = (Oam + Osm)Kg(wn) — 22, in X
Wy (x,v) = 0, on I'_.
(3.34)

This is a transport equation for a conservative medium. Due to the fact that 2
is bounded, classical results in transport theory (see for instance [34, Theorem
1 on page 337]) then concludes that the equation admits a unique solution

Wy, € Hy(X). Moreover, we have the stability estimate
Wil Lo (x) < €4(, Tamy Tsms E)NIH — H|| 1oy (3.35)

The right bound in (3.27) then follows from (3.30) and (3.35). The uniqueness
of the reconstruction then follows from the fact that H = H implies w,, = 0

from (3.34), which then implies n = 7 from (3.28). O

Note that the bound in (3.27) is weighted in the sense that it is on
(n — 1) K1(u,) not directly on (n — 7). This means that if K(u,) is too small,

it is very hard to reconstruct accurately 7.
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The proof of the above stability result is constructive in the sense that
it provides an explicit reconstruction procedure for the recovery of . We now

summarize the procedure in the following algorithm.

Reconstruction Algorithm 1.

S1. Given o, ,, solve the first transport equation in (3.1) with the boundary

condition g, for u,;

S2. Evaluate the function ¢(x) = 04, Ks(u,) — Z;

I

S3. Solve the following transport equation for w,,:

V- Vg + (Oam + Osm)tm = (Oam + 0sm) Kg(um) +¢(x), in X
um(x,v) = 0, on I'_.
(3.36)
H
S4. Reconstruct 7 as —(? — 00 K1 (Us) = 00 K1 (un)) /(0anr K1 (us)).

This is a direct reconstruction algorithm in the sense that it does not involve
any iteration on the the unknown coefficient. The algorithm is very efficient

since it requires solving the transport equation (3.36) only once.

Remark 3.3.2. Thanks to the fact that the problem of reconstructing n given
Oazf 5 linear, we can easily verify that the same type of uniqueness and sta-
bility results in Theorem 3.3.1 hold for the linearized problem of reconstructing
n defined in (3.20) and (3.19). Moreover, the above reconstruction algorithm

works in exactly the same manner in the linearized setting.
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3.3.2 The reconstruction of Oaxf

We now assume that we know 1 and aim at reconstructing o,,¢. In

this case, we can show the following result.

Theorem 3.3.3. Let g, € LP(I'_) (p € [1,00]) be such that the solution u, to
the transport system (3.1) satisfies u, = Kr(u,) > ¢ > 0 for any coefficient
pair (1,04.f) € A. Let H and H be data sets generated with coefficient pairs
(0, 0auf) and (1,G44f) Tespectively. Then H = H a.e. implies Oapf = Oauf

a.e.. Moreover, the following bound holds,

cH = Hlrr@) < (0aas = Gaws) Ki(ua) o) < Cl[H — Hl[ 120, (3.37)
with ¢ and C' depending on 2, 04 4i, Oam, Osz, Osm, 1 and =.
Proof. Let (ug,uy,) and (i, U,) be solutions to the coupled transport sys-

tem (3.1) with coefficients (7, 04f) and (1, d,4f) respectively. Define w, =

Uy — Uy and Wy, = Uy, — Upy,. Then we have

H-—H

=0y Ki(wg) + 0amKr(wWm) + (1= 0)(0azr — Taws) Kr(uz). (3.38)

—
—

This leads to the bound

|1H — H||1o() < K r(wa)|| ey + Sl Kr(wm)|| ooy
+ (Cawsr = Oaws) Kr(ug)l| o)y, (3.39)

and the bound

1(Caws = Oawr) K1(tz)| o) < I H — Hl| 1oy + Sl K (wa) || ey

+ CgHKI(wm>HLP(Q)~ (3.40)
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We now verify that (w,,w,,) solves the following transport system:

v -V, + 6 ,w, = 05.Ke(wy) — (0apf — Capf)Us, in X
V- VW, + 0 Wy = 0smKe(Wn) + 1640 K1 (w,) (3.41)
+1(Canf — Gawr) Kr(ug), in X '
we(x,v) =0, Wi (x, V) = 0, onI'_

where 0, , = 042i + Oazf + 0sm. We then deduce, following similar procedure

as in the proof of Proposition 3.2.2, that

|wal| 2o (x) + (Wl 2o (x) < Gl(Cawr = Taws) Ki(ta) || Lr()- (3.42)

The left bound in (3.37) then follows from (3.39) and (3.42).
To derive the right bound in (3.37), we use (3.38) to eliminate the
quantity o, . — 044 in the transport system (3.41) to obtain:

A\ vwx + 6—t,$wx = O—SJK@ (wﬂ?) + U;,xKI(wl‘) + U;,xmKI(wm)
(H—H)u,

—_\HHus in X
E(Q-—n)K;(uz)’
_ / /
v -V, + 0 mw, = asmK@(wm) — asvaI(wm) — 0 e K1 (Wy)
(H—H)n :
= in X
T E(1—n) ’
w,(x,v) =0, Wi (x,v) =0, on I'_
(3.43)
=1
N L —— — __Y%amlz o/ _ N%m / — N9%a.ai
where o , = o Ki@a) Osam = on) k) Csm = 1on and o, = el

To write the system in standard form, we perform the change of variable

w,; — —w,. We then have

v-Vw, + 6w, + 0l Ki(wy) = o0s.Ke(w,) + U;,zK](wx)

o (H—H)uz :
TR ) X
V- VW + 0pmW + 0%, Ki(Wn) = 0 mKe(wn) + 07, Kr(ws)
(H-H) :
+ E(lfn)n, in X
w,(x,v) =0, Wi (x, V) = 0, on I'_
(3.44)
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/ /

/
sams O and o are

s,m) s, mx

With the assumption on g,, the coefficients o’

s,z

o
all positive. We check also, after using the assumption u, = Kj(u,), that
AL =610+ 0% g = Osp = 04 = Oaz + (Tam — 07 ,)/[(1 —n)] and Ay = 0, +
a;m — Osm — Og,mx = (0gm —N0awi)/(1 —n). The conditions in Theorem 3.3.3
ensure that Ay, Ay > ¢ > 0 for some ¢. We can therefore combine the
techniques in [19, , , 115], see detailed analysis in [35], to show that

system (3.44) admits a unique solution (w,,w,,) that satisfies
lwall o) + lwmllreey < GIH = Hlloe). (3.45)

We can now combine (3.40) and (3.45) to obtain the right bound in (3.37).
The uniqueness result follows from the fact that (3.44) admits only the trivial
solution (w,, w,,) = (0,0) when H = H. O

Linearized Case. Unlike in the case of reconstructing 7, the above proof is
not constructive since the unknown coefficient o, ;¢ shows up in the transport
system (3.44). Therefore, the proof does not provide directly a reconstruction
algorithm. For numerical reconstructions in this nonlinear setting, we use
the optimization-based algorithm in Section 3.4.4. If we consider the same
problem in linearized setting, we can indeed derive an explicit reconstruction

procedure. To do that, we replace the do, ;¢ in (3.22) with its expression given
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in the linearized datum (3.21) to get the following system:

vV, + 01000 + 04 K1 (vm) = 05.Ke(ve) + 0y K (vs)

o o ualy in X
(1=-n)EKr(ug)’
v - Vo, + 0tmUm + a;’mKI(vm) = 0smKo(vm) + U;mmKI(UZ)
H, .
+(1nfn)5? in X
vz (x,v) =0, U (%, V) = 0, on I'_
(3.46)

where we have performed the change of variable v, — —v,, and the coefficient

n
o = ol while the coefficients o’ ol .., and ol are defined as

8,T (1_77)](1 (U:c) ) s,xm? s,m> x
in (3.43). This system does not contain the unknown coefficient éo, . It can
be solved for (v,,v,,). We can then reconstruct do, s following (3.21). The

reconstruction procedure can be summarized into the following reconstruction

algorithm.

Reconstruction Algorithm II.

S1. Given the background coefficient o, ., solve the first transport equation

in (3.1) with the boundary condition g, for u, (and therefore K;(u,));

S2. Evaluate the coefficients o, , o 04 and o 05

s,z Ys,amoy Vs s,mx)

S3. Solve the transport system (3.46) for (v,, v,,) and perform the transform

(_Uxa Um) — (Uxa Um);

/

H
S4. Reconstruct do, . ¢ as [?U — ol Ki(v) — oa,mKI(vm)} / [(1 — n)Kl(ux)}.

—

Following the control theory for transport equations developed in [1, 3, 62], we

can show, under reasonable assumptions, the existence of sources g, such that
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u, = K(uy) holds for each pair (1, 0,,r) € A. Such sources, however, might
be complicated, for instance we might need to solve a control problem, to con-
struct in practical applications. The usefulness of Reconstruction Algorithm II
is therefore limited by this fact. Note that in applications where the medium is
scattering-free, see for instance discussions in [37, 72|, this algorithm is indeed
very useful since there are many ways to construct illuminations sources to

have u, = K;(uy).

3.4 Simultaneous Reconstruction of Two Coefficients

We now consider the problem of simultaneous reconstruction of the
quantum efficiency and the fluorescence absorption coefficient. We start with

the linearized case.

3.4.1 Linearization around (7, 0,,¢) = (0,0)

We first consider the special case where both coefficients are small. In
this case the product of the coefficient is small so that generation of fluo-
rescence is very small and can be neglected. Therefore, the system involves
only the light at the excitation wavelength. The QfPAT problem reduces to
the usual quantitative PAT problem. To be precise, we linearize the problem
around the background (7, 04,f) = (0,0). Then the second transport equation

in (3.9) has the solution v,, = 0. Therefore, the datum (3.8) simplifies to

1
EHI[Oy 0] (57]7 6Ua,xf) = 50a,waI(u:v) + Ua,wiKI<U$)7 (347)
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and the first transport equation in system (3.9) simplifies to

V-V, + (Oani + 0s20)00 = 05.K0(vy) — 004 45uy, in X
ve(x,v) = 0, on I'_.

(3.48)

We observe that dn does not appear in the datum (3.47) or the equation (3.48).
Therefore, it can not be reconstructed in this setting. We can show the fol-

lowing result.

Proposition 3.4.1. Let u, be the solution to the first transport equation
in (3.1) with 04,5 = 0. Let g, € LP(I'_) (p € [1,00]) be such that u, =
Ki(ug) > &> 0. Denote by H'[0,0] and H'[0,0] the perturbed data sets in
the form of (3.47), generated with perturbed coefficients (01, 00,.5) and (577,
g&a’mf) respectively. Then H'[0,0] = I:j’[O, 0] a.e. implies 60,4, = g&a,zf a.e..

In addition, we have,

cl[H'[0,0] = H'[0, 0]l () < (160,07 = 002, 7) K1 (t)l| o)

<C|H'[0,0] = H'[0, 0] o (e, (3.49)
with ¢ and C' constants that depend on Q, Z, 044 and o, .
Proof. The datum (3.47) implies directly that

||H,[07 0] - f—j/[(), O]HLP(Q) S cl||(5aa,$f - S;a,.tf)KI(uz)HLP(Q) +02|lvz - 6$HLP(X)7
(3.50)

and

1000wy = 00 aws) K1 (ua)ll o) < ¢4 [|H'0,0] = H'0, 0]l o) + ¢ [V — Tal Lo (x),
(3.51)
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with the constants depend on (2, 0, ,; and Z.

With the assumptions in the theorem, we deduce from the transport

equation (3.48) that

||Ux — @mHLP(Q) S CgH(dO'mxf — 5aa7xf)K1(ux)HLp(Q). (352)

The left bound in (3.49) then follows from (3.50) and (3.52). To get the
right bound in (3.49), we use the datum (3.47), and the assumption that

uy = Kj(ug), to rewrite (3.48) as

A\ VU:L" + (Ua,zi + O-S,a:)'Ua: = Us,xK®<Ux> + Ua,xiKI(Ux) - M7 in X

v(x,v) = 0, on I'_.
(3.53)

This is a conservative transport equation that admits a unique solution with

the stability result:
[0, = Bl my < IIE0,0 = H'0, 01 oo, (3.54)

where ¢ depends on 2, 0,4, 05, and =. The right bound in (3.49) then
follows from (3.51) and (3.54). O

The above proof is again constructive when a g, that satisfies the as-
sumption in the theorem is available to us, in the sense that we only need to

solve (3.53) for v, and then compute do, ¢ = (H'[0,0]/Z—04 i K1 (vs)) /K1 (uy).
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3.4.2 Linearization around a general background

We now consider the linearization around a general background (n #

0,04 #0). We study the case where we have J > 2 data sets, 1 < j < J:

HJI [n’ Ua,q:f] (577’ 5Ja,xf)
EKI(ugc)

= (_5770a,xf + (1 — n)daa,xf)

ol . o .
+ ——Kr(v)) + —"-K;(v]) (3.55
) PR ) (355)

where v/, is the solution to the first transport equation in (3.1) with background
coefficient o, ¢ and illumination source g7, while (vZ, v ) is the solution to the
coupled system (3.9).

To study the linear inverse problem defined in (3.55), we introduce two
new variables ¢ = 01, .r + 100, .5 and & = 0o, 5. It is straightforward to
verify that (¢, ¢) uniquely determines (07, §0,,¢) when n # 0 and o, .5 # 0.

We can then collect the J data sets to have the following linear system for the

unknown coefficient pair (¢, €):

H/[ 30a,x ]
: ~T I T 11 TR
H(g):z,with,ﬂz : : and z = :
J J H Oa,xf
T4 T {100
(3.56)
with H‘é = %A{n and Hg = Kﬁ;&)AgE + %A{m Here AJ, AJ and AJ,

are defined as in (3.25) and (3.26) with u, replaced by v/. From Lemma 3.2.3

we know that Hé and Hg (1 <j < J) are compact operators on L?().

From the discussion in the previous sections, we know that Z — Hé and

7 — Hé are all invertible for well-selected illumination sources gi, 1< J.
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However, that does not guarantee the invertibility of the linear system (3.56).
For the case of J = 2, the invertibility of the system (3.56) is equivalent to
the invertibility of (Z — I13)""(Z — I1) — (Z — 11{)~(Z — IIg). Therefore, we
need to choose illumination sources g, and g2 such that (Z —I17)~(Z — 117) —
(T —11})~1(Z — 1I§) is invertible; see next section for some discussions on the

regularized version of this problem.

3.4.3 A partially linearized model

We now briefly discuss a very popular simplification of the mathemati-
cal model in the fluorescence optical tomography literature. This simplification
assumes that the fluorescence absorption coefficient o, ;5 is small compared to
the background tissue absorption coefficient o, ;. Therefore, it can be dropped
from the first equation in the model (3.1); see for instance [77]. In other words,

the model, for source ¢/ (1 < j < J), now reads,

V-Vl + (0guwi + 0so)tl, = 05.Ke(ul), in X
v -Vul + (0gm+ osm)ud, = osmKe(ul,)+noe.Ki(ul), in X
w (x,v) =gl uwl (x,v) =0 on I'_.
(3.57)

The data, for source ¢/ (1 < j < J), now simplify to,

~ H.: o .
H; = — Og.xi — 1-— Ogxf + L. K Uin . 3.58
1= Sty e = L Wowsr £ ). 659

The inverse problem of reconstructing 7 and o,,s from datum (3.58)
is a nonlinear problem despite the fact that a partial linearization has been

performed on the transport model. However, if we define ¢ = (1 — )0, and
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§ = 044, then the inverse problem is bilinear with respect to ((,§). Precisely,

we can write the datum as,

Hy=¢-T(Q)+TE(E), 1<j<J (3.59)

with Hé = Zem_AJ defined the same way as before and being compact on
Kr(uz) ™

L*(2). This can again be written into the form of linear system (3.56) with
the coefficient matrix and source vector respectively
7 — Hé IT

IT = : : : and, z = : : (3.60)
oo 7,

U
=

Regularized Inversion with J = 2. In the case that two data sets are
available, we can solve the inverse problems in this section and Section. 3.4.2

in regularized form. To do that, we observe that if we define

0 0
HQ_H+(00J), a>0 (3.61)

then II, is a Fredholm operator on L2(2) x L*(Q) for the IT defined in
both (3.56) and (3.60). To be precise, IT , are respectively,

o - ( I+ I-1Ig -I+1;  I-TI
T\ I+ o+ T -1 Iz —1; o 411§ — 117

_(-z+1p I 0 —I1;
_( 0 az+Hg>+(H§—Hg ) 362

T-m I -1 0 0 I
I, (I_Hg aZ+H§> ( T az)+(—ng Hg) (3.63)
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where ~ is used to denote the elementary operation of subtracting the first row
from the second row. For any fixed a > 0, let us denote by N(IT ) the null
space of matrix operator II ., then the following result follows immediately

from classical stability theory of Fredholm operators [59].

Proposition 3.4.2. Let z and z be two perturbed data sets defined as in (3.56)

or (3.60). Let (¢, &) and (C,€)" be the solution toII , ( g ) =z andIl, ( gv

N——

= z respectively for some o > 0. Then we have

ez —Zl| 2@z < 16,€) — (€ ) ez var o) < Cllz — 2l z2@pe-  (3.64)

for some constants ¢ and C.

In the numerical computation, to solve (3.56) or (3.60) directly, we
have to construct the operator II explicitly. This is hard to do in practice
since it essentially requires the analytical form of the Green’s function for the
transport equation at the emission wavelength. We do not have access to this
Green’s function. Instead, solve the linear problem with a classical method of

Landweber iteration [60] that we summarize in the following algorithm.
Reconstruction Algorithm III.

S1. Take initial guess (o, &o);

S2. Iteratively update the unknown through the iteration:

( Ck+1 ) :(I—’TH*H)( Ck )—}—TH*Z, ]’CZO (365)
k+1 &k

Stop the iteration when desired convergence criteria are satisfied.
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Here 7 is a positive algorithmic parameter that we select by trial and error.

The adjoint operator Il * is formed by transposing IT and replacing Hj and

Jo gk 1\ Q* Ja,m
H with H = KI(“%)SmOKIO Kr(u}) (

respectively. Here S} is the adjoint of Sz (z € {x,m})

andH]* u]S*oKIo +ulS*oKjo

( %)
that is defined as the solution operator of the adjoint transport equation with

NOaufSm © Ko

coefficients o, ., 05, and vacuum boundary condition, i.e. w, = Si(f) with

w, the solution to:
—v - Vw, + (04, + 05 )Wy — 05 Ko(w,) = f, in X, w, =0 onI,.

Therefore, at iteration k of the Landweber algorithm, we solve J forward

transport systems and then J adjoint transport systems to apply the operator

IT*II to the vector (Ck,&k)"

3.4.4 Iterative reconstruction for the nonlinear case

For the simultaneous reconstruction of  and o, ¢ in the general non-
linear case, we do not have any theoretical results on uniqueness and stability
currently. Nor do we have more explicit reconstruction methods. We rely
mostly on general computational optimization techniques to solve the inverse
problem. More precisely, we search for solutions to the inverse problem by

minimizing the objective functional:

2
(I)(nagazf Z/ 0-77 KI uj)+gamKI(u] )] _H]} dX—FﬁR(?%O-a,mf)

(3.66)
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where the regularization functional is taken as R(1), 04.f) = %(HVHH[QLQ(QW +
Hvaa,ﬂcfH[QB(Q)}d)'
Following the result in Proposition 3.2.2 and the chain rule, we can

obtain the following result straightforwardly.

Corollary 3.4.3. The functional ®(1, 04.y), viewed as the map: ® : W3 () x
W3 (Q) — Ry is Fréchet differentiable at any (1, 0a.r) € W3 (Q) x WHH(Q)NA.
The partial derivatives in the direction én (such that (n+ 6n,04.f) € A) and
the direction 00445 (such that (1,045 + 004.¢) € A) are given respectively as

P} [, Oaur](0n)
J

:/ { Z 2B = 0w Ki(ul) + o0 mKr(w?,)] + BVon - Vn}dx, (3.67)
Q

j=1
q)ir [777 Ua,rf] (5aa,mf)

J
_ / S 22 (000 (1 — K1 () + 07 K1 (02) + 0 K1 (v)] dx
Q=

+ 6/ vao_a,xf . Vga,mfdxa (368)
Q

where the residual z; = 2[00 K (ul) + 00mK(ud,)] — Hj, wy, is the unique

solution to (3.20), and (v, vy,) is the unique solution to (3.22).

We can therefore employ gradient-based minimization techniques to
minimize the functional (3.66). Here we use the limited memory version of
the BFGS quasi-Newton method that we implemented in [36]. This method
requires only the gradients of the objective functional which we derived in

Corollary 3.4.3. To simplify the computation of these gradients numerically,

80



we apply the adjoint state technique. We denote by (¢7, ¢/, ) the unique solution

to the following adjoint transport system:

—v Vg +01.¢) = 0s.Ke(q)) +Z0] 2 + 1002 Ki(q),), in X

-V ngn + O-t,mqgn - O-s,mKG(qgn) + EO’a’ij, in X
qi(xu V) = Oa an(xa V) =0 on F+.
(3.69)

It is then straightforward to show that

@[, 04,2¢](0M)
J
- / { N 600anr Ki(ul) [ — E2; + Ki(d,)] + BV6n - Vn}dx, (3.70)
o * i
5[0, 000f](00a )

J
= [ S b ) [0 = 1)+ K a) — K
Q j=1
+6/Véaa,mf-vo—a,xfdx. (3.71)
Q

Therefore, to compute gradients of the ® at (1, 0,,), we only need to solve
a set of J forward transport systems (3.1) and a set of J adjoint transport
systems (3.69). We can then evaluate the gradients in any given direction

(0m, 00,4 ¢) according to (3.70) and (3.71).

It is obvious that this optimization-based nonlinear reconstruction method
can be used also to reconstruct a single coefficient. To only reconstruct 7, we

only need to set the gradient with respect to o, ;¢ to zero and vice versa.
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3.5 Numerical Experiments

We now present some numerical reconstructions using synthetic interior
data. We restrict ourselves to two-dimensional settings only to simplify the

computation.

The spatial domain of the reconstruction is the square 2 = (—1,1) X
(—1,1). All the transport equations in 2xS* are discretized angularly with the
discrete ordinate method and spatially with a first-order finite element method
on triangular meshes. In all the simulations in this section, reconstructions
are performed on a finite element mesh consisting of about 2000 triangles and
a discrete ordinate set with 64 directions. For the absorption and scattering

coefficients that are known, we take

Cawi = Oam =00 (2—([22] +|2y] mod 2)), (3.72)

Osw = Osm =00 (1+(|22] + [2y] mod 2)), (3.73)

where |-| represents the floor operation, ¢° and o° are respectively the base
level absorption and scattering coefficients. In all the cases below, we set
0% =0.1. The value of o° varies from case to case and will be given below; see
Fig. 3.1 (i) and (ii) for plots of the two coefficients. The scattering kernel ©
is set to be the Henyey-Greenstein phase function [12, 55, | which depends

only on the product v - v'.

To generate synthetic data for the nonlinear inversions, we solve the
transport system (3.1) with true quantum efficiency 7 and fluorescent absorp-

tion coefficient o, ¢ and compute H according to (3.3). To generate synthetic
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data for linearized inversions, for instance in Experiment 3 below, we use di-
rectly the linearized data models, for instance (3.55), with the true coefficient
perturbations. This way, we can exclude the linearization error from the data
used in the inversion. We do this since our main aim is to test the performance
of the reconstruction algorithms, not to check the accuracy of the lineariza-
tions. To mimic noisy measurements, we add additive random noise to the
synthetic data by multiplying each datum point by (1++ x 10 ?normrnd) with
normrnd a standard Gaussian random variable and v a number representing

the noise level in percentage. When v = 0, we say the data are noise-free.

To measure the quality of the reconstruction, we use the relative L?
error. This error is defined as the L? norm of the difference between the
reconstructed coefficient and the true coefficient, divided by the L? norm of

the true coefficient and then multiplied by 100.

We performed numerical simulations on the reconstructions of many
different coefficients pairs (1, 04,f). The qualities of the the reconstructions
are very similar. To avoid repetition, we will present only reconstructions for

a typical coefficient pair we show in (iii)-(iv) of Fig. 3.1.

Experiment 1. In the first set of numerical studies, we consider the recon-
struction of the quantum efficiency n assuming that the fluorescent absorption
coefficient o, ¢ is known. We use the Reconstruction Algorithm I presented
in Section 3.3.1. We first perform numerical experiments in isotropic medium

with two different strengths of scattering coefficients. We show in Fig. 3.2 the
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Figure 3.1: From left to right are: (i) the absorption coefficient o, . = gam
defined in (3.72) with ¢ = 0.1, (ii) the scattering coefficient o,, = 04,
defined in (3.73) with ¢ = 2.0, (iii) the true quantum efficiency n to be
reconstructed in the numerical experiments, and (iv) the true fluorescence
absorption coefficient o, . to be reconstructed.
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reconstructions of 7 under base scattering 0% = 1.0. Shown from left to right
are respectively the 7 reconstructed using data with noise level v = 0, 2, 5 and
10 respectively. The relative L? errors in the reconstructions are respectively
0.01%, 14.24%, 35.59% and 71.18%. We repeat the simulations for a medium
with stronger (but still isotropic) scattering (¢ = 9.0). The results are shown
in Fig. 3.3. The relative L? errors in this case are 1.04%, 14.84%, 37.02% and
74.02% respectively. If we compare the results in Fig. 3.2 and those in Fig. 3.3,
we see that the quality of the reconstructions are almost independent of the
scattering strength. This is what we observed in our numerical experiments

in other cases as well.

Experiment 2. In the second set of numerical studies, we consider the re-
construction of the fluorescent absorption coefficient o, ,; assuming that the
quantum efficiency 7 is known. Currently, we do not have a well-established

method to construct illuminations sources such that the condition u, = Kj(u,)
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Figure 3.2: The quantum efficiency 71 reconstructed with different types of
data. The noise levels in the data used for the reconstructions, from left to

right are v = 0, 2, 5 and 10 respectively. The base scattering strength is
b
o, =1.0.

S teen]
‘T ET SRen
lo.o COI'

Figure 3.3: Same as in Fig. 3.2 but with base scattering strength o = 9.0.
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is satisfied for the transport solution, besides in non-scattering media. We
therefore can not use directly the Reconstruction Algorithm II as we com-
mented before. Instead, we use the nonlinear reconstruction algorithm in
Section 3.4.4. We show in Fig. 3.4 the reconstructions of o, . in an isotropic
medium with base scattering strength ¢ = 1.0. Shown from left to right are
respectively the reconstructions using data with noise levels v = 0, 2, 5 and
10. The relative L? errors in the four reconstructions are 0.01%, 6.42%,16.06%
and 32.12% respectively. In Fig. 3.5, we show the same reconstructions in an
anisotropic scattering medium with base scattering strength ¢? = 9.0 and
anisotropic factor 0.9. The relative L? errors are 0.02%,6.70%,16.74% and
33.42%, respectively. We again observed that the reconstructions are of good

quality with data contains reasonably low level of random noise.

oa
o oz
ozs
024
022
oz
oie e
016
016
o1
o1
012
iz
o1
o

Figure 3.4: The fluorescence absorption coefficient o, ,¢ reconstructed with
different types of data. The noise level in the data used for the reconstructions,
from left to right are: v = 0 (noise-free), v = 2, v = 5, and v = 10. The base
scattering strength is o? = 1.0.
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Experiment 3. In the third set of numerical simulations, we study the simul-

taneous reconstruction of the coefficients n and o, ,¢ in the linearized setting
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Figure 3.5: Same as in Fig. 3.4 but in a medium of anisotropic scattering with
base scattering strength o® = 9.0 and anisotropic factor 0.9.

described in Section 3.4.3 using the Reconstruction Algorithm III. The syn-
thetic perturbed data are generated using directly the linearized model (3.55),
not the original nonlinear model. Our aim here is to test the stability of
the reconstruction, not the accuracy of the linearization. We use data sets
collected from four angularly-resolved illuminations supported respectively on
the four sides of the boundaries of the domain, pointing toward the interior of
the domain. The background scattering strength is 0% = 1.0. We linearize the

problem around the background coefficients:

1 / 1

0 0

n = n(x)dx and o, = /aa’z x)dx.
€2 Ja (=) 19 Ja )

The reconstructions, after adding back the background, are shown in Fig. 3.6.
The relative L? error in the reconstructions using data with noise level v = 0,
v =2, v =5 and v = 10 are respectively (0.00%,0.00%), (14.65%, 7.45%),
(37.28%, 18.77%) and (75.80%, 39.04%) respectively. In all reconstructions, we
applied the Tikhonov regularization with a small regularization strength that
we select by trial and errors. We hope to develop more systematical strategy

on regularization in the future.
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Figure 3.6: Simultaneous reconstructions of the coefficient pair (7, 04, s) in the
linearized setting with different types of data. The noise level in the data used
for the reconstructions are (from left to right): v =0, 2, 5 and 10 respectively.
The base scattering strength is o = 1.0.

Experiment 4. The last set of numerical simulations are devoted to the
simultaneous reconstructions of the coefficient pair (1, 0,4 f) in the fully non-
linear setting. We use the optimization-based reconstruction algorithm de-
veloped in Section 3.4.4. The setup is the same as in Experiment 3. We
performed reconstructions with data containing various noise levels. When
the noise level is too high, we have difficulties to find reasonable initial guesses
to make the algorithm converge. We show in Fig. 3.7 reconstructions with data
containing a small amount of noise, v = 0, 1 and 2 respectively, with the initial
guess (n°, agwf) being the average of the true coefficients inside the domain.
The relative L? error in the reconstructions are respectively (16.40%, 8.32%),
(18.26%,9.17%) and (23.26%,19.30%) respectively. We again impose weak

Tikhonov regularizations in all the reconstructions with the regularization
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strengths selected by trial and error. Tuning various parameters in the al-
gorithm could potentially improve the reconstructions results, but we did not

pursue in that direction.
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Figure 3.7: Simultaneous reconstruction of the coeflicient pair (7, o, ) in the
nonlinear setting with different types of data. The noise level in the data used
for the reconstructions, from left to right, are respectively v = 0, 1 and 2.

~

3.6 Concluding Remarks

We studied in this work a few inverse problems in quantitative flu-
orescence photoacoustic tomography in the radiative transport regime. We
derived some uniqueness and stability results on the reconstruction of the flu-
orescence absorption coefficient and the quantum efficiency of the medium. In
some cases, we were also able to develop efficient numerical reconstruction al-
gorithms. These results complement the results in [92] for the QfPAT problem

in the diffusive regime. We showed numerical simulations based on synthetic
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data to support the mathematical analysis and demonstrate the performance

of some of the reconstruction algorithms.

One important application of the results in this chapter is in X-ray mod-
ulated fluorescence tomography (or X-ray luminescence tomography (XLT)) [97].
In XLT, X-rays, instead of NIR photons, are used to excite the molecular mark-
ers. The X-ray density u, and the generated NIR photon densities wu,, solve
the coupled transport system (3.1) with the scattering term Kg(u,) = 0 since
X-rays travel in straight lines without being scattered. The theory and re-
construction methods we developed in this work remain valid in that case.
In other words, we can recover stably the fluorescence absorption coefficient
using data collected from one X-ray illumination. This would provide a useful

alternative to the reconstruction method for XLT in [97].

Even though the QfPAT problem has been analyzed in detail in [92]
in the diffusive regime, the developments in this work are still useful in many
settings. One well-known example is the application in optical imaging of small
animals [50] where the diffusion model is not sufficiently accurate to describe

the propagation of NIR photons inside the animals.

Our main research focus in near future is to analyze the uniqueness
and stability properties of the simultaneous reconstruction problem, i.e. the
problem of reconstructing the pair (7, 04 . ¢), in the fully nonlinear setting. This
is an unsolved problem even in the diffusive regime [92], although numerical
simulations we have so far suggested that uniqueness and stability both hold,

at least in the regime where both coefficients are sufficiently large.
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Chapter 4

Summary and Perspectives

In this dissertation, we studied, mathematically and computationally,
two hybrid inverse problems in photoacoustics for molecular imaging: quantia-
tive two-photon PAT and quantitative fluorescence PAT. Our main objective
was to reconstruct optical properties of tissues from interior data of absorption

energy inferred from ultrasound data.

4.1 Summary of Main Results

In Chapter 2, we studied an inverse coefficient problem for a semilin-
ear diffusion equation which models the optical propagation with two-photon
absorption in the diffusion regime. We obtained positivity and comparative
results on the solutions to the semilinear diffusion equation using standard
theory of partial differential equations. Based on these results, we presented
uniqueness and stability results on reconstructing the single-photon and two-
photon absorption coefficients. We also proposed a direct method for simul-
taneous reconstruction of the two coefficients. We then studied the problem
of reconstructing the diffusion coefficient along with the two optical absorp-

tion coefficients in the linearized setting. We obtained uniqueness and stability
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based on the construction of CGO solutions and classical results on elliptic sys-
tems. We also showed non-uniqueness results on reconstructing the diffusion
coefficient, Griineisen coefficient along with the two optical absorption coeffi-
cients. We performed numerical experiments on reconstructing the two optical
absorption coefficients to demonstrate the theoretical results. The semilinear
equation is discretized using finite element methods in 2-D and solved using a
quasi-Newton method based on the variational formulation of the problem. To
complement the direct method we proposed, we also performed experiments
using optimization based reconstruction method. The optimization algorithm

is implemented with limited memory BFGS.

In Chapter 3, we studied an inverse coefficient problem to a system
of radiative transport equations with interior data, where we intend to recon-
struct the optical absorption coefficient and quantum efficiency of the medium.
We obtained uniqueness and stability results for reconstructing a single coeffi-
cient. We proposed direct reconstruction method for quantum efficiency. We
also obtained direct reconstruction for optical absorption coefficient in the
linearized setting. We studied the problem of reconstructing simultaneously
the two coefficient in the fully and partially linearized setting and proposed
regularized reconstruction methods. We then derived optimization based re-
construction methods in the nonlinear case. For numerical experiments, we
discretized the radiative transport equation with discrete ordinate method and
finite element method in 2-D. We solved nonlinear optimization problem with

a BFGS type quasi-Newton method. Numerical simulations demonstrate that

92



the inverse problem of recovering a single coefficient in nonlinear setting and

two coefficients in linearized setting is stable.

4.2 Perspectives on Future Work

The results we obtained in this dissertation are the first ones on these
hybrid inverse problems. Many results can be improved and many new di-
rections of research should be pursued to further understand these inverse
problems, as well as the physical ability of the corresponding imaging modal-
ities.

On the two-photon PAT inverse problem, it is important to gener-
alize our results on the simultaneous reconstruction of multiple (more than
two) parameters to the fully nonlinear setting. Moreover, one should be able
to generalize the results in [21] on PAT with multispectral data to the two-
photon problem to reconstruct all four coefficients in the model which we have
shown that is impossible to do without multispectral data. For applications
of two-photon PAT in less diffusive media, it is important to see if we can
derive similar uniqueness and stability results for the same problem in the
radiative transport regime. A starting point in this direction would be to con-
struct a nonlinear transport model that is similar to the semilinear diffusion
model (2.1). From the practical point of view, it is of great importance to de-
velop a computational method for image reconstruction in three-dimensional

setting, starting with the measured acoustic data.

On fluorescence PAT, uniquness and stability theory for the simulta-
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neous reconstruction of the pair (1, 0,,r), when both coefficients are large
enough, in fully nonlinear setting is still missing, in both the diffusive regime
and the transport regime. It is also useful to consider the case where the
Griineisen coefficient is an unknown to be reconstructed as well. In general,
we would expect that multispectral data are needed in order to have unique-
ness of reconstructions. From the computational point of view, the transport
model we have for fPAT is extremely expensive to solve numerically. Therefore,
image reconstructions based on iterative schemes are very time-consuming. It
would be very important to try to develop fast transport solvers for such
inverse problems, for instance following the line of work in [91]. From the
application point of view, it is of great interest to develop a mathematical
theory for fluorescence PAT with two-photon fluorescence generations. In this
case, a quadratic term of the form nu[K7(u,)]?> will need to be added to the
right of the second equation in the model (3.1). We expect that the results we

developed in the dissertation can be generalized to this problem.
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