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Reservoirs

Babafemi Anthony Ogunyomi, Ph.D.
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Supervisor: Larry W. Lake

Decline curve analysis is the most widely used method of performance
forecasting in the petroleum industry. However, when these techniques are applied to
production data from unconventional reservoirs they yield model parameters that result in
infinite (nonphysical) values of reserves. Because these methods were empirically
derived the model parameters are not functions of reservoir/well properties. Therefore
detailed numerical flow simulation is usually required to obtain accurate rate and
expected ultimate recovery (EUR) forecast. But this approach is time consuming and the
inputs in to the simulator are highly uncertain. This renders it impractical for use in
integrated asset models or field development optimization studies. The main objective of
this study is to develop new and “simple” models to mitigate some of these limitations.

To achieve this object field production data from an unconventional oil reservoir
was carefully analyzed to identify flow regimes and understand the overall decline
behavior. Using the result from this analysis we use design of experiment (DoE),
numerical reservoir simulation and multivariate regression analysis to develop a
workflow to correlate empirical model parameters and reservoir/well properties. Another
result from this analysis showed that there are at least two time scales in the production

data (existing empirical and analytical model do not account for this fact). Double
vii



porosity models that account for the multiple time scales only have complete solutions in
Laplace space and this make them difficult to use in optimization studies. A new
approximate analytical solution to the double porosity model was developed and
validated with synthetic data. It was shown that the model parameters are functions of
reservoir/well properties. In addition, a new analytical model was developed based on the
parallel flow conceptual model.

A new method is also presented to predict the performance of fractured wells with
complex fracture geometries that combines a fundamental solution to the diffusivity
equation and line/surface/volume integral to develop solutions for complex fracture
geometries. We also present new early and late time solutions to the double porosity
model that provide explicit functions for skin and well/fracture storage, which can be
used to improve the characterization of fractured horizontal wells from early-time

production data.
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Chapter 1: Introduction

This chapter presents a thorough description of the problem this dissertation solves and a

brief summary of the organization of this dissertation.

1.1 Problem Description

According to Exxonmobil’s Energy outlook to 2040, global energy demand will be about
30 percent higher in 2040 compared to 2010 with an increasing share of the global energy supply
coming from unconventional sources such as shale formations. The volume of unconventional
hydrocarbons in the world far outweighs the volume of their conventional counterpart (National
Petroleum Council NPC, 2007); thus, unconventional reservoirs represent a vast, long-term,
global source of energy. The NPC defined an unconventional reservoir as a reservoir in which
hydrocarbons cannot be produced at an economic rate or in economic volumes unless the wells
in the reservoir are stimulated by a large hydraulic fracture treatment, a horizontal wellbore or by
using multilateral wellbores or some other technique to expose more of the reservoir to the
wellbore. Examples of unconventional reservoir include tight sands, coalbed methane, and shale
gas.

The development of unconventional reservoirs in the United States began in the 1820s.
Many studies have been, and are still being carried out to better understand and predict the
performance of unconventional wells. In spite of this, the economic development of
unconventional reservoirs is still very risky. More recently, the development of unconventional
reservoirs has been driven by the increase in oil and gas prices and technological advancements
in drilling, completions, production and geosciences. Unconventional reservoirs are typically
developed with a multitude of horizontal wells that are stimulated using multistage, propped
hydraulic fractures. The induced fractures have a complex geometry that maximizes the contact
area between the reservoir and the wellbore. Thus, it is believed that the initial production rates

from these wells depend on the quality of the hydraulic fracture treatment. Because



unconventional reservoirs have a very small permeability (of the order of a nano-darcy) and the
wells drilled in these reservoirs are typically fractured, the performances of these wells are
difficult to understand and predict. For instance, it is not possible to differentiate between
production from the induced hydraulic fractures and the reservoir matrix nor is it possible to
have a complete knowledge of the fracture geometry and hence predict the flow through these
fractures.

Also, hydrocarbons are stored in unconventional reservoirs by three main mechanisms
1. They can be trapped in the primary porosity of the reservoir (matrix pore spaces)

2. They can also be trapped in the secondary porosity (open fractures) and

3. In shale gas reservoir, the gas can also be adsorbed on the organic matter that is present in

the shales.

The hydrocarbons trapped within the secondary porosity are produced when the wellbore
transverses these fractures while the adsorbed gas is produced when the reservoir pressure is
sufficiently small to cause gas desorption. Several authors (Cipolla et al., 2009 and Moridis et
al., 2010) have shown that desorbed gas production is not significant at the early stage of
production from an unconventional reservoir but it becomes more important late in the field life
contributing between 5-10% of the ultimate gas recovery.

Reservoir properties cannot be reliably evaluated from traditional pressure transient
analysis, interference test or material balance techniques because of the typically very long times
required in unconventional reservoirs to achieve stable flow (because of the extremely low
permeability).

According to Lee and Sidle (2010) decline curve analysis is the most widely used method
of forecasting production from shale gas wells. The empirical decline curve equation presented

by Arps (1945) has the following general form:

q(t):L (1.1)



In typical applications, equation 1.1 is fitted to production rate-time data to determine parameters
b and D;. Once the parameters are obtained, the equation is used to forecast the well/reservoir
performance and also to estimate the ultimate recovery (EUR). In unconventional
wells/reservoirs, the parameter b is often greater than 1 (b>1; a consequence of the fact that flow
is dominated by transient effects) which makes the cumulative production estimated from
equation 1.2 at large time (t—o0) to be greater than is physically possible, that is,

limg_, N (t) — oo,

=t q; 1
Npﬁ)=J;nqdr:Eira:iﬂ}1+bDﬂ)b—J} (12)

Several authors (Harrell et al., 2004; Cheng et al., 2008) have suggested ways to overcome this
problem but the different methods suggested by these authors lack physical basis (Lee and Sidle,
2010).

A general consensuses developing in the reservoir engineering community with regard to
the modeling of unconventional well performance is centered on two main ideas

1. A stimulated reservoir volume (SRV) develops around the fractured wellbore and
2. External to the SRV is an un-stimulated low permeability reservoir volume (reservoir
matix).
These two ideas are at the core of most conceptual models. In reality, it is difficult to estimate the
size of the SRV even from micro-seismic data (if it is available) and the geometry of the
fractures introduces non uniqueness issues in most of the analytical models; thus, uncertainty is
inherent in predictions of production from unconventional reservoirs.

Because of these difficulties in characterizing and predicting the performance of
unconventional wells, it is difficult to formulate an “optimal” field development plan for these
types of reservoirs. McKinney et al. (2002) showed that non-optimal well spacing in
unconventional gas reservoirs resulted in about fifty percent loss in value. This indicates that it is

important to identify the optimal well spacing for these reservoirs as early as possible in the



project life. A plausible method of arriving at the optimal well spacing is to conduct a detailed
integrated reservoir study that involves a multi-disciplinary team. A problem with this approach
it that the information needed to perform this type of study is not readily available and also very
uncertain at the planning phase of a project. This approach is also time consuming and
expensive. Using this method to account for uncertainty will increase the cost and time
exponentially. An emerging modeling approach in field development planning is integrated asset
modeling (IAM) where all components of the system are modeled independently and then
coupled dynamically to provide a holistic view of the project. This approach accounts for the
interactions between subsystems e.g. surface and subsurface variables, such as pressure
interactions/interference, fluid mixing and flow assurance, facility constraints and identification
of system bottlenecks and backpressures. Acosta et al. (2005), Saputeli et al. (2008) and Rotondi
et al. (2008) have reported some of the numerous advantages to integrated asset modeling.
Ogunyomi et al. (2011 and 2010) and Ettehad et al. (2009) have reported different applications
of IAM for field development optimization studies. A major advantage of IAM is that it permits
the evaluation of the impact of different options on the entire system thereby facilitating better
decision making. However, at the heart of the IAM is the need to have simple models for each
component of the project that runs very fast. The simple models that currently exist for the
reservoir component have no physical basis and they do not account for the multiple time scales
that are believed to exist in the production data from unconventional reservoirs.

Given that we are yet to fully understand how the various physical processes govern
production from unconventional reservoirs, we must develop time and cost efficient methods that
honor the basic physical processes while at the same time accounting for uncertainties in the
reservoir, facilities and economic parameters. No study as yet been done to present such a
method and the objective of this work is to address this issue. Thus, the overall objective of this
study is to develop a simple rate — time model that honors the basic physical process that controls
flow from these reservoirs and also accounts for the expected multiple time scales observable in

the production data.



1.2 Research Objectives

The primary objectives of this research are summarized below:

1. Understand the decline behavior and producing characteristics of oil wells by
carefully and thoroughly analyzing production data from unconventional reservoirs to
identify the predominant flow regimes and producing characteristics from these
reservoirs.

2. Investigate the existence of any relationship between empirical model parameters and
reservoir and/or well completion properties. The two empirical models considered in
this study are the parallel flow and the logistic growth models.

3. Develop “simple” analytical and physics based models that describe and predict the
production rate performance of unconventional oil wells/reservoir.

4. Verify the ability of the models developed to accurately predict the performance of
unconventional wells/reservoirs with synthetic data and show their utility by applying
it to field data.

5. Present new analytical models that can be used to model the performance of fractured

horizontal wells with complex geometries.

1.3 Organization of Dissertation

Chapter one gives a description of the problem this dissertation addresses and states the
research objectives and presents the organization of this dissertation.

In chapter two a critical and thorough review of the literature is presented. Chapter three
gives the details of the result of field data analysis using model and theoretical based analysis
and the development of functional correlations between the model parameters and the
reservoir/well properties.

Chapter four presents a new analytical expression for modeling and forecasting
production (and EUR) from fractured horizontal wells that exhibit multiple time scales and long

periods of transient flow. In addition this chapter presents a sensitivity analysis of the new



model. In chapter five a new approximate solution to the double porosity model is presented.
This solution was developed using first principles and was validated with synthetic data and
shown to have model parameters that are function of the reservoir and/or well properties.
Example application of the new solution to field data is also shown. New analytical expressions
for the double porosity model are developed in chapter six but unlike the widely available
solution, the solution presented is for a conceptual model that has radial/circular fracture
geometry. A key result in this chapter is the development of new analytical expressions for
wellbore storage and skin. A sensitivity analysis of the new solution is also presented. Chapter
seven presents the fundamental solution to the (3D) diffusivity equation and how to combine this
solution with line and/or surface integrals to develop analytical solutions for fractures with
complex geometries. Chapter eight summarizes the results presented in this work and gives the
important conclusion. It also gives some advice on possible future direction for continued

research using the result presented.
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Chapter 2: Review of Relevant Literature

This chapter provides a critical review of relevant literature to highlight the present gaps
in knowledge that pertains to modeling and predicting production from unconventional oil

reservoirs.

2.1 Traditional and Modern Decline Curve Analysis

After analyzing production data from conventional oil wells, Arps (1945) presented a

family of equations that can be used to model the production decline behavior of these wells.

q(t)y=—2r 2.1)
(1+bDit)e
t g 1
Np(t)=I0da=ml:(l+ bDlt) b —1i| (22)

Equation 2.1 is the general form of the decline equation and equation 2.2 is the cumulative form,
where @i D;j and b are the model parameters. When equation 2.1 is applied to production data
from unconventional reservoirs the b parameter is often greater than one and when this occurs

the ultimate recovery obtained from equation 2.2 is infinite (nonphysical), that is;

lim Np(t)z%[(u bDit)l_li—l}:oo. (2.3)

o D,(b-1

Fetkovich (1980) presented a method of analyzing production decline using type curves,
an idea analogous to that used in well testing. He presented different methods of constructing
type curves for decline curve analysis and demonstrated that decline curve analysis has a strong
fundamental basis by relating decline curve parameters to reservoir properties. An observation of
his paper was that a decline exponent, b > 1 is required to match rate-time data for wells
experiencing transient flow conditions. The data Arps analyzed were from wells drilled in
conventional reservoirs as a result we can assume they were already in stabilized flow. Therefore

the Arps’ model(s) are not suitable for use in unconventional reservoirs. Palacio and Blasingame



(1993) presented a rigorous method for analyzing gas well performance with decline curve
analysis via type curves. The curves are based on the use of modified time functions and a new
algorithm to compute gas in place from production data for variable rate and/or variable
pressures.

In a critical review of common methods used to estimate reserves in tight gas reservoirs,
Cox et al (2002) concluded that the rate-time decline curve analysis should only be used when it
is certain that flow is boundary dominated because the development of the rate-time decline
curve method is based on the assumption that a drainage volume has been established by the
well. Lee and Sidle (2010) also critiqued the volumetric, material balance, analog, decline
curves, history matching and type curves methods of reserves determination and concluded that
the understanding of the basic physics underlying the recovery processes is incomplete and that
the commonly used decline curve models may be inappropriate for use in extremely low
permeability reservoirs.

Kabir and Lake (2011) used a discretized form of the capacitance resistive model (CRM)
to estimate the expected ultimate recovery from unconventional reservoirs. Their method was
validated using synthetic and field data. In their study 3 blocks of the discretized CRM model
was usually sufficient to match the historical production data. This probably corroborates the
theory that hydraulically fractured shale gas wells have, in addition to the fractures created by the
hydraulic fracturing process, a network of secondary fractures that are induced by the fracturing
process. The stimulated reservoir volume (SRV) thus comprises the secondary network and the
induced fractures (thus the first block could represent the network of secondary fractures; the
second block could represent the main fractures while the third block could represent the
undamaged volume adjacent to the SRV).

To overcome the nonphysical reserves estimate problem of the Arps model, Valko (2009)
introduced the stretched exponential model (SEDM) for which the rate form is as shown in

equation 2.4 and the cumulative form in equation 2.5:



q(t):qie " (2-4)

-G

gi, T and n are the model parameters where 0 <n<1. In equation 2.5 T is the gamma function.
According to Johnston (2008), the behavior described by equation 2.4 has been observed in a
wide variety of physical systems and it can be interpreted as the global relaxation of system that

contains  many independent  relaxing  species or elements.  Mathematically,

S

i = s
q(t) =g, H :IP(s,n)e T*tds ; therefore, the SEDM is an empirical equation.
0

Ik et al. (2010) presented the power law model which was also derived after analyzing
production data from fractured horizontal wells in a shale gas reservoir. They found out that the
decline rate plotted as a straight line on a log-log plot and with this observation they formulated
and solved the problem given in equation 2.6 using appropriate boundary conditions

a(t) — DU,
dq
@)
(2.6)

The solution they obtained is given as shown below:

q(t)=qe " 27

But they found out that this solution is only valid during transient flow and decided to arbitrarily

add another term to account for stabilized flow to obtain their final solution which is given by

q(t)=g,e" >, (2.8)

The power law model given in equation 2.7 is identical to the SEDM, but for the arbitrary
inclusion of a second term in the argument of the exponential term, the two models are

essentially the same.
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Duong (2011) also analyzed field production data from unconventional formations and
a(t)
G, (1)

this observation he formulated the problem shown in equation 2.9:

1 dq(t) _ 1 de

q(t) dt  e(t) dt

observed that a graph of verses time plotted as a straight line on a log-log plot. Based on

g(t), (2.9)

where g(t)=at™, a and m are constants. Upon solving the problem defined in equation 2.9 with

appropriate initial condition, he obtained the rate and cumulative functions as:

ey

q(t) =gt "ea , (2.10)
G, (1)= %elam(tl_m 4, (2.11)

Clark et al. (2011) introduced the first application of the logistic growth model to forecast
rate and EUR from unconventional formations. Logistic growth model have long been used in
studies for predicting market penetration of new products, population growth, organ regeneration
etc. A property of the logistic growth model that make them applicable to modeling flow from
unconventional reservoirs is that in the limit to infinite time they have finite values. Tsoularis
and Wallace (2002) presented the general form of the logistic growth model as:

INE)_ ey oy {1(wﬂ .12

dt K

where K is the carrying capacity, it is the maximum value the quantity N can ever get. r, a, 8 and

Y are positive real parameters. In applying equation 2.12, Clark et al. (2011) after an empirical
1

analysis of production data from gas wells made the following changes, r = n(ﬁjn , =1—1,
a n
p=1land y :1+1 (n is the hyperbolic exponent) to obtain the rate and cumulative equations:
n
Knat"™
q(t)= 7 (2.13)
(a + t”)
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Kt"
a+t"

N, () = (2.14)

All of these models were empirically derived as such they still suffer from the fact that
the model parameters are not functions of the reservoir/well properties. They were all derived
from analyzing production data from only gas wells. In addition none of these models accounts
for the multiple time scales that these wells are expected to exhibit. If using the power law and
Arps models, the user has to arbitrarily choose when transient flow ends which introduces a lot

of uncertainty.

2.2 Reservoir/Fracture Characterization and Double Porosity Models

Barenblatt and Zheltov (1960) presented the first formulation of the double-porosity
model and Warren and Root (1962) presented its first application to flow problems in the

petroleum industry. The problem as formulated by Warren and Root (1962) is given by equations

2.15and 2.16:
Koy 0°p, | Ky, 0°P op op
AT L et
(2.15)
0 ak
m% =< (p.mp) (2.16)

The conceptual model for this problem is shown in Figure 2-1. They assumed that cross flow from

the matrix into the fracture occurred under pseudo steady state condition (Equation 2.16). This

assumption is likely not to be appropriate in unconventional reservoirs because of their typically

very small permeability. They solved the problem for an infinite acting boundary condition and

obtained the solution given below (s is the Laplace space variable):
Ko( sf (s))

Pa(5) = s\/sf (S)Kl(\/sf (s)) ’

(2.17)
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a)(l—a))s+ﬂ,

is the inter-porosity transfer function, w is the storativity ratio and
(1-w)s+2

Where, f(s)=

A is the inter-porosity flow parameter. A key result of their study was the presence of two time
scales in the solution. The first time scale being attributed to the fracture while the second time

scale is attributed to the matrix.

Since Warren and Root (1962) presented their solution, many authors (de Swaan, 1976;
Mayerhofer, 2006; Carlson and Mercer, 1989; El-Banbi, 1998; Ozkan et al., 1987) have
presented different applications of the model. All the analytical solutions presented have all been
in Laplace space and have had to be numerically transformed to real time space using some form

of inversion algorithm of which the Stehfest algorithm (Stehfest 1970) is the most popular.

Da Prat et al. (1982) presented a method of determining the permeability thickness
product for a naturally fracture reservoir using the double porosity model. In another paper, Da
Prat et al. (1981) presented type curves for decline curve analysis in double porosity systems.
The curves were derived from the solution to the mathematical problem given by equations 2.15
and 2.16 for an infinite and closed outer boundary condition but in radial coordinates. Odeh
(1965), Mavor and Cinco Ley (1979) also presented solutions for radial, infinite acting and
closed outer boundary systems with and without skin and storage effects. All of these solutions
assumed a pseudo steady state fluid transfer from the matrix to the fracture and were solved with

Laplace transforms method.

El Banbi (1998) presented the solution for a double porosity reservoir with linear and
used a transient matrix to fracture flow model. He presented a similar solution for the radial case
but did not exploit the solution any further. More recently, Bello and Wattenbarger (2008)
presented the solution to the double porosity model for linear flow in which they were able to
obtain closed form analytical solutions for certain ranges of time. To do this they broke their
Laplace space solution in to smaller intervals using special properties of the solution which they

could invert to real-time space. This piece-wise solution would have to be applied sequentially.
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Samandarli et al. (2011) presented the application of this solution to history matching and

forecasting the performance of shale gas wells.

Song (2014) presented a finite-difference solution to this problem and its application to
oil production from hydraulically fractured wells. Most of the solutions in the literature have
assumed the fractures to have a quadrilateral/linear geometry and the few that have considered

circular/radial fracture geometries did not analyze their solutions further.

Olanrewaju and Lee (1989) presented an analytical solution for double porosity
reservoirs that permits modeling peudo steady and unsteady state matrix-fracture flow, for both
finite and infinite acting reservoirs and it included the effect of gas desorption from the pore
surfaces of shale matrix, wellbore storage and skin effect. Bumb and McKee (1988) presented an
approximate analytical solution for single phase gas flow when gas is present both as free gas (in
the pore volume) and adsorbed gas on the reservoir matrix. Gas desorption was modeled with the
Langmuir isotherm, the approximate solution was verified with finite difference solution. They
concluded that the effect of gas desorption cannot be detected from production test but can be
easily determined from geologic information. Their solution also showed the effect of gas
desorption as an increased compressibility term that is equivalent to a negative skin factor on the
well production.

Ozkan et al. (2010) presented a study that investigated the effect advective and diffusive
flow on the performance of fractured horizontal wells in unconventional reservoirs. Their result
showed that while diffusive flow become important later in the life of the well it does not change
the general characteristics of the flow rate profile and only increases the magnitude of the flow
rate. These results suggest that a “useful model” can be developed if it is assumed that advective
flow is the primary physical mechanism of flow while assuming the other mechanisms are
negligible.

Miller et al., (2010) presented a work flow to characterize reservoir and hydraulic

fracture properties for well performance evaluation and also developed a lump parameter model
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that can be used for stochastic forecasting of shale gas wells. The method is based on the
assumption that a stimulated reservoir volume (SRV) develops around the fractured well and
there is a region of un-damaged reservoir far from the well. They also assumed that four flow
regimes can be observed in shale gas well performance; internal linear transient, internal
depletion, external linear transient and drainage volume depletion. A weak point of the model

they presented is that it has non-uniqueness issues and it is a lumped model.

2.3 Production Data Analysis

Doublet et al. (1994) presented a method of analyzing and interpreting production data in
order to estimate reservoir volumes and flow characteristics using type curves matching
techniques and material balance time function. The method involves plotting production rate
functions (pressure drop normalized rate function, rate integral function and rate integral
derivative function) against the material balance time and then matching the plots to the
Fetkovich/McCray type curve, making sure that the boundary dominated portion of the
production data falls on the Arps b = 1 region of the type curve. One of the match points is then
used to compute the desired reservoir properties. The method can be used to obtain reliable
estimates of the original and movable oil volumes as well as good estimates of permeability and
skin factor.

Building on the work of Cox et al. (2002) and Bumb and Mckee (1988), Lewis and
Hughes (2008) presented a method of analyzing production data from shale gas well accounting
for adsorbed gas. They presented example applications of the method to a simulated data set as
well as 2 field cases. But the sheer number of parameters in their model makes the analysis
method difficult to interpret and corroborate the results obtained. The method did show the
existence of the flow regimes used to constrain many of the model parameters. Anderson et al.
(2010) also presented a method of analyzing production data from shale gas wells that
considered the long term well performance that is typical ignored by other methods. Their

method accounts for multiple transverse fractures in horizontal wells and also allows the
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stimulated reservoir volume to reside within an infinite acting reservoir. The paper presented a
systematic way of using the log-log plot, specialized plot — square root-time plot and flowing
material balance plot to identify flow regimes, derive reservoir and fracture parameter and also

estimate reserves.

2.4 Analytical or Semi Analytical Solutions for Complex Fracture
Geometries

Gringarten and Ramey (1973) presented the application of Green’s functions and Source
function for solving flow problems in petroleum engineering. They summarized the basic
properties of the Green’s function and the solution for problems with uniform flux sources and
also showed how the solution reduces to the fundamental point source solution of heat
conduction problems as presented by Lord Kelvin (1884). They also showed how to extend the
solution to an infinite conductivity source. The solution used the Newman production method to
obtain solutions to a wide variety of flow problems. Gringarten et al. (1974a) presented
analytical solutions for a vertically fractured well by using Green’s function and the Newman’s
product method. The solutions were for a uniform flux and infinite fracture conductivity case.
They showed that the solution for the infinite conductivity fracture case can be obtained from the
uniform flux solution when it is evaluated at the fracture plane with X, =0.732. A comparison
of these solutions with the numerical solution of Russell and Truitt (1964) showed that there
were errors in some cases of the Russell and Truitt solution.

Gringarten and Ramey (1974b) presented analytical solutions for a well (producing at a
constant rate) with a single horizontal fracture of finite thickness at any position within a
producing interval in an infinitely large reservoir. The solution is a general solution that can be
used to model plane horizontal fractures, partial penetration of the producing formation and
limited flow entry throughout a producing interval. The model presented showed that there are
four possible different flow regimes that can be observed with horizontal fractures. The first flow

regime due to fracture storage could be absent depending on the fracture size. A major
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conclusion of this study is that the behavior of horizontally fractured wells differs from that of
vertical fractured wells for small values of h, (dimensionless reservoir thickness) therefore it is
possible to identify horizontal fractures from well-test data.

Cinco Ley et al. (1978) presented general solutions for the transient pressure behavior of
a well intersected by a finite-conductivity vertical fracture. These solutions were obtained with
Green and source functions and the Newman product method, due to the coupling of the fracture
and matrix equations they obtained a Fredholm integral equation which was solved numerically
and thus they obtained effectively a semi analytical solution.

Ramey and Gringarten (1975) presented the result of the application of the high-volume
vertical fracture solution to steam well data from The Geysers. They presented the log-log type
curve matching and semi-log graphing of transient pressure data. The solution used was derived
using a finite difference simulator that was originally developed to study partially penetrating
well with storage and skin effect.

Hagoort (2009) presented a solution to the diffusivity equation for pseudo steady state in
a closed rectangular reservoir which was developed using Fourier finite transform. This solution
was used to evaluate the productivity index of a vertical, infinite conductivity fracture in a closed
rectangular reservoir for different fracture lengths, reservoir aspect ratios and fracture
eccentricity. These Pl were then compared to those reported using the equivalent pressure (EP)
and the average pressure (AP) methods. The result of this comparison showed that the PI’s
obtained with the EP method were too optimistic while those obtained with the AP method were
too pessimistic. Both methods gave the correct solution when the fracture was totally
penetrating. They also presented a comparison of shape factors against the Earlougher shape
factors. These results showed that the shape factors reported by Earlougher were considerably
larger than those obtained using the exact solution they presented except when the fracture is
completely penetrating.

Medeiros et al. (2010) presented a semi analytical method for computing pressure

transients in heterogeneous formations with composite, layered and compartmentalized
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reservoirs. Amini and Valko (2010) introduced the distributed volume sources method of
predicting production from fractured horizontal wells with non-Darcy flow conditions. Kuchuk
and Biryukov (2013) investigated the pressure transient behavior of continuously and discretely
fractured naturally fractured reservoirs using semi-analytical solutions. The basis function used
in all of these methods is the Green’s function solution. All the fracture geometry considered are
the linear or quadrilateral types, no consideration was given to fractures with curved or more
complex geometries. Wu (2014) has shown that hydraulic fractures tend to be curved or have
complex geometries (see Figure 2-2) yet no analytical/semi-analytical solution has been presented
for such geometries. Ozkan (1988) presented a point source solution to the diffusivity equation
for an infinite acting reservoir in Laplace space and used the method of images to produce
solutions for closed outer boundary reservoirs and he developed a library of solutions for regular
shaped sources.

All the methods and tools that have been developed were based on the analysis of
production data from gas fields. In addition all the analytical solutions available for the double
porosity models are only available in Laplace space. Most solutions only considered hydraulic
fractures with linear or quadrilateral geometries and those that considered radial flow in the
fractures only obtained closed form analytical solutions in Laplace space and did not analyze the
solutions any further. Beyond numerical solutions, no solutions for complex fracture geometries
have been published in the literature. This dissertation develops solutions to fill the gaps

highlighted above.
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Figure 2-1: Schematic of an actual fractured reservoir and its corresponding idealization
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Figure 2-2: Predicted fracture geometry after hydraulic fracturing (Source: Kan Wu, 2014)
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Chapter 3: Correlation Functions for Empirical Model Parameters
and the Reservoir and Well properties

Most decline curve methods have two main limitations; the model parameters as a
rule are not functions of reservoir parameters and in unconventional reservoirs may yield
unrealistic (non-physical) values of expected ultimate recovery (EUR) because boundary-
dominated flow may not develop in unconventional reservoirs. Over the past few years,
several empirical models have emerged to address the second limitation, but they are
challenged by the time to transition from infinite-acting flow period to the boundary-
dominated flow. In the study presented in this chapter, we performed statistical and
model-based analysis of production data from hydraulically fractured horizontal oil wells
and present a method to mitigate some of the limitations highlighted above.

The production data were carefully analyzed to identify the flow regimes and
understand the overall decline behavior. Following this step, we performed model-based
analysis using the parallel-flow model (sum of exponential terms), and the logistic-
growth model (Clark et al., 2011). After the model-based analysis, the model parameters
were analyzed statistically and cross plotted against available reservoir and well
completion parameters. Based on the conclusion from the cross-plots and statistical
analysis, we used design of experiments (DoE) and numerical-reservoir simulations to
develop functions that relate the model parameters and reservoir/well completion

properties.

3.1 Method

The data used for this study comes from a liquid-rich shale play in North
America. This dataset contains data from 80 wells, with varying well lengths and

completion properties. These wells have also been on production for varying amounts of
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time, ranging from 50 — 1500 days. Water production from these wells was relatively low

with average water cut between 0.1 and 0.3. This data are reported on a daily basis and

therefore constitute high-frequency information.
The work flow used for this study is summarized as follow:

1. Analyze oil rate and well head pressure data to identify the predominant flow regime
and signatures from this data set.

2. Perform model-based data analysis by fitting oil rate to empirical models to estimate
the model parameters.

3. Analyze and crossplot the model parameters obtained in step 2 against available
reservoir and well completion properties. This step enabled investigation of the
existence of any relationship between the empirical model parameters and the
reservoir and well completion properties.

4. Because the previous steps did not reveal any significant relationship; a workflow
was developed that uses design of experiment (DoE) and numerical reservoir flow
simulations to develop relationships between the model parameters and the reservoir

and well completion properties.

3.1.1 Theoretical Basis for Flow Regime Identification

Wattenbarger et al. (1998) presented an application of the solution to the one
dimensional diffusivity (linear coordinates) equation for a closed rectangular boundary to
facilitate the analysis of production data in tight gas wells. The solution shows that for the
constant pressure inner boundary condition, a log-log plot of rate versus time plots as a
straight line with a slope of one half at early times and as an exponential decline at late

times. This solution is given by the following expression:
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where, g, is the dimensionless production rate and t_ is the dimensionless time.
For the constant rate inner boundary condition, a log-log plot of wellbore pressure

versus time also plots as a straight line with a slope of one half and transitions to another

straight line with unit slope. The solution for this case is given as

t, 1&(-1)" ) wew
ED+?§(”2) (1—e tD)cos[n;z], (3.19)

Puwp (tD) =

where p,, is the dimensionless pressure at the wellbore.

Plots of these solutions (equations 3.1 and 3.2) are in Figure 3-1. The
characteristics of these solutions have been observed in production data from many
hydraulically fractured horizontal wells in unconventional formations. Patzek et al.
(2013) analyzed production data from 8,294 stimulated horizontal wells in North
America and observed that the flow rate from these wells obeyed a simple scaling theory
where the flow rate is proportional to the inverse of the square root of time. A behavior
that can be modeled with equation 3.1.

Cinco-Ley and Samaniego (1981), Kuchuk and Biryukov (2013) and Bello et al.
(2008) have shown that a quarter slope on a log-log plot of rate versus time (constant
pressure inner boundary condition) can be interpreted as the simultaneous linear flow of
fluid in the fracture and reservoir matrix. Equation 3.1 does not capture the quarter slope
because it is for the case where there is flow from the reservoir matrix in the fracture
face. On this basis we analyzed the data set.

The data set had both production rates and tubinghead pressures. We use the

tubinghead pressures as a proxy for the bottomhole well flowing pressure by assuming
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that there is a constant pressure difference between the tubinghead pressure and the

bottomhole pressure because of the pressure head of fluids in the wellbore. Figure 3-2

shows a typical dashboard from the flow regime identification exercise.

From the log-log plots of rate versus time and tubinghead pressure versus time for
all the wells in the data set we make the following observations:

1. The rate-time plots showed slopes of one-half, one, one-and-a-half and exponential
decline in no particular order. But in general the wells exhibit a power law behavior
with the one-half slope being the predominant slope observed.

2. The plot of the tubinghead pressures versus time show the existence of at least two
time scales in most of the wells. We make this conclusion because we observe a one
half slope followed by an exponential curve and this is followed by a constant
tubinghead pressure. The exponential curve defines the fracture boundary and the

constant tubinghead pressure indicates flow from the reservoir matrix.

3.1.2 Model Based Analysis

This section presents the results of the model based analysis. We considered two
empirical models in this analysis, the logistic-growth model and the parallel-flow model
(sum of exponential terms). These models were fitted to rate and cumulative production
data to obtain the model parameters, which were statistically analyzed. We then
investigated the existence of any relationship between the model parameters and the
reservoir and well completion properties by cross-plotting them against available well
completion and reservoir properties.

Parallel Flow Model:

The parallel-flow model or sum of exponential model is based on the conception

that when a horizontal well is hydraulically fractured, the reservoir rock is broken into or
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subdivided into discrete blocks, each of which makes independent flow contribution to
surrounding the fractures. Flow from each piece of block is assumed to decline
exponentially, which is consistent with boundary-dominated flow. A model that accounts
for both transient flow and boundary dominated flow is present in Chapter 4. The

mathematical expression for rate is then given by

N, _t
qT (t) = Zqike i ]
k=1

(3.20)
where,

g, (t) = production rate from the fractured horizontal well

q, = Initial production rate from the reservoir matrix element k

. . . . . vV C
7, = time constant for reservoir matrix k, defined mathematically as "Tt

Vp is the matrix pore volume, c; is the total matrix compressibility and J is the
productivity index of the matrix, with units b/d/psi. This definition of the time constant is
identical to that used in the capacitance resistance model (CRM) (Sayapour et al. (2008);

Nguyen et al., 2010; Cao et al. 2014).

For the parallel flow model the model parameter estimation was done by

minimizing the problem defined below

m=1

mine = i{ f, {Nz fke’tkljz

subject to: , (3.21)

> fo=1

k=1

where,
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r data
f, = qﬁ; git is the maximum value of production rate in the data and f, = In_

In formulating the model fitting problem, equation 3.4, we have normalized the
model and data with the maximum value of production rate and then included the
constraint that the coefficient of the exponential terms must be fractions that sum to 1.

The objective of this formulation is so that we need not specify the number of

exponential terms in the model beforehand, that is, N_can be set to large number and the
optimization process would return a value for N, that will give the best fit to the data. The
number of terms required is obtained as the number of fractional coefficients ( f,) of the
exponential terms that are not equal to zero. The model was fitted to data by finding
values of f,_ and ¢, that minimize equation 3.4. Song (2014) while using an 11 cell finite
difference model to analyze field production data revealed that a minimum of two to
three cells were adequate in modeling production data.

Logistic Growth Model:

Logistic growth models are often used to model growth (population, market
penetration of new products and technologies), see Tsoularis and Wallace (2001). Clark
et al. (2011) presented the first application of the logistic growth model for predicting
performance of unconventional reservoirs. The logistic growth model presented by Clark

et al. (2011) is given as

Nt"
N, ()= ——,
(¥ a+t"

(3.22)
where,

N = carrying capacity, bbls

a=  constant, time"

n=  hyperbolic exponent, unitless
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t= time.

An expression for the production rate, g, is obtained by differentiating equation

3.5 with respect to time,

_ Nant"™*

_— 3.23
(a+t”)2 (329

a(t)

Clark et al. (2011) described the carrying capacity in equations 3.5 and 3.6 as the
estimated ultimate recovery for a well without an economic constraint and it acts as an
upper limit on the cumulative production. The logistic growth model would not account
for multiple scales observed in the production data. Note that in equation 3.5 N, (t) > N
as t > . For the logistic growth model we applied equations 3.5 and 3.6 to the data set
by finding the values of the model parameters (N ,nand a) that minimized the squared

difference between the model predictions and field production rate data, that is

2

mine = i[q,‘j‘a‘a — qreoce! ]2 + i[ gt — N ] (3.24)
m=1 m=1

3.1.3 Results of Model-Based Analyses

3.1.3.1 Example Application of Parallel-Flow Model

In estimating the model parameters with the parallel flow model, N (the number
of exponential terms) was initially set equal to four. An example application of the model
to a well (UT-ID4) in the data set is in Figure 3-3. As shown in Figure 3-3 the parallel
flow model gives a good fit to the production data (rate and cumulative), Figure 3-3b
shows that the coefficient of determination is large at a value of 0.94. Figure 3-3d is a
plot of the error versus time; error is defined as the squared difference between the model

predictions and data. The error is larger at early time because there is more scatter in the
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data compared to late time. A summary of the model parameters obtained for this case is
in Table 3-1.
This well only needs two exponential terms in the parallel flow model to obtain a

good fit between the model and data. The fact that f, and f, turned out to be zero is most

likely because of the initial condition. The estimated EUR for this well is 1.77x10°STB.

3.1.3.2 Example Application of Logistic Growth Model

Figure 3-4 presents an example application of the logistic growth model to the
same well (UT-1D4) in the data set. From this figure the coefficient of determination is
also large with a value of 0.83 (not as large as the 0.94 obtained with the parallel flow
model). Again, there is more error at early time because there is more scatter in the data
at early time. The model parameters obtained for this example are summarized in Table
3-2. The carrying capacity obtained for this well is 1.1x10> STB; therefore, the EUR from
this well based on the logistic growth model is 1.1x10° STB.

3.14 Results of Statistical Analysis of Model Parameters

3.1.4.1 Analysis of Parallel-Flow Model Parameters

After applying the parallel flow model to all the 87 wells in the data set it was
observed that 58 wells required only three exponential terms, 28 wells required only 2
exponential terms and only 1 well required four exponential terms. The resulting
distribution of the fitting parameters is in Figure 3-5. Figure 3-5a, 3-5c, and 3-5e all
present the distribution of initial production rates for each term in the parallel flow model
that was not equal to zero. From these figures we conclude that all of the distributions are
log-normally distributed, therefore initial production rates with values close to the mean
value are more frequent than initial production rates with large value. The lognormal

distribution also suggests that some extremely high values of initial production rates are
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also possible although infrequent. Figure 3-5b, Figure 3-5d and Figure 3-5f are the
corresponding distributions of time constants. The distributions of the time constants also
appear to follow a log normal distribution. The values of the time constants in Figure
3-5d and Figure 3-5f appear to have the same order of magnitude with mean values of
4.7x10" and 4.1x10" days, respectively. The values of time constants in Figure 3-5d and
8-5f appear to be a factor of 10 greater than the values in Figure 3-5b, the mean value of
the time constants in Figure 3-5b is 381. This observation suggests that the time constants
in Figure 3-5d and 8-5f are from the same distribution and the time constants in Figure
3-5b are from another distribution.

Physically, the time constants can be interpreted as a measure of how fast the
fluids in a reservoir would drain; small values indicate that the fluids would drain very
fast and large values imply that it would take longer for the fluids to drain from the
reservoir (Ogunyomi et al., 2014). Based on this definition of the time constant we can

state that there are at least two time scales in the data set, one time scale accounts for the

high transmissibility, low storativity fractures () and the second time scale accounts for
the low transmissibility, high storativity reservoir matrix (z,andz,). Table 3-3 presents
the statistical summary of the model parameters for the parallel flow model. The range of
each of the parameters in this table is quite large; this indicates that there is a great degree

of variability in the well performance in the data set.

3.1.4.2 Analysis of Logistic Growth Model Parameters

Figure 3-6: presents the distributions (PDF and CDF) of the model parameters
obtained for the logistic growth model. A general observation from this figure is that they

also all appear to be log normally distributed.
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Table 3-4 presents the statistical summary of the logistic growth model
parameters for wells in the dataset. The mean value of the carrying capacity is 1.3x10° stb
with a standard deviation of6.9x10"sth. It has a range of 4.1x10°stb. The hyperbolic
constant and the constant a have mean values of 0.62 and 5897, respectively. The range
of nand aare 2.13 and 4.8x10° respectively. This outcome can also be interpreted as the

result of high degree of variability in well performance.

3.2 Correlation between Model Parameters and the Reservoir and
Well Completion Properties

We investigate the existence of relationships between the model derived
parameters and the reservoir and well completion properties with the two methods. For
the first method, we investigated the existence of a linear relationship between variables
by computing the correlation coefficient. Navidi (2008) defined the correlation
coefficient (o) as a measure of the degree of linear relationship between two variables,
and it varies between +1 and -1. A value of +1 implies a strong positive linear
relationship, a value of -1 means a strong negative linear relationship and a value of zero
implies that there is no linear relationship between the two variables.

With the second method, nonlinear relationships were investigated by making
cross-plots of the model parameters (including its transforms) and the reservoir and well
completion properties. These cross-plots are then evaluated for any recognizable
functional relationship. The reservoir and well completion properties that were
considered are:

1. [Initial number of fracture stages

2. Lateral length of horizontal well

3. Porosity
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Thickness
Initial reservoir pressure

Fluid injected and

N o o &

Weight of proppant of injected

3.2.1 Parallel Flow Model

The computed correlation coefficients for the parallel flow model and the
reservoir and well completion properties are summarized in Table 3-5 in which we have
highlighted values of |p|>0.2. From this table we notice that the initial production rates
show some level of correlation with most of the reservoir and well completion properties.
The time constants on the other hand do not show the same level of correlation. The
result of the statistical analysis of model parameters revealed that there are at least two
time scales in the producing characteristic of the wells; therefore, in this section we use

two terms of the PFM which yields the rate time function shown below;

t t

G (1)=ae " +ae 7, 29

where g, and g; are the initial production rate one and initial production rate two

respectively. 7, and 7, are the time constant one and time constant two respectively.

Initial Number of Fracture Stages: The cross plots in Figure 3-7 show the cross

plot of PFM parameters and the initial number of fracture stages. Figure 3-7a is the cross
plot of initial production rate one and the initial number of fracture stages. Figure 3-7b is
the cross plot of time constant one and initial number of fracture stages. Figure 3-7c is
plot for the initial production rate two and the initial number of fracture stages and Figure
3-7d shows the time constant two plotted against the initial number of fracture stages.

Although there is some scatter in all the plots shown in Figure 3-7 we can make the
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following general comments; the initial production rates (one and two) increase as the
initial number of fracture stages increases. The increase in the initial production rates was
steep initially until the initial number of fracture stage is about 10 — 15 after which it
became less steep. The time constants do not show any significant trend on the plots.
Physically, this observation suggests that increasing the number of initial fracture stages

beyond 15 will not significantly increase the performance of the well.

Lateral Length (ly): The cross plots shown in Figure 3-8 are identical to those in
Figure 3-7 except that the x-axis is now the lateral well length. From this figure no
discernable relationship can be inferred between the model parameters and the lateral
well length.

Porosity: The cross plots shown in Figure 3-9 are identical to those in Figure 3-7
except that the x-axis has been replaced by the reservoir porosity. No discernable
relationship in observed in the plots presented in Figure 3-9.

Thickness: The cross plots shown in Figure 3-10 are identical to those in Figure
3-7 except that the x-axis has been replaced by the reservoir thickness. No discernable
relationship in observed in the plots presented in Figure 3-10.

Initial reservoir pressure: The cross plots shown in Figure 3-11 are identical to

those in Figure 3-7 except that the x-axis has been replaced by the initial reservoir
pressure. No discernable relationship in observed in the plots presented in Figure 3-11.

Fracture Fluid Injected: The cross plots shown in Figure 3-12 are identical to

those in Figure 3-7 except that the x-axis has been replaced by the volume of fracture
fluid injected. The initial production rates (one and two) increases as the volume of

fracture fluid injected increases. The increase in the initial production rates was very
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steep initially until the injected fluid volume is about 2.5x10* after which it became less
steep. This observation suggests that increasing the volume of injected fluid beyond
2.5x10" will not significantly increase the performance of the well. The time constants
show a negative exponential relationship with the volume of fluid injected.

Weight of Proppant Injected: The cross plots shown in Figure 3-13 are identical to

those in Figure 3-7 except that the x-axis has been replaced by the weight of proppant
injected. The initial production rates (one and two) increases as the volume of fracture
fluid injected increases. The increase in the initial production rates was very steep until
the weight of proppant injected is about 10° after which it became less steep. This
observation suggests that increasing the weight of proppant injected beyond 10° will not
significantly increase the performance of the well. The time constants show a negative

exponential relationship with the volume of fluid injected.

3.2.2 Logistic Growth Model (LGM)

Table 3-6 presents the computed correlation coefficients between the model
parameters and the reservoir and well completion properties. In this table we have
highligted|p|>0.2. Based on these criteria, the carrying capacity possibly has a linear
relationship with well spacing, porosity, the average injection pressure, total fluid
injected and the weight of proppant injected. The fact that the carrying capacity correlates
with well spacing and porosity suggests that there is a relationship between the carrying
capacity and the drainage volume of the well. The hyperbolic constant,n, and the
constant, a, do not have any linear relationship with the reservoir and well completion

properties.

! The unit for the volume of fluid injected was not included in the data set.
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Nonlinear relationships were investigated by making cross plots of model
parameters and the reservoir and well completion properties. The results are summarized
below:

Initial Number of Fracture Stage: The cross plots in Figure 3-14 show the cross

plot of logistic growth model parameters and the initial number of fracture stages. From
this figure the carrying capacity and hyperbolic exponent have no nonlinear relationship
with the initial number of fracture stages. Constant a on the other hand has a power law
relationship with the initial number of fracture stages.

Lateral Length (l,): The cross plots in Figure 3-15 show the cross plot of LGM

parameters and the lateral well length. It can be concluded from this figure that the
carrying capacity and hyperbolic exponent do not have any systematic nonlinear
relationship with the lateral well length. Constant a has a logarithmic relationship with
the lateral well length.

Porosity: Refereeing to Figure 3-16. The carrying capacity appears to have a
linear relationship with the reservoir porosity. While the hyperbolic exponent and
constant a do not show any relationship with the reservoir porosity.

Thickness: From Figure 3-17 it is observed that there is no relationship between
the LGM parameters and the reservoir thickness.

Initial reservoir pressure: There are no relationships between the LGM

parameters and initial reservoir pressure; refer to Figure 3-18.

Fracture Fluid Injected: From Figure 3-19a and Figure 3-19b we infer that the

carrying capacity and hyperbolic exponent do not have any discernable relationship with
the volume of fracture fluid injected. Figure 3-19c suggests that constant a has a power

law relationship with the volume of fluid injected.
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Weight of Proppant Injected: Figure 3-20 suggests that there is no relationship

between the LGM parameters and the weight of proppants injected.

3.3 Development of Mathematical Relationships between Empirical
Model Parameters and Reservoir and Well Completion Properties

The results of the statistical analysis of the model parameters in the previous
sections show that the model parameters correlate to some degree with the reservoir and
well completion properties. In this section we use design of experiment (DoE), numerical
reservoir simulation and response surface modeling (RSM) to develop functional
relationships between the model parameters and the reservoir and well completion
properties. More details on the theory of DoE and RSM can be found in Box et al. (2005)
and Myers and Montgomery (2002).

We developed the functional relationship by:

1. Generating data from numerical reservoir simulation, where we built the numerical
simulation models based on the result of a fractional factorial design experiment. We
used a 2%2fractional factorial design, which resulted in 256 numerical reservoir
simulation runs. The reservoir and well properties used for this experiment are in
Table 3-7. The size of the reservoir used is 10100 ft by 5575 ft and it was divided
into a 101 x 25 grid blocks. The fracture were refined into an 11 x 5 x 1 grids and
geomechanics effect was ignored. Figure 3-21 is a schematic representation of the
process described above and Figure 3-22 is one of the numerical simulation models
used for data generation.

2. After generating the synthetic data, we estimated the parameters for the empirical

models (logistic growth and parallel flow model) by fitting them to data using the
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method described earlier. Rate and cumulative production data was used in the
fitting exercise.

Identify the reservoir and well completion properties that have the strongest effects
on each parameter in the empirical models. We identified the strongest effects by
performing regression analysis on each parameter in the empirical model and all the
variables in Table 3-7. Using the t-statistic from the regression analysis, we
eliminate those variables whose coefficient is most likely equal to zero based on
their P-values from testing the null hypothesis. More details on hypothesis testing
can be found in Jensen et al. (200) and Navidi (2008). The P value is the probability
that the coefficient of a variable is equal to zero. The larger the P values the more
likely the coefficient is equal to zero and the smaller it is, the less likely the
coefficient is equal to zero. A P-value of 10™ was chosen as cut off (the cut off P-
value was arbitrarily chosen and has no physical or mathematical basis), if the P-
value is greater than 10, the coefficient of that variable is not significantly different
from zero and we can eliminate such variables from further analysis. Table 3-8
provides a summary of the result of this step; the solid dots indicate that the
reservoir/well property that has a strong effect on the value of the corresponding
model parameter. For example fracture half-length has a strong effect on the value of
the carrying capacity for the logistic growth model while it does not have a strong
effect on the remaining parameters.

From step 3, we have a list of variables that have the strongest effect on each model
parameter. We then perform a full factorial design of experiment with the variables
in this list for each model parameter after which we build the numerical reservoir
model to generate data with the result (unimportant properties were kept unperturbed

at their expected values). The design table for the carrying capacity, N, is presented
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in Table 3-9 this design is for a 2° full factorial experiment with 8 numerical
simulation models. Because the constant a has all its main effect variables in
common with the hyperbolic constant, we use the same design table for their
experiment. Table 3-10 is the design table for n and a, the experiment design was
for a 2*full factorial design with 16 numerical simulation models. We also combined
the design table for the parallel flow model parameters because they have many of
the main effects variables in common. The design for the parallel flow model
parameters was a 2" full factorial design with 128 numerical simulation models; the
design table is presented in Table 3-11.

Repeat step 2 to obtain the model parameters that would be used to develop the
response surface function.

Using regression analysis we develop a functional relationship between each of the
model parameters and the reservoir and well completion properties. The developed
relationship is then validated with synthetic examples.

The results obtained for step 6 are presented in the next subsection:
3.3.1 Correlations for Logistic Growth Model Parameters

3.3.1.1 Carrying Capacity, N
N(h, L%, )" =5.74+2.63x10 % + 2.1x10°*L,, +1.1x10°°, (3.26)

Equation 3.9 is the response surface function for carrying capacity that shows the

relationship between the carrying capacity and the reservoir thickness (h), well length (

L,) and the fracture half length (x, ). Different transformations of the carrying capacity

were evaluated; we chose the transformation that gave the largest coefficient of variation

when the model predictions are cross plotted against actual values. This transformation

has a coefficient of variation of 0.95. Figure 3-23a shows a cross plot of the predicted
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values of carrying capacity using equation 3.9 and the actual values. Figure 3-23b are the
residuals plotted on a normal probability graph, because it plots as a straight line on this
graph, the residuals are normally distributed. Figure 3-24a and 8-10b are response
surfaces constructed with equation 3.9 and they show how the carrying capacity varies
for varying values of the independent variables. Figure 3-24a is the plot when fracture
half-length is at its smallest value and Figure 3-24b is when fracture half-length is at its

largest value.

3.3.1.2 Hyperbolic Exponent, n
n(k k,,L,)=6.6x10"-8.2x10""k, +2.03x10 °k,, +8.8x10°°L,, (3.27)
Equation 3.10 is the developed relationship between the hyperbolic exponent and
the reservoir and well properties. A linear relationship has the highest coefficient of
variation of 0.95 when compared to the other transformations evaluated. We evaluated a
linear, quadratic, power and logarithmic transforms. Figure 3-25 shows a comparison of

the values of the hyperbolic exponent predicted by equation 3.10 and the actual values.

3.3.1.3 Constant, a
a(k k,) =15x10" +2.9x10*k, -5.5x10°k, . (3.28)
Equation 3.11 is the relationship developed for the constanta. This relationship
had the highest coefficient of variation of 0.81 from the transforms evaluated. A
comparison of the values of, constant a, computed from equation 3.11 and actual values

of constant a is shown in Figure 3-26.
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3.3.2 Correlations for Parallel Flow Model Parameters

3.3.2.1 Initial Production Rate One, ¢,
In(q,,) =6.4x107% +6.7x10°k, +4.0k_+1.8x107* p, —=5.4x107* p,,
—-2.1x10°h-3.94-1.1x107*L,, +7.4x10°k h+3.6x10"k, L, . (3.29)
+2.3x107%k L, +4.7x10° p,p,; +5.4x107°hL,, —2.1x10"°k, hL,,

Equation 3.12 is the response surface function for initial production rate one, q,,.

It shows a relationship between the initial production rate one and the reservoir thickness
(h), fracture permeability (k; ), matrix permeability (K, ), porosity (¢), well length (WL

), initial reservoir pressure ( p;) and the bottomhole flowing pressure ( p,, ). Different

transformations of the initial production rate one were evaluated and the transformation
that gave the highest value of coefficient of variation is the natural log transform. This
transformation has a coefficient of variation of 0.98. A comparison of the actual and the

values on time constant computed with equation 3.12 is shown in Figure 3-27.

3.3.2.2 Time Constant One, r, (Largest Time Constant)
;% =6.9x10° - 3.8k, +4.2x10°k_—16.11+1.3x10*¢-1.5x107°L,,

(3.30)
~5.9x10°k_g—4.5hL,,

Equation 3.13 is the response surface function for time constant one, t;. A power
transformation gave the highest value of coefficient of variation when the model
predictions are cross plotted against actual values. This transformation has a coefficient
of variation of 0.73. The actual values and predicted values from equation 3.13 are cross
plotted as shown in Figure 3-28.

3.3.2.3 Initial Production Rate Two, q,

In(q,) =—1.7+2.0x10°k, +1.7x10K,, +2.4x107* p; —2.1x10™* p,,

-2 -5 1 (331)
+1.6x10°h+6.49+6.1x107°L, +5.9x10 kK ,
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Equation 3.14 is the response surface function for initial production rate two, q;..

It shows a relationship between the initial production rate two and the reservoir thickness
(h), fracture permeability (k, ), matrix permeability (K, ), porosity (¢), well length (WL),

initial reservoir pressure (p;) and the bottomhole flowing pressure (p, ). The log

transformation gave the highest coefficient of variation of 0.99. Figure 3-29 presents a

cross plot of the predictions made with equation 3.14 and the actual values.

3.3.2.4 Time Constant Two, -,
5% =7.6x10° —=9.7x107"k, —7.4x10°k,, +2.3h

: 3.32
+4.3x107°L, —2.3x10°k k  +18.4k L —6.5x107*hL,, (3:32)

Equation 3.15 is the response surface function for time constant two, z,. A power

transformation gave the highest value of coefficient of variation when the model
predictions are cross plotted against actual values. This transformation has a coefficient
of variation of 0.82. The actual values and predicted values from equation 3.15 are cross

plotted as shown in Figure 3-30.

3.4 Summary and Conclusions

Both models used in this study can predict the EUR; for the logistic growth model
the carrying capacity is a parameter in the fitting, and for the parallel flow model the
function converges to a finite value when extrapolated to infinity. Because both methods
require numerical fitting of model parameters, neither offers a clear advantage over the
other. The logistic model does not have physically meaningful parameters (except for the
carrying capacity) and does not fit the data quite as well as does the parallel model,
although both result in good fits. The parallel model has more parameters, four for the

two compartment model- as opposed to three for the logistic model. Therefore, the latter
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approach is less likely to result in non-unique solutions. The logistic model does not have
the multiple scales that are such a prevalent feature of the data.

The model-based analysis with the parallel flow model clearly indicates the
existence of multiple time scales in the production profiles of these wells. The parallel
flow model is based on the concept that the reservoir contains multiple independently
declining reservoir elements (compartments) that have different and unique time
constants (declining characteristics). Therefore, when two or more reservoir
compartments are present, this will be reflected in the number of terms in the parallel
flow model. The observed time scales also highlight the importance of high-frequency
data and integrating all available information in analyzing production data. Most analysis
techniques ignore the early-time production data (which we included in the analysis)
because of wellbore effects (wellbore storage or skin and frac fluid flow-back) and noise,
thereby missing the first time scale and only analyzing data that is dominated by
production from the second time scale. While it is possible that these phenomena affect
early-time production only, it does not eliminate the possibility of analyzing early time
data to estimate the dimensions of the reservoir element/compartment (this could be the
fracture or fracture network) that accounts for early time flow. Ogunyomi et al. (2014)
presented a rate-time relation capable of modeling flow from a double porosity model
that typically exhibits two time scales. The model they presented is also valid for early
and late time flow (transient and boundary dominated flow).

Analysis of the model parameters for the logistic growth and parallel flow models
showed that they have some correlation with the reservoir and well completion
properties. For example, the carrying capacity in the logistic growth model correlated
with the well spacing, total fluid injected and the mass of sand injected. In an ideal

situation these properties can be used to define the drainage volume of a well. It therefore
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seems reasonable, as suggested by Clark et al. (2011), to use the carrying capacity as a

constraint on the recoverable reserves from a well.

We have presented the results of a detailed statistical and model-based analysis of

production data from an unconventional oil reservoir. We also analyzed this production

data to identify different flow regimes and the flow signatures using linear-flow theory.

Based on the results of these analyses the following conclusions are pertinent:

1.

Primary production performance from wells in unconventional reservoirs should be
expected to be highly variable. The production signatures show varying slopes on a
diagnostic log-log plot that ranges from one-half to one-and-a-half. By far the most
frequent slope observed on the diagnostic plot was the one-half slope. This
observation corroborates the notion that 1D linear flow is adequate in modeling
recovery from these reservoirs.

The analysis showed that at least two terms of the parallel flow model are needed to
adequately model production from these reservoirs. A statistical analysis of the time
constants confirms that there are two distributions of time constants. Therefore, we
can conclude that there are at least two time scales in the production history from
these wells. An important corollary of this observation is that any forecasting effort
that does not account for the multiple time scales will result in conservative EUR.
Based on the general observation that the parameters from the empirical models
correlated with the reservoir and well completion properties in the data set, we
developed functions that relate the model parameters to reservoir and well properties
by using design of experiment and numerical reservoir simulations. If the reservoir
and well properties are known, these relations can be used to compute the model

parameters, which can then be used in the models to forecast production. These
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functions are only valid within the range that was used to develop them and any

application should put this fact in consideration before use.
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Table 3-1: Summary of model fitting parameters obtained for the parallel flow model applied to a well in the

dataset
QoiT f f f f Sf; Qi1 Qiz Qi3 Qis T T2 T3 Ts
(STB/D) ! o, ¢ ' (STB/D) (STB/D) (STB/D) (STB/D) (days) (days) (days) (days)
557 03 0 0 07 1 151 0 0 407 1020 - - 59
Table 3-2: Summary of logistic growth model parameters obtained for a well in the dataset
N (STB) n a(days")
112631 0.54 52
Table 3-3: Statistical summary of model fitting parameters for the parallel flow model (86 wells)
0ir (STB/D)q;; (STB/D)qis (STB/D) 14 (Days) T, (Days) 13(Days)
Mean 398 182 62 381 2.7x10* 2.1x10*
Median 289 119 20 57 448 222
Standard Deviation 391 201 116 2570 1.6x 10° 1.1x 10°
Kurtosis 5 5 21 86 45 39
Skewness 2 2 4 9 7 6
Range 2x10°  1x10®  7x10? 2% 10* 1x10° 7% 10°
Minimum 14 0 0 0 0 0
Maximum 2x10° 1x10°  7x10? 2x 10° 1x 10° 7% 10°

Table 3-4: Statistical summary of model fitting parameters for the logistic growth model (86 wells)

N (STB) n a
Mean 133135.35 0.62 5897.30
Median 111940.75 0.58 75.96
Standard 6901160  0.23 52876.12
Deviation
Kurtosis 3.12 63.29 84.00
Skewness 1.32 1.47 9.16
Range 408248.15 2.13 484738.60
Minimum 20000.00 0.46 4.52
Maximum 428248.15 2.59 484743.12
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Table 3-5: Summary of the computed correlation coefficient between the model parameters and the reservoir
and model completion properties for the parallel flow model. The shaded cells indicate |p| >0.2.

Qi1 Qi2 Qi3 T1 T2 T3

(STB/D) (STB/D) (STB/D) (Days) (Days) (Days)
Number of stages 0.47 0.43 0.31 -0.07 -0.10 -0.06
Lateral length (ft) -0.19 -0.21 -0.30 -0.13 0.15 0.03
Spacing (acres) 0.32 0.35 0.22 -0.34 0.10 0.09
Initial water saturation (fraction) -0.35 -0.54 -0.30 0.18 -0.18 -0.02
Porosity (fraction) 0.28 0.21 0.27 -0.09 -0.12 0.22
True vertical thickness, TVT (ft) -0.40 -0.59 -0.40 0.29 -0.03 -0.11
Net to gross (fraction) 0.15 0.21 0.29 -0.14 -0.18 0.32
Overpressure (psi) 0.18 0.33 0.19 -0.02 0.07 -0.12
Pressure (psi) 0.18 0.33 0.19 -0.02 0.07 -0.12
Depth (ft) 0.15 0.30 0.17 -0.05 0.14 -0.14
Average injection pressure (psig) 0.35 0.36 0.16 -0.21 0.09 0.02
Total fluid injected 0.46 0.44 0.30 -0.37 0.08 0.12
Sand (Ibs) 0.48 0.40 0.36 0.02 -0.12 -0.06

Table 3-6: Summary of the computed correlation coefficient between the model parameters and the reservoir
and model completion properties for the logistic growth model.

N
(sTB) " a
Number of stages 0.14 0.02 -0.02
Lateral length (ft) 0.00 -0.13 -0.09
Spacing (acres) 0.25 0.02 0.04
Initial water Saturation (fraction) -0.11 -0.09 -0.01
Porosity (fraction) 0.46 -0.12 -0.05
True vertical thickness, TVT (ft) -0.05 -0.09 0.02
Net to gross (fraction) 0.19 0.02 0.01
Overpressure (psi) -0.04 0.10 0.00
Pressure (psi) -0.04 0.10 0.00
Depth (ft) -0.03 0.10 0.02
Average injection pressure (psig) 0.23 -0.02 0.09
Total fluid injected 0.39 -0.02 -0.02
Sand injected (Ibs) 0.26 0.02 0.01
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to build the numerical simulation model.

Table 3-7: Reservoir and well completion properties used in the fractional factorial design of experiments used

Property Max (+) Min (-)
Fracture half length, x_ (ft) 1000 150
Fracture permeability, kf (md) 150 15
Initial oil saturation, SOi (fraction) 0.70 0.48
Initial reservoir pressure, Pi (psi) 7700 5500
Wellbore pressure, P (psi) 2000 50
Matrix permeability, k_ (md) 5x10°  5x10™
Number of fracture cluster per stage 5 1
Number of fracture stages 5 3
Porosity, ¢ (fraction) 0.08 0.04
Reservoir thickness, h (ft) 100 30
Well length, L (ft) 3600 900
Fracture width, w (ft) 0.2 0.05
Fracture spacing, (ft) 100 400
Viscosity, p (cp) 2 1
Compressibility, ¢, (psi) 1x10°  1x10°

Table 3-8: Summary of reservoir and well properties that have the strongest effect on the model parameters

Parallel flow model Logistic growth
Property model
di1 Qi2 T T N n N
(STB/D) (STB/D) (Day) (Day) | (STB)

Fracture half length, x¢ (ft) °
Fracture permeability, k¢ (md) ° ° ° °
Initial oil saturation, S,; (fraction)
Initial reservoir pressure, P; (psi) ° ° °
Flow well pressure, Py (psi) ° °
Matrix permeability, ky, (md) ° ° ° °
Number of fracture cluster per
stage
Number of fracture stages
Porosity, ¢ (fraction) °
Thickness, h (ft) ° ° °
Well length, L (ft) ° ° ) ) ° ° °
Width, w (ft)
Fracture spacing, (ft)
Viscosity, pu (cp)
Compressibility, ¢ (psi”)
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Table 3-9: Design table for variables with the main effect on the carrying capacity, N.

Run number Thickness Well length Fracture half length N (STB)
1 + - + 497338
2 + - - 453284
3 - + + 319600
4 - - + 177726
5 - - - 82599.3
6 + + + 956178
7 + + - 434510
8 - + - 117092

Table 3-10: Design table for variables with the main effect on the hyperbolic constant, n, and the constant a.

Run number pel;i::;ﬁ ty pen%i;rl:i))i(li ty Well pressure Well length n a
1 - - - + 0.67 1104.20
2 + + - - 0.63 569.14
3 + + + + 0.69 1052.55
4 + - + - 0.57 741.38
5 - - - - 0.63 838.84
6 - + - - 0.77 2995.93
7 - + + + 0.79 3236.21
8 - - + + 0.67 1371.62
9 + - - + 0.57 516.44
10 - - + - 0.70 1729.04
11 + + - + 0.69 1558.57
12 + + + - 0.62 815.20
13 + - - - 0.56 562.49
14 - + + - 0.77 2192.00
15 - + - + 0.79 3830.52
16 + - + + 0.57 502.11
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Table 3-11: Design table for variables with the main effect on the parallel flow model parameters

nfrrllllraler pe}r:rrr?;:gfity perrl\:[l:;rl;)i(lity Iglr::i:f: ‘ \:)Vrils”sjl?rr: Thickness ~ Porosity lgzltlh G (stb/d) (Dlzli)]/s) (st%;d) (Dl?ii;/s)
1 - - - - - - - 3.18 1.31E-03 1.70 4.70E-05
2 - + - - - - - 3.77 8.84E-04 | 3.81 | 4.96E-05
3 + - - - - - - 9.99 2.24E-03 | 2.23 | 6.04E-05
4 + + - - - - - 12.49 9.61E-04 | 5.93 | 7.16E-05
5 - - - - + - - 5.52 9.25E-04 | 4.80 | 3.83E-05
6 - + - - + - - 5.33 6.70E-04 [ 9.63 | 3.66E-05
7 + - - - + - - 25.07 1.82E-03 7.04 5.55E-05
8 + + - - + - - 27.17 7.10E-04 | 17.60 | 6.17E-05
9 - - - + - - - 1.89 1.21E-03 1.05 | 4.59E-05
10 - + - + - - - 2.30 8.60E-04 | 2.37 | 4.92E-05
11 + - - + - - - 5.92 2.07E-03 1.35 | 5.89E-05
12 + + - + - - - 7.50 9.06E-04 | 3.67 | 7.26E-05
13 - - - + + - - 3.32 8.72E-04 | 298 | 3.74E-05
14 - + - + + - - 3.20 6.34E-04 | 5.96 | 3.56E-05
15 + - - + + - - 14.63 1.64E-03 | 430 | 5.50E-05
16 + + - + + - - 16.51 7.04E-04 | 11.19 | 6.34E-05
17 - - - - - + - 12.00 1.66E-02 | 3.00 | 8.81E-05
18 - + - - - + - 4.78 1.40E-03 | 4.90 | 4.72E-05
19 + - - - - + - 11.19 1.61E-03 | 2.82 | 5.62E-05
20 + + - - - + - 15.36 1.57E-03 | 9.82 | 8.24E-05
21 - - - - + + - 5.41 7.09E-04 | 5.67 | 3.35E-05
22 - + - - + + - 5.40 9.35E-04 | 11.45 | 3.20E-05
23 + - - - + + - 25.89 1.21E-03 | 8.74 | 5.09E-05
24 + + - - + + - 27.14 1.10E-03 | 28.18 | 6.96E-05
25 - - - + - + - 1.96 9.22E-04 1.28 4.15E-05
26 - + - + - + - 2.30 1.30E-03 | 3.03 | 4.62E-05
27 + - - + - + - 6.52 1.45E-03 1.70 | 5.47E-05
28 + + - + - + - 8.78 1.40E-03 | 6.08 | 8.19E-05
29 - - - + + + - 3.27 6.74E-04 | 3.51 3.27E-05
30 - + - + + + - 3.26 9.26E-04 | 7.10 | 3.15E-05
31 + - - + + + - 15.58 1.11E-03 | 530 | 4.91E-05
32 + + - + + + - 15.97 1.00E-03 | 17.43 | 6.78E-05
33 - - + - - - - 4.96 1.38E-03 | 2.58 | 4.75E-05
34 - + + - - - - 6.05 1.02E-03 | 5.87 | 5.20E-05
35 + - + - - - - 15.59 2.34E-03 | 3.35 | 6.09E-05
36 + + + - - - - 19.48 1.05E-03 | 9.26 | 7.66E-05
37 - - + - + - - 8.57 9.64E-04 | 7.26 | 3.86E-05
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Table 3-11 (continued)

38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75

+

+

+

+

+ o+ o+

+

8.13
38.31
41.45

3.60

428
11.38
14.26

6.18

5.92
28.27
30.03

5.20

791
17.20
24.52

8.30

8.52
40.73
42.65

3.78

5.55
12.55
17.72

6.05

6.19
29.93
30.58

4.13

5.46
11.43
15.49
13.79
18.25
38.18
51.66

243

3.16

6.67

6.77E-04
1.86E-03
7.94E-04
1.30E-03
9.20E-04
2.22E-03
1.02E-03
9.03E-04
6.87E-04
1.77E-03
7.34E-04
1.08E-03
1.61E-03
1.65E-03
1.75E-03
7.41E-04
9.99E-04
1.26E-03
1.21E-03
1.03E-03
1.47E-03
1.56E-03
1.67E-03
7.14E-04
9.87E-04
1.22E-03
1.13E-03
1.52E-03
1.36E-03
2.48E-03
1.54E-03
1.52E-03
1.36E-03
2.48E-03
1.54E-03
1.41E-03
1.24E-03
2.26E-03

14.52
10.66
28.05
1.92
435
2.48
7.01
5.41
10.94
791
20.76
3.17
7.45
4.25
15.06
8.60
17.31
13.19
42.96
2.37
5.55
3.15
11.31
6.45
12.93
9.91
32.09
1.76
4.42
223
731
5.90
14.77
7.47
24.43
1.09
2.72
1.34

3.68E-05
5.72E-05
6.75E-05
4.66E-05
5.03E-05
6.00E-05
7.74E-05
3.76E-05
3.67E-05
5.60E-05
6.54E-05
4.40E-05
4.81E-05
5.73E-05
8.47E-05
3.42E-05
3.24E-05
5.16E-05
7.05E-05
4.34E-05
4.69E-05
5.66E-05
8.40E-05
3.39E-05
3.18E-05
5.19E-05
6.89E-05
4.68E-05
3.09E-05
5.79E-05
4.54E-05
4.68E-05
3.09E-05
5.80E-05
4.53E-05
4.61E-05
2.99E-05
5.59E-05
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Table 3-11 (continued)

76 + + - + - - + 8.68 1.32E-03 4.45 | 4.30E-05
77 - - - + + - + 8.11 1.40E-03 3.64 | 4.60E-05
78 - + - + + - + 10.90 1.30E-03 | 9.16 | 3.03E-05
79 + - - + + - + 2226 | 225E-03 | 449 | 5.59E-05
80 + + . + + . + 2899 | 1.31E-03 | 14.90 | 4.29E-05
81 - - - - - + + 4.56 1.27E-03 223 4.71E-05
82 - + - - - + + 7.61 1.72E-03 | 5.28 | 3.29E-05
83 + - - - - + + 12.94 1.84E-03 2.92 5.94E-05
84 + + - - - + + 19.71 1.70E-03 9.50 | 4.94E-05
85 - - - - + + + 15.24 1.26E-03 7.46 | 4.71E-05
86 - + - - + + + 25.40 1.72E-03 | 17.65 | 3.29E-05
87 + - - - + + + 43.22 1.84E-03 9.77 5.95E-05
88 + + - - + + + 65.52 1.68E-03 | 31.71 | 4.92E-05
89 - - - + - + + 2.69 1.18E-03 1.38 | 4.62E-05
90 - + - + - + + 432 1.54E-03 | 3.25 | 3.18E-05
91 + - - + - + + 7.36 1.59E-03 | 1.72 | 5.55E-05
92 + + - + - + + 10.99 1.45E-03 | 5.81 | 4.74E-05
93 - - - + + + + 9.00 1.17E-03 4.60 | 4.62E-05
94 - + - + + + + 14.38 1.53E-03 | 10.88 | 3.17E-05
95 + - - + + + + 2532 | 1.65E-03 | 5.82 | 5.67E-05
96 + + - + + + + 36.69 | 1.44E-03 | 19.44 | 4.74E-05
97 B - + - - - + 6.76 2.00E-03 [ 295 | 634E-05
98 - + + - - - + 1039 [ 2.19E-03 [ 7.11 | 4.09E-05
99 + - + - - - + 1894 | 3.13E-03 | 3.77 | 7.95E-05
100 + + + - - - + 26.63 2.22E-03 | 12.27 | 6.30E-05
101 - - + - + - + 2256 | 2.00E-03 | 9.84 | 6.33E-05
102 - + + - + - + 34.56 2.18E-03 | 23.75 | 4.09E-05
103 + - + . + - + 64.12 | 3.22E-03 | 12.74 | 8.16E-05
104 + + + - + - + 91.48 2.35E-03 | 41.49 | 6.50E-05
105 - - + + - - + 4.71 1.54E-03 2.00 | 4.74E-05
106 - + + + - - + 6.17 1.37E-03 | 4.98 | 3.10E-05
107 + - + + - - + 12.80 2.41E-03 2.48 5.74E-05
108 + + + + - - + 17.53 | 1.54E-03 | 826 | 4.55E-05
109 - - + + + - + 15.73 1.54E-03 | 6.70 | 4.74E-05
110 B + + + + - + 20.56 | 1.36E-03 | 16.65 | 3.09E-05
111 + - + + + - + 43.60 | 2.48E-03 | 836 | 5.85E-05
112 + + + + + - + 58.39 1.53E-03 | 27.59 | 4.54E-05
113 - - + - - + + 7.33 1.52E-03 | 3.57 | 5.54E-05

49




Table 3-11 (continued)

114 - + + - - + + 13.03 2.10E-03 | 8.08 | 3.53E-05
115 + - + - - + + 21.70 | 2.46E-03 | 5.17 | 8.81E-05
116 + + + - - + + 3523 [ 2.57E-03 | 15.93 | 6.71E-05
117 - - + . + + + 2444 | 1.52E-03 | 11.92 | 5.52E-05
118 - + + - + + + 43.37 2.08E-03 | 26.99 | 3.52E-05
119 + - + - + + + 72.40 | 2.46E-03 | 17.26 | 8.81E-05
120 + + + - + + + 117.50 2.56E-03 | 53.15 | 6.70E-05
121 - - + + - + + 5.11 1.26E-03 | 2.53 | 4.75E-05
122 - + + + - + + 8.64 1.74E-03 | 595 | 3.28E-05
123 + - + + - + + 1460 | 1.79E-03 | 3.24 | 5.90E-05
124 + + + + - + + 22.27 1.69E-03 | 10.75 | 4.95E-05
125 - - + + + + + 17.08 | 1.26E-03 | 8.47 | 4.76E-05
126 - + + + + + + 28.73 1.72E-03 | 19.87 | 3.27E-05
127 + - + + + + + 4870 | 1.79E-03 | 10.82 | 5.88E-05
128 + + + + + + + 71.97 1.59E-03 | 35.56 | 4.83E-05
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constant pressure inner boundary condition
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Figure 3-3: Example application of the parallel flow model. Figure 3-3a. is the normalized rate - time plot for the data and
model history match and Figure 3-3:c. is the normalized rate - cumulative plot for the data and model history match.
Figure 3-3b shows the cross plot of the normalized rate data and the normalized model rate prediction. Figure 3-3d.

shows a plot of the error in normalized rate prediction (gp-Data — qp-Model) versus time
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Figure 3-5: Probability density function (PDF) and cumulative distribution function (CDF) obtained for the parallel flow
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Figure 3-7: Cross plot of Parallel Flow Model parameters and the initial number of fracture stages
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Figure 3-8: Cross plot of Parallel Flow Model parameters and the lateral length of the horizontal well

57



10000 10000
y =1,410.67x + 336.02 y = 547,206.25x342
R2=0.00 o R2=0.02
= *
2 ¢ 1000 - ¢
2 1000 - $ =
= 5
o 3 *
g } 100
[<5) c
4+ ‘ )
=100 - =
©
o —
B ‘ $ 2 10 - ¢
> 8 P
g ¢ @
o =
3 10 - * = 3
g 1 o
*
1 . . . 01 T T T
004 005 006 007  0.08 004 005 006 007 008
Porosity, ¢ (fraction) Porosity, ¢ (fraction)
(a) (b)
10000 1.0E+07
*
<) y = 944.90x + 155.70 1.0E+06 P y = 0.02x389
£ : R2=0.00 _ R2=0.02
= S
o 1000 S 1.0E+05 -
e : E *
™)
S s *
= ¢ f = 1.0E+04 -
2 S
S 100 - o 1.0E+03 - z
o £
s * =
= 1.0E+02 - L g *
* ¢ $ ¢
10 ; . . 1.0E+01 . * .
0.04 0.05 0.06 0.07 0.08 0.04 0.05 0.06 0.07 0.08
Porosity, ¢ (fraction) Porosity, ¢ (fraction)
(c) (d)

Figure 3-9: Cross plot of Parallel Flow Model parameters and reservoir porosity
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Figure 3-10: Cross plot of Parallel Flow Model parameters and reservoir thickness
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Figure 3-11: Cross plot of Parallel Flow Model parameters and the initial reservoir pressure
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Figure 3-13: Cross plot of Parallel Flow Model parameters and the weight of proppant injected
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Figure 3-17: Cross plot of Logistic Growth Model parameters and reservoir thickness
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Figure 3-18: Cross plot of Logistic Growth Model parameters and initial reservoir pressure
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Figure 3-19: Cross plot of Logistic Growth Model parameters and the volume of injected fracture fluid
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Figure 3-20: Cross plot of Logistic Growth Model parameters and weight of proppant injected
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Chapter 4: A Conceptual Model for Parallel Flow in Unconventional
Reservoirs

In the previous chapter, it was observed that production data from unconventional
reservoirs exhibit multiple time scales where the early time scales are characterized by a
much larger rate as compared to subsequent time scales. It was also observed that pure
statistical analysis of the data may not reveal insights into the interaction of reservoir and
well properties with the production characteristics. Existing analytical models do not all
for the modeling of the multiple time scales and often times only focus on the transient
flow regime during the first or second time scale. It is therefore necessary to explore and
formulate a new conceptual model for the mathematical modeling of flow from
unconventional reservoirs. We validated the analytical solution obtained from the
conceptual model with synthetic data and also performed a sensitivity study to understand
how the model parameters affect production forecasts from the model. In addition we

demonstrate its utility in forecasting production in unconventional reservoirs.

4.1 Conceptual Model Development

When a horizontal well is hydraulically fractured it is believed that a main
transverse fracture (perpendicular to the wellbore) is produced. In addition to this main
fracture, micro-seismic surveys have shown that a network of secondary fractures is also
produced as a result of the hydraulic fracturing. Figure 4-1 shows two hydraulically
fractured horizontal wells and the micro-seismic events recorded during the fracturing
process. If a cross-section is drawn across any of these horizontal wellbore, it can be
assumed that the schematic diagram shown in Figure 4-2 would be obtained.

From this cross-section it is conceivable that we have flow from both the small

permeability reservoir matrix and the secondary network of fractures. This is in contrast
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to the general assumption that the reservoir matrix does not directly communicate with
the wellbore (Miller et al., 2010 and Chapter 5 of this dissertation). In developing the new
conceptual model we make the following simplifying assumptions:

a) The permeability in the main transverse fracture is significantly greater than the
permeability of the network of secondary fractures. Therefore, the main
hydraulic fracture can be treated as a pseudo wellbore because its pressure would
almost instantaneously be equal to that of the wellbore.

b) There is direct flow of fluids from the reservoir matrix into the pseudo wellbore
and flow from the matrix to the fracture network is negligible.

c) There is direct flow of fluids from the secondary fracture network into the pseudo
wellbore

From these assumptions it is possible to idealize this production system as a reservoir
with 2 layers where one layer represents the fracture network and the second layer
represents the matrix. Figure 4-3 presents a schematic diagram of this idealized
conceptual model. In the subsequent section we present the mathematical model for this

conceptual model and its solution.

4.1.1 Analytical Parallel Flow Model without Cross Flow

When there is no cross flow between the layers, the partial differential equation
(PDE) governing flow from each layer can be solved independently and the production
rate added together to obtain the total production rate from the system. Wattenberger et
al. (1998) and Patzek et al. (2012) have shown that flow from low permeability reservoirs
can be modeled by using the one dimensional (Cartesian coordinates) form of the
diffusivity equation. Therefore, the following development uses the 1-D linear diffusivity

equation.
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Constant pressure inner boundary condition: The 1-D partial differential equation (PDE)
that governs flow from the matrix into the pseudo-wellbore (constant pressure at the

fracture face) for each layer is given below:

o%p. .

pzj :£¢ﬂctj &1 (4.1)
oX; k ; ot
pj(x’o)z pij’ (4.2)
on.
P =0, (4.3)
axj -
P; (X¢,t) = Pyt » (4.4)

where, p; and (%j are the pressure and diffusivity coefficient in layer j,
j

respectively. The subscript j represents the layer number and equation 4.3 represents
the no-flow boundary at the external boundary and equation 4.4 is the constant
pressure inner boundary condition at the fracture face. If we define the following

. . . — X: — X
dimensionless variables Po; = Pi Py, . :[ K j Lz and Xy = I °  we
pf - pij ¢/uct j L wa _Xe

obtain the dimensionless form of equations 4.1 through to 4.4 as:

0’ 0

pjf: P (4.5)
Xp Oty
ij(XjD’O):()! (4.6)
0

Pl o, 4.7)
X p
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ij(litjD):l' (4-8)

By using Laplace transform method (Kreyszig E., 2006), the solution to this set of

equations was obtained as:

(2n-1)% 72
Py (to X5 ) =1+— 2:( b’ { } [ggﬂagkzxm}. (4.9)

Tt 2n-1

A detailed derivation of equation 4.9 is available in appendix A. We derive the
production rate in layer j from equation 4.9 by taking its derivative with respect to Xy

and evaluating its value at X =1;

~ (2n—l)27rzt

qDJ( ) dpDJ :_22(_1)%{ 4 D’}Sin‘:@] (4.10)

dXp,

Xpj =1

It is shown in appendix A that equation 4.10 can be simplified by using the Riemann
integral (Taylor, 1946) to eliminate the semi-infinite sum. After this simplification we

obtain the production rate from layer j as show below:

th erchﬂ tDJ}
= (4.11)

st

O (tp) = 2¢
Dj

Equation 4.11 represents the complete solution; it is valid during both the early and late
time flow periods. The first term in equation 4.11 is the late time (pseudo steady state)

solution and the second term is the early time (transient) solution. If we define

b= 443.6quB,L , We can write equation 4.11 in dimensional form (field units) as
Xkh(p; = Py )
shown below:
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3 f6.33E — 3kt
kh 2?633E-3kt X \/Eh( P = Pur (48 )erfc{zﬂ LZ}
q(t) — X kh(p; — pr)e 4 (guc)? n (Puc,)

221.8uB,L 62.6B,/ut '

(4.12)

Because we have assumed that there is no interaction between the matrix and
fracture network the total production rate at the fracture face (pseudo wellbore) is
determined by summing the individual layer production rate over the total number of

layers. The total production rate at the fracture face is therefore,

N 22 erfc |:7Z' t; }
- o 2
Oor (to ) =2 F [ 28 # 7 + —=——=1. (4.13)

= E

In equation 4.13, N_ is the total number of layers in the idealized conceptual model, f; is
the contribution of layer i to the total flow, w; is the fractional storativity of layer i to the
total storativity of the entire system (fractional storativity ratio), A; is the ratio of the

permeability of layer i to layer 1. The mathematical definitions of these variables are

given below:
0;
fj - N, : !
Zqij
=1
q,
Qor = 5w
Zqij
=1
A
tDj = _Jtd
0]
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: L2
where 4, :%, o, :NL(¢Ct—)‘and t :NLL.
b (el u(pel),
i=1 j=1

For a two layer system, N, =2, equation 4.13 can be written as shown below:

2, erch;z tm} 2 erfc[gzz tDZ}
Uo (toytp,) =28 47 + —=——+ 47y . (4.14)
7ty iy,

In dimensional form equation 4.14 becomes;

-7 |—

2 6.33E-3kt f1 i1 Mwf t f 2
e P

[3 6.33E—3k1t]
T(t): Xflklhl(pil_ pwf)e 4 (guc,), 2 n

221.8uB,L 62.6Boaflut
3 [6.33E -3kt
2eaE-dgt XKoo (P = P )y/(4C erfc[;r 2]
LA (e pwf)e'T (WE)z LTI N fz\/i 2 T ( t)z 2 (fuc,),L?

221.84B L 62.6B, |/t
(4.15)

XgK;hi (P = Pus) = _ij\/zhl(pij_pwf) (¢Ct)

j
. s and
221.8uB,L % 62.6B,\/u

For convenience let g; =

4(guc,), L?
% T 26.33E _3k.
7%6.33E — 3k,

{3 t} {3 ,t}
. erfc| —z |— . erfc| —z [—
2 \z 2 \r,
—_— (4.16)

Or (t) = qile_71 + au T + qize_g + aiz x/f

then equation 4.15 can be re-written as shown below:

We can re-write equation 4.13 as:

. erfc| —z |—
Ny -— 2 Tj

o (t)Z . a;e 7j +aijT . (4.17)
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Equation 4.17 is the complete solution for the idealized parallel flow model with no cross

flow. The cumulative production is obtained by integrating equation 4.17 with respect to

j=1

Nt
time N :Z{[qj(g)dg}, therefore:

)

N, Y g.4.r -t _
N (t):Z 057 [1e "]er(le "J+2\/t_q”erchn\/§} . (4.18)
J

3r?

In the limit as t tends to infinity (that is !im) equation 4.18 simplifies to

t—wo i1 hd
372

) N, ai.4 T.
limN ; Z[qij‘[j+1—\4_J]. (4.19)

Equation 4.19 provides a means of estimating reserves.

4.1.2 Validation of Parallel Flow Model without Cross Flow

The parallel flow model developed in the previous section was validated using a
simple numerical model developed with CMG-GEM. The simulation model has a 21x1x1
grid with dimension 10x150x50. The grid in the z-direction was locally refined into 13
grids or layers. The first grid block in the x-direction is used to model the hydraulic
fracture and was assigned a very large permeability of 100 md. Similarly the first 3 layers
(grid blocks) in the z-direction is used to model the idealized fracture network layer, the
permeability in this layer was set equal to 5 md. The fourth layer in the z-direction was
designated a no flow boundary to prevent cross flow between the fracture network layer
and the matrix layer. The permeability in this layer was set equal to zero md (0 md). The

remaining layers (layers 5 to 13) were used to model the idealized matrix layer and were
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assigned a permeability of 0.05 md. Other important properties in the simulation model
are summarized in Table 4-1.

To validate the analytical model, the numerical simulation model was used to
generate a production history of over 20 years. After the production history from the
simulation model was obtained, the analytical model parameters were computed using the
simulator input data. Refer to Table 4-2 for a summary of these parameters. A production
history is then obtained from the analytical model that is then compared with simulator
production history. In Table 4-2, index 1 represents the fracture network layer while
index 2 represents the matrix layer. A comparison of the production history from the
analytical parallel flow and numerical simulation model is in Figure 4-5. From Figure 4-5
the production histories from the analytical parallel flow model and numerical simulation

model are identical; therefore the analytical parallel flow model is validated.

4.2 Effect of Model Parameters on Production Forecast Using the
Parallel Flow Model without Cross Flow

In this section we perform a sensitivity analysis on the parallel flow model to

understand how the model parameters affect production forecasts made with the model.

The sensitivity analysis would be performed using equation 4.20 with N, =2

_ —
. erfc §7r —Lt,
& e 2\ o
0.0(t)=2 |2 " (4.20)
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4.2.1 Effect of Transient Terms

The effect of the transient terms on the production forecast is determined by
comparing the forecast without the transient terms with the forecast with the transient
terms. The input used for this analysis is summarized in Table 4-3 below.

We specified 2 cases for this analysis,

1. Case one: with transient (early time solution) terms and pseudo (late time

solution) steady state terms,

2. Case two: This is identical to case one but without the transient terms.

Each of these cases use the inputs summarized in Table 4-3. The result of this
analysis is presented in Figure 4-6 as a log-log plot of rate versus time. The solid line in
Figure 4-6 is case two while the dashed line represents case one. The dashed line starts
with a slope of half which is followed by a pseudo steady state flow (exponential decline)
after which another half slope is observed and a final exponential decline is observed.
The solid line on the other hand exhibits two sequential exponential declines. There are
two time scales on this plot and they are about two orders of magnitude different at the
start of each time scale. Therefore, omitting the transient terms in the model will result in

a significant error in the production forecast.

4.2.2 Effect of Pseudo Steady Terms

Using the same procedure as in section 4.2 we investigate the effect of the pseudo
steady state terms on the production forecast. The input used for this analysis is identical
to those summarized in Table 4-3.

The two cases specified for this analysis are:

1. Case one: with transient (early time solution) terms and pseudo (late time solution)

steady state terms
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2. Case two: This is identical to case one but without the pseudo steady state terms. Both
case one and case two use the inputs summarized in Table 4-3.

The result of this analysis is presented in Figure 4-7 as a log-log plot of rate
versus time. The solid line in Figure 4-7 is case one while the dashed line represents
case two. At early time both cases have the same production forecast that scales with
a half slope and at a dimensionless time of about 10 the production rate from case
two begins to deviate from the production forecast made by case one. Therefore

omitting the exponential terms would introduce some error in the late time forecast.

4.2.3 Effect of Storativity Ratio, ®

To investigate the effect of storativity ratio on model forecast we defined three
cases that have identical inputs. We only change the storativity ratio in each case and then
generate the production forecast and compare them on a log-log plot of rate versus time.

The three cases specified for this analysis and their respective inputs are in Table

4-4. The result of this analysis is presented in Figure 4-8. As defined the storativity ratios

(#e.L)

(o =NL—i) for all the layers must add up to 1 and it is a measure of the storage

Z(m Lz)i

i1
capacity of each layer. From Figure 4-8 we observe that as the storativity ratio of layer 1
increases, the longer the duration of production from layer 1 (observed increasing hump
at early time). For really small values of the storativity ratio the function behaves as a
single porosity system and as the storativity ratio increases it becomes obvious that the
system is a double porosity system. At late time all the curves collapse on the same curve.

Therefore we can conclude that the storativity ratio will have a significant impact on

early time production forecast.
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4.2.4 Effect of Permeability Ratio, A

We investigate the effect of the permeability ratio by defining three cases as
shown in Table 4-5. In the three cases considered all the other parameters are fixed at the
values shown in Table 4-5 while the permeability ratio is different for all the three cases.
In case one, A is set equal to 2.5x107, in case two A is set equal to 2.5x107 and X is set
equal to 2.5x10™" in case three.

A comparison of the rate forecast from the three cases in presented in Figure 4-9.
At early time there is no significant difference between the three curves but at late time
the difference between the three curves is more pronounced. Recall the definition of

k.
permeability ratio is given as 4, =k—‘, therefore 4 :%:1 for all the three cases as a
1 1

result the curves are identical at early time. At late time the permeability ratio is different
therefore there is significant difference in the model performance. The smaller the value
of Ay, the longer the production duration this is because the small values of A correspond
to small values of diffusivity constant. Physically this means that the production rate
would exhibit transient flow characteristics for a longer period as observed in Figure 4-9.

Therefore the permeability ratio has the greatest impact on the late time performance.

4.3 Application to Field Data

An application of the parallel flow model to field data is presented in this section.
The production data used for this example is showed in Figure 4-10. Figure 4-10a shows
the log-log plot of production rate versus time and the tubinghead pressure versus time.
In order to apply the model to the data, we find the values of wj, A; and f; that minimize
the sum of the squared error difference between the model predictions and data for the

rate and cumulative production, that is,

85



min e = Zn;(qfata —q )2 + ( N e — N o )2 . (4.21)
=

The result of the application is presented in Figure 4-10b and c. Figure 4-10b
contains three curves, the original rate data (red markers), the history matched data (black
markers) and the model forecast (blue markers). It can be observed from this figure that
the model predictions provide a good match to the data. The model parameters that gave
this fit shown in Figure 4-10 summarized in Table 4-6. The forecast was done until a
production rate of 0.16 stb/d and this is equivalent to a cumulative production of 0.23

MMSTB. The cumulative — time plot for this example is shown in Figure 4-10c.

4.4 Summary and Conclusions

This chapter presented a new simple analytical model for predicting production
from fractured horizontal wells in unconventional reservoirs that exhibit linear flow. The
model presented is based on an idealized conceptual model that assumes after hydraulic
fracturing a well a main fracture and a network of fractures are created. Therefore the
reservoir contains 3 different continuum based on permeability. With the main fracture
having a permeability, much greater than the fracture network which in turn has a
permeability that is much greater than that of the reservoir matrix. Because of this
assumption we regard the main fracture as a pseudo wellbore, and in addition, we treat
the fracture network and reservoir matrix as reservoir layers that independent contribute
to flow from the well.

With the conceptual model we proceed to develop the mathematical model from
which the analytical model was derived. We also presented the result of a sensitivity
study on the model. The sensitivity study showed that when the transient terms in the
solution are neglected a significant amount of error is introduced in the model forecast.
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When the pseudo steady state terms are ignored some error is also introduced into any
forecast made with the model however the error introduced is not as large as that
introduced when the transient terms are ignored. The sensitivity study also showed that
the storativity ratio would only have a significant effect on the production forecast at
early time. The permeability ratio was found to only affect late time flow, at its resultant
effect is to prolong transient flow from the reservoir matrix compartment as its value
decreases. We also showed that the model can reliably trend the observed producing
characteristics of hydraulically fractured horizontal wells (within engineering limit) and

presented an example application to field data.
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Table 4-1: Summary of data input to numerical simulation model used to validate parallel flow
model

Simulator Input

Fracture network Reservoir matrix

layer layer
Permeability, k (md) 5 0.05
Fracture half length, Xt 75 75
Porosity, ¢ 0.3 0.3
Viscosity, p (cp) 2 2
Total compressibility, C; s ) 2.86x10° 2.86x107
Reservoir length, L (ft) 210 210
Bottom hole pressure, P (psi) 50 50
Initial reservoir pressure, P; (psi) 5300 5300
Thickness, h (ft) 11.54 34.62
Formation volume factor, B, (rb/stb) 1.25 1.25

Table 4-2: Summary of computed model parameters for the validation of the parallel flow model
without cross flow

modi?g]aﬁ’gtrflite rs Values
iy (stb/d) 244
G1(stb/d®®) 336
1, (Days) 10
Qi (stb/d) 7
G:2(stb/d®) 101
7, (Days) 970
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Table 4-3: Summary of model input parameters for sensitivity analysis of transient terms on
production forecast

Model
parameters

f, (Fraction) 0.99
M (Fraction) 1.00
o, (Fraction) 0.20
f, (Fraction) 0.01
A\, (Fraction) 2.50E-03
®, (Fraction) 0.80

Values

Table 4-4: Summarized model input parameters used to investigate the effect of storativity ratio on
model forecast

pax?ndeilers Casel Case 2 Case 3

f; (Fraction) 0.99 0.99 0.99
A (Fraction) 1.00 1 1.00
o, (Fraction) 1.0x10° 1.0x107 1.0x10*
f, (Fraction) 0.01 0.01 0.01
A, (Fraction) 25x10% 2.5x107 2.5x10?
o, (Fraction) 1.00  0.999 0.90

Table 4-5: Summarized model input parameters used to investigate the effect of permeability ratio
on model forecast

Model

parameters Case 1l Case 2 Case 3
f, (Fraction) 0.99 0.99 0.99
M (Fraction) 1.00 1.00 1.00
o, (Fraction) 0.20 0.20 0.20
f, (Fraction) 0.01 0.01 0.01
2, (Fraction) 2.5x10° 2.5x10%  2.5x10"
o, (Fraction) 0.80 0.80 0.8
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Table 4-6: Summary of model parameters for example 1

Fit Values

parameters

Qs (stb/d) 135
q:1(stb/d®) 2302

7, (Days) 1,480.16

Oz (sth/d) 504
Qiz(sth/d*?) 1632

T, (Days) 53.37
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Figure 4-1: Micro-seismic survey data showing two horizontal wells and the recorded micro-seismic events from
hydraulically fracturing the wells. Source: Bello (2009)
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Figure 4-3: Idealized conceptual model of a fractured horizontal well in an unconventional reservoir with no crossflow
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Figure 4-4: CMG-GEM numerical simulation model used to validate the parallel flow model without cross flow
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Chapter 5: Approximate Analytical Solution to the Double Porosity
Model

Production data from most fractured-horizontal wells in gas and liquid-rich
unconventional reservoirs plot as straight lines with a one half slope on a log-log plot of
rate versus time. This production signature (half slope) is identical to that expected from
a one-dimensional linear flow from reservoir matrix to the fracture face when production
occurs at constant bottom-hole pressure. In addition, micro-seismic data obtained around
these fractured wells suggest that an area of enhanced permeability is developed around
the horizontal well, outside this region is an undisturbed part of the reservoir with low
permeability. Based on these observations geoscientists have, in general, adopted the
conceptual double-porosity model in modeling production from fractured horizontal
wells in unconventional reservoirs. The analytical solution to this mathematical model
exists in Laplace space but it cannot be inverted back to real-time space without using
numerical inversion. In this chapter a new approximate analytical solution to the double-
porosity model in real-time space is presented. In addition, example applications of this

model are presented using synthetic and field data.

5.1 Model Development

Figure 5-1 is a schematic diagram of a hydraulically fractured horizontal well
where the single fracture is perpendicular to the wellbore. Between successive fractures
are low permeability reservoir matrixes. The dashed blue lines represent the no-flow
boundaries created by the interference of flow from the matrix into the fracture face. The
development presented assumes that the fracture face is at a constant pressure equal to the

bottom hole well pressure. In addition we make the following assumptions:
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1. Flow is single phase and slightly compressible,
Flow occurs in the reservoir isothermally,
The reservoir is isotropic and homogeneous in each compartment,

There is no direct communication between the matrix and wellbore,

o r w N

There is a large contrast in permeability between the fracture and matrix
compartments,

6. Secondary effects such as stress dependent permeability (porosity) and desorption
are neglected.

The system of equations that describes this conceptual model is presented as

follows; for the low permeability reservoir matrix the governing partial differential

equation, initial condition and boundary conditions are summarized below:

2 2 2

0*Py , 0Py, 0Py _ (#C), D, 5.1)
o2 oyt ox k, ot

P (X Y,2,0)=p;, (5.2)
L (5.3)
OX |yey,
K o) _ Ky OP (5.4)
L OX N M OX xml '
Pl _g, (5.5)
oy,
Pul (5.6)
ay Y=Yws

op
Tl o, 5.7
. (5.7)
op
ZPm =0. 5.8
oz |, 8
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Equation 5.1 is the 3D diffusivity equation for the reservoir matrix and equation 5.2 is the
initial condition. Equation 5.3 means that there is a no-flow boundary at the external
boundary of the reservoir matrix. Equation 5.4 states that flow from the matrix into the

fracture face (X =X, ) is equal to the out flow from the fracture face. Equation 5.5 states

that there is a no-flow boundary at the external boundary of the reservoir matrix in the y
direction and equation 5.6 states that there is no interaction between the matrix and the
wellbore, that is, there is no cross flow from the matrix into the wellbore. Equations 5.7
and 5.8 are no flow boundary conditions and they model the fact that the reservoir is
sealed at the top and bottom boundaries.

For the fracture, the governing partial differential equation is presented below:

o’p,  O%pi O%p _(ouc): op,

= , 5.9
822 6y2 aXZ kf at ( )
p; (x,y,0)=p, (5.10)
Pl o, (5.11)
% lyey,
P (X, Vs 1) = Py » (5.12)
0
Pl o, (5.13)
OX | o
k. 0
M OX ., M OX .
op;
— =0, 5.15
0z - ( )
op;
L =0, 5.16
oz |, (5.16)

Equation 5.9 is the 3D diffusivity equation for the fracture. Equation 5.10 is the initial
condition and equation 5.11 is the no-flow boundary at the fracture tip. Equation 5.12

states that at the wellbore, the fracture pressure is equal to the wellbore pressure.
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Equation 5.13 states that there is a no flow boundary at the center line of the fracture and
equation 5.14 is identical to equation 5.4 and they have the same physical meaning.
Equations 5.15 and 5.16 are no flow boundary conditions at the top and bottom of the
reservoir, they represent the fact that the reservoir is sealed at the top and bottom
boundaries. Equations 5.1 and 5.9 form a coupled system of partial differential equations
(PDEs) because of the continuity condition defined by the boundary condition specified
by equation 5.4 and 5.14.

We are interested in developing a rate—time function for forecasting production
rate from a system described by these set of equations. To achieve this goal we eliminate
the spatial dependences in these sets of equations by integrating equations 5.1 and 5.9

over the spatial x, y and z domains, respectively. Integrating equation 5.1 with respect to

X, yandzwith x varying from x, to x,, y from y, to y, and z from z, to z, we

obtain
e, & pm pm}d dydz = P T T P 5.17
(1[5 G G o B0 [ [ Qo o

Equation 5.17 can be re-written as

Zs Yo

!

0 Yut

Z

:{ { }dxdydz{j i[:i { pm}dxdydﬂ j yj ig{%}dxdydz—(%m) atﬁyj Xj pmdxdydz].

Z Yuf Zo Yur Xu

>

(5.18)
In equation 5.18 we have used the fact that time, t, is independent of the spatial
coordinates to move the time derivative outside of the spatial integral. Defining the
average pressure in the reservoir matrix as the volume weighted average, the right side of

equation 5.18 becomes
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Z Ye -
I J|:apm _a ]dyd jj % _% dxdz+j J. |:% _% dydzz(¢'uct)mvbm dﬁ,
ool o o el VL ol 0Kl Xl K, dt
(5.19)

where, the average pressure is given as

Ze Yo X

J.J- I pmdxdydz Zo Yo % [Ze Y,

Py () = 22k = [ | [ pydxdydz=| | j j dxdydz}ﬁm () =Y, P (1).
I dxdydz % Yut Yot 2 Yat Yot
Zo Ywt Xwi

(5.20)

Using the boundary conditions defined by equations 5.3 — 5.8 in equation 5.19 and
multiplying both sides by Kn , equation 5.19 simplifies to
MU
Z yE

_J‘J‘ P

Zo Yut

dp,(t
dydz=(¢ct)mvbm pc’i“t( ) (5.21)

Defining the effective matrix pore volume as v, =gV, and noting that from Darcy’s

law, qm ]yj{k P

Zo Ywf

}dydz. Therefore, we can rewrite equation 5.21 as shown

below:

(.., e pg‘t(t) =~ (1)- (5.22)

In equation 5.22, p, is the average pressure in the reservoir matrix and q, is the net flow
rate from the reservoir matrix. This equation is a macroscopic equation and the
parameters are therefore representative average values that describe the properties of
matrix compartment. Equation 5.22 is identical to the equation used in the development

of the capacitance resistance model (Sayarpour, 2008; Nguyen, 2012 and Cao, 2014).
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The next step in the model development is to also integrate the fracture equation

over the spatial x, y and z domains. Therefore,

Z, Yo Xut 82 82 82 C Ze Yo Xur o

Flf + pzf + Flf dxdydz = (i), J. f j&dxdydz, (5.23)
2o Yus O 82 ay 8X kf 2o Vs O at
o] @ shop | B 0 ¢), % dp,(t
[11= B B duay + [ | Py B duaz+ [ [| =+ ] dydz:(qwt>f d pf().
D az az 5 0 oy . oy " - OX . X |, K, dt

(5.24)

We have made use of the average pressure in the fracture in equation 5.24. The average

pressure used is the volume weighted pressure defined for the fracture as shown below:
Zg Ye

J I J. p, dxdydz oy
Py (t)=20m [j [] dxdydz]_pf (t)=v, P (). (5.25)
f _[ f dxdydz o Yut Hort
Zo Ywt Xwi

k
Multiplying equation 5.24 by — and applying the boundary conditions from equations
Y7,

5.11, 5.13, 5.15 and 5.16; equation 5.24 simplifies to
=Mk, 0
_J‘J- pf dxdz + IJ‘ pf
Ywt Zo Ywt

Noting that g, (t ]T!k %Py

dpf(t)_

" (5.26)

}dydz =(¢4c) v,

]dxdz and v, =gV, , equation 5.26 can be written

Yt

as shown below:

Ze Ye
]

]dydz = (v fct)f M (5.27)



. : . K¢ op; k. op,,
From the boundary condition given by equation 514, —— =-—"—"0
L OX v M OX .
substituting this into equation 5.27, it becomes
% op, (t
g, (t H! —m ]dydz:(vpfct)f%. (5.28)
Zo Ywt

Noting that g (t Zj j‘ [k P,

Zo Yt

]dydz , then equation 5.28 is rewritten as:

-
(vpf ct)f pd;t(t)z—qf (t)+0a,(t) (5.29)

In equations 5.29, p, (t) is the average fracture pressure, g, (t)is the net flow rate

out of the fracture compartment and q, (t) is the net matrix flow in to the fracture

compartment from the matrix. We have thus transformed the system of PDEs in to a
system of ordinary differential equations (ODEs). One advantage of transforming the
system of PDEs into a system of ODEs is that the problem is now easier to solve because
it is now a system of ordinary differential equations which can be solve by eigenvalue
decomposition. Another advantage is that it eliminates the need to know the specific
location and geometry/dimensions of the fracture(s). Nobakht et al. (2013) and Ambrose
et al. (2011) presented a method of forecasting production from a multi-fractured
horizontal well that considered planar hydraulic fractures of different lengths. The new
model is in terms of the average pressure in a fracture of any arbitrary shape or geometry
(planar or otherwise). Figure 5-2 is a simplified representation of the new problem, which
is a schematic representation of the reservoir as a two-compartment system in series flow.

The first compartment can be thought of as the aggregated volume of all the

fractures in the reservoir. It is the only compartment that is directly connected to the
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wellbore. The average pressure in compartment one is p, (t) and the flow rate from this
compartment into the wellbore is g, (t). The second compartment is the aggregated
volume of the reservoir matrix. The average pressure in the second compartment is p, (t).
The matrix compartment does not communicate directly with the wellbore; it only has a
cross flow term, g, (t), into the fracture compartment.

The next step in the solution is to eliminate the average pressures in equations 5.22
and 5.29 by using a relationship between the average reservoir pressure and flow rate.
This step is achieved by using an analytical solution to the one dimensional linear flow
problem (Wattenbarger et al., 1998, Bello et al., 2009 and Patzek et al. 2014) with
constant pressure at the fracture face; from which the average reservoir pressure, as

shown in appendix A, is given by:
(5.30)

It is also shown in appendix A that the dimensionless flow rate from such a system is

given by:

" _(2n-1)° 7%t

p(t)=2>e st . (5.31)

n=1

_(2n-1)* 7%t

From equation 5.31 we note that qp, (t)=2e ““** | n isan index used to represent an

independent solution and it is usually called the normal mode, therefore, 0, (t) is the

dimensionless flow rate associated with an independent solution. If we define the

2

70

productivity index as J =
4(p=pu)

. Then after substituting the expression for 0y, (t)

and J into equation 5.30 we obtain:
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B(t)=pu+E Z(;:"—(tl)) (5.32)

We can therefore write equation 5.32 for the fracture and matrix compartments as:

— Ui ~ or (t)
4 nl /. (5.33)
pf( ) Put ‘Jf n1(2n—1)2
- q = qu
t + —m u 5.34
P (t)= T Zl - 1) (5.34)
where,

_(2n 1)Ky 22

Oy, (t)=2e ‘w3 js the dimensionless production rate for the nth normal mode for

the fracture compartment

(ke

Oom, (1) =26 ‘)t s the dimensionless production rate for the nth normal mode for

the matrix compartment

k;A . c L .
q, =——(p, — p,¢) : IS the initial production rate from the fracture’s nth normal mode
f

= km—'A“‘(pi - p, ) : 1s the initial production rate from the matrix’s nth normal mode
y7,
3, =L 95 s the fracture productivity index
4 (p=Pu)
2
T, =%(_q—m_): is the transmissibility between the fracture and matrix
pm - pf

In writing equation 5.34 for the matrix compartment, we have assumed that a constant
p,; solution is valid even when it is changing. This assumption is a good approximation
when there is a large contrast in permeability between the two adjacent compartments
because the high permeability of the fracture compartment ensures a quick pressure
equilibration with the wellbore pressure in the fracture compartment and, hence, the

pressure at the interface between the two compartments is approximately constant.

Differentiating equation 5.33 with respect to time we obtain:
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dp,(t) _ qf. 1 dg, (1) (5.35)

dt  J, S (@n-1? dt
t
If in equation 5.31 we define 0, (t,) as qp (t)= & then, we can write the flow rate as:
- _(2n-1) 7%t - _(2n-1)* 7%t
0o (t)=2D"e wel = q(t)=q D 2e ol g Zan (5.36)
n=1 n=1

Substituting equations 5.35 and 5.36 into equation 5.29 and simplifying results in

o 1 dg, (t) J, © J, o
. n =— ) t)+ —— E t). 5.37
qﬂ;(zn_l)z dt (VpCt)f qf'éqfn( )+ (VpCt)f qml n=1qmn( ) ( )

For the matrix compartment, we differentiate equation 5.34 with respect to time, t, to

obtain:

d_pm(t):dﬁf(thhi 1 da, (1) (5.38)
dt dt T &S @n-1? dt '

Substituting equations 5.38 and 5.36 into equation 5.22 results in

(v,c )m {M + %i 1_ dqmnt(t)} = —qmigqmn (t). (5.39)

Using equation 5.35, we substitute for in equation 5.39 to obtain:

dp,(t)
dt

Qi 1 da, (t O O () |_ &
('”){ Loy T_nZ(Zn 1) dt } o 2,5 (1) (5.40)

X

Substituting equation 5.37 in equation 5.40 and simplifying we obtain:
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2 Ay, (1) ) J
Z(2n 1) dt _(vc) q“ZQf {(T +(vc) }q”"zqm

=1 f VoG )m I
(5.41)
If we define:
(v,c.), |
T, = J—: as the fracture time constant

f

T, = % : as the matrix time constant

Then we can re-write equations 5.37 and 5.41 as:

= 1 d(qfiqf (t)) 18

Z(Zn—l)z dtn :__Z(qﬁ% (t))—i_ii(qmiqmn (t))’ (5.42)

n=1

S 1 (qmiqmn( ) T > 1 T o0
Sy a s B0 2k e ) e

Equations 5.42 and 5.43 can be thought of as the decomposition of equations 5.22 and

5.29 where flow is predominantly linear. Multiplying both sides of equations 5.42 and
5.43 by (2n—1)* we obtain:
i d (inan (t))
dt

n=1

L3 @n-12(q,q, (1) + = 0 -27 (0,0, (1), (5:44)

Tf n=1 Tt n=1

id(qm'qm ) Z(zn (s, (t))- L Lf E’Qn (G0, (). (5.45)

n=1 Tf f n=l Tf f
The index n in equations 5.44 and 5.45 is the normal mode index, as a result, we can

solve the system of ODEs represented by equations 5.44 and 5.45 for each mode and then

sum these solutions to obtain the complete solution. We re-write this system of ODES in
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matrix form as shown below for the nth mode and then solve it with eigenvalue-

decomposition, Kreyszig (2006).

dg, (t) _1 1
dt 2 Ty Ty op (t)
=(2n-=1 " , 5.46
o @Y L [ o
dt 7 J; Tn Ty

where the initial conditions to solve the system represented by equation 5.46 are:
Q; (t:O):qfi’ (5.47)

g, (t=0)=0. (5.48)

Equation 5.47 simply states that at time, t = 0, the production rate from the fracture
volume is equal to a finite valueq,. While equation 5.48 states that at time, t = 0, the

production rate from the matrix volume is equal to zero, g, =0. This is because at time

zero, the pressure everywhere in the formation is equal to the initial reservoir pressure as
a result there is no pressure gradient for flow from the matrix in to the fracture because
the pressure at the interface between the fracture and matrix is still at the initial reservoir
pressure.

Next we solve the system defined by equation 5.46 by the eigenvalue-

decomposition method. The system in matrix — vector notation is

q,=AQ,- (5.49)
where
den (t)
: dt
d, = ,
da,, (t)
dt
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_(2n—1) (2n-1)
A = Ty Ty
" len-1'T, (2n-1) (20-2)°T, |
ek T (FRp
and

[ 9, (t)
" [q <t>]'

Re-writing A, as

S 1
2 Tt Tt fa b
A, =(2n-1) =(2n-1) :
L 1 T c d
T ds T Tedy
where az—i, b:i, C= L and d 1 _n . We find the eigenvalues of A,
T T, T.J; T, TiJ;

m

to be given by:

A1, =(2n=1)24, _(2n—1)2[a+o| +«/(a+0|2)2 —4(ad —ch) }

a+d—J(a+d)2—4(ad—cb)]
2 |

A2, =(2n-1)24, = (2n1){

The eigenvectors corresponding to /_hn and Zzn are found to be given respectively as:

. %[a—d +(@+dy ~4(ad —cb)
1
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- Zic[a—d—J(a+d)2—4(ad—cb)J

1
Therefore,
s > 2(ad - Al d- 7 A(ad —
. ZC[a d+f(a+d)? —4(ad cb)] Zc[a d—f(a+d)? —4(ad cb)} :[,; g
1 1
(5.50)
where
_ir. 2_ 2(ad —
p-2c|:a d+./(a+d)*—4(ad cb)],
I 2 _ _
y_ZC[a d—J@a+d)? —4(ad cb)]
The solution to equation 5.46 is therefore;
E;Ln'[
p v &t
qn(t)z(1 J . (5.51)
c, e
g (t)= ,oclnei’ﬂt +7C, et (5.52)
Gy, (t)= clne%"t +C, et (5.53)

Using the initial condition we derive the constants ¢, and c, as:
U5, — P,
y=p
70w, — Ty,
y—P

C, =
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Substituting these constants into equations 5.52 and 5.53 we obtain the following
expressions for g, and q, .

g, (t)= yq_—ﬁp[yeﬂz“t - pezﬂ + yq_—m‘p[ypeh" — e’ } (5.54)

Ay (t)= }/q_”p [ezznt — gt } + J/q_Lp[ et — pezz"‘} . (5.55)

If we set g,; =0 as defined by the initial condition of the problem, equations 5.54 and

5.55 simplify to

0, (1) = [ et — pet ] (5.56)

Ay (t) _ Oy [eiznt _eilnt]_ (5.57)

As a result the complete solution to the problem is given as:

q = Z qul bn Zqﬂ ’ (558)

0 ( =Z qu. - —qu. (5.59)

n=1 - n=1 Yy—pP

We now eliminate the infinite sum in equation 5.58 by converting the summation to an

indefinite integral.

- 12
q; ( ) qf. _ L gl 1)2 Aot —q, _P gen 1)% At +Z e(2n 1)2 2t ~q, 1% a1 ﬂitlen

(5.60)

Equation 5.60 is equation 5.58 written with index n = 1 expanded out of the summation
and recalling that Z;, = (2n—1)°4 and 1., =(2n-1)*4,. Now let z=(2n—1)\/4,t then

dz
22t

dn=

Upon substituting these expressions into equation 5.60 we obtain:
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zZ A’l 2
2 . 2 - dZ
a; (t):qn ! gl qfiLe(znil) A4 lim inLez —Q5 P e”
wl VP 4 2

y=p y—p 0 I -p At
(5.61)
Simplifying equation 5.61 we obtain:
g, (t) =g, ——e@" 4 qﬁLe(znl’z“J{L]lim j{ V gt P ezzzldz
y=p y—p 2Jat ) fm v =P rp
(5.62)
Evaluating the integral yields
q; (1) = gy —L—e®" Wt g P glenat
y=p y=p
(5.63)

qfl H 7/ \/_ f _L \/; f\/z ’
(zr]m et y—szZer( 79
4

_ V4 e(2n—1)222t_ 1% _P_gln- 12 At
y—P 7/ P

+QQ%E;KEQF=@ﬁ(n erf 370 - wg%f—ﬁ—jé%@ﬁ(n eﬁ@jZﬂ)

(5.64)

Taking the limitas z — oo, limerf (z) =1, equation 5.64 therefore simplifies to

(2n-1)% J,t P _(2n-12 it
& — 0y €

°F (t) =0 Le
- (5.65)

qﬂ:‘}/yp\/_erfc(&/ At)— qf'L\/_ﬂﬁerfc(&/—ﬂJ)

In arriving at equation 5.65 we have evaluated the limit Z — oo in equation 5.64 and used

the identity erfc(x) =1—erf (x). Equation 5.65 is the approximate analytical solution to
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the double porosity model. The negative sign under the square root in equation 5.65 is

necessary because the values of 4, and 4, are always negative. The model parameters

are defined as:

— -2 2
PIUSES [ S S PR e O P P B P I (5.66)
2ty T, J7 ™ iy JyT,Ty 7. Jd;
T [ L A _
PIE| NN S PR P 1 PR DL i (5.67)
2t T, Jirg [Tt Tn | Jitr JiTTy T J;
] T o1 o7 T\
T
=11 —i i'i‘ X4+ i—i + X X . ) (568)
2T, Ty Tn Tidq Ty Ty Tedy 1T ds T J;
J T S s 7Y
}/=Tf f _i_'_i_i_ X i_i + > X_ 4 LS X . (569)
2T, T, T, T¢Jq T, T, il 1,7 T.J;

We verify that 4, and A, are always negative by constructing their response

. . T .
surfaces, where we use 7, and 7,, as independent variables and —* as a single
f

parameter. Figure 5-3 and Figure 5-5 are the response surfaces of equation 5.66 with the

parameter I—X equal to 10 and 1072, respectively. And Figure 5-4 and Figure 5-6 are the
f

response surfaces of equation 5.67 with the parameter I—X equal to 10 and 107
f

respectively. It can be verified from these figures that the equivalent time constants are

always negative for realistic values of the fracture and matrix time constants and the

T . . . .
lumped parameter,J—X. These equations show the mathematical relationship between the
f

eigenvalues and the fracture, matrix time constants, the transmissibility coefficient

between the fracture and the matrix compartment and the ratio of their permeability.
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Physically, 2,and 2, are the time constants of an equivalent parallel flow model that will

yield the same results as the original problem when appropriately weighted with the
eigenvectors. One can regard equations 5.66 through to 5.69 as expressions for scaling
parameters that can be used to transform a two compartment series flow model into a two
compartment parallel-flow model without cross flow, Ogunyomi (2014). An extension of
the model development to 3 compartments (triple porosity system) is available in

appendix E.

5.2 Model Validation

5.2.1. Validation with Numerical Reservoir Simulation

The approximate analytical solution to the double porosity model, represented by
equation 5.65, is validated with a synthetic case. The synthetic case was developed with
CMG — GEM. The model used in the synthetic case was designed to have two adjoining
reservoir compartments in which the compartment containing the producing well has a
higher permeability when compared with the second compartment. The compartment
with the high permeability can be thought of as the aggregated collection of the fracture
volume while the second compartment is used to represent the reservoir matrix and hence
it has a lower permeability. The volume of the fracture compartment is equal to 25
percent of the volume of the matrix compartment. All other properties are identical for
the two compartments. The other inputs for the synthetic model are summarized in Table
5-1. Figure 5-7 is the numerical simulation model used in the validation case and it shows
the permeability field.

To validate the approximate analytical model, the production rate obtained from
running the synthetic case is shown to be identical to the production rate obtained from

the approximate analytical solution. Figure 5-8 presents a comparison of the production
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rate obtained from the synthetic case and the approximate analytical solution. The graph
in red represents the production rate from the analytical solution while the graph in blue
is the production rate from the synthetic case.

The production history in Figure 5-8 exhibits two time scales, the first time scale
initially starts as a straight line with a slope of half which is indicative of transient linear
flow in one dimension and this is followed by an exponential decline that is indicative of
boundary dominated flow from the first compartment. After the boundary dominated
flow from the first compartment has dissipated the transient flow from the second
compartment starts and it has the expected straight line with half slope signature. This
transient flow regime is then followed by a boundary dominated flow regime from the
second compartment. From this figure, both graphs, from the simulator and the analytical
solution, overlay each other; therefore, validating the analytical solution. A summary of

the fitting parameters for the analytical solution are presented in Table 5-2 below.

5.2.2. Validation with Laplace Space Analytical Solution

In this section we present a comparison of the analytical solution derived in the
previous section with the actual solution to the double porosity model (in Laplace space).
The equivalent solution to a double porosity model using Laplace transforms, Bello et al.
(2008) is given as

cosh [W yD]
Po(Yo:8) = scosh[@] ,

where;

f(s)=w+ ’% tanh{ @} Inter-porosity transfer function
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p, =P Dimensionless pressure

Put — P;
. Kt
° o ul(ge) s +(ge)n)X;

: Dimensionless time

X=X

Xp = ¢ : Dimensionless distance in the x - direction
Xt — %o

Yo = Y=Y : Dimensionless distance in the y - direction
yf - ye

2
k | X
&lekﬂ{f} . Inter-porosity transfer parameter

f

. Storativity ratio

The solution given by equation 5.70 is the constant pressure solution, that is, it assumes
an instantaneous constant pressure at the fracture face. The details of its derivation can be
found in Bello et al. (2008) and also in appendix A for convenience. A problem with
using this solution is that it cannot be inverted back in to the real time space to obtain a
closed form analytical solution hence a numerical inversion algorithm is employed to
compute pressures and rate from this solution. From this solution we obtain the

production rate at the fracture face by taking its derivative and evaluating its value at the
dpy

D

fracture face (Y, =1), that is,

a5 (Yp =15) = ,@ tanh Hsf (s)} . (5.71)

Bello et al. (2008) also provided a detailed sensitivity analysis on equation 5.71 to
understand how the model parameters affect its production characteristics. We

summarize the result of this sensitivity analysis below: Figure 5-9 presents a plot of the
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dimensionless rate versus the dimensionless time where the inter-porosity transfer and the
storativity ratio have been varied. The red colored lines on the plot correspond to a
storativity ratio of 10 and the inter-porosity transfer parameter varying from 10 to 10°°,
the blue colored lines correspond to a storativity ratio of 10 and the inter-porosity
transfer parameter varying from 107 to 10”° while the green colored lines correspond to a
storativity ratio of 10°® and the inter-porosity transfer parameter varying from 107 to 10~.
The physical meaning of the general characteristic observed on this plot can be explained
as follows; at the start of production, flow is predominantly linear with a slope of half and
represents transient flow from the fracture, this is followed by an exponential decline
period when the effects of the fracture boundary is felt and becomes dominant. After the
effect of the fracture boundary, another linear flow period starts (also characterized by a
half slope) and this is believed to be the transient flow from the reservoir matrix. After
this transient flow period another exponential decline period is observed and this is
believed to correspond to the matrix boundary effect.

We now compare the production rate from the approximate analytical solution
(equation 5.65) to the production rate from the actual analytical solution (equation 5.71).
For our approximate analytical solution to be useful, it should reasonably reproduce the
observed characteristics in Figure 5-9. The result of the comparison is presented in Figure
5-10. In Figure 5-10 we present three cases of history matching of production rate from
the actual solution and the approximate solution. Case one shows the match for o = 107
and L = 10, case two shows the match for ® = 10 and A = 10”° and case three shows the
match for ® = 107 and A = 10™°. From Figure 5-10 it obvious that the production rate
predicted by the approximate analytical solution provides a good match to the production
rate predicted by the actual solution, hence the approximate analytical solution can be

used to reliably forecast production from fractured horizontal wells.
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5.3 Analysis of Model Parameters

5.3.1. Physical Meaning of the Model Parameters:

The time constants in the approximate analytical solution are identical in

V. C
definition 7 =—2= to that defined in the capacitance resistance model (CRM), as a result

we conclude that t has a similar physical meaning in our solution as it does in the CRM.
It is important to note that t is a function of the storage capacity and the transmissibility
(permeability) of the compartment, In the CRM, Cao (2014), Nguyen et al. (2012)
following the work of Seborg et al. (2003) have defined the time constant to mean the
time it takes for 63.2 percent of an input pulse to be observed as the output. The input
pulse for our model would be the pressure difference that is responsible for flow while in

the CRM it is the injection rate.

5.3.2. Inferring Fracture and Matrix Volume from Model Parameters

In this section, we investigate the possibility of estimating the size (volume) of the
fractures induced by the hydraulic fracture and the reservoir matrix from the model
parameters with the approximate analytical solution. To accomplish this task, we took the
following steps (the numerical model was built with CMG’s IMEX black oil simulator):
1. Build a numerical model with two compartments where one compartment has a high
permeability and the second compartment has a low permeability with a commercial
reservoir simulator.

2. Perform a history match of the production rate from the numerical model to the
approximate analytical solution to obtain the model parameters.

3. Change the relative volume of each compartment in the numerical simulation model

while keeping the total pore volume constant and repeat step 2.
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4. After obtaining the model parameters for a few cases we make a cross plot of each
model parameter with the volume of each compartment as defined in the numerical
simulation model.

The model parameters considered for this analysis are the fracture compartment

time constant (¢, ), the matrix compartment time constant (-, ) and the initial fracture

production rate (q,). The numerical model used for this analysis is identical to that

presented in Figure 5-7 and the model used is equation 5.65. The result of this numerical
experiment is summarized in Table 5-3, which presents a summary of the cases
considered and the model parameters obtained from the history matching exercise.

a) Fracture time constant:

Figure 5-11a presents the crossplot of the fracture time constant and the pore
volume of the high permeability compartment. Figure 5-11b presents the same for the
low-permeability compartment. From Figure 5-11a as the pore volume of the high
permeability compartment increases the fracture time constant increases, indicating a
positive correlation between them. The coefficient of determination is large, R* = 0.98.

(fo G )f

Recall that the fracture time constant is defined as ¢, = T where v, is the fracture

f

pore volume. This definition of the fracture time constant suggests that we can infer the
size of the fracture volume from the value of the fracture time constant. In contrast,
Figure 5-11b suggests that the fracture time constant decreases with increasing pore
volume of the low-permeability compartment. This figure also has a large coefficient of
determination, R* = 0.98. This observation is because the fracture volume shares a
boundary with the matrix volume and this shared boundary was held constant during this

experiment while the other boundaries changed.
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b) Matrix time constant:

Figure 5-12a is the cross plot of the matrix time constant and the pore volume of
the high permeability compartment, whereas Figure 5-12b represents the same for the
low permeability compartment. Figure 5-12a suggests that, as the pore volume of the
high permeability compartment increases, the matrix time constant decreases. This
relationship indicates a negative correlation between them. The coefficient of
determination is high, R? = 1.0, suggesting that there is a relationship between the size of
the fracture volume and the matrix time constant. This transmissibility factor is a function
of the fracture dimension. From Figure 5-12b, we observe that as the pore volume of the
low-permeability compartment increases, the matrix time constant increases. This
observation is expected because in the definition of the matrix time constant, as shown
above, the matrix time constant is directly related to the matrix pore volume, v, . This
cross-plot also has a high coefficient of determination.

c) Initial production rate:

Figure 5-13a presents a cross plot of the initial production rate and the pore
volume of the high permeability compartment. Figure 5-13b is the cross plot of the initial
production rate and the pore volume of the low permeability compartment. From Figure
5-13a as the pore volume of the high permeability compartment increases the initial
production rate from the fracture decreases, indicating a negative correlation between
them. The coefficient of determination is high, R? = 0.84, suggesting that we can infer the

size of the fracture volume from the initial production rate from the fracture. The
_(pi_pwf)kaf

.= . In the numerical
' by

definition of the initial production rate is given as q

simulation model A, =hw, and v, =¢A.L,. In the experiments conducted, when we

increased the fracture pore volume we increased L, and as this variable is in the
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denominator of the definition of g, . From this definition there is an inverse relationship

between the initial production rate and the fracture volume, which explains the

observation in Figure 5-13a.

From Figure 5-13b we see that as the pore volume of the low permeability
(matrix) compartment increases the initial production rate from the fracture increases.
This observation is consistent with the total pore volume of the reservoir being kept
constant, which implies that by increasing the fracture pore volume we decrease the
matrix pore volume, v, =¢A (L-L,)=v, —v, . Therefore the initial production rate
should increase as the matrix pore volume is increased. Given the good correlation, we

can estimate the matrix pore volume from the initial production rate.

5.4 Application to Field Data

This section presents example applications of the approximate solution to field
data and demonstrate how to use it to estimate reserves from hydraulically fractured
horizontal wells in liquid rich unconventional formations. The model was fitted to
production rate data from 88 hydraulically fractured horizontal wells. Song (2014)
presented the application of a finite difference solution to this data set. All the fits
obtained were within the limits of engineering accuracy. To apply the model to field data
from a well, we fit the model to available historical production rate data from the well to

obtain the model parameters by minimizing the squared difference between the model
estimates and the field production data, that is, min|[dp,, —qmodel]2 by changing z,, 7, and

T .. .
— . After obtaining the model parameters, we proceed to forecast future production rates
f

and cumulative production until 100,000 days. We present an example application of the

model to a well in the data set; some more examples are presented in appendix D.
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Example 1:

For this example, the well details are summarized in Table 5-4. This well has been
on production for 1,136 days. Figure 5-14a presents both the rate and tubinghead pressure
on a log-log plot. The figure suggests that the production rate is relatively constant until
about 90 days after which the production rate from the well declined exponential until it
started declining with a slope of one-half. The tubinghead pressure for this well declined
with a slope of one half until about 90 days (transient flow) after which it declined with a
slope of one indicating boundary dominated flow (BDF) until about 100 days when it
becomes constant. If we assume that production during the first 100 days is from the
fracture volume and the production after 100 days is from the matrix then we can match
the model to this data, making sure we match the exponential decline and the half-slope
portions of the data. Figure 5-14b presents the results of the rate history match and future
performance. This figure contains three plots, the original production data (red markers),
the history match (green colored markers) and the forecast (black markers). We
summarized the model parameters obtained from the history match exercise in Table 5-5.
The mismatch at the start of the production history is because the well was produced at a
variable bottomhole pressure during this period while the analytical model presented is
based on the wellbore pressure being constant. After obtaining the model parameters
from the history match exercise we use the model to forecast future production rate and
reserves until 10,000 days. Figure 5-14c presents the performance forecasting results.
Example 2:

The well details for this example are in Table 5-6. This well has been on
production for 531 days. The production rate from this well is shown in Figure 5-15a on a
log-log plot. This figure suggests that the production rate is relatively constant until about

10 days after which the well rate declined exponentially until it started declining with a
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slope of one-half. The tubinghead pressure for this well started declining with a slope of
one-half (indicating transient flow) until about 10 days after which it started declining
with a slope of one (indicating boundary dominated flow). After about 100 days the
tubinghead pressure was relatively constant. Again if we assume that production during
the first 100 days is from the fracture volume and the production after 100 days is from
the matrix then we can match the model to this data making sure we match the
exponential decline and the half-slope portions of the data. The result of the production
rate history match is shown in Figure 5-15b and that of future performance in Figure
5-15c. This figure contains three plots, the original production data (red markers), the
history match (green colored markers) and the forecast (black markers). From this figure
we have matched the exponential decline portion of the rate data and we also matched the
linear decline portion of the rate data. We have summarized the model parameters
obtained from the history match exercise in Table 5-7. After obtaining the model
parameters from the history match exercise, the model was used to forecast future
production rate and cumulative production until 8,000 days. The result of the forecasting
process is shown in Figure 5-15c.

The model parameters obtained from these two examples and others not shown
here are all functions of the well and reservoir properties. Consequently, the forecasted
results have high degree of confidence particularly when the fracture boundary is
observed in the production rate data, which provided an opportunity for defining the

geometry of the adjoining compartment.

5.5 Summary and Conclusions

A generally accepted conceptual model for fractured horizontal wells is that a
stimulated reservoir volume (SRV) develops around the well and there is a region of un-
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damaged reservoir beyond the SRV (Miller et al. 2010). The SRV is expected to be
comprised of a complex network of fractures of different geometries ranging from planar,
curved, slanted etc and of different lengths. However, for ease of solution, existing
“physics” based models assume that the hydraulic fractures are planar and perpendicular
to the wellbore. The new solution presented in this work overcomes this limitation of
existing models because the assumption of planar fractures is not necessary.

Most empirical models do not account for the second time scale and the end of
transient linear flow must be determined arbitrarily before switching to a boundary
dominated flow model. The new solution presented here also eliminates this limitation of
empirical models. For cases where there is no production data from the second time scale

the single porosity solution should be used. This solution is shown below:

i erfc B 72'\/13 }

O (ty) =28 ¢ +—=F——. (5.72)

7ty

In equation 5.72, the first term accounts for boundary dominated flow and the
second term is the transient solution. The dimensionless time t, is defined as % where 1
is the time constant of compartment 1 and t is time. We have shown that the model
parameters derived from the use of the new solution are functions of the reservoir and
well completion properties. Particularly, the model parameters can be used to estimate the
drainage volume of a well; this characteristic of the model could have potential
application in in-fill drilling and well spacing optimization studies. Because the model
has a closed analytical form, it is especially suited for optimization studies that account
for uncertainties in reservoir properties and the outcome of well stimulations (hydraulic

fracturing).
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Table 5-1: Summary of input parameters for the synthetic case as used in CMG - GEM

Parameter value
AX X Ay X Az (ft) 100 x 50 x 50
Grid 51x11x1
Depth, D (ft) 2000
Thickness, h (ft) 50
Compartment 1
Permeability, k, (md) 70
Porosity 0.3
Volume, (ft) 8.25x10°
Compartment 2
Permeability, k  (md) 10
Porosity 0.3
Volume, (ft3) 3.3x10’

Table 5-2: Summary of model parameters used in the validation case. These parameters provided the best fit
between the synthetic case and the analytical model

Parameter Value
q,, (stb/d) 4695.61
7, (day) 56.00
T _(day) 6087.00
T 0.03670
A (day) 000016
-1
A, (day ) -0.01852
Y (day ) -27.0051
-1
p (day ) 1.0090
Y /(Y -p) 0.9640
p/( Y -p) -0.0360
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Table 5-3: Summary of model parameters obtained from the numerical experiments performed to investigate
the possibility of inferring fracture and matrix volumes by using the approximate analytical solution

Case CMG CMG T Tm -1/M -1/h, i
Ve (f°)  Vom (ft%)  (days) (days) (days) (days) (stb/d)
8.25E+06 3.30E+07 56 6087 6312.4 54  4695.61
1.65E+07 2.48E+07 176 3998 4247.01 165.68 2695.61
2.48E+07 1.65E+07 267 1900 2462.16 206.04 2080.02
413E+06 3.71E+07 15 7455 7639.51 14.64 8195.61
0.00E+00 4.13E+07 - 8634 885591 -  7095.61

g B~ W N

Table 5-4: Well properties for example one

Well ID: UT-ID67

Well length, (ft%) 8894
Spacing (acres) 1280
Initial pressure, P; (psi) 6082.87
Porosity, (fraction) 0.07
Thickness, h (ft) 53.14
Initial number of stages 1

Table 5-5: Summary of model parameters for example one

Parameter Value
q,, (stb/d) 8.68x10°
7_(day) 34.00
T_(day) 955.00
T 3, (ratio) 1.98x10™
_l _4
)“1 (day ) -8.7x10
-l 'Z
;‘2 (day ) -3.54x10
Y (Unitless) -4.9
p (Unitless) 1.03
Y/(Y -p) 8.26x10™*
(ratio)

p/( Y -p) (ratio)  -1.74x10™
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Table 5-6: Well properties for example two

Well ID: UT-1D265
Well length, (ft%) 9965
Spacing, (acres) 1280
Initial pressure, P; (psi) 7656.69
Porosity, (fraction) 0.07
thickness, h (ft) 67.69
Initial number of stages 10

Table 5-7: Summary of model parameters for example two

Parameter Value
q,, (stb/d) 4.37x10°
7, (day) 5.19x10*"
T _(day) 3.93x10¢
TX/Jf (ratio) 2.67x10™
-1 -3
A, (day ) -1.96x10
-1 -2
A, (day ) -2.50x10
Y (Unitless) -3.37
p (Unitless) 111
Y /(Y -p) 7.51x10™
(ratio)

p/(Y -p) (ratio)  -2.49x10™
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Figure 5-1: Schematic diagram of a single fractured horizontal well with a planar fracture
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Figure 5-2: A simplified representation of the double porosity model as a series model with two compartments (tanks)
where the first compartment represents the volume of the fracture and the second compartment represents the pore
volume of the reservoir matrix
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Figure 5-9: Effect of storativity ratio and inter-porosity transfer parameter on the production rate from the double
porosity model
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Figure 5-12: a. Cross plot of matrix time constant and the pore volume of the high permeability compartment in the
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Chapter 6: New Analytical Expressions for a Skin and Storage Effect — An
Insight to Decouple Fracture Half-Length and Square-Root of Permeability

Most of the models used in well testing and production data analysis of fractured
horizontal wells (and fractured reservoirs) are based on the assumption that the induced fractures
have a quadrilateral geometry. From a practical perspective this assumption might not be true, in
the simplest case if the stress distribution in the reservoir is homogenous and isotropic, then
fractures induced after hydraulic fracturing should have a circular geometry. The objective of
this chapter is to present new analytical models for the case where the fracture geometry is
circular. The solutions presented are for two inner boundary conditions, the constant pressure

and the constant rate cases with sealed/no-flow outer boundaries.

6.1 Analytical Model Development

In reality, if it is assumed that the stress distribution in the formation is isotropic it should
be expected that the fracture geometry will be circular. If the stress distribution is anisotropic, the
fracture geometry should be expected to be elliptical in shape. Figure 6-1 presents the conceptual
model of a fracture in the isotropic case.

We make the following assumptions in the model development:

Flow is single-phase and slightly compressible,

Flow occurs in the reservoir isothermally,

The reservoir is isotropic and homogeneous in each compartment,

Hydraulic fractures are equidistant from each other,

A

There is no direct communication between the matrix and wellbore because of the casing
and cement used to isolate the well,

6. Only linear flow exist in the reservoir matrix and only radial flow exists in the fracture,

7. Secondary effects are negligible such as stress dependent permeability (porosity) and

desorption,
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6.1.1 Solution with Constant Pressure Inner Boundary Condition

For flow in the reservoir matrix, the diffusivity equation, the initial condition and the

associated boundary conditions, in dimensionless form, are given as shown below:

2

ii rD ame +iﬁ p;nD 2(1—60) ame , (61)
Iy ory o, | 12 oz, dt,

OPmp
ZFmp =0, 6.2
My | 62
Puwo|  _y, 6.3)
arD Ip=Fpw=1

Po|  _p, (6.4)
azD Zp=7pe=1

me(rD’ZDW’tD): pr(rD'ZDW’tD)’ (6.5)
me(rD'ZDW'O):O' (6.6)

For flow in the fracture the diffusivity equation, the initial condition and the associated boundary

conditions, in dimensionless form, are given as:

0 0? 0
ii rD pr +i piD —w pr , (67)
r, or, o, | 12 oz, dt,
8pr — O, (6.8)
arD b =Ipe
pr(er =1, ZD7tD) =1, (6.9)
Po|  _o, (6.10)
0z, 100
pr(rD’ZDw’tD): me(rD'ZDW’tD)’ (6.11)
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Po (rD'ZDW’O) =0,

The dimensionless variables in equations 6.1 through to 6.12 are as defined below:

p, =P Dimensionless pressure

Pus — B

roA , .
r, =—: Dimensionless radius
r

w

Z . - : . . N
z, =—: Dimensionless distance in the z-direction
z

e

k.t

ty = d —: Dimensionless time

‘u|:(¢ct)f +(¢c )m:|rw

C

o= (#c), : Storativity ratio

(¢C1)f +( I)m

k_r? o .
A= 12ﬁ : Transmissibility ratio
f e

(6.12)

Equation 6.1 is the diffusivity equation in cylindrical coordinates where the z-coordinate is along

the axis of the horizontal well and the r-coordinate represents the perpendicular distance to the

well axis. Equation 6.2 is the no flow boundary at the fracture tip and equation 6.3 is the no flow

boundary at the wellbore due to the casing and cementing of the well. Equation 6.4 is the no flow

boundary created because of flow from the reservoir matrix into adjacent planar fracture face.

Equation 6.5 is the continuity condition that specifies that the pressure at the interface between

the fracture and matrix are equal and equation 6.6 is the initial condition that states that the

matrix pressure is initially equal to the initial reservoir pressure. p, is the pressure in the

reservoir matrix, I, is the wellbore radius, I, is the external radius of the fracture equivalently

the fracture half-length, z, is the distance measured from the place of the origin in the z

direction that specifies the position of the interface between the fracture and the matrix,
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physically it can be interpreted as the fracture width. z, is half the distance between adjacent

fractures. k,is the fracture permeability. k, is the matrix permeability, and p; is the initial

reservoir pressure. Equation 6.7 is the diffusivity equation for the fracture. Equations 6.8 and
6.10 are no flow boundaries at the fracture tip and the centerline of the fracture, respectively.
Equation 6.9 states that the fracture pressure is equal to the wellbore pressure at the wellbore and
equation 6.11 is the continuity condition that states that the fracture pressure is equal to the
matrix pressure at the interface between the fracture and the matrix. Equation 6.12 is the initial
condition that states that initially the fracture pressure is everywhere equal to the initial reservoir
pressure.

Because only linear flow occurs in the reservoir matrix and radial flow occurs in the
fracture, we proceed to integrate equation 6.1 over the radial domain and equation 6.7 over z-
domain to obtain the final set of equations that describe the conceptual model as presented in
Figure 6-1. The coupled set of partial differential equations is presented below. For the reservoir

matrix:

82_me 12 (1_ a)) 8_me

= , 6.13
oz} A dt, (6.13)
OPw| g, (6.14)
0z, -
P (Zowr o) = Pio (o Zor 1) Zp» (6.15)
P (25,0)=0. (6.16)

For the fracture:

10 ol A 0Pyl _,0Po
r, or, ory 12z,,, Oz, |, dt
(6.17)
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G

=0, 6.18
o | ( )
Pio(fow =12, tp) =1, (6.19)
Pio(F5125,,0)=0. (6.20)

The second term in equation 6.17 is a source term that accounts for the cross flow of fluids from

the reservoir matrix into the fracture. p, in equations 6.13 through to 6.16 is the area-weighted

matrix pressure defined as:

o =Tbe o =Ipe
_ I medA .[ ZﬂmederD o ='pe _ b =Tpe
Puo (Zo:1p) = rD::rDe _ rDr?:rDe = j 27 P lodly = Pup (Z5:tp) I 2zr.dry .
I dA I 271 dr ot =t
=1 =1

(6.21)

And _pr in equations 6.17 through to 6.20, is the length weighted average fracture pressure

defined as:
B j Pz j PolZs
pr(rD’tD)_ ZDZDSZDW = ZDZDSZDW = _[ Ppdz, = pr rD’t I dz,,
dz,, _f dz,, =0
75 =0 25 =0

(6.22)

The solution to the mathematical model defined by equations 6.13 through to 6.20 is obtained by
using Laplace transforms method (Kreyzsig, 2006; Carslaw and Jaeger, 1959; Churchill, 1958)

and it is shown below:

:p (r S):kl(rDe,/sf( )I (r,f )+k(r,/sf )Il(rDerf ) (6.23)
T sl kst ()1, (\/sf $)) + K, (\f5T (5))1 (Foun 5T (5) )} |
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where,

B fi(l—a)) le(l—co)s B
fs)=w+ o5 tanh{ — @ zDW)] (6.24)

EfD is the dimensionless fracture pressure in Laplace space and f(s) is the inter-porosity

transfer function. In equation 6.23, |, is the modified Bessel function of the first kind of order
one, k; is the modified Bessel function of the second kind of order one, |, is the modified

Bessel function of the first kind of order zero and K, is the modified Bessel function of the

second kind of order zero (Karman and Biot, 1940; Abramowitz and Stegun, 1964). We derive

the dimensionless rate equation in Laplace space from equation 6.23 by differentiating it with

= dp
respect to Iy and evaluating the value of the derivative at the wellbore, that is, q,(s)=——
P p=1
. The dimensionless rate equation (in Laplace space) is obtained to be:
7.(5) = [f(5) [ K oufST (ST (5)) = KT ()T (5)) | 629
’ S 1Ky (oerSF (S))1a (/5T (5)) + ko (/5T ()1 (S (5)) |

The solution in equation 6.25 is identical to the solution presented by Da Prat (1981) when skin
and wellbore storage is set equal to zero. The solution presented by Da Prat (1981) assumed a
pseudo steady state fluid transfer between the matrix and fracture. In this study we used an
unsteady state fluid transfer function between the fracture and the reservoir matrix. This
difference in assumption results in a significantly different late time approximate analytical
solution. EI-Banbi (1998) and Bello (2008) also presented the same solution but did not exploit it
further. The work presented in this work is new because we analyze the solution in equation 6.25
in a manner that has not been done before now. There is no known analytical form of inversion
for equation 6.25 into real time space; however we can invert it numerically using any one of the

standard numerical inversion algorithms such as the Stehfest algorithm (Stehfest, 1970).
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An approach to obtaining analytical forms of solution in real time space for equation 6.25
is to obtain approximate forms of the solution for limiting conditions. Then these simple
approximate forms are inverted to obtain closed form analytical solutions in real time space. The

limiting solutions are presented next.

6.1.1.1 Early Time Approximation

For large values of the argument, the following approximations can be made for the Bessel

functions (Abramowitz and Stegun, 1964) in equation 6.25

k,(s) =k (s) = \/ges , (6.26)

1,(s) 2 1,(s) = ;ﬂs , (6.27)

In Laplace space, early-time corresponds to large values of the Laplace space parameter s
Bourgeois (1992). Therefore, lim f(s)=w, ideally this is the value of f(s) to use in the

approximate solution but we will assume that f(s) can be used as defined in equation 6.24.

Substituting equations 6.26 and 6.27 in to equation 6.25 we have;

q

ol
o(8)= fe) V2 ory N2y Womx] (6.28)
S \/7ex A E A
|V 2Xx J2ry N2y N2zx

where, for simplicity we have defined x=r,./sf(s) and y:a/sf (s) in equation 6.28. After

simplifying equation 6.28 we obtain;

B f(S) [e(y—X) _e—(y—X)]

qD(S) A\ s [e(y—X) +e—(y—X)]' (6.29)
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X —X

According to Becker and Van Orstrand (1909) tanh(x)zzx_z_x, we can therefore rewrite
+
equation 6.29 as shown below:
- f(s)
NOE Ttanh[,\/sf (s)(rDe—l)]. (6.30)

Equation 6.30 is the approximate early-time solution to the problem. It has four

parameters; the storativity ratio, @; transmissibility ratio between the matrix and fracture, 2.

the fracture radius, I, and the fracture thickness, z,,.

6.1.1.2 Late-Time Approximation

For small values of the argument, the following approximation can be made for the Bessel

functions (Abramowitz and Stegun, 1964) in equation 6.25:

k,(s)=—In(s), (6.31)

k,(s) = 1 (6.32)
s

I,(s) =1, (6.33)
=3

HOEES (6.34)

In Laplace space, late-time corresponds to small values of the Laplace space parameter s
Bourgeois (1992). Therefore, Iing f(s) =1+ (w—-1)z,,, again, this is the value of f(s) to use in

the approximate late-time solution but we will assume that f(s) can be used as defined in
equation 6.24. Substituting the functions defined by equations 6.31 through to 6.34 into equation

6.25 we obtain;

{1y_xl}

ED(S)a/fS) 1X2 Zyx : (6.35)
{+In(y)}
X 2
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The definition of x and y are the same as presented in the section 6.1.1.1. Introducing the

definition of x and y in to equation 6.35 and simplifying we obtain;

= f(s)(r% -1
qD(S) = 2 N .
2{1— rDe""4f(5)|n(sf (s))}

(6.36)

Equation 6.36 is the late-time approximate solution.

6.1.1.3 Validation of Approximate Solutions

The approximate solutions were validated by comparing them to the widely published
and validated solutions for the quadrilateral shaped fractures. The solution for a quadrilateral

shaped fracture is presented below; complete details can be found in Bello (2008).

EDHH (s)=, ’@ tanh[ [sf (s), } (6.37)

2
where, f(s) =w+ Mtanh 3(1-w)s : /”L=12k—m X | and o is as defined
0 O 5 V2 k| L

k,t
u[(g2), +(9%), %

the complete (transient and pseudo-steady state) solution for the case where the fracture shape is

previously. The dimensionless time is defined as t, =

. Equation 6.37 is

a quadrilateral. A validation of this solution with numerical simulation can be found in Bello
(2008).
6.1.1.3.1 Validation of Approximate Early-Time Solution

By comparing the solution in equation 6.37 with the early-time approximate solution

(equation 6.30) for the radial fracture, these solutions are identical except for the argument of the

hyperbolic tangent which has the variable Y, in the quadrilateral case and (I, —1) in the radial
case. Their inter porosity transfer function, f (s), is also identical except that the argument under

the square root sign in the quadratic case has a factor of 3 while the radial case has a factor of 12.
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At early time (large values of Laplace space parameter, s) the inter porosity transfer
function for both cases is equal to o (lim f(s) =w) and the hyperbolic tangent is equal to one (
S—o0

limtanh(x) =1). If we substitute these limiting expressions in to equations 6.37 and 6.30 we

obtain:
U, (5)= o (6.38)
0o (s) = 2. (6.39)

Equations 6.38 and 6.39 are the approximate early-time solutions for quadrilateral and radial
cases respectively. These two equations are identical therefore we can conclude that the

approximate early-time solution is validated.
6.1.1.3.2 Validation of Approximate Late-Time Solution
We validate the late-time solution the same way as the early-time solution was validated.

The approximate late-time solution for the quadrilateral case is obtained from equation 6.37 by

using the following approximation of the hyperbolic tangent at small values of the argument,

tanh(x) ~ x. Therefore the late-time approximate solution for the quadrilateral case is given as

shown below:

3% (s)="f(s), {awr %tanh{‘/@ﬂ. (6.40)

We can write the argument under the square root sign in equation 6.40 as shown in equation

6.41. Equation 6.41 was obtained by substituting for the definition of the dimensionless

parameters;
=o)Lk [X T (de),
3s _12k[L} (¢c.), +(gc,), 35" (6.41)
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S in equation 6.41 is the dimensionless Laplace space parameter. Bourgeois (1992) gave the

relationship between the dimensionless Laplace space parameter and its dimensional form as;

s, t
S=—=qa,5;, (6.42)
tD
u| (ge) +(dc,), |XF
where s, is the dimensional Laplace variable and at:ti: [( ) k( t)f} L. After
D f

substituting for the dimensionless Laplace space variable in equation 6.41 it can be written as
Mi-w) (#¢.),, kn

3 ﬂ[(mt ) *(9), T s,

fracture storativity, that is, (¢c ) >>(¢c ), and that the fracture storativity is very small,

. If we assume that the matrix storativity is greater than the

. . . K .
(4c,), ~0 then, we can approximate this expression as———"——. We can now re-write
,U(¢Ct)m L's,

equation 6.40 as shown below:

- _ 1 :U(¢Ct)m Lzsf 1
Uo, (S1)= s tanh[ km ] ———tanh [\/ﬂ (6.43)
k

m

/J(¢Ct)m L’s
Kk

In arriving at equation 6.43 we have used the fact that ! =s,is only a

m
function of the matrix properties and therefore it is the dimensional form the Laplace space
variable is we solved the original problem for the case where flow is from the reservoir matrix

into the fracture face that is at constant pressure. Therefore S, is the dimensionless Laplace

space variable for 1D matrix flow. If we include the effect of skin, equation 6.43 would become;

a (5 ) tanh[\jg] _
Dy (S \/g[lJrsskm\/gtanh[ﬁ]]

(6.44)

Using the same reasoning as explained above the inter porosity transfer parameter in the

radial fracture case becomes;

147



tanh Nﬂ

In equation 6.45, s, =

f(s,)= (6.45)

c.) zs , :
M , where z2=L? . Therefore the dimensionless Laplace

m

space parameter in the radial case is the same as that of the quadrilateral case. After substituting
equation 6.45 into equation 6.36 the late-time approximate solution simplifies to;
(- tanh| |, |

2 5[0+ Qa5 tanh [ 5, ]|

Ao (5,) (6.46)

2
where g, :{—%In [ﬁtanh Hﬂﬂ By comparing equation 6.44 and 6.46 we note that

Ouin = S«in- Jeqn Can be interpreted as a function that accounts for the skin effect created by
radial fracture. The definition of ED (dimensionless production rate) in equation 6.46 is given by

= 141.2quB . o
b= # . If we rescale equation 6.46 by rDe—, dp becomes
Kl (P; = Py ) 2

o 282448y,
i km<rez_rv5)(pi_pwf)

tanh NQ ] |
\/Q[H gskm/gtanh [\/gﬂ

If the skin effect is set equal to zero, that is Jg;, =Sy, =0 then the late-time approximate radial

then equation 6.46 simplifies to;

Uo (5,) = (6.47)

solution is equal to the quadrilateral fracture solution. The approximate late-time radial fracture

solution is therefore validated.

6.1.2 Solution with Constant Rate Inner Boundary Condition

Hurst and van Everdingen (1949) presented a function in Laplace space that gives the
relationship between the solution to the constant rate inner boundary condition and the constant

pressure inner boundary condition. This relationship is presented in equation 6.48;
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Puo(5)= - (6.48)

In equation 6.48 EwD is the solution for the constant rate inner boundary condition and c:1D is the

solution for the constant pressure inner boundary condition. We will derive the constant rate
inner boundary condition solution from equation 6.25 by using this relationship. Substituting

equation 6.25 in to equation 6.48 we obtain:

_ [ ST (S (T (5)) 4K, (5T ()10 T () |

Pup(5)= . (6.49)

52T BT DL T )~ (BT D 5T 50

6.1.2.1 Approximate Early-Time Solution

Applying the same approximations that were used earlier we obtain the early-time approximate

solution for the constant rate as shown below:

= (S)_coth[«/sf (S)(rDe—l)] (6.50)
Pus, (3) = sy/sf (s) ' |

6.1.2.2 Approximate Late-Time Solution

The late-time approximation is obtained as shown below:

= 2 r2  In[sf(s)]

Pus (8) = [ 12, —1]sf (s) B 2[re,-1] s (6:51)

These solutions were developed from the solution of the constant pressure solution which
was validated; therefore, we can infer that these solutions derived for the constant rate boundary

condition are also valid.
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6.2 Sensitivity Analysis of Model Parameters for the Constant Pressure
Solution

In this section we present the result of sensitivity analysis of the model given by
equations 6.30 and 6.36. The sensitivity analysis is a one-at-a-time sensitivity study where we

change a single parameter at a time and leaving the other parameters at their respective values.

6.2.1 Approximate Early-Time Solution

This section presents the result of the sensitivity analysis of equation 6.30.

6.2.1.1 Effect of Storativity Ratio, ®

The effect of the storativity ratio on the producing characteristics is investigated by

keeping the value of A=10" , z,,=10" and r,, =10° . The storativity ratio @ is then varied

from 0, 10" , 10° and 1. The result of this sensitivity analysis is shown on a log-log plot of
0, VSt in Figure 6-2. w=1 is a limiting condition that corresponds to the homogenous case
(solid red curve in Figure 6-2). It plots as at first as a half slope which is followed by an
exponential decline. @ =0 is another limiting case that can be interpreted as the fracture having
an infinite conductivity, that is, no storage capacity (green curve in Figure 6-2). This curve starts
with a quarter (1/4) slope and followed by a one half (1/2) slope and finally an exponential
decline. The curves correspondingto @=10" and @ =107 lie between these two limiting cases
and exhibit two time scales where the first scale starts with a slope of one half and this is
followed by an exponential decline. The second time scale starts after the end of the first time
scale, and it also has starts with a slope of one half which changes into an exponential decline. ®
decreases as the duration of the first time scale decreases and, at late time, all the cures converge
to one curve (except the homogeneous case, w=1). It is also noted that for small values of the
storativity ratio, the exponential transition period from the fracture flow to matrix flow is absent.
We can therefore conclude that the storativity ratio only affects early time flow and determines

the time at which flow from the fracture (first time scale) will end.

150



6.2.1.2 Effect of Fracture Radius, I,

The effect of the fracture radius was investigated by setting the other model parameters as

follows: ®=10", 1=10" and z,,=10". The fracture radius is then assigned the following

values I, =10 , 10% , 10° and 10*. The result for this analysis is summarized in Figure 6-3. All

the curves on this figure exhibit two time scales, the first time scale is because production from
the fracture while second time scale is because flow from the reservoir matrix. At early time all
the curves converge to a single curve with a slope of one-half. At intermediate time they begin to
separate when the effect of the fracture boundary is felt. The only difference between all the
cases is the length of the fracture; as a result, flow at early time is identical for all the cases but
once the effect of the boundary is felt in the smallest fracture flow starts to decline exponential
before it transitions to transient flow from the reservoir matrix. The larger the fracture radius the
longer the transient flow period observed from the fracture. Therefore the dimensionless fracture
radius affects the end of transient flow from the fracture and also determines the relative
magnitude of production from the reservoir matrix; larger fracture half lengths should yield
higher matrix flow as observed from Figure 6-3. It has a strong influence on the early and late

time flow from the matrix.

6.2.1.3 Effect of Fracture Width, Z,
The other parameters for this analysis are assigned as follows @=10", A=10" and
r,, =10°. We then vary the dimensionless fracture thickness as z,, =0, 10° , 2.5x10™" and 1.

The result for this analysis is presented in Figure 6-4. Again, all the cases exhibit two time scales

which is because of flow from the fracture and reservoir matrix respectively. The case with

Z,, =1 does not show the two time scales because it is a limiting case that physically

corresponds to a homogeneous case. Zp,, =0 is another limiting case that means that the fracture

is a plane source. From Figure 6-4 we can conclude that the fracture width has little or no effect

on the general producing characteristics.
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6.2.1.4 Effect of Transmissibility Ratio, 4

The effect of the transmissibility ratio was investigated by setting the other model
parameters as follows: =107, r,, =10° and z,,=10". The transmissibility ratio is then
assigned the following values 2=10" , 10®° , 10 and 1. The result for this analysis is
summarized in Figure 6-5. Again, all the curves on this figure exhibit two time scales, the first
time scale is due to production from the fracture while second time scale is due to flow from the
reservoir matrix. At early time all the curves converge to a single curve with a slope of one-half
and at intermediate time they begin to separate depending on the value of the transmissibility
ratio, A. The smallest value of A shows two time scales that is a sequence of one half slope
followed by an exponential decline, for each time scale. As the value of A increases the

exponential decline in the first time scale is replaced by a quarter slope.

6.2.2 Approximate Late Time Solution

This section presents the result of the sensitivity analysis of equation 6.36. We used the
same parameters as those used for the early time approximation for the analysis presented below.

The plots are also log-log plots of dimensionless rate versus dimensionless time.

6.2.2.1 Effect of Storativity Ratio, ®

The effect of the storativity ratio on the late time solution is summarized in Figure 6-6.
The homogeneous limiting case (o = 1, green curve) started out almost flat after which it
transitions into a line with a slope of -2. The second limiting case (o = 0, red curve) also started
almost flat before becoming a line with a slope of -1/2. This is then followed by an exponential
decline and it finally changes to a slope of -2. The other two cases in the figure show a similar
behavior except that they have a somewhat exponential decline before the one-half slope. The
initially flat part of the curves is the result of the skin effect which is caused by the presence of
the fracture (refer to section 6.1.1.3.2). As the value of the storativity ratio decreases the skin

effect decreases. It is also observed that all the curves converge to a single curve at late time. We
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can therefore conclude that the storativity ratio only affects early time flow, hence, it only

influences the duration of the skin effect.

6.2.2.2 Effect of Fracture Radius, Iy,

Figure 6-7 presents the results of the sensitivity analysis of the fracture radius on the
producing characteristics of the approximate late time solution. All the curves in this analysis
show the same general characteristic. The important points from Figure 6-7 are the fracture
radius affects the end of the skin effect, the larger the fracture radius the longer the duration of
the skin effect created by the presence of the fracture. Radius also has a strong effect on the early
time performance of the matrix (magnitude and duration of transient flow). And the last flow

period is characterized by a slope -2.
6.2.2.3 Effect of Fracture Width, Z,

Results from the sensitivity analysis of the fracture width are in Figure 6-8. All the curves
in this figure have the same general characteristics except the homogeneous case ( Z,,, =1, red
curve). The conclusion from this analysis is that the fracture width has little or no effect on the

producing characteristics. Same as in 6.2.1.3.

6.2.2.4 Effect of Transmissibility Ratio, A4

Figure 6-9 presents the summary of the effect of the transmissibility factor. All the curves
on this figure exhibit two time scales. The first time scale is because production of from the
fracture while second time scale is because of flow from the reservoir matrix. At early time all
the curves converge to a single flat curve that represents the effect of skin (caused by the
presence of the fracture) and at intermediate time they begin to separate depending on the value
of the transmissibility ratio, 4. After which they all converge to a single curve with a slope of

two.
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6.3 Sensitivity Analysis of Model Parameters for the Constant Rate
Solution

In this section we present the result of sensitivity analysis of the constant rate solution.
The sensitivity analysis performed is a one at a time sensitivity study where we change a single

parameter at a time and leaving the other parameters at their respective values.

6.3.1 Approximate Early-Time Solution

This section presents the result of the sensitivity analysis of equation 6.50.

6.3.1.1 Effect of Storativity Ratio, ®

The storativity ratio @ is varied from 0, 10° , 10" and 1. The other parameters were
assigned as follows A = 10™*?, zp, = 10™ and rpe = 10°. The result of this sensitivity analysis is
shown in Figure 6-10, a log-log plot of g, VSt;. @=1 is a limiting condition that corresponds
to the homogenous case (solid red curve in Figure 6-10). It plots as at first as a half slope which
is followed by unit slope, typical of a single porosity solution. In this case the one-half slope line
indicatives transient flow in the reservoir matrix and the unit slope means the effect of the
boundary has become dominant in the flow. The other limiting condition is when ® = 0, this
physically means that the fracture is an infinite conductivity system (with zero storage capacity).
This condition is represented by the green curve in Figure 6-10. This figure starts with a one
quarter slope, then a half slope and finally a unit slope. The one quarter slope indicates
simultaneous transient linear flow in the fracture and reservoir matrix, the one half slope
indicates transient linear flow in the reservoir matrix and the unit slope indicates boundary
dominated flow. The other two cases shown in Figure 6-10 (dashed red, ® = 10 and the blue
lines, ® = 10™") lie within the two limiting cases. The @ = 107 case starts with transient linear
flow in the fracture and then transitions to another one half slope that indicates transient linear
flow in the reservoir matrix before it shows the boundary dominated unit slope. The case with ®

=107 also starts with a one half slope, fracture transient flow, then it changes to a unit slope,
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boundary dominated flow from the fracture then it transitions to another unit slope that
represents boundary dominated flow from the reservoir matrix.
Based on the results in Figure 6-10 we can conclude that as the value of the storativity

ratio increases, the behavior of the system gradually approaches that of the homogenous case.
6.3.1.2 Effect of Fracture Radius, Iy,

The effect of the fracture radius was investigated by setting the other model parameters as

follows: @=10", 1=10" and z,, =10". The fracture radius is then assigned the following

values r,, =10 , 10° , 10° and 10*. The result for this analysis is summarized in Figure 6-11.

All the curves in this figure have an identical shape, they start with a slope of one half (transient
linear flow in the fracture) and then it changes to a unit slope (boundary dominated flow in the
fracture) before it transitions in to another unit slope (boundary dominated flow from the
reservoir matrix. From this figure we can conclude that as the as the fracture radius increases the

duration of the transient flow from the fracture increases.

6.3.1.3 Effect of Fracture Width, Z;,
The dimensionless fracture width was varied as z,, =0 , 10° , 25x10™" and 1. The

other parameters for this analysis were assigned as follows o = 10, A = 10" and rpe = 10°. This
result for this analysis is shown in Figure 6-12 where it can be observed that the fracture width

has no significant impact on the solution.

6.3.1.4 Effect of Transmissibility Ratio, A

The transmissibility ratio is varied as A = 10'12, 10’8, 10* and 1. The other model
parameters were fixed as follows: @ = 10”,rpe = 10* and zpy = 10°. Figure 6-13 summarizes the
result of this analysis from which we observe that the transmissibility ratio only affects the time
that flow transitions from being fracture flow dominated to matrix flow dominated. For really
small values of the transmissibility ratio, fracture flow is the dominant flow while for larger

values; the flow is matrix flow dominant.
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6.3.2 Approximate Late-Time Solution

This section presents the result of the sensitivity analysis of equation 6.51. We used the
same parameters as those used for the early time approximation for the analysis presented below.

The plots are also log-log plots of dimensionless rate versus dimensionless time.

6.3.2.1 Effect of Storativity Ratio, ®

The effect of the storativity ratio on the late time solution is summarized in Figure 6-14.
The homogeneous limiting case (o = 1, green curve) started out almost flat after which it
transitions into a line with a slope of one. The second limiting case (o = 0, red curve) also started
almost flat then it became a line with a slope of one-half this is then followed by a slope with a
unit slope. The other two cases lie between the two limiting cases. The almost flat portion of the
curves is interpreted as the effect of skin created by the presence of the fracture. It is observed
that as the storativity ratio increases the effect of the fracture skin on the model predictions

increases.
6.3.2.2 Effect of Fracture Radius, I,

Figure 6-15 presents the results of the sensitivity analysis of the fracture radius on the
producing characteristics of the approximate late time solution. All the curves in this analysis
show the same general characteristic. They start out with a flat portion and then transition in to a
unit slope line. The larger the fracture radius the longer the duration of the skin effect created by

the presence of the fracture.
6.3.2.3 Effect of Fracture Width, Z,

Results from the sensitivity analysis of the fracture width are summarized in Figure 6-16.

All the curves in this figure have the same general characteristics except the homogeneous case (

Zp, =1, red curve). The conclusion from this analysis is that the fracture width has little or no

effect on the producing characteristics.
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6.3.2.4 Effect of Transmissibility Ratio, 4

Figure 6-17 presents the summary of the effect of the transmissibility factor on the model
forecast. The fracture skin effect is also observed in this figure and the transmissibility ratio does

not appear to have a significant effect on the producing characteristics of the model.

6.4 New Skin and Storage Equations

The approximate late time solution to the diffusivity equation when the fracture is

assumed to be circular and the wellbore is at a constant pressure is given as shown below:

f(s)
1- réeS;r () In(sf (s))}

where f(s)=w+ ’% tanh /@(1—4”0. Equation 6.52 gives the dimensionless
s

flow rate. Substituting for f(s) in equation 6.52 we obtain:

(6.52)

qD(S)‘[

o+ \IM(E ) tanh \/125(2* D 1-7.)
A (s)= 2 :

1_rD6|n[a)s + \//1(1_ )8 tanh \/125(1_ @) (1- ZDW)J{ws + \//1(1_ D)8 tanh \/125(1_ «) a- ZDW)}
4 o 1 12 A

(6.53)
Upon simplifying equation 6.53 we obtain:
[ 12s [12s(1-w) ,
q(s): w\]/l(l— )+tanhV ) (1-1z,,) .
[ g t=w)s, . [2si-o), 0o [ 12 fasi-a)
o) 4 In[ws+v T tanh\l ) @ ZDW)]{w\/E A(l_w)+stanh 1 @ sz)}
(6.54)

The solution to the 1D diffusivity equation in linear coordinates with storage and skin is given

below as:

—CD\/§+tanh [\/E}
\/§+§[—CD§/§+ stanh[xlgﬂ '

o (s)= (6.55)
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In equation 6.55 Cp and S are the dimensionless wellbore storage and skin factor, respectively.
Comparing equations 5.54 and 6.55, the following expressions can be defined for the

dimensionless wellbore storage and skin:

CDZw«/ s (6.56)
Al-w)

§=—rlzeln(cos+\/M tanh \/M(l— zDW)j. (6.57)
4 12 A

6.5 Summary and Conclusions

The conceptual model presented in this chapter is new because all existing analytical
models for fractured reservoirs assume that the fracture geometry is quadrilateral in shape while
in this study we have assumed a circular geometry. The resulting mathematical model is identical
to those presented by Da Prat (1981) and El-bambi (1998) but the physical interpretations of the
model are quite different. A thorough review of the literature also revealed that the analysis of
the resulting mathematical model in the manner presented in this study has never been done
before now.

The resulting mathematical model was solved using the Laplace transform method
(Kreyszig, 2006) and the solutions were obtained for a constant inner boundary and a constant
pressure inner boundary condition. The constant inner rate boundary condition solution was
obtained from the constant pressure inner boundary condition by using the relation provided by
Hurst and van Everdigen (1944). The two solutions contained a combination of Bessel functions,
and the combination was such that the final solutions cannot be inverted back into real time
space to obtain a closed form analytical expression. Real time solutions can be obtained by
numerically inverting the solutions using a numerical inversion algorithm such as the Stehfest
algorithm (Stehfest, 1970).

We derived limiting forms of the solutions for early time and late time by using the

Taubarien result for Laplace space, Lake (1973) and Bourgeois (1992); and approximate
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representations of the Bessel functions. All the limiting solutions derived have a striking
similarity to the corresponding solutions for the linear/quadrilateral fractures. However the
approximate solutions presented had extra terms that provide new functional expression for skin
and storage effects. The importance and utility of these expressions are presented in the next
chapter. Further analysis of the solution also revealed that the late time solutions should be equal
when the area per unit volume in the radial case is equal to that of the linear/quadrilateral case.
When this condition is satisfied, the results are identical across the early and late time periods.
This observation contradicts the results presented by Bello (2009) where it was stated that the
area per unit volume should be equal for the solutions to be identical. The solution they
presented only matched during the transient flow period.

In addition we performed a detailed sensitivity analysis on the approximate
expressions/models to understand how the model parameters affect the producing characteristics

obtained from these models.
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Figure 6-1: Hydraulically fractured horizontal well with a perpendicular fracture that has a circular shape
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Figure 6-2: Effect of storativity ratio on the producing characteristic of a fractured horizontal well with a radial fracture
geometry for the constant pressure inner boundary condition
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Figure 6-3: Effect of fracture radius on the producing characteristic of a fractured horizontal well with a radial fracture
geometry for the constant pressure inner boundary condition
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Figure 6-4: Effect of fracture width on the producing characteristics from a fractured horizontal well with a radial
fracture geometry for the constant pressure inner boundary condition
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Figure 6-5: Effect of transmissibility ratio on the producing characteristics from a fractured horizontal well with a radial
fracture geometry for the constant pressure inner boundary condition
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Figure 6-6: Effect of storativity ratio on the producing characteristic of the approximate late time solution for a fractured
horizontal well in which the fracture geometry is radial for the constant pressure inner boundary condition
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Figure 6-7: Effect of fracture radius on the producing characteristic of the approximate late time solution for a fractured
horizontal well in which the fracture geometry is radial
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Figure 6-8: Effect of fracture width on the producing characteristic of the approximate late time solution for a fractured
horizontal well in which the fracture geometry is radial for the constant pressure inner boundary condition
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Figure 6-9: Effect of transmissibility ratio on the producing characteristic of the approximate late time solution for a
fractured horizontal well in which the fracture geometry is radial for the constant pressure inner boundary condition
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Figure 6-10: Effect of storativity ratio on the producing characteristic of the approximate early time solution for a
fractured horizontal well in which the fracture geometry is radial for the constant rate inner boundary condition
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Figure 6-11: Effect of fracture radius on the producing characteristic of the approximate early time solution for a
fractured horizontal well in which the fracture geometry is radial with a constant rate inner boundary condition
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Figure 6-12: Effect of fracture thickness on the producing characteristic of the approximate early time solution for a
fractured horizontal well in which the fracture geometry is radial with a constant rate inner boundary condition
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Figure 6-13: Effect of transmissibility ratio on the producing characteristic of the approximate early time solution for a
fractured horizontal well in which the fracture geometry is radial with a constant rate inner boundary condition
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Figure 6-14: Effect of storativity ratio on the producing characteristic of the approximate late time solution for a
fractured horizontal well in which the fracture geometry is radial with a constant rate inner boundary condition
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Figure 6-15: Effect of fracture radius on the producing characteristic of the approximate late time solution for a fractured
horizontal well in which the fracture geometry is radial with a constant rate inner boundary condition
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Figure 6-16: Effect of fracture thickness on the producing characteristic of the approximate late time solution for a
fractured horizontal well in which the fracture geometry is radial with a constant rate inner boundary condition

167



—_
=}
"
5
T
|

th

—_
=}
©
T

Dimensionless wellbere Pressure, PwD
=
T

w

| |
10° 10" 10
Dimensionless time, tD

H
on

15

—
=]

Figure 6-17: Effect of fracture thickness on the producing characteristic of the approximate late time solution for a
fractured horizontal well in which the fracture geometry is radial with a constant rate inner boundary condition
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Chapter 7: Modeling the Performance of Complex Hydraulic
Fractures

Production data from fractured horizontal wells have been observed to plot as
straight lines with a slope of negative one and half (-1/2) when plotted on a log-log graph
of rate vs time. This production signature is identical to that obtained from the analytical
solution to the linear diffusivity equation in which flow occurs perpendicular to a fracture
face at constant pressure. Because of this observation, production data from fractured
horizontal wells are typically modeled with solution to the linear diffusivity equation
where it is assumed that the fracture is perpendicular to the wellbore. Hurst and van
Everdingen (1945) showed that at very early time the solution of the radial diffusivity
equation also plots as a straight line with a slope of -1/2 on a log-log plot of rate vs time.
This observation raises the question: are there other geometries that can be used to model
production from fracture horizontal wells?

In this chapter we present a fundamental solution to the three dimensional
diffusivity equation and show how to use this solution in conjunction with line, surface

and volume integral concept to derive an analytical solution to any fracture geometry.

7.1 Analytical Model Development

The conceptual model used in the model development is presented in Figure 7-1.
The diffusivity equation for this system, the initial condition and the associated boundary

conditions are given as shown below:

op_o°p ko*p k o'p dop - ' ' '
¢f(lq Ep: 6x§ -'_k_y 8yE -'_k_Z 825 +;kﬁqi5(x_xi)5(y_ yi)é'(Z—Zi), (7.1)

p(x,y,2,0)=p,, (7.2)
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Vp(x,Y,z,t) =0, on the boundary . (7.3)

We make the following assumptions in the model development:

1. Flow is single-phase and slightly compressible,

2. Flow occurs in the reservoir isothermally.
In equation 7.1 ky, ky and k; respectively are the principal values of permeability in the X,
y and z directions. And q” is the flow rate per unit volume of the source. N is the total
number of point sources in the reservoir, when the reservoir only has one source then N =
1. 6 is the dirac delta function (Kreyszig, 2006). x;, y; and z; are the coordinate locations
of the point source i. Equation 7.2 is the initial condition that states that at time t = 0, the
pressure everywhere in the reservoir is equal to the initial reservoir pressure p; and
equation 7.3 is the boundary condition that states that there is no flow across the reservoir
boundary. We proceed to solve this equation by the Green’s function method for a point
source (N = 1) to obtain (the detailed derivation of this solution is available in appendix
B); the Green’s function is the integrand in equation 7.4.

The definition of the dimensionless variables in equation 7.4 are given as:

k.t : . :
t, = —2— : Dimensionless time
guc, L,
=P, ,
Po = M: Dimensionless pressure

q uls

X . , , N
Xp = T : Dimensionless distance in the x direction

X

Vo = Ll : Dimensionless distance in the y direction

y

Z . . . : : N
Z, = r: Dimensionless distance in the z direction

Z
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kx_ z

Po (XD,yD,ZD,tD [ %, yID’ZE):

_tD

1 e—(mzr)z Tt }

2
m°4,,

1_ ef(k”)z o) j|
k*Z,

1- e—[nﬂmzﬁdnzt,} :|

2, 2
n°+m4,
_1 e—[mzzxy +k22,, }thD :l

2 2
m°4,, +k°4,

‘1 e[num}ﬂztﬂ

2 2
n“+k°A,

|:l B e—[nz +m2 Ay +k }nztD i|

2 2 2
n®+m4, +k°4,

2
L } : Transmissibility ratio in the x — y direction

2
} : Transmissibility ratio in the x — z direction

Cos(nzx,)Cos(nzX, )

Cos(mry,)Cos(mzy,)

Cos(kzz,)Cos(kzz,)
Cos(mry,)Cos(mzy,)Cos(nzx,)Cos(nrx,)
Cos(mzy, )Cos(mzy, )Cos(krz,)Cos(kzz,)

Cos(nzy,)Cos(nry,)Cos(krz,)Cos(kzz,)

Cos(mry, )Cos(mzy,)Cos(nrx,)

Cos(nzx,)Cos(kzz, )Cos(kzz,)

(7.4)

Equation 7.4 is the fundamental solution to the 3D diffusivity equation with a point

source. By combing this solution with the method of line integrals, the solution to any

fracture geometry can be constructed. Figure 7-2 presents the solution given by equation

7.4 for a point source located at x, =0.5,y, =0.5 at a t, value of 0.2. The result in
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Figure 7-2 is for a 2D case where equation 7.4 was integrated over the z-direction to

obtain equation 7.5.

zi[l e |

pD(XD'yD'ZD’ XD’yD 2
T

1_e—lxy(m/r)2tD }
2 [
+_22 2

cos(nzX, ) cos(NzXy)

n=1

cos(mzy,)cos(mry,) . (7.5)

cos(mry, ) cos(mzy, ) cos(nzx, ) cos(nzX,)

2 2
7owana hT+miA,

7.2 Validation of the Solution

The solution and method presented are validated by comparing the solution
derived from with this method with existing standard analytical solutions. For this
exercise, the solution to the 1D diffusivity equation in Cartesian coordinate (with
constant rate inner boundary condition) is used for the validation. Wattenbarger et al.

(1998) presented the analytical solution for this case as:

1 2
Puo (X5.5) :ED ?Z - [ ‘””‘D}cos(nnxD). (7.6)

The equivalent solution is derived from equation 7.4 by integrating it over the yp and zp
direction, that is, p,p = I:I: pD(xD’yDyzthD | X5, y;j,zl'j)dyl'adz;D . After evaluating this

integral, the solution is obtained as:

Po(Xots 1 Xp) =to +— cos(nzx, ) cos(Nzxy) . (7.7

T n=1

o [1-e "
2 s[i-e]
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The plane source is located at X, =0.5, therefore cos(n;zx'D)=cos(n77[)=(—1)" and

equation 7.7 can be re-written as:

2 D e
P, (Xt :0.5) =t + ZZ( 2) [ tD}cos(n;sz) (7.8)
P
Equation 7.8 is the solution for the case where the fracture plane is located at the mid-
section of a square/rectangular geometry while equation 7.6 is for half of the same
geometry. Equation 7.8 is therefore divided by two to get the equivalent solution and it is

shown below:

vy t 1 S ( 1)“ —n’x b
pWD(xD,tD.xD:O.S)=?D ?nz - [ k Jcos(n;sz) (7.9)
By comparing equation 7.6 and 7.9 it is found that they are identical hence, the

fundamental solution and method is validated.

7.3 Example Solutions for Complex Fracture Geometry

This section presents example application of the solution presented above to the
derivation of the solution for complex fracture geometries. The geometries considered in
this section are: Planar fracture with a partial fracture length, planar fracture that

intersects the wellbore at an angle of 45 degrees and a curved/circular fracture.

7.3.1 Fully Penetrating Transverse Fracture with a Partial Fracture Length

The solution for this case is obtained by integrating equation 7.4 with respect to

z, from 0 to 1 (this creates a fully penetrating fracture). To obtain a partial fracture

length, we integrate from Vo1 to Yoo that is,
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Co Yoo [t N A .
Po (Xo1 Yo Zpts - %51 Yo Zp) :J'y,m Io Po(Xp» Vo1 Zpts - Xp, Yp)dzpdy, . The  solution
obtained is given below:
Po (o1 Yo Zo:to X0, Yo) =to [ Yoo — You |

+ZZ°°: cos(nzXy)cos(nzxg) [Yoz B y'm][l— o1t }
n=1

(nz)

= cos(Mzyp)r . : . - [ Ay (mzz)ztD:|
+2Y ———=221sin(mx —sin(msz l1-e ™
mz=1 /1xy(m7f)3 I: ( yDZ) ( yDl):I .

(7.10)
cos(mry,)cos(nzX, ) cos(nzXy)
© o 2 2 3
+4ZZ m[n +4,,m }7:

m=1n=1 I:SIn(mﬂ_y;Dz) _ S|n(m7[y;31)j||:1— ef[nZ +ﬂxym2 };;2’[0 :|

The pressure distribution given by equation 7.10 at tp = 0.05 with integration limits

from y,, =0.215 to y,, =0.785 is shown in Figure 7-3.

7.3.2 Planar Fracture Inclined to the Wellbore at an angle of 45 Degrees
The solution for this case is obtained by using equation 7.4 the line integral

concept. Mathematically the solution is derived by evaluating the following integral

. C %p2 (L . L .
pD(XD’ yD’ ZD’tD : XD’ yD’ ZD) = IX‘Dl IO pD(XD’ yD’ ZD’tD : XD’ yD’ ZD)dZDdS (7'11)

. T2
where dS = 14{%} dx, . To obtain a planar fracture that is inclined at an angle of ©
XD

to the horizontal we must have y, =ax, +c. Substituting for dS and y, in equation

7.11 and evaluating the integral we obtain:
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Po (Xo: Yoo Zp o to 1 X5) = to (Xo, — Xo, )N1+ @2
+241+a’ i%[sin(nﬁxgz) —sin(n;rx'Dl)][l_ e ()t J
n=1 nzx
+241+ a2 iwﬂygg[sin(mﬂ(axgz +¢)) —sin(mz (axp, + c))][1_ o (M)t J
T

m=1 a vy

(7.12)

sin(z(am—n)xp, +mc) . sin(zz(am+n) Xy, + mc)
am—n am+n

+4ii {sin(ﬂ(am ~N)¥g M) sin(z(am +n)xp, + mc)}
m=1n=1 am-—n am-+n

cos(mzy, ) cos(nzx

[n*+2,m*]7°

o) [sin(mﬂy'Dz) - sin(m%ygl)][l— g [ Ao %o }

To obtain the solution for a planar fracture inclined at an angle of 45° to the horizontal

wellbore, we set a = 1 and ¢ = 0 in equation 7.12 and the integration limits are x, = 0.3

and X, =0.7. The pressure distribution at tp = 0.05 for this case is given in Figure 7-4.

7.3.3 Circular/Curved Fracture

For a circular/curved fracture, a parametric representation of a circle is applied.

The parametric relationship used is given by:
X, =a-+rcos(t), (7.13)
Y, =b+rsin(t). (7.14)
0<t <2x. Inequation 7.13 and 7.14, a and b, respectively, are the x and y coordinates

for the center of the circle, r is the radius of the circle and ¢’ is the parameter. For this

parametric  representation  the  differential arc length is given as

. 2 . 2
ds :\/(%D] +(dstDj dt = rdt. Upon substituting for x,, Yy, and dS in equation 7.11

and evaluating we obtain:
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P (Xo Yo Zo o | X5, Vo 7o) =1 [} 1ot

2 Cos(nzx,)Cos(nz (a+ rcos(t)))rdt

1=t

R [1— g (M) iyt }
=l 2

2
1 m=1 m /’ixy

) [1_ I +mﬂxy}ﬁtb:|

z T /1 Cos(mzy,)Cos(nzx,)

m=1

Cos(nz(a+ rcos(t)))Cos(mﬂ(b +rsin(t)))rdt

-(n7)to
=], 2

N

(7.15)

Cos(mry,)Cos(mz (b + rsin(t))rdt -

EIN| N

Ms

4 J‘tz
7r2 Lt

1]
iN

n

The result of evaluating equation 7.15 is shown in Figure 7-5, where the integration limits
are t, =z and t, =27, the center of the circle is located at (a,b)=(0.5,0.8)and the

radius of the circle is 0.36.
7.3.4 Sinusoidal Fracture

In order to construct the solution for a sinusoidal fracture the relationship between

the coordinates of the point source solution is given by;

Y, =a-+bsin(cx,). (7.16)

The differential arc length is therefore dS = \/l+(bccos(cx;3))2dx5 after substituting in to

equation 7.11 the solution is found to be given by:
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Po (%0.Y0. 2010 1 X0, Y5125 ) =t j J1+ (becos(ex) ) dx,

e [1_e (n7z) tD:|
+£J‘ ) —COS(WIXD)COS(nﬂx'D)\/1+(bccos.(cx'D))zdx'D

72 oy & n
| [1 _ o ™) Ayt }
X & . , . L (7.17
+%J'X, ZmZ—COS(mﬂyD)Cos(mﬁ(a+bsm(ch)))\/1+(bccos(ch))zde (7.17)
o1 Xy

|:1 _ e—[nz +m? 2, }n'ztD j|
+izj:52 ii n’ +m?a,,

T Pl n=im=1
Cos(mz(a+ bsin(cx'D)))Cos(nﬂx'D)\/lJr (bc cos(cx'D))zdx'D

Cos(mzy,)Cos(nzx,)

The pressure distribution obtained with this solution is shown in Figure 7-6. The

parameters used for this solution are given as follows a = 0.5, b = 0.25 and ¢ = 30.
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Figure 7-1: Schematic representation of a reservoir as a cube with two point sources
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Figure 7-2: Pressure distribution created by a point source in a reservoir (tp = 0.2) with the source located at xp, = 0.5 and yp = 0.5

179



Dimensionless distance, ¥

Dimensionless pressure, R,

=
ot
D

o
i

0.08} -
0:064 500 B -
0.04+% PR .

0.02

Dimensionless pressure, PD

0 02 04 06 08 1
Dimensionless distance, y

0_12 ........................................................................
0.1 0.2+
008l | 0.08
0.061 014 _ 0.06
0.08k - | R 005 e R0.04

5 ? § 5 0. ;
0‘02_5 ........... QIO B 1 g 1 0.02

' : : : : f 0.5 0.5

00 02 04 06 08 1 Dimensionless distance, y, g9 Dimensionless distance, x|

Dimensionless distance, X,
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Chapter 8: Summary, Conclusions and Recommendations for Future Work

This chapter provides a summary of the worked presented in this dissertation and the
conclusions derived from the results obtained. This chapter also highlights some ideas for future

work.

8.1 Summary

As stated earlier, recent advances in horizontal well drilling and hydraulic fracturing has
made unconventional reservoirs economic so much so that it is projected much of the future
energy demand is going to be met by production from unconventional reservoirs. Application of
existing models for predicting production rate and reserves to unconventional reservoirs show
that they are not accurate and result in unrealistic values of reserves (infinite values) and a lot of
uncertainty in forecasts. These limitations of existing models make it difficult to make optimal
field development planning decisions and can result in significant loss in project value. This
dissertation developed new and simple analytical models that overcome the limitations of
existing models in forecasting rate and reserves from unconventional reservoirs.

In order to achieve the main objective stated above, the following primary objectives
were defined:

1. Understand the decline behavior and producing characteristics of oil wells by carefully and
thoroughly analyzing production data from unconventional reservoirs to identify the
predominant flow regimes and producing characteristics from these reservoirs.

2. Investigate the existence of any relationship between empirical model parameters and
reservoir and/or well completion properties. The two empirical models considered in this
study are the parallel flow and the logistic growth models. These two models were chosen
because they have a finite upper limit when time approaches infinity, thf?o :

3. Develop “simple” analytical and physics based models that describe and predict the

production rate performance of unconventional oil wells/reservoir. To this end, an
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1.

approximate analytical solution, in real time space, to the double porosity model was
developed.
Verify the ability of the models developed to accurately predict the performance of
unconventional wells/reservoirs with synthetic data and show their utility by applying it to
field data.
Present new analytical models that can be used to model the performance of fractured

horizontal wells with complex geometries.

8.2 Conclusions

The result obtained from this study has led to the following conclusions:

A detailed analysis of production data from an unconventional oil reservoir revealed that the
production performance of these reservoirs are highly variable and that there are multiple
time scales in the production data. Furthermore, model based analysis, revealed that the
logistic growth model and parallel flow model fit the production data very well and that the
parallel flow model accounts for the time scales observed in the data while the logistic
growth model does not. The result of an analysis of the relationship between empirical model
parameters and the reservoir/well completion properties was used to develop correlations
between model parameters and reservoir/well properties. These correlations were developed
with design of experiment and multivariate non-linear regression. These functions are only
valid within the range that was used to develop them and any application should put this fact
in consideration before use.

A new conceptual model for parallel flow in unconventional reservoirs and the associated
mathematical model was presented and solved. The new model was shown to accurately
model the decline behavior of fractured horizontal wells in unconventional reservoirs. A
detailed sensitivity analysis was performed on the model from which it was determined that
the storativity ratio has the greatest influence on the performance of the first time scale while

the permeability ratio has the greatest effect on the performance of the second time scale.
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3. An approximate analytical solution to the double porosity model, in real time space, was
developed and applied to modeling production from unconventional oil reservoirs. The new
solution was shown to have model parameters that are functions of the reservoir and well
completion properties and it also accounts for the multiple time scales observed in field
production data. It also results in finite values of reserves when time is extrapolated to
infinity. Therefore, the new model overcomes the limitations of existing empirical models. It
was also shown that the model parameters can be used to estimate the drainage volume of a
well; with a potential application for in-fill drilling and well spacing optimization studies.
The closed analytical form of the solution also makes it suitable for field development
optimization studies that account for uncertainties in the reservoir/well completion
properties.

4. Most solutions used to model production from fractured horizontal wells in unconventional
formations assume the fractures to have a linear/quadrilateral geometry. New solutions were
presented for the case where the fracture is assumed to have a circular geometry and bounded
(no flow) at the external boundary with constant pressure and constant rate inner boundary
conditions. These solutions were obtained with Laplace transforms method. Using special
properties of these solutions and the Laplace transform space; approximate late and early-
time solutions were obtained. The early-time solution obtained was identical to that obtained
for the case when a linear/quadrilateral fracture geometry is assumed while the approximate
late-time solution lead to the development of new analytical functions for skin and storage. A
sensitivity analysis also revealed that the late-time solution produces a profile identical to
that observed in field production data, especially at early time; this part of the data is usually
ignored by existing models. The new skin and storage models provide a new insight into how
to decouple the product of fracture half-length and the square-root of permeability.

5. Lastly, while it has been shown experimentally that hydraulic fractures have very complex
shapes/geometries, all the solutions that have been presented to model production from these

wells assume the fractures to have simple planar shapes/geometries. A new method was
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presented to model production from fractures with complex shapes/geometries. The new

method was derived by combing a fundamental solution of the diffusivity equation (obtained

with Green’s functions) with the method of line/surface/volume integrals. The method was

shown to reproduce existing analytical solutions with simple fracture shapes/geometries and

then extended to produce solutions for very complex fracture shapes/geometries.

8.3 Recommendations for future work

Below is a summary of ideas recommended for future work;

1.

A simple rate-time model was developed for forecasting rate and reserves in
unconventional oil reservoirs. Because this model is analytical and the parameters are
functions of the reservoir/well properties and it accounts for the multiple time scales that
these wells exhibit, it is ideal for use in integrated asset models (IAM) for unconventional
reservoirs. IAM can be used in field development optimization studies to answer
questions about the optimum well spacing, optimum number of wells and infill well
location problems that account for uncertainties in input parameters/properties.

The capacitance resistance model (CRM) can only be applied to fields or wells that have
attained stabilized flow. Some of the results presented in this work can be extend to the
development of a CRM for unconventional reservoirs because it is valid for early and late
time flow and across time scales.

A major problem in reserves forecasting from unconventional reservoirs is that it is
impossible to decouple the product of fracture half-length and the square root of matrix
permeability from early time production data only. One of the reasons for this is that
early time production data is often assumed to be strongly affected by wellbore/fracture
storage and skin effect. As a result they are not included in the analysis of production
data. The result presented in chapter six gave explicit functions for storage and skin that

are functions of the fracture/reservoir/well properties. These functions can be further
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analyzed for the possibility of decoupling the product of fracture half-length and the
square root of permeability.

A systematic method should be developed for analyzing flow back fluids (multiphase
flow of gas, oil and water) to estimate fracture half-length and matrix permeability.
Processed micro-seismic data show that when horizontal wells in unconventional
reservoirs are fractured, the recorded rock shear/slip events occur as discrete points in the
reservoir. With this observation it might be possible to treat each point as a source. The
Green function solution for multiple point sources can then be used to model the
production behavior from these well/reservoirs. This might eliminate the need to
explicitly define a fracture half-length when making performance predictions. A study to
investigate this further might be a worthy endeavor.

There has been much discussion in the reservoir engineering community that the simple
models (DCA models) that are being developed are unreliable because they don’t
account for all the mechanisms that are believed to govern flow from unconventional
reservoirs. Ozkan (2010) and Bumb and McKee (1998) respectively have published
results that show that these secondary physics (desorption and stress dependence of
permeability/porosity) do not change the production rate profile. And existing methods in
well testing cannot decouple the contribution from each secondary flow mechanism.
Many studies are currently being conducted to understand how the different processes
affect production but none has attempted to systematically decouple the effects of the
different secondary phenomenon. A study to develop a systematic method of decoupling
these effects from production data would be very useful in rate and reserves forecasting
in unconventional reservoirs.

It has been reported that the recovery factor from unconventional reservoirs is about
fifteen percent. This number is very small. Several studies have been conducted to
improve the recovery factor in unconventional oil reservoirs by using the CO; huff and

puff process. In unconventional reservoirs hydrocarbons are stored as free and adsorbed
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hydrocarbons. Existing enhanced oil recovery techniques mainly target the free
hydrocarbons; new methods should be developed that specifically target the adsorbed

hydrocarbons.
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Appendix A: Analytical Solution to the 1-D Linear Flow Problem

This appendix presents the analytical solution to the 1-D diffusivity equation in linear
coordinates. The solutions presented are for a constant pressure inner boundary and the constant
rate inner boundary condition where both solutions have a sealed outer boundary (inner as used

here refers to the fracture face).

Al Constant Pressure Inner Boundary Condition

The 1-D partial differential equation (PDE) that controls flow for the conceptual model

shown in Figure A-1 is given below in dimensionless form:

2

0 P'g =%1 (A1)

oX,~ Oty

P, (X5,t, =0) =0, (A.2)

L 0, (A.3)

OXp Y00

P,Lt,)=1, (A.4)

where the dimensionless variables are defined as:
p, =P (A5)
pf - pi

. (A.6)
¢1UCt (vaf Xe)

X, = e (A7)
wa - Xe

Applying Laplace transforms to equation A.1, its initial condition and associated boundary
conditions and it becomes an ordinary differential equation (ODE). In these set of equations the

over-bar is used to represent Laplace space variable and s is the Laplace space parameter.

R (A8)
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P, (%5,5=0)=0, (A.9)

ZPD N (A.10)
Xp Xp =0

= 1

Po(Ls) =7 (A1)

The solution to this ODE is given by:
P, (Xp,8) = Asinh[xD\/g] + Bcosh[xD\/g] (A.12)

Next the boundary conditions are used to determine the constants (A and B) in this solution.

Using the no-flow boundary condition; we determine A to be equal to zero.

dP, (s)
dx,

:Axfgcosh[xD«/g]+Bxﬁsinh[xD«E]:O, (A.13)

Xp =0

= A=0. From the constant pressure boundary condition, B is determine to be given by:

P, (Ls)= Bcosh[xD\E} = l (A.14)
S
=B= ;. Therefore the Laplace space solution to the PDE is obtained to be:
scosh[\/g }
_ cosh[xD \E }
Pp=—+— -, (A.15)
scosh[\/g ]
From a table of inverse Laplace transforms, the real space solution to the PDE is obtained as:
n (2n-1)7 2
N e R
P.(x,,t.)=1+—) —*e cos| ———X, |. A.16
D ( D D) P HZ:]:- 2n _1 2 D ( )

This is the complete solution to the problem. It is valid during both the early time (transient)
and late time (pseudo steady state) flow periods. At large values of the argument in the
exponential term (late time) this solution can be approximated by keeping the first term of the

solution. For early time flow, more terms of the solution would be required.
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A.1.1 Derivation of an Approximate Analytical Solution for Production Rate

Using equation 6.16, the dimensionless production rate at the fracture face (Xp) is

obtained as:

— dl:)D

% (to) = 3> (A.17)

Xp =1

By inspecting equation A.17, it is observed that all the terms of the series are positive. The

exponential term has two coefficients sin(zn%)” and (—1)™. For odd values of n sin@ is

+1 (positive 1) and (—1)™ is -1 (negative 1). As a result the product of these two coefficients is
always negative. When the product of these two coefficients is multiplied by the negative sign
outside the summation, it is realized that all the terms of this solution are always positive. This

observation is made clearer in the Table A-1.

Therefore, the dimensionless production rate can be simplified as shown below in equation

A.18:
(A.18)

The infinite sum in equation A.18 is eliminated by using the Riemann integral (Abbott,

2001), which is simply approximating the discrete sum with a continuous integral. If we write

(@n-Dmytp
2

the first term of equation A.18 and then let z = the dimensionless production rate

(equation A.18) can be re-written as:

7 ¢ e—§2
Ih(ty)=2e * +lim2 t d¢. (A.19)
D

=z
Z—0
3 Eﬂf
§=§”\/§

After evaluating the integral in equation A.19, the dimensionless production rate can be

written as;
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2ty erfc[gﬂ\/t:}
U(ty)=2e * +—=F——.
\AﬂtD

The first term of this solution corresponds to the boundary dominated flow regime while the

(A.20)

second term accounts for the early time flow regime.
This approximate solution is validated through numerical simulation. The input to the

simulation model is presented in Table A-2 below

Figure A-2 shows a plot of the approximate analytical solution (equation A.20), the
transient solution, pseudo steady state solution and the solution from numerical simulation. From
this figure it is observed that the approximate analytical solution provides a good match to the
numerical solution. It is further observed that this solution covers the early time and late time
flow periods. The exact solution for the early time and late time boundary conditions are also

shown on this figure. The approximate analytical solution is therefore validated.

A.1.2  Derivation of an Approximate Analytical Solution for Average Reservoir
Pressure

The average reservoir pressure (volume weighted average) is defined as:

_[pdv
p(t) B V_[dv '

v

(A.21)

For the geometry shown in Figure A-1, v=2X,hx, and dv =2x,hdx; . From equation A.16, the
[@n-0)z]

0 _ n %) _
dimensionless reservoir pressure is, PD(xD,tD):1+—Z( Y e H i } Los[%x%

Therefore,

)’ ‘H(zn;mr } 2n—1
B j 1+4 n12n 1 cos[(nz)ﬁ D}de

LXD 2x, hdx,,

(A.22)
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where p, isthe dimensionless average reservoir pressure. Performing this integration results in

23|n(Mg)

o n 2n 2 2%t
_4 > (-1 . At
|X Vs n:1(2|’l—l) 2n-Yr
J— g D
Py (t,)= L+ L (A.23)
° ( D) 1- XD 1- XD
i i (—1)" e7(2n—1212,[2tD |:Sm((2n_1)ﬂ-) sin ((Zn 1)7TX ):|
— 1-x, 7 |"(2n-1) 2
t =
pD(D) 1_XD+ 1-x,
(A.24)
At the outer boundary, X, =0 therefore the equation A.24 simplifies to
_ g (_1)n 7(2n—1)27r2tD - [(2n-1)72’:|
t,)=1+— e 4  sin|—2— A.25
Polto) =1+ 252 o0y > (A25)

As with the rate equation, the terms of the infinite series are always negative therefore equation

A.25 can be rewritten as

(2n- 1)2 7ty

Z © (A.26)
n= 2n 1

8
o

2n=1)zt
If the first term of the summation is written and we let z :%, dz =7z\/t:dn and

2 .
(2n-1) = Z equation A.26 then becomes
T /tD

z 72

— 8| "o e :
pD(tD)zl——2 e * +lim j 17 nt2 (A.27)

I—>
T 303

Evaluating the integral,

_ 77[21[)
pD(tD):l—i2 e * +Iim@{— 7

(A.28)

T Z—>w

—74tp
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After evaluating the limits equation A.28 simplifies to

9 »
— Ay g Tat } 3
pD(tD)zl—i e 4 42 - ZDerchﬂ\E} (A.29)

Equation A.29 is the average dimensionless pressure in the reservoir for a constant pressure inner
boundary condition for linear flow in 1D.
A2 Constant Rate Inner Boundary Condition

The solution for the constant rate inner boundary condition can be obtained from the
constant pressure inner boundary condition by using the identity provided by Hurst and van

Everdigen (1949). This relation is shown below. It is only valid in Laplace space.

5 (8) =2_; (A.30)

qp is the constant pressure solution and _wa is the constant rate solution. From equation A.15

the dimensionless production rate in Laplace space is obtained as shown below:

_ n anh \/E
qD(S):ddF))(D| :t «/[g ]

Xp =1

Therefore, the constant rate solution at the wellbore is obtained as shown below:

_ coth «E
wa(S)Z—tsgg ]

Equation A.31 can be inverted back to real space by using the convolution property of Laplace

(A31)

transforms to obtain

t 1
wa :?D _22

1-e " )cos[nr] (A.32)
7t n?

Next the infinite sum in equation A.32 is eliminated. Using the same argument as

explained in Table A-1 equation A.32 can be re-written as
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(A.33)

The infinite sum is eliminated by approximating it by using a Riemann integral. Let
2

z z
z=nr\lt, , dz=r\ftydn, n:ﬂ\/t_and n=——
D

Tl

Then the solution becomes

1, r[1e"]
Pollo) =+ i | =

n=1

e

+ \E{\/;erf [£]+ %}

z

7o

~t§+!‘l§_€_$"} J_{ferf[p——«/_erf[”f] J_H

Taking the limit as z tends to infinity, the expression simplifies to
tD 1 g
=D (erfc[nf]

This can be further simplified to give the complete approximate solution as

z%+[12—_m} (erfc[nf]

(A.34)
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Table A-1: Summary of coefficients in the series solution of the dimensionless flow rate forn=1to 5

n (-1)"  Sin((2n-1)n/2) (-1)"xSin((2n-1)n/2) -1x(-1)"x Sin((2n-1)m/2)
1 -1 1 -1 1
2 1 -1 -1 1
3 -1 1 -1 1
4 1 -1 -1 1
5 -1 1 -1 1

Table A-2: Numerical reservoir simulation input for the validation of approximate analytical solution to 1D

flow problem
Simulator Input Value
k (md) 25
Xs (ft) 275
® 0.3
u(cp) 2
ci(psi™) 2.9E-5
L (ft) 2500
Pur (psi) 1000
Pi (psi) 5300
h (ft) 50
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Figure A-1: Schematic diagram of a horizontal wellbore with planar hydraulic fracture
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Figure A-2: Validation of approximate analytical solution to the 1D flow problem with numerical simulation
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Appendix B: Solution to the Three Dimensional (3D) Diffusivity Equation

The solution to the 3D diffusivity equation with a point source is presented in this
appendix. The solution presented is a fundamental solution. This solution can be used to obtain
the solution to any arbitrary fracture shape using a line, surface or volume integral.

The diffusivity equation in 3D is given below:

duc op _0°p Kk °p k o°p

= . B.1
k, ot ox* k oy* k, oz’ B
The associated initial and boundary conditions are:
p(x,y,2,0)=p;, (B.2)
oo _d g 9
dX x=0 dX X=L,
dpy _9p =0, (B.4)
dy y=0 dy y=L,
dpl _dp| g (B.5)
dz|,., dz|,_,

Equation B.1 is the diffusivity equation in 3D Cartesian coordinate. Equation B.2 is the
initial condition that states that at time t = 0, the pressure everywhere in the reservoir is equal to
the initial reservoir pressure, p; and Equations B.3 — B.5 are the boundary conditions that states
that there is no flow across the reservoir boundary. We proceed to solve this equation by the
Green’s function method (Baker and Sutlief, 2003) for a point source; as a result the problem is

re-formulated as shown below

¢ﬂ0t@_52p+k_yazp+ﬁaz
k, ot ox* Kk, oy* Kk, oz

E+kﬁqi*5(x—x')5(y—y')5(2—2')5(t—t'), (B.6)

X
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In equation B.6, g is the source strength per unit volume (or area in 2D) of the source and & is
the Dirac delta function. The x', ¥ and z' are the coordinate locations of the source. The initial
and boundary conditions remain the same as in equations B.2 — B.5.

In dimensionless form these set of equations become:

o, O°p o°p i T , , . .
8t_§: 6x§D +2, ayéD +, azéD +k_xqi§(xD—xD)(S(yD—yD)(S(zD—zD)cS(tD—tD), (B.7)
pD(XDlyD’ZDiO) :O1 (B8)
dpo|  _dpp| g (B.9)
dx, 4o =0 dx, vt
dpo|  _dp -0, (B.10)
dyD Yp =0 dyD yp=1
dpol  _dpo| . (B.11)
dz, 100 dz, _—

The dimensionless variables and parameters are defined as follows:

t, = kit > . Dimensionless time
puc, L,
Py = M Dimensionless pressure
q ub,

X . : , N
Xp = T : Dimensionless distance in the x direction

X

Vo = Ll : Dimensionless distance in the y direction

y

Z . . . : : N
Z, = r: Dimensionless distance in the z direction

4

2
= —y{%} : Transmissibility ratio in the x — y direction
y
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2
A, = —Z[%} : Transmissibility ratio in the x — z direction

Z

To solve the problem the Greens function, G, is introduced and the coefficients of the second and

third terms on the right hand side of equation B.7 are eliminated by introducing the following
variables y, =y, /}txy and z, = zo./A,, . These variables transform the problem into:

G, _ 0°Gy N 0°Gy N 0°Gy
oy X ayi, 070

G (X0, Yo/ Ay 1 2014 ,0) =0, (B.13)

+5(XD—xB)&(yD—yg)d(zD—zg)é(tD —t,'J), (B.12)

dG,|  _dGy|  _g (B.14)
dx, Yo -0 dx, ‘o1
dSp|  _dS, _0, (B.15)
d yD Yp=0 d yD Yo= !

oy
G _ 95 =0. (B.16)
d ZDp 75=0 d Zp =

We can write equation B.12 as:
oG,

D

+V?G, =0. (B.17)

Using separation of variable technique, we define G, =TU , substituting into equation B.12 we

have:
U St—T+TV2U =0. (B.18)

D

Dividing equation B.18 by T (tD)U (XD,)_/D,ED) it is separated as shown below:

2,
Lot VU =-a’. (B.19)

Tat, U

From equation B.19, we have:
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=a B.20
0 (B.20)
| _du| (B.21)
dXD Xp =0 dXD Xp =1
o _dur (B.22)
dyD Yp=0 dyD Yp= !
| 0 (B.23)
dZD 25 =0 dZD 7p= 1

XZ

Letting U = X (% )V (Vo.20)
XV
_+_
XV
X v ., 2
ALY o B.24
e a = (B.24)

X 2
7:_ﬂ | (B.25)
X' (0)=X (1) =0. (B.26)

The solution to equation B.25 — B.26 is:
X (XD) =Ay COS(IBXD) +A, Sin(ﬁxo) :

By using the boundary condition at X, =0, we find that A, =0and also using the boundary

condition at X, =1 we have sin(f) =0. Therefore,
B =sin"(0)=nz, wheren=0,1,2,... (B.27)
The solution to equations B.25 — B.26 is X, (Xy) = A,cos(nzX,) . The total solution is therefore

given by:
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X (%) = 3 X (%) = 3 Acos(nx,). (B.28)

From equation B.24

\\//—"=—(a2 - ) =-1%, (B.29)
V' (0)=V (1) =0. (B.30)

Letting V (y,,zo0)=Y(y,)Z(zo) we obtain:
D D

+Z—+/12=0,
Z

<< =<|=<

_ _Em} 5 (B31)

For the Y variable the equation becomes:

Y 2
= (B.32)
Y'(0) =Y (—22) =0. (B.33)

\ Mxy
The solution of equation B.32 — B.33 is;
Y (;/D) = Byl COS(¢3_/D) + By2 Sin(¢9o) .

From the boundary condition aty_/D =0, we find that B, =0 and also using the boundary

condition at §/D = L we havesin(g¢) =0. Therefore,

N

% =sin*(0) = mz, wherem=0,1,2,..., (B.34)

xy

Y(yp) = i B, cos(mz, Mxy 0) = i B,cos(mzy,). (B.35)
m=0 m=0

From equation B.31, we have:
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Z?:—(ﬂ,z—qiz):—fz, (B.36)

1

VA

The solution to equation B.36 — B.37 is obtained by analogy to the solution of equation B.32 —

Z(0)=Z(—=—)=0. (B.37)

B.33.
% _sin"(0) =k, where k=0,1,2,..., (B.38)
Z(2) = Y Cycos (k|7 20) = 3 C c0s(kz,.). (B.39)

k=0 k=0

From equation B.27, B.34 and B.38 it can be shown that

& =8+ + =0+ + KA, |7

From equation B.19,

10T __ (B.40)
T at,

T(t, =0)=0. (B.41)

which is solved to obtain:

T(t,) =g —g ™l (B.42)

Therefore the solution to equation B.17 is:

G, = {AD £y AeT cos(nfsz)MB0 £y Bme’mzwz‘[’ cos(mzzy[,)ﬂc0 + ZCke’WZtD cos(kzzy) |, (B.43)
n=1 m=1 k=1
Gy=) Ag () cos(nNzxy) Y| B g (™) Anto cos(mﬂyD)ZCke‘(k”)ZMD cos(kzz,). (B.44)
n=0 m=0 k=0

Integrating equation B.12 over the entire volume and time domains

tp t

mﬂ%—vz%}d%dw = jmé(XD %5 )8 (Yo = Yo )8 (20— 25 )t ~tp Jitpdvp,, (B.45)
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where dv, = dx,dy,dz, .

Evaluating the integral in equation B.45 we obtain the condition shown in equation B.46;

O ey
O ey
O ey
®
o
o
<
)
I
O 5"
O ey
O ey
O ey

8(% =%5) 8 (Yo = Yo )5 (25 — 25 )5 (tp —tp JdtoaV. (B.46)

Substituting for each independent solution of G, into equation B.46;

O ey

11
”[ 7 cos(nxg )B.e ™ R cos(mary, )Coe ) o cos( k/Z'ZD):|d
00
tp

™ (B.47)
””5 x — X y'D)S(zD—z;J)ﬁ(tD —t'D)d'[deD
0000
Multiplying both sides of equation B.47 by cos(ﬁﬂxD)e’"z”ztD ,
11 _
j I H J A, | cos(nzXy)cos(nzXy) |dx, Bmcos(m;zyD)Ckcos(kfrzD)}ddezD
00 (B.48)
th111 _ ),
= [[]]8(x=%5)8(¥o = ¥5)8(25 — 25) 8 (to — t5 Jeos(nrx, Je ™~ it v,
0000
Noting that,
1 —
= n=n
Icos nzX )cos(nnx )ax, =42
0 n#n
Therefore,
A1 11
—| | B cos(mrzy,)C,cos(kzz,)dy,dz
2 m D k D D D
00 . . (B.49)
= cos(nzsz)”j5(yD ~¥5)8(25 - 25) 8 (1, —t, " 2 dtydy,dz,,
000
Repeating the previous steps for y, and Z,,
_ [n +m /Ixy+k A }
AB.C =8¢ ®cos(nzx, ) cos(mzy,)cos(kzzy) (B.50)
From equation B.50 it can be deduce that:
A = 2cos(n7zx'D)e’(””)2 o (B.51)
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B, = 2cos(mzy,)e ™) (B.52)

C, = 2cos(krz,)e <) At (B.53)

For the special case where n=0, equation B.46 becomes:

Ao ]

00

1 2
Jelm sl 5y — v )5 (20 - 20 )0 (to ~ t Jtoyodz,
0

{i B cos(mzyo)zc cos(kmg}dyodz

m=0

: (B.54)

th

-]

= A, =1. By analogy it is found that B, =1 andC, =1. Upon substituting for the coefficients

Oty O

given by equations B.51-B.53, A, =1, B,=1 and C,=1 into equation B.43 the complete

solution to equation B.12 — B.16 is found to be given by:

Gy (%0.Y0 Zoto [ Xp Yo Zoitp ) = {1+226 i Dcos(nzsz)cos(me)}

[1 +>. 0 "o s )cos(mnyg)cos(mnyo)} : (B.55)

m=1

{1 +y 0 o, )COS(kﬂ'Z;D)COS(kﬂZD):|

k=1

Equation B.55 is the instantaneous point source solution to the diffusivity equation with the

source located at L(X,, Yy, Zy) . Using Green’s identity (Baker and Sutlief, 2003);
C ? 0
pD(nyyD‘sztD | X5, Yo 25 I@G ( Po _y pD]dV +j[ PoVG, —G,Vp, | nds |dt,
0

(B.56)

The integral with respect to time in equation B.56 is used to convert the instantaneous point

source solution to a continuous point source solution and the integral in v, (where v, = X,YZp)

is the integral over the volume of the source. The integral in S is the surface integral on the

reservoir boundary. From equation B.7
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V2p, +gtﬁ =kﬁqi’*5(xD ~%5)3 (Yo = Yo )3 (20 = 25) 3 (tp —t5 ) = O (X5, t) and
D X

VG, =Vp, =0 on the boundary, hence equation B.56 simplifies to:

tp
Po (nyyD,zD'tD | X Yo 25 ) = J[JGD (xD’yD’zD'tD | X0 Vo1 2 1o )qD(xD,tD)dvD ]dtD : (B.57)

0| vp

For a constant rate solution 0, (Xy,t,) =1 and equation B.57 simplifies to:

tp
Po (Xo.Yo,Zolto | X5, Yo, 25 ) = I{I Go (X0, Yo.Zoto | X501 Vo Zos s )dVD}dt'D , (B.58)

0] vp

Evaluating the integral with respect to t; from 0 to t,:

Po (XD,yD,ZD,tD | X;Z)’ yID' ZID ) =

. 1—e’(””)2‘0}

Y =—————=cos(nzX,)cos(nrx,)
n

. _1_ e—(mn)zlxytD:|

Y =——————=cos(mry,)cos(mry,)
m

m=1 Xy

[qe o (k) Aty }
Z.—Tcos(kﬁzD)cos(knz'D)

k=1 -

- ‘1_6_[nz+mmxy]”ao}

J‘V;J +?;§1 i+ m’A,,

_l— e{m%wk%xz}nzt[) ]

+izii —— - cos(mzy,)cos(mry, )cos(kzz,)cos(kzz,)
.4 m°A,, +k°4,

1 e—[anrkzﬂxz}zztD :|

+izzz T cos(nzy,)cos(nzy, )cos(kzz, )cos(kzz,)

+iziii N2+ mA + K24 cos(mrYy,)cos(mry, )cos(nrX, )
4 Xy Xz

cos(mzy, )cos(Mmry, )cos(nzX, )cos(nzX,) (v,

(B.59)

cos(nzx, )cos(krz, )cos(kzz,)
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The solution in equation B.59 is a fundamental solution to the diffusivity equation. This
means that it can be used to construct the solution for any fracture geometry or shape when it is
combined with line (or surface) integral. It should also be noted that this solution is for a constant
source, Gringarten and Ramey (1974) and Cinco Ley et al. (1978) have presented methods that

can be used to derive the solution for constant pressure case from the constant rate solution.
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Appendix C: Example Application to Field Data

This Appendix presents the result of example application of the approximate analytical

solution to the double porosity model.
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Figure C-1: Summary of production profile for well ID-3, (a). is the production rate plotted on a log-log scale. (b).
represents the history match result and the forecast of production rate. (c). represents the history match of the cumulative
production and reserves forecast
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Figure C-2: Summary of production profile for well 1D-4, (a). is the production rate plotted on a log-log scale. (b).
represents the history match result and the forecast of production rate. (c). represents the history match of the cumulative
production and reserves forecast
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Figure C-3: Summary of production profile for well ID-82, (a). is the production rate plotted on a log-log scale. (b).
represents the history match result and the forecast of production rate. (c). represents the history match of the cumulative
production and reserves forecast
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Figure C-4: Summary of production profile for well ID-68, (a). is the production rate plotted on a log-log scale. (b).
represents the history match result and the forecast of production rate. (c). represents the history match of the cumulative
production and reserves forecast
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Figure C-5: Summary of production profile for well ID-81, (a). is the production rate plotted on a log-log scale. (b).
represents the history match result and the forecast of production rate. (c). represents the history match of the cumulative
production and reserves forecast
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Figure C-6: Summary of production profile for well ID-70, (a). is the production rate plotted on a log-log scale. (b).
represents the history match result and the forecast of production rate. (c). represents the history match of the cumulative
production and reserves forecast
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Figure C-7: Summary of production profile for well ID-74, (a). is the production rate plotted on a log-log scale. (b).
represents the history match result and the forecast of production rate. (c). represents the history match of the cumulative
production and reserves forecast
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Figure C-8: Summary of production profile for well ID-75, (a). is the production rate plotted on a log-log scale. (b).
represents the history match result and the forecast of production rate. (c). represents the history match of the cumulative
production and reserves forecast
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Figure C-9: Summary of production profile for well ID-78, (a). is the production rate plotted on a log-log scale. (b).
represents the history match result and the forecast of production rate. (c). represents the history match of the cumulative
production and reserves forecast
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Figure C-10: Summary of production profile for well ID-79, (a). is the production rate plotted on a log-log scale. (b).
represents the history match result and the forecast of production rate. (c). represents the history match of the cumulative
production and reserves forecast
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Nomenclature

7, = Time constant one, day

7, = Time constant two, day

D, = Initial decline rate, day™

b = Derivative of inverse of initial decline rate, unitless
q; = Initial production rate, STB/D

N, = Cumulative production, STB

0o = Dimensionless flow rate, dimensionless

t, = Dimensionless time, dimensionless

P.o = Dimensionless wellbore pressure, dimensionless

q; = Production rate from fractured horizontal well, STB/D
N, = Number of discrete reservoir elements, unitless

g, = Initial production rate from reservoir element k, unitless
T, = Time constant for reservoir element k, day

N = Carrying capacity, STB

a = Constant a

n = Hyperbolic constant, unitless

M = Number of data points, unitless

t = Time, day

f = Normalized data initial production rate, fraction

f, = Normalized model initial production rate, fraction
K, = Fracture permeability, md

K., = Matrix permeability, md

L,  =Well length, ft
P, = Initial reservoir pressure, psi

P, = Wellbore flowing pressure, psi
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h = Reservoir thickness, ft

7 = Porosity, fraction

T, = Fracture time constant, day

T = Matrix time constant, day

T, = Transmissibility factor between fracture and matrix compartment, barrel per day
per psi

f(s) = Laplace space inter-porosity transfer function, dimensionless

P, = Dimensionless pressure

t, = Dimensionless time

X5 = Dimensionless distance in the x-direction

Yo = Dimensionless distance in the y-direction

A = Inter-porosity transfer parameter, dimensionless

10} = Storativity ratio

P, = Matrix pressure, psi

P, = Fracture pressure, psi

p; = Initial reservoir pressure, psi

p,s = Bottomhole flowing well pressure, psi

n = Index for normal mode

q; = Production rate for the nth normal mode for the fracture compartment, ~dimensionless

0, = Production rate for the nth normal mode for the matrix compartment,  dimensionless

as, = Initial production rate from the fracture’s nth normal mode, dimensionless

O, = Initial production rate from the matrix’s nth normal mode, dimensionless

J; = Fracture productivity index, barrel per day per psi

[F = Average pressure in fracture compartment, psi

P = Average pressure in matrix compartment, psi

K, = Effective fracture permeability, md

K., = Effective matrix permeability, md
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2,4, = Eigenvalues of the A matrix for the system of ODEs, day™

Yo, = First element of the eigen-vector corresponding to 4, the other element is 1,

dimensionless
y = First element of the eigen-vector corresponding to 4, the other element is 1,
dimensionless
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