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ABSTRACT

A one—dimensional mathematical model for predicting the

distribution o f  thermal energy i n  a deep, stratified reservoir

is developed and applied to Lake LBJ. The model takes into

a c c o u n t  h e a t  t r a n s f e r  through the a i r - w a t e r  i n t e r f a c e ,

advection into and out o f  the reservoir, and advection and

diffusion i n  the vertical direction within the reservoir.

A comparison o f  predicted and observed temperatures profiles

shows good agreement.

T o  predict the physical effects o f  the thermal discharge

from a proposed power plant on a region o f  Lake L B J ,  the

model h a s  been modified to account for temperature gradients

in the longitudinal direction in addition to the vertical.

Although there a r e  limitations to the u s e  o f  this two—

dimensional model, i t  i s  a good starting point for more re—

fined analyses o f  the physical effects o f  a thermal discharge

o n  a s t r a t i f i e d  r e s e r v o i r .
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NOMENCLATURE

Description and Units

average area o f  Ehe upper and lower surfaces o f  the
j—th element, ft

area o f  the surface o f  the reservoir, ft

area Of the lower surface of the j—th element, ft27

fraction o f  the sky covered by clouds, tenths

cloudiness correction factor for atmospheric radiation

heat capacity of water, Btu/lb — O F

diffusivity a t  elevation z and time t ,  ftz/hr

di§fusivity a t  the bottom o f  the j-th element,
ft /hr

2
diffusivity at the surface of the reservoir, ft /hr

vapor pressure, i n .  H g .

saturation vapor pressure a t  the water surface

, t e m p e r a t u r e ,  i n .  H g .  -

saturation vapor pressure a t  the wet—bulb temperature,
in. H g .

. . 2
acceleration due to graVity, ft/sec

thermal energy content o f  the jwth element, Btu

net atmospheric radiative h e a t  flux, Btu/hr—ft2

. . 2
back radiative heat flux, Btu/hr—ft

2
convective heat flux, Btu/hr~ft

h e a t  advected in the v e r t i c a l  d i r e c t i o n  a t  the bottom

[of the j—th element, Btu/hr

X



2
evaporative heat flux, Btu/hr—ft

heat advected into the j—th element by a horizontal
inflow, Btu/hr

latent heat of vaporization of  water, Btu/lb

net heat Elux passing the air—water interface,
Btu/hr-ft

heat advected from the j-th element by a horizontal
outflow, Btu/hr

. . 2
net short~wave radiative heat flux, Btu/hr—ft

heat absorbed in the j-th element from solar
radiation, Btu/hr—ft

h e a t  advected in the vertical direction a t  the
bottom of the j—th element, Btu/hr

heat flux from external sources (excluding advection)
per unit olume absorbed in the jnth element,
Btu/hr-ft —ft

h e a t  flux from external sources (excluding advection)

per unit olume to or from the surface element,
Btu/hr—ft —ft N

subscript used to denote an inflow

subscript used to denote the j—th element or the
j—th surface

subscript used to denote an outflow

barometric pressure, i n .  H g .

evaporation rate, ft3/hr

horizontal inflow rate into the j—th element, ft3/hr

. . 3
horizontal outflow rate from the j—th element, ft /hr

x i
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R i

rate o f  change o f  the volume o f  water stored in the

surface element, ft /hr

ve tical flow rate a t  the bottom o f  the j-th element,
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heat flux, Btu/hr—ft2

reflectivity of the water surface for atmospheric
radiation
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horizontal component of the current velocity in the
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wind speed, mi/hr

vertical coordinate
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-1 ~
coefficient o f  volumetric expansion o f  water, 0 F

fraction o f  the short—wave s o l a r  r a d i a t i o n  absorbed

in the s u r f a c e  element

exponential decay constant for the diffusivity a s  a
function o f  depth, ft

solar radiation absorbed in the j-th element, Btu/hr

thickness o f  the j—th element, ft -

thickness o f  the surface element, f t

emissivity o f  water
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solar radiation with depth, ft

dry-bulb air temperature,°F
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. 3
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CHAPTER I

I n t r o d u c t i o n

This study was conducted in conjunction with a project

being undertaken by The University o f  Texas a t  Austin for

the Lower Colorado River Authority (LCRA) to evaluate the

significance o f  thermal discharges on the water quality and

biota o f  Lake Lyndon B .  Johnson (LBJ). The LCRA is con—

structing a 440 megawatt fossil—fueled steam—electric gen—

erating station on the Baird Tract peninsula adjacent to

Lake LBJ which is scheduled to go into operation in 1974.

The purpose o f  the LCRA—sponsored project is to determine

the ecological effects of this and planned future power

generating units on Lake L BJ. I

Fruh ( 7, p.1)* h a s  pointed out that p ast studies o f

the effects o f  thermal discharges on Texas reservoirs have

been concerned with fairly shallow reservoirs which are

destratified as a result o f  the circulation o f  large volumes

o f  cooling water. Lake LBJ has sufficient depth that the

circulation o f  cooling water is not expected to mix the

reservoirs Since little is knownabout the effects o f  thermal

discharges on the water quality and biology o f  such a

stratified reservoir, the objective of this study is the

development o f  a mathematical model which is capable o f

predicting the annual thermal cycle and the t s i c a l  effects

o f  the thermal discharge on Lake LBJ as a first step in

predicting its ecological effects.

*Numbers in parentheses designate References a t  the
end of the report '
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Description o f  Lake LBJ and Its Annual Thermal Cycle

Lake LBJ (see Figures 1 and 2) is the third in a series

o f  seven lakes in the Highland Lakes Chain along a 1 5 0  m i l e

reach o f  the Colorado River in Central Texas. The lake i s

formed by Alvin Wirtz Dam and h as a volume o f  138,460 acre

feet and a surface area o f  6,375 acres a t  the normal constant

level o f  8 2 5  feet above mean sea level (one foot below the

top o f  the flood gates). The lake h a s  a mean depth o f  21.7

feet, a maximum depth of about 85 feet, and is 21.15 miles _
long by the river channel (15; 26, p p .  131-133; and 8 ,  p.5).

The annual discharge — reservoir volume ratio is 10.4 (16).

Temperature profiles taken in the deep pool o f  Lake

LBJ are shown in Figure 3 and are tabulated in Appendix D

(8, p .  129).By the end o f  winter the reservoir i s  a t  a

nearly uniform temperature from top to bottom. During early

spring more heat is gained by the lake during the day than

is lost at night. Since the lake is at a fairly uniform

temperature when the heating cycle begins, wind is able to

keep the lake mixed s o  that it heats uniformly. By late

spring the h eat flux to the lake h a s  increased to the point

that mixing cannot transport heat from the surface to the ~

depths o f  the reservoir a s  fast a s  i t  is gained; hence, the

surface temperature begins to rise. This resulting stable

temperature gradient in the reservoir i s  termed stratification,

and i t  persists until the fall cooling. During the stratified

period three more o r  less distinct layers are observed in

the reservoir——the upper layer o f  warm, fairly well mixed

water called the epilimnion, the cooler bottom layer called

the hypolmnion, and the region separating these two where

the temperature gradient i s  greatest called the metalimnion.

The plane o f  maximum temperature gradient i s  called the
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thermocline. A s  summer progresses h e a t  is absorbed at the

surface and mixed downward, increasing the depth o f  the

epilimnion. This process which keeps the epilimnion well

mixed i s  the result o f  wind induced currents, breaking

waves, and convective cooling a t  night. Convective cooling

occurs when the surface water loses h e a t  to the atmosphere

and becomes denser than the water below. This causes an

unstable gradient and the surface water sinks and mixes

with the warmer water below, resulting in a n  isothermal

layer extending down from the surface. I n  the fall the

lake loses more h e a t  during the night than it gains during

the day, s o  it begins to cool. The epiliminon remains

w e l l  mixed and its lower boundary becomes deeper and deeper.

A s  the cooling process continues the lake becomes fully

mixed and then repeats the annual cycle. For a more detailed

description o f  the stratification cycle and other physical

and chemical characteristics o f  impoundments, the reader i s

referred to Hutchinson (ll).

Although Lake LBJ seasonally stratifies, the location

o f  the penstock in the epilimnion causes the thermocline to

form a t  a rather shallow depth. Fruh and Davis (8, p .  50—5l)

have concluded that due to its depth, penstock location,

and power use, Lake LBJ has the characteristics o f  both a

main stream and a storage reservoir. However, the lake's

thermal characteristics more closely resemble those o f  a

deep reservoir.

The headwaters o f  Lake LBJ a r e  formed by the confluence

o f  the Colorado River release from Lake Inks and the Llano

River. There i s  considerable difference in the temperature

o f  these two inflows ( 8  ppa 89-93). L a k e  Inks i s  a m a i n

stream reservoir; its detention time based on monthly average
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inflows for 1968  varied between 2 and 8 0  days ( 8  p .  122 ) . '

Therefore, for certain times o f  the year, the quality o f  the

water being released from Lake Inks into Lake LBJ is very

similar to that coming into Lake Inks from Lake Buchanan

(the reservoir upstream from Lake Inks). The release from

Lake Buchanan i s  from the hypolimnion; hence, the water enter—

ing Lake LBJ from Lake Inks is usually colder than that

from the Llano River, Based o n  their 1968  study o f  the High-

land Lakes (8, p p ,  92m93), Fruh and Davis stated that i t  i

appeared that during the summer the cold water from the Lake

Inks release does not become much warmer during i t s  travel

to the Lake LBJ headwaters and slides under the warmer Llano

River waters“ This seemed to b e  verified by the silica

d a t a  o f  the summer s a m p l i n g s ,  a s  there was a n  inverse

silica stratification that was apparently caused by the Llano

River with high silica content flowing over the Inks release

water with a low s i l i c a  c o n t e n t .

Direct and Indirect Effects o f  Heated Effulents

Since the temperature o f  a reservoir h a s  a marked effect

on its water quality and biotas i t  is an important parameter

to study in the development and operation o f  a reservoir.

The temperature o f  water directly affects many important

physical, chemical, and biological properties, a s  pointed

out by Christianson (3, pp l3m50). Physical effects resulting

from a n  increase in temperature include an increase in

evaporation and stratification and a decrease in the solubility

o f  oxygen. An increase i n  temperature also causes an in—

c r e a s e  i n  chemical r e a c t i o n  r a t e s ,  p o s s i b l e  changes i n  t a s t e s

and odors o f  the water, and a decrease in the time required

to biodegrade organic material. Biological effects o f



increased temperatures include a possible shift in the

population structure, increase in metabolism rates o f

aquatic organisms, decrease in their resistance to toxic

substances, possible failure to reproduce, and beyond a

certain temperature, death. For a more detailed description

o f  the effects o f  temperature in a reservoir, the reader i s

referred t o  ( 13 )  and (19, pp IIml to Ivm23).

In addition to the direct effects o f  an increase in

water temperature, there a r e  a l s o  many i n d i r e c t  e f f e c t s  o r

combinations o f  effects which could cause problems. One

example i s  the fact that increased temperature reduces the

amount o f  dissolved oxygen in the water by both decreasing

its solubility and increasing the r a t e  o f  the biodegrading o f

organic material. At the same time aquatic organisms require

more oxygen due to their increased metabolic r a t e  caused by

the increase in temperature. Another problem which could

cause widespread effects i s  the elimination o f  a critical

segment o f  the food chain which could drastically hinder other

forms o f  life.

A further example o f  the compound effect o f  a temperature

increase is the decrease in density of water which leads

to stratification and subsequently to other effects. Accord—

ing to Wunderlich and Elder (33, p .  lm2), stratification in

a reservoir is the main factor responsible for the movement

and quality changes o f  impounded waters. Thus, in order to

predict water quality in a reservoir, i t  is necessary to

know the path followed by the incoming water and the location

from which the discharge i s  withdrawn“

Stratification h a s  an effect on the movement o f  water

in a reservoir, which in turn affects the detention time o f

incoming water. Water which enters from streams during the
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spring and summer tends to be warmer than most o f  the water

in the reservoir; hence, it will enter and stay near the s u r -

face. Later in the year the incoming water tends to cool

f a s t e r  than the r e s e r v o i r  s u r f a c e  w a t e r ,  s o  i t  enters and

stays below the surface. I f  an outlet is located deep in the

reservoir, water which entered during the fall may be dis—

charged before water which entered earlier. Since water

quality changes a s  water i s  detained in a reservoir, the

length o f  the detention time affects the water quality.

Stratification also affects water quality by creating a

barrier between the hypolimnion and the epilimnion. The

epilimnion o f  a stratified reservoir i s  kept w e l l  mixed and

exposed to surface conditions; however, the hypolimnion is

kept i s o l a t e d  from s u r f a c e  conditions due t o  the s t r o n g ,

stable density gradient a t  the thermocline which tends to

suppress vertical motion. This situation causes the bottom

water to become depleted in oxygen, resulting in poor water

quality.

Since temperature i s  one o f  the most important p a r a m e t e r s

affecting the water quality in a reservoir, it is necessary

to determine the thermal structure o f  a reservoir before the

ecological effects o f  a thermal discharge from a power plant

c a n  b e  predicted.P In order to predict temperature, mathemat—

ical models are used to simulate the annual natural thermal

cycle o f  Lake LBJ and the effect o f  a thermal discharge on

the cycle.

Concepts o f  a Mathematical Model

A mathematical model i s  a functional representation o f

a physical system and is usually designed s o  a s  to divide the

'complex prototype (which in this case i s  the reservoir) into
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a number of subsystems which are easier to describe mathemat—

ically. In this study the thermal behavior o f  the reservoir

is simulated by using a mathematical model which is coded

for solution on a digital computer.

Since the actual energy transport and exchange processes

within a reservoir are quite complex, it is necessary to

make some assumptions in the development o f  the model. I t

i s  not possible to verify independently each assumption; 7

therefore, an assumption's validity must be inferred from the

model's ability to satisfactorily describe prototype behavior.‘

I t  should b e  emphasized that there a re  limitations to

the predictive ability o f  a mathematical model. Due to

limitations on the accuracy o f  input data and the assumptions

made, the model w i l l  generally be capable o f  predicting

overall gross trends, but will probably not be satisfactory

for predicting accurately day to day variationsg For example,

the model might reasonably be expected to predict the approx—

imate depth of the thermocline at a given time of year or

to estimate the date on which the "turn over” o f  the reservoir

might begin, whereas the absolute value o f  the surface tem—

perature o n  a given day, or its variation from one day to

the next, might be in error,

Objective and Scope

The objective o f  this study i s  the development o f  a

mathematical model which is capable o f  predicting the annual

thermal cycle o f  Lake LBJ and the physical effects o f  a

thermal discharge on a section o f  the lake.

The scope of this study is concerned with two distinct,

but related, problems which are listed below.

1 .  The development o f  a one~dimensional model for
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simulating the annual thermal cycle of Lake LBJ is carried out.

An evaluation o f  the state—of—thewart o f  modeling o f  reservoirs

is presented in Chapter II. From this evaluation i t  i s  con—

cluded that a model o f  the type developed by Water Resources

Engineers ( 32 )  is b e s t  suited for the present application.

In the course o f  the development o f  the model, the

importance o f  the following parameters i s  analyzed:

a. the diffusion of thermal energy,

b. the advection of thermal energy, and

ca the importance o f  the surface h e a t  flux terms.

2 .  A method o f  predicting the physical effects o f

the thermal discharge on a section o f  Lake LBJ is developed.

To accomplish this, the model has  been modified to account

for temperature gradients in both the vertical and longitudinal

directions. This method allows a more accurate prediction

o f  the physical effects o f  the thermal discharge than could

be obtained using a one—dimensional modelc



Chapter I I

Literature Evaluation

I n  this chapter a review o f  the literature pertaining to

the prediction o f  the thermal energy distribution in deep

reservoirs is given. This review is not intended to trace

the development o f  methods for predicting temperature from

the first attempt t o  present techniques; instead, only those

references which represent the present statemofmthe—art I

are given in detail. These references include the work

o f  Water Resources Engineers (32), Huber and Harleman (lO),

Markofsky and Harleman ( 1 8 ) ,  and C l a y  and Fruh ( 4 ) .  A

comparisbn between the works reviewed i s  summarized in Table l .

A detailed review of the literature pertaining to the

prediction o f  the temperature distribution in reservoirs is

given by Huber and Harleman (10). Other authors who have

made significant contributions to the field, and w i l l  only

b e  mentioned b r i e f l y  h e r e ,  a r e  Dake and Harleman ( 5 )  and

Edinger and Geyer (6). Dake and Harleman solved the one—

dimensional h e a t  conduction equation by superposition o f  the

solutions for surface absorbed radiation and internally “

absorbed radiation. I n  their work they showed the importance

o f  considering solar radiation to be partially absorbed a t

the surface, with the remaining radiation absorbed exponentially

with depth. Edinger and Geyer developed a method for pre—

dicting the thermal properties o f  cooling ponds. Their

method was not primarily intended for application to large,

deep reservoirs; however, many o f  their concepts, particularly

those for describing the exchange o f  energy a t  the water

surface, are applicable to such a problem.

1 2
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Water Resources Engineers (WRE)

One o f  the first attempts to predict temperature in a

stratified reservoir which accurately accounted for the cou—

pling of the hydrometeorological phenomena controlling the

heat transfer a t  the surface with the mechanisms responsible

for distributing the h e a t  energy internally was developed by

Water Resources Engineers (32). This model accounts for

h e a t  transfer through the surface, internal absorption o f

solar radiation, h e a t  transport by molecular and turbulent

diffusion in the vertical direction, horizontal advection

into and out o f  the reservoir, and vertical advection within

the reservoir. The heat transfer a t  the water surface i s

calculated by using data on the meteorological conditions and

the water surface temperature.

The basic assumption o f  the WRE model i s  that horizontal

isotherms exist in the reservoir a t  all time, i.e., a t  any

given level the temperature i s  uniform throughout. The

reservoir is divided into a number o f  horizontal control

volumes of small thickness, extending over the entire length

and width o f  the reservoir. For each element the equations

o f  conservation o f  mass and energy a r e  written, and then the

temperature distribution with depth and time is found by

numerically integrating the energy equation with the mass

conservation equation a s  a boundary condition. Inflows are

assumed to enter the reservoir a t  a level corresponding to

their density and are instantaneously spread over the entire

horizontal layer with no mixing. The outflow withdrawal

layer i s  assumed to extend only over the elevation o f  the

outlet and water is withdrawn over the entire horizontal

area at that elevation.
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The WRE model treats diffusion by assuming that the diffusivity

decreases exponentially from the surface o f  the reservoir to

the thermocline and i s  constant below the thermocline. WRE

determined the coefficient by solving for i t  in the energy

equation with the u s e  o f  field data. This method requires

knowledge o f  two successive temperature profiles, hydrologic

inputs, and external energy sources. This diffusivity i s  a

result o f  the hydrodynamic mixing process and i s  not a d e ~

scription of the actual mixing mechanism itself” Since this

method i s  an empirical fitting o f  observed data, i t  i s  useful

only i f  sufficient field data for the particular reservoir

being modeled are available.

The WRE model h a s  been tested against field data for

Fontana Reservoir in the TVA system and found to give good

agreement, even though some o f  its inherent assumptions are

highly idealized. In particular, the assumptions regarding

the treatment o f  inflows and outflows and the assumption

that no longitudinal or lateral temperature gradients exist

are rather idealized. The ratio o f  Fontana Reservoir‘s

a n n u a l  d i s c h a r g e  t o  r e s e r v o i r  volume i s  2 9 2  ( 1 0 ,  p “  1 4 )

compareto 1004  for Lake LBJ ( 1 6 ) ;  t h e r e f o r e ,  the i n f l o w s "

and outflows a r e  more important in determining the thermal

structure o f  Lake L B J ,  and the prediction o f  temperature in

this reservoir should suffer more from the simplifying

assumptions regarding inflows and outflows.

Huber and Harleman

The Huber and Harleman model (10), while developed

independently o f  the WRE model, i s  similar in several r e —

spects. Both models assume the reservoir i s  characterized

by horizontal isotherms and include the effects o f  surface
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and internal radiation absorption, surface heating and cooling,

vertical advection within the reservoir, horizontal advection

into and out o f  the reservoir, and vertical diffusion o f

thermal energy within the reservoir.

There ar e several major differences in the two models.

The m ain refinement in Huber's model i s  in the treatment o f

inflows and outflows. The outflow velocity profile i s

calculated by using Koh‘s method (12). This method allows

for a withdrawal layer thickness which depends on the degree

of stratification and assumes a normally distributed velocity

profile within the withdrawal layer. The Huber model also

allows a distributed inflow which includes mixing. When

an inflow enters a reservoir, it is mixed with a volume o f

surface water which is an arbitrarily determined fraction o f

the inflow volume. The center of the normally distributed

velocity profile i s  located a t  the elevation where the density

o f  the reservoir water i s  the same a s  the density o f  the

mixed inflow. The shape o f  the velocity profile is determined

by assuming that one standard deviation of the inflow is

contained within an arbitrarily chosen vertical distance.

While the determination o f  the inflow and outflow velocity~

profiles employs some uncertainty, Huber's method is more

realistic than WRE's and the degree o f  uncertainty could be

reduced through the u s e  o f  field data.

The other main difference between the two models i s  the

evaluation o f  the diffusivity. Instead o f  calculating a

diffusivity based on field measurements, Huber assumes that

the thermal diffusion process can be treated by considering

only molecular diffusion within the reservoir and convective

mixing at the surface when the temperature gradient is un—

stable. The reasoning behind this method is that convective
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mixing is assumed to b e  the major mechanism responsible for

causing the large value o f  the diffusivity near the surface.

Since convective mixing is accounted for separately, the

value o f  the diffusivity should not account for this effect,

and i t  is assumed that all other diffusion effects c a n  be

accounted for by the molecular diffusivity, This method

neglects turbulence caused by wind induced currents, break—

ing waves, and convective cooling a t  night during the heating

cycle ifla time interval o f  one day or greater i s  used in r

the simulationo This simplification h a s  the advantage o f

not relying on field results and hence c a n  b e  used in the

planning stages o f  reservoirs.

The Huber model h a s  been tested with both laboratory

data and with field data from Fontana Reservoir” I n  both

cases good agreement was  obtained between observed and pre—

dicted temperatures.

Markofsky and Harleman

M a r k o f s k y  and H a r l e m a n  ( 18 )  h a v e  t a k e n  the Huber m o d e l

and extended its scope to include prediction o f  conservative

and nonnconservative water quality parametersi The model

also was modified in the way inflows are handled. Subsurface

i n f l o w s  a r e  t r e a t e d  i n  the s a m e  way a s  H u b e r ’ s  m o d e l ;  h o w e v e r ,

surface inflows are assumed to enter uniformly over a thick—

ness a t  the top o f  the reservoir equal to the depth o f  the

entering stream. Huber's model assumes that inflows are

instantaneously spread out over the entire horizontal area

o f  the reservoir a t  which they enter. Since time i s  required

f o r  w a t e r  t o  f l o w  through the r e s e r v o i r  t o  the d a m ,  t h i s

assumption w i l l  result i n  inaccuracies i n  the prediction

o f  outflow temperatures“ Markofsky‘s model calculates the
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time required for an inflow to enter the reservoir and flow

to the dam. Theainflow is then treated as if it entered

the reservoir when it actually should have reached the dam.

This lagging of the inflow results in an improvement of the

outflow temperature predictions.

Clay and Fruh

Clay and Fruh (4) have developed a reservoir model

similar to the WRE model, but which emphasizes selective

withdrawal; temperature prediction was important only for

its effect on selective withdrawal. This objective means

that it was necessary to make several modifications to the

WRE model; also it was possible to make some simplifications

consistent with the objectives o f  the studya The principal

change was the incorporation o f  a method for calculating the

outflow velocity profile. Clay and Fruh evaluated both the

Bohan-Grace ( l )  and the Koh ( 12 )  methods, and found that the

Bohan-Grace method predicted results as well or better than

the Koh method and required less stringent input data. They

also modified the reservoir model to account for prediction

o f  conservative chemical concentrations.

Since the main purpose o f  this model was to study

selective withdrawal, it was possible to make several simpli—

fications to the WRE model. One o f  these was in the calculation

o f  the external heat transferred to the reservoir» The net

heat flux was calculated from changes in observed temperature

profiles. Then the heat flux caused by advection and evaporation

was separated from the surface heat flux and considered

independently. This method h a s  the advantage o f  limiting

the quantity o f  input data because the external heat sources

and sinks are not calculated from meteorological
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data. I n  Clay and Fruh's model all external h e a t  exchange,

except by advection, i s  assumed to take place in the surface

layer. Heat exchange in the other layers takes place by

advection and diffusion in the vertical direction. They found

that for the reservoirs studied (which included Lake LBJ) that

the results are equally good with the diffusivity decreased

exponentially from the surface to the bottom instead of from

the surface to the thermocline. This conclusion, which is

probably a result o f  the reservoirs being fairly shallow,

means that it is not necessary to locate the thermocline

and hence it is possible to save some computation time.

One final difference in the two models is the method

o f  solution. The WRE model uses an equation o f  conservation

o f  energy for each element to simultaneously account for a ll

heat gains and lesses in the element. I n  the C l a y  and Fruh

model the effect o f  each component is treated individually.

The inflow is added, the external heat source is added to

the surface layer, heat is diffused throughout the reservoir,

and the outflow is taken from the reservoir. After each

o f  these individual steps, a new temperature profile i s  fl

calculated;l Since each process i s  accounted for successively

instead o f  simultaneously accounting for all, this method

seems to limit the maximum allowable time interval used in

the computation.

By using their model, Clay and Fruh obtained reasonable

accuracy in their prediction o f  outflow temperatures and

temperature profiles for several Texas reservoirs o f  different

sizes and depths, using a time interval o f  one day and an

element thickness o f  ten f e e t .
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Summary

From the evaluation o f  the statemof-themart o f  modeling

o f  temperature in reservoirs, a model similar to that developed

by Water Resources Engineers ( 32 )  h a s  been chosen a s  the type

to use t o  simulate the thermal behavior o f  Lake LBJO This

model h a s  the following characteristics:

1 .  I t  is discretized into elements o f  uniform

depth, extending over the entire length and width o r  the

reservoir;

29 It treats heat transfer at the surface due to

s o l a r  r a d i a t i o n ,  atmospheric r a d i a t i o n ,  back r a d i a t i o n ,

evaporation, and convectione Each o f  these terms is calm

culated from meteorological data and the water surface

t e m p e r a t u r e s

3 ,  I t  treats advection into and out o f  the reservoir

in the horizontal directione

4 “  I t  treats adveotion and diffusion o f  energy

along the vertical axis within the reservoire

This model strictly applies only to deep, stratified reser—

voirs with a low dischargemvolume ration Although Lake LBJ

h a s  the characteristics o f  both a deep and a m a i n  stream

reservoir (8? pps SOHSl), its thermal characteristics more

closely resemble those o f  a deep reservoir, s o  i t  i s  assumed

that the model for a deep, well stratified reservoir will

adaquately describe the lakes



Chapter I I I

Model Development

I n  this chapter the development o f  the mathematical

model which simulates the thermal behavior o f  a deep reser—

voir with seasonal stratification is presented. This model

accounts for heat gains and losses at the surface, internal

absorption o f  shortwwave solar radiation, advection o f  heat;

in the horizontal and vertical directions, and molecular and

turbulent diffusion o f  h e a t  in the vertical directiono

Advection is the transport o f  heat associated with the mass

flow o f  water and is expressed mathematically in terms o f  the

temperature and flow r a t e  o f  the water. Molecular diffusion

results from the random motion o f  molecules and turbulent

diffusion results from the mixing o f  fluid masses known a s

eddies. The heat transfer by diffusion is expressed mathe-

matically in terms o f  the temperature gradient and the

diffusion coefficient. For convenience the coefficients o f

molecular and turbulent diffusion are combined to form a

single effective coefficient. This coefficient is commonly

referred to a s  the diffusivity, effective diffusion coeffi—

cient, thermal diffusivity, or thermal diffusion coefficient.

The terms eddy diffusivity and eddy diffusion coefficient are

used to refer to just the turbulent component o f  diffusion.

The prediction o f  temperature in a reservoir involves

two separate but dependent components m the external energy

exchange between the reservoir and its surroundings, known a s

the energy budget, and the internal energy exchange within

the reservoir. These two components are dependent because

21
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the energy depends upon the surface temperature, which in

turn depends upon the rate at which heat is transported

downward from the surface, In the computer simulation o f

the reservoir, the heat budget over a short period o f  time

is calculated based on the temperature distribution at the

beginning of the time period; Then a new temperature dis—

tribution for the end o f  the time period is determined by

the external and internal energy exchange during the period”

The process is repeated for each succeeding time interval.

The conceptual representation o f  the reservoir i s

presented in the next sectione This representation involves

dividing the reservoir into elements which can be easily

described mathematically and then coupling the elements s o

that the entire reservoir is simulated” The mathematical

description o f  each element, which involves mass and heat

balances, is described in the next two sectionse Following

this a discussion of the evaluation of the diffusivity is

given. Then the method of accounting for the convective

mixing process is presentedo

Conceptual Representation o f  a Reservoir

The development o f  a mathematical model which accounts

for the complex interaction between the external heat sources

to a reservoir and the internal hydrodynamics is a complicated

problem. Theoretically the thermal behavior o f  a reservoir

can be described by solving the equations o f  mass, momentum,

energy, and stateifor the reservoiro However, these are

nonulinear partial differential equations, and their solution

for a stratified reservoir in closed form is impracticala

In order to solve the problem the differential equations

can be approximated by their finitemdifference form which
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reduces them to a s e t  o f  simultaneous algebraic equations.

With certain simplifying assumptions it i s  possible to solve

these equations by using standard matrix solution techniques,

as described in Chapter V .

The first step in solving the problem consists of dividing

the reservoir into a number o f  control volumes s o  that the

appropriate finite—difference equation, which governs the

temperature o f  each e l e m e n t ,  can b e  written. I n  order to

specify the most convenient geometry o f  the control volumes,’

it is necessary to consider the physical behavior of a strat—

ified reservoir.

I n  a deep reservoir the velocities in the horizontal

direction are small; however, over long periods o f  time they

are large enough to eliminate horizontal temperature gradients

which may arise as the result of large inflows, wind, or

other causes. For this reason it i s  assumed that the reservoir

will always be characterized by horizontal isotherms. This

assumption is in good agreement with field results for deep

reservoirs. However, this means that only long time averages

can be predicted with the model, since time i s  needed to

smooth out horizontal gradients which may exist locally.

Since the reservoir i s  assumed to have horizontal isotherms

it i s  convenient to sectionalize i t  into horizontal, iso—

thermal elements o f  small, uniform thickness, extending over

the entire length and width of the reservoir. This physical

representation of the reservoir is shown in Figure 4 .  In

this figure the j—th element, which is at elevation 2 j  and

has thickness A2,, is shown removed from the remainder of

the reservoir. The notation used in both this report and the

computer program numbers the elements successively from the

bottom o f  the reservoir, s o  that j = 1 refers to the bottom
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E lemen t  J

FIG. 4.  CONCEPTUAL REPRESENTATION. OF
A RESERVGER.

(A f te r  Water Resourcgs Enqmeers, Reference 32 )
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element. Elevations to each element are given to the point

half—way between the upper and lower surfaces. Also, sub-

scripts referring to surfaces o f  the elements a r e  such that

the subscript j refers to the bottom o f  the jmth element

and j+l refers to the top o f  the same elemente

An element may receive water entering the reservoir or

lose water discharged from the reservoirs I t  i s  assumed that

each inflow enters the reservoir at a level corresponding to

its own density; hence, the amount o f  water entering each

element is determined by the density structure o f  the reservoirs.

It is also assumed that the density of water is a function only

o f  temperature and i s  not significantly influenced by d i s “

solved and suspended solider This assumption means that the

inflow w i l l  enter the reservoir a t  an element which h a s  the

same temperature a s  the inflows A l s o  i t  i s  assumed that

the inflow enters with no mixing and instantaneously spreads

out over the entire horizontal layer which i t  entersa When

an inflow enters an element, continuity requires that the

same amount o f  flow must pass upwards through each element

surface above the level where the inflow enters» The model

treats discharges from the reservoir by assuming that waterih

i s  withdrawn only from the elements which are at the level

o f  the outlet“ Similar to the case o f  an inflowy an outflow

requires that there be a vertical flow through a l l  surfaces

above the outlet@ A t  a glance it appears that the model

ignores momentum considerations, although in a very simple

fashion momentum i s  being accounted for v i a  the inflow»

layering schemes More sophisticated possibilities w i l l  b e

discussed in Chapter IXQ

The temperature o f  each element i s  determined by the

onemdimensional heat transport equation with appropriate
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heat sources and sinks. The heat sources are shortdwave

solar radiation, atmospheric radiation, and inflows. The

heat sinks are surface losses and outflows. Heat is dis-

tributed within the reservoir by advection, diffusion, and

absorption of solar radiation with depth. Atmospheric

radiation, back radiation (1. e., long—wave radiation to the

environment from the water surface), evaporation, and con-

vection affect only the surface layer o f  the reservoir.

Mass Balance for the Control Volume

One o f  the two equations which govern the thermal

behavior o f  each element in the reservoir is the equation

of conservation of mass for an incompressible fluid. Writing

this equation for the j—th element, shown in Figure 5,

results in

Q .  - Q + Q - Q + Q = O . . . . . . . (3.1)
1 .  o .  v .  v .  s

3 3 3 3+1

where

3
Q i  = horizontal inflow rate into the j-th element, ft /hr

3' \ _

Qo = horizontal outflow rate from the j—th element, ft3/hr

j

QV = vertical flow rate at elevation j, ft3/hr
j

QV = vertical flow rate at elevation j + l, ft3/hr
j+l

Q S  = rate o f  s t o r a g e  o f  water in the j-th element, ft3/hr

The storage term i s  zero for all elements except the surface

element, whose volume changes with changes in the water

surface elevation.’ In Figure 5 the vertical flows are shown
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flowing upwards, or in the positive direction. I f  one or

both o f  these flows i s  in the downward direction, Equation 3 . 1

still applies by simply substituting a negative flow rate

into the equation. The magnitude and direction o f  the flow

rate at each surface are calculated by noting that the flow

rate at each elevation is the sum of all inflows minus all

outflows below that elevationa This is stated mathematically

as

j—1 r
Qv = E: (Qi. ” Q0 )6 y a . . . . . . . (3.2)

k=l 3 k

The vertical flow rate at the surface is modified to include

evaporation and precipitation.

Energy B a l a n c e  for the Control Volume

The second equation which governs the temperature o f

each element in the reservoir i s  the equation o f  conservation

o f  energy which accounts for energy advected by horizontal

and vertical flows, energy diffused at the upper and lower

boundaries o f  the element, and shortswave radiation absorbed

within the element. In this development the bottom of the

reservoir is assumed to be insulated. For the surface element

hear transfer by atmospheric radiation, back radiation,

evaporation, and convection must also be included. These

terms are described in detail in Chapter T V ,  For the control

volume shown in Figure 6 the energy equation is

_%%l = hs + h i  _ ho w (hv — hv > - (ha — hd ). .(3.3)
j j j 3+1 j 3+3- 3
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where

hd

Assuming

Equation

o f  water

a r e a s  a s

d H .
__1

dt

3 0

= time rate o f  change o f  stored heat energy in
j—th element, Btu/hr

= heat absorbed in the j-th element from short-wave
solar radiation, Btu/hr

= heat advected into the j—th element by a
' horizontal inflow, Btu/hr

= heat advected from the j—th element by a
horizontal outflow, Btu/hr

= heat advected in the vertical direction, Btu/hr

heat diffused in the vertical direction, Btu/hr

that each element is completely mixed, the terms of

3 . 3  can be expressed for the j-th element in terms

temperatures, fluid flows, and cross sectional

follows:

V d e .  a
= pc A. AZ. ——1 . . . . . . . . . . . . . . (3.4a)

= A j  Azj h a  . . . . . . . . . . . . . . (3.4b)

= pC Q i  6 i  . . . . . . . . . . . . . . (3.4a)

j J

= p C  Q O  9]: o o o o o I n a a c I o a - ( 3 c 4 ‘ d )

j



where

3 1

= pc Q 9 .  - pC Q 9._ . . . . . . . (3.4e)
vj+l j v j  j l

- - ca D 2( j+l — 63)p j+1 3 + 1
(Azj+l + AZ. )

2 e .  - e .  )
( J 3—1 . . . . . . . . . . . . . .(3.4f)

3
Density of  water, lb/ft

heat capacity of  water, Btu/lb - o F

area o f  upper surface o f  the j—th element, ft2

area o f  lower surface o f  the j—th element, ft2

average area o f  Bpper and lower surfaces o f  the
j—th element, ft

diffusion coeffigient a t  the upper surface o f  the
j-th element, ft /hr

diffusion coefficien at the lower surface o f
the j—th element, ft hr

absorption o f  solar heat energ per unit volume
in the j—th element, Btu/hr ft ft (for the
surface element this term will include a l l
other heat fluxes which pass through the air—
water interface)

temperature of the j—th element, 0 F

temperature of the inflow into the j—th element,
0 F
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Substituting Equations 3.4a through 3.4f into Equation 3.3

results i n :

dej hé l /
= + — — —Aj—-— Aj-- ——<Qi. 91. Qo.ej> \Qv.+1ej Qv.ej—l>

dt pc AZ. 3 j 3 AZ_ 3 J
3 J

1‘ 2 e. - e . )  2 (9 .  — e. )
+ {a D ( 3+1 3 _ a D 3 3—1 }

j+l j+l—-"—-—-‘—-— j j “"“~’“"" . .(3.5)
+Azj (Azj+l+AZ ) (AZ.  Az ._ l )

For Az constant this equation becomes

de h !  l l

A] j = A ]  J + ( Q  6 1  _ Q0 e j > -  ( v 9 3 —  Q v  9 ]  l)l . .—

dt pC A Z  3 j 3 A Z  3+1 3

l G -6. 6 —e
3+1 3 J 3-1 }+ .-

'——-{aj+l+l a n  . . . . . . (3.6)
A Z  A z  A z

Since the thickness o f  all control volumes in the reservoir

is taken to be the same, Equation 3.6 applies to a l l  elements

except the surface element where A Z  is not constant, because

the amount o f  water in this element w i l l  change with changes

in the lake level. For the surface element Equation 3 . 5

must be u s e d .
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I n  the energy balance equations i t  was assumed that

the vertical flows were upward or in the positive direction.

It is important to note that a downward flow will not only

change the sign o f  the advective heat transport term but

will also change the temperature used in calculating the

term, because a change in direction o f  the vertical flow

means the water is flowing from a d i f f e r e n t  element; h e n c e ,

it i s  a t  a different temperature.

Diffusion o f  Thermal Energy

The dominant mechanisms o f  h e a t ,  mass, and momemtum

transport which control the natural annual thermal cycle o f

a reservoir and the effects o f  heated discharges are

turbulent, and hence, difficult to analyzew The diffusivity

c a n  be considered to consist o f  several additive components:

molecular, free convection, and forced convection. Only

the molecular thermal conductivity i s  easily determined.

I t  is always present, but i s  usually very small relative

to the other components. The other two components may or

may not be present simultaneously, and when they a r e  present m

their values can vary considerably with changing environmental

conditions and temperature and velocity gradients in the

reservoir. Since no theory exists for adequately describing

the various components o f  the diffusivity, field data are

used in this study to determine its value.

As Sundaram, £39 a; (22, pp. 99—128) point out, the

mechanisms o f  generation o f  turbulence in the epilimnion

and the hypolimnion are quite different. The diffusivity

in the epilimnion is determined mainly by surfacewinduced

effects, one o f  which i s  wind shear. The transfer o f

momentum and energy from the wind to the water takes place
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by the direct generation o f  currents and by the breaking

o f  wind induced waves. Currents affect the diffusivity in

the entire epilimnion, while the effects o f  waves a r e  limited

to the top few meters o f  the lake. This has been confirmed

by Lee and Masch (l4) and Gebhard and Masch ( 9 ) .  The

other major driving force for the creation o f  turbulence

in the epilimnion is convective mixing. This phenomenon is

much more important during the fall when the reservoir

begins to cool than during the summer, since a s  the lake

cools the wind generated turbulence is augmented rather

than suppressed by the buoyancy gradient. This fact also

means that the r ate o f  descent o f  the thermocline w i l l  be

greater during the cooling period than during the warming

period.

Turbulence in a reservoir is controlled by inertia

forces and the buoyancy forces produced by thermal gradients,

the latter tending to suppress turbulence when a stable

gradient exists. Near the surface the inertia force due to

the wind predominates and the diffusivity is large. At a

certain depth the buoyancy forces a r e  sufficient to damp

out the inertia forces so that turbulence i s  reduced to a

fraction o f  the surface value. This depth, which i s  the

boundary o f  the region o f  surface induced turbulence and

currents, i s  the thermocline. The effect o f  these two

phenomena, inertia forces and buoyancy forces, can be seen

by examining the gradient form o f  the Richardson number

which is defined a s
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where

R i  2 Richardson number

. e L ,r . . . o _' l
a = coeffiCient o r  volumetric expansion o f  water, F
v

1 . . f 2
g = a c c e l e r a t i o n  due t o  g r a V i t y ,  rt/sec

e = temperature, O F

u = horizontal component of velocity, ft/sec

z = v e r t i c a l  c o o r d i n a t e  m e a s u r e d  downward from the

s u r f a c e ,  fte

I n  the expression for the Richardson number, the term

(Bu/BZ)2 represents the rate o f  production o f  turbulence

by Reynolds' stresses and the term ae/sz represents the

rate o f  production or suppression o f  turbulence by the

buoyancy field, The Richardson number i s  positive for

stable stratification, ieea, temperature decreasing with

depth,and negative for unstable stratification, with its

absolute value increasing with increasing stratification

(23, p ,  4 ) .  Since the value o f  the Richardson number for

stable stratification is inversely proportional to the

degree o f  turbulence, it should also b e  inversely proportional

to the diffusivity. A s  discussed above, the degree o f

turbulence i s  a maximum a t  the surface and decreases to

a minimum a t  the thermocline. A s  expected, the inverse o f

the Richardson number follows this same patterns For this

reason, in the literature the diffusivity i s  usually assumed

to be a maximum a t  the surface and a minimum a t  the thermocline,

with an exponential decrease with depth in the epilimnion

( 4  a n d  3 2 ) ,
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The strong stable gradient a t  the thermocline tends to

suppress the influence o f  surface effects in the hypolimnion;

hence, the turbulence is caused primarily by indirect

effects such as the degradation o f  internal waves of hypolimnic

currents caused by seiches ( 22 ,  p p .  109—112) .  Internal waves

a t  the thermocline may be caused by a n  irregular lake bottom,

local atmospheric disturbances, the cooling water intake for

a power plant, or discharges from the reservoir. Turbulence_

also i s  caused by seiches, which are internal standing I

waves. Since these currents are oscillatory in the horizontal

direction, they do not cause any significant net horizontal

transport but do result in vertical transport due to

turbulent mixing. Since both seiches and internal currents

a r e  intermittent phenomena, the turbulence produced by them

w i l l  also be intermittent. A s  expected, values o f  the

diffusivity in the hypolimnion have been found to decrease

as stratification progresses and stability increases (22, p.128).

Most authors have assumed that the eddy diffusivity in the

hypolimnion is constant with depth and equal t o  the epilimnic

value at the thermocline ( 4, 1 0 ,  and 32). I n  the hypolimnion

the stability is greatest at the thermocline and decreases ”

with depth, which would seem to indicate that the diffusivity

should increase with deptha

Accurate determination o f  the diffusivity is complicated

by uncertainties in field data. This may be seen by

examining the heat flux equation which, neglecting advection

and direct absorption o f  solar radiation, becomes

5 9
q = — 9 C D  o a o o o a a o a o o ( 3 . 8 )

8 2
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where

_ ' 2q = h e a t  flux, Btu/hrwft

_.. I - — 3p — denSity of water, lb/ft

c = heat capacity of water, Btu/lb—OF

D = coefficient o f  thermal diffusion, ftz/hr

§§_ = vertical temperature gradient, O F / f t ,

8 2

From this equation it should be poeeibie to solve for the

diffusivity, which is proportional to the h eat flux a t  a

plane divided by the temperature gradient a t  the plane;

However, since both o f  these quantities are very small in the

hypolimnion, it is difficult to calculate the diffusivity

in the hypolimnion with much precision, and the variation o f

diffusivity with depth in this region remains in doubt;

To account for the effects o f  the advection o f  thermal

energy and the absorption o f  solar radiation in the present

study, Equation 396 is used to solve for the diffusivity

instead o f  using Equation 3,8; however, the general procedure

is the same, The method described here follows that presented

by Water Resources Engineers (32, p p ,  25m33)o

An expression for the diffusivity a s  a function o f  depth

and time is found by solving Equation 306 for D using field

measurements“ If Equation 3,6 is taken in the limit as

z—-O, subscript j+l will merge to j and
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a .  +8
A 2 3+1 3 %> a

3 J
2

d 9 .  5 6

__3_.>__
dt dt

1 < >- 9 - G"- (Q1 9 1  Q 0  e j > _ >  a Q13 13 Q 0 3  3
Az 3 j 3 6 2

l 3 9

—- ( Q  9 _ Q v  63—1)  _> Q v

AZ g fl - j  j 32

l e. —e. e. -e._ a as.
— (a. D. 3+1 3 - a .D .3  3 1 ) »  ( aD .  3 )

3 + 1  3 + 1  3 J 3 3
AZ Az AZ 3 2  az

Making these substitutions and rearranging, Equation 3.6

becomes

a a e j  a e j  h j  a ‘ a e j

_ _ _ _ ( a i  > =  aj”“ — a j “  — —_ ( Q i . e i . _ Q o . e j )  + Qv.~—_

3 2  8 2  at p c  8 2  j j j 3 a 2

. . . .(3.9)

Integrating Equation 3 .9 with respect to z from z = O to
z = z , ,  where z = 0 corresponds to the bottom o f  the

J
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r e s e r v o i r ,  r e s u l t s  i n

a e j  Z n  "23 8 6 3  h i
a j  

j——- 0 = J0 aj<—~—-" —~>dz
az at p c

3 z.3
— 2 ( Q 1  e i  _ Q o  e j >  + i 8 ]j=l 3 j j 3 o . s . . . . . ( 3 . 1 0 )

The second term on the right hand side o f  Equation 3 .10

appears a s  a summation instead o f  an integral because the

inflows and outflows ar e defined only a t  discrete points.

Assuming that there i s  neither advection or diffusion a t

the bottom o f  the reservoir, the lower limits o f  the term

o n  the left and the last term on the right are zero.

Making this substitution and solving for D j  results in

z .  ,89. h !  3

E j aj<*~1 ‘ ~3>dz ” Z, <91 ei “Qo 9j> + Qv ej0 at 9C ._ j j j 33 - 1

D .  =
3 39.

a .  j

3 32 , . ( 3 . 1 1 )

Writing Equation 3311 in finite difference form gives

3 A9. hi 3
3‘ aj<——3-‘ ~3> AZj _ 7 <91 91 "90 9j> + Qv 6 j= At DC : j ’j j j_ 3 l ~lD . —

3 19.3
j AZ . . (3.12)
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Equation 3.12 can be solved for D4 if there exist two

successive temperature profiles, hydrologic inputs, and

external energy sources between the times o f  the two profiles.

I n  evaluating Equation 3.l2 for D j ,  all terms are taken a s

mean values over the time interval considered»

Water Resources Engineers (32, p p .  28—30) present

calculated values for the effective diffusion coefficient

for four stratified reservoirs m a Fontana Reservoir in

North Carolina, Hungry Horse in Montana, and Castle Lake

and Lake Tahoe in Californiao Although the values and

variation o f  the coefficient with depth a r e  unique for each

r e s e r v o i r  s t u d i e d ,  c e r t a i n  s i m i l a r  c h a r a c t e r i s t i c s  a r e  noted

in each. I n  all cases the coefficient was greatest near

the surface and declined rapidly to a minimum near the

thermoclineu From the thermocline the coefficient increased

with depth to about the midmdepth o f  the hypolimnion, then

decreased to a value close to that a t  the thermocline.

Based on these observations, Water Resources Engineers

assumed that the effective diffusion coefficient can b e

represented by a decaying exponential in the epilimnion

and a constant, equal to the value a t  the thermocline,

i n  the hypolimnion. This is expressed a s

“ 2 )( Z d

N ND(z,t) = Do(t)e"y for z
. . a . .(3.l3)

and

D(z,t) = D ( z  ,t) for z s z
. . . . .(3913)
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where

D(z,t) = coefficient of effective diffusion, ftz/hr

Do(t) = value o f  th coefficient at the reservoir

surface, ft /hr

zd = elevation o f  the surface, ft

zt = elevation of  the thermocline, ft

2 = vertical coordinate, ft

y = decay coefficient, ft_l.

The decay coefficient i s  determined by the values o f  the

diffusivity at the surface and at the thermocline. The

diffusivity is determined by solving for it a s  a function

of depth in Equation 3.12. An equation of  the form of

Equation 3.13, which is the assumed form, is then fitted to

the calculated values. Water Resources Engineers found

fairly large variations between the assumed shape in the

hypolimnion and the values of the coefficient calculated

using Equation 3.12. This discrepancy was probably primarily

caused by inaccuracies in the temperature gradient data in

this region o f  the lake. Thus, the specification o f  an

assumed shape of the diffusion coefficient profile helps to a

smooth out errors caused by inaccuracies in measurements.

Convective Mixing

During the fall and winter the surface layer of a

reservoir cools more rapidly than lower layers. This cool—

ing process causes the surface water to become denser than

the water below it, and hence it sinks and mixes with the

warmer subsurface water. When the model generates this

type o f  unstable temperature distribution, it simulates

convective mixing in order to eliminate the instability.
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The mixing is accomplished by checking the temperature

distribution and whenever a n  unstable gradient o f  more

than 0 . 1  O F  per foot is found all layers from the top o f

the reservoir to the point o f  instability are  mixed. The

new temperature o f  the mixed layer is found by taking the

volume—weighted average temperature o f  the mixed elements

in order to maintain the energy balanceo I f  an instability

still exists between the mixed layers and the element

below, the element below is mixed” This process is repeated‘

until a stable temperature gradient exists in the entire

reservoir. An unstable gradient o f  O l F  per foot i s  allowed

to avoid mixing slight instabilities which result from

inaccuracies in the numerical calculations.

I n  actuality, the convective mixing process takes place

not only during the fall and winter but also a t  night

during the warming period when the surface cools. I n  the

computer model this nightly mixing is not taken into account

directly because a time interval o f  one day is used in the

simulation. This results in a n  averaging o f  the diurnal

heating and cooling o f  the reservoir s o  that there is no

convective cooling a t  night during the heating period;

however, the mixing process is accounted for indirectly in

computing the value o f  the turbulent diffusivity for heat.



Chapter IV

Energy Budget

The main factor accounting for the temperature

distribution of a deep reservoir is the exchange of heat

energy between the reservoir and the atmosphere. The mech-

anisms o f  heat exchange which represent energy gains and

are independent o f  surface temperature are short—wave solar

radiation and long—wave atmospheric radiation. Mechanisms

o f  heat transfer which depend on the surface temperature

are long—wave back radiation, evaporation, and convection.

These are heat losses except for convection which can be

a gain or a loss depending on the air and water surface

temperatures. The algebraic sum of these terms, which is

equal to the net rate o f  surface heat exchange and i s

referred t o  a s  the energy budget, is expressed mathematically

a s

= + - — + . . u . . . . . 4.h n e t  h s  h a  hb h e  h c  ( l )

where

hnet = net heat Elux passing the air—water interface,
Btu/hr—ft

. . 2
hS = net short—wave radiative flux, Btu/hruft

ha = net atmospheric radiative flux, Btu/hr-ft2

. . 2
hb = back radiative flux, Btu/hr—ft

h . 2
e = evaporative energy flux, Btu/hr-ft

he e convective energy flux, Btu/hr—ft2

4 3
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The magnitudes o f  some o f  the components o f  the energy

budget depend upon the reservoir surface temperature, which

in turn depends upon the rate a t  which thermal energy i s

transported downward from the surface; therefore, i t  i s

not possible t o  Calculate the energy budget from meteo—

rological data independently o f  the internal energy transfer

in the reservoir. The terms o f  the energy budget for

Lake LBJ, a s  calculated in the simulation o f  the thermal

behavior of the reservoir, are plotted in Figure 10 of

Chapter V I .

Short-Wave Solar Radiation

Short-wave solar radiation i s  radiant energy which

passes directly from the sun t o  the earth a nd  has a wave—

length between O.l4 and 4 . 0  microns with a maximum intensity

a t  0.5 microns (6, p p .  l9~20). The short-wave radiation

incident upon the surface o f  the water i s  the radiation

reaching the top of the atmosphere less losses in the

atmosphere. These losses include absorption by ozone in

the upper atmosphere, S c a t t e r i n g  by dry air, and absorption

and scattering by particles and water vapor. The radiation ‘

reaching the water surface, which i s  a function of the

latitude and elevation of the site, time of day, season,

and cloud cover, can be calculated a s  described by Water

Resources Engineers (32,pp, 37m43) or Raphael (21, p p .  l60~166).

This calculation is rather complex and requires the use

o f  several quantities which a r e  not usually available for

the site under consideration, For these reasons it i s  best

to use measurements o f  solar radiation recorded by a

pyrheliometer, i f  available, a s  was done in this study.
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The solar radiation which reaches the water surface

is further reduced by reflection at the water surface and

from bubbles and suspended material just below the surface.

The percentage of reflection i s  mainly a function o f  the

sun's altitude angle and the amount and type o f  cloud cover.

Two slightly different methods for calculating this quantity

are reported in the literature (32, p .  4 3 ;  2 ,  pp. 46—48).

Since the reflected short—wave radiation depends on the

sun's altitude angle, it will vary during the day. In the

present study a daily average value for solar radiation

arriving a t  the water surface was used; therefore, t o  b e

consistent, an average value o f  reflected radiation was

a l s o  used. A yearly average value o f  6% reflection o f

incident short—wave radiation, as reported by Parker and

Krenkel (19, p .  VIm7), was used instead o f  using a formula

for calculating an instantaneous value of reflection.

Long—Wave or Atmospheric Radiation

Atmospheric radiation is radiant energy which is absorbed

in gases in the atmosphere, mainly water vapor, and then

radiated to the earth. I t  has a range o f  wavelengths from -

4 to 1 2 0  microns with a peak intensity a t  about 10 microns

(6, p .  22). I t s  magnitude depends on the a i r  temperature

and humidity, and ozone, carbon dioxide, and other matter

in the atmosphere. This quantity can be measured with a

flat plate radiometer; however, these measurements are

seldom available. The atmospheric radiation can a l s o  be

calculated as described by Water Resources Engineers

(32, p.44) and Edinger and Geyer (6, pp. 22—23, 26). The

method described in (32), which uses the following formula,
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was u s e d :

—6 6
ha — 2.89 X 10 0 9a CL (1 — R) . o . . .(4.2)

where

. 1. . 2
ha = atmospheric radiative flux, Btu/hr—ft

c = Stefan-Boitzmang constant ~ 0.1713 x 10-8
Btu/hr—ft ~ 0 R

ea = Absolute air temperature a t  a level o f  2 meters
about the water surface, 0 R

CL = Correction factorzfor cloudiness given by
C = 1.0 + 0.17 C
L

C = Fraction of sky occupied by clouds

R = Reflectivity o f  water surface for atmospheric
r a d i a t i o n  = 0 . 0 3

Back Radiation

One o f  the mechanisms by which a reservoir loses thermal

energy is by radiation to the atmosphere, called longnwave

back radiation. The r a t e  o f  this heat loss i s  calculated

by Stefan—Boltzmann fourth power radiation law, which i s

presented by Water Resources Engineers (32, pc 44) a s

where

h = back radiative flux, Btu/hr-ft2

emissivity of  water Z 0.97a
) I!
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n = S t e f a n ~ B o £ t z m a n £  C o n s t a n t  = 0 . 1 7 1 3  x 10w8
Btu/hr— ft -

SW = Absolute water surface temperature, ° R

Evaporation

Another important mechanism by which a reservoir loses

thermal energy to the environment i s  through evaporation.

Each pound o f  water which evaporates carries with it its

latent heat o f  about 9 7 0  Btu. There are many different

methods o f  calculating the evaporative heat l o s s ,  most o f

which u s e  the general relation

= f — . . . . . . . . . . .4he (w) (es ea) (4 )

where

. 2
he = evaporative heat flux, Btu/hr-ft

w = wind speed, miles/hour

f(w)= function o f  wind speed

e = saturation vapor p r e s s u r e  a t  the water s u r f a c e

S temperature, in. Hg.

e a  = water vapor pressure, in. H g .

The wind speed function (mass transfer coefficient) h a s  been

determined empirically by a number o f  investigators, and

its value varies considerably depending on the time period

over which data was averaged, the standard reference height

for the wind speed and vapor pressure, and the local topog~

raphy o f  the site studied (6, p .  36).
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In this study the m a s s  transfer coefficient determined

in the noted Lake Hefner studies i s  used. This results in

h. "‘ 1 2 . 1 W  ( e  e )  o c o o o 0 ' 0 ( 1 ’ 5 )

The vapor pressures a r e  calculated by the following formulas

(27, p.13):

eS = 0.1001 exp(0.03ew) — 0.087

0 b — 3 2

ea = ewb — 0.000367 Pa (ea — ewb) (1 + W )
1571

ewb= 0.1001 exp(0.039wb) — 0.0837. . . . . . . .(4.6)

where

9 w  = water surface temperature, O F

ewb= wet bulb air temperature, O F

ea = dry bulb air temperature, O F

ewb: saturation vapor p r e s s u r e  a t  the Wet bulb a i r

{temperature, i n .  H g .

P a  = atmospheric pressure, in. H g .

The r a t e  o f  water loss by evaporation is calculated from

heA
Q = . . . . . . . . . . .(4.7)

where

Qe = rate of evaporation, ft3/hr



49

As = area o f  the surface o f  the reservoir, ft2

. 3p = den51ty of  water, lb/ft

h1 = latent heat of vaporization o f  water, Btu/lb
given hy h 1  = 1084  — 0.59W (27, p .  13)

Convection

The reservoir c a n either g a i n  or lose heat by convection

depending On whether the air temperature i s  greater or less 0

than the water surface temperature. The calculation o f  the

convective h e a t  flux i s  similar to the evaporative flux,

since the heat transfer coefficient for convection i s  assumed

to be proportional to the coefficient for evaporation. Thus,

the convective heat flux i s  given (6, p p .  37—38) a s

0 .0102  h (e - 9 ) P
e a w a

(es - ea) 29.92 . . . . . . .(4.8)

h =
C

where

hC = convective heat flux, Btu/hr~ft2

Internal Absorption o f  Thermal Energy

In order to calculate the temperature o f  a reservoir i t

i s  necessary to link the external thermal energy flux with

its absorption within the reservoir. Atmospheric radiation,

back radiation, evaporation, and convection are h e a t  gains

and losses which affect only the surface element o f  water in

the reservoir. Short—wave solar radiation i s  assumed to b e

absorbed exponentially with depth, according to the extinction

properties o f  visible light in water.



50

The rate o f  gain or loss o f  h eat energy per unit volume

i n  the surface element is expressed a s

h + — - +
= B 5 h a  hb h e  h ch l

n
A Z n  .1....(4.9)

where

h '  = heat flux per unit volume to or from the surface

n element, Btu/hrnht —ft

B = fraction o f  short—wave radiation absorbed in

the surface element

A z = thickness o f  surface element, ft.
n

The remaining solar radiation, ( 1  — B )  h s '  i s  absorbed

exponentially with depth in the reservoir. This flux below

the surface element is expressed as

1 (Z) = (l-e)hS e -n(zn " Z) . . . . . . (4.10)

where

@(Z) = solar radiative flux at elevation z, Btu/hr ft?

n = light extinction coefficient in water, ft—1

2 = elevation of  bottom of surface element
11

The solar radiative flux, Q (Z), i s  a continuous function

o f  z and the difference between its value at the top and

bottom o f  an element gives the amount o f  thermal energy

absorbed in the element. This i s  expressed a s

AQ. = 1. a. — 1. a. . . . . . . ( 4 . 1 1 )
3 3+1 3+1 3 J
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where

Aé. = solar radiation absorbed in the j—th element,
Btu/hr

§ ' + l  = solar radiative flgx a t  the top o f  the j—th
3 element, Btu/hr—ft

Q. = solar radiative f l  x a t  the bottom o f  the j—th
3 element, Btu/hr~ft

aj+l = area o f  top surface o f  j—th element, ft

a j  = area o f  bottom surface o f  j—th element, ft

Note that Equation 4 . 1 1  implies that all radiation striking

the walls o f  the reservoir i s  absorbed in the water a t

that elevation. The Tennessee Valley Authority (24, pp. 3—4)

h a s  found that for rock and sand walls about 2 0  percent o f

the radiation striking the walls i s  reflected upwards, side—

ways, and downward. The r e s t  o f  the radiation i s  absorbed

by the walls which then warm the adjacent water, s o  that

the simplifying assumption o f  absorption within the water

directly seems reasonable. Since the wall—to—water surface _

area ratio i s  usually quite small for elements near the

lake surface, where the solar radiation term is most

significant, even large departures from this assumption should

have a negligible effect on the element temperature.

The absorption o f  solar radiation per unit volume for

the j—th element i s  found by dividing Equation 4 . 1 1  by the

volume o f  the e l e m e n t ,  o f

h' = 'j+1 a j + 1  j j . . . . . . ( 4 . 1 2 )
A .  A Z3



52
where

A .  = average o f  the upper and lower horizontal surface
3 a r e a s  o f  the j — t h  e l e m e n t ,  f t 2

A Z  = thickness o f  each element in r e s e r v o i r ,  f t .

Note that in this equation the subsctipt j need not be

included in the A Z  term, since this quantity i s  fixed for

all elements except the surface element, and the equation i s

not applied t o  the surface element»



Chapter V

Solution Technique

In the two previous chapters the governing equations

for the temperature distribution in a stratified reservoir

have been developedd I n  this chapter the method used to

solve these equations by means o f  a digital computer i s

presented. A listing o f  the program i s  given in Appendix A

and instructions for its use are given in Appendix C .

The three basic governing equations are:

Conservation o f  energy:

d9. hi 1 < l. 3 = . 3 + — , _ _
A ]  A ]  Q 1 .  9 1 .  Q 0 .  6 3 >  Q v .  9 ]  Q v .  3—1)

dt p c  A Z  3 j 3 A Z  3 + 1  3

1
_. ‘ e .  " 9 .  9 . -9 .

+ AZ {aj+l Dj+l ~1§§-m1- aj D j  «lm~J—l}

Conservation o f  m a s s :

Absorption o f  solar energy:

h3 = §j+l aj+1 ” Q1 éj
A j  A z  . . . u . . . . .(4.12)

For the special case o f  the surface element the equations o f

conservation o f  energy and absorption o f  energy are:

53
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Conservation o f  energy:

9 hi 1 lA 1=A.3+ < Q . e . - Q 6 > -  Q e.—Qe_)
j d t  J p c  Az. 1 j  l j  0 ]  3 AZ v j + l  j v j  j l

+ l {a. D. 2(6.+1 — 9.) _ a. D. 2(e.«e._1) }. .(3.5)

A2 ‘ 3+1 3+1 (A2 + AZ ) j 3 (AZ + AZ )' j+l j ' '—1

Absorption o f  energy:

h '  = a h  + 1 1  - h  - h  + 1 1  . . . . . . . ( 4 . 9 )
n s a b e c

A z
n

These general expressions represent three equations for the

f i v e  unknowns, 9 . ,  Q .  , Q I ,  Q , and h f .  The two unknowns,
j 1 '  o V j  3

Q._ and Q _, are determined by the assumed inflow and outflow
1 3  . . 0 3  . .

conditions, a s  explained in Chapter III.

The solution to the equations presented h e r e  follows

that given by Water Resources Engineers (32, p p .  5 7 ,  59—63).

When equation 3.6, or equation 3.5 for the surface element,

i s  written for each element in the r e s e r v o i r ,  the r e s u l t

i s  a s e t  o f  n simultaneous algebraic equations, where n

is the number o f  elements, which c a n  b e  written conveniently

in m a t r i x  notation a s

[A ] {é }  = [A] {P} + {Q} + [K] {e} . . .(5.1)

Time Horizontal Vertical Diffusion
r a t e  o f  advection advection
temper- and radiation
ature absorption
change



where

[A]

{6}

{P}

{Q}

H a diagonal matrix o f  average horizontal surface

areas o f  each element given by A j j  = A j

a vector (column matrix) expressing the time rate

o f  temperature change o f  each element given by

0 d 9 .
S D  = 1

3 (it

a vector giving the thermal load to each element

by horizontal advection and abeorption o f  Solar

radiationa (For the surface element the term

h '  w i l l  a l s o  include all other heat fluxes which

p a s s  the airmwater i n t e r f a c e , )  The j m t h  element

o f  the matrix i5 given by

hi 1pi = a (Q .
c A. A Z. ‘ ' m ”  “9 j j 3 J J

a vector giving the thermal load to each element

due to advection in the vertical directione

Assuming positive flows, the jmth element o f

the matrix is given by

l
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[K] = a tridiagonal matrix of thermal diffusion

parameters. The terms o f  the juth row are

given by

K = a. D.
J'j-l ‘1"~%

A Z .J

K., = aj+1 1+1 a3 DjJ J 2
AZ.
3

Kj'j+l ~ a 3 + 1  D j + l ,
2

A Z

Equation 5 . 1  can be simplified to

[A] { 6 }  = {P ' }  + [K] { e }  . . . . . . . . . a . . (5.2)

where

{P ' }  = [A] {P} + {Q} . . . . . . . a . . . . (5.3)

In Equation 5.2 e and Q are unknowns and all other

quantities are knowne In order to solve this matrix equation

an expression for e in terms o f  é will be substituted for

9- The equation is then solved for é and this value can

be used to determine 9 by using the relation between 9

and 6 ,  which is obtained by writing a Taylor series expansion

for e. Retaining only the first two terms, this results in

I
I

CD H + m P w

'
G pe. (t + At)3
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where time “t” i s  the beginning o f  the time interval and

time "t + At“ is the end Of the time interval of length

At. Evaluating the time derivative o f  temperature at the

average o f  its value a t  the beginning and the enfi o f  the

time interval, Equation 504 becomes

a:

{t} + ej (t + At)9 .
Bj {t + At) = 8j(t) + ? At a a a (535)

2

Defining

a.(t) = en (t) + 5.(t) éEV a a o (596)
3 3 j a

and substituting ihte Equatien 595 results in

Q A t
6: (t + At) 2 a, (t) + e” (t + At) mm, W s a (567)

J 3 J 2

Since this equatien applies to a l l  elements in the reservoir,

i t  c a n  b e  w r i t t e n  in matrix form t 0  d e s c r i b e  the e n t i r e  r e s e r v o i r .

This r e s u l t s  in

{e (t + m }  = {cg (m +%£ {é a: + A m  a a a (5.8)
‘4

By substituting Equation 5 9 8  into Equation 5023 the governing

equation becames

At [K(t + at)] {é (t + At)}EA] {5 (t + At)} w E”

: {P“(t + mm} + {:K(t + At3] { m m }  a a a (599)
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Letting

[S(t + At)] = [A] — $1:- [K(t + 1112)] . . . (5.10)

And

{F(t + At)} = {P'(t + At)} + [K(t + At)] fa(t)} . (5.11)

equation 5 . 9  reduces to

[S(t + At)] {é (t + At)} = {F(t + At)} . . . (5.12)

By using the above equations a recursive relationship is

established which will yield the temperature at each time

step. This procedure is summarized as follows:

1. Set the initial condition that { a (0 ) }  = { 6 (0 ) }
2. Apply the following recursion formulas in sequence

for each time step, At,

a. [S(t +At)] = [A] — gE-[K(t + At)]

.-b. [F(t + At)] = {P'(t + At)} + [K(t + At)] {a(tr3

c. Find {é(t + At)} from [S(t + At)] {é(t + At)}

l
l

{F(t + At)}

a. {ammo} {a<t>}+§i{é<t+1t>}

e. {a(t+At)} {9(t+At)} +§£€é (t+At>}
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The method of finding {é (t + At)} (part 2c) is given by

Ralston and Wilf ( 20 ,  p .  233) and is presented in Appendix F .

The step forward integration technique presented here

i s  not exact unless At—> 0. However, Water Resources Engineers

( 32 ,  p. 63) stated that "...even with At quite large, the

results obtained are within an accuracy of the assumptions

used in formulating the problemu" I n  this study a minimum

time interval of  one day is used.



Chapter VI

Application o f  the Temperature Model to Lake LBJ

I n  1968  a study o f  water quality in Lake LBJ was conducted

by Fruh and Davis (8). In this chapter the temperature data

obtained from this study a r e  compared with the predicted

results o f  the mathematical model developed in the preceeding

chapters. ~The importance o f  various components o f  the m o d e l i

in predicting the temperature profiles is also discussed.

Input Data for the Simulation o f  Lake LBJ

Four types o f  data are required for the simulation o f

Lake L B J :  geometry o f  the reservoir, meteorological data,

hydrologic data, and miscellaneous constants. Each o f

these data types and its source i s  described below.

1 .  Geometry o f  the Reservoir

a .  Elevation o f  the bottom o f  the reservoir

b .  Table o f  the volume o f  elements o f  one foot

thickness.

Both of these items were obtained from LCRA (l7) and are

given in Appendix D .  These data indicate that the maximum

depth o f  Lake LBJ is 6 5  feet; however, profiles taken in

the deep pool show that the maximum depth is 8 3  feet. To

extend the predictive results o f  the model to a greater

depth, eighteen elements with the same volume a s  the bottom

element from the LCRA data, which i s  1 0 2  acre feet, were

added to the bottom of the lake. This addition has little

effect on the total volume o f  the reservoir, but i t  does

allow the prediction o f  the lower temperatures near the bottom.

6 0
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2 .  Meteorological Data

a .  Drywbulb air temperature

b .  Wetmbulb air temperature

cs Wind velocity

d9 Barometric pressure

e .  Cloud cover

fa Precipitation

g .  Daily average o f  short—wave solar radiation

The solar radiation data was obtained from the Texas

Water Development Boardas records o f  their pyrheliometer

located a t  the Austin Municipal Airport ( 28 ) °  All other

meteorological data were obtained from U” S .  Weather Bureau

measurements t a k e n  a t  the A u s t i n  A i r p o r t  ( 29 )9  Although

this data was measured about forty miles from Lake L B J !

i s  is not expected to vary much over the distance. The

wind velocity, which varies with the local topography and

the height a t  which it is measured; i s  expected t o  be the

most uncertaina

3 .  Hydrologic Data

a .  Inflows

b» Outflows

c .  Water surface elevation

d0 Temperature o f  inflows

ea Initial temperature o f  the reservoir

Four inflows to Lake LBJ were used in the study: the

release from Lake Inks, the Llano River; Sandy Creek, and

precipitation falling directly o n  the lake‘s surface“ Daily

average outflows from Lake Inks were obtained from LCRA

records ( 16 ) “  The daily average flows o f  the Llano River

and Sandy Creek were obtained from Uw 8 .  Geological Survey

(USGS) records ( 30 ) ”  The USGS gauging station on the
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Llano River i s  located a t  Llano, which i s  approximately

twenty miles upstream from Lake LBJ; no other complete records

are available for the flow a t  any point along the river

closer to Lake LBJ. A 1965  USGS study ( 25 )  indicates that

for the few instances where measurements are available a t

different places along the river, the flow i s  fairly constant

between Llano and Lake LBJ, s o  measurements a t  the USGS

gauging ststion should b e  fairly representative o f  the flow

into Lake LBJ. The gauging station for Sandy Creek i s  aboutr

three m i l e s  upstream from L a k e  L B J ;  t h e r e f o r e ,  i t  should

give fairly accurate measurements o f  the inflow from that

SOurce. Precipitation which falls directly on the lake

(not including local runoff) is calculated o n  the basis o f

precipitation a t  the Austin Municipal Airporto The variation

in precipitation between Austin and Lake LBJ is not too great,

and this source i s  a very minor contribution t o  the total

inflow, s o  i t  i s  not expected to contribute significantly

t o  the inaccuracy o f  the total inflow measurements.

Each o f  the components o f  the inflows and outflows

for Lake LBJ for the year beginning in March, 1968  i s  shown

in Table 2 .  Monthly values are shown in Table 3 .  Since the‘

components o f  the inflow account for 97 .92% o f  the outflow

and the outflow is equal t o  the inflow for a constant level

lake, i t  appears a t  a first glance that each component o f

the inflow h a s  been accounted for with sufficient accuracy.

However, when the inflow i s  compared t o  the volume o f  the

reservoir, i t  c a n  be seen that the two percent discrepancy

between the inflow and outflow i s  equivalent to twenty

percent o f  the volume o f  the reservoirs Thus, if only the

inflows shown in Table 2 are used i n  the simulation o f

Lake LBJ, after one year the lake will b e  only eighty percent
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full. To overcome this problem the total inflow volume for

each time period of the simulation is calculated on the basis

o f  the measured discharge, evaporation loss, and the change

in the surface level, The total inflow i s  then used to

determine a makeup volume o f  inflow which must be added to

the other inflows in order to maintain the correct volume of

water in the reservoirs i t  is desirable to keep the inflows

separated instead o f  lumping them together because different

inflows are at different temperaturesp s o  they will enter

the reservoir at different levels”

As discussed in Chapter Elly the inflows are assumed

to enter the reservoir at the level whieh h a s  the same

density as the inflow. The outflow i s  assumed to be equally

divided between the top 3 0  elements, except for the flow

going over the spillway which is assumed to come from the

top element.

Little temperature data h a s  been found on the inflows

and outflows for Lake LBJ“ Discharge temperaturesfor Lake

Inks were measured five times during the period covered by

the simulation, and temperatures o f  the Llano River were

measured si x times ( 8, pw 170 )?  The temperatures o f  the r

Llano River, which were measured in water whioh varied between

1 2  and 1 5  feet, showed less than 1 ° C  temperature stratification

except for the April 6 meaaurement whioh showed a 4 u 3  0 0

temperature difference from top to bottom. To obtain an

approximate mixed mean temperature” the top and bottom

temperatures were averagede No temperatures were available

for Sandy Creek, s o  it was assumed to be at the same temperature

a s  the Llano Rivero The same assumption was also made for

the makeup flow.



Table 2

Inflows and Outflows for Lake LBJ for

March 1 ,  1968 to February 28, 1969

Outflows Acre Feet

‘ Penstock 1 , 2 1 8 , 2 5 1

Spillway 194,504

Evaporation 28,053

Total 1,440,808

Inflows Acre Feet % o f  Outflow

Lake Inks Release 809,898 56,21

Lake Inks Spillway 236,820 16,44

Llano River 297,570 20,65

Sandy Creek 48,684 3°38

Precipitation m~_;1,ggg _1n

Total 1,410,872 97.92

1,440,808
Ratio o f  Outflow to Reserv01r Volume = —_I§§TZEO =

64

10,4
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Table 3

Monthly Inflows and Outflows f o r  Lake LBJ

for March 1 ,  1968  to  February 28 ,  1969

(A l l  figures a re  in acre feet)

Lake LBJ Lake Inks Llano Sandy
Discharge Discharge River Creek

March 304 ,628  198 ,564  63 ,020  14 ,930

April 217 ,426  131 ,804  72 ,630  6 ,020 '

May 424 ,996  295 ,244  75 ,190  17 ,260

June 118 ,286  88 ,166  24 ,480  3 ,890

July 38 ,548  27 ,252  11 ,250  856

August 42 ,666  41 ,925  6 ,020  198

September 16 ,532  10 ,863  7 ,890  1 ,180

October 12 ,566  6 ,879  5 ,520  487

November 6 ,839  978  6 ,610  858

December 14 ,851  0 10 ,030  1 ,680

January 10 ,887  6 ,397  7 ,430  570

February 10 ,026  1 ,826  7 ,500  755

Total 1 ,218 ,251  809 ,898  297 ,570  48 ,684 ,
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Since daily values o f  the temperature were desirable

for use in the simulation, a least squares curve fit Was

used to determine an equation for the temperature a s  a

function o f  time. The equations used are:

= -0.l9481 x 1 0 2  + 0°57918 x d9
Llano

-— 2 — 3
-O.20482 X 1 0  2 X d + 0520109  X 1 0  5 x d . . .(6.1)

6 = -0.l7784 x 101 +-032239O x d
Inks

m 3  2
-0.46808 X 10 x d . . .(6.2)

where

nano = temperature of the Llano River inflow, ° C

eInks = temperature of the Lake Inks release, ° C

d = number o f  the day o f  the year

and 5 4  < d < 3 9 8 .

These two c u r v e s ,  together with the measured d a t a

points, are plotted in Figure 7 .  Ward ( 31 )  ha s suggested

that the annual variation o f  a stream's temperature follows

a sinusoidal curve; however, the parabolas give a better

fit o f  the data for the time period under consideration.

The temperature o f  the rainfall was taken a s  the wet—bulb

air temperature as suggested by Raphael (21, p.174).

The other temperature data which are needed include

a temperature profile in the reservoir at the beginning o f

the simulation and profiles at various times of the year
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for checking the predicted results. S i x  profiles were

available for this purpose during the period o f  February 2 4,

1968 to February 1 ,  1969, the period chosen for the simulation.

I n  addition to checking temperature profiles, predicted and

measured outflow temperatures c a n  b e  compared. However,

no outflow temperatures were recorded for the period considered.

4 .  Miscellaneous constants

a .  Density o f  water

’ b .  Specific heat of water

c .  Solar radiation extinction coefficient (n)

. d .  Fraction o f  shortmwave solar radiation absorbed

in the surface layer (B)

e. Coefficient of effective diffusion

Within the range o f  temperatures encountered in the

reservoir, the density and specific heat o f  water vary only

slightly and are considered to be constant at p = 62.4 lb/ft3

and c = 1.0 Btu/lb-OF. Note that this assumption does not

affect buoyancy effects, which include stratification and

convective cooling, since these effects are considered to

be a function o f  temperature directly instead o f  the density

which isra function of the temperature.

The percentage o f  short-wave solar radiation absorbed

in the surface layer is given by B and the remaining radiation

i s  assumed to b e  distributed vertically a s  an exponential

decay, with a decay constant fl . From their studies Dake and

Harleman ( 5 ,  p .  4 8 7 )  have concluded that B appears t o  b e

constant for a l l  l a k e s  and equal t o  0 . 4 ,  which i s  the v a l u e

used in this study. The decay coefficient n varies with

season, weather, and location. I t  increases a s  radiation

is absorbed faster with depth, which could be caused by

plankton growth during the summer or suspended particles
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during the flood season. Plots of solar radiation with

depth for Lake Buchanan (8, pp. 56—57) for two different

times are shown in Figure 8. These plots show curves of

Q/éo plotted against depth, where Q is the radiation at

a given depth and do is the radiation just below the surface.

Thus, @ o i s  the radiation remaining after the fraction 5 i s

absorbed a t  surface. I n  the present study the average

values a = 0.16 for the two curves is used. _

The method o f  determining the diffusivity is described

i n  the next section.

Determination o f  the Diffusivity

An attempt was made to determine the diffusivity by

the method presented in Chapter III; however, this method

did not prove to be successful for Lake L B J .  The method

determines the diffusivity at a depth under consideration on

the basis o f  the r a t e  o f  change o f  heat content below that

depth divided by the temperature gradient at the depth.

The heat transport due to advection and direct absorption

o f  solar radiation is subtracted in order to account only for

the heat transport caused by diffusion. Using this method“

diffusivities were calculated for the warming period o f

March and April and the w e l l  stratified period o f  May through

August. No attempt was made to calculate diffusivities during

the fall when convective mixing effects would further

complicate the calculation. The results for both periods

showed that the diffusivities varied considerably from one

depth to another and followed no consistent pattern. At

some depths negative v a l u e s  were c a l c u l a t e d ,  which meant

that advection and absorption o f  solar radiation accounted

for more heat transport than that calculated on the basis o f
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the change in temperature. This inaccuracy can probably

be attributed to the large volume o f  inflows and outflows

and the fact that the h e a t  content o f  the lake i s  calculated

on the basis of a single temperature profile. Thus, this

method o f  calculating the diffusivity, which involves the

calculation o f  a small difference o f  large numbers, i s  ex-

tremely sensitive to errors and cannot be applied to Lake L B J .

To avoid this problem the diffusivity was calculated

by simulating the operation o f  the reservoir with no inflows

or outflows. This procedure yielded coefficients which

were approximately constant from top to bottom and equal

to about 0.6 ftz/hr for March and April and 003 ftZ/hr for

May through August. These values were then used a s  a

starting point for a trial and error process o f  finding the

diffusivity which resulted in the best agreement between

predicted and observed temperature profiles.

R e s u l t s  o f  the Computer Simulation o f  the Annual Thermal

Cycle o f  Lake LBJ

Predicted and observed temperature profiles for Lake

LBJ are shown in Figure 9- The simulation to calculate -

these results used a calculation time step o f  one day and

an element thickness o f  one footo Daily averages o f  inflow,

outflow, and meteorological data were used. The following

values of the diffusivity gave the best agreement with

observed temperatures:

Time Period Diffusivity (ftZ/hr)

February —:April 0 .70

May - June Z 0.45

July — January 0.05
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These values are consistent with the conclusion o f  Sundaram

( 22 ,  p. 128)  that the diffusivity in the hypolimnion of  most

lakes which have been studied decreases by one or two orders

o f  magnitude during the stratification period due to the

stabilizing influence o f  the density gradient.

As discussed in Chapter I I ,  some investigators have

used a constant value o f  the diffusion coefficient from the

s u r f a c e  to the bottom, whereas others have found i t  n e c e s s a r y

to u s e  a much larger value a t  the surface“ Although this

study used a value that was constant with depth” i t  varied

seasonally from one to two orders o f  magnitude larger than

the molecular diffusivity (0.0055 ftz/hr)w

These diffusivities were taken to b e  constant from the

surface to the bottom o f  the lake. The results o f  computer

runs using different values o f  the diffusivity showed that

the distribution o f  thermal energy in Lake LBJ i s  very

sensitive to the value of the diffusivity in the hypclimnion;

however, the temperature profiles in the epilimnion show

little dependence on the value o f  the diffusivity; This

result can be attributed to the fact that the thermocline

i s  a t  a fairly shallow depth and the top ten or twenty feet

(which includes much of the epilimnion) remains fully mixed

during the stratified season: Since the epilimnion remains

well mixed, there is no temperature gradient and therefore

no diffusion near the surfaces Thus, the predicted temperature

is essentially unaffected by the choice of the diffusivity

near the surface.

The reason that the epilimnion remains well mixed a t

all times can be seen by examining a plot of the terms which

make up the net surface heat exchange, shown in Figure 10.

Although the net heat flux passing the airmwater interface
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is positive during the warming period, the heat transfer to

the surface layer i s  not necessarily positive. Only 40%

o f  the short—wave solar energy i s  absorbed in the surface

layer. If the 60% which is absorbed below the surface is

subtracted from the net heat flux, it ca n be seen that the

heat exchange with the surface layer is always negative;

hence, the surface i s  always cooling, producing an unstable

density gradient. The resulting convective mixing keeps

the upper layers of the lake mixeda

An examination o f  the observed temperature profiles

shows that during the warming period there i s  a small positive

temperature gradient a t  the surface: hence, the computer

model seems to be incorrectly predicting the lake's behavior

when it is mixing the surface layers due to the cooling at

the surface during the heating period. This discrepancy seems

to be caused by inaccuracies in the calculation o f  the surface

heat flux and inconsistencies in the time o f  day a t  which

the observed profiles were measured, a s  discussed below“

C l a y  and Fruh ( 4 ,  p .  4 2 )  calculated a net heat exchange on

the basis o f  changes in the observed temperature profiles

and concluded that the net h e a t  exchange i s  maximum in

mid-April and equal to about 1470 Btu/day-ftz. Although

this result includes the effects o f  advection in addition

to surface heat exchange, i t  does make the results in

Figure 1 0  appear questionable.

The net heat flux during the fall seems to represent

too great a h e a t  loss. This i s  probably caused by the

evaporative heat flux, which appears to be too large during

this period. According to Sundaram (22, pg l28), i t  h as

been found that the mass transfer coefficient used to

calculate the evaporation is not constant, but is actually
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a function o f  wind and wave conditions. I f  this effect were

taken into account, it should be possible to improve the

calculation o f  the evaporative heat f l u x .

The predicted results o f  the model follow the general

trend o f  events expected to occur within a deep reservoir.

The reservoir progresses from a state o f  neutral equilibrium,

through the warming period when the lake becomes stratified,

and to the cooling period when the lake cools a s  the result

o f  the convective mixing process. The cycle i s  completed

when the lake becomes fully mixed at the end o f  the year.

Although the general shape o f  the predicted profiles

is in good agreement with the observed profiles, some

discrepancies do exist. The first observed profile after

the beginning o f  the simulation on February 24 is on April 27.

For this day the results are very good. The next profile,

which was taken on June 1 9 ,  shows good agreement except near

the surface where the predicted temperature is 1.8 ° C  too

low. This discrepancy seems to be caused by the h e a t  flux

being too low during this time o f  year, as discussed above.

The predicted results for July 2 0  a r e  good except in

the region 25 to 35 feet below the surface» This error

could be caused by the assumption that the withdrawfl_comes

only from the top 3 0  feet and i s  uniformly distributed over

this elevation. I f  a method o f  selective withdravfllwere

used to determine the outflow velocity profile, some water

would be withdrawn from the layers below the top 3 0  feet.

Continuity would require warmer water from above to flow

down t o  replace the water withdrawn. This would tend to

warm the layers between 2 5  and 3 5  feet below the surface;

hence, the predicted results would be improved.
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The predicted profiles for both October 19 and February

1 ,  Show shapes which closely follow the observed temperatures;

however, the predicted temperature above the thermocline i s

too colde This difference may be mainly attributed to too

large a n  evaporative h e a t  flux, a s  discussed abovee

Another important method o f  checking the accuracy o f

the results is to compare the predicted and observed elevations

o f  the thermoclineg I n  all cases the results a r e  quite good.

When evaluating the predicted temperature profiles, itr

is important to realize that measured temperatures c a n  vary

considerably from one day to the next or during a single

daya Thusy care must b e  exercised when comparing predicted

and observed results“ For example, consider the profile for

June 1 9 .  The predicted temperature represents a daily average

temperature calculated for a particular days Measurements

taken during the afternoon would show temperatures near the

surface which were higher than the daily average; hence;

this is a possible cause for the apparent low value o f  the

temperature near the surface predicted on that dayo This

difference could also explain why the predicted profiles show

the surface layers to b e  fully mixed during the summer and

the observed profilesi which were taken during the warming

period o f  the day, show a slight positive temperature gradient

a t  the surfacee

Another example o f  possible misinterpretation o f  results

caused by comparing only one day”s predicted results with

the day's observed results instead o f  looking a t  more general

trends i s  seen by examining the predicted profile for

October 199 During this time o f  year the reservoir i s  cooling

rapidlye Although the profile shows the results to b e  in

error by several degrees centigrade; tie error c a n  b e
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interpreted in another way. Comparing the observed October 1 9

profile with the predicted one for October 16, the agreement

is seen to be very good, as shown in Figure 11. Thus, the

predicted profile a t  this time o f  year indicates that the

lake is cooling about three days earlier than i t  actually is.

Another interesting comparison can be made by comparing

the results of this study with those predicted by Clay and

Fruh (4, p .  57). Although the methods used in these two

studies were considerably different in several aspects, the

major discrepancies in results ar e the same in both cases.

The model which h a s  been developed in this study requires

about 2 0  seconds o f  CDC 6600  computer time to simulate eleven

months o f  the operation o f  Lake LBJ using a time step o f  one

day and a n  element thickness o f  one foot“

The comparison between the predicted and observed

temperature profiles for Lake LBJ h a s  demonstrated that the

model, although still in the development process, i s  ready

for u s e  a s  a tool in water resource planningc
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Chapter VII

Effects o f  a Thermal Discharge on the

Temperature o f  Lake LBJ

the o n e “1
—
:

I n  the preeeeding chapter the application 0 :

dimensional model for simulating the natural thermal cycle

of  Lake LBJ was presented“ Since this model is not directly

applicable to predicting the physieal effects o f  a thermal

T
n a e  b e e n  m e d i :discharge, the model to treat temperature

gradients in the longitudinal direetion in addition to the

vertical. The results o f  the applieatieu o f  this twee

dimensional model are discussed in this Chaptero

Application of a OnemDimensional Model to Prediction of the

Physical Effects of a Thermal Discharge

From the beginning o f  this study it was recognized that

the method o f  application o f  the onevdimensional model to

predict the effects o f  a thermal discharge would have to

be somewhat modified to yield meaningful resultsc i f  the

model for the whole o f  Lake LBJ were used directly? i t  would

be necessary to assume that the thermal plume entered and

instantaneously spread out over the entire surface o f  the

reservoir. To improve the quality o f  the resultsfl the sime

ulation was performed considering the discharge cove separately

from the remainder o f  the reservoir? (The discharge cove is

considered to be the region from the discharge point to the

dashed line in Figure 2)o

To simplify the input requirements, a simplified geometry

was used in the simulations The validity o f  this assumption
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is discussed below. The surface area o f  the cove was found

to be 363 acres. Instead o f  using the actual area versus

depth relations (which are not known accurately due to recent

eXcavation) the cove was assumed to have zero area at a

depth o f  40 feet, (the approximate maximum depth), with

area increasing linearly from the bottom to the surface,

The simulation was performed for the discharge from the

first unit o f  the power plant 440 MW) which is 275,000 gpm

or 613 cfs at 15 O F  above the intake temperature. The heated

water is discharged to the reservoir a s  a six foot deep plumeo

Since the actual hydrodynamics of the discharge is difficult

to specify, it was assumed that the inflow and outflow from

the discharge a r e equally divided amoung the top s i x  feet o f

the reservoir, Although this assumption may not accurately

represent the physical process o f  the discharge, i t  seems

to introduce little error, since the discharge cove is fairly

shallow and it never becomes well stratified, Hence, the

temperature varies little with depth and the specification

of the hydrodynamics of the discharge is not critical, as will

be shown later.

The discharge cove was simulated for one year with no

thermal discharge and the annual average surface temperature

was calculated a s  6 9 , 5  O F .  With the thermal discharge the

average surface temperature was 78.4 O F Q  The results o f  the

8.9 0 F  temperature r i s e  caused by the thermal discharge must

be interpreted with care. Obviously, the r i s e  in the region

close to the discharge will be greater. Also, the temperature

r i s e  farther from the discharge w i l l  be less than calculated,

since in the actual discharge the heat w i l l  be more concentrated

than that assumed by spreading it out over the entire cove;

thus, more heat will be lost directly to the atmosphere and
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less will go to raising the temperature of the water. The

one—dimensional simulation is thus considered to be overly

conservative in the far—field.

Application o f  a Two—Dimensional Model to Prediction o f  the

Physical Effects o f  a Thermal Discharge

T o  more accurately describe the physical process o f

dissipation o f  heat from the thermal plume, the one-dimensional

model has been modified to include temperature gradients in

both the vertical and longitudinal directions. Although

temperature gradients are allowed in two directions, diffusion

of thermal energy is considered only in the vertical direction.

I t  h a s  been assumed that with a thermal discharge the main

mechanism responsible for heat transport in the horizontal

direction is advection and diffusion can be ignored in this

direction. An approximate calculation, using a diffusion

coefficient 1000 times the molecular diffusivity, showed

that the rate o f  h eat transport in the discharge cove by

advection was still five orders o f  magnitude greater than

that by diffusion; therefore, the assumption that the diffusion

o f  thermal energy in the horizontal direction can be neglected

seems to be valid.

Conceptual Representation o f  the Discharge Cove

The two—dimensional representation involves dividing the

discharge cove into a number o f  subdivisions, each o f  which

is considered as a separate system with the common boundary

condition that the outflow from one segment is the inflow to

the next. A sketch showing the treatment for one and two

subdivisions is shown in Figure 12. In  both cases the cove

is divided into 4 0  horizontal elements o f  one foot thickness.
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Cove with Two Subdivisions

FIG. l2. CONCEPTUAL REPRESENTATEON OF
THE LAKE LBJ  DISCHARGE COVE
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Figure 12(a) with one subdivision represents the case o f

the one—dimensional simulation discussed in the preceeding

section. Figure 12(b) represents the case o f  the simplified

two—dimensional model with two subdivisions. The power plant

discharge is the inflow to the first subdivision and the

outflow from the first subdivision is the inflow to the

second. The thermal discharge is assumed to be equally

divided among the top six elements o f  one foot thickness i n w

a l l  the subdivisions. No other flows are assumed to exist V

in the discharge cove. Thus, the inflow and outflow in each

o f  the top six elements o f  each subdivision i s  equal to 1/6

o f  the cooling water flow and no other inflows, outflows, or

vertical flows are present. However, the outflow temperature

from an element will b e  less than the inflow temperature,

since in each segment heat is lost to the environment and

diffused downward to the cooler underlying layers.

Results of the Two-Dimensional Simulation

This procedure was repeated for the cases o f  four and

eight subdivisions with the idea that a s  the number o f

subdivisions is increased the accuracy of the predicted

temperatures should improve. Thus, for the subdivision

closest to the discharge the temperature w ill increase a s  the

cove i s  divided into more regions and should asymptotically

approach a constant for a large number o f  subdivisions. I n

a similar manner, the temperature o f  the subdivision farthest

from the discharge will decrease and approach the ”true”

temperature a s  the number o f  subdivisions is increased. The

results o f  these calculations using finer and finer sub-

divisions are shown in Figure 13. As seen in the figure,

with eight subdivisions the temperatures o f  the subdivisions

closest to and farthest from the discharge seem to have



87

m
w

m
dxom

m
m

J<
§m

m
m

a§
q

m
tg

E
E

G
m

w
m
fl

xom
m

m
M

E
.

m
a

m
m

m
w
fi

m
m

m
fi

m
w

0m
m

.m
E

Z
O

qJD
Q

aE
U

 
Eng. M

l: m
m

m
m

 m
zam

w
gm

m
m
flm

 m
a 

m
m
flW

Em
W

/m
m

 
ww 

m“wm 
Nm

_
m

m
m

w
 

a 
m

m
 

m
m

m
fl

xum
m

m
E

3?»
hm

m
ihm

fl
m.w

zm
éw

m
m

m
om

<
rom

5
hmmm<mzsfi

w
m

m

_ 
_

_ _ 
_

_ 
_ 

_

m
m

.

om[.0
(1)

Ho)  38H.W&3dw3i
aovaans aevaam ”EVHNNV



88

leveled out to constant values. From these results the annual

average temperature at the end o f  the cove is raised 7 . 8  ° F

by the thermal discharge. This is compared with 8.9 0 F

calculated by the one-dimensional simulation. Thus, the use

o f  the two—dimensional approach has changed the temperature

in the expected direction.

As seen in Figure 1 3 ,  the temperature difference from

one end o f  the cove to the other is 6.0 0 F .  The remaining

difference between the 15 O F  above ambient and the ambient

temperature is accounted for in the first subdivision where

the average surface temperature is 1 . 2  ° F  less than the

discharge temperature.

A plot o f  the surface temperature at the end o f  the

discharge cove for the cases o f  no thermal discharge and the

613 cfs discharge at 15 O F  above ambient (using eight sub-

divisions) is shown in Figure 14. From this figure it can

be seen that the effect o f  the thermal discharge on the tem-

perature is greater during the winter than during the summer.

To arrive at these results it has been assumed that the

power plant operates at its full load capacity o f  440 MW

for the entire year. In reality, during the winter the

plant might be operating at reduced load or might be shut

down for routine maintenance. Thus, during the actual

operation o f  the plant the true temperature rise will be

somewhat less than predicted, especially during the winter.

I t  is important to realize that this smaller temperature r i s e

is not necessarily a better situation from an ecological

point o f  view, since the temperature cycling inherent in

the operation o f  a power plant might be biologically more

harmful than a constant, higher temperature.
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Evaluation o f  the Results

In Figure 14 it is also interesting to examine the day

to day variations o f  the surface temperature in the cove

with no thermal discharge. These variations re—emphasize

the necessity o f  looking at overall trends when evaluating

the results o f  the model, as discussed in Chapter V I.

The hydrodynamics o f  the thermal discharge i s  rather

difficult to specify. Since the discharge is in the form of

a fairly thick jet (six feet), it is not obvious whether the

lower part o f  the plume w i l l  r i s e  and become thinner because

o f  its buoyancy or whether the plume w i l l  thicken a s  it

cools when heat i s  lost to the atmosphere and cooler water

i s  entrained in the plume. Thus, to get a first approximation

o f  the physical effects o f  the heated discharge, the simplified

assumptions described above were used. The yearly average

differences in temperature from the surface to the bottom

o f  each subdivision o f  the cove for the c a s e  o f  eight sub—

divisions with a thermal discharge and the case o f  no

discharge are shown in Table 4 .  From these figures it is

evident that the cove remains fairly well mixed with or

without the thermal discharge. Thus, the assumed hydrodynamics

does not seem to be particularly important, since all the “

water at a given distance from the discharge is a t  approx—

imately the same temperature. I t  is interesting to note

from the figures in Table 4 that the cove is more fully

mixed with the discharge than without. This is the result

o f  the higher surface temperature, which causes the surface

to cool a t  all times o f  the year and promotes mixing a s  a

result o f  the convective cooling process. The turbulence

induced by jet mixing in the plume may be expected to

reduce s t r a t i f i c a t i o n  even further.



Table 4

Temperature Stratification

Discharge Cove of  Lake LB

Thermal Discharge?

9 1

for the

J with a

Segment Number

(Segment 1 is Closest
to the Discharge)

No Discharge

l

(
D
Q
O
N
U
‘
l
v
P
U
J
N

Difference in Temperature

From gop to Bottom

( F )

1.27

0.98

0.87

0 .78

0.71

0.71

0 .69

0 .67

0.69
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Although it has not been investigated in detail, the

incremental temperature rise caused by the addition o f  a

second unit to the power plant will not be a s  great a s  that

caused by the first, since when another unit i s  added the

increase in temperature will cause a greater percentage o f

the h eat to be lest directly to the atmosphere“ I n  two

computer runs with the discharge cove divided into four

s u b d i v i s i o n s ,  keeping the discharge temperature constant and

increasing the flow rate from 440 c f s  to 6 1 3  c f s  only raised

the temperature at the end of the cove from 75n9° F to

77.5 O F .  This represents a 23°3% increase in the temperature

increase above ambient for a 28¢3% increase in the dis—

charge rate.

I n  this analysis the geometry o f  the discharge cove was

assumed to be such that the cross sectional area was constant

from the discharge point to the end o f  the cove” This meant

that the depth near the discharge was assumed to be greater

than it actually is. This results in too high a predicted

temperature, since with shallower water in the actual c a s e

the heat will be more concentrated near the surface and more

heat will be lost directly t o  the atmosphere instead o f

going to raise the temperature o f  the water farther from

the discharge.

Another assumption which could be improved is that o f

the ambient lake temperature. The simulation was performed

using meteorological data from a simulation of Lake Travis for

1967. Since Lake Travis and Lake LBJ have about the same

temperature, the measured temperatures for Lake Travis at

a 2 5  foot depth were used a s  the ambient Lake LBJ temperature.

The yearly average o f  this temperature was the same a s  the

surface temperature o f  the discharge cove with no thermal discharge.
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Since the cooling water intake comes from the top 2 5  feet,

the actual intake temperature will be less than what wa s

assumed. Thus, using a more accurate ambient temperature

will tend to lower the predicted temperatures in the dis-

charge cove.

I n  evaluating the results o f  the simulation o f  the

discharge cove, it is important to consider the effects o f

wind direction on the thermal plume“ If the wind is blowing

into the cove the temperature at the end o f  the cove will

tend to be lower as the plume is retained in the cove for

a longer time; however, if the wind is blowing out from the

cove the temperature in the main body o f  water w i l l  tend to

be greater. These changes do not account for differences

in the evaporation rate caused by changes i n  the humidity

which result from changes in the wind direction,

Computation time requirements for the two~dimensional

simulation are longer than those of the onewdimensional model.

The case o f  four subdivisions using a time interval o f  one

day required about 3 0  seconds o f  CDC 6600  computation time.

For eight subdivisions it was not possible to use a time

step o f  one day without incurring numerical instabilities

caused by large flow through small elementso To eliminate“

instabilities a time interval of six hours was used, requiring

about four and a h a l f  minutes o f  computer timeo T o  reduce

the computer time requirements it may be possible to u s e  a

more advanced numerical solution technique which would allow

the u s e  o f  longer time steps.

Despite several difficulties, namely the large computation

time requirements, errors caused by the assumed geometry,

and the inaccuracy o f  the ambient lake temperature, the

method o f  treating a thermal discharge outlined in this
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chapter seems to be quite useful a s  a starting point for

predicting the effects of the cooling water discharges from

a power plant on a stratified reservoir.



Chapter VIII

C o n c l u s i o n s

The development and us e  o f  the mathematical model to

simulate the natural thermal cycle o f  Lake LBJ and predict

the physical effects o f  a thermal discharge on a portion o f

the lake have produced a number o f  observations and con—

clusions which are summarized below»

1 .  From an evaluation o f  the state—ofwtheuart o f  one—

dimensional temperature modeling of reservoirs, it was

concluded that the model to simulate the natural thermal

cycle of  Lake LBJ should have the following characteristics:

a .  It is discretized into elements o f  equal

thickness, extending over the entire length and width o f  the

reservoir.

b .  I t  treats heat exchange at the surface due to

solar radiation, atmospheric radiation, back radiation,

evaporation, and convection, Each o f  these terms is calcu-

lated from meteorological data and the water surface tem-

peratureo

c .  I t  treats advection into and out o f  the reservoir

in the horizontal direction“

- d e  I t  treats advection and diffusion o f  thermal

energy along the vertical axis within the reservoira

2 .  The predicted results o f  the model have been compared

with observed temperatures“ Considering the complex nature

o f  the problem o f  predicting the distribution o f  thermal

energy in a deep reservoir, the model appears to give a

reasonably accurate description o f  the annual thermal cycle

of  Lake LBJ. This result was not obvious at the beginning

95
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o f  the investigation, since the type o f  model used strictly

applies only to reservoirs with a small discharge—volume

ratio, and models o f  this type ha d not previously been

applied to lakes with a s  large a dischargemvolume ratio as

Lake LBJ ' S .

3 .  The importance o f  looking a t  overall trends when

evaluating the results o f  the model, instead o f  simply

comparing the observations with the predictions for a

particular day, should be considered.

4 .  ‘ T h e  predicted temperature profiles are very sensitive

to the value o f  the thermal diffusion coefficient in the

hypolimnion; however, the value used in the epiiimnion has

no significant effect o n  the predicted profiles. Thus,

although the heat flux i s  relatively small in the hypolimnion,

the volume o f  water is a l s o  small, therefore, the predicted

temperature is very sensitive to the value o f  the diffusivity.

5 .  The effect o f  inflows and outflows on the distribu—

tion o f  thermal energy in Lake LBJ is not a s  great a s

might be expected, considering the fact that the average

flow through time for the period o f  the simulation was only

3 5  days.

6 . -  Due to the large inflows and outflows for Lake LBJ,

it is not possible to calculate the diffusion coefficient

using the method described in Chapter I I I .

7 .  When adjusting the mass transfer coefficient for the

evaporative heat loss, it is important to keep in mind the

coupling o f  the surface heat exchange and the surface

temperature. T h u s ,  i f  the c o e f f i c i e n t  were d e c r e a s e d  the

evaporative heat loss would be less and the surface temperature

would r i s e .  This would tend to increase the surface heat

losses by convection and radiation which would lower the
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temperature. Thus, the effect o f  reducing the evaporative

heat loss w0uld not be a s  great as would be expected i f  it

were not coupled to other heat loss mechanisms.

8 .  For the treatment o f  the effects o f  a thermal

discharge, the model h a s  been segmented into several sub-

divisions in the longitudinal direction in addition to the

vertical segmentation. Although this method, which is

discussed in Chapter VII, has limitations, it is a good

starting point for more refined analyses o f  the physical

effects o f  thermal discharges from power plants on stratified

r e s e r v o i r s .



Chapter IX

Recommendation for Future Work

The model developed in this study h a s  been applied to

Lake LBJ with good results. It should be possible to improve

the predictive ability o f  the model by incorporating several

refinementsdiscussed in this chapter. These refinements

include more accurate input data and improvements to the

mathematical description o f  the reservoir.

Field Research

A detailed program of field studies is needed to improve

the input data to the model and to establish which aspects

o f  the model need improvements The data requirements are

discussed below:

1 .  One o f  the most questionable pieces o f  input data

is the coefficient o f  absorption o f  solar radiation. The

value used in this study was based on the average of two

measurements taken at Lake Buchanan. Since the coefficient

varies with location and season, data should be obtained to

determine the seasonal variation o f  the coefficient for

Lake LBJ}; ‘
2 .  Other input data which could be improved are the

inflow temperature data. More frequent measurements than

were available for this study a r e  needed for the temperature

from Lake Inks and the Llano River. Sandy Creek makes only

a minor contribution to the total inflow, s o  the assumption

that it is at the same temperature as the Llano River should

caus e l i t t l e  e r r o r .  However, a few measurements should be

9 8
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taken to compare the two temperatures and pOSSibly correct

the temperature o f  Sandy Creek. Even with more measurements,

the accuracy o f  the temperatures o f  the L lano River and

Sandy Creek still remain questionable, since during periods

o f  very high flows (during heavy rains) the temperature will

generally be less than expected for the particular time o f

year.

3 .  More temperature data are needed for checking the

results o f  computer simulation. Temperature profiles at

monthly or more frequent intervals are needed. Outflow

temperatures are also needed for checking the predicted

values.

4 .  Sampling o f  the discharge temperature and other

water quality parameters, together with profiles o f  these

quantities in the deep pool, are needed to determine the

accuracy o f  the simple assumption regarding the outflow

velocity profile.

Profiles o f  temperature and other water quality parameters

should also  be used in a n  attempt to infer the hydrodynamics

o f  the inflow from Lake Inks and from the Llano River. This

data w i l l  either confirm the validity o f  the simple assumption

regarding inflows or indicate possible improvements. m

5 .  Temperature profiles should be taken along the

entire length o f  the lake and also across the lake at several

points to evaluate the need for extending the scope o f  the

model to include temperature gradients in two or three

dimensions. In addition, water quality profiles at various

points in the lake will be helpful in defining the hydro—

dynamics o f  the reservoir. I f  a two or three—dimensional

model is developed, the possibility of  measuring velocity

profiles at various points in the lake should be examined.
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6 .  To improve the calculation o f  the evaporative heat

flux, the wind velocity should be measured a t  Lake L B J ,

instead o f  using data measured at Austin:

Refinements to the Mathematical Model

Several areas which might be improved in the mathematical

model are discussed below:

1 .  The main factor limiting the accuracy o f  the model

results appears to be the calculation o f  the energy budget

terms. ‘ A s  described in Chapter Vi, the net heat flux indicates

that too little heat is being transterred through the air"

water interface. The evaporative heat f l u x ,  which seems to

be too large in the fall, could be reduced by employing a

variable mass transfer coefficient in the calculation o f

evaporation, instead o f  one that is constant for the entire

year.

2. An improved method should be incorporated for

considering distributed inflows and outflows” Clay and Fruh

(4) have evaluated several methods for calculating the

selective withdrawal from a stratified reservoiri Methods for

treating inflows are not as well established; howeveri Huber

and Harleman ( 10 )  have presented a method which should be

more realistic than that used in the present study“

I f  the outflow i s  determined by a selective withdrawal

method, the shape o f  the velocity profile w i l l  be dependent

upon the outflow rate. Since the hydrowelectric power

production is on a peaking schedule, the use o f  daily averages

of the outflow rate would lead to inaccuracies in the prediction

o f  the outflow velocity profilea Thus, it may be necessary

to consider outflows on a shorter time period than one daya
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3 .  I n  Lake LBJ, with large inflows and outflows,

departures from a one—dimensional model can be expected. A

refined two—dimensional model, in which longitudinal tem-

perature gradients are taken into account, is needed to

improve the predictive capability o f  the model. Except for

the treatment of the inflows and outflow, impoundment

hydrodynamics is ignoreda To extend the model to a two—

dimensional one, further refinement o f  the impoundment

hydraulics will be necessarya

4. ' T h e  model assumes that temperature i s  the only factor

which influences the density o f  water. Since the density

also depends upon suspended sediments and dissolved solids,

incorporation o f  these effects would improve the prediction

of the layer at which an inflow enters the reservoir.

5 .  It should be possibie to improve the practical

usefulness o f  the model through the use o f  sensitivity analysis.

This process involves studying the effects o f  changing

individual parameters or input data to determine the relative

importance of  various assumptions and to evaluate the influence

o f  quality o f  the data on the predicted resultsw Three

areas which should be examined to reduce input data require—

ments and computation time are the determination o f  the W

maximum time interval, the maximum element thickness, and the

number o f  days over which input data can be averaged without

adversely affecting the model predictions.

6 .  The simplified two—dimensional model described in

Chapter V I I  could be easily refined to improve its ability

to describe the physical effects of a thermal discharge on

a stratified reservoir. These modifications include use o f

a better assumption o f  the hydrodynamics o f  the discharge,

a more realistic geometry o f  the cove, and a more accurate
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ambient lake temperature. To reduce the computation time

required for the simulation, it may be possible to use a

more advanced numerical solution technique, which would

allow the use o f  a longer time step without introducing

numerical instabilities.

A f t e r  these refinements have been m a d e ,  the e f f e c t  o f

additional generating units on the temperature o f  the cove

should be investigated.

7 .  To extend the value o f  the model as a tool for water

quality management? its scope should be extended to include

important water quality parametere, such a5 dissolved

oxygen and nutrients.
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APPENDIX A

THE COMPUTER PROGRAM

In this appendix the FORTRAN computer program used to

determine the distribution o f  thermal energy in a deep

reservoir is presented. A flow diagram o f  the main program

is followed by a listing o f  the programg The program consists

o f  the main program (PROGRAM TEMP) and three subroutines.

SUBROUTINE HEAT calculates the external heat budget terms,

SUBROUTINE DIFF calculates the diffusion coefficient at

each elevation in the reservoir, amd SUBRQUTINE SOLVE solves

the matrix equation for the temperature of each element in

the reservoir.

An eleven month simulation o f  Lake L BJ, using 8 3  elements

and a time step o f  one day, required about 20 seconds o f

CDC 6600  computer time.

A variable dictionary for the computer program is

presented in Appendix B ,  and a description o f  the input

data is presented in Appendix C .  In Appendix D the input

data used in the simulation o f  Lake LBJ for 1968  is given.

A sample o f  the output o f  this eimulation is shown in Appendix E .



Flow Diagram

PROGRAM TEMP

ReadlControl Data and Initial Conditions

%
Read and Calculate Geomet ry  of Reservot:~

Read Inflows , Outflows, and Meteorological Data

for the II-th Time Interval

l
Calculate Outflow from Each Element

Find Level at. Which Inflow

Enters the Reservoir

104



C? 105

CALL HEAT to Caieuiate Emergy Budget
' for Each Element

Ev
Calculate Vertical Flow at Each Elevation

Find. the Thermociine

i
e

CALL DIP? to Calculate Diffusion Coefficient
at Each Elevation

if

Calculate Terms of the Matrix Equation

[A] {a} {1"} + [K] {93

%
CALL SOLVE to Soive Matrix Equation

%
Update THETA and ALPHA

eke
K I Unstable\

Density Gradient NO
Exist ?

1%

Mix Layers Above the Level of the Instability
until a Stabie Gradiem Exists
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7 This 7‘

Day ' s  Results "
to be Printed ,

Out? '

Set Inflows and Outfiows For
Each Element Equal to Zero

Increment Time

II == II + 1

Day of . .
‘7 Simulation   ‘
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APPENDIX B

VARIABLE DICTIONARY FOR THE COMPUTER PROGRAM

FORTRAN

Notation

ALPHA(J)

ALPHA1(NN,J)

Description and Units

j-th term o f  the a matrix

j—th term o f  the a matrix for the NN sub—
division o f  the two—dimensional simulation

AMAX diffusivity at the surface, ftz/hr

AMIN diffusivity at the thermocline, ftz/hr

A R E A ( J )  average area o f  the upper and lower surfaces

of the jwth element, ft2*

AREATOP average area o f  the upper and lower surfaces
o f  the surface element, ft2*

ATM monthly average atmospheric radiative heat
flux, Btu/daymft2

Al maximum value of the diffusivity, ftz/hr

A2 minimum value of the diffusivity, ftZ/hr

BACK monthly average back radiative heat flux,
Btu/day—wft2

BETA fraction o f  the short~wave solar radiation
absorbed in the top element

BLANK name used to print a blank space in the plot
o f  the temperature profile '

C specific heat of water, Btu/lbwoF

CL cloudiness factor

CLOUD cloud cover, tenths

C L O U D 1 ( I )  average cloud cover for the iwth month,

tenths

* The geometry of the reservoir is initially read in and
calculated with the units o f  acres and acre feet. These
quantities are then converted and used in the program with
the units of ft2 and ft3.



CONV

D(J)

DELVOL

DELZ

DELZSQ

DELZTOP

DEPTH

DOT

DP

DT

DTHDZ(J)

D2

p22

EA

EQ

ES

ETA

EW

EVAP

F(J)

HA

HADAY(I)
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monthly average convective heat flux,
Btu/daymftz

diffusivity at the jmth surface, ftZ/hr

difference in the inflow and outflow, ft3/hr

thickness o f  the elements in the reservoir, ft

square o f  the element thickness, ft2

thickness o f  the surface element in the

r e s e r v o i r ,  ft

depth o f  the reservoir, ft

name used to print a “." in the plot o f  the
temperature profile

depth a t  which an observed temperature was
t a k e n ,  f t

time interval used in the simulation, hr

derivative o f  temperature with respect to
depth for the j-th element, O F / f t

variable proportional to the second derivative
o f  temperature with respect to depth

variable proportional to the second derivative
o f  temperature with respect to depth

water vapor pressure, i n .  H g .

name used to print a "=" in the plot o f  the
temperature profile

saturation vapor pressure a t  the water
surface temperature, in. H g .

coefficient of absorptivity o f  solar
radiation with depth, ft"l

saturation vapor pressure at the wet bulb
air temperature, in. H g .

monthly average evaporative heat flux,
Btu/day=—ft2

j-th term o f  the F matrix

atmospheric heat flux, Btu/hrnft2

atmospheric heat flux for the I-th day,
Btu/day—ft2



HB

HBDAY(I)

HC

HCDAY(I)

HE

HEAT1(NN,II)

HEDAY(I)

HL

HN

HNDAY(I)

HNET

HPRIME(J)

HS

HSDAY(I)

HT(NN)

HTOT

I I

IMAX

IMIN

I l

JZ
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2
back radiative heat flux, Btu/hr-ft

back radiative heat flux for the I—th day,
Btu/day—aft2

. l r 2
convective heat fiuxy Btu/hr—ft

convective heat flux for the Inth day,
Btu/day—ft2

A , 2
evaporative heat rlux, Btu/hr-ft

volume weighted average temperature o f  the
NNmth subdivision for the II—th day of a
two-dimensional simulation, 0 F

evaporative heat flux for the I~th day,
Btu/day—ft2

latent heat o f  vaporization o f  water, Btu/lb

net heat flux to the top element, Btu/hr-ft2

net surface heat flux for the Imth day,
Btu/daymft2

monthly average net surface heat flux,
Btu/dayu-ft2

j—th term o f  the h i  matrix

short—wave solar radiative heat flux, Btu/hr-ft2

short-wave solar r a d i a t i v e  heat flux for the

I—th day, Btu/dayeft2

yearly volume weighted average temperature
o f  the NNnth subdivision of a twomdimensional
simulation, 0 F  m

total heat content o f  the r e s e r v o i r ,  Btu

number o f  the day o f  the simulation

day number o f  the end o f  the time period for
calculating the diffusivity

day number o f  the beginning o f  the time period
for calculating the diffueivity

variable which is negative if a new value
for the diffusivity i s  to be read in

subscript used in printing out an observed
temperature profile



KDIFF

KDT

KLAKE

KPRINTl

KREAD

KZ

LINE

NCHANGE

NDAY

NDAYAVE

NDAYOBS(I)

NDAYl

NDAYZ

NELIN

NELMAX

NELMAXM

NELMl

NELMZ

NELNEW

NELOUT
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variable which is used  to specify whether
or not the diffusivity i s  to be calculated

time interval used in the simulation, days

v a r i a b l e  used to indicate the r eservoir

being simulated

variable used to control what i s  printed out

(Same for KPRINTZ through KPRINT4)

variable used to specify whether or not the
reservoir is initially isothermal

value o f  an observed temperature expressed
as an integer, 0 F

name used to print out a temperature profile

change in the number o f  elements after the
inflow is added and the outflow i s  removed

number o f  days of the simulation

number o f  days of input meteorological data
to be averaged together

number o f  the day o f  the year o f  the lath
day for which an input temperature profile
is read in

number o f  the first day o f  the simulation

number of the last day o f  the simulation

number o f  elements in the reservoir

number o f  elements which an inflow enters,
caused by the thermal discharge

maximum possible number o f  elements in the
reservoir

NELMAX — l

NEL — l

NEL e 2

new number o f  elements afte r the inflow i s

added and the outflow i s  removed

number o f  elements from which a n  outflow

leaves, caused by the thermal discharge



NELPl

NINFLOW

NLAKE

NMONTH

NN

NOBS

NPR(I)

NPRINT

NYEAR

P

PATM

PHI(J)

PLUS

PPRIME(J)

PRECIP

Q

QCOOL

QI(J)

QII(I)

QIN

QINKS

QLBJ

QLLANO

QO(J)

139

NEL + 1

number o f  inflows

number o f  suboivisions in the two—dimensional
simulation

number of the month of the year

subscript use& to denote the NN—th subdivision
o f  the tweedimensional simulation

number o f  days on which observed temperature
profiles are read in

number o f  the day o f  the year for the I—th
day to be printefl out

number o f  daye to be printed out

number o f  the year o f  the simulation

variable used in calculating the terms in
the P' matrix

barometric pressure, in” Hgw

shortnwave solar radiative h e a t  flux a t  the

j—th surfaoe, Btu/hrwft2

name used to print a ”+" in the plot o f  the
temperature

j-th term o f  the P“ matrix

precipitatione inches

advective heat transport per unit depth term
for the j-th elementy O F — f t 3 / h r — f t

power plant cooling water flow, c f s

horizontal inflow into the j—th element,
ft3/hr

Flow rate of the I-th inflow, ftB/hr

inflow to the reservoir, ftB/hr

flow from the release from Lake Inks, ft3/sec

outflow from Lake LBJ, ft3/sec

flow of the Llano River, ft3/sec

horizontal outflow from the jeth element,
ft3/hr



QOUT

QPRECIP

QSANDY

QSPINKS(I)

QSPLBJ(I)

QTRAVIS

QV(J)

Q1(J)

Q2(J)

RHO

S(J,I)

SOL

SOLDAY

STAR

SURF(J)

SURFTOP

TAMB

TAVEl(NN)

TAVE2(NN)

TDIFF

TDIFF1(NN)
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outflow from the reservoir, ft3/hr

precipitation, ft3/hr
3

flow of Sandy Creek, ft /sec

flow rate over the Lake Inks spillway for
the I—th month, acre ft/month

flow rate over the Lake LBJ spillway for
I—th month, acre ft/month

. 3
outflow from Lake TraVis, ft /sec

vertical flow at the j~th surface, ft3/hr

advective heat transport term at the topr
of the jmth element, O F — f t 3 / h r

advective heat transport term at the bottom
of the jmth surface, o F — f t 3 / h r

3
density of  water, lb/ft

J , I  term o f  the S matrix

monthly average shortmwave solar radiative
heat flux, Btu/daynft3

short-wave solar radiative heat flux,
Btu/day—ft2

name used to print a ”*” in the plot o f  the
temperature profile

area of the lower surface of the j—th
element, ft2*

, 2
area o f  the surface o f  the reserVOir, ftx*

ambient lake temperature, O F

yearly average surface temperature for the
NN—th subdivision of the two—dimensional
simulation, O F

yearly average bottom temperature for the
NN-th subdivision of the two—dimensional
simulation, O F

difference in temperature between two
elements, O F

annual average temperature difference from
the top to the bottom on the NN—th sub—
division for the two—dimensional simulation, ° F



TEMP

THBOT1(NN,II)

THDOT1(NN,J)

THETA(J)
THETAC(J)
THETADB '
THETAQI (J)

THETAS

THETAWB

THETA1(NN,J)

THETDOT(J)

THETQII(I)

THSURF1(NN,II)

TINC

TINF

TINFLOW(I)

TINIT

TINKS

TINKSC

TLLANO

TLLANOC
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temperature o f  the mixed elements when
the temperature gradient is unstable, o F

temperature o f  the bottom element o f  the

NN-th subdivision for the II~day of the
two—dimensional simulation, 0 F

time derivative of tEmperature for the
j—th element o f  the NN—th subdivision o f
the two-dimensional simulation, o F / h r

temperature o f  the j—th element, 0 F

temperature o f  the j—th element, O C

dry—bulb air temperature, 0 F

C"
temperature o f  the inflow which enters the
j—th element, O F

surface temperature o f  the reservoir, ° F

wet-bulb air temperature, ° F

temperature of the j-th element of the
NN-th subdivision o f  the tw0mdimensional
simulation, O F

time derivative o f  temperature for the
j—th element, °F/hr

temperature of the I-th inflow, ° F

surface temperature o f  the NNmth sub-
division o f  the two~dimensional simulation
for the 11-day, ° F

temperature o f  the inflow to Lake Travis, ° C

temperature o f  the inflow to Lake Travis, ° F

temperature o f  the inflow to Lake Travis
for the I—th month, ° F

initial temperature o f  the reservoir if
it is isothermal, 0 F

temperature o f  the r e l e a s e  from Lake I n k s ,
O F

temperature o f  the release from Lake Inks,
0 0

temperature of the Llano River, 9F

temperature of the Llano River, ° C



TMIX

TOBS(JZ,II)

TOBSO

TOP

TOUTC

TOUTF

TQ

TSANDY

T1(J)

T2(J)

T2MT1(J)

VOL(J)

VOLDIFF

VOLEVAP

VOLIN

VOLINl

VOLINZ

VOLIN3

VOLIN4

VOLLAKE

VOLMIX
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variable used to calculate the temperature
o f  the elements mixed when the temperature
gradient i s  unstable

observed temperature a t  the JZ—th depth
on the II—th day, O F

observed outflow temperature, O F

change in volume o f  the top element, ft3

temperature o f  the Outflow from the
reservoir, ° C

temperature o f  the Outflow from the
reservoir, ° F

product o f  the temperature and volume o f
an inflow, °F~ft3/hr

temperature o f  Sandy Creek, ° F

temperature o f  the j-th element at the
beginning of  the time period for calculating
the diffusivity, O F

temperature o f  the j—th element at the
end o f  the time period for calculating
the diffusivity, O F

difference in the temperature o f  the j—th
element from the end to the beginning o f
the time period for calculating the
diffusivity, O F

volume of the j-th element, ft3* w

volume of the top element which does not
contain water, ft *

volume of evaporated water, acre ft/day

inflow to the reservoir, acre ft/day

inflow to Lake LBJ from the release from
Inks Lake, acre ft/day

inflow from the Llano River, acre ft/day

inflow from Sandy Creek, acre ft/day

inflow o f  the makeup, acre ft/day

calculated volume of the reservoir, ft3*

volume mixed when the temperature gradient
is unstable, ft3



VOLOBS

VOLOUT

VOLTOP

VOLUME(J)

VV(J)

W

Wind

X K ( J , I )

XLRATIO

Z ( J )

ZBOT

ZN

ZSURF

ZTHERM

ZTOP
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volume o f  the reservoir based on the
observed surface elevation, f t3

outflow from the reservoir, acre ft/day
3

volume o f  water in the top element, ft *

cumulative volume up to and including the
j—th element, ft3*

vertical velocity at the j-th surface,
ft/sec

wind speed, mi/hr

wind speed mi/hr

J , I  term o f  the K matrix

decay coefficient for the absorption o f
solar radiation with depth, ft—1

e l e v a t i o n  o f  the bottom o f  the r e s e r v o i r ,

f t .  above m . s . l .

elevation o f  the bottom o f  the r e s e r v o i r ,

ft. above m.s.l.

elevation o f  the bottom o f  the second to
top element o f  the r e s e r v o i r ,  f t  above

m . s . l .

observed elevation o f  the s u r f a c e  o f  the

r e s e r v o i r ,  f t .  above m . s . l .

elevation o f  the thermocline, f t .  above
m.s.l. ~
calculated elevation o f  the s u r f a c e  o f

the reservoir, ft. above m.s.l.



Card 1 ,
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APPENDIX C

INPUT VARIABLES TO THE COMPUTER PROGRAM

KLAKE = l for a

FORMAT I 2 , 2 1 4 , 5 I 2

simulation o f  Lake LBJ.

simulation o f  Lake T r a v i s .

simulation o f  Lake LBJ discharge cove
Lake LBJ meteorological data.

simulation of Lake LBJ discharge cove
Lake Travis meteorological data.

number o f  days to be printed out.

number o f  days for which observed temperature
profiles are read in.

= 2 for a

= 3 for a
us1ng

= 4 for a
u31ng

NPRINT =

NOBS =

KPRINTl = 0 for

= l for

KPRINTZ = 0 for

= l for

KPRINT3 = O for

= l for

KPRINT4 = 0 for

= l for

KDIFF = O for

a l for

Card 2 ,  FORMAT 2 T 5

no printout o f  the inflows and outflows.

a printout o f  the inflows and outflows.

no printout o f  the energy budget terms.

a printOut o f  the energy budget terms.

no printout o f  the temperature profile.

a printout o f  the temperature profile.

no printout o f  the monthly summary.

a printout o f  the monthly summary.

no calculation of the diffusivity.

a calculation of  the diffusivity.

IMIN = day number o f  the first day o f  the calculation
o f  the diffusivity.

IMAX = day number o f  the last day o f  the calculation
o f  the diffusivity. If KDIFF = 0 omit this card
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Card 3 ,  FORMAT 7 I 5

NELMAX

l
l

NDAYl

NDAYZ

KDT =

NINFLOW=

NDAYAVE=

Card Group 4 ,

NPR(I) =

gard Group 5,

NDAYOBS(I

Card Group 6 ,

D P ( J , K , )

initial number o f  elements in reservoir.

maximum possible number o f  elements in reservoir.

number of the first day o f  the simulation.

number of the last day of  the simulation.

time interval in days.

number of inflows.

number o f  days o f  input meteorological data
t o  be averaged together. (Inflows are not

averaged)

FORMAT 2014

numbers o f  the days to be printed o u t ,  where
I = l ,  NPRINT.

FORMAT 20I4

) = numbers o f  the days for which observed
temperatures are read i n ,  where I=l, NOBS.
I f  no observed temperatures are read i n ,

omit Card Groups 5 ,  6 ,  and 7 .

FORMAT lOF5.0

= depth for each observed temperature, start—

ing with the closest to the surface, where
J = 1,10 and K = the number o f  the day o f
the observation. Put each day's depths on
a different card in order o f  increasing K .
Maximum o f  ten observations per d ay.
Depths are in feet.



Card Group 7 ,  FORMAT 10F5.0 146

TOBS(J,K) = observed temperature, read in the same
manner as Card Group 6 .  I f  KLAKE = l or 3 ,
°c. If KLAKE = 2 or 4, O F

Card Group 8 ,  **,**** FORMAT 12F5.0

WIND(I) = average wind velocity for each month o f
the simulation, in mi/hr, I = 1,12.

Card GrouE 9 ,  **,**** FORMAT 12F5.0

CLOUDl(I) = average cloudiness factor for each month
in tenths, I = 1,12.

Card 1 0 ,  * *  FORMAT 1 2 F 5 . 0

TINFLOW(I) = average inflow temperature for each
month in 0 F ,  1:1,12

Card 11, FORMAT 12

1 i f  the lake is initially isothermal.KREAD

2 if the lake is not initially isothermal.

Card 1 2 ,  FORMAT F 5 . 0

TINIT = initial temperature o f  the reservoir,
:3. If the reservoir is not intially
isothermal, use Card Group 1 3  and not
Card 1 2 .
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THETA (J) = Initial temperature o f  the j—th element,
3g, If the reservoir is initially isothermal,
use Card 1 2  and not Card Group 1 3 .

Card 14, FORMAT 2F10.0

BETA = fraction o f  the short-wave solar radiation

absorbed in the top elements.

ETA = coefficient of absorptivity of short—wave
solar radiation with depth, ft'l.

Card 15, FORMAT 2Fl0.0

ZTOP = initial elevation o f  the surface o f  the
reservoir, ft above m.s.l.

ZBOT = elevation o f  the bottom o f  the reservoir,
ft above m.s.1.

C a r d  l § , * * * , * * * *  FORMAT 1 2

NLAKE =number of subdivision of discharge cove.

Card Group 1 7 ,  * FORMAT 1 6 F 5 . 0

VOL(J) _ = volume o f  each element in acre feet,

J = l ,  NELMAX.
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C a r d  1 8 ,  FORMAT I 4 ,  6 6 X ,  2F5.0

1 1  = —10 to read in the initial or a new value o f
the diffusivity

# ~10 to use the same value of the diffusivity
that was used on the previous day.

AMAX = value of the diffusivity at the surface, ftz/hr

AMIN = value o f  the diffusivity at the thermocline,
ftZ/hr,

a new value o f  the diffusivity is
before Card 1 9  or 2 0  for the day
is to be changed)

(When the first o r
read in, place this card
on which the diffusivity

'Jggimimgupmlgj *, *** FORMAT I3,I3,F5,0,2F3.0,F5.2,F6,2
F5,1,F4.1,F6.l,4F5.0

11 = number of the day of the yeare

NMONTH = number o f  the month.

SOLSAY = shortmwave s o l a r  r a d i a t i o n ,  Btu/day—ftz.

THETADB : drymbulb temperature, O F ,

RHETAWB = wetmbulb temperature, o r ,

PRECIP = precipitation, inches,

PATM = barometric pressure, in. n

W = wind speed, mi/hr.

CLOUD c10ud cover, tenth.

ZSURF _ observed surface e l e v a t i o n ,  f t .  above m . s . l .

QLBJ — outflow from Lake LBJ, ft3/seca

QINKS = outflow from Lake Inks, ft3sec.

QLLANO = flow o f  Llano River, ft3/sec.

QSANDY = flow o f  Sandy Creek, ft3sec.

(Repeat this card for each day o f  the simulation)



C a r d  Group 2 0 ,  * * ,

11 =
ZSURF =
QII(1) =
QTRAVIS =
TOBSO =
SOLDAY =
PATM =
THETADB =
THETAWB =
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* * * *  FORMAT I4,11x5F7.2,F7.1,5X,F7.1,F5.1,

F7.1,F7.1,F5.1,F5.1

number o f  the day o f  the year.

observed s u r f a c e  e l e v a t i o n ,  f t .  above m . s . l .

inflow, ft3/sec.

outflow, ft/sec.

observed outflow temperature, O F .

short~wave solar radiation, Btu/dawtz.

barometric pressure, in. H g .

dry-bulb temperature, 0 F .

wet—bulb temperature, O F .

(Repeat this card for each day o f  the simulation)

* Card used

* *  C a r d  u s e d

* * *  C a r d  u s e d

* * * *  Card used

i f  KLAKE

H
e
n
a
m
e
l

i f  KLAKE

M

i f  KLAKE

i f  KLAKE
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APPENDIX D

INPUT FOR TEE LAKE LBJ SIMULATION



LAKE VOLUME DIFF.
ELEV. AC.FT. AC.FT.

836 234,418

10,802

8 3 5  223,616

10,402

834 213,214

9,996

833 203,218

9,578

8 3 2  193,640

9,154

831 184,486

8 ,720

330 175,766

8,276

829 167,490

7 7,842

828 159,648

7 ,434

8 2 7  152,214

7,053

826 145,161

6,701

8 2 5  138,460

6,375

Lake LBJ Capacity Table

(From Reference 17)

LAKE

ELEV,

817

816

815

814

813

812

811

810

809

808

807

806

VOLUME

AC.FT.

94,304

89,641

85,138

80,789

76,592

72,541

68,634

64,865

61,231

57,731

54,363

51,126

151

D I F F .
ACOFT.

4,663

4,503

4,349

4,197

4,051

3,907

3,769

3,634

3,500

3,368

3,237

3,107



Lake LBJ Capacity Table 152

(From Reference 17), continued

LAKE VOLUME DIFF . LAKE VOLUME DIFF .
ELEV. AC . F T .  A C . F T .  w A C . F T .  A C . F T .

824 132,085 805 48,019
6,078 2,980

823 126.007 804 45,039
5,807 2,853

822 120,200 803 42,186
5,565 2,727

821 114,635 802 39,459
, 5,350 2,604

820 109,285 801 36,855
. 5,163 2,481

819 104,122 ' 800 34,374
4,993 2,360

818 99,129 799 32,014
4,825 2,242

817 94,304 798 29,772
798 29,772 779 4,854

2,127 567
797 27,645 778 4,287

' 2,015 511
796 25,630 777 3,776

1,906 461
795 23,724 776 3,315

1,804 413
794 21,920 775 2,902

1,710 369



Lake LBJ Capacity Table

(From Reference 17), continued

LAKE VOLUME DIFF. LAKE VOLUME
ELEV. AC.FT. AC.FT. EEEZ; AC.FT.

793 ' 21,210 774 2,533

1,620
792 18,590 773 2,204

1,530
791 17,060 772 1,911

1,442
790 15,618 771_ 1,650

1,358

789 14,260 770 1,417
1,277

788 12,983 769 1,208

1,197
787 11,786 768 1,020

1,118

786 10,668 767 851

7 1,042

785 9,626 766 698
969

784 8,657 765 560

897
783 7,760 764 434

826
782 6,934 763 316

758
781 6,176 762 206

153

DIFF.
AC.FT.

329

293

261

233

209

1 8 8

1 6 9

153

1 3 8

126

1 1 8

1 1 0



Lake LBJ Capacity Table

(from Reference 17), continued

LAKE VOLUME D I F F .
ELEV. AC.FT. AC.FT.

693

780 5,483

6 2 9

7 7 9  4,854

LAKE
ELEV.

761

760

VOLUME
AC.FT.

102

154

D I F F .
AC.FT.

104

102
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815

805

795

785

775

765

755

7 4 5

7 3 5

Observed Temperature Profiles for

the Deep Pool o f  Lake LBJ

(From Reference 8)

1 5 5

Date m

83 8 8 3 Q 0
§ E E § 3 S
h E E h S h

10.2 22 .0  29.1 29.2 24.2

13.0

9.8 21.4 27.8 24.2

20.5 24.8

9.3 20.5 24.0 27.8 23.7

19.0 23.5

9.3 17.5 26.8 23.7

22.5 25.4 12.5

9.3 16.5 22.9 23.7

22.0

.3 15.5 21.0 21.5 23.7

9.3 15.3 20.5 20.0 23.7

14.7 21.0 12.0

9.3 14.0 20.0 19.0 20.5

18.0

11.7 17.5 17.6 19.5

17.0 17.1 19.0 11.5



156

Volumes of  Flows Over Lake LBJ and Lake Inks Spillways for

February, 1968 through February, 1969

(Flows are in acre feet/month)

(From Reference 16)

March 62,478 March 77,889

May 132,026 April 13,754

May 145,177

For a l l  other months during this period there was no
flow over the spillway.
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APPENDIX E

SAMPLE OUTPUT FOR THE LAKE LBJ SIMULATION
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atbuLYS FUH LAKE LoJ $QR DAY NUMBER 115 OF 1966
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APPENDIX F

METHOD OF SOLVING THE MATRIX EQUATION [s] {e} = {F} FOR {9}

The method used for solving the matrix equation

[s<t +At)] {6(t + At)} = {F<t + At)} . . . . . (F.1)

for é(t + At) is presented by Ralston and W i l f  (20, p .  233 ) .

Writing out a few terms o f  the matrix:

S 1 2  S 1 3  6 1  F1
S21 S22 S23 92 F2

S 3 1  S 3 2  S33 6 3  = F 3

S n 1  S n 2  n F n

Note that the subscripts of the S matrix are not in standard

matrix notation. This notation, which is also used in the

computer program, is employed to reduce storage requirements by

not having a storage location for the elements o f  the S N

matrix which are always equal to zero. Since the matrix S

i s  tridiagonal, the algorithm used for solving equation F . l

is very simple and fast. The procedure is as follows:

1. Set 5' = F 1  and E = 8 1  31 §———- 1,3 g—4—- .
1,2 1,2



E70

Operate from the second row to the last row# n ;

using the relations given below for j = 2,3,onen,

Compute

E]. = F3 " Sjgl jwl
- s8 3 , 2  8 3 9 1  3 m 1 , 3  i

_ S .
S j ’ 3  — -«Wfimigiw w

s v- S ,
3,2 3,1 i f 3  9

Operate from row nwl to row 1 to find 9% by

° 9

9. = 5 .  ~ § L  e.
3 3 3,3 3+1 .
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