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This work is composed of two independent parts, both addressing problems related
to algebraic curves over finite fields.

In the first part, we characterize all irreducible plane curves defined over F,
which are Frobenius non-classical for different powers of ¢. Such characterization
gives rise to many previously unknown curves which turn out to have some inter-
esting properties. For instance, for n > 3 a curve which is both ¢- and ¢"-Frobenius
non-classical will have its number of Fyn-rational points attaining the Stohr-Voloch
bound.

In the second part, we study the arc property of several plane curves and

present new complete (N, d)-arcs in PG(2,q). Some of these arcs (viewed as linear

vi



(N, 3, N — d)-codes) are just a small constant away from the Griesmer bound and
for some small values of ¢ the bound is achieved. In addition, this part also answers
a question of Voloch about the arc property of a certain family of curves with many
rational points, and another question of Giulietti et al about the arc property of

g-Frobenius non-classical plane curves.
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Chapter 1

Introduction

The theory of algebraic curves over finite fields is of fundamental importance to
mathematics and has essential applications in many areas such as finite geometry,
number theory, error-correcting codes, and cryptography. In many of such applica-
tions it is desirable to count/estimate the number of Fy-rational points of a curve.
A remarkable example is the construction of linear codes using curves over finite
fields discovered by Goppa in the 1970s. It turns out that such codes can have good
parameters if the underlying curve has many points (relative to the genus).

The main purpose of this chapter is to recall some few (but deep) results
related to the number of points on curves over finite fields. We will also give the
definition of (N, d)-arc and briefly present its connection with linear codes. As a
general rule, our discussion here will be limited to the concepts and results that are
relevant to the next chapters. Throughout this text the projective plane P2 (F,) will
be often denoted by PG(2,q).



1.1 The Hasse-Weil bound

The following theorem, also known as the Riemann hypothesis for curves over finite
fields, is one of the deepest results in the theory of algebraic curves. It was origi-
nally proved by Hasse [9] in the case of elliptic curves and later by Weil [23] in its

generality.

Theorem 1.1. (Hasse-Weil) Let F be a (projective, irreducible, non-singular )
curve of genus g defined over F,. If N = #F(F,) is the number of Fq-rational
points of F, then

| N —(q+1) |< 2gq">. (1.1)

There are many examples of curves attaining the Hasse-Weil upper bound,
and because this can only happen if ¢ = 0 or ¢ is a square, such curves are usually
called FF 2-maximal. A very well-known example of an F -maximal curve is the
Hermitian curve

H oottt 4 20t =0,

1

. . . 2
which is a non-singular plane curve of genus 5(q

— q) with exactly 1 + ¢ points
in PG(2,¢%). Actually, Riick and Stichtenoth [17] proved that (up to isomorphism)
the Hermitian curve is the unique F -maximal curve of genus %(q2 —q).

It follows from a result of Serre (see Proposition 6 of [13]) that the Hermitian
curve, together with its large automorphism group, gives rise to many other F -
maximal curves (see [6] for more details). A very simple example of this is given by

the following result.

Theorem 1.2. If q is a prime power and d is a divisor of ¢+ 1, then the curve

2+ yt+ 24 =0



18 qu -maximal.

If ¢ > 11, the curve corresponding to d = (¢ + 1)/2 in the above theorem is the
unique (up to Fg2-isomorphism) smooth F.-maximal curve of such degree (see [3]).

This particular curve will be considered in Chapther 3.

The next result (see for example Chapter 7 of [11]), which will be used in the
proof of Theorem states another interesting property of the Hermitian curve.

Theorem 1.3. Let H be the Hermitian curve, P a point in PG(2,¢*)\H(F,2) and
Lp the set of ¢*> + 1 lines in PG(2,q?) incident with P. If 1 € Lp such that #(1 N
H(Fy2)) < q+ 1 then #(IN'H) = 1. Moreover, there are exactly q + 1 such lines in
Lp.

1.2 Frobenius classicality and the Stohr-Voloch bound

In 1986, Stohr and Voloch [18], using a more geometric approach, obtained new
upper bounds for the the number of rational points on curves over finite fields. In
many cases, their method provides improvements on the Hasse-Weil upper bound.

A prototype of their results is the following:

Theorem 1.4. Let q be an odd prime power. If F = Z(f(z,y)) is an absolutely
irreducible plane curve of degree d defined over I, then

#F(Fy) <d(d+q—1)/2,
provided that f does not divide (f,)? frz — 2fuyfofy + (Ff2)2fyy -

Note that the last condition in the theorem above only means that F has finitely

many inflection points.



For a more general version of their results, we need to develop the notion of
Frobenius classicality for curves. The case of plane curves will be sufficient for our
needs, and for a complete exposition of the theory we refer to [18].

Let X be an irreducible plane curve defined over the finite field F,. The
curve F is called ¢-Frobenius non-classical if the image Fr(P) of each simple point
P of F under the Frobenius map lies on the tangent line at P. A more technical
approach can be used to rephrase this concept:

Let X C P? be an irreducible non-linear algebraic curve. The numbers
0 = ¢ < €1 =1 < e represent all possible intersection multiplicities of X with
lines of P2 at a generic point of X. Such a sequence is called the order sequence of
X and is also characterized as the smallest sequence (in lexicographic order) such
that det(Df'z;) # 0, where D denotes the k-th Hasse derivative [{| with respect to
a separating variable ¢t and xg,x1, z» are the coordinate functions on X C P?2. The
curve X is called classical if e = 2.

If X is defined over a finite field Fy, then there is a smallest integer 11 € {1, €2}

such that
vy af 3

D;’lxo D;jlml D;jlxg
The numbers vy = 0,17 are called the Frobenius orders of X, and such a

curve is called g-Frobenius classical if v; = 1 (this is equivalent to the previous

definition).

! For a field F, we define the k-th Hasse derivative D* : F[[t]] — F[[t]] for k > 1 as follows:

Dk(i ant™) = i an <Z> t"r.

n=1



Theorem 1.5. (Stohr-Voloch) Let X be an irreducible plane curve of degree d and

genus g defined over Fy. If X has Frobenius orders (vo,v1), then

vi1(29 —2) + (¢ +2)d
2

#X(Fy) <

Not many ¢-Frobenius non-classical curves (v > 1) are known. Such curves
are rare but very important; for example, they can have many rational points. Some
additional properties of these curves can be found in [10]. For instance, for p > 2
a g-Frobenius non-classical curve is the locus of its singular and inflection points.
Also, with the additional hypothesis that X" is smooth, Hefez and Voloch ( Theorem

1 of [10]) managed to prove that

#X(Fq) =d(q—d+2),

where d is the degree of F.

Examples of ¢-Frobenius non-classical curves are the Fermat curves
24yl +24=0 (1.2)

q—1

where d = =1 and ¢’ is a power of p > 2. Note that the Hermitian curve, which

is known for many of its special properties, lies in this family of curves.

1.3 (N,d)-arcs and the Griesmer bound

A linear [n, k, 7]-code over Fy is a subspace C' of dimension k of the vector space F 1
in which every non-zero vector has at least r non-zero coordinates, and there is a

vector with exactly r non-zero coordinates. The value r is called minimum distance



of C. The Griesmer bound ( Theorem 5.2.6 of [21] ) states that

E

-1
n=Y (L] (13)

s
Il
=)

Let G be a k x n matrix whose rows form a basis for C, i.e. G is a generator
matrix for C, and let © = (x1,--- ,x%) € IE"; be the j-th column of G. The codeword
which is a linear combination of the rows of G, given by a vector a = (ay,--- ,ax) €

IF’;, has a zero in the j-th coordinate if and only if

k
=0

Since each codeword has at least r non-zero coordinates, there are at most
n —r columns of G, which are incident with the hyperplane defined by the equation
. Now, since the columns of G can be viewed as points of PG(k — 1,q), we
see that a linear [n,r, k]-code C' over F, is equivalent to a set A of n points in
PG(k — 1,q) with the property that some hyperplane is incident with d = n — r
points of A and no hyperplane is incident with more. Such a set A is called (n, d)-arc
in PG(k —1,q). In particular, an (n,d)-arc A in PG(2,q) is a set of n points with
at most d points on any line and with d points on some line. If the (n,d)-arc A is
not contained in an (n + 1, d)-arc, then we say that A is complete.

Natural examples of (n,d)-arcs in PG(2,q) are frequently obtained from a
set F(F,) of Fy-rational points of a plane curve F without linear components and
defined over [, where n = #F(F,) and d is the degree of F. If the underlying
curve gives a complete (n,d)-arc, then the corresponding code cannot be extended
to a code with larger minimum distance. In chapter 3 we will present many curves
with such a property and discuss the Griesmer bound for the corresponding codes.
Our reason for considering this particular bound (out of many options) is because

of the values/range of our parameters; we found that the Griesmer bound would be



the most suitable choice.



Chapter 2

Multi-Frobenius non-classical

curves

Based on [18], Hefez and Voloch extended the study of the ¢g-Frobenius non-classical
curves in [10], where some interesting arithmetic and geometric properties of such
curves were first pointed out. They also remarked that characterizing all such curves
seemed to be a very involved problem.

In 1990, Garcia [5] characterized (under certain conditions) ¢g-Frobenius non-
classical curves of type y” = f(x). Among such curves, we have the Fermat curves
given in .

Here, given a prime power ¢ and distinct positive integers ki,--- , ks, we
address the problem of finding plane curves being ¢*-Frobenius non-classical for all
i=1,---,s. It turns out that there is no such curve for s > 3, and the case s = 2
gives us a unique plane curve. Our work here will provide a characterization of such

a curve. More precisely, we will prove the following:

Theorem 2.1. For any given triple (q¢,n, m) where q is a prime power and n > 2

and m > 1 are integers such that n > m and ged(n,m) = 1, the curve given by



(@ =)y —y) - W —y) (" — )
(27 — ) (y? —y) — (y” —y) (27 — x)

is the unique q"- and q"-Frobenius non-classical irreducible plane curve over F,.

=0

Moreover, F has Frobenius orders (vo,v1) = (0,q™), and if g and F(F, ) are the

genus and the set of F x-rational points of F, respectively, then

o=@+ gt ?) gt D gt )

and

(@™ = a*)(d" = q) + (¢ +a+1)(d" —q), ifk=m,
#F([Ege) =4 (6" = ¢*)(q" — a), if k=n,
0, ifk=1.
Corollary 2.1. Let q be a prime power and k1 > ko > -+ > k. (r > 1) be positive

integers. If F is a ¢"i-Frobenius non-classical plane curve for alli=1,---,r, then

r =2, ki # 2ka, and F can be given as in Theorem [2.1]
In addition to the above assertions, we point out some of the special proper-

ties of these curves obtained for particular cases of ¢,n and m.

For m = 1, F has Frobenius orders (vp,v1) = (0,q), degree d = ¢" — ¢*, and

it can be checked that its number of Fyn-rational points is given by
N = (v1(29 —2) + (¢" +2)d)/2.

In other words, the curve attains the upper bound of Theorem In particular, for
g = 2, the curve is classical Frobenius non-classical of genus g = 4”1 —5.2""1 4+ 7

and N = 4" —6-2" + 8 Fon-rational points. Furthermore, n = 3 gives a curve having



affine equation
22ty e+l ey + i+ 1=0,

genus ¢ = 3, and with N=24 Fg-rational points. This curve, which is the unique
(up to isomorphism) curve of genus 3 with more than 22 Fg-rational points (proved
by Top in [19]), carries the additional property of being the unique non-singular
multi-Frobenius non-classical plane curve (Remark. One more special curve is
obtained for the case n = 4: the curve has genus g = 31 and N = 168 Fy¢-rational
points, and this beats the current record (N = 165) on the number of Fjg-rational
points for curves of genus 31 (see [20]).

Another interesting aspect (from the Finite Geometry viewpoint) of the case
—¢*).4" — ¢*)-

arc in PG(2,q™). This is not obvious but can be easily verified, for instance, while

n n

m = 1 lies with the fact F(Fgn) gives rise to a complete ((¢" —¢)(q
proving Lemma More details about plane curves giving rise to complete arcs
will be given in the next chapter ( see also [7]).

For n —m =1, the set of singular points of F is the whole PG(2, q) (Propo-
sition , and from Remark we have that all such sigularities are ordinary.
In this case, F gives one more example of curves attaining the lower bound in the

theorem below (see Theorem 1.4 of [12]).

Theorem 2.2. (Hirschfeld-Korchmdros) Let F be a non-classical irreducible plane
curve of degree d and genus g. If F is q-Frobenius non-classical, and has only tame
branches, then

By > (¢ —1)d— (29 — 2),

where By is the number of branches of F with centre in PG(2,q). Also, equality
holds if and only if every non-linear branch of F is centred at a point of PG(2,q).

With some further calculation, it can also be shown that #F(Fn-m) =

10



¢>"=m) 4 g™ — % — ¢ and that (observed by Voloch) the dual curve of F, denoted
by F*, is the unique (¢", ¢"~"")-Frobenius non-classical plane curve over F,,.

The proof of Theorem will be deduced through a series of steps given
in the next sections. In Section [2.I] we construct the curve F and establish some
immediate properties. In Section we characterize the singular points of F and
prove its irreducibility. In Sections [2.3] and we obtain explicit formulas for the

number of F x-rational points (k € {n,m,1}) and genus of F, respectively. We end

Section [2.4] by proving Corollary

2.1 The curve F

From now on, n > 2 and m > 1 will be integers such that n > m and ged(n, m) = 1.
Also, any plane curve which is ¢*-Frobenius non-classical for all k € {n,m} will be

referred to as a (¢", ¢")-Frobenius non-classical curve.

Lemma 2.2. If F is a (¢", q™)-Frobenius non-classical curve with affine equation

given by f(x,y) =0, then the polynomial f(x,y) is a factor of

n

g(z,y) = (27

Proof. It may be assumed that = is a separating variable, and for k € {n,m}, the

¢"-Frobenius non-classicality of F gives

1 qu qu
O=det[1 2 y | =07 —2)Dly— " —y).
0 1 Dly

Now we have (29" —z)Dly = (y?" —y) and (29" —2)Dly = (y?" —y), which

gives (29" —z)(y?" —y) = (y9" — y)(29" — z) and finishes the proof.

11



O]

If we let G(z,y, z) be the homogenization of g(x,y) in Lemma it is easy to check
that every projective line defined over Fy is a component of 2G(x,y, z) = 0. In other
words, F(z,y,z) =

(29" — a2 (" — g ) = (7 -y (@ a2

(29" — 2271 (y? — yza=1) — (y& — y2@ 1) (29 — 22971

(2.1)

is a polynomial in Fy[x,y, 2].
The curve F, given by F(x,y, z) = 0, will be the main object of study in this
chapter.

The statements of the next proposition will be used throughout our proofs.

Proposition 2.3. (i) F(z,y,z) is symmetric; that is, it is invariant under per-

mutations of x, y and z.

(ii) ged(n,m) = 1 implies F i NF; = Fy fori and j distinct elements of {n,m,n —

(iii) g(x,y) = (27" =27 (y" —y) = (7" —y*") (2" —2) for k € {n,m}, including
the case (n,m) = (2,1).

aqs—aeF i al —a
— s implies (b =
pr —p - PSR T T

() If ged(r,s) =1 and a,b € Fyr, then p =
F

€
q-

Proof. Statements (4),(i7) and (iii) are easy to prove, and our proof will be limited to

statement (7v). Note that from (i), we have that u € F,, which gives (ub — a)? =

pb — a. Once again (i) implies ub — a € Fy, ie. (ub —a)? = pb — a, and thus
al—a

We should mention that our proofs will often take the symmetry of F(x,y, 2)

into account. In particular, we will only work with affine points, and F'(x,y,1) and

12



P = (z¢ : yp : 1) will be referred to as F(x,y) and P = (zg,yo) respectively. Also,
from now on, the set of points in PG(2,E) lying on the union of all lines defined

over [F, will be denoted by S; that is, S is the set of zeros of

2

H(z,y,2) = 2((a? — 227 (y? —yz0") — (4 —y2T ) (a7 — 22971

in PG(2,F,).

Lemma 2.4. If S is the set defined above, then

FAS— (PG(2,¢""™\PG(2,q9)) NS, ifm=1,

PG(2,q"™)N S, otherwise.

In particular, F has no linear components defined over F.

Proof. From (2.1)), it is clear that

@ —z)y" —y) W -y -2

Floy) =& =2 —y) @ -2)yi-y) (2.2)

2 2
et —x oyt —y

ri—x  yl—y

and if we define g (t) = A I R an N S | (with g1(¢) = 1)

and

R(z,y) = gn(x)gm(y; - gn(y)gm(x) |

then it can be easily checked that
(i) Fla,y) = R((2¢ —2)?, (y? —y)™).
(ii) R(ac, x) = giz(x)gm(w) - gin(x)gn(x)

k
9 —x zd —x

(iii) gi((? —2)771) = and g (27 — 2)471) = (

x? —x

13



Now consider a line given by y = ax + b, with a,b € Fy. If a # 0, then from
(i) we have F(x,ax +b) = R((29 — x)?1 (29 — 2)971), and using (ii) and (ii) we

find

F(z,az+0b) = @ =)

(2.3)

— :E()\) = 1 for all A € F,, it can be verified directly from
-z

(2.2) that (2.3) also holds true for a = 0, and the result follows.

Also, using z

O]

Lemma 2.5. The set of points of PG(2,q¢"™) lying on F is either PG(2,¢"™)\PG(2,q)
or the whole PG(2,q"~"™). The latter case occurs if and only if m > 1.

Proof. If P € PG(2,q"™)\S, then Remark (MZ) implies that P is a point on
F. For P € PG(2,¢q"~™) N S, the result follows directly from Lemma O

If P = (x0,y0) is a point of F, and ¢ : (z,y) = (zo + aT,yo + bT) is a line
through P, then it follows from (2.1)) that F(xz + aT,yo + bT) =

a T " 4 T4 + 3T7 + ayTT" T + T + agT
BIT+ 4 BT+ BT 4 ByT4 1 55T9 + BT + B

(2.4)

where «; and 3; are given in Table 1 below. This arrangement will be very useful

7 (o7} Bi
1 AT — g " T
2 ab?" — a?"b ab? — ap
n m n m 2 2
31 a(yg —wo) — b7 (xf — o) a® (y§ — yo) — b7 (2§ — o)
4 a?"b — ab?™ alb — abl
m n m n 2 2
51 69" (zf — o) —a? (y5 — o) bi(zf —xo) —a%(y§ — wo)
6| b(xf —axf ) —alys —vj) o blag —ag) —alyy — 5 )
7 0 (x —x0)(Wd — yo) — (Wd — vo)(2d — x0)

Table 2.1: Coeflicients

14



to prove the next assertions.
Lemma 2.6. The polynomial F(x,y, z) is square-free and has no linear factors.

Proof. For the first part, it suffices to prove that g(z, y) is square-free, and this can be
easily done by considering suitable lines given by either x = zg or y = yg. Next, we
will prove that any linear component of F is defined over IF,. For this, using Table 1,
it suffices to show that (aq,---,a7) = (0,---,0) implies (51, --,07) = (0,---,0).
If ab = 0, say a = 0, then we have 6y = f3 = B4 = 0. Also, a3 = a5 = 0
and Proposition (zz) imply z§ = xo which gives (81,---,87) = (0,---,0). For
ab # 0, ag = a4 = 0 implies (a/b)? = a/b, and thus f; = [ = [y = 0. If

zo € Fy, we can easily finish the proof, so we assume x{ # 2. Now ag = 0 implies

b oyl — byl
- = M € F,, and Proposition [2.3| (iv) gives — = yg % ¢ [y, which implies
a g;g — X a Ty — To

(1, ,07) = (0,---,0). On the other hand, by Lemma the curve F has no
linear components defined over IF,. Hence, the result follows.

O]

Theorem 2.3. Any irreducible component F of F has order sequence (0,1,q™).
Moreover, if k € {n,m} and F is defined over Fox, then F is a ¢"-Frobenius non-

classical curve.

Proof. Let F be an irreducible component of F. Suppose ¢ : (z,y) = (2o + aT’, yo +
bT) is the line tangent to F at P = (x0,%o), a simple point that satisfies

q2m m m 2m m m

(xd  —af Vg —wo)— (g —wi Naf —x0) #0 (2.5)
and
(28" =28 W — v )W —yo) W —yo) #£0 (2.6)

Note that, because F has no linear components, only a finite number of points is

15



being excluded. Also, since ¢ is the tangent line, (2.4) implies ag = 0, and we claim
that a5 # 0. In fact, if a5 = g = 0, then Proposition [2.3} (iiz) and (2.6)) yield

q" qm q" qm
(g)qm:xo —To _ Ty — T Ty —T5 _a
q" qm qn qm
b ye —yo  Ye —wo Yo — o b

qm qm
. . . Z — X0 X —
which implies (2{7,17 " = gm

Yo —Yo Yo — Yo
as # 0. Now, since (2.5 implies 7 # 0, from (2.4)) we obtain

xo’ contradicting (2.5). Therefore, we have

F(zo + aT, yo + bT) = %Tq’" +a T (2.7)
7

On the other hand, by Lemma we have F(z,y) = Fi(x,y) - - Fs(x,y), where F;
are irreducible non-linear polynomials, and ged(F;, Fj) = 1 for i # j. Thus it may
be assumed that F is the component corresponding to Fy (x,y), and P = (x0,y0)
does not lie on the remaining components of F. Again, by Bezout’s theorem, we

are neglecting only a finite number of points, and thus (2.7) gives

Fi(zo +aT,yo +bT) =yT%" + 01T + -

for some v # 0, which finishes the first part.
For the other part, using the same point P and ag = 0, from ([2.6)) and Table

ve — s rg — o
1 we obtain ab # 0 and b = (%)a. Now setting 77 = “>—"= we obtain
Ty — Iy a
T, — q" d T = yg — yg q" _ . q" yg — yg qm
rot+aly = x5 and yo+ T, = yo—i—(ﬁ)(xo —.T()) =Y +(W)(1’0
Lo — Ty Ty — g

xo) — (ygm —Y0) = ygn, where the last equality follows from Proposition (zzz) .

Therefore, P¢" (the image of P under the Frobenius map) lies on the tangent line

qm
Ty — X m .
at P. A similar argument, with T, = 070, shows that P?" also lies on the
a

tangent line at P, which completes the proof. O
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2.2 The Singular Points

In this section, we investigate the singular points of F. A characterization of such

points is obtained and used to prove that F'(x,y) is absolutely irreducible.

Let P = (x,y0) be a point on F and consider f(z,y) = F(z + z0,y + yo) =
7
> Gi

=0
7

> hi
=0

and the f;’s are homogeneous components of f of degree i.

= fi+---+ fq, where g;, h;, given in Table 2 below, are obtained from (|2.1)),

i gi hi
1 gyt — 0"y 2@yl — giy?
2 ry?" — 2"y xyq2 - quy

n m n m 2 2
3| 2% (y5 —wo) —y7 (2§ — o) 27 (yf — yo) — y* (a — o)
4 ¥y — xy? xly — zy?

qm qn qm qn q q2 q q2

5| y? (x5 —20) =27 (Y5 — o) y!(ag —zo) —a*(yy — o)
6| y(ag —5) -2 —v ) e =) — (g — v
7 0 (2§ —0)(y§ — o) — (g — yo)(x§ — @o)

Table 2.2: Components g; and h;.

Lemma 2.7. Let P = (z9,y0) € PG(2,¢"""™)\PG(2,q) be a point on F. If
ged(gq, g5) # 1, then hy = 0 and ged(ga, g5) = he. Also, hy = 0 implies hg | hs.

Proof. This follows from a straightforward calculation using the data from Table 2

and Proposition [2.3 O

Henceforth, for any point P on F, we will denote by Jp = {j1, -, jr}, with
Ji < Jit+1, the set of all intersection numbers given by the pencil of lines through P.
Note that j; = mp, the multiplicity of P on F. Also, for the next theorem, recall
from Section that S is the set of points in PG(2,F,) lying on the lines defined

over [F,.
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Proposition 2.8. If (m,q) # (1,2), then the set of singular points of F is either
PG(2,q" ™) or PG(2,q""™)\PG(2,q). The latter case occurs if and only if m =
1. If (m,q) = (1,2), then the set of singular points is given by PG(2,2" 1)\S.
Moreover, if P € PG(2,q"™™) lies on F, then

{g". q™ +1}, ifP¢5s,
Jp=9{¢"—-1,¢"},  ifPeS\PG(2,q),

Proof. Let P = (x0,y0) be a point of F. Table 2 gives P € PG(2,¢"~™) if and only
7
if g¢ = 0. Now if P is a singular point, then f; = 0 and from (> h;)(fi+- -+ fa) =
i=0

7

> gi we have gs = 0, i.e. P € PG(2,¢" ™). Conversely, for P € PG(2,¢" ™), we
i=0
have following two cases:

(i) P ¢ PG(2,q): Since gg = 0, Proposition [2.3](ii) implies g5 # 0 and hg # 0,

and after a simple computation using

(- +he+hr)f(z,y) =+ g2+ g5,

we have
95 94 95 .
I A T
h7+(h7 6h$)+ , 1 7#07
95 94 95 .

f(z,y) h6+(h6 5h§)+ , ifhy=0and ¢=2, (2.8)

LI if hy =0 and q # 2,
he  hg

where --- represents the terms of higher degree. Note that, from Lemma

the first two homogeneous components of f(z,y) given in (2.8) have no

common factors. Now, since hy = 0 if and only if P € S, the decomposition
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in (2.8) implies

{g", ¢ +1}, P ES,
Jp = (2.9)

{¢"—-1,¢q"}, fPeS.
On the other hand, from Lemma all points of PG(2,¢" ™)\PG(2,q) are
points on F. Now (2.9) shows that all such points are singular, except in the

case (¢, m) = (2, 1), where the singular points are restricted to PG(2,2""1)\S.
(i) P € PG(2,q): Table 2 and (- + hq) f(x,y) = --- + g4 give us

m m
.’L'q y_a:-yq ~

f(:c,y) = +f(x7y)a (2'10)

zly — xy1

where f(x,y) comprises the homogeneous terms of higher degree. Since f(x,y) =
%’ for A € Fyn\Fy, we have f(z, \y) = f(z, Az) = cx?" "9+ - with

¢ # 0, and hence

Jp={d"—q¢,¢" — q}. (2.11)

Since P € PG(2,q) is a point on F, from Lemma we have m > 1, and
thus all points of PG(2,q) lie on F. Now (2.11)) implies that all such points are

singular, which completes the proof. ]

Remark 2.9. Note that if P = (x0,y0) € PG(2,¢"™) is a singular point of F, then
Table 2 with (@ and in the proof of Pmposition characterize the tangent
lines at P, i.e. the lines giving mazximum intersection number. For instance, since
g5 =yd" (a:gn —x0)—a9" (ygn —1%0) s a power of a linear form, implies that the
singular points P € PG(2,¢""™)\PG(2, q) have only one tangent line, which will be
named £ in the proof of the next theorem. Also, if m > 1, then implies that
all points of PG(2,q) are ordinary singularities of F. Such points have multiplicity

mp = ¢ — q and their tangent lines are defined over Fym but not over IF,.
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Theorem 2.4. The curve F is irreducible and is the unique (q",q™)-Frobenius

non-classical plane curve over Fq. Also, F has Frobenius orders given by (vo,v1) =

(0,¢™).

Proof. Once we prove irreducibility, Lemma [2.2| gives the uniqueness, and Theorem
[2.3] gives the remaining parts. Suppose F has multiple components. Clearly, such
components will intersect at singular points of F. Let P ¢ PG(2,q) be a common
point of two irreducible components, say F; and F». Now Remark implies that
the branches of F; centred at P have the same tangent line, say ¢, and by we
have Z(P, FN¥¢) < ¢"™ + 1. On the other hand, by Theorem each component F;
has order sequence (0, 1, ¢™) which gives Z(P, F; N ¢) > ¢, and then

q"+1>I(P,FNL) >IT(P,FiNL)+I(P,Fanl)>2¢",

a contradiction. Therefore, F has no components meeting at a singular point P ¢
PG(2,q).
Now suppose F' = F1 Fy», and P € PG(2,q) is a point lying on the intersection of the

two corresponding components, F; and F,. We may assume P = (0,0), and using

(2.10) in the proof of Proposition we have f(x,y) = fi(z,y)f2(x,y), where

o flz,y)= [l (@—ay +--

o Equ \Fq

o filz,y) = [I(z —aiy) +---

s
=1

q"—q

o folz,y)= [l (z—aiy)+--
i=s5+1
and --- represents homogeneous components of higher degree. For ¢ = 1,2, let ¢;

be a tangent line of F; at P. It is clear that ¢; # {2, and from (2.11) in the proof
of Proposition we have Z(P,F N¥;) = q" — q. Therefore, if d; and d are the
degrees of f1 and fo, respectively, then
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qn*q:I(P,fﬂfl) :I(P,fl ﬂ£1)+I(P,]:2 ﬂgl) < lerqm*Q*S

and

q"—q:Z(P,fﬂﬁg) :I(P,fl ﬁ£2)+I(P7f2m€2) < s+dy

Now, since di +dy = ¢" +¢™ — ¢*> — g, we have ¢" 4+ 2¢™ — ¢> —2q > 2¢™ —2q,

which implies n < m, a contradiction. Hence, the result follows. O

2.3 The Rational Points

Here, for k € {n,m, 1}, we will compute the number of [ t-rational points of F.
For this, we will first look at M. (F) which will denote the set of solutions of
F(z,y,2z) =0 in PG(2,¢").

With simple combinatorial arguments, one can easily prove the following:

Lemma 2.10. Let q be a prime power and k a positive integer. If N is the number
of points in PG(2,¢") lying on the complement of the union of all lines defined over
Fy, then

N = (¢" - @) (¢" — q).

Remark 2.11. Note that Lemma is a statement about the set S (defined in
Section and gives us #(PG(2,¢*) N S) = ¢*(¢®> + ¢+ 1) + 1 — ¢ which will be
used in Theorem. Also, since N = #(PG(2,¢*)\S) = 0 if and only if k € {1,2},
it follows from Pmposition that F is smooth if and only if (q,n,m) = (2,3,1).
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Lemma 2.12. If k € {n,m, 1}, then

k2 k ifm =
SN (F) (" = q¢*)(d" — q), f 1,

(=) " =)+ P +q+1, otherwise.

roof. Since F(x.vy) = (29" —2)(y?" —y) — (Y7 —y) (a7 — )
Proof. S F(z,y) @ — 2) (g7 —y) — (¥ — y) (2 —

T
k € {n,m,1} we have PG(2,¢*)\S C M,.(F). Also, Lemma|2.10|gives #(PG(2, dN\S) =
(" — ¢®)(¢* — q), and since Foe NFgn-m = Fy, Lemma finishes the proof.

, it is clear that for

O]

Theorem 2.5. If F(FF ) is the set of Fx-rational points of F, then

@ =)@ =)+ (@ +q+ 1" —q), ifk=m,
#F(Fge) = € (6" — ¢*) (" — q), if k =n,

0, ifk=1.

Proof. Since Fx N Fyn-m = Fy, by Proposition the (¢* — ¢*)(¢* — q) points of
PG(2,4*)\S are non-singular points of 7. This gives us (¢* —¢*)(¢* —¢) F x-rational
points. For m > 1, from Remark we have that the extra 1 + g + ¢° points of
Mk (F), given by Lemma are ordinary singularities of F. Since the ¢ — ¢
tangent lines are defined over Fym but not over F ., with k € {n,1}, the result

follows.

2.4 The Genus

To compute the genus of F, we first recall a genus formula based on the notion of

infinitely near points.
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Suppose F is an irreducible plane curve and P is a singular point of F. Let
F1 be the blowing up of F at P and E be the exceptional curve of the blow up. If
P, € Fi N E is a singular point of Fy, then P; is called an infinitely near singular
point of F over P. In a similar way, the infinitely near singular points of 7 over P;
are also called infinitely near singular point of F over P, and so on. Regarding P
itself as an infinitely near singular point of F over P, we consider the integer given

by

mq(mq — 1)
Sp =
P=2 T
Q
where @ runs over all infinitely near singular points of F over P, and mg is the

multiplicity of each point Q. If d is the degree of F, it turns out that the genus of
F is given by

g= @d-10ld-2) 1>2(d =2 _ > 6p (2.12)
P

where the sum is taken over all singular points P of F. For a more detailed discussion
on this topic we refer to chapter V of [8].
Here, we will make use of (2.12]) to compute the genus of the curve F, and

for this we also recall the following.

Lemma 2.13. Let F : f(z,y) = 0 be an irreducible plane curve of degree d and
P be a singular point of F of multiplicity mp. If the tangent lines E| by lmp
of F at P are all distinct, or if Z(P,F N¥{;) = mp + 1, fori =1,--- ,mp, then

dp =mp(mp —1)/2.

Proof. We will prove that the infinitely near points P, --- , Ps in the first neighbor-
hood of P are smooth points of F, the blowing up of F at P. It may be assumed
that P = (0,0) and that = = 0 is not a tangent line at P. We set with » = mp, and

2 Here, a line £ is called tangent to F at the point P if Z(P,F Nf) > mp.
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from f(z,y) = fr(z,y) + fre1(z,y) + - + fa(z,y), we have f(z,zy) = 2" f(z,y),
where f(z,y) = fr(Ly) + 2 frra(Ly) + - + a7 fa(l,y).

Now we claim that the points @ = (0, ) such that f,(1,a) = 0 are smooth
points of f(z,y) = 0. In fact, since f,(0,a) = ¢'(a) (where g(y) = f,(1,y)) and
f2(0,0) = fr41(1, @), we have:

e If the tangent lines are all distinct, then f,.(1,y) = 0 has no repeated roots,
which gives ¢'(a) # 0, and thus f,(0,a) # 0.

o If Z(P,FN¥;) = r+1 for all the tangent lines ¢;, then ged(fr(x,y), frri(x,y)) =
1. Therefore, f.(1,a) = 0 implies f,41(1, ) # 0, which gives f,(0, ) # 0.

Hence, in either case, Q = (0,a) is a smooth point of f(x,y) = 0 and we

obtain 6(P) = mp(mp — 1)/2.

Theorem 2.6. The curve F has genus given by

0= @ (L (g )+ D g+ ).
Proof. If P ¢ PG(2,q) is a singular point of F, then Proposition implies Jp =
{mp,mp+1} and Lemmal[2.13|gives 6p = mp(mp—1)/2. For P € PG(2,q), Remark
and Lemma also give 6p = mp(mp —1)/2. Now, based on Proposition
the number of points of multiplicity mp = ¢™ can be obtained from Lemma [2.10
for K = n — m. The number of singularities with mp = ¢ — 1 and mp = ¢ — ¢
in the other two cases can also be easily deduced (see Remark . In summary,
each singular point P of F satisfies dp = mp(mp — 1)/2, and lies in PG(2,¢" ™),

which can the be partitioned into
L. (¢" ™ — q)(¢"~™ — ¢?) points of multiplicity ¢",
2. ("™ —1)(1 +q+¢?) +1— ¢ points of multiplicity ¢" — 1,
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3. ¢®> 4+ g+ 1 points of multiplicity ¢™ — q.

Now, using this data together with d = ¢™ + ¢™ — ¢*> — q and (22.12)), we obtain the

above value of g. O

Finally, putting together Theorems and we have a proof of
Theorem We finish this section with the following:

Proof of Corollary Note that for any prime power ¢ and ki1 > ko positive
integers with k1 # 2ko, one can replace g by q&d(k1k2) and apply Theorem for
n = k1/ged(ki, ko) and m = ky/ ged(ki, k2). That is, if ky # 2ks, then we have a
unique (¢*', ¢*2)-Frobenius non-classical plane curve, and such a curve has Frobenius
orders given by (0,v1) = (0, ¢*2).

Now suppose k1 > ko > k3 are positive integers, and F is a (qkl,qu,qk3)—
Frobenius non-classical plane curve. Thus F is automatically both, a (¢*', ¢*?)- and
(¢*', ¢**)-Frobenius non-classical plane curve, which implies v; = ¢* = ¢* and

contradicts ko > k3. Hence, the result follows. ]
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Chapter 3

Complete (N, d)-arcs derived

from plane curves.

In this part, we will be mainly interested in (N, d)-arcs arising from plane curves. As
a matter of terminology, we shall say that a curve F of degree d has the arc property
whenever F gives rise to a complete (#F (F,), d)-arc in PG(2, q). Deciding whether
or not certain curves have the arc property is, in general, a difficult problem. With
the exception of conics, cubics and Hermitian curves, very little is known about the
arc property of curves in general. In Theorem 3.5 of [7], the authors give sufficient
conditions for a Frobenius non-classical curve to have the arc property [ﬂ They
also present new complete arcs arising from plane curves, most having irreducible
components given by g-Frobenius non-classical curves. In contrast, our work here
presents new complete arcs which are mostly derived from curves with g-Frobenius
classical components.

In [16], the authors constructed plane curves over F,, with the number of F-

rational points attaining the upper bound on Theorem In [22], Voloch remarked

3Tt should be noted that not all g-Frobenius non-classical curves have the arc property. For
instance, one can check that the curve z'® = 3 +4® 4 y is 27-Frobenius non-classical and does not
have the arc property. This gives a negative answer for a question raised in [7].

26



that such curves would be somewhat large as (NN, d)-arcs, and asked whether or not
those (IV, d)-arcs are complete.

In Section after extending the construction of such curves to non-prime
fields F,, we answer Voloch’s question.

In Section we consider a particular case of Theorem and construct
complete (N, d)-arcs of parameters ((¢?4+4q—5)/4, (¢—1)/2) and ((¢*>+4q+7)/4, (q+
3)/2) in PG(2,q).

In Section we intersect the Hermitian curve with certain conics, and
g+l

prove that the F -maximal curve l’% +y 2 + z%l = ( gives rise to a complete
((¢*+3q+4)/4, (g+1)/2)-arc in PG(2,¢*). We also present complete (¢>+q+2, ¢-+3)-
arcs in PG(2, ¢?) by considering the union of the Hermitian curve with some conics.

In Section we present a small complete (N, d)-arc of parameters (2q —
Vva—1,\/q—1) in PG(2,q) obtained from another Fermat curve.

In Section we have a table summarizing the (N,d)-arcs and compare
some of our parameters with others previously obtained. The Griesmer bound is
also discussed.

A special set of lines will play an important role in the development of the

first section. Some of the basic properties of such a set are presented next .

Theorem 3.1. Let g be a prime power and k be a divisor of q— 1. If L is the set of
3(k+1) lines in PG(2,q) given by the components of xyz(xF —yk)(z* —2F)(yF —2F) =
0, then the number of points in PG(2,q) comprised by the union of such lines is given
by

3q(k + 1) — 3k — 2k*. (3.1)

In addition, if we define the sets

A={(&: & : D1 <i,j<kand & =& =1}
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B={(&:1:0),(&:0:1),(0:1:&)1<i<k and & =1}

C={(1:0:0),(0:1:0),(0:0:1)},

then the following holds:

(1) AUBUC is the set of all points that occur as the intersection of lines in L.
(2) Each point in C lies on exactly k + 2 lines in L.

(3) Each point P in A lies on exactly three lines in L. These three lines are the

ones connecting P wih each point in C.

(4) Each point P in B lies on exactly two lines in L. One such line connects the
two points of C' collinear with P, and the other line connects P with the third
point of C.

Proof. Let L1, Ly and L3 be the sets of lines corresponding to the linear components
of y* — 2F =0, ¥ — 2¥ = 0 and 2¥ — y* = 0 respectively. It is clear that the k
lines in each of the three sets are incident with a point in C' = {(1 : 0 : 0),(0 :
1:0),(0:0:1)}. Therefore, the union of lines in each set L; comprises kq + 1
points of PG(2,q). Also, intersecting the lines from any two different sets L; and
L;, gives us the same set of k? points, namely 4 = {(& : & : 1)1 < i,j < k
and 511" = f;?’ = 1}. Thus, by the inclusion-exclusion principle we have collected
3(kq + 1) — 2k? points in PG(2,q) comprised by the union of the lines in the sets
L;, 1 = 1,2,3. One can also see that the line x = 0 intersects the lines from L;
in a set of k points, namely {(0: 1: &)1 <14 < k and €% = 1} and intersects the

lines from Lo and Lz at (0 : 1 : 0) and (0 : 0 : 1) respectively. Thus, including
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the line x = 0 will only give us (¢ +1) — (k+2) = ¢ — k — 1 extra points. By
symmetry, including the three components of zyz = 0 will give us 3(¢ — k — 1)
extra points. Therefore, the union of the 3(k + 1) lines of L will provide a set of
3(kq+1)—2k?+3(¢—k—1) = 3q(k+1) — 3k — 2k? points in PG(2,q). Finally, one
should note that the counting process above automatically reveals the properties

claimed for the sets A, B and C. O

Corollary 3.1. If S C PG(2,q) is the set of points comprised by the union of the
3(k+1) lines in L, and l is a line in PG(2,q) which is not in L, then the following
holds:

(1) S = PG(2,q) if and only if k = (¢ —1)/2 or k =q — 1.

(2) If #(1NC) >0, then #(INA) =#(1INB) =0 and #(INS) = 2k + 2.

(3) If #£(NC) =0, then #(1NS) = 3(k+ 1) — 2#( N A) + #(1 N B)).
Proof. (1) This follows directly from #S = 3q(k + 1) — 3k — 2k2.

(2) We may assume [NC = {(1:0:0)}, with [ given by y —az = 0 and o # 0. It
is clear that if we have either #(INA) > 0 or #(INB) > 0, then we get a* = 1
which implies [ € L, a contradiction. Therefore, #(I N A) = #(I N B) = 0.
Now, by Theorem [3.1(2), { intersects k + 2 lines in L at P = (1:0: 0), and,
by Theorem (1), I intersects the remaining 2k + 1 lines at 2k + 1 distinct
points. That gives #(1 N S) = 2k + 2.

(3) Since | ¢ L, items (3) and (4) of Theorem imply that, for each P € [N A,
[ intersects three lines in L meeting at P, and for each @ € [ N B, [ intersects
two lines of L meeting at (). Therefore [ intersects 3# (1N A) +2#(I N B) lines
in L in a set of #(I N A) + #(I N B) points. Since #(I N C) = 0, Theorem
[3.1(1) implies that [ intersects the remaining 3(k+1) — (3#(INA) +2#(IN B))
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lines in exactly 3(k + 1) — (3#(IN A) + 2# (I N B)) points. Hence, #(INS) =
3(k+1)— 2#(INA)+#(NB)).

3.1 Arcs obtained from curves with many points

A construction of curves (over IF,) attaining the upper bound in Theorem is
presented in [16]. Here, we present the corresponding construction over non-prime
fields F,, and referring to such curves as “Cy”, we investigate Cp(F,) viewed as

(N, d)-arcs.

Theorem 3.2. Let ¢ = p* be an odd prime power and k < (¢ —1)/2 be a divisor of
q—1 such thatpt (k+1). If m = #, then the plane curve

Ck : Z (z"y* 2 =0

r+s+t=m
is smooth of degree d = ¢ — 1 — 2k, and #Ci(Fy) =d(d+q—1)/2.

Proof. Defining h(t) = (1971 — 1)/(t* — 1), we can see that f(z,y) = (h(z) —
h(y))/(z* — y*) is a polynomial of degree d = ¢ — 1 — 2k. Also, since d = mk,

one can check that de<f7 y) = Y (2"yshHF.
2’z

The smoothness part can be deTrJir\jgé_gom the fact that f(z,y) = Gn(zF, y* 1),
where Gy, (z,y,2z) = 0 is the curve in Theorem 1 of [?], which is smooth whenever
pt(m+1)(m+2)

To count the Fg-solutions of f(x,y) = 0, note that h(a) = h(B) = 0 with
oF £ 3% implies f(«,3) = 0. Therefore, all the pairs («, 3) € F, x F, satisfying 1 #
o # % # 1 and aff # 0 will be solutions of f(x,y) = 0. Since k(m+2) = ¢—1, the
m+1 choices of a* followed by the m choices of 8* give (m+1)mk? = d(d+q—1)/2

such solutions.
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To show that Cj is attaining the upper bound in Theorem [I.4] it suffices to prove
that Cy, has finitely many inflection points. This is indeed the case because p { (d—1),
and we can apply Corollary 2.2 of [15]. Hence, #C(F,) =d(d+q—1)/2. O

We point out that because the upper bound was achieved, f(z,y) = 0 has no
solution (e, 3) € Fy x F, with either coordinate being zero or a k-th root of unity.
An immediate consequence is that the 3(k 4 1) lines given by the components of
zyz(zk — y*)(2F — 2F)(y* — 2¥) = 0 do not intersect Cx(F,). This fact will be used
later in Proposition

The next theorem is the main result of this section.

Theorem 3.3. Let g = p™ be a prime power, p > 5, and let k < (¢ —1)/2 be a
divisor of ¢ — 1. If N is the number of Fy-rational points and d is the degree of the
curve C, then Ci(Fy) is a complete (N,d)-arc if and only if k=1,2,4,6,(p" —1)/2
or 2(p" — 1), where rlm, r < m and m/r is assumed to be even in the last case.
Moreover, if k = 3 # (p — 1)/2, then one can always adjoin ezxactly 9 points and
have a complete (¢*> — 11q + 37,q — 7)-arc.

The proof of this theorem will be given through a sequence of several partial
results. The first partial result provides a very useful way of seeing the IF,-rational

points of the curves Cg.

Proposition 3.2. The set of Fy-rational points of a curve Cy, is the complement,
in PG(2,q), of the union of the 3(k 4 1) lines given by the components of xyz(z* —
y*)(@* = 2F)(y* —2F) =0.

Proof. Note that we have the same set L of the 3(k + 1) lines of Theorem and
#(INCx(F,)) = 0 for each line [ € L. Now, using (3.1)) and

3q(k 4+ 1) — 3k — 2k> + #Cr(F,) = 1+ q + ¢,

31



we get the result.

O]

We will stick to the notation used in Theorem [3.1] and Corollary [3.1] for the
remaining of this section. The sets A, B,C, L and S will be used throughout, and
the points in the sets A, B and C will be often referred to as A-points, B-points

and C-points respectively. Also, for future purposes, the following remark (based

on Proposition should be kept in mind:

Remark 3.3. For any line | of PG(2,q), since d = q—1— 2k, we have #(INS) >
2k + 2. Equality holds if and only if #(I N Ck(Fy)) = d.

Now, if N = #Cy(F,) and d is the degree of Ci, the next result shows that
Ci(IF,) is indeed an (N, d)-arc. In addition, we will also see that the check for the
arc property can later be restricted to the points of A U B. Recall thatt A, B and
C are given in Theorem

Proposition 3.4. If P € PG(2,q) is a point in the complement of C(F,) such that
P ¢ AU B, then there exists a line | containing P such that #(1 N Ck(Fy)) = d.

Proof. Since P ¢ AU B by Theorem we can pick a line [ ¢ L containing P and
a point in C. Since #(INC) > 0, Corollar2) gives #(1NS) = 2k + 2. Now,
Remark [3.3] completes the proof.

O

Later on, we will notice that there is a set of Fermat curves associated with
each curve Cg. It turns out that requiring our (V,d)-arcs to be complete is nearly
equivalent to requiring such Fermat curves to have “many” F,-rational points. Con-
sidering this, we will first recall some results regarding upper bounds on the number

of Fg-rational points on Fermat curves.

The following lemma is a consequence of inequality (4') and Theorem 3 of [4].
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Lemma 3.5. Let Fpm be a finite field of characteristic p > 5, and n > 2 be a divisor

of P — 1 not satisfying any of the following conditions:
(1) pl(n—1).
(i) n=2(p™m —1)/(p" — 1) for some divisor r of m, with r < m.
(ii) n = (p"™—1)/2(p" —1) for some divisor r of m, where m/r is an even number.

If ¢ =p™ and a,b € F}, then the number Np(a,b,q) of Fy-rational points of

the Fermat curve ax™ + by™ + 2™ = 0 satisfies:

2(¢—1+4+2n—-9)
on

No(a,b,q) <n?| J+0

where § is the number of such points with xyz = 0.

Lemma 3.6. Let ¢ = p™ be a prime power, p > 5, and k a divisor of ¢ — 1 such
that n = (¢ — 1) /k satisfies the same hypotheses as in the previous lemma. If | is a
line given by ax + by + z = 0 with a,b € Fy, then the following holds

20k +2 — €(l))

. | A-points, where €(l) is the number of B-

(1) 1 contains at most |

points on .
(2) forp> 17, if k=3 and €(l) > 2 then | does not contain an A-point.
(3) for k=05, if () > 2 then | contains at most one A-point.

Proof.

(1) This follows directly from Lemma
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Note that the last two statements do not follow from the first one. Also,

e(l) € {0,1,2,3} for every line .

Suppose we have two B-points of | given by (0: 1: —b) and (1 :0: —a). It
follows that —a and —b are cubic roots of unity and therefore the line [ can be
given by x +y = z. If [ contains an A-point, then the equation x+y = 1 has a
solution for z and y in {1, w, w?}, the cubic roots of unity. Since 1+w+w? = 0,
we clearly see there is no solution for x # y. On the other hand, a solution for

2z = 1 implies p = 7, contradicting one hypothesis.

If the B-points are not the ones we considered, we may assume they are given
by (0:1:—b) and (1: —a/b:0). This implies that a and —b are cubic roots
of unity, and the line equation may be given by x + z = y . The result then

follows from an equivalent argument given in the previous case.

Again, suppose [ contains the B-points given by (0:1: —b) and (1:0: —a).
It follows that —a and —b are fifth roots of unity, and the equation of [ can be
given by = + y = 2. If [ contains two A-points, then the equation x +y = 1
has two solutions for = and y in {1,w1, - ,ws}, the fifth roots of unity. It
is clear that we have x # 1 # y. If x # y for both solutions, then we may
assume the two solutions are given by w; + wo = 1 and w3 + wg = 1. This
implies w1 + wo + w3 + w4 = 2 and then p = 3 < 5, a contradiction. If we have
a solution with z = y, then we get 2x = 1, which implies p = 31. However,
the fifth roots of unity for this case are given by {1,2,4, 8,16}, and there is no
way we can have a second distinct solution. Similarly to the previous case, for
a different choice of B-points, we get an equivalent situation, and again the

result follows.
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In the next two results, k satisfies the hypotheses of Lemma [3.6] We also recall that
N and d will stand for the number of 4 -rational points and the degree of the curve

Cp, respectively.
Lemma 3.7. For k > 6, Ci(FF,) is not a complete (N, d)-arc.

Proof. We will argue by contradiction. Let P be an A-point and [ a line containing
P such that #(I N Cx(F,)) = d. If | contains m A-points and €(!) B-points, then by
Corollary [3.1[3) we have #(I N S) = 3k + 3 — 2m — €(l) points. By Remark [3.3] we
have 3k+3—2m—e(l) = 2k+2, which gives m = (k+1—¢€(l))/2. Now, from Lemma
3.6{(1), we have (k+ 1 —€(1))/2 < 2(k+ 2 —€(l))/5 which gives k < €(l) + 3 < 6.

O

Lemma 3.8. Ifk =3 or k =5, then Cy(F,) is not a complete (N, d)-arc. However,
in the first case, we can always adjoin 9 points to Cy(Fy) and obtain a complete

(¢> —11q +37,q — 7)-arc.

Proof.

(i) Case k = 3. Note this implies p > 7. In fact, if p =7, we have k = (p — 1) /2,
violating our hypotheses on k. Assume the arc is complete. Let P be a B-
point, and suppose [ is a line through P such that #(l N Ci(F,)) = d. Since
€(l) > 1, by Lemma[3.6{1), { contains at most one A-point. If the number of A-
points is zero, then Corollary [3.1|(3) gives #(INS) > 3(k+1)—3 =9 > 2k+2.
If [ contains one A-point, then by Lemma (2) the line contains only one B-
point and then #(INS) =3(k+1)—2—1=9 > 2k+2. Both cases contradict
Remark[3.3] Hence, the arc is not complete. On the other hand, one can easily
check that any line | ¢ L connecting two A-points satisfies #(I N C(F,)) = d.

Since by Lemma [3.6[1) such a line does not contain a B-point, we can use
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Lemma [3.6(2) to include all 9 B-points into our set without having d + 1

collinear points. That will finally give us a complete (¢> — 11¢q + 37, ¢ — 7)-arc.

(ii) Case k = 5; Again we suppose the arc is complete and take a line [ containing
an A-point P and satisfying # (I N Cy(Fy)) = d. If €(l) > 2, then by Lemma
[3.6/(3)  contains only one A-point, which implies #(INS) > 3(k+1)—2—3 =
13 > 2k 4+ 2. If ¢(l) < 1, then Lemma [3.6(1) states [ contains at most two
A-points, and we have #(1NS) > 3(k+1)—4—1=13 > 2k + 2. In either

case, we contradict Remark Therefore, the arc is not complete.

Next, we will prove that we have complete (N, d)-arcs in the remaining cases.

Lemma 3.9. If there exists a line | in PG(2,q) connecting an A-point to a B-point
such that #(I N Ck(Fy)) = d, then Ci(Fy) is a complete (N, d)-arc.

Proof. This follows directly from the fact that H = (Z/kZ)? x Ss3 is a subgroup of
Aut(Cy), and H acts transitively on the sets A and B.
0

Proposition 3.10. Let p > 5 be a prime and m and r be positive integers such that

m > r and r|m.

1. If m/r is even and k = 2(p" — 1), then the linel : x +y + z = 0 contains
exactly p" — 2 A-points and three B-points defined over Fpm.

2. Let xpr: IF;T — {£1} be the quadratic character, and consider the line [ :
z+ xpr(—1l)y =2 . For k= (p" —1)/2, the line | contains exactly (p" — 5)/4
A-points and three B-points if x,r(—1) =1, and | contains exactly (p" — 3)/4
A-points and two B-points if xpr(—1) = —1. Such points are also defined over
Fpm.
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Proof. The statements follow directly from the computation of the number of Fjm-
rational points on the curves az®/? + by®/2 + 2¢/2 = 0 ( with a?,b? € F,r) and
az® + by*® + 22¢ = 0 (with a,b € Fyr ), where e = (p™ — 1)/(p" — 1). For such

computation, see Examples (vii) and (viii) of [4]. O
The proof of Theorem [3.3] is completed by the following lemma.

Lemma 3.11. If k = 1,2,4,6,(p" — 1)/2 or 2(p" — 1), then Cx(F,) are complete
(N,d)-arcs. In particular, using the two last values of k and ¢ = p™, we prove the

existence in PG(2,q) of a complete

2¢> — (3p" + 1)q + p*" +p"
2

(

,q—p")-arc, where r | m and r < m, (3.2)

and a complete

(®+(4—6p")q+8p* —10p" +3, ¢ —4p" +3)-arc, where v | m and % is even. (3.3)

Proof. For each given k, it suffices to find a line [ fulfilling the conditions of Lemma

B3

e Case k = 2(p" — 1): We consider the line [ : © +y + z = 0. By Proposition
| contains p” — 2 A-points and €(l) = 3. Thus, using Corollary [3.1)3),
one can check that #(l N S) = 2k + 2. Therefore, by Remark we have
#(INC(Fy)) = d, and Lemma [3.9 completes the proof.

e Case k = (p" —1)/2: We take the line [ : z 4+ x,r(—1)y = 2z from Proposition
and similar to the previous case, one can check that #(I N Ci(F,)) = d

and the result follows.
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e Case k = 6: Let {41, 4w, +w?} be the set of the sixth roots of unity. It is
clear that the line [ : wx + w?y + 2z = 0 contains the A-points P = (1:1: 1),
Q = (w:w?:1) and the B-points (—w:1:0),(—w?:0:1),(0: —w:1). The
usual check shows that #(1 N S) = 14 = 2k + 2, and the result follows again.

The cases k = 1,2 and 4 can be handled in a similar (or even simpler) way.

O

3.2 Arcs of parameters ((¢>°+4¢—5)/4,(¢—1)/2) and ((¢*+
49+ 7)/4,(¢+3)/2) in PG(2,q).

In the previous section, we considered the (N, d)-arcs in PG(2, q) given by the com-
plement of the union of the 3(k + 1) lines in L. Now, we will be interested in the
case where such a complement is empty, i.e., the set S is the whole PG(2,q). By
Corollary (1), this happens if and only if k = ¢—1or k = (¢ — 1)/2. We will
consider the case where k = (¢ — 1)/2 and use the sets A, B and C to construct
complete (V,d)-arcs. The same can be done in the case k = ¢ — 1, but we will get
either the trivial complete (1+ ¢+ ¢?, ¢+ 1)-arc or the complete ((¢ —1)?, g — 1)-arc

arising from the curve 297! 4 ¢9=! = 22971 which was already considered in [?].

Theorem 3.4. Let ¢ > 11 be an odd prime power. If I is the curve given by
(2% + yF — 22F) (2% + 2% — 2¢%) (yF + 2F — 22%) = 0 where k = (¢ — 1)/2, then I'(F,)
is a complete ((¢*> +4q — 5)/4, (¢ — 1)/2)-arc.

Proof. Let F be the curve given by a* + y¥ — 22F = 0. It is easy to check that
F(F,) = AU{(& :1:0):&F = —1}, where A is given as in Theorem Therefore,
by symmetry, we have #I'(F,) = k? + 3k = (¢* +4q — 5)/4. It is clear that we have

k collinear points in I'(IF,), and we now suppose the existence of a line incident with

38



k + 1 points of this set. Note that I'(F;)\ A is a subset of the lines given by the
components of zyz = 0. So, any line containing k + 1 points of I'(F,) would take
at most three points from this subset and at least k£ — 2 points from A. Suppose
l:ax+by+ cz=0is such a line. If abc = 0, then it is easy to check that [ is a line
in L intersecting I'(F,) in exactly k points. Therefore, we may assume [ is given by
ax + by + 2z =0, and ab # 0. On the other hand, such a condition implies that each
A-point in [ gives rise to four affine points on the conic az? + by? + 22 = 0. This
fact yields 4(k — 2) < ¢+ 1 and thus ¢ < 11, a contradiction. Therefore I'(F,) is a
((¢*> +49—5)/4,(q—1)/2)-arc. The arc property follows from the fact that PG(2, q)
is covered by the 3(k 4 1) lines of L and that I'(F,) has k points on each one of
those lines.

O]

With a similar reasoning using the sets A, B and C', the next result presents
another complete (N,d)-arc. However, unlike Theorem the underlying set is

not apparently given by the F,-rational points of a curve.

Theorem 3.5. Let g be an odd prime power and k = (¢ —1)/2. If W = {(xo : z1 :
x2) € PG(2,q) | 2F € {0,1}}, then W is a complete ((¢*> +4q+17)/4, (q+ 3)/2)-arc.

Proof. Tt is clear that W = AUBUC and #W = k?> + 3k + 3 = (¢®> + 4q + 7)/4.
Note that each of the 3(k + 1) lines of L is incident with k + 2 = (¢ + 3)/2 points
of W. Suppose we have (¢ + 3)/2+ 1 = k + 3 points in W incident with a line
l:ar+by+cz=0,1¢ L. Observe that BU C' is a subset of the union of lines
given by zyz = 0 and A is a subset of the [F -rational points of F FyF — 228 = 0.
Therefore, [ must be incident with three points in B U C' and k points in A. Now,
from an argument similar to the one used in the proof of the previous theorem, we
conclude 4k < ¢+ 1 and thus ¢ < 3. On the other hand, one can easily check that
such a line does not exist for ¢ = 3. Therefore, W is an ((¢>+4q+7)/4, (¢+3)/2)-arc.

Completeness also follows similarly to Theorem
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3.3 An Fp-maximal curve

Recall from Theorem that for any divisor d of ¢ + 1 the curve 2% + y% + 2% =0
is F2-maximal. Given that such curves are somewhat large as (N,d)-arcs, it is
natural to ask about their arc property. Among these curves, we consider a special

one given by

gatD/2 4y (atD)/2 4 (a+1)/2 — (3.4)

which was previously mentioned in chapter 1.
In this section, after investigating the intersection of the Hermitian curve with cer-

tain conics, we prove the following :

Theorem 3.6. Let q be an odd prime power. If T' is the curve given by xz(a+t1)/2 4
ylath)/2 4 a+1)/2 — 0 then I(F,2) is a complete ((¢* + 3q +4)/4, (g + 1)/2)-arc.

Theorem 3.7. If ¢ > 3 is an odd prime power, and H : z9T14y9+1 4 29T = 0 is the
Hermitian curve, then there erists a conic C, defined over F 2, such that H(F,z2) N
C(F,2) = 0. Moreover, H(F,.2)UC(F,2) gives rise to a complete (q*+q¢*+2, q+3)-arc
in PG(2,q?%).

We proceed by presenting a list of preliminary results that will lead to the
proof of both theorems. The following notation will be carried out for the rest of
this chapter.

For i = 1,2, we set N; := {{ € Fp2 : €@t)/2 — (—1)}, and the quadratic
character X, : F; — {£1}. Note that N = {{ € F : €t =1} = Ny U Ny and
Ny ={&:¢e N}

Lemma 3.12. If x,2(r) = —1, then {(r —&)7"! : £ € N1} = {(r — )7 : £ € Na}.
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Proof. For £ € Ny, the condition yx,2(r) = —1 implies € N,. Now we have

1
ErT

1 1 1
(1= €7 = (= 0 = (49 = ¥ = (97 = o)) = (= )
from which we conclude that the two sets are the same. O

The following remark will be a useful tool in the proofs of the next results.

Remark 3.13. If N = {{ € F2 : €9t =1} and € € Fy2 1s such that et = 1,

t
thenN:{t+€:t€FqU{oo}}.
—€

Proof. First we identify N with the Fg-rational points of the conic 2 eltly? = 22,

More precisely, if (zp : yo : 1) is such a point, then we have & = z¢ + eyp € N.
t2+e2 2

el m) of the

affine conic, we can endow the elements of NV with such a parametrization and write

t+e

t—e

Now, if we consider the parametrization t +— (x4, 14:) = (

§t = +eyp =
O

Proposition 3.14. For every r € F2\F,, there evists § € N such that xq(1 — (r —
g7 =1.

Proof. We need to find £ € N such that y,(r% + r&~! — r9tl) = 1. By Remark
[3.13} it suffices to find t € Fy such that
t+e q t—

€
rd + r— patl
t—e t+e€ )

Xql

(r? +r —r9THE2 4 2e(r? — )t + E(r? + 1 + rqH))

= Xql 12 _ 2

= Xq((t2 — ) ((r? +r — )2 4 2e(r? — )t + E(r? +r +r1t))) = 1.

Now, it is just a matter of finding a lower bound on the number of F,-solutions for
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u? = f(t), where
f(t) = (t2 — 62)((7“‘] +7r— 7"“‘1)t2 + 2e(r? —r)t + 62(rq +7r+ rqH)) e F,[t] (3.5)

Note that since r4 —r # 0, the above equation is not of the form u? = pg(t)?, where
Xq(1) = —1. Therefore, if ¢ is not too small, we can find a solution we need. In fact,
if f(t) has repeated roots, we can replace the above equation by a conic’s equation.
If the roots are all distinct, we will have an elliptic curve, and using the Hasse-Weil
bound (| N — (g + 1) |< 2¢"/?), we find ¢ > 9 provides a solution we need. Finally,

a quick computer check reveals that such fact also holds true for ¢ < 9. ]

Corollary 3.15. If x,2(r) = —1 and s € Ny, then there exist b and c in IFZQ

satisfying the following:
1.r—bs=c.
2. bt =1.
3. Xq(1— ™) =1.

Proof. Since we have x,2(r/s) = —1, by Proposition there exists £ € N such
that x,(1 — (r/s — &)9*1) = 1. On the other hand, because of Lemma we
may assume & € N, which implies ¢ = &2 for some ¢ € N. Therefore, we have
Xq(1—(r/s—€3)T) =y (1= (r — €%s)911) = 1. Now, taking b = € and ¢ = r — &2,

we get the result .

PROOF OF THEOREM[3.4.

Let P = (20 : 9o : 20) € PG(2,¢%) be a point in the complement of I'. If one

of its coordinates is zero, for instance zg = 0, then we take the line z = 0 which
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clearly intersects I'(IFj2) in d = (¢ +1)/2 distinct points. Suppose the point is given
by P = (zg : yo : 1) with zoyp # 0, and consider the following possibilities:

® Xq2 (330) =1or Xq2 (y()) =L

(q+1)/2

Without loss of generality, we assume x,2(y0) = 1, and since y; e Iy,
the line y = ypz intersects I' in d distinct points, unless yéﬁl)/2 = —1. On

the other hand, if we also have x,2(xg) = 1, then this problem can be fixed
by taking either the line z = zgz or z = @y. Thus, we only need to consider

Yo
the case y(()q+1)/2 = Xg2(z0) = —1.

® Xg2 (IO) = qu(yo) =-L

Since P = (g :yo: 1) = (1: g—g : xio), using the symmetry of the curve, one

can see that we fall on the previous case.

Based on this, we may assume that P = (r : s : 1) with r, s satisfying
X (r) = slat)/2 — 1,

We take the values b and ¢ provided by Corollary and consider the line
[ containing P and given by x — b%>y = cz. In order to prove that [ is incident with
(g+1)/2 distinct points of I'(F 2 ), it suffices to prove that the conic C : 2% —b*y? = cz?
intersects the Hermitian curve H : 9+ 4 ¢4+ 4 29+ = (0 in 2(¢ + 1) distinct points
P=(x:y:1) € PG(2,q¢%). One can check that (¢ : u) — (bct?+bu? : ct? —u? : 2btu)
parametrizes C, and that the intersection restricted to the affine points of both curves

yields:

b (et? + 1)1 4 (et? — 1)9H 4 aptlpatt = o
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Since b9t = 1, we have
At 12atl) ogpatt 1 — . (3.6)

For A = 4(1 — ¢?*1), Corollary [3.15(3) gives us x,(A) = 1, which implies
that (3.6) has 2(¢ + 1) distinct nonzero roots in Fy2. Since this gives 2(q + 1) affine
points of (H N C)(F2), the result follows.

O

In the previous computation, we noted a way to find conics not intersecting
the Hermitian curve in PG(2,¢?). Also, it is well-known that the intersection of
these curves with lines in PG(2,¢?) can be easily characterized. These two facts

will be the tools to prove Theorem

PROOF OF THEOREM[3.7},

Since ¢ > 3, we can find ¢ € ]F;2 such that x,(1 — 02(‘1+1)) = —1, and we
claim the conic C : 22 — y? = (cz)? does not intersect the Hermitian curve H :
2t gt 4 20+ = 0 in PG(2,¢?). In fact, considering the same parametrization

used in the proof of Theorem [3.6], one can check that we end up with the following:
AlatD2(al) yogpatl g — (3.7)

For A = 4(1— 29D we have x,(A) = —1, which implies C intersects H in 2(q+1)
points defined over a non-trivial extension of F 2. Now, Bezout’s theorem implies
our claim.

For the arc property, we consider a point P € PG(2,¢?) in the complement
of the two curves. Among the ¢? + 1 lines incident with P, we know that there

are ¢ + 1 lines tangent to H, and each of the remaining ¢ — ¢ lines intersects the
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Hermitian curve in ¢ + 1 distinct points (see Theorem . On the other hand, we
also know that there are at most (¢ +3)/2 lines through P which are not secant to
C. Therefore, if we have ¢*> — ¢ > (¢* +3)/2, which means ¢ > 3, then the (N, d)-arc

is complete.

3.4 A Fermat Curve

Here, we obtain a small complete (N, d)-arc in PG(2,¢?) given by the F2-rational
points of the Fermat curve C : #2971 4+ ¢9=1 + 2971 = 0. In [14], Moisio presented an
explicit formula for the number of [F 2-rational points of a certain family of Fermat
curves. It turns out that C lies in this family. However, to make our future discussion

clearer, the computation of F(F2) is also presented here.

Theorem 3.8. Let ¢ =2 mod 3 be a power of a prime p > 2. If C is the Fermat
curve 97 4 y071 4 2071 = 0, then #C(Fp2) =2¢* —q — 1.

Proof. Tt is clear that C has 3(¢ — 1) points in PG(2,¢?) with zyz = 0. To count
the points with non-zero coordinates, it suffices to count the number of solutions of
z+y+1=0forzandyin N ={{eFp: =1}

Recall from Remark that if we fix € € F2, such that ¢7! = —1, then
t
we have N = {t LA € F,U{oco}}. Since p # 3, the pairs (u,v) € N x N with
—¢€
u+ v+ 1 =0 correspond to the pairs (t1,t2) € F, x F, with

t1+6+t2+6

1=0
t1—6 t2—6+

and thus
3tity — e(t] +to) — €2 = 0. (3.8)

Since € ¢ F,, (3.8) gives t; = —t5 and €2 = —3t2. Note that ¢ = —3¢2
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is consistent only if —3 is a non-square in [F,, which turns out to be equivalent to
3| (g+1). From t; = —ts we have 1 +u+u? = 0, i.e. u is a primitive cubic root of
unity. Therefore, (u,u~!) and (u~!,u) are the only solutions of x +y + 1 = 0 for
and y in A/ (such characterization will be important in the proof of Theorem [3.9)).
Clearly, each solution above gives rise to (¢ — 1)? points in C(F,2) with non-
zero coordinates. Hence, we have #C(Fz2) =2(q —1)2+3(¢—1) =2¢* — ¢ — 1.
[

Theorem 3.9. Let q be an odd prime power such that 3 | (¢+1). If C is the Fermat
curve 2971 4 071 4 2471 =0, then #C(F2) is a complete (2¢> —q—1,q—1)-arc.

Proof. Let P = (z¢ : yo : 20) € PG(2,4?) be a point in the complement of C. If one
of the coordinates of P is zero, say zp = 0, then the line z = 0 obviously contains
P and intersects C in ¢ — 1 distinct points of PG(2,¢?). Therefore, we can assume
P = (r:s:1) with rs # 0; The following claim excludes several more possibilities

for P=(r:s:1).

Claim I. Let p be a fixed element of F 2 satisfying p2a= 4t 41 = 0.
If r,s € Fy, such that {ur/s, p?/s,u/r} NF, # 0, then there exists a line [ incident
with P = (r:s:1) with #(INC(Fp)) = q¢— 1.

Proof. Suppose we have ur/s = a € F, and consider the line [ : x = (r/s)y. Clearly
P € 1, and since 1 + p9=1 + 2@~ = 0, the polynomial ((o/p)y)?~" + 34~ + 1
has ¢ — 1 distinct roots in F 2 which implies # (I N C(F;2)) = ¢ — 1. The other two
cases can be handled in an identical way if we consider the lines y = sz and © = rz

respectively. O

From now on, we will use the same fixed p defined in Claim I and assume r, s € Fgg
do not satisfy the hypotheses of that claim. To deal with the remaining cases, we

will prove the existence of A € F2 such that the polynomial f(z) = z7! + (A(z —
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r) 4+ 5)7!1 + 1 has ¢ — 1 distinct zeros in F2. Suppose f(z) has a zero zg € F 2
corresponding to an [ j-rational point of C with nonzero coordinates. Based on such
points of C (characterized in Theorem , we can find z7 and y; in IF;Z such that

one of the following holds:

L wo = paf ™ and Awo —7) + s = p?y{", and thus Mueft —r) +5 = p2yf ™.

2. wo = p2a{ and Mzo —r) + s = pyf*', and thus A(p2ef™ =) +5 = pyi ™.

Note that in each case, such a zero of f(x) gives rise to (¢+1)* F2-rational solutions

(with nonzero coordinates) of the equations given by

X0 — 2yt s A =0 (3.9)
and
MEXTL Yyt s A =0 (3.10)

respectively. Conversely, we can also see that such (g 4 1)? solutions for or
(3.10) give rise to a unique zero of f(x).

Now, the idea is to find A € Fy2 such that either or (3.10) has the
maximum possible number of F 2-solutions. This will be achieved if the coefficients

of either equation can be replaced by elements of F .

Claim II. There exist m, n in F; such that s — yrm = wn.

Proof. Since s, pr, > € Fzg, we can certainly find a1, ag, a3 in Fy, not all zero, such
that

a18 + asur + a3u2 =0

On the other hand, it is easy to check that if o; = 0 for some i € {1,2,3}, then r, s

will satisfy the hypotheses of Claim I, violating our assumption. Finally, defining
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m = —ag/a; and n = —asz/a; completes the proof. O

Using the previous claim, we take A\ = pm, and after some scaling (if necessary),

(3.9) and (3.10]) can be replaced by

Xyttt 1 1=0 (3.11)
and
pXO 4 2y ett L1 =0 (3.12)

Lastly, counting the number of [F 2-solutions with non-zero coordinates of the
above equations, one can check that the (¢ —2)(g + 1)? solutions of (3.11) together
with the (g + 1)? solutions of (3.12)) provide (¢ — 2) +1 = ¢ — 1 distinct roots for

f(x). Hence, we have a complete (2¢> —q —1,q — 1)-arc.

3.5 The Parameters

Here, we present a table summarizing our (N, d)-arcs and briefly compare some of
our parameters with others previously obtained. We also provide an upper bound

on the distance of the corresponding codes to the Griesmer bound.

It can be easily checked that an (N, d)-arc in PG(2,q), with N > (d—2)q+d,
is equivalent to a code meeting the Griesmer bound. Table 1 of [1] lists many of the
known families of such (V, d)-arcs, and, more recently, Ball and Montanucci (see [2]

presented new [N, 3, N — d]-codes over Fy, with d = ¢ — 3 and d = ¢ — 4, meeting
q
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the Griesmer bound. Despite the given examples, constructing codes meeting the
Griesmer bound is a difficult problem. Actually, obtaining (N, d)-arcs with N/q
large, say N/q > d — 2, is not easy in general. As mentioned in Section 5 of [1], the
best that can be done in general is to take (a) for d < ¢/2 the union of |d/2] conics,
which gives N/q > d/2, and (b) for d > ¢/2 large the complement of the union of
2(q—d)+1 lines of a dual (2(q—d)+ 1, 2)-arc, which gives N/q > q—2d+(2d*>—d)/q.

After comparing parameters, we see the (N, d)-arcs obtained from our work
here are smaller than the ones from Table 1 of [1], and in general larger than the
ones obtained from the above procedures. For instance, each (N, d)-arc derived
from Theorem satistifies N/q > d — «a for some constant o > 2. To give a
better idea of the general scenario, we present a table that displays the parameters
of the (IV,d)-arcs constructed in the previous sections. The last column shows an
upper bound for the difference of N and the Griesmer bound G = é[N — d} of

1=

%

the corresponding [N, 3, N — d]-code.

d qg=p™ odd N N-G<
1 q—3 p>5 > —5¢+6 1
2 q—>5 p>5 ¢ —8¢+15 2
3 q—7 3|(¢g—1)andp>5 ¢> —11q+ 37 3
4 q—9 4](¢g—1)and p >5 q® —14q + 45 4
5 q—13 6|(q—1)and p>7 q® —20q + 91 6
6 0 himandp>5 2q2—(3ph+;)q+p2h+ph p"2—1
7 | q—4p"+3| m/hisevenandp >5 | ¢+ (4 — 6p")q + 8p*" — 10p" + 3 2(ph — 1)
8 Va+3 q > 9 square qv/q+q+2 1
9 | (¢g—1)/2 q>11 (¢* +4q—5)/4 [(¢ —11)/4]
10 | (g+3)/2 q (¢* +4q+7)/4 [(q—3)/4]
11| (g+1)/2 q square (g/q+3\/q+4)/4 [(v/q—5)/4]
12 Vi—1 q square and 3 | (/g +1) 2¢ —/q—1 Vi—4

Table 3.1: Complete (N, d)-arcs
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Note that for d = (¢ — 1)/2 the (IV,d)-arc from procedure (a) above and the one
from row 9 in Table 1 give similar values for N. On the other hand, after a careful
analysis of the configuration of our points (Theorem [3.4]), we see that such a set can
never be given by a union of conics. This leads us to suspect that the (INV,d)-arcs
will not be the same in general.

It is also worth noting that, in contrast with the other cases in Table 1, row
12 presents a very small (N, d)-arc. We have N/q < 2, and as far as we know, there
is no construction of arcs with similar parameters.

Table 1 above also shows that, in general, the codes corresponding to our
(N, d)-arcs will not meet the Griesmer bound. However, in many cases, they are
just a constant away from this bound. It can be checked that, with the exception
of rows 6 and 7, the numbers on the last column are the actual value of N — G if ¢
is sufficiently large.

For another comparison, we point out that Ball and Montanucci (see [2])
also presented a (non-explicit) construction of (N, d)-arcs where, under certain con-
ditions, the corresponding codes are one away from the Griesmer bound. It can be
checked that the (N, d)-arcs from rows 1 and 8 in Table 1 are not particular cases
of this construction. In the case of row 1, we have a smaller value for N. In the
case of row 8, our (IV,d)-arc does not have the parameters satisfying the required
conditions of their construction.

We have noticed that, out of the explicit constructions of (N',d')-arcs in
PG(2,q) where the parameter d’ matches with our d, our N has a different value
and, in some cases, it is slightly smaller. This means we indeed have new parameters.
Of course, we are not including the cases where ¢ is too small.

We end this section by presenting three particular cases where some of our
(N, d)-arcs (d > 4) have the corresponding codes meeting the Griesmer bound. The
notation [N,d], will stand for an (N, d)-arc in PG(2,q). Such arcs are: [20,4]7 ,
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[63,6]13 and [32,4];3, and they are obtained from rows 1,3 and 4 respectively. We

have not seen such (N, d)-arcs listed in the most recently updated tables.
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