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Volume Averaged Phonon Boltzmann Transport Equation for

Simulation of Heat Transport in Composites

Columbia Mishra, Ph.D.

The University of Texas at Austin, 2016

Supervisors: Li Shi, Jayathi Murthy

Heat transfer in nano-composites is of great importance in a variety of
applications, including in thermoelectric materials, thermal interface and thermal
management materials, and in metamaterials for emerging microelectronics. In the past,
two distinct approaches have been taken to predict the effective thermal conductivity of
composites. The first of these is the class of effective medium theories, which employs
Fourier conduction as the basis for thermal conductivity prediction. These correlate
composite behavior directly to volume fraction, and do not account for inclusion
structure, acoustic mismatch, and sub-continuum effects important in nanocomposites.
More recently, direct numerical simulations of nanoscale phonon transport in composites
have been developed. Here the geometry of the inclusion or the particulate phase is
represented in an idealized way, and the phonon Boltzmann Transport Equation (BTE)
solved directly on this idealized geometry. This is computationally intensive, particularly

if realistic particle composites are to be simulated.
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Here, we develop, for the first time, a volume-averaged formulation for the
phonon BTE for nanocomposites, accounting for the complex particle-matrix geometry.
The formulation is developed for a nanoporous domain as a first step and then a
nanocomposite domain is considered. The phonon BTE is written on a representative
elemental volume (REV) and integrated formally over the REV using the laws of volume
averaging. Extra integral terms resulting from the averaging procedure are approximated
to yield extra scattering terms due to the presence of inclusions or holes in the REV. The
result is a phonon BTE written in terms of the volume-averaged phonon energy density,
and involving volumetric scattering terms resulting from both bulk scattering and
scattering at the interfaces of the inclusions in the REV. These volumetric scattering
terms involve two types of relaxation times: a volume-averaged bulk scattering relaxation
time T resulting from phonon scattering in the bulk matrix material, and an interface
scattering relaxation time 7 resulting from volume-averaging scattering due to interfaces
within the REV. These relaxation times are determined by calibration to direct numerical
simulations (DNS) of the particle or pore-resolved geometry using the phonon BTE.

The additional terms resulting from the volume-averaging are modeled as in-
scattering and out-scattering terms. The scattering terms are written as a function of a
scattering phase function, @k, and the interface scattering relaxation time, zz. The
scattering phase function represents the redistribution of phonon energy upon scattering
at the interface. Both 7z and @k are functions of the interface geometry and the phonon
wave vector space. The scattering phase function in the model is evaluated in the

geometric optics limit using ray tracing techniques and validated against available
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analytical results for spherical inclusions. The volume-averaged bulk scattering relaxation
time, T takes in to consideration the effects of the pores on the effective thermal
conductivity of the composite. It is calibrated using a Fourier limit solution of the
nanoporous domain.

The resulting governing equations are then solved using a finite volume
discretization and the coupled ordinates method (COMET). In the gray limit, the model is
applied to nanporous geometries with either cylindrical or spherical pores. It is
demonstrated to predict effective thermal conductivity across a range of Knudsen
numbers. It is also demonstrated to be much less computationally intensive than the DNS.

This model is extended to include non-gray effects through the consideration of
both polarization and dispersion effects. For non-gray transport, the bulk and interface
scattering relaxation times are now wave-vector dependent. Two different models are
proposed for determining the interface scattering relaxation times, one assuming a
constant value of interface scattering relaxation time, and another which accounts for
variation with wave vector. As before both bulk and interface relaxation times are
calibrated with the DNS solution in the Fourier and ballistic limits. The scattering phase
function developed for gray transport in the geometric limit is expanded to consider the
appropriate energy exchanges between different phonon modes assuming elastic
scattering. The non-gray volume-averaged BTE is compared to the DNS for a range of
porosities at the limits of bulk average Knudsen number and for intermediate average

Knudsen numbers. The model with variable interface scattering relaxation times is found
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to better predict the variation of effective thermal conductivity with wave vector, though
both models for interface scattering are less accurate than the gray model.

Further, the volume-averaged BTE is extended for two material composites. We
solve the volume-averaged BTE model for particle sizes comparable to the phonon
wavelength in the composite matrix. We employ analytical scattering phase functions in
the Mie scattering limit for particles to include wave effects. The calibration of model
relaxation time parameters is conducted similar to that in the gray volume-averaged BTE
model for nanoporous materials. The composite domain is solved in the Fourier limit to
calibrate the volume-averaged bulk relaxation time. This relaxation time parameter
considers the material properties of both the host material and particle. For small particle
sizes, calibration in the ballistic limit is conducted using a nanoporous domain. This is
possible as the interface scattering relaxation time is driven primarily by the travel time
of the phonons between particles, and not by the residence time inside the particle. The
scattering phase function is computed considering properties of both the host material and
the particle scatterers. We solve the volume-averaged BTE for the two-material
composite for a silicon host matrix with spherical germanium particles. We demonstrate
the gray two-material composite domain for varying porosities over a range of Knudsen
numbers.

The present work creates a pathway to model thermal transport in nanocomposites
using volume-averaging which can be used in arbitrary geometries, accounting for both
bulk scattering and boundary scattering effects across a range of transport conditions. The

model accounts not only for the volume fraction of particulates and inclusions, but also
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their specific shape and spacing. It also accounts for sub-continuum effects. Furthermore,
the volume-averaging method also allows inclusion of wave effect through the scattering
phase function so that particles on the order of the phonon wavelength or smaller can be
considered. The formulation is also generalizable to the limit when the particles are large
compared to the wavelength; in this limit, geometric optics may be employed to compute
the scattering phase function. Overall, the volume averaging approach offers a
computationally inexpensive pathway to including composite microstructure and

subcontinuum effects in modeling nanoporous materials and composites.
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Chapter 1: Introduction

1.1 MOTIVATION AND BACKGROUND
Nanocomposites are of great scientific interest due to their applications in

thermal-management, thermal generation and energy storage. Recent focus in
nanocomposites has been on the manipulation of their thermal and electronic transport
properties through the use of different material combinations and engineered
nanostructures [1-4]. In order to design and fabricate engineered nanocomposites for
thermal applications, it is essential to understand sub-continuum thermal transport in
these materials. There are limitations and challenges in both the experimental as well as
theoretical understanding of nanomaterials. The added structural complexities in
nanoporous materials and nanocomposites introduce further challenges in modeling
irregular geometries and predicting interface effects accurately.

Thermal transport in many nanocrystalline solids is through quantized modes of
vibration in the atomic lattices. These quantized vibrations, also known as phonons,
determine many of the physical properties of the material, such as heat capacity and
thermal conductivity. Phonons demonstrate wave-particle duality when analyzed using
guantum mechanics and, therefore, are quasi-particles [5]. If the length scale of the
nanostructure, L, is large compared to the phonon wavelength A, coherence effects can be
neglected and phonons may be treated as semi-classical particles. In this particle
viewpoint, the mean free path A of the phonon is the average distance travelled by the
phonon before it experiences a collision. These collisions can be due to a variety of

interactions: phonon-phonon, phonon-electron, phonon-boundary, phonon-interface or

1



phonon-impurity, among others. Phonon-interface or boundary scattering is elastic and
phase information is not lost. Phonon-phonon scattering or bulk scattering is central to
the determination of thermal conductivity, and is inelastic in nature [6]. For typical
composites of interest, phonon mean free paths are in the range of tens to a few hundred
nanometers, while wavelengths may be of the order of a few nanometers. Thus, a particle
treatment is expected to suffice for most nanocomposites of interest.

When are sub-continuum effects important?

For simplicity let us consider a nanoporous material of length scale L, composed of unit
cells or modules of length scale L as shown in Figure 1. Within each module are pores of

length scale Lp separated by distance d, so that Lp ~ (L-d).

Nanoporous Composite Domain

Boundary scattering

Bulk scattering A KL

Figure 1: Schematic of bulk and boundary scattering mechanisms in a nanoporous
composite domain

Let us assume that d/A>>1 so that coherence effects may be neglected. Phonons traveling

through the module undergo ~ O(L/A) number of scattering events in the matrix material



due to phonon-phonon, phonon-carrier and phonon-impurity scattering. The
corresponding time scale,.i.e., the bulk relaxation time t,,,;x, IS given by

Thute = MYy
Phonons scatter on interfaces as well as on carriers or impurities. The number of interface
scattering events is of order L/d, and the interface scattering time scale is given by:

5 = d/vy,
An effective relaxation time, z.sr, accounting for both bulk and boundary scattering is
given by Matthiessen’s rule [7]:

1 1 1
=—+

Teff Thulk TB
We may define an effective Knudsen number Kn as:

Kn = vy Tesr/L
Kn is inversely proportional to the number of scattering events (bulk or interface or both)
that occur over the module length scale L. If Kn<<1, there are sufficient numbers of
scattering events that diffuse behavior obtains within the module. In this limit, it may be
shown that the Fourier law is valid, and the effective thermal conductivity of the porous

material is given approximately by
1 2
Kbulk~§CVg Terf
where, C is the specific heat of the composite and v is the phonon group velocity in the

composite. (A more detailed derivation accounting for material porosity and tortuosity is
given in Chapter 2). It follows of course that if the density of interfaces is small (d/L~1)

within the module,



1 1

~

Teff Thulk
then the effective thermal conductivity of the porous material is given approximately by
1 1
K N;CUQA~§CUQZTbulk
By the same token, if the density of interfaces is sufficiently high (d/L<<1), interface

scattering would dominate bulk scattering and therefore

1 1

~ —_—

Teff TB
In this limit, the porous material obeys Fourier diffusion and the effective thermal

conductivity of the material is given approximately by:
1 1
K ~ nggd~§Cvgzrg
If, on the other hand, Kn = v,7.r/L >1, there are relatively few scattering events within

the module, either bulk or interface, and Fourier diffusion does not obtain. In this limit, it
is important to consider sub-continuum effects within the module.

If sub-continuum effects are important within the module, but the material length
scale Lp>>L, there are many modules or unit cells in the material. In this limit, bulk
behavior will nevertheless obtain, but on the length scale Lp. The effective thermal
conductivity of the bulk material will depend on the conductance of the individual
modules; the latter must account for sub-continuum effects. If the material length scale
Lp is of the order of the module length scale L, sub-continuum effects are again

important, but a material property such as effective thermal conductivity cannot be



defined. Instead, thermal transport in the material will depend on the size and shape of
the material, as well as boundary scattering on the boundaries of the material domain.
Now, instead of a nanoporous material, let us consider a composite consisting of
the matrix material in which are embedded particles of a different material. Phonons
traveling through the matrix material again undergo bulk scattering as before. Phonons
impinging on the particle-matrix interface are partially reflected and partially transmitted,;
the fraction depends on the mismatch in spectral properties between the matrix material
and the particle, as captured by, for example, the diffuse mismatch model [8]. The
physics governing the reflected phonon energy are the same as for scattering in porous
materials, and the discussion above applies. What is new, however, is transmission. Here,
a fraction of the phonon energy impinging on the particle undergoes transmission into the
particle, where, depending on particle size, it may encounter additional thermal resistance
due to bulk scattering within the particle. However, in many composites of interest, the
particle length scale Lp <<L, and phonons may be assumed to travel nearly ballistically
within the particle, and to undergo multiple reflection and transmission events at particle-
matrix interfaces. In such cases, the primary role played by the particle is to decrease the
interface scattering time scale, and to re-arrange the directional distribution of phonon

energy.

1.2 LITERATURE REVIEW
Researchers have modeled effective thermal conductivity of composite materials

in the dilute limit. Hashin [9] developed a generalized self-consistent scheme to

determine the rigorous bounds on effective conductivity of a two-phase material
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supporting a particle view of the phonon transport and emphasizing interface scattering as
the dominant phenomenon. The effective thermal conductivity of composites also
requires a detailed resolution of phonon polarization and frequency. The mean free path
of phonons in a material like silicon, for example, ranges over many orders of magnitude
[10]. Thus, the transport of some phonons groups may be mediated primarily by
scattering in the bulk matrix, while phonons with longer mean free paths may encounter
scattering on the particle inclusions. Furthermore, the transmissivity of phonons across
heterogeneous interfaces is a strong function of spectral signatures of the phonons in each
material.

Over the years, significant effort has been made to better understand the
temperature discontinuity at the interface between two dissimilar materials due to
interface resistance. The earliest work in this area can be traced to Kurti, et al. [11] and
Kapitza [12]. In 1941, a study by Kapitza [12] on thermal measurement of a solid
submerged in liquid helium showed dissimilar temperatures at the interface of the two
different materials in the experiment. In 1952, Khalatnikov [13] developed a model
proposing the presence of a thermal boundary resistance (TBR) to explain the
temperature jump at the interface. The TBR or Kapitza resistance is defined as the ratio
of temperature discontinuity to the power flowing per unit area across the interface. This
model was the early basis of the acoustic mismatch model (AMM). In 1959, Little [14]
expanded the acoustic mismatch model to solid-solid boundaries by considering the
mismatch in the sound velocity in the two media. Both Khalatnikov and Little adopted a

harmonic model wherein a phonon interacts with a geometrically perfect interface and
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experiences reflection or transmission that is elastic. The transmission and reflection
coefficients are determined by the angle of incidence and the acoustic velocities of the
phonons on either side of the interface.

Molecular dynamics (MD) simulations were compared with AMM by Schelling,
Phillpot, and Keblinski [15] at a silicon-silicon interface with modified properties for one
side. They found that there was a strong polarization dependence of the transmission of
high frequency transverse acoustic phonons, allowing only specific phonon types to be
transmitted across the interface. They could then calculate the transmission coefficients.
Finally, they noted that the AMM and MD simulations agreed with each other for low
frequency acoustic phonons, whereas at the high frequencies, AMM did not yield
accurate results.

Another approach in modeling the interface, known as the Diffuse Mismatch
Model (DMM), was proposed by Swartz and Pohl in 1987 [8]. Their model for an
interface with sufficient roughness and high enough temperature predicted that the
relative density of states of the two interface materials mattered more than the acoustic
mismatch in the two materials in determining the interface transmission of the phonons.
They assumed that the phonon was either reflected diffusely or transmitted, both
elastically, from the rough interface. DMM assumes that a phonon would not know its
origin once it impinges upon an interface, i.e., it “loses memory”. Consequently, we can
say that the acoustic correlations at interfaces are assumed to be completely destroyed by
diffuse scattering, which means that the transmission coefficient is determined solely

based on the density of states on both sides and can be derived using the principle of
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detailed balance [6]. Furthermore, the phonon transmission coefficient is found to be
equal to the reflection coefficient for a phonon traversing the opposing direction.

The accuracy of DMM varies depending on the mismatch in the Debye
temperature of the materials sharing the interface. The Debye temperature is a function of
the maximum frequency. The errors in this model can be attributed to the elastic
transmission assumption. In materials with a large Debye temperature mismatch, DMM
underpredicts the thermal conductance. This error implies the presence of significant
inelastic scattering at these interfaces [16-19].

Another approach to modeling interfaces is through the atomistic Green’s
function (AGF) [20-24]. Here anharmonicity is ignored at the interface and the Landauer
formulation [25] of the energy transport is adopted. The system is decomposed into the
device and two contacts and three different Green’s function is computed for these sub-
sections. This makes it possible to simulate the system response to a wave packet
traveling through the system. AGF focuses on obtaining transmission functions for the
phonon waves in a given crystal structure. It can handle the presence of boundaries,
interfaces, defects and connections to bulk contacts by establishing interaction matrices
between atoms and simulating the transport of plane lattice waves. While it is
advantageous in capturing wave effects that may be present in phonon transport, AGF
requires increased effort to incorporate anharmonic three-phonon scattering [26]. In cases
where scattering is important and for system sizes which are significantly larger than the

phonon wavelength, AGF is not suitable. This makes is unsuitable for studying thermal



conductivity itself [10], but it can be very useful in accounting for interface atomic
structure in computing interface transmission functions.

We can identify two basic types of theoretical modeling approaches for phonon
transport from the composite materials literature: (i) theories based on effective medium
approximation (EMA) theory, and (ii) direct numerical simulations of a periodic idealized
cell in the composite. The EMA is derived typically based on the Fourier conduction
equations, and as we realize from our previous discussion, sub-continuum effects become
important at the smaller length scales. Originally the EMA theory developed by Maxwell
and Rayleigh [27], and numerous variants, including that by Maxwell-Garnett have been
published [28].

An improvement to this classical work was made by Hasselman and Johnson
(1987) [29] when they incorporated interfacial resistance in to this model for the first
time. In 1991, Benveniste and Miloh [30] developed a model for effective thermal
conductivity while incorporating thermal boundary resistance by averaging all relevant
variables such as heat flux and intensity over the composite medium with a matrix and
with inclusions being treated as a continuum. The Kaptiza resistance was corrected for in
the EMA formulation by Every et al. [31]. They presented an asymmetric Bruggeman
type model and solved it for high volume fraction of inclusions. A more general and
significant EMA-based model was developed by Nan et al. in 1997 [32]. This analytical
model gives a general form for computing effective thermal conductivity of arbitrary
particulate composites. They consider the effect of particle size, shape, distribution,

properties of the matrix and reinforcement and volume fraction in addition to interfacial
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resistance, as the previous models. The expression for effective thermal conductivity Kes
of a composite in terms of the wire (ks;) and matrix (kge) thermal conductivities may be

written as,

. ke(:; (+a)+1+ ¢(::(1—a)—1n
:S‘ 1+ a)+1—¢[:5i(l—a)—1]

Ge Ge

where a = 2kceR/Lsi , ¢= volume fraction, and R is the interfacial thermal resistance
which is a function of the phonon transmissivity and therefore, the geometry and wave
vector space in the media. More recently, a modified EMA proposed by Minnich and
Chen [33] takes into consideration size effects in each phase of the composite by
modifying the bulk mean free path. This accounts for increased boundary scattering of
phonons when the particle (wire) size and spacing are comparable to the mean free path
of phonons. The reduced mean free path of phonons in the matrix (Ge) and wire (Si)

based on the Matthiessen’s rule is given by:
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Here, A2*and A%™ are the bulk mean free paths of the phonon in the matrix (Ge)

and wire, (Si), respectively. A_, and Ls; represents the reduction in mean free path in the

coll
matrix and the wire due to diffuse boundary scattering. 4. relates phonon boundary

scattering to the density of nanowires within the matrix. For a square nanowire, Ao =
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@/Lp, where Lp is the length of the periodic unit. The calculated effective mean free path
of phonons in the matrix and the wire are used to compute the reduced thermal
conductivity of each phase. The modified EMA model uses the reduced thermal
conductivity to calculate the overall K.

The effective medium approximation (EMA) has been successful in predicting
effective properties of macrostructured composites but fails to make accurate predictions
for nanocomposites [10]. This is not surprising given the complex nature of phonon
transport not being supported by theories in the macroscopic limit. EMA theory severely
overpredicts the effective thermal conductivity for small period lengths but shows closer
predictions at micron sized nanocomposite unit cells with the inclusion of the interfacial
thermal resistance. Despite accounting for boundary scattering, the modified EMA theory
fails to provide accurate estimation of thermal conductivity in the ballistic limit of
phonon transport. This range of transport in composites is governed by phonon
transmission at the interface and view factors between scattering surfaces. In this range
there is significant departure from the predictions of diffusive transport theory even if
interfacial resistance due to scattering at interfaces is considered. Thus, EMA theory
which is based on a diffusive transport theory is unable to predict accurately the effects
that are dominated by surface view factors [32, 33].

We turn now to a brief review of numerical methods for the simulation of phonon
transport. Over the last few years, molecular dynamics (MD) has increasingly come to be
used to explore phonon transport. MD employs a time integration of Newton’s second

law of motion at the atomic level, where each atom is treated as a point particle
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interacting with other particles through an interaction potential. The interaction potential
may be derived through empirical models that fit specific bulk data [34-37]. Another
approach is to use force constants based on density functional theory [DFT] [38]. Every
atom is tracked for a set of discrete time steps over a span of a few nanoseconds and this
data is analyzed to deliver transport parameters such as thermal conductivity. Both
equilibrium MD (EMD) [39] employing the Green-Kubo formalism and non-equilibrium
MD (NEMD) [40] have been employed. The dynamical and transport properties of solid
crystals are obtained in EMD using the history of thermal fluctuations in the system,
whereas NEMD directly determines the thermal conductance by imposing temperature
gradients in the system. Both methods are consistent with each other and agree well with
experiments [41]. MD simulations are inherently limited by the assumption of classical
oscillators and results below the Debye temperature fail to recognize quantum effects.
For silicon, the Debye temperature is 660 K, and consequently any solution below this
limit cannot be considered accurate. Moreover, with current computational power, MD is
not a realistic choice for simulating nanocomposites since a very large number of atoms
would need to be used.

The semi-classical phonon BTE is capable of describing the quasi-particle nature
of the phonons, especially at the length scales of our interest, where phonon mean free
path may be of the order of the system size [6]. Typical solutions of the BTE make either
a gray or a non-gray approximation to the phonon dispersion relation. A gray
approximation means that we ascribe a single group velocity and relaxation time to all the

phonon groups. Under the gray approximation, the group velocity vq is chosen to reflect
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the velocity of the dominant phonon groups at the temperature under consideration.

Relaxation time, 7, is chosen such that we can recover the bulk thermal conductivity of
CVVgZZ'/ 3 corresponding to Fourier’s law, for Kn << 1. Here C, is the volumetric specific

heat capacity of the solid. Non-gray models include the full K-space resolved phonon
dispersion, the wave-vector and polarization dependence of phonon mean free paths and
interface transmissivity and reflectivity values. Numerical solutions of the BTE employ
computational schemes that have a basis in the thermal radiation and neutron transport
literature [42]. One of the most commonly used solution techniques for the BTE is a
finite volume based approach, where the physical domain is discretized in to control
volumes. The Brillouin zone is also discretized into finite volumes. Conservation of
phonon energy may be imposed by integrating the BTE over physical and wave vector
space, and discretization and numerical solution carried out using standard linear solvers
[43-45]. The discrete ordinates method is also widely used and is similar, with the
quadrature in wave-vector space being based on well-established quadrature schemes [43,
46, 47].

Periodic nanocomposites have been studied using multiple methods described
above, primarily due to their simplicity and significance in predicting effective properties
and engineering new devices. In 1997 Chen [48] modeled effective thermal conductivity
of periodic thin-film structures in the parallel direction. This model demonstrated that
interface roughness causes reduction in thermal conductivity of superlattices. One of the
findings of this BTE based model was that the non-gray approximation was more

consistent with the experimental results as opposed to the gray approximation. The non-
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gray model, however, came with an increase in the computational expense. In a separate
study, Yang and Chen [49] modeled phonon transport in a two-dimensional composite
with silicon nanowires embedded in a germanium matrix. The BTE based model assumed
gray dispersion and diffuse scattering at the interface. They used the discrete ordinates
method with double Gauss-Legendre quadratures for solution procedure. The study
confirmed that temperature profile in nanocomposites were significantly different from
the regular composites. It also demonstrated the effects of interface conditions, nanowire
size and volume fraction of constituents on the thermal conductivity of the
nanocomposite.

Monte Carlo methods have been developed for phonon transport in
nanocomposite structures using a gray dispersion relation by Chen et al. and Yang et al.
[50, 51]. In [50], a periodic boundary condition is implemented in the Monte Carlo
simulation to study three-dimensional silicion/germanium nanocomposite periodic
structures. The study shows that the thermal conductivity of nanocomposites can be
lower than that of the minimum alloy value, which is important from thermoelectric
energy conversion point of view. It was also found that randomly distributed
nanoparticles in nanocomposites can yield a thermal conductivity similar to periodic
aligned patterns when using the periodic boundary condition. In [51], Tian et al. used the
same code to simulate compacted nanowire composites simplified as periodic units with
nanowires embedded in a host matrix. This study showed that further reduction in
thermal conductivity of nanocomposites was possible for compacted nanowires of the

same characteristic size and atomic composition. Hseih and Yang [52] studied the effects
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of nanowire shapes in periodic nanowire composites using a multiblock-structured grid
based solver for phonon BTE. This study showed that a square approximation of circular
nanowires overestimates the thermal conductivity. This is important as it shows that
geometry effects cannot be ignored when phonon transport is in the ballistic limit.

Singh et al. [53] developed a finite volume based BTE solver to study the effects
of phonon dispersion on silicon/germanium interfaces for two-dimensional domains.
Results showed non-gray model of phonon transport leads to higher interfacial thermal
resistance than that obtained using a gray model. This suggests that phonon frequency
mismatch in the two materials is critical in determining interface resistance. Using a finite
volume based BTE solver and an acceleration algorithm COMET, Loy [54] modeled
phonon transport in silicon, germanium, a silicon/germanium composite with a single
vertical interface and nanoporous silicon. This study used realistic nanoparticle
composite geometries and non-gray phonon dispersion relations.

The above studies make significant assumptions on either the underlying phonon
dispersion or about the geometry itself. The most commonly employed assumption is the
gray approximation. Another common assumption is the use of idealized unit cell
geometries. The extent and directionality of scattering depends on the specific orientation
of inclusions, and the surface-to-volume ratio that they offer. If these are not represented
correctly, the balance between interface and bulk scattering cannot be captured
accurately. Ultimately, our intent is to create a model for nanocomposite transport which
can be used in arbitrary geometries, accounting for both bulk scattering and boundary

scattering effects across the range of Knudsen numbers.
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The similarity between the BTE and the radiative transfer equation (RTE) has
long been recognized. Further, a generalized equation for phonon radiative transport in a
particulate media has been studied [55], which draws analogy between the RTE and
phonon BTE. Thus, one may draw parallels between the development of volume-
averaged models for phonon transport in nanocomposites and those for thermal radiation
in porous media. In the radiation literature there have been studies on porous media
where the governing equations (Maxwell’s equations) of electrodynamics for
heterogeneous media in the wave limit are used to derive volume averaged radiative
transfer equations [56]. Consalvi et al. developed a volume-averaged formulation for
multiphase radiative heat transfer equations while considering the various particle and
phase effects such as particle-phase specific surface, gas scattering phase function and
particle and wall emissivity [57]. The influence of interfaces on radiation intensity in a
porous medium has been studied in packed beds, porous media composed of particles of
different geometry, as well as different phases [58-62]. Anisotropic phase functions have
been considered in [63]. For different particle sizes relative to the phonon wavelength,
one needs to consider different scattering limits. Scattering from large reflecting spheres
and cylinders in the geometric limit has been well studied [63]. In the geometric limit
(analogous to the particle limit for the phonon BTE), ray tracing techniques can be
employed wherever analytical expressions are unavailable, i.e., short cylinders or
arbitrary geometries [64]. In the Rayleigh limit, i.e., for particle sizes much smaller than
the phonon wavelength in the composite, scattering phase functions and transport cross

sections for anisotropic scattering have been studied for longitudinal phonons [65]. For
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particles comparable to the phonon wavelength, scattering phase functions and transport
cross sections for anisotropic scattering have been developed for transverse phonons in
the Mie limit [66].

These studies provide guidance on how we may develop a volume-averaged BTE
and determine the scattering phase functions associated with them. Availability of
experimental data for both nanoporous and nanocomposite domains makes the
comparison process for developed models a possibility. Experimental data by Chen [67]
on porous silicon shows significant departure from bulk properties. Additional
experimental results are available for Si-Ge nanocomposites [68]. These composites have
20-80 nm silicon particle sizes in a germanium matrix. In the above studies, data on
effective thermal conductivity of the domains are available for specific particle shapes
and sizes.

Our primary objective is to develop the first volume-averaged model for BTE for
nanoporous and nanocomposite materials. In the sections that follow, we outline the
process of developing and solving the governing equations, the process for determiming

model parameters, as well as validation.

1.3 DISSERTATION OBJECTIVES
The overall objective of this dissertation is to develop a volume-averaged model

for thermal transport in nanoporous and nanocomposite materials, accounting for the full
range of phonon Knudsen numbers and non-gray effects. The models will be
implemented numerically in the MEMOSA software framework of Purdue’s PRISM

(Prediction of Reliability, Integrity and Survivability of Microsystems) center [69]. The
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volume-averaged BTE is solved using a solver based on the finite volume method (FVM)
employing the coupled ordinates method (COMET) [70]. Comparisons are made with
direct numerical simulations of a geometrically-resolved composite, as well as with
experimental data where available. The specific objectives and scope of the dissertation
are discussed in details below.

1.3.1 Volume-Averaged Formulation for Nanoporous Materials with Gray
Approximation

We will develop a volume-averaged formulation for nanoporous domains based
on a formal averaging of the phonon BTE over a representative elemental volume (REV).
As we show in the detailed derivation in chapter 2, this will result in an additional
boundary scattering term which is a function of the interface geometry and the phonon

wave vector space. A new relaxation-time like model parameter,z,, will be derived

which is a function of the geometry of the representative elemental volume and varies in
the phonon wave vector space; it represents interface scattering. We write the extra
integrals as an in-scattering term using a scattering phase function computed from the
specific shape of the inclusions and the phonon dispersion. The in-scattering term is
multiplied by the interface scattering relaxation time parameter, Tz, which is determined
by calibration against a direct numerical simulation (DNS) of a periodic composite
domain in the ballistic limit. We will develop a general ray tracing technique to evaluate
the scattering phase function. The scattering phase function in the model is evaluated in
the geometric optics limit and validated against available analytical results. We will use
this technique to investigate scattering phase functions for both spherical and cylindrical
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inclusions. VVolume-averaging the bullk scattering term in the phonon BTE results in an
average bulk scattering relaxation time, T . This is determined by calibration against a
Fourier solution in the periodic domain, and accounts for tortuosity of the thermal
pathways due to pores and inclusions, in addition to the intrinsic thermal conductivity of
the bulk matrix material.

This framework will be first implemented for gray phonon dispersion. We will
solve the developed equations within the MEMOSA framework utilizing the COMET
algorithm. The gray volume-averaged model for nanoporous composites is used for
predictions for the full range of phonon transport by varying the Knudsen number. The
method is used to compute the effective thermal conductivity of nanoporous materials
and comparisons with DNS of the same material are provided. The model is
demonstrated to predict effective thermal conductivity for spherical and cylindrical
inclusions. We will investigate the effects of porosity using cylindrical pores. We
compare the obtained effective thermal properties. We further make a direct comparison
of the heat rate contributions of different phonon modes obtained from the volume-
averaged BTE with that of the DNS and demonstrate that good agreement is obtained.

1.3.2 Volume-Averaged Formulation for Nanoporous Materials with Non-Gray
Phonon Dispersions

In this work, we will consider non-gray phonon dispersions and implement a non-
gray version of the volume-averaged model developed above. While the model
development remains the same, the objective is to ensure anisotropic scattering from the

inclusion interfaces is determined accurately. For non-gray transport, discretization of the
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Brillouin zone results in a large number of phonon BTEs to be solved, one for each
discrete K point. Thus, there are a corresponding number of boundary scattering
relaxation times 7 ; to be determined, along with a number of bulk relaxation times, t;.
The scattering phase function matrix,®xx,, will be computed from the specific shape of
the inclusions and the phonon dispersion. The general ray tracing technique developed
above will be expanded to the non-gray case assuming elastic scattering. This model
addresses anisotropic scattering from inclusion interfaces and considers realistic non-gray
phonon dispersion accounting for phonon polarization. The resulting governing equations
are then solved using a finite volume discretization and the coupled ordinates method
(COMET). Relaxation times related to the interface scattering are geometry-specific and
are determined by calibration to a DNS of the periodic geometry. The calibration is
performed while accounting for the complete phonon dispersion in the non-gray limit.
The calibration of 7 ; at the ballistic limit is implemented using an iterative Newton-
Rhapson method. Post-calibration, the heat rate contributions of different phonon modes
are compared with those from the fully-resolved BTE. The predictions are compared with
experimental data available for cylindrical inclusions for silicon nanoporous films [71].
We compare both accuracy and numerical speed-ups obtained using the volume-averaged
model for non-gray phonon transport with respect to direct numerical simulation of the

BTE.

1.3.3 Volume-Averaged Formulation for Two-Material Composites
We will extend our nanoporous formulation to consider two-material composites.

We consider a nanocomposite domain with particles of a second material embedded in
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the matrix. The phonon BTE is integrated on a representative elemental volume (REV) as
earlier. The presence of composite particles in the matrix of the REV is modeled using
the extra integral terms resulting from the averaging procedure and are approximated to
yield additional scattering terms. The scattering at the inclusions is modeled using an in-
scattering term, a scattering phase function determined using the specific shape of the
particle, and a relaxation time like parameter, 7.

As discussed previously, relaxation times related to the interface scattering are

dependent on the particle geometry. The relaxation-time like parameter,z,, obtained

from the volume-averaged formulation, will be calibrated to fit the effective thermal
conductivity obtained from a detailed DNS of the composite geometry in the ballistic
limit. Volume-averaged bulk relaxation times are calibrated using DNS in the Fourier
limit, while accounting for both the matrix and particle geometry and thermal properties.
The result is a phonon BTE written in terms of the volume-averaged phonon
energy density, and involving volumetric scattering terms resulting from both bulk
scattering and scattering at the particle interfaces in the REV. The model is general and
can addresses anisotropic scattering from matrix interfaces accounting for interface
selectivity from acoustic and density-of-states mismatch between composite materials in
the geometric as well as the Rayleigh and Mie limits. We will employ analytical
expressions for scattering phase functions in the Mie limit for transverse phonons [66,
72]. We consider gray phonon dispersion for this study. We solve the resulting governing
equations using the numerical procedure mentioned in earlier sections. The method is

used to solve for the intrinsic volume-averaged phonon energy density. Using the above
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energy density field, we compute the effective thermal conductivity for the two-material
nanocomposite domain. This gray model is tested for the full-range of phonon transport
by varying Knudsen number. The study is adapted to determine the effective properties

for a range of composite particulate volume-fractions in the domain.

1.4 DISSERTATION ORGANIZATION
The dissertation is organized as follows:

Chapter 2: In chapter 2 we present the detailed derivation of the volume-averaged
model. We will develop additional analytical relations for effective thermal conductivity
in the limiting cases under the gray approximation of phonon dispersion. We will discuss
in detail the different model parameters including the calibration procedure for the
interface scattering relaxation, tz and the volume-averaged bulk relaxation time, 7. We
will present our general ray tracing technique used to determine the scattering phase
function in the geometric limit.

Chapter 3: We will present formulations relevant to the non-gray or K-resolved volume-
averaged BTE model for nanoporous composites. We will discuss the expansion of the
scattering phase function for non-gray simulations and the calibration of the volume-
averaged relaxation times, T, as well as the interface-based relaxation time like
parameters, 7 j using a Newton Rhapson iterative procedure.

Chapter 4: We will apply the volume-averaged model developed above on a two-
material nanocomposite domain. We will discuss the assumptions and semi-analytical

approach to compute the scattering phase function in the Mie scattering limit. We will
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discuss the calibration procedure for the volume-averaged relaxation time and the
interface-scattering relaxation time in the Mie limit for a nanocomposite structure.
Chapter 5: In this chapter we will discretize the equations developed in previous
chapters and present the numerical technique used to solve the volume-averaged BTE.
We will discuss the different boundary conditions applied in solving the models. For the
volume-averaged BTE model to be effective the domain length must be large enough. For
reduction in computation time, we will instead simulate a periodic unit cell for the
composite. This is done by implementing a periodic jump boundary condition for a unit
cell, such that the effective properties thus obtained can be compared to the direct
numerical simulation.

Chapter 6: We present results and discussions in this chapter. The volume-averaged
model will be benchmarked against a direct numerical simulation (DNS) for nanoporous
structures. The DNS on the nanporous structure will be solved for both gray and non-
gray limits of the phonon dispersion. For the nanoporous gray model we will compare the
model with the benchmark DNS solution. For the nanoporous non-gray model, we
compare the model solution with that of the DNS. The volume-averaged models on
nanoporous and nanocomposite structures will be validated using experimental data
available for real geometries and materials [71] where possible. For experimental
validation we compare the DNS directly to nanoporous silicon measurements. Recent
experimental work on nanoporous silica by Hopkins et al. [73] has data on 500-nm-thick
films with a square array of pores with diameters and pitches between 300 and 800 nm.

Hopkins et al. use the time domain thermo reflectance (TDTR) technique for their
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measurement. These geometries are easily obtainable and can be solved using the
volume-averaged formulation.

For nanocomposites we present results for the gray approximation of phonon dispersion
in the Mie scattering limit. We will calibrate the nanocomposite gray model at the bulk
and ballistic limits using the DNS on the composite geometry. We consider realistic
properties and geometries for these studies.

Validation with the benchmark solution will allow the theory to be used for the prediction
of the effective properties in nanoporous and nanocomposite structures without the need
to fully resolve the geometry. This will ease computational expense and will be an
invaluable technique for the analysis and design of future nanocomposites.

Chapter 7: We will conclude the dissertation by summarizing the dissertation
contributions and limitations. We will discuss the relevance of the dissertation research to

nanoscale thermal transport. Finally we will layout the future directions for this research.
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Chapter 2: Theory of Volume-Averaging for Phonon Boltzmann
Transport Equation (BTE) in Nanoporous Composites

In this chapter we will consider the phonon Boltzmann Transport Equation (BTE)
and develop a volume-averaged theory of the BTE for a nanoporous composite. We will
derive the Fourier law for the volume-averaged BTE model corresponding to the bulk
and ballistic limits of the model in a gray approximation. We also develop a formulation
for the interface and boundary conditions. A methodology for determining the model
parameters in the volume-averaged BTE, including the volume-averaged bulk relaxation
time Tand the interface scattering relaxation time 7z is presented. The model uses a
scattering phase function, ®g,, that we compute using a ray tracing algorithm in the
geometric scattering limit. We discuss in detail the algorithm and validate it against the
published literature. The fundamentals of the volume-averaged BTE model and the
procedural framework developed in this chapter will be extended to non-gray transport

and to nanocomposites in later chapters in this dissertation.

2.1 PHONON BOLTZMANN TRANSPORT EQUATION
The semi-classical BTE may be used to describe heat transfer in semi-conductors and

dielectrics. In the absence of phase coherence, phonon transport in steady state may be
described using the phonon Boltzmann transport equation (BTE) in the energy moment,
as shown below [74]:
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Where v is the phonon group velocity vector, and e" is the non-equilibrium phonon
energy density, which is dependent on the polarization p, the spatial location, x, and the
wave vector, K. The magnitude of the phonon group velocity is denoted by v,. The
convective term on the LHS describes phonon free flight and the scattering term on the
RHS accounts for energy exchange due to inter-phonon and phonon-carrier collisions.
The scattering term couples the energy densities of all the phonons. It is purely re-
distributive, and energy lost by one phonon group is gained by others through scattering
interactions [75]. The scattering term is very complex in its entirety, and requires the
imposition of energy and crystal momentum conservation rules. To overcome the
challenges in solving the full BTE, the scattering term has been approximated using the
single-mode relaxation time approximation (SMRT) [46]. We also employ this

approximation in the present work. SMRT approximates the scattering term [43] as

follows:
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where T is an effective relaxation time, h is the reduced Planck’s constant, kg is
Boltzmann’s constant, w is the phonon frequency, T is the equilibrium temperature, and
ey Is the Bose-Einstein distribution function multiplied by the phonon energy.

The SMRT approximation is based on the idea that the scattering process perturbs
the phonon mode under consideration, while the modes that it is interacting with remain

unperturbed; the interaction serves to drive the mode towards equilibrium. Using the
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SMRT approximation, Holland derived the bulk thermal conductivity of a crystal [76].
Additionally, using specific functional forms of relaxation time, one can model phonon-
phonon, phonon-carrier, phonon-boundary, and phonon-impurity scattering using
Matthiessen’s rule [76], with constants in the scattering models being calibrated to bulk
thermal conductivity data. It is also possible to derive mode-wise relaxation times in a
more fundamental manner using Fermi’s Golden Rule [74]. A number of papers have

also published phonon lifetimes computed using classical molecular dynamics [77].

2.2 THEORY OF VOLUME AVERAGED PHONON BTE MODEL
In this section we present the development of the volume averaged form of the gray

phonon BTE model for a nanoporous composite. For simplicity, we first develop the
theory for a nanoporous medium where the inclusion is essentially replaced with a
vacuum, i.e., we consider transport through a matrix material with pores in it. Figure 2(a)
shows a nanoporous domain and Figure 2(b) is a corresponding representative volume
(REV).

The REV is the volume over which the BTE is averaged in order to derive the volume
averaged equations. A sufficiently large REV consisting of several pores is chosen such

that averaging over it is equivalent to averaging over any other REV in the domain.
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Figure 2: (a) Nanoporous medium (b) Representative Elemental Volume (REV)

Let us define a few operators for clarity:

V = Vso1ia + V;)ore

(x) = 1 J xdV

VSolid Vsolid

T =afx);, o=l (4)
Here, 'V" is the volume of the REV, "Vs,;i4" is the volume of the solid part of the matrix

and 'V, "is the volume of the pores in the composite matrix. The “—” variables represent
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volume averaged quantities and “< > variables represent the intrinsic volume average of
the quantity in the solid. For clarity we will use bolds for vectors.

Integrating the gray steady state BTE over the REV, we obtain:

eg —e

~fy [vover=2=]av ()

T

We approximate the right hand side as:

tF==  ©

T

The volume average of the divergence operator [78, 79] is applied on equation Eqg. (5):

V-W+%f5 e'v.nds = 2% (7)

T

We now separate the surface integral in Eq. (7) into two parts, corresponding to the
surface for which phonon transport is pointing from the solid to the interface (v.n >

0)and that for which phonon transport points from the interface to the solid(v.n < 0).

Phonon incoming
to the interface

v.n>0

Phonon leaving
the interface

Figure 3: Interface, S, of a pore

. " n l n __ €p—e
V- ve'+ ev.nds+VfS’v_n<Oe v.nds = (8)

1
v fS,v.n>0 -

We now consider the first term on the LHS of Eq. (8):
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1
ve"dV +Vf ve"dV

Vpore

_u_lf lldv_lf
Ve—VVVQ _VV

ve'dV ==y(e") = av(e") (9)

Solid
—w _ i

= ve = VfVSolid

where e" = a{e")

Writing Eq. (8) in terms of the intrinsic average, and making the approximation e" = (e")

in the RHS intergrals, we have:

cvle") = o ezt 1 " _1
aV-vie") = a—— = Jsunsol€v.nds st

(e")v.nds (10)

,v.n<0
The process of volume-averaging produces the surface integral terms in Eg. (10) which
must be closed through modeling. For the surface integral involving phonons incoming

from the solid interior to the surface, (v.n > 0), we assume:

1 (e"W.nds = & (12)
B

v JS5,v.n>0
The second surface integral term, for (v.n < 0), represents the in-scattering of phonon
energy to phonons of wave vector K from phonons of other wave vectors K’ . This is

modeled as:

1
v JS5,v.n<0

(e"W.nds = —ii Jr @rer (e VK (12)

where the subscript "k" pertains to a given K-space point in the Brillouin zone and the
summation over K or K’ is equivalent to summation over the entire Brillouin zone
volume Vy;. For clarity, from hereafter, we will use the subscript *k’ for the phonon BTE

corresponding to a given K-space point in the Brillouin zone. Therefore, we may write

the volume-averaged BTE as:

" {eg)—(ex"y  (ex") 1 1 " ’
aV-vie,") = a =2 Tek — %k +——fK, D, (e YdPK' (13)

B Vpz B

30




We now have a volume-averaged equation (13) in terms of the intrinsic energy density of
the REV. There are two types of scattering terms in equation (13). The first term on the
RHS, involving T, results from phonon scattering in the bulk matrix. The second and
third terms on the RHS, involving 7, represent interface scattering in the domain due to
the pores. Of these, the second term represents out-scattering at the interface, i.e., it
accounts for energy leaving the solid for wave vectors whose group velocities point out
of the solid domain. The third term on the RHS represents in-scattering at the interface,
i.e. it represents energy transfer from other wave vectors to the one under consideration
due to scattering at the interface. The term « is the solid volume fraction of the composite
matrix, as defined earlier. The variable 7z is a relaxation time-like parameter. This
parameter represents the time scale on which phonons scatter on the interface. 7 is a
function of both the geometry of the representative volume and the phonon wave vector
space. To model the composite accurately, we calibrate it from direct numerical
simulations of the REV in the ballistic limit. The scattering phase function, &, governs
the fraction of energy from wave vector K’ that is scattered into wave vector K . We note
that (e,") and (e,/") are distinct from each other. The former is the intrinsic energy
density corresponding to a given K-space point in the Brillouin zone, and the latter term
appears within the integral which is to be summed over the entire Brillouin zone. We now
describe how the different K points are coupled using the conservation of energy

principle, thereby introducing the concept of the volume-averaged lattice temperature.

31



2.2.1 Volume-Averaged Lattice Temperature
We now define the volume-averaged lattice temperature. Since scattering is purely a re-

distributive process we can write:
€0~€k’ 13 —
Jpy=== K =0 (14)
Here, "BZ" denotes integration over the Brillouin zone. Integrating over the physical

volume, we get:

1 _— n
— ﬂu d3KdV = 0
|74 T

V BZ

1 ey — ey
=>j —f 0 AVddK =0
sz V' Jy T

1 e 1 e,"
=>f —j —OdVd3K=j —f £ _avaiK
gzVJly T zV /)y T

= [, 2dK = [ @K (15)
If AT/T <1 or T > Tpepye, We Can assume that the specific heat is constant with
temperature. Thus, we can write the energy density in terms of the specific heat capacity,

Cy ax, as follows:
€ = Cyax (T — Trer)
~ 2Bz CV,AK(T - Tref)AgK = ZBZWAZSK (16)
Furthermore, e, = a(e,)
Here, T is the volume-averaged lattice temperature, and Ty¢f is the reference temperature

datum based on which the energy density is defined.
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2.2.2 Fourier’s Law for Volume-Averaged BTE
In the diffuse limit Kn (=v,t.fr/L) <<l, we can retrieve the Fourier’s law of

conduction from the phonon BTE. We begin with the volume-averaged BTE:

n ( )_( " ( ") 1 1 " !
Vo v(e) = D oy (L [ @y (e VAK) (A7)

aTp aTp
We can re-write Eq. (17) as:

(eo) __(ek") 4 €o,int — (")
aty

V-vie,") =

Where, &, e = i fr @rer (e VAK! (18)
Under the assumption (ey) =~ &, ;¢ fOr isotropic scattering and gray phonon dispersion:
Vovie!) = (e e[z + | (9
For small departures from equilibrium, a thermodynamic temperature may be defined,
and the phonon energy density may be approximated by its equilibrium value. Thus,

olex") VT 9{eo) (20)

Vie') = VT == aT

In the diffusion limit, also known as the acoustically thick limit, the volume-averaged

phonon energy density can be written as:

Cy

(T = Trey) (21)

ey = afeg) =

Differentiating with respect to T , we get:

3(3) _ Cvak (22)

0T 4Tt

From equations (20) and (21), we get:

Vie,") = LKy T (23)

4Tt

33



We assume 75 and T to be independent of wave vector K. Multiplying equation (18) by

(v) and integrating over 4m , we get:

41t C _ 1 1
e V'AKVZVT=_f<ek")|:?+_:|VdQ=— qa)
3 4na T artg ATefs
41
Where, — = [é+L (24)
Teff T atp

The effective thermal conductivity is based on the entire area, i.e., it is averaged over the
solid and the pores. The mean heat flux must therefore be multiplied with the volume

fraction:
1 R
dov = _EaCV,AszTeffv T (25)
Integrating over the Brillouin zone and all polarizations, p, we obtain the total heat flux:

q=72p [, q0dw=—KVT (26)

1

Where, K = Y, fBZ3

aCy ax V2 Toprdw
In the limit when T is very large (there is no bulk scattering) and all scattering is due to
the presence of pores, we obtain:
Teff = ATp (27)
Using equation (24), therefore, in the limit when all scattering is due to inclusions, we

Obtaln qw = _§CV’AKUg2a2TBVT

= q = Zp fBZ qwda) = — effVT (28)
By comparison with the Fourier’s law, and assuming that the group velocity, specific heat

and boundary scattering time scale are independent of frequency, therefore, we have:
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1
Kerr = ngvgzaz‘rB (29)
This shows that, in the limit when scattering is dominated by boundary scattering on the
inclusions, the effective thermal conductivity, K.rr predicted by the volume-averaged

model depends quadratically on the volume-fraction.

2.3 MODEL METHODOLOGY FOR GRAY PHONON DISPERSIONS
In this section we will discuss the calibration procedure for determining the

volume-averaged relaxation time, 7 and the interface-based relaxation time, 5. We also

discuss the computation of the scattering phase function, ®gg-.

2.3.1 Fourier’s Law for Volume-Averaged BTE

In the presence of pores, heat must flow around the physical obstruction. The longer heat
flow path results in a fall in the effective thermal conductivity of the medium compared
to the intrinsic thermal conductivity of the bulk material. This deviation can be quantified
in terms of thermal tortuosity [79, 80]. In a volume-averaged BTE model, we consider
homogenized domains without any structural information. Hence it is of great importance
to include the deviation from bulk properties due to tortuosity of the domain through the
volume-averaged relaxation time T .

In the Fourier limit when T < 15 and v7/L « 1, using equations (24)-(28), the

volume-averaged BTE vyields an effective thermal conductivity of:

1 —
Keff = gch;aT (30)
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We will further employ the Bruggeman theory for composites in determining a functional
relationship between the effective and bulk thermal conductivity of a nanocomposite.
Bruggeman theory for composites is widely used in the battery community for both
thermal and electrochemical simulations [81, 82]. In the Fourier limit, Bruggeman theory
[83] for effective thermal conductivity for a composite system with a range of sizes of
thermally non-interfering spherical inclusions can be expressed as:

Kefr = Kpu(@)? (31)
Where, the bulk thermal conductivity Ky, is given by Cyv?t/3, « is the solid volume
fraction of the composite and d is the Bruggeman exponent and is equal to 1.5 for
spherical shapes under the aforementioned assumptions. Without a range of sizes for the
spheres, we expect departure from the Bruggeman exponent value of 1.5. To account for
this departure, we solve for heat conduction in the composite domain at the Fourier limit
for Keg. A Fourier conduction simulation of a periodic unit cell with inclusions is
conducted with a solid (intrinsic) thermal conductivity of %CVngT to obtain an effective
thermal conductivity. With known bulk and effective thermal conductivity, we determine
the exponent, d, using equation (31).
Using equations (30) and (31), we get:

T =1(a)4? (32)

Where, T is the volume-averaged relaxation time and t is the bulk relaxation time
parameter. Thus, the value of T is found by calibrating it to the effective thermal

conductivity found from direct numerical simulation of Fourier conduction in a periodic
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unit cell domain. The value of T thus computed is an input to the volume-averaged BTE

model.

2.3.2 Determination of Interface Scattering Relaxation Time 1p

In the diffuse limit T - o and vg’% & 1, i.e., in the limit when transport is dominated by

boundary scattering on the inclusions, the volume-averaged BTE yields the effective
thermal conductivity given by Eq. (29). We determine tz from equation (29). This may
be used directly in the volume-averaged BTE model for isotropic scattering. For
anisotropic scattering, however, this value is only an approximation. It is obtained by
calibration against the effective thermal conductivity obtained by a direct numerical

simulation in a fully-resolved periodic unit cell in the limit T — oo such that:

Keff,Volume—Averaged BTE = KBallistic, DNS (33)

The value of 75 thus calibrated is used as an input to the volume-averaged BTE model.

2.3.3 Scattering Phase Function
The scattering phase function, ®,,,, in the volume-averaged model is determined using a

ray tracing technique, similar to that used in radiative transport [64]. This treatment is
valid in the geometric optics limit, when the wavelength of the dominant phonon groups
is smaller than the length scale of the inclusions. Alternative treatments accounting for
wave effects may also be used to deduce &, when this condition is not satisfied [63].
We verify the ray tracing with an analytical formulation for large diffusely-reflecting

spheres in the geometric optics limit [63]. The procedure is briefly explained here.
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Computation of ¢y, : Ray Tracing Methodology and Validation
Consider the computation of @, for the case of a large diffusely-reflecting sphere. We

consider incoming phonons with intensity [, (= vg(e;)) incident on the sphere from a

> N

direction, K’ and reflected into direction, K (Figure 4).

b //

=

Figure 4: Scattering of incident rays by a large diffusely reflecting sphere

Here &, is proportional to the scattered intensity to the total scattered flux. We consider
reflection from a differential area dA on the sphere with outward normal n. The incident
rate of phonon energy received by the differential surface is given by:
I, (—neK' )dA = I, cos(6;)dA (34)
The rate of phonon energy leaving the surface in the direction K is given by:
I, (—neK' )(neK )dA = I, cos(8;) cos(6,)dA (35)
Here 6; is the angle between the incident ray and the normal, and 6, is the angle between

the reflected ray and the normal. The value of @, is given by:
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Dy = 2 (36)

Yk Frkr

where,

Frr,= Sum of rate of phonon energy in rays reflected in the K direction that are
contributions of incoming rays from direction K’. Note that the rate for each ray is
computed by Eq. (35) and is determined by the normal at its points of impact.

Y« Frr,=Total rate of phonon energy in the reflected rays in all directions that are
produced by incident rays in K'.

To compute the above formula numerically, we define a spherical surface surrounding
the inclusion (sphere or cylinder) from which the rays originate. Using a random number
generator, we pick a location uniformly at random on the external surface as a point of

origin for the incoming ray (Figure 5).

(b) Kz

Figure 5: (a) Points of origin of fired rays on the external sphere. (b) Spherical coordinate
system for rays.
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The rays are defined using a spherical coordinate system as shown, where 0 < 6 <  and

0 < ¢ < 2m. The ray directions belong to the discretization domain Ng x Ny which is the
same as the phonon discretization of the spherical Brillouin zone (BZ).

We calculate the point of intersection of the incoming ray with the inclusion surface. For
every intersecting incoming ray, the reflected ray is chosen randomly in a direction on the
hyperspace separated by the tangent plane on the sphere (Figure 6). We generate multiple
rays with different directions from each location of the external surface and repeat the
process for all locations over the external sphere. We allocate the phonon energy rate for
all incoming and outgoing ray pairs to their respective discretized K-space bins using Eq.

(35).

Reflected Ray, K

Incoming Ray, K’

Figure 6: Reflection on the surface of a spherical inclusion

Finally we compute the scattering phase function @y, as the ratio of the scattered

intensity to the total scattering heat flux using Eg. (36).
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In Figure 7, the value of @,/ obtained through ray tracing is plotted along with the
average of the analytical value over the solid angle of each discretization. The x-axis is
O®/xn, where O is the angle between incident and reflected ray directions. This result is for
a K-space discretization of (Ng x N, =8x16). A total number Ny x Nyx10° rays were used
for this computation. The scattering phase function obtained through ray tracing

compares well with respect to the analytical solution.

0.02
—Analytical
—Ray Tracing
0.015
-i 0.01
o :
0.005 -
O 1 L L L
0 0.2 0.4 0.6 0.8 1

Olr

Figure 7: Comparison of ray traced and analytical scattering phase function for a large
diffusely reflecting sphere. [63]

The normalized error with respect to the analytical solution is shown in Figure 8. We

normalize using the maximum analytical &, value.
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Figure 8: Relative error in ®gg for spherical inclusions

The scattering phase function for a cylindrical inclusion is determined using the same
algorithm. Due to lack of analytical expressions for short cylinders in the geometric limit,
we show @, from the ray tracing method alone (Figure 9). The multiple lines is due to

the same angle being formed by multiple discretized data points.

0.03

0.025

0.02f
4
X 0.015F

0.01r
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Olr

Figure 9: Scattering phase function for a short diffusely reflecting cylinder (68 = Zo0<

2 )
@ < 2m; aspect ratio = 0.7)
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2.4 BOUNDARY CONDITIONS
For the problems considered in the present work, the volume-averaged phonon BTE is

solved with the following boundary conditions: specified-temperature, wherein the
population of phonons is governed by the Bose-Einstein distribution at the specified
temperature, a reflecting or symmetry condition whereby phonons are reflected
specularly or diffusely [54], and a periodic boundary condition, whereby the solution is
performed on a periodic module across which a specified jump in lattice temperature is
assumed to occur. This boundary condition is intended to model transport through a

composite consisting of regularly repeating units. These are described below.

2.4.1 Specified Temperature
Specified-temperature boundaries are treated as diffusely emitting and completely

absorbing. For a phonon whose group velocity vector points from the boundary into the
domain, the boundary value is taken to be the equilibrium energy density at the boundary
temperature. For a phonon whose group velocity vector points from the interior of the
domain to the boundary, the phonon is assumed to be traveling ballistically out of the
domain at the domain boundary such that:
(e Yon<o(Xp) = (o) (T yau(Xp))
(ex"Wvn<o(Xp) = {€x")vn<o(Xp) (37)
Here, x,, is the spatial location of the boundary, n is the outward pointing normal of the

boundary, and x;, is a location in the domain interior just upwind of the boundary.
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2.4.2 Reflecting Boundary
Reflecting boundaries may be fully specular, fully diffuse, or partially specular/diffuse.

For specular reflection, the energy of a phonon incoming to the wall is reflected into a
phonon with the same tangential wave vector component with opposite normal wave
vector component. For diffuse reflection, the energy of all incoming phonons to the wall
is reflected equally to all out-going phonons. The reflecting boundary condition may be

written as:
(ek")v.n<0(xb) = p<ek">(xb: Kspec) + (1 - p)(eo>(Tdiffuse)

Kspee = K—2(K.n)n

hw

(eo)(Taifruse) = ~ ( — )_1 (38)

p kBT giffuse

where p is the specularity of the wall, a number between zero and one. Kgp, is the
specular direction corresponding to the K vector of interest. (eo)(Tdiffuse) is the
equilibrium distribution function at the equilibrium temperature corresponding to the
incoming energy. The temperature, Tg;ffyse, is found through a non-linear solution of

the following conservation equation:

Jon<oteo)(Taisruse)v-nd®K=[, (e ")v.ndK (39)

2.4.3 Periodic Jump Boundary
A periodic jump boundary condition is used to simulate the heat transfer in periodic

structures in the bulk limit [10] as shown in Figure 10. In this limit, the temperature of
each periodic module of length Lp must fall by a constant amount in the direction of heat

flow, "t".
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Symmetry
Lp

E——)

Direction of
heat flow

Symmetry

Figure 10: Periodic Unit Cell

Correspondingly, the energy densities at the unit cell boundaries perpendicular to the heat

flow direction must be related by:
n n 1
Forn.t > 0: (ek (Or y)) = (ek (LP ,J/)) + ECV,AKATdT‘Op

n n 1
Forn.t < 0: (ex"(Lp,¥)) = (ex"(0,¥)) = CoaxATarop (40)
Where, ATy, signifies temperature drop in the unit cell in the heat flow direction"t".

The problem is linear because C,, ok is independent of lattice temperature.

2.5 CLOSURE
In this chapter we developed the volume-averaged model for BTE for a

nanoporous composite. We discussed the procedure to determine the different model
parameters and the boundary conditions under a gray approximation of the phonon
dispersion. In the next chapter, we will discuss the volume-averaged BTE model for a

nanoporous composite using a non-gray approximation.
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Chapter 3: Non-Gray Volume-Averaged Theory for Phonon Boltzmann
Transport Equation (BTE) in Nanoporous Composites

In this chapter we expand the volume-averaged BTE developed in chapter 2 to
include effects of the full K-space resolved phonon dispersion and the wave-vector and
polarization dependence of phonon mean free paths. We refer to this as the K-resolved or
non-gray theory. For non-gray transport, the Brillouin zone is discretized into a number
of K points. For each discrete K-point of the Brillouin zone, a phonon BTE needs to be
solved. This results in as many BTEs as there are are discrete K points in the Brillouin
zone. Thus, there are an equivalent number of interface scattering relaxation times tp ; to
be determined, along with a number of volume-averaged bulk relaxation time T ;. This is
in contrast to the gray model, where only a single volume-averaged bulk relaxation time
and a single interface scattering relaxation times. This difference is due to the non-gray
approximation that each phonon mode has different properties based on the material’s
phonon dispersion curves. We include the effects of non-gray dispersion through
appropriately calibrating the volume-averaged bulk relaxation times 7, to the Fourier
limit solution and the interface scattering relaxation times, 7 to the ballistic limit heat
transfer rate using a Newton Rhapson iterative procedure. Finally, we describe the
procedure to adapt the scattering phase function evaluated using the ray tracing algorithm
to account for the different phonon polarizations. Finally, we present an algorithm to set
up a non-gray volume-averaged BTE problem using the methodology developed in this

chapter.
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3.1 K-RESOLVED VOLUME-AVERAGED PHONON BOLTZMANN TRANSPORT EQUATION
We build upon the derivation of the volume-averaged BTE for nanoporous

domains under a gray approximation. We begin by considering Eq. (10) in chapter 2. For
a non-gray phonon dispersion, the surface integral involving phonons incoming to the
solid matrix (v.n > 0) is modeled as:

1
v J/S,v.an>0

(e"VWv.nds = fex
B,k

(41)

The second surface integral term in Eq. (10) for (v.n < 0) is modeled as:

1 " _ 1 1
1r (ewmds=-—L1
vV Y5,v. TBk VBz

Jgr Prexe {exr YK (42)
The relaxation time is no longer a single value for all K points in this K-resolved (non-
gray) approximation; therefore, each "k" point pertaining to a given K-space point in the

Brillouin zone has a different relaxation time to account for the phonon polarization.

Therefore, we may write the volume-averaged BTE as:

aV - V(ek"> =« (%);_(@c”) _ (ex") + LLJ’K, q)kk’ (ek,")d3Kl (43)
k

Tk VBzTBK
We note that the difference in the non-gray volume-averaged BTE from the gray model is
the number of BTESs to be solved. Each BTE has a unique relaxation time and therefore,
the total number of equations and model parameters to be determined is equal to the

discretization of the Brillouin zone.

3.2 MODEL METHODOLOGY FOR K-RESOLVED PHONON TRANSPORT
For non-gray phonon dispersions, we approximate the Brillouin zone as a sphere.

The sphere is discretized into NgxN discrete solid angles, and the radius of the Brillouin
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zone Kpax| is discretized into N divisions. Furthermore, there are N,, phonon
polarizaitons. Thus there are NgxNgx N, discrete points in the Brillouin zone, resulting in

as many phonon BTEs to be solved. Thus a non-gray problem engenders (kaNpol)
times more computational expense than a gray approximation for the same physical
geometry. The volume-averaged BTE model reduces the physical mesh requirement
since inclusions do not need to be resolved, thereby reducing the overall numerical
expense. Indeed, the volume-averaged equations are one-dimensional in physical space
for all the problems presented in this thesis, whereas the DNS solutions are three-
dimensional. For the volume-averaged model to be solved on the representative elemental
volume, we need to evaluate the model parameters 7, and tp j which are functions of the
K-space. The scattering phase function @k requires evaluation for the non-gray phonon

dispersion as well. We will describe each of these processes below.
3.2.1 Determination of Volume-Averaged Relaxation Time T,

We will account for thermal tortuosity in the nanoporous domain due to the
presence of pores using a method similar to that for the gray model. In the non-gray
volume-averaged BTE model, we need to evaluate the volume-averaged bulk relaxation
time 7, at each K-point. We include this departure from bulk properties using the
exponent d [Eq. (31)] similar to that in chapter 2. First we solve a Fourier conduction
problem on a periodic unit cell with fully-resolved inclusions. Using a known bulk

intrinsic thermal conductivity of the material and having found the effective thermal
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conductivity from the simulation, we determine the exponent, d, using equation (31).
From equation (32), we determine 7, at each K-point using:
Ty = 73 () 4 (44)

where, T is the volume-averaged bulk relaxation time and Ty is the bulk relaxation time
parameter at point K in the discretized wave vector space. The details of determining bulk
relaxation times are discussed in chapter 6.

The effective thermal conductivity obtained from the direct numerical simulation
of Fourier conduction in a periodic unit cell domain is, therefore, used to calibrate values
of T,s. The set of 7T,s thus computed is used as an input to the non-gray volume-

averaged BTE model.

3.2.2 Determination of Interface Scattering Relaxation Time g i
Under the elastic scattering assumption, energy scattered at the interface is assumed to be

redistributed without a change in wave vector and polarization. Thus, for a given phonon
polarization (N,,;) and wave vector discretization(Ny), conservation principles dictate
that phonon energy may be re-distributed between the different angular
discretizations (Ng, Ngy). Therefore, under this approximation, only N(= N x Ny)
numbers of interface scattering relaxation times are required. Furthermore, it is possible
to simplify the problem further and ascribe a single boundary scattering time scale, 75 ,

for all the K points and polarizations if desired. We investigate both options in this thesis.
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To determine the interface scattering relaxation times, we calibrate them to the
thermal conductivity at the ballistic limit. As discussed in chapter 2, the calibration
requires:

Keff,Volume—Averaged BTE = KBallistic, pns  (45)
In order to resolve all the N values of 7y, the individual contributions to the total heat
rate of each discretized K -point for each polarization also be matched.
Therefore,

Bz Ak, volume—Averaged BTE — 282 Qk,DNS (46)

qk,volume—Averaged BTE — 9k,DNS (47)

The system of Egs. (47) are coupled in K space through the out-scattering term.
Therefore, an optimization scheme is required to meet the constraints of Eq. (46) and
(47). We choose to apply a Newton-Raphson iterative scheme to determine the N number
of unknown 7, values, given the N values of the K-resolved DNS heat transfer rates
dk,DNS-

A good starting guess for the 7z, values may be obtained from Eq. (26) in

Chapter 2. In the isotropic limit, the effective thermal conductivity may be written as:
d
Kepr = Xz (ﬁ)k V- Vi@ Tp i A K (48a)
Assuming each of the N individual BTEs to be independent, 7 ;, may be estimated from:
d
qk,DNS = (ﬁ)k Uk @’ Tp  APK (48D)

Since the scattering phase function is not generally isotropic, Eq. (48b) is only

approximate, and must be improved through Newton Raphson iteration.
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Newton-Raphson Iterative Procedure
The Newton-Raphson method is a popular root-finding method which may be applied to

multivariate problems. For a single-variable problem for function f(x), the method
estimates a root, x; such that:
f (xo)

7 (49)
f'(x0)
where x, is an initial guess and f'(x,) is the function’s derivative. The tangent of the

x1=x0—

function f(x,) intersects the x-axis at (x;,0). The method is iterated until an accurate
solution is achieved, such that,
f(xn)

' (xn) (50)
For a multi-variable problem, a Jacobian consisting of the partial derivatives of the

Xn+1 = Xn —

function with respect to the unknown variable is determined from previous guesses. We
make an initial guess for a set of 75 s and solve for the heat rate g;’s. Using this data,

we generate a function q(zp ). The system is thus solved for 7 ; using:

-1
Tgknew = TBkold —J (TB,k,old) (Qdesired - Q(TB,k,ola)) (51)

where ] is the Jacobian of function q(zp ). The Jacobian is computed as follows:

[ oq,/07,, 00,/07,, . . 00, /075y, 00,107y, |
0q,/0ty, 00,/ 07y,
09,/ 07y,
‘](TB,l'TB,Z""TB,N) =
0Qy_,/ O7g, . :
| Oy /O7g; . . ... 0Oy /07y, OOy larB,N_NxN

(52)
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where N is (kaNpol). The Jacobian in Eq. (52) is approximated by its diagonal for
simplicity. This does not the final solution for 7z, only the path to solution. If the off-
diagonal terms are large, slow convergence, or even divergence may occur. For the
problems computed in this thesis, we found the diagonal approximation to be adequate.
The derivatives oqy /dz,, in Eg. (52) were found using a finite difference
approximation. We iterate until Egs. (46) and (47) are satisfied within 2% of the direct
numerical solution.

In Figure 11 we demonstrate a Newton-Raphson procedure to predict a set of
Tp that satisfies Eqs. (45) — (47) for a periodic unit with a cylindrical inclusion. We
assume a spherical Brillouin zone with angular discretization of (NgxNg)=2x8, a radial
discretization of N, =8 and N,, =4 as the total number of phonon polarizations.
Therefore, there are (kaNpol) = 32 unique values of 7z, . We pick a constant 7 for

all the K —points as an initial guess such that Eq. (45) is satisfied. The solution converges

within four iterations.
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Figure 1: Newton-Raphson iteration for 7p

Figures (12) - (15) show the convergence of the predicted heat rate contribution for each
polarization with each Newton-Raphson iteration of 7p,. A faster convergence is
observed for the longitudinal phonon modes [Figures (13) and (15]) compared to the

transverse modes (Figures (12) and (14)].
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Figure 2: Convergence using Newton-Raphson iterative scheme for transverse acoustic
(TA) branch of phonon dispersion.
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Figure 3: Convergence using Newton-Raphson iterative scheme for longitudinal acoustic
(LA) branch of phonon dispersion.
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Figure 4: Convergence using Newton-Raphson iterative scheme for transverse optical
(TO) branch of phonon dispersion.
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Figure 5: Convergence using Newton-Raphson iterative scheme for longitudinal optical
(LO) branch of phonon dispersion.

3.2.3 Computation of Scattering Phase Function ¢y’
The scattering phase function is computed using the general ray tracing algorithm

discussed in chapter 2. Under an elastic scattering assumption, phonon-phonon scattering
is assumed not redistribute energy between phonons of different wave vectors and
polarizations; all energy re-distribution is between phonons of the the same K value and
polarization. Thus, in a spherical coordinates discretization of the Brillouin zone, energy
is redistributed between different angular discretization (NQ,N¢) for a given radial
discretization(N,) and for a given polarization N,,,. Therefore the scattering phase

function matrix needs to be expanded to account for this.
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For a gray approximation, there is only one phonon mode or polarization and no

radial discretization of the Brillouin zone. As a result the ®gys matrix is of size
(NgxNg)x(NgxNg ). For a non-gray approximation, the @, matrix is a block diagonal
matrix of size (NgxNgxNyxNpo;)x(NgxNgyxNixNpo; ). The block diagonal nature of the
matrix is due to the lack of interaction between the different polarizations and radial
discretizations. Since phonons of different angular discretization for a given
(Nk,Npol) interact in the same way as for a gray approximation, we can expand the
scattering phase function matrix to repeat for different polarizations and radial
discretizations.
For illustration, in a gray problem with an angular discretization of (Nng¢) = (2x2),
the scattering phase function dyy: matrix will have (NgxNg)x(NgxNg) number of
matrix elements. Under the elastic scattering assumption, phonons in wave vector K'are
reflected into the K direction without a change in phonon frequency and polarization.

The scattering phase function matrix for a gray approximation will therefore be:

C1)14

33 ® 34

D
() ()
22 23 24

53
o (59
o, O,

In the non-gray limit with four phonon polarization mode, N,, =4 and a radial
discretization of N, = 2, for the same angular discretization as the gray example, the

matrix ®gg: Will be of size (NgxNyxNixNyo;) x (NgxNpxNpxNyo ) (= 32x32).

58



However, from the assumption of elastic scattering, phonons in K’ belonging to a given

(Npo1, Ni) will not be reflected in to a K direction belonging to a different (Nyo;, Ni).

Therefore, we have a sparse block matrix for ®ggs of the order NxN where N =

(NgxNgxNxNpy).

-
CD(M+1)1

(M+2)2
[ ]
[ ]

CD(ZM)M‘

CD(N-M+1)1

(N-M+2)2
[

CDNM

L

~ =
q)l(M+1)
2(M+2)
°
°
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Here the index M = (NyxNp(,).
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In the next section, we briefly outline the steps in solving a non-gray volume-averaged

BTE model on a nanoporous domain.
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3.3 FLOWCHART FOR A NON-GRAY SOLUTION
The flow chart for the solution of non-gray phonon transport in a nanoporous domain

may be summarized by the steps below.

STEP 1: We solve the BTE in a nanoporous periodic unit in the Fourier and ballistic
limits

STEP 2: Determine the scattering phase function, ®gg,using the ray-tracing algorithm
accounting for different polarizations and discretization.

STEP 3: Using Eg. (32) and the Fourier limit solution we determine the volume-averaged
bulk relaxation times (7;) for non-gray phonon dispersion.

STEP 4: We calibrate 7 using the Newton-Rhapson iterative procedure to match the
ballistic limit solution

STEP 5: Solve the volume-averaged BTE under a non-gray approximation by using

realistic material properties and the relaxation times computed in steps 3 and 4.

3.4 CLOSURE
In this chapter we discussed the volume-averaged model for BTE for a nanoporous

composite using a non-gray approximation. We discussed the procedures to determine the
different model parameters and presented a flowchart for solving a volume-averaged BTE
for non-gray transport. In the next chapter, we will discuss the volume-averaged BTE
model for a two-material nanocomposite, and include a scattering phase function for

phonon-phonon scattering in the Mie limit.
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Chapter 4: Volume-Averaged Theory for BTE in Nanocomposite
Domains

In developing the next generation of thermoelectric materials for energy storage and
conversion, two distinct approaches have been undertaken traditionally [84]. One
involves developing thermoelectric materials with advanced bulk properties [85]. The
second approach uses low-dimensional materials [68]. Recent advancements involve
merging the two efforts by utilizing thermoelectric materials with advanced bulk
properties as a host in a matrix of engineered nanoscale inclusions [86]. Therefore,
nanocomposite structuring has become an important technique for optimizing efficiency
in thermoelectrics [84].

Characterization of transport properties in engineered nanocomposite thermoelectric
materials is challenging especially in relation to thermal transport [87]. In designing
advanced nanocomposites with varying particle geometries, the ability to predict thermal
properties computationally is, therefore, of great value. The nanocomposites are
particularly designed to reduce the thermal conductivity by enhancing interface scattering
and suppressing thermal transport through a mismatch in phonon spectra. This is possible
through appropriate distribution of composite particles of varying geometries and
different phonon dispersions in host and particles in the composite matrix. Figure 16
shows the different phonon dispersion curves for Silicon and Germanium and a
comparison of the phonon mean free paths. Certain high-frequency phonons in Si are
absent in Ge along and phonon group velocities in Si, particularly in the LA mode, are

higher.
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4.1 VOLUME-AVERAGED PHONON BOLTZMANN TRANSPORT EQUATION IN TWO-
MATERIAL COMPOSITE

In this section we will extend our nanoporous formulation to consider two-
material composites. The nanocomposite under consideration has particles of a second

material embedded in a host material, as shown in Figure 17.

(a) Embedded Particle (b)

VMatrix

Host
Material

REV

Figure 7: (a) Particulate nanocomposite medium generated from a CT scan [54]. (b)
Representative Elemental Volume (REV)

We consider a nanocomposite domain with particles of a second material embedded in
the host matrix. In the development of this model, we will consider the phonon BTE of
the host material and will model the particle in the composite as a scattering site, i.e.,
using the interface scattering relaxation time and the scattering phase function. Similar to
the nanoporous volume-averaged BTE model development, we integrate the phonon BTE

of the host material on the representative elemental volume (REV). Instead of the pore,
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we will now consider the volume of the particle. We re-define a few operators for our

present model:

V = Vrmarrix + Vparticle

1
(x) = f xdV
VMatrix 174

Matrix

_ 1 1 1
X = ;‘fV de a ;fVMatrix XdV + ;prarticle XdV (55)
For this model, we consider very small particles, such that %fv el xdV = 0.
particle
Therefore,
—_ . _ VMatrix
X = ap(x);, oy = (56)

Here, 'V’ is the volume of the REV, 'Vyurix 1S the volume of the host material and
"Vparticie 1S the volume of the particles in the composite. The “— variables represent
volume averaged quantities and “< > variables represent the intrinsic volume average of
the quantity in the matrix.

By integrating the gray steady state BTE for the matrix material over the REV similar to
the process developed in chapter 2 [Egs. (5) - (9)], the resulting volume-averaged BTE

for a two-material composite can be written as:

) o (eo)—(er") (ex") , 1 1 "\ 31!
a,, V- vie,") = a,, —— e Jor Preir (e YAPK' (57)

where the subscript "k" pertains to a given K-space point in the Brillouin zone of the

host material and the summation over K or K’ is equivalent to summation over the entire
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Brillouin zone volume Vy, of the host. Equation (57) is the volume-averaged model for
the composite in terms of the intrinsic energy density of the material in the REV.
As seen previously for the nanoporous volume-averaged BTE model, two different types
of scattering terms appear in Eq. (57). The first term on the RHS, consisting of T, results
from phonon scattering in the bulk of the composite REV. The remaining two terms in
the RHS consisting of the interface scattering relaxation time, tg, represent interface
scattering in the domain due to the particles in the composite. Out-scattering at the
interface, i.e., energy leaving the specific K phonon group, is represented by the second
term on the RHS. The third term represents the in-scattering at the particle interface by
considering energy transfer from other wave vectors to the current K point. The term ay,
is the volume fraction of the host material in the composite REV.

The coupling between the different K-space points in the Brillouin zone is governed
using the concept of energy conservation as previously stated in chapter 2. The volume-

averaged lattice temperature T is determined using Eq. (16) as derived earlier. Next we

discuss the evaluation of the different model parameters.

4.2 MODEL METHODOLOGY FOR GRAY PHONON DISPERSIONS
In this section we present the calibration procedure for determining the volume-

averaged relaxation time, 7, and the interface scattering relaxation time, 5. We also
discuss the choice and computation of the scattering phase function, &gy for the two-
composite domain. The model is general and can address anisotropic scattering from the

particle interfaces. In the particle limit, the scattering phase function obtained through
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geometric scattering would suffice. We will, however, consider, sparsely distributed
particle-composite systems and very small particle sizes, where wave effects need to be
considered. We will evaluate our scattering phase function using existing Mie scattering
theory. We are using a gray approximation and will consider properties for a single
phonon mode. Scattering phase functions in the Mie limit have been derived for

transverse phonons in the literature [66, 72].

4.2.1 Determination of Volume-Averaged Relaxation Time T
The thermal pathway is modified in the presence of particles of a second material in the

composite matrix. The volume-averaged bulk relaxation time, T, will therefore need to
be calibrated using DNS in the Fourier limit, while accounting for the detailed composite
geometry and the thermal properties of both the materials in the REV.

Using the method previously discussed, we will compute exponent d [Eq. (31)] for the
composite problem. We first solve the Fourier conduction problem on a periodic unit cell
of REV containing the host material and the particle. With known bulk intrinsic thermal
conductivity of the both materials, the effective thermal conductivity of the composite
unit cell may be computed from the Fourier solution. We then evaluate the exponent, d,
using Eq. (31). From Eg. (32), we determine 7. We are using a gray approximation and
therefore, only a single value of T is required for the model. We will use this as an input

to the composite volume-averaged BTE.
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4.2.2 Determination of Interface Scattering Relaxation Time, tg
We will determine the interface scattering relaxation time, 7z, using the previously

developed method for the nanoporous volume-averaged BTE model. The interface
scattering relaxation time, tp represents the time scale on which phonons scatter on the
particle interface. We calibrate tz from direct numerical simulations of the REV in the
ballistic limit, when 7 — .

In the ballistic limit, there is no bulk scattering in either the host or the particle. If the
particle is sufficiently small compared to the domain size, we can perform the calibration
of 75 on an equivalent nanoporous domain, where instead of composite particles, we
consider pores. We estimate the 7z using Eq. (29), and calibrate against the effective
thermal conductivity obtained by a direct numerical simulation in a periodic unit cell with
pore in the limit T — oo such that Eq. (33) is satisfied. This calibrated value of 7z is an
input to the volume-averaged BTE model.

Next we discuss the scattering phase function for the composite problem.

4.2.3 Scattering Phase Function, ® -
In the development of our nanoporous models, we evaluated the scattering phase

function, d-, in the geometric scattering limit using a ray tracing technique [64]. This
method is valid when we consider pore sizes much larger than the wavelengths of the
dominant phonon groups. The consideration of the particle size, a, compared with the
phonon wavelength, A is important in determining the interaction between the phonon
and the composite particle. For a < A, we are in the Rayleigh limit and geometric

scattering will not be valid. For a > A, the scattering is in the geometric optics limit and
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a ray tracing approach as adopted earlier is relevant. However, for modern
nanocomposites with bulk and nanoparticles being used simultaneously for new designs,
the particle sizes can be of the range of the phonon wavelength in the domain, requiring
an investigation using the Mie scattering theory [66]. It is important to note that in the
scenario where embedded particles are of comparable dimensions to the phonon
wavelength of the host material, the particle treatment and hence phonon BTE is still
valid for the host material as long as the phonon mean free path (A) is much larger
compared to the spacing between particles. Here, we employ the assumption that the
particle acts as a point scatterer. The scattering of phonons in the host material due to the
particle is represented through a scattering term with a scattering phase function derived
from Mie theory. A similar treatment may be used for Rayleigh scattering as well.

To summarize, the following condition must be satisfied for the volume-averaged
BTE model to be applicable while using a Mie scattering based phase function, ®gg’:

a <A and L>>a (58)
where L is a measure of the distance between particles. Moreover, for particle sizes much
smaller than the mean free path and comparable to the phonon wavelength, Mie
scattering theory will be necessary as geometric scattering is no longer valid.
a~A (59)

For a composite REV where the particles satisfy the above conditions, we can determine
the scattering phase function in the model in the Mie-scattering limit. For most
composites of interest, phonon mean free paths are in the range of tens to a few hundred

nanometers, while wavelengths may be of the order of a few nanometers [88]. This
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implies the particle size should be of the order of a few nanometers and interparticle
distance must be at least of the order of tens of nanometers. Thus, this treatment would
generally be valid at low particle volume fraction.

We will use the analytical expression for the Mie scattering phase function for transverse
phonons available in the literature to compute the scattering phase function matrix ®gys
[66]. The formulation assumes specular scattering of phonons by spherical particles.

Mie scattering of phonons is analogous to that of photons. For photons, it is an exact
solution of the Maxwell’s equations subjected to boundary conditions at the scatterer
interface, while for phonons it is an exact solution of the elastic wave equations with the
specified boundary conditions at the interface. Since it is an exact solution to the wave
equation, in the wave-limit, the Mie scattering will, therefore, be valid for all sizes of

particles.

Analytical Mie-Scattering Phase Function
Phonon scattering in the Mie limit has been studied and a theory analogous to radiation

Mie scattering has been developed by Prasher [66]. We apply the scattering phase
function developed for horizontal transverse phonons. The theory used assumes no mode
conversion. No mode conversion means at the interface only two different types of waves
are generated [Figure 18]. Mode conversion will be necessary for longitudinal and
vertically polarized transverse phonons as there will be four different waves generated at

the interface [66].
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Figure 8: Scattering by a transverse wave

In radiation, electromagnetic waves are transverse waves. Therefore, the equations of the
Mie theory for phonon scattering are identical to scattering of transverse waves in
radiation, except that there is no coupling between horizontal and vertical polarized
transverse waves in phonons. The development assumes independent scattering and
neglects multiple scattering effects for specular reflection at a spherical scatterer
interface.

The scattering phase function is given by:

F(6,¢) _ 4nF(6,)
T IZTF(0,¢)singd0dd  Tni(@n+Dant,

®(0,¢9) =4n (60)

where F (8, ¢) is the dimensionless scattering function and is a function of (6, ¢) in the

spherical coordinate system, Figure 19.
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Figure 9: Spherical coordinate system convention usedin ® gy’
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F(0, ¢) =2 Z?f—1 Z?ﬁzq

(61)
The coefficient a,can be evaluated by the expression below:

_ Uz jn(x1) [xzjrll(xz)—jn(xz)]—Hljn(xz)[x1]'1’1(x1)—]'n(x1)]
ot () [x2J5 (2) = jn (x2) |~ 1 jn (x2) [x1 R (x1) —hp (1)

an = (62)

The overline ' — ' represents complex conjugate. The functions m,, and 7,, are evaluated
as follows:
1
m,(cos0) = mp}l(cos 0)
7,(cos @) = %pﬁ(cos 9) (63)

Where plis the associated Legendre function of order 1. The function j,is expressed as:

hi(x) = jn (x) = i () (64)
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Where, h? is the spherical Hankel function of the second kind and of order n, and ,, is
the spherical Bessels function of the second kind and of order n. The size parameter x is
expressed in terms of the radius of the spherical scatterer and the wave number of the
transverse wave in the media under consideration. Here ‘1’ represents the host material
and the ‘2’ represents the spherical particle:

x; =kia; x, = k,a (65)
The wave number is computed from the frequency of the transverse phonon under

consideration and the velocity of the transverse wave:

_ W1, _ M1 _ 2Vt
ki = V—Tll Vr, = \E, A 1 (66)

o W

The transverse phonon speed in host material is given by Vr,, A, is the wavelength of the
phonon under consideration, p;is the density of the host material and y, is the shear
Lamé constant. The same definitions apply for the particle properties. We assume an
isotropic medium in determining the Lamé constants from the stiffness matrix of the
materials under consideration.

To validate our calculations, we compare the scattering efficiency obtained from the
study with that of a rigid scatterer from Mie theory in photons. The scattering efficiency

is expressed in terms of the previously defined parameters:
4 o _
C = x_%Zn—1(2n + 1a,a, (67)
In Figure 20, we show the scattering efficiency of rigid scatterers by assuming a very

dense particle, with a low phonon speed in the medium. We vary the scatterer radius; for

very large values of x,, the scattering efficiency approaches a value of 2, which is
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consistent with the Mie theory. Large values of x;implies geometric scattering. We
consider 40 terms in the series to ensure convergence in the calculation of the scattering
efficiency and the phase function. The Mie theory for radiation and the transverse

phonons compare very well.
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Figure 20: Scattering efficiency of a rigid scatterer

Next we compute the scattering phase function for a realistic silicon-germanium

composite structure.

Mie Scattering in Silicon Host with Germanium Particle
We determine the scattering phase function for transverse phonons for scattering in a

silicon medium by a spherical germanium scatterer [Figure 21]. Using the following

properties for Si and Ge for a shear wave propagating in the [1 1 0] direction [89]:
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Si

Figure 10: Nanocomposite domain with a silicon host matrix containing a germanium
particle.

We consider a gray approximation of the volume-averaged model. Therefore we choose
the phonon group velocity of the transverse wave as the speed of sound wave in silicon
(vy = 5843 m/s). In Figure 22, we plot the scattering efficiency [69] in the above

system as we vary the germanium particle size, keeping other properties constant.

74



— Germanium Scatterer
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Figure 11: Scattering efficiency for varying sizes of germanium scatterers in silicon [66]
[69].

4.2.4 Rotation of the Scattering Phase Function and Computing the ® ' Matrix
The Mie scattering phase function (®(6, ¢)) reported in the literature is generally defined

for an incoming wave travelling along the Z-axis. For our case, where the input and
output waves can have different directions, the right 8 and ¢ must to be computed to
determine the value of the phase function. These are computed by rotating the incoming
wave appropriately. Say, the input plane wave is at an angle 8 with respect to the Z-axis.

Therefore, we rotate the incoming wave to align with the Z-axis [Figure 23].
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Figure 12: Rotation of the incident wave directions to align with the Z-axis.

Now the output wave vectors from this incident wave will also be rotated by 6 in the
same direction by using the same rotation matrix. It is known that the rotation matrix for

rotating the unit vector a to unit vector b is given by R [90]:

R=1+[vl,+ 2=, (69)
where v=axb;s=|v|;c=a-b

Here v, is the skew symmetric cross product of matrix v.

O —U3 vz
v, & [ V3 0 —v1] (70)
_vz 7.71 0
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Note that here a is the unit vector in the direction of the incoming wave while b is the
unit vector in the direction of the Z-axis. After the rotation operation (multiplying R with
the outgoing wave vector), we determine the angle (6, ¢), and ®(6, ¢) corresponding to
the output direction. This allows us to determine @, matrix for any given input and

output direction.
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Figure 13: Continued next page
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Figure 14: Visualization of rotation for a given input direction (in red) and all outgoing
directions. (a) Shows the wave vectors before rotation, and (b) shows the
wave vectors after rotation

Next we outline the steps involved in calculating the matrix.

4.2.5 Mie Algorithm
Step 1: Discretize 6 and ¢ by picking Ng and Ny where 0 < 6 < m;0 < ¢ < 2m
Step 2: To take values at the centroid of the control angle off-set starting angles by gand

@
2

Step 3: Define incoming direction as (sinfsing1 + sinfcos¢J + cosd k)
Step 4: Define Z-axis [0 0 1]

Step 5: Loop over all incoming directions and calculate the rotation matrix
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Step 6: Calculate 84 and ¢4, the angle between input and Z-axis based on rotation
and apply that to the output directions while being mindful of the quadrant in which each
outgoing direction belongs

Step 7: Compute @y, using 6,4;rf and g values for the outgoing directions.

We align our computation of the scattering phase function with the angular
discretization of the phonon wave vector space in the silicon in the volume-averaged
BTE model. We use an angular discretization of (Ny,Ng) = (8x16) where 0 <6 <m
and 0 < ¢ < 2m. In Figure 25, we present the scattering phase function values for all
outputs for three different incident directions of the phonon wave for Ny = 1. The black

dotted line represents the case of incidence in the direction of the positive Z-axis.
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Figure 15: Scattering phase function as a function of output angle 0 for three different
incidence angles and for Ny = 1

The scattering phase function matrix thus obtained is an input to the volume-averaged
BTE for the composite. The model parameters are determined based on the geometry and

properties of the composite materials and are used as an input to equation (57). The
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model will be discretized using the finite volume method and solved using the coupled

ordinates method (COMET), as described in the next chapter.

4.3 CLOSURE
In this chapter we discussed the volume-averaged model for BTE for a two-material

nanocomposite using a gray approximation. We discussed the procedure to determine the
different model parameters and. In the next chapter, we will present the numerical

procedure to solve the different models developed in the dissertation so far.
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Chapter 5: Numerical Procedure

In this chapter we will discuss the discretization of the different volume-averaged
Boltzmann Transport Equation (BTE) models developed thus far as well as the numerical
method for their solution. We will discretize the equations using a finite volume method
(FVM) [43, 91, 92]. The resulting system of discrete equations will be solved using the
Coupled Ordinates Method (COMET) [54]. We will discuss in detail the discretization
procedure for the volume-averaged BTE model for the nanoporous domain using a gray
approximation. We will then present the discretized equations for the nanoporous non-

gray model and for the two-material composite volume-averaged BTE model.

5.1 DISCRETIZATION
The volume-averaged BTE models are discretized using a standard finite volume

procedure. The physical domain and the wave-vector space are each discretized into
control volumes. Figures (26) and (27) show a schematic of the control volume in the
physical and wave vector spaces. The physical space is discretized into arbitrary
unstructured convex polyhedral. The Brillouin zone is assumed spherical and is

discretized using a spherical coordinate representation.

5.1.1 Volume-Averaged BTE Model for a Gray Phonon BTE in a Nanoporous
Domain

In this section we focus on the gray model in a nanoporous domain. To discretize, we will
first integrate equation (13) over both the physical and wave-vector control volumes and
then apply the divergence theorem. Applying the divergence theorem and discretizing we
get the following:
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Figure 16: Schematic of a control volume in physical space [70]

K. A'K

Trak

Figure 17: Schematic of a control volume in wave vector space for a face centered cubic
lattice [74].

We get the following equation:
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Values associated with the cell centroid have the subscript "c", AV is the volume of the
control volume and AA; is the outward-pointing area vector of the face f. Equation (72)
is summed over all faces f of the control volume. 43K is the extent of the control
volume in wave-vector space. We make a second-order spatial approximations in
equation (73) in integrating in K space [44]. The face values in equation (72) are
computed using a first order upwinding scheme giving us the discrete equation (73). Cells
neighboring the face cells f of interest are referred with the subscript “nb”.

Equation (73) represents the discrete form of the BTE at a given discrete point K in
wave-vector space. The terms on the LHS represent the “advection” or streaming Of
phonons of wave vector K in the direction of the group velocity vector v, and only

involve spatial coupling between K-type phonons at location "c", and K-type phonons at
the neighbor locations "nb". The terms on the RHS represent scattering events, either due
to bulk scattering or due to scattering on inclusions and interfaces contained in the control
volume. Here phonons of type K scatter on phonons with other wave vectors through the

terms (e, .) and the third term on the RHS. For low Knudsen number, the scattering terms

dominate, whereas for high Knudsen numbers, the advection terms dominate. For
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semiconductors like silicon, the large range of phonon mean free paths (MFPs) implies
that most problems of practical interest involve a range of Knudsen numbers.

Once we have obtained a discrete set of algebraic equations, such as equation
(73), we must devise a solution procedure to solve them. Typical published methods [43-
45] employ a sequential solution algorithm whereby the BTE corresponding to each
discrete point in K space is solved over all physical space, holding the energy density
values at other K points temporarily known. The solution procedure cycles over all K
points in this manner, and updates the coupling term, (e,.), Once every outer iteration.
This type of procedure couples spatial points tightly, but K points loosely. Consequently,
low Knudsen number problems are slow to converge with sequential procedures. In this
dissertation, we employ an efficient solution procedure called the Coupled Ordinates
Method (COMET) to ensure efficient coupling, both in the physical space and in K space
[54].
5.2 COMET ALGORITHM

The COMET algorithm is described in detail in [54]. We recapitulate the main
points here for completeness. COMET seeks to achieve strong coupling in both the
physical and K spaces through a point-coupled multigrid strategy. At each physical
control volume or cell, the discrete BTEs at all the K points are solved simultaneously,
assuming physical neighbor values known. This point-coupled solution is used as the
relaxation sweep in a full-approximation storage full multigrid (FAS-FMG) procedure
[93]. The point-coupled procedure ensures strong coupling in K space, whereas the

multigrid procedure promotes strong coupling in physical space. Previous work [70] has
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shown that speed-ups over sequential solution algorithms of 10-200 times may be

obtained.

5.2.1 Point Coupled Solution
A direct point-coupled solution for all of the phonon energies and the lattice temperature

is performed at each physical cell, ¢ [94]. All the equations are written in delta form.
Thus, we solve for the correction to the current solution approximation. We cast equation
(73) (= Q) in the delta form:
Q=0
= Q= Qprev = —Qprev  (74)

Ae Aey " Aey "
aA(ek,C")v-AAf— (Oc) = (kc )AV+ (k,c)

V'AAf>0

AV

Tp

prev
- Z D,y (ek,’c")A3K’ — <Z D pr (ek,_c")A3K'>
K’ K’

" " (eo,c)—(ek,c
T [Z"'AAPO e, )V AAf + Yiv.aap<o @l€inp ")V - AAf — —eo ke LAV +

VbzTs

prev

(ekc AV — (——ZK’q)kk’ (ek, )A3K')AV] =—R (75)

The Ae’s are corrections to the previous iteration, referred to as “prev” in equation (75).
The solution variables are on the left hand side and the right hand is the residual, R, of the
current solution approximation. The influence of the neighbor values is treated explicitly.
Equation (75) uses correction to the equilibrium energy density, Afe,.). We will now

apply a Taylor series expansion in temperature for the prevailing temperature such that:

0
Meg) ~ [2e2

prev
)

AT (76)
86



At a particular physical cell, all phonon modes share the same equilibrium average lattice
temperature. Therefore, the correction to the current temperature does not vary in wave

vector space. Hence we can write:

" " 1 AV [0{eo c)1PTEY , =
Lv-aas>0 ABer, "WV AAr + Aegc") [% + ;] AV — a? % AT, -

" , " A\Prevy AV
[ZK’ Dy (ek’,c )A3K - (ZK’ D! <ek’,c >A3K ) ]ﬁ =—R (77)

Scattering is a re-distributive process, and therefore, the net scattering term integrated
over the Brillouin zone must be zero, following energy conservation in each cell.
Therefore, from equation (15), we can write:

(eo,c) (ekc
Spr 2 A°K = Y2 A°K - (79)

Here “BZ” refers to a summation over the entire Brillouin zone and over all polarizations.

The above energy equation can be written in the correction form as follows:

_ . _ n \ prev
Spy (Moo beked) p3g = 3, (M0 M) N3k = R, (79)

T
(41)

As with equation (75), the right hand is the residual, R, of the current solution

approximation and solution variables are on the left hand side. Using equations (76) and

(79), we can state the energy conservation statement in terms of the average lattice

temperature:

- (e c)\PT¢Y A%K wy A°K
AT, Yz [( {eo, )) T] — Xz Mex, )T = —R, (80)

oT

Using the above forms, we can now relate the volume averaged lattice temperature T and
the phonon energy density e . The point-coupled linear system can then be written as:
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We now have (n + 1) total number of equations to be solved at each cell, where n is the
number of K points times the number of polarizations. The Jacobian matrix shown above
has an “arrowhead” structure which is exploited in the point-coupled solution procedure
so that the linear system may be solved in O(n) operations. This carefully engineered
Jacobian is the key to obtaining efficient solutions through the COMET algorithm.

The last row represents the energy conservation equation in the bulk while
coupling the lattice temperature to all the phonons. The last column couples the phonons
to the lattice temperature. The Jacobian in equation (81) is non-linear due to the non-
linear dependence of the Bose-Einstein distribution on the lattice temperature in the last
column. Multiple direct solutions of the system have to be performed while updating the
last column. When constant specific heats are assumed, the problem becomes linear, and
the multiple outer iterations are no longer required.

In the next section we will present the discretized form of the volume-averaged
BTE models for the nanoporous domain with a non-gray approximation and the

nanocomposite model with a gray approximation for completeness.
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5.3 VOLUME-AVERAGED BTE MODEL FOR A NON-GRAY PHONON BTE IN
A NANOPOROUS DOMAIN

We present the discretized system of equations for the non-gray model in a
nanoporous domain. In a process as described earlier in this chapter, we integrate
equation (43) over both the physical and wave-vector control volumes and apply the

divergence theorem.

oSy |V ey = @l Ly L 2 p (e )d3K’] dvd*K (82)

Bk VBzZTBK

The resulting equations are shown below.
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Casting the above equations in the delta form, the residual can be written as:

aAV [a<e0 c) prev. ___

Bvan,»0 @le IV DA + Mey ") |2 + | av — 222 [2e .

TBk

AV

[ZKI q)kk' (ek/,C">A3K, - (ZKI chk' <ek1’C")A3K’)prev] = —R (85)

VBzTBk
We note that the difference in the previously described discretization equations and the
present is that along with (e, "), the interface and volume-averaged bulk scattering
relaxation times, 7z, and T, now vary in K-space. Special care has to be taken in
evaluating the in-scattering term in this K —resolved volume-averaged BTE as &, is a
function of the angular discretization of the wave vector space K and is different for
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different polarizations. The volume-averaged lattice temperature equation is the same as
before [Eq. (78) — Egs. (80)]. The relaxation time parameters are determined using the
methods described in chapter 3 and are input to the problem. The resulting system of

equations has the arrowhead matrix structure shown in Equation (81).

5.4 VOLUME-AVERAGED BTE MODEL FOR A GRAY PHONON BTE IN A
NANOCOMPOSITE DOMAIN

We now present the discretization for the gray model in a two-material
nanocomposite domain. As a reminder, this is obtained by volume-averaging the BTE of
the host-material in a nanocomposite representative elemental volume. As described
earlier in this chapter, we integrate equation (57) over both the physical and wave-vector

control volumes and apply the divergence theorem.

IA?’KIAV [amv . V(ek") =an (60)_1_(61{ ) L) + Lifx, (Dkk' <€k1")d3Kl] dVd3K (86)
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The resulting equations are shown below.
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Casting the above equations in the delta form, the residual can be written as:

9 c brev ____
ZV'AAf>0 amA<ek,C")V ' AAf + A(ek,cn) [a?m + i AV — @ [M

TB T T ¢
" " prevy AV
[ZK' chkI (ek/‘c )AgK, — (ZKI Cbkkl (ek:,c )A3K,) ]@ = —R (89)

90



The difference between these discretized equations and the gray model for the
nanoporous domain in section 5.1.2 is only in the coefficient, a,,, which is the volume
fraction of the host material in the nanocomposite. We determine the volume-averaged
lattice temperature equation as earlier, using Eq. (78) — Eqg. (80). The current set of
discretized equations is exactly the same as the arrowhead matrix shown in Equation
(81).

Now we discuss the solution procedure for the above discretized models.

5.5 SOLUTION PROCEDURE
As discussed above, the point-coupled procedure is used as a relaxation sweep in

a multigrid procedure. A full approximation storage (FAS) [93] geometric multigrid
method is used, with a point-coupled Gauss-Seidel scheme as the relaxation sweep. A
standard V-cycle with one pre-sweep and two post-sweeps is used [93] for the work
presented here, though any of the numerous published multigrid cycling schemes may be

used as well.

5.5.1 Single Relaxation Sweep
Figure 28 is a flow chart of one relaxation sweep for the COMET solution procedure.

One sweep involves an outer loop over all points in physical space, each point requiring a

direct solve of equation (81).
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Figure 18: Flow chart for one relaxation sweep for COMET [54]

The relaxation sweep shown in the figure is embedded in the multigrid scheme, with

similar relaxation sweeps at each multigrid level [Fig. 29].

Figure 19: Cycling strategy in a multigrid scheme with V-cycle

The numerical scheme described here is also used for direct numerical

simulations of the periodic unit cell of the composite, albeit using intrinsic and not
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volume-averaged quantities. In the next chapter, we present results using this procedure

for both sets of equations.

5.6 CLOSURE
In this chapter we discussed the discretization procedure and presented the discretized

equations for the models developed thus far in this dissertation. We presented the final
form of the equation structure and described the underlying numerical algorithm for the
solution procedure. In the next chapter we will discuss the problems solved using these

models and present results.
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Chapter 6: Results and Discussion

In this chapter we present effective thermal conductivity results obtained by using the
three volume-averaged BTE models developed in previous chapters. We will structure
the chapter as follows: first we present model verification and validation. Next we
consider the volume-averaged BTE model for a nanoporous composite in the gray limit.
Then we consider the nanoporous model under the non-gray approximation. Finally we
consider the volume-averaged model for a two-material composite using a gray
approximation.

For all three models, we utilize the direct numerical simulation (DNS) of the
phonon Boltzmann Transport Equation (BTE) in the diffuse and ballistic limits for
determining model parameters. For the first two models, we compare the accuracy of
these volume-averaged models with the detailed analysis obtained through the DNS on
the original composite domain. The DNS results are considered a benchmark solution for
these cases. For the final model, a direct comparison with the DNS is not applicable since
the choice of scattering phase function considers wave effects, whereas, the DNS

considers only scattering in the geometric limit.

6.1 MODEL VERIFICATION AND VALIDATION
In this section we discuss model verification and validation. We first establish mesh

independence in both the physical and wave vector spaces. The volume-averaged BTE
model is compared to the Heaslet and Warming [95] [63] analytical solution for radiative

transport equation in an isotropically scattering medium in the gray limit. The DNS under
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the non-gray approximation is validated against experimental data [71]. This validation
justifies the use of DNS “data” as a benchmark against which to validate the volume-
averaged BTE model.

Physical Mesh Independence

We present a physical mesh convergence study for the volume-averaged BTE model for
the domain shown in Figure 30. The domain has the left and right boundaries held at
given temperatures, as shown; the top and bottom boundaries are assumed specularly
reflecting. CUBIT [96] is used to generate the mesh. Similar convergence studies in the

physical space are performed for all simulations presented.

Specularly Reflecting

T1=301K T,=300K

Specularly Reflecting

Figure 30: Domain for volume-averaged model simulation for mesh convergence study

The results presented in Figure 31 are for the gray limit. The study is performed in the
ballistic limit by maintaining high bulk Knudsen number by setting T — oo. The
simulation is performed for a K-space resolution of (Nex Nq,,) = (2x8) in the octant. The

temperature at the right and left wall are 301K and 300K respectively. Kpyk is computed

from Cv,L/3. The effective thermal conductivity is non-dimensionalized using K.
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The baseline mesh has 12 cells in the direction of heat flow. We see that mesh
independence to 0.2% (with respect to the finest mesh) is obtained at 96 cells in the

direction of the heat flow.
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Figure 31: Mesh convergence for nanoporous gray volume-averaged BTE model

K-Space Mesh Independence

In addition to physical space, we ensure convergence is obtained in the wave
vector space. We present the convergence test for a square domain with a square pore for
a direct numerical simulation of the phonon BTE. A periodic square domain of side

L = 1.0 um is considered, with a single square pore of side L/2, giving a solid volume
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fraction of o = 0.75 (Figure 10). A temperature difference of 1K is applied across the
periodic boundaries at the left and right wall. A specular reflecting boundary condition is
applied at top and bottom wall. A converged physical mesh is used and has 110592 cells.
The study is performed in the ballistic limit. The bulk Knudsen number is held high by
keeping the volume-averaged bulk relaxation timeT — co. The presented effective

thermal conductivity is non-dimensionalized using Cv,L/3.
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Figure 32: Effective thermal conductivity as a function of K-space refinement

As shown in Figure 32, for a physical mesh converged domain we find that wave

vector space convergence is attained at a K-space discretization of 8x32 in the octant.
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Volume-Averaged BTE Model Verification

For model verification, we compare the model solution in the Fourier limit to the
analytical solution of Heaslet and Warming [63] [95] for radiative transport equation in a
gray isotropically scattering medium with Dirichlet boundaries as shown in Figure 33.
We further verify that the volume-averaged model with isotropic scattering predicts the
correct effective thermal conductivity in the limit of low Knudsen number, i.e. it

reproduces the Fourier limit to within 1%.

1
—Heaslet-Warming (10)
0.9 | —Volume Average BTE (10)
——Heaslet-Warming (1)
0.8 | —Volume Averaged BTE (1)
—Heaslet-Warming (.01)
07 F Volume Averaged BTE (0.01)
-
= 06 |
—
£
= 05 |
n
£ o4 |
I
@
03 1 Specular
0.2 | T, T,
0.1 | Specular
0 L L L L
0 0.2 0.4 0.6 0.8 1

X/L

Figure 33: Validation of volume-averaged BTE model with Heaslet and Warming
analytical solution [63] of the radiative transport equation for a gray
isotropically scattering medium
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Validation of Direct Numerical Solution of BTE

We validate the direct numerical solution of the BTE with experimental results [71] for
in-plane thermal conductivity of nanoporous silicon films with cylindrical pores. The
characteristic dimensions of the periodic nanoporous blocks are thickness, pore

separation a and pore diameter d as shown in Figure 34.

200 nm <d <500 nm
A e

400 nm < a<900 nm

<>

Figure 34: Top view of a nanoporous material with an array of through cylindrical pores

The direct numerical solution with a non-gray approximation and periodic boundaries is

performed. The boundary conditions are applied as shown in Figure 35.
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Periodic Diffuse Reflection

Symmetry

Symmetry

Periodic

Diffuse Reflection

Figure 35: Boundary conditions on periodic domain for DNS

Figure 36 compares the direct numerical solution of the BTE with experimental thermal
conductivity measurements by El Kady et al. [71] and free path sampling technique by
McGaughey et al. [97] for varying porosities. The effective thermal conductivity is non-
dimensionalized using the experimental bulk thermal conductivity value of 144 W/m-K

for silicon.
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Figure 36: Validation of direct numerical solution of phonon BTE

The maximum difference of the DNS with the experimental results is 6.7% and average
difference is 3.4%. The maximum difference with the free sampling model [97] is 9.2%
and the average difference is 6.2%. Since the DNS reproduces experimental data well, it
is used as a benchmark for validating the different volume-averaged BTE models in this

dissertation.

6.2 GRAY VOLUME-AVERAGED BTE MODEL FOR NANOPOROUS COMPOSITE
In this section we present the predictions of the effective thermal conductivity for

nanoporous materials using the volume-averaged theory. The results are validated using

the direct numerical solution of the composite.
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COMPUTATIONAL DOMAIN

We consider periodic nanoporous blocks with thickness, pore separation and pore
diameters such as shown in Figure 34. The problem domains and hence the representative
elemental volume (REV) geometries are based on available experimental studies[71, 73].
We will present results obtained from the volume averaged BTE model for nanoporous
blocks with: (i) spherical inclusions, and (ii) cylindrical inclusions.

In order for us to be able to benchmark our volume-averaged theory we need
direct numerical simulations (DNS) of the nanoporous material. Such a simulation
provides the baseline against which approximations such as volume averaging can be
evaluated. Furthermore, DNS results provide “data” which can be used to calibrate
unknowns in the volume averaged theory.

NANOPOROUS DOMAIN WITH SPHERICAL INCLUSIONS

For our study of spherical inclusions, we first consider a periodic block of 700 nm
X 700 nm x 500 nm with inclusion diameter of 360 nm. The mesh is generated using the
CUBIT software [96] and consists of hexahedral cells, although the numerical method
admits arbitrary convex polyhedral cells. A spherical Brillouin zone is assumed and the

wave vector space is discretized as (NgxNg) in the angular direction, where 0 < 6 <m

and 0 < ¢ < 2m. In addition to physical space, we ensure convergence is obtained in the
wave vector space.
DIRECT NUMERICAL SOLUTION

We first solve for the domain using DNS of the phonon transport BTE. We apply

periodic boundary conditions on left and right walls, symmetry conditions on front and
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back walls and diffusely reflecting conditions on top, bottom and the inclusion interface.
Figure 35 depicts the boundary conditions on a domain with cylindrical pores for
visualization purposes. The converged physical mesh has 1,323,824 cells. A spherical
isotropic Brillouin zone is considered. For a physical mesh-converged domain we find
that wave vector space convergence is attained at a K-space discretization of 8x16 in the
octant. For all gray nanoporous DNS simulations we use this converged physical and K-
space discretization. We compute the effective thermal conductivity of the nanoporous
unit from the solution to the BTE.

For verification we compare the DNS solution for the periodic unit with the
Fourier solution in the thick limit, i.e. Kn — 0 . The DNS predicts the effective thermal
conductivity within 3.3% of the Fourier solution. Using the Fourier solution we
determine the volume-averaged bulk relaxation time, T using Eq. (32) in Chapter 2. We
then solve the DNS in the ballistic limit and calibrate the value of model parameter, 7z,
using Eq. (33) in Chapter 2. These two parameters will be used as an input to the volume-

averaged BTE model.

VOLUME-AVERAGED BTE MODEL IMPLEMENTATION
We present simulation results for the volume-average model. We solve Eq. (13)

on a 2D rectangular domain of dimensions 700 nm x 500 nm, which is a 2-D equivalent
of the homogenized periodic REV. The geometry is prepared in CUBIT [96] using
quadrilateral cells. The converged mesh used in the following studies has 1000 cells in
the direction of heat flow and 50 cells in the direction perpendicular to the heat flow. The

converged K-space is 8x16 in the octant. We use these meshes for all the following
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simulations. We apply periodic boundary conditions on the left and right walls and
diffuse reflecting conditions on the top and bottom walls as shown in Figure 37. The
parameter a is based on the periodic unit used in the DNS simulation, and is equal to
0.89. The parameters T and tz determined from DNS in the previous section are used as

input to the model.

Diffuse Reflection

Periodic Periodic

Diffuse Reflection

Figure 37: Boundary conditions on simulation domain for volume-average BTE model

The scattering phase function, @k for the spherical inclusion is calculated using
the ray tracing method as discussed in chapter 2 and is an input to the model. The
numerical solution is obtained using COMET algorithm [70].

Next, we perform simulations for the full range of Knudsen numbers based on T

and pore separation a, Kn; (= %T) while keeping tzconstant. The value of the Knudsen

number based on 7, Kn, (= %) in these simulations is 1.14. In Figure 38 we present

a comparison of the predicted effective thermal conductivity obtained from DNS with the

volume-average BTE model for spherical inclusions. The results presented are non-
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dimensional and the non-dimensionalizing parameter for thermal conductivity is

Knon—aim = CvVQZTB/3-
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Figure 38: Comparison of volume-averaged BTE model with DNS for varying Knudsen
number for a periodic domain with spherical inclusions and solid volume
fraction @ = 0.89 and Kn., = 1.14
As expected, in the acoustically thick limit, i.e., the low Knudsen number limit,
when bulk scattering dominates, we see excellent agreement between the DNS and the
model. This is expected because T was calibrated to the Fourier thermal conductivity,
and the DNS in the limit of low Kn recovers the Fourier solution. Similarly, at the other

extreme, i.e., at the ballistic limit (large Kn) we obtain excellent agreement with DNS.
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This too is expected since tz was calibrated to the ballistic DNS solution. In the mid-
range of Knudsen numbers, when both bulk and interface scattering have influence, we
see good agreement. The average relative error over the full range of Knudsen number is
3.28% and the maximum relative error is 9.26%. This indicates that the volume averaged
model performs quite well with respect to the DNS solution across the range of Knudsen
numbers, at least as far as effective thermal conductivity is concerned.

We now turn to the question of how well the model predicts the details of the
mode-wise heat transfer. In Figure 39, since the model is gray, we consider transport in
the different angular directions and compare the predictions of the heat rate at the left
wall from the DNS and the volume-averaged BTE model. The x-axis represents the
various discrete points in K-space. In our case, we have (Nng¢) = (2x8) = 16 points.
The individual heat rate contributions are non-dimensionalized using the net heat rate
obtained from the DNS at the left wall.

We see from Figure 39 that the mode-wise predictions from the volume-averaged
model match those from DNS quite well. The maximum error in the mode-wise rate
presented is 1.12%. The volume—averaged model takes approximately 0.5 CPU hours to
converge to a solution. The corresponding DNS solution takes 8 CPU hours. Thus,
reasonably accurate solutions may be obtained from the volume-averaged model at far

less computational cost than the DNS solution.
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Figure 39: Comparison of volume-averaged BTE model with DNS at different K-space
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NANOPOROUS DOMAIN WITH CYLINDRICAL INCLUSIONS

We now demonstrate the model for periodic domains with cylindrical pores based
on the geometry from experimental studies by El Kady et al. [71]. The domain under
consideration is an REV of a periodic nanoporous thin film with through cylindrical
holes. The characteristic lengths of the domain are the interpore distance, pore diameter

and the thickness of the film. We first chose a periodic unit of domain size 700 nm x 700

nm x 500 nm with a through cylindrical hole of diameter 360 nm.
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DIRECT NUMERICAL SOLUTION

We perform a DNS of phonon transport on a 3-D periodic domain of dimensions
as described above. The boundary conditions are applied as shown in Figure 35. The
mesh is generated using CUBIT. The solution is verified for mesh and K-space
independence as before. The converged mesh has 1,471,500 cells. The rest of the
parameters and solution procedure are the same as previously stated.

VOLUME-AVERAGED BTE MODEL

The simulation domain and boundary conditions for the model are similar to those
in the previous section on spherical inclusions. Hence we use the converged physical and
K-space meshes as before. The input solid volume fraction is &« = 0.79, corresponding to

the DNS solution. The scattering phase function, ®,,., is determined using the ray tracing

method for a cylinder of the same aspect ratio as in the DNS problem. We determine the
model parameters T and 7y from the Fourier and ballistic limit solutions of the DNS as
earlier. We verify the model as described in previously.

We compare the non-dimensional effective thermal conductivity obtained from the
volume-averaged model with that of the DNS. The solution is plotted as a function of the
bulk Knudsen number in Figure 40. The Knudsen based on interface scattering Kn. is
held constant at 0.7. In the Fourier and ballistic limits we observe excellent agreement
between DNS and volume-averaged model because the volume-averaged model

parameters were calibrated to these two limiting solutions, as before. For Knudsen

108



numbers in between, we observe an average error of 3.25% and a maximum error of

10.2% in the effective thermal conductivity relative to the DNS solution.
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Figure 40: Comparison of volume-averaged BTE model with DNS for varying Knudsen
number for periodic domain with cylindrical inclusions and solid volume
fraction @ = 0.79, Kn., = 0.7
We now investigate the accuracy of the volume-averaged BTE model for varying
porosities over a range of Knudsen numbers. The range of porosities considered and the

number of cells in the physically converged mesh for the DNS solution are shown in

Table 1. The boundary conditions are applied as previously stated.
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Thickness Width Diameter Porosity Number of

(nm) (nm) (nm) () Cells
500 700 209 0.07 1239840
500 500 213.6 0.14 1327761
500 700 360.5 0.21 1471500
500 500 303.3 0.29 854832
500 700 486.5 0.38 1657854

Table 1: Geometries considered for cylindrical inclusions for studying the effect of
porosity on effective thermal conductivity.

The Knudsen numbers based on the calibrated values of volume-averaged bulk and
interface scattering relaxation times are shown in Table 2. The Knudsen numbers are
calculated based on pore separation, L. The model parameters are documented for all the

porosities considered.

e e
0.93 7.89E-03 1.76
0.86 7.44E-03 1.05
0.79 7.05E-03 0.71
0.71 6.57E-03 0.75
0.62 6.19E-03 0.92

Table 2: Knudsen numbers based on calibrated volume-averaged BTE model parameters
for varying porosities
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Figure 41 shows the comparison of the effective thermal conductivity predicted
by the volume-averaged BTE model with that from the DNS solution for different
porosities for cylindrical inclusions. Comparisons are shown at ballistic and Fourier
limits and at Kn+ = 1.7 and 0.17. The effective thermal conductivity is non-
dimensionalized by the effective thermal conductivity obtained from DNS for
porosity=0.07 for the corresponding Kn; . The Knudsen numbers based on the interface

scattering relaxation time Kn., for the different porosities in Figure 36 are shown in

Table 2.
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Figure 41 (a): Comparison of volume-averaged BTE model with DNS at ballistic limit
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Figure 41 (b): Comparison of volume-averaged BTE model with DNS at Kn; = 1.7
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Figure 41 (c): Comparison of volume-averaged BTE model with DNS at Kn: = 0.17
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Figure 41 (d): Comparison of volume-averaged BTE model with DNS at the Fourier limit

The volume-averaged theory compares well with the DNS for all the porosities
considered at the low Kn and ballistic limits [Figures 41 (a) and 41 (d)], as expected,
since the volume averaged model was calibrated to the DNS at these limits. For mid-
range Knudsen numbers, the maximum relative error with respect to the DNS solution is
14% [Figures (41 (b) and 41 (c)].

6.3 NON-GRAY VOLUME AVERAGED BTE MODEL FOR NANOPOROUS
COMPOSITE

In this section we consider the same nanoporous silicon geometry as earlier [71], but
under a non-gray approximation. We assume an isotropic spherical Brillouin zone for

silicon. Phonon dispersion curves are obtained using lattice dynamics [98] using the
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environment-dependent interatomic potential (EDIP) [34]. We use the dispersion curves

corresponding to the [1 0 0] direction in bulk silicon as shown in Figure 42.
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Figure 42: Dispersion relation for silicon in the [100] direction at 300 K [34]
The lattice constant a for the spherical Brillouin zone is adjusted to attain the correct
specific heat for silicon [54]. It is the diameter of the approximated spherical Brillouin

zone. A conceptual representation is shown in Figure 43.
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Figure 43: Representation of lattice constant, a, with respect to the Brillouin zone volume

Four different polarizations corresponding to the longitudinal acoustic (LA),
transverse acoustic (TA), longitudinal optical (LO) and transverse optical (TO) modes are
considered as shown in Figure 42. In this high symmetry direction [1 0 0], the two
transverse modes are degenerate [99]. The relaxation times are found using the relations

below [100].

Tim

1 = BTw2e ¢/T
Tu

1

=1+ (90)

Teff Tim Tu
The impurity scattering relaxation time t;,, and the Umklapp scattering relaxation
time 7, yield the effective relaxation time using Matthiessen’s rule [76]. Here the values
of the constants A, B and C are 1.32x10™* s°, 1.73x10™" s/K and 137.36 K respectively

[100]. These constants are determined from curve-fits to bulk properties found
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experimentally [100]. In the present work, relaxation times used are determined at 300K.
In general, for non-gray problems, there is a range of Knudsen numbers, one for each K
point. For reporting purposes, following [54], we define an average Knudsen number

defined as follows:

1YpXBzIvITesrA%K
Kn ===L 91
L Y,YpzA%K (1)

Here L is the characteristic length of the domain, |v| is the magnitude of the group
velocity of the phonon mode, 7.5fis computed as above. The sum is over all polarizations
p and the spherical Brillouin zone, BZ.

We orient the unit vectors (Kx, Ky, KZ) for the wave vector space along the physical
space unit vectors(X,y,z). Figure 44 shows a schematic of the discretization of the
Brillouin zone for a non-gray phonon dispersion [54]. The wave vector space is
discretized in the angular and radial directions. For all our non-gray problems, we will be
using an angular discretization of (Ng, Ny) = (2x8) and a radial discretization of the
wave vector magnitude of (N, = 8). The discretization of the K-space along with the
four polarizations yield (2x8x8x4 =) 512 discrete algebraic equations in each physical

cell in the computational domain.
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Figure 44: Discretization of the Brillouin zone for a non-gray dispersion [54]

For the non-gray problem, we consider a nanoporous silicon film with cylindrical
through holes, as before. An REV is shown in Figure 45 (a). To reduce computational
expense, our non-gray DNS simulations employ one quarter of the actual REV and apply

the boundary conditions appropriately as shown in Figure 45 (b).
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Figure 45: Continued next page Diffuse Reflection

117



(b) Symmetry Diffuse Reflection

N

Periodic

Periodic

l

Symmetry

Symmetry
Symmetry

Figure 45: Problem domains for DNS. (a) Geometry of the REV with boundary
conditions, and (b) quarter geometry with appropriate boundary conditions

For the DNS, we first chose a domain with a cylindrical inclusion of porosity,
¢ = 0.38 and determine the exponent, d in equation (31). We consider a block of
dimension 700 nm x 700 nm x 500 nm with a cylindrical hole of radius 243 nm; this
yields a porosity of 0.38. The meshing is done in CUBIT and the domain has a physical

mesh size of 92,208 cells. The K-space discretization used is NgxNgxN) = 2x8x8. The

silicon bulk thermal conductivity used is Ky, ;x = 135%—1( and the specific heat,
C, = 1.63x105 2 — K.

First we solve for Fourier conduction in the REV geometry volume-averaged bulk
relaxation times, 7, for the volume averaged model. For the Fourier-limit solution, we
use temperature boundary conditions and compute the effective thermal conductivity of
the composite structure. The procedure is described in detail in chapter 3. Next we
perform DNS in the ballistic limit. We use the effective thermal conductivity so

computed to calibrate the interface scattering relaxation time, 7z ;. We determine the
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anisotropic scattering phase function ®gg using the ray tracing algorithm discussed in
chapters 2 and 3. We use the corresponding diameter of the cylindrical inclusion as an

input to the ray tracing algorithm.

CALIBRATION AT THE BALLISTIC LIMIT
Two distinct approaches are undertaken to calibrate the interface scattering relaxation

time at the ballistic limit. One involves employing constant values of 7z, for all K-
points. The other requires calibration of the individual 75 s at the ballistic limit to the

DNS solution using the Newton-Raphson method described in chapter 3.

CONSTANT tg; APPROACH
We first compare the effective thermal conductivity predictions obtained from

volume-averaged theory with that using DNS using the constant 7y, approach. We
calibrate the volume-averaged BTE model using a single value of tp for all K-points.
Then we investigate how the non-gray volume-averaged BTE model compares with the
DNS for the same geometry for Knudsen numbers in between the ballistic and Fourier
limits.

Figure 46 shows a comparison of the overall thermal conductivity comparison
with DNS for three different porosities and Knudsen numbers. The effective thermal
conductivity is non-dimensionalized using the effective thermal conductivity at the

ballistic limit, as defined in equation (29).
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Figure 46: Continued on next page
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Figure 46: Comparison of effective thermal conductivity for DNS and non-gray volume-
averaged BTE model with a constant 7 j calibration for porosity (a)
¢ = 0.38 (b) ¢ = 0.21, and (c) ¢ = 0.07
The maximum error in the predicted effective thermal conductivity with respect to the
DNS is 11.9%. However, the individual heat rate contribution of the phonon modes is not

captured accurately. We compare the mode-wise heat rates obtained using both constant

and variable T, approach in the next section.

VARIABLE tg; APPROACH
The constant 7z, approach does not predict the individual contributions

accurately. An alternative is to calibrate for individual 7 s at the ballistic limit using the
Newton Raphson method as described in chapter 3. We determine (N xNy = 4x8 =

)32 different values of the interface scattering relaxation time 7 . .
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To verify that the Newton-Raphson calibration procedure is working well, we
compare the heat rate contribution of each phonon polarization for the DNS and the
volume-averaged BTE in the ballistic limit. The maximum absolute error in the total heat
rate is 0.19%. The maximum and minimum error in the modewise heat rate is 1.8% and
0.03% respectively. The calibrated solution is presented in Figures 47 (a)-(d). The heat

rate is normalized using the net heat rate.
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Figure 47: Continued on next page
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Figure 47: Comparison of DNS and volume-averaged BTE model at the ballistic limit for
heat rate contribution of (a) TA modes, (b) LA modes, (c) TO modes, and
(d) LO modes.

In Figure 48 we compare the mode-wise heat rate contributions of the above two
approaches with the DNS at the ballistic limit for a porosity of 0.38. The green line
represents the volume-averaged BTE model with the constant 7z, approach. The red
dotted line represents the volume-averaged BTE model with the variable 7z, approach
and the blue dots represent the DNS. The DNS and the variable 7, approach match very
well as expected. Although the overall heat rate matches with the DNS, the mode-wise
heat rate contributions obtained using the constant p ;, approach do not match the DNS.
In order to capture the physics accurately, contributions of different phonon modes

towards the overall heat rate is of significance along with the overall thermal conductivity
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match. Therefore, we will be using the variable 75, approach to predict mode-wise and

overall heat rates for different porosities.
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Figure 48: Comparison of DNS and volume-averaged BTE model with constant and
variable 7p j approach at the ballistic limit for heat

VERIFICATION AT ISOTROPIC SCATTERING LIMIT
For verification, we compare the volume-averaged BTE model with the calibrated 7z

values at the isotropic scattering limit with the analytical expression for isotropic

scattering:
d
Kerr = Xz (ﬁ)k Vg Ve @°Tp  A3K 3)

The calculation assumes that bulk scattering is absent. The solution matches within 2% of

the analytical formulation at the isotropic scattering limit. Figure 49 shows a comparison

125



of the isotropic scattering solution to the isotropic analytical formulation and the
anisotropic scattering results. The black line represents the heat rate computed using
equation (3) for the calibrated values of 7p,. The blue line represents the volume-
averaged BTE solution using an isotropic scattering phase function. The red line

represents the volume-averaged BTE solution using the anisotropic @y at the ballistic

limit.
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Figure 49: Continued on next page
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Figure 49: Comparison of volume-averaged BTE solution at the ballistic limit using
isotropic and anisotropic ®gys with the isotropic theory at the ballistic limit for different
phonon modes: (a) TA, (b) LA, (c) TO and (d) LO.
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Next we compare the DNS and the volume-averaged BTE model using this
approach to compare at an average Knudsen number of 59. The Knudsen number in the
domain ranges from 0.4 to 14x10%. There is a significant spread in the Knudsen number
due to the different scales of the relaxation times and group velocities in the silicon
dispersion. We use the calibrated values of the volume-averaged bulk relaxation times,
T, and interface scattering relaxation times, tz, . The scattering phase function @y
corresponding to the geometry is used.

Using the solution of the DNS, we compute the heat rate contributions of each
phonon polarization and compare that with solution obtained from the volume-averaged
BTE model. In Figure 50 (a)-(d) we compare the solution obtained from the variable 7z
approach with the DNS. In the ballistic limit, calibrating 7, at each mode, yields better
results at individual modes than assuming a constant value of the interface scattering
relaxation time. We compare the DNS and the volume-averaged BTE with variable 7
for three different porosities. The maximum error in the overall prediction is 26%.
Although the overall heat rate match is better with the constant 7z, approach, the
variable 7z, approach gives a more accurate depiction of the individual phonon mode
contributions. Figures 51 and 52 show a condensed form of the comparison between the
DNS and volume-averaged BTE model for the four different phonon modes.

In general, the match with the DNS solution at intermediate Kn is poorer than in
the gray case. The reason is likely the large spread in Kn in non-gray calculations. This

means that our DNS simulations are not equally resolved at all K-points, especially with
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the coarse mesh we are using for these non-gray calculations. Thus, there may be
significant discretization error in the low Kn calculations. The volume-averaged BTE is
likely far better resolved than the DNS, and these differences in resolution add to the
uncertainty in the calibrated parameters. Unfortunately, further spatial resolution of the

non-gray DNS problem is not possible with available computational power.
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Figure 50: Comparison of volume-averaged BTE with DNS at a porosity of 0.38 for
different phonon modes: (a) TA (b) LA (c) TO (d) LO
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Figure 51: Comparison of volume-averaged BTE with DNS at a porosity of 0.29 for
different phonon modes
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Figure 52: Comparison of volume-averaged BTE with DNS at a porosity of 0.07 for
different phonon modes

6.4 VOLUME AVERAGED BTE MODEL FOR TWO-MATERIAL
NANOCOMPOSITE

We consider silicon medium with a spherical germanium particle. We solve
equation (57) in the domain for a spherical particle of diameter 5 nm. We vary the
porosity by increasing the length scale of the outer domain. The geometries considered
are listed in Table 3.

The results presented are for the gray limit with a phonon group velocity of 5843
m/s, frequency of 2e12 rad/s and a constant specific heat of 1.6x10° J/m*-K for the matrix
material, in this case silicon. The bulk relaxation time for the matrix material is computed
based on a bulk thermal conductivity of 137W/m-K using Cvjt/3. The material

133



properties of the particle need to be considered for computing the scattering phase
function. Additionally, the thermal properties of the particle material are considered in
calculating the effective thermal conductivity of the composite at the Fourier limit. The
Fourier limit solution is used to calibrate the volume-averaged bulk relaxation time, T.
Thus, both the silicon host material and the germanium particles contribute to the model

parameters.

Film Particle
Dimension Volume Kn; Kn.,
(nm x nm) Fraction (¢)

10x10 0.065 9.21 2.69
11x11 0.049 7.34 2.18
12x12 0.038 6.62 2.33
14x14 0.024 5.12 2.27

Table 3: Geometries and Knudsen numbers at calibrated model parameters for volume-
averaged model simulation

The list of different properties [89] used for this computation is provided in Table

4. The velocity of the wave in Germanium is computed using Eq. 66 in Chapter 4. The

discretization of the K-space used for the solution is (NgxNy) = (8x16). The boundary
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conditions are applied as earlier. At the composite interface we have a diffuse reflection

condition. A temperature jump of 1K is applied between the right and left walls.

Properties Silicon Germanium
Therm‘(al\l/\f/(::d_u%ivity, K 137 60.2
Laméﬂi‘/’ﬁfzt;‘“t’ A 6.39x101° 4.83x101°
Lamé(;‘}‘;f;;‘“t’ H 7.956x1010 6.71x1010
D(eélg/itri’;g)p 2332 5322
Fregﬂgzr;g, W 351012 251012

Table 4: Material properties for two-material volume-averaged BTE composite model

For Fourier limit, the actual REV composite geometry is solved, considering a
background silicon matrix with germanium particles. The Fourier conduction equation is
solved in this composite, and the value of T is calibrated to effective thermal
conductivity of the composite. To determine the value of 7z, we consider a nanoporous
material with pores equal in size to the particles. The DNS is performed on nanoporous
geometry in the ballistic limit to determine tz. The boundary conditions for the DNS at
the ballistic limit are the same as for the nanoporous domain DNS. Figure 53 shows the

boundary conditions as applied on the Si-Ge composite domain under consideration.
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Figure 53: Boundary conditions on a composite domain of Si host with Ge particle for
DNS

From these DNS, the volume-averaged bulk relaxation time and the interface
scattering relaxation time are determined as previously done for the gray model. Such a
treatment is justified because the particles are much smaller than the length scale of the
bulk material, and may be considered point particles. Thus, the interface scattering time
T is determined primarily by the travel time of the phonon between particles, and this is
captured by the computation in the nanoporous domain.

We determine the scattering phase function using Mie scattering theory as
discussed in chapter 4. The volume-averaged model is solved on physical mesh
consisting of 1000 cells. The volume-averaged BTE is solved on a corresponding 2D

domain using the boundary conditions as stated previously. A periodic boundary

136



condition is applied with a positive temperature gradient of 1K from left wall to right
wall.

The DNS cannot be used as a benchmark to the volume-averaged BTE at these limits
because the wave nature of the transport in the vicinity of the particle cannot be captured
by the DNS. We therefore present the effective thermal conductivity for a range of

Knudsen numbers for varying porosities.

The following porosities are considered: 0.06, 0.024, 0.038, and 0.049 as shown in
Table 4. The Knudsen numbers are calculated based on pore separation. The resulting
volume-averaged BTE solutions are shown below in Figure 54. In each of the figures
below, the Knudsen number based on 7, i.e., v,75/L, is held constant, and the Knudsen
number based on bulk scattering, T, is varied from the Fourier to the ballistic limit.
When bulk scattering is small, i.e., high Knz, the ballistic solution is recovered; in this
limit, scattering is purely due to the presence of the particle. As Kns is decreased, bulk
scattering increases in dominance, and the effective thermal conductivity falls.
Ultimately, bulk scattering dominates over particle scattering, and the Fourier limit for

the composite is recovered.
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6.5 CLOSURE
In this chapter we presented the verification, validation and results for the different

volume-averaged BTE model developed in previous chapters. We considered the gray
model for nanoporous silicon geometries with two different inclusion shapes. We
computed the effective thermal conductivity of the porous medium for a range of
Knudsen numbers for varying porosities. The gray nanoporous volume averaged BTE

model predicted the DNS benchmark thermal conductivity solution to within a maximum
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error of 14%. For the gray model, we compared the heat rate contributions of different K-
space points in the Brillouin zone with the DNS solution, and good agreement was
obtained. In the non-gray model, we considered realistic phonon dispersions and
geometries for our simulations. We considered two different approaches to calibrate the
interface scattering relaxation time. The constant interface scattering term approach
yielded better overall thermal conductivity predictions within 11.9% but the contributions
of individual phonon modes was not captured accurately. The multiple interface
scattering relaxation time approach yielded better comparison with the individual phonon
mode heat rate contributions but overall thermal conductivity was under predicted by
26%. The volume-averaged BTE model in the two-material composite was demonstrated
for a silicon host with germanium spherical particles. Solutions were presented for

varying porosities and Knudsen numbers.
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Chapter 7: Summary and Future Work

7.1 SUMMARY
In this chapter we summarize the main contributions of the dissertation and

discuss future directions for this research. The semi-classical phonon Boltzmann
Transport equation (BTE) is proven to be an effective predictive tool for nanocomposites
due to its ability to describe the quasi-particle nature of the phonons at length scales
comparable to phonon mean free path [6]. Due to its computational expense, the direct
numerical simulations of the BTE can be limiting for complex nanocomposite domains.
In this work, we have developed for the first time volume-averaged models for the
phonon BTE to simulate heat transfer in nanocomposites. These models can be used in
arbitrary geometries, accounting for both bulk scattering and boundary scattering effects
across the range of Knudsen numbers. The model is demonstrated for gray and non-gray
approximations in nanoporous composites in the geometric scattering limit. For two-
material composites we solve the model in the Mie scattering limit for composites with
small nanoparticulate inclusions. Significant speed ups are achieved over direct
numerical simulation (DNS) by using the volume-averaged BTE models. The major
contributions of this work are summarized below.

7.1.1 Volume-Averaging for Gray Phonon Boltzmann Transport Equation (BTE) in
Nanoporous Materials

We developed a volume-averaged formulation for nanoporous domains by

formally averaging the phonon BTE over a representative elemental volume (REV) of a
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nanoporous material. We modeled the additional terms resulting from the volume-
averaging as in-scattering and out-scattering terms. The in-scattering term is written as a
function of a scattering phase function, ®gg’, and a new parameter, 7z. This new
parameter T is interface scattering relaxation time and captures the scattering effects due
to the presence of inclusions in the domain. Both tz and ®ggs are functions of the
interface geometry and the phonon wave vector space. We developed a generalized ray
tracing algorithm to compute the phase function in the geometric scattering limit,
analogous to that used in radiative transport [63] [64]. We further take in to consideration
the effects of pores on the effective thermal conductivity of the composite by calibrating
the volume-averaged bulk scattering relaxation time, T using a Fourier limit solution of
the nanoporous domain.

We write the volume-averaged BTE in terms of the intrinsic average of the
phonon energy density over the solid volume of the composite. The model parameter zzis

calibrated using a direct numerical solution of the phonon BTE at the ballistic limit. For
domain sizes satisfying Kn = (@) « 1 in the gray, isotropic limit, the interface

scattering relaxation time can be predicted using equation (29) and the effective thermal
conductivity obtained from the ballistic limit solution of the phonon BTE.

We solve the volume-averaged BTE for a nanoporous domain under the gray
approximation using a finite volume method. We employ the MEMOSA framework and
the COMET algorithm to promote convergence. We implemented a periodic boundary

condition to model transport through a composite consisting of regularly repeating units.
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We solve for two types of nanopores: spherical and cylindrical. We demonstrate
that the model predicts effective thermal conductivity well by comparing with a
benchmark direct numerical solution of the BTE for the full range of Knudsen numbers.
We further compare the contributions of the discrete K points for DNS and volume-
averaged BTE models. The average relative error in effective thermal conductivity
prediction of the volume-averaged BTE with respect to the DNS is 3.25% for spherical
inclusions and the maximum relative error is 10.2%. We conduct the study over varying
range of porosities for cylindrical inclusions and observe an average relative error of 5%
and a maximum relative error of 14% accounting the full range of Knudsen numbers.
The accuracy of the model is higher closer to the Fourier and ballistic limits, as expected.

For cylindrical inclusions, the gray volume-averaged BTE model requires 16
times less CPU time than the DNS computation at a Knudsen number of 0.17. This is due
to the high physical mesh requirement by the DNS for the actual REV geometry. The
advantage of volume-averaging is in solving a effectively 1-D problem in a homogenized
domain versus the full detailed 3-D problem in a DNS.

7.1.2 Non-Gray Volume-Averaged Theory for Phonon Boltzmann Transport
Equation (BTE) in Nanoporous Materials

We implemented a non-gray version of the volume-averaged BTE model for
nanoporous composites. We considered realistic non-gray phonon dispersions in silicon.
The non-gray BTE when discretized in the K-space yield a large number of phonon BTES
to be solved, one for each discrete K point. We determine the interface scattering

relaxation time parameter in this model using two different approaches. In the first
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method, a constant value of 75 is calibrated to match the DNS in the ballistic limit. In the
second approach, a number of boundary scattering relaxation times tz ; s corresponding
to the Brillouin zone discretization are determined, along with a number of bulk
relaxation times, 7,. The non-gray BTEs are coupled using the conservation of energy
equation. Therefore, we use a Newton Raphson method to calibrate the 'k’ number of
unknown tp,s. The scattering phase function matrix is extended to the non-gray model
assuming elastic scattering. The model is solved for varying porosities of nanoporous
silicon film with cylindrical inclusions.

The constant interface scattering relaxation time approach predicts effective
thermal conductivity within 12% accuracy of the corresponding benchmark DNS.
However, the contribution of individual phonon modes was not captured accurately in
this approach. The second approach with multiple values interface scattering relaxation
time, 75, underpredicted effective thermal conductivity by 26% compared to the DNS
solution. Although underpredicting significantly, this method resulted in better
comparison in the form of the heat rates contributions of individual phonon modes. This
reduced order model needs to be further improved to predict the DNS solution more

accurately.

7.1.3 Volume-Averaged Theory for BTE in Nanocomposite Domain
We extended the volume-averaged model for nanoporous domains for gray

phonon dispersions to two-material composites. We consider nanocomposite domains

with particles of a second material embedded in a matrix. The scattering due to the

146



particle presence is modeled using a scattering term similar to the nanoporous domains
employing a scattering phase function. We determined the scattering phase function for
particle sizes comparable to the phonon wavelength using the Mie scattering theory for
transverse phonons [66, 72]. The volume averaged bulk relaxation times and interface

scattering relaxation times were determined using the established calibration procedure.

The volume-averaged BTE model for the domain was discretized using a finite
volume approach using COMET algorithm. We compute the effective thermal
conductivity for the two-material nanocomposite domain for a range Knudsen numbers

for different particle volume fractions in the domain.

7.2 FUTURE WORK
We can build upon the volume-averaging theory for BTE developed in this

dissertation to explore different problems as well as improve upon the current machinery.

7.2.1 Parallelization of Volume-Averaged BTE and DNS for Periodic Boundaries
The present software to apply periodic boundary conditions necessary to simulate

periodic nanocomposites is currently only available on single processor platforms. A
significant computational advantage can be attained if the software were parallelized.
Although the volume-averaging approach involves reduced mesh sizes, the solution of
the fully resolved BTE is a computationally intensive process. This is especially so when

non-gray transport is considered.
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7.2.2 Geometric Scattering for Two-Material Model Including Non-Gray Effects
The volume-averaged BTE for two-material composites is general and can be

extended to include non-gray effects. The model for scattering considered in this thesis
was Mie scattering, valid when the particle inclusions are comparable in length scale to
the wavelength of phonons. An obvious extension is to consider the geometric scattering
limit, where ray-tracing approaches can be employed. Such a ray tracing model would
account for interface reflectivity and transmissivity by employing models such as the
diffuse mismatch model (DMM). This will allow for comparison of the two-material
volume-averaged BTE composite model with the direct numerical solution of the
composite.

7.2.3 Mie and Rayleigh Scattering for Two-Material Model Including Non-Gray
Effects

The generalized volume-averaged BTE for two-material composites can be extended
to include non-gray effects in Mie and Rayleigh scattering limits. Using the analytical
scattering phase functions for longitudinal and transverse phonon modes in this limit [65,
66, 101], a scattering phase function matrix can be generated to include these phonon
modes. The available theory considers independent scattering. This will allow inclusion
of non-gray dispersions in a two-material composite. Although, this model will be limited
by absence of benchmark solutions, experiments using equivalent nanocomposite

geometries can be used for validation.
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7.2.4 Generalization of Calibrated Parameters
An important area to explore will be to develop calibration curves for the different

model parameters for standard inclusion shapes. This will require benchmarking with the
DNS solutions for the specific shapes, which will be a significant but achievable
undertaking. This will allow the volume-averaged BTE model to be readily usable as a

reduced order model for predicting effective thermal properties in composites.

7.2.5 Two BTE System for Two-Material Composite
In the presence of significant thermal disequilibrium between the two materials in the

composite, it may be necessary to carry two different volume averaged BTEs for the two
materials in a homogenized domain. They will be coupled through the interface condition

using a diffuse mismatch model. Thus:

BTE for Material 1: (V ve" = e";e”) (94)
1

BTE for Material 2: (V -ve" = e(’;e") (95)
2

We have the following model equation for a nanoporous domain:

av-vie"y =) Dy L 21 (e )dPK (96)

T 5k | VBzTRK
The transmission of energy between the two materials is represented through a
transmission term, as shown below:

Material 1:

. m _ {eodi—(ex" 1 (ex")1 1 1 " 13err B
aV-vileh =a Tk TBk1 + VBz1TBk1 fK’ i (e 1 d K’ + 115[(e0)s

(eo)2] (97)
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Material 2:

. m_ - {eo)2—(ex")2  (ex'h1 1 1 " 3err B
aV VZ(ek )2 =a T T2 + T fK’ (I)kkl (ekl >2d K + T21[<80>2

(eo)1] (98)

7.2.6 Generalized Volume-Averaged BTE for Complex Composite Domains
A more generalized volume-averaged BTE model with more than two types of composite

materials can be explored. Scattering phase functions involving multiple materials and
geometries can be computed, while considering the mismatch in the phonon dispersions
between the different composite materials. This will put the burden on the scattering
phase function calculation. Models for anisotropic conduction for inclusions with
pronounced asymmetries are another area of interest. Once resolved, these approaches
can be valuable in predictive modeling of the thermal properties in interesting

nanostructured geometries.
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