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In this thesis we consider the problem of stochasticity in Hamiltonian
dynamics. It was shown by Poincaré that nonintegrable systems do not have
constants of motion due to resonances. Divergences due to resonances ap-
pear when we try to solve the Hamiltonian by perturbation. In recent years,
Prigogine’s group showed that there may exist a new way of solving the Hamil-
tonian by introducing a non-unitary transformation A which removes the di-
vergences systematically. In this thesis we apply this A transformation to the

problem of stochasticity.

To this end, first we study classical Friedrichs model, which describes
the interaction between a particle and field. For this model we derive the
A transformation for general functions of particle modes, and show that the
Langevin and Fokker-Planck equations can be derived through the transformed
particle density function. It is also shown that the Gaussian white noise struc-

ture can be derived through the removal of divergences due to resonances. We

Vil



extend this to the quantum case, and show that the same structure can be
preserved if we keep the normal order of creation and destruction operators.
We also study the extended Friedrichs model. This model can be mapped
from the case in which a small system is weakly interacting with a reservoir.
In this model we show that low frequency 1/f noise is derived due to the sum

of resonances effect.
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Chapter 1

Introduction

The contents of chapter 1 - chapter 4 are based on the papers [1] [2], in
which the author and G. Ordonez closely collaborated. Author deeply appreci-

ated that.

In this thesis we study the connection between Hamiltonian dynamics

and irreversible, stochastic behavior, like decay, Brownian motion and noises.

In classical physics the basic laws are time reversible. If we know the
Hamiltonian, then we get Hamilton’s equations of motion which describe the
time evolution of the system in a time reversible, deterministic way. On the
other hand, we see time irreversibility and stochastic behavior everywhere.
How to bridge the gap between theory and this reality is one of main theme
of this thesis. We explicitly show that how resonance is related to the irre-

versibility and stochasticity.

A simple stochastic irreversible equation is the Langevin equation, de-
scribing Brownian motion of a particle. For example, we can write a Langevin
equation for a particle with mass m under the harmonic potential mw?z?/2,

where x is the position of the particle. Adding a phenomenological damping



term ydz(t)/dt with constant v and a white noise term £(¢) to the harmonic

oscillator equation, we get

m%x(i) + m’y%x(t) +mw?z(t) = £(t). (1.1)

The damping and noise terms represent the effect of the environment of the
particle. To study the same system dynamically, we construct a Hamiltonian
which serves as a model of the particle and its environment [3]. This can be
done both in classical and quantum mechanics. As shown by Mori and others
(see [4] and references therein), starting with the Hamiltonian (or Heisenberg)
equations of motion, one can derive generalized Langevin-type equations. For
example, for the particle in the harmonic potential one can model the envi-
ronment as a set of harmonic oscillators (bath) linearly coupled to the particle

(the Caldeira-Legget model [3]). This gives the exact equation [5, 6]

m%x(t) + /0 dt' vy (t — t’)dfg/) + mw?z(t)
= &(t) — z(0)y(1), (1.2)

where 7, (t) and &,(t) are functions of the bath degrees of freedom and their cou-
pling to the particle. This equation is equivalent to the original Hamiltonian

equations, and therefore it is both time-reversal invariant and deterministic .

In contrast, the Langevin equation (1.1) has broken-time symmetry and
contains a random force. The question is how to relate this phenomenological

equation to Hamiltonian dynamics, represented by Eq. (1.2). A main difference

'Eq. (1.2) is a special case of the “generalized master equation;” see Ref. [7].



between Eqgs. (1.1) and (1.2) is that the first is “Markovian,” for the x and p,
and it has no memory terms, while the second is “non-Markovian:” it has a
memory term that makes the value of z(t) dependent on the velocities at all

the previous times t'.

A standard argument to derive Eq. (1.1) from Eq. (1.2) is to focus on
time scales of the order of the relaxation time for the weak coupling case. Then
the function v,(¢) can be approximated by the delta function y§(¢ —0+) [6]. In
this procedure time-symmetry is broken as one has to choose between the delta
functions §(t — 0+) for ¢ > 0 or ¢t < 0, respectively. Further approximations
like averging out rapidly oscillating terms [8] show that the term &,(¢) can be
replaced by the white noise term £(t). Then for ¢ > 0 we obtain Eq. (1.1)
from Eq. (1.2) with v > 0 [for ¢ < 0 we change v = —v]. All this amounts
to a “Markovian” approximation, where the memory terms in both ~, and
the noise correlation are dropped. This corresponds to the A%t approximation

[9-12].

So, is Eq. (1.1) the result of an approximation? If this is so, this im-
plies that both irreversibility and stochasticity are results of approximations.
In chapter 4 we point out that irreversible and stochastic equations such as
(1.1) can be viewed in a different way: they describe the time evolution of
components of dynamics. This view has been put forward by Prigogine and
collaborators [14]-[24]. We will show that indeed there are components ex-
actly obeying Langevin (or Fokker-Planck) time evolution. These components

are obtained by isolating resonant contribution. Thus we can also say that



resonance gives Gaussian white noise. We will consider the Friedrichs model,
and we will consider classical mechanics. Later, for the 1/f type noise, we
consider extended Friedrichs model. In this model we also show that the sum

of resonance contributions gives the 1/f noise.

The outline of deriving the irreversible and stochastic components is

the following. The system is described by a Hamiltonian
H=Hy+ \V (1.3)

where Hj, describes the unperturbed system without any couplings, V' de-
scribes the interactions and A is the dimensionless coupling constant. The
associated Liouville operator or Liouvillian, i.e., the Poisson bracket with the
Hamiltonian, is Ly = ¢{H, }. This is also written as Ly = Ly + ALy. The
time evolution of any function of the phase space variables f(x,p) is given by

i
S —iLyf (14)

We distinguish between integrable and nonintegrable systems.

For integrable systems one can introduce a canonical “unitary” trans-
formation U that simplifies enormously the equations of motion. The trans-
formation U~! is applied to phase-space variables. The new variables describe
non-interacting particles (quasiparticles). In the new representation we have
periodic motion and there are no irreversible, stochastic processes. We obtain
trivial Markovian equations with zero damping and no noise [see Eq. (3.33)].
After solving the trivial equations, we can transform the solutions back to the

original phase-space variables.



But integrable systems are exceptional. Most systems are noninte-
grable, at least in the sense of Poincaré. This means that U is not an analytic
function of the coupling constant at A = 0, and hence it cannot be constructed
by perturbation expansions. This is due to resonances that produce vanishing

denominators leading to divergences.

Prigogine and collaborators have introduced a “star-unitary” transfor-
mation A, that has essentially the same structure as the canonical transfor-
mation U, but with regularized denominators. As we will discuss later, star-
unitarity is an extension of unitarity from integrable to nonintegrable systems.
The regularization in A eliminates the divergences due to resonances. At the
same time, it brings us to a new description that is no more equivalent to
free motion. We have instead a “kinetic” description in terms of quasiparti-
cles that obey simpler Markovian equations, but still interact. After solving
these equations we can (at least in principle) go back to the original variables
to solve the original equations of motion. The main point is that Markovian
irreversible equations such as (1.1) describe components of the motion of the
particles. In this thesis we will focus on the components leading to Brownian

motion.

How is it possible that Hamiltonian dynamics can yield irreversible
equations? This is because the A-transformed phase-space functions involve
generalized functions, or distributions (examples are the “Gamow modes” pre-
sented in Sec. 3.3). If the initial unperturbed functions formed a Hilbert space,

the transformed functions are no more in this Hilbert space. In its transformed



domain Ly behaves as a dissipative collision operator with complex eigenval-
ues [19,20]. The extension of Ly involves an extension of real frequencies
to complex frequencies, which breaks time-symmetry. We remark that even
though the Hamiltonian H is time reversal invariant, breaking of time sym-
metry can occur in the solutions of the equations of motion. For example, the
harmonic oscillator coupled to the bath can be exponentially damped either
towards the future or the past. The two types of solution are possible. This
is closely connected to the existence of eigenfunctions of Ly that break time-
symmetry. We also note that damping and other irreversible processes occur
only for systems that can have resonances, and are nonintegrable in the sense

of Poincaré.
In order to construct A we specify the following requirements:

(1) The A transformation is obtained by analytic continuation of the unitary
operator U.

(2) When there are no resonances, A reduces to U.

(3) A is analytic with respect to the coupling constant A at A = 0.
(4) A preserves the measure of the phase space.

(5) A maps real variables to real variables.

(6)

6) A leads to closed Markovian kinetic equations.

In addition, to obtain a specific form of A we consider the “simplest”
extension of U. This will be seen more precisely later, when we study our

specific Hamiltonian model [see Eq. (A.24) and comments below].



In quantum mechanics, the A transformation has been used to define
a dressed unstable particle state that has strict exponential decay. This state
has a real average energy and gives an uncertainty relation between the lifetime
and energy [17,22,25]. The dressed state defined by A has an exact Markovian

time evolution, without the Zeno [26] or long tail periods [27].

The Friedrichs model we will consider describes a charged particle in a
harmonic potential, coupled to a field bath. We are interested in the infinite
volume limit of the system L — oo. The emission of the field from the particle
leads to radiation damping. Conversely, the particle is excited when it absorbs
the field. Depending on the initial state of the field, we have two distinct
situations: (a) The field is in a “thermodynamic” state and (b) the field is
in a “non-thermodynamic” state. The first case occurs when the the average

action (Jy) of each field mode k satisfies [28]
(Ji) ~ O(L?) (1.5)

Then the total energy is proportional to the volume L. This corresponds to
the “thermodynamic limit.” It does not necessarily imply that the field is
in thermal equilibrium; it just means that we have a finite (non vanishing)
energy density in the limit L — oo. The existence of the thermodynamic limit
requires an initially random distribution of the phases of the field modes [29].
The second (“non-thermodynamic”) case occurs when we have (Ji,) ~ O(L™1),

i.e., we have a vanishing energy density.

Here we will consider the thermodynamic case. In addition to the



damped oscillation, the particle undergoes an erratic motion due to the ex-
citation caused by the thermodynamic field. This erratic motion includes a
Brownian motion component, which is Markovian. The initial randomness
of the phases of the field modes is a necessary condition for the appearance
of Brownian motion. In addition it is essential that the field resonates with
the particle. We need Poincaré resonances. Under these conditions A permits
us to isolate the damping and the Brownian component of the motion. In
phenomenological theories Brownian motion is attributed to a Gaussian white
noise source, which creates fluctuations. In our formulation the effects of fluc-
tuations are originated in the nondistributive property of A with respect to
multiplication of dynamical variables. Nondistribuitivity is a consequence of
the removal of Poincaré divergences. Later for the extended Friedrichs model,

we show that the sum of resonance effects gives 1/f noise effect.

The organization of this thesis is as follows. In chapter 2 we introduce
A transformation as an extended version of unitary transformation in the non-
integrable systems. In chapter 3 we introduce the Friedrichs Hamiltonian and
find A transformation. In chapter 4 we show that this transformation leads
to Langevin and Fokker-Planck equations, and classical Gaussian white noise.
In chapter 5 we briefly discuss the properties of quantum noise. In chapter 6
we introduce an extended Friedrichs model for the electron waveguide cavity,
and derive the 1/f noise as sum of resonance contributions. In conclusion we

summarize our results.



Chapter 2

Non-integrable systems and star-unitary
transformation

2.1 Integrable and non-Integrable systems

We study a system of particles with Hamiltonian
H==Hy+ AV, H=H(pq) (2.1)

where Hj is the unperturbed Hamiltonian describing non-interacting particles,
and V is the interaction. We assume the coupling constant A is dimension-
less. We consider mainly classical systems, but our statements apply as well to
quantum systems. The Hamiltonian is a function of the momenta p and posi-
tions ¢ of the particles. Often one introduces a new set of variables J = J(p, q),

a = a(p,q) (action-angle variables) such that
Ho = Ho(]), V= V(J, Oé) (22)

This means that when there is no interaction between the particles (A = 0)

the energy H only depends on the action variables J.

Integrable systems are systems for which we can go to a new represen-

tation J = J, o = & such that

H = Hy(J) (2.3)



The Hamiltonian can be written as a new function H, depending only on
the new actions. Typically, H, will have the same form as H,, but with

renormalized parameters (such as frequencies).

The change of representation is expressed as a “canonical transforma-
tion” U,

J=U"' a=U"'a (2.4)

The operator U is “unitary,” U~ = U', where we define Hermitian conjugation

through the inner product

(floh = [ drs@p(r). 25)

which is the ensemble average of f.! Here I is the set of all phase space vari-
ables, dI' is the phase-space volume element and % means complex conjugate.

The Hermitian conjugate is defined by
(FlUph = (plUT ) (2.6)

The operator U is distributive with respect to products. For any two

variables A and B we have [34]
UAB = (UA)(UB) (2.7)
This property together with Eq. (2.3) lead to

UH(J, o) = UHy(J) = Hy(UJ) = Ho(J) (2.8)

!One can introduce a Hilbert-space structure in classical mechanics through the Segal-
Bargmann representation [24, 30].

10



The transformed Hamiltonian UH is the unperturbed Hamiltonian H, de-
pending only on the original action variables. In other words, U eliminates

Interactions.

The solution of the total Hamiltonian H can be found easily through the
unitary transformation U. We look for the solution of the Hamiltonian through
the Liouville equation which describes the time evolution of the statistical
ensemble. For systems with many degrees of freedom the Liouville equation
has an advantage since it can summarize the behavior of the whole system in

a single equation. The statistical ensemble p satisfies the Louville equation

0 .
i = iUH, p} = Ligp (2.9)

where Ly = i{H, } is the Liouville operator or Liouvillian. Similar to H, Ly
may be split into a free Liouvillian plus interaction: Ly = Lo + ALy, where

Ly = Lpy,. Applying U on both sides of the Liouville equation we get

0
—Up = ULyU'U
“ar P " p
0 _
—p = Lgp 2.10
= Z@tp op ( )
where
p=Up, Lo=ULyU™ " (2.11)

Ly has the form of the non-interacting Liouvillian. Indeed We have

= Lyp. (2.12)

11



where in the second equality we used the property of preservation of the Pois-
son bracket by canonical transformations [34]. The transformed Liouvillian
Ly does not contain any interaction terms, and the ensemble average over this
transformed density function p can be easily calculated when the solution for

H is known.

For non-integrable systems there exist, by definition, no transformation
U. This happens, for example, when there appear divergences (divisions by
zero) when we try to construct U as an expansion in the coupling constant
A (called “perturbation expansion”). Vanishing denominators appear when
frequencies of the systems become equal. We have “Poincaré resonances”

leading to divergences [16],

1
— 00 for wy — wy (2.13)
w1 — Wk

We define now a transformation A with the following properties:

(1) The A transformation is obtained by analytic extension of the uni-
tary operator U which diagoanlize the Hamiltonian .
2) When there are no resonances, A reduces to U.

3) A is analytic with respect to the coupling constant A at A = 0.

(2)
(3)
(4) A preserves the measure of the phase space.
(5) A maps real variables to real variables.

(6)

6) A leads to closed Markovian kinetic equations.

12



Our method corresponds to the elimination of Poincaré resonances on
the level of distributions. This extension of U is obtained by regularization of

the denominators,
1 1

= 5
w1 — Wy wy — wy L 1€

(2.14)

where € is an infinitesimal. As discussed below, the sign of ie is determined
by a time ordering depending on the correlations that appear as the particles

interact. The regularization breaks time symmetry.

The A transformation permits us to find new units obeying kinetic equa-
tions. Indeed, applying the A transformation to the equations of motion, we
discover irreversibility and stochasticity. Irreversibility appears because of the
analytic continuation of U (from real to complex frequencies) and stochasticity

because of the non-distributive property
AAB # (AA)(AB). (2.15)
Hence we have fluctuations. Irreversibility and stochasticity are closely related

to Poincaré resonances [13-15].

We introduce the new distribution function p = Ap into the Liouville
equation. Then we obtain

p=0p (2.16)

where

0 =ALgA? (2.17)

13



This is a kinetic equation describing irreversible stochastic phenomena. This
equation in general contains diffusive terms, which map trajectories to ensem-

bles. We have an intrinsically statistical formulation in terms of probabilities.

The next section will be devoted to a brief description of the main
steps involved in the construction of the A transformation (more details can
be found in Refs. [22,25] and references therein for quantum mechanics, and

in Ref. [24] for classical mechanics).

2.2 Construction of the A transformation

Our formulation is based on the “dynamics of correlations” induced by
the Liouville equation [7]. The Liouville operator Ly = Lg+ ALy is separated
into a part describing free motion Ly = i{Hp, } and an interaction ALy =
i{\V, }. We then define correlation subspaces by decomposing the density
operator p into independent components

p=> PYp (2.18)

where P") are projectors to the orthogonal eigenspaces of Ly
LoPY) = P Ly = w® pW (2.19)

w® being the real eigenvalues of Ly. The projectors are orthogonal and com-
plete:
pwpw = pg, Z PW =1 (2.20)

14



The complement projectors Q) are defined by
PO 4O =1 (2.21)

They are orthogonal to P®) . i.e., Q) PW) = PMQW) = 0, and satisfy [Q¥)]? =
Q™).
As seen in Eq. (2.19) the unperturbed Liouvillian Ly commutes with

the projectors. Therefore the unperturbed Liouville equation is decomposed

into a set of independent equations,

0
iaP(”)p = LoPWp = w PW)p (2.22)

The interaction ALy induces transitions from one subspace to another
subspace. To each subspace P*) we associate a “degree of correlation” d,: we
first define the vacuum of correlation as the set of all distributions belonging
to the P9 subspace. This subspace by definition has a degree of correlation
dy = 0. Usually this subspace has the eigenvalue w(® = 0, i.e., it contains the
invariants of unperturbed motion. The degree of correlation d, of a subspace
P®) is then defined as the minimum number of times we need to apply the
interaction Ly on the vacuum of correlations P(¥) in order to make a transition

to P*"). Dynamics is seen as a dynamics of correlations.

Our method involves the extension of U to A, from integrable to non-
integrable systems. This is applicable to systems, which, depending on certain
parameters, can be either integrable or non-integrable in the sense of Poincaré.
For example, a system contained in a finite box with periodic boundary con-

ditions will have a discrete spectrum of frequencies. We can then avoid any

15



resonances. The system is integrable, and we can construct U by perturba-
tion expansions. However, when we take the limit of an infinite volume, the
spectrum of frequencies becomes continuous and resonances are unavoidable.
The system becomes non-integrable in Poincaré’s sense, as the perturbation
expansion of U gives divergent terms. We can remove the divergences by

regularization of the denominators, obtaining the A transformation.

Let us consider first integrable systems, where we may introduce the
canonical transformation U that eliminates the interactions. In the Liouvillian

formulation the relation (2.8) gives
ULyU™t = L (2.23)

Namely, the transformed Liouvillian is the unperturbed Liouvillian L, =

i{Hy, }. Similar to Ly we have
LyPY) = PV L, = a) p¥) (2.24)

where @) are renormalized eigenvalues. In the U representation there are no

transitions from one degree of correlation to another.

We write U in terms of “kinetic operators” (we use bars for the inte-

grable case)

YW = py-1p®) (2.25)

16



We have as well the hermitian conjugate components

Kt = pPYUp®) (2.26)

¥ bW = pPOIyQW

where D®) = [CW]f. The operators C*) and D™ are called, respectively,
“creation” and “destruction” operators [14] as they can create or destroy cor-
relations, leading to transitions from one subspace P®*) to a different subspace
P®W_ The Y™ operator, on the other hand, is diagonal, as it leads to tran-
sitions within each subspace, i.e., it maps P%) to P®). Using Eq. (2.21) we

obtain

UtPY = (PW 4 )™ (2.27)

PYU = W'Y + DW) (2.28)

Now, from the commutation relation in Eq. (2.24) we derive a closed equation

for the C™) operators. From Eq. (2.24), we have
LyUtPY) = U= tPWULLUPW), (2.29)
Substituting Eq. (2.27) into Eq. (2.29), we get
LH(P(”) + CNYxW) = (p(l’) + C‘(”)))’((”)ULH(P(”) + C_'(V))X(V)- (2.30)
Let us write

oY = p) 4 CW), (2.31)

17



Multiplying @g) on both sides of Eq. (2.30) by left, we get

O Ly®fx ) = L XU Ly (PY) + CW)xW) = Ly® ™ (2.32)

where we used ()2 = &% and Eq. (2.30) again. The relation (d%))2 = o

comes from the fact

(PW)2 = p) pIcW =, (2.33)
So we have
3 LydY) = LydY (2.35)
® _ 1 \a® _ 5 _ aWw) o)
(W) — Ly)®Y = ALy®Y — Y AL, &Y. (2.36)

From Eq. (2.36) we get a closed equation for i(cy ),

T (v 14 _1 d'\Y o\ i3
B =P E Y P e — LR (237)
w(#v)
or
_ —1
vy _ Wy~
e = Y P W w® (2:38)
w(F#v)

ALy PY) + ALy C") — CWAL,C™).

X

We call Eq. (2.37) the nonlinear Lippmann-Schwinger equation. The y®)

operators are obtained from the relation
PWUU1P® = p¥ (2.39)

18



which leads to [22]
AV = xR (2.40)

where AW = (P® + DWC®)~1 (the inverse is defined in each subspace:
AM[A®]=1 = P®)). The general solution of Eq. (2.39) is

Y = [AM)V2 exp(BW) (2.41)

where B") = —[BW]' is an arbitrary antihermitian operator. For the in-
tegrable case we have one more condition on U: the distributivity property
Eq. (2.7). This condition fixes the operator Y*) (see Appendix A). Note that
for integrable systems the denominator in Eq. (2.38) is always non-vanishing:

there are no Poincaré resonances.

Now we go to nonintegrable systems. Due to Poincaré divergence we
cannot eliminate the interactions among particles through a canonical trans-
formation. However we may still introduce a representation for which the
dynamics is closed within each correlation subspace. We introduce the trans-
formation A such that the transformed Liouvillian in Eq. (2.17) commutes
with the projectors P®*)
gpP") = pig (2.42)

This allows us to obtain closed Markovian equations

z’%P(”),& =P ) (2.43)

In contrast to the integrable case, the P*) projectors are no more eigenpro-

jectors of the transformed Liouvillian 6. Hence we can have transitions within
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each subspace. As we shall show, the A transformation makes a direct connec-
tion between dynamics and kinetic theory. The operator 6 is indeed a gener-

b

alized “collision operator.” Collision operators are familiar in kinetic theory.
They are dissipative operators with complex eigenvalues, the imaginary parts
of which give, for example, damping or diffusion rates. The Liouville operator
is related to 6 through a similitude relation. This means that Ly itself has

complex eigenvalues. This is possible because we are extending the domain of

Ly to distributions outside the Hilbert space [18, 20, 22].

To construct A, the basic idea is to extend the canonical transformation
U through analytic continuation. Similar to Eq. (2.27) we write A in terms of

kinetic operators

PYA = [xW]*(P™ + DW)

In order to avoid Poincaré divergences, A can no more be unitary. Instead, it
is “star unitary”

A=A (2.45)

where the x applied to operators means “star-hermitian” conjugation, defined

below.

From the commutation relation Eq. (2.42) we arrive again at the equa-
tion (2.38) for the creation operator. But the denominator in Eq. (2.38) may

now vanish due to Poincaré resonances. We regularize it by adding die. We

20



obtain the equation

—1

B — ) — Z.E'm,

(I)(Clj) — pw 4 Z pw) (
w(#v) v

or

-1
v (1)
¢ o Z P wt) — W) — e v
w(#v) .

X [ALyPY) 4+ AL,C") — C"\L,C™)]

where the sign if ie is chosen according to the “ie-rule:” [20,22]

€ = +eif d, > d,

e = —€eif d, < d,

ALy @Y — oML, o))

(2.46)

(2.47)

(2.48)

where ¢ > 0. This rule means, essentially, that transitions from lower to

higher correlations are oriented towards the future and transitions from higher

to lower correlations are oriented towards the past. We could also choose the

other branch with e < 0, where the roles of past and future are exchanged. The

main point is that regularization of the denominators breaks time symmetry.

For the D™ operators we have

DY) = [PY\Ly + DYWLy — DW ALy, DW)]
1
(1)
<D W) — ) — iwp
w(F#v)

(2.49)

The ie-rule leads to well defined perturbation expansions for C*), D™ and

AW = [PW) + DWCWI]=L Recall that we have the relation D®) = [C®)]f
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for the integrable case. For the non-integrable case, due to ie rule, these
operators are no more related by hermitian conjugation. They are related by
star hermitian conjugation, which is obtained by hermitian conjugation plus

the change €,, = ¢€,,. Then we have

DW= [CW]r, AW — [AW)]* (2.50)

Similar to the integrable case the x operators are given by
) = [AV]2 exp(BW) (2.51)

where B%") = —[B™]* is an arbitrary anti-star-hermitian operator. In con-
trast to the integrable case we have no distributivity condition to derive B®),

However, the conditions on A stated before lead to a well defined x*) operator.
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Chapter 3

The Friedrichs model and A transformation

3.1 The classical Friedrichs model

We consider a classical system consisting of a charged harmonic oscil-
lator coupled to a classical scalar field in one-dimensional space. A quantum
version of this model has been studied by Friedrichs [31], among others. We

write the Hamiltonian of the system in terms of the oscillator and field modes

q_l and (jk )

H = Hy+ \V (3.1)
= @@+ Y WGl + A Y Vil@iG + 1),
k k
with a given constant frequency w; > 0 for the harmonic oscillator (particle),
¢ = 1 for the speed of light, wy, = |k| for the field, and a dimensionless coupling
constant A 1. When )\ is small we can treat the interaction potential as a
perturbation. We assume the system is in a one-dimensional box of size L with
periodic boundary conditions. Then the spectrum of the field is discrete, i.e.,

k = 2mj/L where j is an integer. The volume dependence of the interaction

n Ref. [24], we used a dimensionless Hamiltonian dividing the Hamiltonian by a con-
stant woJp. In this Hamiltonian, all variables become dimensionless. This is more convenient
to deal with the Segal-Bargmann representation used in [24].
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Vi is given by

_ 27
Vie =1/ fﬁk (3:2)

where v, = O(1). We assume that vy, is real and even: vy = v_j. Furthermore,

we assume that for small k

Ty~ wy . (3.3)

To deal with the continuous spectrum of the field we take the limit

L — oo. In this limit we have
27 L
— dk, —9 o(k). 3.4
L0 [k g = (3.4

The normal coordinates ¢, g, satisfy the Poisson bracket relation

i{Gas @5} = dap- (3.5)
where
: B of og 99 of
i{f9y =) [ 5707~ 93,00 (3.6)

r=1,k

The normal coordinates are related to the position x; and the momentum p;

of the particle as

_ mwi 1Py
= 3.7
q1 5 ( 1 mwl) ( )
L+ )
X = )
VT ma, t TR
Cfmwr,
pro= iy @ - ) (3.8)
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and to the field ¢(z) and its conjugate field m(x) as

o) = 3 () @™ + i), (39)
k
w(z) = —zZ(;“—2)1/2(qkeikx—q;e-ikx>. (3.10)
k

The field ¢(x) corresponds to the transverse vector potential in electromag-
netism, while 7(z) corresponds to the transverse displacement field. Our
Hamiltonian can be seen as a simplified version of a classical dipole molecule
interacting with a classical radiation field in the dipole approximation [32].
For simplicity we drop processes associated with the interactions proportional
to ¢1Gr and g, which correspond to “virtual processes” in quantum me-
chanics. This approximation corresponds to the so-called the rotating wave

approximation [33].

We note that we have w, = w_; degeneracy in our Hamiltonian. To
avoid some complexity due to this degeneracy, we rewrite our Hamiltonian in

terms of new variables as [24]

H=wgiq+ Y wigige + XY Vildias + q147), (3.11)
k k
where
— = (QR + Q*k:)/\/ga for k > 07

[ V2V, fork>0

Vi = 0, for k <0, (3.13)
L

— /=2 3.14
Uk 5V (3.14)
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In this form the variable ¢ with the negative argument k is completely decou-

pled from the other degrees of freedom.

We define action and angle variables Jg, oy through the relation
qs =V Jse_iasa S = 17 k (315)

For our model we can have both integrable and nonintegrable cases.
The first occurs when the spectrum of frequencies of the field is discrete, the

second when it is continuous. We consider first the integrable case.

3.2 Integrable case: Unitary transformation

In this Section, we present the properties of the canonical transforma-
tion U that diagonalizes the Hamiltonian in the discrete spectrum case, when
the size of the the box L is finite. Later we will extend U to A through analytic

continuation.

We assume that w; # wy for all k. In this case, the system is integrable
in the sense of Poincaré. We can find the new normal modes Q,, Q* that
diagonalize the Hamiltonian through U. The new normal modes are related

to the original normal modes as
Qs =Ulq, fors=1k. (3.16)

in one-to-one correspondence. The operator U is “unitary,” U~' = U, where

Hermitian conjugation is defined through the inner product

(flo) = / dT f(T)* (). (3.17)

26



which is the ensemble average of f. Here I is the set of all phase space variables
and dI' is the phase-space volume element. For an operator O the Hermitian

conjugate is defined by
(£10p) = (plOT ). (3.18)

In terms of the new normal modes the Hamiltonian is diagonalized as
H=> w.0Q:Q (3.19)
where @, are renormalized frequencies.

The new normal modes satisfy the Poisson bracket relation

Since the interaction is bilinear in the normal modes, the new normal modes
can be found explicitly through a linear superposition of the original modes

[24]. For the particle we obtain, from the equation i{H, Q;} = —0,Q1,

Qu=N"(q + A ) (3.21)
k
where
o= —VE (3.22)
W1 — Wk
N=(1+87" €=M & (3.23)
k

The renormalized frequency @, is given by the root of the equation

nw)=0, niz) = z—w — Z AVie® (3.24)

o Z — Wy
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that reduces to w; when A = 0. For the field modes one can also find explicit

forms, but as in this paper we will focus on the particle, we will not present
them here (see [24]).
The perturbation expansion of Eq. (3.21) yields

Vi
W1 — Wk

Qq=Uqg=q+ Z ax + O(N?) (3.25)
%

When the spectrum is discrete, the denominator never vanishes; each
term in the perturbation series is finite. This implies integrability in the sense
of Poincaré: U can be constructed by a perturbation series in powers of A"

with n > 0 integer. In other words, U is analytic at A = 0.

Since the transformation U is canonical, it is distributive with respect

to multiplication

U'qq: = U g )[U"q}] = Q,Q: (3.26)

Hence we have

UH =U[)_@,Q:Q) =Y _ @.qiq. = Hy (3.27)

s

The transformed Hamiltonian UH has the same form of the unperturbed

Hamiltonian Hj, with renormalized frequencies.

The canonical transformation can also be introduced on the level of

statistical ensembles p. These obey the Liouville equation

0 .
ip=U{H, p} = Lup, (3.28)
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where Ly = i{H, } is the Liouville operator or Liouvillian. Similar to H, Ly
may be split into a free Liouvillian plus interaction: Ly = Lo + ALy, where

Ly = Lpy,. Applying U on both sides of the Liouville equation we get

0
—Up = ULyU'U
a0 P a P

o _
i—p = Lop 3.29
= Zatp op ( )
where

p=Up, Ly=ULyU™" (3.30)

Ly has the form of the non-interacting Liouvillian. Indeed we have

Lop = iU{H,p} = i{UH,Up}

. gsjas<q:@% ~ 47| U (331)
where in the second equality we used Eq. (3.27) and the property of preserva-
tion of the Poisson bracket by canonical transformations [34]. The transformed
Liouvillian Ly does not contain any interaction terms, and the ensemble av-
erage over this transformed density function p can be easily calculated. For

example for

0 0
za/drxlUp = ZE(L&} (3.32)

and similarly for (p;) we get, after substituting Eq. (3.8) and integrating by

parts,

0 1 0

EQ’L’O (p1), E(ﬁﬁ = —inwi (). (3.33)

m
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These are the equations for the free harmonic oscillator (with renormalized
frequency @w; and renormalized mass m = mw; /w;). The interaction with the

field is eliminated.

Note that the normal modes are eigenfunctions of the Liouvillian Ly,
Logi = =1, Log; = &g (3.34)
This leads to
LyQ1 = —1Q1, LpQ) = & Q. (3.35)

For products of modes we have

Logi™qt = [(m —n)on] ¢i™qt,
LpQi"Qy = [(m—n)o] QI™QT. (3.36)

Finally, we note that from distributive property Eq. (3.26) we have

Ulgi™qy = (UTg™) (U ). (3.37)

3.3 Nonintegrable case: Gamow modes

Now we consider the continuous spectrum case, where the particle fre-
quency ws is inside the range of the continuous spectrum wy. In this case, by
analytic continuation of Q; and Q% we can get new modes which are eigen-
functions of the Liouvillian with complex eigenvalues. These modes are called

Gamow modes. Gamow states have been previously introduced in quantum
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mechanics to study unstable states [35]-[40]. In classical mechanics, Gamow
modes have been introduced in Ref. [24]. In this Section we present the main

properties of Gamow modes, which will be used for the construction of A.

When we go to the continuous limit we restrict the strength of the

coupling constant A\ so that

)\2 2
/dk ol (3.38)

Wi

Then the harmonic oscillator becomes unstable. In this case we have radiation
damping. If Eq. (3.38) is not satisfied, then we go outside the range of appli-
cability of the “rotating wave approximation” (see comment after Eq. (3.10))
as the Hamiltonian becomes not bounded from below, and gives no radiation

damping [41].

In the continuous spectrum case, divergences appear in the construction
of U, due to resonances. For example, the denominator in Eq. (3.25) may now
vanish at the Poincaré resonance w; = wi. We have a divergence in the
perturbation expansion in A. To deal with this divergence, we regularize the
denominator by adding an infinitesimal +ie. Then we get

AV,
Q1= +AzwlT:iieqk +0(N?). (3.39)
k

In the continuous limit the summation goes to an integral. We take the limit
L — oo first and € — oo later. Then the denominator can be interpreted as a

distribution under the integration over k

1 1
—— 2> P——— Fimd(wy — 4
Wy — wy, £ 1€ - Wy — Wk Fimo(wr = w) (3.40)
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where P means principal part.

The introduction of i€ in the continuous limit is related to a change
of the physical situation. In the discrete case the boundaries of the system
cause periodicity in the motion of the particle and the field. In contrast, in
the continuous case the boundaries play no role. In the continuous limit we
can have damping of the particle, as the field emitted from the particle goes
away and never comes back. And we can have Brownian motion, due to the
interaction with the continuous set of field modes. The continuous limit may
be well approximated by a discrete system during time scales much shorter

than the time scale for which the field goes across the boundaries.

In the continuous limit the solutions of the Hamilton equations have
broken time symmetry (although the Hamiltonian is always time reversal in-
variant). We can have damping of the particle either toward the future or
toward the past. This corresponds to the existence of the two branches +ie in

Eq. (3.39). Breaking of time symmetry is connected to resonances [16].

As shown in [38], continuing the perturbation expansion (3.39) to all
orders one obtains new renormalized modes (Gamow modes) associated with

the complex frequency
21 =W — iy (3.41)

or its complex conjugate 2. Here @; is the renormalized frequency of the par-

ticle, and 2y > 0 is the damping rate. The complex frequencies are solutions
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of the equation

)\2 2
Ty, (3.42)

(Z - wk)w

)= fa

The + (—) superscript indicates that the propagator is first evaluated on the

upper (lower) half plane of z and then analytically continued to z = w.

The new modes for the —ie branch in Eq. (3.39) are given by

Q = N11/2[ql+>\zck%]> (3.43)
k
Vi 2 2\—1
g, = ———, Ni=(1+ A\ c . 3.44
(3.45)

and its complex conjugate, satisfying
LHQl = —21(21, LHQT = ZIQT (3.46)
The mode QT decays for t > 0 as
PG = G = G, 347

(and similarly Q).

The modes for the +ie branch are given by
Qi =N2lgr + 1Y gy (3.48)
k
and its complex conjugate, satisfying
LyQ7 = 207, LyQr = —z1Ch (3.49)
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These modes decay for ¢t < 0.

The modes we have introduced have quite different properties from the

usual canonical variables. Their Poisson brackets vanish

However the modes Ql and ()7 are duals; they form a generalized canonical
pair
{1, Q7 =1 (3.51)

This algebra corresponds to an extension of the usual Lie algebra including
dissipation [24]. An analogue of this algebra has been previously studied in

quantum mechanics [35]-[40].

3.4 The A transformation

As seen in the previous Section, we eliminate Poincaré divergences in
the renormalized particle modes by analytic continuation of frequencies to the
complex plane, leading to Gamow modes. Similar to Eq. (3.16), the Gamow

modes are generated by the A transformation (see Appendix A.2),

@1 = ATQI: QT:ATCII

Q= ANlg, Qi=A'q (3.52)
Note that AT # A~! is not unitary. Instead, it is “star-unitary,”
A=A (3.53)
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where the * applied to operators means “star conjugation.”

The general definition of star conjugation is given in Refs. [14,22,24].
Here we will restrict the action of A to particle modes. In this case performing
star conjugation simply means taking hermitian conjugation and changing
i€ = —ie, so we have, e.g., [A*(i€)]q1 = [AT(—i€)]q1. Due to star-unitarity, the
existence of the star-conjugate transformation A* guarantees the existence of

the inverse A~1.

We are interested not only in the renormalized modes, but also the

renormalized products of modes,
Ag™qr, Alg™ay (3.54)

This will allow us to calculate renormalized functions of the particle variables
(expandable in monomials), which will lead us to the Langevin and Fokker-
Planck equations. For the integrable case, renormalized products of modes
can be easily calculated thanks to the distributive property (3.37). However,
as shown below, for the nonintegrable case products of Gamow modes give
new Poincaré divergences. Hence, due to the requirement (2) stated in the

Introduction, the A transformation has to be non-distributive.

Before going to the calculation of Eq. (3.54), we discuss the main fea-
tures of A. The requirement (1) given in the Introduction means that trans-
formed functions obtained by A are expressed by analytic continuations of the
functions obtained by U, where real frequencies (such as @) are replaced by

complex frequencies (such as z;). The requirement (6) is one of the most im-
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portant, and we will now explain it in more detail. To obtain closed Markovian

equations, we first operate A on the Liouville equation, to obtain

aAp = ALygA'Ap

"ot
ILPR (3.55)
o’ — P '
where
p=Ap, 6=ALyA" (3.56)

Closed Markovian equations involve a projection (or a part) of the
ensemble p. In order for A to give this type of equations, we require that
the transformed Liouvillian 6 in Eq. (3.55) leaves subspaces corresponding to
projections of p invariant. We will represent these subspaces by projection

operators P*) which are complete and orthogonal in the domain of 9~,
pPWpL) = pis, Z pPw —1q (3.57)

We choose P as eigenprojectors of Ly. We have LyP®") = w® P®) where
w® are the eigenvalues. In the Friedrichs model the P®) subspaces consist of
monomials (or superposition of monomials) of field and particle modes. As an

example consider the eigenvalue equations

Logigr = w™qiq
Logiangia = w'™q g (3.58)
where w) = w; — wy,. Both monomials belong to the same subspace with

eigenvalue w'®). Denoting the corresponding projector by PM*) we have

¢ = Pqiqn,  dtangia = PP qnglq (3.59)
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One may introduce a Hilbert space structure for the eigenfunctions of Ly, in-
cluding suitable normalization constants in the Segal-Bargmann representation

[24]. The basis function f;z 7(¢*, ¢) for the Hilbert space is given by

()" qpe _
fana(@ @) = H ;n el (3.60)

where ¢ = q1, qr1, Qro, - - - With this basis we can find isomorphism between
classical representation and corresponding quantum representation on the level
of Liouville formalism [24]. The derivation of A from C®) and ) with Segel-
Bargmann representation are given in [24]. In this section we derive A through

analytic continuation of U.

The invariance property of 6 is
PG =P, (3.61)

Thanks to this commutation property, we obtain from Eq. (3.55) closed Marko-

vian equations for the projections of p,

p(t) = 0P™ p(t). (3.62)

The commutation relation (3.61) together with the other requirements
give a well-defined transformation A. Details on this have been presented in
Refs. [22,25] for quantum mechanics and in [23,24] for classical mechanics,
for bilinear variables. The main idea is to associate a “degree of correlation”
with each subspace P"). Dynamics induces transitions among different P®*)

subspaces. We have a “dynamics of correlations” [7]. This allows us to perform
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the regularization of denominators of U in a systematic way, depending on
types of transitions (from lower to higher correlations or vice versa), which
leads to A. Here we will present a short derivation of the transformed products

in Eq. (3.54), based on the results of Refs. [22-25].

Note that for the integrable case, the transformed Liouvillian Lo has
the same eigenfunctions as Ly (see, e.g., Eq. (3.36)). This is connected to
the fact that in the integrable case we can reduce the equation of motion
to a collection of independent units. For the nonintegrable case Ly and 0
share eigenfunctions only in special cases, when there are no degeneracies of
Ly. An example is given by the modes ¢, ¢i (see Appendix A.2). In general,
however, the subspaces P") include degenerate eigenfunctions of Ly (see Eq.
(3.58)). As we will see, in this case, P*) are not eigenprojectors of §. This
has an important physical consequence: we can have transitions inside each
subspace, corresponding to kinetic processes, including damping and diffusion

of the particle, which involve an exchange of energy with the field.

Let us now consider the transformed product Afqiq,. Later we will
generalize this to obtain the expressions (3.54). If AT were distributive, AT¢}q
could be expressed as the product Q*{Ql = (ATg})(ATqy). However, as we show

now, this expression gives Poincaré divergences in the thermodynamic limit.
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We have
Qi Q1
= |[Ml(g + /\ZCZQZ)(CH + /\Z Ckqk)
k k

= |Nil(giqr + Mg Z ki + A1 Z Crlk

+ N chck/qquerA Z|Ck| Gran)- (3.63)
kK’

where the prime in the summation means k # k’. Going to the continuous limit

and taking the ensemble average with an ensemble p the last term becomes

Sletiae) — [
z—wk

where (Ji) = (¢igr|p)). This term has a non-vanishing finite value in the limit

“) (3.64)

L — oo if the thermodynamic limit condition in Eq. (1.5) is satisfied. It is
non-negligible as compared to the average of the gfgr term in Eq. (3.63) if p
belongs to a class of ensembles with J-function singularities in the wave vector

k, such that the point contribution & = k' is as important as the integration
over k' 7,19, 20]
Z<QZ%/> ~ (Jx) ~ O(LP). (3.65)
I
Both terms in Eq. (3.65) give contributions of the same order. For ensembles
in this class, we have well defined intensive and extensive variables in the
thermodynamic limit [7]. A typical example of this class of ensembles is the

Maxwell-Boltzmann distribution.
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To lowest order we have in Eq. (3.64),

A M o (3.66)

(z —wp)f, w1 —wy +ie

which leads to

2 2,2
= AU Lo (3.67)

lwi — wi, + i€|?

= DX2026(w) — wy) + 0N — .
€

This diverges when € — 0. Hence Eq. (3.64) is nonanalytic at A = 0 due to

the resonance at w; = w,. We have Poincaré divergence in the perturbation

series of (Afg})(ATqy).

We note that in non-thermodynamic situations, we have (Ji) ~ O(1/L).
The energy density goes to zero in the infinite volume limit. In this case the
appearance of the Poincaré divergence in Eq. (3.64) has no effect on the parti-
cle. This is consistent with the results we will discuss in the next Section: the
non-distributivity of A is related to the appearance of fluctuations in Brownian
motion. And Brownian motion of the particle appears only when the particle

is surrounded by a field described by the thermodynamic limit.

For quantum mechanics the situation is different. We can have fluctu-
ations even in non-thermodynamic situations [22] due to vacuum effects. For
example we obtain, for a two-level atom, an energy fluctuation of the dressed
excited state which is of the order of the decay rate. This gives an uncertainty

relation between energy and lifetime.
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Coming back to the thermodynamic limit case, we conclude that ATqg}q
cannot be expressed as the product Eq. (3.63) since A is, by definition, analytic
in the coupling constant. To make this transformed product analytic, we

replace |ci|? in Eq. (3.63) by a suitable analytic function &. So we have 2
Agiqr = Q101 + ) bigia (3.68)
!
where
b, = N[N |(—lexl* + &) (3.69)

To determine &, we note that, in the integrable case ¢; is real, and the coef-
ficient of ¢jq. in U'q}q, is & (see Eq. (3.21)). In the nonintegrable case ¢y, is
complex. Taking into account the requirements (1)-(3) and (5) in the Intro-
duction we conclude that a suitable extension of ¢ to the nonintegrable case

is the linear superposition
&=rcitcc, r+ri=1 (3.70)

where r is a complex constant to be determined. The relation r 4+ r* = 1
guarantees that &, reduces to ¢2 in the integrable case [see also the comments
below Eq. (A.24)]. As shown in Appendix A.3 using the requirement (4) we

obtain

_exp(—ia/2)

= Seos(aj2) Ny = |Ny|exp (—ia) (3.71)

*Neglecting O(1/L) terms, the second term in Eq. (3.68) may be expressed in terms of
renormalized field modes as >, bxQ;Qr (see Eq. (4.52)).
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By including the term by in Eq. (3.68) we have removed the Poincaré divergence

in the product of Gamow modes. As a consequence,

ANgig # (M) (Aq) (3.72)
This shows the non-distributive property of A.

For weak coupling the approximate value of by is given by [22],

2m N2
L [(wr = @) + 27>

This has a sharp peak at wp = @w; with a width . It corresponds to the line
shape of emission and absorption of the field by the renormalized particle.

*m M

To find more general transformed products ATg{™q?, we apply the same
logic that led to Eq. (3.68). Whenever |c|? appears in Q3™Q7, we replace it
with &. This leads to (see Appendix A.4).

min(m,n)

*m _n m!nly® Nxm—a  yn—a
ATQl 4 = Z (m —a)l(n— a)'a'Ql @ (3.74)
s ! la!
where
Y = Z bquqk (375)
k

Note that by ~ O(1/L). Hence Y ~ O(L°) only if the field obeys the ther-
modynamic limit condition, Eq. (1.5). Otherwise Y vanishes as 1/L and Af
becomes distributive. Also, when there are no resonances, z; becomes real and
both by, and Y vanish. Then AT reduces to UT (see Eq. (3.37)). In short, both
thermodynamic limit and resonances are necessary to obtain non distributivity

of AT in Eq. (3.74).
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For A~1¢:™q? we obtain the expression (3.74) with Qy, Q% replaced by
@1, Q7, respectively.
The A transformation we have presented satisfies all our requirements

(1)-(5) stated in the Introduction. Now we show that A also satisfies the

requirement (6). Using Eq. (A.73) in Appendix A.7 with ¢; = 0, we find
0'gi" gy = [(m2; — nz1)giqr — 2iymnY g™ gy (3.76)

and similarly

*m . n

0g;"q} = [(ma1 — n2})giqn + 2iymnY g™ g (3.77)

Both the L.h.s. and the r.h.s. of these two equations belong to the same
eigenspace P of Ly with eigenvalue (m — n)w;. This illustrates the state-
ment that 0 leaves the subspaces P*) invariant, satisfying the requirement (6).
Also it shows that 8 in Eq. (3.77) satisfies Eq. (2.42), which leads to Eq. (2.47).
Note that ¢i™q} are not eigenfunctions of 6, so P is not an eigenprojector
of f. The two terms inside brackets in Eqs. (3.76), (3.77) describe the decay of
the particle modes (through emission of the field) and the absorption of field

modes, respectively.
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Chapter 4

Classical white noise

4.1 The relation between the Langevin equation and A

transformed variables

Now we discuss the relation between the solution of the Langevin equa-
tion for a Brownian harmonic oscillator and AT transformed variables for the
Friedrichs model. We will focus on the AT transformation, so that the trans-
formed variables decay for t > 0! (see Eq. (3.47)). AT transformed variables A
generate the kinetic equation (3.55) as we have (ATA|p)) = (A|p)). Remark-
ably, the time evolution of the Brownian oscillator variables is the same as the

evolution of AT transformed variables.

Let us first write the Langevin equations for the Brownian harmonic
oscillator with mass and frequency m and @;. As we will see in Eq. (4.45)
these mass and frequency correspond to the renormalized mass and frequency

of the particle due to the interaction with the field. For the particle position

'Note that variables A evolve as exp(iLyt)A, while states p evolve as exp(—iLyt)p. In
Refs. [22,24,25] we considered transformed states that decay for ¢ > 0. For this reason in
those papers we used the A~! transformation rather than AT (see Eqs. (3.49), (3.52)).
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x1(t) and momentum p;(t), we have (t > 0)

%m(t) = —ym(t) + p%(lt) + A(t), (4.1)
%pl(t) = —ypi(t) — m@ix(t) + B(t). (4.2)

These equations describe the damped harmonic oscillator with random mo-
mentum and force terms A(t) and B(t), respectively. The symmetrical random
momentum and force terms are appropriate for comparison with the Friedrichs
model since the Hamiltonian is symmetrical under rescaled position and mo-
mentum exchange. If the Hamiltonian were not symmetric under position and
momentum exchange, e.g. if ¢1q; and ¢j¢; terms were included in the inter-
action, then the Langevin equations with asymmetric random terms would be

more appropriate for the comparison (7,42, 43].

We assume that A(t) and B(t) have the Gaussian white noise properties
[11,34]. Specifically,

(1) The averages of A(t) and B(t) over an ensemble of Brownian par-

ticles having the given position and momentum xy and py at ¢ = 0 vanish.

(At zopo =0,  (B(t))agpo = 0- (4.3)
[from now on, () means ( )u,.po)-

(2) We assume that the correlation between the values of A(t) and A(t')

is that of a white noise.
(A(MA(t)) = AZs(t —t) (4.4)
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where A, is a real constant to be determined. We assume the same for B(t),

(B(t)B(t)) = B25(t — t). (4.5)

Assuming that the noise comes from the thermal bath with temperature T,

these constants A. and B, can be calculated explicitly (see Appendix A.6),

B? = 2mvkpT. (4.6)

(3) We assume that all higher averages of the random variable A(t) can

be expressed in terms of the second moments, i.e. A(t) is a “Gaussian noise,”

(A(t1) A(t2)- Altz 1)) = 0. (4.7)
(A(t)A(ts)... A(ton)) (4.8)
= Z <A(t21>A<tl2)><A(t22n71)‘4(t12n>>

all pairs

In Eq. (4.8), the sum is over all sets of possible pairings. For example, we have

(A(t1)A(t2) A(ts) A(ta)) = (A(t1) A(t2)) (A(ts) Alts))
+(A(t1) A(ts)) (Alt2) A(ts))
+(A(t1) A(ts)) (At2) A(ts)). (4.9)

We assume the same property for B(t), and we assume that A(t) and B(t) are

not correlated. In other words,

(A(ty)...A(t,n)B(t))...B(t)))

n

= (A(t1)...A(tn))(B(t))...B(t),)). (4.10)

n
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Multiplying Eq. (4.1) by y/m@;/2 and Eq. (4.2) by i/v/2ma; and

adding them, we get

where z; = ©; — 1y and

- (xl(t)—i—z'%gl)),
R(t) = /7 (A(t)—ki?(f)).

2 w1

()
h
—~
~
SN—
Il

(4.11)

(4.12)

(4.13)

qr is a Langevin mode and R(t) is a “complex noise.” R(t) has the following

properties.

(1) R*(t) and R(t') have the delta function correlation.
(R*(t)R(t)) = man A26(t — t)

This can be proved directly from the definition of R(t).

(2) R(t) has the Gaussian property

(R*(t1)...R*(tm) R(t})...R()))

=0mn Y (R(ty)R(t;)) - (R*(t;, ) R(t],)).

all pairs

The proof is shown in Appendix A.5.

The solution of Eq. (4.11) is given by
QL(t> = qLa(t> + qu<t)7
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(4.15)
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where

qra(t) = qr(0)e™"", (4.17)

t
Gn(t) = et / dt R(t)ei™ (4.18)
0

The term qp,(t) describes the damped harmonic oscillator without noise, and
the term ¢, (t) describes the behavior due to the noise. Now we have the
explicit form of ¢r(t). The position and momentum can be found from the

relation Eq. (4.12).

Using the properties of the noise R(t), we show next that the time
evolution of (¢} (t)q}(t)) is the same as the time evolution of A transformed
modes (ATgi™q?). First we calculate (¢i™(t)q}(t)). We consider the case m >

n. The case m < n can be calculated similarly. We have

= (414 (t) + a1,())" (qLa(t) + qrr (1)")
m! n!
(m — k) k! (n — D!

Xqra " (t)dga (1) (gir(t)aL, (1) (4.19)

The quantity {(q;*(t)¢%,.(t)) is non-zero only when k = [, as we can see from

Eq. (4.15). Considering the fact that the number of sets of all possible pairs
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in (R*(t1)...R*(t;)R(t})...R())) is I!, we have

(a5, (t)qr, (1))

t
= ({5 [ an R (p)e e
0

t

Xe—zzpt

S—

l
dtQR(tQ ) 6iz1 t2 >)
0

~ A2 1 — —2vt l
o (2 =)
2y
l
(1—e

T
= 116, (kB ) ~2tyl (4.20)

w1

Substituting Eq. (4.17) and Eq. (4.20) into Eq. (4.19), we get

(gr" (t)ar (1))
_ 6i(mzi‘—nz1)t m!n!
— (m —Dl(n—DN!
*m— n— kBT !
xa; " (0)g; ' (0) 5 ) (e =1y (4.21)

Now we can compare the above expression with the time-evolved transformed

products et ATgim g, We have (see Eq. (3.46) and Eq. (3.74))

n

In!
iLgt AT *m n __ mmn:
NG _Z (m—a)l(n—a)la!l

a=0
x ei(mzi—nz)i 2yat (jem—ayn—ayra (4.22)
Writing
a !
2vat _ a: 29t _ 1)! 4.23
¢ Mo -1 ) (429
1=0
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and !’ = a — | we have

n n-—I

In!
Lt T*mn m.n.
Al ZZ m—1— 1) —1— )"

=0 l'=
Xei(mzi‘fnzl tQ*m - I’Qn lfl’YlJrl’(eQ'yt - 1)[

_ Z m'n' ez(mzf—nzl)t
(n—0!

(m —1)!(n —1)! Axm—l—U' An—1—U' '
*Mm n Y
XZ eI @

xyl(ew — 1) (4.24)

Using Eq. (3.74) again we obtain

ezLHtAT *m {L
n

_ ei(mz’f—nzl)t min!
£ (m — D)l(n — )l
X(AT *m—l n l) ( 29t )l (4.25)

Comparing Eq. (4.21) and Eq. (4.25), we see the direct correspondences

knT .
e Y =) b (4.26)
k

w1
(" (OaL() < e A (g™ gr).
The form and time evolution of the ensemble average of Langevin equation
variables are the same as those of A transformed variables. Furthermore, if we
take the ensemble average of ATgi™q?, we see a closer correspondence. Let us

assume that the field action J, obeys the Boltzmann distribution. The initial

distribution po(I") has the form (with g = 1/(kgT))

po(T") = Cpor(J1, o) exp(—B > wyi ) (4.27)
k
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where C' is a normalization constant, kg is Boltzmann’s constant and 7" is the

temperature. Noting that
doy dozk
dl = dzydp, H dydpy, = d.Jy—— H Al (4.28)

the average of Ji over this ensemble is

f dFJkpm(Jla Oél) eXP(—ﬁ Zk wkjk)

<Jk> depm(Jl, Oél) exp(—ﬁ Zk ijk)
_ L keT
B (4.29)

To calculate ), bi(Jk), we need the form of by. The approximate value of by
is given in Eq. (3.73), which for the weak coupling case is approximated by

the delta function (27/L)d(wr — @1) [22]. So we get

kT kT
> bi(Ji) = Zbk & E (4.30)
k

Note that w; ™' does not make any divergence for small k since by, is propor-
tional to v? ~ wy, for small k. In short, we obtain a complete correspondence

between A transformed modes and Langevin modes (see Eq. (4.26)).

4.2 Derivation of the Fokker-Planck equation

Using the above results we can now derive the Fokker-Planck equation
for the transformed density function p = Ap. We start with the transformed

equation (see Eq. (3.56))

i—p=0p. (4.31)



We derive the Fokker-Planck equation for ¢, ¢j. We follow the standard
derivation found in textbooks (see [11,34]), but now in terms of A. Consider a
test function G(q, ¢7), which is smooth and vanishes at |¢;| = co. Multiplying

this on both sides of Eq. (4.31) and integrating over the phase space, we have
P _
[ drcaaigar. = [ aca. @imr.y
/ dLdrG g1, ¢)AT)S(T = ')A, ). (4.32)

In Eq. (4.32), 6(T') means 6 that acts on I variables. We expand G(qy, ¢}) near

¢i and g*.
B
/ A1, 41)i5f(T 1) (4.33)
/ =\ — an / -
:/dFdF{E §0 'n'( a(qi)nG(ql,ql ))

(gt — @)™ (qs - q1>"}é<r>6<r D))

Integrating by parts, Eq. (4.33) becomes

R
/ A G a1, 7)i, (T 1) (4.34)
- [ et mZZ minl 9(qy )" (d)"

x [ [t = deymia = ayamsw - )| o

We call the quantities inside the brackets in Eq. (4.34) the “moments” of order

m—+n. The moments are calculated explicitly in Appendix A.7. They are given
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/ A0 (q: — 47" (@1 — ) B(D)S(T — T)

z2q;, m=0,n=1
!/
—21q7", m=1,n=0

=) 2 S, brd, m=1n=1 (4.35)
0, for all other m and n.
Substituting Eq. (4.35) into Eq. (4.34), we get
w0
A, 07)i (T 1 (436)

/ 1o Ik 0 AN14nl
= [ a6 )= g e AT
1

/ 1 Ik 0 % T%\ ~/ T/
+ [ dUGG a5 ) (21 AT )

5

/ 1 Ik 82 . " 1N\ ~(TV
+/dF G(q ar >(—aq'aq’*)<2”2b’“q’“ g.) p(T", 1)
194G, .

By changing the integration variable IV to I' in the right hand side of

Eq. (4.36) and eliminating ¢ on both sides, we have

o 0
/dFG(ql,ql)ap(F,t)

) )
/ G(Qth){aql(ZZlql)_’_aqT( i27q7)
)

_|_
0q,0q;

2 b (T (437)

Now suppose that p(I',t) is factorized at ¢ = 0. In other words, we write

p(T,0) as

p(l',0) = fl(%;ﬁ)ka(xk,pk)- (4.38)

k
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As shown in Appendix A.8, this factorized form of p enables us to write Eq.

(4.36) as

0 ~
[ riGanang; [ e

0

oq

= /dFG(Cha(h){ (tz1q1) + a—qf(—zzlql)

bi{ dT+5(T, ).
8q10q1 (27> bilgian) / 7T t)

k

+

In Eq. (4.39), dI'y, dI'f and (g;qx) means
Ty = daydpy, dly = | [ dawdpy,
k

(@) = (i) = / AT ().

Since G(q1,q;) is an arbitrary test function, we can write Eq. (4.39) as

0 0 0
8t01<P1, t) = {’6218—1611 18 *fh
Q’YZbk; Jk } p1(T'1,1),

where

oy, t) = /dl“f,é(l“,t).

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

Eq. (4.42) is our Fokker-Planck equation for the normal modes. This equation

is applicable for any initial field configuration obeying the thermodynamic limit

condition. In the non-thermodynamic case, the diffusion term containing by

vanishes, and the equation describes damping of the oscillator without Brow-

nian motion. For the special case where the field has the Maxwell-Boltzmann
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distribution, using the approximation (4.30) we get

0 0 L, 0,
8tp1(F1’ t) = {Zzla_quI_lzla_CﬁQI
Q”kaT 82
T 4.44
o 0007, -} pi(Ty, ). (4.44)

The Fokker-Planck equation for other variables can be also derived from Eq.
(4.42) by changing variables. For example, the Fokker-Planck equation for the

position and momentum z; and p; is given by

0 0 p d
T = - (= = —
atpl( 1 ) { al'l( YT 1)+8p1(mw1m1+7p1)
D, 62 D, 9*
— 4+ ——— ¢ p(I'1, ¢ 4.4
where
m = mwl/djl,
2")/I€BT
D, = bi (Jk) —
mwlz W)~ =
D, = 2@ Y b(Jk) ~ 2myksT. (4.46)
k

[the approximate values are applicable for the Maxwell-Boltzmann distribu-
tion.] The Fokker-Planck equation for the action variable J; is given (after

integration over the angle variable «;) by

0
g o(J1,t) (4.47)
0 kgT 0? _
= {2’)/8—(]1(J1 — o ) DJ'@JIQJ }p(Jl,t),
where
2vkgT
Dy=27> bl ~ 7&3 . (4.48)
© 1
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Eqgs. (4.45) and (4.47) coincide (in the weak-coupling approximation)
with the equations for Brownian motion of an oscillator in an anharmonic
lattice derived in Ref. [7]. Eq. (4.47) (in its exact form) was first proposed by
T. Petrosky [41].

Note that Eq. (4.45) is symmetric with respect to rescaled position x4
and momentum p;. The reason is that the Hamiltonian considered here is sym-
metric in rescaled x; and p; to begin with. The same is true for the anharmonic
lattice model considered in Ref. [7]. In contrast, the Kramers (Fokker-Planck)
equation [7,47] derived from the Ornstein-Uhlenbeck phenomenological theory
of Brownian motion [42] is not symmetric, because the Brownian force breaks
the position-momentum symmetry (see comment below Eq. (4.2)). In spite of
the difference, for the case v < wq, Eq. (4.45) gives the same solution as the

Kramers equation. The solutions of Eq. (4.45) can be found in Ref. [7].

In phenomenological theories the character of the noise has to be as-
sumed, more or less independently of the dynamical forces. One of the goals
of the dynamical approach is to deduce the character of the noise from the
Hamiltonian [7], [44]-[46]. For the model considered in this paper we have
shown that one can extract a Gaussian white noise component of dynamics

through the A transformation.

4.3 Behavior of the original variables

In previous sections we showed that the time evolution of A transformed

modes is the same as the noise average of the solution of the Langevin equa-

56



tion, and the A transformed distribution function satisfies the Fokker-Planck
equation. In this Section we investigate the behavior of the original variables
and how the noise emerges from the original equations. This can be found in
the literature (see, for instance, Ref. [4] for a derivation based on Langevin-
Mori equations.). In our case we analyze this problem starting from the exact
solution of the equations of motion. We will show that after introducing some
approximations we can recover the effects of white noise, in agreement with

the results of the previous sections.

We first write the correlation function (q; (t+7)qr(t)) obtained from the
Langevin equation (see Sec. 4.1) and then we compare it with the correlation
function obtained from the classical Friedrichs model term by term. As shown

in Egs. (4.16)-(4.18), the time evolution of the Langevin mode ¢, is given by

qr(t) = qra(t) + qu. (1), (4.49)

The correlation between the noise components is given by (¢t > 0, 7 > 0)

(a2, (t + 7)qur (1))
t+1
_ <€izf (t+71) / dt' R (t/)e—iz{t/
0
; ¢ ol
Xe—zzlt / dt”R(t”)emlt >
0
t+71 t
_ ef2fyteizf7 dt// dt//efizi‘t’eizlt”
0 0
))

x (R*(t)R(t" (4.50)
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Using Eq. (4.14) we get

2vkpT o
(@, (t+T)qr, (1)) = e e / dr Z1EBL ot
0 w1
ksT
- 51 eFT(1 — e, (4.51)

In the classical Friedrichs model we can directly calculate the exact time evo-

lution of ¢; in terms of the renormalized field modes [22,24, 31]

~ )\Lk Atk/
_ _ E . 4.52
Qr = q + T}‘(wk) {Ch + o - Qk] ( )

o ke — Wg — 1€

as

w) =3 M 6,1) = > AV i

nt(wr) ﬁ*(wzc)
)\V )
_ Z k —zwkt + Z 2q106—zwkt
|77 wi)|
, —w 4
+Z T (wr) 12 Z W — Wyt — e F0e ’ (4.53)

where ¢,q are the 1n1t1al values of ¢, and € is a positive infinitesimal quantity.
We choose our initial condition assuming that the particle is surrounded by a
thermal field. In classical mechanics ¢;o can be determined exactly since ¢y is
a function of the initial position and momentum of the particle. For the gyo we

need more care. Let us first write gy in terms of action and angle variables,
Qro = \/ Jro €. (4.54)
When we have a thermal field, Jyq follows the Boltzmann distribution

p({Jo}) ~ exp(=F)  widro),

kgT

Wk

(Jro) = (4.55)
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For almost all phase points {Jig, ...Jxo.--, @10, .-, Qk0, -.. } out of the Boltzmann
distribution ensemble, any two different angles oo and g have no correla-
tion. In other words, the sequence of angles {ay, 0} is completely random for
almost all cases. This randomness property for ayo is essential. The ther-
modynamic limit L — oo with Jy = O(L°) only exists if g is uniformly
distributed over [—m, 7] and the sequence of angles {ay, o} is completely ran-
dom [29]. Since the summation over a sequence of random phases for each

mode is proportional to the square root of the number of modes, which in

turn is proportional to L and since Vj, ~ L~'/2, the term
)\Vk —twpt
E ——qro€ "
nt(wr)
)\V
= § ’“ V Jro e @rtaro)t (4.56)

in Eq. (4.53) is O(L). It shows very irregular time evolution as the number

of modes increases.

Note that if ayg is a smooth function of k, then for the first term of Eq.

(4.53) we have in the limit L — oo
AVl
> A
k)
L 27 AU, io
VT 2y Ve

L )\’Uk. .
i N/ Jpo e 1Ko 4.57
Y Qﬂ/ i+ (wr) k0 € (4.57)

and if the integral is O(1), this expression diverges as O(v/L).
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Coming back to Eq. (4.53), we approximate for weak coupling A < 1,
0" (we) & wy — 21. (4.58)

We can separate the pole contribution at wy = 2; and the branch cut contri-
bution from each term. The pole contribution gives the exponential decaying
part and the cut contribution gives classical Zeno effect and non-exponential
behavior [24]. In our case, we will only consider the pole contributions in Eq.
(4.53) and compare the result with the solution of the Langevin equation. As
we will see, they show a close correspondence. Taking the pole contribution

at wr = z; in the last two terms of Eq. (4.53), we get

—twgt

AV,
qko€
W — 21

AV, ,
D e (4.59)

W — %2
Lk k 1

@ (t) = qoe”™ + Z
k

The first term in Eq. (4.59) is exactly the same as the first term in Eq. (4.49).

We define the remaining terms in Eq. (4.59) as

% . .
qr(t) =Y~ go(eT O — e, (4.60)

W — 2
k k 1

Now we calculate the correlation between ¢j,.(t + 7) and ¢,(t) and compare it

to Eq. (4.50). We have

(¢5,(t+ 7)1 (1))
~ <Z )\Vk . q;o(ez‘wk(t—kﬂ . 6izf (t+T))

Wy — 2
pok TRl

N - ,
X (Z ! quo(e™ ™t — e, (4.61)
!

wr— 2
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The bra-ket () in Eq. (4.61) means the ensemble average. For the normalized

thermal field ensemble we have

(@rodro) = / dTogioqwo(] | Bwr) exp(=8  widi)
l l

kgT
= 5kk/i (462)
Wk

Using this result and going to the continuous limit we obtain from Eq. (4.61)

(a1, (t + 7)1, (1))
~ /OO duw )\2713 k’BT
0

lw— 212 w

% (esz . e—zzltezw(t+7') N (t—l-T)e—zwt + 61217—6—2715)

(4.63)

For v < @, the integrand is sharply peaked around w = @;. Neglecting the
tails of the integrand we can extend the integration range to (—oo, 00). By
adding a contour integral on the lower (or upper) infinite semicircle we obtain

the pole contribution at w = 2z; (or w = 27)

<QTr (t + T)q17"(t)>pole
~ /OO d )\27)3, kBT

~ w|w—zl\2 w

. . . s % _ -k _

X(ezwr —e zzltezw(t-‘rT) S (15-1-7')e iwt + e 2'yt)

~ kBT (eizf'r _ eisze—Q'yt o eizfre—Q'yt + eiz’l*Te—Q'yt)
W1

= 2 HT(1 — e ), (4.64)
w1

61



where we used

kgT  kgT

~
~

U&Ju ~
21 w1

Q

(N

v o~ AR (4.65)

We see that Eq. (4.64) has the same form as Eq. (4.50).

So we derived the Langevin correlation functions from dynamics in
terms of the original variables and generic initial conditions representing the
Maxwell-Boltzmann distribution. In this sense we obtained noise from the
dynamics, and showed that the pole part gives the white noise structure. As
already mentioned, the derivations in this Section involved a few approxima-
tions. However, the A transformed variables exactly capture this stochastic

behavior as we have shown in previous sections.
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Chapter 5

Quantum noise

In this chapter we briefly consider the quantum formalism of noise.
This is done by G. Ordonez [49], and we will use this formalism in the next

chapter.

5.1 Extension from classical noise to quantum noise

We now consider the quantum Friedrichs model with the rotating wave

approximation,

H =wiala, + Zwka,tak +A Z Vi(alay + alay), (5.1)
[ k

[, ag] = 0a.p- (5.2)

As shown in Appendix A, the interaction Ly preserves the normal ordering of
creation and annihilation operators. Furthermore, the classical algebra with
possion bracket is parallel to the quantum algebra with commutator. Hence,
as long as we write the creation and annihilation operators in normal order,

the results in quantum and classical mechanics are the same.
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From the equation we obtain

eiLHtATaJ{ma’f
_ i(mzf—nz)t ngn:@,n) m!n! Al et
P (m—DY(n -0 !
x[Y brajar(e = 1] (5.3)
k

Now we show that, as in the classical case, this solution is generated by the
quantum Langevin equation

d ) 2
rau(t) = —inas(t) + () (5.4)

where a,(t) is a Langevin annihilation operator and R(t) is a Gaussian white

noise operator.

We assume that

las(t), al(t)] =1, (5.5)
[ar(0), R()] =0, (5.6)
laz(0), R(#)] = 0. (5.7)

Eq. (5.6) and Eq. (5.7) is possible if R(t) depends only on the field and not
on the particle. We also assume that R(t) satisfies the properties (1) and (2),

with the white noise average defined as
(BRI R(t)) = Tr(RN(ORE)pr) (5.8)
The solution of Eq. (5.4) is

CLL<t) = (lLa(t) + (lLr(t) (59)



where

ara(t) = e *ar(0), (5.10)
t
ar(t) = e‘izlt/ dt' R(t')e™ . (5.11)
0
Then we have
{a,(t)"ar(t)")

= ((afq () + a, ()™ x (aza(t) + ar.(1)")

“ m)! !
=2 (m — k)k! (n — D!

xal, (0" Faga ()" (a], (1) az, (1)) (5.12)

where we used Eq. (5.6) and Eq. (5.7). Note that we still keep the normal
order of both Langevin mode ar, and noise operator ar,. Using the properties
of R(t), we get

(al (0 (1)) = a2 e 1y (5.13)

w1

Substituting Eq. (5.13) into Eq. (5.12) we get

(al (t) ar(t)")
(oo mm(zm’") min)
— pllmzi—nz1
— (m —D!(n — D!
kT
xah (0)™ag (0)" ' [—2—(e?* — 1)] (5.14)

w1

which corresponds to Eq. (5.3).

In short, just as in the classical case, the A transformed operators evolve

like the quantum Langevin operators.
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5.2 Langevin equations for 1,

The position and momentum operators are given by

1
_ T
Ty = —(a1 + ay),
NG
miw
pr=—i 12 “(ay — al)
Defining
iy = ANz, pr = Alp,
GiLHtij = Zi‘l(t), GiLH P1 = ﬁl(t),
we have
- 1 ~ ~t
Ty = (A1 + A},
2m1w1

~ N LS Rt
b1 = —1/ 121(141—

A})

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

where A; and fﬁ are Gamow modes. The time evolution of A; and fl]{ are

eiLHt/Nll = €7izltA1 = Al (t),

et Al = em = Al = Al ().

Using Eq. (5.21) and Eq. (5.22) we get

d

Eggl(t) = —(t) + milﬁl (t)

where my = myw; /&1.
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(5.22)
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For the A transformation of 2% we get

1
(alay + aral + alal + ayay)

2m1w1

5 (2alay +1+alal + ayay)
1w

1 Yy~ oy~ L.
= 2ATA; +2) bafar + 1+ AJA] + A 4)  (5.24)
k

2m1w1

where we used
Aalay = ATA +) " brajax. (5.25)
k

Using [Aj, /ﬁ] =0, we get

d ~ ~ 2, 1 27y
—22(t) = —2yx2(t) + — -
dtml( ) yai(t) + iy (x1ip1 2) + =

(zk: brajai + %). (5.26)

Unlike the classical case, we have % and % terms due to the vacuum fluctuation.

Note that both thermal diffusion and vacuum fluctuation diffusion present.
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Chapter 6

1/f noise

6.1 The Hamiltonian

First we consider a single particle inside a system in which a small region

is weakly coupled to a large region. (see fig 6.1) In fig 6.1, € is the volume of

Figure 6.1: The system
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a small region, )y is the volume of a large region, and €25 is the interaction
region. We assume that the whole region €y 4+ Q5 + Q15 is surrounded by an
infinitely hard wall. We also assume that the relation among €2, €25 and €21

is
ng < Ql < QQ. (61)

The Hamiltonian for a non-relativistic single particle is written as
h2

HT:—5%V2+VQ) (6.2)

For the potential V' (7) we assume the following.

0 if e O
. Vvlg(?:‘) >0 ifre ng
V=1 ¢ if 7 e O, (63)
o lfF¢91U912UQQ

Now we show that this Hamiltonian can be mapped into an extended
Friedrichs model. The mapping of a waveguide Hamiltonian to the extended
Friedrichs model was already done by Subbiah and Petrosky [50], and the same
method can be applied to our Hamiltonian. The derivation will mainly follow

the method shown in [50].

To map the above Hamiltonian into the extended Friedrichs model, we
consider two auxiliary Hamiltonians H, and H,. Let us define two regions 1,

and €2, as

Qa = Ql U 912, (64)

Qb = QQ U ng. (65)
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We define H, is the Hamiltonian of the region €2, with surrounding hard wall.
Similarly, Hj, is defined as the Hamiltonian of the region €, with surrounding

hard wall.

(a
(o
Figure 6.2: 2, and €,
We write the eigenstates of H, and H, as
Hag)a = wj|j>av (6.6)
[y, = gl Ry (6.7)

where w; and p;; are the eigenenergies of 1/)a and |lg>b, respectively. Note that

in the position representation (7]}), and (7]k), vanish at the boundary.
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In Eq. (6.6) and Eq. (6.7) we used the vector notation j and k because
there can be more than one independent quantum numbers. For example, in
the case of a structureless particle in three dimension, there are three inde-

pendent quantum numbers.

The set of {|j),} makes a complete orthonormal basis inside the region
Q,, and the set of {|k);,} makes a complete orthonormal basis inside the region
Q. But |), and |k), are generally not orthogonal, and the set of {|7)a, |k)s}

forms an overcomplete basis over the total region 2, U £2,.

Our goal is to find a new complete orthogonal basis for the total Hamil-
tonian. Specifically, we construct a modified k state |v;) such that {|7)a, [¢7)}
forms the total Hamiltonian system. In other words, we can construct the

projection operator
Pa = Z’j>a<j‘a (68)
J

and its complementary projection operator

Qa=>_ ) (gl (6.9)
E
satisfying the relation
Po+ Qo= 1r (6.10)
and
P(?:Paa Qz:Qa’ Qapa:PaQa:O~ (611)
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In Eq. (6.10), 17 is the identity operator of the total system.

To construct (),, we introduce two supplementary projection operators

P12 and P2 as
P12 == 9912Pa7 P1 == @lea‘ (612)

In Eq. (6.13), Oy is an indicator function which is 1 inside Vol and 0 outside

Vol. In the position representation,

1, reVol
Ovalr) = { 0, 7¢ Vol (6.13)

P and P; satisfy the following relations.

P}y =Py, P =P, PP, =PPy=0, (6.14)
P12—|—P1:Pa. (615)
Also, for
b, = Z RRGH (6.16)
k
we have

Py Py, = By Py = Pyo, (6.17)
PP, = PP =0, (6.18)
P+ P, =1r. (6.19)

Note that all the above equations hold in the L? space.
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From Eq. (6.15) and Eq. (6.19) we get
Qu=17—P,=P,+ Py — (Ps+ P,) = P, — Ppo. (6.20)
From Eq. (6.17) and Eq. (6.20) we get

Qapb = Pan - Qa' (621)

With these preparation, we construct |¢z). We define |¢z) as

(V) = lim [p(pg +i€)) (6.22)
where
12(2)) = Py(1 — Ry(2) Pia[PraRy(2) Pra] " Pro) K)o (6.23)

Ry(z) is the resolvent operator

1
Z—Hb'

Rb(Z) = (624)

In Eq. (6.23) we can also choose ”—ie”. In this thesis we choose the ”+”

branch.

From Eq. (6.17) and Eq. (6.18) we see that

P12WE> = P1WE> =0, (6-25)

Polvp) = (P2 + P1)|Yy) = 0. (6.26)

So |1k, ) is orthogonal to the P, subspace and entirely in @, subspace.
Qalvg) = [¥p)- (6.27)
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In the appendix, the following relations are shown.

(Wplvp) = Oz (6.28)
= ) (Wi, (6.29)

K
(Vi [ Holtbg) = pidii (6.30)

Using the fact that (r|¢;) vanishes at the boundary of €2, and Eq. (6.30)

we also show in the appendix that

(GlaHr|7")a = w3b5, (6.31)

J°73

(plHr|vg) = 1707 - (6.32)
From Eq. (6.31) and Eq. (6.32), the total Hamiltonian is given by

HT = (Pa + Qa)HT(Pa + Qa)

ZU J|a+2|¢k i Hr( ZU Jla+Z|¢k (W)
= ZW”’J (fla + Zuk!wk
+AZ (Vi) gl + Vil (7o), (6.33)
where

AVae = (| Hr|f)a- (6.34)

6.2 Diagonalization of the Hamiltonian

In this section we diagonalize the extended Friedrichs model Eq. (6.33).

The diagonalization procedure is very similar to the diagonalization procedure
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of the original Friedrichs model.

First, we note that in our Hamiltonian ©; < Q5 < €. In the Limit
0y — oo, the index k becomes continuous. For the case the spectrum of wy
is inside the spectrum of uz, we expect that the particle in any state of |j>a
becomes unstable and decays to the continuum. In other words, if a particle

is in the €2y region, it will eventually escape to the {2, region.

With this in mind, we look for the diagonalized Hamiltonian of the

form

Hr =) fig|é) (0. (6.35)

Note that the ; spectrum disappeared inside the continuum. We write

|o7) as

|08) = gieltn) + D ggeltn) + Zh (6.36)
R ()
Using
Hrlég) = Y Bplop)(dpler) = fglér) (6.37)

i

and substituting Eq. (6.36) into Eq. (6.37), we obtain

gy — fg) — A Z Vahigz =0, (6.38)
> (ggeliig - Z Vihis) (6.39)
B (R

Z(hﬁf(ﬂl?_wf) —A Z Vargim) = 0. (6.40)
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Before solving Eq. (6.38) Eq. (6.40), we examine the properties of V.

Let us write Vﬁ; in a polar form

Vf'E \/_vﬁe mi—";. (6.41)

In Eq. (6.41), f % > 0 is the magnitude of Vi and the real function as
is the phase. When the interaction region is chaotic, we expect that oz will
vary rapidly and irregularly with respect to j and k. For V3, we assume that

vz vary more slowly. Note also v ~ O().

With this information about Vs, we now solve Eq. (6.38) -Eq. (6.40)

for gz, gz and hs. Neglecting the 1 /€, volume dependent terms, we get

I = 1, /‘r = Ui, (6.42)
Iew = e — i Z Jk, (6.43)
2 Jk/ ’k’

R I EE D O P e
R (k) 7 () K
‘/k/‘/i< f) AV—:-’
AWV + N2 IR IRy L 0N, (6.44)
n](u Z Z — g 5 ()
where
2 |Vf’|2
mi(pg) = pp —wy — A Y -. (6.45)
Mg — Hg

k' (#k)

To avoid divergences, we change p; — pj + i€ in the denominator. With this

ie regularization Eq. (6.44) becomes
)\V;k,AV* )‘VI'E

= g OVt &
k] - / + ZE j— n
77] ) b0 7 ME T e e (i)

)+ O\ (6.46)
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where n]ir (1g) is

0 () = n(g; + ie). (6.47)

For the complex argument z, 77;? (z) means that this is defined by the analytic

continuation from the upper half plane. The approximate value of 77; (pg) is

() = pg = 2 (6.48)
where
njf(z;) =0, (6.49)
2= a;; — Z"}/jf, (I); = w3 + O()\Q), (6.50)
vy NValo(ug — @), (6.51)
E
With these properties of 7 in mind, the second term of Eq. (6.46)
becomes
> —E T 5
e L 40 + )
R () 7
Z P()\V;k,)\vﬁ,g,) Z E
1y — H 77j
k’ ;ék k k ; *
F/(#F) #7) Hi)

From the form of Vi (Eq. (6.41)), we see that Eq. (6.52) contains the sum-
mation over rapidly changing phases. (In more than 1D, §(j; — pz) does not

mean k = k. So the term containing delta function also has sum over rapidly
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changing phases.) In the sense of distribution, these terms are very close to

zero. If we neglect these terms, the coefficients gzr, gz and thf are given by

g =1 g =g (6.53)
Iip = ! > el (6.54)
T e g () '
AV
P = —]k . (655)
Yot ()
Substituting these coefficients into Eq. (6.36), we finally get
AV AV,
[60) = ) + > =i+ D ——2—¢p).  (6.56)
— 0= (1) g — e
g k' (#k)
The inverse relation for |;)a is given by
) AV
Da =D —=Idp)- (6.57)
; UH (NE) "

6.3 The derivation of 1/f noise for the number fluctua-

tion

In the previous section we derived the single particle Hamiltonian in
the extended Friedrichs model form. In this section we extend this to the many
non-interacting particle case. As a first approximation, we can just superpose
single particle wavefunctions and treat the probability density as a number
density. Actually, the conduction electrons in metals are well described by the
classical mechanics, and when we neglect the electron-electron interaction, it

can be reduced to a one-electron problem [51]. If we want to see the quantum
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effect of non-interacting N identical particles, we have to consider the boson
and fermion cases separately. In this thesis we consider the boson case and go
to the classical limit. The distinction between bosons or fermions plays a role

only when we calculate the number density.

In the non-interacting many particle case, we can write the Hamiltonian

as a sum of single particle Hamiltonians.
N
H=> HY (6.58)

The general N particle wavefunction can be written as a linear combination of

products of eigenfunctions of H®,

\I/(le, 7xN7t) = Z ’ 'Zc(mlv o JmN;t)@ml(xl)goﬁm(x?) o 'QDmN(xN)
m1 mn

(6.59)

Using the matrix element of the Hamiltonian Eq. (6.58) has the following

property
N N
<m17 s 7mN|H|m/17 T >m/N> = Z(mAH(Z)’mD H 5mrm’r7 (6'60)
i r(#i)
from the Schrodinger equation the coefficients c¢(my,--- ,my;t) satisfy the

following relation.

N
ihoy c(my,--- ,mpy;t) = ZZ(mj|H(i)|m;>c(m1,~-- MG, M t).

=1 m;

(6.61)

We can interpret the right-hand side as the one-particle hamiltonian causing

transitions of particle j from level m’ to level m;.
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We now translate this idea to the occupation number representation.
In many identical particle case, we ask "How many particles are in level my,
ms, and so on?” Before the transition there were T/ particles in level m;- and
nm,; particles in level m;. After the transition, there are T, — 1 particles in
level m; and n,,; + 1 particles in level m;. This process can be interpreted
as the destruction of a particle in level m; and the creation of the particle in

level m;.

We can express the above idea by writing the creation and destruction
operators al and a,,. In the boson case, for the eigenkets characterized by

the occupation numbers we define af, and a,, as

al ooy oy ) = () Y2 i — 1,20 (6.62)
Ao |ovoy Moy ) = (M + D)V + 1,00, (6.63)

With these definitions, the Hamiltonian of non-interacting many boson
in our system can be written as
_ P AN SUPN N AP
H = ija;,aj + Z“kbgbk + A Z(ija;bk + Vﬁ»bgaj).
2 E —

J ik

(6.64)

-,

where a}, and ay are the creation-destruction operators for |7)a, bj; and by be the
creation-destruction operators for |¢z). This creation-destruction operators

satisfy the following commutation relations.

laz,ab] = 6, b, OL) = 0, (6.65)
a3, a3] = [bg, b ] = [az,b] = 0. (6.66)
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The diagonalized Hamiltonian can be written as

H =" u;B.B; (6.67)
P

where B; and By is the creation-destruction operators for |¢z). The commu-

tation relation is given by
(B, Bl = 655, (6.68)

and the relation between the original operators and B operators are given by

AV AV,
Bi=tp+ > @+ Y — ) (6.69)
k k - — g€ K7

= (ug) Py g e

AVZ
T Jk_ pt
a-.= » ———B.. (6.70)
/ %:77; (kp) *

The time evolution of the operators can be calculated from Eq. (6.69)
and Eq. (6.70). From the Heisenberg equation of motion, we have (we take
h =1 for now.)

d

EB% — i[H, Bl) = i BL, (6.71)
Bl(t) = BIY e, (6.72)

Substituting Eq. (6.72) into Eq. (6.70), we get

AV
1 E : ik ipgt
a(t) = — e /J'k
’ — 1= (1)

k J
><<bt(0) +Z AVik o © +Z AVii Vi b (0)>
: — nt (ng) 7 — ol (up) S by — b +ie ¥
JyJ 7 k' (#k)
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Using Eq. (6.48) and expanding Eq. (6.73), we have

al(t) ~ Z JZ bT(O)ei“Et + Z )‘2“/}%‘2 +(0) ipt
J —~ =zt —~ g — 27
+Z )\‘/;E et )\‘/J’k aTS/)
— Ly — 23 — up— 2z 7
k J "(#]) ’
2 2 *
> e 3
e b 1F TR T
AV AV AVZ

ik’ (0)

We keep only the dominant terms in Eq. (6.74) assuming A is small. Note that

in the continuous limit

NV 2 o0 No=()]?
Z ’ jk" eluﬁt — / d/lxM(/,L) ’ ](M)’ el‘ut
= lng

o 25’2 Hmin |/’l’ - Z_;|2
00 AQ V- 2 ) Hmin )\2 V= 2 .
oo |1 — 2] o | — 2]
=+ O(N?) (6.75)

by taking the pole u = z7. (M(p) is angle-integrated Jacobian.) Note that
for t > 1/75, The right-hand side of Eq. (6.75) becomes O(\?). We see in Eq.
(6.75) that for t > 1/~5 a}(t) is approximated by

AVE
T\ gk 31(0) iyt
aj,(t) ~ %Z —ME—Z;-b et (6.76)

With Eq. (6.76), we calculate the total number fluctuation inside the

small subsystem (2,. First we write the fth level number operator inside the
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subsystem

AVE AV
SO BUS gk 310 ipt 3K 1(0) —ipzt
k
_ Z )\ ‘ jk‘| b )b((]) + Z )\Va—»>\‘/;k:’ bT(O)b(O) i(ﬂ;}‘*#;;/)t
- L 20k R o — Vg %€ :
z 1z & (N Z*)(Nk' ZJ)

(6.77)

In Eq. (6.77), we separate the time independent part and time dependent part.
Let us write
|ij| +(0)

_qu_qu k bi(Z)’ Nﬁ:Z(

kK

>\V-j:)\V*-“,
gk 050 gilug—pg)t
e I L

(6.78)

N, is constant with time and N7 is fluctuating with time. In the case that

the total number density in region (), is finite and the particle gas in €2, is in

thermal equilibrium, we can write

BBy = 15 (6.79)

54 k Tk

where () represents the thermal equilibrium ensemble average. Furthermore,

when the particles behaves like classical gas, we can write
et ) = CoksT. (6.80)

In the case of classical ideal gas in 3D, C = 3/2.

From Eq. (6.79) we see that

(N;3) = 0. (6.81)
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So, N> acts as the time fluctuating quantity with ensemble average zero

The total number operator inside €2, is written as

Nator = ZNF - ZN65+ ZNH
j i j
The time correlation function is

(6.82)

<Natot (t —+ T

atot Z
Z

(Q_Ng2 Ng

j

+ZN (t+7)) Z S+ Y Nyt
t+7‘Z (6.83)

In Eq. (6.83) we used Eq. (6.81) and the fact that N is time independent

j/
The first term in Eq. (6.83) becomes
(NN = ()
j i
2
<Z IVl® b(O)) )
Iz

L : (6.84)
otk
By taking the residue of the pole ;1 = z; and using the fact
~ ™ _ ~
e S Wil = 5) ~ s [ Mo — 3
k
™ ~ \N|= [~
~ (2w)3M(W;)|U;(w;)|2, (6.85)
and Eq. (6.80), we get
CokpT\?
) N> Nz w~ (Z — ) : (6.86)
J 7 J !
Here we used 22 = O(\?) and @ =

(Z)} + O()\2).
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For the term (37 Ny7(t +7) > 27 N7 (t)), we have

<Z ij‘(t +7) Z ij'/ () = Z(ij(t + T)ij'/ ()
AVEAV b ) |

iK' kK i(uz—pr T
_ %: Z Zﬂ)e (gt ()

(hz — zv)(u;zf — %

7 k’;ﬁk"
Vo AV TS
DD ey v LA (6.87)
AN — 2z
k1 ;ﬁk’ 7\ J

For the condition k # K and k; # k|, we have

1(0);(0);+(0)
(bbbt b

(0) (0), (0
& )y = (il b,)bTE, b)) S, O, (6.88)

With Eq. (6.88) we get

(N7t + T)N (1))
£(0) (0)7£(0).(0)
VIV AV AV (01058600

! .
_ ik il —ng)T

(g = 22) (g = 29) (g = 25) (g = 27)

RAE
(6.89)

When j # J, Eq. (6.89) contain the sum over rapidly changing phases, which

is close to zero. So we can write

<Nﬁ'(t + T)Nf;,(t» = (Nf;(t + T)Nf;(t»(sﬂ-f,. (690)

JJ

With Eq. (6.90), Eq. (6.87) becomes much simpler.

<Z Nyt +17) Z Ny (1) =Y (Nt +7)Ng3(t)

-

J
VN Vi BT )

Kk ilug=ng)T (6.91)
| — Z;|2|Mk/ — 25

=22,

2
7 kK
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In the classical gas limit, we can write (k # &)

BBy = (of D) 001y 4 (b

k
_(©C kBT) | CokwT
Mt 7

(6.92)

— —

Here we used Eq. (6.80). Neglecting 1/€, difference (k = k' case) , Eq. (6.91)
can be written as

Z(ij(t + T)Nf§<t)>

M| leé'| CoksT iz 2
2

= g — % | Hi

ZZ N2 V~~\ COkBT . A2 Vﬂg,

= g — =P Zlu

By changing the summation into integration in the 2, — oo limit and taking

e T 6.93
s (6.93)

the pole and using Eq. (6.85), We can write the above expression as

Z(ij’(t + T)ij‘(t»
J
CokpT)? ; CokgT _o.;
o 3 ORI g 2 CORT e 5
;Y ;o

Substituting Eq. (6.86) and Eq. (6.94) into Eq. (6.83), we get

<Natot (t + T>Nat0t (t)>

B CoksT\? (CokpT)? _y i CokpT gy i

7 PN P

(6.95)
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The power spectrum of the number fluctuation is expressed by the
Fourier transformation of the correlation function Eq. (6.94). (Wiener-Khintchine

theorem.) The spectral density S(w) is

> (CokBT)2 —2v+|7] COkBT —27-|7] —iwT
S((,U):/_ dT(ZTe 7; +Z_—w; e 7; e

oo

7 7 7
B Z (CokpT)* 475 Z (CoksT) 47
wj% w? + 4733 w;  w?+ 4733

-

J

(6.96)

j
To calculate the spectral density S(w), we again approximate ) > to
i dj. From the Euler’s summation formula, when a function f (x) has a con-

tinuous derivative f’'(z), the sum over integer can be written as

Sosm= [ s+ [ @ ] ) 50+ 1)
(6.97)

where [z] is the greatest integer < z. The function (z — [z] — 3) has zero
average over any interval [m, m + 1) where m is an integer, so the summation
is well-approximated to the integral when f’(x) does not vary much between

integer point and f(0), f(V) is very small compared to the integral.

In our case the quantum number j is determined by the boundary
condition and the potential of the interaction region. If a lot of quantum
state contribute to the decay mode with significant 7;, then the condition £(0)
and f(IV) is small compared to the integration is easily satisfied. Note that
our summation is over all positive terms. To see that f’(z) does not vary
much between integers, we should see how our function changes with slightly

different boundary conditions.
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Let the characteristic lengths of 2, for each dimension be L,;, L,, and

L,.. Roughly speaking, when we write

% 1 .z (271' Zf 27'(']30 2], 27sz>
A (,ug u}2 + 4"}/% - (27'(') Lax Lay 7 LaZ
i J

27% 27ij 2T g, 21 2w 27
pg Z 221 T (699

aa: ay

the approximation to integration means we assume the value of f(2m(j, +
7)/Laz) (0 < r < 1) does not vary much compared to the integer values
f(27(jz)/Laz) and f(27(jz + 1)/ Las). Since we can write

Ja+7T  Je

o Jz
Law Law Jz+T

(6.99)

the effect of substituting non-integer value is similar to the effect of changing
the characteristic length L., to Layj./(jz + 7). When high quantum numbers
contribute to the sum such that the effect of slight change of the wall does not
affect much to the integrating function, we can approximate the sum to the
integration. First we can write

2 B2 fomi\P 1
p—xz—( J ) = kT, (6.100)

2m  2m\ Ly,

, omkgT Ly,
=SB Dar 101
J 7 o (6.101)

The decay constants ; are related to the collisions at the boundary. When

the characteristic length L,, changes to L,.j./(j. +7), there is a time scale in
which the number of collisions changes due to the length change. The number

of collision per unit time in z direction is v, /L., where v, can be estimated
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from

1 1 kpT
5mv; = Skl ve = \/%. (6.102)

The collision number change per unit time is

v v v 2mh
A= L - L xr—— =7 . (6.103)
Lax(ﬁ) Lam Lax]a} \/Enga:
For the electron mass and L,, ~ lem, we have
A ~ T collision number change/sec
= 1 collision number change /0.14 sec. (6.104)

So, very conservatively speaking, the integration approximation works well
when 7 is less than 0.14 sec or w/27 is larger than 7Hz for the particle mass
is about the electron mass and L,, ~ 1lem. The integral approximation would
fail in the case only a small number of modes contributes, or the case that
characteristic length L,, is small. The integration approximation would not

work for the nanoscale waveguides.

With this in mind, the spectral density S(w) becomes

(CngT)Q 4/7; (CokBT) 47;
Sw) = Z w? w2 4492 Z wr w24 4y3
J J J J

j i
= 2 2 2 B 2 2
wr W +47; Wy w +475
Y A ’7‘7" 1 - '2,7jr 1
=C, | dj,ji?———— +Cy | d _
1/ PR e A 2/ T Y

Ir

d)r oY 1 djr o Y; 1
:Cl/d'y L] ]27]r ‘I‘CQ/d’Y ] ]Qﬁy]r

W W A Ty, w), w4477
(6.105)
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where 7;, is the angle averaged value of 77. wj, is related with j, through the

relation
wj, = p*/2m ~ j2. (6.106)
For the decay constant 7; we can first estimate it as
Vjr ~ eXp(=D/V = w;,) ~ exp(jy). (6.107)

due to the tunnelling effect. Substituting Eq. (6.106) and Eq. (6.107) into Eq.
(6.105), we get

(Coa¥)(w? +47?)
, ﬁmaz d 1 ( )
+C / N 6.108
5 (w? + 4752)
where Cj;, Cyo and C’; are some constants independent of 4 and w, and 4,

and 7,,;, are the maximum and minimum decay constant, respectively. Noting

that the integral

Ymax D 1 ’Y’maz/w D
/ dy—" / dy—L— ~ O(1/'7)
8l

Ymin CUQ + 72 N wl_p min/w 1 + y2
(6.109)
for Vimin € W < Yimaz, We have
1
S(w) ~O(—) (6.110)
w

in Eq. (6.108).
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If we assume that 7;, is related by the power law, (see Eq. (6.85)),

B~ SNV, 80— 5) [ Al (0PS( — 5) ~ s (1> 1),
K

(6.111)
then Eq. (6.105) becomes
S(w)
~ dy——— +C, dy———= 6.112
When the first term is dominant, it gives
S(w) ~ O(w= 1))y, (6.113)

and when the second term (due to the quantum effect) is dominant it gives

1

S(w) ~ O(w™1730)), (6.114)
This is 1/f” spectrum, where 0.5 < 3 < 1.5.

So, in this chapter we derived the 1/f noise from Hamiltonian, and
showed that 1/f noise coming from the sum of resonances effect, as other

people speculated [52].

6.4 A transformation for the extended Friedrichs model

In this section we construct A transformation for the extended Friedrichs

model

H=>, wyata; + > nghlbg + A Z(V;ga}bg + Viasbl). (6.115)
i K 7

ik
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To construct A, we first derive the unitary transformation U for the

discrete case and analytically continue U to A in the €2, — oo limit.

Suppose that (2, is large but finite such that p;s are discrete. Further-
more, we assume that ws 7 pz. In this case, we can find new creation and

destruction operators /_l},, f_l;., B; and BE which diagonalize the Hamiltonian.

We can write
H=Y oAl +) ppBlBy. (6.116)
The original operators and new operators are related through unitary trans-
formation U.
A =Uta T Bl = U™, (6.117)

UH = Z w;a}a; + Z AzbLby. (6.118)

The explicit forms of [1}, and Bg are found by writing

T
- pﬁa;—i— Z pJJ’a” T Z Ui (6.119)
7(#9)

Bl = rgbl + Z Pl + stm (6.120)

and substitute the above expressions into

H, A}] = @521}, [H, Bl] = pi;BL. (6.121)

Solving these equations, for fli we get
7 1/2 t JE ot
Al = ( + Z o wbz:) (6.122)
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where

] A2[V2 \ !
N-= (1 ik 12
- ( +Z (m—w,;)2> : (6.123)
k -]
N2| V2
- gkt
“’f_”f_zaﬁ—w,; —0 (6.124)

i J

Note that in Eq. (6.122) there are no a}, dependence. This comes from

the fact

> VigViz = 0. (6.125)
;z
For B; we have
AVZ
Bl 1/2 bh —bT 12
L +Zn] a—l—z ) (6126)
l(;ék
where

Ny =1+0(1/Y), fg =z + O(1/Qy). (6.127)

In the Q5 — oo limit (25 < 4 — 00 as well), uz becomes continuous variables.
In this case, if we keep w5 real, then N; — 0 as we see in Eq. (6.123). The j

modes disappear and we go back to the Friedrichs solution in section 6.2.

But there is another choice if we give up the real eigenvalues. If we
allow wy to be complex, then we can construct Gamow modes as we did for

the Friedrichs model (Section 3.3).
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The construction is quite straightforward. By analytic continuation,

we have the Gamow modes

AV
L N2 [ F
Al;=N; (a; + § o w,g)j_bfz)’ (6.128)
i 3
~ AV
L= NY2{ 4 _Tak .
A;=N; (aj + % o w;z)zt]*b"”) (6.129)

where

kZ]*-

Neo 1y VR T 6.130
=) (0150
i
In Eq. (6.130), 27 is the solution of the equation
n]i(z) = 0. (6.131)
The A transformation for the j modes can be found rather easily as
done in section 3.4. We have

Afal = AL, Alaz = A-,
7 J J

J

T At. o= A=
Aa; = A"z Aa; = 4; (6.132)
min(m,n) 1ol
[P men: Atym—1 jn—lyl
Aal"a = ; (m—l)!(n—l)!u(Af) Ayl (6.133)

where Y is given by

Y: = byblhy (6.134)

k

In Eq. (6.134), Bﬁ» is defined as

) 2 V|2
by = X[
G 5

V|2
—|—c.c)——| it 5
(2 = )% |z = 1)

J

(6.135)
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with

B N[ Ve
5= 2 o i (6:136)

-

L 11+ &l —1—(€;+§C'c)/2'

- = v (6.137)
it &-¢
Approximately, I_);,; can be written as
b A2IV;~EIQ( L )
T2 \emmli o o)
(2P 1 20| |*y3
D (27)° [(z = mp)L (= = i)
20,1242
- (27)3 1 2X vzl V5 (6.138)

O (2m)* [(27 — pg) (25 — m)]*
The above expression has a sharp peak around pj = ws. Since ) l_)ﬁ; =1, we

can approximately write
bﬁ{ ~ —5(#% — (I)v). (6139)

Since the Gamow modes are decoupled and their multiplication does
not give any non-analyticity (we assume that 38 are not degenerate.), A and

At are distributive for j and 7.
toom n Tm’ 71/ _ pogm n i ]Lm’ CLI
A (a; azaz aj,) (A ax aj)(A az aj,). (6.140)

The quantity which corresponds to ( Ny (t + 7) Naior) can be obtained
through A transformation. For this we first consider the unitary (discrete)

case and extend to the A transformation.
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The autocorrelation of the unitary transformed number operator N
is
GU = TT [(eiLH (t+7) UT Natot) (UTNatot)peq]
=1Tr [eiLHt (eiLHT UT Natot) (UTNatot),Oeq]

= TT[@ZLHtUT[((UT> ’LLHTUTNatOt)NatOt]peq]. (6141)
By analytically continuation of the above expression, we get

GA =Tr [eiLHtAT [((AT)_1€iLHTATNatOt)Natot]peq} . (6 142)

The quantity inside the Trace becomes

eiLHtAT[((AT) lLHTATNatot)Natot]

= ellutpl [Z( 27JTaTa~ +Y5) Z a}/ajw]
]”-/

-

J

/
: -2 —27
= eZLHtAT[E e 2VTaTaﬂa a5 + E e WJTaTaﬂa az + E Yi(1—e 757) a a»]

/
= ¢ty e (AL + Y (AL A +Y5)
J

J
+ Z (AL AR + 4ATAGY 4 2(Y5)%) + Z e T (ALA; +Y5)
j

+ Z Yi(1—e™®0T) y (AL Ay +Y5)] (6.143)

-
v/

J
where Z%;., means sum without j = ;' cases. In Eq. (6.143), fl} and fl; decays

exponentially with time ¢. For large ¢, these Gamow modes can be neglected.
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Then Eq. (6.143) becomes

rhs of Eq. (6.143)

_Ze YLy +226 25 (Y3) +Z€ & TY”FZY”Y* (1 =)
ZY* +Z 277 (V) +Z 2V*qu (6.144)

Here the last term comes from the quantum commutation relation. Substitut-

ing Eq. (6.144) into Eq. (6.142), we get

= (v Z e (Y5)? Z e Y3, (6.145)

Since ensemble average of Y5 is

_ — CokpT _ CokgT
) = O bbby = bp—te & —E (6.146)

HE wy

we get

T CokpT)? CokpT
Gy~ () Coks )MZ@—%T—( oksT) +) e T (6.147)

- 2 .
wr w3 (U]

j ! j J j
This is the same result as we obtained in the previous section (Eq. (6.95)).

This again shows that A separates the resonant part of the Hamiltonian.
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Chapter 7

Conclusion

In this thesis we studied the stochasticity in Hamiltonian dynamics.

We showed that a star-unitary transformation can be constructed for
the classical Friedrichs model, and showed that this transformation leads to
stochastic equations such as Langevin and Fokker-Planck equations. We also
derived the Gaussian white noise through this star-unitary transformation.
This derivation shows that resonances are crucial elements for the Gaussian

white noise structure.

We showed that the quantum noise has similar Gaussian white noise

properties when we keep the normal ordering.

Finally, we studied the extended Friedrichs model which describes the
electron waveguide. We showed that in this model 1/f noise are present in
the low frequency region due to the sum of resonant effects, and constructed

the A transformation which extracts the resonant effects.
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Appendix A

A.1 The U operator

In this appendix we give an example of the construction of the canon-
ical transformation operator U and show how Y is fixed. We consider the

Friedrichs model presented in Sec. 3.

We shall consider the transformed product U 'aja;. The monomial
atay is an eigenfunction of Ly with eigenvalue w® = 0, so it belongs to the

PO subspace with dy = 0. Using Eq. (2.27) we have

U 'ajay = U POdjay = (PO + C)xVata, (A1)

The operator U~! is a function of the Liouville operator. This operator
preserves the number of a* and a modes in a given monomial: it will map a
monomial with m modes a* and n modes a to a superposition of monomials
with the same numbers m, n of modes a*, a, respectively. The same is true for
the operators C' and Y. So we have

=(0) * _ ()
X( )alal = § Qs X s5:11
s=1,k

!/
CO¢ta, = Z Z a:asfé’gg);ll (A.2)

s=1,ks'=1,k
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_(0 ~(0 : L .
where ng?n and C és')-n are coefficients, and the prime in the summation over s’

means s # s (recall that () is a diagonal operator, while C'®) is off-diagonal).

We have as well

CO%Oata; = ZC’(O)@?%)ZQM

/
* ~(0 —(0
= Z Z a’rarlovgr’);ssxgs311 (A?))
s=1,k r;r’
Note that each change from a mode a; to a mode a; or viceversa involves an

1/2

interaction of order L~/ in volume. Hence each index change involves an

L~1/2 factor. For example we have

)_(g(i);ll ~ O(LO)
(0 _
X](i‘k?);ll ~ O(L 1)
~(0 B
C£k311 ~ O(L 1/2>

C’fgé;kk ~ O(L™?), ete. (A.4)

Each summation over field modes gives an L factor. Taking all the volume

factors into account we get

!
Uldiar = Y atasxon, + Y atagCO X\ + 0(1/L) (A.5)

S

The Cég);kk coefficients give O(1/L) contributions. To determine the coeffi-

cients C_'s(g,);n we use Eq. (2.38) [22]. This leads to

~(0 ~(0 _ ~(0 _
ka?n = Clgl?ll = Ck, lezk)’;ll = CrCr/ (A.6)
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For the operator 5(%?;11 we have

)29;11 = [A(O)an[eXP(B(O))]ll;ll +O(1/L)
= (A9 +0/L) (A7)
where in the second line we used the antihermiticity of B, which leads to

Bﬁ)?n = 0. The second line in Eq. (A.7) may be explicitly evaluated [22] using
Eq. (A.6). The result is

_(0 7
Xgl);ll =N (A.8)
With the results obtained so far we have

U_la’{al = N1 (CfiK + Z )\EkaZ)(al + Z /\Ek/ak/) + Z(Y}SQ;H - N1/\26§)a20§€A9)
k k' k

Now, from the distributive property of U we conclude that the second term in

the r.h.s. has to vanish, i.e.,
X](f(l)c);ll = Nléi (A.l())

Indeed, if this is so we obtain the expected result U taja; = (U 'a})(Utay).

With this result we have completed the calculation of all the coefficients
of the expansion of U~a}a; using the formulation in terms of kinetic operators.
The advantage of the method followed here is that it permits a straightforward

extension to the nonintegrable case.
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A.2 Relation between A and the Gamow modes

In this Appendix we show that A~'¢; = Q;. In a similar way, one can
show the other equations in. First we show that ¢; is an eigenfunction of the

collision operator,

01 =010 (A.11)

where 6, ; is the eigenvalue.

Due to the form of the interaction, any operator (such as 9~) that is a
function of Ly will preserve the number of ¢ and ¢* in a given monomial (it
will give a superposition of monomials with the same number of ¢ and ¢*). So

we have
0q1= 0110+ Z Or1 i (A.12)
k

where GNZJ are coefficients. The modes ¢; and g, belong to different eigenspaces
of Ly. From the commutation relation Eq. (3.61) we conclude that the coeffi-

cients 61 must be zero, and hence ¢; is an eigenfunction of 6.

Eq. (A.11) implies that
LpA ' =01, A (A.13)

So A~'¢ is one of the Gamow modes Q; or Q;. Which one is chosen depends

on the sign of € used in the regularization of U. We choose the sign of € so

103



that exp(—iLgt)A~1q; decays for t > 0 (see footnote [40]). Thus we obtain
the desired result (see Eq. (3.49))

Ailql = Ql; 51’1 = —Z1. (A14)

A.3 Proof of Eq. (3.71)

From the requirement (4) in the Introduction, A preserves the measure

of phase space. This means that

/dFAp = /dFATp =1 (A.15)

for any normalized ensemble p.

Now consider the ensemble
p = Ciqiq exp(—J/Jo) (A.16)
where (' is the normalization factor given by
-1
¢.= | [ arqaexn(-i/ )] (A17)
with

J=" qas (A.18)
s=1,k

and Jy a constant that makes the argument of the exponential dimensionless.

The factor exp(—J/Jy) ensures the existence of a finite norm of p, (see the
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Segal-Bargmann representation in [24,30]). The total action .J is an invariant
of motion, because we have LyJ = 0 and LyJ = 0. Since AT can be expressed

as a perturbation expansion, AT = 14+ O(ALy), we get
AT =J, Alexp(—J/Jy) = exp(—J/Jp) (A.19)

The operator Ly is a differential operator. Applying the chain rule of differ-

entiation and Eq. (A.19) we conclude that
Agiquexp(—=J/Jy) = (A'q;qr) exp(—J/ Jy) (A.20)

Inserting the ensemble Eq. (A.16) in Eq. (A.15) and using Eq. (3.68) we get

4 /dF|N1HC]>1kC]1 +\? Z(Tci + c.c.)qqx]
k

x exp(—J/Jy) =1 (A.21)
where the off-diagonal terms such as ¢jq; appearing in the product Q’{Ql in
Eq. (3.68) vanish due to the integration over angles in phase space. We can
write Eq. (A.21) as

CiN|[CTM + XD (ref + ce)C ] =1 (A.22)
k

Since Cy = C for any k (see Eq. (A.17)), Eq. (A.21) leads to

IN[1+ X (rég +cc)] =1 (A.23)

This equation plus the condition r + 7* = 1 yield the result (3.71). With this

result we can write
Mg = QVQrQ, + PO(rQiQ, + c.c.) (A.24)
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where P is the projector to angle-independent monomials (such as ¢*¢,) and
Q© =1 — PO This shows that the transformed product of particle modes
can be simply written as a combination of renormalized particle modes (i.e.,

Gamow modes).

The derivation followed here is similar to the derivation followed in Ref.
[22], where we used the A transformation to define dressed unstable states in
quantum mechanics. The only difference is that in [22] the relation r +r* =1
was derived from the requirement that the dressed unstable state has an energy
fluctuation of the order of the inverse lifetime. This fluctuation is a quantum
effect. Here we are dealing with classical mechanics, so we postulate r+r* =1
as a basic condition. An alternative derivation, presented in Appendix A of
Ref. [25], started with the analogue of Eq. (A.24), as a postulate. All the
derivations give the same result (3.71). Note that a condition different from
r +r* =1 would not allow us to express ATgfq; as a combination of Gamow
modes only, and it would lead to energy fluctuations different from the inverse

lifetime in the quantum case, which would be unphysical.

A.4 Proof of Eq. (3.74)

In this appendix we show that Eq. (3.74) removes all the non-analytic
|cx | terms, replacing them by &, = rc2+c.c. First we derive recursive formulas

to calculate ATgi™q?. We start with Eq. (3.74) for m > n

n

In! _ _
AT kM on men. *m—I n—lyl' A2
41 4 ; (m — Dl(n — )l T (A.25)
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(the n > m case can be calculated by taking the complex conjugate of Eq.

(A.25)). We have as well

AT *m-l—l q711

m—i—l‘n' 111 vl
o *m n—lyl
R

For [ > 0 we have the 1dent1ty

(m+1) m! m!
1D m=00  mri=D=1)

Inserting this in Eq. (A.26) we get

AT *m—i—l n Qim-i-lQn

m!
+Z[ 7 o ey T b1
n!
=)

The first term plus the second term give

Q;m-kl—l@gz—lyl‘

(A.26)

(A.27)

(A.28)

(A.29)

(note that Afgr = Q%). The third term may be written as (with I/ =1 — 1)

n—1

= m—UNU)(n—=1—1)!
—nYAT Mgy 1
Therefore

Algmtigr

= (ATgmgMAl g + nY Alg™g ™" (m > n).
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For m > n we have, from Eq. (A.25),
& l(n 4+ 1)!
AT *m n—l—l — m
; (m—=0Dl(n+1-0]N!

x  QmlQuti-ty!, (A.32)

Using Eq. (A.27) we get

ATq*m n+1
~ ~ | ~
— *m yn+1 : *m—n—lyn—H
Ql Ql +(m_n_1)|Q1
n! n!
+Z [n—l)‘l'+(n+1—l)!(l—1)!]
xQ’{m lQ?“ v (A.33)

Adding the first and the third terms we get

(Mg A g, (A.34)

(note that Afg; = @Q1). Adding the second and fourth terms we get (with
V=1-1)

- m(m_1>' sm—l'—1  An—U'y1'+1
2 T 1i(n IR

= mY Atgm 17, (A.35)

Therefore
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Afgmgrt! (A.36)

= (ATg™gMATq + mY ATg™ gt (m > n).

Egs. (A.31) and (A.36) plus their complex conjugates
permit one to construct ATqi‘mq{‘ recursively.

Now we prove the analyticity of Afgi™q} at A = 0 from the recursive
relations. In the recursive relation, we show that if the lower order terms in m
and n like Afg*™q?, Afgi™q¢?! and Afqi™ '¢} " are analytic, then the higher
order terms ATg*™ g and ATgi™q? are also analytic. Then from mathematical
induction,

*mn

the analyticity of Afq is proved for general m and n (the m < n

case can be shown in the same way). In Eq. (A.31),

AT *m+1 n_ (ATq*m n)A ql_'_nYAT *1m n 1

- m!n! an=i G-ty
- (X =t =g Y>Q1

=0

n—1
(n—1)! I An—1—Iy/1
Y *Mm n Y
+n (ZO n—l—l)‘l'Ql Ql

(A.37)

Suppose that the quantities inside large parenthesis are analytic in A\. The

additional non-analytic terms appear whenever additional products Q’{Ql ap-
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pear. Since

Q1= N{"?(q1 + A Z ki), (A.38)
P

each Q*Q; produces a |c;|? term, which is non-analytic in X. Let us

denote the non-analytic part of a function f(X) as Fn(f(\)).

The non-analytic part in the first term in the right hand side of Eq.
(A.37) is made by the additional Q* multiplied by Q7 which generates n —

terms |cg|*%:

n

Fn|(
1=0

min!

(m —D!(n— D!

QRTYNQ]

m!n! Arm—l An—l—1y/1
*1 n Y
 (m—1)!(n =D @

X (n — DA% Ny Z AR

k
n—1 m!n! xm—l N”*l*lyl
- IZ; =i — = @
X \2| V4| Z e |2at a. (A.30)
k

The non-analytic part in the second term in the right hand side of Eq. (A.37)

is coming from Y. Since

Y =) bigiae
K

= Z NN |(—|ew)® +re + ) gt ar, (A.40)
k
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the non-analytic function |c;|* appears inside Y.

TL— 1) *m—1 A yn—
Fn nYZ )le lQn—t-ty!

- —A2|N1| Z |ck| G

m'n' Axm—1 Axn—1—1v 1
xz 1o )!a!cgl Qi (A.41)

The non-analytic parts from the first term and second term in Eq. (A.36)

exactly cancels out. So, the left hand side of Eq. (A.36) is analytic in .

Next, we show that the left hand side of Eq. (A.36) is analytic in .

The non-analytic part of the first term in the right hand side of Eq. (A.36) is

Fn (ATq*m n— I)Aqu
— m'n_l) lenlly)Q
(n—1-=01!
l:O
n—1
m!(n —1)! -1 1—1vy1
— m n— Y
— (m—0D(n—1-— l)'l' o
x(m—l)A2|N1!Z|ck\2quk
m!( n—l) -1 I-1y/1
— m n— Y
Z —[— 1 n —1-— l)'l' Q
xA2|N1| S lexPaian (A42)
k

The non-analytic part of the second term in the right hand side of Eq. (A.36)

1S
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Fn

mY Algim1gn= 1] (A.43)

= —mA’| Ny Z ek * dra
- D!(n — 1)!
_ Axm—1—1 An—1—1y/1
Z —1—1 n—l—1)mQ1 Y
=

- —A2|N1|Z|ck| G

n—1
m!(n —1)! —1-1An—1—Iy-1
*1M n Y.
Xlz_; m—1—1)! n—z—1)mQ1 @

Again, the non-analytic parts of the first and second terms of Eq. (A.36)
exactly cancel out. The right hand side of Eq. (A.36) is analytic in A.

Therefore from the mathematical induction Afg;™q} is analytic in \.

A.5 Gaussian property of complex noise

In this section we show the Gaussian property of R(t), Eq. (4.15).

(R*(t1)...R*(t) R(£.)... R(t"))

n

=G D0 (R ()RR (1) RIE,))
all pairs

AR (t,)R(E. ). (A.44)

In

This property can be proved directly using the Gaussian properties of A(t) and

B(t) and using the fact that for (A(¢;)....A(t2,)) the number of sets of products
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of possible pairs is (2n—1)(2n—3)...3-1 = (2n)!/(2"n!) and similarly for B(t).
Here we follow a simpler derivation using the polar coordinates representation

of the complex noise. We write R(t) as

R(t) = A(t) +iB(t) = S(t)e™®, (A.45)
Aty =" ), B = 2%@13(75). (A.46)

where S(t), a(t) are real. First we show that if the following properties hold
for S(t) and a(t), then all the Gaussian white noise properties of A(t) and

B(t) are reproduced.

(1) S(t) is Gaussian white noise, i.e.

(S(t1)S(t2)) = M AZ0(t — t2) = (R*(t1) R(t2)),

(A.47)
(S(t1).--S(t2n))
= > (S(t)S () - (St )S(t,) (A.48)

all pairs
Due to the properties of ay, (see Eq. (A.50) below), the odd number products

of S(t) play no role when we calculate Eq. (A.44)

(2) a(t) is a random variable in [—7, 7] independent of S(t) satisfying
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the relations

S

{
{
{
{

where f and g

For

we have

Q
Q
N

s
—
e
~—~
~

—
S~—
N—
K
—~

Q
—~
<~

[N}
SN—
SN—
~

I

cos[a(ty)]... cos[a(tani1)]) =0,

infa(ty)]... sinfa(tane1)]) = 0,
*la(e)) = (sin’la())) = 5.

(fa(t))(g(altz)))  for ty 7 ty,

are arbitrary functions.

(A(tr)... A(tzn4))

= (S(t1)...S(tans1))(cos a(ty)... cos a(tai1)) = 0,
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(A.51)

(A.52)

(A.53)
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which comes from the property (2). Also we have

(A(ty)... A(ton))
= (S(t1)...S(ton))(cos a(ty)... cos a(tay,))
= Z <S<ti1)S(tlé>>"'<S<ti2n71)5(ti2n)>

all pairs
x (cos a(ty)... cos a(tan))

= Y @ AN(t, — tiy). @1 A2 (L, — tiy,)
all pairs

x {cos® a(ty))(cos® a(tz))...{cos? a(ta,_1))

= Y @ AN(t, — tiy). @1 A2 (L, — tiy,)
all pairs

= Y (A A Al ) A(,) (A.55)

all pairs
So the Gaussian white noise properties of A(t) are recovered. We can also
show that the same properties can be derived for B(t) = S(t)sin(t). Now Eq.

(A.44) follows immediately, since

(R*(t1)...R* (t,) R(2)... R(t.))

= (S(t).- S (1) S(1) .- (1)
% <€_i[a(t1)+...+a(tm)—a(t’1)—---—a(t%)]>. (A.56)

The angle average is non-zero only when

a(ty) + .+ altn) — a(t,) — ... — a(t.) = 0. (A.57)
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This is possible only when m = n and

=

ty =1,

1

i, =1 (A.58)

m Im
Hence only the pairings of S(t;) with S(t;) give non-vanishing contributions.

This leads to Eq. (A.44).

A.6 Calculation of the noise constants A, and B,

In this appendix we determine the noise constants A. and B.. We as-
sume that the noises A(t) and B(t) come from the thermal bath with temper-
ature T'. In this case, we expect that the system reaches thermal equilibrium

for t — oo. Furthermore, from the equipartition theorem we expect that
1 <p2>e 1
§mw2<x1) = # = ikBT’ (A59)

where kg is Boltzmann’s constant. Substituting the relations

\/ ST (qr(t) +qp(t

fncb

—q;(t (A.60)

into Eq. (A.59), we get the conditions
(7 (t))eq + (a7 (8))eq = 0, (A.61)
Wi(qz(t)qr(t))eq = kBT (A.62)
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For

(a2 () = ((qza(t) + az())%)
= ((47a(t) + 2qza(t)ars () + a7, (1))

= q1.(t) + (q7,.(1)) (A.63)

and

(L (1))

e [ 20

(A(tg) 4 WL(WQ)) zz1(t1+t2)>

1
t 2
_ e—Qizlt/ dtl mW1 (A2 Bic 2)62izlt2
0 Gy

_ fndl (Ag B BS (1 — G_Qizlt)

(A.64)

(ﬁuﬁl)z 222’1

we have

(L (t))eq = lim ({qL, () + {a1,(1)))

= i (g3, () = Tz - Dy L (A.65)

(mdjl )2 2221

From Eq. (A.61) we get

A= ¢ (A.66)




On the other hand we have

(1 ()i (t))eq
= lim ({¢74 (1) qra(t)) + (a1, (t)qr (1))

= lim (g7, (Vaz, (1), (A.67)

<QLa qLT'

(e~ / / dtydts M (A(t2) + iz(w1>)
B(t

X(A( ) 2)) iz1t1— 1z1t2)>

mw1

t o~ 2
= e27t/ dt, i) (A2 + _bBe e?)
0

2 (1o )2
i A2(1 — e )

2y

(A.68)

Substituting this to Eq. (A.62), we get

Q’YICBT

~ 2 M
mwy

A% =

C

(A.69)

A.7 Calculation of the moments

In this appendix we calculate the moments in Eq. (4.35) for m > n.

The case m < n can be calculated in a similar way. We have
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/ AV (¢; — ¢7)" (@1 — ) B(D)S(T — T) (A.70)
- / ALY (a — )" (a1 — €))7 S(T — )

_/dr[(AT) "Ly (g} — a)™ (@ — ¢;)"]6(0 = T),

where we used the relation LL = Ly and L} = —Lgy. The quantity

inside the brackets in Eq. (A.70) is

=AY LAt (gf — )™ (@ — ¢))"

d ny o )
= —Z%(AT) 16 LHtAT(ql —q ) (ql . qi) |t:0
1 In!
= "5\ I\j mn!
;jzo( a) (m —D)l(n — 4)y!
d . o
X(_%)(AT) e tATG gy o (A.71)

min! d
V) i — )

mm( bn—) m—0(n—1)!
Z ( )!(n —1)

—l—a)l(n—7—a)lad

a=0 (
z((m D)z —(n— ])Zl)tq*m - aq? j— ayra

(e = 1)" [i=o - (A.72)
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Because of the (¢’ — 1)® term, the only non-vanishing terms in Eq.

(A.72) at t = 0 are for a = 0 or a = 1. So the above equation becomes

29 ETAY) min!
- lg—; jo(_ql ) (_QI)JZ!j!(m —D!(n — j)!
L e o
S Y j m!n!
) =0 J=0(_Q1 ) i == i = — !
X(_i%>€i(21_Zf)t(eizftQT)m_l_l(e‘izltql)n—j—ly
X(ew —1) [t=0

. d ERES * !/ —3
= (—i=) (€™ —a)" (e — )" li=o

d
—i—(—i%)mnY(l — e )
(€)= )" e — )" o - (A.73)

Substituting Eq. (A.73) into Eq. (A.70) and integrating with

(' = T7), we get Eq. (4.35).

A.8 Factorization property

We show the factorization of Eq. (4.39) when p(I',0) has the form

p(T,0) = fa(ay,pr) [ [ felzn pr)

k
= a1(qh, a) [ [ ox(a> o) (A.74)
k
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In Eq. (4.39), by integrating by parts, we can write

02 .
/dFG(QIa QT)M > b Jip(T,t)
Lok

2 . B
/ 0 5 €100 80 S AT 1) (A.75)

o2 "
— * b —10t ~ F ]
/dF<aqlaqu(Q1’Q1)> Ek kJke P( ,0)

Let us expand

32
: G @™ A.76
0q18q1 G(q1,q7) Z d, ( )
We have
/ dL¢™q ”Zbkjke 5T, 0)
/ dT[(e~) Tqqu"Zkak (A.77)
Since
Loy by =0, LVZkak O(1/VL) (A.78)
k

and A is expressed in terms of Ly and Ly, 0 = ALy A~! treats >k by

like constant. Neglecting O(1/v/L) terms, we can write
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/ dlg™q "Zkake 5T, 0)

/ Y bl yiqrgr] (T, 0). (A.79)

In Eq. (A.79), [(e=?")Tq™¢:"]* can be written as (see Eq. (4.25))

(™™g gy = (A1)~ (G’LHW *’”Q?>

min(m,n) .
m!n!
B lz:; (m—Dl(n—=10!
Xei(mz{—nzl)tqu—lq?—lyl(62% —1) (A.80)

Since

Zbkjk Zbkjk Zbkjk > bude) +0(1/L),

K £k
(A.81)
we can write
Zbkjkz il Vg™
= Z Y AICED V"¢, + O(1/L). (A.82)

In Eq. (A.82), [ |-k means that we exclude the kth field mode.
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With Eq. (A.82) and neglecting O(1/L) terms, Eq. (A.79) becomes

/ dFZkak “ g gy (T, 0)
= Z / AU Ji[(e ™) g ;"] (T, 0)

— Z/deka wt Tq{”qik"]f pg1(T )H!ﬂs(rk)

k

= Z/drkbkjkgk<rk)
2

/drf—k[( “Migrg™; (M) [T o (Tw)
k' £k

where I'y = (g5, ¢%), s = 1, k. For any k we have

/dFkg(Fk) = 1.

Then we can write

/dfkkakgk(Fk)

= / dTbi Jigy (T1) [ [ v (Tk) = bi( i),
k
/drfk[( ﬂet)Tq;nq;{n]f 191(C1) H g (Tw)
k' £k
= /dI‘[( zOt)Tq;ann 17 kg1 (T Hgk’ (Tw)
/dfq*m n_—ift ~ (F O)
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and Eq. (A.83) can be written as

/ dPZbk O gt A(T, 0)

= Zbk<Jk>/qu*m n _—i0t ~ (F 0)
k

= > o) / dLqi™qr (T, t). (A.87)
k

This equation, together with Eqgs. (A.75) and (A.76), leads to Eq.
(4.39).

A.9 preservation of normal ordering in A

We show that Ly (hence A) preserves the normal ordering.

We have
Ly(a})"a} = [Z AWVilalay + aay), (af)™af]
- Z AVi(=n(a))™a" ay + m(a))"aral). (A.88)
So the normal ordering is preserved in Ly .

In classical case we have
qu*m n _Z{vq m ;7,}

= Z)\Vk mg™ gt — ng™ g ). (A.89)

This has the same form as Eq. (A.88), hence in both classical ATgi™q? and

quantum case Af(al)™a? have the same form.
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Appendix B

B.1 Proof of orthogonality of |¢;)

In this appendix we prove the orthogonality of [¢/) states. Most part
of Appendix B is reproduced from Subbiah’s thesis [50].

From the definition of |¢), we have

(W lvg) = (Kl — (KA () By () > (K)o = R () A* () 1))

= (BB — (FoA™ () By (g )R — (RS ) A* () s

+ (Ko A™ () By () By () AT () (B.1)
where A*(p) is defined by

Ai(,u,;) == P12[P12Rb(luk’ + iE)P12]_1P12. (BQ)

Using the fact that

1

Ry (ug) By () = ——————
» () By (1) [YE—

(Ryf (1) — R i), (B.3)

the 4th term of Eq. (B.1) becomes

(KA~ () Ry (i) R (i) AT () K

- # (R A () By () A () B
(R A (g ) B ) A ) ). (B4
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Using the definition of A*(yuz), Eq. (B.4) is again simplified to

(K[ A (i) Ry () R () A () Yy

B _m“’?’lwmgnén — (Fp A (up)lBy).  (B.5)

Substituting Eq. (B.5) into Eq. (B.1), then from the definition of R;°
the second and third terms of Eq. (B.1) exactly cancel out with the 4th term.

So we get the result

(Vplvr) = - (B.6)

B.2 Proof of Q, = > ; [vp) (vr]

We prove the completeness of |¢) in @), subspace. First we show the

identity
; 1
QaRq(2)|k)y = ——|1;(2)) (B.7)
2= g
where Rg(z) is defined by
Ro(:)= —5 (B5)
)= —————. .
N 2 QaHan

To prove Eq. (B.7), we consider the identity
I = (2 — QuyQa) Py Ry(2) (1 — A(2) Ry(2)) (B.9)
where
A(z) = Pio[PiaRy(2) Pra) ' Po. (B.10)
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Using Q, = P, — P12, Ry(2) = (= — Hy) ™" and
PioPyRy(2)(1 — A(2)Ry(2)) = 0, (B.11)
I5 becomes
[2 = (Z - Hb -+ PlgHb)PbRb(Z)(l — A(Z)Rb(Z))
= Pb<1 — A(Z)Rb(2>> + PlgHbeRb<Z)(1 — A(Z)Rb(z))
= Pb(l — A(z)Rb(z)) — P12(Z — Hb)PbRb(Z’)(l — A(z)Rb(z))
= By(1 = A(2)Re(2)) — Pra(1 — A(2) Ro(2))
— P Pu=Q. (B.12)
In Eq. (B.12) we used the fact
P A(z) = PP A(z) = PiaA(2). (B.13)
From Eq. (B.12), Eq. (B.9) is proved, and from Eq. (B.9) we get Eq. (B.7).
Now we prove the completeness in @), space. From Eq. (B.7) we have
= QuRS(E) Ry {lo R (B)Qa = 8(E = ) ) v (B.14)

where we used the relation

1 €

T2+ €2

§(z) = (B.15)

for the positive infinitesimal e. Taking the summation over k on both sides of

Eq. (B.14) and integrating over E, we get
€ N _
Qu= [ dE_QuR(E)RG(E)Qu =) ) (vl (B.16)
k
where we used Eq. (B.15) again for the first equality.
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B.3  Proof of (¢ |Hy|vz)

We prove the relation
(V[ Holg) = b (B.17)
First, we note that

Hy,P, = P,H, = H,. (B.18)

From the definition of |¢y), we have
Hyl) = HyPylk)y — HyRy (1) A* (1) ) (B.19)

where A%(E) is defined in Eq. (B.2). Using Eq. (B.18) and adding and sub-

tracting ug term, we get

Hylvg) = uePolk)y — Ryl () AT (ug) Ky

—(Hy = ) Ry () A* ()[R (B.20)
Since puz — Hy is the inverse of R} (uz), Eq. (B.20) is changed to

Hylwg) = ugPolk)y — Ryl () AT () [K)y 4+ AT (1))

(B.21)

Using the definition of |¢;), the first two terms of Eq. (B.21) can be combined

to give
Hylr) = pglvg) + AT (up) ). (B.22)
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Since (1z| P12 = 0, from the definition of A we have

(W | AT () [bg) = 0. (B.23)

Therefore, we get

(Vi [ Holtbg) = gl (B.24)
B.4 Proof of the relations (j|,Hr|j"), = w7077, (Up|Hr|vg) =
g O

First we prove the relation

(GloHrlf e = wid3; (B.25)

735"

In 7" representation, we have

Glatirl)a = [ dFGlard (=557 + VD) 71T o (B.26)

We write
(1) = (71700, () (B.27)
(717)a = (71700, (7) (5.23)

where (j|7) and (7]j’) are the analytically continued functions of (j],7) and

(717")q outside their supports. Note that (j|7) and (7]j) are still zero at the
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boundary. Then Eq. (B.26) becomes

[ @i - g+ V)T,

= [ 460, (1) 4" + V)00, ()

= / d7{j|7)Oq, (F)(—h—sz + V()7

o [ G900, (I )T - (VO ()

o [ @i G0, (HUAT (V0 (). (5.29)

In Eq. (B.29), VOone, () gives delta function at the boundary, and V?@q, (7)

gives the derivative of the delta function at the boundary.

The first term in Eq. (B.29) gives

4717, (P~ eV + V() 717

dr(j17)Oq, (7) (w7) (7)) = wyb75. (B.30)

—

The second term in Eq. (B.29) becomes

/ (700, ()~ 1) (T (717)) - (VO (7)) =0 (B.31)

since (j|7) is zero at the boundary.
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The third term in Eq. (B.29) becomes

/ 47 (71700, (7) ((717)) (V*q, (7))
__ / drV ({17 ©a, (P)(717'))] - Vg, (7)

= —/M(Wﬂﬂ)@ga(f’)(ﬂf’)) + (117 (VOq, (M)(71])
+(j|7) O, (F)(V(71]'))] - VOq,(7)

=0 (B.32)

since inside the square bracket is zero at the boundary. For this we used the

relation

/ dx(28(2)) (26(x)) = 0. (B.33)

Eq. (B.33) can be shown by substituting delta sequence into Eq. (B.33) or by

using the relation

/da:(x —a)(z—b)6(x —a)d(zr —b)=0-(b—a)d(b—a)=0. (B.34)

Using Eq. (B.30), Eq. (B.31) and Eq. (B.32) we get the desired result

(laHr7")a = w705 (B.35)
The relation
(el HrlYp) = pidie (B.36)

can be also shown using the same method.

131



Bibliography

[1] S. Kim and G. Ordonez, submitted to Phys. Rev. E (2002)
2] T. Prigogine, S. Kim, G. Ordonez and T. Petrosky, in preparation. (2002)
[3] A. O. Caldeira and A. J. Leggett, Ann. Phys. 149, 374 (1983).

[4] E.Fick and G. Sauermann, The Quantum statistics of dynamical processes

(Springer Verlag, 1990).

[5] U. Weiss, Quantum dissipative Systems, Chapters 2-3 (World Scientific,

Singapore, 1983).

[6] Th. M. Nieuwenhuizen and A. E. Allahverdyan, arXiv: cond-mat/001389
(2001).

[7] 1. Prigogine, Non Equilibrium Statistical Mechanics (Wiley Interscience,
1962).

8] C. W. Gardiner, Quantum Noise (Springer Verlag, 1991).
9] L. Van Hove, Physica 23, 441 (1957).
[10] R. Brout and I. Prigogine, Physica 22, 621 (1956).

[11] P. Resibois and M. de Leener, Classical kinetic theory of fluids (Wiley

Interscience, 1977).

132



[12] L. Accardi and S. V. Kozyrev, Adv. Chem. Phys. 122, 215 (2002).
[13] I. Prigogine, Adv. Chem. Phys. 122, 261 (2002).

[14] 1. Prigogine, C. George, F. Henin, L. Rosenfeld, Chemica Scripta 4, 5
(1973).

[15] L. Prigogine, From being to becoming (Freeman, New York, 1980).

[16] T. Petrosky and I. Prigogine, Physica A 147, 439 (1988).

[17] L. Prigogine and T. Petrosky, Physica A 147, 461 (1988).

[18] T. Petrosky and I. Prigogine, Physica A 175, 146 (1991).

[19] T. Petrosky and I. Prigogine, Chaos Solitons Fractals 7, 441 (1996).
[20] T. Petrosky and I. Prigogine, Adv. Chem. Phys. 99, 1 (1997).

[21] 1. Antoniou and S. Tasaki, Int. J. Quantum Chemistry 46, 425 (1993).

[22] G. Ordonez, T. Petrosky and I. Prigogine, Phys. Rev. A 63, 052106
(2001).

[23] I. Prigogine, S. Kim, G. Ordonez and T. Petrosky, Time symmetry break-

ing and stochasticity in Hamiltonian physics, preprint (2002).

[24] T. Petrosky, S. Kim, G. Ordonez, and 1. Prigogine, Classical matter-field

interaction. Role of nonintegrability, preprint (2002).

133



[25] T. Petrosky, G. Ordonez and I. Prigogine, Phys. Rev. A 64, 062101
(2001).

[26] B. Misra and E.C.G. Sudarshan, J. Math. Phys. 18, 756 (1977).

[27] L. A. Khalfin, Sov. Phys. JETP 6, 1053 (1958).

[28] T. Petrosky and V. Barsegov, Phys. Rev. E 65, 046102 (2000).

[29] T. Petrosky and I. Prigogine, Chaos, Soliton and Fractals 11, 373 (2000).

[30] J. R. Klauder and E. C. G. Sudarshan, Fundamentals of Quantum Optics,
(V. A. Benjamin, Inc., New York, 1968).

[31] K. Friedrichs, Commun. Pure Appl. Math. 1, 361 (1948).

[32] C. Compgano, G. M. Palma, R. Passante and F. Persico, J. Phys. B 28,
1105 (1995).

[33] C. Cohen-Tannouji, J. Dupont-Roc and G. Grynberg, Atom-photon in-

teractions. Basic processes and applications (Wiley, New York, 1992).

[34] R. Balescu Equilibrium and nonequilibrium statistical mechanics, (John

Wiley & Sons, 1975).

[35] E.C.G. Sudarshan, C.B. Chiu and V. Gorini, Phys. Rev. D18, 2914
(1978).

[36] N. Nakanishi, Prog. Theor. Phys. 19, 607 (1958).

134



[37]

[38]
[39]

[40]

[41]

[42]

[48]

A. Béhm and M. Gadella, Dirac Kets, Gamow Vectors and Gelfand
Triplets, (Springer Lecture Notes on Physics, Vol. 348, Springer, New
York, 1989).

T. Petrosky, 1. Prigogine and S. Tasaki, Physica A 173, 175 (1991).
S. Tasaki, Phys. Reports 219, 110 (1992).

I. Antoniou, M. Gadella, E. Karpov, 1. Prigogine, and G. Pronko, Chaos,
Solitons and Fractals 12, 2757 (2001).

T. Petrosky, private communication.

E. Nelson, Dynamical theories of Brownian motion, (Mathematical notes,

Princeton University Press, 1967).

W. T. Coffey, Yu. P. Kalmykov, J. T. Waldron, The Langevin equation
with application in physics, chemistry and electrical engineering, (World

Scientific, 1996)

J. L. Lebowitz and E. Rubin, Phys. Rev. 131, 2381 (1963).

P. Resibois and R. Davis, Physica 30, 1077 (1964).

J. L. Lebowitz and P. Resibois, Phys. Rev. 139, A 1101 (1965).

N. G. van Kampen, Stochastic processes in physics and chemistry (North

Holland Publishing Company, 1981).

T. Petrosky, unpublished (2002).

135



[49] G. Ordonez, private communication (2002).

[50] S. Subbiah, Macroscopic dressing of electron states in a two dimensional

ballistic waveguide (Doctorial thesis, University of Texas at Austin) (2000).

[51] Ashcroft and Mermin, Solid state physics (Saunders College Publishing,
1976).

[52] E.Milotti, Phys. Rev. E51 (New York, 1995) 3087

136



Index

Abstract, vii
Acknowledgments, v
Appendices, 91

Bibliography, 126
Dedication, iv

Introduction, 1

137



Vita

Sungyun Kim was born in Seoul, Korea on 20 Feb 1974, the son of
Kunil Kim and Sunjea Chang. He received the Bachelor of Science degree in
physics from the Seoul National University in 1996. He entered the University
of Texas at Austin in the graduate physics program in 1996 fall. He began

working with Prof. Prigogine in 1999.

Permanent address: 311 E 31st St 307A
Austin, Texas 78705

This dissertation was typeset with IATEX' by the author.

'IATREX is a document preparation system developed by Leslie Lamport as a special
version of Donald Knuth’s TEX Program.

138



