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Multiple-input multiple-output (MIMO) communication is expected to play a
central role in future wireless systems through the deployment of a large number of
antennas at the transmitters and receivers. In low-frequency systems, massive MIMO
offers high multiplexing gains that boost system spectral efficiency. In millimeter wave
(mmWave) systems, the deployment of large antenna arrays at both the base station
and mobile users is necessary to guarantee sufficient received signal power. Real-
izing these systems in practice, however, requires addressing several key challenges:
(i) fully-digital solutions are costly and power hungry, (ii) channel training and esti-
mation process has high overhead, and (iii) precoders design optimization problems
are non-trivial. In this dissertation, precoding and channel estimation strategies that
address these challenges are proposed for both mmWave and massive MIMO sys-

tems. The proposed solutions adopt hybrid analog/digital architectures that divide

vi



precoding/combining processing between RF and baseband domains and lead to sav-
ings in cost and power consumption. Further, the developed techniques leverage the
structure and characteristics of mmWave and massive MIMO channels to reduce the
training overhead and precoders design complexity. The main contributions of this
dissertation are (i) developing a channel estimation solution for hybrid architecture
based mmWave systems, exploiting the sparse nature of the mmWave channels, (ii)
designing hybrid precoding algorithm for multi-user mmWave and massive MIMO sys-
tems, (iii) proposing a multi-layer precoding framework for massive MIMO cellular
systems, and (iv) developing hybrid precoding and codebook solutions for frequency
selective mmWave systems. Mathematical analysis as well as numerical simulations
illustrate the promising performance of the proposed solutions, marking them as en-

abling technologies for mmWave and massive MIMO systems.
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Chapter 1

Introduction

MIMO communication with large numbers of antennas is a principal feature
of next-generation wireless systems [1-4]. At low-frequency, base stations equipped
with massive antenna numbers can simultaneously serve large numbers of users [1,
2]. This boosts system sum spectral efficiency thanks to the orders of magnitude
increase in multiplexing gains. Further, massive MIMO focuses the transmission
into small dimensional subspaces, which reduces the required transmit power [1,5].
Moreover, the asymptotic orthogonality characteristics of massive MIMO systems

allows simplified multi-user processing to achieve near-optimal performance.

Antennas also play a critical but different role at millimeter wave (mmWave)
frequencies. In mmWave systems, deploying large antenna arrays at both the base
station and mobile users is necessary to guarantee sufficient received signal power
[4,6]. This allows signal transmission with ultra high data rates thanks to large
bandwidths available at the mmWave frequency bands [7—11]. Large-dimensional
arrays also enable mmWave cellular systems to achieve good coverage performance

[7,9], rendering it as a key candidate for 5G systems.

The efficient realization of mmWave and massive MIMO gains in practice,

however, face several challenges. Next, we discuss three key challenges, namely, the



hardware constraints, the channel acquisition overhead, and the precoding design

complexity. Then, we will introduce our contributions for addressing these challenges.

1.1 Massive MIMO Hardware Constraints

Traditional MIMO systems normally perform the required signal processing
for precoding, combining, and channel estimation, entirely at baseband. This im-
plicitly assumes that a complete RF chain is dedicated for each antenna. In large
antenna array systems, however, the high cost and power consumption of mixed
signal components makes fully digital processing difficult to realize in practice [12].
This is particularly critical at mmWave systems. To overcome this challenge, an ini-
tial proposed solution was to move all the required processing to the analog domain,
resulting in analog-only beamforming/combining architectures [13—-15]. Analog-only
beamforming is usually implemented using networks of phase shifters [16,17]. These
analog-only solutions, though, are mainly limited to single-stream transmission. Fur-
ther, the hardware constraints on the RF components, like the difficulty of having
variable gains and the availability of only quantized phase shifters, make it difficult
to perform sophisticated multi-stream or multi-user processing using analog-only ar-

chitectures.

To compromise between system performance and hardware limitations, hybrid
analog/digital architectures were proposed [18-20]. As shown in Fig. 1.1, hybrid ar-
chitectures divide the precoding processing between the analog and digital domains,
which reduces the required number of RF chains. The hardware constraints associated

with the hybrid architectures such as the limitations on the RF' components and the
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Figure 1.1: Hybrid analog/digital architectures divide the precoding/combining pro-
cessing between analog and digital domains.

coupling between analog and digital precoders, however, impose new constraints on
the precoding and channel estimation design problems. Initial work considered hybrid
precoding design for point-to-point narrow-band MIMO channels. In [18,19], joint
analog/digital precoder design problem was considered for both spatial diversity and
multiplexing systems. In large-scale mmWave systems, [20] leveraged the sparse struc-
ture of the channels [21], and proposed a low-complexity hybrid precoding/combining
solution on the algorithmic concept of basis pursuit. More work, though, is required

to extend these solutions to multi-user systems and frequency selective channels.

1.2 Massive MIMO Channel Aquisition Overhead

Acquiring channel state information is critical for efficient operation in wireless
communication systems. The overhead associated with obtaining this channel knowl-

edge, though, represents a major challenge. This overhead also scales when more



users are served or more antennas are deployed at the transmitters and receivers.
The time/frequency resources overhead accompanying channel estimation/feedback
and the possible error in channel estimation define the fundamental limits in mas-
sive MIMO systems. In [22], it was found that performance could be increased by
reducing the number of transmit antennas in FDD massive MIMO systems. In [1],
error due to channel estimation is shown to limit the performance in massive MIMO,
even with very large antenna numbers. At lower frequency, some solutions have been
proposed to overcome the massive MIMO channel acquisition overhead. In [23], large
channel statistics were leveraged to reduce the dimensions of the effective channels
in FDD massive MIMO systems, and hence save some training/feedback overhead.
In [1], channel reciprocity was exploited to relax the training and feedback overhead

in TDD massive MIMO systems.

Channel training and estimation is even more challenging at mmWave systems.
In addition to the large training overhead associated with the large antennas, the SNR
is typically low before beamforming design. Further, the hardware constraints, that
results from RF/hybrid precoding, makes the channels at the baseband seen only
through the RF lens. Initial solutions employed analog-only architectures and at-
tempted to overcome the channel estimation problem by resting to beam training
algorithms. In beam training, the BS and MS iteratively design the analog beam-
forming coefficients without channel knowledge at the transmitter. In [13, 15, 24],
adaptive beamwidth beamforming algorithms and multi-stage codebooks were devel-
oped by which the transmitter and receiver jointly design their beamforming vectors.

In [14], multiple beams with unique signatures were simultaneously used to mini-



Inter-cell interference

Figure 1.2: Designing precoders to manage different sources of interference in massive
MIMO systems is of high complexity and requires training of large channel matrices.

mize the required beam training time. Despite the reduced complexity of [13-15,24],
they generally share the disadvantage of converging towards only one communication
beam. Hence, these techniques are not capable of achieving multiplexing gains by
sending multiple parallel streams. This motivates devising new channel estimation

solutions for low-frequency and mmWave massive MIMO systems.

1.3 Massive MIMO Precoding Design Complexity

Harvesting the massive MIMO gains requires performing some sort of pre-
coding/combining processing. The general objective of this precoding is to manage
the different sources of interference and maximize the achievable rates of the serving
users, see Fig. 1.2. In fact, this interference in the uplink and downlink transmission
is the main limiting factors for the performance of massive MIMO systems. For ex-
ample, the interference between the same-pilot users in the uplink channel training
cause channel estimation errors, which ultimately limits the performance of TDD mas-
sive MIMO systems [1]. Further, handling the inter-cell interference usually requires

some collaboration between the neighboring base stations. The overhead associated



with this collaboration, though, can be a limiting factor for system performance [25].
Moreover, the design of the precoders commonly leads to non-trivial and non-convex
optimization problems [26], where closed-form solutions are difficult to obtain. This
becomes more complex at massive MIMO systems because of the large-dimensional
precoding matrices associated with the large channels. The hardware constraints
resulting from employing practical architectures, such as hybrid analog/digital archi-
tectures, add more constraints and difficulties to the precoding design problems. All
that motivates the need to develop low-complexity precoding solutions for massive

MIMO systems.

1.4 Overview of Contributions

Enabling low-frequency and mmWave massive MIMO systems in practice re-
quires addressing the key challenges discussed in Section 1.1-1.3. With this motiva-
tion, the problems tackled in this dissertation lie on the intersection of these chal-
lenges. We propose low-complexity precoding and channel estimation solutions that
yield efficient performance while respecting the hardware constraints. The primary

contributions of this dissertation can be summarized as follows.

1. We propose efficient channel estimation algorithms for mmWave systems with
hybrid architectures. Leveraging the mmWave channel characteristics, we de-
velop a sparse formulation of the mmWave channel estimation problem. Based
on this formulation, we propose adaptive channel training algorithms that esti-
mate the defining parameters of the multi-path mmWave channels. We also pro-

pose a hierarchical beamforming/combining codebook that constructs training



beamforming beams with arbitrary beamwidth, employing hybrid analog/digital

architectures [27-29].

. We propose and analyze a hybrid precoding algorithm for downlink multi-user
massive MIMO systems. The proposed algorithm attempts to construct the
precoding and combining matrices with low-training overhead. This solution
is analytically proved to achieve asymptotically optimal performance compared
to fully-digital precoding techniques. Further, we analyze the proposed hybrid
precoding strategy under limited feedback settings, and draw insights into the
quantization impact of both the analog and digital precoders on the system

performance [30, 31].

. We propose and analyze a general precoding framework, called multi-layer pre-
coding, for full-dimensional and massive MIMO systems. Multi-layer precoding
extends the hybrid precoding ideas to cellular systems, where both the inter-cell
interference and multi-user interference are considered. Leveraging the direc-
tional structure of massive MIMO channels, the proposed solutions manages the
different sources of interference while requiring low training overhead. We ana-
lyze multi-layer precoding and prove that it can achieve an asymptotic optimal

performance for some special yet important channel models [32, 33].

. We propose hybrid precoding and codebook designs for frequency selective
mmWave MIMO systems. Considering an OFDM-based mmWave system, we
find the optimal hybrid precoders for any given RF codebook. Based on that,

we develop efficient codebooks for the analog and digital precoders and draw



insights into their performance at limited feedback systems. Further, we devise
a low-complexity greedy solution for constructing near-optimal hybrid analog

and digital precoders for frequency selective mmWave channels [34].

1.5 Notations and Abbreviations

We use the following notation throughout this thesis: A is a matrix, a is
a vector, a is a scalar, and A is a set. |A| is the determinant of A, ||A|F is its
Frobenius norm, whereas AT, A* A¢, A~! AT are its transpose, Hermitian (conjugate
transpose), conjugate, inverse, and pseudo-inverse respectively. [A]x. ([A].z) are the
rows (columns) of the matrix A with indices in the set R, and diag(a) is a diagonal
matrix with the entries of a on its diagonal. I is the identity matrix and 1, is the
N-dimensional all-ones vector. AoB is the Khatri-Rao product of A, and B, A®B is
the Kronecker product of A, and B, and A ® B denotes the Hadamard product of A,

and B. N(m, R) is a complex Gaussian random vector with mean m and covariance

R. E[-] is used to denote expectation.

The abbreviations used in this dissertation are summarized in Table 1.1

1.6 Organization

The rest of this dissertation is organized as follows. In Chapter 2, we propose
a channel estimation solution for mmWave channels. Then, we consider multi-user
mmWave systems in Chapter 3, and propose a low-complexity hybrid analog/digital

precoding algorithm. This is then extended in Chapter 4 for full-dimensional and



massive MIMO systems, where out-ot-cell interference is considered. In Chapter 5,
we consider frequency selective massive MIMO systems and develop hybrid precoding
and codebook designs. Concluding remarks and future work are finally presented in

Chapter 6.



Table 1.1: Summary of Abbreviations

AoA Angle of Arrival

AoD Angle of Departure

BD Block Diagonalization

BS Base Station

CS Compressed Sensing

DFT Discrete Fourier Transform

FDD Frequency Division Duplexing
FD-MIMO || Full-Dimensional MIMO

LOS Line of Sight

LTE Long-Term Evolution

MIMO Multiple-Input Multiple-Output
mmWave Millimeter Wave

MS Mobile Station

NLOS Non Line of Sight

OFDM Orthogonal Frequency Division Multiplexing
RVQ Random Vector Quantization

SINR Signal-to-Interference-Plus-Noise Ratio
SNR Signal-to-Noise Ratio

SVD Single Value Decomposition

TDD Time Division Duplexing

ULA Uniform Linear Array

UPA Uniform Planar Array

3GPP The 3rd Generation Partnership Project
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Chapter 2

Channel Estimation for Hybrid Architectures

2.1 Overview

In this chapter!, we develop an adaptive algorithm to estimate the mmWave
channel parameters when the transmitter and receiver employ hybrid analog/digital
architectures. The proposed solution exploits the poor scattering nature of the chan-
nel. To enable the efficient operation of this algorithm, a novel hierarchical multi-
resolution codebook is designed to construct training beamforming vectors with dif-
ferent beamwidths. For single-path channels, an upper bound on the estimation error
probability using the proposed algorithm is derived, and some insights into the effi-
cient allocation of the training power among the adaptive stages of the algorithm are
obtained. The adaptive channel estimation algorithm is then extended to the multi-
path case relying on the sparse nature of the channel. Using the estimated channel,
this chapter proposes a new hybrid analog/digital precoding algorithm that overcomes
the hardware constraints on the analog-only beamforming, and approaches the perfor-

mance of digital solutions. Simulation results show that the proposed low-complexity

'This chapter is based on the work published in the journal paper: A. Alkhateeb, O. ElAyach,
G. Leus, and R. W. Heath Jr, “Channel Estimation and Hybrid Precoding for Millimeter Wave
Cellular Systems,” IEEE Journal of Selected Topics in Signal Processing, vol. 8, no. 5, pp. 831-846,
Oct. 2014. This work was supervised by Prof. Robert Heath. Prof. Geert Leus and Dr. Omar
ElAyach provided important ideas for the channel estimation and hybrid precoding design that
greatly improved the work.
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channel estimation algorithm achieves comparable precoding gains compared to ex-
haustive channel training algorithms. The results also illustrate that the proposed
channel estimation and precoding algorithms can approach the coverage probability

achieved by perfect channel knowledge even in the presence of interference.

2.2 Introduction

MmWave communication is a promising technology for future outdoor cellu-
lar systems [6,21,35,36]. Directional precoding with large antenna arrays appears
to be inevitable to support longer outdoor links and to provide sufficient received
signal power. Fortunately, large antenna arrays can be packed into small form fac-
tors at mmWave frequencies [16, 17|, making it feasible to realize the large arrays
needed for high precoding gains. The high power consumption of mixed signal com-
ponents, however, makes digital baseband precoding impossible [6]. Moreover, the
design of the precoding matrices is usually based on complete channel state informa-
tion, which is difficult to achieve in mmWave due to the large number of antennas and
the small SNR before beamforming. Because of the additional hardware constraints
when compared with conventional microwave frequency MIMO systems, new channel
estimation and precoding algorithms that are tailored to mmWave cellular systems

must be developed.

To overcome the radio frequency (RF) hardware limitations, analog beam-
forming solutions were proposed in [13-15,24]. The main idea is to control the phase
of the signal transmitted by each antenna via a network of analog phase shifters.

Several solutions, known as beam training algorithms, were proposed to iteratively

12



design the analog beamforming coefficients in systems without channel knowledge
at the transmitter. In [13,15,24], adaptive beamwidth beamforming algorithms and
multi-stage codebooks were developed by which the transmitter and receiver jointly
design their beamforming vectors. In [14], multiple beams with unique signatures
were simultaneously used to minimize the required beam training time. Despite the
reduced complexity of [13-15,24], they generally share the disadvantage of converg-
ing towards only one communication beam. Hence, these techniques are not capable
of achieving multiplexing gains by sending multiple parallel streams. Moreover, the
performance of analog strategies such as those in [13-15,24] is sub-optimal compared
with digital precoding solutions due to (i) the constant amplitude constraint on the

analog phase shifters, and (ii) the potentially low-resolution signal phase control.

To achieve larger precoding gains, and to enable precoding multiple data
streams, [18, 19, 37] propose to divide the precoding operations between the ana-
log and digital domains. In [18], the joint analog-digital precoder design problem
was considered for both spatial diversity and multiplexing systems. First, optimal
unconstrained RF pre-processing signal transformations followed by baseband pre-
coding matrices were proposed, and then closed-form sub-optimal approximations
when RF processing is constrained by variable phase-shifters were provided. In [19],
hybrid analog/digital precoding algorithms were developed to minimize the received
signal’s mean-squared error in the presence of interference when phase shifters with
only quantized phases are available. The work in [18,19], however, was not special-
ized for mmWave systems, and did not account for mmWave channel characteristics.

In [20], the mmWave channel’s sparse multi-path structure [21,38], and the algorith-
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mic concept of basis pursuit, were leveraged in the design of low-complexity hybrid
precoders that attempt to approach capacity assuming perfect channel knowledge is
available to the receiver. In [20,39], the hybrid precoding design problem was consid-
ered in systems where the channel is partially known at the transmitter. While the
developed hybrid precoding algorithms in [18-20,39] overcome the RF hardware limi-
tations and can support the transmission of multiple streams, the realization of these
gains require some knowledge about the channel at the transmitter prior to design-
ing the precoding matrices. This motivates developing multi-path mmWave channel
estimation algorithms, which enable hybrid precoding to approach the performance

of the digital precoding algorithms.

In this chapter, we develop low-complexity channel estimation and precoding
algorithms for a mmWave system with large antenna arrays at both the BS and MS.
These algorithms account for practical assumptions on the mmWave hardware in
which (i) the analog phase shifters have constant modulus and quantized phases, and
(ii) the number of RF chains is limited, i.e., less than the number of antennas. The

main contributions of the work in this chapter can be summarized as follows:

e We propose a new formulation for the mmWave channel estimation problem.
This formulation captures the sparse nature of the channel, and enables lever-
aging tools developed in the adaptive CS field to design efficient estimation

algorithms for mmWave channels.

e We design a novel multi-resolution codebook for the training precoders. The

new codebook relies on joint analog/digital processing to generate beamforming
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vectors with different beamwidths, which is critical for proper operation of the

adaptive channel estimation algorithms presented in the chapter.

We design an adaptive CS based algorithm that efficiently estimates the pa-
rameters of mmWave channels with a small number of iterations, and with high
success probability. The advantage of the proposed algorithm over prior beam
training work appears in multi-path channels where our algorithm is able to
estimate channel parameters. Hence, it enables multi-stream multiplexing in
mmWave systems, while prior work [13-15,24] was limited to the single-beam

training and transmission.

We analyze the performance of the proposed algorithm in single-path chan-
nels. We derive an upper bound on the error probability in estimating channel
parameters, and find sufficient conditions on the total training power and its
allocation over the adaptive stages of the algorithm to estimate the channel

parameters with a certain bound on the maximum error probability.

We propose a new hybrid analog/digital precoding algorithm for mmWave
channels. In the proposed algorithm, instead of designing the precoding vec-
tors as linear combinations of the steering vectors of the known angles of ar-
rival/departure as assumed in [20], our design depends only on the quantized
beamsteering directions to directly approximate the channel’s dominant singu-
lar vectors. Hence, it implicitly considers the hardware limitations, and more

easily generalizes to arbitrary antenna arrays.
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Figure 2.1: A mmWave cellular system model, in which BSs and MSs communicate

via directive beamforming using large antenna arrays
e We evaluate the performance of the proposed estimation algorithm by simula-
tions in a mmWave cellular system setting, assuming that both the BS and MS

adopt hybrid precoding algorithms.

Simulation results indicate that the precoding gains given by the proposed
channel estimation algorithm are close to that obtained when exhaustive search is
used to design the precoding vectors. Multi-cell simulations show that the spectral
efficiency and coverage probability achieved when hybrid precoding is used in conjunc-
tion with the proposed channel estimation strategy are comparable to that achieved

when perfect channel knowledge and digital unconstrained solutions are assumed.

2.3 System Model

Consider the mmWave cellular system shown in Fig. 2.1. A BS with Npg

antennas and Ngrr RF chains is assumed to communicate with a single MS with Nyg
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antennas and Ngp RF chains as shown in Fig. 2.2. The number of RF chains at
the MSs is usually less than that of the BSs in practice, but we do not exploit this
fact in our model. The BS and MS communicate via Ng data streams, such that

Ng < Nrr < Npg and Ng < Nrp < Nys [20].

In this chapter, we will focus on the downlink transmission. The BS is assumed
to apply an Nrp X Ng baseband precoder Fgp followed by an Ngg X Ngr RF precoder,
Frr. If Fr = FrrFpg is the Ngg x Ng combined BS precoding matrix, the discrete-

time transmitted signal is then

X = F1TS7 (21)

where s is the Ng x 1 vector of transmitted symbols, such that E [ss*] = ﬁ—SSINS,
and Ps is the average total transmit power. Since Frp is implemented using analog
phase shifters, its entries are of constant modulus. We normalize these entries to

2
= Ngg, where ‘[FRF]mn‘ denotes the magnitude of the (m,n)th

satisty ‘[FRF]mn
element of Frp. The total power constraint is enforced by normalizing Fgg such that

|FreFgsl/7 = Ns.

We adopt a narrowband block-fading channel model in which an MS observes

the received signal

r = HF s + n, (2.2)

where H is the Ny X Nps matrix that represents the mmWave channel between the

BS and MS, and n ~ N(0,¢?) is the Gaussian noise corrupting the received signal.
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Figure 2.2: Block diagram of BS-MS transceiver that uses RF and baseband beam-
formers at both ends.

At the MS, the combiner Wt composed of the RF and baseband combiners

Wrkr and Wgg is used to process the received signal r which results in

y = W'HFs + W'n. (2.3)

We will explain the proposed algorithms for the downlink model. The same
algorithms, however, can be directly applied to the uplink system whose input-output
relationship is identical to (2.3) with H replaced by the uplink channel, and the roles

of the precoders (Frr, Fpp) and combiners (Wgrp, Wpg) switched.

While the mmWave channel estimation and precoding algorithms developed
in the following sections consider only a BS-MS link with no interfering BSs, these
algorithms will also be numerically evaluated by simulations in the case of mmWave

cellular systems where out-of-cell interference exists in Section 2.8.2.

Since mmWave channels are expected to have limited scattering [21,40], we
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adopt a geometric channel model with L scatterers. Each scatterer is further assumed
to contribute a single propagation path between the BS and MS [20]. Under this

model, the channel H can be expressed as

L
NpsV,
H= % > avans (0) aps (1) (2.4)
/=1

where p denotes the average path-loss between the BS and MS, and «y is the complex
gain of the /" path. The path amplitudes are assumed to be Rayleigh distributed,
ie, ap ~ N (O,PR) 0 =1,2,...,L with Py the average power gain. The variables
¢¢ € [0,27] and 0, € [0, 2] are the ¢** path’s azimuth AoDs/AoAs of the BS and MS,
respectively. Considering only the azimuth, and neglecting elevation, implies that all
scattering happens in azimuth and that the BS and MS implement horizontal (2-D)
beamforming only. Extensions to 3-D beamforming are possible [20]. Finally, ags (¢¢)
and ayg (0,) are the antenna array response vectors at the BS and MS, respectively.
While the algorithms and results developed in this work can be applied to arbitrary
antenna arrays, we use ULAs, in the simulations of Section 2.8. If a ULA is assumed,

aps (¢¢) can be written as

aBs (¢e) =

g e 00y

|, e dsin(a) ej<NBs—1>2;dsm<¢e>]T, (2.5)

=l
Nps
where A is the signal wavelength, and d is the distance between antenna elements.

The array response vectors at the MS, ays (6), can be written in a similar fashion.

The channel in (2.4) is written in a more compact form as

H = Aysdiag (o) Agg, (2.6)
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/ T .
where o = % [aq, g, ...;ap]” . The matrices

Ags = [aps (¢1), aBs(¢2), ..., ags (¢1)], (2.7)

and

AMS = [aMS (01) , aAMS (62) , ey AMS <9L>] s (28)

contain the BS and MS array response vectors.

In this work, we assume that both the BS and MS have no a priori knowledge
of the channel. Hence, in the first part of the chapter, namely, Section 2.4-Section 2.6,
the mmWave channel estimation problem is formulated, and an adaptive CS based
algorithm is developed and employed at the BS and MS to solve it. In the second
part, i.e., Section 2.7, the estimated channel is used to construct the hybrid precoding

and decoding matrices.

2.4 Formulation of the MmWave Channel Estimation Prob-
lem

Given the geometric mmWave channel model in (2.4), estimating the mmWave
channel is equivalent to estimating the different parameters of the L channel paths;
namely the AoA, the AoD, and the gain of each path. To do that accurately and
with low training overhead, the BS and MS need to carefully design their training
precoders and combiners. In this section, we exploit the poor scattering nature of the
mmWave channel, and formulate the mmWave channel estimation problem as a sparse

problem. We will also briefly show how adaptive CS work invokes some ideas for the
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design of the training precoders and combiners. Inspired by these ideas, and using
the hybrid analog/digital system architecture, we will develop a novel hierarchical
multi-resolution codebook for the training beamforming vectors in Section 2.5. We
will then propose algorithms that adaptively use the developed codebook to estimate

the mmWave channel along with evaluating their performance in Section 2.6.

2.4.1 mmWave Channel Estimation: A Sparse Formulation

Consider the system and mmWave channel models described in Section 2.3. If
the BS uses a beamforming vector f,, and the MS employs a measurement vector w,

to combine the received signal, the resulting signal can be written as
Yap = WZprsp + W;nq@ (2.9)

where s, is the transmitted symbol on the beamforming vector f,, such that E [Sps;‘,] =
P, with P the average power used per transmission in the training phase. In Sec-
tion 2.5, we will develop a hybrid analog/digital design for the beamforming/ mea-
surement vectors, f, and w,. If Myg such measurements are performed by the MS
vectors wg,q = 1,2, ..., Myg at Myg successive instants to detect the signal transmit-

ted over the beamforming vector f,, the resulting vector will be
v, = W'Hf,s, + diag(W™ [n1 5, ..., Dasye ) (2.10)

where W = [wy, Wy, ..., Wpy,.] is the Nyg X Mys measurement matrix. If the BS
employs Mpg such beamforming vectors f,,p = 1,..., Mgg, at Mpg successive time

slots, and the MS uses the same measurement matrix W to combine the received
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signal, the resultant matrix can then be written by concatenating the Mpg processed
vectors y,,p = 1,2, ..., Mps
Y = W'HFS + Q, (2.11)

where F = [f;, s, ..., fas] is the Npg X Mpg beamforming matrix used by the BS, and
Q is an Mys X Mgg noise matrix given by concatenating the Mpg noise vectors. The
matrix S is a diagonal matrix carrying the Mgg transmitted symbols s,,p =1, ..., Mpg
on its diagonal. For the training phase, we assume that all transmitted symbols are

equal, namely, S = \/ﬁIMBs and therefore

Y = VPW*HF + Q. (2.12)

To exploit the sparse nature of the channel, we first vectorize the resultant

matrix Y
y, = vV Pvec (W'HF) + vec (Q) (2.13)
W /P (F" @ W*) vec (H) + nq (2.14)
Y VP (FT ® W*) (A% o Ays) o + ng, (2.15)

where (a) follows from [41, Theorem 13.26], (b) follows from the channel model in
(2.6), and the properties of the Khatri-Rao product, [42]. The matrix (Agg o Ayg) is
an NpsNys X L matrix in which each column has the form (afq (¢¢) ® ams (6¢)) ,¢ =
1,2,..., L, i.e., each column ¢ represents the Kronecker product of the BS and MS

array response vectors associated with the AoA/AoD of the ¢th path of the channel.

To complete the problem formulation, we assume that the AoAs, and AoDs

are taken from a uniform grid of N points, with N > L, ie., we assume that
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00,0, € {0,%,..., 2”“}(;”},6 = 1,2,...,L. As the values of the AoAs/AoDs are
actually continuous, other off-grid based algorithms like sparse regularized total least
squared [43], continuous basis pursuit [44], or Newton refinement ideas [45] can be
incorporated to reduce the quantization error. In this work, we consider only the
case of quantized AoAs/AoDs, leaving possible improvements for future work. We

evaluate the impact of this quantization error on the performance of the proposed

algorithms in this work by numerical simulations in Section 2.8.

By neglecting the grid quantization error, we can approximate y, in (2.15) as
vy = VP (F' @ W*) Apz + nq, (2.16)

where Ap is an NpgNug X N? dictionary matrix that consists of the N? column
vectors of the form (a%s (gz_ﬁu) ® ays (év)), with ¢, and 6, the uth, and vth points,

respectively, of the angles uniform grid, i.e, ¢, = %T“,u =0,2,...,N —1, and 0, =

21

v =0,2,..,N =1 zis an N?% x 1 vector which carries the path gains of the

corresponding quantized directions. Note that detecting the columns of Ap that
correspond to non-zero elements of z, directly implies the detection of the AoAs and
AoDs of the dominant paths of the channel. The path gains can be also determined

by calculating the values of the corresponding elements in z.

The formulation of the vectorized received signal y, in (2.16) represents a
sparse formulation of the channel estimation problem as z has only L non-zero el-
ements and L < N2. This implies that the number of required measurements,
MggMyg, to detect the non-zero elements of z is much less than N2. In other

words, this means that the BS does not need to transmit along each vector defined
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in the dictionary, nor does the MS need to observe signals using its entire codebook.
Given this formulation in (2.16), CS tools can be leveraged to design estimation algo-
rithms to determine the quantized AoAs/AoDs. If we define the sensing matrix ¥ as
v = (FT ® W*) Ap, the objective of the CS algorithms will be to efficiently design
this sensing matrix to guarantee the recovery of the non-zero elements of the vector
z with high probability, and with a small number of measurements. One common
criterion for that is the restricted isometry property (RIP), which requires the matrix

"W to be close to diagonal on average [46].

To simplify the explanation of the BS-MS beamforming vectors’ design prob-
lem in the later chapters, we prefer to use the Kronecker product properties and write

(2.16) as [42]

yv = VP (F'A%y, ® W*Aysp) 2 + ng (2.17)

= \/EFTACBSVDZBS (029 W*AMS,DZMS + IIQ, (218)

where zgg, and zyg are two N X 1 sparse vectors that have non-zero elements in the
locations that correspond to the AoDs, and AoAs, respectively. Apgsp, and Aygp
are Ngg X N, and Nyg X N dictionary matrices that consist of column vectors of the
forms agg (&u), and ayg (éu), respectively.

In the standard CS theory, the number of measurement vectors required to
guarantee the recovery of the L-sparse vector z with high probability is of order
O(Llog(N/L)) [47]. While these results are theoretically proved, their implemen-
tations to specific applications and the development of efficient algorithms require

further work. We therefore resort to adaptive CS tools which invoke some ideas for
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the design of the training beamforming vectors.

2.4.2 Adaptive Compressed Sensing Solution

In adaptive CS [48,49], the training process is divided into a number of stages.
The training precoding, and measurement matrices used at each stage are not deter-
mined a priori, but rather depend on the output of the earlier stages. More specifically,
if the training process is divided into S stages, then the vectorized received signals of

these stages are
Vv Py (Fa)A*BS,D ® Wzkl)AMS,D) zZ+1ny

Y@ = V2 (F@)A*BS,D ® WZ})AMS,D) Z+ 1ny

~<
PN
=
=

(2.19)

Vv Es) (FEFS)A*BS,D ® W?S)AMSD) z + ng

<
Py
0
=z

I

The design of the sth stage training precoders and combiners, F ), W), de-
pends on ya),¥(), -, Y(s-1)- Recent research in [48,49] shows that adaptive CS
algorithms yield better performance than standard CS tools at low SNR, which is the
typical case at mmWave systems before beamforming. Moreover, these adaptive CS
ideas that rely on successive bisections provide important insights that can be used

in the design of the training beamforming vectors.

In our proposed channel estimation algorithm described in Section 2.6, the
training beamforming vectors are adaptively designed based on the bisection concept.
In particular, the algorithm starts initially by dividing the vector z in (2.19) into a
number of partitions, which equivalently divides the AoAs/AoDs range into a number

of intervals, and design the training precoding and combining matrices of the first
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stage, F(1), W(1), to sense those partitions. The received signal y(;) is then used to
determine the partition(s) that are highly likely to have non-zero element(s) which
are further divided into smaller partitions in the later stages until detecting the non-
zero elements, the AoAs/AoDs, with the required resolution. If the number of BS
precoding vectors used in each stage of the adaptive algorithm equals K, where K
is a design parameter, then the number of adaptive stages needed to detect the
AoAs/AoDs with a resolution %” is S = log,; N, which we assume to be integer for
ease of exposition. Before delving into the details of the algorithm, we will focus in

the following section on the design of a multi-resolution beamforming codebook which

is essential for the proper operation of the adaptive channel estimation algorithm.

2.5 Hybrid Precoding Based Multi-Resolution Hierarchical
Codebook

In this section, we present a novel hybrid analog/digital based approach for
the design of a multi-resolution beamforming codebook. Besides considering the RF
limitations, namely, the constant amplitude phase shifters with quantized phases, the
proposed approach for constructing the beamforming vectors is general for ULAs/non-
ULAs, has a very-low complexity, and outperforms the analog-only beamforming

codebooks thanks to its additional digital processing layer.

The design of a multi-resolution or variant beamwidth beamforming vector
codebook has been studied before in [13-15,24]. This prior work focused on analog-
only beamforming vectors, and on the physical design of the beam patterns. Un-

fortunately, the design of analog-only multi-resolution codebooks is subject to prac-
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tical limitations in mmWave. (1) The existence of quantized phase shifters makes
the design of non-overlapping beam patterns difficult, and may require an exhaus-
tive search over a large space given the large number of antennas. (2) The design
of analog-only beamforming vectors with certain beamwidths relies mostly on the
beamsteering beam patterns of ULAs, and is hard to apply for non-ULAs due to the

lack of intuition about their beam patterns.

To simplify explaining the codebook structure and design, we focus on the
design of the BS training precoding codebook JF; a similar approach can be followed

to construct the MS training codebook 'W.

2.5.1 Codebook Structure

The proposed hierarchical codebook consists of S levels, F,,s = 1,2,...,S.
Each level contains beamforming vectors with a certain beamwidth to be used in the
corresponding training stage of the adaptive mmWave channel estimation algorithm.
Fig. 2.3 shows the first three levels of an example codebook with N = 256, and
K = 2, and Fig. 2.4 illustrates the beam patterns of the beamforming vectors of each

codebook level.

In each codebook level s, the beamforming vectors are divided into K*~! sub-
sets, with K beamforming vectors in each of them. Each subset k, of the codebook

level s is associated with a unique range of the AoDs equal to {%T"}ueg(s’k), where

Jshy = {(];;1_)1]\[, o K’“Yl } This AoD range is further divided into K sub-ranges,
and each of the K beamforming vectors in this subset is designed so as to have an

almost equal projection on the vectors agg (q_ﬁu), with v in this sub-range, and zero
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Figure 2.3: An example of the structure of a multi-resolution codebook with a reso-
lution parameter N = 8, and with K = 2 beamforming vectors in each subset.

projection on the other vectors. Physically, this implies the implementation of a
beamforming vector with a certain beamwidth determined by these sub-ranges, and

steered in pre-defined directions.

While the proposed codebook structure is similar to the codebooks in [13,
24], which also have multiple levels, each with beamforming vectors with a certain
beamwidth, we adopt a different way for defining each beamforming vector in terms
of the set of quantized angles that it covers. This is different from the previous
work in [13,24] which defined each vector by the central beamforming angle and the
beamwidth. This difference leads to a novel formulation of the arbitrary beamwidth
beamforming design problem in addition to a completely new way for realizing these
vectors using analog/digital architecture as will be explained shortly. To the best
of our knowledge, this is the first work that considers implementing beamforming
vectors of different beamwidth using joint analog/digital processing; as the previous
work relied on analog-only designs. This additional digital processing layer adds

more degrees of freedom to the beamforming design problem which can be leveraged
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Codebook Level 1 Codebook Level 2 Codebook Level 3

Figure 2.4: The resulting beam patterns of the beamforming vectors in the first three
codebook levels of an example hierarchical codebook.

to obtain better characteristics in the beamforming patterns.

2.5.2 Design of the Codebook Beamforming Vectors

In each codebook level s, and subset k, the beamforming vectors [F(&k)} =

1,2, ..., K are designed such that

_ { Cs if u € Jgpm) (2.20)

[F(s,k)nm aps (du) = 0 fudIupm ’

where I s.m) = {I]{V (K(k—1)+m—-1)+1,.., []{V (K(k—1)+ m)} defines the sub-

range of AoDs associated with the beamforming vector [F(&kﬂ o’ and Cj is a normal-
ization constant that satisfies ||F(,)||r = K. For example, the beamforming vector
[F(Q’l)]:71 in Fig. 2.3 is designed such that it has a constant projection on the array
response vectors agg ((;_Su), u is in {0,1,...,63}, i.e., ¢, is in {0, s 2%%}, and zero

projection on the other directions.

In a more compact form, we can write the design objective of the beamforming
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vectors F sy in (2.20) as the solution of
Ags pFsn) = OsGapy, (2.21)

where G, ) is an N x K matrix where each column m containing 1's in the loca-
tions u,u € Js xm), and zeros in the locations u,u & J, 1 m). Now, we note that the
BS AoDs matrix Apggp is an over-complete dictionary with N > Ngg, i.e., (2.21)
represents an inconsistent system of which the approximate solution is given by
Fip = C’S(ABS’DAE&D)*1ABS7DG(87;€). Further, given the available system model
in Section 2.3, the precoding matrix F () is defined as F(s 1) = Fry (s FBs,(s,1). As
each beamforming vector will be individually used in a certain time instant, we will
design each of them independently in terms of the hybrid analog/digitl precoders.
Consequently, the design of the hybrid analog and digital training precoding matrices

is accomplished by solving

{F}({F,(s,k)’[ EB,(S,k)}:7m} =
argmin || [F(sx)] .m — FRF (s.0) [FBB, (1) } P,
s.t. [FRF,(s,k)]:’i € {[ can | 1 S €< Ncan} ,i=1,2,..., Nrp

| FrE (s.0) [Fa, sk} 17 =1,
(2.22)

where [F(Svk)]:m = CS(ABS,DA*BS’D)—IABS,D [G(&k)}:m, and Acan is an NBS X Ncan
matrix which carries the finite set of possible analog beamforming vectors. Note that
the choice of the Frobenious norm in the objective function of (2.22) is based on the

point that the unconstrained vectors have semi-unitary structure and they, therefore,
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5 RF Chains 10 RF Chains 15 RF Chains

Figure 2.5: Beam patterns approximation of one of the beamforming vectors in the
second codebook level with different numbers of RF chains.

represent points on the Grassman manifold. Hence, and due to the manifold’s locally
Euclidean property, minimizing the Euclidean distance ( with the Frobenious norm)
becomes a good approximation of minimizing the chordal distance between the un-
constrained and hybrid precoders points on the Grassmann manifold. The columns of
the candidate matrix A.,, can be chosen to satisfy arbitrary analog beamforming con-
straints. Two example candidate beamformer designs we consider in the simulations

of Section 2.8 are summarized as follows.

1. Equally spaced ULA beam steering vectors [20], i.e., a set of Nea, vectors of the

form aBS(tC‘"*T“”) for tean =0, 1, 2, ..., Nean — 1.

2. Beamforming vectors whose elements can be represented as quantized phase

shifts. In the case of quantized phase shifts, if each phase shifter is controlled

by an Nq-bit input, the entries of the candidate precoding matrix A.,, can all

kp2m
be written as €’ 2@ for some kg =0, 1, 2, ...,2Ve — 1,

Now, given the matrix of possible analog beamforming vectors A..,, the op-
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timization problem in (2.22) can be reformulated as a sparse approximation problem
similar to the optimization problem in [20, equation(17)], with the matrices F%‘g,
Fopt, Fpg and A; in [20, equation(17)] taking the values [FEB,(s,k)} , [Faw].

[FBB,(s,k)] o and A .., respectively, and with setting Ny = 1. This sparse problem

can be then solved using Algorithm 1 in [20] which is a variant of orthogonal matching

pursuit algorithms.

An example of the beam patterns resulting from applying the proposed algo-
rithm is shown in Fig. 2.5. These patterns are generated by a BS has 32 antennas,
and a number of RF chains Ngr = 5, 10, 15 to approximate one of the unconstrained

beamforming vectors in the second codebook level shown in Fig. 2.4.

After the design of the BS training beamforming vectors for the kth subset of
the sth codebook, the following quantities are calculated, as they will be used after

that in the channel estimation algorithm in Section 2.6:

e Beamforming Gain: Given the channel model in (2.4), and the codebook
beamforming design criteria in (2.20), we define the beamforming gain of the
BS training vectors at the sth stage as G} = NpsCZ. A similar definition can
be used for the MS beamforming vectors, yielding a total training beamforming

gain at the sth stage equal to G*) = G?S?Gl(\ﬁ)s.

e Error Matrix: As the system in (2.21) is inconsistent, the solution given by
the pseudo-inverse means that AE&DF(S,@ may not be exactly equal to CsGys p)-
Moreover, the limitations of the RF beamforming vectors and the approximate

solution of the optimization problem in (2.22) result in an additional error
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in satisfying (2.21). This error physically means (i) the existence of a spectral
leakage of the beamforming vectors outside their supposed AoD sub-ranges, and
(i) the beamforming gain is not exactly uniform over the desired AoD ranges.
To take the effect of this error into the performance analysis of the proposed
channel estimation algorithm in Section 2.6, we define the error matrix of each

subset k of the sth BS beamforming codebook level as

E = AbspF s — CsGop- (2.23)

As a similar error exists in the MS combining codebook, we can define the overall
beamforming error matrix experienced by the received vector ys in (2.18) after

applying the Kronecker product as

_ BS MS~T BS~T T
B BN THERS TeoMSGT, o +0PGT, oEMS T

(2.24)

E(S)

kps,kms

Now, if we also define the overall gain matrix as G = G5 kps) @ G(skns)

kps,kms

then we can rewrite y, in (2.19) as follows assuming the subsets kgg of Fy, and

kas of Wy are used at the BS and MS

( (s.kms) @ W, kMS)) Apz + nq (2.25)

ST
VP (Flokpe)Ansp © Wi 4, Asp) 2 + g (2.26)

G) s s
VPo [{|=——GY . +EY , |z+nq (2.27)
NBSNMS BS,FMS BS,~PMS
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e Actual Beamforming Gain: To include the effect of the previously de-
fined error matrix on the beamforming gain, we will define the actual forward

and backward gains of the designed beamforming vectors. First, note that

<G(5)

kBs,kms

e b E® > is a K% x N? matrix in which each row corresponds to
BS,;FMS

a certain pair of the precoding/measurement vectors, and each column corre-
sponds to a certain quantized AoA/AoD pair. We denote each AoA/AoD pair
as a direction d, d = 1,2,...,N?, and the set of directions covered by each
pair m of the precoder/measurement vectors as D (m),m = 1,2, ..., K2. Now,
if d is one of the directions covered by the joint beamforming vector m, i.e.,
d € D(m), then the actual beamforming gain of the vector m in the direction d

can be defined as

2

+EY , (2.28)

kBs,kms

) (s)
() _ G (s)
G = NpsNus NN G

m,d

@

VG +V/Nasus [EL) e|

, (2.29)

(d),d

where (a) is by noting that [G(S) } L= 1if d € D(m). We can also define

kBs,kms

the side lobe gain introduced by each one of the other precoding/measurement

|:E(S)

vectors, m, in the direction d as Ag‘?d = NpsNus Frs s

2
] m=1.2, ..,
md

K% m # m. To simplify the notation, we omitted the beamforming subset
symbols kggs, kyvs from the previous definition; as each direction d is covered by

only one beamforming/combining vector on each codebook level.

In the analysis of the proposed channel estimation algorithm in Section 2.6, we

will be interested in the ratio between the previously defined gains. Hence, we
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define the ratio between the actual forward gain in a certain direction d and the

side lobe gain, in the same direction, induced by beamforming vector m as

ae)
B, = 2o (2.30)
A

Note that one disadvantage of the proposed approach for constructing the
beamforming vectors is the shown ripples in the main lobes in Fig. 2.4. This comes
from the approximate solution of the inconsistent system in (2.21), and from the fact
that we design over a finite set of directions in Apsp. These patterns, however, are
acceptable for the sparse channel estimation problem that we consider. The main
reason is that this ripple is in the main lobe, while the side lobes of these patterns
are very small except for the end-fire points, i.e., the patterns containing the 0 and
180 angles for the half-wavelength ULA adopted in Fig. 2.4. If the channel has
only one path in a certain direction d, then it will be affected by only one sample
of this main lobe, which is in the direction d. Hence, this ripple in the main lobe
just affects the forward beamforming gain. As we will show in the analysis of the
proposed adaptive channel estimation algorithm in Section 2.6, the performance of
the proposed algorithm depends mainly on the ratio of the backward to forward gain
which is very small in the designed patterns except for small set of directions around
the end-fire angles. Further, these patterns have very small overlapping which also
decreases the probability of error in estimating the right AoA/AoD range as will be

shown in Section 2.6.
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2.6 Adaptive Estimation Algorithms for MmWave Channels

In this section, we consider the sparse channel estimation problem formulated
in (2.19) of Section 2.4, and propose algorithms that adaptively use the hierarchical
codebook developed in Section 2.5 to estimate the mmWave channel. We firstly
address this problem for the rank-one channel model, i.e., when the channel has only
one-path, in Section 2.6.1. We then extend the proposed algorithm for the multi-path

case in Section 2.6.2.

2.6.1 Adaptive Channel Estimation Algorithm for Single-Path Channels

Given the problem formulation in (2.19), the single-path channel implies that
the vector z has only one non-zero element. Hence, estimating the single-path channel
is accomplished by determining the location of this non-zero element, which in turn
defines the AoA/AoD, and the value of this element, which decides the channel path
gain. To efficiently do that with low training overhead, we propose Algorithm 1
which adaptively searches for the non-zero element of z by using the multi-resolution

beamforming vectors designed in Section 2.5.

Algorithm 1 operates as follows. In the initial stage, the BS uses the K training
precoding vectors of the first level of the codebook J in Section 2.5. For each of those
vectors, the MS uses the K measurement vectors of the first level of W to combine the
received signal. Note that the first level of the hierarchical codebook in Section 2.5 has
only one subset of beamforming vectors. After the K? precoding-measurement steps
of this stage, the MS compares the power of the K? received signals to determine the

one with the maximum received power. As each one of the precoding/measurement
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Algorithm 1 Adaptive Estimation Algorithm for Single-Path MmWave Channels
Input: BS and MS know N, K, and have & 'W.
Initialization: kPS5 = 1, kMS = 1 // Initialize the subsets to be used of codebooks
FW
S =logyi N // The number of adaptive stages
for s < S do
for mps < K do
BS transmits a training symbol using [F(&k?S)]
for mys < K do
MS makes a measurement using [W(s,kys)]

5MBS

HMMS

After MS measurements: y,,,o = v/ Ps [W(&kg/[S)] H [F(57k§5)] -

©

+ Nippg
Y(S) - [y17 Yo, 7yK]

(mgsv mlt/IS) = alg MaXympg,mys=1,2,...,K [Y(s) © Y(S)
k:ffl = K(mgs —-1)+ 1,]62{[51 = K(mi\(/ls —1)+1

¢ = dyps 0 = bhys

—P Y
P(S)G(S) [ (S)}mﬁds,mﬁs

vectors is associated with a certain range of the quantized AoA/AoD, the operation of

:| mMs,MBS

joN
I

the first stage divides the vector z in (2.19) into K? partitions, and compares between
the power of the sum of each of them. Hence, the selection of the maximum power
received signal implies the selection of the partition of z, and consequently the range
of the quantized AoA/AoD, that is highly likely to contain the single path of the
channel. The output of the maximum power problem is then used to determine the
subsets of the beamforming vectors of level s + 1 of &, and W to be used in the next
stage. The MS then feeds back the selected subset of the BS precoders to the BS to
use it in the next stage, which needs only log, K bits. As the beamforming vectors of
the next levels have higher and higher resolution, the AoA/AoD ranges are further

refined adaptively as we proceed in the algorithm stages until the desired resolution,
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2

=, is achieved. Note that the training powers in the S stages are generally different

as will be discussed shortly.

Based on the proposed algorithm, the total number of stages required to es-
timate the AoA/AoD with a resolution 27 is log, N. Also, since we need K beam-
forming vectors, and K measurement vectors for each beamforming vector in each
stage, the total number of steps needed to estimate the mmWave channel using the
proposed algorithm becomes K?log, N steps. Moreover, since Ngp RF chains can be

simultaneously used at the MS to combine the measurements, the required number

of steps can be further reduced to be K[NLRFW logy N.

In the following theorem, we characterize the performance of the proposed
algorithm for the case of single dominant path channels, i.e., assuming that the chan-
nel model in (2.4) has L = 1. We find an upper bound of the probability of error
in estimating the AoA/AoD with a certain resolution using Algorithm 1. We will
then use Theorem 1 to derive sufficient conditions on the total training power and
its distribution over the adaptive stages of Algorithm 1 to guarantee estimating the
AoA/AoD of the mmWave channel with a desired resolution, and a certain bound on

the maximum error probability.

Theorem 1 Algorithm 1 succeeds in estimating the correct AoA and AoD of the

27

single-path channel model in (2.4), for a desired resolution 5f,

with an average prob-
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ability of error p which is upper bounded by

A(s) 5
-1 R (1 - é) ekl
. B
P="oN? Zl — L R . 2
o M1+ (1 + %) PGy + 1570 Ga 2 (1 - ls>)
Ba Ba
(2.31)
where BE,S) = min , 55(187)% s the minimum forward to backward ratio in the direc-
vm=1,2,....K%,
dgD(m)

tion d, éfls) is the actual beamforming gain in this direction, and 7 is the average

channel SNR defined as ¥ = %.

Proof: See [27]. O

While the central idea of the proof of Theorem 1 is similar to the beam mis-
alignment analysis in [24], this theorem has a number of important contributions over
the prior work. One key difference is that Theorem 1 considers the case when the
channel path gains are taken from a fading distribution; the analysis in [24] assumes
constant LOS channels. Both the LOS and NLOS cases are important for mmWave
systems, and using blockage models, e.g., the model in [50], we can combine the proba-
bility of estimation error in the two cases to get more accurate performance evaluation
in mmWave systems. Theorem 1 also characterizes the AoA/AoD estimation error as
a function of the different parameters of the designed hierarchical codebook in Sec-
tion 2.5: the forward to backward gain ratios and the actual beamforming gains with
imperfect realization errors. Hence, it provides a realistic evaluation of the proposed
adaptive channel estimation algorithm with more practical beamforming patterns.

Further, while the beam alignment analysis in [24] focused on the exhaustive search
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case, i.e., when only the highest resolution beams are used, Theorem 1 considers the
case when the AoAs/AoDs are estimated using adaptive algorithms. This is of par-
ticular interest in this channel estimation work, as the bound in Theorem 1 hints
that the training power can be distributed among the different adaptive stages to
reduce the probability of estimation error. These insights into the power allocation

are explained in the remainder of this section.

Now, for the case when Bés) — 00, i.e., when the backward gain in negligible

and E¥

hes s — 05 we can proceed further, and obtain a sufficient condition on the

training power distribution to guarantee estimating the AoA/AoD of the channel with

a certain bound on the maximum probability of error.

Corollary 2 Consider using Algorithm 1 to estimate the AoA and AoD of the single-

path mmWave channel of model (2.4), with a resolution %, with K precoding and
measurement vectors of F, W used at each stage, and with ﬁds) — 00, and El(:;s,MS —
0. If the power at each stage Psy,s =1,2,...,S satisfies:
r
Py > (2.32)
Gs)

with

F:g(gf%iﬁ—a), (2.33)

then, the AoA and AoD are guaranteed to be estimated with an average probability of

error p < 9.

To prove Corollary 2, it is sufficient to substitute with the given Py, and I" in (2.31)

to get p < 9.
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We can also note that the power allocation strategy described in Corollary 2
makes the probability of AoA/AoD estimation error equal for the different stages.
The intuition behind this result is that the stages with narrower, i.e., higher res-
olution, beamforming vectors have higher beamforming gains, and hence need less
training power to achieve the same estimation success probability compared with the
staged with wider beamforming vectors. Another advantage of Corollary 2 is that
it characterizes an upper bound on the required training power to achieve a certain
success probability. From Corollary 2, it is easy to show that a total training power
Pr, with Pr > K°T Zle % is sufficient to estimate the AoA/AoD of the single-
path mmWave channel with p < ¢ if it is distributed according to the way described

in Corollary 2.

Finally, if we have a bound on the total training power, we can use Theorem

1 to get an upper bound on the error probability.

Corollary 3 Consider using Algorithm 1 to estimate the AoA and AoD of the single-

path mmWave channel of model (2.4), with a resolution %r, with K precoding and

measurement vectors of F, W used at each stage, and with ﬁé’s) — 00, and E,(C‘;)S,MS —

0. If the total training power is Py, and if this power is distributed over the adaptive

stages of Algorithm 1 such that:

P
Py = S—TGU,S =1,2,..,8 (2.34)
K23 i,

Then, the AoA and AoD are guaranteed to be estimated with an average prob-
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Figure 2.6: Average probability of error in estimating the AoA/AoD of single-path
channels using Algorithm 1.

ability of error p where

~ K*—-1)8
P < <PT7 ) : (2.35)
sss o T2
=1 )

To prove Corollary 3, it is sufficient to substitute with the given P in (2.31) to get
the bound on p. Corollary 3 is important as it gives an indication of the reliability of

the AoA/AoD estimation when a certain training power is used.

To study the accurateness of the derived bound in Theorem 1 and the power
allocation strategy in Corollary 3, Fig. 2.6 compares the average probability of the
AoA/AoD estimation error when Algorithm 1 is used with the bound in Theorem 1.

In this figure, we assume a BS with 64 antennas and 10 RF chains is communicating
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with a MS that has 32 antennas and 6 RF chains. The actual average estimation error
and the bound in Theorem 1 are plotted for the case when an equal power allocation
over the adaptive stages is used and when the power allocation strategy in Corollary
3 is adopted. The results in Fig. 2.6 indicate that although the derived bound is not
very tight, it gives very useful insights on how the training power can be distributed
among the adaptive stages of the proposed channel estimation algorithm to reduce

the average probability of estimation error.

In this section, the main idea of the proposed adaptive mmWave channel
estimation algorithm was explained and analyzed for the single-path channels. Now,

we extend this algorithm to the general case of multi-path mmWave channels.

2.6.2 Adaptive Channel Estimation Algorithm for Multi-Path Channels

Consider the case when multiple paths exist between the BS and MS. Thanks
to the poor scattering nature of the mmWave channels, the channel estimation prob-
lem can be formulated as a sparse compressed sensing problem as discussed in Sec-
tion 2.4. Consequently, a modified matching pursuit algorithm can be used to esti-
mate the AoAs and AoDs along with the corresponding path gains of Ly paths of
the channel, where L4 is the number of dominant paths need to be resolved. Given
the problem formulation in (2.19), the objective now is to determine the L4 non-zero
elements of z with the maximum power. Based on the single-path case, we propose

Algorithm 2 to adaptively estimate the different channel parameters.

Modified Hierarchical Codebook: For the multi-path case, we need to

make a small modification to the structure of the hierarchical codebook described
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Algorithm 2 Adaptive Estimation Algorithm for Multi-Path MmWave Channels
Input: BS and MS know N, K, Ly, and have F'W
Initialization: T = {1,.., 1}, T}{%, = {1,...,1},S = logy (N/Ly)
for ¢ < L, do
for s < S do
for mpg < KL, do

BS transmits a training symbol using [F(S TS ))]
for mus S KLd do >

MS makes a measurement using [W(S TBS )]
,TMMS

(€s)
After MS measurements: y,,.o = v Fs [W(S ™ )] H [F(S TS ))} +

MBS
Nimpg

T yET

=[yi,y
=1 </ —1 do Project out the contributions of the previously esti-

for P
mated paths

g=F( ros ) [Assplios 1) ® Wi s ) [Auspl.pys o)
Y(s) = y(g) yz‘s)g (g'8) 8
Y = matix(y(s)) Return y(, to the matrix form
(m%Sv mK/IS) = aIrg MaXvmpg,mys=1,2,...,.K [Y © Y*]mMs,mBs
Ti (1) = K(mig — 1) + 1, T(5, (1) = K(mjg — 1) + 1
forp=1</¢—1do
Tl(gzssﬂ)( ) = T](3ps,s+1)(1) Tl(\gSerl)( ) = Tl(\g,ssﬂ)(l)

<Z513 <Z5T{3ZSS+1> (1) 92 = QT%SSH)(U
FZ Ar ®W A
g = (8.TB8 [ BS,D ] LTES (1) (ST [ MS,D ] ™, ()
Vi 8
A ()
o P<S>G(S) g'g

in Section 2.5. As will be explained shortly, the adaptive algorithm in the multi-
path case starts by using KL, precoding and measurement vectors at the BS and
MS instead of K. In each stage, Ly of those KL, partitions are selected for further
refinement by dividing each one into K smaller partitions in the next stage. Hence,

to take this into account, the first level of the codebook JF in Section 2.5 consists
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of one subset with K L; beamforming vectors that divide the initial AoD range into

K Lq ranges. Similarly, in each level s,s > 1, the codebook F, has K*~ 'L, levels, and

(k=DN EN
Lsz—17"'7Lsz—1 )

the ranges J(, ), and J 1 m) are consequently defined as J(s 1) = {
and g 5m) = {% (K(k—-1)+m-—1)+1,.., % (K(k—1)+ m)} Given these
definitions of the quantized AoD ranges associated with each beamforming vector m,

of the subset k, of level s, the design of the beamforming vectors proceeds identical

to that described in Section 2.5.2.

To estimate the Ly dominant paths of the mmWave channel, Algorithm 2
makes Ly outer iterations. In each one, an algorithm similar to Algorithm 1 is exe-
cuted to detect one more path after subtracting the contributions of the previously
estimated paths. More specifically, Algorithm 2 operates as follows: In the initial
stage, both the BS and MS use K Ly beamforming vectors defined by the codebooks
in Section 2.5 to divide the AoA, and AoD range into K L, sub-ranges each. Similar to
the single-path case, the algorithm proceeds by selecting the maximum received signal
power to determine the L; most promising sections to carry the dominant paths of
the channel. This process is repeated until we reach the required AoD resolution, and
only one path is estimated at this iteration. The trajectories used by the BS to detect
the first path is stored in the matrix TP to be used in the later iterations. In the
next iteration, a similar BS-MS precoding/measurement step is repeated. However,
at each stage s, the contribution of the first path that has been already estimated
in the previous iteration, which is stored in T®S, is projected out before determining
the new promising AoD ranges. In the next stage s+ 1, two AoD ranges are selected

for further refinement, namely, the one selected at stage s of this iteration, and the
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one selected by the first path at stage s + 1 of the first iteration which is stored in
TBS. The selection of those two AoD ranges enables the algorithm to detect different
path with AoDs separated by a resolution up to %r The algorithm proceeds in the
same way until the L, paths are solved. After estimating the AoAs/AoDs with the
desired resolution, the algorithm finally calculates the estimated path gains using a

linear least squares estimator (LLSE).

Note that one disadvantage of the adaptive beamwidth algorithm in the multi-
path case is the possible destructive interference between the path gains when they are
summed up in the earlier stages of the algorithm. This disadvantage does not appear
in the exhaustive search training algorithms; as only high resolution beams are used
in estimating the dominant paths of the channel. The impact of this advantage on
the operation of the proposed algorithm, however, is smaller in the case of mmWave

channels thanks to the sparse nature of the channel.

The total number of adaptive stages required by Algorithm 2 to estimate the
AoAs/AoDs of the Lq paths of the channel with a resolution 27 is logy (L%) Since
we need K L4 precoding vectors, and K L4 measurement vectors for each precoding
direction in each stage, and since these adaptive stages are repeated for each path, the
total number of steps required to estimate Ly paths of the mmWave channel using
the proposed algorithm is K?L3log (%) If multiple RF chains are used in the
MS to combine the measurements, the required number of training time slots is then

reduced to be KL?J%} log (%)
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2.7 Hybrid Precoding Design

We seek now to design the hybrid precoders/combiners, (Frr, Fgg, Wrr,
Wgg), at both the BS and MS to maximize the mutual information achieved with
Gaussian signaling over the mmWave link in (2.3) [51] while taking the different RF
precoding constraints into consideration. Regardless of whether uplink or downlink
transmission is considered, the hybrid precoding problem can be summarized as di-

rectly maximizing the rate expression

P — * * * kT
R = 10g2 INS —|— FSRI]lWBB WRF HFRFFBBFBB FRF H WRFWBB y (236)

over the choice of feasible analog and digital processing matrices (Frg, Fpp, Wrr,
Wigg). Note that in (2.36), R, is the post-processing noise covariance matrix, i.e.,
Rn = WBB*WRF*WRFWBB in the dOWIlliIlk, and Rn = FBB*FRF*FRFFBB in the

uplink.

For simplicity of exposition, we summarize the process with which the BS
calculates the hybrid precoding matrices, (Frr, Fpg), to be used on the downlink.

Calculation of the uplink precoders used by the MS follows in an identical manner.

We propose to split the precoding problem into two phases. In the first phase,
the BS and MS apply the adaptive channel estimation algorithm of Section 2.4 to esti-
mate the mmWave channel parameters. At the end of the channel training/estimation
phase, the BS constructs the downlink channel’s matrix leveraging the geometric
structure of the channel. If the channel is not reciprocal, the estimation algorithm of

Section 2.6 can be used to construct the uplink channel matrix at the MS.
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As a result of the downlink channel training/estimation phase in Section 2.6,
the BS now has estimated knowledge of its own steering matrix Agg, the MS steering
matrix AMS, and the estimated path gain vector a. Thus, the BS may construct the

estimated downlink channel matrix as
H = Aygdiag (&) Al (2.37)

The BS can now build its hybrid data precoders Frr and Fgp to approxi-
mate the dominant singular vectors of the channel, I:I, denoted by the unconstrained
precoder F,,; using a similar procedure to equation (16)-(18) of [20] and using the

matching pursuit based algorithm presented in Algorithm 1 in [20].

2.8 Simulation Results

In this section, we present numerical results to evaluate the performance of
the proposed training codebook, adaptive channel estimation algorithm, and hybrid
precoding algorithm. We firstly consider a single BS-MS link, and then show some

results for the mmWave cellular channel model.

2.8.1 Performance Evaluation with Point-to-Point Channels

In these simulations, we consider the case when there is only one BS and one
MS, i.e., without any interference. The system model and the simulation scenario are

as follows:

System Model We adopt the hybrid analog/digital system architecture pre-
sented in Fig. 2.2. The BS has Ngs = 64 antennas, and 10 RF chains, the MS has
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Nys = 32 antennas and 6 RF chains. The antenna arrays are ULAs, with spac-
ing between antennas equal to A/2, and the RF phase shifters are assumed to have
only quantized phases. Hence, only a finite set of the RF beamforming vectors is
allowed, and assumed to be beamsteering vectors, as discussed in Section 2.5.2, with

7 quantization bits.

Channel Model We consider the channel model described in (2.4), with
Pr = 1, and a number of paths L = 3. The AoAs/AoDs are assumed to take
continuous values, i.e., not quantized, and are uniformly distributed in the range

[0, 27]. The system is assumed to operate at 28GHz carrier frequency, has a bandwidth

of 100MHz, and the path-loss exponent equals ny = 3.

Simulation Scenario All the simulations in this section will present spectral
efficiency results with different system, and algorithms parameters. To generate these
results, the channel parameters are estimated using the algorithms presented in Sec-
tion 2.6, which in turn use the hierarchical training codebooks designed in Section 2.5.
After estimating its parameters, the geometrical channel is reconstructed according
to (2.37), and is used in the design of the hybrid precoders and decoders according
to Section 2.7. Unless otherwise mentioned, these are the parameters used for both

of the two steps:

1. Channel estimation parameters: For the single-path channels, Algorithm 1 is
used to estimate the channel parameters with AoA/AoD resolution parameter
N = 64, and with K = 2 beamforming vectors at each stage. For the multi-

path case, the parameters N, K, Ly will be defined with each simulation. The

49



25

- - -Exhaustive search with N=128
—— Proposed algorithm, Ld=3, K=2, N=192

ol |7 Proposed algorithm, L =3, K=2, N=96

d
—— Proposed algorithm, Ld:Z, K=3, N=162
—a— Proposed algorithm, Ld:Z, K=2, N=128
—y— Proposed algorithm, L1, K=5,N=125
151 | —g— Proposed algorithm, L,=1 K=3, N=81

10

Spectral Efficiency (bps/Hz)

AR

Figure 2.7: Spectral efficiency achieved when the precoding matrices are built using
the mmWave channel estimated by the proposed algorithms in a channel with L =
3, and Lq = 1,2,3. The figure compares the performance of the algorithm when
different values of the parameter K are chosen. The results indicate that a very close
performance to the exhaustive search case can be achieved with K << N, which
maps to much smaller numbers of iterations.

training power are determined according to Corollary 2, with a desired maxi-
mum probability of error § = 0.05. Hence, the training power changes based on
the parameter K, and N. Also, the total training power is distributed over the

adaptive estimation stages according to Corollary 2.

2. Hybrid precoding parameters: The hybrid precoding matrices are constructed
with the same available system architecture described above, and assuming a

number of multiplexed streams Ng = L.

In Fig. 2.7, the precoding gains given by the proposed mmWave channel esti-

mation algorithms are simulated for the cases when the desired number of estimated
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Figure 2.8: The improvement of the spectral efficiency with the development of the
adaptive channel estimation algorithm is shown and compared with the exhaustive
search and perfect channel knowledge cases. While the exhaustive search in this
case needs a large number of iterations, a much smaller number of iterations may be
sufficient to approximate its performance using the proposed adaptive algorithms.

paths L4 equals 1,2, and 3. Algorithm 1, and Algorithm 2 are simulated for different
values of K, and compared with the precoding gain of the exhaustive search solution.
The results indicate that comparable gains can be achieved using the proposed algo-
rithms despite their low-complexity, and the requirement of a much smaller number of
iterations. For example, for Ly = 3, and K = 2, although only 96 < Ngs/Nys = 2048
training steps are required, the spectral efficiency performance degradation is less
than 1 bps/Hz compared with the exhaustive search solution that requires much

more 1terations.

In Fig. 2.8, the improvement of the precoding gains achieved by the proposed

algorithm for Ly = 3 with the training iterations is simulated. The results show that
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Figure 2.9: The performance error due to the AoAs/AoDs quantization assumption
in (2.16) is evaluated. The performance error is the difference between the curve with
continuous angles, and the one with quantization, as this continuity of angles’ values
is not taken into consideration while designing the algorithm.

more than 90% of the exhaustive search gain can be achieved with only 70 iterations
with K = 2. These results also indicate that a wise choice of the desired resolution
parameter N is needed in order to have a good compromise between performance
and training overhead. For example, the figure shows that doubling the number of
training steps, i.e., from 70 to 140, achieves an improvement of only 1 bps/Hz in the

spectral efficiency.

In Fig. 2.9, we evaluate the error in the performance of the proposed chan-
nel estimation algorithm caused by the AoAs/AoDs quantization assumption made
in (2.16), the proposed algorithms are simulated for the cases when the channel

AoAs/AoDs are quantized, i.e., when the used quantization assumption is exact, and
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Figure 2.10: Spectral efficiency as a function of phase quantization bits in a hybrid
system with only quantized analog phase control. Results compare the performance
of the hybrid analog digital channel estimation and precoding algorithms with the
unconstrained digital system with perfect channel knowledge at an SNR of 0dB.

when the AoAs/AoDs are continuous, i.e, with quantization error induced in our for-
mulation. The figure plots the performance of the proposed algorithms for the cases
Li=1,K=2N=81,L;=2, K=2N=128, and L; = 3,K = 3, N = 96, and
show that the performance loss in our algorithms due to the quantization assumption

is very small for large enough resolution parameters V.

In Fig. 2.10, the impact of the RF system limitations on the performance of
the proposed channel estimation, and precoding algorithms, is evaluated, and com-
pared with the case of constraints-free system. Two system models are considered in
Fig. 2.10, one with 10 RF chains at the BS, 6 RF chains at the MS, and the other

with 5 RF chains at the BS, and 3 RF chains at the MS. The other parameters are
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the same as the previous simulations with Ly = 3. The performance achieved by
those two systems is further simulated with different number of quantization bits of
the phase shifters. Simulation results show that the proposed hybrid analog-digital
precoding algorithm can achieve near-optimal data-rates compared with the uncon-
strained solutions if a sufficient number of RF chains, and quantization bits exist.
Also, the results show that 5 quantization bits may be sufficient to accomplish more

that 90% of the maximum gain.

2.8.2 Performance Evaluation with MmWave Cellular System Setup

Now, we consider evaluating the proposed algorithm in a mmWave cellular
system setting with out-of-cell interference. To provide a practical evaluation, we

adopt the following stochastic geometry model.

Network and System Models The desired BS, in a cell of radius R, =
100m, is assumed to communicate with a MS using the channel estimation, and hybrid
precoding algorithms derived. Each MS is assumed to receive its desired signal sq in
addition to cellular interference. The interfering BSs follow a Poisson point process
(PPP) ®(\) with A = %Rg to model the downlink out-of-cell interference [52-54].
To simulate a cellular setting, the nearest BS to the MS is always considered as the
desired BS. The received signal at the MS can be then written as

y=WHyFgsq+ » W'HF;s +n (2.38)
2 a
where 74, 1; are the distances from the MS to the desired and the ith interfering BSs,

respectively. Each interfering BS is assumed to have the same number of ULA anten-
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nas Ngg = 64, and to have the same horizontal orientation of the antenna arrays, i.e.,
all the beamforming is in the azimuth domain. Further, each BS generates a beam-
steering beamforming vectors that steers its signal in a uniform random direction,
ie, F; = aps(¢;), ¢; is uniformly chosen in [0,27]. H; has the same definition in
(2.4) with the path loss calculated for each BS based on its distance r;. For fairness,
all BSs are assumed to transmit with the same average power P. All the other system

parameters are similar to the previous section.

In each stage s of the estimation phase, the received signal at the MS is given
by (2.38) with W and F equal to the BS and MS training precoders and combiners
descried in Section 2.6. Hence, the cellular interference affects the maximum power
detection problem at every stage of the channel estimation algorithm. After the

channel is estimated, the precoders W and F are designed as shown in Section 2.7.

To evaluate the performance of the proposed hybrid precoding algorithm, we
adopt the coverage probability as a performance metric. As we are interested in
multiplexing many streams per user, we define the coverage probability relative to
the rate instead of the signal to interference and noise ratio (SINR). Consequently,

we use the following definition of the coverage probability

Py (n) = P(R = n). (2.39)

An outage happens if the user’s rate falls below a certain threshold 7.

Scenario and Results In Fig. 2.11, the coverage probability is evaluated
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Figure 2.11: Coverage probabilities of the proposed channel estimation and precoding
algorithms in a mmWave cellular system setting with PPP interference. The figure
compares the different cases when the estimation and/or interference error exist to
evaluate the effect of each of them on the proposed algorithms.

as described before. The curves with 'Estimated Channel’ label represents the case
when Algorithm (3) is used to estimate the channel parameters in the presence of
interference. After estimating the channel, this interference is taken into consideration
again in calculating the coverage probability in the curve labeled "With Interference’,
and omitted for the curve with the label 'No Interference’. Hence, those two curves
represent the cases when cellular interference affects both the channel estimation and
data transmission phases, or the channel estimation phase only. The presented results
compare the performance of the mentioned scenario using the proposed algorithms,
with the case when the hybrid precoding algorithm in Section 2.7 is designed based

on perfect channel state information (CSI). They are also compared with the case
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when only analog beamforming is used to steer the signal towards the dominant
channel paths. The results show that a reasonable gain can be achieved with the
proposed hybrid precoding algorithm due to its higher capability of managing the
inter-stream interference, in addition to overcoming the RF hardware constraints. The
simulations also indicate that the effect of the cellular interference of the performance
of the channel estimation and precoding algorithms is not critical despite of the low-

complexity of the proposed algorithms.

2.9 Comments and Discussion

In this chapter, we clarify important comments on the proposed channel esti-

mation algorithm and discuss its relation to standard compressed sensing framework.

2.9.1 Establishing RIP conditions:

For the adaptive channel estimation measurement matrix, we did not prove
that it satisfies RIP conditions because (i) we are not solving the sparse channel
estimation problem using a standard (non-adaptive) compressed sensing tools which
require these conditions to guarantee support recovery, and (ii) for the adaptive struc-
ture of the measurement matrix that we have, we can not prove any RIP conditions
as these conditions are by definition contradicting adaptive structures of the mea-
surement matrices. Hereafter, we explain these points in more detail. For sparse
reconstruction problems, we can identify two main research directions to solve them
(i) standard (non-adaptive) compressed sensing [47,55,56], and (ii) adaptive com-

pressive sensing [48,49,57,58].
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e In the standard compressed sensing, the measurement matrix is constructed
one time a priori of the sensing. To guarantee the recovery of the sparse vector
support with high success probability, conditions on the measurement matrix
such as RIP and maximum coherence are useful to establish these guarantees.
One important point is that these conditions on the sensing matrix should
guarantee the recovery of any s-sparse vector as the measurement matrices are

designed one time.

e Adaptive compressed sensing that is proposed more recently is based on the
point that if the rows of the measurement matrix are designed more smartly in
a recursive way given the result of the previous sensing, then we can intuitively
get better recovery results with the same number of measurements. As this
recursive measurement matrix structure is adaptively designed depending on the
sparse vector under sensing, though, the definitions of the recovery conditions
(like RIP), that should guarantee recovery of any sparse vector, do not hold.
In fact, establishing theoretical support recovery guarantees for the adaptive
measurement matrices is more complex than that in the standard way. Instead
of the RIP and coherence conditions, adaptive CS solutions usually attempt to
derive bounds on the probability of error in recovering the support. In the recent
work [48], bounds on the probability of support recover error were derived for a
bisection sensing algorithm for the cases when the non-zero elements are real,

and was shown to have SNR gain over standard compresses sensing tools.

With this motivation of the work in [48], we designed our hybrid precoders/

combiners to work as a bisection sensing of the sparse vector z in (2.16). As the
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Figure 2.12: Probability of error in estimating the sparse vector support (angles of
arrival and departure) with a channel that has 3 paths, and with a desired resolution
%’r for N = 48.

non-zero elements of z are complex, though, deriving bounds on the probability of
error is non-trivial in general. So, we derived a bound on the error probability for
the single-path case, and relied on numerical simulations for evaluating the general

performance of the algorithm.

2.9.2 Recovering the support with some error:

In the proposed channel estimation algorithm, we can recover the support but
with some probability of error that depends on the SNR, the hardware constraints of
the hybrid architecture, and the different algorithm parameters such as the number
of measurements per adaptive step k, and the desired resolution N. In Fig. 2.12

and Fig. 2.13, we plot the probability of error in support error, and the normalized
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Figure 2.13: Normalized MSE of the estimated channel matrix, defined as NMSE=

[T
The channel is assumed to have 3 paths, and the desired resolution is %r for N = 48.

] , with H and H the original and estimated channel matrices, respectively.

mean-squared error of the estimated channel matrix, respectively, for different SNR
values. The SNR is defined as SNR = %, where P is the average training power. The
results in Fig. 2.12-Fig. 2.13 assume a system that employ 64 antennas, 16 RF chains
at the transmitter, and 32 antennas with 8 RF chains at the receiver. The channel is

assumed to have L = 3 paths, and the desired estimate resolution is N = 48.

2.9.3 The sparsity level in the proposed sparse formulation of the mmWave
channel estimation problem

In our algorithm, we assume exact sparse vectors, i.e., number of zeros equals
the number of paths L, which is much less than the size N? of the sparse vector z

in (2.16). In the simulation results, we do not neglect the impacts of the grid error
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and sidelobe error, and hence we do not have exact sparse vectors. The exact sparse
assumption becomes more suitable when the number of antennas and grid size grow

large [59], which is usually the case in mmWave massive MIMO systems.

2.10 Conclusions

In this chapter, we considered a single-user mmWave system setting, and inves-
tigated the design of suitable mmWave channel estimation and precoding algorithms.
First, we formulated, and developed a hierarchical multi-resolution codebook based on
hybrid analog/digital precoding. We then proposed mmWave channel estimation al-
gorithms that efficiently detect the different parameters of the mmWave channel with
a low training overhead. The proposed algorithms depend on the developed sparse
formulation of the poor scattering mmWave channel, and on the designed hierar-
chical codebooks to adaptively estimate the channel parameters. The performance
of the proposed algorithm is analytically evaluated for the single-path channel case,
and some insights into efficient training power distributions are obtained. Despite
the low-complexity, simulation results showed that the proposed channel estimation
algorithm realizes spectral efficiency and precoding gain that are comparable to that
obtained by exhaustive search. The mmWave hybrid precoding algorithms are also
proved to achieve a near-optimal performance relative to the unconstrained digital

solutions, and attain reasonable gains compared with analog-only beamforming.
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Chapter 3

Multi-User Hybrid Precoding

3.1 Overview

In this chapter!, we develop a low-complexity hybrid analog/digital precoding
algorithm for downlink multiuser mmWave systems. The proposed algorithm config-
ures hybrid precoders at the transmitter and analog combiners at multiple receivers
with a small training and feedback overhead. The performance of the proposed algo-
rithm is analyzed in the large dimensional regime and in single path channels. When
the analog and digital precoding vectors are selected from quantized codebooks, the
rate loss due to the joint quantization is characterized and insights are given into the
performance of hybrid precoding compared with analog-only beamforming solutions.
Analytical and simulation results show that the proposed techniques offer higher sum
rates compared with analog-only beamforming solutions, and approach the perfor-

mance of the unconstrained digital beamforming with relatively small codebooks.

!This chapter is based on the work published in the journal paper: A. Alkhateeb, G. Leus,
and R. Heath, “Limited feedback hybrid precoding for multi-user millimeter wave systems,” IEEE
Transactions on Wireless Communications, vol. 14, no. 11, pp. 6481-6494, Nov. 2015. This work
was supervised by Prof. Robert Heath. Prof. Geert Leus provided important ideas for the multi-user
hybrid precoding design that greatly improved the work.
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3.2 Introduction

The large bandwidths in the mmWave spectrum make mmWave communica-
tion desirable for wireless local area networking and also a promising candidate for
future cellular systems [6,7,20,21,27]. Achieving high quality communication links in
mmWave systems requires employing large antenna arrays at both the access point
or BS and the MSs [17,20,60]. For efficient system performance, each BS needs to
simultaneously serve a number of MS’s. Multiplexing different data streams to dif-
ferent users requires some form of precoding be applied to generate the transmitted
signal at the BS. In conventional lower frequency systems, this precoding was com-
monly done in the baseband to have a better control over the entries of the precoding
matrix. Unfortunately, the high cost and power consumption of mixed signal com-
ponents make fully digital baseband precoding unlikely with current semiconductor
technologies [12,20]. Further, the design of the precoding matrices is usually based on
complete channel state information, which is difficult to achieve in mmWave systems
due to (i) the large number of antennas which would require a huge training overhead
and (ii) the small SNR before beamforming. Therefore, new multi-user precoding
algorithms that (i) respect the mmWave hardware constraints and (ii) require much

less complexity need to be developed for mmWave systems.

In single-user mmWave systems, analog beamforming, which controls the phase
of the signal transmitted at each antenna via a network of analog phase shifters and is
implemented in the radio frequency (RF) domain, was proposed instead of the base-
band solutions [13,14,24,61]. This was also adopted in commercial indoor mmWave

communication standards like IEEE 802.11ad [36] and IEEE 802.15.3c¢ [35]. In [13,24],

63



adaptive beamforming algorithms and multi-resolution codebooks were developed by
which the transmitter and receiver jointly design their analog beamforming vectors.
In [14], unique signatures are assigned to the different training beamforming vectors
and used to minimize the training overhead. In [61], beamspace MIMO was intro-
duced in which DFT beamforming vectors are used to direct the transmitted signals
towards the subspaces that asymptotically maximize the received signal power with
large numbers of antennas. Analog beamformers as in [13,14,24,61] are subject to
additional constraints, for example, the phase shifters might be digitally controlled
and have only quantized phase values and adaptive gain control might not be imple-
mented. These constraints limit the potential of analog-only beamforming solutions
relative to baseband precoding, as they limit the ability to make sophisticated pro-

cessing, for example to manage interference between users.

To multiplex several data streams and perform more accurate beamforming,
hybrid precoding was proposed [20,27,62], where the processing is divided between the
analog and digital domains. In [20], the sparse nature of the mmWave channels was
exploited to develop low-complexity hybrid precoding algorithms using the algorith-
mic concept of basis pursuit assuming the availability of channel knowledge. In [62],
low-complexity hybrid beamforming algorithms were proposed for single-user single-
stream MIMO-OFDM systems with the objective of maximizing either the received
signal strength or the sum-rate over different sub-carriers. In [27], a hybrid precod-
ing algorithm that requires only partial knowledge about the mmWave channels was
devised. The hybrid precoding algorithms in [20,27,62], though, were designed to ob-

tain either diversity or spatial multiplexing gain from single-user channels, which can
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support a limited number of streams [21]. In multi-user systems, the digital precoding
layer of hybrid precoding gives more freedom in designing the precoders, compared
with analog-only solutions, which can be exploited to reduce the interference between
users. Hence, developing low-complexity hybrid precoding algorithms for multi-user

mmWave systems is of special interest.

Pre-precoding processing has been investigated for other systems [18,19,23].
In [18], the joint analog-digital precoder design problem was studied for both diversity
and spatial multiplexing systems. In [19], hybrid analog/digital precoding algorithms
were developed to minimize the received signal’s mean-squared error in the presence
of interference when phase shifters with only quantized phases are available. In [23],
two-layer beamforming algorithms were proposed to group the users and reduce the
channel feedback overhead in massive MIMO systems. The approaches in [18,19,23],
however, were not designed specifically for mmWave systems as they did not consider
the mmWave-related hardware constraints, and did not leverage mmWave channel

characteristics to realize low-complexity solutions.

In this work, we develop a low-complexity yet efficient hybrid analog/digital
precoding algorithm for downlink multi-user mmWave systems. The proposed algo-
rithm is general for arbitrary known array geometries, and assumes the availability of
only a limited feedback channel between the BS and MS’s. The main contributions

of the work on this chapter can be summarized as follows:

e Developing a hybrid precoding/combining algorithm for multi-user mmWave

systems. Our model assumes that the MS’s employ analog-only combining while
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the BS performs hybrid analog/digital precoding where the number of RF chains
is at least as large as the number of MS’s. The proposed algorithm is designed
to reduce the training and feedback overhead while achieving performance close

to that of unconstrained solutions.

e Analyzing the performance of the proposed algorithm in special cases: (i) when
the channels are single-path, and (ii) when the number of transmit and receive

antennas are very large, which are relevant for mmWave systems.

e Characterizing the average rate loss due to joint analog and digital codebook
quantization, and identifying the cases at which large hybrid precoding gains

exist compared with analog-only beamforming solutions.

The proposed algorithm and performance bounds are evaluated by simulations and
compared with both analog-only beamforming solutions and digital unconstrained
precoding schemes. The results indicate that with a relatively small feedback and
training overhead, the proposed hybrid precoding algorithm achieves good perfor-

mance thanks to the sparse nature of the channel and the large number of antennas

used by the BS and MS’s.

3.3 System Model

Consider the multi-user mmWave system shown in Fig. 3.1. A base station
with Npg antennas and Ngp RF chains is assumed to communicate with U mobile
stations. Each MS is equipped with Nyg antennas as depicted in Fig. 3.2. We focus

on the multi-user beamforming case in which the BS communicates with every MS
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via only one stream. Therefore, the total number of streams Ng = U. Further, we
assume that the maximum number of users that can be simultaneously served by the
BS equals the number of BS RF chains, i.e., U < Ngp. This is motivated by the
spatial multiplexing gain of the described multi-user hybrid precoding system, which
is limited by min (Ngg, U) for Ngg > Ngrp. For simplicity, we will also assume that

the BS will use U out of the Nrp available RF chains to serve the U users.

On the downlink, the BS applies a U x U baseband precoder Fgg = [fPB, 28
.., f7B] followed by an Npg x U RF precoder, Frp = [f'*, £}, .. fF'F]. The sampled
transmitted signal is therefore

X = FRFFBBSa (31)

where s = [sy, 89, ...,sp|T is the U x 1 vector of transmitted symbols, such that
E [ss*] = gIU, and P is the average total transmitted power. We assume equal power
allocation among different users’ streams. Since Fgrp is implemented using analog

phase shifters, its entries are of constant modulus. We normalize these entries to
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Figure 3.2: A BS with hybrid analog/digital architecture communicating with the
uth MS that employs analog-only combining.

2
= Ngg. Further, we assume that the angles of the analog phase

satisty ‘ [FRF],0.0

shifters are quantized and have a finite set of possible values. With these assumptions,

Frel,, = \/]%,—Bsej‘%’", where ¢,,, is a quantized angle. The angle quantization

assumption is discussed in more detail in Section 3.4. The total power constraint is

enforced by normalizing Fpp such that |FrpFggl/% = U.

For simplicity, we adopt a narrowband block-fading channel model as in |20,

27,63] in which the uth MS observes the received signal as

U
r, = H, Z Fref2Ps, +n,, (3.2)

n=1
where H,, is the Ny X Ngg matrix that represents the mmWave channel between the
BS and the uth MS, and n,, ~ N(0, ¢%I) is the Gaussian noise corrupting the received

signal.
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At the uth MS, the RF combiner w,, is used to process the received signal r,:

U
yu = wiH, > FrefPs, + win,, (3.3)

n=1
where w, has similar constraints as the RF precoders, i.e., the constant modulus
and quantized angles constraints. In this work, we assume that only analog (RF)
beamforming is used at the MS’s as they will likely need cheaper hardware with

lower power consumption.

MmWave channels are expected to have limited scattering [38,40]. To incor-
porate this effect, we adopt a geometric channel model with L, scatterers for the
channel of user u. Each scatterer is assumed to contribute a single propagation path
between the BS and MS [20]. The adopted geometrical channel model can also be
transformed into the virtual channel model [64]. The virtual channel model simplifies
the generalization for larger angle spreads by incorporating spatial spreading func-

tions as will be briefly discussed in Section 3.6.2. Under this model, the channel H,

Nps Nars &
H, = \/@Z vy pans (Oue) aps (Pue) , (3.4)

w =1

can be expressed as

where a, ¢ is the complex gain of the £*! path, including the path-loss, with E [|av, ¢|%] =
@. The variables 6,,, and ¢, , € [0,27] are the £ path’s AoAs/AoDs respectively.
Finally, aps (¢u,¢) and ays (f,¢) are the antenna array response vectors of the BS and
uth MS respectively. The BS and each MS are assumed to know the geometry of
their antenna arrays. While the algorithms and results developed in the chapter can

be applied to arbitrary antenna arrays, we use ULAs and UPAs in the simulations of
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Section 3.8. If a ULA is assumed, aps (¢,) can be defined as

1
v Ngs

where A is the signal wavelength, and d is the distance between antenna elements.

R . T Ja T
1, (ue) | d(ms—DFdsin(0u)] T (35)

aps (Pue) =

The array response vectors at the MS, ays (6..¢), can be written in a similar fashion.

3.4 Problem Formulation

Our main objective is to efficiently design the analog (RF) and digital (base-
band) precoders at the BS and the analog combiners at the MS’s to maximize the

sum-rate of the system.

Given the received signal at the uth MS in (3.2) which is then processed using
the RF combiner w,, the achievable rate of user w is

2
L |wiH, FrpflB]|
g Zn;ﬁu |WZHUFRFf7]LSB|2 + o?

R, = log, (1 + (3.6)

The sum-rate of the system is then Ry, = 25:1 R,.

Due to the constraints on the RF hardware, such as the availability of only
quantized angles for the RF phase shifters, the analog beamforming/combining vec-
tors can take only certain values. Hence, these vectors need to be selected from
finite-size codebooks. There are different models for the RF beamforming codebooks,

two possible examples are

1. General quantized beamforming codebooks Here, the codebooks are de-

signed to satisfy some particular properties, e.g., maximizing the minimum
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distance between the codebook vectors as in Grassmannian codebooks. These
codebooks are usually designed for rich channels and, therefore, attempt a uni-
form quantization on the space of beamforming vectors. These codebooks were

commonly used in traditional MIMO systems.

2. Beamsteering codebooks The beamforming vectors, here, are spatial matched
filters for the single-path channels. As a result, they have the same form of the
array response vector and can be parameterized by a simple angle. Let F repre-
sents the RF beamforming codebook, with cardinality |F| = Nq. Then, in the
case of beamsteering codebooks, F consists of the vectors agg (%), for the

variable kq taking the values 0,1,2, and Ng — 1. The RF combining vectors

codebook W can be similarly defined.

Motivated by the good performance of single-user hybrid precoding algorithms
[20,27] which relied on RF beamsteering vectors, and by the relatively small size of
these codebooks which depend on single parameter quantization, we will adopt the
beamsteering codebooks for the analog beamforming vectors. While the problem
formulation and proposed algorithm in this work are general for any codebook, the
performance evaluation of the proposed algorithm done in Sections 3.6-3.7 depends on
the selected codebook. For future work, it is of interest to evaluate the performance

of the proposed hybrid precoding algorithm with other RF beamforming codebooks.

If the system sum-rate is adopted as a performance metric, the precoding
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design problem is then to find Fip, {f;BB}Szl and {w?}"_, that solve

U P | % BB |2
* «BB U * U . U‘WUH“FRFfu ‘
{FRF, {fu }uzl,{wu}uzl} _alrgrlflzao(Zlog2 (1 + BZ B woH FRFfBB|2 e
u=1 U n#u uTTu n

s.t. [Frrl., € F,u=12,..,0,
w, EWu=1,2,..U,

|Fre [fPB,fQBB, ...,f[]?B] 5 = U.
(3.7)
The problem in (3.7) is a mixed integer programming problem. Its solution
requires a search over the entire ¥V x WY space of all possible Frp and {w,}"_,
combinations. Further, the digital precoder Fgg needs to be jointly designed with
the analog beamforming/combining vectors. In practice, this may require the feed-
back of the channel matrices H,,u = 1,2, ..., U, or the effective channels, w; H,Fgp.
Therefore, the solution of (3.7) requires large training and feedback overhead. More-
over, the optimal digital linear precoder is not known in general even without the RF
constraints, and only iterative solutions exist [65,66]. Hence, the direct solution of

this sum-rate maximization problem is neither practical nor tractable.

Similar problems to (3.7) have been studied before in literature, but with
baseband (not hybrid) precoding and combining [65-71]. The main directions of

designing the precoders/combiners in [65-71] can be summarized as follows.

e Iterative Coordinated Beamforming Designs The general idea of these
algorithms is to iterate between the design of the precoder and combiners in
multi-user MIMO downlink systems, with the aim of converging to a good solu-

tion [65,66]. These algorithms, however, require either the availability of global
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channel knowledge at the transmitter, or the online BS-MS iterations to build
the precoders and combiners. In mmWave systems, the application of coordi-
nated beamforming is generally difficult as feeding the large mmWave channel
matrix back to the BS requires a huge feedback overhead. Moreover, coor-
dinated beamforming usually depends on using matching vectors at the MS’s
which can not be perfectly done with hybrid analog/digital architectures due to
the hardware limitations on the analog precoders. Further, the convergence of
coordinated beamforming has been established only for digital precoders [65,66],

and the extension to hybrid precoders has not yet been studied.

Non-iterative Designs with Channel State Information at the Trans-
mitter To avoid the design complexity associated with iterative methods, some
non-iterative sub-optimal algorithms, like block diagonalization, were proposed
[67,68]. Block diagonalization, however, requires global channel knowledge at
the transmitter, which is difficult to achieve at mmWave systems. Further, the
hardware constraints on the analog (or hybrid) precoding make it difficult to

exactly design the pre-processing matrix to have no multi-user interference.

Non-iterative Designs with Channel State Information at the Re-
ceiver The main idea of these schemes is to first combine the MIMO channel
at each receiver according to a certain criterion. Then, each each user quan-
tizes its effective channel based on a pre-defined codebook, and feeds it back
to the BS which uses it to construct its multi-user precoding matrix [69-71].

The application of these precoding/combining algorithms in mmWave systems
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is generally difficult because of the large dimensions of the mmWave channel
matrix which makes the assumption of its availability at the MS’s difficult to
achieve in practice. Further, the hardware constraints make the direct applica-

tion of the combining vector design schemes in [69-71] generally infeasible.

Given the practical difficulties associated with applying the prior precod-
ing/combining algorithms in mmWave systems, we propose a new mmWave-suitable
multi-user MIMO beamforming algorithm in Section 3.5. Our proposed algorithm is
developed to achieve good performance compared with the solution of (3.7), while
requiring (i) low training overhead and (ii) small feedback overhead. After explaining
the developed algorithm in Section 3.5, its performance is analyzed in Section 3.6
assuming infinite-resolution feedback and neglecting channel estimation errors. The

performance degradations due to limited feedback are then analyzed in Section 3.7.

3.5 Two-stage Multi-user Hybrid Precoding Algorithm

The additional challenge in solving (7), beyond the usual coupling between
precoders and combiners [65-71], is the splitting of the precoding operation into two
different domains, each with different constraints. The main idea of the proposed
algorithm is to divide the calculation of the precoders into two stages. In the first
stage, the BS RF precoder and the MS RF combiners are jointly designed to maximize
the desired signal power of each user, neglecting the resulting interference among
users. In the second stage, the BS digital precoder is designed to manage the multi-

user interference.
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Algorithm 3 Two-Stage Multi-user Hybrid Precoders Algorithm
Input: F BS RF beamforming codebook of size |F| = 2Prr

MS

W MS RF beamforming codebook of size |[W| = 28rr
First stage: Single-user RF beamforming/combining design
For each MS u,u =1,2,...,.U

The BS and MS w select v} and g that solve

{g}, vi} = arg max||g Hyv.||

Vv €F

MS u sets w, = g,
BS sets Frp = [V}, V3, ..., v}/]
Second stage: Multi-user digital precoding design
For each MS u,u =1,2,...,.U
MS w estimates its effective channel h, = w,H, Frp
MS u quantizes h, using a cgdebook T of size 288 and feeds back Eu where
h,, = arg max||/h, h,||

hu,eH
~ ~ o~ —1 —~ ~ —~ T
BS designs Fpp — H* <HH) with H = [th, hg}
BB __ £o8 _
£°° = FrefEs] o U = 1,2,....U

Algorithm 3 can be summarized as follows. In the first stage, the BS and each

MS u design the RF beamforming and combining vectors, and w,, to maximize

R
the desired signal power for user u, and neglecting the other users’ interference. As
this is the typical single-user RF beamforming design problem, efficient beam training
algorithms developed for single-user systems such as [13,72], which do not require

explicit channel estimation and have a low training overhead, can be used to design

the RF beamforming/combining vectors.

In the second stage, the BS trains the effective channels, h, = w*H,Fgy,u =
1,2,...,U, with the MS’s. Note that the dimension of each effective channel vector is

U x 1 which is much less than the original channel matrix. This is not the case for the

1)



algorithms developed in [69, 71] in which the effective channels have larger Ngg X 1
dimensions. Then, each MS u quantizes its effective channel using a codebook I, and
feeds the index of the quantized channel vector back to the BS with Bgg bits. Finally,
the BS designs its zero-forcing digital precoder based on the quantized channels.
Thanks to the narrow beamforming and the sparse mmWave channels, the effective
MIMO channel is expected to be well-conditioned [73,74], which makes adopting a
simple multi-user digital beamforming strategy like zero-forcing capable of achieving

near-optimal performance [75], as will be shown in Sections 3.6-3.7.

Both the separate and joint designs of the analog and digital precoders were
investigated before for single-user mmWave systems. For example, the work in [62]
considered a single-user single-stream MIMO-OFDM system, where the analog and
digital precoders were sequentially designed to maximize either the received signal
strength or the sum-rate over different frequency sub-carriers. Alternatively, the
analog and digital precoders were jointly designed in [20,27,62] to maximize the rate
of single-user systems. In this work, we consider a different setup which is multi-
user downlink transmission. Therefore, the objective of the hybrid analog/digital
beamforming in our work is different than that in [20,27,62] as we need to manage

the multi-user interference as well. This leads to a completely different analysis.

In the next two sections, we analyze the performance of the proposed multi-
user hybrid precoding algorithm in different settings. For this analysis, we adopt the
beamsteering codebook for the design of the analog beamforming/combining vectors.
We also assume that the effective channels in the second stage of Algorithm 3 are

quantized using a RV(Q codebook. RV(Q simplifies the analytical performance analysis
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of the proposed algorithm and allows leveraging some results from the limited feedback

MIMO literature [66,69,70].

3.6 Performance Analysis with Infinite Codebooks

The analysis of hybrid precoding is non-trivial due to the coupling between
analog and digital precoders. Therefore, we will study the performance of the pro-
posed algorithm in two cases: With single-path channels and with large numbers of
antennas. These cases are of special interest as mmWave channels are likely to be
sparse, i.e., only a few paths exist [21], and both the BS and MS need to employ
large antenna arrays to have sufficient received power [20]. Further, the analysis of
these special cases will give useful insights into the performance of the proposed al-
gorithms in more general settings which will also be confirmed by the simulations in

Section 3.8.

In this section, we analyze the achievable rates of the proposed algorithm
assuming perfect effective channel knowledge and supposing that the angles of the
RF beamsteering vectors can take continuous values, i.e., we assume that both the RF
codebooks (F and W) and the RVQ codebook 3 are of infinite size. In Section 3.7,
we will study how limited feedback and finite codebooks affect the rates achieved by

the developed hybrid precoding algorithm.

3.6.1 Single-Path Channels

In this section, we consider the case when L, = 1,u = 1,2, ...,U. For ease of

exposition, we will omit the subscript ¢ in the definition of the channel parameters in
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(3.4). The following theorem characterizes a lower bound on the achievable rate by

each MS when Algorithm 3 is used to design the hybrid precoders at the BS and RF

combiners at the MS’s.

Theorem 4 Let Algorithm 3 be used to design the hybrid precoders and RF combiners

described in Section 3.3 under the following assumptions

1. All channels are single-path, i.e., L, =1,u=1,2,...,U.

2. The RF precoding vectors £ u = 1,2,....U, and the RF combining vectors

Wy, u = 1,2,...,U are beamsteering vectors with continuous angles.
3. Fach MS u perfectly knows its channel H,, u=1,2,...,U.

4. The BS perfectly knows the effective channels h,,u=1,2,...,U.

and define the Ngs x U matrix Ags to gather the BS array response vectors associated
with the U AoDs, i.e., Ags = [aps (¢1),aps (¢2),...,aps (¢ov)], with mazimum and
minimum singular values oy (Aps) and owin(Aps), respectively. Then, the achiev-

able rate of user u is lower bounded by

SNR
R, > log, (1 + 2 N Vass |G ({asu}fjl)) , (3.8)

2
O max

0'2 B -1
where G ({ou}i,) =4 (2R + Zni=s 4 2)  SNR = &

Proof: Consider the BS and MS’s with the system and channels described in

Section 3.3. Then, in the first stage of Algorithm 3, the BS and each MS w find v}

78



and g that solve

{gr,vi} = argmax||g H,v,|. (3.9)

Vgu cw
Vv, €F

As the channel H, has only one path, and given the continuous beamsteering
capability assumption, the optimal RF precoding and combining vectors will be g =
auvs(0y), and v = ags(¢,). Consequently, the MS sets w, = ayg(f,) and the BS
takes " = apg(¢,). Gathering the beamforming vectors for the U users, the BS RF
beamforming matrix is then Frp = Aps = |aps (¢1) , aps (¢2) , ..., aps (¢v)].

The effective channel for user u after designing the RF precoders and combiners
is

h, = w,H,Frr

=/ Nps Nusa,agpg () Fre.

(3.10)

Now, defining H = [H;F, H;f, s HE]T, and given the design of Frp, we can write

the effective channel matrix H as
H = DA} Ags, (3.11)

where D is a U x U diagonal matrix with [D]uu = /NpsNuvs .

Based on this effective channel, the BS zero-forcing digital precoder is defined
as

1

Fpp = H (ﬁ)f A, (3.12)

where A is a diagonal matrix with the diagonal elements adjusted to satisfy the

precoding power constraints HFRFfL];D’B”2 =1,u =1,2,...,U. The diagonal elements
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of A are then equal to

Nps N
A = ([ —22 | u=1,2,...,U. (3.13)
(AgsAps)

U,

Note that this A is different than the traditional digital zero-forcing precoder
due to the different power constraints in the hybrid analog/digital architecture. [See

Appendix A in [30] for a derivation]

The achievable rate for user « is then

SNR
R, =1 14+ —
ng( + U

H*fBB‘Q)

3.14
g (14 SNR NpsNys | |? (3.14)
’ U (AjsAss) '

=)
u,u
To bound this rate, the following lemma which characterizes a useful property

of the matrix AjgAps can be used.

Lemma 5 Assume Ags = [ags (¢1), ..., aps (¢v)], with the angles ¢, u = 1,2,...,U
taking continuous values in [0, 2w], then the matric P = AjqAps is positive definite

almost surely.

Proof: Let the matrix P = AjqAgs, then for any non-zero complex vector z € €Y,
it follows that z*Pz = ||Apsz||3 > 0. Hence, the matrix P is positive semi-definite.
Further, if the vectors ags (¢1), ags (¢2), ..., aps (¢r) are linearly independent, then
for any non-zero complex vector z, Agsz # 0, and the matrix P is positive definite.
To show that, consider any two vectors ags (¢,) , aps (¢,). These vectors are linearly

dependent if and only if ¢, = ¢,,. As the probability of this event equals zero when
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the AoDs ¢, and ¢, are selected independently from a continuous distribution, then

the matrix P is positive definite with probability one. O

Now, using the Kantorovich inequality [76], we can bound the diagonal entries

of the matrix (AfgAps) ' using the following lemma from [77].

Lemma 6 For any n x n Hermitian and positive definite matriz P with the ordered

eigenvalues satisfying 0 < Amin < A2 < ... < Amax, the element (P).} u=1,2,...,n

w,u )

(P) ! < ! (Am“ (P) + Ain (P)) +2) . (3.15)

satisfies

Finally, IlOtiIlg that (A*BSABS) = 1, )\min (AESABS) = O-rgnin (Ags), and

U,

Amax (AssAps) = 02, (Aps) and using lemma 6, we get the lower bound on the

achievable rate in (3.8). O

In addition to characterizing a lower bound on the rates achieved by the pro-
posed hybrid analog/digital precoding algorithm, the bound in (3.8) separates the
dependence on the channel gains «,, and the AoDs ¢,,u = 1,2, ...,U which can be
used to claim the optimality of the proposed algorithm in some cases and to give
useful insights into the gain of the proposed algorithm over analog-only beamsteering

solutions. This is illustrated in the following results.

Proposition 7 Denote the single-user rate as Ru = log, (1 + %NBSNMS |au|2).

When Algorithm 3 is used to design the hybrid precoders and RF combiners described
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in Section 3.3, and given the assumptions stated in Theorem 4, the relation between

the achievable rate by any user u, and the single-user rate, R, satisfies

I E [ﬁzu - Ru} < K (Ngs, U).

2. impny oo Ry = Ru almost surely.

where K (Ngs, U) is a constant whose value depends only on Ngs and U.

Proof: See Appendix B in [30]. O

Proposition 7 indicates that the average achievable rate of any user u using
the proposed low-complexity precoding/combining algorithm grows with the same
slope of the single-user rate at high SNR, and stays within a constant gap from it.
This gap, K (Ngs,U), depends only on the number of users and the number of BS
antennas. As the number of BS antennas increases, the matrix Agg becomes more
well-conditioned, and the ratio between its maximum and minimum singular values
will approach one. Hence, the value of G <{¢u}3:1> in (3.8) will be closer to one,
and the gap between the achievable rate using Algorithm 3 and the single-user rate
will decrease. This will also be shown by numerical simulations in Section 3.8. One
important note here is that this gap does not depend on the number of MS antennas,
which is contrary to the analog-only beamsteering, given by the first stage only of

Algorithm 3. This leads to the following corollary.

Corollary 8 Let Rgg denote the rate achieved by user u when the BS employs analog-

only beamsteering designed according to Step 1 of Algorithm 3. Then, the relation
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between the average achievable rate using Algorithm 3 R, and the average rate of
analog-only beamsteering solution when the number of MS antennas goes to infinity

satisfies: limp, 00 E [Ry — Rpgl|] = o00.

Proof: See Appendix C in [30]. O

This corollary implies that multi-user interference management is still impor-
tant at mmWave systems even when very large numbers of antennas are used at the
BS and MS’s. Note also that this is not the case when the number of BS antennas
goes to infinity as it can be easily shown that the performance of RF beamsteering

alone becomes optimal in this case.

3.6.2 Large-dimensional Regime

Under the assumption of large numbers of transmit antennas, a different ap-
proximation of the achievable rate can be derived. We approach this problem us-
ing the virtual channel model framework and its simplifications in large MIMO sys-
tems [64] [78]. The results of this section are, therefore, valid only for uniform arrays,
e.g., ULAs and UPAs [64,79]. The virtual channel model characterizes physical chan-
nels via joint spatial beams in fized virtual transmit and receive directions exploiting
the finite dimensionality of the MIMO system, i.e., the finite number of transmit and
receive antennas. The virtual transmit and receive directions are fixed because they
depend only on the number of BS and MS antennas. Hence, they are common for

the different users with the same number of antennas. Using this channel model, the
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uth user channel H, can be written as [64]
H, = AysH' AL, (3.16)

where Agg = [apg (g%l) , aps (QEQ) ,...,aBS (QENBS)] is an Npg X Npg matrix carrying the
BS array response vectors in the virtual directions qZ;p,p = 1,2,..., Ngg that satisfy
QLd sin (gzﬁp) = 2”” Similarly, Ays = [amg (81) , AMS (§2) s eeey QNS (Q_NMSN carries the
MS array response vectors in the virtual directions éq, q = 1,2,..., Nys that satisfy
2%!8111 (9 ) = %fs. Thanks to these special virtual channel angles, the matrices
Ags and Ay are DFT matrices [64]. Finally, HY is the uth MS virtual channel
matrix with each element [HY] .p T€Presenting a group of physical spatial paths, and

approximately equal to the sum of the gains of those paths [64].

One advantage of using the virtual channel model in analyzing our proposed
multi-user precoding algorithm lies in the fact that it provides a common space of the
transmit eigenvectors of the different users. This means that the BS eigenvectors for
each MS form a subset of the columns of the DFT matrix Agg. The virtual channel
model also provides a simple way to incorporate the angle spread associated with
mmWave channel scatterers by defining each element of the virtual channel matrix
as the sum of the channel gains associated with the scatterers located in a certain
direction multiplied by the integration of the spatial spreading functions of these

scatterers [64].

Before leveraging this channel model in analyzing the proposed hybrid precod-

ing algorithm, we rewrite the channel in (3.16) as

Naa N NpsNus
\/ BS - Z Yu,m@MS (9u m) apg (¢u m) (3.17)
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where |vu1] > |2l > o > [YunNgsNusl- Yum equals the element in HY with the
mth largest virtual channel element magnitude, and q?)u,m, §u7m are the corresponding

transmit and receive virtual directions, respectively.

In the following proposition, we use this channel model to characterize a simple
lower bound on the achievable rate of Algorithm 3 for arbitrary numbers of channel
paths assuming for simplicity that L, = L,u = 1,2,...,U. The derived results give
useful analytical insights into the asymptotic performance of the proposed algorithm

in the multi-path case.

Proposition 9 Define the single-user rate as R = log2(1 + SNRNBSNNS \fyu1| ).
Then, when Algorithm 3 is used to design the hybrid analog/digital precoders at the
BS and RF combiners at the MSs, with the assumptions in Theorem 4, and adopting

the wvirtual channel model in (3.17), the average achievable rate of user u is lower

bounded by
E[R,] > (3.18)
U-1 . L-1)U
o[ (I () (- 52) e TC50) () )

(3.19)

Proof: Consider the BS and MS’s with the system model described in Section 3.3,
and the approximated channel model in (3.17). In the first stage of Algorithm 3, the
BS and each MS u find v} and g that solve (3.9). Given the virtual channel model
n (3.17), we get w, = gF = ays (Gu 1) and v} = apg (gz_ﬁul) Consequently, the RF

precoder at the BS becomes Frp = [aBs (&171) , ABs (&271) .., ABS (QEUl)] Now, we
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can write the uth MS effective channel as

_ | Ngs IV,
hu = WZHuFRF - %’M,l [Cu,la Cu,27 ceey Cu,U] ) (320)

where the values of the ¢, , elements are
° Cu,u = 17

L
° Cu’n: ¢ul ¢n1 Z

m=2 w1

¢u m—d)n 1) 1(_u,1:§u7m)7 Vn % u7

where the summation in , ,, is over the first L elements only due to the sparse channel.

Note that the characterization of (,, is due to the DFT structure of the matrices

KBS and KMS-

The overall effective channel, H, can be then written as
H=D,P,, (3.21)

where D, is a diagonal matrix with the diagonal elements [D,], , = 1/ M% LU=

., U, and the U x U matrix Py has [P,], . = Cun, Yu,n.

u,n

Eya———
The digital zero-forcing precoder is therefore Fgg = H <HH ) A, and
the diagonal elements of A are chosen to satisfy the precoding power constraint
HFRFf}?B”2 = 1. Using a similar derivation to that in [30, Appendix A], we get

NBSNMS |’Yu 1|
(Al = : (3.22)
\/ ((PVP:)—1 P F: FrpP: (PVP:;)—l)

U,

Using the designed digital and analog precoders, the rate of user u can be written

( )] , (3.23)
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SNR NasNus [Ya1|?

_l’_
UL ((P,Py) ' PRy FrePy (PP;) )

=E |logy | 1 (3.24)

Now, we note that the term (P, P%)™' P,Fj FrePy (P P5)7")  =1ifP, =

I. Then, considering only the case when P, = I gives a simple lower bound on the
achievable rate

SNR

E[R, > E [1og2 (1 + > NpsNus |%,1|2> 1(P, = IU)] , (3.25)
. SNR

@Wg [logQ (1 + > NpsNus |%71|2>] PP, =1), (3.26)

where (a) is by leveraging the independence between 7,1 and the virtual transmit
angles of the different users. Thanks to the sparse nature of mmWave channels, this
simple bound in (3.26) can be a tight bound on the achievable rate. Finally, the
probability of the event P, = I can be bounded as follows by considering only the

cases when all the AoAs are equal or all of them are different

P(Pv:IU)zJP(PV:IU

U U
() (But # Ougm, Y # 1)) P (ﬂ (But # Oum, Y # 1))
u=1

u=1

U U
+P <P =1y |[) (Bu = Oum, ¥ # 1)) P () (Bun = Oum, ¥ # 1)) :
u=1 u=1
(3.27)
U-1 . U U-1 . (L-1)U
1 L—-1 iL 1
> 1— 1— +1 1— — ,
T < NBS) < NMS) (=1 Pl < NBS) <NMS>
(3.28)

where all these probabilities are calculated from the expression of (,,,n # u (the

off-diagonal entries of Py). O

This bound shows the asymptotic optimality of the sum-rate achieved by the

proposed hybrid precoding algorithm in the large-dimensional regime, as it approaches
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1 with large numbers of antennas. Hence, the average achievable rate by the proposed
algorithm in (3.26) will be very close to the single-user rate. Indeed, this simple bound
can be shown to be tight when the number of paths is very small compared with the
number of antennas which is the case in mmWave systems. Also, this bound shows
the relatively small importance of the other paths, rather than the strongest path,
on the performance as NLBS < 1 and jLV—h_d; < 1. Finally, note that the bound in (3.19)
is an approximated bound, as it depends on the asymptotic properties of the virtual
channel model in (3.17), which becomes a good approximation when the number of

antennas is very large.

3.7 Rate Loss with Limited Feedback

In this section, we consider RF and digital codebooks with finite sizes, and an-
alyze the rate loss due to the joint RF /baseband quantization. Although the analysis
will consider the special cases of single-path mmWave channels, and large-dimensional
regimes, it helps making important conclusions about the performance of the hybrid

precoding over finite-rate feedback channels.

3.7.1 Single-Path Channels

Considering single-path mmWave channels, the following theorem character-
izes the average rate loss when the hybrid analog/digital precoders and RF combiners
are designed according to Algorithm 3 with the quantized beamsteering RF precoders

F, W, and the effective channel RVQ codebook H.

Theorem 10 Let RS denote the rate achieved by user u when Algorithm 3 is used to
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design the hybrid precoders and RF combiners described in Section 3.3 while assuming

that

1. All channels are single-path, i.e., L, =1,u=1,2,...,U.

2. The RF precoding and combining vectors, f*¥ u = 1,2,..,.U and w,,u =

1,2,...,U, are beamsteering vectors selected from the quantized codebooks F and

W.
3. Fach MS u perfectly knows its channel H,, u=1,2,...,U.

4. Each MS u quantizes its effective channel h, using a RVQ codebook H of size
|H| = 2Bes,

Recall that R, is the rate achieved by user u with the assumptions in Theorem

4. Then the average rate loss per user, AR, = E [Ru — RS} , 15 upper bounded by

BpB

1+ 2FR NpgNysa (1 + %—;) 27T

AR, < log, — ; (3.29)
Hps ™ [Fus|
where |Aips| = min max|fif.|, and [Fys| = min max |wiwy|.
Proof: See [30, Appendix D]. O

Theorem 10 characterizes an upper bound on the rate loss due to quantization.
It can be used to determine how the number of baseband and RF quantization bits
should scale with the different system and channel parameters to be within a constant

gap of the optimal rate. This is captured in the following corollary.
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Corollary 11 To maintain a rate loss of log, (b) bps/Hz per user, the number of
baseband quantization bits should satisfy

U—1 NpsNas U—1
B > ——SNR —1)1 _— 1-—
BB = SNRgg + (U )og2< U 04< Nos >>

— (U = 1)logy (17 s~ 1), (3.30)

. . 1
|NBS’2 ’ﬂMS’Q > b (3.31)

This corollary shows that the number of bits used to quantize the effective
channels should increase linearly with the SNR in dB for any given number of users
and logarithmically with the number of antennas. It also illustrates that more base-
band quantization bits will be needed if the RF beamsteering vectors are poorly

quantized, i.e., if |figg| and |fiyg| are small.

The relation between the RF and baseband quantization bits is important
to understand the behavior of hybrid precoding algorithms. Indeed, in some cases,
e.g., when the effective channel is poorly quantized, the performance of analog-only
beamforming can exceed that of the hybrid precoding. In Section 3.8, the hybrid pre-
coding and beamsteering algorithms are compared for different quantization settings,
and some insights are given to highlight the cases in which using a digital layer to

manage the multi-user interference is useful.

3.7.2 Large-dimensional Regime

When large antenna arrays are used at both the BS and MS’s, using the virtual
channel model in Section 3.6.2, we can bound the average rate loss using the proposed

hybrid precoding algorithm with finite size codebooks.
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Proposition 12 Using Algorithm 3 to design the hybrid precoders at the BS and
RF combiners at the MSs, with the assumptions in Theorem 10, and adopting the

virtual channel model in (3.17), the average rate loss per user due to quantization,

AR, =E [Ru — Rl(ﬂ , 1S upper bounded by

—_— SNR U-1 L—1 Bpp
AR, <1 1+ ——aNggV, 1 1+ ——— 2771 . 3.32
< Og2< + i aNBg MS< + No < + NBSNMS)) U 1) ( )

The proof is similar to Theorem 10, but leverages the definition of the effective
channel in (3.20). In addition to characterizing the rate loss due to quantization
for more general settings with multi-path mmWave channels, this result illustrates

the marginal impact of the other paths on the performance of mmWave systems as

L—1
NBsNums

< 1. In other words, this indicates that considering only the path with the

maximum gain gives a very good performance.

3.8 Simulation Results

In this section, we evaluate the performance of the proposed hybrid ana-
log/digital precoding algorithm and derived bounds using numerical simulations.
All the plotted rates in Fig. 3.3-Fig. 3.7 are the averaged achievable rates per user;
E [% Zgzl Ru} with R, in equation 3.6.

First, we compare the achievable rates without quantization loss and with
perfect effective channel knowledge in Fig. 3.3(a) and Fig. 3.3(b). In Fig. 3.3(a),
we consider the system model in Section 3.3 with a BS employing an 8 x 8 UPA
with 4 MS’s, each having a 4 x 4 UPA. The channels are single-path, the azimuth

AoAs/AoDs are assumed to be uniformly distributed in [0, 27], and the elevation
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Figure 3.3: Achievable rates using the hybrid precoding and beamsteering algorithms
with perfect channel knowledge. Single-path channels are assumed in (a), while chan-
nels with L = 3 paths are examined in (b).

AoAs/AoDs are uniformly distributed in [—~7,F]. The SNR in the plots is defined
as SNR = ;—%. The rate achieved by the proposed hybrid precoding/combining
algorithm is compared with the single-user rate and the rate obtained by beamsteer-
ing. These rates are also compared with the performance of a particular uncon-
strained (all digital) block diagonalization algorithm in [67, Section III], where the
beamforming and combining vectors of user u are selected to be f, = V&O)VU and
w, = u,, where v, and u, are the dominant right and left singular vectors of the
effective channel matrix HUVQ(LO), with VI an orthogonal basis for the null space of
the matrix [H{ ... HT_\HT , .. HE}T This block diagonalization algorithm requires
Npg — rank <[H1T . HI_HI HaT> > 0, Vu which is expected to be satisfied
with high probability in mmWave systems with large arrays and sparse (low-rank)

channels. Note that other block diagonalization algorithms, like coordinated Tx-Rx
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Figure 3.4: Achievable rates using the hybrid precoding and beamsteering algorithms
with perfect channel knowledge. In (a), the performance of hybrid precoding is shown
to approach the single-user rate with large numbers of BS antennas. In (b), the
performance gap between hybrid precoding and beamsteering increases with more
MS antennas.

block diagonalization [67], may have more relaxed dimension constraints. The figure
indicates that the performance of hybrid precoding is very close to the single-user rate
thanks to canceling the residual multi-user interference, and is almost similar to the
performance of the unconstrained block diagonalization. Note also that the gain of
any other unconstrained precoding solution over the proposed hybrid precoding is ex-
pected to be small given the small gap between the hybrid precoding solution and the
single user upper bound, which is also a bound for any other unconstrained precod-
ing solution. The figure also illustrates the gain of hybrid precoding over analog-only
beamsteering solution which increases with SNR as the beamsteering rate starts to

be interference limited. The tightness of the derived lower bound in Theorem 4 is

also shown.
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In Fig. 3.3(b), we consider the same setup, but when each channel has L = 3
paths. The rates of the single-user, hybrid precoding, and beamsteering are simulated
with different numbers of BS and MS antennas, assuming that Ngg = Nyg. The
bound derived in Proposition 9 was also plotted where it is shown to be tight at large

number of antennas as discussed in Section 3.6.2.

In Fig. 3.4(a), the same setup in Fig. 3.3(a) is considered at SNR= 0 dB, but
with different values of BS antennas. The figure shows that even at very large numbers
of antennas, there is still a considerable gain of hybrid precoding over beamsteering.
This figure also shows that the difference between hybrid precoding and the single-
user rate decreases at a large number of BS antennas which validates the second part

of Proposition 7.

In Fig. 3.4(b), the same setup is considered with an 8 x 8 BS UPA and with
different numbers of MS antennas. The figure illustrates how the performance gap
between hybrid precoding and beamsteering increases with increasing the number of
MS antennas which coincides with Corollary 8. This means that hybrid precoding
has a higher gain over analog-only beamforming solutions in mmWave systems when

large antenna arrays are employed at the MS’s.

To illustrate the impact of RF quantization, the performance of hybrid precod-
ing and analog-only beamsteering are evaluated in Fig. 3.5(a) with different numbers
of quantization bits at the BS and MS. We consider the same setup of Fig. 3.3(a) with
4 x 4 MS UPAs and when each channel has L = 3 paths. As shown in the figure, the
performance of the beamforming strategies degrades with decreasing the number of

quantization bits. The gain, however, stays almost constant for the same number of
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Figure 3.5: Achievable rates using the hybrid precoding and beamsteering algorithms
are plotted for different numbers of RF beamforming quantization bits in (a), and for
different numbers of effective channel quantization bits in (b).

antennas. The figure also shows that the number of quantization bits should increase

with the antenna numbers to avoid significant performance degradations.

In Fig. 3.5(b), the case when both RF and baseband quantized codebooks exist
is illustrated. For this figure, the same system setup of Fig. 3.5(a) is adopted again,
and the spectral efficiency achieved by hybrid precoding is shown for different sizes of
the RVQ codebook used in quantizing the effective channels. The RF codebooks are
also quantized with BEp = 3 bits and BNS = 2 bits. These results show that when the
effective channel is poorly quantized, the loss of multi-user interference management
is larger than its gain, and using analog-only beamsteering achieves better rates. For
reasonable numbers of effective channel quantization bits, however, the performance

of hybrid precoding maintains its gain over the described analog-only solutions.

In Fig. 3.6, we evaluate the performance of the proposed two-stage hybrid
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Figure 3.6: Performance of the multi-user hybrid precoding versus the number of
users, for different numbers of channel paths. The users are assumed to be moving
with speed 30m/s.

precoding algorithm in the presence of user mobility. In this simulation, we consider
the system model in Section 3.3 with Ngg = 64 antennas and Ny = 8 antennas.
The users’ channels follow the geometric channel model in (3.4), but with each path
having an additional exponential term that captures the mobility(Doppler) effect, as
shown in [80]. The users are assumed to be moving with speed 30 m/s on a distance
50m away from the serving BS. In the beginning of every beam coherence time, the
BS and MSs perform beam training to find the best beams, then use these beams for
the rest of the beam coherence time. In Fig. 3.6, the beam coherence time is assumed
to be .1 s, based on the results in [80]. This figure shows that the optimal number
of users that can be simultaneously served depends on the number of channel paths.
As the channel becomes more sparse, i.e., with less number of paths, more users can

be served to optimize the system sum-rate.
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Finally, Fig. 3.7 evaluates the performance of the proposed hybrid precoding
algorithm in a mmWave cellular setup including inter-cell interference, which is not
explicitly incorporated into our designs. In this setup, BS’s and MS’s are assumed to
be spatially distributed according to a Poisson point process with MS’s densities 30
times the BS densities. The channels between the BS’s and MS’s are single-path and
each link is determined to be line-of-sight or non-line-of-sight based on the blockage
model in [7]. Each MS is associated to the BS with less path-loss and the BS randomly
selects n = 2,..,5 users of those associated to it to be simultaneously served. BS’s
are assumed to have 8 x 8 UPAs and MS’s are equipped with 4 x 4 UPAs. All UPA’s
are vertical, elevation angles are assumed to be fixed at 7/2, and azimuth angles
are uniformly distributed in [0, 27]. Fig. 3.7 shows the per-user coverage probability,
defined as P (R, > n), where 7 is an arbitrary threshold. This figure illustrates that
hybrid precoding has a reasonable coverage gain over analog-only beamsteering thanks

to its interference management capability.

3.9 Conclusions

In this chapter, we proposed a low-complexity hybrid analog/digital precoding
algorithm for downlink multi-user mmWave systems leveraging the sparse nature
of the channel and the large number of deployed antennas. The performance of
the proposed algorithm was analyzed when the channels are single-path and when
the system dimensions are very large. In these cases, the asymptotic optimality of
the proposed algorithm, and the gain over beamsteering solutions were illustrated.

The results indicate that interference management in multi-user mmWave systems is
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Figure 3.7: Coverage probability of the proposed hybrid precoding algorithm com-
pared with single-user per cell and analog-only beamsteering solutions. The figure
shows the per-user performance with different numbers of users per cell.

required even when the number of antennas is very large. When the feedback channels
are limited, the average rate loss due to joint analog/digital codebook quantization
was analyzed and numerically simulated. These simulations show that the hybrid
precoding gain is not very sensitive to RF angles quantization. It is important,
however, to have a good quantization for the digital precoding layer to maintain a

reasonable precoding gain over analog only solutions.
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Chapter 4

Multi-Layer Precoding for Massive MIMO
Systems

4.1 Overview

In this chapter!, we propose a general precoding framework, called multi-layer
precoding, to enable efficient and low complexity full-dimensional massive MIMO
operation. Multi-layer precoding (i) leverages the directional characteristics of large-
scale MIMO channels to manage inter-cell interference with low channel knowledge
requirements, and (ii) allows for an efficient implementation using low-complexity hy-
brid analog/digital architectures. We present a specific multi-layer precoding design
for full-dimensional massive MIMO systems. The performance of this precoding de-
sign is analyzed and the per-user achievable rate is characterized for general channel
models. The asymptotic optimality of the proposed multi-layer precoding design is
then proved for some special yet important channel models. Numerical simulations
verify the analytical results and illustrate the potential gains of multi-layer precoding

compared to traditional pilot-contaminated massive MIMO solutions.

IThis chapter is based on the work that is to be published in the journal paper: A. Alkhateeb,
G. Leus, and R. Heath, “Multi-layer Precoding: A Potential Solution for Full-Dimensional Massive
MIMO Systems,”. This work was supervised by Prof. Robert Heath. Prof. Geert Leus provided
important ideas for the multi-layer precoding design that greatly improved the work.
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4.2 Introduction

Massive MIMO promises significant spectral efficiency gains for cellular sys-
tems. Scaling up the number of antennas, however, faces a number of challenges that
prevent the corresponding scaling of the gains [2,4,22 81]. The large-dimensional
channels have high feedback overhead in frequency division duplexing (FDD) sys-
tems. To overcome that, channel reciprocity in conjunction with time division du-
plexing (TDD) systems is used alternatively [1,82]. Reusing the uplink training pilots
among cells, however, causes channel estimation errors which in turn lead to downlink
inter-cell interference, especially for cell-edge users [1]. Handling inter-cell interfer-
ence using traditional network MIMO techniques requires high coordination overhead,
which limits the overall system performance [25]. Another challenge with the large
number of antennas lies in the hardware implementation [4,12]. Traditional MIMO
precoding techniques normally assumes entire baseband processing, which requires
dedicating an RF chain per antenna. This may lead to high cost and power consump-
tion in massive MIMO systems [4]. Therefore, developing precoding schemes that can
overcome the challenges of inter-cell interference and complete baseband processing

is of great interest.

Inter-cell interference is a critical problem for cellular MIMO systems. Typ-
ical network MIMO solutions for managing this interference require some sort of
collaboration between the base stations (BSs) [26]. The overhead of this cooperation,
though, fundamentally limits the system performance [25]. When the number of an-
tennas grows to infinity, the performance of the network becomes limited by pilot

contamination [1], which is one form of inter-cell interference. Pilot contamination
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happens because of the channel estimation errors that result from reusing the uplink
training pilots among users in TDD massive MIMO systems. Several solutions have
been proposed to manage inter-cell interference in massive MIMO systems [83-86].
In [83,84], multi-cell zero-forcing and MMSE MIMO precoding strategies were devel-
oped to cancel or reduce the inter-cell interference. The solutions in [83,84], however,
require global channel knowledge at every BS, which makes them feasible only for
finite numbers of antennas [87]. To reduce the channel requirement overhead, pilot
contamination precoding was proposed in [85] to overcome the pilot contamination
problem, relying on the large channel statistics. The technique in [85], though, re-
quires sharing the transmitted messages between all BSs, which is difficult to achieve
in practice. In [86], the directional characteristics of large-dimensional channels were
leveraged to improve the uplink channel training in TDD systems. This solution,
however, requires fully-digital hardware and does not leverage the higher degrees of

freedom provided in full-dimensional massive MIMO systems.

On a relevant research direction, precoding solutions that divide the processing
between two stages have been developed in [20,23,30,88,89] for mmWave and massive
MIMO systems. Motivated by the high cost and power consumption of RF chains, [20]
developed hybrid analog/digital precoding algorithm for mmWave systems. Hybrid
precoding divides the precoding between RF and baseband domains, and requires
a much smaller number of RF chains compared to the number of antennas. For
multi-user systems [30] proposed a two-stage hybrid precoding design where the first
precoding matrix is designed to maximize the signal power for each user and the

second matrix is designed to manage the multi-user interference. Similar solutions
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were also developed for massive MIMO systems [88,89], with the general objective
of maximizing the system sum-rate. In [23], a two-stage joint spatial division and
multiplexing (JSDM) precoding scheme was developed to reduce the channel training
overhead in FDD massive MIMO systems. In JSDM, the base station (BS) divides the
mobile stations (MSs) into groups of approximately similar covariance eigenspaces,
and designs a pre-beamforming matrix based on the large channel statistics. The
interference between the users of each group is then managed using another precoding
matrix given the effective reduced-dimension channels. The work in [20, 23, 30, 88,
89], however, did not consider out-of-cell interference, which ultimately limits the

performance of massive MIMO systems.

In this work, we introduce a general framework, called multi-layer precod-
ing, that (i) coordinates inter-cell interference in massive MIMO systems leveraging
large channel statistics and (ii) allows for efficient implementations using hybrid ana-
log/digital architectures. The main contributions of our work are summarized as

follows.

e Designing a specific multi-layer precoding solution for full-dimensional massive
MIMO systems. The proposed precoding strategy writes the precoding matrix
of each BS as a multiplication of three precoding matrices, called layers. The
three precoding layers are designed to avoid inter-cell interference, maximize
effective signal power, and manage intra-cell multi-user interference, with low

channel training overhead.

e Analyzing the performance of the proposed multi-layer precoding design. First,
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the per-user achievable rate using multi-layer precoding is derived for a general
channel model. Then, asymptotic optimality results for the achievable rates
with multi-layer precoding are derived for two special channel models: the one-
ring and the single-path models. Lower bounds on the achievable rates for the

cell-edge users are also characterized under the one-ring channel model.

The developed multi-layer precoding solution and other proposed extensions are also
evaluated by numerical simulations. Results show the multi-layer precoding can ap-
proach the single-user rate, which is free of inter-cell and intra-cell interference, in
some special cases. Further, results illustrate that significant rate and coverage gains
can be obtained by multi-layer precoding compared to conventional conjugate beam-

forming and zero-forcing massive MIMO solutions.

4.3 System and Channel Models

In this section, we present the full-dimensional massive MIMO system and

channel models adopted in the paper.

4.3.1 System Model

Consider a cellular system model consisting of B cells with one BS and K
MS’s in each cell, as shown in Fig. 4.1. Each BS is equipped with a two-dimensional
(2D) antenna array of N elements, N = Ny (vertical antennas) x Ny (horizontal
antennas), and each MS has a single antenna. We assume that all BSs and MSs are
synchronized and operate a TDD protocol with universal frequency reuse. In the

downlink, each BS b, b = 1,2, ..., B, applies an N x K precoder F;, to transmit a
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Figure 4.1: A full-dimensional MIMO cellular model where each BS has a 2D antenna
array and serves K users.

symbol for each user, with a power constraint || [Fb]:’,€ |I?=1,k=1,2,.., K. Uplink
and downlink channels are assumed to be reciprocal. If hy.. denotes the N x 1 uplink
channel from user k in cell ¢ to BS b, then the received signal by this user in the

downlink can be written as

B

Yek = Z hy  Fisy + nex, (4.1)
b=1

where s, = [Sp1, ..., Sp, K]T is the K x 1 vector of transmitted symbols from BS b, such
that E[sps)] = %I, with P representing the average total transmitted power, and

nex ~ N(0,0?) is the Gaussian noise at user k in cell c. It is useful to expand (4.1) as

* * *
Yek = hcck [FC]:,I@ Se,k + § : hcck [FC]:7m Se;m + E :hbckaSb ek, (42)
V k b
Desired signal ?# - v \;éc —~ _
Intra-cell interference Inter-cell interference

to illustrate the different components of the received signal.

4.3.2 Channel Model

We consider a full-dimensional MIMO configuration where 2D antenna ar-

rays are deployed at the BS’s. Consequently, the channels from the BS’s to each

104



user have a 3D structure. Extensive efforts are currently given to 3D channel mea-
surements, modeling, and standardization [90,91]. One candidate is the Kronecker
product correlation model, which provides a reasonable approximation to 3D covari-
ance matrices [92]. In this model, the covariance of the 3D channel hy, defined as

Ry = E [hyehy, ], is approximated by
Ric = Ry @ Ry, (4.3)

where R, and RE, represent the covariance matrices in the azimuth and elevation
S A _ TTA AA TTA ¥ E _ T7E AE 7E * :

directions. If R;;, = U AU and R, = U Ay Uyl are the eigenvalue

decompositions of Ri, and RE,  then using Karhunen-Loeve representation, the

channel hy. can be expressed as
1 1

where Wy, ~ N(0,I) is a rank (Rj,,) rank (Rf.,) x 1 vector, with rank(A) repre-
senting the rank of the matrix A. Without loss of generality, and to simplify the
notations, we assume that all the users have the same ranks for the azimuth and

elevation covariance matrices, which are denoted as rp and rg.

4.4 Multi-Layer Precoding: The General Concept

In this section, we briefly introduce the motivation and general concept of

multi-layer precoding. Given the system model in Section 4.3, the signal-to-interference-
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plus-noise ratio (SINR) at user k in cell ¢ is

2
P
K h:ck [FC]: k’
SINRy = L 7 (4.5)
&Ml (B, [P+ 2D i B+ 0°
m#£k b#c

2
s Dok Been [Fe].p, |, and 32, |0 Fy || represent the

desired signal power, intra-cell multi-user interference, and inter-cell interference, re-

where the terms (hy, [F]. ,

spectively. Designing one precoding matrix per BS, F., to manage all these kinds of
signals by, for example, maximizing the system sum-rate is non-trivial. This normally
leads to a non-convex problem whose closed-form solution is unknown [26]. Also, co-
ordinating inter-cell interference between BS’s typically results in high cooperation
overhead that makes the value of this cooperation limited [25]. Another challenge lies
in the entire baseband implementation of these precoding matrices, which may yield

high cost and power consumption in massive MIMO systems [4].

Our objective is to design the precoding matrices, Fy, b = 1,2, ..., B, such that
(i) they manage the inter-cell and intra-cell interference with low requirements on the
channel knowledge, and (ii) they can be implemented using low-complexity hybrid
analog/digital architectures [30], i.e., with a small number of RF chains. Next, we
present the main idea of multi-layer precoding, a potential solution to achieve these

objectives.

Inspired by prior work on multi-user hybrid precoding [30] and joint spatial
division multiplexing [23], and leveraging the directional characteristics of large-scale
MIMO channels [86], we propose to design the precoding matrix F. as a product of

a number of precoding matrices (layers). In this paper, we will consider a 3-layer
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precoding matrix

F.=FUFPF® (4.6)

where these precoding layers are designed according to the following criteria.

e One precoding objective per layer: FEach layer is designed to achieve
only one precoding objective, e.g., maximizing desired signal power, minimizing
inter-cell interference, or minimizing multi-user interference. This simplifies the
precoding design problem and divides it into easier and /or convex sub-problems.

Further, this decouples the required channel knowledge for each layer.

e Successive dimensionality reduction: Each layer should be properly de-
signed such that the effective channel, including this layer, has smaller dimen-
sions compared to the original channel. This reduces the channel training over-
head of every precoding layer compared to the previous one. Further, this makes
a successive reduction in the dimensions of the precoding matrices, which eases
implementing them using hybrid analog/digital architectures [4,20,30,93] with

small number of RF chains.

e Different channel statistics: These precoding objectives are distributed over

)

the precoding layers such that F! requires slower time-varying channel state

information compared with Fg), which in turn requires slower channel state
information compared with F®. Given the successive dimensionality reduction
criteria, this means that the first precoding layer, which needs to be designed

based on the large channel matrix, requires very large-scale channel statistics

and needs to be updated every very long period of time. Similarly, the second
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and third precoding layers, which are designed based on the effective channels

that have less dimensions, need to be updated more frequently.

In the next sections, we will present a specific multi-layer precoding design
for full-dimensional massive MIMO systems, and show how it enables leveraging the
large-scale MIMO channel characteristics to manage different kinds of interference
with limited channel knowledge. We will also show how the multiplicative and suc-
cessive reduced dimension structure of multi-layer precoding allows for efficient im-

plementations using hybrid analog/digital architectures.

4.5 Proposed Multi-Layer Precoding Design

In this section, we present a multi-layer precoding algorithm for the full-
dimensional massive MIMO system and channel models described in Section 4.3.
Following the proposed multi-layer precoding criteria explained in Section 4.4, we

propose to design the N, Ny x K precoding matrix F, of cell b, b=1,..., B as
F, = FVFPFRY, (4.7)

where the first precoding layer Fl()l) is dedicated to avoid the out-of-cell interference,
the second precoding layer Fl()z) is designed to maximize the effective signal power, and
the third layer F,(,?’) is responsible of canceling the intra-cell multi-user interference.
Writing the received signal at user k in cell ¢ in terms of the multi-layer precoding in
(4.7), we get

yor = hi, FOFOR + 3 by, FUFPFYs, +ng. (4.8)

received 51gnal from serving BS b#c

~~
received signal from other BSs

108



Next, we explain in detail the proposed design of each precoding layer as well

as the required channel knowledge.

4.5.1 First Layer: Inter-Cell Interference Management

We will design the first precoding layer F,(!) to avoid the inter-cell interference,
i.e., to cancel the second term of (4.8). Exploiting the Kronecker structure of the

channel model in (4.4), we propose to construct Fl()l) as

FY = g FrY, (4.9)

Adopting the channel model in (4.4) with Wy = <Afck% ® Agck%) Wy, and employ-
ing the Kronecker precoding structure in (4.9), the second term of the received signal
Yer in (4.8) can be expanded as
> b FUFPEYs = 3w (U P o UREN ) FPFDs. (410)
bc btc
Avoiding the inter-cell interference for the users at cell ¢ can then be satisfied if
Fgl),b # ¢ is designed such that UE&FE(I) = 0,Vk. Equivalently, for any cell ¢ to
avoid making interference on the other cell users, it designs its precoder Ff(l) to be
in the null-space of the elevation covariance matrices of all the channels connecting
BS ¢ and the other cell users, i.e., to be in Null (Zb# > ke, ng) with K, denoting

the subset of K scheduled users in cell b.

Thanks to the directional structure of large-scale MIMO channels, we note that
with a large number of vertical antennas, Ny, the null-space Null (Zb Lo D hek, bek>

of different scheduled users X, will have a large overlap. This means that designing
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FcE(l) based on the interference covariance subspace averaged over different scheduled
users may be sufficient. Leveraging this intuition relaxes the required channel knowl-
edge to design the first precoding layer. Hence, we define the average interference
covariance matrix for BS c as

R, =) Ex, [RS,]. (4.11)

bc

Let [U!L UM] A, [ULUN] " represent the eigen-decomposition of R} with the N, x r;
matrix UL and N, x rn; matrix UM corresponding to the non-zero and zero eigenval-
ues, respectively. Then, we design the first precoding layer F'" to be in the null-space

of the average interference covariance matrix by setting

Fl = Iy, @ UM, (4.12)

C
which is an Ny Ny X rNiNg matrix.

Given the design of the first precoding layer in (4.12), and defining the ry; X g

E

—E *
. . . . o NI
effective elevation eigen matrix U, = U, U,

the received signal at user k of cell
¢ in (4.8) becomes

E*

cck cck

Yo = Wy (UA* ) ) FOF®)s, + ng,. (4.13)

Note that the first precoding layer in (4.9) acts as a spatial filter that entirely elim-
inates the inter-cell interference in the elevation domain. This filter, however, may
have a negative impact on the desired signal power for the served users at cell ¢ if
they share the same elevation subspace with the out-of-cell users. Therefore, this first
layer precoding design is particularly useful for systems with low-rank elevation sub-

spaces. It is worth mentioning here that recent measurements of 3D channels show

110



that elevation eigenspaces may have low ranks at both low-frequency and millimeter
wave systems [9,38,94]. Relaxations of the precoding design in (4.9) are proposed
in Section 4.7 to compromise between inter-cell interference avoidance and desired

signal power degradation.

Required channel knowledge: The design of the first precoding layer in
(4.9) requires only the knowledge of the interference covariance matrix averaged over
different scheduled users. It depends therefore on very large time-scale channel statis-
tics, which means that this precoding layer needs to be updated every very long pe-
riod of time. This makes its acquisition overhead relatively negligible from an overall
system perspective. In fact, this is a key advantage of the decoupled multi-layer
precoding structure that allows dedicating one layer for canceling the out-of-cell in-
terference based on very large time-scale channel statistics while leaving the other
layers to do other functions based on different time scales. This can not be done by
typical precoding schemes that relies on one precoding matrix to manage different
precoding objectives, as this precoding matrix will likely need to be updated based

on the fastest channel statistics.

4.5.2 Second Layer: Desired Signal Beamforming

) is designed to focus the transmitted power

The second precoding layer F.
on the served users’ effective subspaces, i.e., on the user channels’ subspaces including
the effect of the first precoding layer. If we define the matrix consisting of the effective

eigenvectors of user k in cell ¢ as Ugy, = (U?Ck ® Uik>, then we design the second
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precoding layer F.?) as a large-scale conjugate beamforming matrix, i.c., we set

FC(Z) - [ﬁccla "')ﬁCCK] ) (414)

which has Nyrnr X Krarg dimensions.

Given the second precoding layer design, and defining G (1) = Uzckﬁm, the received

signal by user k in cell ¢ can be written as
Yek = W:ck [Gc,(k,l), ey Gc,(k,K)] Fgg)sc + Nk (4.15)

The main objectives of this precoding layer can be summarized as follows. First,
the effective channel vectors, including the first and second precoding layers, will
have reduced dimensions compared to the original channels, especially when very
large numbers of antennas are employed. This reduces the overhead associated with
training the effective channels, which is particularly important for FDD systems [23,
30]. Second, this precoding layer supports the multiplicative structure of multi-layer
precoding with successive dimensional reduction, which simplifies its implementation

using hybrid analog/digital architectures, as will be briefly discussed in Section 4.7.

Required channel knowledge: The design of the second precoding layer
requires only the knowledge of the effective eigenvector matrices Ueur, k = 1, ..., K,
which depends on large-scale channel statistics. Further, it is worth noting that during
the uplink training of the matrices Uy, the first precoding layer works as spatial
filtering for the other cell interference. Hence, this reduces (and ideally eliminates)
the channel estimation error due to pilot reuse among cells, and consequently leads

to a pilot decontamination effect.
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4.5.3 Third Layer: Multi-User Interference Management

The third precoding layer F.® is designed to manage the multi-user inter-
ference based on the effective channels, i.e., including the effect of the first and
second precoding layers. If we define the effective channel of user k in cell ¢ as
I [GC7(;€71), s Gc,(k,K)chcm and let H, = [he1, ..., hex], then we construct the

third precoding layer FP asa zero-forcing matrix

N |
FO - H, (HH) T, (4.16)

where Y. is a diagonal power normalization matrix that ensures satisfying the pre-
coding power constraint || [Fy]. , [|[> = 1. Note that this zero-forcing design requires
Nyurny > Krarg, which is satisfied with high probability in massive MIMO systems,
especially with sparse and low-rank channels. Given the design of the precoding

matrix FS’), the received signal at user k in cell ¢ can be expressed as
Yek = [Tc]]ﬁk Sc,k + Nk (417)

Required channel knowledge: The design of the third precoding layer
relies on the instantaneous effective channel knowledge. Thanks to the first and
second precoding layers, these effective channels may have much smaller dimensions
compared to the original channels in massive MIMO systems, which reduces the

required training overhead.

4.6 Performance Analysis

The proposed multi-layer precoding design in Section 4.5 eliminates inter-cell

interference as well as multi-user intra-cell interference. This interference cancellation,
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however, may have a penalty on the desired signal power which is implicitly captured
by the power normalization factor [Y] pe i (4.17). In this section, we will first
characterize the achievable rate by the proposed multi-layer precoding design for a
general channel model in Lemma 13. Then, we will show that this precoding design
can achieve optimal performance for some special yet important channel models in

Section 4.6.1 and Section 4.6.2.

Lemma 13 Consider the system and channel models in Section 4.3 and the multi-

layer precoding design in Section 4.5. The achievable rate by user k in cell ¢ is given

by
SNR
Ry =log, | 1+ - - — |, (4.18)
(W;FS) FOF? F£2>Wc)
k.
where W, = I o [Weet, ..., Weere| and SNR = %.
Proof: See Appendix A O

Note that the achievable rate in (4.18) is upper bounded by the single-user rate—
the rate when the user is solely served in the network—which is given by Re =
log, (1 + SNR |]chk|]2). Therefore, Lemma 13 indicates that the proposed multi-
layer precoding can achieve an optimal performance if ng)*ng) = I. To achieve that,

it is sufficient to satisfy the following two conditions.

(i) Gekm) = 0,Ym # k, a condition that captures the impact of multi-user inter-

ference cancellation on the desired signal power.
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(ii) Gegp = (UL, @ UET) FORD” (U4, ® UE,) =1, Vk, a condition that cap-

tures the possible impact of the inter-cell interference avoidance on the desired

signal power.

Next, we characterize the performance of multi-layer precoding for two special

yet important channel models, namely, the one-ring and single-path channel models.

4.6.1 Performance with One-Ring Channel Models

Motivated by its analytical tractability and meaningful geometrical interpre-
tation, we will consider the one-ring channel model in this subsection [95-98]. This
will enable us to draw useful insights into the performance of multi-layer precoding,
which can then be extended to more general channel models. Note that due to its
tractability, one-ring channel models have also been adopted in prior massive MIMO

work [23,86,99,100].

Figure 4.2: An illustration of the one-ring channel model in the azimuth direction.
The BS that, has a UPA in the y-z plane, serves a mobile user in the x-y plane at
distance d.;. The user is surrounded by scatterers on a ring of radius r., and its
channel experience an azimuth angular spread Ay .
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The one-ring channel model describes the case when a BS is elevated away
from scatterers and is communicating with a mobile user that is surrounded by a
ring of scatterers. Consider a BS at height Hgg employing an Ny x Ny UPA, and
serving a mobile user at a distance d., with azimuth and elevation angles ¢, 0.1, as
depicted in Fig. 4.2. If the mobile is surrounded by scatterers on a ring of radius 7.

in the azimuth dimension, then the azimuth angular spread A, can be approximated

as A, = arctan (:l’;) Further, assuming for simplicity that the received power is
uniformly distributed over the ring, then the correlation between any two antenna
elements with orders ny,ny in the horizontal direction is given by

RA . 1 A4 _j27“d(n2—n1)sin(¢ck+a) sin(@ck)d 4.19
[ CCk]nl,ng - QA_A AL € Q. ( . )

The elevation correlation matrix can be similarly defined for the user k, in terms of

its elevation angular spread Ag.

In the next theorem, we characterize the achievable rate for an arbitrary user

k in cell ¢ under the one-ring channel model.

Theorem 14 Consider the full-dimensional cellular system model in Section 4.5.1
with cells of radius reen, and the channel model in Section 4.3.2 with the one-ring
correlation matrices in (4.19). Let ¢er, 0. denote the azimuth and elevation angles of
user k at cell ¢, and let Ax, Ag represent the azimuth and elevation angular spread.

Define the mazximum distance with no blockage on the desired signal power as dyax =

Haps tan (arctan (H—BS> - 2AE>. I |fos — Gem| = 286 0F |0 — O] > 205, ¥ 2 k,
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and de, < dpax, then the achievable rate of user k at cell ¢, when applying the multi-

layer precoding algorithm in Section 4.5, satisfies

. = — 2
val]{[an_m Ry = Rex = log, (1 + SNR || Weer || ) . (4.20)
Proof: See Appendix B O

Theorem 14 indicates that achievable rate with multi-layer precoding converges
to the optimal single-user rate for the users that are not at the cell edge (rcen — dimax
away from cell edge), provided that they maintain either an azimuth or elevation
separation by double the angular spread. For example, consider a cellular system
with cell radius 100m and BS antenna height 50m, if the elevation angular spread
equals Ag = 3°, then all the users within ~ 80m distance from the BS achieves
optimal rate. It is worth noting here that these rates do not experience any pilot
contamination or multi-user interference impact and can, therefore, grow with the
antenna numbers or transmit power without any bound on the maximum values that

they can reach.

The angular separation between the users in Theorem 14 can be achieved
via user scheduling techniques or other network optimization tools. In fact, even
without user scheduling, this angular separation is achieved with high probability as
will be illustrated by simulations in Section 2.8 under reasonable system and channel
assumptions. Further, for sparse channels with finite number of paths, it can be shown
that this angular separation is not required to achieve the optimal rate. Studying

these topics are interesting future extensions.
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In the following theorem, we derive a lower bound on the achievable rate with

multi-layer precoding for the cell-edge users.

Theorem 15 Consider the system and channel models described in Theorem 1/. If
|¢ck - chm’ 2 2AA or |9ck - 90m| 2 2AE; Vm 7£ k; and dmax S dck S Tcell s then the
achievable rate of user k at cell ¢, when applying the multi-layer precoding algorithm

wn Section 4.5, satisfies

lim  Ru > log, <1+SNR]\chk]|202 (ﬁE )) (4.21)

min cck
Nv,NH—ﬂ)O

Proof: Similar to the proof of Theorem 14, if |pex — Pem| > 2A4 or |0 — O | >

2Ag, Vm # k, then limny ny—o00 Ge,(k,m) = 0. Using the matrix inversion lemma and
-1

leveraging the block diagonal structure of W, we get (Wﬁng)*FEQ)Fg)*Fg)WC) =
Kok

(chch(k,k)chk)fl. Note that since d > dpax, Ueer 1S not guaranteed to be in

Range (UY'), and ﬁi;ﬁik # I in general. The achievable rate of user k at cell ¢ can

therefore be written as

im Ry = log, (1 + SNR Wi, G t) Week ) (4.22)
Vv, [Ng—00
(a) —
> log, (1 4 SNR [For| 02, (I ® Uik)) (4.23)
2 10g, (14 SNR [Week” 02, (Trir) ) (4.24)

where (a) follows by applying the Rayleigh-Ritz theorem [101], and (b) results from

the properties of the Kronecker product.

118



Theorem 15 indicates that cell edge users experience some degradation in their
SNRs as a cost for the perfect inter-cell interference avoidance. In Section 4.7, we
will discuss some solutions that make compromises between the degradation of the
desired signal power and the management of the inter-cell interference for cell-edge

users, under the multi-layer precoding framework.

4.6.2 Performance with Single-Path Channel Models

Rank-1 channel models describe the cases where the signal propagation through
the channel is dominated by one line-of-sight (LOS) or non-LOS (NLOS) path.
This is particularly relevant to systems with sparse channel, such as mmWave sys-
tems [7,21,38]. A special case of rank-1 channel models is the single-path channels.
Consider a user k at cell ¢ with a single path channel, defined by its azimuth and

elevation angles ¢, 0.1, the channel vector can be expressed as

hcck = pgck ﬁck aa (¢ck7 eck) ® ag (¢ck: eck) > (425)

where ap (¢ek, Oer) and ag (¢pex, Ocr) are the azimuth and elevation array response

vectors, B is the complex path gain, and p. is its path loss.

In the next corollary, we characterize the achievable rate of the proposed multi-

layer precoding design for single-path channels.

Corollary 16 Consider the full-dimensional cellular system model in Section 4.3.1,
and the single-path channel model in (4.25). When applying the multi-layer precoding

algorithm in Section 4.5, the achievable rate of user k at cell ¢ satisfies

lim Ry = Ra, = logy (14 SNR [[hee|?) . (4.26)

N\/,NH‘}OO
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Proof: The proof is similar to that of Theorem 14, and is omitted due to space

limitations. O

Corollary 16 indicates that the proposed multi-layer precoding design can
achieve an optimal performance for single-path channels, making it a promising so-
lution for mmWave and low channel rank massive MIMO systems. This will also be

verified by numerical simulations in Section 2.8.

4.7 Discussion and Extensions

While we proposed and analyzed a specific multi-layer precoding design in
this paper, there are many possible extensions as well as important topics that need
further investigations. In this section, we briefly discuss some of these points, leaving

their extensive study for future work.

4.7.1 Multi-Layer Precoding with Augmented Vertical Dimensions

As explained in Section 4.5, the proposed multi-layer precoding design at-
tempts to perfectly avoid the inter-cell interference by forcing its transmission to be
in the elevation null-space of the interference. While this guarantees optimal per-
formance for cell-interior users and decontaminates the pilots for all the cell users,
it may also block some of the desired signal power at the cell-edge. In this section,

((;1) that compromises be-

we propose a modified design for the first precoding layer F
tween the inter-cell interference avoidance and the desired signal degradation. The
main idea of the proposed design, that we call multi-layer precoding with augmented

vertical dimensions, is to simply extend the null-space of the inter-cell interference via
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exploiting large channel characteristics. This is summarized as follows. Leveraging
Lemma 2 in [86], the rank of the one-ring correlation matrix can be related to its
angular range [fiin, Omax| as

rank (R) = ? (coS(Omin) — cOS(fmax)) as N — oo. (4.27)

Applying this lemma to the elevation inter-cell interference subspace, setting 6,,;, =

7/2, BS ¢ can estimate its maximum interference elevation angle, denoted 6y, as

rank (R;) /\) |

4.28
NoD (4.28)

01 = arccos (—

Extending the null space of the interference can then be done by virtually reducing
the inter-cell interference subspace. Let dg denote the angular range of the extended

subspace, the modified inter-cell interference covariance can then be calculated as

— 1 oo jkD( ) cos(a)
R = JREN2 = oSt doy, 4.29
I}nl,nz 01_6}3_7{-/2/ € ( )

g

. o [751 ==NIT « [+=I==NIT* ) o —
Finally, if [UC U, } A. [UCUC } represents the eigen-decomposition of Ry, with U,
and UIC\H correspond to the non-zero and zero eigenvalues, then the modified first

precoding layer can be constructed as

FO =12 T, . (4.30)

Note that under this multi-layer precoding design, only cell edge users will
experience inter-cell interference and pilot contamination while optimal performance
is still guaranteed for cell-interior users. This yields an advantage for multi-layer
precoding over conventional massive MIMO precoding schemes, which will also be

illustrated by numerical simulations in Section 2.8.
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4.7.2 TDD and FDD Operation with Multi-Layer Precoding

While we focused on TDD systems in this paper, the fact that multi-layer
precoding relies on large-scale channel statistics makes it attractive for FDD oper-
ation as well. In FDD systems, the adjacent cells will cooperate to construct the
elevation inter-cell interference subspace, which is needed to build the first precoding
layer. Since this channel knowledge is of very large-scale statistics and this precod-
ing layer needs to be updated every long time period, this cooperation overhead can
be reasonably low. Given the first layer spatial filtering, every BS can estimate its
users covariance knowledge free of inter-cell interference. Thanks to the multiplica-
tive structure of the multi-layer precoding and its successive dimensional reduction,
only the third precoding layer requires the instantaneous knowledge of the effective
channel, which has much smaller dimensions. It is worth noting here that other FDD
massive MIMO precoding schemes, such as JSDM [23] with its user grouping func-
tions, can be easily integrated into the proposed multi-layer precoding framework for

full-dimensional massive MIMO cellular systems.

In TDD systems, the required channel knowledge for the three stages can be
done through uplink training with different time scales. One important note is that
the second precoding layer (and its channel training) may not be needed in TDD
systems with fully-digital transceivers, as the instantaneous channels can be easily
trained in the uplink with a small number of pilots. This precoding layer, however, is
important if multi-layer precoding is implemented using hybrid architectures, as will

be shown in the following subsection.
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Figure 4.3: The figure shows a hybrid analog/digital architecture, at which base-
band precoding, RF precoding, and antenna downtilt beamforming can be utilized to
implement the multi-layer precoding algorithm.

4.7.3 Multi-Layer Precoding using Hybrid Architectures

Thanks to the multiplicative structure and the specific multi-layer precoding
design in Section 4.5, we note that each precoding layer has less dimensions compared
to the prior layers. This allows the multi-layer precoding matrices to be implemented
using hybrid analog/digital architectures [4, 20, 30, 93], which reduces the required
number of RF chains. In this section, we briefly highlight one possible idea for the
hybrid analog/digital implementation, leaving its optimization and extensive investi-

gation for future work.

Considering the three-stage multi-layer precoding design in Section 4.5, we
propose to implement the first and second layers in the RF domain and perform the
third layer precoding at baseband. Given the successive dimensional reductions, the
required number of RF chains is expected to be much less than the number of anten-
nas, especially in sparse and low-rank channels. As the first precoding layer focuses

on avoiding the inter-cell interference in the elevation direction, we can implement it
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using downtilt directional antenna patterns. We assume that each antenna port has
a directional pattern and electrically adjusted downtilt angle [90,102]. For example,
The 3GPP antenna port elevation gain G¥ (6) is defined as [90]
B E . 60— Qtilt ?
G*(0) =G, —ming 12| —— | |SL (4.31)
0348
where 6y is the downtilt angle, and SL is the sidelobe level. Therefore, one way

FE(l)

to approximate is to adjust the downtilt angle f;; to minimize the leakage

transmission outside the interference null-space UL

Once F.(V is implemented, the second precoding layer F.? can be designed
similar to [30], i.e., each column of F. can be approximated by a beamsteering vector
taken from a codebook that captures the analog hardware constraints. Finally, the
third precoding layer F¥ is implemented in the baseband to manage the multi-user

interference based on the effective channels that include the effect of the first and

second precoding layers.

4.8 Simulation Results

In this section, we evaluate the performance of the proposed multi-layer pre-
coding algorithm using numerical simulations. We also draw insights into the impact

of the different system and channel parameters.

We consider a single-tier 7-cell cellular system model as depicted in Fig. 4.4(a),
and calculate the performance for the cell in the center. Unless otherwise mentioned,
every BS is assumed to a have a UPA, oriented in the y-z plane, at a height Hgg =

35m, and serving users at cell radius r.; = 100m. Users are randomly and uniformly
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dropped in the cells, and every cell randomly schedules K = 20 users to be served
at the same time and frequency slot. The BS transmit power is P = 5 dB and the
receiver noise figure is 7 dB. The system operates at a carrier frequency 4 GHz, with a
bandwidth 10 MHz, and a path loss exponent 3.5. Two channel models are assumed,

namely, the single-path and the one-ring channel models.

The BSs in the adopted system apply the multi-layer precoding algorithm in
Section 4.5. The required channel knowledge is obtained through three-stage uplink
channel training, and every stage includes the effect of the previously designed pre-
coding layers. Next, we present the simulation results for the two adopted channel

models.

4.8.1 Results with Single-Path Channels

In this section, we adopt a single-path model for the user channels as described
in (4.25). The azimuth and elevation angles are geometrically determined based on

users locations relative to the BSs, and the complex path gains S ~ CN (0, 1).

Optimality with large antennas: In Fig. 4.4(b), we compare the per-user
achievable rate of multi-layer precoding with the single-user rate and the rate with
conventional conjugate beamforming. The BSs are assumed to employ UPAs that
have Ny = 30 horizontal antennas and different numbers of vertical antennas. First,
we note that the per-user achievable rate with multi-layer precoding approaches the
optimal single-user rate as the number of antennas grow large. This verifies the
asymptotic optimality result of multi-layer precoding given in Corollary 16. Note

that the single-user rate is the rate if only this user is served in the network, i.e.,
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Figure 4.4: The adopted single-tier (7-cells) cellular model with FD massive MIMO
antennas at the BSs is illustrated in (a). In (b), the achievable rate of the pro-
posed multi-layer precoding is compared to the single-user rate and the rate with
conventional conjugate beamforming, for different numbers of vertical antennas. The
number of BS horizontal antennas is Ny = 30, and the users are assumed to have
single-path channels.

with no inter-cell or multi-user intra-cell interference. In the figure, we also plot the
achievable rate with conventional conjugate beamforming. This assumes that chan-
nels are estimated using uplink training and then conjugate beamforming is applied
in the downlink data transmission [1]. As a function of the path-loss ppe in (4.25),
the conjugate beamforming rate is theoretically bounded from above by [1]

RoP = log, (1 + sm%) , (4.32)

Zb;ﬁc Phck

which limits its rate from growing with the number of antenna beyond this value.
Interestingly, the multi-layer precoding rate does not have a limit on its rate and can

grow with the number of antennas and transmit power without a theoretical limit.
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Figure 4.5: The achievable rate of the proposed multi-layer precoding is compared
to the single-user rate and the rate with conventional conjugate beamforming for
different cell radii. The BSs are assumed to employ 120 x 30 UPAs, and the users
have single-path channels.

The intuition behind that lies in the inter-cell interference avoidance using large chan-
nel statistics in multi-layer precoding. This works as a spatial filtering that avoids
uplink channel estimation errors due to pilot reuse among cells and cancels inter-cell
interference in the downlink data transmission. Therefore, the multi-layer precoding
rate is free of the pilot-contamination impact. Note that while the asymptotic op-
timality of multi-layer precoding is realized at large antennas numbers, Fig. 4.4(b)
shows it can still achieve gain over conventional massive MIMO beamforming schemes

at much lower number of antennas.

Impact of antenna heights and cell radii: In Fig. 4.5, we evaluate the
impact of the BS antenna height and cell radius on the achievable rates. This figure

adopts the same system and channel assumptions in Fig. 4.4(b). In Fig. 4.5(a), the
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Figure 4.6: The rate coverage gain of the proposed multi-layer precoding algorithm
over conventional conjugate beamforming and zero-forcing is illustrated. This rate
coverage is also shown to be close to the single-user case. The BSs are assumed to
employ 120 x 30 UPAs at heights Hgs = 35m, the cell radius is 7.y = 100m, and the
users have single-path channels.

achievable rates for multi-layer precoding, single-user, and conjugate beamforming
are compared for different antenna heights, assuming cells of radius 200m. The fig-
ure shows that multi-layer precoding approaches single-user rates at higher antenna
heights. This is intuitive because forcing the transmission to become in the elevation
null-space of the interference may have less impact on the desired signal blockage if
higher antennas are employed. Note that the convergence to the single-user rate is
expected to happen at lower antenna heights when large arrays are deployed. These
achievable rates are again compared in Fig. 4.5(b), but for different cell radii. This

figures illustrates that higher cell radius generally leads to less rate because of the
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higher path loss. Further, the difference between single-user and multi-layer precod-
ing rates increases at higher cell radii. In fact, this is similar to the degradation with
less antenna heights, i.e., due to the impact of the inter-cell interference avoidance
on the desired signal power. For reasonable antenna heights and cell radii, how-
ever, the multi-layer precoding still achieves good gain over conventional conjugate

beamforming.

Rate coverage: To evaluate the rate coverage of multi-layer precoding, we
plot Fig. 4.6. The same setup of Fig. 4.4(b) is adopted again with cells of radius 100m,
and BSs with 120 x 30 UPAs at heights 35m. First, the figure shows that multi-layer
precoding achieves very close coverage to the single-user case, especially for users
not at the cell edge. For example, ~ 60% of the multi-layer precoding users get the
same rate of the single-user case. At the cell edge, some degradation is experienced
due to the first precoding layer that filters out-of-cell interference and affects the
desired signal power. This loss, though, is expected to decrease as more antennas
are employed. The figure also shows significant rate coverage gain over conventional

conjugate beamforming and zero-forcing precoding solutions.

4.8.2 Results with One-Ring Channels

In this section, we adopt a one-ring model for the user channels as described
in (4.19). The azimuth and elevation angles are geometrically determined based on
users locations relative to the BSs, and the angular spread is set to Ay = 5°, Ag = 3°.
Every BS randomly selects K = 20 users to be served, i.e., no scheduling is done to

guarantee the angular separation condition in Theorem 14 and Theorem 15.
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Figure 4.7: The rate coverage gain of the proposed multi-layer precoding algorithms
over conventional conjugate beamforming and zero-forcing is illustrated. This rate
coverage is also shown to be close to the single-user case. Further, the modified
algorithm with augmented vertical dimensions can overcome the cell-edge blockage.
The BSs are assumed to employ 100 x 40 UPAs at heights Hgs = 35m, the cell radius
is 7cen = 100m. The users have one-ring channel models of azimuth and elevation
angular spread Ay = 5°, Ag = 3°

Rate coverage: In Fig. 4.7-Fig. 4.9, we compare the rate coverage of multi-
layer precoding, single-user, and conventional conjugate beamforming, for different
antenna sizes. We also plot the rate coverage of the multi-layer precoding with aug-
mented vertical dimensions described in Section 4.7.1, assuming an extended angle
0 = 2Ag. This choice makes the maximum no-blockage distance d,.,, defined in
Theorem 14, to be equal to the cell radius. Optimization of this parameter deserves
more study in future extensions. Fig. 4.7 considers the system model in Section 4.3

with 100 x 40 BS UPAs and one-ring channel model. First, the figure shows that

multi-layer precoding achieves close coverage to single-user case at cell center. For
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Figure 4.8: The rate coverage gain of the proposed multi-layer precoding algorithms
over conventional conjugate beamforming and zero-forcing is illustrated. This rate
coverage is also shown to be close to the single-user case. Further, the modified
algorithm with augmented vertical dimensions can overcome the cell-edge blockage.
The BSs are assumed to employ 140 x 40 UPAs at heights Hgs = 35m, the cell radius
is 7cen = 100m. The users have one-ring channel models of azimuth and elevation
angular spread Ay = 5°, Ag = 3°.

cell edge, though, multi-layer precoding users experience high blockage, which results
from the elevation inter-cell interference avoidance. This can be improved when aug-
menting vertical subspaces as described in Section 4.7.1. Note that, different than
the multi-layer precoding case, the small degradation at the cell-edge users is due
to inter-cell interference, not signal blockage. Further, it is important to note that
cell-center with the modified algorithm in Section 4.7.1 still achieve asymptotic op-
timal rate, i.e., no inter-cell interference or pilot contamination impact exist. The

same behavior is shown again in Fig. 4.8, when larger array sizes are employed. In

this case, though, the cell-edge blockage with multi-layer precoding is less at better
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Figure 4.9: The rate coverage gain of the proposed multi-layer precoding algorithms
over conventional single-cell conjugate beamforming and multi-cell MMSE precoding.
This rate coverage is also shown to be close to the single-user case. The BSs are
assumed to be at heights Hgg = 35m, the cell radius is r.; = 100m. The users have
one-ring channel models of azimuth and elevation angular spread Ay = 5°, Ag = 3°.

separation between the desired cell and the other cells’ users can be achieved. In

the two figures, multi-layer precoding with augmented vertical subspaces is shown to

have good coverage gain over conventional massive MIMO precoding solutions.

In Fig. 4.9, we consider the same system and channel models in Fig. 4.7, but
with 80 x 20 UPAs and K = 5 users to reduce the computational complexity. Fig. 4.9
compares the rate coverage of the proposed augmented dimension based multi-layer
precoding with the single-user rate and the single-cell conjugate beamforming. The

figure also plots the rate coverage of the multi-cell MMSE precoding in [84] that
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Figure 4.10: The achievable rates of the proposed multi-layer precoding algorithms are
compared to the single-user rate and the rate with conventional conjugate beamform-
ing, for different distances from cell center. The BSs are assumed to employ 120 x 40
UPAs at heights Hgs = 35m and the cell radius is 7.; = 100m. The users have
one-ring channel models of azimuth and elevation angular spread Ay = 5°, Ag = 3°.

manages the inter-cell interference. As shown in the figure, multi-layer precoding
achieves a close performance to single-user rate and good gain over single-cell pre-

coding. Fig. 4.9 also illustrates that multi-layer precoding achieves a reasonable gain

over multi-cell MMSE precoding despite the requirement of less channel knowledge.

Rates at cell-interior and cell-edge: To illustrate the achievable rates for
cell-interior and cell-edge users, we plot the achievable rates of multi-layer precod-
ing, single-user, and conventional conjugate beamforming in Fig. 4.10. The rates are
plotted versus the user distance to the BS, normalized by the cell radius 7.y = 100m.

The figure confirms the asymptotic optimal performance of multi-layer precoding at
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cell-interior, given in Theorem 14. At cell edge, users experience some blockage that
can be fixed with the augmented vertical dimension modification in Section 4.7.1.
Compared to conventional conjugate beamforming performance, the multi-layer pre-
coding with augmented vertical dimensions exhibits very good gains, even at cell

edge.

4.9 Conclusion

In this paper, we proposed a general precoding framework for full-dimensional
massive MIMO systems, called multi-layer precoding. We developed a specific de-
sign for multi-layer precoding that efficiently manages different kinds of interference,
leveraging the large channel characteristics. Using analytical derivations and numer-
ical simulations, we showed that multi-layer precoding can guarantee asymptotically
optimal performance for the cell-interior users under the one-ring channel models and
for all the users under single-path channels. For the cell-edge users, we proposed a
modified multi-layer precoding design that compromises between desired signal power
maximization and inter-cell interference avoidance. Results indicated that multi-layer
precoding can achieve close performance, in terms of rate and coverage, to the single-
user case. Further, results showed that multi-layer precoding achieves clear gains over
conventional massive MIMO precoding techniques. For future work, it would be inter-
esting to investigate and optimize the implementation of multi-layer precoding using
hybrid analog/digital architectures. It is also important to develop techniques for the

channel training and estimation under hybrid architecture hardware constraints.
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Chapter 5

Frequency Selective Hybrid Precoding

5.1 Overview

Most prior work has focused on hybrid precoding for narrow-band mmWave
systems, with perfect or estimated channel knowledge at the transmitter. MmWave
systems, however, will likely operate on wideband channels with frequency selectivity.
In this chapter!, therefore, we consider wideband mmWave systems with a limited
feedback channel between the transmitter and receiver. First, the optimal hybrid
precoding design for a given RF codebook is derived. This provides a benchmark for
any other heuristic algorithm and gives useful insights into codebook designs. Sec-
ond, efficient hybrid analog/digital codebooks are developed for spatial multiplexing
in wideband mmWave systems. Finally, a low-complexity yet near-optimal greedy
frequency selective hybrid precoding algorithm is proposed based on Gram-Schmidt
orthogonalization. Simulation results show that the developed hybrid codebooks and
precoder designs achieve very good performance compared with the unconstrained

solutions while requiring much less complexity.

'This chapter is based on the work published in the journal paper: A. Alkhateeb and R. W.
Heath, “Frequency Selective Hybrid Precoding for Limited Feedback Millimeter Wave Systems,” in
IEEE Transactions on Communications, vol. 64, no. 5, pp. 1801-1818, May 2016. This work was
supervised by Prof. Robert Heath.
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5.2 Introduction

MmWave communication can leverage the large bandwidths potentially avail-
able at millimeter wave carrier frequencies to provide high data rates [103]. This
makes mmWave a promising carrier frequency for 5G cellular systems [3,6-8,104,105].
Recent channel measurements have confirmed the feasibility of using mmWave not
only for backhaul [24, 105, 106], but also for the access link [21]. Further, system
level evaluation of mmWave network performance indicate that mmWave cellular
systems can achieve a similar spectral efficiency to that obtained at lower-frequency
while providing orders of magnitudes more data rate thanks to the larger band-
width [9,107-109]. Though mmWave cellular is recently of interest for 5G, it was
proposed as early as thirty years ago [110]. MmWave wireless communication has
been considered for many other applications beyond cellular systems including wire-
less local area networks [36], personal area networks [111], wearable device commu-
nications [112,113], joint vehicular communication and radar systems [114-116], and

simultaneous energy/data transfer [117-119).

To guarantee sufficient received signal power at mmWave frequencies, large
antenna arrays are beneficial at both the transmitter and receiver [6,11,20,21,93,103].
Fortunately, large antenna arrays can be packed into small form factors due to the
small mmWave antenna size [17,120]. Exploiting large arrays using MIMO signal
processing techniques like precoding and combining, however, is different at mmWave
compared with sub-6 GHz solutions. This is mainly due to the different hardware
constraints on the mixed signal components because of their high cost and power

consumption [29]. Further, the best precoders are designed based on instantaneous
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channel state information, which is difficult to acquire at the transmitter in large
mmWave systems [29] due to the high channel dimensionality. Therefore, developing
precoding algorithms and codebooks for limited feedback wideband mmWave systems

is important for building these systems.

Hybrid analog/digital precoding, which divides the precoding between analog
and digital domains, was proposed to handle the trade-off between the low-complexity
limited-performance analog-only solutions and the high-complexity good-performance
fully digital precoding [18-20,27,39,62,121-123]. The main advantage of hybrid pre-
coding over conventional precoding is that it can deal with having fewer RF chains
than antennas. For general MIMO systems, hybrid precoding for diversity and multi-
plexing gain were investigated in [18], and for interference management in [19]. These
solutions, however, did not make use of the special mmWave channel characteristics
in the design as they were not specifically developed for mmWave systems. In [20], the
sparse nature of mmWave channels was exploited; low-complexity iterative algorithms
based on orthogonal matching pursuit were devised, assuming perfect channel knowl-
edge at the transmitter. Extensions to the case when only partial channel knowledge
is required and when the channel and hybrid precoders are jointly designed were con-
sidered in [27,39]. Algorithms that do not rely on orthogonal matching pursuit were
proposed in [121-123] for the hybrid precoding design with perfect channel knowl-
edge at the transmitter. The main objective of these algorithms was to achieve an
achievable rate that approaches the rate achieved by fully-digital solutions. The work
in [20,27,39,121,122], though, assumed a narrow-band mmWave channel, with per-

fect or partial channel knowledge at the transmitter. In [62], hybrid beamforming
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with only a single-stream transmission over MIMO-OFDM system was considered.
The solution in [62] though relied on the joint exhaustive search over both RF and
baseband codebooks without giving specific criteria for the design of these codebooks.
As mmWave communication is expected to employ broadband channels, developing
spatial multiplexing hybrid precoding algorithms for wideband mmWave systems is
important. Further, acquiring the large mmWave MIMO channels at the transmitter
is difficult, which highlights the need to devise limited feedback hybrid precoding

solutions.

In this work, we develop hybrid precoding solutions and codebooks for limited
feedback wideband mmWave systems. In our proposed system, the digital precoding
is done in the frequency domain and can be different for each subcarrier, while the
RF precoder is frequency flat. The contributions of the work in this chapter are

summarized as follows.

e First, we consider a frequency-selective hybrid precoding system with the RF
precoders taken from a quantized codebook. For this system, we derive the opti-
mal hybrid precoding design that maximizes the achievable mutual information
under total power and unitary power constraints. Even though an exhaustive
search over the RF codebook will be still required, the derived solution provides
insights into hybrid analog/digital codebooks and greedy hybrid precoding de-
sign problems. Further, this solution gives a benchmark for the other heuristic

algorithms that can be useful for evaluating their performance.

e Second, we consider a limited feedback frequency-selective hybrid precoding
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system where both the baseband and RF precoders are taken from quantized
codebooks. For this system, we develop efficient hybrid analog and digital
precoding codebooks that attempt to minimize a distortion function defined
by the average mutual information loss due to the quantized hybrid precoders

when compared with the unconstrained digital solution.

e Finally, we design a greedy hybrid precoding algorithm based on Gram-Schmidt
orthogonalization for limited feedback frequency selective mmWave systems.
Despite its low-complexity, the proposed algorithm is illustrated to achieve a
similar performance compared with the optimal hybrid precoding design that

requires an exhaustive search over the RF and baseband codebooks.

The performance of the proposed codebooks and precoding algorithms is evaluated
by numerical simulations in wideband mmWave setups, and compared with digital

only precoding schemes in Section 5.8.

5.3 System and Channel Models

In this section, we describe the adopted frequency selective hybrid precoding
system model and the wideband mmWave channel model. Key assumptions made for

each model are also highlighted.

Consider the OFDM based system model in Fig. 5.1 where a BS with Ngg
antennas and Ngrr RF chains is assumed to communicate with a single MS with Nyg
antennas and Ngrp RF chains. The BS and MS communicate via Ng length-K data

symbol blocks, such that Ng < Ngrp < Nps and Ng < Nrp < Nys. In practice, the

139



S : H S
_ | K-point| | add || RF = L rF Delete| [ K-point] | N
IFFT CP Chain i1+ 1| | Chain CP FFT
BN, I o o
NS recoding NRF NRF‘ Precoder ENBS NMSE Combiner ENRF NRF & NS
s ' ’ | e : i
{F N (W) |:
—l || K-point| | Add [ RE RF Delete || K-point N N
IFFT CP Chain Chain Ccp FFT
— —

Figure 5.1: A block diagram of the OFDM based BS-MS transceiver that employs
hybrid analog/digital precoding.
number of RF chains at the MS’s is usually less than that of the BS’s, but we do not

exploit this fact in our model for simplicity of exposition.

At the transmitter, the Ng data symbols s; at each subcarrier £k = 1,..., K
are first precoded using an Nrp X Ng digital precoding matrix F[k], and the symbol
blocks are transformed to the time-domain using Ngrrp K-point IFFT’s. Note that
our model assumes that all subcarriers are used and, therefore, the data block length
is equal to the number of subcarriers. A cyclic prefix of length D is then added to
the symbol blocks before applying the Ngg X Nrr RF precoding Frp. It is important
to emphasize here that the RF precoding matrix Fgp is the same for all subcarriers.
This means that the RF precoder is assumed to be frequency flat while the baseband
precoders can be different for each subcarrier. This is an important feature of the
frequency selective hybrid precoding architecture in Fig. 5.1 that differentiates it from
the conventional OFDM-based unconstrained digital scheme where only frequency-

selective digital precoders exist. The discrete-time transmitted complex baseband
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signal at subcarrier k can therefore be written as
x|k] = FrpF[k]s[k], (5.1)

where s[k] is the Ng x 1 transmitted vector at subcarrier k, such that E [s[k]|s*[k]] =
KL;VSINS, and P is the average total transmit power. Since Fgrp is implemented
using analog phase shifters, its entries are of constant modulus. To reflect that,

2
= 1. Further, we assume that the angles

we normalize the entries ‘[FRF]m,n
of the analog phase shifters are quantized and have a finite set of possible val-

ues. With these assumptions, [Fry] = e9mn where ¢,,, is a quantized angle.

m,n
The angle quantization assumption is discussed in more detail in Section 5.6. Note
that the RF beamforming can also be designed as a frequency selective filter [124],
with additional hardware complexity. Two precoding power constraints are consid-
ered in this work: (i) a total power constraint, where the hybrid precoders satisfy
S IFreF[k]|2 = KNs, and (ii) a unitary power constraint, where the hybrid
precoders meet FrpF[k] € Unyoxns, £ = 1,2,..., K, with the set of semi-unitary
matrices Unygxng = {U € CMes*Ns|U*U =1I}. Note that while the total power con-
straint allows the transmit power to be distributed, possibly non-uniformly, among
the subcarriers and the data streams on each subcarrier, the unitary power constraint

enforces an equal power allocation among the subcarriers and the data streams on

each subcarrier.

At the MS, assuming perfect carrier and frequency offset synchronization, the
received signal is first combined in the RF domain using the Nyg X Ngp combining

matrix Wgg. Then, the cyclic prefix is removed, and the symbols are returned back
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to the frequency domain with Ngrg length-K FFT’s. The symbols at each subcarrier k
are then combined using the Ngr x Ny digital combining matrix Wk]. The constraints
on the entries of RF combiner Wgg are similar to the RF precoders. Denoting the
Nus X Npg channel matrix at subcarrier k as H[k], the received signal at subcarrier

k after processing can be then expressed as
y[k] = W [k]WrpH[K|FrpF[k]s[k] + W*[k]Wgpnlk], (5.2)

where n[k] ~ N(0,0%I) is the Gaussian noise vector corrupting the received signal.

To incorporate the wideband and limited scattering characteristics of mmWave
channels [6,7,21,36,125,126], we adopt a geometric wideband mmWave channel model
with L clusters. Each cluster ¢ has a time delay 7, € R, and angles of arrival and
departure (AoA/AoD), 0y, ¢y € [0, 27]. Each cluster ¢ is further assumed to contribute
with Ry rays/paths between the BS and MS [9,125,127]. Eachray r, = 1,2, ..., Ry, has
a relative time delay 7,,, relative AoA/AoD shift ¥,,, ¢,,, and complex path gain .
Further, let ppr, represent the path-loss between the BS and MS, and p,.(7) denote
a pulse-shaping function for Ts-spaced signaling evaluated at 7 seconds [128]. Under

this model, the delay-d MIMO channel matrix, H [d], can be written as [128]

NisNats o
Hld) = % SN pie (ATs — 70 — 72,) ans (0 — Ur,) als (b0 — 1,
PL =1 ry=1

(5.3)
where apg (¢) and ayg (f) are the antenna array response vectors of the BS and MS,

respectively. Given the delay-d channel model in (5.3), the channel at subcarrier k,
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HI[k], can be then expressed as [59]

Hik] =Y H[de 7% (5.4)

While most of the results developed in this work are general for large MIMO
channels, and not restricted to the channel model in (5.3), we described the wideband
mmWave channel model in this section as it will be important for understanding the
motivation behind the proposed construction of the hybrid analog/digital precoding
codebooks in Section 5.6. Further, it will be adopted for the simulations in Section 5.8
and for drawing conclusions about the performance of the proposed precoding schemes

and codebooks in wideband mmWave channels.

5.4 Problem Statement

In this work, we consider the downlink system model in Section 5.3 when the
BS and MS are connected via a limited feedback link. For this setup, we assume the
MS has perfect channel knowledge with which it selects the best RF and baseband
precoding matrices Fjp and {F*[k‘]}kK:l from predefined quantization codebooks to
maximize the achievable mutual information when used by the BS. The main objective
of this work then is to develop efficient RF and baseband precoding codebooks for
limited feedback wideband hybrid analog/digital precoding architectures. In this
section, we first formulate the optimal hybrid precoding based mutual information
when given RF and baseband precoding codebooks are used. Then, we briefly explain

how the main objective of this work will be investigated in the subsequent sections.

As this chapter focuses on the limited feedback hybrid precoding design, i.e.,
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the design of Frp, {F[k]}i_,, we will assume that the receiver can perform optimal
nearest neighbor decoding based on the Nyg-dimensional received signal with fully
digital hardware. This allows decoupling the transceiver design problem, and focusing
on the hybrid precoders design to maximize the mutual information of the system [20],

defined as

J(FRF,{F [ 1): Zlog2

where p =

INMS FH[k]FRFF[k]F* [k]F*RFH* [k] ) (55)

K’; 5 is the SNR. As combining with fully digital hardware, though, is
not a practical mmWave solution, the hybrid combining design problem needs also
to be considered. The design ideas that will be given in this chapter for the hybrid

precoders, however, provide direct tools for the construction of the hybrid combining

matrices, Wgp, {WIk]}_,, and is therefore omitted due to space limitations.

If the RF and baseband precoders are taken from quantized codebooks Frp
and Fgg, respectively, then the maximum mutual information under the given hybrid

precoding codebooks and the total power constraint is

Jpp=_ max J (FRFa {F[k]}kKﬂ)
Frr {F[k]}p_y

s.t. Fgrr € Frr,

F[k’] € Jgp, k=1,2,..., K,

K
> IFreF (k]| 7 = K Ng.

k=1
The maximum mutual information with hybrid precoding and under the unitary

power constraint is similar but with the last constraint in (5.6) replaced with FrpF[k] €

uNBsXNS .
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Our main objective in this work is to construct efficient hybrid precoding
codebooks Frr and Fpp to maximize the achievable mutual information in (5.6). To
get initial insights into the solution of this problem, we will first investigate a special
case of the limited feedback hybrid precoding problem in Section 5.5 when only the
RF precoders are taken from quantized codebooks while no quantization constraints
are imposed on the baseband precoders. For this problem, we will derive the optimal
hybrid precoding design for any given RF codebook Fgp. The results of Section 5.5

will help us developing RF and baseband precoders codebook in Section 5.6.

5.5 Optimal Hybrid Precoding Design for a Given RF Code-
book

In this section, we investigate the limited feedback hybrid precoding design
when only the RF precoders are taken from quantized codebooks. This problem is
of a special interest for two main reasons. First, it will provide useful insights into
the construction of efficient hybrid analog/digital precoding codebooks as will be
summarized at the end of this section. Second, the hybrid precoding design problem
with only RF precoders quantization can also be interpreted as the hybrid precoding
design problem with perfect channel knowledge. The reason is that even when perfect
channel knowledge is available at the transmitter, the RF precoders will be taken
from a certain codebook that captures the hardware constraints such as the phase
shifters quantization. With this motivation, we consider the following relaxation of

the optimization in (5.7) that captures the assumption that only the RF precoders

145



are quantized.
Tip = max 9 (Fre (PR

Frr {Fk]}

S.t. Frr € Fgr, (57)
K

Z [FreF (k][5 = K Ns.

k=1

The design of the hybrid analog/digital precoders in (5.7) is non-trivial due to
(i) the RF hardware non-convex constraint Frp € Frp, and (ii) the coupling between
the analog and digital precoding matrices, which arises in the power constraint (the
second constraint in (5.7)). Due to these difficulties, prior work [20,27,62] focused
on developing heuristics designs for the hybrid analog/digital precoders in (5.7). Al-
though these heuristic algorithms were shown to give good performance, they do not
provide enough insights that help, for example, to design limited feedback hybrid

precoding codebooks.

In this section, we will consider the coupling between the analog and digital
precoders, and show that the optimal baseband precoders can be written as a function
of the RF precoders under both the total and unitary power constraints. This will

reduce the hybrid precoding design problem to an RF precoder design problem.

5.5.1 Total Power Constraint

As the RF precoding matrix Frg in (5.7) is taken from a quantized codebook

Frr, then the optimal mutual information in (5.7) can also be equivalently written
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in the following outer-inner problems form

max 7 (FRF, (FIR}C )
(PR}, =
fp = o nax K (5.8)
ERL st > |[FreF[E]|[; = K Ns,
k=1

where the outer maximization is over the set of possible quantized RF precoding
matrices, and the inner problem is over the set of feasible baseband precoders given

the RF precoder, {F[k:] e CNuexNs| K PRI = KNS}.

Note that the solution of the optimal baseband precoders in the inner prob-
lem of (5.8) is not given by the simple SVD of the effective channel with the RF
precoder, H[k|Fgrp, because of the different power constraint that represents the cou-
pling between the baseband and RF precoders. In the following proposition, we find

the optimal baseband precoders of the inner problem of (5.8).

Proposition 17 Define the SVD decompositions of the kth subcarrier channel matrix

H[k| as H[k] = U[k]X[k]V*[k], and the SVD decomposition of the effective channel

matriz B[k]V*[k]Frp (FipFre) 2 = UK|S[k]V [k]. Then, the baseband precoders

{F[k]}r, that solve the inner optimization problem of (5.8) are given by

F' k] = (FiyFre) 2 VK] AR, k=12 K, (5.9)

;,1:Ng

where [V[k]];mvs 1s the Nrp X Ng matriz that gathers the Ng dominant vectors of

VIk|, and Alk] is an Ns x Ns water-filling power allocation diagonal matriz with

2 Ng ! )
AR = (- —=2) Ji=1,.,Ns, k=1,..K 5.10
[A[K]]Z; <M o] > 3 (5.10)
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and with p satisfying
K Ng +
N
< p [Z[k]

Proof: See Appendix A in [34]. O

Given the optimal baseband precoder in (5.9), the optimal hybrid precoding
based mutual information with the RF codebook Frr and a total power constraint

can now be written as

2
1:Ng,1:Ng

K
1
Jhp = max —Z:log2 A[K]? |, (5.12)
k=1

Frredrr K

I, + Nis (K]

where X[k]? and A[k]? are functions only of Frp and H[k] as defined in Proposi-
tion 17. This means that the optimal hybrid precoding based mutual information
is determined only by the RF precoders design. Hence, an exhaustive search over
the RF precoders codebook Fgr is sufficient to find the maximum achievable mutual

information with hybrid precoding.

The hybrid precoding design in Proposition 17 can also be extended to the
case when the power constraint is imposed on each subcarrier. In this case, the power
constraint on the hybrid precoders is written as |FrpF (k]| = Ns,k=1,..., K. The
following corollary presents the optimal baseband precoder for a given RF codebook,

under the per-subcarrier total power constraint.

Corollary 18 The optimal baseband precoders that mazximizes the objective of the

inner optimization problem of (5.8), under the constraint |FrrF[k]||p = Ns, kb =
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1,..., K, are given by

N

F*[k] = (FypFre) 2 [V[K]] Aplk], k=1,2,.. K, (5.13)

:;,1:Ng

where Aplk] is an Ns x Ng water-filling power allocation diagonal matriz with

&)

o (N
[Ap[k]]m.—<u = ) 1,..., Ns, (5.14)

and with p satisfying

Ng NS + - -
Z (u - W) — Ns, k=1,.., K. (5.15)

Proof: The proof is similar to Proposition 17 and is therefore omitted. a

It is worth mentioning here that most current wireless systems do not perform
per subcarrier power allocation. This constraint, therefore, is not especially critical

for practical systems.

An important note on the structure of the optimal hybrid precoders derived in
Proposition 17 and corollary 18 is that the matrix Fyp[k] representing this optimal

hybrid precoders at subcarrier £ can be written as
Fup[k] = Fulk]A[K], (5.16)

is a semi-unitary matrix, as it can be

where Fylk] = Fir ((Ff{F)* FﬁF)_§ W[ku :1:Ng
verified that F{j[k]Fy[k] = In,. This means that the structure of the optimal hybrid
precoders is similar to that of the unconstrained SVD precoders, as it is written as a

product of a semi-unitary matrix and a diagonal water-filling power allocation matrix.
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5.5.2 Unitary Power Constraint

For limited feedback MIMO systems, the unitary power constraint which re-
quires the columns of the precoding matrix FrpF[k] to be orthogonal with equal
power, is an alternative important constraint. Even though some performance loss
should be expected with unitary constraints compared with the more relaxed total
power constraint, unitary constraints usually lead to more efficient codebooks and
codeword selection algorithms for limited feedback systems [70]. Further, they nor-
mally offer a close performance to the total power constraint [70]. In this subsection,
we investigate the optimal hybrid precoding design under a unitary power constraint,

and conclude important results for limited feedback hybrid precoding.

Similar to (5.8), the optimal mutual information with hybrid precoding under
the unitary power constraint can be written in the following outer-inner problems

form

max J (FRFa {F[k]}kK:1>

Jfp = max {Fkl}r,

L (5.17)
R IR st. FreFlk] € Unpaxng, k=12, K.

Given an RF precoder Fgry, we find, in the following proposition, the optimal base-

band precoders of the inner problem of (5.17).

Proposition 19 Define the SVD decompositions of the kth subcarrier channel matrix
H[k| and the matriz X[k]V*[k]| (FI*{FFRF)_% as in Proposition 17, then the baseband

precoders {F[k|}1—, that solve the inner optimization problem of (5.17) are given by

F*k] = (FiyFre) 2 [VIK] k=12, .. K. (5.18)

5 1:Ng’
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Proof: The proof is similar to that in Appendix A in [34], and is skipped due to

space limitations. O

Given the optimal baseband precoder in (5.18), the optimal hybrid precod-
ing based mutual information with the RF codebook Frp and the unitary power

constraint can be written as

K
f 1 p 2
HP Fé?gfép? kz:;log2 INS + FS [E[kﬂ 1:Ns,I:Ng |’ (519)

where 3[k]? depends only on Frp and H[k] as defined in Proposition 17. Next, we
state an important remark on the structure of the optimal hybrid precoding design.
Remark 1. The optimal baseband precoder ¥*[k] under the unitary hybrid precoding
power constraint FrpF[k] € Ungoxng @5 decomposed as F*[k] = ArpG*[k], where
Agrr = (FEFFRF)_% depends only on the RF precoder, and G*[k|, which we call the
equivalent baseband precoder, is a semi-unitary matriz, G*[k] € Unppxng, with the
optimal design described in (5.18).

Remark 1 shows that for the BS to achieve the optimal mutual information with the
unitary power constraint and RF codebook Fgrr, it needs to know (i) the index of the
RF precoder codeword that solves (5.19), and (ii) the optimal semi-unitary equivalent

baseband precoding matrix G*[k].

Although an exhaustive search over the RF codebook is still required to find
the optimal mutual information in (5.12) and (5.19), the derived results are useful
for several reasons. First, equations (5.12) and (5.19) provide, for the first time, the
maximum achievable rate with hybrid precoding for any given RF codebooks. There-

fore, these equations give a benchmark that can be used to evaluate the performance
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of any heuristic/iterative hybrid analog/digital precoding algorithms, and to estimate
how much additional improvement is possible. Further, the optimal mutual informa-
tion in (5.12) and (5.19), depend only on the RF codebook, which will help in the
design of the RF codebook as we will see in Section 5.6. Another useful finding is the
special construction of the optimal baseband precoder described in Remark 1 which
offers insights into the limited feedback hybrid precoding design as will be described

in Section 5.6.

For the remaining part of this chapter, we will focus on the hybrid precod-
ing design problem with the unitary constraint. In the next section, we will address
the design of hybrid precoding codebooks for limited feedback wideband mmWave
systems. Then, in Section 5.7, we will develop a greedy frequency selective hybrid
precoding algorithm based on Gram-Schmidt orthogonalization, that relaxes the ex-
haustive search requirement over the RF codebook in (5.19) while providing a near-
optimal performance. It is worth noting here that as shown in (5.16), the optimal
hybrid precoders under total power constraints consist of a semi-unitary matrix mul-
tiplied by a diagonal water-filling power allocation matrix. Therefore, the hybrid
precoding codebooks and codeword selection algorithms that will be designed under
unitary power constraints can also be used for hybrid precoding under total power
constraints. The water=filling power allocation can be done as a subsequent step to

further improve the performance.
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5.6 Codebook Design for Frequency Selective Hybrid Pre-

coding

In this section, we consider the wideband mmWave system model in Section 5.3
with limited feedback, and develop hybrid analog and digital codebooks. First, we
will consider the case Ng = Ngp in Section 5.6.1 where we leverage the structure
of the optimal hybrid precoders developed in Section 5.5 to show that the hybrid
codebook design problem can be reduced to an RF codebook design problem. Then,
we consider the case Ng < Ngg in Section 5.6.2, where we develop hybrid analog and

digital precoding codebooks leveraging the results in Section 5.6.1.

5.6.1 Case 1: NS = NRF

Given the optimal baseband precoder structure from (5.18), the optimal hybrid
precoding based mutual information when Ng = Ngp, and with the RF codebook Frp
can be written as Jjjp =

L apw) + N%E[k]ZV*[k’]FRF (FixFrr) 2 G[k]G*[K]

1 K
X, T 21082
% (FipFre) ? Fre VI (5.20)

Since Glk] is unitary for Ng = Ngp, equation (5.20) can be equivalently written as

K
1 . . _
Jﬁp = max — Z 10g2 Ir(H[k]) + Nisz[k)]ZV [k‘]FRF (FRFFRF) 1 FRFVV{]’ .
k=1

FrreTrr /X
(5.21)
As a result, the optimal mutual information is invariant to the optimal equivalent

baseband precoder, and depends only on the knowledge of the RF precoder Frg. This
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leads to the following remark.
Remark 2. With N5 = Ngy, feeding back only the index of the optimal RF precoder
that solves (5.21) is sufficient to achieve the optimal mutual information with limited

feedback hybrid precoding.

Remark 2 also means that no quantization of the baseband precoder is re-
quired when Ng = Ngp. Further, optimizing the limited feedback hybrid precoding
performance is achieved by the optimization of the RF codebook design Frp, which

is addressed in the remaining part of this subsection.

RF Codebook Design Criterion: Our objective is to design the RF code-
book to minimize the distortion given by the average mutual information loss of
hybrid precoding compared with the optimal unconstrained per-subcarrier SVD so-
lution. Denoting the SVD of the RF precoder as Frp = UrpXrr Vi, the optimal
mutual information with limited feedback hybrid precoding in (5.21) can be written

as

]5 SE2V* K] Upp Ul VK] (5.22)

Jhp = _max —Zlog2

r(H[k])
Frre€Trr K (HI[kD

For large mmWave MIMO systems, a reasonable assumption as stated in [20]
for narrowband channels is that the hybrid precoders can be made sufficiently close to
the dominant channel eigenspace. Further, the dominant channel eigenspaces of the
different subcarriers may have high correlation at mmWave channels [21,129]. This
means that the eigenvalues of the matrix I— V*[k|FrpF[k]F*[k]F4z V[k] can be made
sufficiently small. Using this assumption, which will also be evaluated by simulations

in Fig. 5.4-Fig. 5.6, and following similar steps to that in equations (12)-(14) of [20],
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Jip can be approximately written as

K

1
Jhp = — 1
o~ g 7o 3 (1o

k=1
= = Z log,

p ~
INRF + EE[HQ

_ (NRF - HU}‘{FV[MH?)) . (5.23)
)

(5.24)

INRF 2 [k]

K
1 ~
— min =S (N —HU* Vik
pnin K;( wr — | Upe VIK]

where i[k] = [E[k]]l:NRF,I:NRF and V[k} - [V[k]]alINRF‘

When fully digital unconstrained precoding with perfect channel knowledge
is possible, the optimal mutual information with per-subcarrier unitary constraint is

achieved by per-subcarrier SVD precoding and is equal to

Z log,

Ingr + N E[k] (5.25)

We can now define the distortion due to limited feedback hybrid precoding

with the RF precoder Frr as

D (Trr) = E{H[k]}§:1 Te — Jhel s (5.26)
[ 1 & N 2
~ B, |00 7 ; (NRF - HUEFV[R} F)] : (5.27)
- E{H[k]}szl FRI}I?lei:ITlRF Z dchord <URF7 [k])] ) (528)
- ‘ i X
= Empp x| _FRYEIEH?IRF(I)Chord (URF, {V[k]}k:l)} : (5.29)

where depora (X, Y) is the chordal distance between the two points X, Y on the Grass-
mann manifold G (Ngs, Nrr). Pehord (X, {Y[k]}szl> is the average of the squared

chordal distances between the Grassmann points X and {Y[k]},—,. If no constraints
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are imposed on X, the solution of arg minxeg(nyg, Mr) Pehord (X, {Y[k:]}kK:l) is given
by the Karcher mean of the K Ngp-dimensional subspaces defined by the points
{Y[k]}r, [130]. Our RF codebook design criterion is then to minimize the distortion

function expression in (5.29)

RF Codebook Construction: Developing a closed-form solution for the
RF precoders codebook that minimizes the distortion in (5.29) is non-trivial for two
main reasons. First, the RF hardware constraints like the constant modulus limitation
on the entries of the RF precoding matrix and the angle quantization of the phase
shifters, which impose non-convex constraints on the distortion function minimization
problem. Second, the lack of knowledge about the closed-form distributions of the
mmWave channel matrices. These closed-form distributions usually play a key role
in constructing the precoders codebook. For example, the uniform distribution of the
dominant singular vectors of the IID complex Gaussian MIMO channels led to the

codebook design based on isotropic packing of the Grassmann manifold [70, 131].

To overcome these challenges, we developed Algorithm 4 which is a Lloyd-
type algorithm [132, 133], that first constructs a precoders codebook to minimize
the distortion function in (5.29) for wideband mmWave channels while neglecting
the RF' hardware constraints. Then, the RF precoding codewords are designed to
minimize the additional distortion results from the RF hardware constraints. One
advantage of developing a Lloyd-type algorithm is that no knowledge about the closed-
form distributions of the channel matrices is required, and only the knowledge of the
mmWave channel parameter statistics, which are given by measurements [125], is

needed. These parameter statistics are used to generate random channel realizations,
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Algorithm 4 RF Codebook Construction for Frequency Selective Hybrid Precoding

1) Initialization: Generate random initial centroid points Fy = {FY, ..., F%CB} C

uNBS X Ng -

2) Source: Generate random mmWave channels according to (5.4), H =
{H[k]}I, }, and construct the set of dominant right singular vectors correspond-

ing to the generated channels V where

V= {9} U [V = (VI (B €5

k=1

3) Nearest Neighbor Partitioning: Partition the set V into N¢p Voronoi cells
{R1, ..., Rney } according to (5.30)-(5.31).
4) For each Voronoi cell n, n =1, ..., Ncg
a) Karcher Mean Calculation: Calculate the Karcher mean M,, of the
points
- K
{{V[k’]}k_l} in R,, according to (5.33).
b) Updating the Centroid: Update the nth unconstrained codeword FU =
M,,.
c¢) RF Codeword Approximation: Calculate the approximated RF code-
word FRF
according to (5.38).
5) Loop back to step 3) until convergence

according to (5.3), which are employed in constructing the RF precoders codebook

as described in Algorithm 4.

The operation of Algorithm 4 can be summarized as follows.

e Initialization and source generation: In this step, Ncp initial codewords FY, n =
1,..., N¢g for the unconstrained codebook are randomly chosen from Uy« ns-
Further, random wideband mmWave channel realizations are generated ac-

cording to (5.3), (5.4) with the parameter statistics given from measurements,
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e.g., [125]. For each channel realization, the K subcarrier channels {H[E]} 1 are
K

calculated, and their dominant right singular vectors are determined {\7[1@]} .
k=1

Note that each element of H (and V) is a set of K matrices for the K subcarriers.
Nearest neighbor partitioning: In this step, the points in 'V are partitioned into

Ncg Voronoi cells with respect to the codewords in Fy to minimize the average

. K
distortion. To do that, we first define the quantization map C ({V[k]} >,
k=1
K

that determines the closest codeword in Jy to {\7[1@]} in terms of the average
k=1

squared chordal distance ®gora(.), as

C ({V[k]}f) = arg min P (X, {V[k;]}fl) . (5.30)

Once the codeword closest to each point in V is determined, these points can

be partitioned into Ngp sets R,,,n = 1,2, ..., Nog as follows

R, = {{V[k]}fl eV ‘c ({\7[/@]}:{1) _ F}f} | (5.31)

Centroid calculation: The centroid of each partition R,, is then derived to min-
imize the average distortion for this partition. Hence, the objective of this step
is to calculate the new codeword FV that solves

FU—arg min E {@Chord (X {V[k]}K > ‘{V[k]}K c Rn} . (5.32)

XGUNBSXNS k=1 k=1

Minimizing the objective function of the problem in (5.32) is similar to mini-

. K
mizing the function ®g,0rq (X, {V[k‘]} ) , whose solution is found to be given

k=1
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by the Karcher mean [133,134]. Therefore, the new centroid of (5.32) can be

calculated in a closed form as

= eigy.n, <RZ Z ) , (5.33)

where eig;. . (X) represents the first Ng eigenvectors of the matrix X corre-

sponding to the Ng largest eigenvalues.

RF codewords approximation: The final objective of Algorithm 4 is to construct
an RF codebook Fgrp that minimizes the distortion in (5.29). Using the triangle
inequality on the chordal distances [135], the additional distortion due to the

RF hardware constraints can be bounded by

s (U (V) = ot (P (VI ) = s (P, 0.
(5.34)
where URF is the Ng dominant left singular vectors of the nth RF codeword.
As the chordal distance between two Grassmannian points X,Y € Upnyexng
is invariant to the right multiplication of any of them by a unitary matrix in

Ungxng, then we have

Prorg (B UY) = B, (FY, URVIE) = 2, (BYFRY (BRFRRE) 72)

(5.35)
So, our objective is to solve
x . 1
P =g min | g <FU FRF (FRFFRF) 2). (5.36)
Fn P»q_l
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Finding the exact solution of (5.36) is non-trivial because of the constant-
modulus constraint on the entries of FRF. For the sake of a closed-form approx-
imated solution, however, we make the following two approximations, that will
be shown by simulations in Section 5.8 to give very good results compared with
the optimal unconstrained solution. (i) For large mmWave MIMO channels, the
columns of FR¥ can be chosen to be nearly orthogonal, i.e., (FR" FERF) ~ L. (ii)
The hybrid precoding and the unconstrained points FRF (FSF*FEF)_% and FU
can be made very close [20]. Hence, by leveraging the locally Euclidean property
of the Grassmann manifold, the chordal distance in (5.36) can be replaced by

the Euclidean distance [20,136]. Therefore, minimizing the distortion in (5.36)

is approximately equal to the following problem

(5.37)

The problem in (5.37) is a per-entry optimization problem, of which the optimal

solution is given by

Fre] = g4, (5.38)

P ’
where the angle £ ([Fg]p q) can then be approximated to the closest quantized

angle of the available phase shifters.

The convergence of Algorithm 4 is shown in Fig. 5.2 for a 32 x 16 mmWave
system with Nrp = 3 RF chains, and for a codebook size 128. The monotonic
convergence of Algorithm 4 to a local optimal solution is guaranteed as the precod-

ing codewords are updated in each iteration according to the nearest neighbor and
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Figure 5.2: Average distortion in (5.29) of the proposed RF codebook constructed
using Algorithm 4 with Ng = Ngrr = 3, and codebook size Ngg = 128. The rest
of the channel and simulation parameters are similar to Fig. 5.4(a) described in Sec-
tion 5.8. The figure shows the convergence of the unconstrained and RF approximated
codebooks to small distortion values.

centroid steps (5.30) - (5.32) to make an additional reduction in the distortion func-

tion [132]. In the next subsection, we extend the developed codebook to the case

when Ng < Ngp.

5.6.2 Case 2: Ng < Ngrr

When Ng < Ngp, we can see from (5.19) that the optimal hybrid precoding
based mutual information depends on the value of the equivalent baseband precoders,

and are not invariant with respect to them because they will not have a unitary struc-

ture as when Ng = Ngp. Hence, both the RF and baseband precoders Fgg, {F[k]} 5,
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need to be quantized and fed back to the transmitter in this case. Inspired by the
optimal structure of the baseband precoders in (5.18) and by Remark 1, we propose
to quantize the equivalent baseband precoders {Gl[k|} instead of the baseband pre-
coders. In addition to the intuitive good performance expected to be achieved with
equivalent baseband quantization thanks to following the optimal precoders struc-
ture, one main advantage of equivalent baseband precoders quantization appears in
the favorable structure of the optimal equivalent baseband codebooks as will be dis-
cussed shortly. With RF and equivalent baseband precoders quantization, the optimal

mutual information is given by

Ly + 3 HIE e (FiFre) ™ GIEGY[H]

T
Jhp =  max E;lo&

Frr {F[k]}/_,
X (FrpFrr) 2 FrpH"[K]
s.t. Frr € ?RF,

Glk| € 98B C Unpexng, k=1,2,... K,
(5.39)

where the constraint Ggg C Upny, xng o0 the equivalent baseband precoders codebook
Ggg follows from the unitary power constraint on the hybrid precoders, which requires
the equivalent baseband precoders to have a unitary structure. Before delving into
the design of RF precoders codebook Frr and the equivalent baseband precoders
codebook Ggg, we make the following remark on the codebook structure of the optimal
equivalent baseband precoders.

Remark 3. Regardless of the RF codebook, the optimal codebook for the equivalent

baseband precoders {G[k‘]}szl under a unitary hybrid precoding constraint is unitary.
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In the remaining part of this subsection, we present the proposed design and

construction of the RF and equivalent baseband precoders codebooks, Frr and Ggp.

Hybrid Codebook Design Criterion: The objective now is to design Frp
and Gpp to minimize the distortion function D (Frr, Gpp) defined as the average mu-
tual information loss of limited feedback frequency selective hybrid precoding com-
pared with the unconstrained perfect channel knowledge solution. Formally, the dis-

tortion function D (Frp, Gpp) is written as
D (Frr, G8B) = ]E{H[k]}szl e — Tipl (5.40)

where It and Jjjp are as defined in (5.25) and (5.39), respectively.

The main challenge of this distortion function is that the hybrid precoding
mutual information depends on the joint RF and equivalent baseband precoders code-
books as shown in (5.39), which makes the direct design of these codebooks to min-
imize the distortion in (5.40) non-trivial. Next, we leverage the optimal baseband
prcoders structure in Section 5.5 to derive an upper bound on the limited feedback
hybrid precoding distortion in (5.40). This bound will attempt to decouple the distor-
tion impact of the RF and equivalent baseband precoding codebooks, and therefore
simplify the hybrid codebook design problem. The limited feedback hybrid precoding

distortion D (Frp, Gpp) in (5.40) can be written as

D (Frr, IBB) = E{H[k]}le [T6¢ — Jgp] » (5.41)
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2

(a) "
E{H }k 1 [j o F;?S;(RF_ Zlog2 INS [Z{kul:Ns,lzNS ]
ABEF
2 *
- E{H[k]}le [FQ?S;{RF_ Z logy |Tng + [E[kH 1:Ns,1:Ng | HP]
AJBE\RF
(5.42)
=D (Frr) + D (SBB |TrrF) » (5.43)

where (a) follows by adding and subtracting the optimal hybrid precoding based mu-
tual information with optimal equivalent baseband precoding knowledge in (5.19).
The first term is therefore the average mutual information loss due to RF codebook
alone, D (Frr), while the second term represents the additional loss with equivalent
baseband precoders quantization D (Ggg |Frr ). Exploiting the optimal baseband pre-
coders design in (5.18), we can bound mutual information loss due to RF quantization

as

AJRF = Zl 089y

I+ —E[k]

K Ns
]- p * * * *
- F;??;(RF_ ; ; log, (1 + Fs)\i (B[K]V*[k]Urp Vip Ve Ugp V[K]2 [k])> )
(5.44)
®) 1 & p -
< — ) log, I+ —3[k]
= K; 0gy (L + Ny (K]

_  max iiil% (1+NiSA (ﬁ)[k]V*[k]URFUEFV[k]i*[kD), (5.45)

FrreIrr K =

1 & p
=—) log, [T+ ~—%[k]

K £ 0gy |1+ . [ ]
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K
1 0 a1 ek
- — > o, [T+ LSk V* K Ugp U VIEIS [k 4
X D 08 [T+ 3 SNV Uns Ui VIS8 (5.46
K
(c) 1 —2 ~
FR?ElirTIRFK ; chord RF [ ] (5 7)
— ~ K
= i Perera (U {Vk} ) 5.48
iy B (Uar (V1)) (5.45)

where (a) follows from the design of the optimal baseband precoder in (5.18). The
bound in (b) follows by considering only the Ng dominant right singular vectors of

the channel, i.e., the first Ng columns of V[k], and (c) follows by considering the

large mmWave MIMO approximations used in (5.23). In (¢), dehora is the generalized

chordal distance between subspaces of different dimensions defined as [137]

2

. (5.49)

2

Girena (Une, VIK]) = min (Naw, Ns) = || Upe VIK]

where the dimensions of Ugrp and V[k:] are Nps X Nrp and Npg X Ng, respectively.

Finally, ®cora(.) is defined as in (5.29), but with respect to the generalized chordal

distance depora(.). Given the result in (5.48), we reach the following bound on D (Fgr)

K
1 . K
D (SERF) - E FRIP{IEIgRF K = (I)chord (FRF’ { [k]}kzl)] (5 50)

Now, we derive a similar bound on the additional distortion due to the equiv-
alent baseband quantization given a certain RF codebook D (Ggp |Frr). Let Fip €
Trr be the solution of (5.19), i.e., the solution of the first term in AJpprp in (5.42),
and X [k] be the corresponding X[k]. As Fjp represents a feasible (not necessarily

the optimal) solution of the problem in (5.39), then D (Ggg |[Frr) in (5.43) can be
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bounded as

K

D (Ses |Fwr) < Z (10g2 Ing + ]\P[S [E[ku?:Ns,lst
k:
+ e loga Tns + 5 (S, o, [V v, GIHIGTTH] [VIRI, v, )} |

(5.51)

. [G%EB_ > dama (G- ’fﬂ;,ms)] ! (5.52)
_E { min org (G {[V[k]]:ﬁl:NS}K )1 , (5.53)

GeSpp k=1

where (a) follows by considering the large mmWave MIMO approximations used in
(5.23). The codebook design objective is then to minimize the upper bound on
the distortion function, that is given by the bounds in (5.53), (5.50) on D (Frr) +

D (SB |Frr).

Hybrid Codebook Construction: Given the distortion function upper
bounds in (5.50) and (5.53), we will design the RF codebook Frr to minimize the
derived bound on D (Frr). Then, we will design the equivalent baseband codebook
Ygp to minimize the bound on the additional distortion of the equivalent baseband
precoders quantization D (Gpp |Frr). As the distortion bounds in (5.50) and (5.53)
are similar to the expression of the RF codebook distortion in (5.29), we use Algo-
rithm 4 to design the hybrid RF and equivalent baseband codebooks Fgrr and Gpg.
For the RF codebook, Algorithm 4 will be used, but with replacing the chordal dis-
tance depora (-) in (5.30), (5.32), (5.34), (5.36) by the generalized chordal distance
between subspaces of different dimensions in (5.48). To build the unitary equivalent

baseband precoders codebook, Algorithm 4 will be also used, but without step 4-c
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as no RF approximation is required. Even though the dependence of the distortion
function D (Gpp |Frr) on the RF codebook Frp is relaxed in the design, i.e., the RF
and baseband codebooks are sequentially designed, the developed hybrid codebooks
achieve good performance compared with the perfect channel knowledge case as will

be shown in Section 5.8.

5.7 Gram-Schmidt Based Greedy Hybrid Precoding

The optimal hybrid precoding design for any given RF codebook was derived
in Section 5.5. An exhaustive search over the RF codebook, however, is still required
to find the optimal RF precoder in (5.19). This search may be of high complexity,
especially for large antenna systems. Therefore, and inspired by the optimal baseband
precoder structure in (5.18), we develop a greedy frequency selective hybrid precoding
algorithm in this section based on Gram-Schmidt orthogonalization. Different from
prior work that mainly depends on heuristic ideas for the joint design of the RF and
baseband precoders [20,27,123], we will make statements on the optimality of the
proposed algorithm in some cases, even though it sequentially designs the RF and

baseband precoders.

Equation (5.19) showed that the optimal hybrid precoding based mutual infor-
mation can be written as a function of the RF precoding alone. Hence, the remaining
problem was to determine the best RF precoding matrix, i.e., the best Ngrr beam-
forming vectors, from the RF precoding codebook Frg. This requires making an
exhaustive search over the matrices codewords in Fgrp. A natural greedy approach to

construct the hybrid precoder is to iteratively select the Ngr RF beamforming vectors
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to maximize the mutual information. In this chapter, we call this the direct greedy
hybrid precoding (DG-HP) algorithm. For simplicity of exposition, we will assume
that the RF beamforming vectors of the Ngrr RF chains are to be selected from the
same vector codebook Fip = {flRF fﬁ}gB} but choosing unique codewords. Ex-
tensions to the case when each of the Ngrr RF beamforming vectors is taken from a

different codebook is straightforward.

The operation of the DG-HP algorithm then consists of Ngryp iterations. In
each iteration, the RF beamforming vector from I}, that maximizes the mutual
information at this iteration will be selected. Let the Npg x (i — 1) matrix Fg;l)
denote the RF precoding matrix at the end of the (i — 1)th iteration. Then by
leveraging the optimal baseband precoder structure in (5.18), the objective of the ith
iteration is to select ' € Fy . that solves

‘ R S i
= e 233w, (14 v (R (B ) B ) ).
(5.54)

with F{m = [F ) fSF} The best vector £RF will be then added to the RF precod-

(4)

ing matrix to form Fpp = [F(Z Y fRE

) *n*

] The achievable mutual information with this

algorithm is then JES_HP = JSY-FF)

. The main limitation of this algorithm is that it
still requires an exhaustive search over Jj and eigenvalues calculation in each itera-
tion. The objective of this section is to develop a low-complexity algorithm that has a
similar (or very close) performance to this DG-HP algorithm. In the next subsection,
we will make the first step towards this goal by proving that a Gram-Schmidt based
algorithm can lead to exactly the same performance of the DG-HP. This will be then

leveraged into the design of our algorithm in Section 5.7.2.
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5.7.1 Gram-Schmidt Based Greedy Hybrid Precoding

In hybrid analog/digital precoding architectures, the effective channel seen at
the baseband is through the RF precoders lens. This gives the intuition that it is
better for the RF beamforming vectors to be orthogonal (or close to orthogonal), as
this physically means that the effective channel will have a better coverage over the
dominant subspaces belonging to the actual channel matrix. This intuition is also
confirmed by the structure of the optimal baseband precoder discussed in Remark
1, as the overall matrix Frp (FEFFRF)_% has a semi-unitary structure. Indeed, this
observation can also be related to the structure of the solutions of the nearest matrix
and nearest tight frame problems [138,139]. This note means that in each iteration
i of the greedy hybrid precoding algorithm in (5.54) with a selected codeword fRF,
the additional mutual information gain over the previous iterations is due to the con-
tribution of the component of f&F that is orthogonal on the existing RF precoding
matrix Fg; Y. Based on that, we modify the DG-HP algorithm by adding a Gram-
Schmidt orthogonalization step in each iteration ¢ to project the candidate beamform-
ing codewords on the orthogonal complement of the subspace spanned by the selected
codewords in Fg; Y. This can be simply done by multiplying the candidate vectors
by the projection matrix Pi-DT = (INBS - Fg;l) <Fg;1)*Fg§1)>_l Fg;l)*). Given
the optimal precoder design in (5.18), the mutual information at the ith iteration of

the modified Gram-Schmidt hybrid precoding (GS-HP) algorithm can be written as

K
1 p =0n) (=00 =06\ T =) s
X K Z £ log, (1 + F)‘Z (H k] Frp <FRF Frp ) Frr' HIK| )

(5.55)
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@ max — ZZIQgQ (1 + Nis)\g (T(l—l) + H[k]P(zfl)LstﬂI}F P(zfl)i H*[k]>> 7

(5.56)

w(En i— i i i— 1) (-1 m-1)* *
it B = e P57, 760 gy (ke el Rl R
Note that T~ is a constant matrix at iteration 7, and (a) follows from the Gram-

] —(i,n)*=(i,n -3
Schmidt orthogonalization which allows the matrix Fﬁ; ) <F%’F) F;F )> * at iteration

_1

i to be written as {FEFI) (Fg;l) Fg};l)) ’ ,P(i_l)Lf}}F] . Hence, the eigenvalues cal-
culation in (5.56) can be calculated as a rank-1 update of the previous iteration
eigenvalues, which reduces the overall complexity [140]. The best vector £ will be

) n*

then added to the RF precoding matrix to form FU), = [Fg;l) £RF } At the end

of the Ngp iterations, the achieved mutual information is J5p " = ﬁﬁffp). In the
following proposition, we prove that this Gram-Schmidt hybrid precoding algorithm

is exactly equivalent to the DG-HP algorithm.

Proposition 20 The achieved mutual information of the direct greedy hybrid pre-

coding algorithm in (5.54) and the Gram-Schmidt based hybrid precoding algorithm in

(5.55) are evactly equal, i.c., Ip5—HF = JE5—HP,

Proof: See Appendix B in [34]. O

5.7.2 Approximate Gram-Schmidt Based Greedy Hybrid Precoding

The main advantage of the Gram-Schmidt hybrid precoding design in Sec-
tion 5.7.1 is that it leads to a near-optimal low-complexity design of the frequency

selective hybrid precoding as will be discussed in this section. Given the optimal
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Algorithm 5 Approximate Gram-Schmidt Based Frequency Selective Hybrid Pre-
coding
Initialization

1) Construct II = Vi Sy, with Sy = diag (21, zK) and Vi = [vl, ...,VK]
Set Frp = Empty Matrix. Define Aqg = [flRF, o ff\}gB], where ff*' n =1, ...,

N{y are the codewords in gy

RF Precoder Design
2) For Z,Z = 1, ceey NRF
a) v = H*ACB

b) n* = arg maX,—12, Ny,
i i1
0 ¥ = [F ]
, N S
O 1= (T, — ¥ (FFR) R )0
Digital Precoder Design

3) F[k] = Fii™ (F&RF)*FQR”)_E (VIH], e o = 1o K, with V[k] defined in
(5.18)

[¥]

S|y

=

baseband precoding solution in (5.18), the mutual information at the ith iteration in

(5.55) can be written as

—(7 —=(i,n) [(=(i,n)*=(i,n -1 _ imn)* %
79 = max —221% <1+ LY (H (k] For) (F;F) F%Q) For) H (k] ))
(5.57)

@ 1 e p <o s(in) (mlin) F=in)) T
> nax ?Zzlogz <1+E)\£ (Z[k]V [k]F g <FRF Frr )
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) (e i
+omax — S |SEVARF (Fﬁ{;‘) F;’F))

)
fRYeFy L

(§.60>

k=1

where the bound in (a) is by considering only the first Ng dominant singular values
of H[k|, and (b) follows from using the large mmWave MIMO approximations used

in (5.23). The objective then of the ith iteration is to select £ € Fry that solves

K 1112
1 = ~ —(i,n) [=(n)*=({,n)\ 2
£ = argmax— 3 Sk VA [k]For (F;;?’ Fgg) N (5.61)
tRFeThp k=1 F
_ . o —1? _ , 2
1) SR VAN Gl (Fg;” Fg;)) Il + arg max HEHVEP(“Ulf}f‘F . (5.62)
P TeThp 2

where Xy = diag (2[1],...,2[[(]), Vu = [\7[1],...,\7[}(]}, and (a) follows from

i —=(i,n)*=(i,n -3 =(i,n i— )
Gram-Schmidt which makes Fgﬁ) (F%}?) F(R’F)> * . with Fg{’F) = [F%Fl), P(“l)Lfo}F]

-

at the ith iteration equals to the matrix {FSFU (Fg;l)*Fggl)>_§ ,P(i_l)Lf,gi)} . The
problem in (5.62) is simple to solve with just a maximum projection step. We call
this algorithm the approximate Gram-Schmidt hybrid precoding (Approximate GS-
HP) algorithm. As shown in Algorithm 5, the developed algorithm sequentially build
the RF and baseband precoding matrices in two separate stages. First, the RF
beamforming vectors are iteratively selected to solve (5.62). Then, the baseband
precoder is optimally designed according to (5.18). Despite its sequential design
of the RF and baseband precoders, which reduces the complexity when compared
with prior solutions that mostly depend on the joint design of the baseband and
RF precoding matrices [20,27], Algorithm 5 achieves a significant gain over prior
solutions, and gives a very close performance to the optimal solution in (5.19), as will

be shown in Section 5.8. In fact, for some special cases like the case when Ng = Ngp,
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Algorithm 5 can be proved to provide the optimal baseband and RF precoding design
. . 2
of the problem max = S HE (k] V* [k] FreF [K] H which has been
Frr€Frp,||FrrF k]| 7 <Nrr F
an important optimization objective for many hybrid precoding papers [20,27].

5.7.3 Total Feedback Overhead

In this subsection, we summarize the feedback overhead associated with the

proposed hybrid precoding strategies in Section 5.6 and Section 5.7 as illustrated in

Table 5.1.

In Section 5.6, we develop an algorithm to construct efficient codebooks Frp
for RF precoding matrices. Hence, the MS will need to feedback the index of the best
RF precoding codeword, i.e., Brr = log, |Frr| bits. For the baseband precoders, we
found in Section 5.5 that the optimal baseband precoder can be written in terms of
the RF precoder and a semi-unitary matrix (the equivalent baseband precoder). In
the case when Ng = Nrp, though, this equivalent baseband precoder takes a unitary
structure, and the spectral efficiency is invariant to this equivalent baseband precoder.
Hence, no baseband feedback bits are needed in this case. If Ny < Ngp, log, |Gps|

bit will be needed for each subcarrier.

In Section 5.7.2, we developed a greedy hybrid precoding algorithm that re-
quires only a per RF beamforming vector codebook JFyp. Hence, the index of the
best codeword for each RF beamforming vectors will be fed back, i.e., a total of
Brr = Ngrlog, |Fp| bits. The baseband feedback bits are similar to the other

scheme.
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Table 5.1: Total feedback overhead with the proposed limited feedback hybrid pre-
coding strategies

Hybrid Precoders Quantization Scheme || RF Bits Bgrp Baseband Bits Bpgp

Ng = Nrp | Ng < Ngp

RF matrices quantization with Frp
and baseband matrices quantization log, |Frr| 0 K log, |Gpg|
with Ggp codebook as in Section 5.6

RF vectors quantization with Jjip
and baseband matrices quantization Ngr log, [Tl 0 K log, |9Bs|
with Ggp codebook as in Section 5.6

5.8 Simulation Results

In this section, we validate our analytical results and evaluate the performance
of the proposed codebooks and hybrid precoding designs using numerical simulations.
We adopt the wideband mmWave channel as in (5.3)-(5.4), where a raised-cosine filter

is adopted for the pulse shaping function [128], i.e., p. (t) is modeled as

7 sinc (%) , t= j:g—;
DPrc (t) = cos(ﬂ—m) (563)
sinc <i> — T 7 otherwise
T (21?%)27 )

with T, the sampling time and the roll-off factor § = 1. The number of clusters is
assumed to be L = 6, and the center AoAs/AoDs of the L clusters 6, ¢, are assumed
to be uniformly distributed in [0,27). Each cluster has R, = 5 rays with Laplacian
distributed AoAs/AoDs [20,127], and angle spread of 10°. The number of system
subcarriers K equals 512, and the cyclic prefix length is D = 128, which is similar
to 802.11ad [36]. The paths delay is uniformly distributed in [0, DT;]. While the

proposed algorithms and codebooks are general for large MIMO channels, we assume
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Figure 5.3: The performance of the optimal hybrid precoding design under different
power constraints in Proposition 17, Corollary 18, and Proposition 19 versus the SNR
in (a) and versus the number of channel clusters with SNR = 0 dB in (b). The adopted
system model has Ngg = 32 antennas, Nys = 8 antennas, and Ng = Ngp = 3.

in these simulations that both the BS and MS has a ULA with Ngr = 3. Hence,
aps (¢) is defined as

1 g . o
aps (¢) = —— |1, el R dssin (¢) oI(NBs—1) 5 ds sin(¢)

where A is the signal wavelength, and d is the distance between antenna elements

" (5.64)

with ds = A\/2. The array response vectors at the MS, ays (), can be written in a

similar fashion.

5.8.1 Optimal Hybrid Precoders and Codebook Designs

First, we compare the performance of the optimal hybrid precoders and the
fully-digital unconstrained precoders for different power constraints in Fig. 5.3(a)-

Fig. 5.3(b). For these figures, we adopt the system model in Section 5.3 with Ngg = 32
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antennas, Nys = 8 antennas, and Ng = Ngp = 3 streams. In Fig. 5.3(a), the
spectral efficiencies of the optimal hybrid precoders under total power constraints,
per-subcarrier total power constraints, and unitary power constraints are plotted, and
compared with the spectral efficiencies of the SVD unconstrained precoding under the
same power constraints. Fig. 5.3(a) shows that the gain of total power constraints
over unitary constraints is limited, and decreases with the SNR. The same setup
is adopted again in Fig. 5.3(b) where the optimal hybrid precoders under different
power constraints are compared for different numbers of channel clusters, assuming
that each cluster contributes with a single ray, and fixing the number of transmitted
streams at Ng = 3. Fig. 5.3(b) illustrates that the gain of total power constraints
over unitary constraints increases when the channel is very sparse, i.e., when a very
small number of clusters exist. This gain, though, is very small if the channel has

more than 4-5 clusters.

Next, we evaluate the performance of the proposed hybrid precoding code-
books in Fig. 5.4, adopting the system model in Fig. 5.1 with Ngg = 32 antennas,
and Nys = 16 antennas. In Fig. 5.4(a), the case Ng = Ngrr = 3 is considered, the
RF codebook is constructed using Algorithm 4 with different sizes, and the hybrid
precoders are designed according to (5.19). Fig. 5.4(a) shows that the proposed code-
book improves the performance compared with the prior work in [20], even though
much smaller numbers of feedback bits are needed, namely 10 and 7 bits compared
with 18 bits in the case of beamsteering codebooks in [20,27]. In Fig. 5.4(b), the same
setup is considered again, but with Ng = 2 streams and Ngr = 3 RF chains. In this

case, the hybrid codebooks are constructed as explained in Section 5.6.2, with an RF
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Figure 5.4: The performance of the proposed hybrid codebook design in Algorithm
4, compared with the unconstrained SVD solution, and the prior work, for the case
when Ng = Ngr = 3 in (a), and the case Ng = 2, Ngr = 3 in (b).

codebook of size 128 and an equivalent baseband precoders codebook of size 8. The
figure shows that a very good performance can be also achieved with the designed
codebook, despite the relatively small codebook sizes. Further, Fig. 5.4 shows that
the proposed limited feedback hybrid precoding codebooks achieve a good slope with

the SNR relative to the unconstrained with perfect channel knowledge solution.

5.8.2 Low-Complexity Gram-Schmidt Based Greedy Hybrid Precoding

In Fig. 5.5 and Fig. 5.6, we validate the result in Proposition 20, in addition
to evaluating the approximate Gram-Schmidt based hybrid precoding algorithm. In
Fig. 5.5, the same setup of Fig. 5.4(a) is adopted, and the hybrid precoders are
greedily constructed using the direct greedy hybrid precoding algorithm in (5.54),
the Gram-Schmidt hybrid precoding in (5.55), and the low-complexity approximate

Gram-Schmidt hybrid precoding design in Algorithm 5. The spectral efficiencies
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Figure 5.5: The performance of the approximate Gram-Schmidt hybrid precoding
design in Algorithm 5 compared with the optimal hybrid precoding solution in (5.19),
the unconstrained SVD solution, and the prior work. The system has Ngg = 32
antennas, Nys = 16 antennas, and Ng = Nrp = 3.

achieved by these greedy algorithms are compared with the optimal hybrid precoding
design in (5.19) where the RF precoders are selected through an exhaustive search over
the RF beamforming vectors codebook. The rates are also compared with the prior
solution in [20]. For a fair comparison, we assume that each RF beamforming vector
is selected from a beamsteering codebook with a size Nty = 64. First, Fig. 5.5 shows
that the direct greedy and Gram-Schmidt based hybrid precoding algorithms achieve
exactly the same performance which verifies Proposition 20. Their performance is
also shown to be almost equal to the optimal solution given by (5.19). Despite its
low-complexity, the developed approximate Gram-Schmidt hybrid precoding design in

Algorithm 5 achieves a very close performance to the optimal solution. We emphasize
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Figure 5.6: The performance of the approximate Gram-Schmidt hybrid precoding
design in Algorithm 5 for different codebook sizes, compared with the unconstrained
SVD solution, and the prior work. The system has Ngg = 64 antennas, Nyg = 16
antennas, and Ng = Ngp = 3.

here that any hybrid precoding design can not perform better that the shown optimal
hybrid precoding solution with the considered RF codebook, which confirms the near-
optimal result of the proposed algorithm. This is also clear in the considerable gain
obtained by the proposed algorithm compared with the prior solution in [20]. Also, it
is worth mentioning that the developed hybrid precoding algorithms in this work can
be applied to any large MIMO system (not specifically mmWave systems). The same
setup is considered in Fig. 5.6, but with Ngg = 64 antennas. Fig. 5.6 illustrates the
gain achieved by Algorithm 5 compared with the designs in [20] for different codebook

sizes.

In Fig. 5.7, we evaluate the performance of the proposed approximate Gram-

179



=
©

= B = T
@ o N S (=2}
T T T T

Spectral Efficiency (bps/ Hz)
)

IN

H = =Unconstrained Precoding - Perfect CSI - Number of Channel Scatterers = 6
=8—Approximate GS-HP - Limited Feedback - Number of Channel Scatterers = 6
=0 = Unconstrained Precoding - Perfect CSI - Number of Channel Scatterers = 3
[| —&=Approximate GS-HP - Limited Feedback - Number of Channel Scatterers = 3

N

0 1 1 1 1 1 1
1 2 3 4 5 6 7 8

Number of Data Streams (N s)

Figure 5.7: The performance of the approximate Gram-Schmidt hybrid precoding
design in Algorithm 5 compared with the fully-digital SVD solution for different
numbers of data streams. The system has Ngg = 32 antennas, Nyg = 8 antennas,
and NRF = N. S.

Schmidt hybrid precoding algorithm compared with the digital unconstrained solution
for different numbers of transmitted data streams. In this figure, we adopt the same
setup of Fig. 5.4(a), but with Ngs = 32 antennas and Nyg = 8 antennas. Further,
each RF beamforming vector is selected from a beamsteering codebook with a size
N¢g = 128. The number of RF chains are assumed to be equal to the number of data
streams. First, Fig. 5.7 shows that the performance of the both the unconstrained
precoding and the hybrid precoding increases then decreases again with the num-

ber of data streams. This decrease with large numbers of transmitted data streams

is a result of the sparse mmWave channels and the equal power allocation among
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Figure 5.8: The performance of the approximate Gram-Schmidt hybrid precoding
design in Algorithm 5 compared with the fully-digital SVD solution for different
numbers of data streams. The system has Ngg = 32 antennas, Ny = 8 antennas,
and NRF = N, S.

the different streams, which causes some power to be allocated to less important
multi-path components. The solution to this problem is what is called multi-mode
precoding [141,142]. Further, this figure illustrates that the difference between the
proposed hybrid precoding algorithm and digital SVD solution is small at both the

small number of streams and the large number of streams regimes, which also follows

from the sparsity of mmWave channels.

5.8.3 Gain of RF Chains

In Table 5.1, we summarize the required feedback overhead for the limited

feedback operation of OFDM-based hybrid precoding systems. Table 5.1 shows that
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when the number of transmitted streams equals the number of RF chains, Ng = Ny,
then only the feedback bits that correspond to the RF precoding codeword need to
be fed back to the transmitter. Note that the reason is not that we only need RF
beamforming for this case, but because the optimal baseband precoder, as obtained
by Proposition 19, can be written as a matrix that depends only on the RF precoder
multiplied by a unitary matrix. Table 5.1 also shows that the number of feedback
bits scales linearly with the number of subcarriers if Ng < Ngp. It is, therefore,
interesting to evaluate the gain of employing more RF chains than the number of
streams, as achieving this gain requires considerable feedback overhead. In Fig. 5.8, we
plot the spectral efficiency achieved with the proposed Gram-Schmidt greedy hybrid
precoding versus the number of RF chains for Ng = 1,2, and 3 streams. The RF
beamforming vectors are quantized with 5 bits and the equivalent baseband precoders
are quantized with 6 bits. This figure shows that the spectral efficiency gain of having
more RF chains saturates after a few RF chains. Fig. 5.8 also illustrates that having
a number of RF chains Ngr = 2Ng achieves less than 20% gain, with the cost of much
more feedback overhead. The required numbers of feedback bits and the achievable
spectral efficiency are also listed in Table 5.2 for the case Ng = 2 streams. Table
5.2 shows that 3102 bits are needed to achieve 9.7 bps/Hz spectral efficiency when 6
RF chains are employed, while only 10 bits are enough to obtain 8.6 bps/Hz when
Ngrr = Ng = 2. These results indicate that activating a number of RF chains equals to
the number of data streams may be a good technique to reduce the feedback overhead
and increase the feasibility of limited feedback operation in hybrid precoding based

wideband mmWave systems.
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Table 5.2: Required feedback overhead for the hybrid precoding transmission in

Fig. 5.8 with Ng = 2 streams

Number of RF chains Nyrp 2 4 6
RF feedback bits Ny log, |Fjip| 10 bits 20 bits 30 bits
Baseband feedback bits per subcarrier 0 bits 6 bits 6 bits
Total feedback bits for 512 subcarriers 10 bits 3092 bits 3102 bits
Spectral efficiency with Ng = 2 streams | 8.6 bps/Hz | 9.5 bps/Hz | 9.7 bps/Hz

5.9 Conclusion

In this chapter, we investigated limited feedback hybrid precoding design for
wideband mmWave systems. First, we derived the optimal hybrid precoding design
that maximizes the achievable mutual information for any given RF codebook, and
showed that the optimal baseband structure can be decomposed into an RF precoder
dependent matrix and a unitary matrix. This indicated that when the number of
data streams equals to the number of RF chains, only the feedback of the RF pre-
coder index is sufficient to achieve the maximum mutual information. Exploiting
the structure of the optimal hybrid precoders, we also showed that the codebook
of the equivalent baseband precoders should have a unitary structure. These notes
led to efficient hybrid analog/digital precoders codebooks for spatial multiplexing in
wideband mmWave systems. Further, we developed a novel greedy hybrid precoding
algorithm based on Gram-Schmidt orthogonalization. Thanks to this Gram-Schmidt
orthogonalization, we showed that only sequential design of the RF and baseband
precoders is required to achieve the same performance of more sophisticated algo-

rithms that requires a joint design of the RF and baseband precoders in each step.
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Simulation results illustrated that the proposed codebook and precoding algorithms
improve over prior work and stay within a small gap from the unconstrained perfect

channel knowledge solutions.
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Chapter 6

Concluding Remarks

6.1 Summary

This dissertation focused on developing precoding and channel estimation so-
lutions that address key challenges in massive MIMO systems, namely, the hardware
constraints, the channel acquisition overhead, and the precoding design complexity.
First, we proposed efficient mmWave channel estimation algorithms leveraging the
sparse nature of the channels. Then, we developed hybrid analog/digital precoding
techniques for multi-user mmWave MIMO systems. This solution is then generalized
to consider out-of-cell interference resulting, what we called, multi-layer precoding.
Finally, we considered frequency-selective channels and developed hybrid precoding
and codebook designs that leverage the large-scale MIMO channel characteristics to

realize low-complexity solutions.

For the mmWave channel estimation problem, we developed a sparse formu-
lation leveraging the sparse nature of the channels. Based on this formulation, we
proposed a channel estimation algorithms that efficiently detect the different pa-
rameters of the mmWave channel with a low training overhead. Employing hybrid
analog/digital architectures, we designed a hierarchical precoding codebook that con-

structs training beams with arbitrary beamwidth. The performance of the proposed
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algorithm is analytically evaluated for the single-path channel case, and some insights
into efficient training power distributions are obtained. Despite its low-complexity,
results showed that the proposed mmWave channel estimation solution can achieve
good estimation quality, which yields close spectral efficiency to that obtained by

exhaustive search techniques.

For downlink multi-user mmWave MIMO systems, we proposed a low-complexity
yet near-optimal hybrid analog/digital precoding algorithm. The proposed solution
leverages the characteristics of the mmWave channels and the massive MIMO sys-
tems. The performance of the proposed algorithm was analyzed when the channels
are single-path and when the system dimensions are very large. In these cases, the
asymptotic optimality of the proposed algorithm was established, and the gains over
beamsteering solutions were illustrated. Results showed indicated that interference
management in multi-user mmWave systems is required even when the number of an-
tennas is very large. With limited feedback channels, results showed that the hybrid
precoding gains are sensitive to RF angles quantization. Further, good quantization
of the effective lower-dimensional baseband precoders is required to maintain good

gains over analog-only solutions.

For massive MIMO cellular systems, we proposed a general precoding frame-
work, called multi-layer precoding. We developed a specific multi-layer precoding
design for full-dimensional and massive MIMO systems that efficiently manages dif-
ferent kinds of interference. Further, the developed algorithm leverages the large-
scale channel statistics and the directional structure of the massive MIMO channels

to reduce the required training overhead. The performance of multi-layer precoding is

186



analyzed, and its asymptotic optimality is proved for one-ring and single-path channel
models. Results indicated that multi-layer precoding can achieve a close performance,
in terms of rate and coverage, to the single-user case. Further, results showed that
multi-layer precoding achieves clear gains over conventional massive MIMO precoding

techniques.

For frequency-selective channels, we designed and OFDM-based hybrid pre-
coding and codebook designs. Different than fully-digital MIMO precoding, the RF
precoding is common between all subcarriers in the hybrid architectures. We derived
the optimal hybrid precoding design that maximizes the achievable mutual informa-
tion for any given RF codebook, and showed that the optimal baseband structure
can be decomposed into an RF precoder dependent matrix and a unitary matrix.
This indicated that when the number of data streams equals to the number of RF
chains, only the feedback of the RF precoder index is sufficient to achieve the maxi-
mum mutual information. Exploiting the optimal precoding structure, we developed
efficient codebooks for the hybrid analog and digital precoders. Results showed that
the proposed codebooks and precoding designs achieve close spectral efficiencies to
that obtained by fully-digital solutions, despite adopting cost and power efficient

architectures.

6.2 Future Work

There are several possible directions for future research

Radom Measurements for mmWave Channel Estimation: In Chap-

ter 2, we proposed a low-complexity mmWave channel estimation algorithm that
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leverages the sparse nature of the channel and adaptive compressed sensing tools.
Extending this solution to multi-user system, however, is non-trivial. This is mainly
due to the adaptive nature of the solution that causes the training overhead to scale
with the number of users. One way to prevent this scaling is by adopting random
beamforming/measurement vectors. Random beamforming/measurement allows all
users to simultaneously estimate the channels, and hence decreases the associated
training overhead. Therefore, it would be interesting to develop random compressed
sensing based channel estimation algorithms for mmWave systems leveraging the

sparse formulation developed in Chapter 2.

Several challenges, though, face channel estimation with random compressive
sensing at hybrid architecture based mmWave systems. First, the hardware con-
straints makes it challenging to derive closed-form recovery guarantees. This, there-
fore, requires developing new analytical tools to overcome the challenges and to enable
formulating solid statements on the mmWave channel estimation performance under
random compressive sensing. Further, given that the final communication objective
is the data rate, it is interesting to optimize the compressive measurement tools and
algorithms for hybrid architecture based mmWave systems while adopting the sys-
tem sum-rate as a performance metric. One difficulty of doing that come from the
mmWave geometric channel model that leaves a small gap for tractable analysis. This

opens new rooms for future work.

Multi-Layer Precoding Operation with Hybrid Architectures: The
multiplicative structure of the proposed multi-layer precoding framework in Chapter

4 makes it feasible for hybrid architecture implementations. While we highlighted
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one main idea for this implementation, several open problems still need careful in-
vestigations. For example, it is important to develop novel and optimized solutions
for implementing the inter-cell interference avoidance stage in the RF beamforming.
One initial way to do that is by employing antenna elements that have electrically-
controlled directional patterns. This, however, needs further research in the optimiza-

tion and the actual implementation.

Another important challenge with hybrid architecture based multi-layer pre-
coding is the channel acquisition. In Chapter 4, we outlined a three-stage channel
acquisition procedure to obtain the required channel knowledge for designing the
proposed multi-layer precoding algorithm. Implementing this procedure with hybrid
architecture, though, is not straight forward and needs some research. For exam-
ple, estimating the elevation interference covariance matrix when the channel is seen
through the RF lens is an interesting problem. Therefore, extending the hybrid archi-
tecture based channel estimation solution in Chapter 2 to the multi-layer precoding

is an interesting problem for future work.

Analyzing hybrid architecture with accurate RF circuit models: Prior
research on hybrid architectures based precoding and channel estimation algorithms
assumed ideal RF circuit components and antenna. Practical circuits and antennas,
however, have non-ideal characteristics that can affect these designs and resulting
conclusions. It is therefore important to study the impact of hardware impairments
on the performance of low-frequency and mmWave massive MIMO systems. For ex-
ample, it is known that the fully-connected hybrid architecture has an array gain

over the array-of-subarray one, but it is not clear what is the net gain if the insertion
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losses in the power dividers, combiners, and phase shifters are taken into consider-
ation. Analyzing different hybrid architectures under practical RF circuit models is

critical to provide an accurate evaluation of the different architectures.

It would also be interesting to develop impairment-aware precoding and chan-
nel estimation solutions. Based on the insights that will be obtained from analyzing
hybrid architectures under practical circuit models, it might be possible to design new
optimized hybrid architectures, precoding, and channel estimation solutions that take
these insights into consideration. Further, developing solutions that are more robust
to the hardware impairments can boost the actual performance of hybrid architec-
tures under practical conditions. Therefore, developing such hybrid architectures and
associated signal processing solutions and analyzing their performance is important

for future mmWave and massive MIMO systems.
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Appendix A

Proof of Lemma 13

To prove the achievable rate in (4.18), it is sufficient to prove that the power

normalization factor [Y], , that satisfies the multi-layer precoding power constraint

2 * * -1 -1
FUFPES] | = Lis given by [¥],, = \/ <(WZ‘F9) FORYFOW.) > |
Lk ’

K,k
Using this values of [X], ., the multi-layer precoding power constraint can be written

as

|F0RRE®] | = () FOROROROROERD (1), (A1)

= (Y], FOFPFOF (Y], (A.2)

*

= [, (A/HL) i

£

_ .\ —1
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where (a) follows by noting that F" has a semi-unitary structure. The effective
channel matrix H, = [he1, ..., heg] With he, = [Gc7(k71), e ch(k,l)}*wcck, k=1 .. K
can also be written as H, = FEZ)*F((;Q)Wc with W, = I 0 [Wee, ..., Weer ], which leads

to (b). Finally, (c) follows by substituting with the value of [Y], ;.
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Appendix B

Proof of Theorem 14

Considering the system and channel models in Section 4.3 and applying the
multi-layer precoding algorithm in Section 4.5, the achievable rate by user k at cell ¢

is given by Lemma 13

SNR

R, = 10g2 1+
(WP FOFD FOW, )

(B.1)

-1
k.k
If Geymy = 0,Ym # k and G, = I, then by noting that the matrix W,
has a block diagonal structure and using the matrix inversion lemma [143], we get

* * -1
<W;‘F((;2) FOFY F£2)WC> = |[Wee|| >, Therefore, to complete the proof, it is suf-
ke k
ficient to prove that (i) impyy, ny—o0 Ge,(k;m) = 0, Vm # k and (ii) impyy, vy —oo Ge,(ek) =
I. To do that, we will first present the following useful lemma, which is a modified

version of Lemma 3 in [86].

Lemma 21 Consider a user k at cell ¢ with an azimuth angle ¢q.. Adopt the one-
ring channel model in (4.19) with an azimuth angular spread Ax and correlation

matriz R2

k- Define the unit-norm azimuth array response vector associated with

an azimuth angle ¢, and elevation angle 6,, as u,, = M, where a(¢p,, O0r) =

(Nu)
|:1’ - ejkD(NH—l)Sil’l(@m)Sin(¢m)i| . [f the angle ¢x ¢ [¢ck —_ AA) ¢Ck’ + AA]; then

cck

u, € Null(R2,), as Ny — oc. (B.2)
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Proof: First, note that [RA

CCk]Tn,nz in (4.19), can also be written as

Ap
A 1

[Rcck] = oA [a (¢Ck + a, 06]6) a* (¢Ck + a, 96k>]n1 no dov (BB)
n1,n2 QAA AL )

Then, we have

1 Aa
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Using Lemma 1 in [144], we reach

lim u, Ru,, =0, Vo, & [dcx — An, der + Ar]. (B.6)
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Now, to prove that G x,m) = U,, U, = UAUA ®ﬁcE:kﬁcEcr = 0, we need to prove

cck ™~ cer

that either U2, U2 =0 or ﬁCE:kﬁcEcr = 0. If |¢pek — Pem| = 2A4, then the columns

cck ™~ cer

of UA € Span{M\qﬁm € [¢cm—AA,¢cm+AA]} C Null (RA ) as Ng — 0o,

ccm m cck
which follows from Lemma 21. This leads to limp, ,o, U2,"U2 = 0. Similarly,
if |0 — 0| > 2Ag, then limy, o, UZ, UE = 0. Further, since d < dpax, We

have |0 — 07| > 2Ag, for any elevation angle 6; of another cell user. This implies

that UE

cck

€ Range {Ux1} as Ny — oo by Lemma 21, and A such that UE, =
UniA ;. For the U, it can be generally expressed as U..,, = UniA., + UiB,, for
some matrices A, B., of proper dimensions. As limy, ., UX, UE =0, we have
limpyy 00 Al Acn = 0. Then, Ufs,fﬁim =A% A, =0as Ny — oo. This completes
the proof of the first condition, G, (x,m) = 0if |¢er — Gem| > 244 or [0, — Ocrn| > 2AE,

Ym # k.
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. —E* —FE
To prove that limyy ny—oo Gek,k) = I, we need to show that U, U, = L
Since UE, can be written as UY, = UnjA when Ny — oo, then we have UE, UE, =

A% A = 1. This results in ﬁi;ﬁfck =A% Ay =1 as Ny — oo, which completes

the proof.
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