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Chapter 1

Introduction

1.1 Hilbert’s Nineteenth Problem

In 1900, Hilbert laid out a list of 23 problems that he felt would guide the future of math-
ematics, similar to our modern Millennium Prize problems. The nineteenth such problem was a

foundational question in the calculus of variations:

Problem 1. Let Q C R%, and let X C L?(Q2) be the functions satisfying some boundary condition.

Let F : RY — R be a smooth uniformly convex function with bounded derivative. Are

elements of X for which the energy

E(u) := /F(Vu) dx,
is minimized necessarily smooth?

It was already known that, for example, minimizers of [ |Vu|? are harmonic functions and
hence analytic. The hypothesis was that for uniformly convex Lagrangians, which in particular

satisfy F'(€) ~ |€|?, minimizers would be similarly regular.

The Euler-Lagrange equation for such an energy F is (using Einstein summation convention
and subscripts representing derivatives) 0;F;(Vu) = 0. By taking a derivative of this expression in
the j* direction, we obtain

81' (sz(Vu)akuJ) =0. (1.1)

At this point we can consider the equation (1.1) as a linear equation in u;. Simply define
Aix(z) := Fj(Vu(z)) and consider
div(AVu;) = 0.



This technique is known as “freezing” the coefficient or “freezing” the equation. Note that it is
distinct from “linearizing” the equation, which involves expanding the equation around a given
point using the first derivative and Taylor’s theorem, though that term is often used colloquially

to refer to both procedures.

Because F' is smooth by assumption, the coefficient matrix A will have the same amount of
regularity as Vu. For example, if u € C* for some k € Nyg and o € (0,1), then A € C*~1< by the
chain rule and basic composition laws for Holder continuous functions. Moreover, we know a priori
that there exists a constant A € (0,1) so A|¢|? < €TA¢E < A71|€)? just by the uniform coercivity

assumption on F'.

These facts give us a simple strategy to prove the existence of smooth solutions.

1. By the direct method, a minimizer of E can be constructed in H'(£2).

2. Using the De Giorgi-Nash-Moser Theorem and the a priori bounds on A, we can show that

any weak solution w € H(Q) of div(AVw) = 0 is necessarily Hélder continuous in C*(€2).

3. By Schauder’s Theorem, if A € C** and v € C*¥*1% then w = u; € CK2% as well (c.f.

Gilbarg and Trudinger [GTO01])

By induction, we find that v € C*® for all k € N.

Historically, the De Giorgi-Nash-Moser theorem was the most difficult step to prove, and
so Hilbert’s Nineteenth Problem was first proven in De Giorgi’s 1957 paper [DG57] (independently
also by Nash [Nas58] in the same year, and later by Moser [Mos60] in 1960).



1.2 The De Giorgi Method

The method of De Giorgi was first applied to this elliptic problem, but in fact the core
concept has wide-ranging applications. We will explore the method below, using the toy model of

an inhomogeneous parabolic equation.

Let d > 1 a dimension and A € (0,1) a coercivity parameter, let A : R, x R — R4 5
matrix satisfying A|¢|? < ETA(t, 2)€ < A7HE|? for all € € RY, and let f : Ry x R* — R a scalar
forcing term. Suppose that v € L2(Ry; H(R?)) N L>=(R,; L?(RY)) satisfies the parabolic equation

Opu = div(AVu) + f for (t,z) € Ry x R%. (1.2)

The first step is to derive an energy inequality. Assuming u solves (1.2) in the sense of
distributions, we can formally multiply the equation by a test function of the form (¢, x)(u — k)4
for ¢ a smooth cutoff function (i.e. which is identically one on some space-time region ¢); and
identically zero outside of some region (J2) and k an arbitrary constant. This new equality can be
manipulated by standard integration by parts and Holder-type estimates into an energy inequality.
Of course test functions must be smooth, and in general we cannot assume that (v — k)4 is smooth.
In this parabolic case, we can generally assume that a solution u exists in L2(H'!), which is sufficient
to justify this formal calculation. In general, one may need to take the energy inequality so derived
as an a priori assumption, and construct solutions which satisfy the energy inequality but not

necessarily the regularity assumption needed to justify it (as in [SV20]).

The energy inequality, in the parabolic case, will have the general form
t
/(u(t, ) — k)2 de +/ / IV (u— k)4 |* dadt
A s JA

[wtsor - e+ i ([ [ @-nr dxdt>1/ ]

where A C B are two bounded open sets with A compactly contained in B, s < t are two times,

<C

1/p+1/p* =1, and the constant C' depends on the ellipticity constant A and the distance between



A and BP. This is called an energy inequality because the energy [(u — kz)i at a time ¢ is smaller
than the energy at an earlier time s, where the dissipation term [ |V (u — k)4 |? causes the energy
to decrease or dissipate, and the source term corresponding to f puts more energy into the system,
allowing the energy to increase. Note that the energy in a small region A is bounded by the energy
in a larger region B, to account for energy that travels through space and enters through the

boundary.

Though this form of the energy inequality makes the dynamics of the system clear, a more
useful form is to consider intervals in time rather than points in time. For A a bounded open
region in space and [t, s] a time-interval, consider some parameter ¢ > 0 and define A, to be the

e-envelope around A (the points within distance € of A). We call [a —¢, b] x A, a parabolic envelope

of [a,b] x A. Then
’ (u—k)2 + ’ (u— k)Y " . (1.3)
a—e e a—e J Ac

b
sup /(u—k)2++/ / V(u—k). 2 <C
t€lab] J A a JA

Armed with this energy inequality, the next step is to prove the so-called “first De Giorgi

7

lemma.” This result is sometimes called L? — to — L™ regularization. It comes in two flavors: a
global-in-space variety which shows that any solution to (1.2) with L? initial data is necessarily in
L™ locally in time, and a localized version which states that if (u — k)4 has a sufficiently small
L? norm in the parabolic envelope of some local region, then (u — k), will satisfy an L° bound
in that region. For different PDE, either one of these results may or may not hold, but in general

the former version is simpler so we shall concentrate on the latter version. It is the latter version

which is useful in the proof of Holder continuity.
Specifically, the first De Giorgi lemma states that

Lemma 1.2.1 (First De Giorgi Lemma). There exists a constant 0y such that, for u a solution to

(1.2) on [0,2] X By with || fll1p(jo,2xBy) < 1 for some p sufficiently large, if

// (u— O)?|r dxdt < dp
[0,2] X B2



then u(t,x) < 1 for (t,z) € [1,2] x By.

The proof of this lemma is by recursion. A sequence of functions ug := (u — lfg_k )+ and

regions Q, := [1 —27%,2] x B, 1o—& are considered, and the goal is to prove that if

// U(Q)Z// (u—0)3 < do
Qo [0,2]><B2

Iim// u2:// u—1)2 =0.
k=00 JJ @, ¥ [meBl( S+

To accomplish this, one constructs a recursive inequality comparing [[, o, Uk to 1. O, Wk—1-

then

The main ingredient of this recursive inequality is the energy inequality (1.3), which com-

pares the L°°(L?) N L?(H') norm of uy on Qy, to the L? N LP" norm of uy on Q.

By a variant of Sobolev’s inequality, the L>(L?) N L?(H') norm of u on the left-hand-side
of (1.3) controls the L7 norm of u, for some ¢ > 2. As compared to the L? norm, the L>(L?)
norm has greater control on integrability in time, and the L2(H') norm has greater control on the

integrability in space. By interpolation we obtain an improvement in both time and space:
2 2 2
lurlZag@u_sy < C [lunllZaqarny + 190kl 3, |-

We now want to see that the right-hand-side of the energy inequality, the L? N LP" norm,
is controlled by the L? norm of ug_q1 on QQr_1, with the same g as on the left-hand-side. This
is true because ui_1 is bounded below on the support of uj, meaning that in particular uf <

2<k+1)(b—a)u271 for any 0 < a < b. We have the non-linear bound, assuming p* < ¢,

1/p* 1/p*
I () <fl e (L a)
Qr—1 Qr—1 Qr—1 Qr—1

Notice that the exponent on wui_i is always ¢, but the exponent on the integral itself varies.
Combining this with the energy inequality and our bound on the left-hand-side of the energy

inequality, we obtain

2 2p*
HukHLq(Qk—1) = c* ”uk_lH%/q(Qk—ﬂ + ||uk_1||%/q((£k)—l):| '



So long as the exponents 2 and ﬁ are strictly greater than 1, this inequality is superlinear. In
that case, if the initial value of the sequence is sufficiently small, the limit will be zero. This is

sufficient to prove the lemma.

This proof method works because the energy inequality bounds a first-order norm (meaning
a norm involving first derivatives) by an zeroth-order norm (meaning a norm involving no deriva-
tives). For a generic function, inequalities such as Sobolev’s embedding show that zeroth-order
norms are controlled by first-order norms, but the opposite is not true for generic functions This is
a very strong property of solutions to (1.2) and other parabolic equations. After reducing the order
of the energy inequality by applying Sobolev embedding, we find that the L? norm is bounded by
an L? norm and an LP" norm. Recall that for a generic function on a bounded domain, Lebesgue
norms with large exponents bound Lebesgue norms with smaller exponents. However, assuming p
is sufficiently large (specifically 1/p +2/q < 1), we have 2,p* < ¢ so the reduced energy inequality
bounds a large-exponent Lebesgue norm by two small-exponent Lebesgue norms. It is therefore
not surprising that L? — to — L™ regularization is possible. When applying the De Giorgi method
to a given PDE, among the first questions one must ask is whether the natural exponent ¢ is larger

than any exponents which may appear on the right-hand-side of the energy inequality.

The next step in the De Giorgi argument is to prove the second De Giorgi lemma, also

known as the isoperimetric inequality.

Lemma 1.2.2 (Second De Giorgi Lemma). There exists a constant o > 0 such that, for u a

solution to (1.2) on [—1,4] X By with || f|| o(_1,4xBs) < 1 for some p sufficiently large, if
u(t,z) <2 V(t,x) € [-1,4] x B3 (1.4)
and
{u > 1} N[2,4] x Ba| > do (1.5)

and

[{u <0} N[0,4] x Ba| > 1[0,4] x By



then
{0 <u < 1}N[0,4] x Ba| > po. (1.7)

The isoperimetric lemma is a quantitative version of the claim “solutions to (1.2) cannot
have jump discontinuities.” The assumption (1.4), together with the energy inequality, will give
us a regularity estimate for the solution u. In practice, this assumption will be ensured by an
application of the first De Giorgi lemma. The claim (1.5) uses the same dy as in the statement of
the first De Giorgi lemma 1.2.1. The intention is that, if (1.5) fails to be satisfied, then the first

lemma can be applied to some translation of (u — 1)4.

Note that the assumption (1.4) must be satisfied on a larger region [—1,4] x Bs than
the rest of our assumptions. This is so that, by the energy inequality (1.3), (u — 0); will be
in L?([0,4]; H*(Bs)). If we could say that, given assumption (1.4), ||(u — 0)+1l 1 (j0,41x ;) Were
uniformly bounded, meaning it is regular in both time and space, and we could set g = 0, then

the lemma would be trivial, simply because a function in H' cannot have a jump discontinuity.

Assuming still that [|(v — 0)+[ g1 4xp,) uniformly bounded, even for pg > 0 we could
easily prove the result by contradiction. Take a sequence of solutions uy satisfying (1.4)-(1.6) but
such that

{0 < up < 1} N [0,4] x B| < %

This sequence u; would be uniformly bounded in H', and so it would have a strong L? limit .

But us € H' and ue has a jump discontinuity, which gives us our contradiction.

Unfortunately, it is generally not the case that (u —0) is H'-regular in time. The proof of
Lemma 1.2.2 relies on showing that the sequence uy has enough uniform regularity in time (derived
still from the assumption (1.4)) so that the strong-L? limit us, exists, and cannot have a jump
discontinuity. In general, it is easier to bound Oy from above than to bound it from below. This
is why assumption (1.5) is phrased on the time-interval [2, 4] rather than [0,4]: to guarantee that

a jump discontinuity in u., will exist such that Ojus > 0 in the sense of distributions.



The actual technique for showing regularity-in-time is highly dependent on the specific PDE

in question, and so it is not useful to give a more detailed outline.

Once the first and second De Giorgi lemmas are proven, the proof of Holder continuity is
typically similar across different applications of the method. One merely needs to apply the first
and second lemmas to various translated and scaled copies of u. It is necessary therefore that the
equation (1.2) be symmetric under a large family of transformations. In particular, we will consider

transformations of the form @(¢,z) := C' 4 au(t, x) for possibly negative constants C, o € R.

A common intermediate step between the De Giorgi lemmas and the proof of Holder conti-
nuity is known as the oscillation lemma. Note that some sources use the name “second De Giorgi

lemma” to refer to the oscillation lemma, rather than the isoperimetric inequality.

The oscillation of a function over a set S is defined by
oscf :=sup f(z) — inf f(x).
S xeS $ES
The oscillation lemma then states that the oscillation of a solution u to (1.2) over a space-time
region () is bounded by a constant times the oscillation of the same u over a parabolic envelope of

that region. We will present the lemma in a more rigid formulation, for clarity of presentation:

Lemma 1.2.3 (Oscillation Lemma). There exists a constant Ay > 0 such that, for u a solution to

(1.2) on [=1,4] x By with || f|| 1p(j—1,4xBs) < Ao for p sufficiently large, if
-2 <wu(t,z) <2 V(t,z) € [-1,4] x Bs

then

osc u<4— )\
[3,4]><Bl
The oscillation will either decrease from above or below, depending whether the measure

0,4} XBQ‘
2

{u <0} N[0,4] x Ba}| is more or less than I . We can assume without loss of generality

that it is greater, and otherwise we can simply apply the following argument to —u.



Consider the sequence of functions uy = u and wuy := 2ug_1 — 2. Note that each u; will
solve (1.2) (with source term 2¥ f) and satisfy assumptions (1.4) and (1.6) of the second De Giorgi

lemma.

Assume that for some ko, the function uy, satisfies the assumption (1.5). In particular,
because of the way the sequence uy is constructed, this means that uy satisfies (1.5) for all 0 < k <

ko. Therefore we can apply the second De Giorgi lemma and find that

Because each of these kg sets are disjoint by construction, and because they are all contained in
[0,4] x By which has finite measure, we find that our assumption on kg cannot hold for ky =

[[0,4] x Ba| /uo. For this ko, we conclude that uy, does not satisfy (1.5).

We can now apply the first De Giorgi lemma to ug, — 1 and conclude that wug,(t,2) < 3/2
for (t,x) € [3,4] x By, or equivalently u(t, z) < 2 — 2~ (ko+1),

Recall that a function g is Holder continuous with exponent « at a point yq if and only if

osc g(y) < Cre.
ly—yol<r

Therefore, by applying the oscillation lemma to dilations of u, we can easily conclude that wu is

Hoélder continuous.

Because the constant g in the second De Giorgi lemma is obtained by a compactness
argument, none of the constants obtained thereafter can be explicit. Most notably, the exponent
« is not explicit. Therefore it is often desirable to obtain the second De Giorgi lemma by a more

constructive argument, as in [Gue20].

1.3 Main Results and Outline

The remaining chapters of this dissertation will present will present various problems to

which the De Giorgi method can be applied. Chapters 2, 3, 4, and 5 are based on the works [SV18],



[Sto19a], [SV20], and [Stol19b] respectively, with only minor modifications.

Farly applications of the De Giorgi method were to equations which were either elliptic
or parabolic, or nonlinear equations which can be reduced to an elliptic or parabolic form. One
defining feature of such equations is that the regularity of the solutions is primarily driven by the
second-order term; lower order terms can be viewed as perturbations. However, the method is
capable of tackling equations which are not elliptic at all. In chapter 2, we apply the method to a
problem in which the regularization is driven by a first-order term |Vu|P. This equation contains a
second-order term which is not only non-elliptic, it acts as an accumulative (rather than dissipative)
force and hence an obstacle to regularization. In chapter 3, we apply the method to a hypoelliptic
kinetic equation which has a Laplacian-like term (—A,)® f acting only in the v-direction and has no
terms at all which directly regularize in the z-direction. Regularization in the x-direction is caused
not by an elliptic term but by a hyperbolic mixing term. In chapter 4, we apply the method to an
equation which has both a first-order dissipation term (—A)Y/26 and also a first-order transport
term. The transport term can ultimately be viewed as a perturbation, but only after a very precise
analysis of the energy inequality. Finally, in chapter 5 we consider a different kind of energy
method, the relative entropy method, and apply this to a hyperbolic conservation equation. In
appendix 0.1, we elaborate on an alternative proof of the second De Giorgi lemma which applies to
nonlocal equations. The technique shown there is already known in the literature, but is intended

to be an entry-level survey.

In chapter 2 we consider a Hamilton-Jacobi equation with superquadratic growth in its

first-order term.

Hamilton-Jacobi equations are a class of highly nonlinear PDE. They are typically studied
as a non-divergence form problem (using techniques such as Perron’s method and maximum prin-
ciples), as opposed to divergence form(using techniques such as distributional solutions and energy

estimates), because they are not typically in the form of an Euler-Lagrange equation. The class of

10



Hamiltonian that we will study are of the form
O = H(x,u, Vu, D*u) ~ —|VulP + error terms

where p > 2 is a constant. Equations of this form appear in the work of Schwab [Sch09], in the study
of homogenization for stochastic optimal control problems; taking the homogenous limit requires
compactness, which comes in the form of a uniform regularity estimate. The first order term |Vu|P
has a regularization effect, as proven by Cardaliaguet [Car09]. For p > 2, the first order term will
dominate even when the “error” includes certain second order terms, as had been proven using
probabilistic methods and comparison with sub- and supersolutions ([CC10], [CR11]), including
the most comprehensive result by Cardaliaguet and Silvestre [CS12]. Using a modification of the
De Giorgi method, the case without second-order error was tackled by Chan and Vasseur in [CV17].

The case with second-order error will be addressed in chapter 2 in which we will prove the following:

Theorem 1.3.1 (c.f. Theorem 2.1.1, first proven in [SV18]). Let 2 an open subset of R" and
[0,T] a time interval. Let p > 2 and A > 1 be constants, and f € L? with q sufficiently large, and
A [0,T] x Q — R™™ satisfying |ETA(t, 2)€| < A|€|? for all vectors €.

Then if uw: [0,T] x Q — R is a weak solution to
1 .
Opu + K|Vu\p < f+div(AVu),

Opu + A|VulP > —A 4+ m™ (D%u)

form™ the least-negative-eigenvalue function, u will be Héolder continuous uniformly on any compact

subset of (0,T) x Q. Its modulus of continuity will depend on p, A, and ||ul| o

Note that A is not assumed non-negative-definite.

This problem initially seems ill-suited for De Giorgi’s method. It is nonlinear in an essential
way and has no corresponding energy functional, which is why most previous investigations used

maximum principles instead of energy methods which typically involve some form of linearization.

11



De Giorgi method is an elliptic method, meaning it is typically driven by the coercivity of the
second order term. This problem is not only non-elliptic, its second order term is actually a major
obstacle to regularity. By tackling this problem using De Giorgi’s method, however, we are able to
expand the class of allowable errors beyond what was known in the literature, specifically allowing
for discontinuous coefficients on the second order term and for source terms which are unbounded

from above.

One major technical hurdle is that, unlike in the work of Chan and Vasseur [CV17], the
Caccioppoli inequality that underlies the De Giorgi method will only be valid in regions where u
is large. Another hurdle is the non-linearity of the equation; normally with De Giorgi we break
nonlinear equations into a coupled linear (or at least variational) system and only treat these simpler
equations, but in this problem the superquadratic growth is essential to the regularization. Lastly,
as a consequence of the nonlinearity, the regularization from below happens backwards in time. In
order to obtain the regularization that we desire, we must construct subsolutions which transport
the regularity forwards in time and apply a maximum principle, thus mixing divergence-form and

non-divergence-form methods.

In chapter 3, we consider a family of hypoelliptic kinetic equations.

Hypoelliptic equations are a class of degenerate elliptic equations with mixed elliptic and

hyperbolic features. In particular, they include certain kinetic equations of the form

If+v-Vaof =Q(f) =0 (1.8)

for f(t,z,v) a function of time, space and velocity, @ an elliptic operator in the velocity variable,
and o a source term. The idea is that such equations are elliptic in some variables (v) and hyperbolic

in others (x), but due to mixing (v - V) regularization occurs in all variables.

General hypoelliptic equations were studied by Kolmogorov and by Hormander [H6r67] as

early as the 1930s. They originally considered only smooth solutions, but more recently a Sobolev

12



H? theory developed in the form of the study of averaging lemmas ([Ago84], [GLPS88]). An
averaging lemma states that if the kinetic derivative of a function [0y +v-V,] f is bounded in
the Sobolev sense, then the velocity averages [ fdv are regular. The theory of averaging lemmas
had been developed into a full Sobolev hypoelliptic theory by Bouchut [Bou02], for @ a fractional
Laplacian, and that theory in turn was used by Golse, Imbert, Mouhot and Vasseur [GIMV16] to

prove Holder continuity for @ a second order local elliptic operator in v.

I particularly studied the case of ) a uniformly elliptic singular integral operator. Such
equations occur in the study of astrophysics to model particles interacting with a plasma ([Kan19],
[Goyl7], [LK74], [MR94]). They are also of interest for their relationship to the Boltzmann equation
in the absence of the Grad cutoff assumption. Authors including Silvestre, Mouhot, Imbert and
others ([IS16], IMS18], [Moul8], [Sil16], [HST17], [HS17]) have recently been building an elliptic
theory of the Boltzmann and Landau equations. In a landmark paper of this project, Silvestre and
Imbert were able to prove Holder continuity for a class of equations including both the Boltzmann

equation and general uniformly elliptic singular integral operators as subcases.

In chapter 3 we study (1.8) with @ an integral operator in v given by

Q(f)(t,z,v) = /K(t,x,v,w)[f(t,m,w) — f(t,z,v)] dw,

with K symmetric in v and w and x~! < K(t,z,v,w)|v — w|""? < k for some s € (0,1) and
constant xk, and ¢ an LP function with finite but large p. We are able to show that solutions are

C“ regular even with merely H?® initial data:

Theorem 1.3.2 (c.f. Theorem 3.1.1, frst proven in [Stol9a]). Let Q and open subset of R"™ and

[0,T] a time interval. Let s € (0,1) and k > 1 be constants and @ as described above.

Then there exists p* < oo so that for any function o € LP N L([0,T] x Q x R™) and any
weak solution f € L>([0,T] x Q x R™") N L2([0,T) x Q; H*(R™)) to (1.8) will be Hélder continuous
in space and time on any compact subset of (0,T] x Q. The modulus of continuity depends only on

o and the L norm of the initial data.
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The class of operators we consider is a special case of that considered by Imbert and Silvestre
[IS16], who combined De Giorgi techniques and a Krylov approach to obtain regularity. Using the
theory of averaging lemmas, we are able to apply solely energy-based techniques for a simplified
proof and to allow for unbounded source terms. This work is inspired by that of Golse, Imbert,
Mouhot and Vasseur [GIMV16], but requires a different approach due to the nonlocality of Q). In
particular, we cannot use the full regularity result of Bouchut and need to work directly with a more
standard averaging lemma [Béz94]. We are able to obtain L? — LP (p > 2) regularization from the

regularization of averages, and then use the De Giorgi method to turn this into C* regularization.

In chapter 4 we consider the Surface Quasi-Geostrophic equation (SQG) on a bounded

domain.

The SQG equation is a special case of the equations describing large-scale atmospheric
and oceanic currents ([Ped92], [Cha71]). In addition to its physical importance, SQG is of a
mathematical form with interesting commonalities to the 3D Euler equations ([CMT94]), which
explains its widespread study in pure and applied fluid mechanics. The form of SQG that we

study, with critical dissipation, is
06 + [V (=2)71%6] - Vo + (—a)120 = 0. (1.9)
Note that (—A)'/2 and (—A)~/2 are both nonlocal operators.

Well-posedness for SQG on R? has been known since 2010 ([CV10a], [KNV07], [CV12]), with
multiple proofs from various perspectives. Physically motivated by, for example, air currents near
land-sea boundaries, a few authors ([Kril5], [NV18b], [NV19]) have considered SQG on bounded
domains. There are multiple ways to define the boundary behavior of such a system, however, so
several different models have been proposed. In any case, the behavior of the nonlocal operator

near the boundary complicates the analysis and demands new techniques.

Recently, Constantin and Ignatova [CI17] proposed a new model for SQG on bounded

domains (specifically, defining (—A)l/ 2 as the spectral square-root of the Laplacian with homoge-
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neous Dirichlet boundary conditions). They and Nguyen have published several papers on the topic,
studying existence, uniqueness, regularity, and convergence for the equation with varying strengths
of dissipation ([CI17], [CI16], [CIN18], [CN18a], [CN18b]). In particular, Constantin and Ignatova
[CI16] showed that, for sufficiently regular initial data, solutions to the critical SQG are smooth in
the interior of the domain. In said paper they identify boundary regularity, and specifically Holder
continuity up to the boundary, as a difficult open problem and an important step in the analysis

of this equation.

In chapter (4) we obtain Holder continuity up to the boundary:

Theorem 1.3.3 (c.f. Theorem 4.1.1, first proven in [SV20]). Let Q a bounded open subset of R?
with smooth boundary, [0,T] a time interval, and 6 : [0,T] x Q — R a weak solution to critical SQG

(1.9) in L°°(0,T; L*(Q)) N L2(0,T; H} () with L? initial data 6p.

Then 0 is Hélder continuous in time and space on [e,T] x Q for any € > 0. The modulous

of continuity depends only on the domain and ||0o]| 2.

Critical SQG has a dissipation term which is regularizing, and a transport term which
has the potential to be deregularizing. Since the problem is critical, they are ostensibly equal in
strength, so it is difficult to predict how solutions will behave. The transport term is particularly
difficult to control near the boundary because the Dirichlet boundary conditions on (—A) are not
translation invariant, and hence the commutator [V, (—A)'/?], is singular in this region. This proof
is inspired by the previous work of Caffarelli and Vasseur [CV10a] on the global SQG to consider
weaker norms in which the transport term may be bounded. In the case of global SQG, BMO is
strong enough to constrain the regularity of the solution but weak enough that V- (—A)~1/2 is a
bounded operator, while for the bounded-domain case, it was necessary to define a sophisticated
and novel Banach space (somewhat analogous to BY, ,,(€2)) adapted to this specific problem. This
space is based on a generalized analogue of Littlewood-Paley theory (first studied by Iwabuchi, Mat-
suyama, and Taniguchi [IMT19], [IMT17], [IMT18]) in order to distinguish the low/high frequencies
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present in the commutator. The proof also utilizes a mixed Eulerian-Lagrangian approach with
a moving reference frame adapted to counteract the transport term. Though utilized previously
in the case of R?, this approach presents new difficulties in this case because, from a Lagrangian

perspective, the domain is time-dependent.

In chapter 5 we consider the stability of shocks to a conservation law.

A shock is a special kind of traveling wave solution to a conservation law, i.e. of the form
s(x—ot) for o constant. A 1D inviscid shock is discontinuous at a single point and is constant, with
two distinct values, on either side of that discontinuity; a viscous shock is a smoother approximation
thereof. There is a significant literature devoted to the stability of shocks in both the L' and L?
norms, so we shall concentrate on the case of scalar case. Many results give stability only for small
perturbations ([FS98], [Kru70], [I060]). Large perturbation L? stability of small inviscid shocks
has been achieved by Vasseur and his group (e.g. [SV16], [LV11], [Legl1]) using the relative entropy
method first introduced by DiPerna and Dafermos [Daf96] to study stability of Lipschitz solutions.
L? stability will generally only hold up to a shift which depends on the solution:

d
V sol'n u, 3y s.t. p / lu(t,z) — s(z —~(t))|* dz < 0.

In the dissipative case, meaning conservation laws of the form
Ou + div A(u) = vAY (u), (1.10)

most of the time it is necessary to consider instead a weighted L? norm with a weight function a,
called L?-type stability. A recently developed relative-entropy technique has been able to obtain
L?-type stability with a arbitrarilly close to 1 in the L> sense. This technique has been used in
the case of 1D dissipative systems [KV19] (including 1D Navier-Stokes) and 1D scalar equations

with near-constant dissipation [KV17] (e.g. n/(u) = u).

We prove in chapter 5 that 1D dissipative scalar conservation laws with uniformly convex
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flux and a nonlinear viscosity are L2-type stable for sufficiently small shocks, independent of the

dissipative parameter v:

Theorem 1.3.4 (Theorem 1 in [Stol9b]). Letn, A: R — R be any uniformly convex functions with
continuous third derivatives at 0. Then there exists g > 0 such that for any v > 0 and € € (0, &g

the following holds:

If s : R — R is a shock solution to (1.10) with ||s||;« < €, then there exists a weight

function a : R — (0,2) such that s is L*-type stable up to a shift. Moreover, ||a — 1| can be

made arbitrarilly small by taking € sufficiently small.

Because this result holds independently of the strength of dissipation v, the result will apply

also to vanishing viscosity limit solutions to the equivalent hyperbolic conservation law.

We use the relative entropy method. We are able to handle a wider variety of nonlinear
viscosities by utilizing 7 (the function appearing in the dissipative term) as the entropy. This proof
only uses one entropy for each equation, which is important if a technique is expected to generalize

to systems; conservation systems typically only have a single entropy.

As in previous L?-type estimates, we break up the solution u into a part which is L> close
to s and an error term which may be large in L°°. The close part is handled similarly to the existing
literature, while for the error term we need to make careful use of the relationship between the

dissipative term and the mass density of the derivative of the weight function a.

Notation. Throughout this work, C will represent arbitrary constants which may change
from line to line. The function space CZ° contains smooth functions with compact support. We
will use the notation (z)4 := max(0,x). When the parentheses are ommited, the subscript + is

merely a label.
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Chapter 2

Hamilton-Jacobi equations with unbounded right-hand side

2.1 Introduction

In this chapter!, we will study C” regularization of solutions to a Hamilton-Jacobi evolution

equation with viscosity:
Ou+ H (z,u,Vu) —eAu=0, (t,z) € (0,T) x £,

where A >0, £€[0,A], QCR", and the Hamiltonian has superquadratic growth in the gradient
variable, uniform in x and ¢:

Lo » m max(n,2)

A [0|P = f(z,t) < H(t,x,2z,0) < Av|P + A, p>2,fel™ m>1+——"—.
We will show that solutions are uniformly Holder continuous away from the boundary of Q2

and after a positive time has elapsed.

Because p> 2, it is the first order term that will dominate at small scales. The second order
term acts merely as a perturbation. In fact, although our motivation is a first-order Hamilton-
Jacobi equation with viscosity, our techniques can handle much more general second order terms.
Specifically, we will show the following theorem.

max(n,2)
p

and let QCR"™ open and T >0 be given, and let fe L™([0,T]x Q) with || f]],, <A and a matriz

Theorem 2.1.1 (Main Theorem). Let constants A>0, Ag>0, p>2, m>1+ be given,

A€ L([0,T] x Qs R™™) with ||All ., <A be given, and let QCQ compact and 0<s<T be given.

!The contents of this chapter are based on joint work of the author with Alexis Vasseur originally appearing in
“L. F. Stokols and A. Vasseur. De Giorgi techniques applied to Hamilton-Jacobi equations with unbounded right-hand
side. Commun. Math. Sci., 16(6):1465-1487, 2018.” Both authors contributed equally to this work.
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There exists 0 <~y <1, depending on p, A, Ay, m, and n, such that any ue L>®((0,T) x ),
Vue LP, satisfying
Ou+ A" VulP —div(AVu) < f (1.1)

in the sense of distributions, and satisfying
dpu+ A|VulP — Agm™ (D*u) > —A (1.2)

in the sense of viscosity, will have

ueCV((s,T) x Q)

with morm depending on ||ul| ., p, A, Ao, m, n, s, and the distance between Q and R™\ .

Here m™ is a function that returns the lowest eigenvalue of a symmetric matrix, or 0 if all
of the eigenvalues are positive. For a function to solve Inequality (1.2) in the sense of viscosity
means, following the definition of Barles [Bar13], that the lower-semicontinuous envelope of that

function is a viscosity supersolution of

dpu+ A|VulP — Agm™ (D?u) = —A.

Hamilton-Jacobi equations of this general form, with a viscosity term and polynomial growth
in the gradient, were studied by Lasry and Lions [LL89] in 1989, in connection with stochastic
control problems. For the case p <2, this first-order-term can be viewed as a perturbation of a
simple heat equation, and indeed solutions will be regular so long as the viscosity term is uniformly
parabolic. However, in the superquadratic case p>2, it is the first order term which dominates at

small scales, so standard parabolic theory does not apply.

Schwab [Sch09] studied homogenization problems for Hamilton-Jacobi equations with su-
perquadratic growth, which required him to prove that the regularity of solutions to these equa-
tions is independent of the regularity of the Hamiltonian. His result still required, however, that the

Hamiltonian be convex in Du. It was Barles [Bar10] and Dolcetta, Leoni, and Porretta [DLP10] who
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noticed that convexity was unnecessary in the time-independent case, and Cardaliaguet ([Car09],

[CC10], [CS12]) for the time-dependent case.

In the case that f is bounded, Cardaliaguet and Silvestre ([CS12], Theorem 1.2) showed
Hélder continuity, using a second order term m™(D?u) instead of div(AVw) in (1.1). In the case
that f is not assumed bounded, they could only show Holder regularity with second order term
tr(AD?u), A€ C'. Our result requires no regularity on A, at the expense of requiring that Vu € L?
and u solve Inequality (1.1) in the sense of distribution. The motivation for considering f unbounded

is from Lasry and Lions [LLO7].

Most of the aforementioned results are proven by constructing super- and subsolutions. In
[CV17], Holder estimates are obtained, with f bounded and no second order term, using a variation

of De Giorgi’s method. The results in this chapter are a continuation of that project.

The proof will proceed mostly along the same lines as De Giorgi [DG57] and [CV17]. In the
classical De Giorgi proof, in order to prove Holder continuity one merely shows that if the function
u is “mostly negative” in some range of time, then the upper bound is improved in a later range
of time. If, alternatively, the function is not “mostly negative,” it must be “mostly positive” and
hence one can apply the original argument to —u, improving the lower bound on u in the same

later range of time. Either way, the L°°-bound of u is improved in the later time range.

In the sequel, the function —u does not satisfy the same Inequality (1.1) as u. However,
time-reversed —u does satisfy Inequality (1.1) with A replaced by —A, since time reversal creates an
extra minus sign on the d; term. Thus unlike the classical De Giorgi proof, while the upper bound is
improved in a later time range, the lower bound on u is improved in an earlier time range, because
time was reversed. Note that while replacing A by —A should ostensibly cause great difficulty, the
second order term is here a perturbation, and the first order term is the driver of regularization, so

we can handle negative viscosities so long as the solution is known to exist and to be bounded.

Next we must use the comparison principle in a small but crucial argument. Based on

Inequality (1.2), a subsolution is constructed to show that a lower bound improvement in the early
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time range implies a smaller-but-still-positive improvement in the later time range. This is referred

to as “flowing the improvement forward in time.”

The key ingredient in improving the upper bound is an energy inequality. Because of the
second order term, we must multiply (1.1) by u4 to obtain the energy inequality (then we integrate
by parts, and turn the second order term into a |Vu|? term). But the viscosity is a perturbation,
and the true driver of the proof is the first order term. Multiplying the first order term by w4
yields uy |Vu4|P, which is difficult because uy acts like a coefficient which is not bounded below.

Luckily, our goal is to bound u, and the difficulties only occur when u is small.

Section 2.2 derives an energy inequality, which quantifies the ellipticity of our equation.
Sections 2.3 and 2.4 use the energy inequalities to prove De Giorgi’s two lemmas. Section 2.5
demonstrates how to flow the improvement forward in time, correcting for the necessary time
reversal. Finally, in Section 2.6 we combine these lemmas to prove Holder continuity. A reader
unfamiliar with De Giorgi-style proofs might want to begin with Section 2.6, lest the former sections

seem unmotivated.

Instead of proving continuity directly for u, it is preferable to consider
u=u+At,  fi=f+A
which satisfies the inequality

i+ A|ValP — Agm ™ (D?*a) > 0. (1.3)

Note also that, by scaling our solution appropriately, we can assume that Ag is arbitrarily

small.

Throughout this article, C' will indicate a constant which varies from line to line. No two

instances of the symbol should be assumed related to each other.
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2.2 The Energy Inequalities

We begin by deriving the Energy Inequalities, which play an analogous role to the Cacciopoli
inequality in De Giorgi’s original paper. These inequalities serve to quantify the coercivity of the
PDE in question. We actually consider an infinite family of Energy Inequalities, corresponding to
different entropies, indexed by the parameter b. These inequalities must be valid even for non-

positive matrices A.

The lemma below claims three different forms for the Energy Inequality. The first form will
be used to compare distinct truncations of a solution in Section 2.3. The second and third forms
are only valid for large values of b, the former being used in Section 2.3 and the latter being used
in Section 2.4. Notice that the gradient of u appears in the right hand side of the first form, but

not of the second or third forms.

Lemma 2.2.1 (Energy Inequality). Given u verifying Inequality (1.1), with ||All,|fl,, <A, on
some domain [S,0] xQ, given constants b, ¢ and S<T <0, and given ¢ a smooth non-negative
function constant in time and compactly supported in Q, and defining u, = (u— ), then u, satisfies

the inequality

0
sup / Sl () + // Gl |V P
te[T,0] T

1 0 o =
<C(AD) <1+T—S> (H¢H§O+HV¢Hgo) [//S (Wl + w7 V) x gy + (//S ul™ X{¢}) ] :

(2.4)

-1
Moreover, if b>o:= (1—%) , then

0
sup / Gl (1) + // Sl |V P
te([T,0] T

SO <1+Ti5> (bl + 19912, [/[qo(u3+l+UZ‘”)X{¢}+ <//50“51m*><{¢}> ’”*] |

(2.5)
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If b> 0o but ¢ is not necessarily constant in time, then still we have

0
O (ul™), 6% (5001 + //S Ful |V, P

<C(AD) < //S gt + //S R //S 0¢2u‘;—”).

The integrals without limits are over all of Q, x(4y means the indicator function of the

(2.6)

support of ¢, and m* means the Holder conjugate of m.

Proof. Formally, we want to integrate Inequality (1.1) against the test function ¢?u’. Because
our solution u is by assumption in LP(W'P) the distributions |VulP and div(AVu) both have
enough regularity for this integration to make sense. To justify our calculations on dyu, one can
simply use the test function 7 (¢?(7 * u,)®) for 7 some approximation to the identity and * meaning
convolution in time and space, though for reasons of clarity we drop the mollifiers in the formal

calculations below.
Multiply Inequality (1.1) by ¢?u?, then integrate over all of space
vt [dvap s [(v@anAvo < [l
Notice that Dus = x{y,>0yDu for any first order differential operator D, so in the above expression

we may replace every instance of u with u,. By the product rule, (b+ 1)uldyu, =9, (ul*!). Also,

we can use the product rule and Young’s Inequality to bound the A-term:
v (¢2u2) AV, = bt (Vi AV, + 200t (Va, AV )
b-1 b1
<bAG*uLT |V, >+ 2A <¢u*2 ]Vu*|> (u,ﬁ yw\)
b1 2 b1 2

<bAG*uL |V, 2+ A (¢u*2 Vu*> +A (uﬁ qu)
= 0+ 1) A" W) |V + AulH Vo .

Putting all of these together, we arrive at

1
- / G0, )+ A / Gl [Vus | < / Gl f+ A / LTS+ (b4 1A / Gl V2.
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If b> o, then using Young’s Inequality with exponents p/2 and o, and a small constant 7,

we can break up the final term of the above inequality:

2b p/2 p(1-2)-1\"
uzllw*\QSC(p)((nu*" |Vu*\2) +<717u*< ) ))

<C(p) (U%UQ!VU*P’M Tul” ")-

By taking 7 sufficiently small (depending on p, b, A), the u%|Vu,|? term on the right can be absorbed

by the same term with larger constant on the left. We use the shorthand

b—1 2
Vu, fb<
T, b) = u;o’ Uy | 1 So
u, ifb>0o

and write

/ S0, () + / 2 [V P < C(A.D) ( / Gl S+ / V4 / ¢2T(u*,b>).

In the case that ¢ is time dependent, we can integrate the above in time to obtain (2.6).

From now on, we assume that 9;¢ =0, and hence [ 20 (ub™h) % il PPultl.

For any times s,t satisfying S <s<T <t<0, we can integrate the above inequality over

[s,t] (and apply Holder’s to remove dependence on f):

/ AR (GRS // 2l [V
C(A,b) </¢2 b (g (// (% >W§*+//:uﬁ+1|V¢|2+//:¢2T(u*,b)).

Due to our choice of s,t, the above inequality implies that

/¢2 . >+//t¢2ui|w*|p
C(A,b) </¢2 b1 (/ (¢2ub)m )nﬁ*+//Sou2“]V¢|2+/SO¢2T(u*,b)>.
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Since the right side is independent of ¢, we can take a supremum of the left side over T'<t <0. Add

to this the inequality with ¢=0 to obtain
0
sup [ utt o)+ [ gt
te[T,0] T

<o ( [+ ( [ wnr) L J[weors [ 0¢2T<u*,b>> |

Lastly, since this inequality holds for all S <s<7T, it also holds if we average the right hand side

over all values of s in that range,
0
sup /(bQu?fl(t)—i-// 2l [V, [P
t€[T,0] T

<o (Tis [ e[ 2u£:>m*>’"1*+ [ o [ 0¢2T<u*,b>>.

From here the result follows naturally. O

2.3 First De Giorgi Lemma

Now we present De Giorgi’s first lemma. If we define
Qy:=[-2,0x B2,  Q1:=[-1,0] x By,

this lemma tells us that the supremum in @); of solutions to (1.1) can be controlled by the measure

of {u>0} in Q,.

Proposition 2.3.1 (De Giorgi’s First Lemma). There exists a constant §o >0 depending only on
A, p, m, and the dimension such that, for any u satisfying Inequality (1.1) on Q4 in the sense of

distributions, the following implication holds:

If

u(t,x) <1 V(t,z) €@y
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and

[{u>0}NQy| <d,
then

u(t,x) < V(t,x) € Q.

N =

De Giorgi’s first lemma is proved by cutting off u at larger and larger values, and showing

that as the cutoff value tends to 1/2, some Lebesgue norm of the remainder tends to zero.
Proof. Let us specify the sequence of cutoffs. We’ll consider

e heights C = % —27%=1 from Cyp=0 to Cx :% with Cj, —Cj_ =2"F"1;

functions uy =max(u— Cj,0) from ug=1u; t0 Uso = (u—3)4;

balls B¥ of radius 1+27% from B’ =By ={z:|z| <2} to B®*=DB; ={x:|z|<1};

times T, = —1—27% from Top=—2 to The = —1 with Ty — Tjy_; =2"F:

and smooth functions ¢ such that supp(¢r)=B* and ¢p[B**' =1, with 0<¢, <1 and
|V¢k:| < 2k+2‘

Define the ”"energy” of the k" level to be

Ep:= sup /(¢kuk)2(t)+//k 1¢iuk|Vuk|p>
+

tE[TIH_l,O]

where [ j, means fi(“)k fR"‘ First we will show via Sobolev’s inequality that this energy term controls
some LU norm of ¢puy. Then we will show via the Energy Inequality that the same L84

norm controls this energy term.

Step 1: Controlling LA using &,
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Before we can apply Sobolev’s inequality, we have to deal with the inhomogeneity of the

gradient term. We do this by ”going up a level” from wug to ugy1.
&k Z/ drur [V’
k+1

2/ O {27(k+2)X{uk>2—k—2} V[P
E+1 B

=27h2 //k+1 PrX s >0} | Vg P

:2_k_2/k 1¢%|VUk+1|p
+

ZQ_k_2// Xygr1y [ Vug1]”
kil
0

—k
=C . |’vuk+1||ip(3k+1)
k+1

=C IV g ogaee)

We introduce now a parameter (3 € (0,1], satisfying

1 1
0<——§<7, n>2
n 2 p

or =1 if n=1. We are going to apply Sobolev’s Inequality to bound the L¥ norm of u,ljﬁ by

1
some Lebesgue norm of Vu,fﬁ .

Since
2/B
il - : ;
u = sup |urr1(®)|p2grrry < sup  [[@rur(t)||z2prrny < Ex,
H o Lo ([T OBL2/F(BEAY) - te[my11,0] LAEH) t€[Tx+1,0] B

we know by elementary properties of Lebesgue spaces that

0
1||P 8 P
/Tk+1 k+1 L2+Z;B(Bk+1) k+1 k+1 LP([Tk+1’O];L2+pp76(Bk+1))
p
< |[ui Y |l” (3.7)
Bl L“([Tk+1,0];L2/B(Bk+1))” kLo iy 050 (BR41))

pB
< (&) cre=cre .
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If n>1, then let 1%: % —%:g—l—%—%. If n=1, then take p’ =p (which renders some of

the following calculations trivial). Sobolev Embedding yields

148 148 k+1)2—1 145
U +|B P U
p/(BkJrl) ‘ k+1 ][Bk-H k+1 LP'(B’H-I) | | /Bk-‘rl k+1

1+8 148
S C (Hvuk_HL ‘ L%(Bkle) + "uk+1|’L2<Bk+1>> .

1+
H“k+1

Remember that f,:= ﬁfE, and 1+3<2so L'tAC L2

With the above calculation and (3.7), we can estimate

0
G187
k+1
Tkt

LP (Bjy1)

p
<c (Hwi ol
Trt1

0

c(f
Tht1

B 1+ﬁ
<c<c’“e”ﬁ2 +&7 >

<che,”

2p
L2FpB (Bk+1)

1+8]|P
Vuk+1

IN

+T; su u p(1+3)
L2+p6 (BF+1) k+1t€[kal,0]H k+1( )HLQ Bk+1)

This last estimate holds as long as & is less than one.

We wish to apply the Riesz-Thorin theorem to interpolate between the LP(LP') and

L>(L 1+B) norms of uk+’8 First define

q= p+<1 p>1i5 (3.8)

p

Because p’ >p and hence ¢ > p, we can let 6 =£ €[0,1] and interpolate to obtain

Q \

(1-6) 0 =0+ 2=
a q

and



1
.
Therefore the Riesz-Thorin interpolation theorem yields

<C

H 1+8
L4([Tyq1,0]x BE+1)

1+8
Ug 11 ’

2
Yk+1 HL°° <[Tk+1:0]§L 1+6 (Bk+1))

<Ckgl+p5>l/p]

0
H 1+
! L [7k+17 }L /(Bk 1))

P
q

1,2
<C| sup Hqﬁkungka
t€[Tk41,0]

Thus finally,
14 (+Ba=p
//k 1¢k+1uk+1|(1+5)q§//k 1X{Bk+1}(uiﬁ)q§0k5k : (3.9)
+ +

Step 2: A Recursive relation for the sequence &
Recall from the definition (3.8) of ¢ that (1+8)¢=2+(1+8)p—25. If n>1, then by the
definition of p’ we have that 25 =2+4pB—22. If n=1, then p' =p and f=1. Therefore,
_ p
(1+,6’)q—p+25, n>1

(3.10)

The Energy Inequality (2.4), applied to uj with b=1, ¢y, and times Tyy; and Tk, tells us

1/m*
& < C2FF2 (//k(ui+|vuk|2)x{3k}+ <//ku$ X{Bk}) > : (3.11)

Now that we have (3.9), we are ready to bound the three terms on this inequality’s right hand side.

that

For the first and third terms on the right hand side, we can use a well known trick of

De Giorgi [DG57]. For any j < (14 )q we can apply Holder’s inequality followed by Chebyshev’s
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inequality to obtain

/]kuiX{Bk} N //k(@“1“’“)jX{Bkn{uk_1>z<k+1>}}

3/1(+8)q] 1—5/[(1+8)d]
< <//k(¢k—1Uk)(1+B)q> ‘{‘ﬁk—luk_l > 2_(k+1)}‘

s 1-5/[(1+8)d]
= // <¢’“uk1)(1+mq> ’{(%flukq)(”ﬁ)q>2*(’““)(Hﬁ)q}’
k—1

3/10+8)d R
(// <¢’“1uk1)(1+ﬂ)q> (Q(kﬂ)(lw)q// <¢kluk1)(1+5)q>
k-1 -
9(

K+1)((1+6)a—3) // (1) D)
k—1

(A+8)q—
1+ 2‘1 b
k—2

IN

IN

<Cke

We know from (3.10) that 2< (14 8)q and m+ <1+ 2 < (14 f)q, so setting j=2 and j=m* gives

us bounds on the first and third terms of (3.11), respectively.

For the second term of (3.11), calculate

//k|vuk|2X{Bk}S//kqbi/plX{uk>0}|vuk‘—1|2X{¢kuk>O}
9 2/p ol 1—
< (/]I€¢k—1X{uk_1>2(k+1)}|vuk1|p> ‘{(ﬁkflukfl >~ (k+ )}’
2/p
(2k+1//¢i—1uk—1|vuk—1|p> ){(¢k—1uk—1)(1+ﬁ)q>2_(k+1)(1+ﬁ)q}‘
k

2/p 1-2/p
<2k+18k71) (2(k+1)(1+,8)q// <¢kluk1)(1+ﬂ)q>
k-1

o\ 1-2/
< 2’”13,{,2)2/73 (2<k+1>(1+5>q0k_281+<1+6w> v

2/p

1-2/p

IN

IN

k—2

1+ 1—2 (A+B8)g—p
C’“&k_g P :

IN

The second-to-last inequality used (3.9), and the fact that ;1 <&Ep_o.

Finally we have the recursive relation

1+ (1+ﬁ2)q—p 1+(1_%) (1+32)q7p (1+ (1+B2)qp)(n}*)>

&L<C” <8k_2 +&, 5 +E (3.12)
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From (3.10) and p>2, one sees that the first two of these exponents are strictly greater than 1.

From (3.10) and m* <1+ £, one sees that the third exponent is strictly greater than 1.

Because we can assume wlog that all &, are small, this simplifies for our purposes to
kol+
ER<SCPETS.
Therefore the sequence €951 is bounded by a sequence a,1 = c”alJrE ag=E&1. Because the
exponent is greater than one, the bounding sequence will tend to zero as long as ag is sufficiently

small.

But since u <1 by assumption, we can calculate, for any b> o,

1= SUP/¢%U%+/ Iy |V |P
1

[Tl 70]

b—1 N b—1
(Sup/¢1ul (27 X{uo>2 2) +/1¢%U1 (2 2X{u0>2*2}) ’VU1|p>

[Tl ,0]

<2? (sup/qﬁlulu / PFuruly I\Vu1]p>
[Tlvo]
<2207V <sup / ojug’ + / ¢3u8\w11p>
[T1,0] 1
%
<C (// b+1+ugig)x{30}+ (//ugm*x{30}> )
0

SC(|{U>O}m@2|-l-|{u>0}ﬂ@2|—I—|{u>0}ﬁ@2|1/m*>'

Therefore there exists a dg >0 sufficiently small that, if ‘{u>0}ﬂ@2{ < g, then &; will be small
enough that &, —0 as k— oo.
If &, —0, then
koot
]l pa—1,0x 81y S N PRkl Loy, 0 mm) SC7EL ™ —0.

By the monotone convergence theorem, we conclude that [|(u—1/2)4||1q(j_1,0x5,) =0 and so

1
{u>3}N[=1,0x Bi|=0.
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2.4 Second De Giorgi Lemma

The second De Giorgi lemma is a quantitative version of the statement “solutions to our

PDE cannot have jump discontinuities.”

Define the sets
QBZ[_470] XB35 QZZ[_470] XB25

and remember that

Q5 =1[-2,0] x Bs.

According to the next theorem, if a solution to (1.1) is negative in @2 on a set of large measure,
and >1 in Q, on a set of large measure, and it is bounded on all of Q3, then that solution must be

strictly between 0 and 1 on a set of large measure in Q.

The proof is by compactness. Because the solution is bounded on )3, we can use the Energy
nequality to bound its derivatives on J2. By a theorem of Aubin and Lions, which is an instance of

)

the general principle “bounded derivatives imply compactness,” we can conclude that the family of
bounded solutions is precompact. Therefore, if the interstitial measure is not bounded below, there
must be a limit function which would have both bounded derivatives and a jump discontinuity, a

contradiction.

Because of the coefficient on |Vu| in the Energy Inequality, the derivatives are not well
controlled when u is near zero. This is solved by considering instead u raised to some power,
whose derivatives are trivially controlled when u is near zero, and whose convergence implies the

convergence of u.

Proposition 2.4.1 (De Giorgi’s Second Lemma). There ezists a positive constant pgy depending

on A, p, m, &, and the dimension, such that for any u satisfying Inequality (1.1) in the sense of
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distributions, with

u(t,z) <2 V(t,x) € Qs

and

w0y 1%L

and, for &g the quantity divined in Proposition 2.3.1,
‘{UZ 1}062} 2507

it must be the case that

{0 <u<1}NQ2[> po.

Proof. Suppose the proposition is false. Then we can consider a sequence u; of functions which

satisfy all the hypotheses of this proposition but for which
1
Ho<u; <1}NQ2| < -.

i

Rather than seek a limit of the sequence u;, we will actually seek a limit of (u;)72, where

%4— % =1 consistent with the notation in Lemma 2.2.1. First we need to bound the space and time

derivatives of (u;)7"* uniformly in i.

Step 1: Bounding the derivatives

To bound the spatial derivatives, we use the Energy Inequality (2.5) with b= (o +1)p, and

choose a smooth cutoff function ¢ satisfying

¢:Bs—[0,1], ¢ >0, supp(¢) compact, Y(x)=1Vx € Bo.

By the Energy Inequality, we have

ﬂ' qh”W<o+2/'wm Yo IT () 4 P

Byx[—4,0]
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0 0 1/m*
o+1)—0 o+1)+1 m*p(oc+1
SC//_4 ((uz')’i( +1) +(Ui)lj_( +1)+ )X{BS}+C(//_4(W)+ plo+ )X{B3}>

<C(A,p,n,m).

Therefore the sequence V(ui)‘rFQ is bounded in LP([—4,0]; L?(B2)) uniformly in i.

Bounding the time derivative is much more involved. We will show that 8t(ui)‘j_+2 are

uniformly bounded in M([—4,0]; W ~—1%), where M means the dual space to L and W1 is the
dual of CSO(BQ) ﬁWl’OO(BQ).

Using the Energy Inequality (2.6) with b=0+1 and any test function ¢:@Q3—R which
is smooth and compactly supported in space (but not necessarily compactly supported in time),

together with the fact that || f||; <|| fl],, <A and u; <2, gives us the bound

(Ou(s)TH %) s gy < Clp,A) ( e [[@w | (u»i“\w?)

<) (Il () + IVl )

We must find a similar bound on (9(u;)5™,%) when v is not necessarily the square of a
smooth function. Our strategy is to decompose 1 as a sum of a perfect square and a function
independent of time. To this end, define v/¢ a specific smooth function (of space only) supported
in B3 and identically 1 on By. Then ¢:= \/52 will also be smooth, supported on Bj, and identically
1 on Bs.

Consider any ¢ € C3°(Q3), and set K =||¢|| . +|V¥| ... Here and in the sequel, ||-||,, means

H-HLOO(QS). Note that 1+ K¢ is non-negative, so we can define ¢ by the relation

Y=p* K.

Estimate
//wﬁt(ui)iw:_K//Gﬁat(ui)iﬂ+//8028t(m)1+2
Q2 Qs Os
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<x|/ th [ otz
<x| [otw)z0.0+ [otu)zan] w0 o+ Kol+ | (vviFRe) | ).

By the chain rule, this last term becomes

+C (IlpliZ + 19412

Vo + KV
2| (vvirKor| ‘Wm
Hw+Kw ‘!WH{VW
VHES e | YHES Lo (@a\qn
:Sup<Hrw IKVoP )
VK| po@a 1| KO llre@s\@a)
<o (o w0l 5 o vl
<CyK.

In the above calculation, remember that ¢ is constant on Q2 and ¥ =0 outside Q2, that ¥+ K >
V||, by the definition of K, and that /¢ is smooth by assumption.

We see now that

(1,00(u)77) C(Ap,1,0) ([ oo + V¥l o)
and, by duality, 0;(u;)7* is bounded in M([—4,0];W~1°(By)).

In order to apply our compactness lemma, we need (ui)‘rr? to be absolutely continuous in
time (i.e. we want L', not M). Therefore consider a family of mollifiers 75 tending to a dirac

measure as 6 — 0. Convolving with respect to time, we obtain smooth-in-time functions.
ns* (ui) T € LP([=4,0, WP (B2)), 8 [ns* (u)7?] € L' ([—4,01; W~ 1°(By))
are uniformly bounded independent of é < 1.

The Aubin-Lions Lemma indicates that the family 7 * (u;)7 " is compact in L*([—4,0] x Bs).

Choose a sequence d; — 0 such that

1
H(ul)o—O—2 — N, * (Uz cr—l-ZHL1 < _
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By compactness, the sequence n;s, * (ui)j'rJr2 has a subsequential limit v, and

a2 = ol < [0a)T =, )2+ s (0) 2 =], 0.

That is to say, (ui)(j;+2 — v in LY(Q2).

Step 2: Showing that the limit engenders a contradiction

By a measure-theoretic argument,

(<0} NQy| > 1921 |Q2|

{v>1}NQ,] 250, and

H0<v<1}NQ2|=0.
The map f+ [V fll1»(qg,) is lower-semi-continuous on L'(Q2), and hence

/ HVUHLP(B dt < 0.

This implies that for almost every t€[—4,0], [[Vv|, is finite; and for such ¢, v must have no

spatial jump discontinuities. In other words, there are three kinds of ¢ € [—4,0]: those at which v

is identically 0, those at which v(¢,2) >1 Vx € By, and the exceptions which have measure zero in

[—4,0].
If we define a new smooth cutoff ¢ on Bs, and set
H t) = H¢2<.)v(t’.)HL1(B2) 5

then for a.e. t, either H(t)=0 or H(t)> H¢2H1

On the other hand, we know that H cannot have (certain kinds of) jump discontinuities.

Because (u;)7"? — v in L'(Q2), we know that
Hi=||¢*(u)7||,—H  in L'([-4,0]).
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And by the Energy Inequality (2.6), with cutoff ¢ and b=o0 + 1, the derivative of each H; is bounded

uniformly in : notice that 9,9 =0 and so for any time interval [s,t] we have
td [, 2
()~ Hi(s)= [ 5 [ #w)T
s dt

<C(p,\,¢) // ()T + (ua) 77 + (ui)}) Xgsupp(e))
<[s—t]C(p,A,9).

Therefore (again by lower-semi-continuity), %H is bounded above.

This means in particular that if H(s)=0, then H(t)=0 Vt>s. And we know by (*) that
v=0 on a set of large measure. In fact, necessarily H(¢) =0 V¢t € (—2,0]. This contradicts (**), and

so the proposition is proven.

2.5 Transporting Improvement Forwards in Time

Using the propositions proven thus far, one can show, under the appropriate hypotheses,
that if a solution to Inequality (1.1) is > —2 in @3, then it is in fact > —2+¢ in [—4,—3] X B.. This
is not quite what we set out to prove; we want solutions to become regular after some time elapses,

and hence the lower bound must be somewhere in the region [—1,0] x Bj.

To bridge the gap, we use a barrier function to ”flow” the improvement forward in time.
Our solution will still be > —2+¢’ on a ball of radius &’ at the end of the time interval, and though

¢’ becomes smaller as time elapses, it never vanishes entirely.

This is the first time we use (1.3). This inequality is true only in a viscosity sense, so instead

of energy methods, we must construct a barrier function which constitutes a subsolution to

dpu+A|VulP — Agm™ (D*u) =0.
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Proposition 2.5.1. There exists a constant 0 < Ko <1 depending only on p, A, and n such that
the following holds: Let 0 <A< Ky be a constant and u a viscosity supersolution to Inequality (1.3)
on the interior of [0,T] x By with T <4 and Ao < ?Ky. Suppose that

u>-2 on [0,7]x By,

u272+)\2 on 00X B,.

Then
2

A
UZ—Q—F? on [O,T]XBA/Q.
Proof. We define the barrier function

2
o(t,z):=—2+ X8 <‘i\c|> - %t,

where 3:RT — R is a smooth function supported on [0,1] and identically 1 on [0,1/2].

If we can show that o is a subsolution to (1.3), and that it is less than w on the parabolic
boundary 0 x BoU[0,T] x OBz, then the standard theory of comparison principles tells us that u > o
on the whole interior of [0,7] x Bs. See [Cra97] for the elliptic version of the comparison principle,

and [Juu01] for a treatment more specific to the parabolic case.
In particular, for (t,x) €[0,T] x By /o we have
ot,x)=—2+M(1—1t/8)> -2+ }(1-T/8)>—2+\?/2.
Thus showing u > ¢ will prove the proposition.

Step 1: Barrier is below u on the boundary

At t=0,
0(0,2)<—2+X<u  VzeB,),

0(0,z)<-2<u Vo € B\ By;
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and on the spatial boundary |z|=2,

2
o(t,x)z—Q—%tﬁ—qu Vtel[0,T].

Thus on the parabolic boundary of [0,7] x By, we have o <.

Step 2: Barrier is a subsolution
By construction
oo (t,x)=—\2/8

and

x

\Vo|(t,z)=\3 <H> .

A

To compute D?c, notice that o is radially symmetric in space, and so it suffices to compute the

Hessian at the point x = (|z|,0,...,0). At this point, one can compute directly that

d? z|+h
ono(t,r)= ez B (H)\>
h=0
Y m
=7 < A )
and for i £0
d? |z|2+h?2
- ][ )

()

For any i#j, assume without loss of generality that ¢#1. Then [0;0](z)=0 for any z in the

hyperplane x; =0, by radial symmetry. Therefore 0;[0;0]=0 at (|z|,0,...,0).

We conclude that the matrix D20 (¢,2) is a diagonal matrix with eigenvalues

A (] (1]
2l (Q and <A>’

and by symmetry it should have the same eigenvalues at generic x.
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Therefore, to see if ¢ is a subsolution, calculate

2
atU+A|VU|p_AOm_(D2U):_)g;+A>\p(5,)p—Aomin( \Awo>
x

< T AN Ao | B0
=8 o0 oo 07 /9

180l
—\2
< S AN B+ XK 8] + 22K 8] o

1
— )2 (w—?HB’HZO+K0Hﬂ”!!oo+2AKoH/3’Hoo8)

3 -1 1
<3 (g1 s ol 4 RS 1 ).

This last quantity is negative provided K sufficiently small, depending on A, p, the dimen-

sion, and the specific choice of j3.

2.6 Proof of the Main Theorem

Having completed the core of the proof, we now come to the final section. The pieces are
all present, and we need only put them together. This section contains three lemmas before the
proof. The first two (Lemmas 2.6.1 and 2.6.2) tell us which scalings constitute symmetries of our
PDE. Lemma 2.6.3, the Oscillation Lemma, applies Propositions 2.3.1 and 2.4.1 iteratively in order
to control the oscillation of solutions to our PDE. Finally the proof of the Main Theorem will show

how the Oscillation Lemma is equivalent to interior Holder continuity.

The proof of the Oscillation Lemma is slightly non-standard. The rest is technical, with no

new ideas.

Lemma 2.6.1. Ifu satisfies the two equations (1.1) and (1.3) on a cylinder [Tp,0] x 2, and o, >0

are any two real numbers satisfying




then the modified function

v(t,z) = ou(a? 1Pt Bx)
satisfies the equations
O+ A VolP —div(A' Vo) < f/

O+ A|VolP — Aim™ (D*v) >0

ap—lﬁp 9

on [855,0] % 39, with Ay=a? = 57200 < Ao, [ A0 <Al and [y <11l

Proof. One must take

f'(t,x):=aPBP f(aP ™' 7, Bz),
Al(t,x) :=aP 3P 2 A(aP~ 1 BPt, Bx).
Applying our differential operator to v, we obtain

O+ AT VolP —div(A' Vo) = (af)POu+ (aBf)P A~ |[VulP — (aB)P div(AVu)

(af
(aB)P [Ou+ A [VulP —div(AVu)]
f/

IN

For the other inequality, similarly,
O+ A|VolP — Agm™ (D*v) = (aB)POu+ (aB)PA|Vul’ —aBAgm™ (D*u)
=(aB)? [Otu+A|Vu|p—Am_(D2u)]
>0.

That Aj <Ag and ||A’|| <||A||,, follows immediately from our assumptions on «, 3. For

Il.f'|l,,,» We notice that p— % is necessarily positive, and calculate

|a? B f (P~ 8Pt Bz)|| = aPBP(a?~ P8~/ ™ || £,
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_p=1 __pitn
=arm fP | f]l,,

1 _ p(m—1)+1 p_p—#
<aP” o (a penhon [l =11 M-

O

Lemma 2.6.2. Ifu satisfies Inequality (1.1) on a cylinder [Ty,0] x 2, there exist constants ey € (2,p)
and ea <0 dependent on n, m, p such that, for any two real numbers 0< <1 and 1 <a< B, the

modified function
v(t,x) :=au(ft, fx)
also satisfies Inequality (1.1) on [Ty,0] x Q@ with parameters || f'||,, <|fll,.: |14l <Al and the

same A.

Proof. Since "5 <p and p>2, we can choose a constant e; € (;-",p) such that e; >2. Let

( p—er n m—1>
€ =max| — ,— —€1
p—1 m m

_p=e1y Pl ean p—1
e (o) ) )

so that

Al(t,x):= B2 A(B L, B,

f'(t,z) :=aB f(B3°'t, ).
Applying our differential operator to v, we obtain

v+ AL Vol +div(A' Vo) = aB 0u+ (af)P AL VulP + B div(AVu)

=af [Qpu+ (apflﬂpfel) At |VulP +div(AVu)]
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<af [Ou+ A" VulP +div(AVu)]
<aff=f"

That ||A']| <[|All,, follows immediately from our assumption that e; >2. It remains to

calculate the norm of f’:
1], =B (B 8™ | £l
= a7 | £,
<l -

A priori, v will satisfy this inequality on [ 6201 ,0} X %Q Since we assume <1, this in

particular means it is satisfied on [T,0] x €.

O]

At last we can prove the Oscillation Lemma. The oscillation of a function is the distance
between its supremum and its infimum, and for solutions of (1.1) and (1.3), if the oscillation is

finite on a region it will be strictly less on a strictly smaller region.

Lemma 2.6.3 (Oscillation Lemma). There exist constants \* >0, r* >0, T* <0 depending on A,
p, n, po (from Proposition 2.4.1), 6y (from Proposition 2.3.1), Ko (from Proposition 2.5.1), and
e1, ez (from Lemma 2.6.2) such that, for any solution u to Inequalities (1.1) and (1.3) on Qs, with
Ao < (A\*)2Kyo, we have the following implication: If

lu[ <2 V(tx)€Qs,

then either

)\* 2
sup u<2— ( )
[T*,0]x B,.« (0) 2
or
(\)?

inf u>—2+
[T*,0]x B,x (0) 2
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The idea of the proof is to apply De Giorgi’s First Lemma to some truncation of u. Re-
member that De Giorgi’s First Lemma says that if the measure of {u; >0} is sufficiently small,
then uy is L*°-bounded on some smaller domain. This L® bound is precisely what we wish to
prove. We attempt to apply the lemma to each of (u — C})4 for Cy an increasing series of constants.
Obviously the measure shrinks as Cj increases; De Giorgi’s Second Lemma allows us to quantify

the decrease in measure, and find a precise k£ for which De Giorgi’s First Lemma applies.

Proof. Let ko be the smallest integer greater than |Q2|/po, where pg is the constant in Proposi-
tion 2.4.1, and define
Qsmau = [—4 . 2k0€1/e2,0] X B2,2k0/62 .

There are two cases to consider: either we will upper-bound the supremum or we will
lower-bound the infimum of « in the region [T*,0] x By« (0). If

|Qsmall ‘
)

|{u§0}ﬁQsmall|Z 9

we are in the former case, so we call u “mostly negative” and define
v(t, @) = u(2k0er/e2 oko/e2y).
Otherwise, we are in the latter case, so we call u© “mostly positive” and define
v(t,@) = —u(2k0er/e2 (—4 —¢) 2Fo/e2 ),

In either case,

Q2

Hv<0}NQ2|> R

For integers k € [0, ko] consider the functions

v =2F(v—2)+2.
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Notice that for all k<kg, vy <2 on Q3. By Lemma 2.6.2 with o =2F and g=2%/¢2 and domain
@3, combined with the fact that Inequality (1.1) is preserved by translations, addition of constants,

and the transformation f(t,x)— —f(—t,z), each vy satisfies Inequality (1.1) on Q3.

We claim that [{vg, >1}NQ,| <J. If this were not the case, then in fact

{vk =130 Q] > do,

for all k <kg, because the quantity is non-increasing as k increases. Similarly,

Q2]

‘{UkSO}mQQIZT

for all k£ <kp, because the same holds for vy and the quantity is non-decreasing.

This is enough for us to apply De Giorgi’s Second Lemma to each vg. By construction, the

Lemma tells us that

{vr1 =03 NQ2 < [{vr 20} NQ2| - po.

This cannot possibly be true for all k£ between 0 and kg, since kouo>|Q2|. This is a

contradiction.

Therefore [{vg, >1}N Q4| < dp. We can apply De Giorgi’s First Lemma to vg, — 1, and learn

that vk, <3/2 on Q. In terms of v,
o(t,z)<2—-27F"1  V(t.x)eq.
In the case that u is mostly negative, this means
u(t,x) <2—27R~1  y(t2)e[T,0]x B,(0), T =—2ker/e2 j.—oko/e2
and the proof is complete. So consider the case where u is mostly positive. We’ve shown that

uw>—2+427k"1 vyt x) e [—4.2koer/ez _3.gkoer/e2] B |
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The problem here is the time interval; we want a lower bound on the infimum of w in a parabolic
neighborhood of (0,0). Define
A =min(Ky, V2~Fko—1),

Proposition 2.5.1 applied to the lower-semicontinuous envelope of u tells us that, since we assumed

Ao < (M*)2Ky,

on [4T,0] X By« /.

Letting T* =T, r* =min(r,\*/2), we see that either

*)\2
sup u<2— (X
[T*,0]x B, (0) 2
or
(\)?

inf u>—2+
[T*,0]x B+ (0) 2

Finally, we are ready to prove Theorem 2.1.1.

Proof. Instead of proving continuity directly for w, it is preferable to consider
u=u-+At,
which satisfies the Inequalities (1.1) and (1.3). Clearly @ and u will have the same Holder exponent.

Since (2 is compact, there is a radius p such that B,(z) C (2 for each z €.

Consider any two points (tg,70),(t1,21) € (5,7) x Q, and assume wlog that ¢y >t;. If these
points are far away, then we can estimate the Holder norm in a very rough way, using the L°° norm

of w. If the points are very close together, then we must use the Oscillation Lemma.

We want to rescale the function @ to obtain w centered at (tg,xg) but solving the PDE on

Qs3, with ||wl|| <2, and with Ag < (A*)2Kj. To that end, choose ay, 3, small enough that

2
Qyy <

>~ 3Bw§'0; 4@%7165)§S, 052716572AOS(A*)2K0,
]| oo (17,01 x2)
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and

cwbu<l,  aLEIS1 @ DHgn g
Note that a,, and 3, depend on ||u|; .

Lemma 2.6.1 tells us that
w(t,x) =i (to+ady  BEt, w0+ Bu)

is a solution to Inequalities (1.1) and (1.3) on Q3, with Ag < (A\*)?K(. By construction |w|<2 on
Qs.

Now that w is formatted correctly, the plan is to apply Lemma 2.6.3 iteratively, showing

that the oscillation of w decreases as the distance to (0,0) decreases.

Set
4

S S OREL
and take (31 small enough that 33y <r*, and 4a217_152f < —-T*, and small enough to satisfy the

hypotheses of Lemma 2.6.1. Define wg=w and iteratively define

B )\* 2
wit1(t,2) == |wi(af lﬁftaﬁlfﬁ)i(él) ,

with & chosen as whichever sign minimizes ||wg1| 0 (g,)- By induction, [wg| <2 on Q3 and wy,
solves Inequalities (1.1) and (1.3) on Q3 with Ag < (A*)2Kj, and hence satisfies the hypotheses of
Lemma 2.6.3.

Therefore, for all k>0, we find that for Q= [—(afﬁlﬁf)k,()] X B,

1 *) 2
supw(t,r) — infw(t,r) < —— <4— () > .
Qr Qk oy 2

Remember that we are trying to bound the Holder norm, the quantity

|u(t1,21) —u(to,xo)|
|(to—t1)? + |0 — 1 [2[7/2

(%) =
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If \/(to —t1)%2 4 |z — 21/? Zaﬁflﬁﬁ, then we can bound

2|l

() < (aﬁ,_lﬁg,)V'

Otherwise, we can use the control on the oscillation of w. Specifically, if

- -1
V(to—t1)2+|zo —z1[2 <ol ' Bh (o] 8Y)"
for any integer k>0, then, because ay,5,, <1 and o161 <1,

tl—to T1— X0
< )GQk-

aﬁflﬁg " Bu

Therefore

’ (tl—to 1 — X0
a{’u_lﬁﬁ’ Bw

This relationship implies that

) —w(0,0)‘ =y |a(t1,z1) —u(ty,z0)| < ———

tos (/(to—t1) +lzg—e1 12 / (ol 8 ) ,
ja(ty,z1) —a(to, zo)| < (4— ()\;)2>/ e log(e} ™" 87) -

()\*)2 aQ 7101%(&%:11[3%) ( *log(oiﬂ )
<<4_ )1allog(a1 51)\/(t0—t1)2+|x0—1‘1]2 log(al ™" 8Y) .

Hence if
v —log(a)
log(af ™' 87)
then

—1
log(afy "8

A¥)2 log(al1aP)
(*)§<4_( 2) )O‘lafg(]f -

Qo

Note that the bound depends non-linearly on «,, and f,,, and hence on ||u|| ., but v depends

only on n, p, m, A, and Ag.

This completes the proof.
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Chapter 3

A Family of Nonlocal Hypoelliptic Kinetic Equations

3.1 Introduction

We study in this chapter! the family of nonlocal kinetic equations

[Or+v-Vi|f=Lf+a, (1.1)
Lf::/K(t,x,v,w)[f(w)—f(v)]dw.

The kernel K can be any measurable function which is symmetric in v and w and which satisfies

a coercivity bound,

K(t,z,v,w)=K(t,x,w,v), K(t,z,v,0+w)=K(t,z,v,0—w)

1 (1.2)
X{jo-ui<ey v —w| "0 <K (ta,0,w) <nfu— w|~(+29)

for some constants 0 <s<1 and x>1. The function a is a source term we take to be in some
Lebesgue space, the variables ¢, z and v are taken in R, R", and R" respectively, and we restrict

ourselves to the case 2s <n. The integral defining £ is taken in the principle value sense.

These models are used extensively in nuclear- and astro-physics (c.f. Zaslavsky [Zas94],
Goychuk [Goyl7], and Haubold and Mathai [HMOO]) to model the behavior of neutral particles
moving through a plasma (c.f. Larsen and Keller [LK74]). They can also model two-species particle
fields wherein the test particles are of a very dilute species ([Goyl7]). The theory of anomalous
diffusion (Mellet [Mel10] and Mellet, Mischler, and Mouhot [MMM11]) derives the small-mean-free-

path limit of fractional kinetic equations such as (1.1) and shows that these equations represent the

!The contents of this chapter are based on work originally appearing in “L. F. Stokols. Hélder continuity for a
family of nonlocal hypoelliptic kinetic equations. SIAM J. Math. Anal., 51(6):4815-4847, 2019.”
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mesoscopic behavior of fat-tailed equilibrium distributions. These fat-tailed distributions appear
in physical observations from astrophysics ([LK74] and Mendis and Rosenberg [MR94]).

One notable special case of (1.1) is the fractional kinetic Fokker-Planck Equation, corre-
sponding to £ =(—A,)® or equivalently to a homogeneous kernel K (t,z,v,w)=Cy, s|v—w| "2,

The (local) kinetic Fokker-Planck Equation is obtained in the limit s— 1, correpsponding to
L==A,.

If we think of f as a density function for a collection of particles, with t, x, and v being
time, space, and velocity respectively, then the equation (1.1) states that these particles move
freely through space with their velocities changing in a stochastic manner. If the velocity of a given
particle varied according to the Weiner process, then f would obey a (local) kinetic Fokker-Planck
Equation. However, when the velocity of each particle varies according to a Levy process (without
drift), the density function obeys (1.1). A Levy process, unlike the Weiner process, allows individual
particles to change velocity suddenly and discontinuously, which better approximates the effect of

elastic collisions.

Another important model from the statistical mechanics of particles is the Boltzmann Equa-
tion

[0 +v-Va] f=Q(f.[)-

In the non-cutoff case, the Boltzmann Equation sometimes enjoys a regularization effect similar
the fractional Fokker-Planck equation (Alexandre, Morimoto, Ukai, Xu, and Yang [AMU*10]).
Our equation (1.1) is closely related to the linear approximation of the bilinear collision operator
Q(-,+). If the mass, energy, and entropy of a solution are assumed to be uniformly bounded,
then regularization due to hypoellipticity is observed for the Boltzmann Equation (Imbert and
Silvestre [IS16]), and also for the closely related Landau Equation (Henderson and Snelson [HS17],
Cameron, Silvestre, and Snelson [CSS18]). Note that [IS16] rewrites the Boltzmann equation in
the form (1.1), but with kernel satisfying weaker constraints than (1.2). Their regularity results

are discussed below. The most important assumption these papers require is that the mass is
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bounded away from the vacuum, which is connected to the coercivity of the collision operator.
In [HST17], Henderson, Snelson, and Tarfulea show that this assumption really does hold for the
Landau Equation. See Mouhot [Moul8] for a thorough review of the current state of research on

this front.

Equation (1.1) is a typical hypoelliptic equation. Although regularization of the integral
operator happens only in v, we will gain regularity in ¢, z thanks to the mixing property of the
transport operator. This is reminiscent of the hypoelliptic theory based on C*° of Hérmander
[Hor67] and Kolmogorov. Averaging lemmas such as [GLPS88] (Golse, Lions, Perthame, Sentis)
can be seen as an H?® theory of hypoellipticity.

This H® theory has already been applied specifically to the nonlocal kinetic Fokker-Planck
Equation. Lerner, Morimoto, and Pravda-Starov [LMPS12] showed that solutions to certain frac-
tional kinetic equations are in a Sobolev space H? in all three variables. This result was inspired
by the work on hypoelliptic equations by Bouchut [Bou02], which is discussed in more detail be-
low. The precise amount of Sobolev regularity is improved and expanded upon, for example, by
Morimoto and Xu [MX07] and by Li [Lil4]. In fact, [MXO07] obtains C'*° solutions in the case of no

source term and £ a specific operator similar to (—A)*.

This chapter extends a C* hypoellipticity theory, as was first introduced for kinetic Fokker-
Planck by Golse, Imbert, Mouhot, and Vasseur [GIMV16]. They show that solutions to the (local)
kinetic Fokker-Planck Equation
[Or+v- Vo] f=Auf

are Holder continuous. In [IM18], Imbert and Mouhot show that, for certain initial data, the
nonlinear Fokker-Planck Equation has smooth solutions for all time. They utilize the Holder
continuity of [GIMV16], as well as a Schauder-type estimate. In [IS16], Imbert and Silvestre obtain
Hoélder continuity for a class of nonlocal kinetic Fokker-Planck-type equations with operators £
more general than those considered in the present chapter, and with uniformly bounded source

terms.
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The seminal work on averaging lemmas is by Golse, Lions, Perthame and Sentis in 1988
[GLPS88], which shows that solutions to [0;+v-Vy|f=g have their weighted velocity averages
plf]=[nfdv in H /2 assuming f and g are in L?. This result had precursers in [GPS85] and
Agoshkov [Ago84]. Many results followed, see for example DiPerna, Lions, and Meyer [DLM91]
and DeVore and Petrova [DPO01], which show various levels of regularity for p[f] assuming different

regularity measures of f and g.

Notable in the history of averaging lemmas is [Bou02|, which showed that if f is regular in
v (in the Sobolev sense) then not only is p[f] regular but so is f itself. This powerful result was
followed by generalizations in [LMPS12], [MX07], and [Lil4] which are especially relevant to (1.1).
We’ve used these results to establish the regularity needed to justify our calculations, as explained

in Section 3.1, but we do not rely on their quantitative estimates.

Instead, the primary averaging lemma that we utilize is by Bezard [Béz94]. Like Golse et
al. but unlike Bouchut, this lemma gives regularity only for the density p[f]. Bezard requires only

that f and g lie in a negative Sobolev space H_*®, which gives us plenty of flexibility.

Our proof follows the De Giorgi method, pioneered by De Giorgi in [DG57] (c.f. also
Vasseur [Vasl6al, [SV18], Caffarelli and Vasseur [CV10b], Caffarelli, Chan, and Vasseur [CCV11a),
and [GIMV16]). We are particularly inspired by [GIMV16], which applies De Giorgi’s method
to a kinetic equation, and [CCV1la], which applies the method to a nonlocal integro-differential

operator.

For two functions f,g€ H*(R"), and t€R and z € R", define the bilinear operator
Bualf9)=B(f.9) = [ Ktoww)lf(w) - f(0)lg(w)~ g(0)] dud
and note that
[s@eerao= [ o [Kirw) - swlawd
— [ Kts0) - )gto) dwae
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—5 ([ 1) - roatdwdo [[ 5500) - gt dea
5 ([ - s listw) - o) awar
=—Bi.(f.9).

We call fe L2(Q; H*(R™)) a weak solution to (1.1) on a domain Q CR x R” when

_// f[at+v.vm]gbdvdxdt:—//B(f,¢)dxdt+///a¢dvdxdt Vo e L2(Q; HS(R™)).

Our main theorem is

Theorem 3.1.1 (Main theorem). Given constants s€ (0,1), k>1, and 2s<n €N, there exist ex-
ponents a € (0,1) and r9>2 such that for any open set QCR™, T >0, constant ro<r <oo, and
source term

a€ L"([0,T] x Q x R")NL2([0,T] x Q@ x R™),
there exists a constant such that the following is true:

If
FeL®([0,T) x QxR™)NL([0,T) x Q; H*(R™)),

is a weak solution to (1.1) subject to (1.2), then f is in C*((0,T) x Q2 x R™).

Morover, for any 0<T <T and any compact set QCS), there exists a constant C =
C(n,s,k,9,Q,T,T) >0 independent of f such that the following bound holds:

1 llga (7 a1xaxm) <€ (Hf”LOO([O,T]XQX]R”) + Ha||Lr([o,T]xQan)) :

Although the assumption (1.2) on the kernel is a natural one for studying absolutely con-
tinuous kernels from an energy perspective, it is too strict to apply to e.g. the Boltzmann equation
because the collision kernel may not be absolutely continuous or symmetric. As a result, in the

case a € L, our result is included in the result of [IS16]. Their proof does not use a averaging
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lemma, instead utilizing a careful study of the Green’s function for the fractional Kolmogorov equa-
tion. They employ a Krylov approach to obtain a weak Harnack inequality. The advantage of our
stronger assumtptions on the kernel is that our proof can be entirely energy based, which allows
us to consider source terms which are not uniformly bounded. We are also able to take a unified
variational approach to the cases s <1/2 and s >1/2 by adapting the technique of [CCV11a] to the

kinetic context.

The assumption that solutions are in L* will hold in particular when the initial data and
source term are both in L*°. In such a case, we could obtain a maximum principle by computing
G I (= C —tal| )3 dvdz.

With arbitrary source term, a more robust L* bound can sometimes be obtained by adapt-
ing Proposition 3.3.1 below. As stated, this proposition requires an assumption of uniformly
bounded growth for large values of v, to avoid interactions between high-velocity particles and
the boundary 0€) of our spatial domain. Though outside the scope of the present work, this as-
sumption could be removed with proper boundary conditions. For example, if we take z € T" the

torus, then solutions will be L at any positive time.

In the case that K is homogeneous near the origin, meaning equal to [v —w|~"~2* for |[v —w|
sufficiently small, we can obtain existence of an L?(H?®) weak solution from [MX07] Theorem 1.1
(by treating the difference between £ f and (—A)®f as a source term). When K is not homogeneous
near the origin, our result is an a priori estimate. In particular, when a uniform L* bound exists (as

discussed above), we can obtain existence of continuous solutions through the method of continuity.

The symmetry assumption posed in (1.2) is actually two symmetry assumptions. The
former, K(t,x,v,w)=K(t,z,w,v), is crucial to the weak formulation of the problem and hence
is used throughout this chapter. The latter assumption K (t,x,v,v+w)=K(t,z,v,0—w) is really
only used in the proof of Lemma 3.2.3. It is necessary because otherwise, in the case s>1/2, the
operator £ might not be bounded even from CZ° to L*°. We list here a few alternative assumptions,

any one of which could replace the latter symmetry assumption of (1.2) with no loss of generality.
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For any C? function ¢, [|£¢[l <C| |l c2-

The parameter s is strictly less than 1/2.

For any t,z,v €R x R" x R", fB1 wK (t,z,v,w)dw=0.

The function K(t,z,v,v+w) is independent of v.

The lower bound on the exponent 7 for the source term is

n(l+s)(n+l) (s 1 n
= 22— =+ —].
"o s n+2+28

This bound is strictly greater than 2, and it is also strictly greater than n+1-+mn/s, which is the

critical scaling exponent. This lower bound may not be sharp.

The remainder of this article is dedicated to the proof of Theorem 3.1.1. Section 3.2 contains
a few preliminary lemmas. Sections 3.3 and 3.4 are dedicated to the proofs of the first and second
De Giorgi lemmas, respectively. Section 3.5 combines the De Giorgi lemmas to obtain a Harnack

inequality that proves Theorem 3.1.1.

In this chapter, a constant is called “universal” if it depends only on the dimension n, the

order s of the operator £, and the coercivity bound k.

3.2 Preliminary Lemmas

This section contains three lemmas which will be relied upon extensively in the forthcoming

sections.

The operator £ behaves in many ways like the operator —(—A,)®=—A2?%. The following
lemma codifies the important similarities between the two operators, specifically the relationship

between B and the H® norm, and between £ and the Bessell potential.
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Lemma 3.2.1. There exists a constan C'=C(n,s,k) such that, for any function fe H*(R,), we
have the following bounds:

/|A5f2dv§itnxfC <Bt,m(f,f)+/f2du>,

and

sup
t,x

(1—=A) 2Ly, f

S
sy S (I8 Fl2gan )
Since these results are true irrespective of ¢t and x, we will omit their mention in the sequel

Proof. For the first inequality, simply calculate

B(f,f) //K ] dwdv
w) — f(v))?
3. [ﬁifwﬁﬁ o
w) — f(v))? w) — f(v))?
e
m// |v —w|nt2s dwdv—ﬁ/f(v)Z/ \{11:"?265}61 udv _/f / iz dudu

| ’n+25
:C(n,s,ﬁ;)/\ASfIQdU—C'(n,s,h;)/dev.

For the second inequality, let g be any function in H*(R"™). For ¢t and x fixed, we have the

following bound on inner products in v:

(Cf.g), = ] [ 1500 = £+ 0) = g K s, 0+0) o

:|//<[f(v+w) F@) ] %) [9(”+w2+25 90N ke uav

"
< ( [[is+w-sopatur cju;dv>1/2 ([[iste+w)-gtorr j?‘.?;s)m
e ) fan-ar
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1/2
s ( I8P d0) Lot e
Therefore if ¢ is any L?(R") test function, then

(1= PLf0)=(Lf,(1-A) )

<C(n,s,x) </|A5f|2dv)1/2 (-2,

1/2
=C(n,s,kK) </|A8f|2 dv) 181l 2y -

The lemma follows by taking a supremum over all such ¢.

He(R")

O]

We now come to the energy inequality. An inequality of this type is to be expected due to
the parabolic flavor of Equation (1.1), and it is in some ways the most important quality of our

equation. Notice that the inequality gives control over the regularity in v, but not in ¢ or .

Lemma 3.2.2 (Energy Inequality). There exists a universal constant C'=C(n,s,k) such that the

following is true:

Let T < S <0 be times, and let Q CR™ be an open region in space and Q C Q a compact subset.
Let R>0 a radius and 1 :R™ —=R a function of velocity. Denote Q:=(T,0] xQ and Q:=[S,0] x Q,
and define

§:=min (\T—sy,dist((z,gc)) .

Let f € L2(Q; H*(R™)) be any weak solution to (1.1) subject to (1.2) satisfying
ftx,v0)<plv)  V(t,x)€Q,v|> R,

and denote fi:=max(f—1,0) and f_:=max(¢)— f,0) so that f=fy+—f_.

o7



Then the following energy inequality holds:

//QB(f+7f+)dxdt—/QB(f+,f_)d:zdtg
¢ R//Q/fidudde (S‘L‘%'W >///f+dvdxdt+|!aﬂy Il

The constant § here is the distance from @ to the parabolic boundary of Q.

The quantity B(ft,f+) is, as shown in Lemma 3.2.1, related to the fractional Dirichlet
energy of fi. We have an additional dissipation term —B(f;,f-) which we call the cross term.

Because f+ and f_ have disjoint supports,

B(fs.f- / K[f1 ()~ f+ )f— () — f- ()] duwdv
— [ KUt @) £ )+ £10) 1)) e
—2/ Kfi(v w) dwdv.

In particular this means the cross term is non-negative. The cross term represents, in a sense, the
energy which is lost when we localize f to create fi. The bound on the cross term is critical to

our proof in Section 3.4 of De Giorgi’s second lemma.

Remark 3.2.1. The quantity f_ appears on the left but not the right hand side of the energy
inequality. This means in particular that the growth and decay of any solution to (1.1) is constrained

by the local behavior alone.

Proof. Define ¢:R™— [0,1] a function which equals 1 on €, which is supported on 2, and which is

Lipschitz with constant ||¢||o <2671

Multiplying the left side of Equation (1.1) by the quantity ¢?f,, we see that

¢2f+[3t+v'vx]f=¢2f+[3t+v'v [(fr+p—fo)
=¢?= [at-Hf Val fi 4+ fo [0 +v- Vo] — ¢ f1 [0 +v- V] f-
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¢2

5 [0 +v- V] f2

because v is independent of x and ¢, and f; and f_ have disjoint supports.

Since fy € L?(H®), we can multiply Equation (1.1) by 2¢?f, and integrate with respect to

z and v to obtain

d
& [[eroravto— [ fo-vuyivis=—2 [ Bt g0 1 ds 2 [ Fafydua
:—2/¢2B(f+,f+)d:z:—2/ ¢2f+Lwdvdx+2/¢23(f+,f_)da:+2/ P2afy dvde.

For any S<7<T, we integrate this equality from 7 to 0 in time and then rearrange to

obtain

//(<Z>f+(0))2dvdw+2/70/<z>2B(f+7f+)d:cdt—2/T0/¢23(f+,f_)da:dt
_/TO// (v.vxcb?)ffrdvda:dt—s—Q/To/ ¢2£(w)f+dvda;dt+/T0/ <;32af+dvdxdt+//(¢f+(7-))2dvdm.

In particular,

2 O/ PB(ofi)dadt—2 | 0/ FB(fy, f- ) dudt
T ’ T T
g/SO//|v.vm¢2]fidudxdt+2[go//¢2(|z(¢)|+a|)f+dvdxdt+//(¢f+(7))2dvdm.

Now only one term depends on 7. If we take the average value over 7€ [S,T] for both sides

of the inequality, we obtain
0 0
2| [@Btfoydndt=2 [ [ RB( s duds
T T

</SO/ }U.Vm¢2|fidvdxdt+2[g0//¢2(£(¢)|+\a|)f+dvdxdt+ \SiT] /ST//(<Z>f+)2dvdxdt.

Our energy inequality follows. O
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The classical technique to localize a solution to a PDE is multiplication by a compactly
supported cutoff function. This allows us to disregard the behavior of the solution outside a
specified region, while the localized function usually solves the original PDE, modulo some sort of
error term. One should not expect this technique to work for nonlocal PDE; the far-away behavior

of the solution cannot be completely disregarded.

Instead, we must localize by a “soft cutoff,” which is a fixed function ¢ that vanishes in
a specified local region but grows without bound outside that region. We have already seen soft

cutoffs used in the statement and proof of Lemma 3.2.2 just above.

Throughout the following sections, we will utilize a few different soft cutoff functions. We
will define all of our soft cutoff functions here and list all their relevant properties, then refer back
to this lemma as we use them. These functions 1! and vy are tailored to the required assumptions
of Lemmas 3.3.1 and 3.4.1 respectively. They also must have certain specific relationships with
eachother in order to prove Lemma 3.5.2, which is why we prefer to construct them here all at

once.
Lemma 3.2.3. Let sc(0,1) and 2s<n€N be specified constants. There exists a function ! :

R™ —R" and a family of functions g :R" —R™" indezed by 0 € (0,1) with the following properties:

(i) There exists a constant Cy, such that for all veR™
1
sup L1t (v)| < Cy, sup| L1 (v)] < O,
71, 7‘,'v

and for all |v] <3

sup| Le . (v)| < Cp6>/2.

t?

(ii) For |v| <1,

and for |v| <071,



(i1i) For any 6 <9, and for all veR"™
Wo(v) <y (v) <¥ (v).
() For all |v|>2, for any 6 €(0,1),
L+4g(v) <9 (v).
(v) For each 0, there exists eg =¢o(s,0) such that € <eq implies that for all |v| >e™ 1,

o (v) > 2g(ev) +2.

Proof. First define a function g:[0,00) — [0,00) such that, for all z>1,

g(a)=2*/"

but g(0) =g¢’(0) =0, and in the interval [0,1] let g be defined so that g is smooth and non-decreasing,

and g(z) <z%/2.

Next define functions g, for each r >0 by

gr(m):{o r<r

glea—r) x>r.

Then g, is pointwise-decreasing in r and both [|g,’[| ;- and the Holder semi-norm ||g, || /2

are finite and independent of r.

We’ll define
Yo(v) :=gg—1(|v]).

Let C1>1 be a constant large enough that for any 6 € (0,1), for all |v| >2
14+1p(v) < Crg1(|v)).

Then define
P (v)=Crgi(|v]).
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Properties ((ii)), ((iii)), and ((iv)) all follow immediately from the construction. Notice also
that all of these functions have uniformly bounded second derivatives and uniformly bounded C5/2

semi-norms.

Let v be either ¢! or any of the vy, and let v €R™ be chosen. We wish to calculate £ (v),

so let us break up the defining integral into the “near” part and the ”far” part.

Lip(v)= K(v,v4+w)[Y(v+w)—1p(v)]dw+ K, v+w)[(v+w)—(v)]dw.

lw|<1 |w|>1

For the near part, we utilize the fact that v is smooth with bounded second derivative. We

apply Taylor’s theorom to find that
Y (v+w) =1 (v) = D(v) - w+D*P(w)w @w
for some u on the line segment between v and v+w. By the symmetry (1.2) of K,

K(v,v+w)D(v) - wdw=0.
Jw|<1

Note that this integral must be understood in the principal value sense.
The remainder is

|w]?
‘n—i—Qs w,

K(v,v+w)D*)(u)w@wdw < Cli/

w|<1 lwl<1 [w

with C' here being the bound on HD2wHOO which is independent of 1. Since n+2s—2<n, the

integral is finite.

Notice that if ¢ =1y with § <1/4 and if |v| <3 then the near part of the integral is in fact

Zero.

For the far away part, we utilize the fact that ¢ is Hélder continuous in C*/? and estimate

[ (v+w) =9 (v)| < Clw|*/?
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with C' independent of . The integral of the far away part becomes

|w|s/2

|n+23 w.

K(v,2v+w)[y(v+w) —@D(v)]dwgCﬁ/

jw|>1 jwl>1 [W

Since n+2s— 3 >n, the integral is finite.

In the case 1p =1y with # <1/4 and |v| <3, ¢(v) =0 so we can make the stronger estimate
[t (v+w) =(0)| < gg-1 (Jw] +3) <max(|w|+3-67",0)*/%.

The integral of the far away part becomes

(Jw|+3—671)%/2 / dw
K(v,v+w v4+w)—Y(v dwgn/ dw<C _
ol —p@ldss [ S et T

lw[>1 -

This integral is proportional to #3%/2. The property ((i)) follows.

All that remains is to show ((v)), so fix some value of §. We’ll show the equivalent claim
Yo(v/e) > 21pg(v) +2 Vv >1. (2.3)
For || >607141 and any 0 <e <1, we can say
Yo(v/e)=(|vl/e=071)2 = (o] /e = 07" [e)*/2 =2 (jo| =67 ")*/2.
There exists 0<e; <1 and r1 >0~ +1 so that if e <&y and |v|>7 then
e (v] =071 > 20 (v) +2.

Now take g9 < &1 small enough that 1y(1/e9) > 21)p(r1) +2. Now for 1 <|v| <rq the inequality (2.3)

holds because
" (g) >1pg(1/€0) > 2h9(r1) +2 > 2¢bp(v) +2,

and for |v| >ry it holds by construction of r1. This proves property (2.3). O
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3.3 First De Giorgi Lemma

In this section we will prove De Giorgi’s first lemma, which states that if a function solving
(1.1) is bounded in some region in an integral sense, then it is pointwise bounded in a smaller

region.

The function ¢! in the statement of this lemma is defined in Lemma 3.2.3.

Proposition 3.3.1 (De Giorgi’s First Lemma). There exists a universal constant 9 >0 such that

the following is true:

For any f € L?([-2,0] x Ba; H¥(R™)) a weak solution to (1.1) subject to (1.2) with source

term [|al| Lr((_2,0)x Byxmy < 1, if
f(t,z,v) <ypi(v) Vx € By, t €[—2,0],|v| >2

holds and

/// max(f —vt,0)? dvdzdt < 5y
[—2,0} X B2 X Ba
holds, then

Vx € By, t€[—1,0],v€ By.

N |

fltz,v) <

As in most De Giorgi-style proofs, we take a sequence of cutoffs of our function and show
that their L? norm tends to zero. We show this by producing a non-linear recursive inequality.
The key to the proof is the inequality (3.14), which is located at the end of the second step. This
inequality tells us that our function cannot have very bad singularities, because any singularity
which is L? integrable is also L? integrable for some specific ¢ >2. Classically such an inequality is
produced using the energy inequality and Sobolev embedding, but in this case we will also require

an averaging lemma.

Our proof will proceed in three steps. In the first step, we will apply the averaging lemma

to our cutoff function to show that it has higher integrability in the ¢ and z variables. Actually
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we will apply the averaging lemma to a barrier function, because our solution itself has certain
negative measures in its derivatives. This is fine, since higher integrability for the barrier function
trivially implies higher integrability for the original function. In the second step, we will obtain
higher integrability in the v variable using the usual technique (with the energy inequality and
Sobolev embedding). Then we use Riesz-Thorin interpolation to combine our integrability in ¢, z
and v. In the third and final step, we produce the standard nonlinear recursion and argue that our

cutoffs tend to zero in the limit.

Proof. We begin by specifying the sequence of cutoff functions. For k €N, consider soft cutoffs
1,1 ok
V=1 + 5 2
so that 1o =1" and in the limit 1o =" + % Then we have a sequence of cutoff functions
fre :=max(f —,0).
We’ll make frequent use of the fact that for any k,
k+1
X{fi>0y <27 fr—1- (3.4)
We also must specify a sequence of space-time regions. Define
Tp=—1-27%  BF:={zeR":|z|<1+27%},  Qp:=[T} 0] x B

so that Qo=[—2,0] x B2 and in the limit Qs =[—1,0]x B;. Notice that the distance from the

interior of B* to the boundary of B¥~1 is 27% and that T}, — Tj,_ =2"".

For brevity, we will use fk to denote an integral with bounds [T},0] or B* or Q, as shall
be clear from context. We also frequently will use C* to mean [C(n,s,)]", a quantity which grows

geometrically in k for n, s, and k held constant.

Step 1: Higher integrability in ¢,x
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Define 7. a smooth function which is supported on [T}_1,0] and equal to 1 on [T}, —¢].
Then define jic(t) = X {[—c,0} Ok the derivative of n ¢ near 0, and assume without loss of generality
that p. <0. The derivative of 7. will be bounded uniformly in € except for the blowup near 0

which is captured by p.. In symbols, sup, [|9mk,e — pel| o, < Ck.

In addition, let ¢y (x) be a smooth function supported on B*~1 and equal to 1 on B*, with

derivative ||Vl <C*.

We want to apply the averaging lemma to 7y, ¢y, fi, so let’s apply the transport operator to

this function.

[0 +v- Vo] (Mt fr) = fr[0r+v- Vo] (Mkedr) + Mk ctr [0 +v- Vi fr
= fr[0t+v-Va| Mkecdr) +MhePrX{ ) [0+ 0 V] (f — k)

= [k [0c+v - Va| (ke k) + e Ok X {F 50} O F F M e kX { f0 1@
= [k [0 +v- V] (M cOk) + M c OrX{ >0} CVk + Mk e Pk X {54010+ M, e DX { 505, £ (f — Vi)

By a well known pointwise inequality (c.f. Caffarelli and Sire [CS17]),
X {5} C(f —¥r) <L fr.
Also pe <0. Therefore if we define
Fio =01 fr.(v- Vi) + Ok fie (O, — f1e) + Mke P X { 0} EVk + M e PR X{ 51010

then
[0t +0-Va] (ke Ok fr) < Fie + L (M cOnfr)-

The source term Fy, is in L?(R x R” x R"). From (3.4), Lemma 3.2.3 property ((i)), and the

definitions of ¢y, nx . and .,

/// F;fé///k_l (17 (V- Vatr)* + 63 (Opn.c — pe)”] f13+///k_l(nk,€¢k)2 [(Lvr)* +a°] X501

RxR™xR"™
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S Ck //k—lfl?+0k//k—lflg_l +Ck <///k—1f13_1) 1_%
<c* < /] 1f,§_1> o (3.5)

Because the averaging lemma requires equality, not the inequality that we have, we’ll con-

struct a barrier function gg. Define g as some solution to the PDE

Oy +v-Vi|gr=Fr+Lgr Vt,z,v€ (T)_1,00) x R" xR"
Gk =Nhe P fro =0 t=Ty1 (3.6)
9x=0 t<Tp_1.
Since Fy, € L*(R x R™ x R™), a solution g € L% _([0,00) x R™; H*(R")) exists by [MXO07] (see
Section 3.1 for more detail).
Moreover, g > g ¢k fr >0 by a maximum principle: the function max(ny cdx fr — gx,0) is
a subsolution to [0y +v-V;]h=Lh so it has non-increasing energy, and it vanishes at ¢t =T}_; so it

must be identically zero.

We'll now produce some bounds on gi. Take the PDE (3.6) and multiply it by g, then

integrate over z € R", veR"™.

d1
dt2//g’%dvdx:_/B(gk”gk)d$+//ngkdvda?.

Now applying Lemma 3.2.1 and Holder’s inequality,

d1l 1 1
dt2//g,%dvd:c—|—K//|Asgk]2dvda;§0//g,%dvda:+2//F,3dvd:c. (3.7)

If we define
Gt) = // G2(t) dudz

we see from (3.7) that G satisfies

%G(t) <Ce) + // F2(1).
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Also, by construction, G(Tj_1)=0. Thus by Gronwall’s inequality, for all ¢t >T}_1:

t
G(t) <eCt= 1) / // F2(1)dvdzdr
Tk

< eCt=Ti-1) /// Fk2 dvdzdrT.
RxR™ xR"™

This means that for any compact interval K in R,

19kl Loo (kL2 (R xR ) < Ok N Fill 2R xmn xRmy - (3.8)

Armed with this inequality, and the fact that 0;xx is in the dual space of L*°(t), we integrate (3.7)

over K:

/// |A*gi|? dvdzdt < C(n,s,k) </// gi —l—/// F? dvd:cdt+/// g;%&tXK)
K xR xR? K xR xR RxR™xR™

K xR xR"™
<Ck /// FZdvdadt. (3.9)
RxR™ xR™

We can now apply Lemma 0.2.1, the Averaging Lemma, to gx. Let n(v) be a C°(R")
function which is identically 1 on v € By and non-negative for all v, and choose any set, for example

[—3,1] x B3, which compactly contains [—2,0] X Bz. The lemma yields that

H/ngdv

with 8= (2(1+s)) 1 <1.

< (Il apepenn + 1 8072 (F1ok-£0)

HB([~2,0]xB2) L2([—3,1]ngan)>

Therefore, by the bounds (3.5) and (3.8), and by Lemma 3.2.1 and the bound (3.9),

H/ngkdv HB([—Q,O]XBg)ng <///k_1f]?_l> %_%' (3.10)

Define p; by

L S SRS
pr 2 n+l 2 2(1+s)(n+1) TS
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By Sobolev embedding,
(3.11)

H/ngkdv SCH/ngkdv
LP1(t,x)

Since fy is supported where =1, the integral [nfidv is just the L!(v) norm of fi. Recall

HP (t,x)

also that ny c¢r fr < gr.. Therefore we can bound the LPuPut norm of f:

/ /Bk (/ fkd”) dedt < // ( / [nhcdnfil d )pl dudt
< [ ([nonar)" aza

Since this inequality is true for all €, we can chain it with (3.10) and (3.11) to conclude that

1—2
||kaLP17P171(Qk><Rn) < Ck ka—1||L2(TQk71><Rn)‘ (3‘12)

Step 2: Higher integrability in all three variables

Since each f}, is supported on |v| <2, and || L)y, < Cy by Lemma 3.2.3, property ((i)), we

can apply the energy inequality from Lemma 3.2.2 to obtain

/kHB s fi) <C’“// fk+0k// Fe+C8 1 fill g -

From this inequality, Lemma 3.2.1, and (3.4):

[ wsese e ()"

When || fi|, <1, as we assume without loss of generality, the second term on the right-hand-side

will dominate.

Therefore, letting po be defined by p% = % — 2, we have by Sobolev embedding
1 *
il 222 @y ey < CF it 57y eny - (3.13)

Now we wish to utilize Riesz-Thorin interpolation to interpolate between this inequality

and (3.12).
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Consider 6 € [0,1] and the function

[9 1—9} [9 1—9}
O | =+ - —+—].
2 m P2 1

Because this function is negative at § =0 and positive at =1, it must equal zero at some point

f*, and at this point we can define ¢ by
1 0 1-60° 6 1-07
=+ =—4 :

q 2 P P2 1

Moreover, since 1/q is a nontrivial convex combination of 1/2 and 1/p, it must be the case that

g > 2. Riesz-Thorin tells us that

0* 1-6*
”fk”[,q,q,q(Qkan) < kaHL?;?va(Qkx]R") kaHLPlvPl«l(Qka")'

Combining this with the bounds (3.12) and (3.13),

1_2+ﬁ
kaHLq(QkXR”) < Ck ”fk*QHLQ(TQk_TQXR”) . (314)

This bound is the key to De Giorgi’s first lemma.

Step 3: The recursion

This step is standard to all De Giorgi arguments. It does not depend on the specifics of our

PDE (1.1) in any way, except through the bound (3.14).

-2
2= ] 72tz
<ot JIf g

<cf //k—l fim

For any k, by (3.4),

From this and (3.14),

$(1-3+%)
//k fisct <///k?> f]?_3> .
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Since ¢ and 0* are independent of r and ¢ > 2, the exponent on this recursive inequality will be
greater than 1 for r sufficiently large. Specifically, the exponent exceeds 1 precisely when r > rg,

with rg as defined in Section 3.1, though we omit the explicit calculation.

Since the exponent is greater than one, and the sequence

k,_>//kf,? (3.15)

is monotone decreasing, by a standard fact about sequences (c.f. [Vasl6a]) we can now say that

this sequence limits to 0 as k — oo, provided the initial value

// max(f —',0)? dvdzdt < &y
[—2,0] x Ba xR™

is sufficiently small.

Lastly, since the limit of that sequence (3.15) is zero, by the Lebesgue’s monotone conver-

1
///[—1 0]x By xRn (f_wl B i)idvdxdt:().

Since ¢! =0 on By, the proposition is proven.

gence theorem

3.4 Second De Giorgi Lemma

In this section we will prove the second De Giorgi lemma, the intermediate value lemma. It
says that solutions to our PDE cannot have, in a small region, very much measure above a certain
value and also very much measure below another value unless the solution also has sufficient measure

between the two values. The lemma is sometimes called an isoperimetric inequality.

To state Proposition 3.4.1, we must define four cylindrical regions in space-time:

Qext = [_670} X B3

Qint :=[—5,0] x By
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time

IN
1
I

space
Figure 3.1: Four overlapping cylinders described in Proposition 3.4.1.

Qearly = [_55 _4] X Bo

Qlate = [_2a0] X B2-

The constant dy in the statement of this proposition is defined in Proposition 3.3.1.

Proposition 3.4.1 (Second De Giorgi Lemma). There ezist universal constants vo>0 and 0<

0o <1/3 such that the following is true:

For any f € L*(Qext; H*(R™)) a weak solution to (1.1) subject to (1.2) with

”aHLT(meRn) <0o

satisfying
|f(t,z,0)| <141, (v) V(t,2,0) € Qext X R™,
if
[{f <0}NQeary x Ba| Z'Qe‘"l;ﬂ (4.16)
and
{f>1=00}NQiaze X B2| > o (4.17)
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then
|{0<f<1—90}ﬁ@mt><33|270. (418)

As in other applications of De Giorgi’s method, the idea of the proof is to produce a sequence
of solutions to our PDE with smaller and smaller intermediate measure, show that they are compact
and have a discontinuous limit, and then show that said limit function inherits enough regularity

from the PDE to result in a contradiction.

Our version of the proof is divided into four steps. In the first step, we show that our
sequence is uniformly differentiable in v. We then use the averaging lemma to show that, in some
very specific sense, our sequence is uniformly differentiable in ¢ and x. In the second step, we
combine the results of step one to obtain compactness in all three variables, thus producing our
limit. In the third step, we show that this limit function is regular in v. The limit is constant in v
for |v| small, and behaves like an indicator function depending only on ¢ and x. In the fourth and
final step, we show that certain ¢- and xz-derivatives of our limit function are bounded, and that

this contradicts what we know about the jump discontinuities in our limit.

Proof. Assume that the theorem is false. Then there must exist a sequence f; of solutions to our

equation (1.1) with operators £; subject to (1.2) and source terms

HaiHLT(Qexthn) <1/i

such that
|fi(t7x7’u)‘§1+wl/i v(tax)v)chxt xR"
while
rly|* B
’{fz SO}eraﬂy X B2‘ > W7

1
‘{sz l_g}ﬂQlate XBQ‘ 2507

1 1
|{0<fi<1_g}innt x Bj| S{'
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We wish to take a limit of these functions f;.

Step 1: Regularity in v and regularity in ¢,x

Let F:R™ — R be a smooth radially-increasing function of v which is identically —1 on Bs

and identically 0 outside of Bs. Since F'€ C¢°, it is trivial to show that

|LiF|| o £C(n,s,K). (4.19)

To obtain compactness, we use a very blunt cutoff function 7/ defined by
h(v) ::1/1%(1)) +1+F(v),
ff ::max(f—iz,()) ,
f; =max (1; — f,O) .

Because 1, /3 > 1y for all § <1/3 by Lemma 3.2.3, property ((iii)), each fi" for i sufficiently

large will be supported on v € Bs. In fact

ngj(t,:z:,v)g—F(v) V(t,7,v) € Qext X R™. (4.20)

Each f; is a solution to (1.1), so we can apply Lemma 3.2.2 on the regions Qext and Qint
with cutoff ©. From (4.19) and Lemma 3.2.3, property ((i)) we know that HLZ@HOO is bounded by a
finite universal constant. The right hand side of this energy inequality is then universally bounded
by (4.20) so
/Q B;( f,ff)dxdt—/@ Bi(f", f ) dzdt <C(n,s,k). (4.21)
int int

In particular, by Lemma 3.2.1,

// / |A®fF ’2 dvdzdt <C(n,s, k). (4.22)
Qint

Critically, the constant C(n,s,x) does not depend on i.
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Unfortunately the energy inequality does not give us regularity in the ¢ and x variables. In
order to obtain compactness, therefore, we must rely on an averaging lemma. To that end, apply

the transport operator to fiJr2 and obtain

[0 +v-Vo] £ =2f [0 +0- Vil fi
=2fLifi+2f; a;

=2fL; (fi—v)+2fF Liv+2f a.

For any function g and operator £ satisfying (1.2), and g4 :=max(g,0), it is true that, for

any t, x fixed,

29.£9= [ 209 (0)g(w) ~ g+ (0K (t,0,0)dw
~ [lo @)~ g1 021 du+ [ 2. (0)g(0) g2 (0P g1 () K
— [lo+ )~ g1 021 b~ [lg40) ~ g1 )P K dw+ [ 201 (0)lgw) ~ g4 ()] K du
—263 ~ [ lg+(0) g2 P K dw=2 [ g1 (0)g- (w)K duw,
Thus
Oy +v-Vo] £ = H:=H, + Hy+ Hs + H,

where

Hy=— /[ +uw) — i )P K (v, 0) duw,

:—Q/f+ K(v,w)dw,
Hy:= 2fj&¢+2fjai.

We proceed to bound H, term by term, independent of 4.
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We begin with an H*® bound on fl-+2:

[l | 15w w‘f’;s( DI

:/ [f*(w)Jrf*(v)] 2w = f7 () dwdv

‘viw|n+2s

§22Hfj”ioo/‘As(ff)fdv. (4.23)

From this, the bounds (4.20) and (4.22), and Lemma 3.2.1, we obtain

H(l — Ay HIHLQ(QMXR")

<C(n,s,kK). (4.24)

The terms Hs and Hg are strictly negative, so their total variations as measures are simply

the absolute values of their integrals. Thus their norms in M(Qiny X R™) are

'// /Hgdvda:dt’ / ,f+ dxdt,

int th

‘// /Hgdvd:z:dt‘ // fl fi)dxdt.
int int

These are of course universally bounded by (4.21).

Recall that (1—Av)7(s+%)/2 can be represented as convolution with a Green’s function

Gyin/2(v) (see e.g. Stein [Ste70]). The function Gy, /o decays exponentially as |v| — oo and has a

| Ié — near zero. Therefore G4, /o is in L?. By Young’s Inequality, convolution of
v

a measure and an L? function is bounded by the product of their M and L? norms respectively, so

singularity like

H(l—Av)_(er%)/QHg‘ <C(n,s,K), (4.25)

L2 (Qint XRn)

<C(n,s,kK). (4.26)

L2 (Qint XRn)

fo-sur o9
Lastly, from (4.20) and since r >2 we know

HH4”L2(Qi,,t><R" SC(”?‘S?F&)' (4‘27)
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Finally we are ready to apply Lemma 0.2.1 to f;FQ, which says for any 7€ C2°(R™) and any

subset € compactly contained in the interior of Qext,

o

<cn0)|

2
Il

ua-artee

LQ(Qint xR™ LQ(Qint XRn))

H(Q)

where
a= (2 <s+g>>_1.

From (4.24), (4.25), (4.26), and (4.27), we can say that in fact

e

Step 2: Producing a strong L? limit

<C(n,s,k,n,). (4.28)
He(Q)

Since all the f;" are bounded by (4.20), {f;rz}i is a bounded subset of L?(Qi x R"). By

Banach-Alaoglu, there exists a function f* such that, along some subsequence,

2 2
=

weakly in L?(Qin x R™).

Our goal is to show that this limit converges also strongly in L2 (Qint; L*(R™)). To that

end, fix some compact subset  of Qint.

Strong and weak limits, when both exist, must be equal, so with the bound (4.28) we apply
Rellich-Kondrachov to prove that

/ﬁ(v)fi+2dv—>/n(v)f+2dv

strongly in L?(Q), without passing to a further subsequence, for any 1€ C°(R™).

In particular, if we fix some 1 such that n.(v)=e""n(v/e) is an approximation to the

identity, then for € >0 and v € R™ fixed,

//Q [/fi+2(w)’7€(“—w)dw—/f+(w)2ne(v—w)dw]dedtH—“’m.
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Note that this is pointwise (in v) convergence of convolutions.

Since the fz-+ are all bounded by (4.20), and by weak convergence so is f*, we can apply the
Lebesgue dominated convergence theorem to conclude that not only do these convolutions converge

pointwise in v, but they converge in integral as well. That is,

///Q [(f;ﬂ *v 776) (v) — <f+2 ky 775) (U)} i dxdtdv — 0. (4.29)

It is known (see Lemma 0.2.3 in the appendix for a proof) that for any g€ H*(R"),
19— 9% el L2@ny < C(ns8,0) 91| s (mny €°-

Therefore for our functions fi+2,
+2 +8 2 2s
(fZ — [ %y 775) dvdxdt <C(n,s,n)e
9) Q
is bounded by (4.23) and (4.22), and, since the H*®

.+2)
Ji L2(Qing; He (R™))

. . . 2
norm is weakly lower-semi-continuous, ||f ‘

/ |A® £;7| dvdadt.

int

Remember that ’

will be bounded as well.

L2(Qint; H*(R™))

Therefore we can bound

2 2
=12 <]

§C€5+’

2 2 2 2 2 2
f; _77E*vfi+ "2‘1"775-:4%)]‘;'Jr _ns*vf+ H2+Hf+ _ns*vf+ HQ

2 2
7]5*va'+ _ns*vf+ ‘

) .

By |||, we mean ||| 2qygn). For any 6>0, we take € small enough that Ce®<4/2. Then with

e fixed, we choose i large enough that (by (4.29)) ’

Since this is true for any Q compactly contained in the interior of Qi;, we can say that

2 . n
£ = 2 in L2 (Qines LA(R™)).

Te *y fi+2 — T *y f+2H2 < /2. This proves that

fo—f_%H2 goes to 0 as i — o0.

In fact, since our domain is compact, this convergence happpens in Llloc(Qint;L2(R”)) as

well. Since f;" and fi are non-negative, and since (z—y)? < ‘xQ—yQ‘ for any non-negative real
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numbers x and y, we can say that

fr=ft in L] Qi LP(R™)).

Step 3: The limit is constant in v

We’ll denote
f=fT+1+F

Because f;" — f strongly in LZ , we know that

-|B
|{f:O}erarly X B2| > W?

H{f=1}NQuate x B2| > do, (4.30)

{1+ F <f<1}NQint x B3| =0.
Remark 3.4.1. If s>1/2, we can use the fact that the H norm of f is known to be finite for almost
every t,x fixed and obtain (4.33) immediately, making the remainder of Step 3 unnecessary. It is
only in the case s<1/2 that this regularity in v is insufficient to rule out jump discontinuities.
Therefore we follow the technique used in [CCV1la] and by Bass and Kassmann in [FBKO05] to

exploit the energy inequality’s cross term.

For 0 < A« 1, define the functions

fiv=fi—a=1=AF),,

fin=fi—a—1=AF)_.

From the the energy inequality of Lemma 3.2.2, we see that for all ¢ the cross term is

)

(4.31)

bounded

_//thB(f:Aafi,_Q <C(n,s,k) [//Qm/ :—)\2+USGUBP3LZ‘(¢)\+)\F)//QEXt/f;_)\—i_‘aiHr

4
T
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For v € B3, Lemma 3.2.3, property ((i)) says that £;1y(v) <CyA3*/2. Moreover by (4.19),

|LiAF(v)| <CA for some universal constant C.
For X fixed and ¢ sufficiently large,

Ji<14+91,; <1+,

SO

0< fi < AF.

Therefore, for A fixed and ¢ sufficiently large, the inequality (4.31) yields

// _B f“\,fZ )\) <C(n,s,kK) {)\2 ()\_’_)\35/2)/\_’_(1/1)

int

The cross term in turn bounds the integral of ff/\ and f; . For any ¢,z fixed

M /Kvw M f“\( w) dwdv

fil () fiy(w)
Zm//w@wwzsdwd”

+

1 i i\
2// dedv
K jwl<3 wj<s 677

By By

Since f; — f strongly in L2 (Qint; L*(R™)), these upper- and lower-bounds on the cross term

hold in the limit:
// [/ —ih—1=A\F), dv/ (f—wA—I—AF)_dU] dadt < C(n,s,k)( A2+ A135/2) . (4.32)
int BB

This bound on the limit f is very strong, because by (4.30) we have either f(¢t,z,v)=1 or
f(t,x,v) =1+ F(v) for almost all (¢,z,v) € Qint X Bs. For such (t,z,v), also ¥,(v) =0 and so

f=tA—=1=AF=[-AF]xp=1) +[A =N Flx{s=14r}-
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The function —AF' is non-negative, while (1— \)F is non-positive, so at any point ¢,z € Qjnt,
/ (f—qj}A—l—)\F)+dv:—>\/FX{fl}dv
B3

/ (f_wA_l_)\F)dv—_(l_)‘)/FX{le-i-F}dU-
Bs

Plugging this into (4.32) and moving all the A to one side, we obtain

A2+)\1+38/2
//Qim/FX{f1}dU/FX{f1+F}dvdl‘dt§0(na87/€)/\(1_)\)

The left-hand side is independent of A, and the right side tends to 0 as A — 0, so we conclude that

the left-hand side is in fact 0. In particular, this means that for almost every ¢,z € Qins, either

{v: f(t,z,v)=1}NBs|=0  or {v: f(t,z,v)=14+F}NB3|=0. (4.33)

Step 4: The limit has bounded derivative, which is a contradiction

What remains is to argue that f increases from 0 to 1, without taking intermediate val-
ues along the way, despite having bounded derivative. Moreover, it is not enough to bound the

derivatives in any weak sense, because jump discontinuities can hide in sets of measure zero.

Since f is only defined up to an a.e.-equivalence class, we can assume without loss of

generality that, for every (not a.e.) ¢,z € Qint, either f(t,z,v)=1or f(t,z,v)=1+F.
For each i, since 1) is constant in ¢ and z, it is true that
[0r+v-Vo] (fi—v) =L (fi—¢) +Liv+a;.

Multiplying by x (fi>0} and recalling the standard pointwise inequality for integral operators (c.f.
(Cs17)),

[Or+v- V] f; < Lifz’+ _|_X{fz'27!7}£)"7’Z TX{fi> ) i

By (4.19) and Lemma 3.2.3, property ((i)), the term X{fizdj}ﬁﬂ/; is less than a universal

constant C(n,s,x), and of course the L" norm of x (fi>}@i 1s less than 1 /i so this term will vanish
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in the limit. Let ¢ € C°(Qint X R™) be a non-negative test function and consider
+ + 1

For ¢ € C%° fixed, the functions £;¢ will be uniformly bounded in L> and decay like |v]|~"~2%,

In particular they are uniformly bounded in L?(Qjns x R™). Therefore

<fi+ _f+7Li¢> —0

so in little-o notation

—(fi" [0+ v Va] @) < (Lif T, 0) +(C,¢) +o(1).
By (4.33) and (4.19),
Lif T =—X{to =13 LiF < C(n,s,k).
Thus for some universal constant C; = C1(n,s,x) we have, in the sense of distributions,

[8t+v-Vx}(f—1—F)§Cl.

To make the remaining calculation rigorous, let 7.(¢,x) be an approximation to the identity

and define
fs =TMe *tx f
These functions f. are smooth and f. — f pointwise a.e. as ¢ —0. For (¢,2) € Qi fixed, fe, like f,

is constant over all v € By. Because the transport operator commutes with convolution in ¢ and =,
[at‘i‘v'vzv} e ="MNe*tx [8t+v'vz]f§01-

This inequality is true not only in the sense of distributions but also pointwise because the functions

are smooth.

Define two sets

Ml :{taerlate : f(t,l','l)) = 1}7
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MOZ{taerearly:f(tvx/U) = 1+F(U)}

By (4.30) we know that |Mp| > % and | M| > %. By Egorov’s theorem, for € sufficiently small,
€ do
| M7= |{t,x € Qate : f=(t,2,0) >0.9Vv € Ba }| > SBal (4.34)
| M| = |{t,2 € Qeanty : f-(t,2,0) <0.1Vv € Bo}| > W

Fixing ¢, choose a point (tg,zo) € M.

For any (t1,21) € Mf, we can define the velocity v:=7'=1 and see that 0| <2. Then the
function

Tr—>f5((1 —T)to+7t1,(1—7)x0 +Tx1,17)

is equal to 0 at 7=0 and equal to 1 at 7=1, and its derivative is less than (¢; —ty)C1. Therefore

By 1402 2
H* (segment [(t,x0), (t1,21)] N {t,:0.1 < f(t,2,0) <0.9Yv € By}) > C—HU‘ > o (4.35)
1 1
The facts (4.34) and (4.35) tell us, by the elementary geometric argument of Lemma 0.2.2,
that the cone with vertex (to,zo) and base M§ must intersect {¢,2:0.1< f(t,z,v) <0.9Vv € By} on

a set with measure (8p/2|Ba|)(2/C1)?/80.

In particular,

250
0.1<f-<09}NQint X Ba| > ————>0.
|{ fs } th 2|_80012|B2|

This bound holds for all € sufficiently small, but we know from (4.30) that it is not true for

f. By Egorov’s theorem, this is a contradiction.

Therefore our sequence f; must not exist, and the proposition must be true.
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3.5 Holder Continuity

In this section, we explain how Proposition 3.3.1 and Proposition 3.4.1 together lead to
Holder regularity of our solution. We begin by showing that the PDE (1.1) is scaling invariant.
We then show, in Lemma 3.5.2, how to combine Proposition 3.3.1 and Proposition 3.4.1 to create
a sort of Harnack’s inequality. The ideas here are not new, in particular we follow [CCV11a] very

closely.

Lemma 3.5.1 (Scaling). If f solves (1.1) on some region Q xR" CRxR"xR", then for any
constant € <1,
ft,z,v) = f(e*t,e1 T ev)
will solve
&gf—i—v-vwf:/[f(w)—f(v)]K(t,x,v,w)dw+c‘L

on the appropriate region Q- x R™ with K symmetric and satisfying (1.2), and with

e Gl

all (. xrm) lall Lr@xrny -

Proof. Denote

p=(t,z,v), p= (%t T2 cv).

Evaluate the equality (1.1) at the point p, so that
(0:)(p) +ev- (Vo f)(p) = (£1)(P) +a(p). (5.36)
For our modified function f evaluated at p,

0.f(p)=<*(0f)(P), (5.37)
Vaf(p) =" (Vaf) (D). (5.38)

Define

K(t,x,v,w):=e" T K (%, 7252, cv,ew).
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It’s clear that K is still symmetric. Since

n+2s) n+2s)

_ 1 _ 1 _
K(t,z,v,w)> 5H+2SX{s\v—w|§6}E(5|v —wl|)™ 2 X{jo-ul<6) [V = (

and

R (t2,0,w) < ™2k (efv—w]) =429 = oy — |~ (+29),
K satisfies the bound (1.2).
For this K,
[ 1)~ FIR o) do = [ [few) - fe0)K (.cw)du
=2 [[few) - fleoi (pew)dew)

671
=e>(L£)(P)- (5.39)
Define
a(t,z,v) :=e*a(e®t,e1 %z ev). (5.40)

Then the L™ norm of a is

STn S n 1/7,,
||l s <///a(628t,€1+25$,€U)rd(628t)d(61+28$)d(€1})> .

T

Plugging (5.37), (5.38), (5.39), and (5.40) into (5.36) yields

B0 () +ee 0 Vaf(p) = [F(w) - FOIR @) du-+ealp)
Multiply both sides by £2° to obtain our desired result. O

Remark 3.5.1. In addition to scaling, we can also translate solutions of (1.1). If f is a solution and
(to,x0,v0) is a point in its domain, then

f(t,@,0) = f(to+t,m0+x +vot,v0+)
will be a solution to (1.1) with similarly adjusted source term and kernel. This translation invariance

is necessary for the proof of Holder continuity, though we omit any further detail.

85



The following lemma should be thought of as a Harnack inequality, except that it keeps

track also of the growth in v.

In the sequel, 8y and g refer to the constant defined in the statement of Proposition 3.4.1,
and dg refers to the constant defined in Proposition 3.3.1 which is used again in the statement of

Proposition 3.4.1.

Lemma 3.5.2 (Oscillation Lemma). There ezists a universal constant 0<A<1 such that the

following is true:
If £ € L3(Qeu; H¥(R™)) is a weak solution to (1.1) subject to (1.2) with source term
lall 1r(@.m) < Ao

and satisfying
|f(t,z,0)| <14 Mg, (v) (5.41)

for all t,x € Qepr, vER™, then

sup — inf ] <2-—M\
[[1,0]><Bl X B f] |:[_1’0]><Bl><Blf

Moreover, at least one of the two functions

flt,z,v)= (1 + ;) [N, 00) + /2]

or

folt,z,v) = <1 + ;) [f()\QSt, AF25 2 ) — A/2]

will also solve (1.1) subject to (1.2) in the weak sense with source term smaller than N0y and satisfy

|fi(t,2,0)| < 1+ Mg, (v)

for all t,x € Qeyt, vER™.
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Proof. Choose kg€ N such that
Yoko > |Qint X Bs|.

Take A\ small enough that

A< 95(;1, A2 1 6\ <1, A<ep,  and <1+;> N G P (5.42)
where g =¢¢(s,0p) is defined in Lemma 3.2.3 property ((v)).
Assume without loss of generality that
H{f <0}NQearly X Ba| > |Qearly| - | B2l /2. (5.43)

If this were not true, then we could simply discuss — f instead. This proposition holds for f if and

only if it holds for —f.

With this assumption, we will assert that the proposition’s result is true for

ft,x,v)= <1+;) [f(/\Qst,)\HQSx,)\v)—i—)\/Q] :

It is clear by Lemma 3.5.1 and linearity of Equation (1.1) that f will solve (1.1) subject to (1.2)

with source term @ smaller than Ady by (5.42). We must show that f is also bounded as desired.

Consider the sequence of functions

fo=f
Jr-1—1 f—=1
= +1= +1.
T 0o "

Since equation (1.1) is linear, all f will also be solutions with source terms eika.
0

For each 0 <k <ko+1 and any (¢t,z,v) € Qext X R™,

Y
)
0%

by the assumption (5.42), and by (5.41) and (5.42),
f—1

0"

la(t,z,v)| <

A
0
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We wish to show that fy, satisfies

|{f/€oZl_eﬂ}leateXBQ|§50- (5.45)

Therefore assume, for contradiction, that (5.45) does not hold. Then by construction, each f; will
satisfy (4.17) for 0 <k <ko. Moreover, all fi will satisfy (4.16) since fy does by (5.43). Therefore
we can apply Proposition 3.4.1 and conclude that each fi for k& from 0 to ko must satisfy (4.18).
That means that the set

Sk = [{fx <0} N Qint x B3|

must increase in measure by at least vy with each increment of k. By choice of kg, this would be a

contradiction. We conclude that (5.45) holds.
Due to (5.44) and Lemma 3.2.3, property ((iv)), we say that for all t,x € Qjate and all |v] >2
Fror1(t,2,0) <1+, (v) <Y (v).

By (5.44), fry+1(t,z,v) <1 for all (t,z,v) € [-2,0] X By x Bg, so we can say by (5.45) that

/// max(fr, 41 —",0)? dvdadt < 6.
QlateXBQ

This is sufficent to apply Proposition 3.3.1 to fi,4+1 and conclude that fi,+1<1/2 on
[—1,0] x By x B;. Thus for the original f,

1
—1<f<1— 590’%“ <1-X  V(t,r,v)€[-1,0] x By x By. (5.46)

This proves the lemma’s first claim.

We now know from (5.46), the definition of f, and (5.42) that for all ¢,2 € Qext and |v| <A1

Fltz0) < <1+;> -At+A/2<1,

f(t,z,v) > <1—1—;\) [—1+)A/2]>-1.
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For t,2 € Qext and |v] > A 71, since A < &g, we know by Lemma 3.2.3, property ((v)) that

2’([}90 ()\U) +2< 1,[)90 (U) .

Therefore

<1+;> 1+ Mg, (M) +A/2]
( Y

1+> {1—1—;%0(1))—)\4—)\/2

This completes the proof.

O]

Theorem 3.1.1 is proven by iteratively applying this Lemma 3.5.2 to an appropriately scaled

function.
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Chapter 4

Critical SQG on bounded domains

4.1 Preliminaries

The surface quasigeostrophic equation (SQG) is a special case of the quasi-geostrophic
system (QG) with uniform potential vorticity. The QG model is used extensively in meteorology
and oceanography (e.g. Charney [ChaT71l]). These models are described in Pedlosky [Ped92]. The
SQG model was popularized by Constantin, Majda and Tabak in [CMT94], due to its similarities
with the Euler and Navier-Stokes equation. They proposed it as a toy model for the study of 3D
Fluid equations (see also Held, Garner, Pierrehumbert, and Swanson [HPGS95]).

We consider in this chapter! critical SQG on a bounded domain. We will focus on the
following model, which was introduced by Constantin and Ignatova in [CI17] and [CI16]. Consider
Q a connected bounded domain in R? with C%# boundary for some € (0,1), and the Laplacian
with homogeneous Dirichlet boundary conditions —Ap. If (7 )ren is the sequence of L?-normalized

eigenfunctions of —Ap with corresponding eigenvalues A listed in non-decreasing order, define
[e.9]
A= VNl Fome) 20 k-
k=0

The critical SQG problem on Q with initial data 8y € L?(€2) is
Hf+u-VO+A0=0 (0,7)xQ,
u=V+A~1o [0,T] x Q, (1.1)
0="0p {0} x Q.

!The contents of this chapter are based on joint work of the author with Alexis Vasseur originally appearing in
“Logan F. Stokols and Alexis F. Vasseur. Holder regularity up to the boundary for critical SQG on bounded domains.
Arch. Ration. Mech. Anal., 236(3):1543-1591, 2020.” Both authors contributed equally to this work.
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In the model, the dissipation A= (—A D)l/ 2 is due to the Ekman pumping, while the non-

linear velocity u comes from the geostrophic and hydrostatic balance (see [Ped92]).

The main result of this chapter is the following:

Theorem 4.1.1. There exists a universal constant Cy >0 such that the following holds:

For any Q CR? open and bounded with C*# boundary, 3€ (0,1), there exists for any S >0
a constant Cs >0 (depending also on ), and for any k>0 a constant oy, 5 € (0,1) (depending also
on Q) so the following holds:

For any 0y L?*(Q) there exists a global-in-time weak solution € L>([0,00);L%(Q))N
L2([0,00); HY/?) to (1.1) verifying 0(t,z)=0 on (0,00) x IQ and lim;_,00(t,-) =00 in the L>-weak

sense. For k> 0ol 12(q) and for every S>0
6 € C*5([S,00) x Q)

where Q0 denotes the closure of €.

Moreowver,
Cq
101 zox (15,00 x52) < g 160l 20
and

101l con.s ((5,00) x2) < Cs 100l 120y -

This model was first thoroughly studied in the cases without boundaries (either R? or the
torus T?). Global weak solutions were first constructed in Resnick [Res95]. Global regularity
was first shown with small initial values by Constantin, Cordoba, and Wu [CCWO01], or extra
C“ regularity on the velocity in Constantin and Wu [CW08] and Dong and Pavlovi¢ [DP09]. In
[KNVO07], Kiselev, Nazarov and Volberg showed the propagation of C* regularity. The global C*°
regularity for any L? initial values was first proved in [CV10b] (see also Kiselev and Nazarov [KN09]
and Constantin and Vicol [CV12]).
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In the presence of boundaries, there are several distinct ways to define SQG. This can be
attributed to alternative generalizations of the fractional Laplacian. Kriventsov [Kril5] considered
a two-phase problem which satisfies critical SQG only in part of the domain, and was able to prove
Holder regularity in the time-independent case. This problem, intended to model air currents over a
region containing both land and water, contains a half-Laplacian and a Riesz transform defined, not
spectrally, but in terms of extension. In [NV18b], the authors consider the Euler-Coriolis-Boussinesq
model and derive the full 3D inviscid quasigeostrophic system in an impermeable cylinder (see also
[NV19] for the construction of small time smooth solutions to the model). They obtain natural
boundary conditions for SQG distinct from the homogeneous conditions introduced in [CI17], [CI16]
and described above. However, due to the complexity of the model described in [NV18b], we focus

in this chapter only on the homogenous case.

Existence of weak solutions for (1.1) is proven in [CI17], and local existence and uniqueness
for strong solutions with sufficiently smooth initial data is proven by Constantin and Nguyen in
[CN18b] (see also Constantin and Nguyen [CN18a] and Constantin, Ignatova, and Nguyen [CIN18]
for the inviscid case). The interior regularity of solutions is proven in [CI16] (together with propaga-
tion of L® bounds). The method of proof for interior regularity uses nonlinear maximum principles,
introduced by Constantin and Vicol [CV12]. However, the bounds obtained in [CI16] blow up near
the boundary and do not provide global regularity. In [CI16] Remark 1, questions about global reg-
ularity are suggested as open problems. Both the C%(Q) regularity, and bootstrapping to C*°(£2)
regularity, are indentified as interesting problems. Our result answers the first question, by showing

that solutions € to (1.1) are globally Holder continuous. Bootstrapping to C*° involves different

techniques, and will be studied in a forthcoming work [SV].

Our proof is based on the De Giorgi method pioneered by De Giorgi in [DG57]. The method
was applied to the SQG problem first in [CV10b]. The method is powerful for showing C* regularity

of elliptic- and parabolic-type equations. It has been applied in a variety of situations for non-local
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problems, such as the fractional heat equation in [CCV11b], the time-fractional case in [ACV16],
the 3D Quasigeostrophic problem in [NV18a], or the kinetic setting by Imbert and Silvestre [IS16]
or in [Stol9a]. The method has also been applied in more exotic, non-elliptic situations such as

Hamilton-Jacobi equations (see [CV17], [SV18]).

The De Giorgi method involves rescaling our equation by zooming in iteratively, and ap-
plying regularity results at each scale. Therefore it is important that certain results be proven
independently of the domain 2. The particular dependence on §2 will be made clear in each lemma
of this chapter. As a general overview, in the proof of Theorem 4.1.1 we will apply the results of
Sections 4.3 and 4.4 only on a single fixed domain, while the results of Sections 4.5 and 4.6 must

be applied at each level of zoom with a different rescaled domain each time.

The first broad idea of our proof consists in decoupling the velocity u from 6 to work on a
linear equation, and prove alternating regularity results for § and u independently. We can show
that 6 is in L® without any assumption on u (see Section 4.3). Using that L> bound, we will
need to obtain scaling invariant controls on the drift u=VA~'0. By scaling invariant, we mean
that the bound, once proven on (Q fixed, will remain true of the scaled function u(e-,e-) for all
e. Unfortunately, although the Riesz transform is bounded from LP to LP for all p finite, it is
not bounded for p=oco. The usual technique, therefore, is to consider BMO (as in [CV10b] and
[NV18a]), but in the case of bounded domains the Riesz transform is not known to be bounded
in this space either. Our solution is to use extensions of the Littlewood-Paley theory to bounded

domalins.

The adaptation of Fourier analysis and Littlewood-Paley theory to Schrodinger operators
is a well-studied subject (e.g. Zheng [Zhe06], Benedetto and Zheng [BZ10]). As an application of
this theory, Iwabuchi, Matsuyama, and Taniguchi [IMT19], [IMT18], and Bui, Duong, and Yang
[BDY12] have considered operators defined on open subsets of R"™, which includes as a special

case the operator —Ap (a Schrodinger operator with zero potential). In particular, in [IMT17],
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Iwabuchi, Matsuyama, and Taniguchi derive many important results, including the Bernstein in-
equalities, for Besov spaces adapted to the operator —Ap on bounded open subsets of R" with
smooth boundary. This theory turns out to greatly improve our understanding of the Riesz trans-

form VA~ on bounded domains.

Using the results of [IMT17], we will be able to show that the Riesz transform of an L*°
function whose Fourier decomposition f=>_ finx is supported on high frequencies k> N will be

1/4.00 " and the Riesz transform of an L™ function whose

bounded in the weak sobolev space W~
Fourier decomposition is supported on low frequencies k < N will have bounded Lipschitz constant.
The cutoff N for dividing high frequencies from low frequencies must depend however on the
size of the domain . In the case of R?, where V and A~!' commute, this is equivalent to the
observation that the Riesz transform is bounded from L* to the Besov space Bgoyoo. In the case of
bounded domains, the argument must be more subtle. We must decompose 6 into its Littlewood-
Paley projections, individually bound the Riesz transform of each projection in multiple spaces,
and then recombine these infinitely-many functions into a low-frequency collection and a high-

frequency collection depending on the scale of oscillation we are trying to detect (see Section 4.4

and Lemma 4.5.1).

We make this notion precise with the following definition:

Definition 4.1.1 (Calibrated sequence). Let 2 CR? be any bounded open set and 0 <7 €R. We
call a function ue€ L?([0,T] x 2) calibrated if it can be decomposed as the sum of a calibrated

sequence

UZEUJ'

JET

with each u; € L?([0,T] x ) and the infinite sum converging in the sense of L.

We call a sequence (u;);ez calibrated for a constant x and a center N if each term of the

sequence satisfies the following bounds.

151l oo (0,77 x ) < 5
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io—N
VUil oo 0,115 00) <2727 s

4= <ol

Lo ([0,T]x%)

In Section 4.7 we will show that a calibrated velocity remains calibrated at all scales (specif-
ically, with fixed constant x but a changing center N). Therefore we can consider, for any domain
Q and time T, the system of linear equations

{at9+u-v9+/w=o, [—7,0] x Q

. (1.2)
divu=0 [—T,0] x Q.

In Section 4.3 we show that solutions to (1.1) with L? initial data exist and regularize
instantly into L*°, and in Section 4.4 we show that the Riesz transform of L°° data is calibrated.
Then in Sections 4.5 and 4.6 we will show that solutions to (1.2) with calibrated velocity have
decreasing oscillation between scales. By iteratively applying this oscillation lemma and scaling

our equation, we show in Section 4.7 that 6 is Holder continuous.

The low-freqency component of a calibrated velocity u will be uniformly Lipschitz, which
means it is only bounded up to a constant. This is similar to the case of BMO velocity functions in
[CV10b] and [NV18a|, which by the John-Nirenberg inequality are also bounded up to a constant.
As in these cases, we consider a moving reference frame, denoted I':[0,7]—R?, in which our
velocity is shifted by a constant, making the low-frequency component of v bounded. There are
two differences between our implementation of this technique and the implementation in [CV10b]
and [NV18a]: firstly, we subtract off the value of the low-frequency part of u at a point, rather than
subtracting off the average of u on a ball. Secondly, rather than applying the standard De Giorgi
argument to O(t,z):=0(t,x+T(t)), we must reformulate the De Giorgi argument to “follow” the
path I'(¢t) explicitly. This is a purely notational difference, but it is necessary because otherwise 2

would be time-dependent.

At each scale, there will be a natural Lagrangian path I'y corresponding to the low-frequency

part of u. However, the low-frequency part of u changes non-trivially as we zoom, so I'y will be
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different at each scale. Throughout Sections 4.5 and 4.6, we will use I'y to denote the “current”
Lagrangian path and I' to denote the Lagrangian path at the previous scale. In the proof of The-
orem 4.1.1 in Section 4.7, these are denoted I'y(t) and e~ 'T'y_1(et) respectively. In Lemmas 4.5.2,
4.5.3, 4.5.4 and 4.6.1, we will make assumptions about § which are centered on x~TI'(f) and ob-
tain conclusions which are similarly centered on x~I'(t), conditioned on 7:=Ty —I" being small in
Lipschitz norm. Finally in Lemma 4.6.2, we will show that, given bounds on 6 for z~T'(t), we
can bound 6 for x~Ty(t) for ¢ sufficiently small, again conditioned on ~:=Ty—T being small in
Lipschitz norm. Controlling v amounts to controlling the change in I'y between consecutive scales,

which is much easier to obtain than scale-independent bounds on I'y.

Previous applications of the De Giorgi method to non-local equations such as (1.2) generally
make extensive use of either an extension representation (c.f. [CV10b]) or a singular integral
representation (c.f. [NV18a]). In this chapter, we use the singular integral representation for the
Dirichlet fractional Laplacian derived by Caffarelli and Stinga [CS16]. It is based on the results of
Stinga and Torrea [ST10] which generalize the extension representation of Caffarelli and Silvestre
[CS07]. This theory is pivotal in translating the existing non-local De Giorgi techniques to the
problem at hand (see Section 4.2).

In order to apply De Giorgi’s method to weak solutions of (1.2), we will need to assume
a certain a priori estimate which holds, in particular, for L2(H§) weak solutions. However, such
solutions are only known to exist for short time and for H? initial data, as shown by Constantin
and Nguyen in [CN18b]. We call weak solutions in L?(H'/?) which happen to verify this a priori
estimate “suitable solutions,” by analogy to suitable solutions to Navier-Stokes as in [CKN82]. We
give the formal definition of suitable solutions in Section 4.3, where we also construct global-in-time
suitable solutions using the vanishing viscosity method. Compared to [CI17], our solutions verify

a full family of localized energy inequalities which allow us to apply the De Giorgi method.

The chapter is organized as follows. Section 4.2 is dedicated to basic properties of the
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operator A and the corresponding Sobolev spaces H?®. In Section 4.3 we construct weak solutions
which verify the suitability conditions. In Section 4.4 we prove that the Riesz transform of the L™
function 6 is callibrated. Section 4.5 contains the De Giorgi Lemmas. Section 4.6 is dedicated to
the local decrease in oscillation through an analog of the Harnack inequality. Finally in Section 4.7
we prove the main theorem, Theorem 4.1.1. In the Appendix 0.3 we prove a few technical lemmas

which are needed in the main chapter.

Notation. Throughout the chapter, we will use the following notations. By 7, and Ag

we mean the eigenfunctions and eigenvalues of —Ap, with A\g <A1 <... and |ng||,=1 for all k. If

f =21 fxnk then
1/2
1 llg¢s = (Zw%)
k

— [1as.

We suppress the dependence on 2, though in fact A, A\, and 7 are defined in terms of the domain
Q. The relevant domain will be clear from context. The norm on H* is in fact a norm, not a

seminorm, since || f|72(q) < /\55/2 1 f 1l

For a set A and a function f:A— R, denote

|f(2) = F(y)l

floa:= sup —F——", ae(0,1],

[ ] A T, YyEA,xFy ’x_y’a ( ]

Il cagay = 1£ 1l oo ay + [Flasas ae(0,1],
k

£l omagay =D NP fll oo (ay + {Dkf]a_A, ae(0,1],keN.

3

n=0

When the domain A is ommited, the relevant spatial domain 2 is implied.

Throughout this chapter, if an integral sign is written [ without a specified domain, the

domain is implied to be 2, with € defined in context.

For any vector v = (v1,v2), by v we mean (—vg,v1). By V-1 we mean (—0y,0z).
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In the remainder of this chapter, the differential operator D? refers to the Hessian in space,
excluding time derivatives. By abuse of notation, if I':[a,b] — R?, we write [a,b] x Bg(T') to denote

{(t,2) € [a,b] x R2: |z — ()] < R).

4.2 Properties of the Fractional Dirichlet Laplacian

In this section we will investigate the basic properties of the operator A and the space H?®

on a general domain ).

We begin by stating a result of [CS16] which gives us a singular integral representation of

the H* norm.

Proposition 4.2.1 (Caffarelli-Stinga Representation). Let s€(0,1) and f,g€H® on a bounded
C%8 domain QCR2. Then

| xangde= | 1@ = rwlis@ —s@Katea)drdy+ | f@o@Ba@a  @3)

for kernels Kos and Bog which depend on the parameter s and the domain €.

There ezists a constant C =C(s) independent of Q such that

C(s)
0 < Kas(z,y) < [z —ypTes

for all x#£y € and
OSBZS(:B)

for all x €.

Moreover, for any s,t € (0,2) there exists a constant c=c(s,t,Q) such that for all x £y €Q
Ki(,y) <clz =y Ky(z,y). (2.4)

Proof. See [CS16] Theorems 2.3 and 2.4.
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Theorem 2.4 in [CS16] does not explicitly state the result (2.4). However, it does state that

for each kernel K there exists a constant cs; dependent on s and €2 such that

(17 no(z)no(y)

1
L o=y K, () < min
° lz—y/?

S

) < Cs|$ _y|2+SKs(l'ay)'
Since the middle term does not depend on s, we can say that
|CC _y|2+th(-T,y) < ths|l‘ _y|2+sKS(x7y)

from which (2.4) follows. O

From the explicit formulae given in [CS16], we see that Ky is approximately equal to the
standard kernel for the R? fractional Laplacian (—A)* when both = and y are in the interior of  or
when x and y are extremely close together, but decays to zero when one point is in the interior and
the other is near the boundary. The kernel By is well-behaved in the interior but has a singularity
at the boundary 0€2. This justifies our thinking of the Ko, term as the interior term and Bsg as a

boundary term.

When comparing the computations in this chapter to corresponding computations on R?,
one finds that the interior term behaves nearly the same as in the unbounded case, while the

boundary term behaves roughly like a lower order term (in the sense that it is easily localized).

Many useful results can be derived from Caffarelli-Stinga representation formula. We sum-

marize them in the following lemma.

Lemma 4.2.2. Let QCR? be a bounded open set with C*P boundary for some € (0,1).

(a) Let s€(0,1). If f and g are non-negative functions with disjoint support (i.e. f(x)g(z)=0
for all x), then
/ASfAsgdeO.
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(b) Let s€(0,1). If g€ C*Y(Q) then for some constant C=C(s) independent of
9(x) =g
Il <2l Il +C 1l sup [ HE G0
(c) Let s€(0,1). If g€ C*Y(Q) then for some constant C=C(s) independent of

1£9llge: < Cligllcoa oy (I Flla + 11 Fllges)-

(d) Let s€(0,1/2). Let g an L>®(Q) function and f € H?* be non-negative with compact support.

Let Cgpn be a constant such that
Ky (2,y) < Capnlz —y[** Kas(2,y)- (2.5)
Then there exists a constant C depending only on s and Cgpy such that
[ 272685021 < gl supp )2 (1o + )

(e) Let g an L>®(Q) function and f € H/? be non-negative with compact support. Let Cgpp be a

constant such that

K1/4(Cﬂ,y) < Cdmn|‘r —y|3/4K1(.’E,y)-
Then there exists a constant C depending only on Cgmny, such that

/ gAY F < C gl 15D (A2 (1 g + 1 lscrr2) -

Proof. We prove these corollaries one at a time.

Proof of ((a)): From Proposition 4.2.1
/ A°fASgda = // (@) — F@))l(@) — g @)K (2,) dedy + / f(2)g(x) B(x) da.

Since f and g are non-negative and disjoint, the B term vanishes. Moreover, the product

inside the K term becomes



Since K is non-negative, the result follows.
Proof of ((b)): From Proposition 4.2.1

/ A (fg) 2= // (@) @) F)]+ F@)lo(@) — g(@)) 2K + / 124°B

_ 2
<2lglZ 1B +C00) [ ) [0 dvay,

Proof of ((c)): This follows immediately from ((b)), since

19(x) =g < ([l9ll ) NIVl o |2 —y1)

LAz —y|?
/\ﬂf—y\ms o

and

is bounded uniformly in y.

Proof of ((d)): From Proposition 4.2.1 we can decompose
/As/QgAS/Qf:I<—|—IZ—|-H
where
1= x)— T)— K,
Il o —awlse - sw)
Is = T)— x)— K,
Il o sl s

n:/m&.

First we estimate /.. From (2.5) and from the symmetry of the integrand and the fact that

[f(x)— f(y)] vanishes unless at least one of f(z) or f(y) is non-zero,

|I<|§2// | 1><{f>0}(56)|g(fz)—g(y)|~!J"(ﬂf)—f(y)\'I:L“—ylgsfﬂxs-
r—yY|<
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We can break this up by Holder’s inequality

[1<[<2 (//lxy<l><{f>o}(x)[g(w) —g(y)]z\x—yl“ms) " <//[f($) —f(y)}2K4s) 1/2.

The kernel ]x—y]65K4SX{‘x_y‘<1} is integrable in y for = fixed. Therefore

1/2 12
<2 (ol [ Cxpn @) (171e)"

For the term I>, by the symmetry of the integrand we have

TNEIP: / @I Kty
T—Y|=

Since Ksx{|z—y|>1} 18 integrable in y for z fixed,

11> < Cllglloo 1 £1]: -

For the boundary term II,
1112 gl [ X750 B
Since £20, [f(2) = F)][X(r0} () = X{ 750y (4)] = 0. Therefore
fB < AS/2 AS/Qf: Asf
X{f>0}/ Ps> X{f>0} X{f>0y2 J-
Applying Hélder’s inequality, we arrive at
11 < | glloo [supD ()2 [ £l g -

This combined with (2.6) and (2.7) gives us

[ 27208721 < Cllgl (Isupp )2 1l + 11+ supp ()2 e )

The lemma follows since | [, <[supp(f)[/2]|[l, and since || llse. <I1]l 2+ 11l

Proof of ((e)): This is an immediate application of part ((d)).
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Let us consider the relationship between the norm 3 and the H® norm on R?.

It is known (see [CI16] and [CS16]) that for s € (0,1) the spaces H® are equivalent to certain
subsets of H*(2) spaces defined in terms of the Gagliardo semi-norm. In particular, we know that
smooth functions with compact support are dense in H? for s €[0,1] and that elements of H* have

trace zero for s € [3,1].

The most important fact for us is that the fractional Sobolev norms defined in terms of

extension are dominated by our H?® norm with a constant that is independent of €.

We do not claim that this result is new, but we present a detailed proof because the result is
crucial to the De Giorgi method. The De Giorgi lemmas require Sobolev embeddings and Rellich-

Kondrachov embeddings which are independent of scale.

Define the extension-by-zero operator E: L?(Q) — L?(IR?)

flx) zeQ,

Ef(x):{o r€R2\ Q.

Proposition 4.2.3. Let QCR? be any bounded open set with C*# boundary for some B€(0,1).

For any s€[0,1] and function f&H?,

J.

Here (—A)*® is defined in the fourier sense.

aree] < [ s

We will prove this proposition by interpolating between s=0 and s=1. Before we can do
this, we must prove the same in the s=1 case. This result is known (see e.g. Jerison and Kenig

[JK95]) but we include the proof for completeness.

Lemma 4.2.4. Let QCR? be any bounded open set with Lipschitz boundary. For all functions f

[1vs= [ s

103

in ML,



Proof. Let n; and 7; be two eigenfunctions of the Dirichlet Laplacian on £2. Note that these functions

are smooth in the interior of €2 and vanish at the boundary, so we can apply the divergence theorem

and find
/Vm-anZ—/mAm:Aj/mm:Aj&:j-

Consider a function f=>3_ fyn, which is an element of 3!, by which we mean >\ f,? < 00.

Since ||V r2(q) =V Ak, the following sums all converge in L?(2) and hence the calculation is

justified:
/ VfP= / (Zﬁw) DAL
i J
:/Z(fifj)vm'vnj
,J
=Sty [ Ve
,J
=> Nl
J
From this the result follows. O

We come now to the proof of Proposition 4.2.3. The proof is by complex interpolations

using the Hadamard three-lines theorem.

Proof. Let g be any Schwartz function in L?(IR?), and let f be a function in 3*. Define the function

@(Z)Z/RQ (=A)2gEA*f,  z€C,Re(z)€0,1].

Recall (see e.g. [JK95]) that when t €R, (—A) is a unitary transformation on L?(R?), and

A" is a unitary transformation on L?(Q).

When Re(z) =0, then ||(~2)7g|| =lgll, and | A*= ]l =| ;- Hence

0.

O(2) <llglla[1fll3es > Re(2)
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When Re(z) =1, integrate by parts to obtain
B()= [ (-A)Eg(-8) A,
R2

Then H(—A)(Z_l)/2gH2 =||gll5, while [|A*7% fllger = || f|lg¢s- As an H' function, A*~* f has trace zero

SO
IVEA"2 f|| ooy = VAT F[| 2y = 1 £l -

Of course H(—A)l/2 ‘ =Vl 12(g2) in general so

L2(R2)

(2) <llgllal fllscs»  Re(z)=1.

In order to apply the Hadamard three-lines theorem, we must show that ® is differentiable

in the interior of its domain.

Rewrite the integrand of ® as
HIEFDEY N S
k

The derivative dilz commutes with linear operators like 7! and E, so the derivative is

“L(In(|¢))€7g Ewaw:r (€174 EZ—lnAk A i (2.8)

Fix some z€C with Re(z)€(0,1). Since g is a Schwartz function, In(|¢|)[£|?§ is in L2
s—z s— z+s

Moreover, for any € >0 we have In(A;)A\. > <CA, for some C' independent of k but dependent

on z, €. Take e <Re(z) and, since f € H?, this sum will converge in L.

The differentiated integrand (2.8) is therefore a sum of two products of L? functions. In
particular it is integrable, which means we can interchange the integral sign and the derivative %

and prove that ®'(z) is finite for all 0 <Re(z) <1.
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By the Hadamard three-lines theorem, for any z € (0,1) we have ®(z) </||g|l5 || f|l4s- Evalu-
ating @(s), we see
[, 81208 F < lgllge e
This inequality holds for any Schwartz function g€ L?(R") and any f € H°.

s/2

Since Schwartz functions are dense in L?(R?) and (—A)%/2 is self-adoint, the proof is com-

plete. O

4.3 Existence of suitable solutions

In this section, we define the needed notion of suitable solutions. This involves two families
of localized energy inequalities. The first family (3.11) concerns the time evolution of [,(8 —¥)3
for generic cutoff functions . We need also to control the time derivative 9;(6 —¥)? in the sense
of distributions for the second De Giorgi lemma (see Proposition 4.5.4, step 2). This control comes

in the family of inequalities (3.12).

It is important that the universal constant C* appearing in the suitability conditions (3.11)
and (3.12) is independent of 2. The De Giorgi argument requires that we apply the same bound
iteratively as we rescale the solution, so our bounds must be scale independent. For this reason, we
will define the constant through Proposition 4.3.1 before stating the definition of suitable solutions.
As with the Navier-Stokes equations, it is not obvious that weak solutions constructed directly
from the Galerkin scheme are suitable. Therefore we will construct our weak solutions as vanishing

viscosity limits of
0i0+u-VO+A0=cAf (0,00) %,
u=V+A~10 [0,00) x €, (3.9)
0 =0p {0} x Q.

The construction of solutions to (3.9) will follow the Galerkin method (as in [CI17]).
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We begin by defining the universal constant C* and simultaneously showing that the in-

equalities (3.11) and (3.12) are valid for sufficiently smooth solutions to the linear equation

(3.10)

00 +u-VO+Ad=cAb,
divu =0,

uniformly with respect to £ €[0,1]. This smoothness requirement will be shown to be valid when

e>0.

Proposition 4.3.1 (Energy Inequalities). There exists a universal constant C* such that the fol-

lowing holds:

Let Q CR2 be bounded and open with C*P boundary, 3 € (0,1), and let 0< T < o0 a time, and
let £ €[0,1]. Let 6,u be a solution to (3.10) on Q x [0,T], with 6 € L>(0,T;L?(Q))NL?(0,T; H}(2))
and w€ L>®(0,T; L*(Q))NL4(0,T; L*(Q)).

Then  for any smooth mnon-negative function W€ C>®([0,00)xR?)  satisfying
VU] oo (0,00) xR2) < b and the Hélder seminorm supj o) [¥(¢,")]; qz2 <k for some constant k, any
time S€(0,T), and any smooth non-negative @ € C°(S,T;C*(?)), the function 0, :=(0—¥)

satisfies

d 2 12, |2 w (1.2
Fn +| = 0>v +\Vt . ; .
o [nre] <ot (8 [ xosuy+| [ 0200 +u- V) vte[0,T] (3.11)

in the sense of distributions and

1T 1Tl T 1 T
7 [, oess [ [oeve- [ o @urnver oo (i) [ [
S S S 0

T T
+k2/0 /X{0>\Ij}+/0 /9+(8t\11+u-V\I/)D.

Remark 4.3.1. Note that since C* is universal, Proposition 4.3.1 does not depend on the values of

(3.12)

101 oo (12 HGHLQ(H(%), [l oo r2)» OF [[ull g4y, but only on the fact that these quantities are finite.

Therefore, using the natural scaling of (3.10), if (0,u) verify the assumptions of Proposition 4.3.1
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on [0,7] x €, then so does ()\G(u-,u-),u(u',u-)) on [0, 1T) x =192, for any A€R and x>0 such
that pu~'e€[0,1]. Therefore the proposition applies also to these scaled functions, with the same

universal constant C*.

Proof of Proposition 4.3.1. Since 64 € L>=(0,T;L*(Q))NL?(0,T; HL(2)), we can multiply (3.10) by
0+ and integrate in space to obtain

O:/0+[8t+u-V+A5A] OL+T—6_)

which decomposes into three terms, corresponding to 6., ¥, and #_. We analyze them one at a

time.

Firstly,

1 1 2
/0+[8t+u.V+A—eA]e9+: <2> i/ei+<2> /divu93+/‘A1/29+) +5/|V9+|2
_(1\d 2 1/2 2 2
_<2>dt/9++/‘1\ 94 +e/yve+| .
The W term produces important error terms:
/9+[8t+u-V+A—EA]\I/:/0+8t\11+/9+u-V\I/+/A1/20+A1/2\II+£V9+~V\I/

:/9+(8t\1’—1—u-v\11) +/A1/20+A1/2\I/—|—6V9+-V\11.

Since 04 and 6_ have disjoint support, the §_ term is nonnegative by Lemma 4.2.2 part

((a)):

/9+[8t+uV+A]9_: <;> /0+8t9_+/9+uVQ_+/A1/26+A1/29_+5/V9+V0_SO

Put together, we arrive at

2
()i o [t [

g—/9+(8t\11—|—u-V\I/)—s[/V9+-V\I/+/]V9+|2]. (3.13)
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The ¢ term is bounded, using the fact that V6, =xyg, -0y V0+ and €€[0,1], by

—& 13
—e U|va+|2+/ve+-v\4 32/V9+|2+2/|Wl2x%9+>0}

k2
§2/X{9+>0}~

At this point we break down the A'/26, A1/2W term using the formula from Proposition 4.2.1.

(3.14)

Jarzo.nttu— [f16.@) -0, wl(¥@) - v@IK @)+ [ 6,08

Since B >0 and V¥ is non-negative by assumption, the B term is non-negative and so

[arzo.nttus [f0@) - 0. wl(¥E) - V@K ) (3.15)

The remaining integral is symmetric in  and y, and the integrand is only nonzero if at least one

of 64 (z) and 6, (y) is nonzero. Hence

’//[9+(fﬂ)—9+(y)H‘I’($)—‘I’(y)]K(l‘,y)‘ SZ//X{9+>0}(:E)|9+(f6)—9+(y)|-!‘I’(fv)—‘lf(y)lK(ﬂJ,y)-

Now we can break up this integral using Young’s inequality, and since [[[04(z)—04(y)]?K <

||9+H§(1/2 the inequality (3.15) becomes
1 2
Jaronttus [ > 2 [y o @v@ - Yo K@y, @10

It remains to bound the quantity [¥(z)— ¥ (y)]?K (z,y). By Proposition 4.2.1, there is a

universal constant C such that

K(z,y) < —.
(@9) |z —y3

The cutoff ¥ is locally Lipschitz, and Hélder continuous with exponent 1/4, by assumption. There-
fore

[¥(2) = U (y)PK (2,y) < Ck?|lo —y| T Ao —y| 7>

Since 1 <2< 2.5, this quantity is integrable. Thus

/ Xi0,50)(2) / (W (z) — U (y)]2K (2, ) dyda < CK? / Xi, 50y e
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Combining this with (3.13), (3.16), and (3.14) we obtain (3.11).

We begin now the proof of (3.12). Since 6, € L°°(0,T;L*(Q))NL%(0,T; HE(Q)), by inter-
polation we can further conclude 6 ,u€ L*(0,T;L*(€)). Therefore we can multiply (3.10) by (6.

and integrate in space to obtain
0:/g09+ [Or+u-V+A (O +T—6_)

which decomposes into three terms, corresponding to 6, ¥, and 6_. After rearranging and inte-

grating by parts, this becomes

1 1
(3.17)

The € term decomposes as
E/QD9+A(9++\I/):—E/QOV9+V(0++\P)—€/0+V(pv<0++\1})
:—s/g0]V9+|2—6/90V0+-V\II+;/GiAgo—s/t%V«p'V\I/

2

Skﬂwmﬂ/xw9m+mm@/ba

g & g 3
</90’V‘I”2X{0+>0}+2 91A¢+2/93|V¢|+2/X{9+>0}|V90HV‘1’!2

(3.18)

The [p04Af term is bounded by Lemma 4.2.2 part ((c))

2 125 |2
~ [ ¢0:80, <Cllells ( [ 62+ [ |a1%0,] (3.19)

and the [ AV term is bounded, just as for the [ A¥ term in the previous family of inequalities
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but with the addition of Lemma 4.2.2 part ((c)),

- / o0, AT < // ()04 (2) — ()0 ()] [ () — T ()] Sy
<2 [[ Xoo0) (@04 (2) ~ ()02 ()] | ¥ (2) - W) K
=2 [ (Il e(@)e )~ )0 )1) (112 X0, 00 ¥(2) ~ 1)) K

<lleligi o8+ 1132 + el //X{6+>0} [0 (2) = (y)* K

2
<Clieles [+ 8720 [ )+ crtoten ([ 17 abl a0 [ xi0,0n

(3.20)

From the inequality (3.11) already proven, we can obtain by a standard argument

T 2 1 (T T T
/ /‘A1/29+‘ g/ /03+k2/ /X{9+>0}+
S S 0 0 0

By combining (3.17) with (3.18), (3.19), and (3.20) we obtain

1 1 2
5 [ vo0i=; [02uvo- [or@uuvu)Clolen ([0248 [ o+ [ 820 ).

Integrating this inequality from S to T" and applying (3.21), we obtain (3.12). O

0, (3t\11+u-v\l')}. (3.21)

We will construct global-in-time solutions to (1.2) (equivalently (3.10) with ¢ =0) for any
initial value 6y € L? which verify these energy inequalities (3.11) and (3.12) with the same universal

constant C* at all scales, but which may not be in L?(H}).

Definition 4.3.1. A pair 0,u is called a suitable solution to (1.2) on [0,00) x 2 if Q CR? open
and bounded, #,ue L™®(R;L*(Q)), € L*(R; H/2(Q)), ue L}(Ry;L3(Q)) and ,u is a suitable

solution on [0,7] x Q for all 0< T < co.

A pair 6,u is called a suitable solution to (1.2) on a space time domain [0,77] x  if T' < oo,

Q CR? open and bounded, §,u € L>(0,T;L?(Q)), 6 € L>(0,T;3"/2(Q)), we L3(0,T;L3(Q)) and
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1. 6, u solve (1.2) in the sense of distributions on [0,7] x €2,

2. 6, u satisfy (3.11) and (3.12) at all scales with the same universal constant C* defined in

Proposition 4.3.1. More specifically, the following holds:

Let A€R and p€(0,1) be given and let ¥ € C>([0,00) x R?) be any smooth non-negative
function satisfying ||VW|| . (j0.00)xr2) <k and supp ooy [¥(t,")]; j4.p2 < k for some constant k.
Define Q:={zcR?*:uzcQ}, T:=p 'T, O (t,x):=(\0(ut,pz)— ¥ (t,x))y, and a(t,z):=
u(pt,px). Let S€(0,T) and let ¢ € C°(S,T;C™(Q)) be non-negative.

Then 6, and @ and ¢ and ¥ satisfy (3.11) and (3.12) on € with times 0, S and 7', with the

same universal constant C*.

The rest of this section is dedicated to the proof of the following proposition:

Proposition 4.3.2 (Existence of global suitable solutions). There ezists a universal constant C >0

such that the following holds:

Given an open, bounded domain QCR? with C*8 boundary, f€(0,1), and initial data
0o € L?(RY), there exists a global-in-time weak solution 6 to (1.1) such that, for any 0<T < oo, 0
and u:=V+A710 are a suitable solution to (1.2) on [0,T] x .

Moreover, 6 € L=([0,00); L2(Q)) N L2([0,00); HY2(2)), and O(t,-) — 0o(-) weakly in L*(Q) as
t—0, and for any S>0
C
101 2o 15,00y x ) < g 1601l 220
To construct global suitable solutions, we will use the vanishing viscosity method. First,

we must prove existence of global weak solutions to (3.9).

Lemma 4.3.3 (Existence for viscous equation). There ezists a universal constant C such that the

following holds:
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Given an open, bounded domain Q CR?, initial data 0y € L?>(Q) and a constant € >0, there
exists a global-in-time weak solution 0 to (3.9).
In particular, §€C°([0,00); L%(2))NL2([0,00); HE (Q)), ue C0([0,00); L2(2)) N LA(]0,00) X
Q), and 0y € L*([0,00); H1(2)), and 0(t,-) — 0o(-) weakly in L?(Q) as t—0, and for any S>0
C

101 2o (15,00)x 2 < g 1601l 2203

The proof of existence is by Galerkin’s method, while the L* bound uses a De Giorgi

argument.

Proof. Recall that 7; are the eigenfunctions of —Ap. Let N be an integer parameter, and Wy :=
span(no,...,mn), which consists only of smooth functions which vanish on 9. We seek first a

solution 05 € Wy to the weak equation

/<p8t6N+/@VLA*GN-V6N+/¢A9N+5/V6NV¢:O, VtERzo,QPGWN. (3.22)

If we write

N
On(t,z)=> oy n(t)mi(x)
i=0
and choose ¢ =1); as a test function, then 0y solves (3.22) if and only if, for all i <N,
N N
1/2
a;N(t) + Zzaj,N(t)@k,N(t)Bijk + )‘z/ Oéi7N(t> +5)\i@i,N(t) =0
j=0k=0
with
—-1/2
Biju=A;" /mVLm’-Vﬁk
a constant tensor.

By Peano’s existence theorem for ODEs, solutions to this system exist on some interval [0,7]
where T depends on © and N and (since Wy is finite dimensional and all norms are equivalent)

the L2 norm of the initial data.
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Since 6 € W we can take Oy as a test function and obtain, for any solution 0y to (3.22),

d 2
dt/e%ﬁ/]Al/%»N) +5/yv9N\2:o.

Therefore in particular ||0x]| ;2 () is non-increasing in time and we conclude that Oy exists for all

time. Moreover, fy is uniformly bounded in L*(L?(Q)) and L?(H3(Q2)).
To take a limit in NV, we need uniform regularity in time. From (3.22) we can bound

/0 /atHNSO <1071z 19l 2y + 108 2y 1ol 2y + 108 1 2 10l p2 oy -

Note that f is uniformly bounded in L*(L*) by interpolation and L?(L?) by Poincaré’s inequality.
Therefore [[ 00i0n <C' |2 ) for all o€ L?>(Wy) for a constant C' independent of N. Since

9y € Wi, this is sufficient to show that [|0;0n||2(z-1) is uniformly bounded.

By Aubin-Lions, we conclude that 6y is a compact sequence in L?([0,00) x 2) and so it has

an L? limit §. This limit 0 is in L°°(L?*(Q)) and L*(HE(Q)) and 9:0 € L*(H1(2)).

We must prove that 6 is a weak solution to (3.9). Let o€ C>(Wj,) for some M. For

—//GNE)tgo—//HNVLA19N~V¢+//0NA¢—5//9NA¢:0.

This expression is continuous for y € L?(L?), so by taking N — oo we obtain

—/Hatcp—/HVLA10-V@+/9A¢+8/V@-Vgp=0

for any ¢ € C2°(W)y) for any M € N. By density, € solves (3.9) in the sense of distributions.

N>M,

Since 9,0y is uniformly bounded in L?(H 1), we know 0x(t,-) — 6 weakly in L? uniformly

in N and so the same holds for 6.

Lastly, for any constant a >0, the function (0 —a)4 satisfies

G [50-ars [[8r6-0. = [uvo-a2 - [ar6-a. < [196-a).P
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== [a0-a).i—c [ [90-0).P

<0.

This inequality is scaling-invariant, so the same holds for A0(ut, ux) for any A, > 0.

By the standard De Giorgi argument (see Lemma 0.3.1 in the Appendix for details), there

exists a universal constant ¢ such that f02 J(\0(ut,px)? dedt <& implies § <A~! on [ul,42]. In fact,

by comparison with a constant super-solution, § <A~! on [u,00). Taking A= /W, we
0 LQ(Q)

find 0(¢,-) <Ct1 160]/2() for a universal constant C. Applying the same argument to —f gives
the L*° bound. O

Now that we have global existence of solutions to (3.9) for £ >0, we can prove Proposi-

tion 4.3.2 by taking a limit as € — 0.

Proof of Proposition 4.3.2. For any parameter ¢ >0, define 0. € L?(H{) the weak solution to (3.9)
constructed in Lemma 4.3.3. The 6. are uniformly bounded in L*°(L?) and L?*(3'/?) by the
standard energy argument, so by interpolation they are also uniformly bounded in L4(L8/ 3). Recall

that 0. are uniformly bounded in L>°(L°) after any positive time.

For any smooth ¢, we have

[ [ 0o 0o Vel + el ey Ielzoom + el Il
Therefore 90, is uniformly bounded in LQ(I}C_?’/ 2). By Aubin-Lions, the sequence 6., up to a
subsequence, has a strong limit in L?(L?). Call this limit 6.

Since 90 is uniformly bounded and 6(t,-) — fy weakly in L2, the same holds for 6.

Define u,:=V+A"'0,, and by continuity of the Riesz transform we have u.—u in

L%([0,00) x Q) where u:=V+A~14.

115



It remains only to prove that 6 and wu satisfy the energy inequalities (3.11) and (3.12).
Recall that 6. and wu. satisfy (3.11) and (3.12) by Proposition 4.3.1, so we need only show that
these inequalities hold also in the limit. The details of this calculation are given below.

Let 0<T < oo be a constant, and let A, u, ¥, S and ¢ be as in the definition of suitable

solutions. Define
0 (t,x) := N0 (ut, pux),
U (t,2) :=ue (ut, px), u
0. (t,2) = <§€(t,x) - \If(t,x)>+, (
and let Q:={zeR2:pzeQ}, T:=p'T, &:=p le.
Note that 6. and @. are weak solutions to (3.10) with viscosity €. Therefore, if ¢ <pu then

0+ and @ satisfy (3.11). The terms [0 (0¥ + .- V¥) and fx{9~5>0} are continuous under L2
-2 -
AV 20€,+’ are lower-semicontinuous under L? limits, so

limits, and the quantities 4 [62  and [

we conclude that 6, and @ satisfy (3.11).
Similarly, 6. 4 and . satisfy (3.12) if e <p. On [S,T] we have a uniform L*(L>) bound

for §.. Therefore 9~€7+ converges in L3(L3), and so [ ST i 5? L Ue -V is conserved in the limit € — 0.
O

The remaining terms in (3.12) are L2(L?) continuous, so f4 and @ satisfy (3.12).

4.4 Littlewood-Paley Theory
In this section we will prove that, because 6 is uniformly bounded in L°°, the velocity

u=V+A710 is calibrated (see Definition 4.1.1). The proof will utilize a Littlewood-Paley theory

adapted to a bounded set €.
Because the Littlewood-Paley theory depends in an essential way on the domain €2, any

results proven in this way will also be domain-dependent. Therefore, in the proof of Hoélder conti-

nuity in Section 4.7, we will apply the following Proposition only to the unscaled function 6 on the
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unscaled domain 2. As we zoom in, the velocity will remain calibrated, so there will be no further

need for this result.

Proposition 4.4.1. Let QCR? be a bounded set with C*P boundary for some B€(0,1). Let
0 L>®(2). Then there exists an integer jo=_7jo(S2) and a sequence of divergence-free functions

(uj)j>j, calibrated for some constant k= k(€2,||0],,) with center 0 (see Definition 4.1.1) such that

VEATIO=) " u

J=jo

with the infinite sum converging in the sense of L?.

Before we can prove this, we define the Littlewood-Paley projections and prove some of

their properties:

Let ¢ be a Schwartz function on R which is suited to Littlewood-Paley decomposition.

Specifically, ¢ is non-negative, supported on [1/2,2], and has the property that

D627 =1  VE#o.

JEZ

For any f=>_ fin, in L?(Q), we define the Littlewood-Paley projections
Pif =Y 62N fum.
k

Note that P; depends strongly on the domain (2.

Recall that —Ap has some smallest eigenvalue \g (depending on ) so if we define jo=

logy(Ao) —1 then P;j=0 for all j < jo.

The Bernstein Inequalities adapted for a bounded domain are proved in [IMT17]. We restate

their result here:

Lemma 4.4.2 (Bernstein Inequalities). Let 1<p<oo and QCR? a bounded open set with Cc?P

boundary for some B €(0,1), and let (P;j);jecz be the Littlewood-Paley decomposition defined above.
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There exists a constant C depending on p and ) such that the following hold for any f €
LP(Q):

For any a €R and j €7,
IAPy £l ey < C2 11l ey

For any a€R and j > jo
IVA“Pif | oy < C2 | £l 1oy -

Proof. The first claim is Lemma 3.5 in [IMT17]. It is also an immediate corollary of [IMT18]
Theorem 1.1.

The second claim is similar to Lemma 3.6 in [IMT17]. A hypothesis of Lemma 3.6 is that

Ve 2P| o < C o<t

Vit

(a property of 2). The result of Lemma 3.6 only covers the case j > 0.

In [FMPO04] it is proved that that if Q is C?# then

Ve ™ 22| o o < 0<t<T

Vi
which, by taking some T depending on jp, is enough to prove the desired result for j>jy by a
trivial modification of the proof in [IMT17]. O

The following lemma is a simple but crucial result which can be thought of as describing the
commutator of the gradient operator and the projection operators. In the case of R?, the Littlewood-
Paley projections commute with the gradient so P,V P; =0 unless |i —j| <1. On a bounded domain,
this is not the case; the gradient does not maintain localization in frequency-space. However, the

following lemma formalizes the observation that P;VP;~0 when i << .
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Lemma 4.4.3. Let 1<p<oco. There exists a constant C depending on p and ) such that or any
function f e LP(Q),
12V P fll, < Cmin(27,2%) || f]],,

Proof. Let ¢ be the Holder conjugate of p and g be an LY function. Then since P; is self-adjoint

/ PP f = / (Pg)VP;f <C2 g, I£1],

by Lemma 4.4.2.

Further integrating by parts,

/ gPV P f=— / (VPP <02 gl I,

This also follows from Lemma 4.4.2.

The result follows. ]
We are now ready to prove Proposition 4.4.1.

Proof of 4.4.1. For each integer j > jo, we define u; to be the §-rotation of the Riesz transform of

the j Littlewood-Paley projection of 6:
uj:=V+ATIP0.

Qualitatively, we know that 6 € L? and hence u; € L%, In fact, u=) u; in the L? sense.

We must bound uj, A™"4u;, and Vu; all in L=(Q).
By straightforward application of Lemma 4.4.2,

1470 < Cll10llo - (4.23)
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Since u; € L?, we know that
—1/4 —1/4
1EZ
Define Py := Pj,_1 + Py + Py.1. Then P, P, = P, and since the projections Py are spectral operators,

they commute with A® and each other. We therefore rewrite
1L _ _
(PA™uy) " = (AR (RVE) (A7 P))6.

On the right hand side we have three bounded linear operators applied sequentially to 6 € L°°.
The first operator has norm C277(2!+2°+271) by Lemma 4.4.2. The second operator has
norm C'min(27,2) by Lemma 4.4.3. The third operator has norm C2-%/4(21/44204.2-1/4) by
Lemma 4.4.2. Therefore

|

Summing these bounds on the projections of A~/ 4uj, and noting that

3A*1/4uj)( <27 min(27,21)277 |9, .

> 27927 A min(29,27) =279y "2y "ot < 027/,

i€Z i<j i>j
we obtain

HA—1/4ujHoo <2749, . (4.24)

Lastly, we must show that Vu; is in L. Equivalently, we will show that AfleH is C11,

The method of proof is Schauder theory.

For convenience, define

F:=A"1P0.

Notice that F' is a linear combination of Dirichlet eigenfunctions, so in particular it is smooth and

vanishes at the boundary. Therefore

~AF=A*F=AP;0.
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We apply the standard Schauder estimate from Gilbarg and Trudinger [GT01] Theorem
6.6 to bound some C?*“ semi-norm of F by the L* norm of F and the C® norm of its Laplacian.
By assumption there exists € (0,1) such that Q is C*#, and for this § we have by the Schauder
estimate

[D*F],<C| AT P;0||  +C AP +C[AP;6] 4. (4.25)
By Lemma 4.4.2,

AT P, <C27 |6l
IAP;6], <C27 0],

IVAP;6],, <C2% 0|
By Lemma 0.3.2 (see Appendix 0.3) we can interpolate these last two bounds to obtain
[AP;0], < C21 A 9| .
Plugging these estimates into (4.25) yields
[D?F],<C (27742 +21049) o] .
Recall that without loss of generality we can assume j > jo. Therefore up to a constant
depending on jo, the term 27048) bounds 27 and 277 so we can write
[D*F],<C20F 9] .
Using this estimate and the fact that [|[VF| = HVA_leGHOOSCHHHOO (see (4.23)), we

can interpolate to obtain an L™ bound on D?F. Lemma 0.3.3 states that since F' € C*# and Q is

sufficiently regular, there exist a constant £=/£(2) such that for any ¢ € [0,¢] we have

0P|, <0 (51| VF |+ 3 [D°F] )

<C (5—1 +552f<1+5>) 16]|. -
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Set § =277(270¢) < /. Then

[Pl <C (2 +277727049 ) o)l = C ()2 0] .

Since D?*F = Vuj, this estimate together with (4.23) and (4.24) complete the proof. O

4.5 De Giorgi Estimates

Our goal in this section is to prove De Giorgi’s first and second lemmas for suitable solutions
to (1.2) with w uniformly calibrated. The De Giorgi lemmas will eventually be applied iteratively
to various rescalings of the solution 6, so the following results must be independent of the size of
the domain 2. Any properties we do assume for the domain, such as the regularity of the boundary,

must be scaling invariant.

Rather than working directly with the calibrated sequence, we will decompose u into just
two terms, a low-pass term and a high-pass term. The construction is described in the following
lemma. Note that we make no assumption on the center of calibration, which means this result is

indendent of scale.

Lemma 4.5.1. Let -
u= Zuj
Jo
with the sum converging in the L? sense. Assume that (uj)jez is a calibrated sequence with constant
x and some center, and that div(u;) =0 for all j.

Then

U=Uy+up

with
Vel Lo (1,0 x2) < 25,
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ST
Loo([~T,0]x9)
and div(ug) =div(up) =0.

We call uy the low-pass term, and uy the high-pass term.

Proof. Let N be the center to which (u;);ez is calibrated.

We define
Up = Z U,j
j=N+1
and bound
~1/4 —1/4 21/
T D W ] e s
J>N
We define
N
Uy = Zu]'
Jj=Jo
and bound

J<N
0

In order to prove the De Giorgi lemmas, we must derive an energy inequality for the function
(0 —V), where U(t,7) grows sublinearly in |z|. Considering the suitability condition (3.11), we see
that control can only be gained if the quantity 0; ¥ +u-VW is bounded. This requires a barrier

function which is moving in space along a Lagrangian path I'y of wuy.

To that end, we shall consider, for any domain © and time 7', functions 6:[—T,0] x Q@ - R,

L? functions uy and wuy, : [—T,0] x Q@ —R2, and a Lipschitz path T'y:[~T,0] — Q which satisfy

6, (ug+uyp) suitable solution to (1.2) on [-T,0] x Q,
div(ug) =div(up) =0 on [—T,0] x £, (5.26)
Ly(t) =ug(t,Te(t)) on [-T,0].
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Because I'y depends on uy which depends on N, the path I'y will change significantly be-
tween scales. In particular, though I'y € Lip([—7,0];R?), we cannot assume any uniform bound on
it Lipschitz constant. We can bound, however, the difference between I'y at consecutive scales.
Therefore we must consider in the following lemmas an arbitrary Lipschitz path I', which was

produced at a previous scale, and denote v:=1"y —I'" which will be uniformly bounded.

Now we prove an energy inequality for solutions to (5.26). Though this lemma is indepen-
dent of the size of the domain, it depends on the geometry of the domain in a way encoded by the

constant Cy,,,. We will later show that this constraint on €2 is scaling invariant.

Lemma 4.5.2 (Energy inequality). Let &, Camn, Cpn, T, and R be positive constants, and let
¥ :R? =R be a function such that |V, HDQ@Z)HOO, and sup; [¥(t,-)], 4 are all finite. Then there

exists a constant C' >0 such that the following holds:

Let Q CR? be a bounded open set with C*8 boundary for some 5 €(0,1), and let T':[~T,0] —
R? be Lipschitz. Assume that on Q the functions Ky and Ky (defined in (2.3)) satisfy the relation

Kya(2,9) < Camnlz =y Ki(z,y)  Va#yeQ.

<6k

Let 0, ug, up, and T¢ solve (5.26) on [=T,0]xQ, and satisfy || A" *un|| e _r o100 <

and |[Vugl| poo(_rg1x0) < 26 Denote v:=T'y—I" and assume ||| poo (_7 o)) < Cpin and ¥(0)=0.

Consider the functions
0 =(0-0(-T)),, 6 =((-T)-0),.
If 0 is supported on x € QN Bgr(L'(t)) then 04+ and 0_ satisfy the inequality

d 2
- 03+/‘A1/29+‘ —/A1/2«9+A1/29_gC(/x{92¢}+/9++/ei>.

Proof. Define
U(t,z):=(x—T(t))
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so that
OV + (ug+up) -V = (ug— T+ up) - Vip(z = T(1)).

Applying (3.11) we arrive at

(Z/ei+/‘A1/29+‘2§C(/X{ezw}+‘/9+(w—f(t)+wz)'WJ(ZE—T(U)D- (5.27)

Consider first the high-pass term [ 6wy, V). This term is equal to [ AY4(0, VW)A~/ 44y,
as can be calculated by first decomposing 8, VW and wj as sums of eigenfunctions. The operations
on these infinite sums are justified because 6. VW, A1/4(9+V\II), up, and A~V/4y, are all in L2

Therefore we can apply Lemma 4.2.2 parts ((e)) and ((c)) to obtain

[ A a0, 90) <C A un|_(I90llrt D61 Isupp 02 (16 5o+ 104 )

We apply Young’s inequality to find that for any constant € >0 there exists C'=C(¢,k,Cgmn,€)
such that

2
/uh0+V1/J(a:—F(t))d$§C(\supp(t%r)H-/Hi) +€/‘A1/29+‘ : (5.28)
Consider now the low-pass term. By (5.26)

wp(t,x) —T(t) =up(t,x) —ug(t, D +) +7. (5.29)

Since uy is has derivative bounded by 2k,
|UZ(t,l‘) —UQ(t,F—F’)/)‘ < |uf(t7x) —UZ(t,F)| + |u€(tvr) _uf(t¢r+’7)|
<2kl =T+ 26|y
By assumption |¥| <Cpy, and v(0) =0, and so for t € [-T,0] we have |y(t)| <TCpyy,.

Plugging these bounds into (5.29) we obtain

w(t,x) =I'(t)| <2k|x =T+ 26T Cpyp, + Cpap,.
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Now we can bound the low pass term

[ =160,V 0(a—T) < T+ 1Cy [V, [ 01 da+ |96 26 [ o= 10 da.

By assumption, |z —I'|64+ < R, so from this, (5.28), and (5.27) the result follows. O
This energy inequality is sufficient to prove the De Giorgi Lemmas.

The first lemma is a local version of the L? to L™ regularization, stating that solutions

with small L? norm in a region will have small L> norm in a smaller region.

Proposition 4.5.3 (First De Giorgi Lemma). Let &, Cgpy, and Cpy,, be positive constants. Then
there exists a constant 6o >0 such that the following holds:
Let QCR? be a bounded open set with C*P boundary for some B € (0,1), and let T': [~2,0] —

R? be Lipschitz. Assume that on Q the functions Ky and Ky (defined in (2.3)) satisfy the relation

K j4(2,y) < Camnlz—y[**Ki(z,y)  Vo#yeQ.

Let 0, ug, up, and Ty solve (5.26) on [—2,0] xQ, and satisfy HA_1/4uhHLOQ( 6K

(L2,0]xQ) =
and [|Vug|| oo ((_2,0)xq) < 2. Denote v:=T¢—I" and assume ||| oo ((_2,0) < Cpen and v(0) =0.

If
euﬂgg2+(u—runﬂé_fﬂ)+ Vte[-2,0],2 € Q\ Bao(I(1))

and

0
/(/ (0)% dzdt <5
—2JanBy(T(v))

O(t,z)<1 Vte[—1,0],2 € QN B (T'(¢)).

then

Proof. Let 1 be such that =0 for |z|<1 and ¢ (z)=2+ (|:/c]1/4—21/4)Jr for |z| >2, and let Vi
and D?1 be bounded.
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For any constant a >0, we can apply Lemma 4.5.2 to the function

Oa:=(0(t,2) —p(x —T'(t)) —a)+

2
% 924‘/‘[\1/29(1‘ SC(/X{92¢+Q}+/6’@+/92>.

Thus @ —(x —I') satisfies the assumptions of Lemma 0.3.1. There exists a constant, which

and obtain

we call &g, so that if

0
/_2/ (0(t,2) = (@ =T(1))),, dwdt <5

then
O(t,z) <1+1(x—I(t)) Vte[-1,0],z €.
By construction of v, our result follows immediately.
O
Next, we will prove De Giorgi’s second lemma, a quantitative analog of the isoperimetric
inequality.

Proposition 4.5.4 (Second De Giorgi Lemma). Let &, Cgmn, Cp, and B € (0,1) be positive con-

stants. Then there exists a constant >0 such that the following holds:
Let QCR? be a bounded open set with C*P boundary for some f € (0,1) , and let T : [~5,0] —

R? be Lipschitz. Assume that on Q the functions K4 and Ky (defined in (2.3)) satisfy the relation

K1/4(x73/)Scdmn‘x_y‘3/4Kl(xvy) V £y €.

Let 0, ug, up, and 'y solve (5.26) on [—5,0] xQ, and satisfy HA_1/4“hHL°°( 6K

(5,0]xQ) =
and [|Vug|| poo(_5,0)x) < 2. Denote v:=T'¢—T" and assume ||| oo ((_5,0p) < Cptn and v(0)=0.
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Suppose that for t € [—5,0] and any x €,

o(t,x) <2+ (|x—r(t)\1/4 - 21/4)+

Then the three conditions

1{0>1}N[=2,0] x Ba(T)| > 60 /4, (5.30)
{0<0<1}N[—4,0] x B4(T)| <,

{0 <0}N[—4,0] x B4(T")| > 2| By (5.31)
cannot simultaneously be met.

Here dg is the constant from Proposition 4.5.3, which of course depends on x, Cpy,, and

Cdmn .

Proof. Suppose that the proposition is false. Then there must exist, for each n € N, a bounded open
set Q,, with 0% boundary for 3, € (0,1), a Lipschitz path I, : [~5,0] = R2?, a function 6, : [~5,0] x
Q, — R, functions u?,uf : [-5,0] x ,, = R?, and paths '} =T, +,, : [—5,0] — R? which solve (5.26)
and satisfy all of the the assumptions of our proposition (with the same constants s, Cpy,, and

Cgmn), except that
{0< 0, <1}N[—4,0] x B4(T,)|<1/n. (5.32)

Let 1¥:R?—R be a smooth function which vanishes on By such that ¢(z)=2+

(\x!1/4—21/4)+ for |z|> 3.

Fix n and define
O :=(Op—(x—Tn)),.

Then 6, is supported on QN Bs(I',) and is less than 2+ 3'/4—21/4 <3 everywhere.
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Our goal is to bound the derivatives of 01 so that we can apply a compactness argument to
the sequence 6,,. (It is the calculations in Step 2 below in which it becomes necessary to consider

62 instead of 6..)

The remainder of the proof is divided in three steps. First we show that the sequence of 6,
is compact in space, then we show that it is compact in time, and finally we show that the limiting

function implies a contradiction.

Step 1: Compactness in space

Apply the energy inequality Lemma 4.5.2 to 6 and ¢(x—T,), and find that for some C

independent of n
d
— [ei<cC. 5.33
L (5.3

Moreover, by integrating Lemma 4.5.2 in time from —5 to s € [—4,0] and taking a supremum over

0 2 0
sup / 02 + / / ‘A1/29+‘ + / / AV20,AV2%0_<C. (5.34)
[—4,0] —4 —4

This proves in particular that 6, € L?(—4,0;H'/2(Q)) is uniformly bounded.

s, we find

Furthermore, HGEFH ) is uniformly bounded because

L2(—4,0;5Y/2(Q,
[z = [l @2 -ostr+ [oim
<2 [[ 6.@2 0. 0) -0 K +2 [ 000704 (@)~ 0P K+ 012 [62

2 2
<CNO 15 N0+ l3¢1/72 -

By Proposition 4.2.3, for E the extension-by-zero operator from L%(Q,) to L?(R?),

1B 2 0smriraquzy <C (5.35)

where C' does not depend on n.
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Step 2: Compactness in time

Let o € C5°([—4,0];C>°(£2)) a test function. Since each 6, and u}} +uj} is a suitable solution
o (1.2) on [—5,0] x ,, by assumption, we can apply the inequality (3.12) to find that, for some

constant C' independent of n and of ¢, on [—4,0] x €,

//go@te +//cpf VH3 < //6’2 uy — n+uh -Vp— 2//g00+ uy — n+uh> -V

+C||90Hco c?) <1+/ 9+( Fn—l-uh V#)D
-5

For the low pass terms, as in the proof of Lemma 4.5.2, we have ‘u?(t,m)—f‘n(t) <

(5.36)

(14+8k)Cpin+ 6k for te[—4,0] and xesupp(f4)C B3(I'y(t)). Thus for te[—4,0] we have for C

independent of n and ¢
[ (=) (#90) <CIV6 10

[ (48 -12) - 0+69%) <Cllel ey, (5.37)

/ (ug - fn) (0, V) <C

For the high pass terms, we have u} uniformly bounded in W—1/4% From step 1, we know
6% is uniformly bounded in L?(—4,0;3"/2) so, by Lemma 4.2.2 parts (e) and (c), there is a constant

C independent of n and ¢ such that

//uh (03 Ve) < <HV90HCO( 4,0,L5°( ))+H‘»OHCO(74,O;CQ(Q))>’

[ @< (Iellonaimian+ I2llon-sacran) (5.38)

/_05 /uZ-(&W)‘gC

Plugging these six bounds into (5.36), for a constant C' independent of n and ¢, for any ¢

nonnegative we have

0
/4/ (atgi +Fn . V@i) gﬁdl'dt S C ||SOHCO(—47O;C2(Q,L)) . (539)
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Note that

/—Z/ . <at93””‘w)3) dadt =0, (0,T'(0))* =01 (4,1, (—4))?

is uniformly bounded above and below. Therefore, by decomposing ¢ = (¢ +[|¢[|c0) —[|¢l ¢, into a

non-negative smooth function plus a constant, we can see that (5.39) holds for general .

Step 3: Taking the limit

We wish to analyze the limiting behavior of 91 in the vicinity of I',,. First we shift these

functions following I',, and define new functions on [—4,0] x R? by

(t.2) = O, (t,x+T,(1)?%, x+T,(t) €Qy,
T o, 24 To(t) Q.

Each v, is supported on |z| <3, and

Un(t)x) = (Hn(t,erFn(t)) _1/)(13))3-

whenever the right hand side is defined.

Note that

Oyvn(t,x) =00% (t,x+Ty) + T - VO3 (t,z+T,).

For C independent of n, we know from (5.35) that

HUNHLQ(74,O;H1/2(R2) <C

and from (5.39) that

10kvn llng(—a,0,0-2(0)) < C

(5.40)

where M is the space of Radon measures with total-variation norm and C~2(Q) is the dual of

C2(Q).
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Therefore, by the Aubin-Lions Lemma, the set {vy}, is compactly embedded in
L?([—4,0] x R?). Up to a subsequence, there is a function v € L?([—4,0] x R?) such that

1.2
Uy, —> V.

We know that v € L, supp(v) C [—4,0] x B3(0), and v € L?(H'/?) because these properties

hold uniformly on v,.

By (5.33)
d

d 2 A
<C .
2Und:E /n¢9 dx (5.41)

so the same must be true of v, for % interpreted in the sense of distributions.

By (5.30), (5.32), and (5.31) applied to v, (recalling the relation (5.40)), we conclude that

{v=1}N[=2,0] x B2(0)[ = 6o /4,
[{0<v<[1—9]*}N[—4,0] x B4(0)| <0, (5.42)

{v<0}N[—4,0] x B4(0)|>2|B4].
For any (t,x) € [—4,0] x B4(0), either v(t,z)>[1—1(z)]? or else v(t,z)=0. In fact, since
lu(t,)|| r1/2 < oo for almost every ¢t and H 1/2 does not contain functions with jump discontinuities,

the function v is either identically 0 or else >[1 —1(x)]? at each t.

Thus [v(t,z)dz is either 0 or else > [[1—(z)]?dz >0 at each t. By (5.41) and (5.42),
v must be identically zero for all ¢>—2 but also must be non-zero for some ¢>—2, which is a

contradiction.

Our assumption that the sequence 6,, exists must have been false, and the proposition must

be true.
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4.6 A Decrease in Oscillation

We combine the two De Giorgi lemmas (Propositions 4.5.3 and 4.5.4) to produce an oscil-
lation lemma. This result is similar to the weak Harnack inequality for harmonic functions. As
in the previous section, all of the following results must be independent of the size of €2, and any

assumptions made on ) must be scaling invariant.

Lemma 4.6.1 (Oscillation Lemma). Let K, Cgpmp, and Cpy,, be positive constants. Then there

exists a constant ko >0 such that the following holds:

Let Q CR? be a bounded open set with C*P boundary for some B € (0,1), and let T : [—5,0] —
R? be Lipschitz. Assume that on  the functions K4 and Ky (defined in (2.3)) satisfy the relation

K1 jy(2,y) < Camnlz—y[**Ki(z,y)  Vo#yeQ.

Let 0, wg, up, and Ty solve (5.26) on [—5,0] xQ, and satisfy HA‘I/‘*uhHLm( 6K

(5,0]xQ) =
and [|Vug|| oo (_5,0)x0) < 2. Denote v:=T'¢—I" and assume ||| oo (_5,0p) < Cpen and v(0) =0.

Suppose that for all t € [—5,0] and any x €
0(t,z) <2+27H0 (|x—r(t)\1/4—21/4) : (6.43)
+

and that
{6 <0} N[~4,0] x By(T)] >2|Bul.

Then for all t € [—1,0], z€ Q2N B (") we have
O(t,x)<2—27Fo,

Proof. Let p and &g as in Proposition 4.5.4, and take ko large enough that (ko —1)u > 4|Byl.

Consider the sequence of functions,

O (t, ) :=2+2%(0(t,x) — 2).
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That is, g =6 and as k increases, we scale vertically by a factor of 2 while keeping height 2 as a

fixed point. Note that since 6 satisfies (6.43), each 0}, for k <ky and (¢,z) € [-5,0] x  satisfies

Ou(t.) <2+ (e —D(O)/* ~2V)

This is precisely the assumption in Proposition 4.5.4.

Note also that
{0 <0} N[—4,0] x B4(T")] (6.44)

is an increasing function of k, and hence is greater than 2|By| for all k.

Assume, for means of contradiction, that
\{1§0k}ﬁ[—2,0]><B2(1“)|2<50/4 (645)

for k=ko—1. Since this quantity is decreasing in k, it must then exceed dy/4 for all k < kg as well.

Applying Proposition 4.5.4 to each 6, we conclude that
{0 < 0, < 1} [4,0] x B4(T)| > .

In particular, this means that the quantity (6.44) increases by atleast p every time k increases by
1. By choice of ky and the fact that quantity (6.44) is trivially bounded by 4|Bjy|, we obtain a

contradiciton. Therefore, the assumption (6.45) must fail for k=Fko—1.

Therefore 0, must satisfy the assumptions of Proposition 4.5.3. In particular, we conclude
that
O, (t,x) <1 Vte[-1,0],ze QN B (T).

For the original function 6, this means that

O(t,x)<2—-27%  Vte[-1,0],2€ QN By (D).
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By assuming that 6 is small near x =T'(¢), we have shown that the oscillation of 6 is decreased
in a smaller neighborhood of T'(¢). However, our goal is to control the oscillation near x=T(t)).

Therefore we will prove the following proposition:

Proposition 4.6.2 (Oscillation Lemma with shift). Let x, Cgmy, and Cpy,, be positive constants,

and let ko be as in Lemma 4.6.1. Then there exists a constant A >0 such that the following holds:
Let Q CR? be a bounded open set with C*P boundary for some B € (0,1), and let T : [—5,0] —

R? be Lipschitz. Assume that on S the functions K4 and Ky (defined in (2.3)) satisfy the relation

K1 4(2,y) < Camnlz —y|¥ K1 (z,y)  Ve#yeQ.

Let 0, ugp, up, and T'y solve (5.26) on [—5,0] xQ, and satisfy HA_1/4uhHLoo( q) SOk

[7570}
and || Vgl poo(_5,0)xq) < 2. Denote v:=T'¢—T" and assume ||| oo ((_5 07 < Cptn and v(0)=0.

Suppose that for all t € [—5,0] and any x €

10(¢,2)| <2+2F0 (|x—1“(t)\1/4—21/4) (6.46)
+

and that
{0 <0} N[—4,0] x B4(T')| > 2|By|.

Then for any € € (0,1/5] such that
5Cpn<e -3 (6.47)

we have

2—/\[
for all t€[—5,0] and x such that ex € ).

(et ex) —i—)\}' <2427 ko <\:L‘—5_1Fg(5t)]1/4 — 21/4>
+

The idea of the proof is to consider a small enough time interval that I'(¢) is very close to

['y(t). This is possible because I'y —~ is uniformly Lipschitz by assumption.
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If, in this proposition, we only wished to show the existence of some e =¢(ko, Cpy,) satisfying
the proposition’s conclusion, then a simpler non-constructive proof would suffice. However, in
Section 4.7 we will apply this proposition with parameters ky and C,y, depending on e. To avoid

circularity, we must prove the result for all ¢ satisfying (6.47).

Proof. Let A>0 and o > 1 be the universal constants defined in Lemma 0.3.4. Take A >0 such that

2 . 2
2A<27ko, NG < 242 ko), <a. (6.48)

—-A 2—A

Denote
- 2
defined for ¢t € [-5/¢,0] and

reQ ={rcR*:cxcQ}

and denote

o(z):= <‘x’1/4 _21/4>

+

We proved in Lemma 4.6.1 that 6(¢,z) <2—27% for t€[~1,0] and 2 € QN B (T). On this
same set, 0(t,2) > —2 by assumption. By the definition of § and by (6.48), for all ¢ €[—1/¢,0] and

z€QNBy (eI (et)) we have therefore

(6.49)

Similarly, the bound (6.46) on # becomes the equivalent bounds on , for all (t,z)€
[—5/e,0] x Q¢
[2+2_k0¢(|59@—F(5t)\)+)\] (6.50)

and

Yl
—~~
\.00-

8
N—
v

o
[— |

—92— 27k g(jex —T(et)]) +A} . (6.51)
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Let t € [—5,0] and z € )., and define

y:=x—c 'T(et).

From (6.50) and the assumptions (6.48), we can bound

_ 2 T
< 0

0(t.2) < 5 [24+A+ 27500 (ely)|
<2423+ 2 R ag(ely)

=242 ko [;\+a¢(5]y|)] .

From (6.51) and the assumptions (6.48), we can bound

(1) < o [2- A2 g (ely)]

<2+27Mag(ely))

<2+27% [X+ag(ely)] .

Therefore

0(t,2)| <2+27% [A+ad(ely])] . (6.52)

If |y] <e~! then from (6.49) we have

0(t,z)| <2<2+427Mp(x—e T (et) —e 1y(et))

which is our desired result. Therefore assume without loss of generality that |y| >e~1. In this case

we can apply Lemma 0.3.4 which states that, since € <1/2 and e|y|>1, it is a property of ¢, «,
and \ that

24275 [At+ag(ely))] <2+27% [¢(ly| —e 7' +3)].
For t € [—5,0], we have by assumption (6.47)

ly| —e 1 +3< |y| = 5Cm < |y —e 1y (et)].
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The estimate (6.52) becomes

0(t,2)| <2+ 270 p(|x —e 0 (et) —e Ly (et))).

This concludes the proof. ]

4.7 Holder Continuity

In this section we shall prove the main theorem, Theorem 4.1.1. We will demonstrate Holder

continuity by iteratively applying Proposition 4.6.2 and rescaling.

We begin with a lemma to describe the scaling properties of (1.2).

Lemma 4.7.1 (Scaling). Let QCR? be a bounded open set with C*# boundary for some B € (0,1),

and let jo €Z and € >0 be constants.

Suppose that 0:[—T,0] x Q=R and u:[-T,0] x Q—R? are a suitable solution to (1.2) and

w is calibrated by a sequence (uj);>j, with constant x and center N.

Suppose that on ) the functions K4 and Ky (defined in (2.3)) satisfy the relation

K1/4(957y)SC’dmn\l’—y\S/A‘Kl(%ll) Vz £y €.

Then

O(t,x):=0(ct,ex)

and
o0

u(t,x) = Z aj(t,x),  a;(t,r):=uj(et,ex)

are also a suitable solution to (1.2) on [~T/e,0] x Q2 where Q. ={x €R?:ex € Q}.
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Moreover, (u;)j>;, is calibrated with the same constant k but with center N —logy(e), and

the relation

Kij(2,y) < Camnlr —y Ky (z,y)  VatyeQ. (7.53)
holds.

Proof. Denote by A the square root of the Laplacian with Dirichlet boundary conditions on £..
One can calculate (see e.g. [CS16] Section 2.4) that for (¢,z) € [-T/e,0] x ¢

AO(et,ex)=cAO(t,x).

Similarly, in the Caffarelli-Stinga representation from Proposition 4.2.1 the operator A® will
have kernel

K(z,y)=e"2K,(cx,ey).
From these facts it is clear that the scaled functions satisfy (1.2) and (7.53).

To show that (u;);ez is calibrated, we must translate the three bounds on u; to correspond-

ing bounds on %;. Each of the calculations are similar, so we show only one:

”VQZ]HOO =€ HVUJHOO < 21032(8)2j2—N/€:2j2—(N_10g2(5))H.

The next lemma demonstrates Holder continuity of suitable solutions. The proof method
is to consruct a sequence of rescaled functions all of which, by induction, satisfy the assumptions
of Proposition 4.6.2. We will assume that the velocity u is the Riesz transform of an L*> function

O, which will in practice typically be 8 itself, up to scaling and translation.
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Lemma 4.7.2 (Continuity of suitable solutions). There exists a universal constant C' such that the

following holds:

Let QCR? be an open, bounded domain with C*P boundary, B€ (0,1). Let © € L>([-5,0] x
Q). Then there exists a constant a € (0,1) depending on Q and ||©|| .« such that the following holds:

Let 0:[-5,0x Q=R and u:[—5,0] x Q—=R? be a suitable solution to (1.2). Assume that
01| Loo (j—5,01x ) <2 and that u=V+tA~le.

Then for any point P €, 0 is Hélder continuous at (0,P) and

o(t.2)—6(0, P
sup ‘ (2 Al 2 a)/|2§0‘
(t2)e[—5,0xQ ([t[2 4]z — P|?)

Proof. By relabelling our coordinate system, we can assume without loss of generality that P=0
is the origin in R2.

From Proposition 4.4.1, we know that

o
u=V+ATlo= Z uj
J=Jo
for a sequence (u;);>j, of divergence-free functions calibrated with some constant x=x(€2, /0] ;)

and center 0. Assume without loss of generality that jo <0.

Choose a constant 0 <e <1/5 such that
5max (—klogy(e)e' %", (1 —jo)r) <e ' —3. (7.54)
For integers k>0 consider the domains
Qp:={zecR?:f Q).

If K* are the kernels defined in Proposition 4.2.1 corresponding to the operators A® on €, then

by Proposition 4.2.1 and Lemma 4.7.1 the relation

Kf/z;(x’y)Scdmn@—y\gMKf(ﬂ?,y) Vo #y ey
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holds for some constant Cyg,,, independent of k.
For notational convenience, denote
k
Z > 2=
j>—klogy(e) j<—klogy(e)

and define the following functions on [—5,0] x :

U£t$ Zu] ktsx

uhtx Zu] ktsx

By Lemmas 4.7.1 we know the sequence (u;j(e*-,e¥.)); is calibrated with constant x and center
—klogs(e), and hence by 4.5.1 we know that, independently of k,

Jam ] <6
Lo (5,0 x %)

and

] P

Fach ulg’ is a finite sum of L functions, hence L™ itself, though not uniformly in k.

Define I'y, v : [~5,0] — R? by the following recursive formulae and ODEs:

To(t):=0, te[-5,0],
7,(0) :=0, k>0,
A (8) =g (8, Tk () +30(8) = T (2), k>0,te[—5,0)
L(t) = Typ_i(et) +e 2yp_a(€2t) 4+ -4 Fryp(eFt), k>1,te[-5,0].

Since each ulg is L in space-time and Lipschitz in space, these 7, exist by a version of the Cauchy-

Lipschitz theorem. For example, Theorem 3.7 of Bahouri, Chemin, and Danchin [BCD11] proves
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existence and uniqueness in our case. In particular, since u’tf is a vector field which is tangential to

the boundary of €2, and has unique flows, the Lagrangian path

Ty (8) :=Tx(t) +(k)
for ui? must remain inside €, for all time and so our expressions remain well-defined.

The quantity ~; here corresponds to the frequency packets u; with —(k—1)log,(e) <j<

—klogy(e). These frequencies are included in the definition of uf but not the definition of uf_l

(they would instead be included in uiil).

By construction, for k>0 we have Ty, 1(t) = 'y (et) +e 1Tk (et). Therefore

Lhp1(t) =0 [5_17k(5t) + 5_1Fk(5t)]

With this in hand, we can bound the size of ;. Namely, for k> 1,

Y (t) =uf (T (t) + (1) = T (t)

k k—1
= (e, T () + (1) =D uji (", Th (1))
k—1 k
= [uj(ekt,skf’k(t) Fefy(t) —uj(gkt,akrk(t))} T CAR
k—1
k

- [u;f*l(et,erk(t)ﬁyk(t)) —u’gfl(st,srk(t))} +3 uyEktet ).

k—1

The function xHuI;_l(st,x) is Lipschitz, with Lipschitz constant less than 2. Moreover, each u;

has |lu;|| ., <&. Thus from the above calculation we can bound

[ (8)] < 267k (t)] — Klogy (). (7.55)
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Applying Gronwall’s inequality, we find that for ¢ € [—5,0]

—logy(e) (6106n _ 1) '

1) <
r(t)] < =5

Plugging this estimate back into (7.55),

|91 (t)] < —klogy(g)e!%F Vk>1.

Trivially |yo| < (1—jo)k, so if we define
Cpin, =max (—mlogQ (5)6105”“, (1 —jo)li',)

then for all k>0 and ¢t €[—5,0]

"'Yk(t)’ < Cpth‘

Moreover, the assumption (6.47) then follows from (7.54).

Define
Oo(t,z):=0(t,z)

and for each k>0, if [{0; <0} N[—4,0] x B4(T'x(t))| > 2| B4| then set

2

Op41(t,x) = SR

[0k (et,ex)+ A].

Otherwise, set
1

Op11(t,z) = T [Or(et,ex) —A].

From Lemma 4.7.1, we know that 6, and the calibrated function Zijo u; (k- eF-) solve

(1.2). By construction, 0, uf, uf, and T'§ solve (5.26).

Since |6p| <2 by assumption, we know in particular that

6] <2+27% (= Ty ()| /1 —21/1) (7.56)
+
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holds for k=0.

If (7.56) holds for k, then at least one of 6 or —0) (depending on whether {6y <0} N
[—4,0] x B4(T'x())] is more or less than 2|By|) will satisfy the assumptions of Proposition 4.6.2. In

either case, we conclude that 6,4 satisfies (7.56). By induction, this bound holds for all .

Each 0, is between —2 and 2 on [—5,0] x B2(I'). But recall that each I'y, is Lipschitz with
constant kCp,. Thus [T (¢)| <1 for t € [—(kCp)~1,0]. On that time interval,

|0k (t,x)] <2 Va € B1(0).

We conclude that

sup 0(t,z)— inf 0(t,z)| <
[~k (kCpn) ~1,0]x B_ (0) [—e*(kCpin) 1,01 x B_ (0)

In particular, for some positive constant C' such that
ek < (kCp)™t VE>0,

we can say that

|t|2—|-|l"2§6(1+c)k

implies that (t,7) € [—&¥(kCp)1,0] x B.x(0) which in turn implies that
9 \—k
O(t,x)—0 <4 — .
pie0)-00.01 <4525 )

In other words,

) oo 2 — L og, (ft2—[2f2)+1
pie.0) 00,0 <1 (525

(53 ool (5)
2—A

n(2)—In(2—X\)
= S (Pt e
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_ In(2)—In(2—))
<8(It+ o) TRE

We are now able to prove the main result, Theorem 4.1.1.
Proof of Theorem 4.1.1. Recall that €2, S, k, and 6y are given.

In Proposition 4.3.2 we construct global-in-time solutions to (1.1). By construction, there
is a universal constant C so [[0(t,")[| . (q) <Cit! 160l 12 -

Consider a point (tg,z¢) with ¢ty >S. Consider arbitrary constants A, u € (0,1] and note that

0(t,z) :=N0(to+ pt, px), a(t,x) :=u(to+ put, px)

is a suitable solution to (1.2) on [—to/u,00) x © where Q:={z cR?: uz € Q}

If S+ u(—5)=3, or equivalently if y=S/10, then then we have

HéHLOO(PS,O]XQ) = )\201%
Take A=S5/(C1k).

On [—5,0] xQ we have § and @ a suitable solution to (1.2) satisfying HéHL <2 and u=

VAAT1O with [|©]|;. <2C1k/S. Therefore we can apply Lemma 4.7.2 to , @ and find that 0
satisfies, for a =«(k,S) and C universal,

10(t,2) —0(to,0)|
Supb ~ 2 na/2 — °
(ta)el-5,0)x ([t —to|? + [z —x0[?)

For the original unscaled 6, we have

sup 0(t,x) —0(to,z0)| ! SC)\_IM_QSC()\M)_lzCloglk.
(t,:c)e[S/z,to}xQ(|t—to|2+\x—xg|2)a/ S
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Chapter 5

L?-type Contraction of Shocks for Large Family of Scalar
Conservation Laws

5.1 Introduction

This chapter! will consider 1D scalar dissipative conservation equations of the form

Opu+ 0, [Q(u)] =10 (u), (1.1)

where ) and 7 are uniformly convex functions, meaning that for some constant A >1,

LS @).Q" @) <A (12)

holds for all z € R. This bound on 7" is natural because 1" measures the coercivity of the dissipation

in divergence form.

Equations of this form admit a class of traveling wave solutions known as shocks. Shocks
are monotone decreasing and exponentially constant at +co. Given any two values s_ > s, there
exists a shock s:R— (s4,s_) such that

Jim (o) =

SEEHOOS(.Z‘) —

and s(z —to) is a solution to (1.1) with constant

_ Q) —Q(sy)

- S_ —S4

!The contents of this chapter are based on work originally appearing in “L. F. Stokols. L?-type contraction of
viscous shocks for large family of scalar conservation laws. preprint, page arXiv:1911.12526, 2019.”
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This formula for ¢ is known as the Rankine-Hugoniot condition. Viscous shocks are a generalization
of inviscid shocks, which are piece-wise constant with a single jump discontinuity. Inviscid shocks

are recovered in the limit as v — 0.

We will show in this paper that sufficiently small shock solutions are L2-stable. Since even
small perturbations in L? can significantly affect the travelling speed of a shock, we will show
stability only up to a Lipschitz shift which depends on the perturbation. This limitation is not
present in the L' theory (see Kruzkhov [Kru70]), but is well known in the theory of L? shock
stability (see Leger [Legll]).

We will prove the following:
Theorem 5.1.1 (Main Theorem). Let A>1 be a constant, and let n,Q :R—R be satisfy (1.2) on

the interval (—R,R) for R€ (0,+00], and let ", Q" continuous at 0. Then there exists a constant
€o such that the following holds:

Let v>0 be any constant. Let s:Rx[0,00) —[s4,s_] be a shock solution to (1.1) with
|s4 —s—|=2e <2e9, and let u:R x [0,00) = R be a solution to (1.1) such that ||u(-,0) = s(-,0)|| 2r) <

oo. If R<oo, assume [[u(:,0)| o (x) < R-

Then there exists a Lipschitz function v:[0,00) =R such that for any t € [0,00) we have
/]u(xjt) —s(x—'y(t),t)|2dx§4A2/\u(m,O) —s(x,0)*dz.
The quantity |||« depends only on e, A, and [[u(-,0) —s(,0)[| 2 (g)-

Notice that this result is independent of the strength v of the dissipation.

We prove this result using the method of relative entropy, first introduced by DiPerna
and Dafermos [Daf96] to study stability of Lipschitz solutions of conservation laws. This method
has since been applied by Vasseur, Serre, Leger, and others ([SV16], [LV11], [Legl1]) to show L?

stability of shocks under large perturbations.
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For an entropy function f, we denote the relative entropy between two solutions w1 and uo
by
flualuz) := f(ur) = f(u2) = f(u2)[u1 —ua).

In this paper, we will use the function 7, the antiderivative of the dissipative term, as our entropy
function. Our proof involves taking the time-derivative of the relative entropy of u relative to the
shock s. Because of the assumption (1.2), the integral of the relative entropy is essentially equal to
the L? norm. However, this quantity will not decrease in general, as shown by Vasseur and Kang
in [KV17]. We supplement the method by considering a weighted psuedo-norm, as in [Vas16b] and

[Vas08]. The weight function a is independent of solution w, and is approximately constant.

We will show the following result, from which Theorem 5.1.1 follows as a corollary:
Theorem 5.1.2. Let A>1 be a constant, and let n,Q:R—R satisfy (1.2) for all x€R, and let
0", Q" continuous at 0. Let v=1. Then there exists a constant gy such that the following holds:

Let 0<e<eg be a constant and let s:R— [sy,s_] be a stationary shock solution to (1.1)

with s3. =Fe. Then there exists a weight function a:R—[1/2,2] such that the following holds:

For any u:Rx[0,00) >R solving (1.1) such that |[u(-,0) = s(-)|| 2y <00, there exists a

Lipschitz function «y:]0,00) =R such that for any t € [0,00) we have

G [ mutelst+a ) de <~ [[ater(0)[0a00 () -/ 6) da

The quantity |||« depends only on e, A, and |lu(-,0) = s(-)|| [2(g), and |la—1[|,, tends to

0 as € —0.

The theory of L? stability of shocks is contrasted with the L' theory, as in the work of
Kruzkov [Kru70]. See also Ilyin and Oleinik [IO60] and Freistuhler and Serre [FS98]. Unlike

Kruzkov’s result, we only need one entropy. Though 1D scalar laws have infinitely many entropies

in general, systems of conservation laws typically only have one entropy so methods which rely on
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multiple entropies are more difficult to generalize, though such generalizations exist, see for example
Bressan, Liu, and Yang [BLY99]. The LP stability theory has also been studied by Adimurthi,
Ghoshal, and Veerappa Gowda [AGVG14]. L? stability has been studied outside the context of

relative entropy, as by Goodman [Goo86], though wish stronger assumptions on the perturbation.

Since our result is independent of the strength v of dissipation, it is well suited to taking
an inviscid limit.

The technique used in this paper has previously been applied by Kang and Vasseur to
certain 1D dissipative systems in [KV19] (including 1D isotropic Navier-Stokes) and 1D scalar

equations with constant dissipation in [Kan19] (i.e. n/(u)=u). We are able to consider arbitrary

convex dissipation by utilizing n as an entropy.

As in [KV19], the proof proceeds by braking up the solution u into a part which is L
close to s and an error term which may be large in L°°. The close part is handled similarly to the
existing literature, while for the error term we must make careful use of the relationship between

the dissipative term and the derivative of the weight function a.

The paper is structured as follows: in Section 5.2 we compute the time derivative of the
relative entropy. In Section 5.3 we present a number of lemmas which will be used throughout
the paper. In Section 5.4 we show that our expression for the derivative of the relative entropy is
non-positive under a number of special assumptions. Finally in Section 5.5 we prove Theorems 5.1.1

and 5.1.2.

5.2 Time derivative

For any function f, define

flaly) = flx) = fy) = f ) (z—y),

In particular, for n our entropy the quantity n(u|s) is called the relative entropy of u relative to s.
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We call 1 an entropy function if there exists a function G such that

In the 1D case, such a G trivially exists.

We also define
F(zy):=G(2)—G(y) —1' () [Q(z) - Qy)]-

We begin by computing the time derivative of the relative entropy with arbitrary shift and

arbitrary weight.

Proposition 5.2.1 (Time Derivative). Let u:R X [0,00) =R and s:R—R be solutions to (1.1)

with v=1 and s a stationary solution. Assume |u(-,t)—s(-)|€ L?(R) for all t.

Then for any differentiable function v:[0,00) =R and weight function a € L*°(R), we have

% a(a:—{—’y(t))n(u(x) ’s(z —l—’y(t)) dr=R(u):=%Y (u)+ B(u) — D(u)

where

Y (u) :—/a'n(u\s)d:r—/as’n”(s)(u—s)dw,
D)= [ alos (o' (w) -1 (s))

12

B(u) ::/a'F(u;s)dac—/an”(s)s'@(u\s)dw—i—/a2(n’(u)—n'(s))zd:r+/a77’(u\s)azQ(s)dw.

Here it is understood that u is evaluated always at (x,t) while a and s are evaluated at

x+(t).

The expressions Y (u), B(u), D(u) will be referenced throughout this paper with the def-
initions given above, and they will be abbreviated as Y, B, D when the input u is clear from

context.
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Proof. Initially, we have

4 [t @mu@lse o) do= [ osntals) o+ [aliw

—i—/a[—n”(s)(u—s)]&gsdm.
Since 0;s =75, we have, with Y as defined in the theorem statement,

jt an(uls )dfczf'y[Y]+/a[n/(u)_n/(s)] Oyuda

Note that
atu = 8359077,('[/4) - amQ(u)

and that because s is a shock with zero drift,
02 Q(8) =0’ ().
Therefore, writing w=7'(u) —1/(s),
[ awdrudo= [ aw[del(0) - 0:Q(w)] d-+ [ a[-"(s) ()] s (5
— [ awdnwds+ [ an (l)0run/(5)do (

Now, notice that

—1'(s)] rudx

—0,Q(s)] dx
—/a(w@zQ w)—n"(s)(u—$)0:Q(s)) dx

(2.4)

OuF'(us5) +1"(5)Q(uls)s = [11' (w) Q' (w) —1'(s) Q' (w) ] Dpru+ [—11" (s)(Q(u) — Q(s))] &'

1" (s)Q(uls)s’
= [ (u) = 1/(s)] @ (w)Dzu+1"(s)s"[Q(ul s) —
= [ (u) =17/(5)] 2 Q(u) = 11" () (u—5)Q' ()’

=wd,Q(u) —n"(s)(u—=5)0:Q(s).

Combining (2.3), (2.4), and (2.5) we obtain

(Qu)=Q(s))]  (2:5)

% an(u|s)d:v:"y[Y]+/awamwdac—i—/an'(u\s)@xQ(s)d:U—/a [0 F (u;5)+1"(s)s'Q(uls)] d
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Integrating by parts, we have

1
/awﬁmwdajz2/a”w2daz—/al&tw|2dm
zl/a”w2da§—D

2

/ ad, F(u; s) do = — / ' F(u;s)dz.

and

The proposition follows.

O]

Notice that each term in Y and B contain either a derivative of s or a derivative of a. This
inspires us to choose our weight function a to be a linear transformation of s. We can then perform
a change of variables and simplify the expression even further. The new variable y=n'(s(x)) is

known as the entropic variable.

Lemma 5.2.2. Under the same assumptions as Proposition 5.2.1, if a:=1— ?n’(s) for some A>0

then, in terms of the variable y:=n'(s), we have

A
Y—E/n<u\s>dy+/a<u—s>dy,
D= / an(5)s'|Byw?dy,

_i u,s a u|s i Q,(S) w2 — CLQI(S) ! u|s
B=2 [Flssdy+ [a@uindy+2 [ 350t an— [l S8 sy

Proof. Notice first that z+n/(s) is a monotone-decreasing differentiable bijection, so u is a well-

defined function of y. The integrating factor for this new variable is
dy=—n"(s)s"dz.

Note the minus sign because s’ is negative so the direction of integration is reversed.
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The derivatives of a are

and

The derivative of Q(s) is

From here, the form of Y and B are trivial to compute.

For D, we must simply compute

Opw=n"(s)s' O w.

5.3 Lemmas

This section consists of a series of lemmas which will be necessary throughout the rest of

the paper.

We begin by applying Taylor’s formula to each of the quantities appearing in the expressions
Y (u), B(u), and D(u) defined in Lemma 5.2.2. These estimates, together with the bounds on the

derivatives of n and @, will be the basis of all our control on the quantities Y, B, D.

Lemma 5.3.1. Let x1 and z9 be real numbers. Then the following estimates hold:

(a) There exists a point zy between x1 and x2 such that

Ty — = (' (z1) =1’ (x2)).

" (20)
(b) There exists a point z1 between x1 and xo such that

@mm):ﬂj(j;m'm)—n’(xz))?
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(¢) There exists a point zo between x1 and xo such that

(o) = Mw’(m) (@)

(d) There exists a point z3 between x1 and xo such that

) () o ().

/ —_—
1) = 5 )

(e) There exists a point z4 between x1 and xo such that

o orken) = (1= T2 b o) =)

1" (24)
(f) There exists a point zs between x1 and xa such that

Floviaa) = g1 ) 3 5 0 o) = o)+ 31 ) = o) o oy 0 o) = (a2)

(9) If s is a stationary shock solution to (1.1) with v=1, and ¢ € (s4,5_) is a real number, then

there exist points zg,27,28 € (s+,5_) such that

1 e = 5O (€)= (s (5 /()]
20" ()0 (2s)
Proof. Claim (a) follows immediately from Taylor’s theorem:

' (z1) =0 (x2) +1" (20) (21 — 22).

Applying Taylor’s theorem to @,

Q1) =Q(z2) + Q' (22) (w1 —x2) +

Therefore

Q(x1|z2) =

and (b) follows from (a).
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Claims (c) and (d) follow by the same logic as (b).

Apply (a) to the definition of n/(z1]z2) to obtain

1 (z1]w2) =[n"(z1) —n'(22)] —
and (e) follows.

For (f), we can calculate, by Taylor’s theorem,

2
:0+0+% (1" (t5) Q' (t5) — Q" (t5) [ (t5) — 0 (w2)] | (w1 — x2)*.

F(z1;m0) = F(m9;m2) + iF(ata;:zfz)(am — ) (ts;22) (w1 — 22)?

dzrq

From this and (a), the claim (f) follows.

Since s is a shock solution, 0;Q(s) =031/ (s). Moreover 0,1/ (s)[,—, =0. Therefore

—77”(@5, rszg = zn/(g) rszg = Q(S*) - Q(y)

Now since Q(s+)=Q(s_) by the Rankine-Hugoniot condition, there exists a point z¢ € (s4,s_) such
that
Applying (a) a final time, the proof is complete. O

The following lemma is Proposition 3.3 in [KV19]. It is a Poincaré type inequality.

Lemma 5.3.2 (Poincaré). Given a constant C4, there exists a constant 09 >0, such that for any

0 < g the following holds:

For any W € L*(0,1) such that \/z(1—x)d,W € L*(0,1) with |W |3 < C1, the quantity
1
/W2dac+2/Wdac + 1+5/W2dx+ /W3dx+5/|wy3dx (1— (5/33 (1—x)|0,W|*dx
0
18 non-positive.
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The following lemma is a kind of weighted Gagliardo-Nirenberg interpolation. The quantity
D(u) defined in Lemma 5.2.2 controls the second derivative of w but that control degenerates near

the endpoints. The lemma interpolates between D and the L? norm to control arbitrary L? norms.

Lemma 5.3.3 (Gagliardo-Nirenberg). Let >0, p>1, L >0, and C <2h?L be constants. For any
wée L*([~L, L)) with

L —_
/ wdy<C,
iy
define
b= [ (= D)L=yt 0,0 dy

Then for any q € (0,1) there exists a constant Cy depending only on q such that
/(w—h)ﬁdygcq (h=2C)"|L|P/2DP/2.
Proof. By Chebyshev’s inequality, |{|w|>h}| <h™2C so since h=2C < L there exists a point yg €
[—L/2,L/2] such that (w—h)4(yo)=0.

For any other point y1, we can calculate

((w—h) (y)] = (=) (1) — (w— ) (3o)
g/ 10y (w—h) 4 |dy

0

< (/y:l [(L—i-y)(L—y)]—ldy)l/z(

1 1/2
< (gpIn4n-nE-yl) D2

P2
= (2L)1/2 [IH(L+y1) _IH(L—yl) —ln(L+y0)+ln(L—y0)]1/2
Since yo € [—L/2,L/2], we can estimate —ﬁfig €[1/3,3] so In(L+yp) —In(L —yp) is bounded. The

expression In(L+y;) —In(y; — L) is similarly bounded for |y;| < L/2. For |y;| > L/2, the In(L—y;)
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term will dominate for y; positive and the In(y; + L) term will dominate for y; negative, so for

some constant C' we have the bound

\(w—h>+<y1>\sc<f

1/2
) max (1, [In(L — y])])/?.

Let u<h~2C be the measure of the set {|w|>h}. Without loss of generality we assume

that this region is concentrated near +L, and so

/2
L D p
/(w—h)ﬁdyQ/ cr <L> (L — |y |)[P? dy
L

—p/2

-\ p/2
n/2
<C <D> / |In(z) [P/ dac
L 0
~\ p/2
D

Here we have used an estimate of the integral of In(xz) near the origin which uses the fact that In(x)

grows slower than any power of x.

Since < h~2C, the lemma follows. O

The following final lemma shows that the quantity ¥ bounds the L? norm.

Lemma 5.3.4. There ezists a constant C=C(A) so that the following holds:

Let n and Q as in Theorem 5.1.2 and u,s be any functions such that u—s€ L?(R). Let
Y (u) be as in Lemma 5.2.2. Then the function w:=n'(u) —n'(s) satisfies

9 € €3
[ura<cw | Sywi+S)-
A A
Proof. From the definition of Y, we know that

i/n(u\s)dy<\YH/G(U_S)dy'
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The right-hand side is of course non-negative since 7 convex.

Recall the notation w=7'(u) —n'(s). From Lemma 5.3.1 (c¢) and (a) we know that n(u|s) >

A~3w? and |u—s| < Alw|. Of course |a| <2. Therefore

/deygAgi]ﬂ —|—A3i2A/|w|dy.

By Holder’s inequality, 2 [ |w|dy < 215‘45 [widy+ L/\4":f1aly. Thus

w2dy<A35pfy+1 w2dy+2A8£ 1dy
D) 2 A2 '

Since
[rav=r(s) (s <2,

the lemma follows. O

5.4 Functional Estimates

In this section, we consider the quantity —Y (u)?+ B(u) — D(u) under certain assumptions
on u. Note that we do not need to assume u is a solution of (1.1) in this section at all, only that

w and s are in some sense small functions.

Proposition 5.4.1 (Decrease for small perturbations). Let n and Q satisfy (1.2) for all t €R and
have 0", Q" continuous at 0. For any positive constant C, there exist constants h1 >0 and e1 >0,

such that the following holds:

Let s be a stationary shock solution to (1.1) with v=1 and sy =Fe with 0<e<e1, and
let we L>®(R) be such that |w|:=|n'(a)—n'(s)|<h for some 0<h<h;. Let 0<A<ey and a:=
A
1—2n/(s) such that 1/2<a<2. Assume

—
=
IA
Q

%

158



Then

18 non-positive.

In the case that n and @) are quadratic polynomials, for example if A=1, this theorem
would hold by a straightforward application of Lemma 5.3.2. Since 1 and ) have continuous
second derivatives, for small inputs their second derivatives will be nearly constant and we can
treat them as polynomials. We will use Taylor’s theorem, specifically in the form of Lemma 5.3.1,

to formalize this observation.

Proof. Let &y be the constant indicated by Lemma 5.3.2 corresponding to constant AC, and consider

arbitrary 0<4d <dy.

We will estimate Y, B, and D using the formulae provided in Lemma 5.2.2. Notice that,

since """ and Q" exist and are continuous at 0, " and Q" must also be continuous at 0.

First we analyze the term Y. Define

By Lemma 5.3.1 (c), there exist ¢, to € [—e1 —h1,e1+h1] so

1 X B n”(tl) 1 /\/_
Vi———= [ @?dy| = - Z [ w?dy.
! 277”(0)8/ v y' ‘277”(@)2 a0y e ) Y

Since 7" is continuous at 0, for 1 + h; sufficiently small we can say

1 A A
Y, ———M— o2 dyl <862 52 dy.
! 2n~<o>e/“’ y‘— e/“’ Y

Define
YQ—/a(u—s)dy
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and, by applying Lemma 5.3.1 (a), we can argue as above that for 1 + hy sufficiently small we have

Yz—n”(O)l/wdy‘z/[n”(tl)1a—n"(0)1]wdy

< C(A+5)/|w|dy.

Since Y =Y7 + Y5, assuming without loss of generality € <J, we can apply the general for-

mula —(a+b)? < —(55) a®+ 5b% for a,b€R and €/6 € (0,1] to obtain
A - A 2
—y2< Za(0)2 /w2dy+2/wdy +C~ (A+5)/|w\dy+5/w2dy
80 € 0 €
Since [|w|dy < Ce'/?,/[w2dy and [w?dy<Ce3/\2,
2
) EAZ )\ _9 _ 2‘5 _ 2)\ 6 —2
-Y SS? <€/w dy+2/wdy> +C(A+9) 5</w|dy) +C’55 ohvl dy

) 2 £2)2
SZ% <2/u‘;2dy+2/wdy> +C’< 5)\ +525+5) /wzdy-

Now we analyze B.

(4.6)

Qdy

For the relative flux term, we estimate by Lemma 5.3.1 (b) and continuity of ” and Q"
" t // /! 0
[ (L)), [20 20
21" (t2) "(tz2)  20"(0)

[oatsar g o] < gy - s
<2n(<> B o )<237H)0)2>% 7
< "(t1 Q" (t Q" (0 9
_/ Q + w”dy
<cOv+9) [wtdy

for 1 and h; sufficiently small.
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The w? term is an error term:

A Q(s) o AQ/ 2
= 07 dy <A\— [ w°d
5 Qn”(s)w V=2 )

as is the 7/(@|s) term: by Lemma 5.3.1 (d), for g9 and hg sufficiently small

/
Q6
1" (s)

Note that C here depends on 7" (0).

als)dy < Ce | @?dy.
(uls)

(4.9)

To bound the F term of B, we utilize the formula, valid for any f with f(0)=f/(0)=0,

fa)= [ foE-od.

Since
2

O F(ss) = Q") ()~ (5)] + Q) (@),
we have, letting cq € [~¢,¢] be the unique point such that Q'(cq) =0,
Plais) = [ (@= 0l () =0/ ()Q () + (a =i ()@ (r)
- [(a=ntr=s" ) ndr+ [ 0@ ) a =) —cq)ir
- [ - -sdr+ [ Q) e -r)r-dr
+ [ OQ )= cq)dr
for some points ¢1 € [s,7] and ts € [cg,7] depending on .

We can estimate each of these three integrals:

(z—5)°

/ () Q" () (=) (r—s) dr — 1" (0)Q"(0)

(z—s)°
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<sup i (4)Q"(r) ~ 1" Q)] T

[ 0@ ) e —s)dr -1 0)Q" ) L <sup i (7)Q 1) - OQ(0)

(4.10)

6 Y
= s

6 )

/xn”(T)Q”(tz)(x—T)(S—CQ)dT §25A2/S|:E—T\dT:5A2(x—s)2.

(4.11)



Therefore, if £1 and h; are sufficiently small then from (4.10) and (4.11) we obtain

A _ A Q"(0) /_3 A / 13 /-2
— | F(w - = <C- . 4.12
5/ (uss)dy € 31"(0)? w”dy —085 || dy+CA | wdy (4.12)
Combining (4.7), (4.8), (4.9), and (4.12),
A Q0) [ 3 A 13 Q"(0) [ 5 9
<7 - . .
= Egn,,(o)g/w dy+650/!w| dy+2n,,(0)2/w dy+C’()\+5+e)/w dy (4.13)

Lastly, we bound the quantity D. Define y1 :=7'(Fe). Applying Lemma 5.3.1 (g),

YT R A GV _ —y]|0yw|?
(1—h)D( )2277,,(,52)77//(753)(1 h)/[y -l ulioyeldy (4.14)
2253”((8))2(1—5)/[y—y—][y+—yH3yW\2dy

so long as €1 and h; are sufficiently small.

We can now bound the quantity R. By combining the bounds (4.6), (4.13), and (4.14) on

Y, B, and D respectively,

O (N, SN ANQU0) [ oy, QU0 [,
RS&S(S/U) dy”/“‘”) +63n”(0)2/w +2n”<0>2/“’

- S 1-5) [ly=o- T lloyoPay

2
+C<)‘5+A+5+e> /deerCAj/\dey

- POTC (2 [atayen fway) +22 [t [at
- =9 [ly=v-llus ~sllo,uPdy

212
+C<€;‘ —I—)\—|—5+5> /deerCA:/\dey]

(4.15)

We will now perform a change of coordinates. Let L:=n'(s;)—n'(s~). Consider z € [0,1]

and define

yi=1(s:)+2L,
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W(z):= g’@(y) =
0. W (2) = gLayu?(y).

X2
9

Note that z=0 corresponds to y=17'(s4) and z=1 to y=17'(s_).

In these coordinates,

—2 e? 2
w dy:§L W*dz,
3 e 3
w dy:FL W?dz,
2
Jlo-vllv ~ioyoay=5L [ 2020w Pds

In terms of z and W, (4.15) becomes

5 LQ"(0) e [-CoL / 2 / 2/ 3 / 2 / 2
R_27] "0) 2)\2 = Wedz+2 | Wdz —l— Wodz+ [W*dz—(1-96) | z2(1—2)]|0,W|°dz
+Cs <€;\+)\+5+6>/W2dz—|—05/lw3dz]

Fixing now ¢§ so that § < 3‘%0 and 0 < CyAdp, then taking £; small enough that Cg(%2 +46+

e+A+9)<dp and £1 <9, and recalling L/ <A, we can bound

_ 211 2 9
RSC% [5 </W2dz+2/Wdz> +3/W3dz+5g/|W|3dz+(1+5g)/W2dz
0
—(1—50)/2(1—z)|8ZW|2dZ].

We can now apply Lemma 5.3.2 and the proof is complete. O

Now that we know —e 2Y 24 B— D is non-negative for u sufficiently close to s, we can

bound the same quantity for u large by decomposing into a part near s and a part far away.
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Proposition 5.4.2 (Decrease for large perturbations). Let n and Q satisfy (1.2) for all z €R and
have 0, Q" continuous at 0. For any positive constant C, there exists a constant o >0 such that

the following holds:

Let s be a stationary shock solution to (1.1) with v=1 and sy =Fe with 0<e<ey. There

exists a A>0 such that for all w:R—R such that w:=n'(u) —n'(s) satisfies

uwand a:=1— %n’(s) satisfy

R(u): =

= 2—332)/(14)2 + B(u) —D(u) < —e2D(u).

Proof. Let hy and &1 be the parameters defined by Proposition 5.4.1, and define @ for a parameter

0 < h < hq such that
=u ' (u) =7’ (s)| < h,

U
7' (u)—n'(s)=hsign(u—s) else.

Then we can define @:=7'(a@)—1n/(s), W:=w—1w, Y:=Y (u)-Y (@), B:=B(u)—B(@), and D:=
D(u)— D(@). For D we have

D= [ x(upon 0s 0 (0) = (5)) P (4.16)

We will bound }7, B, and D one at a time.

To bound Y, we calculate




Therefore

Since
—Y () <Y ()2/24 V2,

and fﬁzgsl/Q (f’(ZJQ)l/Q, and fﬁ;z < Ce?/)\?, we can bound

—1 5 =1 = A2h? _
8—2Y(u) SQ—EZY(U) +Ce | w*dy+C e+ - wdy. (4.17)

For the B term, we must assume without loss of generality that 2Ae <hy (so that @’ does

not change sign between 4 and u). Then we can calculate

F@w%%%w@zjma@w#w—#wnw

u

<A? / t[t—s]dt‘

_elf s
N 3 2

(u—1)

3

(4.18)

3

Similarly,

(4.19)




and

<2A / " e (4:20)
<2A%|40),
and trivially
w? —w* =10+ 2w
(4.21)
<@?+2h|w)|
Combining (4.18), (4.19), (4.20), and (4.21), we can bound B
_ N [A A, )
|B|<C g\w| €(h+£ )14+ W g(h +eh)+ (e+h)+e+Ah||w|
A Ah Ah? (422)
:C<\uv|3 [ +1+/\] [—i—s—l—h%—)\h} yw|>.
5 € £
Using (4.16), (4.17), and (4.22), we can decompose the quantity R(u) as
[—1
R < | S3¥ (@2 - B@-(1-mD()
1A Ah 20 Ah -
+ 2</w2dy+<1+>/ﬁ)dy> +/1I;3dy+/u72dy—(1—h)D]
ez \e € € £
(4.23)
)\h2 h h
+ . wdy—fD( )] —§D(u)

h
=Ri+Ro+ R3— §D(u)
By Proposition 5.4.1, we know R; <0. It remains to show the same for Ry and Rj3.

Using the fact that fﬁ;Q dy <Ce3/)\2, we can bound the quantity R

—51 g(/ﬁ)Qdy>/w dy+< 2) ( wdy>2 hA/w dy—l—)\/ wdy—(1—h)D
§<i+}?>/w2dy+<1 hw)( > w 3dy—(1—h)D
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By Lemma 5.3.3, we know that for any exponent g€ (0,1) we have
23\ ~
/wdngq <h2>\2) 12D/,
- e\ -
/w dy<Cy <h2)\2) e D,

B L, 1/2 » 1/2 &3 q/2€1/2~
[rasa(fen) (faw) " <(F) 550

From these estimates with the appropriate ¢, we find that if ¢, A and h are appropriately

small (specifically if € <Cj, A3 for constant C}, depending on h) then

212 2 _
<3HM)/W@H<E+hj></w@>+A/w%wa.
€ € e« € € 2

Plugging this estimate into (4.24), and assuming without loss of generality h<1/2, the

quantity Rg will be non-positive.

It remains to bound the quantity Rs.

Let f:= (|w|—%)+. Then u?z(f—%)Jr.

By Lemma 5.3.3 with exponent 3/4,
5/4

) 9

By Chebyshev’s inquality,

- 2
[1alay=[ (wl-n), dy< [ fay
Therefore,

A?2 4 gt/ h
s = <Cghh3/2xf/2_2> Plw= (CW—I 2t

4 o o
So long as e < (C_1h3/2)\1/2) , the quantity is non-positive.

Since R1, Rg, and Rj3 are all non-positive, by (4.23) we know R(u) < —h/2D(u) < —e3D(u).

O]
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5.5 Proof of Main Theorem

We will now prove Theorem 5.1.2. The idea of the proof is to define the shift function ~
such that when |Y (u)| is large, the Y term is negative and dominant, while when |Y (u)]| is small

we can apply Proposition 5.4.2.

Proof. Take gy to be the constant €5 defined in Proposition 5.4.2.

We must construct a shift function v, so we begin by making elementary bounds on the
term B. Note that u(z)—s(z) is guaranteed to be in L? for short time by the basic existence

theorems of, for example, [Ser99]. Moreover,
/\s(x) —s(z =& dz<C(1++/(€)). (5.25)

From the estimates of Lemma 5.3.1, we know that for some constant C,

|B(u)| <C(e,\A) (/w3dy+/w2dy+/wdy> .

Moreover, since by Holder’s inequality [ w3dy < ( [ w? dy)g/ 4 ( S wb dy) Y 4, we can further say by
Lemma 5.3.3, by taking h?= %wa dy, that

3/4
/w3dy§C</w2dy> (Ah€+6_1D3)1/4

<C(e) ( / w2dy) " o < / w2dy> Y o
1+ (/w2dy> 3] : (5.26)

It follows that
2|B|—(1—¢9)D<C(e)

Of course, [w?dy depends on 7.

Define
1 y < —e?
Pe(y)i=q = |yl<e?
-1 y>e2



We define «(t) as the solution of the nonlinear ODE:

{7@) =P.(Y () (& (2|By(u)| = (1 —&1) Dy (u)), +1)
7(0) =0

From (5.25) and (5.26), we know that
(2B, (w)] - (1-e0)Ds ), <CCe. [ lu(e) ~s(a) Pda) [L+ (0],
Therefore the quantity « exists for a short time.
If |Y|>&? then
Y +B-D<-22|B|-(1-¢0)D), +1+B-D
<—2|B|+(1—e0)D—?>+B—-D< —¢gD.
Alternatively, if |Y| <&?, then
1
Y <—=Y2
€
We can therefore apply Proposition 5.4.2 and conclude that

4Y +B—D< —eyD

It follows, from Proposition 5.2.1, that [|u(z)—s(z—~(t))|*dz is uniformly bounded so

long as v exists.

Now that we have a uniform bound on [w?dy, the bound (5.26) shows that ~ exists and is

Lipschitz for all time. O
Lastly we prove Theorem 5.1.1.

Proof. The proof is by application of Theorem 5.1.2.

If s is not of the form required by Theorem 5.1.2, we can replace Q by

Q(z):=Q(z—a)+bxr+c
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for suitable constants a, b, and ¢ so that s is stationary and centered about 0. Recall that by the

Rankine-Hugoniot condition, if Q(sy)=Q(s_) then s is stationary.

If n and @ only satisfy the bound (1.2) on a compact interval [—R,R] then, so long as

|lul|, <R, we can modify 7 and @ outside this region and w will solve the modified (1.1).

If v#1, we merely consider
u(t,z) :=u(x/v,t/v)

and
5(z):=s(z/v).

Then @ solves (and § is a shock solution to)
1 1 1 )
;&tu—l— ;(%Q(u) = ﬁuamn (u)

which is equivalent to (1.1) with v=1. O
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0.1 Isoperimetric Inequality for low-order diffusion

The proof of the isoperimetric inequality outlined in section 1.2 relies crucially on the fact
that functions with finite H' norm cannot have jump discontinuities. For the fractional heat
equation

du+ (—A)*2u=0, (1.27)

this proof breaks down when s < 1. This is because the natural energy inequality for this equation
shows that solutions are in H*/2, and elements of H*/? can have jump discontinuities whenever
s<1. For example, x(j<1} €H 1/4 However, solutions to these low-order heat equations are in
fact Holder continuous. This is shown, for example, by Caffarelli, Chan, and Vasseur in [CCV11b]
using the De Giorgi method. The technique they use is based instead on the nonlocality of (—A)S/ 2,

In fact, the technique will work for any s € (0,2).

This technique originated in the work of Bass and Kassmann in [FBKO05], before being
used in [CCV11b] and later in [Stol9a] (which is contained in the present work as chapter 3, c.f.
proposition (3.4.1) step 3).

Because this technique has the potential to be utilized in a wide variety of circumstances,

we will present two versions of the method in its simplest possible context.

Recall that
(—A)s/2u(x)::/cd7SWdy. (1.28)

We will use the following notation, modelled after [CCV11b]:

Blu,v]:= / K(t,z,y)[u(@) —u(y)][v(z) —v(y)|dzedy,
Rd JRA
s/4

@) i= (|2l =A~) 1)y,

+
F(z) :=sup(—1,inf(0,|z|*> —9),

po=1+P\+F,
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p1=1+Y\+AF.
Note that
0 <9, (z) <Y, (2)

for A\; < A2, and for A sufficiently small we have vy (z) =0 for || <3. The function F' is non-positive,

compactly supported in Bs(0), and equal to —1 in Bs. Therefore ¢y vanishes on Bs(0).

It is proven in [CCV11b] that for u solving (1.27) with u(z) <(x) for all |z| <3, we have

L )2 )= 0) 4 By — Blw— )4, (=)

dt
<ﬂ/ 2+ [ oo @)~ v(@)Pdady| - (129

The following lemma is equivalent to Lemma 4.1 in [CCV11b].

Lemma 0.1.1 (Isoperimetric Inequality for [CCV11b]). Let 6 >0 be a constant, s € (0,2) and d € N.
Then, there exists v>0, and A€ (0,1), depending only on §, d, and s, such that for any solution
u:[—3,0] xR =R of (1.27) satisfying

u(t,x) <1+a(x) on [—3,0] x RY, (1.30)

{u<do}N(=3,-2) x B1| > |Bil,

and

{u>¢1}N(—2,0) x B3| >4,
we have

{po<u<¢1}N(=3,0)xR? >~.

The proof follows three steps: first we consider, at each time-slice, the sets where u is above
¢1, below ¢, and between the two. Second we use an intermediate cutoff between ¢g and ¢1,

together with the energy inequality, to show that the derivative of a certain function H is bounded
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above, and also the energy B[uy,u_] corresponding to the interaction between small and large
values of u is bounded above. Third, we combine these facts to find a large set of times where w is

between ¢g and ¢1.

Proof. Define the following set-valued functions:

Ap(t)={z € Bi:u(x,t) <¢po(z)}
Aypa(t)={re RY: ¢ < u(x,t) < ¢1}
Al(t) = {$ € Bs: ¢ §U($,t)}
Clearly [Ao(t)|+|A;/2(t)|+]A1(t)| > | By for all . By assumption, we must have f__32 |Ao(t)|dt > | By |

and ff)z |A1(t)[dt > 5. From the assumption (1.30) we know that A;/9(t),A1(t) € B3 and of course
Ap(t) C By for all t €[-3,0].

By Chebyshev’s inequality, for any « sufficiently small we have
|[=3,—21n{[Ao| > a}[>0.99,

(1.31)
[[—2,0]N{|A1|>a}| >1.99.
Choose one such «, small enough that
Ta<|B]. (1.32)
Without loss of generality, we can assume
[=3,0]N {412 >a}| <01 (1.33)

because otherwise, we could take v=.01la and the proof would be complete.

Define
(251/2 = 1+w)\+2)\F

This is an intermidiary cutoff ¢o < ¢;/9 < 1. By the assumption (1.30), we know that
(U—¢1/2)+ S —2M\F.
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One can calculate that

[ Xt @)6120) - 612 K 1)

SC//X{Bg}(I)[zZ)A(y)w(w)]QK(t,fcvyH//[?)\F(fﬁ)2>\F(y)]2K(t,x,y)§C>\2

and that

/(U—¢1/2)i§0/(2)\F)2

<ON2.

Therefore, by the energy inequality (1.29),

d
p (u—¢1/2)+dﬂc§0)\2 (1.34)
and
0
—/3B |:(U—¢1/2)+,(U—¢1/2)71| dtSC)\2 (135)

On the other hand, for any fixed ¢t € [—3,0], the good term is bounded below

-B [(U—¢1/2)+a(U—¢—1/2)_} :2//(“_¢1/2)+($) (u—qbl/g)i(y)K(x,y)
> // (U—¢1/2)+($) (U—¢1/2)_(y)67d728

17721633

=C (u—¢1/2)+dx/B (u—¢1/2)_dx

B3

>C )\Fd:L“/ (1-XN)Fdx
Aq Ag

>C)\/ Fdx [ Fdx.
Ay Ao

Therefore, combining this with (1.35) and dividing by A, we see that

/03 </Alew/AoFdx> dt<C. (1.36)
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Note that for any EC Bz, [ F> f(|E|) for some monotone-increasing function f.Therefore the
above inequality shows that |Ao(¢)| and |A;1(¢)| cannot both be large at the same time. This is an

integral bound, however, not a pointwise-in-time bound, so there may exist a singular set
S:={te[-3,0]:|A1| > and Ay > a}.

However, for «a fixed, because of (1.36), Chebyshev’s inequality, and the fact that f is monotone
increasing, we can make this singular set arbitrarily small by taking A very small. In little-o
notation,

15| = 0(\). (1.37)

Now we consider the function

H(t) = / (u(t,2) = b1())? d.
Recall from (1.34) that H'(t) <CM2.

By dividing up the support of (u—¢1/2)+ into the regions Ao, A; /9, A1, and {u<¢o}\ B,
we see that

N[|Br| = [ Aol — A1 yol] < H (1) < N*[4]A1| +| Ay jo].
Then we can divide [—3,0] into three sets,

Hoi={t: | A1 (1), A1 o ()] < a} € {£: H(1) <\25a},
Hy={t:|Ao(t)],|A1j2(t)| <@} C{t: N[|B1] —20] < H (1)},
Hyjo:={t: N*5a< H(t) <N*[|B1|—20]} C{t:|Ay2(t)] > or (JA1(t)],|Ao(t)]> )}
Note that A25a < A?[|B1| —2a] by (1.32).

Our goal now is to show that Hj/, has large measure. To prove this, we will use the fact

that H' is bounded and Hy, Hy are non-empty.
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The set HyN[—3,—2] is nonempty, because
Ho2[-3,-2|n{A;>a}nStn{A, 5> a).

But by the assumptions (1.31), (1.33), and (1.37) we can say |Hp|>.99—.01—|S| >0 for A suffi-

ciently small. We argue similarly for
Hy2[-2,0]n{A;>a}nStn{A, 5> a)

that Hy N [—2,0]#0.

We have shown that there exist points s € Hy and t € H; such that s <t. Because H' <C\?

by (1.34), we know by elementary calculus that

A\2[|B1| —2a] — \*5a - N2[|B1]—Ta

sup H’ - O\2 =C

|Hy | >

Note that C' depends on a but not on \.

Recall that Hy /o C{A;/2>a}US. Therefore
[{A12>a}[>C~|S].
Because |S| is arbitrarily small by (1.37), and because
. 0
{do<u<g}n(=3,0)xR ‘:/3|A1/2(t)|d75204‘{|f11/2 >all,

the proof is complete.

O]

Note that the above proof is constructive, i.e. - and A can in principle be calculated

explicitly.

Compare this proof to the standard De Giorgi argument, applicable when s> 1.
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Assume that we have some compactness result of the form
{u solving (1.27) s.t. u(t,z) <141y 3V(t, ) €[—4,0] X R} € L([-3,0] x B3).

Such a result is usually utilized in a proof of an isoperimetric inequality for the De Giorgi method,
though we did not use such a result in the above proof. Note also that the assumptions made
in the above lemma would need to be strengthened slightly to utilize such a result, formulating

assumption (1.30) on [—4,0] instead of [—3,0].

Using such a compactness result, and with such a strengthened assumption, we could assume
for contradiction that no such v exists, then find a limit function us, which would have all the

properties of u used in this proof, but with the additional property that A, 5(t) =0 for all ¢ € [-3,0].

In the case s> 1, because H*/? functions cannot have jump discontinuities, we would imme-
diately conclude that S = as well. This would of course simplify the proof significantly. However,

because compactness is used, the proof is no longer constructive.

In chapter 3, this combined approach in used to prove the isoperimetric inequality. To

illustrate the method, we apply this method below to prove a toy lemma.

Lemma 0.1.2 (Isoperimetric Inequality). Let 6 >0 be a constant, s€ (0,2), deN, and let X be a
compact subset of L?([—3,0] x R%). Then, there exists v>0, and A€ (0,1), depending only on 6, d,
and s, such that for any solution u:[—3,0] x R =R of (1.27) satisfying u€ X,

u(t,x) <14y (x) on [3,0] x RY,

Hu<po} N (—3,-2) x B1| >|B|,

and

‘{U2¢1}m(—2,0) XB3’ 257

we have

{do<u<pr}N(—3,0) xR >1.
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Proof. Suppose that the lemma is false. Then there must exist a sequence of solutions ug € X which

satisfy
u(t,r) <1+ () on [—3,0] x RY, (1.38)
{u<0}N(=3,-2) x B1| > [ B,
and
{u=1+(1/K)F}1(~2,0) x Bs| <4,
but

H{oo<u<1+(1/k)F}N(—3,0) x Bg| <1/k.
Since uy, € X a compact set, we have uy, — s, converging up to a subsequence in L?([—3,0] x
R9). Notice that for any (t,x) € [~3,0] x B3 either us(t,2) <1+ F(x) or else uoo(t,x)=1.

Define the following set-valued functions:

Ap(t)={x € By 1uco(x,t) <0}

Ai(t)={zr € B3 ux(z,t)=1}.

Clearly we have |Ag(t)|+|A1(t)| >|Bi] for all . By assumption, we must have f__32 |Ao(t)|dt > | By |
and [, A (t)|dt > 5.
By Chebyshev’s inequality, for any « sufficiently small we have
I[-3,—2]N{|Ag| > a}| >0.99,
(1.39)
[[-2,0]N{|A1| > a}| >1.99.
Choose one such «, small enough that

20 < |By]. (1.40)

Let 6 >0 and define
$1/2:=1g+OF.
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Because ¢g < ¢y, for k sufficiently large, we know that uec > ¢1/2 only when us =1. Therefore

(oo — ¢1/2)Jr =—0Fx{a,}-

One can calculate that

//[¢1/2(y) - ¢1/2(90)]2K(75,$,y) =C0?

and that for any k sufficiently large

/(Uk —d1p); < C/(GF)2

=Co°.
Therefore, by the energy inequality (1.29), for all k sufficiently large we have

d
o (uk —¢1/2)+ dz < CH?

which implies, since uy, — Us in L2,

d

(ﬁ/(um—¢1/2)+d$S092

In the same manner, we know

0
—/ B [(Uk—¢1/2)+,(uk—¢1/2)_} dt < Co>.

-3

(1.41)

(1.42)

On the other hand, for any fixed ¢ € [—3,0] and k sufficiently large, the good term is bounded

below

-B [(Uk—¢1/2)+a(uk—¢_1/2)—} :2//(Ul~c—¢1/2)+($) (Uk—¢1/2)_(y)K(fan)
> // (Uk—¢1/2)+(33)(Uk—¢1/2)_(y)67d728

%?JGBS

=C (uk—¢1/2)+d$/ (Uk—¢1/2)_d33-

Bs Bs
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Because uj, — Uso strongly in L?, we can take a limit of this bilinear expression and obtain,

/(; </Bs (uoo _¢1/2)+ dx/B3 (oo —1/2) d:c> <CH* (1.43)

using (1.42),

Note that
[ (=12, =0 [ IFIz65(1)
Bg Al

for f some explicit monotone-increasing function, and similarly
[ wm=6-1/2_2(-6) [ P12 (0],
Bg AO

Therefore, we have f83f(|A1\)f(\A0|)dt§CH and we conclude that |A;| and |Ap| are not

often simultaneously large, especially as 6 decreases. Explicitly, if we define a set of singular times
S:={te[-3,0]:|A1| >« and Ap>a}

then, in little-o notation,

1] =0(6). (1.44)

Now we consider the function

1(0)i= [ (uo(ti0) 6120 da=0* [ Fa)?da,
Ax(t)
Recall from (1.41) that H'(t) < C>.

Because |Ag|+|A1|>|B1| and F(z)%€]0,1] for all ,
0%[|B1] — | Ao(t)|] < H(t) 67| Ax(2))-

In particular, if |A;| <« then H(t) <62q, and if |Ag| <a then H(t)>60?[|B1|—al. By assumption
(1.40), 6%a < 62]|B1| —al.

Therefore H (t) can only be in the range (6%c,0%[|B1| — a]) when |A(t)| and |A;(t)| are both

greater than «, i.e. when t€.S. As we have seen in (1.44), this set shrinks to zero measure as § — 0.
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By (1.31), there exist points s € [-3,—2] such that |Ay(s)| >« and hence H(s) <

By (1.39) and (1.44), there exists a point s € [~3,—2] such that H(s)<6%a because
{H <6%a} 2{|A1| <al} 2[-3,~2]N{|4o| > a}nSE.

Simalarly, there exists a point t € [~2,0] such that H(t) > 6?[|B1| —a]. Because H' <C\? by (1.34),

we know by elementary calculus that

> |{H e (6%a,0?|B| — )| > >E L 2a —C.

The constant C' does not depend on 6, so this cannot possibly be true for all §. This is a contra-

diction.
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0.2 Technical Lemmas for Chapter 3

We prove here the averaging lemma used throughout this chapter. This lemma is an imme-

diate corollary of [Béz94] Theorem 6. It is merely a localization of that result.

Lemma 0.2.1 (Averaging Lemma). Let Q be an open subset of space-time R x R™, and Q a compact

subset of Q.

For any smooth function n€C°(R™) and any meRT, there ewists a constant C=

C(n,m,n,Q,Q) and a constant
1

2(1+m)

such that the following is true:
For any two functions f and g in L*( x R™) satisfying
[0 +v-Vi]f=g,

it 1s true that

e

By ||9] go (), we mean the infimum of || jagn+1) over all extensions g of g to R

go(||f||Lz<mn>+H(l—AvY’"/ g

Ho(0) LQ(QXR")) '

Proof. Let ¢(t,x) be a smooth function supported on Q and identically equal to 1 on 2. Then

[Oc+v- Vo] (0f) =dg+ [0 +v- Vo]0

By [Béz94] Theorem 6,

ofos

Because (1—Av)_m/2 is a bounded operator from L? to L?, and because ¢ is a smooth function

<c <u¢f|LQ(RananﬁHu—Avrm/?<¢g+f[at+v.vx1¢>)
He(RxR™)

L2(R><R”><R”)> ’

supported on 2 and depending only on ¢ and =z,

|- 20)F 69+ F0+0-V.)0)|

L2(R1+2n) <C(9) H(l _A”)%g‘

L2 (@xR™) +C(m, )| fll 22 xmn)-
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The result follows. O

The following is a technical lemma about the geometry of cones. We use it at the very end

of the proof of Proposition 3.4.1.

(to,x0)

| | | |
| | | >t
5 -4 2 0

Figure 1: A diagram showing the assumptions of Lemma 0.2.2.

Lemma 0.2.2. Let CCR xR" be a cone from a vertex (to,zo) € [—5,—4] X B2 to a base set BC
[—2,0] x By. Let S be a subset of RxR™ such that for each be B, the line segment connecting

(to,x0) to b intersects S on a set with Hausdorff H! measure at least p.

Then

| B|p?
eNnsS|>——.
ens|>—3

Proof. Let A(t) be the cross-sectional area of our cone at time slice t. If H™ is the Hausdorff

measure of dimension n, we write
A(t)=H"(CN[{t} xR"]).

By the nature of cones, A(ty)=0, A is affine for ty <t<—2, then sub-affine for —2<¢<0, and
A(t)=0 for t>0. Specifically,

A(t): (t—to) to<t<—2,

—2—1
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Since B is contained in €N[—2,0] x R",

|B|§/_02A(t)dt§/_0 AQ(_? (t—to) dt = A(=2) [t — (2+1t0)*] /2 <4A(-2).

This means that

Now we have a lower bound on the size of the cone, so for tg <t < -2

Ay > 18

> m(t—t0)~

(2.45)

Consider the map from B to {0} x R™ given by stereographic projection from the point

a given portion of B.

(to,x0), and let db be a probability measure on B proportional to the pullback of ™| {0} xR7 under

this projection. Then db represents the proportion of any time-slice of € generated by rays through

To find the measure of €N.S, we must ask how much each time slice intersects S, or in

integral form

0
\GQS\Z/ A(t)/ X{(t.c)eensy dbdt.
to beB

By Fubini, this becomes

0
ens|= / A (t0cens) didb.
beB Jtg

From the definition of p and the arc length formula,

0 0
MS/ X{(t,z)eemS}\/1+!b—xo\2/(—2—t0)2dté\/5/ X{(t,z)eenS}-
to to

Because A(t) is increasing and X »)cens) integrates to at least i/ V5,
0 t+p/V5
A()X{(t,x)eens) dtZ/ A(t)dt.

to to
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From this bound, (2.46), and (2.45) we can at last compute

B /WWﬁ B2 Bl
CNS|> ——F—— t—1to)dt= — 2> .
| ‘—4(—2—150) £ (t=to) 4(—2—1t9) 10 = 80

O]

The following lemma is a commonly known fact about mollifiers. Despite being known,
a proof is surprisingly difficult to find in the existing literature. Therefore, in the interest of

completeness, we prove it here.

Lemma 0.2.3. Let n€ C°(R™) be such that the sequence n-(v)=e""n(v/e) is an approximation
to the identity. There exists a constant C'=C(n,s,n) such that, for any g€ H*(R"),

Hg—g*%Hp(Rn) < CHQHHS(R")E

Proof. The bound is easy to compute by taking the Fourier transform and using Plancharel’s

theorem:
lg=genel= [ 8% (1-ii)? de
vsa2 e 1= (O
S/(Hé )79°d€ SUP T e2)e

11-77-(6)
(1+&2)s

2
= HgHHS(]R") Slglp

Since n € C2°, the fourier transform 7 is Lipschitz with some constant C'. Thus 7. (&) =7(g€)
is Lipschitz with constant Ce. Since 7. is an approximation to the identity, 7j.(0) =1 and |7j.(£)| < 1
for all £&. Thus
1= ()] < min(2, Celé))

. = 2 _
The function % achieves its maxumum value at the critical point Ce|{|=2, and

that maximum value is

22 4 2
(1+@)) (o)
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0.3 Technical Lemmas for Chapter 4

In this appendix we state and prove a few technical lemmas.

Lemma 0.3.1 (De Giorgi Iteration Argument). For any constant C >0, there exists a § >0 such
that the following holds:

Let Q CR? be a bounded open set with C*8 boundary for some € (0,1). Let f € L*>([—2,0] x

Q) be a function with the property that for any positive constant a

% (f—a)i+/)A1/2(f—a)+’2§C</X{fza}+/(f—a)++/(f—a)2+>. (3.47)

/Z/(f—@)idxdtgcs

Then

implies that
flt,z)<1 Vte[—-1,0],z€Q.

Proof. Consider for k €N the constants ¢, :=—1—27% (so that to=—2 and t,, = —1), and functions
fr=(f—1+275)4

(so that fo=(f)+ and foo=(f—1)4).

Define

0
ek:z/ /f,fdxdt.
tr JQ

When fr11 >0, then in particular fi > 2=5=1_ Thus for any finite p, there exists a constant
C so

X{fr41>0} < Ckflzg7 (3'48)
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Let k>0 and define n:[—2,0] - R a continuous function

0 t<ty
n(t):=¢ 28t —t) t<t<tpy
1 trpy1 <Tt.

Let s € (tg41,0). Multiplying the inequality (3.47) with cutoff a;, by 7(¢) and integrating in

time from —2 to s, then integrating by parts, we obtain

tet1 s 0
2 _
[isapan-2t [ [peapasars [ [|W2af dsar<c | [ [xipoo+ fior dud
tr tr

trp41

By taking the supremum over all s € (tx41,0), we obtain

0 9 0 0
sup / FRde+ / / ‘AUQ fk‘ dmdt§0(2k+1 / / FRdadt+ / / X{fi>0} T fkdxdt> (3.49)
[tk+1,0] tet1 tk 172

From Proposition 4.2.3 and Sobolev embedding,

0 1/2 0 2
/ (/f,;‘dx> dtgc/ /‘Al/ka‘ ddt.
tk+1 tk+1

Therefore by the Riesz-Thorin interpolation theorem,

0 0 J\ 32
/ /f,fdxdtg(J( sup /f,’de/ /)Al/sz’ ) :
tht1 [tk41,0] tht1

This estimate, along with (3.49) and (3.48), and the fact that t;_; <ty and fx_1 > fx, tell us that

0
/ / fRdedt<CFed?
trt+1

Now we can estimate, using again (3.48) and the fact fi > fri1,

0
3k+1gck/ /fgdxdtgckei/j.
tht1
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This nonlinear recursive inequality €, <CF 8?_2 1» by a standard fact about nonlinear re-

cursions (see [DGH7] or [Vasl6al), tells us that there exists a constant § depending only on C' (which

in turn depends only on the constant C in (3.47))

€p <0 implies lim & =0.
k—oo

o . i

Therefore £, — 0 and, by the dominated convergence theorem,

/j/}f—n+dmu:o

The result follows. O

By assumption

Lemma 0.3.2. Let a€(0,1). There exists a constant C=C(«a) such that, for any set Q and any
fec™(),
Ao <CUA IV A

Proof. This simple lemma is a straightforward calculation:

wp @)= 1)

:Sllp’f(l‘)—f(y)‘l_a <|f(x)_f(y)|>

sl o=y
<@ fll) <sup\f<x>_f<y>\>
|z —y|

<Ol IV %
O

Lemma 0.3.3. Let a€(0,1) and Q a set that satisfies the cone condition. There exist constants

C=0C(a,Q) and £=1£() such that, for any fcC-(Q)
IVFloe <C @ I flloc+6° [V 11a)

for all 6 <.
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The idea of the proof is to average V f along an interval of length § with endpoint x. The
magnitude of the average will be small, since f & L, and the average will differ not very much

from V f(x) since Vf e Cho.

Proof. Since 2 satisfies the cone condition, there exist positive constants £ and a <1 such that, at
each point z €, there exist two unit vectors e; and e such that le1-e2|<a and x4 T1e; €Q) for
1=1,2 and 0 <7 </. In other words, ) contains rays at each point that extend for length ¢, end at

x, and are non-parallel with angle at least cos™!(a).

Consider the directional derivative 9;f of f along the direction e;, and observe that for any
0<d<d,

)
/0 0 f(x+7es)dr| = |z +8er) — F(z)] <21/ fl|o. (3.50)

On the other hand, 0;f is continous so, for any 7€ (0,/],
|0if () = 0i f(x+7es) | <[V f], 7%

From this, we obtain that
61—&-04
14«

o o
/ 8¢f(x+rei)d7§/ (0uf(2) + [V f],,7) dr = 50, f () + [V f]
0 0
and a similar bound holds from below. Thus

51+a

é
581f(x) —/0 &-f(x—l—fel-)df

Combining this bound with (3.50), we obtain
50[
1+«

0 @) < 3 1 loe + 1 [Vl

This bound is independent of z and of i=1,2. Since e1-es <a by assumption, by a little
linear algebra we can bound Vf in terms of the d;f and obtain that, for all § € (0,/],

C
1—a?

IV flloo < (O N flloo+6 1V £y) -
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Lemma 0.3.4. There exist constants \>0 and o> 1 such that, for any 0 <e< 1/2 and any z>1

<|e_1(z— 1)+ 3|1/ —21/4)+ —a <|z|1/4 —21/4)+ >3

Proof. For z fixed, this function is increasing as € decreases, so it will suffice to show the lemma

when €=1/2, that is to show
fa(z)::(|22+1|1/4—21/4> —a<|z|1/4—21/4) >3
+ +
for all z>1. Note that fo(z) > fg(z) if a <p.
For z>2,

Falz) = (22 +1)V/4 —2l/4 _ g 1/4 4 qol/4 = /4 ((2+ 1/2)1/4 —a) +(a—1)21/4,

For any a < 2'/4, clearly fa(z) tends to co as z increases. Therefore there exist N and ap>1 such
that

fa(z)>1 Vz>N,a<aqp.

We can decompose f,(z) =g1(z) —(av—1)g2(z) where

e R CI

92(2) = (|1 = 21/1)

+

+

Note that g1, g2 are both continuous, and g;(z) is strictly positive for z>1. Therefore we can take

a € (1,ap] small enough that
inf[; Ny g1
< —.
sup[,n] 92

For this «, fa(2) is strictly positive on the compact interval [1, N], and f,(z)>1 on [N,00).

Therefore f,(z) has a positive lower bound  for all z>1. O
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