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A finite element analysis approach is used to determine the susceptibility to wrinkles for 

thin sheets with clamped ends when subjected to tensile loading. The model problem chosen to do 

this analysis is the stretching of a thin sheet with clamped-ends. In the preliminary analysis, a 

stress analysis of thin sheets is done to study the stresses that develop under these boundary 

conditions. The analysis shows that there is a stretch-induced compressive stress in the transverse 

direction to the applied load that causes wrinkles. Then, the parametric study is conducted to 

determine the effect of aspect ratio and strain on the compressive stress. Based on the results of 

the parametric study, a critical strain value for each aspect ratio is determined for which the 

corresponding compressive stress is zero. Further buckling analysis is performed to find the 

buckling modes of the model problem that shows a limit of aspect ratio below which buckling is 

not possible under given conditions. Finally, post-buckling analysis shows the nature of wrinkles 

observed in the model problem for different aspect ratios. 
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1. Introduction to thin sheet structures 
	
  

1.1 Introduction 

Thin sheet structures are being widely used in number of applications [1-5]. In recent years, thin 

sheet structures made of materials like Kapton has replaced traditional structures due to their light 

weight and low space requirement as compared to traditional structures. These structures can be 

in many shapes and sizes.  For an effective structure, the surface flatness of the sheet is one of the 

key components for some applications while in others it can tolerate some wrinkles with a known 

small deviation from the nominal shape. The wrinkles in the sheets can be permanent or 

temporary. In this thesis we will analyze temporary wrinkles, which form as a result of loading. 

These types of wrinkles are called structural wrinkles. They form in regions of elastic buckling 

caused by the in-plane stresses in the sheet. The wrinkle behavior depends on the applied loads 

and boundary conditions. Such wrinkles can be removed and are therefore of great interest since 

it is possible to eliminate them through careful analysis and structural design. The constitutive 

behavior in such cases is difficult to predict because of the extreme nonlinearities that wrinkles 

can cause. Thus we are using a numerical approach to analyze these wrinkles. Following are few 

of the applications of thin sheet structures in which wrinkles can cause problems. 

1.2 Applications 

a) Space based solar radars 

The Synthetic Aperture Radar (SAR) as shown in figure 1-1 is one of the technique that replaces 

the traditional radar. This technique uses both phase and amplitude of the signal received whereas 

the conventional radar only uses the amplitude, thus it allows high-resolution images. A larger 

SAR gives a better performance and hence it is required to produce large SAR and pack it into a 
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space as small as possible. When it is required to inflate the packed SAR, it uses a planar frame to 

support and stretch the attached sheet. Hence in doing so, it may result in wrinkle formation in the 

sheet. 

 

Figure 1-1: Synthetic Aperture Radar with an inflatable ring structure (from [6]). 

 

b) Inflatable Antenna 

A reflect array antenna as shown in figure 1-2 is based on the concept of a reflector sheet that is 

stretched flat by an attached inflatable frame.  

 

Figure 1-2: A space deployable inflatable antenna (from [7]). 

Inflatable Tubes 

Planar array 
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The reflecting array in an antenna of this type is the planar array of micro strip patches printed on 

the thin circular sheet. An inflatable circular toroidal tube (frame) is attached to the edge of the 

sheet; when inflated, the tube stretches the circular sheet flat and supports the membrane in the 

operational configuration. A thin flexible material is folded prior to launch and then deployed by 

inflation.  

c) Solar Sails 

Solar sails work on the same concept as used in ships to move them. Just as ships uses sheet of 

cloth to catch wind for their movement, solar sails are made of thin polymer sheets coated with 

aluminum as shown in figure 1-3, provides the forward movement because of the hitting photons. 

 

Figure 1-3: Solar sail (from [8]). 

	
  

Photons exert force on everything they hit. This force is insignificant on earth because of earth’s 

atmosphere. But in vacuum of space, photon pressure can actually move objects. When a solar 

sail is exposed to photon pressure, it will start to move. The forward motion is quite slow at first 
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but with the unlimited fuel supply (sunlight) and under constant acceleration, the sail can move as 

fast as 3500 km/h in just a few months. For such an application, wrinkles can lead to problems 

such as non-concurrent centers of pressure and mass, reduced reflectivity, and non-uniform 

surface heating. 

Other applications include future solar power arrays, space solar power shows great promise for 

future sources of energy and with thin-sheet arrays it is possible to have much higher specific 

power and larger arrays as compared to the current rigid solar arrays. 

1.3 Model problem 

After discussion of the applications of the thin sheets we can get an idea that wrinkling in thin 

sheets is one of the issues that we need to solve for their effective use. There have been various 

studies done on wrinkle formation, in which the wrinkles form either from shear, tension, or 

torsion [9-12]. In this thesis, we will concentrate on a model problem where wrinkles form due to 

tensile loading. Figure 1-4 shows an experimental observation of a sheet with aspect ratio, Lo/Wo 

= 2.5, stretched to 10% strain with the clamped-ends. 

 

Figure 1-4: Wrinkles in a polyethylene sheet of length, Lo = 25cm, width, Wo = 10cm, and thickness, to = 0.01cm 
under a uniaxial tensile strain, ε1 = 0.10 (from [13]). 

1 2 
3 

4 
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Two ends of the sheet are clamped (ends 1 & 2 as marked in figure 1-4), so that they do not 

contract when the sheet is stretched along x-direction whereas the horizontal edges are free (ends 

3 & 4 as marked in figure 1-4). The region of the sheet away from the clamped-ends show 

wrinkles under stretch. To study this problem, we follow a numerical approach using finite 

element method (FEM) with the ABAQUS code. Figure 1-5 schematically shows the boundary 

conditions in the uniaxial stress, uniaxial strain and clamped-ends stretching cases respectively.  

 

   

 

 

 

 

 

 

 

 

 

Figure 1-5: Schematic illustration of thin sheets under tension, (a) Uniaxial stress, (b) Uniaxial strain, (c) 
Clamped-ends stretching. 

W Wo (a)   

(b)   

(c)   

L - Lo 

Wo 

L - Lo 

L - Lo 
Wo 
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The boundary conditions in the present problem are neither of uniaxial stress case nor of uniaxial 

strain case. The boundary conditions here form a case in-between the two cases, therefore the 

force–strain plot for this case is expected to lie in between the uniaxial stress and uniaxial strain 

case. The analytical results for uniaxial stress and uniaxial strain case are presented in the next 

section. 

1.4 Uniaxial stress in thin sheets  

a) Small deformation  

Uniaxial stress with small deformation can be assumed to have both geometrical and material 

linearity. The expression for force required to stretch the sheet is, 

 

                                                      (1.1) 

 

where E is the Young’s modulus of the material, εx is the nominal strain, Ao = Woto is the cross-

section area and Lo ,Wo ,to is the length, width and thickness respectively of the sheet in original 

configuration.   

b) Large deformation  

In case of large deformation, both geometrical non-linearity and the material non-linearity shall 

be considered. For material non-linearity, Neo-Hookean hyperelastic model is used. Following 

relation is obtained assuming incompressible and isotropic material, 

                                           (1.2) 
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1.5 Uniaxial strain in thin sheets 

a) Small deformation 

Like the uniaxial stress case, the uniaxial strain problem is also discussed for small and large 

deformations. In this case, the relation for the small deformation with incompressibility is given 

as, 

                                                      (1.3) 

b) Large deformation 

The relation for the large deformation in uniaxial strain case can be written as, 

                                                          (1.4) 

Figure 1-6 shows the analytical results for uniaxial stress and uniaxial strain together. It is 

noticeable that non-linearity in each case makes the structural behavior less stiff at high strains. 

Although the force required is almost same for linear and non-linear deformation at low strains, 

while there is a large difference between two at high strains. Therefore non-linearity must be 

considered in case of high strains. Also, the uniaxial strain case requires more force than uniaxial 

stress case because of the constraint on horizontal edges that does not allow them to shrink in the 

transverse direction. The clamped-ends stretching case as shown schematically in figure 1-5c lie 

in between these two cases, as also shown numerically in the following discussion. 
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Figure 1-6: Comparison of analytical results for small and large deformation under uniaxial stress and uniaxial 
strain conditions. 

 

1.6 Clamped-ends stretching of thin sheets 

A plane stress finite element model (CPS4R) is used for the clamped-ends stretching case. The 

model problem is compared with the uniaxial stress and the uniaxial strain case considering small 

and large deformations. Figures 1-7 and 1-8 show that force-strain relation for the model problem 

lies in between the two cases.  Figure 1-7 shows the linear deformation case whereas Figure 1-8 

shows the non-linear deformation case. The uniaxial stress and strain cases form the lower and 

upper limits respectively to the response of the clamped-ends specimen. For smaller aspect ratios, 

the results of the clamped-ends specimen approach the uniaxial strain case, while those for higher 

aspect ratios the results approach the uniaxial stress case. 
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Figure 1-7: Comparison of force-strain results for clamped-ends stretching with different aspect ratios with 
uniaxial stress/strain case with linear geometry and linear elastic material. 

 

Figure 1-8: Comparison of force-strain results for clamped-ends stretching and uniaxial stress/strain case with 
non-linear geometry and non-linear elastic material. 
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1.7 Outline of thesis 

The model problem has been discussed in this chapter. In Chapter 2, the stress state in the model 

problem will be discussed with emphasis on the development of compressive stress. Compressive 

stress is the most important aspect of this problem because it causes the wrinkles. We examine 

the effect of applied strain and aspect ratio on the compressive stress state. Since the deformation 

is highly non-linear, analysis incorporates non-linear geometry and elastic material properties. 

 In Chapter 3, eigen value buckling analysis is performed for the model problem. Analysis shows 

that buckling occurs only above a critical aspect ratio. Furthermore the perturbation analysis is 

done to check the instability of the modal problem. The instability in this case leads to wrinkling 

of the sheet. Prior to the perturbation analysis, number of modes to be used for applying 

imperfection and the effect of mesh size on the post-buckling analysis is also discussed.  

In Chapter 4, the main results from the analysis and conclusions of the thesis are discussed.  
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2. Stretch-Induced Stresses in Thin Sheets 
	
  

In Chapter 1 we discussed the model problem. In this chapter the stress analysis of the model 

problem is discussed. The primary interest here is to examine the compressive stress variation 

with the aspect ratio and the applied strain. A study of stresses in the thin sheets under clamped-

ends stretching is shown in [15]; here we will discuss the variation in compressive stress state 

with aspect ratio and applied strain. 

2.1 Stresses with clamped-ends stretching in linear elastic sheets 

The stress analysis is performed using a plane stress-model (CPS4R) assuming that sheet remains 

flat during the entire course of loading. We begin with the discussion of different stress 

components in the clamped-ends stretching case. The material is considered to be linear elastic 

but geometric non-linearity is included. 

Figure 2-1a shows a stress contour diagram of σx for Lo/Wo = 1.5 under 1% strain. Figure 2-1b 

shows the stress profile of σx along the path-1 as marked in figure 2-1a. Qualitatively the profile 

of the stress σx is similar at all strain levels and it is always tensile. It should be noted that σx does 

not have a large variation along the width of the sheet. Figure 2-1c shows the variation of stress 

σx at point A as a function of the applied strain. The stresses shown here are normalized by the 

Young’s modulus to make the results independent of the material properties. The elastic boundary 

value problem indicates singularity at the corners of the sheet [16]; as seen in figure 2-1a, the 

finite element simulation does not resolve this singularity. 
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(a)  

(b)  

(c)  

Figure 2-1: (a) Contour for σx at 1% strain for aspect ratio, Lo/Wo = 1.5, (b) Profile of σx along path-1 as marked 
in figure 2-1a at 1% strain for aspect ratio, Lo/Wo = 1.5, (c) Variation of σx with strain at point A as marked in 
figure 2-1a for aspect ratio, Lo/Wo = 1.5. 
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Figure 2-2a shows a stress contour diagram only of compressive part of σy for Lo/Wo = 1.5 under 

1% strain. It should be noted that compressive stress is present only away from the clamped ends. 

Also, compression for the given modal problem is always observed in the transverse direction and 

σx is always positive in the sheet. 

Figure 2-2b shows the stress profile for stress σy at 1% strain along path-1 as marked in figure 2-

2a. As already mentioned that σy is negative with maximum compression occurring at the centre 

of the sheet for this aspect ratio. Unlike σx, stress profile for σy varies significantly depending 

upon both aspect ratio and applied strain applied. This variation of σy with aspect ratio and 

applied load will be discussed in the next section.  

Figure 2-2c shows the variation of σy as a function of strain at point ‘A’. It should be noted that 

stress σy at centre is not monotonically increasing as seen in case of σx.  Stress σy reaches its peak 

value and then it starts to decay with increasing strain.  
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(a)  

(b)  

(c)  

Figure 2-2: (a) Contour for σy (compressive) at 1% strain for aspect ratio, Lo/Wo = 1.5, (b) Profile of σy along 
path-1 as marked in figure 2-2a at 1% strain for aspect ratio, Lo/Wo = 1.5, (c) Variation of σy at point A as 
marked in figure 2-2a with applied strain for aspect ratio, Lo/Wo = 1.5. 
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Figure 2-3a shows a stress contour diagram of σxy for Lo/Wo = 1.5 under 1% strain. Figure 2-3b 

shows the stress σxy along paths 1 and 2 as marked in figure 2-3a at 1% strain.  There is no shear 

at the centre (Path-1) but the clamped-ends of the sheet produces a shear stress (Path-2) due to the 

restraint at the edge. It should be noted that shear stress also exhibits a singularity at the corner 

due to the nature of the boundary conditions. 

(a)  

(b)  

Figure 2-3: (a) Contour for σxy at 1% strain for aspect ratio, Lo/Wo = 1.5, (b) Profile of σxy along paths 1 and 2 as 
marked in figure 2-3a at 1% strain for aspect ratio, Lo/Wo = 1.5. 
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2.2 Distribution of σy in different aspect ratios with clamped-ends 

stretching for thin hyperelastic sheets 

The distribution of different stress components is shown for Lo/Wo = 1.5 in the previous section. 

From here on, focus will be on the compressive stress in thin sheets (σy) and its dependence on 

both Lo/Wo and applied strain, as it is the cause for the wrinkling in thin sheets. From the analysis 

of σy stress in thin sheets for different aspect ratios, it is observed that the stress distribution of 

compressive σy shown in figure 2-2 is not similar for all Lo/Wo and εx. In this section we will 

show the distribution of compressive σy in thin sheets for different aspect ratios and the effect of 

strain on each type of distribution. The different types of σy distribution are named as different 

phases. Note that each phase signifies stress distribution of σy at the very beginning of the stretch, 

since for a given aspect ratio it can be in different phases depending upon the applied strain. 

It should be noted that the stresses shown for Lo/Wo=1.5 are with linear elastic properties. 

Analysis with the linear elastic material properties has the following drawbacks: 

• It is not applicable beyond a few percent of strain. 

• It cannot quantitatively predict large-deformation behavior. 

Therefore the following results are for nonlinear elastic material. Qualitatively, results shown in 

Section 2.1 are similar to the nonlinear elastic case and stress components have similar 

characteristics for same aspect ratio. For hyperelastic material, a Neo-Hookean model with 

incompressibility is used. Next we discuss the different types of σy distributions under clamped-

ends stretching. 
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a. Phase 1 (Lo/Wo ≤ 1) 

Phase 1 does not show any compressive stress under tension as shown in figure 2-4a, showing the 

contour diagram for σy for a sheet with aspect ratio, Lo/Wo = 1, at 1% strain. Figure 2-4b shows 

the plot for σy along the path marked in figure 2-4a at different strain levels. It should be noted 

that there is only tensile stress in the sheet along the transverse direction for this range of aspect 

ratios, which increases with further strain. 

 (a)  

(b)  

Figure 2-4: (a) Contour for σy in aspect ratio, Lo/Wo = 1 showing no compressive stress at 1% strain,  (b) 
Distribution of σy along the path shown in figure 2-4a at different strain levels. 
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b. Phase 2 (1 < Lo/Wo < 1.5) 

Phase 2 type of distribution is observed for 1 < Lo/Wo < 1.5. For this range of aspect ratios, 

compressive stress is present in the transverse direction. In phase 2 the compression is 

concentrated in two regions along the transverse direction. Figure 2-5a shows only compressive 

σy in a sheet with aspect ratio, Lo/Wo = 1.1, at 1% strain. It should be noted that compressive 

stress is concentrated in two regions along y-direction. Figure 2-5b shows that the compressive σy 

initially reaches its peak and then it becomes zero with increasing strain. Same trend is observed 

in other phases also.  

 (a)  

(b)  

Figure 2-5: (a) Contour for σy in aspect ratio, Lo/Wo = 1.1 showing only compressive stress at 1% strain, (b) 
Distribution of σy along the path shown in figure 2-5a for aspect ratio, Lo/Wo = 1.1 at different strains 
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Figure 2-6a shows another example from phase 2. While for Lo/Wo=1.1, there is a tensile stress 

present between the two compressed regions, Figure 2-6a shows a stress contour for Lo/Wo=1.35, 

in which compression is present through out the width of the sheet. The compressive stress in the 

transverse direction still has two peaks as shown in figure 2-6b. Figures 2-6b shows an increase in 

the compressive stress with strain whereas Figure 2-6c shows decay in compressive stress with 

increasing strain. It should be noted that the compressive stress in the transverse direction 

disappears at about 15% strain. Hence with increasing strain the compressive stress distribution 

changes from phase 2 to phase 1. The critical strain required for this transformation depends upon 

the aspect ratio; for Lo/Wo =1.1 the critical strain observed is 3% whereas for Lo/Wo =1.35 it is 

15%. 

(a)  

(b)  
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(c)  

Figure 2-6: (a) Contour for σy in aspect ratio, Lo/Wo = 1.35 showing only compressive stress at 1% strain, (b) 
Showing increase in compressive stress with increasing strain, (c) Showing decrease in compressive stress with 
increasing strain. 

	
  

c. Phase 3 (1.5 ≤ Lo/Wo < 2.2)  

In phase 3, compression is concentrated at the centre of the sheet. Figure 2-7a shows the contour 

diagram only for compressive σy for Lo/Wo = 2 at 1% strain. It can be seen from the stress profile 

of σy in figure 2-7b that the compression is concentrated at the centre. Figure 2-7b also shows the 

increase in compression with increase in strain until it reaches 20%. If strain is increased further, 

the compression starts to decay, as shown in Figure 2-7c. It should be noted that, at εx = 60%, 

there is no compression in the sheet in the transverse direction. As already mentioned, for the 

transformation to take place, a critical strain, which is a function of aspect ratio, is required. 

Hence for this aspect ratio, the transformation takes place from phase 3 to phase 1 at 60% strain. 
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 (a)  

(b)  

(c)  

Figure 2-7: (a) Contour for σy in aspect ratio, Lo/Wo = 2 showing only compressive stress at 1% strain, (b) 
Showing increase in compressive stress with increasing strain, (c) Showing decrease in compressive stress with 
increasing strain. 
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d. Phase 4 (2.2 ≤ Lo/Wo)  

In phase 3, compression was concentrated at the centre. When the aspect ratio is increased further 

the compressed region splits along the x-direction. This type of distribution of compressive stress 

with compression concentrated in two regions along the x-direction is referred to phase 4. Figure 

2-8a shows the contour of compressive σy for Lo/Wo = 2.5 at 1% strain. The central region of the 

sheet is still under compression but now compression is concentrated in the two regions along the 

x-direction. Figure 2-8b shows the profile of σy along the x-direction. It also shows the increase 

in compressive stress with increasing strain (εx). Figure 2-8c shows that compressive stress start 

to decay if the strain is further increased above 20%. 

The two peaks of compression present at the beginning, merge together as the strain is increased 

and at 60% strain, σy shows only one peak at the centre as shown in figure 2-8c. With further 

strain the compression can be removed completely. Hence in this case the transformation takes 

place from phase 4 to phase 3 and then to phase 1. This type of transformation takes place for 2.2 

≤ Lo/Wo < 4.  

Figure 2-9 shows the change in compressed region for Lo/Wo  = 2.5 as the strain is increased. It 

should be noted that the region under compression becomes smaller with increasing strain and 

eventually it becomes compression free at a strain of 96% strain. 



23 

 (a)  

(b)  

(c)  

Figure 2-8: (a) Contour for σy in aspect ratio, Lo/Wo = 2.5 showing only compressive stress at 1% strain, (b) 
Showing increase in compressive stress with increasing strain, (c) Showing decrease in compressive stress with 
increasing strain. 
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(a)  

(b)  

(c)  

(d)  

(e) 	
  

Figure 2-9: Showing the change in region under compression in a sheet with Lo/Wo = 2.5 under strain, (a) εx = 
0.05, (b) εx = 0.2, (c) εx = 0.4, (d) εx = 0.75, (e) εx = 0.95 
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For longer aspect ratios, the sheet still exhibits phase 4 response. Figure 2-10a shows the stress 

contour of transverse compressive stress in a sheet with aspect ratio, Lo/Wo= 5, at 1% strain. It 

should be noted that the central region of the sheet has zero transverse stress. Under applied strain 

the compression occurs due to the clamped-ends boundary condition and the region of the sheet 

away from the clamped ends is not influenced by this boundary condition and hence it only shows 

uniaixal tension. 

Figures 2-10b and 2-10c show the stress distribution along the path marked in figure 2-10a at 

different strain levels. Figure 2-10b shows increase in compressive stress as the strain is increased 

whereas Figure 2-10c shows the decay in compressive stress with further increase in strain. 

Unlike the previous case, two peaks of compression do no merge together with increasing strain 

and eventually the compression ends. For this reason, in all aspect ratios, Lo/Wo > 4, the phase 

transformation takes place directly from phase 4 to 1 under increasing strain. The critical strain at 

which the compression ends is shown for different aspect ratios in Figure 2-11. Next we will 

discuss the value of critical strain required for each aspect ratio to make it free of compression. 
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(a)  

(b)  

(c)  

Figure 2-10: (a) Contour for σy in aspect ratio, Lo/Wo = 5 showing only compressive stress at 1% strain, (b) 
Showing increase in compressive stress with increasing strain, (c) Showing decrease in compressive stress with 
increasing strain. 
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2.3 Phase diagram 

In the previous section, different phases of transverse compressive stress were shown. 

Dependence of compressive stress state on strain and aspect ratio was discussed and a critical 

strain at which phase 1 is achieved was also shown. Figure 2-11 summarizes this discussion; it 

shows the critical strain at which each aspect ratio changes to the compression free state (Phase 1) 

under clamped-ends stretching. The marked numbers refer to the phase shown by a sheet with a 

given aspect ratio and under applied strain.  It also shows the different phases an aspect ratio 

undergoes before it finally changes to phase 1. It is observed from numerical calculations that the 

critical strain becomes almost constant for Lo/Wo > 4. 

 

Figure 2-11: Showing critical strain for each aspect ratio above which there is no compression in hyperelastic 
thin sheets 

I 

II 

III 

IV 

Compression 
free zone 
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Hence from this analysis with hyperelastic properties we can conclude that the compression 

occurring in the sheets is dependent on both strain and aspect ratio and for a given aspect ratio the 

compression can be removed by applying a required strain.	
  

2.4 Comparison of σy for different aspect ratios 

So far we have examined the compressive stress in the model problem for different aspect ratios 

separately. In this section we compare the stress σy in different aspect ratios with each other. The 

comparison is done for different aspect ratios at 1% strain. Figure 2-12 schematically shows the 

path along which the stress (σy) comparison is done. Here the stress profile is shown only for, 0 ≤ 

x ≤ Lo/2 and 0 ≤ y ≤ Wo/2, since the stresses are symmetrical about the centre.  

 

Figure 2-12: Showing the paths along which the stress σy is compared for different aspect ratios at 1% strain. 

 

Figure 2-13 shows the stress σy along the path ‘AO’ as marked in figure 2-12. As already 

discussed in detail in Section 2.2, σy in a sheet depends on the aspect ratio.  In the transverse 

direction, there is no compression for Lo/Wo =1 (Phase 1), as seen in Figure 2-13. Further Lo/Wo 

=1.1, belongs to phase 2 and it should have two peaks along transverse direction. Figure 2-13 

shows only one of its region under compression, since the stress profile is shown only for half-
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length.  For Lo/Wo = 1.5, which belongs to phase 3, σy has a single peak of compressive stress at 

the centre as clearly seen in figure 2-13. Next, aspect ratios, Lo/Wo = 2.5 and 5 belong to phase 4 

which has two peaks of compression along x-direction. Along the transverse direction the stress 

in phase 4 may be compressive or zero depending upon the sheet length. If the aspect ratio is high 

(Lo/Wo > 4), the central region is free of transverse compressive stress, hence for Lo/Wo = 5, 

stress σy along ‘AO’ is zero whereas for lower range (2.2 ≤ Lo/Wo ≤ 4), the central region in-

between the two maximum compression zones is also under the influence of compression, which 

is observed here for Lo/Wo = 2.5 in Figure 2-13. 

 

Figure 2-13: Showing stress σy in different aspect ratios at 1% strain along the distance ‘AO’ as marked in 
figure 2-12. 

 

Figure 2-14 shows another comparison, for stress σy along the path ‘BO’ as marked in figure 2-

12. For Lo/Wo = 1, there is no compression at all. For Lo/Wo = 1.1, compression is present near 
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the free edges only as already discussed, hence figure 2-14 does not show any compression for 

this case. For Lo/Wo = 1.5, the compression is concentrated at the centre. For Lo/Wo = 2.5 and 5, 

σy has two peaks along x-direction which can be seen in figure 2-14. It should be noted that 

compression is always present away from the clamped-end boundary condition (x = 0) whereas in 

the previous comparison along y-direction, compression is present through out the width of the 

sheet with zero stresses at the free edges. 

 

Figure 2-14: Showing stress σy in different aspect ratios at 1% strain along the distance ‘BO’ as marked in 
figure 2-12 

	
  

Next we compare the variation of maximum compressive stress with strain. As shown in Section 

2.2, the maximum compression can occur in different regions in a sheet depending upon the 

aspect ratio. Figure 2-15 shows maximum σy as a function of strain for different aspect ratios. It 

is observed that maximum compressive stress for any Lo/Wo increases with strain, reaches a 
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maximum and then decreases. This maximum value increases with aspect ratio until Lo/Wo ~ 2 

and then decreases, eventually saturating at about Lo/Wo = 3. Thus beyond aspect ratio, Lo/Wo = 

3, the maximum compressive stress occurring in the sheet becomes almost constant. The strain at 

which the maximum compression occurs also saturates at about Lo/Wo = 3.  

 

Figure 2-15: Showing the variation of maximum compressive stress with strain for different aspect ratios

 

This chapter gives us the idea of how the distribution of the compressive stress (σy) can vary with aspect 

ratio and applied strain. To apply high strains, hyperelastic material properties are used and it is noticed 

that as the strain is increased the transverse compressive stress becomes zero for any aspect ratio. The 

critical strain required for this transition to Phase 1 depends on the aspect ratio. In the next chapter we 

show the eigen value analysis to find the buckling modes for this problem and will see that buckling is 
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related to compressive stress distribution and will also examine the behavior of wrinkles that form in thin 

sheets with different aspect ratios. 
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3. Stretch Induced Wrinkling in Thin sheets 
 

In the previous chapter, the finite element results presented were obtained with a plane stress 

model. From here on, shell model will be used for the analysis of wrinkles. In this chapter we will 

show the eigen value analysis of the model problem to find the buckling modes under the given 

boundary conditions. Using the buckling modes a perturbation analysis is performed to examine 

the effect of stretch on a sheet with initial imperfection. The whole analysis is done for different 

aspect ratios, by varying the length of the sheet and keeping the width, Wo (= 10mm) and 

thickness, to (= 0.01mm) constant.  

3.1 Eigen value analysis for clamped-ends stretching 

For the buckling analysis, shell elements of type S4R with size ‘0.05 X 0.05’ are used. The model 

has non-linear elastic (Neo-Hookean, incompressible) and non-linear geometric properties. In this 

analysis the Young’s modulus is found to have no effect on the shape and size of wrinkles. In 

order to find the buckling modes of the sheet under stretch, the following sequence is used to 

perform the eigen value analysis.  Initially a small strain (εx ≤ 1%) in the x-direction is applied to 

the sheet with clamped-ends boundary conditions. In the second step, the eigen value analysis is 

performed. The initial strain contributes in generating the compressive stress in the sheet and is 

necessary to find the buckling modes in this problem. Hence the eigen value analysis is done to 

seek the buckling modes, which are later used as perturbations in the post buckling analysis. 

From the eigen value analysis, it is observed that there is a lower limit of aspect ratio below 

which the buckling modes are not found for the model problem. This critical aspect ratio is found 

to be, Lo/Wo = 1.35. For higher aspect ratios the buckling modes are shown in the following 

section. The buckling modes obtained here can be related to the compressive σy distribution for 

different aspect ratios presented in the previous chapter. It should be noted from the following 
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figures that buckling occurs only in the regions where compressive stress (σy) exists. Figure 3-1 

show the 1st buckling mode under stretching for different aspect ratios. The buckling is observed 

after applying a pre-strain. The corresponding compressive stress distribution in a sheet under 

tension is shown in Section 2.2. It should be noted that the maximum out of plane deformation 

occurred only in the areas under compression. For instance, for Lo/Wo=1.35, the compressive 

stress has two peaks along transverse direction and the eigen value analysis also shows two 

regions of maximum deformation along the transverse direction. 

(a)  

(b)  

(c)  
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(d)  

Figure 3-1: Showing 1st buckling mode occurring under clamped-ends stretching as obtained by eigen value 
buckling analysis for aspect ratio (a) Lo/Wo = 1.35, (b) Lo/Wo = 2, (c) Lo/Wo = 2.5, (d) Lo/Wo = 5. 

 

3.2 Post-buckling analysis 

For post-buckling analysis, a discussion of the number of buckling modes to be used for the 

initial imperfection is presented prior to the discussion of the wrinkle formation in different 

aspect ratios. The effect of mesh size and size of initial imperfection on the wrinkle formation is 

also discussed in the following section. To perform the perturbation analysis geometrical 

imperfections are applied using the eigen modes. The geometrical imperfections can also be 

applied using methods as explained in [17-18]. 

a) Effect of initial imperfection 

First we will examine the effect of initial imperfection on the wrinkle analysis. It is found that the 

initial imperfection should be applied using 3 or more eigen modes to get a converged solution. It 

is also noticed that if only few buckling modes are used for perturbation, it shows different results 

with a slight change in the magnitude of initial imperfection. An example is shown through figure 

3-2, which shows the post buckling results for Lo/Wo = 2.5, using only single buckling mode for 

initial imperfection with different imperfection sizes. Figure 3-2 shows a normalized plot of 

difference between maximum and minimum out-of-plane deformation vs the applied strain in the 

x-direction corresponding to the initial imperfection of 0.1% and 0.2% of thickness.  
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Figure 3-2: Results showing difference in wrinkle response with different size of initial imperfection by using 
only single buckling mode for initial imperfection. 

 

This is also clearly seen through figures 3-3 and 3-4 where the form of wrinkles appearing in 

these two cases at their peak values (marked in figure 3-2 as ‘A’ and ‘B’) is shown. It can be seen 

that two cases exhibit significant differences. Note that the out-of-plane deformation magnitude 

shown here in figures 3-3 and 3-4 is the absolute deformation (mm) whereas Figure 3-2 shows the 

normalized deformation.  

B 

A 
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Figure 3-3: Shape of wrinkles formed with initial imperfection of 0.1% of thickness applied using only 1st 
buckling mode for imperfection. The aspect ratio is, Lo/Wo = 2.5 and the shape shown here corresponds to point 
‘A’ as marked in figure 3-2. 

 

Figure 3-4: Shape of wrinkles formed with initial imperfection of 0.2% of thickness applied using only 1st 
buckling mode for imperfection. The aspect ratio is, Lo/Wo = 2.5 and the shape shown here corresponds to point 
‘B’ as marked in figure 3-2. 

 

Therefore, for the post buckling analysis, 5 buckling modes are used to represent the initial 

imperfection in performing wrinkle analysis. Figure 3-5 shows the wrinkle response with 

different initial imperfection size. It should be noted that by varying the imperfection size over a 

large range, the wrinkle response is very similar in each case. Hence it shows the convergence 

over the wrinkle response by using 5 eigen modes.  
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Figure 3-5: Results showing similar wrinkle behavior by using 5 buckling modes with different initial 
imperfection for aspect ratio, Lo/Wo = 2.5. 

 

b) Effect of mesh size 

The following analysis is done to investigate the effect of mesh size on the wrinkle formation. 

The aspect ratio used for this analysis is, Lo/Wo = 2.5. The results are shown in figure 3-6. The 

wrinkle amplitude is same in each case. Table 3-1 shows the size of elements in each of the mesh 

used for this analysis. The S4R type elements are used for this analysis with different sizes as 

mentioned in Table 3-1. 

Table 3-1: Showing the size of elements in different meshes for Lo/Wo = 2.5 

 Elements Element size (mm X mm) 
Mesh # 1 25000 0.1 X 0.1 
Mesh # 2 39312 0.08 X 0.08 
Mesh # 3 100000 0.05 X 0.05 



39 

 

Figure 3-6: Showing the effect of mesh size on wrinkle formation for Lo/Wo = 2.5. 

 

c) Wrinkle Formation 

For the post-buckling analysis, 5 buckling modes with initial imperfection of 0.1% of thickness 

and mesh size of ‘0.05 X 0.05’ is used for different aspect ratios. As already shown in Section 3-

1, buckling occurs only in areas under compression. In the following section we discuss the post 

buckling analysis results for different aspect ratios. Buckling is not observed for aspect ratios 

lesser than, Lo/Wo = 1.35. For phase 1, no compression is seen under stretching, hence there is no 

buckling. For aspect ratios 1 to 1.35, the in-plane compressive stress is present but it is not 

sufficiently high to cause the buckling. For Lo/Wo = 1.35, although the eigen modes are seen but 

still the compressive stress (σy) is still not large enough and the out-of-plane deformation is very 

small as shown in figure 3-7. 
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Figure 3-7: Showing wrinkle response with strain for aspect ratio, Lo/Wo = 1.35 

 

For Lo/Wo = 1.35, σy has phase 2 distribution and it is the lowest aspect ratio for which buckling 

is observed. The small amplitude can be related to the low compressive stress observed in this 

aspect ratio. It should be noted that the wrinkle amplitude is still negligible, which is of the order 

of initial imperfection applied to sheet and there is not a significant instability observed in this 

case. There is only a slight growth from the initial imperfect state of the sheet. 

For higher aspect ratios, the transverse compressive stress is higher and the out-of-plane 

deformation is also large. Figure 3-8 shows the wrinkle response of some of the higher aspect 

ratios. Maximum wrinkle amplitude is observed in Lo/Wo = 2.5. If aspect ratio is increased 

further, the wrinkle amplitude starts to decrease. In these cases the out-of-plane deformation 

occurs only for a range of strain and if the strain is lower or higher than that range, the sheet is 
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unable to support the wrinkles. It should be noted that the out-of-plane deformation in this case is 

much larger than that shown in figure 3-7. 

 

 

Figure 3-8: Wrinkle response with strain for different aspect ratios. 

	
  

It can be noticed from Figure 3-8, in each aspect ratio the deformation is maximum at a certain 

strain level. Figure 3-9 shows that state of sheet at maximum out-of-plane deformation for 

different aspect ratios. 
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(a)  

(b)  

(c)  

(d)  

(e)  

Figure 3-9: Showing wrinkle formation for aspect ratio, (a) Lo/Wo = 1.65, (b) Lo/Wo = 1.8, (c) Lo/Wo = 2, (d) 
Lo/Wo = 2.5, (e) Lo/Wo = 5 at their respective peak amplitude. 
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For different aspect ratios, the wrinkles start to form after a critical strain and then as the strain is 

increased the sheet gets flatten beyond a particular strain value.  

 

Figures 3-10a and 3-10b summarize the wrinkle formation in different aspect ratios. Figure 3-10a 

shows the critical strain values for different aspect ratios, at which the wrinkles start to form, it 

reaches its peak value and finally when the wrinkles become negligible. Corresponding to the 

strain at which peak amplitude occurs, Figure 3-10b shows the value of the peak amplitude in 

each aspect ratio.  

    

Figure 3-10: (a) Showing the critical strains at which wrinkle initiates, peaks and ends, (b) Showing the amplitude of the 
wrinkles when it peaks for the respective aspect ratios. 

 

From Figure 3-10a it should be noted that for Lo/Wo ≤ 1.5 and ≥ 4, the wrinkle formation is negligible. 

Figure 3-10a also shows a compression free zone as already shown in figure 2-11 also. In this zone no 

compression occurs whereas in the rest of the region, compression is present. Though compression is 

(a) 

Compression 
free zone 

(b) 
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present in some range of Lo/Wo, it is observed that wrinkles form only for a specific range of applied 

strains for each aspect ratio. The range of strain for wrinkle formation will increase or decease according 

to the thickness of the sheet. 

This analysis shows that the wrinkles are not permanent and the flatness of the sheet can be managed by 

the applied stretch. For these results, the sheet with elastic material properties is considered. Also, only 

some regions of compression are present in the sheets as it is stretched and the rest of the areas are not 

prone to wrinkles at all. It should be noted that this analysis is for a particular geometrical and material 

properties and if any of this gets changed, the range of strain in which the wrinkles form would be 

different.  
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4. Summary	
  

 

In this chapter we will discuss the key findings of this thesis. The aim was to study the wrinkle 

formation in a thin sheet under clamped ends stretching. It is found that it is the compressive 

stress that occurs perpendicular to the direction of loading that leads to the buckling of the sheet 

and hence results in wrinkling. From the numerical analysis of the model problem we conclude 

that there are two main factors that affect the wrinkling and compression in the sheet, namely the 

aspect ratio and the applied strain, as discussed in the following section. 

4.1  Effect of aspect ratio on stress and wrinkling 

In this section we will summarize the effect of aspect ratio on the compressive stress distribution 

and buckling of sheets. 

a) Effect of aspect ratio on stress 

Apart from the numerical study of the compressive stresses as already shown in Chapter 2, there 

is another trend that is followed by the compression. It is how the regions under compression 

change as the sheet length is increased. Figures 2-4, 2-5, 2-6, 2-7, 2-8 and 2-9 show the variation 

in compressive stress from small to large aspect ratio.  It is observed that for low aspect ratios, σy 

is always positive in the sheet under tension as shown in Figure 2-4. As the aspect ratio is 

increased, σy gets negative near the free edges of the sheet as shown in Figure 2-5. The 

compression starts from near the free edges and with increase in aspect ratio it spreads throughout 

the width of the sheet as shown in the Figure 2-6 with the compressive stress having two peaks 

along the transverse direction. Figure 2-7 shows the case for higher aspect ratio when the two 

peaks of compressive stress, σy along y-direction have merged together. Finally, for larger aspect 

ratios the compressed region splits along x-direction as shown in the Figures 2-8 and 2-9.  
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b) Effect of aspect ratio on wrinkling 

The eigen value buckling analysis for the model problem shows that below an aspect ratio 

buckling is not possible. As shown in Section 3.1, for higher aspect ratios buckling occurs only 

with a pre-strain. The initial strain provides the compressive stress in the transverse direction to 

the sheet for buckling to occur for Lo/Wo ≥1.35, whereas for aspect ratio, Lo/Wo < 1.35, no 

buckling is observed, because the compressive stress is insufficient. 

4.2 Effect of strain on stress and wrinkling 

a) Effect of strain on stress 

The analysis shows that compressive stress start to decrease after a certain strain in each aspect 

ratio. For aspect ratios in which compression is present, it follows a common trend when strain is 

increased. As strain is increased the compressive stress reaches its maximum value and then starts 

to decay and eventually becomes zero. Hence there is a critical strain for each aspect ratio beyond 

which there is no compression in the sheet as shown in the figure 2-11.  

b) Effect of strain on wrinkling 

 As already mentioned, the compressive stress reaches its peak value with applied strain and then 

it starts to decay. The wrinkles are related with certain stress level, so they form over a range of 

strain in which the compressive stress has the potential to cause wrinkles. If the stress is out of 

this range the wrinkles diminish in amplitude and the sheet regains its flatness.  

This study also shows that the wrinkle prone regions depend upon the compressive stress 

distribution as shown in Section 3.1. The maximum out of plane deformation appears in the 

regions where the maximum compression occurs. Therefore by knowing the compressive stress 

distribution in the sheets, the areas where wrinkles can occur can be estimated. 
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