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Harmonic distortions are inevitably caused by a rectifier and an inverter

due to their inherent nonlinearities. An AC-DC-AC converter, configured by

the series connection of a rectifier, DC link, and an inverter, induces har-

monic distortions at both AC sides and at the DC link. These harmonics can

nonlinearly interact or modulate the fundamental frequencies at the AC sides

to cause interharmonic distortions. Harmonic and interharmonic distortions

can seriously hamper the normal operation of the power system by means

of side effects such as excitation of undesirable electrical and/or mechanical

resonances, misoperation of control devices, and so forth.

This dissertation presents effective methodologies to mitigate harmonic

and interharmonic distortions by applying dithered pulse-width modulated

(PWM) signals to a voltage-sourced inverter (VSI) type adjustable speed drive

(ASD). The proposed methods are also efficient because the dithering applica-

tions are performed on control signals without the need for additional devices.

By the help of dithering, the rejection bandwidth of a harmonic filter can be

relaxed, which enables a lower-order configuration of harmonic filters.
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First, this dissertation provides a dithering application on gating signals

of a sinusoidal PWM (SPWM) inverter in the simulated VSI-ASD model. The

dithering is implemented by adding intentional noise into the SPWM process

to randomize rising and falling edges of each pulse in a PWM waveform. As a

result of the randomized edges, the periodicity of each pulse is varied, which

result in mitigated harmonic tones. This mitigation of PWM harmonics also

reduces associated interharmonic distortions at the source side of the ASD. The

spectral densities at harmonic and interharmonic frequencies are quantified by

Fourier analysis. It demonstrates approximately up to 10 dB mitigation of

harmonic and interharmonic distortions. The nonlinear relationship between

the mitigated interharmonics and harmonics is confirmed by cross bicoherence

analysis of source- and DC-side current signals.

Second, this dissertation proposes a dithered sigma-delta modulation

(Σ∆M) technique as an alternative to the PWM method. The dithering

method spreads harmonic tones of the Σ∆M bitstream into the noise level.

The noise-shaping property of Σ∆M induces lower noise density near the fun-

damental frequency. The Σ∆M bitstream is then converted into Σ∆M wave-

form after zero-order interpolation by which the noise-shaping property repeats

at every sampling frequency of the bitstream. The advantages of Σ∆M are

assessed by comparing harmonic densities and the number of switching events

with those of SPWMs. The dithered Σ∆M waveform bounds harmonic and

noise densities below approximately -30 dB with respect to the fundamental

spectral density without increasing the number of switching events.

Third, this dissertation provides additional validity of the proposed

method via hardware experiments. For harmonic assessment, a commercial

three-phase inverter module is supplied by a DC voltage source. Simulated
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PWM signals are converted into voltage waveforms to control the inverter. To

evaluate interharmonic distortions, the experimental configuration is extended

to a VSI-ASD model by connecting a three-phase rectifier to the inverter mod-

ule via a DC link. The measured voltage and current waveforms are analyzed

to demonstrate coincident properties with the simulation results in mitigat-

ing harmonics and interharmonics. The experimental results also provide the

efficacy of the proposed methods; the dithered SPWM method effectively mit-

igates the fundamental frequency harmonics and associated interharmonics,

and the dithered Σ∆M reduces harmonics with the desired noise-shaping prop-

erty.
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Chapter 1

Introduction

This chapter briefly describes harmonic and interharmonic distortions

and their effects on power systems. The achieved contributions and the orga-

nization of this dissertation are summarized in the latter part of this chapter.

1.1 Harmonic and interharmonic distortions in power
converters

According to an IEEE standard [4], power quality disturbances are gen-

erally classified into seven categories based on the principal spectral content,

duration, and magnitude of the disturbance: transients, short-duration varia-

tions, long-duration variations, voltage unbalance, waveform distortion, volt-

age fluctuations, and power frequency variations. Among these categories, the

voltage unbalance and the waveform distortion are steady-state phenomena,

while others range within limited durations. These steady-state disturbances

last as long as the sources of the disturbances are not removed, negatively

affecting all end-users on the same supply system.

A voltage waveform in a conventional power system is expected to be

pure sinusoidal with a fundamental frequency and a rated amplitude. When

the supply voltage is excited to nonlinear devices or loads, the voltage fre-

quency nonlinearly interacts with them. Mathematically, the nonlinear inter-

action can be represented as linear combinations of polynomial terms. Each

1



polynomial term produces a harmonic frequency which has the same order as

its exponent. In the case that multiple frequencies are connected via nonlinear

devices, these frequencies can modulate each others to result in interharmonic

distortions.

1.1.1 Harmonic distortions

Harmonics are defined as sinusoidal voltages or currents whose frequen-

cies are integer multiples of the fundamental frequency [4]. Combined with the

fundamental voltage or current, harmonics appear as a distorted waveform.

Harmonic distortions originate in the nonlinear properties of devices and loads

on the power system. Even if the magnitudes of the harmonic components are

approximately 20 % of the fundamental magnitude, harmonic distortion can

excite resonance when one of the harmonic components coincides with the

natural resonant frequency of the power system.

Harmonic distortions have been reported since the beginning of electric

utility service in North America [5]. Due to the concentrated winding coils of

synchronous generators, significant fifth and seventh harmonics altered their

terminal voltages. These harmonics induced transmission line resonance and

caused overheating problems to induction motors. Another harmonic source

was also resulted by the generator configuration and arrangement; neutral

currents induced by solidly grounded generators which operated in parallel.

The neutral currents produced the third order harmonic similar to the zero-

sequence third order harmonic caused by wye-connected machines. In 1910s,

transformers were reported as other harmonic sources, which interfered with

telephone systems. On the process to propose a new waveform standard to

reflect telephone interference factor (TIF), the significance of high frequency

2



harmonics was taken into account by the standard committees. Nowadays,

electric power converters are mainly concerned as harmonic sources. In mod-

ern industrial applications such as variable speed AC drives and grid connec-

tions for renewable energy sources, the use of frequency converters - rectifiers

and inverters - are essentially required to match variable frequencies into the

desired frequency. Because the rectifiers and the inverters perform switching

operations during the process of frequency conversion, harmonics associated

with the fundamental frequency are inevitably produced.

1.1.2 Interharmonic distortions

According to an IEC standard 61000-4-7 [6], interharmonic frequencies

are defined as any frequencies which are not integer multiples of the funda-

mental frequency. Interharmonics are generated by two basic mechanisms [7].

The first is nonlinear interaction between two different frequencies. The non-

linear interaction is mainly caused by switching operations of power electronic

devices [8] or rapid changes of current in equipment and installation. Due to

the nonlinear interaction, the fundamental frequency and its harmonics mod-

ulate with the propagated waveforms from the other frequency source. Hence,

the interharmonic components locate in the sidebands of the fundamental and

harmonic frequencies. The second mechanism is the asynchronous switching

in power converters, which indicates that the output frequency of the power

converter is not synchronized with the fundamental frequency of the power

system. In this case, interharmonic components can be located at anywhere in

the spectrum with respect to the power supply voltage harmonics. Practical

applications which cause interharmonic distortions are arcing loads, variable-

load electric drives, static converters, ripple controls. Regarding interharmonic

3



distortions, a large volume of interharmonic research have been done on var-

ious subjects including identification of interharmonic sources, their possible

effects, and methodologies of measurements. [8–11].

1.2 Motivation of this research

Harmonics and interharmonics have various effects on power systems.

Harmonics can induce problems such as overloading of neutrals, nuisance trip-

ping of circuit breakers, over-stressing of power factor correction capacitors,

skin effect, voltage distortion, and zero-crossing noise [12]. Transformer over-

heating and losses [13] and communication line interference [14] are also side

effects of harmonic distortion. In addition, harmonics can cause additional

zero crossings of a voltage waveform which confuse control timings of electric

circuits [15].

In principle, interharmonics may also cause the same effects on power

system as harmonics can do. However, the common effects are less signifi-

cantly induced by interharmonics because magnitudes of interharmonics are

generally smaller than those of harmonics. Interharmonics produce harmful

effects because of their frequencies which can exist in each side band of the

fundamental and harmonic frequencies. Thus, they can cause their own unique

effects including light flicker [16] and sideband torques on the motor/generator

shaft [17, 18]. Recent studies have shown that even very small amplitude inter-

harmonics (under 1 % of the fundamental) can have significant adverse effects

on important components such as transformers [19] and motors [20]. Interfer-

ence with control and protection signals in power supply lines is also one of

the harmful effects of interharmonics [7].

To prevent harmonic and interharmonic emission to the power grid or

4
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Figure 1.2: Frequency response of PWM voltage and transfer function of L-C
harmonic filter

loads, L-C resonance filters, shown in Fig. 1.1, are generally used.

The transfer function of the L-C filter depends on the number of passive

elements, L and C, and their values. For the filter to have shaper transition

band, more elements of L and C are required. For lower cut-off frequency of

the filter, the values of L and C have to be increased, which also increases

physical size of the elements. Fig. 1.2 illustrates the transfer function of L-

5



C resonance filter and the frequency response of a pulse width modulated

(PWM) voltage. In this example, the fundamental and carrier frequency of

the PWM voltage are 60 Hz and 1200 Hz, respectively. The harmonic filter

whose cut-off frequency is 510 Hz is designed to mitigate the carrier frequency

and its harmonics. Corresponding values of L and C in the harmonic filter

are 650 µH and 150 µF, respectively. As shown in Fig. 1.2, a conventional

L-C harmonic filter has limitations in mitigating harmonic and interharmonic

distortion as follows:

• The cutoff frequency of the filter should be much less than the desired

rejection band. In Fig. 1.2, the cut-off frequency of the filter is less than

the actual rejection band by 700 Hz.

• Due to the moderate transition band of a harmonic filter, it is difficult to

mitigate harmonics and interharmonics located close to the fundamental

frequency.

• L-C resonance of a harmonic filter increases harmonic tones around the

resonance frequency.

• Nonlinear power converters such as a rectifier and an inverter produce

harmonic distortions on both sides of their inputs and outputs. Thus,

harmonic filters are required on both sides of the converters.

1.3 Objective of this research

This dissertation aims to provide mitigation methodologies of harmon-

ics and interharmonics associated with a PWM inverter, the commonest topol-

ogy of power inverters. The principle of mitigation is based on randomly vary-
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ing periodicity of harmonic waveforms without alteration of the fundamental

period. The randomly varied periodicity results in reduced harmonic tones

in the frequency domain. Applying dithering methods to the gating signals,

we perform the periodicity randomization of harmonic waveforms without any

additional devices such as harmonic filters. The dithering method purposes to

mitigate harmonic generation not to prevent harmonic propagation. Thus, it

can also mitigate interharmonics associated with the PWM harmonics. Spe-

cific objectives in this dissertation are described as follows:

• Evaluating the relationship between the mitigated PWM harmonics and

associated interharmonics in a voltage-sourced inverter (VSI) type ad-

justable speed drive (ASD) system.

• Proposing an alternative PWM topology, dithered sigma-delta modula-

tion (Σ∆M), and evaluating the efficacy in mitigating harmonic distor-

tions.

• Validating the dithered PWM methodologies in mitigating harmonics

and interharmonics by performing a hardware experiment.

1.4 Contibutions

The main contributions to this research in mitigating harmonics and

interharmonics in power converters are summarized as follows.

• We proposed the dithering method to mitigate both harmonics and in-

terharmonics in a VSI-ASD system. Applying various intensity of the

dither to the SPWM process in the simulated VSI-ASD model, we em-

pirically demonstrated the effects of dithering in mitigating both load-
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side harmonics and source-side interharmonics associated with PWM.

Performing cross bicoherence analysis on the mitigated harmonic and

interharmonic waveforms, we also confirmed the nonlinear relationship

between the mitigated harmonics and interharmonics.

• Based on the approved relationship between load-side harmonics and

the source-side interharmonics in the VSI-ASD model, we proposed the

dithered Σ∆M as an alternative PWM topology to effectively mitigate

the harmonic distortions at the output side of the inverter. By com-

paring the performance of dithered Σ∆M with those of conventional

SPWM, dithered PWM, and carrier frequency randomized SPWM, we

demonstrated the efficacy of the dithered Σ∆M in mitigating harmonic

distortions. The dithered Σ∆M resulted in less harmonic emissions than

conventional SPWM over all frequency ranges, less switching loss and

carrier frequency harmonics than the dithered SPWM, and less funda-

mental frequency harmonics than carrier frequency randomized SPWM.

In addition, the dithered Σ∆M demonstrated the advantageous noise-

shaping property in that the noise spectral density decreases around the

fundamental frequency and the reduced density repeats at every sam-

pling frequency of Σ∆M.

• We validated the effects of dithered SPWM and Σ∆M methods on a

VSI-ASD system with hardware experiments. In the experiments, we uti-

lized commercial three-phase inverter module, manufactured by Fairchild

Semiconductor, and its application board to configure the input and out-

put interface. We implemented the dithered SPWM, carrier frequency

randomized SPWM, and Σ∆M signals using Labview program. The

simulated signals were converted into voltage waveforms and exported
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to the hardware platform. The experimental results demonstrated the

same properties of dithered PWMs described in the simulation results.

The dithered SPWM effectively reduced fundamental-frequency harmon-

ics and associated interharmonics. The dithered Σ∆M method mitigated

both low and high frequency harmonics due to the noise-shaping prop-

erty. Interharmonics around the fundamental frequency were also de-

creased by the dithered Σ∆M.

1.5 Organization of the dissertation

The remainder of the dissertation is organized as follows. In Chapter 2,

the principles of harmonic and interharmonic frequencies associated with six-

pulse rectifier/inverter and PWM inverter are described. These principles on

harmonic and interharmonic frequencies are referred in remaining chapters.

In Chapter 3, the dithered SPWM method is proposed to mitigate both har-

monics and interharmonics of an ASD. The effectiveness of the dithering is

empirically evaluated for various intensities of the dither. Nonlinear relation-

ships between the mitigated harmonics and interharmonics are also investi-

gated in cross bicoherence analysis. In Chapter 4, the harmonic-mitigating

property of the dithered Σ∆M is represented. The harmonic characteristic of

Σ∆M is compared with other randomized SPWM methods. In Chapter 5, the

hardware experiments are performed to validate PWM randomization meth-

ods described in earlier chapters. Chapter 6 concludes this dissertation. In

Appendix A, we demonstrate time-localized harmonics in variable speed wind

turbines (VSWTs) using the joint time-frequency distribution as another ex-

ample of harmonics caused by the AC-DC-AC configuration of power convert-

ers.
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Chapter 2

Harmonics and interharmonics in AC-DC-AC

converters

In this chapter, we describe harmonic and interharmonic principles in a

three-phase converter composed of a rectifier, a DC-link, and an inverter. First,

the harmonic frequencies for a common rectifier and an inverter are analyzed

separately. Then, interharmonic frequencies are derived for the popular types

of AC-DC-AC converter, a load commutated inverter (LCI) type and a voltage

source inverter (VSI) type. The derived principles are referred as fundamental

theories in Chapters 3, 4, 5, and Appendix A.

2.1 Introduction

AC-DC-AC converters illustrated in Fig. 2.1 perform frequency conver-

sions to supply proper frequency of power to the load. The AC fundamental

frequency, fS, is changed into DC frequency through the rectifier and the DC

frequency is consecutively converted into desired load frequency, fL, by the in-

verter. Since the rectifier and the inverter convert the fundamental frequency

by switching operations, they are inevitably produce harmonics associated

with the fundamental frequency. The harmonics associated with both funda-

mental frequencies, fs and fL, can reflect from and propagate through those

devices as shown in Fig. 2.1. Each harmonic produced by the rectifier and

the inverter is also modulated by other harmonic or fundamental frequencies,
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Figure 2.1: Harmonic and interharmonic configuration in AC-DC-AC con-
verter

which eventually cause interharmonic distortion.

Harmonic and interharmonic frequencies are characterized by the con-

figuration of the device. A six-pulse converter is commonly used as a three-

phase rectifier and a load commutated inverter (LCI). PWM is the most popu-

lar modulation technique for voltage source inverters (VSI). Hence, harmonic

and interharmonic components associated with a six-pulse converter and a

PWM inverter are analyzed in the following sections.

2.2 Harmonic analysis

2.2.1 Six-pulse converter

A six-pulse rectifier is the most common configuration in three-phase

rectifier circuits. The structure of a six-pulse rectifier is same as three-phase

H-bridge. The H-bridge is composed of six diodes or six switching devices such

as thyristors and silicon-controlled rectifiers (SCRs) to be used as a rectifier. If
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the load connected to the rectifier does not affect the DC voltage level, only six

diodes can compose the H-bridge. Otherwise, the diodes have to be replaced

by switching devices for the rectifier to operate properly. A configuration of

a diode-based six-pulse rectifier is illustrated in Fig. 2.2(a). Assuming the

rectifier is supplied by an infinite bus and is equipped with a reactor on the

DC link, the DC-side voltage has six ripples per period of the AC fundamental

frequency as shown in Fig. 2.2(b). The phase current, iar, is composed of

periodic rectangular pulses whose period is same as the fundamental period of

the AC power. Applying Fourier analysis, we can represent the line current at

the AC side as follows:

iar =
2
√

3

π
Idcr

(
cos 2πfst−

1

5
cos 2π(5fs)t+

1

7
cos 2π(7fs)t−

1

11
cos 2π(11fs)t+ ...

)
=

2
√

3

π
Idcr

(
cos 2πfst±

∞∑
k′=1

1

6k′ ± 1
cos[(6k′ ± 1)(2πfs)t]

)
(2.1)

where Idcr denotes the DC current and fs indicates the fundamental frequency

at the AC source side. Because we assumed large reactor at the DC side, Idcr

can be considered as a constant. However, the DC-side current has same order

of harmonics as the DC-side voltage in a practical rectifier. Thus, Idcr can be

replaced with Idcr(t) which has every 6th harmonic frequency of the AC-side

fundamental frequency as follows [8]:

fhDC,s = 6m · fs (2.2)

where fhDC,s represents DC-side harmonic frequencies associated with the source-

side fundamental frequency and m = 1,2,3,· · · . In the last term of (2.1),

(6k′ ± 1) describes the order of harmonics of the phase current. In a practical
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Figure 2.2: Three-phase diode bridge rectifier (a) configuration and (b) voltage
and current waveforms
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rectifier, the harmonic frequency of (6k′ ± 1)fs is modulated by Idcr(t) whose

frequency is described in (2.2). The frequency modulation can be explained

by the trigonometric identity in (2.3).

sinα sin β =
1

2
[cos(α− β)− cos(α + β)] (2.3)

Applying (2.3) to (2.1), the harmonic frequency at the source-side can be

represented as follows:

fhs =(6(k′ ±m)± 1) · fs

=(6k ± 1) · fs
(2.4)

where fhs indicates source-side harmonic frequencies and k = k′ + m = 1,2,3,

· · · .

A six-pulse inverter, shown in Fig. 2.3, is generally used as a high

power inverter due to less switching losses than PWM inverters. Operational

principle of the six-pulse inverter can be considered as the reverse process of

the six-pulse rectifier. For the DC current to be converted into AC current,

switching devices have to be used instead of diodes. The switching devices

are controlled by the switching function which characterizes output current

waveform. Likewise the AC current representation in (2.1), the output phase

current, iai in Fig. 2.3, can be derived in a Fourier series form as follows:

iai =
2
√

3

π
Idci

(
cos 2πflt±

∞∑
k=0

1

6k ± 1
cos[(6k ± 1)(2πfl)t]

)
(2.5)

where Idci denotes the line current at the DC side and fl indicates the funda-

mental frequency at the inverter output side. For a practical reactor on the

DC link, Idci is not constant and can be replaced as a waveform, Idci(t). Idci(t)

also has every 6th harmonic frequency which can be represented as follows:
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Figure 2.3: Configuration of six-pulse inverter

fhDC,l = (6m) · fl (2.6)

where fhDC,l denotes DC-side harmonic frequency associated with the load-

side fundamental frequency and m = 1,2,3,· · · . Substitute Idci(t) for Idci in

(2.5), harmonic frequencies in Idci(t) modulate iai. Then, the corresponding

harmonic frequency of iai can be derived at the same method applied to (2.4)

and expressed as follows:

fhl = (6k ± 1) · fl (2.7)

where fhl indicates load-side harmonic frequency and k = 1,2,3,· · · .

2.2.2 Pulse width modulated inverter

A PWM inverter is widely used as a voltage source inverter from low

to medium-high power applications, which can convert up to few MVA power

ratings. General configuration of the PWM inverter is based on the three-

phase H-bridge structure where the switching devices are controlled by PWM

signals. Among the various PWM techniques, synchronous sinusoidal PWM is

the most widely used application due to its simple structure and controllability.

Thus, harmonic and interharmonic analyses are conducted for the synchronous
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Figure 2.4: Configuration of three-phase H-bridge for SPWM inverter

sinusoidal PMW, where each switching devices is composed of an IGBT-diode

pair as shown in Fig. 2.4. The carrier signal, ∆(t), and the sinusoidal ref-

erence signal, cA(t) are illustrated in Fig. 2.5(a). The PWM phase-voltage,

vAO(t), is generated by comparing cA(t) and ∆(t), as shown in in Fig. 2.5(b),

where nodes ‘A’ and ‘O’ are indicated in Fig. 2.4. Similarly, output voltages,

vBO(t) and vCO(t), can be obtained by comparing ∆(t) to reference signals

for phase-b and phase-c which are phase-shifted signal of cA(t) by -120◦ and

+120◦, respectively. A general expression for the PWM phase voltage can be

expressed as follows:

vXO(t) = V 0 + v1XO(t) + ṽXO(t) (2.8)

where X represents the nodes A, B, and C, expressed in Fig. 2.4. V 0, v1XO(t),

and ṽXO(t) indicate the DC, the fundamental, and the harmonic components,

respectively. The harmonic component, ṽXO(t) can be expressed as follows:

ṽXO(t) =
+∞∑
n=2

An sin(2πnflt) (2.9)
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Figure 2.5: SPWM signals: (a) cA(t) is the sinusoidal reference signal for
phase-a and ∆(t) is the triangular-carrier signal (b) vAO(t) is the output voltage
between node A and O in Fig. 2.4.

where An and fl are Fourier coefficient and the fundamental frequency of

ṽXO(t). According to [21], the Fourier coefficient, An, can be expressed as

follows:

An =
maVdc

2

+∞∑
l=1

{[
1− (−1)n+l·(mf−1)

]
·R(n, l,mf ,ma, φX)

}
=
maVdc

2

+∞∑
l=1

{Q(·)R(n, l,mf ,ma, φX)} .
(2.10)

where

φX : phase angle of cX(t) in radian

mf : modulation index defined by the ratio between the carrier and the

fundamental frequencies
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ma: modulation ratio defined by the ratio of amplitudes between the

reference and the carrier signals

Q(·) = 1− (−1)n+l·(mf−1)

R(n, l,mf ,ma, φX) =
Jlmf+n (lε) · ejlmfφX − Jlmf−n (lε) · e−jlmfφX

lε
(2.11)

with ε = maπ
2

. Ja(x) indicates a-th order Bessel function of the first kind for

an integer a.

Substituting (2.10) and (2.11) into (2.9), ṽXO(t) can be expanded as

follows:

ṽXO(t) =
maVdc

2

+∞∑
n=2

+∞∑
l=1

{
Q(·)

Jlmf+n (lε)

lε
sin[2πnflt+ (lmf + n)φX ]

}

− maVdc
2

∞∑
n=2

+∞∑
l=1

{
Q(·)

Jlmf−n (lε)

lε
sin[2πnflt+ (−lmf + n)φX ]

}

=
maVdc

2

+∞∑
n=−∞,
n6={0,±1}

+∞∑
l=1

{
Q(·)

Jlmf+n (lε)

lε
sin[2πnflt+ (lmf + n)φX ]

}

=
Vdc
π

+∞∑
n=−∞,
n6={0,±1}

+∞∑
l=1

{
Q(·)Jlmf+n

(
lmaπ

2

)
1

l
sin[2πnflt+ (lmf + n)φX ]

}
.

(2.12)

In (2.8), vXO(t) can be characterized by mf . For a synchronous opera-

tion in which each pulse in PWM waveform has same phase in each fundamen-

tal cycle, mf must be an integer so that vXO(t) has only DC, fundamental,

and harmonic components [21]. If mf is an odd integer, vXO(t) contains only

odd harmonics and V 0 in (2.8) is exactly Vdc/2. Meanwhile, if mf is an even

integer, both even and odd harmonics can appear in vXO. Moreover, the DC

component, V 0, is not exactly Vdc/2.
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The feasible set of harmonics associated with the parity of mf can be

verified by investigating (2.12). Recalling Q(·) = 1− (−1)n+l·(mf−1), Q(·) can

be either 0 or 2. If mf is an odd integer, Q(·) can be expressed as follows:

Q(·) = 1− (−1)n+l(mf−1) = 1− (−1)n (2.13)

where the value of Q(·) is only dependent on n. Representing an odd integer

n as (−l ·mf + k), ṽXO(t) in (2.12) can be rewritten as follows:

ṽXO(t) =
2Vdc
π

+∞∑
l=1

1

l

+∞∑
k=−∞

{
Jk

(
lmaπ

2

)
sin [2π(−lmf + k)flt+ kφX ]

}
(2.14)

where l + k is odd.

Meanwhile, if mf is even, Q(·) dependents on both n and l. Thus,

there exist feasible sets of (n, l) which enable Q(·) to be 2. Representing n as

(l′ ·mf + k) where l′ and k are integers, l′ and k can be assumed as all integer

values.

For even and odd integers of mf , the harmonic frequencies at the load

side of a PWM inverter can be represented as follows:

fhl = |l ·mf ± k|fl (2.15)

where fhl and fl denote harmonic and fundamental frequencies at the output

of a PWM inverter, respectively. Feasible parameters l and k with respect to

mf are summarized in Table 2.1.
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Table 2.1: Parameters l and k for even and odd mf

Odd mf Even mf

l k l k

even odd integers integers
odd even integers integers

2.3 Interharmonic analysis

2.3.1 LCI-type AC-DC-AC converter

Line-comutated inverter (LCI) drives are mainly used in high power

applications. In LCI-type AC-DC-AC converters, a switch-controlled six-pulse

rectifier and an inverter are connected to the DC-link through a large inductor

as shown in Fig. 2.6. If the inductor on DC link is infinitely large, the current

following through the DC link is constant. However, in practical LCI-type

AC-DC-AC converter, the six-pulse rectifier and inverter can cause every 6th-

order harmonic current associated with the fundamental frequencies fs and

fl on the DC link. Furthermore, the harmonic currents from source and the

load sides can be modulated by each other due to the switching operation of

6-pulse converters. Thus, interharmonic frequencies which appear on DC link

can be expressed as linear combinations of (2.2) and (2.6) as follows:

f ihdc = |6mfs ± 6nfl| (2.16)

with m=1,2,· · · , and n=1,2,· · · .

Harmonic currents at the DC link can also affect the source- and load-

side current in the form of interharmonics; harmonics associated with fs can

cause interharmonics at the load-side and fl at the source-side. Recalling

Fig. 2.3 and (2.16), the switching function and the DC-side current can be
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Figure 2.6: Configuration of LCI-type AC-DC-AC converter

expressed as follows:

S(t) =
∣∣∣S0
∣∣∣ · cos(2πfact) +

+∞∑
k=1

∣∣∣Sk∣∣∣ · cos [2π(6k ± 1)fact] (2.17)

idc(t) = IDC +
+∞∑
h=1

∣∣∣Ihdc∣∣∣ cos(2πhfdct) (2.18)

where |Sk| and |Ihdc| denote the amplitudes corresponding the sinusoidal terms

in the summations. Corresponding AC current, iac(t), at either the source or

the load side can be derived as follows:

iac(t) =
∣∣∣S0
∣∣∣ IDC · cos(2πfact) +

+∞∑
k=1

∣∣∣Sk∣∣∣ IDC · cos[2π(6k ± 1)fact]

+
1

2

+∞∑
h=1

∣∣∣S0
∣∣∣ ∣∣∣Ihdc∣∣∣ · cos[2π(fac + hfdc)t]

+
1

2

+∞∑
k=1

+∞∑
h=1

∣∣∣Sk∣∣∣ ∣∣∣Ihdc∣∣∣ · cos(2π[(6k ± 1)fac ± hfdc]t)

(2.19)
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where fac corresponds to the frequency either at the source or the load side

and fdc indicates harmonic frequency at the DC link.

From (2.19), feasible interharmonic frequencies at either the source or

load side can be derived. For (fac, fdc)=(fs, fl), the interharmonic frequency

at the source side is represented as follows:

f ihs = |(6m± 1)fs ± 6nfl| (2.20)

where m=0,1,· · · , and n=1,2,· · · . For (fac, fdc)=(fl, fs), the interharmonic

frequency at the load side can also expressed as follows:

f ihl = |6mfs ± (6n± 1)fl| (2.21)

where m=1,2,· · · , and n=0,1,· · · .

Feasible interharmonic frequencies at the load and source side, de-

scribed in (2.20) and (2.21), are illustrated in Fig. 2.7(a) and (b). In both

figures, the interharmonic frequencies are plotted with respect to variable load

frequency, fl, from 0 Hz to 60 Hz. The source frequency, fs is fixed at 60 Hz.

Feasible interharmonic frequencies are plotted in solid line in both figures.

2.3.2 VSI-type AC-DC-AC converter

From low and medium-high power application, VSI configuration is

widely used for a AC-DC-AC converter in which a six-pulse diode rectifier and

a three-phase PWM inverter are connected to the DC-link through a large

capacitor as shown in Fig. 2.8. Likewise LCI-type converters, harmonics gen-

erated by the rectifier and inverter can produce interharmonics at the supply

system, the DC-link, and the load in VSI-type converters.
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Figure 2.7: Interharmonic frequency at (a) the source and (b) the load side in
LCI-type AC-DC-AC converter
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Harmonics generated by the six-pulse rectifier in VSI-type converter

have the same set of frequencies as those in LCI-type converters. However,

harmonics from the PWM inverter show more complex characteristics as shown

in Section 2.2.2, which differently produce interharmonic frequencies from LCI-

type converters. To evaluate harmonic frequency caused by the PWM inverter

on the DC-link, we assume that (i) the inverter does not dissipate nor generate

power and (ii) the the three-phase load is balanced and composed of only

passive components. Then, the current, idci(t), indicated in Fig. 2.8, can be

represented as follows:

idci(t) =
vAO(t)

Vdc
· iai(t) +

vBO(t)

Vdc
· ibi(t) +

vCO(t)

Vdc
· ici(t) (2.22)

where vAO, vBO, and vCO are explained in (2.8) and iai, ibi, and ici are indicated

in Fig. 2.8. vXO(t), where X=A, B, or C, indicates a PWM voltage waveform

which swings between 0 and Vdc. Recalling (2.15), harmonic frequency in

vXO(t) can be expressed as a form of |lmf±k| with corresponding integers l and

k. Because a balanced passive load is assumed above, harmonic components of

ixi, where x=a, b, or c, have the same frequency as those of vXO. By the same
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Table 2.2: Parameters l and r for different mf

mf Odd Even

non- triple
l r l r
even even even integers
odd odd odd integers

triple
l r l r
even even triple even triple integers
odd odd triple odd triple integers

principle shown in (2.19), the harmonic frequencies of idci(t) can be deduced

by the modulation between ixi and vXO and represented as follows:

fhdc,l = |lmf ± (k ± 1)| · fl = |lmf ± r| · fl (2.23)

where fhdc,l is harmonic frequency in idci(t) associated with PWM operation,

l, k are corresponding integers described in Table 2.1, and r=k ± 1. Accord-

ing to [21], for the triple integer of mf , only triple harmonics associated with

PWM inverter are present on the DC link. Thus, feasible combinations of l

and r with respect to mf can be summarized as shown in Table 2.2. The

PWM-associated harmonics on the DC-link are coupled with the source-side

harmonics, which produce interharmonics at the source side. On the DC-link,

harmonic currents described in (2.1) are also present due to the six-pulse recti-

fier as well. The six-pulse related harmonics are modulated with the harmonics

at the output of inverter PWM, which causes load-side interharmonics. Feasi-

ble interharmonic frequencies at the source- and the load-side can be evaluate

by the same method described in (2.19). Replacing the last term, ‘6n · fl’, in

(2.20) with (2.23), the interharmonic frequency at the source side is described

as follows:
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f ihs = |(6m± 1) · fs ± (lmf ± r) · fl| (2.24)

where m=0, 1, · · · , l and r as in Table 2.2.

Substituting (2.21) for (6n±1)·fl in (2.15), the interharmonic frequency

at the load side can be represented as follows:

f ihl = |6m · fs ± (lmf ± k) · fl| (2.25)

where m=1, 2, · · · , l and k as in Table 2.1. Interharmonic frequencies, (2.24)

and (2.25), are illustrated in Fig. 2.9(a) and (b) with respect to the load

frequency. The source and the carrier frequencies are fixed at 60 Hz and

1200 Hz, respectively. The horizontal axis indicates load frequency, fl, of

the PWM inverter, and the vertical axis denotes feasible interharmonic fre-

quency associated with fl and the source-side fundamental frequency, 60 Hz.

The output frequency varies within the values which enable mf to be integer,

where corresponding (mf , fl) are (1200,1), (600,2), (400,3), (300,4), (240,5),

(200,6),(150,8), (120,10), (100,12), (80,15), (60,20), (48,25), (40,30), (30,40),

(25,48), (24,50), (20,60). In each figure, feasible interharmonic frequencies are

plotted in dots.

2.4 Summary

This chapter has described the feasible harmonic and interharmonic

frequencies caused by a three-phase rectifier and an inverter. In Section 2.2,

feasible harmonic frequencies produced by a six-pulse rectifier/inverter and a

PWM inverter were mathematically derived. Based on the derived feasible

harmonic frequencies, feasible interharmonic frequencies in LCI- and VSI-type
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AC-DC-AC converters were described in Section 2.3, which are caused by the

frequency coupling between two different fundamental frequencies and those

harmonics. Based on the feasible harmonic and interharmonic frequencies

described in this chapter, voltage and current spectra in the simulation and

experimental results are evaluated in remaining chapters.
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Figure 2.9: Interharmonic frequency at (a) the source and (b) the load side in
VSI-type AC-DC-AC converter
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Chapter 3

Mitigation of harmonic and interharmonic

distortions in a PWM-type ASD system using

dithering method

This chapter presents the effect of dithering on both harmonics and in-

terharmonics in a voltage-sourced inverter (VSI) type adjustable speed drives

(ASDs). The VSI-ASD model simulated using PSCAD/EMTDC program

is composed of a six-pulse rectifier and a sinusoidal pulse width modulated

(SPWM) inverter. The PWM signal for the inverter is modified by means

of the additive noise, dither. The dither randomizes the timing of rising and

falling edges of PWM signals, which eventually reduces periodic harmonics of

the inverter output voltage. The reduced harmonics also mitigate the inter-

harmonic distortions at the source side. The empirical excitation of various

intensities of dithering results in mitigation of harmonic and interharmonic

distortions by approximately up to 10 dB.

3.1 Introduction

Adjustable speed drives (ASDs), which consist of a rectifier, a DC link,

and an inverter, have been employed in commercial and industrial loads. Ac-

cording to the characteristics of the DC link and the inverter, ASDs are classi-

fied in numerous ways [22]. Among the inverter classifications, voltage-sourced
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PWM inverters are commonly used for ASDs because of good power factor,

controllability, and their ability to produce nearly sinusoidal current to the

output [23]. Furthermore, PWM inverters obtain their DC input from the

uncontrolled rectifier which can be implemented using simple diode bridges.

Meanwhile, due to nonlinearities in the power electronic devices, i.e., a

rectifier and an inverter, VSI-ASDs emit harmonics to the power source, DC

link, and the load. As described in Chapter 2, a PWM inverter causes harmonic

distortions to the output load, which can significantly impact motors [24].

PWM harmonics can also be reflected from the inverter to the DC link and

coupled with the source-side current through the rectifier. The coupled PWM

harmonics appear as interharmonics at the source side which can cause side

effects to the other loads connected to the same power source, as described in

Chapter 1.

Researches on interharmonics in power systems have been focused on

effective detection methods. Signal processing methods such as harmonic fil-

tering [25], adaptive window width [26], and support vector machine [27] pro-

vide clear information of interharmonic frequencies and magnitudes. A cross

bicoherence method [28] quantifies the intensity of nonlinear coupling between

two different frequency sources, which can prove the dominant sources of in-

terharmonic distortion.

This chapter focuses on the mitigation of harmonic and interharmonics

as well by applying a dithering method to PWM inverter. The fundamental

concept of PWM dithering is pulse width randomization which mitigates the

magnitudes of PWM harmonics. The width of each pulse in PWM signal pe-

riodically varies where the periodicity determines the fundamental frequency.

Maintaining the fundamental periodicity, the dithering randomizes the width
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of each pulse in an period. Thus, harmonics associated with the pulses in each

period are mitigated while the fundamental frequency is maintained. The

magnitudes of the mitigated interharmonics are illustrated using conventional

Fourier transform method and the relationship between harmonics and inter-

harmonics are evaluated using cross bicoherence analysis. In the following

sections, the definition of cross bicoherence, simulation result, and conclusion

are discussed.

3.2 Cross bicoherence for interharmonic detection in
ASDs

A cross bispectrum quantifies quadratic interactions of two individ-

ual signals in the bi-frequency plane, and the cross bicoherence is a normal-

ized cross bispectrum. The definition and properties of general cross bis-

pectrum/bicoherence are described in [29]. Depending on the application,

the cross bispectrum/bicoherence can be defined in many different ways by

switching the sequence of signals. For our specific application of the cross bi-

coherence to interharmonic detection associated with ASD systems, we use the

cross bicoherence definition in [28] for the system configured in Fig. 3.1. The

definition of the cross bispectrum, Sxyy(f1, f2), and the corresponding cross

bicoherence, c2(f1, f2), are as follows:

Sxyy(f1, f2) = E[X(f1)Y (f2)Y
∗(f3)] (3.1)

c2(f1, f2) =
|Sxyy(f1, f2)|2

E[|X(f1)Y (f2)|2]E[|Y (f3)|2]
(3.2)

where E[·] denotes an expectation operator. The frequency index f3 satisfies

the frequency selection rule which can be expressed as f3 = f1 +f2. Variables,
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Figure 3.1: PWM-ASD configuration

X(f) and Y (f), correspond to the frequency responses of the currents mea-

sured at the DC link side (id in Fig. 3.1) and the source side (is in Fig. 3.1),

respectively. Because interharmonic current at the source-side is caused by

interactions between currents at the source side and the DC link as shown in

(2.19), the cross bicoherence can quantify the intensity of correlation between

id and is. In more detail, the cross bicoherence, c2(f1, f2), indicates the in-

tensity of nonlinear frequency coupling between Y (f3 = f1 + f2), X(f1) and

Y (f2), and is bounded between 0 and 1. The closer c2(f1, f2) is to 1, the more

likely Y (f3 = f1 + f2) is the result of a nonlinear quadratic interaction be-

tween X(f1) and Y (f2). Consequently, the value of the cross bicoherence at a

certain frequency point in the (f1, f2) plane can tell us whether the frequency

component under consideration is an interharmonic component or not.

In practical analysis of (3.1) and (3.1), the number of computation is

cubically proportional to the number of samples in X(f) or Y (f). Fortunately,

symmetry properties of Fourier transform can be extended over the entire two

dimensional frequency plane of f1 and f2. Based on the symmetry of the

Fourier transform, X(−f) = X∗(f), and sampling theory, following symmetry
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properties can be derived for cross bispectrum.

I. Sxyy(f1, f2) = S∗xyy(−f1,−f2)

II. f1 ≤ fN

III. f1 + f2 ≤ fN

IV. Sxyy(f1, f2) = Sxyy(f1,−f1 − f2)

where fN denotes the Nyquist frequency which guarantee the aliasing-free sam-

pling. The symmetry lines associated with the above symmetry properties and

the corresponding region of symmetry are illustrated in Fig. 3.2. ‘Σ’ indicates

a sum frequency interaction region, and ‘∆’ indicates a difference frequency

interaction region. In Symmetry IV, the second frequency components, f1 and

−f1 − f2 are symmetric about f2 = −f1/2. Thus, The ’∆’ region is bounded

by the line, f2 = −f1/2, as shown in Fig. 3.2.

3.3 ASD simulation environment

To evaluate the effects of a dithering on the mitigation of harmon-

ics/interharmonics, we implemented a VSI-ASD system using the PSCAD/

EMTDC program. Fig. 3.3 illustrates the simulated VSI-ASD model, where

corresponding rated values are summarized in Table 3.1. As a power source,

the three-phase voltage source in PSCAD/EMTDC library is selected. Three

pairs of diode consist the six-pulse rectifier, and 3000 µF capacitor configures

a voltage source inverter. The PWM inverter is composed of six IGBTs and

free wheel diodes. PWM signals turn on and off each gate of IGBTs to convert
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DC power into PWM AC power. Gaussian noise data are generated in MAT-

LAB simulation and imported as noise waveform. Current and voltage data

are measured in PSCAD/EMTDC and exported into MATLAB for further

processing.

In PWM operation, modulation ratio, ma, is defined by the ratio be-

tween the peak values of the reference signal and the switching signal. As

modulation ratio increases, the associated PWM waveform has wider pulse

width as shown in Fig. 3.4. The wider pulse width corresponding to the peak

value of the sinusoidal produces more harmonics associated with the funda-

mental frequency of the PWM signal. If ma increases to infinity, the PWM
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Figure 3.3: PSCAD/EMTDC model for PWM-ASD

Table 3.1: Rated values of PWM-ASD in Fig. 3.3

Source DC link Load

fundamental frequency 60 Hz 0 Hz 13 Hz

rms voltage 530 V 750 V 530 V

rated power 50 kVA · 37.3 kW
21.1 kVar

waveform becomes square waveform to produce more harmonics of fundamen-

tal frequency. In this simulation, ma of 1.4 is applied to the PWM signal

generator, which denotes the PWM inverter operates in the over modulation

region.

If the additive dither noise is injected to the sinusoidal reference signal,

transition edges of the PWM signal are randomly varied. The variation of

transition edges can reduce periodicity of harmonics. Thus, greater magnitude
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(a) (b)

Figure 3.4: Modulation modes of PWM inverters: (a) under modulation mode
(b) over modulation mode

of dither more reduces the magnitude of harmonics. However, randomized

edges in each pulse appear as increased noise spectral density in the frequency

domain. Therefore, we quantify the intensity of dithering by means of dithering

ratio (DR) to evaluate the effect of dithering on harmonics and interharmonics

in VSI-ASD system. The DR is defined as follows:

DR =
rms value of the dithering noise signal

rms value of the reference signal
(3.3)

Switching frequency of the PWM inverter, which is described as ftri in

Fig. 3.1, is 2080 Hz, and corresponding modulation index, mf , is 160 (=2080

Hz/13 Hz). Referring Tables 2.1 and 2.2, the feasible harmonic and interhar-

monic frequencies, described in (2.15) and (2.24), can be simplified for the

non-triple and even integer of mf as follows:

fhl = h · fl (3.4)

f ihs = |(6m± 1) · fs ± l · fl| (3.5)

where fhl and f ihs denote harmonic and interharmonic frequency at the load-

and the source-side, and h = 2, 3, · · · , m = 0, 1, · · · , l = 1, 2, · · · .
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3.4 Analysis of simulation result

In this section, we demonstrate harmonic and interharmonic character-

istics at the load and at the source sides when the dithering method is applied

to the PWM inverter. First, conventional spectral analysis is demonstrated

for load voltage and source current. After investigating the spectral magni-

tude, we apply the cross bicoherence method to the source and the DC-side

current in order to verify whether the affected frequencies at the source-side

is associated with the load-side harmonics.

3.4.1 Spectral analysis for harmonics and interharmonics

Fig. 3.5(a), (b), and (c) present frequency responses of vL (load terminal

voltage - see Fig. 3.1) at the load of the VSI-ASD with DR of 0, 0.2, and

0.4, respectively. Each graph is normalized by the fundamental voltage and

plotted in dB full scale (dBFS) and detail values of the harmonic magnitudes

are enumerated in Table. 3.2. In Fig. 3.5(a), the 5th (65 Hz) and 7th (91 Hz)

harmonics are dominant, where each magnitude is -31.2 dB and -38.9 dB of

the fundamental voltage, respectively. Besides 5th and 7th harmonics, other

harmonics also appear at the integer multiple of the fundamental frequency

even if their magnitudes are small. The existence of those harmonics is also

consistent with (3.4). The frequency response of load voltage, vL, for DR of

0.2 is illustrated in Fig. 3.5(b). Compared with Fig. 3.5(a), the magnitude of

the 5th and 7th harmonics reduce by 4.1 dB (from -31.2 dB to -35.3 dB) and

14 dB (from -38.9 dB to -52.9 dB), respectively. Meanwhile, the level of noise

increases around to -50 dB. When we increase a DR to 0.4, the 5th and 7th

harmonics further decrease. Compared with Fig. 3.5(a), the magnitudes of 5th

and 7th harmonics reduce by 12.4 dB (from -31.2 dB to -43.6 dB) and 0.3 dB
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Figure 3.5: Frequency response of the load voltage, vL, for (a) DR = 0 (b) DR
= 0.2 (c) DR = 0.4
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Table 3.2: Magnitude of harmonic components in vL with respect to the fun-
damental component

Harmonic Magnitude Magnitude Magnitude
frequency of harmonics of harmonics of harmonics
f loadH [Hz] for DR = 0 for DR = 0.2 for DR = 0.4

65
-31.2 dB -35.3 dB -43.6 dB

(=13×5 )
91

-38.9 dB -52.9 dB -39.2 dB
(=13×7)

(from -38.9 dB to -39.2 dB), respectively. However, the noise floor increases

to approximately -45 dB.

Consequently, the dithering method mitigates harmonics associated

with the fundamental frequency and also increases the noise floor. When the

harmonic components are greater than the noise floor, the dithering effectively

mitigates those harmonics. However, once the harmonic tones are hidden by

the noise floor, the effect of dithering cannot be evaluated such as the case

for the 7th order harmonic. Thus, the cross point of the noise floor and the

magnitude of harmonic tones sets the limitation of the dithering method in a

view of harmonic distortions.

Frequency responses of iS at the source side of the VSI-ASD are illus-

trated in Fig. 3.6 for DR of 0, 0.2, and 0.4. The current spectra are normalized

with respect to the current level at 60 Hz and are plotted in dBFS. Dominant

harmonics at 300 Hz and 420 Hz are caused by the six-pulse rectifier, which

correspond to (6m± 1) · fs in (3.5). Thus, those harmonics are not affected by

the dithering at the PWM inverter. Meanwhile, interharmonic components as-

sociated with the PWM inverter can be affected by the dithering. Frequencies

of dominant interharmonic components are indicated in Fig. 3.6(a) and exact
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Figure 3.6: Frequency response of the source current, iS, for (a) DR = 0 (b)
DR = 0.2 (c) DR = 0.4 40



Table 3.3: Magnitude of interharmonic components in iS with respect to the
fundamental component

Interharmonic Magnitude of Magnitude of Magnitude of
frequency interharmonics interharmonics interharmonics
f sourceIH [Hz] for DR = 0 for DR = 0.2 for DR = 0.4

18
-29.2 dB -33.8 dB -37.4 dB

= |60− 6× 13|
138

-29.4 dB -31.4 dB -40.6 dB
= |60 + 6× 13|

222
-29.4 dB -31.8 dB -40.9 dB

= |60× 5− 6× 13|
378

-30.0 dB -33.9 dB -37.5 dB
= |60× 5 + 6× 13|

342
-30.4 dB -35.0 dB -39.6 dB

= |60× 7− 6× 13|

magnitudes of interharmonics with respect to the fundamental component are

listed in Table. 3.3. In Fig. 3.6(a), interharmonic tones of approximately -30

dB with respect to the 60 Hz current at 18 Hz, 138 Hz, 222 Hz, 342 Hz, and

378 Hz can be interpreted by (3.5). Corresponding pairs of (m, l) producing

the source-side interharmonics in (3.5) are (0, 4) for 18 Hz and 138 Hz, (1,

4) for 222 Hz and 378 Hz, and (2, 4) for 342 Hz. The interharmonics slightly

greater than -30 dB of the fundamental current are reduced to below -40 dB

by dithering, as shown in Fig. 3.6(b). Harmonics of fS (=60 Hz) at 300 Hz,

and 420 Hz remain at the same level because those harmonics are induced by

the rectifier not the PWM inverter. Fig. 3.6(c) indicates that interharmonic

tones disappear into the noise when the DR is increased to 0.4. Meanwhile,

the noise level exceeds -40 dB from the fundamental current.

The value of harmonic parameter l in (3.5) corresponds to the order of

harmonic associated with fl (=13 Hz) which appears at the DC link. In the
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measurement, we focus on harmonics whose frequencies are located within 0

Hz to 100 Hz, because those harmonics can cause interharmonics close to the

fundamental frequency, 60 Hz, at the source-side. Harmonics/interharmonics

close to the fundamental frequency are difficult to be removed by L-C type

harmonic filters due to the limitation of filter order.

The dominant harmonics for various DRs appear at 78 Hz (=13 Hz

× 6) and 42 Hz (=13Hz × 4) as shown in Fig. 3.7(a), (b), and (c). The

exact magnitude of the harmonics at 42 Hz and 78 Hz are also enumerated in

Table 3.4. Fig. 3.7(a) shows the frequency response of id when the DR is 0.

The 6th order harmonic of fl appear as a dominant harmonic into the DC link

and the corresponding magnitude is -29.3 dB with respect to the fundamental

value. When the DR increases to 0.2, the 78 Hz tone decreases by 4 dB (from

-29.3 dB to -33.3 dB) as shown in Fig. 3.7(b) at the cost of the increased

noise floor. When DR of 0.4, the 78 Hz tone disappear into the noise level as

shown in Fig. 3.7(c). Meanwhile, the frequency component at 42Hz appears

as a dominant harmonic whose magnitude of -34.1 dB with respect to the

fundamental value.

Consequently, the harmonic component at 78 Hz reduces as the DR in-

creases. Referring the interharmonic current spectra in Fig. 3.6, the frequency

component at 78 Hz can be inferred to cause the source-side interharmonics

at 18 Hz, 138 Hz, 222 Hz, 342 Hz, and 378 Hz. The correlation between the

78 Hz-component at the DC link and the source-side interharmonics can be

validated using the cross bicoherence analysis.

42



0 10 20 30 40 50 60 70 80 90 100

−60

−50

−40

−30

−20

−10

0

Frequency [Hz]

A
m
p
li
tu
d
e 
[d
B
F
S
]

78Hz

(a)

0 10 20 30 40 50 60 70 80 90 100

−60

−50

−40

−30

−20

−10

0

Frequency [Hz]

A
m
p
li
tu
d
e 
[d
B
F
S
]

78 Hz

(b)

A
m

p
li

tu
d

e 
[d

B
F

S
]

0 10 20 30 40 50 60 70 80 90 100

−60

−50

−40

−30

−20

−10

0

Frequency [Hz]

42 Hz

(c)

Figure 3.7: Frequency response of the DC-side current, id, for (a) DR = 0 (b)
DR = 0.2 (c) DR = 0.4
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Table 3.4: Magnitude of interharmonic components in id with respect to the
fundamental component

Harmonic Magnitude Magnitude Magnitude
frequency of harmonics of harmonics of harmonics
fdch [Hz] for DR = 0 for DR = 0.2 for DR = 0.4

42
-82.1 dB -61.4 dB -34.1 dB

(=13×4)
78

-29.3 dB -33.3 dB -40.1 dB
(=13×6 )

3.4.2 Cross bicoherence analysis for interharmonics

Fig. 3.8 illustrates the cross bicoherences between the source current,

iS, and DC-side current, id, for a DR of (A) 0, (b) 0.2, and (c) 0.4. One axis

of the bi-frequency plane for cross bicoherence corresponds to the source-side

frequency and the other axis corresponds to the DC side frequency. The inves-

tigated frequency ranges are from -120 Hz to 120 Hz for source-side frequency,

indicated as ‘Frequency-Is’, and from 0 Hz to 100 Hz for DC-side frequency,

indicated as ‘Frequency -Id’, where the frequency interaction between 60 Hz

at the source and 78 Hz at DC link can be investigated. Fig. 3.8(a) indicates

that both source- and DC-side frequencies are strongly correlated at (60 Hz, 78

Hz), which can cause |60±78| Hz interharmonic frequencies at the source-side.

Thus, the frequency tones at 18 Hz and 138 Hz in Fig. 3.6(a) can be regarded

as interharmonics caused by (60 Hz, 78 Hz) coupling. Fig. 3.8(c) shows that

the intensity of (60 Hz, 78 Hz) coupling reduces when a DR is 0.2. Instead of

reduced interaction at (60 Hz, 78 Hz), DC-side noise is coupled with the source

frequency. However, the interaction between fundamental source and noise is

not concentrated at specific frequency but spreads in wider range of frequency

with smaller density. Fig. 3.8(e) illustrates that cross bicoherence between
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source and DC-side currents for a DR of 0.4. The cross bicoherence at (60

Hz, 78 Hz) is reduced to noise-coupling level. Meanwhile, source frequencies

are coupled more with DC-side noise with increased intensity of interaction.

Increased couplings with noise tones also corresponds to the increased noise

floor in Fig. 3.6(c).

3.5 Conclusion

We have described the application of dithering in order to mitigate har-

monics and interharmonics in a VSI-ASD. The mitigation of the load-side har-

monics, associated with load frequency, fl, enables us to reduce the source-side

interharmonics without harmonic filters. The mitigated harmonics and inter-

harmonics were investigated in conventional power spectra. Cross bicoherence

method was also applied to verify the source of interharmonics. Frequency

interactions in the bi-frequency plane provided straightforward information

regarding the interharmonic frequencies, which is also coincident with (3.5).

As the intensity of dithering increased, harmonics and interharmonics were re-

duced but the noise level increased. Thus, optimized level of dithering can be

provided for specific limitations for harmonic/interharmonic and noise level.

The ASD system simulated in this chapter is composed of a single

power source and load, thus the cause of interharmonics might be easily found

without cross bicoherence analysis. However, power sources are generally con-

nected to multiple loads and other sources, frequency coupling information is

very useful to find the cause of interharmonics. Harmonic reduction method

by dithering PWM signals not only mitigate harmonics at the load side but

interharmonics at the source side. Furthermore, the dithering method has an

advantage over hardware implementation because the dithering is implemented
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at the “signal” level to manage “power” characteristics.
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Figure 3.8: Cross bicoherence between source (iS) and dc-side (id) current for
(a) DR = 0 (b) DR = 0.2 (c) DR = 0.4
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Chapter 4

Mitigation of harmonics of PWM inverters

using dithered sigma-delta modulation

This chapter presents the application of dithered sigma-delta modula-

tion (Σ∆M) in mitigating low and high frequency harmonics of pulse-width

modulated (PWM) inverters without increasing switching losses. A PWM bit

stream generated by a one-bit first order discrete Σ∆M is converted into a

continuous pulse train which controls the inverter operation. The minimum

pulse width of the pulse train is strictly defined by the sampling ratio, which

prevents the inverter from missing switching operations. The spectrum of the

pulse train demonstrates reduction of low and high frequency harmonics com-

pared with the conventional sinusoidal PWM (SPWM), dithered SPWM, and

carrier frequency modified SPWM spectra. The dithered Σ∆M bounds all

spectral densities of harmonics and noise below -30 dB with respect to the

magnitude of the fundamental component. Furthermore, the dithered Σ∆M

does not increase the number of switching events. Meanwhile, comparable

SPWMs produce harmonic peaks at a particular frequency or increase the

number of switching event.
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Figure 4.1: PWM inverter configuration

4.1 Introduction

A PWM inverter, configured in Fig. 4.1, is favored as DC/AC power

converters owing to their energy efficiency over a wide range of output frequen-

cies. The fundamental principle of a PWM inverter is to generate a DC pulse-

train where the pulse width varies with a desired frequency. Due to inherent

characteristics of a rectangular pulse, a PWM waveform inevitably produces

harmonics. Moreover, it was demonstrated in Chapter 3 that the PWM har-

monics can also cause interharmonic distortions at the source side of ASDs.

When a dithering method was applied to mitigate PWM harmonic distortions,

we observed that the interharmonics associated with PWM harmonics was also

decreased. The relationship between PWM harmonics and associated inter-

harmonics was also evaluated performing cross bicoherence analysis. Thus, in

this chapter, we focus on the methods to mitigate PWM harmonics.

The pulse width of a PWM signal periodically varies where the pe-

riod corresponds to the inverse of the fundamental frequency. The periodicity
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of the pulse width produces harmonics associated with the fundamental fre-

quency. Each period is composed of minimum-width pulses associated with

the switching frequency and its harmonics.

Harmonic reduction methods in a low frequency range, associated with

the fundamental frequency, have been implemented through switching an-

gle calculations per each cycle. Examples of these methods are described

as follows. Harmonic elimination PWM (HEPWM) inverter and equal area

PWM (EAPWM) inverter [30] selectively reduce particular orders of harmon-

ics. These methods are based on the pre-calculation of switching angles from

the nonlinear equations which characterize the fundamental harmonics with

respect to the switching angles. The centroid PWM (CPWM) technique [31]

provides improved harmonic characteristics, which generates switching angles

from the centroid of a sectionalized sinusoid. In HEPWM, EAPWM, and

CPWM techniques, calculated switching angles are stored in a memory and ap-

plied to the inverter gates. Although these methods effectively reduce specific

low-frequency harmonics, each switching operation appears as discrete tone

because the stored angles periodically affect the inverter operation. HEPWM

can be extended to the real-time applications by the fast algorithms based on

the regular sampling theory [32] and the Walsh function [33]. Unfortunately,

the switching frequency related harmonics still exist due to the periodic repe-

tition of the narrow-width pulses. The space vector modulation (SVM) tech-

nique defines each state of the inverter switching on the vector domain where

the switching state and corresponding voltage locus of HEPWM inverter can

be represented [34]. The optimal firing angles can be found from a vector

diagram. However, repetition of finite states induces periodicity of narrow

pulse-width which appears as high frequency harmonics.
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Harmonic reduction methods in the high frequency range have been

introduced based on harmonic spreading methods. The hysteresis current reg-

ulating method [35] varies the switching frequency, which reduces a large peak

at a particular frequency. However, the actual switching depends on the hys-

teresis band, which produces periodic tones over a wide range of frequencies.

Furthermore, the switching frequency can interfere with the fundamental fre-

quency under specific load conditions. The randomly modulated carrier [36],

the switching frequency modulation [37], and the frequency hopping [38] meth-

ods spread the switching frequency over over a limited band to reduce acoustic

noise or EMI emission. These methods commonly modify the carrier signal of

a sinusoidal PWM (SPWM) inverter. Since SPWM is most commonly used in

the industry due to simple implementation [39], the carrier frequency modifi-

cation methods are advantageous in practical implementation. However, these

methods are focused on reducing high-frequency harmonics without harmonics

associated with the fundamental frequency.

In this chapter, we present mitigation of harmonics using dithered

sigma-delta modulation (Σ∆M). The application of conventional Σ∆M to in-

verters, based on continuous-time operation, was proposed in [40, 41]. We

introduce fully discrete time Σ∆M with discrete dither to the comparison pro-

cess. Dithering is a popular method in analog-to-digital conversion (ADC) to

improve the resolution of digitized signals. For PWM signals, the improved

resolution corresponds to the reduced harmonics because increased resolution

indicates that the modulated signal becomes more sinusoidal. Furthermore,

the noise floor of the dithered Σ∆M is suppressed in low frequency region and

increases with frequency. If inherent Σ∆M samples are interpolated by zero-

order holding, the advantageous noise-shaping property is repeated at every
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Figure 4.2: Block diagrams of SPWM: (a) conventional SPWM (b) dithered
SPWM (c) random carrier SPWM (d) dithered random carrier SWPM

sampling frequency. Thus, the dithered Σ∆M method can mitigate both low

and high frequency harmonics.

The harmonic characteristics of the dithered Σ∆M signal are compared

with those of conventional, dithered, and randomly modulated carrier SPWM

signals. The result shows that the dithered Σ∆M effectively mitigates low and

high frequency harmonics without increasing switching loss.

4.2 Simulation evaluation of PWMs

4.2.1 Sinusoidal PWM

A SPWM waveform is basically generated by the comparison between

a reference signal and a carrier signal. Fig. 4.2 represents block diagrams

of SPWM topologies. Fig. 4.2(a) shows the configuration of a conventional

SPWM, which is composed of a comparator and a hard limiter. vin(t) is a

sinusoidal reference signal which determines the fundamental frequency of the
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modulated signal. In our simulation, vin(t) unitless sinusoidal waveform whose

frequency and amplitude is 40 Hz and 1.2, respectively. c(t) in Figs. 4.2(a)

and (b) is unitless triangular waveform where its frequency and the peak value

is 1.2 kHz and 1, respectively. q(t) in Figs. 4.2(b) and (d) is a zero-mean

Gaussian random signal. The standard deviation of q(t) is 0.42, which is

40% of the rms value of the reference signal. q(t) is added to the reference

signal, vin(t), as a dither, which randomizes switching timing. The purpose

of randomized timing is to spread out harmonic tones associated with the

fundamental frequency. c(t, f) in Figs. 4.2(c) and (d) indicates frequency-

varying carrier signal, where the frequency is Gaussian random variable. The

average and the standard deviation of the frequency are 1.2 kHz and 5 Hz,

respectively. The random-frequency carrier, c(t, f), spreads the discrete tones

associated with the switching frequency into the frequency band around the

average frequency. Fig. 4.2(d) shows an SPWM block diagram where both q(t)

and c(t, f) are applied. The effects of both q(t) and c(t, f) will be compared

with dithered Σ∆M signal in the next section.

The modulation ratio (ma), defined by the ratio between the amplitude

of the sinusoidal reference and the carrier signal, is 1.2. The modulation index

(mf ) is 30, where mf is defined by the ratio between the reference frequency

and the carrier frequency. As described in Chapter 2, if mf is an even integer,

feasible harmonic frequencies of SPWM inverter output, fhl are characterized

as follows:

fhl (mf , j, k) = |mf l ± k| · fl (4.1)

where l and k are integers described in Table 2.1 and fl denotes the load-

side fundamental frequency. The parameters l and k are associated with the
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switching frequency harmonics and fundamental frequency harmonics, respec-

tively.

4.2.2 Sigma-delta PWM

The fundamental principle of Σ∆M is to convert an analog signal into

a bit stream or a pulse train. In a digital application, the converted bit stream

contains amplitude information of the original signal where the greater am-

plitude is represented as more ‘high’ bits. In a continuous time application, a

converted pulse train with constant amplitude and variable duration describes

the original signal where the the duration of the pulse corresponds to the

amplitude of the original signal.

In our application, we applied a discrete one-bit first order Σ∆M to

the gating signals of a PWM inverter. Because the gating signal requires two

levels, ‘high’ and ‘low’, to turn on and off the switching device of the inverter,

one bit is sufficient to represent the gating signal. Each pulse width of the

PWM gating signal is implemented as the number of consecutive ‘high’ bits.

The configuration of the discrete-time one-bit first order Σ∆M is illustrated

in Fig. 4.3. Unlike the continuous-time Σ∆M in [40, 41], the discrete model

performs sampling first. After the sampling, all processes are performed in
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the discrete time domain, which can be conveniently implemented by means

of DSP modules. The noise signal, q[n], is also generated in discrete time.

The modulated pulse train has a minimum pulse width of 1/fs, which can

guarantee reliable inverter switching unless 1/fs is shorter than the minimal

response time of the inverter.

The equivalent carrier frequency and spectral characteristics of Σ∆M

are also described with respect to the sampling frequency, fs. Because a carrier

signal does not exist in the Σ∆M, the equivalent carrier frequency can be

derived from the minimal time to produce a pulse. In the Σ∆M process shown

in Fig. 4.3, sd[n] can have at most one pulse during every twice of sampling

time, 2/fs. Compared a SPWM process which produce at most one pulse

during one period of a carrier signal, 2/fs corresponds to the period of the

carrier frequency. Thus, a half of the sampling frequency, fs/2, of the Σ∆M

signal corresponds to the carrier frequency in a SPWM. The equivalent carrier

frequency, fs/2, is also coincident with the highest frequency of sd[n].

According to [42], a Σ∆M signal has a spectrum-shaping property

where the noise spectral density is lower than the average value below the

fundamental frequency and increases with frequency. Thus, the lowest noise

spectral density of sd[n] exists at DC frequency and the highest density ap-

pears at the fs/2. If the dither fully spreads out all harmonics into the noise

level, the highest spectral density except the fundamental tone exists at fs/2.

To employ sd[n] as a PWM signal to drive an inverter, sd[n] has to be inter-

polated using a zero-order holding process. The zero-order holder performs

convolution of rectangular function and the impulse trains of sd(t) (time do-

main version of sd[n]) in the time domain. Thus, the modulated signal, s5(t),

and its frequency response can be expressed as follows:
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s5(t) = sd(t) ∗ rect[(t−
1

2fs
)fs] (4.2)

S5(f) = Sd(f) · sin(πf/fs)

πf
· e−

j2πf
2fs (4.3)

|S5(f)| = |Sd(f)| ·
∣∣∣∣sin(πf/fs)

πf

∣∣∣∣ (4.4)

Because of the right-hand-side term,
∣∣∣ sin(πf/fs)πf

∣∣∣, in (4.4), the magnitude of

S5(f) has a decaying property as frequency increases with notches at every

multiple of fs. Thus, even-order harmonics of the carrier frequency, fs/2, do

not appear in the discrete Σ∆M signal.

In our simulation, a 40 Hz sinusoidal signal is used as a reference signal,

vin(t), where its amplitude is 0.75. The sampling frequency, fs, is 3.6 kHz

and the corresponding switching frequency is 1.8 kHz. Since the modulation

principle of Σ∆M is different from the SPWM, using the same modulation ratio

and switching frequency as SPWM methods produces a much wider pulse-

width and less number of switching. Thus, the modulation ratio and sampling

frequency are determined by inspecting the number of switching events in

conventional SPWM inverter.

4.3 Analysis of simulation results

Frequency responses of randomized SPWM signals, described in Fig. 4.2,

are demonstrated in Figs. 4.4 - 4.7. Each figure is plotted in dB full-scale

(dBFS) where the magnitude of the fundamental tone is normalized at 0 dB.

The horizontal axis indicates a frequency range up to 4 kHz. PWM-associated

harmonics are investigated in the regions associated with (i) fundamental har-

monics up to the 15th order, 600 Hz, (FH), (ii) the switching frequency (SH),
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(iii) the 2nd order switching harmonic (SH2), and (iv) the 3rd order switching

harmonic (SH3). Corresponding region for those harmonics are indicated as

shaded areas in each figure.

Frequency response of conventional SPWM waveform is illustrated in

Fig. 4.4, where distinguished points are marked as ‘x’. The frequency and cor-

responding magnitude at each ‘x’ are enumerated in Table 4.1. As indicated in

(4.1), SPWM harmonic frequencies are every linear combination of fundamen-

tal and carrier frequencies. The 3rd, 9th, 13th, and 15th harmonics in the FH

region have magnitudes between -30 dB and -20 dB with respect to the fun-

damental component. The magnitude of the harmonic tone in the SH region

is greater than -10 dB of the fundamental density where associated harmonic

frequencies are 1120 Hz and 1280 Hz which corresponds to l = 1 and k = 2

in (4.1). Associated with the 2nd order harmonic of the switching frequency,

harmonic tones between -20 dB and -10 dB of the fundamental component

appear at 2280 Hz, 2360 Hz, 2440 Hz, and 2520 Hz in the SH2 region. The

harmonic frequencies correspond to l = 2 and k = 1, 3 in (4.1). The 3rd order

harmonic of the switching frequency produces harmonics at 3440 Hz and 3760

Hz in the SH3 region, which have magnitudes between -20 dB and -10 dB with

respect to the fundamental frequency. Corresponding l and k values in (4.1)

are 3 and 4, respectively.

When dithering is applied to the reference signal of SPWM, as shown

in Fig. 4.2(b), the frequency response of the the PWM signal is illustrated

in Fig. 4.5. The frequencies and magnitudes at the point ‘x’s are listed in

Table 4.1.

Fig. 4.4, harmonic tones in the FH region are significantly reduced so

that those magnitudes of harmonics are bounded to -40 dB except the 3rd
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Figure 4.5: Frequency response of dithered SPWM
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order harmonic. In the SH region, the carrier frequency harmonic at 1200

Hz is slightly increased from -6.55 dB to -4.95 dB. Meanwhile, harmonics

associated with both the carrier and the fundamental frequencies are reduced.

For example, harmonics are reduced to approximately -15 dB at (1200±2 ·40)

Hz and to approximately -30 dB at (1200±4·40) Hz. In SH2 region, harmonics

associated with the 2nd order harmonic of the carrier frequency and the third

order harmonics of the fundamental frequency are mitigated to approximately

-22 dB with respect to the fundamental magnitude at (2 · 1200± 3 · 40) Hz. In

SH3 region, harmonics associated with the 3rd order of the carrier frequency

and the 5th order of the fundamental frequency are significantly reduced by

approximately 15 dB from those of the conventional SPWM harmonics. In

the intermediate frequency regions between FH, SH, SH2, and SH3, harmonics

associated with the fundamental frequency are bounded to approximately -40

dB while the noise floor caused by the dithering is formed between -40 dB and

-50 dB. Thus, the dithered SPWM effectively mitigates fundamental frequency

harmonics at the cost of the increased noise floor.

Fig. 4.6 illustrates the frequency response of the SPWM signal when

the carrier frequency of the SPWM inverter is randomly varied with a fixed

average frequency of 1.2 kHz. The distinctive harmonics whose frequencies can

be described by (4.1) are marked as ‘x’. Corresponding frequencies and magni-

tudes to ‘x’ are listed in Table 4.1. Meanwhile, harmonic frequency other than

(4.1) can also appear owing to the randomness of the carrier frequency, which

are marked as ‘o’. Detail frequencies and magnitudes for ‘o’s are enumerated

in Table 4.2.

Compared with the conventional SPWM spectrum shown in Fig 4.4,

even order harmonics in the FH region are suppressed when the carrier fre-
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quency is randomized. However, the 3rd, 5th, 7th and 9th harmonics of the

fundamental frequency are not reduced. In the case of 5th order harmonic,

the magnitude is increased by approximately 6 dB. In the SH region, the max-

imum component of -35.42 dB appears at 1178 Hz, which is less than the

carrier frequency harmonic of the conventional SPWM by approximately 30

dB. In the SH2 and SH3 regions, high frequency components associated with

the carrier frequency harmonics are mitigated by more than 20 dB from those

of the conventional SPWM where the width of harmonics tones are broader

than those of Fig. 4.4.

Fig. 4.7 represents the effect of dithering and carrier randomization on

SPWM at the same time. Harmonics at the frequencies of (4.1) are marked

as ‘x’ and other distinctive components are marked as ‘o’. Detail frequency

and magnitudes are listed for ‘x’s and ‘o’s are listed in Table 4.1 and 4.3,

respectively. Combined application of the dithering and the carrier frequency
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Figure 4.7: Frequency response of the dithered random carrier SPWM

randomization method remarkably reduces harmonic distortions of the mod-

ulated signal. The noise floor, formed by the dithering, is also lowered below

-50 dB at which fundamental frequency related harmonics except the 3rd or-

der harmonic are bounded as shown in the FH region. In the SH region,

the maximum magnitude of the modulated signal appear at 1098 Hz, which

value is -37.22 dB with respect to the fundamental density. Likewise the re-

sult shown in Fig. 4.6, harmonics associated with the carrier frequency in the

SH2 and SH3 regions, are also reduced more than 20 dB compared with the

conventional SPWM spectrum. However, the dithering mitigates harmonics

associated with k in (4.1), the number of dominant harmonics in the SH, SH2,

and SH3 regions are less than those in Fig. 4.6.

Fig. 4.8 shows the spectrum of a dithered sigma-delta modulated sig-

nal where distinctive components are marked as ‘x’. Corresponding frequencies

and magnitudes for ‘x’s are enumerated in Table 4.4. Because (4.1) is devel-
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Table 4.1: Magnitudes of harmonics of for SPWMs for defined (l, k)

Frequency [Hz]

Magnitude [dB]

(l, k)
Dithered

Random Random Random
Dithered carrier carrier

SPWM SPWM SPWM SPWM

FH

120 -24.1 -23.2 -23.75 -23.08 (0,3)
200 · · -29.6 · (0,5)
280 · · -43.92 · (0,7)
360 -26.01 · -43.79 · (0,9)
440 · · -44.32 · (0,11)
520 -22.07 · · · (0,13)
600 -26.56 · · · (0,15)

SH

1040 · -30.31 · · (1,4)
1120 -10.95 -14.06 -40.44 -44.03 (1,2)
1200 -6.55 -4.94 -36.93 -36.22 (1,0)
1280 -6.55 -14.13 -39.13 -41.22 (1,2)
1360 · -30.17 · · (1,4)

SH2

2200 · · -42.6 · (2,5)
2280 -13.89 -22.21 -36.7 -43.29 (2,3)
2360 -16.52 -16.88 -41.23 -39.92 (2,1)
2440 -18.35 -16.36 · -40.33 (2,1)
2520 -14.31 -22.09 -36.77 -42.74 (2,3)
2600 · · -41.32 · (2,5)

SH3

3440 -15.34 -30.88 · · (3,4)
3520 · -32.34 · · (3,2)
3600 -18.47 -18.94 · -48.97 (3,0)
3680 · -31.4 · · (3,2)
3760 -16.54 -31.53 · · (3,4)

oped from the SPWM process in Chapter 2, integer parameters l and k are

not defined for Σ∆M. Thus, the distinctive harmonic tones are explained with

respect to the fundamental frequency. The lowest frequency of the distinc-

tive harmonics is 120 Hz which corresponds to the 3rd order harmonic. The
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Table 4.2: Magnitudes of harmonics of the carrier frequency randomized
SPWM for undefined (l, k)

Frequency Magnitude
(j, k)

Frequency Magnitude
(j, k)

[Hz] [dB] [Hz] [dB]

SH
1018 -41.89

undefined SH3

3453 -43.95

undefined
1098 -36.35 3748 -43.24
1178 -35.42 3773 -44.29

SH3
3348 -43.57 3828 -44.18
3428 -42.96 3853 -44.69

Table 4.3: Magnitudes of harmonics of the dithered random carrier SPWM
for undefined (l, k)

Frequency Magnitude
(j, k)

Frequency Magnitude
(j, k)

[Hz] [dB] [Hz] [dB]

SH
1178 -33.75

undefined
SH2

2378 -45.77

undefined
1098 -37.22 2418 -46.39
1193 -35.77

SH3
3588 -44.24

SH2 2405 -43.96 3613 -47.79

Table 4.4: Magnitudes of dithered Σ∆M harmonics
Frequency Magnitude Frequency Magnitude Frequency Magnitude

[Hz] [dB] [Hz] [dB] [Hz] [dB]

120 -33.36 960 -30.22 1920 -31.85
520 -31.15 1200 -31.54 2000 -35.43
560 -30.58 1345 -31.81 2255 -36.24
600 -29.77 1600 -33.49 2400 -37.49
640 -31.41 1680 -30.71 2800 -36.65
760 -31.78 1760 -30.64 3560 -38.77
800 -25.88 1840 -31.02 3640 -38.95

magnitude of the 3rd order harmonic is -33.86 dB from the fundamental com-

ponent. Compared with the conventional SPWM spectrum, Σ∆M mitigates

the 3rd order harmonic by approximately by 10 dB. Other harmonic tones
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Figure 4.8: Frequency response of the dithered Σ∆M

below 500 Hz are not prominent due to the noise floor. However, the noise

floor is not flat over all frequency range but tends to decrease as frequency is

close to the fundamental and the sampling frequency, 3.6 kHz because of the

noise shaping property of Σ∆M and zero-order holding interpolation. Thus,

the dithered Σ∆M provides less noise and harmonics near the fundamental

frequency. The maximum harmonic component appears at 800 Hz where the

magnitude is -25.88 dB with respect to the fundamental component.

Before the zero-order holder in Fig. 4.3, the spectrum is symmetric

about fs/2 and repeats at every fs where fs/2 corresponds to the carrier fre-

quency in SPWMs. Harmonic tones around fs/2 of 1800 Hz are bounded to

-30 dB of the fundamental tone, which is less than in the conventional SPWM

by approximately 25 dB. By zero-order holding, the spectrum become asym-

metric by the processes described in (4.2)-(4.4). Considering the symmetricity

and periodicity before the zero-order holding, we can identify that the fre-
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quency tones at 3560 Hz and 3640 Hz are mirrored and repeated tones of the

fundamental component at 40 Hz, respectively. Compared with the dithered

SPWMs shown in Fig. 4.5 and Fig. 4.7, the dithered Σ∆M signal exhibits a

higher noise floor level. Although harmonic characteristics of Σ∆M signal are

worse in the frequency range from 500 Hz to 1 kHz and from 1.5 kHz to 2

kHz, the advantageous properties of Σ∆M become prominent if the number

of switching is investigated.

Fig. 4.9 summarizes the number of switching of each topology. Al-

though direct injection of dither to the switching operation effectively miti-

gates fundamental harmonics, switching loss might become a serious problem.

Meanwhile, dithering the discrete process of the Σ∆M does not severely in-

crease the number of switching because the noise signal is also sampled at

the same frequency as the reference signal. The overall characteristics of each

PWM topology are summarized in Table 4.5.
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Table 4.5: Summary of PWM Characteristics

Topologies Descriptions

Conventional SPWM · Harmonic frequencies are linear combinations of
the fundamental and carrier frequency

Dithered SPWM

· Fundamental-frequency harmonics decrease
· Noise floor increases( -50dB)
· Switching-frequency harmonics do not decrease
· Switching loss increases

Random Carrier
SPWM

· Switching-frequency harmonics decrease
· Harmful fundamental-frequency harmonics still
exist
· Switching loss does not increase

Dithered Random
Carrier SPWM

· Both fundamental- and switching-frequency har-
monics decrease
· Noise floor increases( -60dB)
· Switching loss severely increases

Σ∆M
· Harmonics in wide range of frequency decrease
· Lower noise floor near the fundamental and sam-
pling frequency
· Switch loss does not increase

4.4 Conclusion

Harmonic characteristics of the conventional, dithered, randomized car-

rier SPWMs, and the dithered Σ∆M signals were compared over the frequency

range up to 4 kHz. The dithering method, based on additive noise at the com-

parator, was effective in reducing the fundamental frequency; however, the

increased number of the switching is inevitably disadvantageous. The carrier

frequency randomization method was effective in reducing the harmonics asso-

ciated with the carrier frequency without increasing the number of switching.
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Compared with the conventional SPWM and the randomized-carrier SPWM,

which operate with similar number of switching per second, the Σ∆M sig-

nal demonstrated lower harmonics near the fundamental frequency especially

the 3rd order harmonic frequency. For the overall frequency range, the Σ∆M

spectrum was bounded below -30 dB with respect to the magnitude at the the

fundamental frequency. Due to the noise shaping property of dithered Σ∆,

noise floor is reduced near the fundamental frequency. In the high frequency

range close to the sampling frequency, the Σ∆M spectrum also exhibited a

reduced noise floor because of zero-order holding interpolation. Besides the

spectral characteristics, the strictly defined minimum pulse-width and the sim-

ple hardware structure are advantageous properties of the Σ∆ modulator.
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Chapter 5

Validation of dithered PWMs in mitigating

harmonics and interharmonics

This chapter describes the experimental setup for dithered PWM in-

verters and demonstrates those harmonic and interharmonic characteristics.

The experimental setup is described in two parts: the description for a three

phase inverter module and its gating signal implementation, and corresponding

hardware configurations to investigate harmonics and interharmonics. With

the hardware experiment, advantageous properties of dithering methods, de-

scribed in Chapter 3 and 4, are validated, which demonstrate the following:

(i) the effectiveness of dithered SPWM in mitigating fundamental frequency

harmonics and associated interharmonics, (ii) mitigation of carrier frequency

and its harmonics of carrier frequency randomized SPWM , and (iii) mitigated

harmonics and advantageous noise-shaping property of the dithered Σ∆M.

5.1 Introduction

In previous chapters, dithering and carrier frequency randomization

techniques were described as mitigation methods of PWM-associated harmon-

ics and interharmonics. The mitigated harmonics at the PWM inverter were

evaluated on the simulation platform using PSCAD/EMTDC and MATLAB.

In Chapter 3, the mitigation effects of dithered SPWM on harmonics at the
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loadside and interharmonics at the source side of VSI-ASD system were de-

scribed. In Chapter 4, the effect of dithering methods were focused on the out-

put harmonics of PWM inverter. As an alternative PWM topology, dithered

Σ∆M method was introduced. Its harmonic performance and the number

of switching events were evaluated compared with those of dithered SPWM,

carrier frequency randomized SPWM.

Continuing previous chapters, we validate the effect of dithered PWM

methods on harmonics and interharmonics performing hardware experiments

in this chapter. The experiments are performed for dithered PWM inverters to

validated harmonic characteristics and extended to a scaled-down version of an

ASD system to investigate interharmonics. In following sections, experimental

setup, description for the PWM signal generation, and experimental results

are represented.

5.2 Experimental setup

5.2.1 Three phase inverter module and PWM gating signals

As a three-phase IGBT inverter bridge, we utilized Fairchild’s FSBB30

CH60F inverter module shown in Fig. 5.1(a). The inverter module is designed

for high power density (size vs. power) up to 30 A/600 V and operates with

input signals from 3.3 V to 5 V. The internal configuration of the inverter

module is shown in Fig. 5.1(b), where six IGBT-diode pairs and drivers com-

pose three-phase inverter bridge. The characters, ‘U’, ‘V’, and ‘W’ correspond

to conventional three phase indices ‘a’, ‘b’, and ‘c’. Through the input ports

‘IN(·H)’ and ‘IN(·L)’, PWM signals controlling the upper and lower parts of the

inverter bridge are injected. The injected PWM signals are regulated at 3.3 V
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by the drivers before being connected to the gates of the internal IGBTs whose

threshold voltages to be turned on and off are 2.8 V and 0.8 V, respectively.

Controlled by the regulated signals, the DC voltage connected to ‘P’ and ‘N(·)’

is converted into three-phase PWM voltages at ‘U’, ‘V’, and ‘W’ ports. The

input and output ports described above are connected to external signal and

power sources through the application board shown in Fig. 5.2.

PWM signals to drive the inverter module are generated in a LabVIEW

platform. In principle, an SPWM signal is produced from the comparison of

a sinusoidal reference signal and a triangular waveform. Based on the re-

sults in Chapter 4, we implement the dithered SPWM to mitigate harmonic

tones associated with the fundamental frequency, and carrier frequency ran-

domized SPWM to spread carrier-frequency harmonics over a wide range of

frequency. The SPWM configuration for both randomization methods and the

corresponding LabVIEW diagram are illustrated in Figs. 5.3 and 5.4, respec-

tively.

Unlike PWM signals implemented in a simulation model, the comple-

mentary set of PWM gating signals, SH and SL in Fig. 5.3, has to be separated

by dead time. Otherwise, SH and SL can overlap during each transition, which

can cause shoot-through or short-circuit faults [39]. In our experiment, we em-

ploy an up-sampling and threshold method to isolate SH and SL by dead time

as shown in Fig. 5.5(a). A transition of SH and SL is illustrated as solid

line, where each dot on the line represents a sample generated in the discrete-

time simulation. The samples corresponding to SH and SL do not overlap

in the discrete time. However, when the waveform is interpolated for the

continuous-time interface, the solid lines indicating SH and SL overlap during

each transition. To isolate these two waveforms, we perform up-sampling to
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Figure 5.4: SPWM signal generating model in LabVIEW: (a) reference signal
and dithering part (b) switching signal and frequency randomization part (c)
comparator (d) dead time generator (e) signal exporting part.
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Figure 5.5: Dead band generation for PWM signals in a LabVIEW platform:
(a) configuration (b) generated dead band

the sampled waveforms of SH and SL in first. Then, the resolution of each

transition of SH and SL are increased. Next, we compare up-sampled signals

to the threshold value, a. Compared with the threshold value, up-sampled

signals are converted into either ‘high’ or ‘low’ values as represented dotted

line in Fig. 5.5(a). Then, the up-sampled waveforms of SH and SL are sep-

arated during their transitions. The separate duration in each transition of

SH and SL denotes dead time. The relationship between the dead time and
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corresponding threshold value can be represented as follows:

td = (2a− 1)ts − 2t′s (5.1)

a =
td + 2t′s

2ts
+ 0.5 (5.2)

where td is dead time, ts, and t′s are sampling periods before and after up-

sampling, and a is the threshold level. In this experiment, the sampling pe-

riods, ts, t
′
s and the desired dead time, td, are 52.083 µs, 0.521 µs, and 4 µs,

respectively. From (5.2), the corresponding value of a is 0.5484. However, the

sampling period is reduced by 0.01 from 52.083 µs to 0.521 µs, 100 samples

are generated between each pair of existing samples, which denotes that the

minimum resolution of the threshold value, a, is 0.01. Thus, we adjust the

threshold value, a, to 0.55, which corresponds to td of 4.16 µs in (5.2). In the

actual implementation, the dead time for the threshold of 0.55 is 4.2 µs, as

shown in Fig. 5.5(b).

Figs. 5.6 and 5.7 illustrate Σ∆M configuration for hardware experiment

and the corresponding block diagram in LabVIEW simulation. Initially, we

generate Σ∆M bitstream using Matlab at the desired sampling frequency,

fs. Then, each bitstream is interpolated by the zero-order holding block.

Corresponding sampling frequency after zero-order holding is multiplied by the

number of samples inserted between each pair of initial bits. The interpolated

bitstream is exported to the buffers in LabVIEW simulation model. The

buffered values composes a unit frame of a waveform. Then, each waveform is

decomposed into upper and lower gating signals. Both upper and lower gating

signals are separated by dead time. To generate dead time in Σ∆M signals,

we also apply the up-sampling and threshold method used for SPWM signal

generation.

75



Dithered 1-bit 1st order Σ∆M signals 

from code-based simula!on in Matlab 

Dead !me

generator
SL

SH

Half-bridge inverter

Load

Data export

to LabVIEW+

0

fs
q[n] 

Zero-

order

hold

+

-

s
d 
[n]

v  (t)in
+

-
∫

Figure 5.6: Σ∆M configuration for hardware experiment

(a) (b) (c) (d)

Figure 5.7: Σ∆M signal generating model in LabVIEW: (a) blocks for import-
ing data from Matlab simulation (b) buffer assignment blocks(c) dead time
generator (e) signal exporting part
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The PWM signals generated from LabVIEW simulation are displayed

on LabVIEW front panel illustrated in Fig. 5.8. Once the PWM signals are

verified on the front panel, they are exported as voltage signals through data

acquisition modules, NI PCI-6115 and NI BNC-2110, shown in Figs. 5.9(a) and

(b). NI PCI-6115 data acquisition board can export simulated samples up to

10 MSa/s ratio. In our PWM simulations, the maximum sampling frequency is

less than 2 MHz even if up-sampling and threshold method is applied for dead

time generation. Thus, NI PCI-6115 provides sufficient resolution to represent

the simulated PWM signals in voltage waveforms. NI BNC-2110 connector

provides ten output ports: two analog and eight digital ports. Because six

gating waveforms are required to drive the three-phase inverter, we export

PWM signals through the digital ports. The digital output ports of NI BNC-

2110 provide 0 V and 5 V waveforms to represent digitally ‘low’ and ‘high’

bits, respectively. Because FSBB60CH30F inverter module can be driven by

either 3.3 V or 5 V turn-on signals, the output signals from the digital ports

of NI BNC-2110 are adequate to drive in FSBB60CH30F.

5.2.2 Hardware configuration to investigate harmonics and inter-
harmonics

To investigate PWM-associated harmonics at the output of a PWM

inverter, we connected DC voltage source at the inverter input. The overall

experimental configuration of PWM inverter is demonstrated in Fig.5.10. As a

three phase inverter bridge, FSBB30CH60F module described in the previous

section is utilized where gating signals are generated in LabVIEW platform and

exported through a data acquisition device. The DC voltage source provides

15 Vdc to the input of the inverter to supply 40 Hz three-phase AC power to
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Figure 5.8: A snapshot of LabVIEW front panel for PWM signal generation

(a) (b)

Figure 5.9: Devices for data acquisition system (a) NI PCI-6115 data acquisi-
tion board (b) NI BNC-2110 data acquisition I/O connector
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Figure 5.10: Experimental configuration for inverter harmonics

a grounded-wye resistive load. The resistance of the load is 25 Ω/phase and

power rating value is 75 W. The phase voltage is measured at the resistive

load and analyzed using Matlab program.

To investigate PWM-associated interharmonics at the source-side of

a ASD system, we connected the inverter to the AC supply system. The

experimental configuration is illustrated in Fig. 5.11. In the experiment, a

60 Hz/240 V three-phase voltage is scaled down by a transformer converted

into ∼30 Vdc through a six-pulse rectifier. The three-phase inverter module,

FSBB30CH60F, is driven by PWM signals generated in LabVIEW platform

and converts the rectified DC voltage into three-phase PWM voltages whose

fundamental frequency is 13 Hz. When the inverter switch is turned on, current

flows from the DC link to output load through the inverter. Because turn-on

and -off timing of the switches are determined by the PWM gating signals,

the current waveform at DC link is affected by PWM signal so that PWM-
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associated harmonics appear at the DC link. The harmonic waveforms at the

DC link can flow to the source-side when the diodes in the six-pulse rectifier

are turned on. Consequently, the power supply is also affected by the PWM

harmonics which appear as interharmonics coupled with source-side frequency

components [21]. To investigate the current interharmonics at the source-side,

we measure current flow using a current sensor module and display frequency

response using Matlab program.

For a balanced three phase power source, harmonics associated with a

six-pulse rectifier can be evaluated using the Fourier series representation [43].

Generally, a six-pulse rectifier produces 6th harmonics to the DC-side and

(6n ± 1)th harmonics of fs (=60 Hz) at the AC-side. However, in practical

experiment, the unbalanced three-phase source can causes harmonics other

than the 6th order as well. Fig 5.12 illustrates three phase voltage waveform

used in our experiment and corresponding DC voltages. As shown in the

voltage waveforms, each voltage is equally distributed in phase but not in

amplitude. The difference of amplitudes between the phase voltages causes

different magnitude of ripples in the DC voltage, thus harmonic frequencies

except multiples of the 6th order can appear at the DC link. Furthermore, the

positive and negative dc voltages, V +
dc and V −dc , have ripples whose frequencies

are triple of the fs. Because those two voltages, V +
dc and V −dc , are separated

by grounded node, as shown in Fig. 5.11, the inverter output voltage can be

affected by the 3rd order harmonic of fs, unless the operation of the inverter

is perfectly symmetrical.

The spectrum of DC-side ripple is shown in Fig 5.13, where the spec-

trum is normalized with respect to the 6th order component (360 Hz) and

plotted in dBFS. The 2nd and 4th order harmonics appear as a result of un-
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Figure 5.11: Experimental set up for ASD interharmonics
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balanced three phase source. These unexpected harmonics also affect source

side harmonics so that harmonic frequencies other than (6n±1) ·fs can appear

at the source side.
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5.3 Analysis of experimental result

5.3.1 Investigation on harmonics associated with PWM

This section describes voltage harmonics of the PWM inverter whose

experimental configuration is illustrated in Fig. 5.10. Frequency responses of

the phase voltage, vL, at the load are illustrated in Figs. 5.14-5.17 for conven-

tional SPWM, dithered SPWM, carrier frequency randomized SPWM, and

dithered Σ∆M inverters. The frequency responses are plotted over the fre-

quency range from 0 to 4 kHz to display harmonics associated with both fun-

damental and carrier frequencies where the output fundamental frequency, fL,

is 40 Hz and SPWM carrier frequency is 1.2 kHz. The sampling frequency, fs,

of Σ∆M is 3.6 kHz. The vertical axis denotes dB full scale (dBFS), normalized

with respect to the fundamental frequency of 40 Hz.

Fig. 5.14 illustrates frequency response of vL for the conventional SPWM

inverter. Recalling (2.15) in Chapter 2, the feasible harmonic frequencies at

the output side of a PWM inverter can be represented as follows:

fhL = |l ·mf ± k| · fL

= |l · 30± k| · 40
(5.3)

where fhL and fL denote harmonic and fundamental frequencies at the output

of a PWM inverter, and parameters l and k are integers. Harmonic frequencies

shown in Fig. 5.14 are coincident with (5.3), which indicates that integer set

of (l, k) can represent practical harmonic frequencies.

When the dithering is applied to the reference signal of the SPWM

inverter, harmonic characteristics of vL are as shown in Fig. 5.15. Compared

with Fig. 5.14, harmonic tones associated with k in (5.3) are reduced by the

dithering except when k is 3. However, the switching frequency 1.2 kHz and its
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Figure 5.14: Frequency response of vL for the conventional SPWM inverter
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Figure 5.15: Frequency response of vL for the dithered SPWM inverter
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harmonics are not noticeably affected by the dithering but they still appear as

distinct tones. Since the index, k, indicates the order of harmonics associated

with the fundamental frequency, the dithering reduces harmonics at multiples

of 40 Hz from the 0 Hz, 1.2 kHz, and 2.4 kHz.

Fig. 5.16 demonstrates frequency response of vL when the switching fre-

quency is randomized with dithering on the reference signal. Compared with

Fig. 5.14, harmonic tones below 500 Hz are not affected by the switching fre-

quency randomization while the switching frequency is reduced approximately

10dB. Harmonics of switching frequencies around 2.4 kHz and 3.6 kHz are also

decreased approximately by 10dB. Meanwhile, frequency responses around the

switching frequency and its harmonics, distinct tones are spread out to fill the

intermediate frequency region, which appears broad-bandwidth tones. Com-

pared with Figs. 5.14 and 5.15, the switching frequency randomization method

does not affect the fundamental frequency harmonics but effectively mitigates

the level of switching tones at the expense of increased bandwidth around

switching frequency and its harmonics.

Fig. 5.17 represents frequency response of vL when the dithered Σ∆M

is applied to the inverter. The advantageous noise shaping property of Σ∆M is

also observed in the result of this practical experiment. As frequency is close to

the fundamental frequency, the noise floor caused by the dithering is decreased.

Unlike conventional Σ∆M spectrum which shows higher noise floor in higher

frequency [42], our result demonstrates decreasing noise floor as frequency is

close to the sampling frequency, 3600 Hz. Because we interpolate the Σ∆M

signal by the zero-order holding method, the noise shaping property near the

fundamental frequency repeats at every multiples of the sampling frequency.

This observation is also coincident with the simulation result in Chapter 4.
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Figure 5.16: Frequency response of vL for the carrier frequency randomized
SPWM inverter
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Figure 5.17: Frequency response of vL for the dithered Σ∆M inverter
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Meanwhile, the magnitude of harmonic tones are increased compared with the

simulation result especially at 520 Hz. However, the magnitude at 520 Hz is

-17.4 dB, which is less than the maximum harmonic component in Fig. 5.14

approximately by 10 dB.

5.3.2 Investigation on interharmonics associated with PWM

For described PWM methods in the previous section, frequency re-

sponses of the phase current, is (see Fig. 5.11), at the source-side of the ASD

experiment are shown in Figs. 5.18-5.21. The frequency responses are displayed

over the frequency range from 0 to 100 Hz for interharmonic investigation

around the source-side fundamental frequency, fs. The vertical axis denotes

dBFS normalized with respect to the source-side fundamental frequency of 60

Hz. The fundamental frequency, fL, at the load-side is 13 Hz.

Fig. 5.18 illustrates the frequency response of is when the conventional

SPWM is connected to the three-phase power source, fL and its 3rd order

harmonic frequency appear as interharmonics at the source side at 21 Hz, 47

Hz, 73 Hz, and 99 Hz. The corresponding magnitudes of interharmonics are

-45.9 dB, -30.8 dB, -32.3 dB, and -44.5 dB of the fundamental component,

respectively.

When the dithering method is applied to the reference signal of the

PWM inverter, the current spectrum at the source side is illustrated in Fig. 5.19.

Compared with the current spectrum in Fig. 5.18, the interharmonics close

to the fundamental frequency are effectively reduced by the dithering. The

amounts of mitigation from Fig. 5.18 are 4.6 dB, 7.1 dB, 6.6 dB, and 5.0 dB

at 21 Hz, 47 Hz, 73 Hz, and 99 Hz, respectively.
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Figure 5.18: Frequency response of source-side current, iS, for the conventional
SPWM
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Figure 5.19: Frequency response of source-side current, iS, for the dithered
SPWM
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Figure 5.20: Frequency response of source-side current, iS, for the carrier
frequency randomized SPWM

Meanwhile, the spectrum of is for the carrier frequency randomized

PWM inverter does not improve near the fundamental frequency, fs, as shown

in Fig. 5.20. Recalling the effects of dithering and the carrier frequency ran-

domizing methods on the harmonics at the load side, the dithering method

mitigates low frequency harmonics associated with the fundamental frequency,

fL, while the carrier frequency reduces high frequency harmonics associated

with the switching frequency.

Fig. 5.21 illustrates the spectrum of is when Σ∆M inverter is applied

to the ASD model. All interharmonics associated with output frequencies are

reduced to below -40 dB with respect to the fundamental frequency. Compared

with Fig. 5.18, interharmonics at (60± 13) Hz are noticeably reduced by more

than 10 dB. Furthermore, magnitudes of frequency components at (60 ± 39)

Hz are -57 dB of the fundamental frequency, which is less than the noise floor
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Figure 5.21: Frequency response of source-side current, iS, for the dithered
Σ∆M

formed around -50 dB.

5.4 Conclusion

In this chapter, harmonic/interharmonic characteristics of the conven-

tional, dithered, carrier frequency randomized SPWMs, and dithered Σ∆M

inverters have been investigated by performing hardware experiments. In the

experimental results, we observed the consistent spectral characteristics of the

PWM inverters with those in the simulation results. Recalling the result in the

previous chapters, frequency responses of conventional SPWMs in the simula-

tion and the hardware experiments were satisfied with (5.3), which indicates

every linear combination of the fundamental and switching frequencies are

feasible harmonic frequencies. The dithered SPWMs mitigated fundamental-
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frequency harmonics and the carrier frequency randomization SPWMs reduced

harmonic tones associated with the carrier frequencies in both simulation and

experimental results. Noise shaping and harmonic mitigating properties of

dithered Σ∆M were also validated by the hardware experiment.

Over the frequency range from 0 Hz to 100 Hz, interharmonics asso-

ciated with the fundamental frequency of supply power and the PWM har-

monic frequencies were investigated. Only dithered SPWM and Σ∆M, which

reduced low-order harmonics of PWM, demonstrated mitigated interharmon-

ics in the observed frequency range. These observations are coincident with

the confirmed relationship between mitigated harmonics and interharmonics

in Chapter 3.
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Chapter 6

Conclusion

This dissertation describes dithered PWM methods to mitigate har-

monic and interharmonic distortions produced by electric power converters.

The fundamental purpose of the dithered PWM is to reduce harmonic gener-

ations of the inverter by randomizing switching events of gating signals. The

output voltage of a PWM inverter reflects corresponding gating signals as long

as the pulse width is longer than the minimum response time of the inverter.

Hence, the dithered gating signals induce mitigated harmonics in the output

voltage of the inverter. In this dissertation, the effects of proposed dithering

methodologies were evaluated on voltage harmonics of PWM inverters and

associated current interharmonics at the source side of a VSI-ASD.

In Chapter 2, we described principles of harmonic and interharmonic

distortions produced by general AC-DC-AC power converters. Harmonic fre-

quencies produced by the most popular converter topologies, a six-pulse rec-

tifier/inverter and a PWM inverter, were numerically expressed. Using these

expressions of harmonic frequencies, we derived interharmonic frequencies at

the source-, DC-, and load-sides of two topologies of ASDs, an LCI-ASD and

a VSI-ASD. The numerically derived harmonic and interharmonic frequencies

were referred to the other chapters to provide feasible frequencies of harmonics

and interharmonics generated by simulation models or experiments.

In Chapter 3, we proposed the dithered SPWM configuration to mit-
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igate both harmonics at the load side and interharmonics at the source-side

of the simulated VSI-ASD model. We empirically evaluated the effects of the

dithered SPWM by applying various intensities of the dither. When the dither-

ing was applied to SPWM inverter, the harmonics associated with SPWM were

reduced at the load side of the ASD. However, the higher noise floor was ob-

served as the intensity of the dithering was increased. When the standard

deviation of the dither was 40% of the rms value of the SPWM reference

signal, harmonics were disappeared into noise floor. Likewise the load-side

harmonics, the dithered SPWM also mitigated interharmonics at the source

side of the ASD at the cost of an increased noise floor. The frequencies of these

interharmonics could be interpreted as linear combinations of the source-side

fundamental/harmonic frequencies and harmonic frequencies associated with

the SPWM. The interpreted linear combinations in interharmonic frequencies

were confirmed via cross bicoherence analysis which assesses the nonlinear re-

lationship between two frequency components. Consequently, mitigation of

harmonics by means of the dithered SPWM induces decreased interharmonics

associated with the PWM harmonics while the noise floor increases. Thus,

an optimized level of dithering can be provided for specific limitations for

harmonics/interharmonics and noise level.

In Chapter 4, we only focused on the mitigation of PWM harmon-

ics at the load side of an inverter because the nonlinear relationship between

mitigated harmonics and interharmonics was assessed in Chapter 3. As an

alternative dithering method, we proposed the use of dithered Σ∆M. The de-

sired noise-shaping property of Σ∆M, which suppresses noise density at lower

frequencies, was repeated at every sampling frequency of Σ∆M by zero-order

interpolation. It resulted in the mitigated harmonics in low and high frequency
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regions. The harmonic-mitigating performance of the dithered Σ∆M was eval-

uated by comparisons with those of conventional SPWM, dithered SPWM,

carrier frequency randomized SPWM, and dithered carrier frequency random-

ized SPWM. Over a wide range of frequency, the dithered Σ∆M bounded

harmonic distortions below -30dB without such prominent tones as carrier fre-

quency and harmonics of SPWM. Furthermore, the number of switching events

was not increased from that of conventional SPWM. Thus, the dithered Σ∆M

can adequately be used as harmonic mitigation method of PWM inverter.

In Chapter 5, we validated the effects of dithered PWMs in mitigat-

ing harmonics and interharmonics by performing hardware experiments. In

the experimental description, hardware configurations of the actual three-

phase inverter and the scale-down version of VSI-ASD were explained with

implemental procedure of PWM gating signals. In the analysis of the ex-

perimental result, the harmonic characteristics of conventional SPWM were

validated for the feasible harmonic frequencies. Compared with the conven-

tional SPWM harmonics, spectral characteristics of dithered SPWM, carrier

frequency SPWM, and the dithered Σ∆M were assessed, which demonstrated

coincident properties in mitigating harmonics described in Chapter 4. Pro-

posed dithering methods also mitigated interharmonics at the source side of

the VSI-ASD where the interharmonic frequencies are associated with the fre-

quencies of mitigated PWM harmonics. The analysis on the mitigated inter-

harmonics provided the coincident relationship between mitigated harmonics

and interharmonics, which is described in Chapter 3.

In this dissertation, the dithering methods on PWM inverters and their

effects in mitigating harmonics and interharmonics were discussed. Every

power electronic device based on switching operation has inherent nonlinearity
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and inevitably produces harmonic distortions. Although L-C harmonic filters

mitigate harmonics and interharmonics, limitations still exist such as a moder-

ate slope of transition band, pass-band range, and the limited order. Dithering

methods are based on the randomized switching events, which spread out har-

monic tones over a wide range of frequency. In addition, dithering methods are

implemented in the signal stage, which can save additional cost of hardware

in mitigating harmonics and interharmonics.

The dithering methods also have limitations such as increased noise

floor, increased number of switching events in dithered SPWM, and increased

intermediate harmonics in dithered Σ∆M. In the case of dithered SPWM,

excessive intensity of the dithering can reduce the minimum switching pe-

riod below the response time of the switching device. However, the dithering

methods can mitigate harmonics and interharmonics which cannot be totally

mitigated by harmonic filters. Thus, the proposed dithering methods can be

more valuable when combined with harmonic filters.

As potential future works related with the dithering method, we offer

the following comments.

• The effects of the dithered SPWM in mitigating harmonics and inter-

harmonics were empirically assessed by applying various intensities of

dithering. To further refine the evaluation of dithering, numerical anal-

ysis for the dithered SPWM is needed. With numerical analysis, the

optimal intensity of the dithering can be defined.

• The dithered SPWM randomized the switching edges of the PWM gating

signals. Because the zero-mean Gaussian noise was excited as dither, the

sinusoidal reference signal and the carrier waveform were synchronized
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in average. However, each period of sinusoidal signal may not integer

multiples of the period of the carrier signal even if the difference is small.

This unsynchronized period can cause spectral leakage which increase

the noise floor. Thus, the dither needs to be injected at fixed frequency

which does not disturb the synchronous conversion.

• In the experiment to validate the effect of dithering on interharmonics,

the frequency range of investigation was limited below the second order

harmonic of the source-side fundamental frequency due to unbalanced

three-phase source. To investigate interharmonics associated with the

carrier frequency harmonics, the three-phase source should be refined.
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Appendix A

Detection of Time-Varying Waveform

Distortion in a Variable Speed Wind Power

Converting System

In this appendix, we provide an example of harmonic distortions by

investigating the grid power quality of a variable speed wind turbine (VSWT)

system. To analyze voltage and current spectra with respect to wind penetra-

tion time, we use a joint time-frequency analysis. The VSWT is composed of

a mechanical part and an AC-DC-AC converter, thus the contents associated

with electric power distortion provide an evidence of harmonics in AC-DC-AC

converter. Through simulation experiments based on PSCAD/EMTDC pro-

gram, frequency-varying characteristics of the currents are demonstrated and

compared with the wind speed. The fundamental idea of this appdendix is

frequency analysis, with respect to time, at the power grid side to monitor

harmonics and additional extraneous non-harmonic frequencies which appear

when the wind speed drops below a certain critical value. As a result of the

appearance of the extraneous frequencies, power quality at the grid side can

further degrade. Thus, we also provide another guideline for cut-in wind speed

to avoid power quality degradation.
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A.1 Introduction

Wind energy has been recognized as one of abundant renewable energy

sources. As a result, wind turbines have evolved over the past few decades.

Among the many wind turbine concepts, a three-bladed horizontal-axis struc-

ture has turned out to be the most efficient model [44], and fixed-speed wind

turbines, which are a combination of the horizontal axis blade and an induction

generator, have been widely used due to the ease of connection to the power

grid. On the other hand, variable speed wind turbines (VSWTs) based on syn-

chronous generators have been adopted as a topology by the major manufac-

turers [45]. This topology yields up to 30 percent more energy than fixed speed

operation, and it reduces power fluctuations and reactive power supplied to the

grid [2]. Furthermore, the decreasing price of power electronic devices is favor-

able to the development of VSWTs. Modeling of VSWTs has been focused on

power for the operational range between cut-in and cut-off wind speed. The

cut-in and cut-off wind speeds are determined by power efficiency and me-

chanical safety, respectively. Although power quality issues and other effects

in VSWTs have been considered [46, 47], they mainly focus on frequency anal-

ysis which can be acquired from conventional Fourier transform analysis over

a specific time duration. Since the Fourier frequency response during a mea-

sured time period depends on the “average” of the wind speed, even if the wind

speed is lower than the rated wind speed part of the time, a time-localized fre-

quency response is difficult to determine using conventional Fourier-transform

spectral analysis. Therefore, we utilize a joint time-frequency analysis method

in this appendix to provide time-localized spectral information for the current

produced by a VSWT system. The remainder of this appendix is organized as

follows. The time-frequency theories are reviewed in Section A.2. Section A.3
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demonstrates the simulation environments and the results. The conclusion is

presented in Section A.4.

A.2 Time-Frequency Analysis: Cohen’s Class

Time-frequency analysis was initiated by time-localization for Fourier

analysis, which is called the short-time Fourier transform (STFT), or spectro-

gram [48]. Since the STFT does not guarantee the desirable properties of the

time-frequency distribution such as the time and frequency marginal proper-

ties, the finite support property, and the uncertainty principle [49], the joint

time-frequency distribution was proposed. The first proposal of a joint time-

frequency distribution is the Wigner-Ville distribution [1], which is based on

an instantaneous auto-correlation and a characteristic function. The definition

of the Wigner-Ville distribution is as follows [1]:

WV (t, ω) =
1

2π

∫
s∗(u− τ

2
)s(u+

τ

2
)e−jτωdτ (A.1)

where s(t) is the analytic signal representation of the experimentally observed

real signal and is assumed to be normalized to unit energy.

Cohen’s class is a generalized joint time-frequency distribution based

on the Wigner-Ville distribution and is characterized by an auxiliary function

called the kernel function. The definition of Cohen’s class is as follows [1]:

C(t, ω) =
1

4π2

∫∫∫
s∗(u− τ

2
)s(u+

τ

2
)φ(θ, τ)e−jθt−jτω+jθududτdθ (A.2)

where φ(θ, τ) is a two dimensional function called the kernel. s(t) is the an-

alytic signal representation of the experimentally observed real signal. Fur-
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Table A.1: Properties of time frequency distributions and corresponding kernel
requirements [1]

Properties of time frequency distributions Requirements of kernel

Time marginal∫
C(t, ω)dω = |s(t)|2 φ(θ, 0) = 1

Frequency marginal∫
C(t, ω)dω = |S(ω)|2 φ(0, τ) = 1

Total energy∫∫
C(t, ω)dωdt = 1

φ(0, 0) = 1

Realness

C(t, ω) ∈ R
φ(θ, τ) = φ∗(−θ,−τ)

Time shift

y(t) = x(t− t0)→ Cy(t, ω) = Cy(t− t0, ω)
φ(θ, τ) is independent of τ

Frequency modulation

y(t) = x(t)ejω0t → Cy(t, ω) = Cy(t, ω − ω0)
φ(θ, τ) is independent of θ

Scaling invariance

y(t) =
√
ax(at)→ Cy(t, ω) = Cx(at, ω/a)

φ(θ, τ) = φ(θτ)

Cross term minimization φ(θ, τ) << 1 for θτ >> 0

thermore, s(t) is assumed to be normalized to unit energy. The Wigner-Ville

distribution corresponds to (A.2) with φ(θ, τ) = 1. The desirable properties of

the time-frequency distribution such as marginals, total energy, realness, time

shift, frequency modulation, scaling invariance, and cross term minimization

are closely connected to the kernel function. Table A.1 summarizes the kernel

requirements for the desirable properties of the distributions [1].

Among the kernel-based time-frequency distributions, the Choi-Williams

distribution [50] was suggested to reduce interference effects in distribution.
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The definition of the Choi-Williams distribution is as follows:

CW (t, ω) =
1

4π3/2

∫∫
1√
τ 2/σ

e
− (u−t)2

4τ2/σ
−jτω

s∗(u− τ

2
)s(u+

τ

2
)e−jτωdudτ

(A.3)

The corresponding kernel is

φ(θ, τ) = e−θ
2τ2/σ (A.4)

where σ(σ > 0) is a scaling factor, which controls the strength of the cross

term suppression discussed in the next paragraph. The Choi-Williams kernel

in (A.4) follows the desirable properties in Table A.1: (i) time and frequency

marginal properties, (ii) normalized total energy, (iii) realness of distribution,

(iv) scaling invariance, and (v) cross term minimization with scaling factor.

The joint time frequency distribution density, C(t, ω), depends on the

product of s(·) and s∗(·). Hence, for multi-component signal, there will be

cross product terms in the joint time frequency distribution density. In the

case where the signal has multiple frequency components, such as an electri-

cal signal generated from wind power system, the cross term minimization

property in Table A.1 enables one to suppress the interference distributions.

Among the well known kernels, the Choi-Williams kernel is utilized in sec-

tion A.3 due to the strong property of cross term minimization, where the

scaling factor, σ, is empirically determined to be 0.5.

A.3 Simulation Experiment

As an example of a time-invariant nonlinear system with a time-varying

non-stationary excitation, we simulated a VSWT system in PSCAD, and an-
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Power

System 

Inverter

(DC-AC)
Rectifier

(AC-DC)
Synchronous

Generator

Exciter
Ia,gen Idc Ia,inv

Figure A.1: Simulation experiment configuration of the VWST implemented
using PSCAD

Table A.2: Synchronous generator ratings [2]
Power 1.0 MVA
Voltage 1.1 kV
Current 0.32 KA
Frequency 18.77 Hz
Number of pole 84

Table A.3: Parameters for wind turbine [2]
Power rating 1.0 MW
Blade radius 32 m
Air density 0.55 kg/m3

Rated wind speed 12.5 m/s
Cut-in wind speed 5 m/s
Cut-off wind speed 25 m/s
Blade pitch angle 0◦

alyzed the system using MATLAB-based programs. In the model, a multipo-

lar synchronous generator is directly connected to the wind turbine without

a gearbox and a fixed pitch angle of 0◦ is applied to the blade configuration,

which is the applied concept of VSWTs by one of the world’s leading manufac-

turers [45]. Fig. A.1 illustrates the configuration of the simulated system and

Table A.2 and A.3 summarize the wind turbine parameters and synchronous

generator ratings, respectively [2].
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The system can be divided into 3 parts with respect to the operational

frequency: a) generator side whose electrical frequency is rated at 18.77 Hz,

b) DC link side with a capacitor, and c) a power grid part whose electrical

frequency is rated at 60 Hz. A 6-pulse rectifier is located between parts a) and

b), and a pulse width modulation (PWM) inverter between parts b) and c).

In this configuration, a time-varying wind speed produces frequency-varying

AC power at the generator output, which is converted into DC power and

the DC power is subsequently converted into 60 Hz to supply AC power to

the grid. A 6-pulse rectifier is modeled to convert AC power into DC, and a

voltage source pulse width modulation (PWM) inverter is modeled to convert

DC into AC again. To control the reactive power supplied to the grid, constant

power factor and voltage regulation have been implemented [2]. Assuming a

balanced three phase system, we carry out a time-frequency analysis of the

currents, Ia,inv, Idc, and Ia,gen, which are indicated in Fig. A.1.

One of the major considerations in wind turbine modeling is power

efficiency, and the system is designed to produce maximum mechanical power

described in (A.5).

PM = 0.5ρπR5CP
ω3
M

λ3
(A.5)

where

λ: tip speed ratio defined by (A.6)

ωM : blade angular speed [rad/s]

R: blade radius [m]

VWIND: wind speed [m]

PM : mechanical power [kW]

ρ: air density [kg/m3]
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CP : power coefficient expressed as (A.7) [51].

λ =
ωMR

VWIND

(A.6)

CP = (0.44− 0.0167β) sin
π(λ− 2)

13− 0.3β
− 0.00184(λ− 2)β (A.7)

where β is the blade pitch angle. Since the available mechanical power de-

pends on the tip speed ratio, the maximum power for given wind speed can be

achieved at optimal tip speed ratio by adjusting the mechanical angular veloc-

ity as shown in Fig. A.2, and can be maximally converted into electric power

by inverter control techniques. By applying the achievable maximum power

and zero value of reactive power as the reference powers to the inverter firing

control, the inverter output power traces the maximum power with constant

power factor [2].

A four-component wind model [52] is selected for the simulation, which

is described by

VWIND = VBASE + VGUST + VRAMP + VNOISE (A.8)

where VBASE, VGUST , VRAMP , and VNOISE are modeled by constant, sinusoidal,

ramp, and triangle wave functions, respectively [2]. Fig. A.3 illustrates the

modeled wind speed. The currents Ia,inv, Idc, and Ia,gen are analyzed by using

the Choi-Williams distribution for levels below and above the rated wind speed

as shown by the dashed lines (1) and (2) in Fig. A.3, respectively.

We initiated our study with a generator-side and DC link harmonic

frequency analysis. As described in (2.2) and (2.4) in Chapter 2, the 6-pulse
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Figure A.3: Wind speed vs. time. Case (1) wind speed below rated value,
12.5 m/s, Case (2) wind speed above rated value
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rectifier converts AC to DC, transmitting (6n)th harmonics to the DC link and

reflecting (6n±1)th harmonics to the generator side, where n = 1, 2, .... In the

case where the AC frequency at the generator side varies in time, the harmonic

variations are multiplied by the order of harmonics. Fig. A.4(a), (b) and (c)

represent the time-frequency distribution of the current at the generator-side,

at the DC link, and corresponding wind speed, respectively, where the wind

speed is above the rated wind speed of 12.5 m/s.

The energy spectral density and the time-frequency distribution are

plotted in dB full scale (dBFS) in which the density at the fundamental fre-

quency is represented as 0 dB. In Fig. A.4(a) and (b), the threshold of -30 dB

is the truncation level for clear plotting, and a sigma of 0.5 is the parameter

of the Choi-Williams distribution. The thin vertical lines which appear in the

time-frequency distribution are artifacts associated with the window function

used to plot the frequency response clearly, and do not represent physical phe-

nomena of interest. Energy spectral densities which are located at the left

side of the time-frequency distribution plots in Fig. A.4(a) and (b) are accu-

mulations of each instantaneous spectral density during the time span shown

(15 s∼18.5 s). In Fig. A.4(a), the time-frequency distribution of the genera-

tor current demonstrates instantaneous fundamental, 5th, and 7th harmonic

frequency characteristics indicating the generator and the rectifier are in nor-

mal operating condition. However, the instantaneous frequencies of the 5th

and 7th harmonics are shown as the broader bandwidth in the energy spectral

density plot located at the left side of Fig. A.4(a), which makes it difficult

to interpret the exact location of the harmonic frequencies and to determine

whether the system is operating in a normal condition. In Fig. A.4(b), the

dominant harmonic terms at the DC link side when the wind speed is above
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Figure A.4: Time-frequency distribution of the current (a) at the generator
side and (b) at the DC link for the wind speed above the rated value. (c)
corresponding wind speed.
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the rated wind speed are 60 Hz and 240 Hz, which are the fundamental and 4th

harmonic of 60 Hz. The switching frequency of the PWM inverter is 600 Hz,

and the modulation ratio is 10, where the modulation ratio is defined by the

ratio of switching frequency to the reference frequency, the latter of which is

identical to the 60 Hz inverter output frequency. For non-triple and even num-

ber of modulation ratios, every integer multiple of the inverter fundamental

frequency of 60 Hz may appear in the DC link [21].

Figs. A.5(a), (b) and (c) represent the time-frequency distribution of

the current at the generator-side, at the DC link, and corresponding wind

speed, respectively, where the wind speed is below the rated wind speed of

12.5 m/s. The threshold level and the value of sigma are same as those in

Fig. A.5(a) and (b). In Fig. A.5(a), the fundamental, the 5th, and the 7th

harmonic frequencies of the generator current decrease after approximately 1.2

s system latency as the wind speed declines. In the time period between 9 s

and 12.5 s, the 5th and the 7th harmonics are overlapped in the energy spectral

density plot located at the left side in Fig. A.5(a) and appear as broad-band

energy spectral density between 75 Hz and 140 HZ, approximately. Those

harmonics, however, clearly appear at the expected locations, which are 5 and

7 times the fundamental frequency, in the joint time-frequency distribution

plot of Fig. A.5(a). At the DC link as shown in Fig. A.5(b), DC, 60 Hz,

and 240 Hz frequencies appear until approximately 10.8 s, and an extraneous

frequency component of the current appears near 30 Hz from approximately 11

s onward. During this period, the fundamental and the harmonic frequencies

of the generator current have their lowest values as shown in Fig. A.5(a), which

corresponds to the lowest wind speed in this simulation. The observation that

DC current has extraneous frequency components during this period serves as
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evidence of the wind speed effects on the DC link and possibly on the power

grid.

Fig. A.6(a) and (b) represent the energy spectral density and time-

frequency distribution of the current at the power grid side of the VSWT

where the wind speed is above the rated speed. When the wind speed is

above the rated wind speed, most of the energy is distributed at the 60 Hz

fundamental frequency and the harmonic frequencies of 120 Hz and 240 Hz as

indicated in Fig. A.6(a).

Meanwhile, when the wind speed drops to slightly above the cut-in

value, 5 m/s, extraneous frequencies appear as shown in Fig. A.7(a). Comparing

Fig. A.6(a) and Fig. A.7(a), we note that the extraneous frequencies appear

to be abnormal components. The time-frequency distribution in Fig. A.7(a)

illustrates how the spectral densities change with time and when the abnor-

mality exists. From 9.0 s to 10.8 s, the grid current has a strong fundamental

frequency at 60 Hz and a small amount of 2nd and 4th harmonics at 120 Hz

and 240 Hz, which are expected as normal frequency components of a PWM in-

verter. However, above 10.8 s, extraneous frequencies of approximately 90 Hz,

30 Hz, and 10 Hz appear, which may potentially degrade the quality of power

supplied to the grid. The appearance of the extraneous frequencies at the grid

side is coincident with the onset of the approximately 30 Hz frequency term

at DC link (see Fig. A.5(b)) and also corresponding the lowest wind speed.

Energy spectral densities which is displayed at left side of joint-time frequency

graphs show time-accumulation of frequency responses. Thus, the extraneous

frequency components inaccurately appear in the energy spectral density, since

they temporally exist.

The joint-time frequency distribution of the fundamental current at the
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Figure A.5: Time-frequency distribution of the current (a) at the generator-
side and (b) at the DC link for the wind speed below the rated value. (c)
corresponding wind speed.
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Figure A.6: Time-frequency distribution at power grid for the wind speed
above rated value. (a) time-frequency distribution (b) corresponding wind
speed.

grid side is illustrated in Fig. A.8. As the wind speed decreases close to the

cut-in speed, the amplitude varies in a way similar to the wind speed. By

comparing the variation of the fundamental current with wind speed, the sys-

tem latency can be inferred. Since the lowest wind speed and the fundamental

amplitude appear at approximately 10.8 s and 11.8 s, respectively, the system

latency of the VSWT model is about 1.0 s. Thus, the extraneous frequency

near 90 Hz which appears 10.8 s onward in Fig. A.6(a) may be affected by an
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Figure A.7: Time-frequency distribution at power grid for the wind speed
below the rated value. (a) time-frequency distribution (b) corresponding wind
speed.

onset wind speed at 9.8 s. The corresponding wind speed at 9.8 s is about 9.5

m/s, which may have affected the onset of the extraneous frequencies at the

grid connection.
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Figure A.8: Fundamental frequency distortion of the grid side current and
corresponding wind speed

A.4 Conclusion

We demonstrated investigation methods for the power quality issues

associated with VSWTs using the joint time-frequency distribution. As a

first step of this proposal, we implemented a PSCAD model of VSWT and

measured the currents at the generator side, the DC link, and the power grid

connection. Utilizing MATLAB implementation of the joint time-frequency

distribution, we investigated the effect of the time-varying wind speed on the

frequency characteristics of each measured current at the generator, DC-link,

and grid side. From the result, we observed that extraneous frequencies at 10
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Hz, 30 Hz, and 90 Hz appear on the power grid side when wind speed drops

to a little above the cut-in value.
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