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Swelling of a polymer gel is a kinetic process coupling mass transport and 

mechanical deformation. A comparison between a nonlinear theory for polymer gels and 

the classical theory of linear poroelasticity is presented. It is shown that the two theories 

are consistent within the linear regime under the condition of a small perturbation from 

an isotropically swollen state of the gel. The relationships between the material properties 

in the linear theory and those in the nonlinear theory are established by a linearization 

procedure. Both linear and nonlinear solutions are presented for swelling kinetics of 

substrate-constrained and freestanding hydrogel layers. A new procedure is suggested to 

fit the experimental data with the nonlinear theory. 

A nonlinear, transient finite element formulation is presented for initial boundary 

value problems associated with swelling and deformation of hydrogels, based on 

nonlinear continuum theories for hydrogels with compressible and incompressible 

constituents. The incompressible instantaneous response of the aggregate imposes a 

constraint to the finite element discretization in order to satisfy the LBB condition for 

numerical stability of the mixed method. Three problems of practical interests are 

considered: constrained swelling, flat-punch indentation, and fracture of hydrogels. 

Constrained swelling may lead to instantaneous surface instability. Indentation relaxation 



 vii 

of hydrogels is simulated beyond the linear regime under plane strain conditions, and is 

compared with two elastic limits for the instantaneous and equilibrium states. The effects 

of Poisson’s ratio and loading rate are discussed.  

On the study of hydrogel fracture, a method for calculating the transient energy 

release rate for crack growth in hydrogels, based on a modified path-independent J-

integral, is presented. The transient energy release rate takes into account the energy 

dissipation due to diffusion. Numerical simulations are performed for a stationary center 

crack loaded in mode I, with both immersed and non-immersed chemical boundary 

conditions. Both sharp crack and blunted notch crack models are analyzed over a wide 

range of applied remote tensile strains. Comparisons to linear elastic fracture mechanics 

are presented. A critical condition is proposed for crack growth in hydrogels based on the 

transient energy release rate. The applicability of this growth condition for simulating 

concomitant crack propagation and solvent diffusion in hydrogels is discussed.  
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Chapter 1 

Introduction 

Hydrogels consist of crosslinked polymer chains and solvent molecules (e.g., 

water). The crosslinked polymer chains form a three-dimensional network structure 

through which the smaller solvent molecules can migrate. The response of hydrogels to 

external forces or chemical stimuli is generally a transient process, involving solvent 

diffusion and deformation coupled via the chemo-mechanical interactions between the 

polymer network and the solvent. In addition, hydrogels are also responsive to diverse 

stimuli, such as electric and magnetic fields, temperature, and light.  

 

  

Figure 1.1: Hydrogel used in drug delivery. (Pal et al., 2009) 

1.1 MOTIVATION 

Hydrogels have been used in many bioengineering applications, due to their 

biointegrability, physical similarity to natural tissue and other physical characteristics, 

and their transient response is often a key feature in these applications. Some of these 

bioengineering applications include drug delivery, tissue engineering, microfluidics, and 

(a) 

(b) 
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artificial muscles (Abidian et al., 2009; Drury et al.,  2003; Beebe et al.,  2000; Lee et al.,  

2010; Tokarev et al.,  2009; Galaev et al.,  1999; Jeong et al.,  1997; Peppas et al.,  2006; 

Qiu et al.,  2001; Ulijn et al.,  2007; Suciu et al.,  2004; Jagur-Grodzinski 2006). There is 

also a great deal of interest and development in hydrogel applications in other areas. 

Hydrogels have been used for sensors and actuators (Holtz et al., 1997; Harmon et al., 

2003), energy storage devices (Nohara et al., 2003; Sun et al., 2004), swellable packers in 

the oil industry (Al-Khelaiwi et al., 2010), spatially programmable 3D structures (Palleau 

et al., 2013), and soft machines/robots (Morales et al., 2014). 

 

Figure 1.2: Flow control in microfluidic applications. (Beebe et al., 2000) 

In their application as vessels for drug delivery (Figure 1.1), hydrogels can be 

used in two ways; (Figure 1.1a) encapsulating drug particles in an unswollen state of the 

hydrogel between the polymer chains and releasing the particles directly at the target 

when the hydrogel starts swelling, and also (Figure 1.1b) using the hydrogel as a 

permeable membrane that encapsulates a biodegradable carrier for the drug particles and 

again controlling the release rate of the drug particles (Pal et al., 2009). In a similar way, 

by swelling/de-swelling of hydrogel pillars, a microfluidics channel (Figure 1.2) is 

controlled by (a) stopping the flow and (b) changing the direction of the flow based on 

(a) (b) 
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the pH of the solvent that flows in the channel. The use of multiple hydrogel pillars can 

accelerate the response time of the array (Beebe et al., 2000). 

 

Figure 1.3: Spatially and sequentially programmable 3D patterned shapes. Hydrogels 

can transform with solvent absorption and desorption. (Palleau et al., 2013) 

 

Figure 1.4: Electrically activated hydrogel robots. (Palleau et al., 2013) 

On-demand, three dimensional hydrogel structures, with sequentially and spatially 

programmable features (Figure 1.3) can be created with the use of ionoprinting. Regions 

that undergo ionoprinting become stiffer and control the response to solvent migration,  

leading to a time-dependent shape transformation following the immersion of the 

hydrogel in solvent (Palleau et al., 2013). Soft machines made of hydrogels are often 

designed utilizing the response of hydrogels to electric field. In Figure 1.4 the application 

of a potential to the electrodes leads to a stress distribution that opens and closes the arms 

a 

c 

a 
b 
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capturing and releasing the target objects (Palleau et al., 2013). Also, in Figure 1.5 a 

polyelectrolyte hydrogel structure made of an anionic and a cationic leg, actuated by the 

application of an electric field in an ionic aqueous solution, moves without the use of an 

external mechanical input. The direction of motion is dictated by the sign of the fixed 

charges in the polyelectrolyte network and the applied field (Morales et al., 2014). 

 

 

Figure 1.5: Actuation process of walking hydrogel robots. (Morales et al., 2014) 

Cartilage in joints can also be replaced by hydrogels (Suciu et al., 2004), and in 

such cases where the hydrogel acts a structural component, it is important to maintain the 

structural integrity of the system. One macroscopic failure mode of hydrogels is fracture, 

which is influenced by the type of loading and the low toughness of the hydrogels (Figure 

1.6). In order to prevent fracture of hydrogels, double network hydrogels have been 

devised to enhance the toughening (Gong et al., 2003). Mechanisms to restore the 
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integrity of the gels once they have been damaged have also been employed (Zhao et al., 

2014). 

 

Figure 1.6: Hydrogel fracture (Kwon et al., 2011; 

http://www.ppmd.espci.fr/spip.php?article250&lang=fr) 

1.2. THEORIES AND NUMERICAL METHODS 

Both linear and nonlinear theories have been proposed to model the transient 

responses of hydrogels subject to various mechanical and chemical conditions. Tanaka et 

al. [1973] derived a linear diffusion equation by treating the gel as a mixture of solid and 

liquid with a coefficient of friction for the interaction. Another linear approach was 

proposed by Scherer [1989], who extended the linear poroelasticity theory to model the 

gel as a continuum phase with solvent concentration and pore pressure. Recently, the 

theory of linear poroelasticity has been used extensively in combination with 

experimental measurements for characterizing the mechanical and transport properties of 

polymer gels (Hui et al., 2006; Galli et al., 2009; Hu et al., 2010; Yoon et al., 2010; Chan 

et al., 2012; Kalcioglu et al., 2012). In spite of its remarkable success, it is well known 

that the linear theory is limited to relatively small deformation, while large deformation is 

(a) (b) 



 6 

common for hydrogels. On the other hand, a variety of nonlinear approaches have been 

proposed for coupling large deformation and transport processes in gels (Dolbow et al., 

2004; Hong et al., 2008; Birgersson et al., 2008; Doi, 2009; Chester and Anand, 2010; 

Duda et al., 2010; Wang and Hong, 2012) . 

To capture the full response of hydrogels to environmental stimuli, the finite 

element method is mainly used to numerically solve the boundary value problems that 

arise. Previously, finite element methods for equilibrium analyses of hydrogels were 

developed (Hong et al., 2009a; Kang and Huang, 2010a) without considering the 

diffusion kinetics. More recently, several implementations of transient finite element 

methods for hydrogels have been reported (Zhang et al., 2009; Wang and Hong, 2012; 

Lucantonio et al., 2013; Toh et al., 2013).  

Transient finite element methods, applied using the theory of poroelasticity, have 

also been developed in the past, even though it was primarily in the field of 

geomechanics. These methods can provide intuition for the study and development of 

transient mixed-finite element methods necessary for the study of hydrogels using the 

nonlinear theories that have been proposed. Vermeer and Verruijt [1981], Zienkiewicz et 

al. [1990], Borja [1986], Murad and Loula [1992 and 1994], Wan [2002], and Phillips 

[2005] have all studied consolidation problems with finite element methods using the 

theory of poroelasticity. The study of finite element methods for incompressible elasticity 

(Phillips et al., 2009; Hughes, 1987) is also relevant to the implementation of finite 

element methods for the transient response of hydrogels. 

1.3. SCOPE OF STUDY 

The present study focuses on the transient behavior of hydrogels, and on the 

consistent modeling and numerical analysis of boundary value problems that arise in the 
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study of the response of hydrogel materials. This dissertation will be organized as 

follows. 

Chapter 1 presents a short introduction to the study of hydrogels, summarizes the 

applications that have motivated this study, and presents theories and numerical 

approaches that have been used to study hydrogels. 

Chapter 2 includes a comparison of the nonlinear theory for hydrogels by Hong et 

al. [2009a] to the theory of linear poroelasticity specified for gels with incompressible 

constituents. The theories are proven to be consistent through a perturbation analysis in 

the small deformation regime. Examples for substrate-constrained and free hydrogel 

swelling are numerically solved using both theories, and fitting to experimental results 

with each theory is discussed. 

Chapter 3 presents the finite element formulation and implementation of a mixed 

finite element method using the backward Euler scheme for time integration and the 

Newton-Raphson method for solving the nonlinear problem iteratively for both a 

compressible and an incompressible constitutive behavior based on the nonlinear theories 

that are presented in the chapter. Issues regarding the numerical stability of the method 

are also discussed. 

Chapter 4 validates the proposed finite element method by examining the problem 

of constrained swelling and comparing numerical results to the solutions obtained in 

Chapter 2. Swell induced instability is also discussed, focusing on the response of a 

hydrogel bilayer. 

Chapter 5 discusses the problem of indentation of hydrogel layers under a flat 

rigid punch. Examples are solved using the proposed finite element method, and the 

characterization of hydrogel properties based on indentation experiments is studied. 
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Chapter 6 considers the effect of diffusion in hydrogel fracture. First, a consistent 

method using nonequilibrium thermodynamics is proposed to obtain the energy release 

rate for crack propagation using a modified path independent transient J-integral that 

takes into account the dissipation due to diffusion. Numerical examples are considered 

for sharp crack and blunted crack models, and the possibility of delayed fracture is 

discussed. 

Finally, in Chapter 7 the conclusions of this study are presented along with future 

directions for research in this field. 
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Chapter 2 

Swelling Kinetics of Polymer Gels: Comparison of Linear and 

Nonlinear Theories1 

A polymer gel swells significantly when imbibing a large amount of solvent (e.g., 

water). Swelling is a kinetic process coupling mass transport and mechanical 

deformation, which depends on the interaction between the polymer network and the 

solvent. Both linear and nonlinear theories have been used to describe or predict the 

swelling kinetics of polymer gels under various conditions. Tanaka (1973 & 1979) 

derived a linear diffusion equation by treating the gel as a mixture of solid and liquid with 

a coefficient of friction for the interaction. Alternatively, Scherer (1989 & 1992) 

proposed a linear theory treating the gel as a continuum phase with the pore pressure (or 

solvent concentration) as a state variable. The linear theory by Scherer is equivalent to 

the linear poroelasticity theory originally proposed by Biot (1941) for soil consolidation. 

The two linear approaches have been compared (Johnson, 1982; Hui et al., 2005), and 

considerable differences were noted. Hui et al. (2005) proposed an extension to the 

approach by Tanaka (1973 & 1979), with which the two linear theories become identical. 

Recently, the theory of linear poroelasticity has been used extensively in combination 

with experimental measurements for characterizing the mechanical and transport 

properties of polymer gels (Hui et al., 2006; Galli et al., 2009; Hu et al., 2010, 2011 & 

2012; Yoon et al., 2010; Chan et al., 2012; Kalcioglu et al., 2012). In spite of remarkable 

success, it is well known that the linear theory is limited to relatively small deformation, 

while large deformation is common for polymer gels. On the other hand, a variety of 

nonlinear approaches have been proposed for coupling large deformation and transport 

                                                 
1 Bouklas, N., & Huang, R. (2012). Swelling kinetics of polymer gels: comparison of linear and nonlinear 

theories. Soft Matter, 8(31), 8194-8203.  Professor Rui Huang was the supervisor of this work 
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processes in polymer gels (Durning et al., 1993; Barriere et al., 2003; Rajagopal, 2003; 

Baek et al., 2004; Dolbow et al., 2004; Ji et al., 2006; Birgersson et al., 2008; Hong et al., 

2009a; Duda et al., 2010; Chester et al., 2010). A comparison between the linear and 

nonlinear approaches would define the range of applicability for the linear theory. 

Moreover, a consistent nonlinear theory would extend the properties determined in the 

linear regime to the nonlinear regime, provided that the physical parameters in the 

nonlinear theory can be properly related to those in the linear theory. 

 

 

 

Figure 2.1: Schematic illustration of a thin hydrogel layer, subject to constrained or free 

swelling. In the present study, the initial state is assumed to be isotropically 

swollen from the dry state with h0/H = l0/L = w0/W = λ0. 
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In this chapter, we present a comparison between the nonlinear theory by Hong et 

al. (2009a) and the linear poroelasticity theory. We show that the two theories are 

consistent within the linear regime under the condition of small perturbation from an 

isotropically swollen state of the gel. As specific examples, we consider swelling kinetics 

of both substrate-constrained and freestanding hydrogel layers immersed in a solvent 

(Fig. 2.1). Although the linear poroelasticity theory can be used to fit the experimental 

data for both the constrained and free swelling kinetics (Yoon et al., 2010), it is cautioned 

that the applicability of the linear theory should be limited to relatively small swelling 

ratios. For large swelling ratios, we suggest a new procedure to fit the experimental data 

with the nonlinear theory. Finally, we discuss the indentation relaxation experiment as an 

effective method for characterizing the mechanical and transport properties of polymer 

gels within the linear regime but with possible extensions to the nonlinear regime.  

2.1. A NONLINEAR THEORY  

Here we briefly summarize the nonlinear theory of polymer gels by Hong et al. 

[2009a]. First, the constitutive behavior of a gel is described by using a free energy 

function. For a specific material model, the free energy density function based on the 

Flory-Rehner theory (Flory and Rehner, 1943; Flory 1953), takes the form  

 
)()(),( CUUCU me += FF
    (2.1)   

 ( ) ( )
1

3 2 ln det( )
2

e B iK iK
U Nk T F F= − −  F F    (2.2)   

 ( ) ln
1 1

B
m

k T C C
U C C

C C

χΩ Ω 
= Ω + 

Ω + Ω + Ω 
    (2.3) 
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where /
iJ i J

F x X= ∂ ∂  is the deformation gradient mapping the reference frame 
J

X  to the 

current frame 
i

x  , and C  is the nominal solvent concentration (i.e., number of solvent 

molecules per unit volume of polymer). Here, N  is the effective number of polymer 

chains per unit volume of the polymer, χ  is the Flory parameter for interaction between 

the solvent and the polymer, Ω  is the volume per solvent molecule, T  is the absolute 

temperature, and 
B

k  is the Boltzmann constant. 

Next assume that the volume of the gel changes only by solvent 

absorption/desorption so that 

1 det( )C+ Ω = F     (2.4) 

which imposes a constraint coupling deformation ( F ) with the solvent concentration ( C ) 

in the gel. Eq. (2.4) implies that both the polymer network and solvent are 

incompressible. Using a Lagrange multiplier ( Π ), the free energy density function is re-

written as 

[ ]( , ) ( ) ( ) 1 det( )
e m

U C U U C C= + + Π + Ω −F F F   (2.4) 

 The chemical potential and nominal stress in the gel are obtained as the 

thermodynamic work conjugates, namely 

( )
2

1
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1 1 1
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k T

C C C C

χ
µ
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= = + + + ΩΠ 

∂ + Ω + Ω + Ω  
  (2.6) 
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where 
ijk

e  is the alternating unit tensor. 

In the absence of body forces, mechanical equilibrium of the gel requires that 
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0iJ

J

s

X

∂
=

∂
    (2.8) 

When the gel reaches a state of chemical equilibrium, the chemical potential is a constant 

everywhere. In the transient state, however, the gradient of the chemical potential drives 

solvent migration. By a diffusion model, the true flux of solvent at the current state is 

given as (Hong et al., 2009a): 

 k

B k

cD
j

k T x

µ∂
= −

∂
 (2.9) 

where D is a constant for solvent diffusivity, c is the true solvent concentration which is 

related to the nominal concentration as / det( )c C= F .  

The nominal flux by definition is related to the true flux as: 0K K k k
J N dS j n dS= , 

where 
K

N  and 
k

n  are the unit normal in the reference and current frames, respectively. 

The differential areas, 0dS  and dS , are related as 0det(F)
iK i K

F n dS N dS= . Thus, by (2.9) 

the nominal flux is obtained as 

 det( ) K
K k KL

k L

X
J j M

x X

µ∂ ∂
= = −

∂ ∂
F  (2.10) 

through which a nominal mobility tensor is defined as 

 [ ]det( ) 1K L
KL

B k k

X XD
M

k T x x

 ∂ ∂
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F  (2.11) 

By conservation of solvent molecules, the evolution equation for the nominal 

solvent concentration is 
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Therefore, a complete set of governing equations by the nonlinear theory includes 

the field equations in (2.8) and (2.12) along with the constitutive relations in (2.6), (2.7), 
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and (2.10). In such a theory, the intrinsic material properties of the gel are specified by 

four independent quantities: N, χ, Ω, and D. 

2.2. A LINEAR THEORY 

The theory of linear poroelasticity, originally developed by Biot (1941) for soil 

consolidation, has been extended to gels (Scherer, 1989 & 1992; Johnson, 1982; Hui et 

al., 2005 & 2006; Galli et al., 2009; Hu et al., 2010, 2011 & 2012; Yoon et al., 2010; 

Chan et al., 2012; Kalcioglu et al., 2012). In this section, by linearizing the equations of 

the nonlinear theory at the vicinity of an isotropically swollen state, we derive a set of 

linear equations for comparison with the theory of linear poroelasticity. With such, the 

relationship between the nonlinear and linear theories is established, and the material 

properties used in the linear theory are defined consistently based on the nonlinear theory. 

The gel is assumed to be stress free and isotropically swollen at the initial state, 

with a swelling ratio 0λ  relative to the dry state in all directions. By setting 0
iJ

s =  in 

(2.7), the Lagrange multiplier Π is obtained, and by (2.6) the corresponding chemical 

potential for the initial state is  
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Now consider a small perturbation to the initial state with a displacement field 
i

u . 

Relative to the initial state, a linear strain field is defined as 
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(2.15) 

By (2.4), the volumetric part of the strain is related to the change of solvent 

concentration, namely 

 

( )0cckk −Ω=ε
 

(2.16) 
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where the concentration c  is the number of solvent molecules per unit volume of the gel 

at the initial state, and 
0c  is the initial concentration that is related to the initial swelling 

ratio as 3

0 01c λ −Ω = − . 

Next we linearize the constitutive equations (2.6) and (2.7) at the vicinity of the 

initial state. For the chemical potential, we obtain that 
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(2.17) 

where δΠ is the perturbation to the Lagrange multiplier associated with the displacement 

field. 

The Cauchy stress in the gel is related to the nominal stress as  

/ det(F)
ij iK jK

s Fσ = . After linearization, we obtain that 
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where  
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Combining (2.27) and (2.28) to eliminate δΠ, we obtain the Cauchy stress in the 

form 
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As shown in Appendix A, G  and ν  are the shear modulus and Poisson’s ratio of the 

swollen gel in the linear elastic regime; Similar relations were obtained by Hu et al. 

(2011). 

Furthermore, linearizing the mechanical equilibrium equation in (2.8) leads to 

 

0=
∂
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j

ij

x

σ

  

(2.23) 

By (2.9), the solvent flux at the vicinity of the initial state is approximately 
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By mass conservation, a linear evolution equation for the solvent concentration is 

obtained as 

 

2

0
k

k k k

jc
M

t x x x

µ∂∂ ∂
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∂ ∂ ∂ ∂
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(2.26)

 

Therefore, based on the nonlinear theory, a complete set of linear equations can be 

developed, consisting of Eqs. (2.23) and (2.26) for the field equations along with Eqs. 

(2.20) and (2.24) as the constitutive relations. The linear kinematics is described by Eqs. 

(2.15) and (2.16). Moreover, three material parameters for the linear equations are 

defined in Eqs. (2.21), (2.22), and (2.25), which depend on the swelling ratio ( 0λ ) at the 

initial state.  

In comparison with Biot’s theory of linear poroelasticity, we note that the linear 

relation in Eq. (2.20) is identical to its counterpart in linear poroelasticity with the pore 
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pressure, ( )0 /p µ µ= − Ω . Furthermore, Darcy’s law in linear poroelasticity is 

equivalent to Eq. (2.24) by setting 

 
0 2

k
M

η
=

Ω
 

(2.26)

 

where k  is the permeability of the polymer network and η  is the viscosity of the solvent. 

All the other equations then become identical to Biot’s theory. Therefore, the linear 

poroelasticity theory may be considered as a specialization of the nonlinear theory in the 

linear regime. In addition to the linear elastic shear modulus and Poisson’s ratio in (2.21) 

and (2.22), the linear poroelastic property, /k η , is related to the intrinsic diffusivity D  

and the swelling ratio 0λ  by Eq. (2.26) and (2.24). 

 The linear equations can be further reduced by inserting (2.20) into (2.23):  
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Next inserting (2.27) into (2.25), we obtain that 
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(2.28) 

which takes the form of a linear diffusion equation in terms of the solvent concentration, 

with an effective diffusivity 
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−
 

(2.30) 

Note that the effective diffusivity defined in (2.30) differs from the intrinsic diffusivity 

introduced in (2.9) for the nonlinear theory. The effective diffusivity, also called the 

cooperative diffusion coefficient (Hui et al., (2006)), is a combined quantity that depends 

on the initial state for the development of the linear theory. 
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2.3. SWELLING OF HYDROGEL LAYERS 

In this section we consider swelling kinetics for two cases (Fig. 2.1), one for a 

hydrogel layer laterally constrained by a rigid substrate and the other for a freestanding 

hydrogel layer immersed in a solvent. In both cases, we assume that the lateral 

dimensions of the hydrogel layer are much larger than the thickness (L, W >> H) and 

hence ignore the edge effects. In each of the two cases we solve the transient problem 

based on the nonlinear theory and compare with the corresponding solution based on the 

linear theory. The detailed solution procedure is presented in Appendix B, and the main 

results are discussed here. 

2.3.1. Constrained swelling 

Consider a layer of hydrogel with one face ( 0X = ) attached to a rigid substrate 

and the other face ( X H= ) exposed to a solvent, where H is the layer thickness at the 

dry state. Initially the gel is swollen isotropically with a swelling ratio 0λ  (Figure 2.1). As 

more solvent molecules migrate into the gel, the gel swells in the thickness direction 

while the lateral dimensions are fixed by the substrate. Therefore, the stretch in the 

thickness direction is a function of time and position, ( )2 2 2 ,X tλ λ= , whereas 

1 3 0λ λ λ= = . By the nonlinear theory, the thickness swelling ratio can be obtained by 

solving a nonlinear diffusion equation 










∂

∂

∂

∂
=

∂

∂

2

2

2

22

0
XX

D
t

λ
ξ

λ
λ     (2.31) 

where 

( )
4

2

2

0

2

22

2

0

5

2

4

0

2

2

0

4

2

2

0

2

)1)(1()1(21

λλ

λλλ

λλ

λλχ

λλ
λξ

+−
Ω+

−
−= N   (2.32) 

Equation (2.31) is to be solved with the initial condition, ( )2 00tλ λ= = , and the 

boundary conditions including: (i) ( )22 2 0s X H= = ; (ii) ( )2 0X Hµ = = ; and (iii) 
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( )2 2 0 0J X = = , where H is the layer thickness at the dry state. The first two boundary 

conditions together require an instantaneously equilibrium swelling ratio at the upper 

surface, ( )2 2

c
X Hλ λ∞= = , which can be obtained by solving a nonlinear algebra equation 
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The zero flux condition at the lower surface requires that 
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With the boundary conditions (2.33) and (2.34), a finite difference method is used to 

numerically integrate the nonlinear diffusion equation (2.31) (Appendix B). Figure 2.2a 

shows the numerical results, with 2λ  as a function of 2X  for increasing time, where the 

time is normalized by the characteristic time scale of diffusion, 
2

1 /H Dτ = . Apparently, 

a sharp gradient of the swelling ratio develops near the upper surface at the early stage of 

swelling. Correspondingly, the solvent concentration, ( )2

0 2 1 /C λ λ= − Ω , and the swell-

induced compressive stress are both inhomogeneous at the transient state. In particular, 

the compressive stress as shown in Fig. 2.2b may cause surface instability to form 

wrinkles and creases as observed experimentally (Tanaka et al., 1987, Trujill et al., 

2008). For the present study we assume the surface to remain flat during swelling. After a 

long time ( t → ∞ ), the hydrogel approaches the homogeneous equilibrium state with 

2

cλ λ∞=  everywhere. By (2.33), the equilibrium swelling ratio depends on the initial 

swelling ratio ( 0λ ) as well as two dimensionless parameters, N Ω  and χ . 
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Figure 2.2: Evolution of (a) stretch and (b) swelling induced compressive stress in a 

constrained hydrogel layer by the nonlinear theory, with NΩ = 0.001, 

0.4χ = , and 0 1.4λ = . The time is normalized by 
2

1 /H Dτ = . 
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With the transient swelling ratio ( )2 2 ,X tλ , the thickness of the hydrogel layer 

can be calculated as  

 

( ) ( )∫=
H

dXtXth
0

222 ,λ
 

(2.35)

 

Figure 2.3a plots the relative thickness swelling ratio, 0( ) /h t h , as a function of 

time for different values of χ, with the initial thickness 0 0h Hλ= . In all cases, the 

thickness increases rapidly at the early stage and eventually approaches the equilibrium 

state with 0 0/ /
c

h h λ λ∞ ∞= . As the equilibrium swelling ratio increases with decreasing χ, 

the time to reach the equilibrium state increases.  

At the limit of short time ( 0t → ), the diffusion equation (2.31) can be linearized, 

yielding a self-similar solution, namely 
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The thickness change of the hydrogel layer is then obtained as 
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As shown in Fig. 2.3b, the thickness change obtained numerically by the finite 

difference method scales with t  in a window, roughly 10.1 / 10t τ< < . The accuracy of 

the numerical method is limited by the spatial step X∆ . To reduce the numerical error in 

the early stage ( 1/ 0.1t τ < ), we may reduce X∆ , which however would require a smaller 

time step t∆  and thus higher computational cost for the numerical method to be stable. 

Alternatively, an unconditionally stable implicit method may be used to improve the 

numerical solution. 
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Figure 2.3: (a) Thickness swelling ratio as a function of time for constrained hydrogel 

layers with NΩ = 0.001, λ0 = 1.4, and different values for χ. The horizontal 

dashed lines indicate the equilibrium swelling ratio, 00 // λλc
hh ∞∞ = . (b) 

Normalized thickness change as a function of time, in comparison with the 

self-similar solution (dashed lines). 
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It is found that the self-similar solution (2.37) tends to overestimate the swelling 

rate in the window 10.1 / 10t τ< <  due to the use of ( )0ξ λ . As shown in Fig. 2.2a, the 

swelling ratio 2λ  is sharply graded between 0λ  and 
cλ∞  near the surface during the early 

stage of swelling. By taking ( )0 2cξ ξ λ λ∞= +  in (4.7), the self-similar solution agrees 

closely with the numerical solution for 10.1 / 10t τ< <  as shown in Fig. 2.3b. 

The same problem of constrained swelling was solved by using the linear 

poroelasticity theory (Yoon et al., 2010; Peters et al., 1986; Doi, 2009), which predicted 

the thickness change of the hydrogel layer as 
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(2.38) 

where 
2 *

2 0 /h Dτ =  defines a time scale for the linear theory and µ̂  is the chemical 

potential of the solvent in the environment. After a long time ( t → ∞ ), the gel reaches the 

equilibrium with ˆµ µ= , and the equilibrium thickness change is 
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At the limit of short time ( 2
/ 1t τ << ), a self-similar solution predicts that11 
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(2.40) 

The results by the nonlinear and linear theories will be compared in Section 2.4. 
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2.3.2. Free swelling 

Without the substrate constraint, solvent molecules enter the gel layer from both 

upper and lower surfaces, and the gel swells in both the thickness and in-plane directions. 

Again, we neglect the edge effects so that the solvent molecules migrate in the thickness 

direction only. By symmetry, the layer remains flat (no bending), with ( )2 2 2 ,X tλ λ=  and 

( )1 3 1 tλ λ λ= = ; the stretch in the in-plane direction is a function of time only. Based on 

the nonlinear theory, we obtain that 
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Furthermore, with no constraint, the in-plane stress must be self-balanced, namely 
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which leads to 
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Thus, the in-plane swelling ratio equals the root-mean-square (RMS) average of the out-

of-plane swelling ratio. 

The two nonlinear equations (2.41) and (2.44) can be solved simultaneously using 

a numerical method (Appendix B), with the initial and boundary conditions: (i) 

( )2 1 00 ( 0)t tλ λ λ= = = = ; (ii) ( )22 2 0, 0s X H= = ; and (iii) ( )2 0, 0X Hµ = = . The 

boundary conditions require that the swelling ratios at the surfaces ( 2
0X =  and H ) 

satisfy  
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Unlike constrained swelling, however, the swelling ratio 
2λ  at the surface is not a 

constant value for free swelling. Instead, it depends on 
1λ  and is a function of time. 

Figure 2.4 shows the numerical results, with 
2λ  as a function of 

2X  for increasing time 

in (a) and 
1λ  as a function of time in (b). By Eq.(2.35), the thickness of the hydrogel 

layer is calculated as a function of time, which is also plotted in Fig. 2.4b. Apparently, 

the thickness swelling ratio, ( ) /h t H , follows closely with 
1( )tλ , but not exactly, as 

expected from Eq. (2.44). Experimentally, the difference was found to be small, 

indistinguishable within the experimental uncertainty (Yoon et al., 2010; Li et al., 1990). 

In Fig. 2.4c, the nominal in-plane stress ( 11s ) is plotted as a function of 
2X  for 

increasing time. Due to the inhomogeneous swelling ratio at the transient state, the stress 

is compressive near the surfaces but tensile near the center, with zero resultant force. 

After a long time ( t → ∞ ), the gel approaches the homogeneous equilibrium state, with 

an isotropic swelling ratio and zero in-plane stress. The equilibrium swelling ratio can be 

obtained by solving Eq. (2.45) with 2 1

fλ λ λ∞= = . 

By the linear poroelasticity theory, the kinetics equation for free swelling of a 

hydrogel layer becomes (Yoon et al., 2010) 
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(2.46) 

In addition, by setting 22 0σ = , we obtain 
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Figure 2.4: Numerical results for free swelling of a hydrogel layer by the nonlinear 

theory (χ = 0.4, NΩ = 0.001, λ0 =1.4): (a) swelling ratio in the thickness 

direction; (b) in-plane swelling ratio (λ1) and the average thickness ratio 

(h/H); (c) nominal stress in the in-plane direction. 
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By requiring a vanishing resultant force in the in-plane direction, the in-plane strain is  
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(2.48)

 

A numerical method is used to solve (2.46)-(2.48) for the transient kinetics of free 

swelling (Appendix B). In particular, no self-similar solution is found at the early stage, 

and the thickness change at equilibrium ( t →∞ ) can be obtained from (2.47) and (2.48) 

by setting ˆµ µ= : 
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2.4. RESULTS AND DISCUSSIONS 

2.4.1. Linear poroelastic properties of a gel 

Under the condition of small deformation, the swelling behavior of a gel can be 

described by the theory of linear poroelasticity (Biot et al., 1941; Scherer et al., 1989; 

Yoon et al., 2010). The physical parameters used in the linear theory, including the shear 

modulus (G ), Poisson’s ratio (ν ), and permeability ( k ), are generally not intrinsic 

properties of the gel. Instead, they depend on the current state of the gel. On the other 

hand, the physical parameters in the nonlinear theory ( N , χ , Ω , and) are based on a 

microscopic model (Flory and Rehner, 1943; Flory, 1953) and thus may be considered as 

intrinsic properties. For example, the shear modulus of a gel as defined in (2.21) depends 

on the initial swelling ratio 0λ  in addition to the polymer network, which has an initial 

shear modulus 
B

Nk T  at the dry state. Since the swelling ratio depends on the chemical 

potential, as predicted in (2.14) by the nonlinear theory, the shear modulus of the gel, 
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which may be measured by shear rheology, depends on the chemical potential of the 

environment. At the equilibrium chemical potential ( 0µ = ), the shear modulus depends 

on the equilibrium swelling ratio, which in turn depends on the intrinsic parameters (χ 

and NΩ ). Similarly, Poisson’s ratio as defined in (2.22) also depends on the initial 

swelling ratio ( 0λ ) as well as the intrinsic properties, as shown in Figure 2.5a. Since the 

polymer network is assumed to be incompressible, the Poisson’s ratio is 0.5 at the dry 

state ( 0 1λ = ). As the swelling ratio increases, the Poisson’s ratio decreases; the gel 

becomes compressible due to solvent absorption/desorption. For each gel with specific 

intrinsic properties ( χ  and NΩ ), the Poisson’s ratio at the equilibrium swelling ratio 

corresponding to 0µ =  is plotted in Fig. 2.5b as a function of χ  for different values of 

NΩ . Interestingly, a sharp transition of the equilibrium Poisson’s ratio is observed at 

0.5χ ∼ , especially for gels with relatively small NΩ. Thus, the Poisson’s ratio of a gel is 

closely related to the intrinsic interaction between the polymer and the solvent. With a 

good solvent ( 0.5χ ≤ ), the swelling ratio is high, and the gel is highly compressible (

0.2 0.25ν = ∼ ) at the equilibrium swollen state. 

By linear poroelasticity, the swelling kinetics depends on the ratio between 

permeability ( k ) and viscosity (η ). By Eq. (2.25) and (2.27), we obtain that 
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(2.50) 

Assuming a constant viscosity for the solvent, the permeability of the gel depends 

on the intrinsic diffusivity D  as well as the swelling ratio 0λ . The permeability is zero at 

the dry state ( 0 1λ = ) and increases with increasing swelling ratio. Intuitively, it may be 

understood that the permeability increases as a result of an increasingly open polymer 

network due to swelling. 
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Figure 2.5: (a) Poisson’s ratio as a function of the initial swelling ratio; (b) Poisson’s 

ratio at the equilibrium swelling ratio as a function of χ. 
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It is noted here that the classical theory of linear poroelasticity assumes an 

isotropic behavior (Biot, 1941). Taking an isotropically swollen state as the initial state, 

we recover the classical theory by linearizing the nonlinear theory. In general, however, 

the initial state is not necessarily isotropic. When swelling is constrained in one or two 

directions, the gel swells anisotropically (Kang and Huang, 2010a). The constrained 

swelling of a hydrogel layer on a rigid substrate is a common example. With an 

anisotropic initial state, linearization of the nonlinear theory would lead to a set of linear 

equations for anisotropic poroelasticity. Theories of anisotropic poroelasticity have been 

developed for geomaterials (Biot, 1955 ; Carroll, 1979; Thomson et al., 1991; Cheng, 

1997) and biomaterials, e.g., bones, in Crowin (1997) and Kohles et al. (1997) while few 

studies have considered poroelastic anisotropy in gels. 

2.4.2. Linear vs nonlinear analysis of swelling 

In Section 2.3, we present the analysis for constrained and free swelling of a 

hydrogel layer based on the nonlinear theory and the linear poroelasticity theory. For 

comparison, we plot in Fig. 2.6 the thickness ratio as a function of time for the 

constrained swelling, where the thickness is normalized by the initial thickness 0h  and 

the time is normalized by the time scale 1τ . By Eqs. (2.21), (2.25), and (2.30), the time 

scale for linear poroelasticity, 2τ , is converted to 1τ  as 

( )
( )( ) Ω−−

−
=

N112

21
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0

6

0
12

λν

λν
ττ

   

(2.51) 

For a specific gel with the intrinsic properties ( χ  and NΩ ), the swelling kinetics 

depends on the initial swelling ratio 0λ , governed by Eq. (2.31) according to the 

nonlinear theory. On the other hand, the solution based on linear poroelasticity, as given 

in Eq. (2.38), depends on the initial chemical potential ( 0µ ), which can be determined by 
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(2.14). In addition, all the linear poroelastic properties, including G , ν , and the time 

scale 2τ , depend on the initial swelling ratio. As seen in Fig. 2.6, the linear theory agrees 

with the nonlinear theory at the early stage of swelling, both predicting a self-similar 

swelling with ~h t∆ , which is expected following the linearization procedure in 

Section 2.2. However, the equilibrium thickness change ( 0

c
h h∞ ∞∆ = − ) predicted by the 

linear theory, as given in Eq. (2.39), underestimates the equilibrium swelling in 

comparison with the nonlinear theory, as shown in Fig. 2.7. The discrepancy is 

significant when the relative swelling ratio, 0/h h∞ , is much greater than 1. As a result, 

the swelling kinetics by the linear theory deviates from the nonlinear theory beyond the 

early stage. Apparently, the linear theory is applicable only for relatively small swelling 

ratios from the initial state. The same conclusion can be drawn for the kinetics of free 

swelling. 

 

Figure 2.6: Comparison between the nonlinear theory and the linear poroelasticity for 

constrained swelling of a hydrogel layer (χ = 0.4 and NΩ = 0.001). 
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2.4.3. Comparison with experiments 

Recently, Yoon et al. (2010) reported measurements of swelling kinetics of thin 

poly(N-isopropylacrylamide) (PNIPAM) hydrogel layers under both constrained and 

freestanding conditions. Remarkably, they found that the measured swelling kinetics 

compared closely with the predictions based on the theory of linear poroelasticity, despite 

that the relative swelling ratio ( 0/h h∞ ) was up to 1.8, which is apparently beyond the 

linear regime by the assumption of small deformation. The excellent agreement could be 

a fortuitous result of the fitting procedure. First, the Poisson’s ratio was determined by 

comparing the measured thickness change at equilibrium for constrained swelling with 

that for free swelling. By linear poroelasticity, the ratio between the two equilibrium 

thickness changes, as given in Eqs. (2.39) and (2.49), depends only on Poisson’s ratio.  

 

Figure 2.7: Comparison of the equilibrium swelling ratio for a constrained hydrogel 

layer (NΩ = 0.001 and χ = 0.4), as predicted by the nonlinear theory and the 

linear poroelasticity. 
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However, as shown in Fig. 2.7, the linear poroelasticity theory underestimates the 

equilibrium swelling ratio in comparison with the nonlinear theory, especially for the 

cases with relatively large swelling ratios ( 0/ 1.05h h∞ > ). By the nonlinear theory, the 

equilibrium swelling ratios, which can be determined from (2.33) and (2.45) respectively 

for the constrained and free swelling, depend on the intrinsic properties of the gel ( χ  and 

NΩ ) as well as the initial swelling ratio ( 0λ ). The ratio between the two equilibrium 

thickness changes, /
c f

∞ ∞∆ ∆ , is plotted in Fig. 2.8 as a function of 0λ  for 0.001NΩ =  and 

different values of χ . The predictions by the linear and the nonlinear theory agree only 

when the initial swelling ratio is close to the equilibrium free swelling ratio ( 0 ~
fλ λ∞ ). 

With the measured ratio / 2
c f

∞ ∞∆ ∆ = , we cannot determine the three parameters ( 0λ , χ  

and NΩ ) in the nonlinear theory. 

 

Figure 2.8: The ratio between the equilibrium thickness changes for constrained and 

free swelling, predicted by the nonlinear theory as a function of the initial 

swelling ratio for NΩ = 0.001 and χ = 0.1-0.5, in comparison with the 

prediction by the linear poroelasticity theory (dashed lines). 
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Next, the effective diffusivity ( *D ) in the linear poroelasticity theory was 

determined by fitting the self-similar solution in (4.10) to the data for constrained 

swelling at the early stage (Yoon et al., 2010). This is plausible since the linear theory is 

expected to be applicable at the early stage of swelling. With the self-similar kinetics at 

the early stage and the measured equilibrium thickness ratio ( 0/ 0.80
c

h∞∆ = ), the kinetics 

of constrained swelling was well described by the linear theory, despite the relatively 

large degree of swelling. With the same set of linear poroelastic parameters (ν , *D , and 

0/
c

h∞∆ ), the kinetics of free swelling as predicted by the linear theory was also found to 

be in good agreement with the experiment. However, it is cautioned that the results 

should be interpreted within the fundamental limit of linear poroelasticity. 

Here we suggest an alternative procedure to fit the experimental data using the 

nonlinear theory. To fully describe the swelling kinetics for both constrained and 

freestanding hydrogel layers, four parameters are to be determined: 0λ , χ , NΩ , and D . 

In addition to the measurement of swelling kinetics, Yoon et al., (2010) performed 

independent measurements of the shear modulus of the same gel by shear rheology. In 

principle, by measuring the shear modulus of the gel in the unswelled state (just after 

polymerization) and in the equilibrium state after free swelling, we obtain by (3.8): 

0 0
/

B
G Nk T λ=   and /

f

BG Nk T λ∞ ∞= . The measured values for the PNIPAM gel were: 

0
1.3G =  kPa and 0.5G∞ =  kPa.11 However, the ratio between the two moduli, 

0
/ 2.6G G∞ = , does not agree with the ratio, 0/ 1.4fλ λ∞ = , as measured from the free 

swelling experiment (Yoon et al., 2010). The discrepancy raises questions regarding the 

nonlinear theory as well as experimental uncertainties. Nevertheless, to illustrate the 

procedure of data fitting, we take one of the measured shear modulus (e.g., 0
1.3G =  

kPa) and disregard the other. The three parameters, 0λ , χ  and NΩ , can then be 
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determined from the three measurable quantities, 0
G , 0/

c

cR h h∞= , and 0/f

f
R h h∞= , by 

solving the following three equations simultaneously: 

0

0 B

GN

k Tλ
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(2.52) 
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(2.54) 

Using the measured values from Yoon et al., (2010), 
0 1.3G =  kPa, 1.8

c
R =  and 

1.4fR = , along with Ω = 10-28 m3 and T = 298 K, we obtain 0 2.474λ = , 0.4724χ = , 

and 57.821 10N
−Ω = × . The corresponding Poisson’s ratio at the initial state is 0.47ν =  

by definition in (2.22). Using the same parameters, the Poisson’s ratio at the fully swollen 

state is 0.27ν = , which compares closely with reported values for PNIPAM gels from 

various measurements (Hirots, 1991; Li et al., 1993). As noted in Fig. 2.5a, Poisson’s 

ratio may change considerably from the initial state to the equilibrium state.  

To determine the diffusivity (D), we compare the self-similar solution in (2.37) 

with the data for constrained swelling at the early stage. Using the effective diffusivity 

* 11 2 11.5 10D m s
− −= ×  obtained by Yoon et al. (2010), we obtain that 
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(2.55)  

Here 
*

0 01/ 2( ) 3.464
cλ λ λ∞= + =  has been used to account for instantaneous 

swelling near the surface as discussed in Section 2.3. On the other hand, by (2.30) and 

(2.25), the diffusivity can also be obtained as 
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(2.56) 

which however underestimates the swelling rate. Since the surface of the hydrogel layer 

swells instantaneously to a large degree (
0/ 1.8cλ λ∞ = ), the linear theory with all 

properties defined at the initial state cannot correctly predict the swelling kinetics near 

the surface even at the early stage.  

With all the parameters determined from (2.52)-(2.56), Fig. 2.9 compares the 

swelling kinetics by the nonlinear theory with the linear theory. Using the parameters 

determined by Yoon et al. (2010) the linear theory agrees closely with the experimental 

data. Thus, Fig. 2.9 can be considered as a comparison between the nonlinear theory and 

the experiment. As expected from the data fitting procedure, the nonlinear theory 

reproduces the two equilibrium swelling ratios and the kinetics of constrained swelling at 

the early stage. The kinetics of free swelling at the early stage, not used for data fitting, is 

correctly predicted by the nonlinear theory. In Fig. 2.9, two curves are plotted for free 

swelling according to the nonlinear theory, one for the average thickness ratio ( )0/h h∆  

and the other for in-plane swelling ratio ( )1 0/ 1λ λ − . The two curves are slightly different 

at the early stage of swelling as shown more clearly in Fig. 2.4b. The curve for in-plane 

swelling ratio agrees more closely with the experimental data, which was actually 

obtained by measuring the in-plane swelling instead of the thickness ratio (Yoon et al., 

2010). However, relatively large discrepancy is notable beyond the early stage, although 

it is comparable to the scattering of the experimental data. 
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Figure 2.9: A comparison between the nonlinear theory and experimental results for 

kinetics of constrained and free swelling. The dashed lines reproduce the 

predictions of linear poroelasticity using the parameters determined by Yoon 

et al.
, (2010)

 to fit their experimental data. The solid lines are numerical results 

based on the nonlinear theory using the parameters determined from (5.3)-

(5.6): 474.20 =λ , χ = 0.4724, NΩ = 7.821×10
-5

, and 
710098.1 −×=D  m
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s
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2.4.4. On indentation method 

Indentation experiments have been demonstrated recently as an effective method 

for characterizing poroelastic properties of gels (Hui et al., 2006; Yoon et al., 2010; Hu et 

al., 2010, 2011 & 2012). By imposing relatively shallow indentation displacements into a 

saturated gel and measuring force relaxation as a function of time, the linear poroelastic 

properties can be fully determined without ambiguity. Such a method is efficient from 

both experimental and theoretical points of view. The procedure of the indentation 
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experiment is relatively simple, and the analysis of the data is fairly straightforward 

within the theoretical framework of linear poroelasticity due to relatively small 

deformation. As shown by Hu et al. [2011] the measured elastic constants ( G  and ν ) can 

be interpreted within the Flory-Huggins theory for nonlinear analysis. Since the gel is 

fully saturated with the solvent, the swelling ratio 0λ  is determined by the intrinsic 

properties ( χ  and NΩ ) of the gel as given in Eq. (2.14) with 0 0µ = . Thus the measured 

elastic constants by the indentation method are the linear properties at the vicinity of the 

fully swollen state of the gel. Furthermore, the effective diffusivity ( *D ) measured by the 

indentation method can be converted to the intrinsic diffusivity D  in the nonlinear 

theory, as given in (2.56). Therefore, all the intrinsic properties in the nonlinear theory 

can be determined from the indentation method, which would then enable prediction of 

the nonlinear behavior of the gel with large deformation. In particular, a comparison 

between a full nonlinear analysis of the force relaxation during indentation and the linear 

poroelasticity solution would be useful to quantitatively define the shallow indentation 

requirement for the linear analysis. 

As noted by Hui et al. (2006), it is possible to extend the analysis of the 

indentation experiment to include the effect of adhesion. Polymer gels are often sensitive 

to adhesive interactions with other materials coming into contact. Contact mechanics with 

the effect of adhesion has been developed and widely used to characterize adhesive 

interactions between surfaces (Johnson et al., 1971; Chaudhury et al., 1991). However, 

most studies have assumed elastic behavior of the interacting solids, and extension to 

poroelastic solids would be desirable for the study of adhesion between polymer gels. In 

addition, many applications use gels in the form of thin layers (Hu et al., 2011). 

Constrained swelling of thin layers results in an anisotropic swollen state (Kang and 

Huang, 2010a). Indentation upon such a gel layer should be analyzed using an anisotropic 
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poroelasticity theory. The linearization procedure in Section 2.2 of the present work can 

be easily extended to develop a set of linear equations for anisotropic poroelasticity 

consistent with the nonlinear theory. Then the anisotropic poroelastic contact problem 

may be solved by extending the solution to the corresponding elastic contact problem for 

anisotropic materials (Willis, 1966; Vlassak et al., 2005). Further extension of the 

indentation method may be developed to characterize polymer gels in the form of 

patterned lines and particles (Tirumala et al., 2005; DuPont et al., 2010; Kang and Huang, 

2011; Caldorera et al., 2011). The analysis would be necessarily complicated due to the 

geometry and likely inhomogeneous swelling. Numerical analysis based on the nonlinear 

theory would be required along with experimental measurements, which may be used to 

probe the effects of size and shape on the mechanical and transport properties of polymer 

gels. 

 

2.5. SUMMARY 

In summary, we present a comparison between a nonlinear theory for polymer 

gels and the classical theory of linear poroelasticity. We show that the two theories are 

consistent within the linear regime under the condition of small perturbation from an 

isotropically swollen state of the gel. The relationship between the material properties in 

the linear theory and those in the nonlinear theory is established by a linearization 

procedure. Both linear and nonlinear solutions are presented for swelling kinetics of 

substrate-constrained and freestanding hydrogel layers. Although the linear poroelasticity 

theory can be used to fit the experimental data, it is cautioned that the applicability of the 

linear theory should be limited to relatively small swelling ratios. For large swelling 

ratios, a new procedure is suggested to fit the experimental data with the nonlinear 
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theory. Finally, we discussed the indentation experiment as an effective method for 

characterizing the mechanical and transport properties of polymer gels along with 

possible extensions of the method. 
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Chapter 3 

A Nonlinear Transient Finite Element Method 

The aim of this chapter is to develop a transient finite element method for large 

deformation of hydrogels based on a nonlinear continuum theory. A constitutive theory 

with material laws specified for the cases of hydrogels with compressible constituents 

and incompressible constituents will be defined, and the discretization and solution 

procedures of the finite element method will be modified accordingly for each case.  

3.1. FINITE ELEMENT PRELIMINARIES FOR POROELASTIC PROBLEMS 

Starting from a critical point for the formulation of a transient mixed finite 

element method for hydrogels, as noted by Wang and Hong (2012a), when implementing 

the finite element method for the transient response of hydrogels, a mixed formulation 

must be used with different shape functions for discretization of the displacement and 

chemical potential in a hydrogel. In fact, such a requirement has been known for finite 

element methods in linear poroelasticity, which have been studied primarily in the 

context of geomechanics. The most common method used in the studies of linear 

poroelasticity is the mixed continuous Galerkin formulation for displacement and pore 

pressure (Borja, 1986; Wan, 2002; White and Borja, 2008). For either poroelasticity or 

hydrogels, the transient response can often be decomposed into three stages: the 

instantaneous response at 0t → , the transient evolution, and the equilibrium or steady 

state as t →∞ . At the instantaneous limit, the poroelastic response is similar to the linear 

elastic response of an incompressible or nearly incompressible solid, which requires the 

mixed finite element method to satisfy the Ladyzhenskaya-Babuska-Brezzi (LBB) 

condition (Murad and Loula, 1994; Wan, 2002). First noted by Babuška (1971) and 

Brezzi (1974), the LBB condition requires that the finite element discretization for 
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incompressible linear elasticity and Stokes flow satisfy the incompressibility constraints 

in order to produce stable results. An example is provided by the elements in the Taylor-

Hood family (Taylor and Hood, 1973) where the spatial discretization for pressure is one 

order lower than for displacement (Figure 3.1). If the LBB condition is not satisfied, 

numerical oscillations in the form of spurious pressure modes would be obtained for the 

instantaneous response of a nearly incompressible poroelastic medium. As discussed in 

Murad and Loula (1992), Wan (2002), and Phillips (2005), the numerical oscillations are 

prevalent in the early stage of transient responses, which would decay in time and 

eventually converge towards the equilibrium or steady state. In the present study, we 

show that the implementation of a transient finite element method for hydrogels with 

coupled diffusion and large deformation should also satisfy the LBB condition to avoid 

numerical instabilities. 

 

 

 

Figure 3.1: Two types of quadrilateral elements: an equal-order eight-node element 

(8u8p) and a Taylor-Hood element (8u4p). 
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Most of the previous works on transient finite element methods for hydrogels 

(Zhang et al., 2009; Wang and Hong, 2012a; Lucantonio et al., 2013; Toh et al., 2013) 

have assumed incompressibility for both the polymer network and the solvent, which 

imposes a volume constraint on the hydrogel with a relationship between solvent 

concentration and deformation. In Section 3.2, we summarize the nonlinear continuum 

theory proposed by Hong et al. (2008) and relax the volume constraint by introducing a 

bulk modulus as an additional material property. Section 3.3 presents the finite element 

formulation and implementation of a mixed finite element method using the backward 

Euler scheme for time integration and the Newton-Raphson method for solving the 

nonlinear problem iteratively. Section 3.4 summarizes the exactly incompressible 

nonlinear continuum theory, and in Section 3.5 the mixed finite element method is 

modified to adopt the changes in the constitutive model. Section 3.6 summarizes critical 

features of the proposed numerical methods. 

3.2. A NONLINEAR THEORY-COMPRESSIBLE FORMULATION 

Following Hong et al. (2008a), the constitutive behavior of a polymer gel is 

described through a free energy density function based on the Flory-Rehner theory, 

following equations (2.1-3).  

In previous works (e.g., Hong et al., 2008; Zhang et al., 2009), both the polymer 

and the solvent were assumed to be incompressible. As a result, the volumetric strain of 

the hydrogel is solely related to the solvent concentration, which imposes a constraint on 

the deformation gradient. Such a constraint is lifted in the present study to allow 

compressibility by adding a quadratic term into the elastic free energy from Eq. (2.2), 

namely 

( ) ( )
21

( , ) 3 2 ln det( ) det( ) 1
2 2

e B iK iK

K
U C Nk T F F C= − − + − − Ω  F F F

 

(3.1)
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where K  is a bulk modulus with the same unit as 
B

Nk T  (shear modulus). It is expected 

that the behavior of the hydrogel predicted by the modified free energy function 

approaches that by the original theory when the bulk modulus is sufficiently large (i.e., 

B
K Nk T>> ). Note that the elastic free energy in (3.1) introduces a coupling between 

deformation gradient and solvent concentration at the constitutive level. 

The nominal stress and chemical potential of the solvent in the hydrogel are 

obtained from the free energy density function as 

( )iJiJB

iJ

iJ HFTNk
F

U
s α+=

∂

∂
= .   (3.2)

 

( )

( )
( )2

1
ln det( ) 1

1 1
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CU C
k T K C

C C C

χ
µ

 + Ω +∂ Ω
= = + − Ω − − Ω 

 ∂ + Ω + Ω 
F .  (3.3)
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TNk

K

B

Ω−−+−= 1)det(
)det(

1
F

F
α

   (3.4)

 

kLjKJKLijkiJ FFeeH
2

1
= .    (3.5)

 

Mechanical equilibrium is assumed to be maintained at all time during the 

transient process, which requires that 

 

0iJ
i

J

s
b

X

∂
+ =

∂
 

in 0
V  (3.6) 

 

 iJiJ TNs =
 
on 0S  (3.7) 

where i
b  is the nominal body force (per unit volume), 0

V  is the volume in the reference 

configuration, J
N  is unit normal on the surface of the reference configuration, and i

T  is 

the nominal traction on the surface. In addition, prescribed displacements can be 

specified as essential boundary conditions.  
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On the other hand, the gel has not reached chemical equilibrium in the transient 

stage. The gradient of chemical potential drives solvent migration inside the gel. By a 

diffusion model (Hong et al., 2008), the true flux of the solvent was presented in Chapter 

2 in Eq. (2.9). and also the nominal flux and the nominal mobility tensor were defined in 

Eqs. (2.10-11).

 
By mass conservation, a rate equation for change of the local solvent 

concentration is obtained as   

 

K

K

JC
r

t X

∂∂
+ =

∂ ∂
 

in 0
V

    

(3.8) 

where r is a source term for the number of solvent molecules injected into unit reference 

volume per unit time. The chemical boundary condition for the gel in general can be a 

mixture of two kinds, i.e., 0 iS S Sµ= + , where the solvent flux is specified on i
S  and the 

chemical potential is specified on Sµ . 

3.3. FINITE ELEMENT METHOD– COMPRESSIBLE FORMULATION 

This section presents a finite element formulation based on the nonlinear theory in 

Section 3.2, starting from the strong form of the governing equations and initial/boundary 

conditions, to the weak form of the problem, and then to the discretization and solution 

procedures.  

As the strong form of the initial/boundary-value problem, the governing field 

equations in (3.6) and (3.8) are complemented by a set of initial and boundary conditions. 

The initial conditions are typically described by a displacement field ( = −u x X ) and 

chemical potential: 

 
00t=

=u u

 

(3.9) 
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00t

µ µ
=

=
 

(3.10)

 

Relative to the dry state ( µ → −∞ ), the initial displacement field can be 

prescribed for a homogeneous deformation corresponding to a constant chemical 

potential (e.g., 0
0µ = ). 

At 0t
+= , boundary conditions are applied. The mechanical boundary condition 

can be prescribed with a mixture of traction and displacement: 

 

 iJiJ TNs =
 
or  ii uu =  on 0S    (3.11) 

Similarly, the chemical boundary condition is prescribed as 

 
K K

J N i= −  or µ µ=  on 0S

 

(3.12)

 

where i  is the surface flux rate (number of solvent molecules per unit reference area per 

unit time, positive inward) and µ  is the surface chemical potential depending on the 

surrounding environment. 

Since the chemical boundary conditions for gels are often specified in terms of 

chemical potential or diffusion flux (proportional to the gradient of chemical potential), it 

is convenient to use the chemical potential (instead of solvent concentration) as an 

independent variable in the finite element formulation. For this purpose, we re-write the 

free energy density as a function of the deformation gradient and chemical potential by 

Legendre transform: 

 

CCUU µµ -) ,() ,(ˆ FF =

 

(3.13) 

Similar to Eqs. (3.2) and (3.3), we have 

 

ˆ
( , )iJ

iJ

U
s

F
µ

∂
=

∂
F

 

(3.14)
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ˆ
( , )

U
C µ

µ

∂
= −

∂
F

 

(3.15)

 

which yield the same constitutive relationships but the solvent concentration is now given 

implicitly by solving a nonlinear algebraic equation in (3.3). We also note that the 

continuity requirement for the nonlinear finite element formulation remains 
0C  by using 

the chemical potential instead of the concentration as a nodal degree of freedom 

3.3.1. Weak form 

The solution to the initial/boundary-value problem consists of a vector field of 

displacement and a scalar field of chemical potential, ( ),tu X  and ( ),tµ X , which are 

coupled and evolve concurrently with time. The weak form of the problem is obtained by 

using a pair of test functions, ( )δu X  and ( )δµ X , which satisfy necessary integrability 

conditions. Multiplying Eq. (3.6) by i
uδ , integrating over 0

V , and applying the 

divergence theorem, we obtain that 

 0 0 0

,iJ i J i i i i

V V S

s u dV b u dV T u dSδ δ δ= +∫ ∫ ∫
 

(3.16) 

Similarly, multiplying Eq. (3.8) by δµ  and applying the divergence theorem for the 

volume integral, we obtain that  

 0 0 0 0

,K K

V V V S

C
dV J dV r dV i dS

t
δµ δµ δµ δµ

∂
− = +

∂∫ ∫ ∫ ∫
 

(3.17)
 

Hence, the weak form of the problem statement is to find ( ),tu X  and ( ),tµ X  such that 

the integral equations (3.16) and (3.17) are satisfied for any permissible test functions, 

{ },δµδu . 

3.3.2. Time integration 

A backward Euler scheme is used to integrate Eq. (3.17) over time:  
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 0 0 0 0

,

t t t
t t t t t t
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V V V S

C C
dV J dV r dV i dS

t
δµ δµ δµ δµ

+∆
+∆ +∆ +∆−

− = +
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(3.18)
 

where the superscripts indicate quantities at the current time step ( )t t+∆  or the previous 

step ( )t . The implicit backward Euler integration scheme is first order accurate and 

allows for improved numerical stability compared to the explicit forward Euler 

integration. 

Combine Eq. (3.18) with Eq. (3.16) and rearrange to obtain 

 

( )

( )
0

0 0 0

, ,iJ i J K K

V

t

i i i i

V S S

s u C tJ dV

b u r t C dV T u dS i t dS

δ δµ δµ

δ δµ δµ δ δµ

− + ∆ =

− ∆ − + − ∆

∫

∫ ∫ ∫  

(3.19) 

where the superscript ( )t t+∆  is omitted for all the terms at the current time step and 
t

C  

is the solvent concentration at the previous time step. 

3.3.3. Spatial discretization 

Next the displacement and chemical potential are discretized through 

interpolation in the domain of interest: 

 

u n=u N u  and 
nµµ = N µ

 

(3.20)
 

where 
u

N  and 
µ

N  are shape functions, 
n

u  and 
n
µ  are the nodal values of the 

displacement and chemical potential, respectively. The test functions are discretized in 

the same way 

 

u n=δu N δu  and 
nµδµ = N δµ

 

(3.21)
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The stress, solvent concentration, and flux are evaluated at integration points, 

depending on the gradients of the displacement and chemical potential via the 

constitutive relations. Taking the gradient of Eq. (3.20), we obtain that  

 

u n u n∇ = − = ∇ =u F I N u B u

 

(3.22a)
 

 

n nµ µµ∇ =∇ =N µ B µ

 

(3.22b)
 

where 
uB  and 

µB  are gradients of the shape functions. In this formulation we have 

allowed the use of different shape functions to interpolate displacement and chemical 

potential.  

Before proceeding to choose a type of interpolation for displacement and 

chemical potential, it is important to consider the nearly incompressible behavior of a 

hydrogel at the instantaneous limit ( 0t → ). In linear elasticity, at the incompressible 

limit, a finite element method with displacement as the only unknown would fail to 

converge to the true solution. Thus a mixed finite element method with both displacement 

and pressure as the unknown fields must be employed (Hughes, 1987). In order for the 

mixed method to produce numerically stable results, the LBB condition must be satisfied 

(Babuška, 1971; Brezzi, 1974). This is ensured by the appropriate choice of shape 

functions for interpolation of the displacement and pressure. Elements with shape 

functions of equal order do not satisfy the LBB condition and hence produce numerical 

oscillations. A family of elements that satisfy the LBB condition are the Taylor-Hood 

elements (Taylor and Hood, 1987), where interpolation for pressure is one order lower 

than for displacement. However, the combination of zero-order constant pressure and 

first-order linear displacement results in spurious pressure modes (Sussman and Bathe, 

1987). Thus, the lowest order Taylor-Hood element that produces stable results combines 
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first-order linear interpolation for pressure and second-order quadratic interpolation for 

displacement. 

Similar numerical issues have been noted in linear poroelasticity when the 

instantaneous response is nearly incompressible. Vermeer and Verruijt [1981] first 

proposed a stability condition for the poroelastic consolidation problem, where the time 

step had to be larger than a proposed value. It was established later that this numerical 

instability was due to the use of unstable elements in the LBB sense (Zienkiewicz et al., 

1990). Extensive discussions about the numerical issues for solving Biot’s consolidation 

problem with mixed finite element methods have been presented by Murad and Loula 

(1992 and 1994), Wan (2002), and Phillips (2005). In the case of a poroelastic medium 

with incompressible or nearly incompressible constituents, numerically oscillating 

solutions for the pore pressure field are obtained at the initial stages of the evolution 

process when the shape functions for the displacement and pore pressure do not satisfy 

the LBB condition. As the equations turn from elliptic to parabolic in the transient stage, 

the diffusion process is known to regularize the oscillating solution and the oscillations 

would eventually vanish after a sufficiently long time.  

In Chapter 2, it has been shown that the nonlinear continuum theory proposed by 

Hong et al. (2008) reduces to Biot’s linear poroelasticity theory for small deformation of 

an isotropically swollen gel (Bouklas and Huang, 2012). Thus, similar numerical issues 

are to be expected for the finite element method in the present formulation when 

B
K Nk T>> . In the continuum theory for hydrogels, chemical potential plays the role of 

pore pressure in linear poroelasticity. To satisfy the LBB condition, the shape function 

for chemical potential must be one order lower than for the displacement in the mixed 

finite element method. Otherwise, numerical oscillations would be significant and 

instantaneous response of the hydrogel may not be correctly predicted, (as shown in 
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Chapter 4). The necessity to employ a stable combination of the shape functions was first 

noted by Wang and Hong (2012a) in their study on visco-poroelastic behaviors of 

polymer gels. 

In the present study, we have implemented the Taylor-Hood elements with 

quadratic shape functions for the displacement and linear shape functions for the 

chemical potential. For comparison, equal-order elements with quadratic shape functions 

for both displacement and chemical potential are also implemented. Regardless of the 

choice of shape functions, the same steps are followed to calculate the nominal stress (s ), 

nominal concentration ( C ) and flux ( J ) at the integration points, to numerically 

integrate the weak form over each element, and then to assemble globally to form a 

system of nonlinear equations. In particular, the nominal concentration C  is first 

calculated at each integration point by solving Eq. (3.3) with the interpolated chemical 

potential and the displacement gradient. A one-dimensional Newton-Raphson method is 

implemented to solve the nonlinear algebraic equation. Subsequently, the nominal stress 

is calculated by Eq. (3.2) and the flux is calculated using Eq. (2.10-11). 

After the spatial discretization, invoking the arbitrariness of the test functions, the 

weak form in Eq. (3.19) can be expressed as a system of nonlinear equations,  
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where the superscript M refers to the node and the subscript in 
u

J
B  refers to the direction 

in which the derivative is taken.  

3.3.4.Newton-Raphson method 

The system of nonlinear equations in (3.23) are solved iteratively using the 

Newton-Raphson method at each time step. Noting that the right hand side of the 

equations only consists of known quantities, the residual in each iteration can be 

calculated as 

 

( )i i
= −R f n d

 

(3.25)

 
where i

d  represents the solution at the ith iteration. The correction to the solution is then 

calculated as 

 

1

i

i i

−
 ∂

∆ =  
∂  d

n
d R

d
 

(3.26)

 

with which the nodal unknowns are updated for the next iteration as 1i i i+ = +∆d d d . The 

iteration repeats until a suitable level of convergence is reached, both in terms of the 

nodal corrections, ( )
2

jd∆ = ∆∑d , and the residual, ( )
2

jR= ∑R .  

In particular, Eq. (3.26) requires calculation of the tangent Jacobian matrix at each 

iteration, namely  

 i

 ∂
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∂  

uu uµ

µu µµ
d

K Kn

d K K  

(3.27)

 

where for each pair of nodes ( ,N M ) and degrees of freedom ( ,i k ): 
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(3.28d) 

We notice that the derivatives of the mobility tensor in Eqs. (3.28 c and d) break 

the symmetry of the tangent matrix. For a consistent Newton-Raphson method, a non-

symmetric solver has to be implemented to achieve quadratic convergence of the iterative 

procedure. Alternatively, a symmetric tangent Jacobian matrix may be used as an 

approximation with 
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(3.29b) 

so that the standard symmetric solver can be employed for the ease of computation. 

However, if the mobility tensor is updated throughout the iterative process, the use of the 
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inconsistent symmetric tangent matrix would lead to loss of the quadratic convergence, 

although the scheme remains fully implicit and unconditionally stable. On the other hand, 

if the mobility tensor is fixed at the previous time step, the tangent matrix would be 

consistently symmetric and hence the quadratic convergence would be maintained. In this 

case, however, the time integration is partly explicit with the forward Euler scheme for 

the mobility tensor. As a result, the time step has to be chosen appropriately to ensure 

stability. In the present study, both methods with the symmetric tangent matrix have been 

implemented, and both yield convergent results for the specific problems considered.  

3.4.A NONLINEAR THEORY-INCOMPRESSIBLE FORMULATION 

In this section, a material model with incompressible constituents, following 

Chapter 2, will be presented. Incompressibility will be enforced without the use of 

Lagrange multipliers this time, to allow for a convenient form of the free energy density 

to be used in the finite element method that will follow.  

Following Hong et al. (2008), a free energy density function based on the Flory-

Rehner theory is adopted, which can be split into an elastic deformation and a polymer-

solvent mixing part defined in Eq. (1-3). Similar to previous works (Hong et al., 2008; 

Zhang et al., 2009), all the constituents of the hydrogel are considered totally 

incompressible. This can be ensured by Eq. (2.4) connecting the determinant of the 

deformation gradient to the volume of the solvent in the hydrogel, where any change to 

the volume of the hydrogel is due to the concentration of the solvent molecules. 

Therefore the nominal concentration can be obtained explicitly as a function solely of the 

deformation gradient through Eq. (2.4). Enforcing the incompressibility constraint of Eq. 

(2.4) into Eq. (2.1-3), the Legendre transform of the free energy through Eq. (3.13) leads 

to 
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The field equations necessary for this formulation are 
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and Eq. (3.32) just repeats the relationship of the constraint in Eq. (2.4). A relationship 

for nominal stress is also obtained through Eq. (3.31) and Eq. (3.33-34). The last term of 

the free energy density is the one that couples the chemical potential with the deformation 

gradient through the incompressibility constraint.  

 Along with mechanical equilibrium from Eq. (3.6) and the mass conservation 

equation from Eq. (3.8) a kinetic law has to be assumed for the hydrogel as chemical 

equilibrium is not maintained during the transient state. The same diffusion model 

adopted for hydrogels by Hong et al. (2008) is used again from Eqs. (2.9-11). 
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3.5.FINITE ELEMENT METHOD-INCOMPRESSIBLE FORMULATION 

The strong form of the problem including  remains consistent with the 

formulation in section 3.3.The governing equations (3.6), (3.8) have initial conditions 

defined in equation (3.9-10) and boundary conditions in (3.11-12). In section 3.4 the 

Legendre transform of the free energy density was explicitly obtained in Eq. (3.30) for 

the material model with incompressible constituents. Thus it can be used directly into the 

formulation of the finite element method presented in Section 3.3 avoiding the 

complication of not having an explicit expression for the energy form. 

The unkowns in the strong form are again a vector field of displacement and a 

scalar field of chemical potential, ( ),tu X . A pair of test functions, ( )δu X  and 
 
δµ X( ), 

which satisfy necessary integrability conditions are used, and the weak form of the 

problem following Section 3.3.1 is obtained and expressed in Eqs. (3.16-17). With time 

integration procedure discussed in Section 3.3.2 using the backward Euler integration 

scheme, Eq. (3.17) is discretized in time and combined with Eq. (3.16) into Eq. (3.19). 

Following, displacement and chemical potential, and their corresponding test 

functions are discretized in Eqs. (3.20-21). The calculation of stress and flux at the 

integration points involves, gradients of displacements and chemical potential which are 

calculated using Eqs. (3.22). The use of different shape functions to interpolate 

displacement and chemical potential is also allowed in this formulation. As discussed 

previously, using the incompressible formulation, is expected to pose an issue to the 

numerical stability of the solution, following the LBB condition. Thus Taylor-Hood will 

be used in this case as well. 

To summarize, for known nodal values of the displacement and the chemical 

potential, their values are interpolated at the integration points and their gradients are 
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calculated at the same locations. Following, the nominal stress ( s ), nominal 

concentration ( C ) and flux ( J ) are calculated at the integration points using equations 

(3.31-34) and (2.10-11), to numerically integrate the weak form over each element, and 

then to assemble globally to form a system of nonlinear equations. 

After the spatial discretization, invoking the arbitrariness of the test functions, the 

weak form in Eq. (3.23) can be expressed as a system of nonlinear equations assembled 

following Section 3.3.4 and solved using the Newton-Raphson iterative procedure 

outlined in Section 3.3.5. The only difference in Eq. (3.28-29) is that in this case, the 

derivatives of the Legendre transform of the free energy density with respect to the 

deformation gradient and chemical potential can be directly calculated from Eq. (3.30). 

Again, a symmetric form of the tangent matrix is implemented in this case. 

3.6. SUMMARY 

A nonlinear, transient finite element formulation is presented for initial boundary 

value problems associated with swelling and deformation of hydrogels, based on a 

nonlinear continuum theory. The cases, and corresponding theories for a hydrogel with 

incompressible and compressible constituents are considered. Unlike the previous 

studies, a finite bulk modulus is introduced in the constitutive model for the compressible 

case. A mixed finite element method is implemented, with specific attention to the 

numerical stability issues associated with the LBB condition for spatial discretization. 

Numerical results that demonstrate the capability of the proposed finite element methods 

for simulating the transient behavior of hydrogels under various initial/boundary 

conditions are presented in Chapters 4-6, and an in-depth discussion of the numerical 

issues associated with the proposed finite element method takes pace in Chapter 4. 
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Chapter 4 

Simulation of Hydrogel Swelling 

Hydrogel swelling is a transient phenomenon that depending on the material 

parameters, initial state of the hydrogel, and boundary conditions can involve 

inhomogeneous behavior. The finite element method proposed in Chapter 3 can simulate 

such behaviors and the scope of this chapter is to first confirm that the method works 

accurately comparing to some benchmark problems. In Section 4.1 the finite element 

model for the problem of constrained hydrogel swelling will be described. The numerical 

stability issues, associated with the mixed finite element method will be discussed with 

respect to these benchmark problems in Section 4.2 and following, a convergence study 

will be presented in Section 4.3. Swelling problems involving instability of single layers 

and bilayers will be examined in Section 4.4. The constitutive model and finite element 

method for a hydrogel with compressible constituents, presented in Sections 3.2-3 will be 

used in this chapter. Section 4.5 will summarize the results of this chapter. 

4.1 FINITE ELEMENT MODEL 

As the first example, we consider constrained swelling of a hydrogel layer 

attached to a rigid substrate (Fig. 4.1). The same problem has been studied previously by 

both linear and nonlinear theories in Chapter 2 (Bouklas  and Huang, 2012), which 

provides a benchmark for the finite element method developed in this study. A two-

dimensional finite element (2D-FE) model is used to simulate swelling of the hydrogel 

layer. As shown in Fig. 4.1, three types of boundary conditions are imposed onto the 

simulation box: the surface (S1) is traction free and in contact with an external solvent so 
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that 
2

0
X H

µ
=

= ; the bottom (S2) is attached to the substrate so that 
2 0

u 0
X =

∆ = (fixed 

displacement, 0u u u∆ = − ) and 
2

2 0
0

X
J

=
=  (zero flux); the two sides (S3) are subject to  

 

Figure 4.1: Schematic of a hydrogel layer attached to a rigid substrate. Three types of 

boundary conditions (S1, S2, and S3) are indicated for the finite element 

analysis. 

the symmetry conditions with 
1

1 0,
0

X a
u

=
∆ = , 

1
21 0,

0
X a

s
=

=  and 
1

1 0,
0

X a
J

=
= , where a  is 

the length of the simulation box. The initial condition is set by a homogeneous swelling 

ratio 0λ  corresponding to an initial chemical potential, µ0, which can be determined 

analytically (Appendix C). Relative to the dry state, the initial displacement is: 

0 0λ= −u X X . For convenience, dimensionless quantities are used as follows: all lengths 

are normalized by the dry-state thickness of the hydrogel ( H ), time is normalized by the 

characteristic diffusion time, 
2 /H Dτ = , stresses are normalized by BNk T , chemical 

potential by Bk T , and solvent concentration by 1Ω − .  
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4.2. NUMERICAL STABILITY 

To illustrate the issue of numerical stability, we compare the results from two 

types of spatial interpolation (Fig. 4.2). First, using eight-node quadrilateral elements 

with equal-order biquadratic interpolation for both the displacement and chemical 

potential (8u8p), the numerical results show significant oscillations at the early stage 

(Fig. 4.2), which decay over time and eventually vanish. This is expected because the 

8u8p elements with equal order interpolation violate the LBB condition. Here, a  

 

Figure 4.2: Numerical oscillations of the chemical potential in the early stage of 

constrained swelling for a hydrogel layer with 310N
−Ω = , 0.4χ = , 

310 BK Nk T= , and 0
1.4λ = , using the 8u8p elements with ne = 20.  
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relatively large bulk modulus is used, 
310 BK Nk T= , to simulate a hydrogel with nearly 

incompressible constituents. The simulation domain is a square in the reference and 

initial states ( / 1a H = ) and is discretized by a uniform mesh with the number of 

elements along each side 20
e

n = . A 3 3×  Gauss integration scheme is employed for full 

integration. The time step is small at the early stage with 
510t τ −∆ =  and it is gradually 

increased until the hydrogel reaches equilibrium.  

It is found that the decay of the numerical oscillation depends on the element size. 

The maximum oscillation occurs in the first layer of the elements below the surface, with  

an averaged amplitude, ( )max 2 / 4A µ µ′′ ′= − , where µ ′  and µ′′  are the chemical potentials 

at the second and third layers of nodes, respectively; the chemical potential is zero for the 

surface nodes (first layer) by the boundary condition. In Figure 4.3, the oscillation 

amplitude max
A  is plotted versus time normalized by two different time scales, 

2 /H Dτ =  and 
2 /e eh Dτ = , where he is the element size ( /

e e
h H n= ). The oscillation 

decays faster with respect to /t τ when using smaller elements. With respect to /
e

t τ , 

however, the oscillation amplitude evolution curves collapse, suggesting that the 

numerical solution becomes stable when 
4/ 10et τ > . Therefore, by reducing the element 

size, the numerical oscillation can be suppressed after a shorter physical time. 

Furthermore, the numerical oscillations depend on the compressibility of the hydrogel. 

As shown in Fig. 4.4, by decreasing the value of the bulk modulus, the numerical 

oscillation can be considerably reduced, even in the very  early stage (
410t τ −= ). On the 

other hand, the oscillations become more severe and wide spread if the hydrogel is less 

compressible with a larger bulk modulus (
410 BK Nk T= ). 
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Figure 4.3: The amplitude of numerical oscillation in the chemical potential as a 

function of time, using different numbers of 8u8p elements. The time is 

normalized by the diffusion time scale for the layer thickness in (a) and the 

time scale corresponding to the element size in (b). 
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Figure 4.4: Numerical oscillations of the chemical potential at 
410t τ −=  for hydrogels 

with different bulk moduli, using 8u8p elements. The other parameters are: 
310N

−Ω = , 0.4χ = , 0
1.4λ = , and ne = 20. 

The numerical oscillations are largely alleviated by using the 8u4p Taylor-Hood 

elements (Figure 3.1), with the biquadratic serendipity interpolation for displacement and 

bilinear interpolation for chemical potential, as shown in Fig. 4.5. The remaining 

oscillations in the early stage of the numerical results are due to sudden change of the 

chemical potential on the surface. These oscillations are confined within a thin surface 

layer, depending on the element size, and they vanish after a short time. Moreover, they 

do not increase significantly with increasing bulk modulus for nearly incompressible 

hydrogels (Fig. 4.5b). The application of the boundary conditions at 0t
+=  with a sudden 
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(i.e., a step function). As a result, there is a lack of regularity in the exact solution, which 

inherently affects the convergence characteristics for the numerical solution at 0t →  as 

discussed by Murad and Loula (1994) for similar problems in linear poroelasticity. This 

issue may be resolved by pressure stabilization schemes or use of discontinuous 

approximations (for chemical potential) as proposed by others for similar problems in 

poroelasticity (Hughes et al., 1986; Wan, 2002; Phillips, 2005; Phillips and Wheeler, 

2009). Alternatively, the numerical issue may be mitigated by imposing the boundary 

condition with a continuous function for the chemical potential. 

The same behavior, with oscillations appearing at the early stage evolution, is 

observed when equal order interpolation 8u8p is used, using the totally incompressible 

material model and finite element method presented in Sections 3.3.4-5. There, the 

hydrogel aggregate shows an exactly incompressible behavior at the instantaneous limit, 

and that makes the use of Taylor-Hood 8u4p elements necessary. That material model 

and finite element method will be used more extensively in Chapter 6, where it will be 

confirmed that 8u8p Taylor-Hood elements are sufficient to obtain a stable numerical 

solution. 
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Figure 4.5: (a) Evolution of chemical potential for constrained swelling of a hydrogel 

layer with 310N
−Ω = , 0.4χ = , 310 BK Nk T= , and 0

1.4λ = , using the 8u4p 

Taylor-Hood elements with 20
e

n = . (b) Effect of bulk modulus on the 

numerical solution, at 
410t τ −= . 
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4.3. CONVERGENCE STUDY 

The convergence of the numerical solution is examined in three stages. First, in 

the early stage ( 0t → ), we compare the numerical solution to a self-similar analytical 

solution. As given in Appendix C, the self-similar solution in Eq. (C.17) predicts the 

thickness change of the hydrogel. For a hydrogel layer with an initial thickness 0 0
h Hλ= , 

the thickness swelling ratio is a function of the normalized time: 

( )
( )

















−=

∆ ∞

τλπγ

λξ

λ

λ t

h

h

0

0

00

12      (4.1) 

In the numerical solution, the thickness change can be obtained directly from the surface 

displacement. As shown in Fig. 4.6a, the numerical solution overestimates the thickness 

swelling ratio ( 0
/h h∆ ) in the early stage, but subsequently converges toward the self-

similar solution. Similar numerical results were obtained by a one-dimensional finite 

difference (1D-FD) method in Chapter 2. With the implicit time integration, the 

numerical results using different time steps collapse onto a single curve. On the other 

hand, the numerical solution in the early stage depends sensitively on the element size, as 

shown in Fig. 4.6b. As a result, the accuracy of the numerical result in the early stage can 

be improved by reducing the element size, while the result in the later stage is less 

sensitive to the element size. Alternatively, the chemical potential on the surface can be 

imposed by a linear ramping from the initial value ( 0
µ ) to the final value. In this way, as  
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Figure 4.6: Change of thickness for constrained swelling of a hydrogel layer (
310N

−Ω = , 0.4χ = , 310 BK Nk T= , 0
1.4λ = ): (a) Effect of time step (

20
e

n = ); (b)  Effect of mesh density; (c) Effect of time step when the 

boundary condition for chemical potential is applied by linear ramping in 4 

time steps. The dashed line is the self-similar solution in the early stage, and 

the horizontal line indicates the analytical solution for equilibrium swelling 

ratio. 
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shown in Fig. 4.6c, the numerical result converges onto the self-similar solution quickly 

after the linear ramping, even for a very fast ramping rate (
410t τ −∆ =  in 4 time steps). 

The numerical solution in this case is insensitive to the element size for 4 50
e

n≤ ≤ . 

Beyond the early stage, we compare the numerical results by the 2D-FE model 

with those obtained by the 1D-FD method in Chapter 2, showing excellent agreement in 

Figure 4.7a-c for the evolution of chemical potential, the stretch in the thickness direction 

( 2 2,2
1 uλ = + ), and  the nominal stress in the lateral direction ( 11s ). Note that the stretch 

and nominal stress are evaluated at the integration points of the 2D-FE model. Figure 

4.8d shows the comparison for the thickness swelling ratio as a function of time for 

hydrogels with 0.2χ = , 0.4 and 0.6. Again, the agreement between the two numerical 

methods is excellent. While the finite difference method is limited to 1D problems, the 

finite element method can be used to study laterally inhomogeneous swelling and other 

2D problems as demonstrated in Chapters 5 and 6. 

The transient evolution of constrained swelling eventually reaches an equilibrium 

state, with a uniform chemical potential ( 0µ = ), a constant thickness swelling ratio 

( /h H λ∞= ), and a constant in-plane stress. The analytical solution for the equilibrium 

swelling ratio ( λ∞ ) is given in Appendix C. We note that the equilibrium swelling ratio 

depends on the compressibility of the gel. As shown in Fig. 4.8, the equilibrium swelling 

ratio for the constrained hydrogel layer decreases with increasing compressibility 

(decreasing bulk modulus). On the other hand, the incompressible limit is reached closely 

for 
2

10 BK Nk T> . Moreover, the effect of compressibility depends on the initial swelling 

ratio ( 0
λ ). In all cases, the convergence of the numerical solution in the equilibrium state 

is confirmed by comparing to the analytical solution, as shown in Fig. 4.6. 
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Figure 4.7: Comparison between the transient finite element results for constrained 

swelling (circles) and previous results obtained by a finite difference method 

(solid lines). The former is for 310 BK Nk T= , while the latter is for a 

hydrogel with incompressible constituents (K → ∞); the other material 

parameters are identical: 310N
−Ω = , 0.4χ = , and 0

1.4λ = . (a) Chemical 

potential; (b) Stretch in the thickness direction; (c) In-plane nominal stress; 

(d) Evolution of thickness swelling ratio for different values of χ . 
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Figure 4.8: Effect of bulk modulus on the equilibrium swelling ratio for constrained 

hydrogel layers with 0.4χ =  and 310N
−Ω = , in comparison with the 

incompressible limits (dashed lines). 
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surface of the hydrogel. If such constraint is relaxed, the surface may become unstable 

before the hydrogel reaches the equilibrium swelling state, depending on the material 

properties ( NΩ , χ , and K ). The physical instability in turn would cause numerical 

instability due to severe distortion and possible interpenetration of the elements near the 

surface, at which point the numerical calculation has to be terminated.  

 

Figure 4.9: Thickness swelling ratio as a function of time for hydrogels with χ = 0.4 and 

0.6. The dashed line shows the stabilized finite element simulation (with 

surface constraint) for χ = 0.4. The symbols mark the points where the 

calculations without surface constraint are terminated due to swell induced 

surface instability, depending on the mesh density. The solid line shows that 

the swelling is stable for χ = 0.6 even without the surface constraint. Other 

parameters: 310N
−Ω = , 310 BK Nk T= , and 0

1.4λ = . 
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As shown in Fig. 4.9, for a hydrogel with 0.6χ =  (poor solvent), the constrained 

swelling is stable all the way until equilibrium. However, with 0.4χ =  (good solvent), 

the predicted equilibrium swelling ratio is much larger and the numerical solution 

(without surface constraint) becomes unstable during the transient stage (marked by the 

termination of the calculation). Theoretically, as the surface reaches the equilibrium 

swelling ratio instantaneously by the condition of local equilibrium, it becomes unstable 

instantaneously in this case. Numerically, the instability occurs after a delay depending 

on the element size. As shown in Fig. 4.9, with decreasing element size (increasing e
n ), 

the time to instability shortens, approaching the theoretical prediction of instantaneous 

instability.  

To simulate swelling induced surface instability, a self-contact surface condition 

must be implemented to prevent interpenetration, which is left for future works. The 

instantaneous instability could be mitigated by including viscous damping in the 

constitutive model (Wang and Hong, 2012a), which may represent the physical process 

of viscoelastic deformation of the polymer. Alternatively, we may assume a thin surface 

layer with different material properties, which is fairly common in experiments due to the 

crosslinking or surface treatment processes (Guvendiren, et al., 2010). When the surface 

layer is stiffer or less hydrophilic (higher crosslink density N  or larger χ ), swelling 

induced surface instability is regulated to form wrinkles (rather than self-contacting 

creases), as shown in Figure 4.10a. For this simulation, a 2D-FE model with 50×50 

elements ( 50
e

n = ) are used. The surface layer is modeled by the topmost two layers of 

elements with 
210N

−Ω = , while the remaining part of the gel is more compliant with 

310N
−Ω = ; the other material properties are identical ( 0.4χ =  and 310 BK Nk T= ). With 

a small perturbation to a surface node, the surface evolves into periodic wrinkles with a 

particular wavelength, while the wrinkle amplitude grows with time (Fig. 4.10b). The 
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kinetics of swell-induced wrinkling appears to be similar to wrinkling of an elastic film 

on a viscoelastic substrate (Huang, 2005; Huang and Im, 2006), but the underlying 

mechanism is quite different in the present case (i.e., poroelastic vs viscoelastic) and a 

systematic study will be presented elsewhere.  

 

Figure 4.10: (a) Swelling induced surface wrinkles for a hydrogel with a stiff 

surface layer, showing only the top part of the swollen gel in the equilibrium state, with 

color contour for the compressive in-plane stress. (b) Evolution of the 
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4.5. SUMMARY 

Numerical results are presented for constrained swelling, using the theory and the 

finite element method for hydrogels with compressible constituents. The numerical 

stability issues associated with the LBB condition and the instantaneous response are 

studied, and the use of 8u4p Taylor-Hood elements helps resolve them. The transient 

behavior of constrained swelling is compared to the self-similar solution in the early 

stage, the previous results by a finite difference method, and the analytical solution for 

equilibrium state. It is found that convergence of the numerical solution in the early stage 

can be improved by linear ramping of the chemical potential boundary condition. For a 

hydrogel in a good solvent, constrained swelling leads to instantaneous surface 

instability. By assuming a stiff surface layer, swelling induced growth of surface wrinkles 

can be simulated. These numerical results not only demonstrate the robustness of the 

present finite element method, but also suggest interesting transient phenomena (e.g., 

swell induced growth of surface wrinkles or creases) for future studies using the 

numerical method. 
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Chapter 5 

Indentation of Hydrogel Layers 

This chapter focuses on the indentation of hydrogel layers, presenting numerical 

results and studying the inhomogeneous transient response of the hydrogels solving the 

appropriate initial/boundary value problems. The finite element method for hydrogels 

with incompressible constituents presented in Sections 3.2-3 will be used in this chapter.  

Recently, the indentation method has been used to characterize poroelastic 

properties of hydrogels (Hui et al., 2006; Yoon et al., 2010; Hu et al., 2010, 2011 & 

2012). Capturing the force relaxation behavior for known/fixed indentation displacement 

depth, and known geometric properties of the indenter, the material properties of the 

material are obtained based on a linear poroelasticity theory. The indentation 

displacements imposed on the are relatively shallow indentation even though this is often 

an issue due to the very small thickness of the hydrogel layers. In this chapter we want to 

demonstrate the capacity of the proposed finite element method to simulate hydrogel 

indentation, and also extend the the use of the indentation method to characterize the 

properties of the hydrogels based on the nonlinear continuum theory. The 2D finite 

element model for flat punch indentation adopted for this study is presented in Section 

5.1. Numerical results for displacement controlled indentation are presented and 

discussed, in Section 5.2, and the work of this chapter on indentation of hydrogel layers is 

summarized in Section 5.3. 
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Figure 5.1: Schematic of a hydrogel layer subject to rigid flat-punch indentation. 

 

5.1. FLAT PUNCH INDENTATION MODEL 

For the second example, we consider a hydrogel layer subject to indentation by a 

rigid flat punch. Before indentation, the hydrogel is assumed to be fully swollen with 

0=µ  and 0321 λλλλ ===  ( 0
h Hλ= ), where λ0 can be determined analytically 

(Appendix A). As shown in Fig. 5.1, the flat punch has a width of 2a  and an infinite 

length so that the plane strain condition applies. By symmetry, only half of the hydrogel 

is modelled with a symmetric boundary condition at 1
0x =  (S3). The surface under the 

flat punch is subjected to a mixed displacement/flux boundary condition (S4), assuming a 

normal indentation displacement ( 2
u δ∆ = −  for 0t > ) along with zero tangential 

displacement ( 1
0u∆ = , no slip) and zero flux ( 2

0J = ); the rest of the surface is exposed 

with zero chemical potential and zero traction (S1). Far away from the indenter, the effect 

of indentation diminishes, and the boundary condition on S5 ( 1
x b= − ) is less significant 

as long as the computational domain is sufficiently large (e.g., b a>> ). In the present 

study, we take 10b a=  and assume the symmetric boundary condition on S5. The bottom 
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surface of the gel is attached to a rigid substrate with zero displacement and zero flux 

(S2). Compared to Fig. 4.1, the flat-punch indentation problem introduces a new 

boundary condition S4, which has to be implemented with care for numerical accuracy. 

Throughout this section, the plane-strain 8u4p Taylor-Hood elements (Fig. 3.1) are used. 

In all simulations, a square domain of the gel ( b h= ) is modeled by a uniform mesh with 

50
e

n = , which is found to be sufficient for convergence except for the stress singularity 

near the edge of the flat punch. Time is normalized by the diffusion time scale associated 

with the contact width, 
2 /a Dτ = . 

5.2. DISPLACEMENT CONTROLLED INDENTATION 

5.2.1. Instantaneous and equilibrium limits 

For each indentation depth δ, two elastic limits are expected: an instantaneous 

response ( 0t → ) and an equilibrium state ( t → ∞ ), with the transient response in 

between depending on the solvent diffusion kinetics. For shallow indentation ( ,a hδ << ), 

the indentation behavior of the hydrogel can be approximated by linear poroelasticity 

(Hui et at., 2006; Hu et al., 2010), with two linear elastic limits. As shown in Appendix 

A, the swollen hydrogel has an effective shear modulus following Eq. (A.18), while the 

effective Poisson’s ratio is 0.5 (incompressible) for the instantaneous response and is less 

than 0.5 for the equilibrium response. The equilibrium Poisson’s ratio is related to the 

intrinsic properties of the hydrogel by Eq. (A.8). In the present case, considering a 

hydrogel with 3
10N

−Ω = , 0.2χ = , and 310 BK Nk T= , we have 
0 0.499ν =  for the 

instantaneous response and 0.2415ν ∞ =  for the equilibrium state. The instantaneous 

Poisson’s ratio is slightly less than 0.5, to be consistent with the finite bulk modulus. 

Therefore, the difference between the two linear elastic limits simply results from the 

Poisson’s ratio effect.  
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Figure 5.2: Normalized indentation force versus depth at the two elastic limits, 

predicted by linear and nonlinear finite element methods, for a hydrogel 

with 0.2χ = , 310N
−Ω =  and 310 BK Nk T= . The indenter half-width is 

/ 0.1a h = . The approximate analytical solution in Eq. (B.5) is shown as 

dashed lines for comparison. 

Using a linear elastic finite element model (LE-FEM) in ABAQUS Standard 

(ABAQUS, 2013) with the effective elastic properties of the hydrogel, we obtain the 

linear elastic limits for flat-punch indentation. Figure 5.2 plots the normalized indentation 

force versus the indentation depth at the elastic limits. The nearly incompressible 

instantaneous response imposes a numerical challenge even for the linear elastic model, 

which converges only for shallow indentation ( / 0.05hδ < ). The numerical results are 

extrapolated linearly to deeper indentation for comparison. In addition, we present an 

approximate analytical solution in Appendix D based on an elastic half-space solution. 
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However, as shown in Fig. 5.2, the analytical solution considerably underestimates the 

indentation forces at the elastic limits for the hydrogel layer subject to a prescribed 

indentation depth. The presence of a rigid substrate underneath the hydrogel significantly 

increases the contact stiffness at both elastic limits under the plane strain condition, even 

for a very shallow indentation. 

5.2.2. Application of boundary conditions 

To simulate displacement controlled indentation of the hydrogel layer, the nodal 

displacements under the indenter are specified as a function of time (e.g., a step function). 

Due to the intimate coupling between the solvent diffusion and the network deformation, 

we have found that the application of the displacement boundary condition must be 

implemented with some care. Specifically, the process of updating only the known 

displacement increments, followed by computing the tangent stiffness matrix and internal 

forces associated with this new artificial state, and then solving for the remaining degrees 

of freedom leads to non-physical results. In particular, the instantaneous elastic limit is 

not correctly predicted using the above procedure.  

To obtain accurate numerical results for the flat-punch indentation at the 

instantaneous limit ( 0t → ), a penalty method (Hughes, 1987) was used in this work for 

the application of the displacement boundary condition under the indenter (S4). 

Essentially, as an approximation to the Lagrange multiplier method for imposing the 

displacement constraint, the tangent stiffness and residual in Eq. (3.26) are modified with 

sufficiently large spring stiffness associated with each prescribed boundary displacement. 

We note that other methods utilizing the tangent stiffness based upon the prior 

deformation and chemical potential state, and then applying the displacement boundary 

conditions can be implemented successfully as well.  
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Figure 5.3: (a) Indentation force as a function of time for a shallow indentation 

( )310hδ −= , in comparison with the linear elastic limits (dashed lines) for 

instantaneous and equilibrium responses. (b) Normalized indentation force 

relaxation for various indentation depths, fitted by a function, 

( ) ( )( / ) 0.25exp 7 / 0.75exp /g t t tτ τ τ= − + − . Material parameters of the 

hydrogel are: 0.2χ = , 310N
−Ω = , and 310 BK Nk T= . 
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5.2.3. Transient response 

Figure 5.3a shows the transient indentation relaxation behavior for a shallow 

indentation, 
310hδ −= , bounded by the two linear elastic limits (dashed lines). Similar 

results are obtained for relatively deep indentation up to 0.2hδ = . As shown in Fig. 5.2, 

the instantaneous and equilibrium indentation forces obtained from the nonlinear finite 

element method (NL-FEM) are in good agreement with the linear elastic model in the 

shallow indentation regime ( 0.05hδ < ). As the indentation depth increases, the linear 

elastic model (LE-FEM) becomes less accurate and underestimates the indentation forces 

at both limits. Following Hu et al [2010], we re-normalize the force as 

( )F ( ( ) ( )) / ( (0) ( ))t F t F F F= − ∞ − ∞  in Fig. 5.3b, where (0)F  and ( )F ∞  are the two 

elastic limits obtained from the nonlinear finite element method. It is found that, for a 

specific set of material properties, the normalized indentation relaxation curve is 

independent of the indentation depth, even for relatively deep indentations. A function 

( )g /t τ  can then be used to fit the transient indentation relaxation curve, which may be 

used to determine the time scale and the diffusivity by comparing to experimental 

measurements. We note that the present result is different from a previous study on 

spherical indentation of hydrogel layers (Hu et al., 2011), where the normalized 

relaxation curve was found to depend on the relative indentation depth / hδ . In the 

present study, the contact width ( a ) is relatively small compared to the layer thickness (

h ) and it does not depend on the indentation depth, a rather special case due to the use of 

rigid, flat punch. 

Figure 5.4 shows transient evolution of the chemical potential and stress fields in a 

hydrogel layer subject to flat punch indentation with / 0.1hδ = . Upon indentation, the 

chemical potential becomes inhomogeneous instantaneously, driving solvent diffusion in 

the hydrogel. Note that the chemical potential becomes positive under the indentation.  
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Figure 5.4: Evolution of the von Misses stress (left) and chemical potential (right) fields 

in a hydrogel layer ( 0.2χ = , 310N
−Ω = , 310 BK Nk T= ) subject to flat 

punch indentation with / 0.1a h =  and / 0.1hδ = , at normalized time 
2 4 71,10 ,10 ,10t τ =  (from top to bottom).  
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The von Mises stress distribution exhibits a characteristic pattern of elastic contact, with a 

singularity at the edge of the flat punch. Solvent diffusion then leads to relaxation of the 

stress and indentation force, a poroelastic effect as discussed in previous studies (Hui et 

al., 2006; Hu et al., 2010). Eventually, the hydrogel reaches an equilibrium state with a 

homogeneous chemical potential ( 0=µ ) but an inhomogeneous stress distribution (with 

singularity). Correspondingly, the solvent concentration (not shown) evolves from the 

homogeneous initial state to an inhomogeneous equilibrium state under the indentation. 

Of particular interest are the distributions of the contact tractions. The analytical solution 

for an elastic half space as given in Eq. (D.1) predicts an oscillatory stress singularity at 

the edge of the flat punch ( ax →1 ). As shown in Fig. 5.5, the numerical results for the 

instantaneous and equilibrium responses of the hydrogel layer are in good agreement with 

the analytical solution, despite the fairly coarse mesh used in the present study. The 

surface tractions were calculated by following the recovery procedure presented by Haber 

[1985] and using two quarter point elements adjacent to the edge of the indenter to 

capture the stress singularity. Interestingly, while the normal traction relaxes from the 

instantaneous limit to the equilibrium state, the magnitude of shear traction under the 

indenter increases due to the no-slip contact condition. 
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Figure 5.5: Normal and shear contact tractions under the flat-punch indenter with 

/ 0.1a h =  and / 0.1hδ = , comparing the numerical solutions with the 

analytical predictions at the elastic limits for a hydrogel layer ( 0.2χ = ,

310N
−Ω = , 310 BK Nk T= ). 
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5.2.3. Linear poroelastic indentation 

Previous studies by Hu et al. (2010 and 2012) have found that the linear 

poroelastic indentation relaxation can be written in a general form as 

 

( )*/
)()0(

)()(
τtg

FF

FtF
F =

∞−

∞−
=

 

(5.1) 

where 
*τ  is a time scale in linear poroelasticity. By using the linearized elastic properties 

(G and ν∞ ) of the hydrogel the effective diffusivity directly from Eq. (2.56), 
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(5.2) 

the linear poroelastic time scale is defined as 
*2

* / Da=τ . Numerical results by Hu et al. 

[2010 and 2012] suggested that the function ( )*/τtg  is independent of Poisson’s ratio for 

a variety of indenters, but not including the case of plane-strain flat punch indentation. 

The numerical results from the present study show that the flat punch indentation 

relaxation does depend on the effective Poisson’s ratio (ν∞ ) of the hydrogel. By Eq. 

(A.8), we vary the effective Poisson’s ratio by varying the intrinsic properties of the 

hydrogel. For each Poisson’s ratio, we may have different combinations of the intrinsic 

properties (Table 5.1), but the numerical results after normalizing the time with 
*τ  

collapse onto one curve, as shown in Figure 5.6.  

However, the transient relaxation curve varies slightly with different Poisson’s 

ratios. Define a characteristic relaxation time, 50
t , by setting ( )50F 0.5t = . Figure 5.7 

shows that the normalized relaxation time increases with increasing Poisson’s ratio. This 

dependence on Poisson’s ratio could be pertinent for the specific geometry of the present 

problem, not necessarily applicable for other indentation geometries. In addition, it is 

found that the normalized relaxation time depends on the contact width ( /a h ), but 
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independent of the relative indentation depth up to / 0.2hδ = . As proposed and 

demonstrated in previous studies (Hui et al., 2006; Hu et al., 2010 and 2012)), the 

indentation relaxation behavior can be used as an experimental method for characterizing 

the mechanical and transport properties of hydrogels.  

While the previous studies have used the linear poroelasticity theory, limited to 

shallow indentation, the present study suggests that the method can be extended to 

relatively deep indentation by using the nonlinear theory. Specifically, the measured 

instantaneous and equilibrium indentation forces may be used to determine the elastic 

properties of the hydrogel. Using the nonlinear theory, the elastic properties of a hydrogel 

depend on three parameters, χ , TNkB , and K , which can be determined from the 

indentation forces at the two elastic limits, F(0) and F(∞), along with an independent 

measurement of the swelling ratio ( 0λ ). In the case of shallow indentation, the linearized 

elastic properties, G  and ν∞ , can be determined based on the linear elastic solution, and 

then the intrinsic properties can be deduced using Eqs. (A.18) and (A.8). Because of the 

introduction of a finite bulk modulus (K), an additional measurement is necessary. The 

kinetics of solvent diffusion in the hydrogel is characterized by the diffusivity ( D ), 

which can be determined from the transient indentation relaxation measurement. By 

comparing the experimental measurements and the normalized relaxation curves (Fig. 

5.6), the time scale 
*τ  can be determined, with which the effective diffusivity 

*
D  can be 

obtained and the intrinsic diffusivity D  can then be deduced from Eq. (5.2). The time 

scale can also be determined more directly from measurement of 50
t  in comparison with 

the numerical results in Fig. 5.7.  
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Figure 5.6: Normalized indentation force relaxation for plane-strain flat punch 

indentation, with various combinations of material parameters (Table 5.1) 

corresponding to two effective Poisson’s ratios: (a) 0.25ν ∞ =  and (b) 

0.49ν∞ = . The numerical results are fitted by two functions, 

( ) ( )1 * * *( / ) 0.25exp 7910 / 0.75exp 33.6 /g t t tτ τ τ= − + −  

( ) ( )2 * * *( / ) 0.2exp 330 / 0.8exp 28 /g t t tτ τ τ= − + −  
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−Ω =  

410N
−Ω =  

0.25ν ∞ =  0.39χ =  0.4χ =  0.42χ =  

0.49ν∞ =  0.95χ =  0.68χ =  0.57χ =  

Table 5.1: Intrinsic properties of hydrogels for two different Poisson’s ratios (
310 BK Nk T=  for all cases). 
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Figure 5.7: Normalized characteristic relaxation time *50 /τt  as a function of Poisson’s 

ratios for plane-strain flat punch indentation with a/h = 0.1. 
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*0 tt << ). For the case of high loading rate, the peak force is close to the instantaneous 

elastic limit and the subsequent relaxation follows the curve for instantaneous loading. 

For a relatively low loading rate, however, the peak force is lower than the instantaneous 

elastic limit but higher than the force corresponding to the same time (
*

t ) for the 

instantaneous loading. In other words, the indentation force overshoots the baseline curve 

for an infinite loading rate. This may be understood intuitively as a result of less solvent 

diffusion under the linear loading compared to the instantaneous loading over the same 

period of time. Consequently, the transient indentation force relaxation curve in general 

depends on the loading rate, while approaching the same equilibrium state eventually. 

Hence, in order to determine the elastic properties and solvent diffusivity of a hydrogel 

by the indentation relaxation measurements following the procedures described above, a 

sufficiently high loading rate should be imposed, e.g., 10/* <τt , according to Fig. 5.8 

for the plane-strain flat punch indentation.  

5.3. SUMMARY 

Numerical results are presented for flat-punch indentation of a hydrogel to 

validate the proposed finite element method proposed in Chapter 3 and further study the 

nonlinear response of hydrogels to indentation. For plane strain flat-punch indentation of 

hydrogels, the transient relaxation is bound by two elastic limits. A penalty method is 

used for the indentation displacement boundary condition to ensure accurate numerical 

solution of the instantaneous response. It is found that the normalized indentation 

relaxation curve depends on the effective Poisson’s ratio of the hydrogel, for the case of 

plane strain flat-punch indentation. Moreover, the effects of loading rate on indentation 

relaxation are discussed 



 90 

 

Figure 5.8: Effect of loading rate on indentation force relaxation. The inset shows the 

linear ramp of the indentation displacement with * / 0.1hδ = . The horizontal 

dashed line corresponds to the equilibrium-state solution. Material 

parameters of the hydrogel are: 0.2χ = , 310N
−Ω = , and 310 BK Nk T= ; 

Half-width of the flat-punch indenter: / 0.1a h = .  
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Chapter 6 

Effect of Diffusion on Hydrogel Fracture 

Structural integrity of hydrogels used in modern applications as load bearing 

components is of critical importance due to the fact that they are inherently soft materials 

with low fracture toughness, defining whether hydrogels can indeed be used in such 

applications (Nowak et al. 2002, Drury et al. 2003, Luo et al. 2004, Suciu et al. 2004). 

The biointegrability of hydrogels allows them to be used in a variety of bioengineering 

applications (Jagur 2006) and often such issues appear. There has been a lot of work 

recently in trying to create stronger types of hydrogels that are less prone to failure, and 

some have been very successful, for example, the creation of double network hydrogels 

(Gong et al. 2003); or the use of self-healing hydrogels (Zhao 2014). Existence of 

macroscopic damage in form of cracks is what mainly defines failure in hydrogels, thus, 

it is critical to study hydrogel fracture in depth, and it is necessary to conduct a consistent 

study, taking into account all the thermodynamic forces that act on the material 

throughout the transient loading and relaxation process. 

So far, fracture of hydrogels is mainly studied by considering the instantaneous 

response to loading and treating them as elastomers (Kwon et al. 2011) neglecting solvent 

migration. Some recent studies have considered the effect of solvent diffusion in 

hydrogel fracture (Baumberger et al. 2006, Wang et al. 2012b, Zhang et al. 2012) and 

either used the framework of poroelasticity (Rice et al. 1976, Bouklas et al. 2012, Hui et 

al. 2013) or the nonlinear theory proposed by Hong et al. (2008), to model such 

phenomena. Similar studies have been considered in the field of geomechanics using the 

theory of poroelasticity, mainly to study hydraulic fracture (Ruina 1978, Cheng et al. 

1993), providing important insight to the problem of fracture of a poroelastic medium, 
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but without answering the question about transient energy release rate. In thermoelasticity 

and poroelasticity, where along with the mechanical field there exists diffusion which 

dissipates energy, there has been work on trying to obtain the energy release rate, through 

conservation laws that usually apply to equilibrium or steady state solutions of the 

boundary value problems that are studied (Wilson et al. 1978, Gurtin 1979, Kishimoto et 

al. 1980, Chien et al. 1996). In the field electro-chemo-mechanical solid state diffusion, 

relevant work has been done recently by Gao et al. 2013 for steady state and 

Haftbaradaran et al. 2014 for equilibrium conditions. For the study of quasi-static 

evolution of hydrogels, finite element methods have been developed (Hong et al. 2009, 

Kang et al. 2010a) and interesting phenomena have been studied (Kang et al. 2010b, Wu 

et al 2013). But for the study of the full transient response of hydrogels, transient finite 

element methods have been proposed recently (Lucantonio et al. 2012, Wang et al. 

2012a, Toh et al. 2013, Bouklas et al. 2014). 

In this chapter the authors are motivated by interesting phenomena that have been 

observed in hydrogel fracture, like delayed fracture (Bonn et al. 1998, Wang et al. 2012b) 

and stick-slip behavior in dynamic crack propagation (Tanaka et al. 2009, Liang et al. 

2012) to study the fundamentals of poroelastic fracture. The main objective of this work 

is the consistent derivation of a conservation law that provides the energy release rate at 

any state of the transient relaxation, during hydrogel fracture. The derivation of a 

modified transient J-integral along with the nonlinear theory used to model the physical 

processes taking place in hydrogels and the use of a domain integral to calculate the 

surface part of the transient J-integral are presented in section 6.1. A material model with 

incompressible constituents and a kinetic law are assumed following, and a nonlinear 

finite element method based to the one presented in Chapter 3 are used. The numerical 

results are then discussed in section 6.2 and involve Mode I displacement controlled 
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loading simulations for center crack hydrogel models in generalized plane strain 

conditions that are either immersed or not immersed in solvent. Since hydrogels often fail 

at very large strains with respect to their initial state (Sun et al. 2012), a wide range of 

loading is studied, and models with a sharp crack and a rounded notch are considered and 

compared. A detailed description of solvent migration is also presented for the various 

boundary value problems that are solved to provide a better understanding of the transient 

procedure. Finally in section 6.3 the conclusions of this work along with the extension of 

the proposed methods to crack propagation in hydrogels and the necessary experimental 

studies are discussed. 

 

 

Figure 6.1. Center crack model in Mode I loading  
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6.1 GENERAL FORMULATION 

6.1.1. A nonequilibrium thermodynamic approach 

Hydrogels in their simplest form consist of two components, long crosslinked 

polymer chains that form a three dimensional network structure and small solvent 

molecules that can migrate within the network. The aggregate is then capable of large and 

reversible deformation subject to mechanical forces and/or environmental stimuli (e.g., 

humidity, temperature, etc). The nonlinear transient behavior of hydrogels with coupled 

deformation and diffusion has been studied by many (Tanaka et al. 1973; Dolbow et al. 

2004; Hong et al., 2008; Duda et al. 2008; Doi 2009; Chester & Anand 2010; Wang et al. 

2012a). The general formulation by Hong et al. (2008) is adopted in the present study. 

The deformation of the aggregate can be traced by considering markers on the 

network with coordinates X
 
in a reference configuration, which is chosen to coincide 

with the dry state of the hydrogel. In the current configuration, the markers have 

coordinates x , and the deformation is characterized by the deformation gradient tensor  F 

or iJ i J
F x X=∂ ∂  in Cartesian components. The nominal concentration of solvent 

molecules  C is defined as the number of solvent molecules per unit volume of the 

polymer network. The free energy density is taken to be a function of the deformation 

gradient and the solvent concentration, U(F,C) , which describes the constitutive 

behavior of the hygrogel. The nominal stress and the chemical potential are obtained as 

thermodynamic work conjugates by 

    

s
iJ

(F, C) =
∂U

∂F
iJ  

(6.1)

 

    
µ(F, C) =

∂U

∂C
 

(6.2)
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Mechanical equilibrium is to be maintained at all time during the transient process 

so that 

 

0iJ
i

J

s
b

X

∂
+ =

∂  

in 
0V  (6.3) 

 

 iJiJ TNs =
 
on 0S  (6.4) 

where i
b  is the nominal body force (per unit volume), 

0V  and 
  
S

0
 are the body and its 

boundary in the reference configuration, J
N  is the outward unit normal on the surface of 

the reference configuration, and i
T  is the nominal traction on the boundary.  

Conservation of solvent molecules leads to a rate equation for the nominal 

concentration: 

 

K

K

JC
r

t X

∂∂
+ =

∂ ∂
  in 

0V

 

(6.5)

 

 
K K

J N i= −   on 0S

 

(6.5)

 

where KJ

 

is the nominal flux of solvent, defined as the number of solvent molecules  

crossing unit reference area per unit time, r  is a source term for the number of solvent 

molecules injected into unit reference volume per unit time, and i  is the inward surface 

flux rate. The chemical boundary condition for the gel in general can be split into two 

regions, with specified solvent flux or chemical potential. 

There are two ways to do work on the hydrogel aggregate. One is by the 

application of mechanical forces, including body forces and surface tractions. The second 

is the exchange of solvent molecules through the sources or the surface flux. Using the 

approach of nonequilibrium thermodynamics (Prigogine 1967; Coleman & Noll 1963), 

the potential energy of the aggregate system Π can be written as a sum of the internal 

stored energy and the work of the external mechanisms, and the rate of the potential 

energy is 
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0 0 0 0 0

i i
i i

V V S V S

dx dxd dU
dV b dV T dS rdV idS

dt dt dt dt
µ µ

Π
= − − − −∫ ∫ ∫ ∫ ∫

 

(6.7) 

With Eqs. (6.1-6.6), the rate of the potential energy reduces to 

 
0

K
V

K

d
J dV

dt X

µΠ ∂
=

∂∫
 

(6.8) 

Through an isothermal consideration the second law of thermodynamics dictates that the 

potential energy should never increase and hence 

 

0
d

dt

Π
≤

 

(6.9) 

For Eq. (6.9) to hold in any part of the body, it requires that  

 

0≤
∂

∂

K

K
X

J
µ

 

in 
0V

 

(6.10) 

This imposes a constraint on the kinetics relating the nominal flux to the gradient of 

chemical potential. A specific form of the kinetics is adopted for numerical simulations as 

described in Chapter 2.  

By eq. (6.8), the change of the potential energy is related to the energy dissipation 

associated with solvent diffusion. Define the rate of energy dissipation as  

 
0

K
V

K

d
J dV

dt X

µΣ ∂
= −

∂∫
 

(6.11) 

In terms of the accumulative flux, 
  
I

K
= J

K
dt

0

t

∫ ,

 

the rate of energy dissipation can be 

written as 

 
0

K

V
K

dId
dV

dt X dt

µΣ ∂
= −

∂∫
 

(6.12) 
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 The total energy of the system can be defined as the sum of the potential energy 

and the energy dissipation due to solvent diffusion:  

 

Ω = Π +Σ
 

(6.13) 

Considering the solvent diffusion as the only dissipative process, the total energy in Eq. 

(6.13) is conserved throughout the transient stage, i.e., / 0d dtΩ = . Equivalently, the 

variation of the total energy must vanish at any time, i.e., 

                 

( )
0 0

0K i i i i K K
V S

K

U I b x r t dV T x N I dS
X

µ
δ δ δ δ µ δ δ µ δ

 ∂
Ω = − − − − − = 

∂ 
∫ ∫

 

(6.14) 

6.1.2. Transient energy release rate 

In this section we derive the energy release rate for quasistatic crack propagation 

in a hydrogel. Consider a hydrogel body that contains a crack of length a  in the current 

configuration as shown in Figure 6.2a. In the corresponding reference configuration, the 

crack length is denoted aɶ , Xɶ  refers to a fixed coordinate system, and X  refers to a 

moving coordinate system with its origin at the crack tip. The two coordinate systems are 

set such that 1 1
X X a= −ɶ ɶ  and 2 2

X X= ɶ . Growth of the crack in the hydrogel is 

accompanied by deformation of the polymer network and migration of the solvent 

molecules. As the crack grows, the potential energy of the system changes. Following Eq. 

(6.14), the rate of change of the total energy with respect to the crack length is 

 
0 0 0 0

i K K
iJ J K

V S S V
K

dx dI dId dU
dV s N dS N dS dV

da da da da X da

µ
µ

Ω ∂
= − + −

∂∫ ∫ ∫ ∫
ɶ ɶ ɶ ɶ ɶ

(6.15) 
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(a) 

(b) 

Figure 6.2: Schematic (a) of a body containing a sharp crack, and (b) of a body 

containing a rounded notch crack, both at the reference/dry configuration. 

where the body force and solvent injection have been ignored. Eq. (6.15) gives the total 

energy change due to crack extension, which is separated from the energy dissipation due 

to diffusion by using the total energy Ω  instead of the potential energy Π . 

 With respect to the moving coordinate X , we have

 

 

1

1 1

Xd

da a a X a X

∂∂ ∂ ∂ ∂
= + = −

∂ ∂ ∂ ∂ ∂ɶ ɶ ɶ ɶ
 

(6.16) 
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1X  
2Xɶ  

1Xɶ  
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Hence, the rate of the total energy change becomes  

 

0 0

0 0

1 1

1 1

i i
iJ J

V S

K K K K
K

S V
K

x xd U U
dV s N dS

da a X a X

I I I I
N dS

a X X a X

µ
µ

   ∂ ∂Ω ∂ ∂
= − − −   

∂ ∂ ∂ ∂   

   ∂ ∂ ∂ ∂∂
+ − − −   

∂ ∂ ∂ ∂ ∂   

∫ ∫

∫ ∫

ɶ ɶ ɶ

ɶ ɶ

 

(6.17) 

Considering the first term on the right hand side of Eq. (6.17), with Eqs. (6.1-6.2), 

we obtain that

  

 
∫∫ 









∂

∂
+

∂

∂
=

∂

∂

00
~~ V

iJ
iJ

V
dV

a

C

a

F
sdV

a

U
µ

 

(6.18) 

By integrating Eq. (6.5) over time with r = 0 (no solvent injection), the solvent 

concentration is obtained as  

 
0 0K

K

I
C C

X

∂
− + =

∂
 

(6.19) 

where 
  
C

0

 

is the nominal concentration at the initial state of the hydrogel. The initial state 

of the hydrogel does not have to coincide with the dry state (reference). It is often taken 

as a free swollen state with a homogeneous solvent concentration and an isotropic 

deformation gradient,
  
F

11
= F

22
= F

33
= λ

0
. With Eq. (6.19) and Eqs. (6.3-6.4), applying 

the divergence theorem, Eq. (6.18) becomes 

 
∫∫∫ ∂
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I
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(6.20) 

Inserting Eq. (6.20) into Eq. (6.17), we obtain 

              
0 0 0 0

1 1 1 1

i K K
iJ J K

V S S V
K

x I Id U
dV s N dS N dS dV

da X X X X X

µ
µ

∂ ∂ ∂Ω ∂ ∂
− = − + −

∂ ∂ ∂ ∂ ∂∫ ∫ ∫ ∫
ɶ

 

(6.21)
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Applying the divergence theorem to the first integral on the right hand side of Eq. 

(6.21), we obtain the transient J-integral as 

                      
0 0

*

1

1 1 1

i K K
iJ J K

S V
K

x I Id
J UN s N N dS dV

da X X X X

µ
µ

 ∂ ∂ ∂Ω ∂
= − = − + − 

∂ ∂ ∂ ∂ 
∫ ∫

ɶ
 

(6.22) 

A more convenient form of the J-integral is obtained by combining the flux terms with 

Eq. (6.19) so that 

 
0 0

*

1

1 1

i
iJ J

S V

x C
J UN s N dS dV

X X
µ

 ∂ ∂
= − − 

∂ ∂ 
∫ ∫

 

(6.23) 

where the initial solvent concentration has been assumed to be homogeneous. It can be 

shown that, for a simply connected domain without singularities, the J-integral is 

necessarily zero by the mechanical equilibrium and mass conservation conditions in Eqs. 

(6.1-6.6). For a domain containing a crack tip, the transient J-integral is path-

independent, giving the energy release rate for the crack growth. 

 Alternatively, by using the Legendre transform of the free energy function 

 

( ) ( )ˆ , ,U U C Cµ µ= −F F

 

(6.24) 

the transient J-integral can be re-written as  

 
0 0

*

1

1 1

ˆ i
iJ J

S V

x
J UN s N dS CdV

X X

µ ∂ ∂
= − + 

∂ ∂ 
∫ ∫

 

(6.25) 

which will be used for the rest of this study. The form of the J-integral in Eq. (6.25) is 

preferable for numerical calculations in the finite element framework, as it does not 

include derivatives of the nominal concentration, which would usually require higher 

order interpolations (Wang et al 2012a, Bouklas et al. 2014).  
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 We note that the transient J-integral has two parts, a surface integral, similar to the 

classic definition of J-integral (Rice 1968a), and in addition, a volume integral containing 

the gradient of the chemical potential and the concentration. The volume integral is not 

expected to pose any difficulties for numerical calculation, as the integral remains finite 

at the crack tip. This form of J-integral is similar to the cases with solid state diffusion, 

for which Gao and Zhou (2013) considered steady state fracture and Haftbaradaran and 

Qu (2014) derived a path-independent integral in the equilibrium state. Similar integrals 

were also used for thermoelasticity and poroelasticity (Kishimoto et al. 1980). We note 

that, by using the Legendre transform of the free energy function, the volume integral in 

Eq. (6.25) vanishes in the equilibrium state (constant µ). However, using the original free 

energy function, the volume integral in Eq. (6.23) remains unless µ  = 0. 

The transient J-integral could be used to calculate the energy release rate for a 

sharp crack model (Figure 6.2a) using a contour around the crack tip (Rice 1968a). In a 

blunt crack model (Rice 1968b) with a rounded notch at the crack tip (Figure 6.2b), the 

integral has to be modified to account for the initial free energy at the notch, as further 

discussed in Section 6.2.2. 
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6.1.3. Domain integral method 

 

Figure 6.3: Simply connected region 2A enclosed by contour 4 1 2 3C C C C C= − + + . 

For an accurate calculation of the standard J-integral (Rice 1968a) by the finite 

element method, it is advantageous to convert the surface integral to a volume integral. 

This procedure is known as the domain integral method. The approach of Li et al. (1985) 

is adopted in the present study for a two-dimensional case to convert the contour integral 

into a domain integral to calculate the transient energy release rate for quasi-static crack 

propagation in hydrogels. Considering the two-dimensional case of an annular region in a 

body, as shown in Figure 6.3, the energy release rate for a sharp crack can be obtained 

from the J-integral with the contour C1 and the enclosed domain A1 as 

 1 1

*

1

1 1

ˆ i
iJ J

C A

x
J UN s N d CdA

X X

µ ∂ ∂
= − Γ + 

∂ ∂ 
∫ ∫

 

(6.26) 
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 Now consider a closed contour 4 1 2 3
C C C C C= − + +

 

bounding the area 2A . 

Denote Nɶ  as the outward normal on C with respect to 2A , which coincides with  N

 

on 

3C , but is opposite to  N

 

on 1C .  The J-integral in Eq. (6.26) can then be re-written with 

a closed contour integral as 

 1

*

1

1 1

ˆ i
iJ J

C A

x
J UN s N qd CdA

X X

µ ∂ ∂
= − − Γ + 

∂ ∂ 
∫ ∫ɶ ɶ
�

 

(6.27) 

where  q

 

is a sufficiently smooth function in 2A , varying from unity on 1C

 

to zero on 3C . 

In addition, we set q = 1 in A1. Note that the contour integrals along the crack faces (C2 

and C4) vanishes because they are assumed to be traction free and 
  
N

1
= 0. Since the area 

2A  does not include any singularities and is simply connected, we apply the divergence 

theorem on the closed contour integral in Eq. (6.27) and obtained that 

 2 1 2

*

,1 ,1 ,

1

ˆ
iJ i J

A A A

J Uq s x q dA C qdA
X

µ

+

∂ = − − +  ∂∫ ∫
 

(6.28) 

which is similar to the domain integral obtained by Li et al. (1985) but includes an 

additional term associated with the solvent. We note that the additional term vanishes 

when the hydrogel reaches chemical equilibrium with a constant chemical potential or 

when C = 0 for the dry state. As will be shown in Section 6.2, the domain integral in Eq. 

(6.28) is convenient for numerical calculations using the finite element method. 

6.2. NUMERICAL RESULTS 

In this section the focus will be Mode I displacement controlled loading of center 

crack hydrogel models (Figure 6.1), in generalized plane strain conditions, that are either 

immersed in solvent, or not-immersed and isolated from the environment. The material 
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model for a hydrogel with incompressible constituents presented in Chapter 3 and the 

equivalent mixed finite element method will be employed in the numerical simulations. 

Two variations of a two-dimensional finite element mesh, will be used to simulate 

the hydrogel model for the rectangular domain. Only a quarter (Figure 6.1) of the domain 

is modeled, invoking the symmetry of the model. The crack length is 2a  and the height 

and width of the full rectangular domain are 2h . The first mesh, features a sharp crack 

geometry (Figure 6.4a), using 8u4p Taylor-Hood elements for the majority of the model, 

with the exception of the crack tip where collapsed quarter point 6u3p Taylor-Hood 

elements are used. In this model, the mesh features concentric rings of elements around 

the crack tip. The second model, features a rounded notch at the crack tip (Figure 4b), 

that is used in order to accommodate large far-field deformations with respect to the 

initial state, and uses 8u4p Taylor-Hood elements throughout. In this section, the first 

model will be used for loading conditions that cause small, and moderately large far-field 

deformations, and the second model for moderately large, and large far-field 

deformations. The two models will be compared for moderately large far-field 

deformations. The small deformation results will be compared through the linearization 

procedure of Bouklas and Huang (2012) presented in Chapter 2 to results from linear 

elastic fracture mechanics (Broberg, 1999). 

At the initial state, hydrogels will be considered at a homogeneous, fully swollen, 

stress-free state, and at equilibrium; characterized by a homogeneous swelling ratio 
0λ  

corresponding to an initial chemical potential, 
0 0µ = , which can be determined 

analytically similarly to Chapter 2. Relative to the dry state, the initial displacement is: 

0 0λ= −u X X . The center of the crack is used as the origin of the coordinate system, and 

coordinate 
1X  is set as the crack direction. 



 105 

 

Figure 6.4: Mesh for one quartet of the domain. (a) For the sharp crack model, Taylor-

Hood 8u-4p quadrilateral elements used everywhere except for the crack tip, 

where 50 quartet point Taylor-Hood 6u-3p elements are used. (b) Mesh for 

notched specimen. Taylor-Hood 8u-4p quadrilateral elements are used. The 

radius of the notch is taken to be three orders of magnitude smaller the crack 

length 
3/ 10

n
r α −= to study very large deformations with respect to the 

initial state. 

 

 

 

 

 

 

 

(crack tip) 
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Symmetry boundary conditions are imposed as no displacement relative to the 

initial state and no flux, following 
1

1 0
0

X
u

=
∆ = , 

1
1 0

0
X

J
=

=  and 
2 1

2 0,
0

X X a
u

= ≥
∆ =

ɶ
, 

2 1
2 0,

0
X X a

J
= ≥

=
ɶ

, where the change of displacement with respect to the initial state is 

denoted as 
0uuu −=∆ , and 2aɶ  the dry crack length (noting 0

a aλ= ɶ ). Loading is 

applied through a displacement boundary condition to the top surface 
2

2 2X H
u u

=
∆ = ∆ , 

where the dry thickness of the hydrogel is 2H (noting 
0h Hλ= ). The crack face and the 

unloaded far-field boundary at 
1X H= are traction free 0

i
T = . In the case of a hydrogel 

immersed in solvent, the crack face and the outer surfaces of the model are in equilibrium 

with the environment by setting 
2 10,

0
X X α

µ
= ≤

=
ɶ

, 
1

0
X H

µ
=

=  and 
2

0
X H

µ
=

= . Otherwise if 

the hydrogel is not immersed in solvent, no flux boundary conditions are enforced on the 

crack face 
2 1

2 0,
0

X X
J

α= ≤
=

ɶ
and the outer boundaries 

1
1 0

X H
J

=
= , 

2
2 0

X H
J

=
=  of the model 

following (Wang et al. 2012b). For convenience, dimensionless quantities are used as 

follows: all lengths are normalized by the crack length ( a), time is normalized by the 

characteristic diffusion time, 
2 / Dτ α= , stresses are normalized by 

B
Nk T , chemical 

potential by 
B

k T , and solvent concentration by Ω -1
.  



 107 

 

Figure 6.5: Immersed center crack specimen in Mode I loading. Cauchy stress 

distribution for the instantaneous response and at equilibrium for rings of 

nodes with an increasing distance from the tip,. Dashed lines are obtained 

from the linear elastic solution. 
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6.2.1. Sharp crack model 

6.2.1.1. Small far-field deformations 

The first simulations using the sharp crack geometry, involve small far field 

deformations and use a ratio between the crack length and domain thickness / 10h α = . 

The values for the combined material parameters that are used throughout this section 

(unless otherwise noted) are: 
310N −Ω = and 0.2χ = , giving an initial swelling ratio of 

0 3.215λ = . A way to quantify the averaged deformation is to approximate the far-field 

strain in the loading direction as [ ](t) (0) / (0)h h hε ∞ = − , where 2 ( )h t  is the thickness of 

the hydrogel in the 2x  direction as a function of time; when the time is not specified, we 

will be referring to the initial value of the thickness.  

For the simulation related to Figure 6.5, an immersed center crack hydrogel model 

is subject to displacement loading, applied through the boundary condition 

2

2

2 10
X H

u α−

=
∆ =  leading to far field strain equal to 

310ε ∞ −= . To examine the nature of 

the singularity at the crack tip, the Cauchy stress / det( )ij iK jKs Jσ = F  is plotted at rings 

of nodes with increasing distance from the tip, at the instantaneous state 
410t −= , (right 

after loading is applied) capturing the incompressible response of the hydrogel, and after 

the poroelastic relaxation,, at the equilibrium state 
510t = . The results are normalized by 

multiplying the stresses with the square root of the distance of the rings from the tip as 

/ij Br Nk Tσ  and plotted as a function of the angle defined positive clockwise from the 

axis starting from the crack tip and parallel to 2X . After such a normalization, the results 

from the different rings overlap, leading to the fact the there is a square root singularity at 

the crack tip field as expected for small deformations .  

It should be noted that a T-stress appears in the 11σ  stress component, as the 

loading is uniaxial. The magnitude of the T-stress related to the far field stress as 

T σ ∞= − . The far-field stress can be calculated using the plane strain Young’s modulus 



 109 

and the far field strain as 
*

Eσ ε∞ ∞= . The plane strain Young’s modulus is defined as 

( )* 2
/ 1E E ν= − , where ( )02 1E G ν= + . The effective shear modulus based on the 

linearized results from (Bouklas and Huang, 2012) can be defined for a homogeneously 

swollen gel following Eq. (A.18) while the effective Poisson’s ratio is 0.5 

(incompressible) for the instantaneous response and is less than 0.5 for the equilibrium 

response. The equilibrium Poisson’s ratio is related to the intrinsic properties of the 

hydrogel by Eq. (A.8) 

Thus leading to an instantaneous and an equilibrium value for the T-stress that are 

used in the normalization of the results as ( )12 / BT r Nk Tσ − . The collapsed results are 

then compared to the linear elastic solution for the crack tip stress field obtained from 
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K
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σ θ
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=

 

(6.29) 

where 
I

K is the stress intensity factor for Mode I loading. For an infinite domain, it is 

defined as a function of the far-field stress and the  crack length as 

 

I
K σ πα∞=

 

(6.30) 

and the functions of radial position are known to be 
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It is noted that for immersed swelling, the instantaneous and the equilibrium 

results have to be compared to two sets of linear solutions, resulting from the fact that 

Poisson’s ratio changes from 0 0.5ν = , to the equilibrium value 0.2415ν∞ =  (specific to 

the material parameters in this simulation). The comparison to the linear results is 

satisfactory, where the linear elastic solution is plotted with a dashed line in Figure 6.5. 

Stress relaxation from solvent redistribution leads to lower stress values at the 

equilibrium state. One detail to note, is that the results from the first ring of nodes, that 

belong to the collapsed, quartet-point, 6u3p elements slightly deviate from the rest of the 

results, for the instantaneous case. This can be attributed to the fact, that at the 

instantaneous limit, as discussed in Chapter 2, the chemical potential on the boundary is 

discontinuous from the value in the volume, creating a sharp gradient, that cannot be 

resolved, not even with mesh refinement, and causes mild oscillation of the numerical 

results close to the boundary. The oscillations dissipate over time. One possible way to 

avoid this, is by introducing, physical or numerical viscosity (Wang et al. 2012b), where 

an additional timescale associated with the viscous process has to be defined. 

With the same normalization procedure, the results from a not-immersed hydrogel model 

loaded to the same level of far-field strain 
310ε ∞ −= are presented in Figure 6.6, linear 

elastic solutions are again plotted with a dashed line. To point out the difference between 

immersed and not-immersed cases, first the evolution process in each will be described. 

In the immersed case, before loading everything is in equilibrium. When loading is 

applied, the chemical potential drops globally. Following, solvent enters through the 

external and crack face boundaries, and solvent is redistributed in the domain. The total 

volume is not conserved in this process. Whereas in the not-immersed case, following 

loading, the solvent redistributes locally close to the crack tip, but the total volume is  
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Figure 6.6: Not-immersed center crack specimen in Mode I loading. Cauchy stress 

distribution for the instantaneous response and at equilibrium for rings of 

nodes with an increasing distance from the tip Dashed lines are obtained 

from the linear elastic solution. 
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conserved and there is minimal solvent migration in the far field. Thus, the not-immersed 

process can be approximated, using the incompressible value for Poisson’s ratio 0.5 for 

both the instantaneous and the equilibrium response.  

The approximation at equilibrium will not be as accurate as the approximation of 

the instantaneous response, due to the local redistribution of solvent. Thus, the linear 

solutions that are plotted for the two limits are identical, and there is good agreement with 

the numerical results. The value of the T-stress is also taken as constant for the 

instantaneous and equilibrium responses. The relaxation observed is minimal, compared 

to the immersed case, and as pointed out it occurs due to the local redistribution of the 

solvent around the tip. In this case, even for the instantaneous solution, the results from 

all of the rings, including the first ring of elements, collapse more accurately than in the 

immersed case, confirming the boundary effect discussed previously.  

In the same simulations, where 
310ε ∞ −= , the chemical potential in the immersed 

and not-immersed cases evolves in a different fashion. If the symmetry plane ahead of the 

crack tip is examined, in the immersed case, the value of the chemical potential starts 

from zero at the crack tip, and after loading, drops to a lower value ahead of the crack tip 

and increases monotonically after that. At equilibrium, the chemical potential reaches 

zero everywhere in the domain. This result is plotted in the top part of Figure 6.7. The 

shape of this curve, gives important information regarding the flux in the direction of the 

crack, as it can be obtained from the gradient of the chemical potential. Thus, it is pointed 

out, that the solvent mainly migrates towards the point ahead of the crack tip where 

chemical potential has reached a minimum.  
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Figure 6.7: Evolution of the chemical potential (a,b) and concentration fields (c,d) 

ahead of the crack tip for the immersed (a,c) and the not-immersed (b,d) 

cases, where the dashed line is square root singular. 

 

 

 

 

 

(a) (b) 

(d) (c) 
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In the not-immersed case, the value of the chemical potential at the crack tip is not 

fixed, and at the early stages of evolution it has the minimum chemical potential value, 

and solvent migrates towards that location. At equilibrium, chemical potential assumes a 

value lower than zero throughout the domain. At the instantaneous limit 0t → , the 

chemical potential field close to the crack tip is plotted in Figure 6.8 for both the 

immersed and the not immersed cases. The difference for the location of the minimum 

chemical potential between the immersed and the not immersed model, is showcased in 

this plot. The fields are similar further away from the crack tip and the crack face. 

Another difference to note is the boundary condition, where in the not immersed case 

there is a no-flux condition in the crack face, whereas in the immersed the chemical 

potential is set to zero on the crack face creating a sharp change in the chemical potential 

distribution at the instantaneous response limit. As seen in these contour plots, 

instantaneously (and at the early stage of evolution), solvent tends to move from the area 

behind the crack tip to the area ahead of the crack tip. 

The evolution of the concentration ahead of the crack tip is another interesting 

feature of this solution. The linearized volumetric strain about the initial state, for the 

instantaneous incompressible response is 
0 0
kk

ε = . As time evolves and solvent migrates 

in the region close to the crack tip, the linearized volumetric strain is expected to follow 

the behavior of the stress and become square root singular 1/
kk

rε ∼ . The linearized 

volumetric strain is related to the determinant of the deformation gradient like 

( ) ( )0det det
kk

ε = −F F , where ( )0det F represent the value of the deformation gradient at 

the initial state. Using the incompressibility constraint from Eq. (3.4), the behavior of the  
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Figure 6.8: Chemical potential contours at the instantaneous response limit, showing the 

difference in the crack tip chemical potential field for (a) the immersed and 

(b) the not-immersed cases. 

 

(a) 

(b) 
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Figure 6.9: Normalized nominal concentration contours at the equilibrium response 

limit for the (a) immersed and (b) not immersed cases.. 

 

CΩ 

CΩ 

(a) 

(b) 
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Figure 6.10: Crack opening displacement profile evolution for (a) immersed and (b) the 

not-immersed case. (c) Maximum crack opening displacement evolution for 

the two cases and a limiting behavior for the immersed case. (d) Evolution 

of the total force applied to a / 10h a =  model for far field strain 
310ε ∞ −=  

for both the immersed and the not-immersed cases. Dashed lines are linear 

elastic solutions for all plots. 

 

 

(a) 

 

(c) 

 
(d) 

 

(b) 
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change of concentration around the crack tip is also expected to be square root singular 

( )0 1/C C r− ∼ . In Figure 6.7, the change of concentration is plotted ahead of the crack 

tip as a function of the radius from the crack tip. The square root singular behavior is 

confirmed for both the immersed and the not immersed cases, as the hydrogel evolves 

towards equilibrium, where the dashed line is square root singular. At the instantaneous 

response limit, the change of concentration is zero, and as time progresses, the size of the 

region where the change of concentration assumes an approximately square root singular 

increases until equilibrium is achieved. 

The concentration at equilibrium is plotted over the whole domain in Figure 6.9. 

Both the immersed and the not-immersed hydrogel model start from the same initial 

normalized concentration 0 32.23C Ω ≃ . In the immersed model, the total volume is not 

conserved, and at equilibrium, the concentration has risen moderately from its initial 

value in the bulk of the material, far from the tip. The concentration drops behind the 

crack tip and significantly rises ahead of the crack tip. On the contrary, in the not-

immersed case, the total volume of the hydrogel is conserved. At equilibrium, away from 

the crack tip, where there are no stress concentrations, the concentration virtually remains 

unchanged. Closer to the crack tip, local redistribution of the solvent occurs, and the 

same behavior with the immersed case is observed, as predicted from Figure 6.8.  

Next, the crack opening displacement profile evolution for the immersed and not 

immersed case is considered for 
310ε ∞ −= . The instantaneous profile that is assumed at 

  t =10−4
, another at   t = 103

, and the equilibrium profile at   t = 105
are shown in Figure 

6.10(a,b). For the immersed case, an interesting behavior for the crack opening 

displacement is observed. Instantaneously, when the model is loaded, the crack assumes 

an opening profile, as the solvent migrates, the crack opens and then gradually closes and 

assumes a profile very close to the initial. The instantaneous and equilibrium profiles are 
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confirmed exhibit the same deformation, regardless of the change of Poisson’s ratio, 

following the linear elastic solution given by 

 

( )
( )

1 1 1 1

4 1
,0 8u x x x

G

ν
σ ε∞ ∞−

= − = −
 

(6.32) 

 

( )
( ) 2 2 2 2

2 1 1 1

1
,0 2u x a x a x

G

ν
σ ε∞ ∞−

= − = −

 

(6.33) 

using the plane strain relationships that were discussed previously. The linear elastic 

solution is also plotted as a dashed line, and is in good agreement with the instantaneous 

and equilibrium solution for the immersed case. For the not immersed case, there is a 

monotonic behavior observed, where the crack profile keeps opening throughout the 

evolution, and the elastic solution only captures the instantaneous response. This is 

expected as in the not-immersed case, the solvent migrates locally due to the stress 

concentration at the tip and the linearized solution about the instantaneous incompressible 

homogeneous state cannot represent that local effect. On the other hand, in the immersed 

case the linearized solution about the equilibrated state capture the dominant effect of the 

solvent migration from the environment into the hydrogel. In Figure 6.10(c) the evolution 

of the maximum opening δ  at the center of the crack, is evaluated for 
310ε ∞ −= , for the 

immersed and the not-immersed cases. The opening-closing behavior of the immersed 

hydrogel model, versus the monotonic opening behavior of the not-immersed model are 

clearly visualized here. Also, a limiting behavior for peak of the immersed case is 

obtained by considering an increasing size for the rectangular domain, keeping the crack 

length fixed, as   h / a =10,20,102,104
. This limiting behavior is related to the local 

migration of solvent near the crack tip with respect to the far-field boundary solvent 

migration. 
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Another way to track the intensity of the relaxation procedure from the immersed 

and not-immersed cases, resulting from displacement controlled mode I loading, is to 

track the resultant force, applied at the top boundary of the domain. This is an interesting 

quantity as it could easily be measured experimentally. In Figure 6.10(d) the resultant 

force in the 
  
x

2
 
direction is plotted for the same simulation, with 

310ε ∞ −= , and   h / a =10

. The magnitude of the force relaxation for the immersed case is much larger than for the 

not-immersed case. The force per unit length in the out of plane direction, can be 

captured for both cases at the instantaneous linear elastic limit using the far-field stress 

σ ∞
 for Poisson’s ratio 

 
ν

0
= 0.5 , and at the equilibrium limit the immersed case can be 

captured using 
 
ν

∞
= 0.2415 for the far-field stress. The small difference from the linear 

solution is attributed to the finite size of the domain and the comparable crack/thickness 

dimensions. The difference at the instantaneous limit between the immersed and not-

immersed cases is attributed to the instantaneous relaxation due to the  µ = 0  boundary 

condition applied in the immersed case on the loading boundary, as discussed for 

hydrogel swelling in (Bouklas and Huang, 2012). 

For this study of mode I displacement controlled loading, the energy release rate 

will be calculated from the modified transient J-integral formula from Eq. (6.25). In order 

to prove path independence for the transient J-integral at any state of the evolution 

process, it will be calculated for circular domains of increasing area, that consecutively 

include additional rings of elements with increasing radii from the crack tip. For the 

complete calculation of the transient J- integral in this two-dimensional calculation, an 

area integral will have to be calculated, and also a contour integral calculated with the 

help of Eq. (6.28) using the domain integral method. A linearly varying parameter q  will 

be used in Eq. (6.28). The crack faces will not have a contribution to the contour integral 
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of Eq. (6.25). In Figure 6.11 (a), the values of the transient J-integral for an immersed 

specimen are plotted as a function of the radii of the circular regions they correspond to. 

Also, three different times are considered 
4 3 510 ,10 ,10t

−= , confirming path 

independence throughout the relaxation process. The parameters, size of the domain and 

loading, are the same as the ones used previously. The classic definition of the J-integral 

(Rice 1968a) is not meaningful in the poroelastic model, as it does not provide the energy 

release rate, and also it is expected to be path-dependent. Path-dependence can be 

confirmed by calculating the classic J-integral using the following definition 

 
1

1

ˆ i
iJ J

x
J UN s N dS

X

 ∂
= − 

∂ 
∫

 

(6.34) 

where the domain integral method can still be applied. In Figure 6.11(b) path-dependence 

is confirmed for the classic J-integral used in a poroelastic medium, as the values 

obtained at 
310t =  vary significantly as the radius of the domain increases. It is noted 

thought that instantaneously and at equilibrium, the results seem to imply path-

independence at those states. Whether the Legendre transformed free energy density Û  

or free energy density U  is used in Eq. (6.34), the classic J-integral is expected to remain 

path-dependent. The value of the J-integral has been normalized by ( )BaNk T . 
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Figure 6.11: (a) transient J integral values for paths at different radial distances from the 

crack tip and at different times, showing path independence for the integral 

we have defined here, (b) path dependence for classical definition of the J 

integral if used in a poroelastic system. 

(a) 

(b) 



 123 

In Figure 6.12, the transient J-integral evolution, is first plotted for small far-field 

deformations 
310ε ∞ −= , and   h / a =10, for both the immersed and the not immersed 

case. A behavior that follows the maximum crack opening displacement is observed for 

both cases. For the not immersed case, a monotonic increase of the J-integral is observed. 

This is consistent with the calculations of Wang et. al.,(2012) and the observations by 

Bonn et al. (1998), and implies that delayed fracture is a possible symptom of this 

behavior. If a critical energy release rate crJ  is assumed (enough for the initiation of 

fracture in the hydrogel), and the initial value of the transient J-integral is less than the 

critical value, along with the equilibrium value being higher or equal to the critical value, 

* *

0 cr
J J J∞< ≤ , then these are sufficient conditions to imply that fracture could initiate at a 

time 0t >  after the loading has been applied. This is referred to as delayed fracture. 

Physically this can be interpreted, as a result of the increase of solvent concentration 

ahead of the crack tip, which in its turn results to polymer chains, whose fracture 

toughness remains constant, being less dense ahead of the crack tip. This of course is not 

a complete picture of the phenomena, which has to be obtained through physically 

evaluating every term in the transient J-integral of Eq. (6.25). One assumption that has 

been made in this discussion, is that the critical fracture toughness is a material parameter 

depending on the initial state of the gel and remains constant throughout the relaxation 

process.  
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Figure 6.12: Transient J-integral evolution for immersed and not-immersed cases for 

increasing loading resulting to far field strains 
3 2 110 ,10 ,10ε ∞ − − −= . 
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For the immersed case, the instantaneous response at 0t →  is expected to be the 

same as the not-immersed case, and the values of the transient J-integral at that time are 

expected to be equal. In Figure 6.12, for 
310ε ∞ −= , the expected instantaneous behavior, 

is not captured, and this is believed to be an effect of the boundary condition  µ = 0 , 

being interpolated to the integration points located in the crack tip elements at the 

instantaneous limit. This effect is present even if the size of the element is reduced. As it 

will be discussed later, the instantaneous behavior is captured more successfully when 

larger loading is considered and the possibility for delayed fracture for the immersed case 

will also be discussed. 

Considering a variation of the material parameters, for 
310ε ∞ −= , and   h / a =10, 

the evolution of the transient J-integral for a not-immersed hydrogel model is presented 

in Figure 6.13. First, holding the Flory parameter fixed at 0.2χ = , while the crosslink 

density will be considered at 
2 3 410 ,10 ,10N

− − −Ω = and following, the Flory parameter will 

be considered at 0.2,0.4,0.6χ = , and the crosslink density will be fixed at 
210N −Ω = . 

When plotted using the previous normalization, there is a large variation in values, even 

though the monotonically increasing behavior is still observed for all cases. Following, 

the time is normalized using the linear poroelastic timescale defined as 2 *

* /a Dτ = , by 

using the linearized elastic properties (
0G and ν∞ ) of the hydrogel and the effective 

diffusivity from Eq. (2.56) 

 

( )( )
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3
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Figure 6.13: Material parameter dependence of the transient J-integral for a not-

immersed hydrogel with a center crack is studied. Variation of the crosslink 

density N Ω  (a,c) and of χ  (b,d) are considered for the same type of 

displacement controlled Mode I loading up to 0.1ε ∞ = for a domain of size 

/ 10h α = , using timescale τ for plots (a,b) and timescale *τ  for plots (c,d). 

 

 

 

(a) 

(c) (d) 

(b) 
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Also, the value of the J integral is normalized by 
2

0
(4 )G aπ ε∞ , using the value obtained 

from linear elasticity for the instantaneous response from 2 */IJ K E= , where the 

intensity follows Eq. (6.29), Poisson’s ratio is 0 0.5ν = and the shear modulus 0G  by Eq. 

(A.18). Using this normalization, the results collapse at the instantaneous limit, showing 

the energy release is close to the prediction from linear elasticity 
* 2

0 0
/ (4 ) 1

t
J G aπ ε∞ =

≈ , 

the deviation from the value of 1 could again be attributed to the finite size of the domain. 

The equilibrium limit is significantly larger at 
* 2

0/ (4 ) 1.4 1.5
t

J G aπ ε∞ =∞
≈ ∼ . The transient 

evolution also collapses for most cases, using the new timescale. Equilibrium responses 

do not collapse because there is not an accurate linear approximation for that state for a 

not-immersed hydrogel. Also, the material with parameters 0.6χ = , 
210N

−Ω = shows a 

more mild increase of the value of the transient J-integral. This can be explained based on 

the fact that 0.5χ > , which characterizes the solvent as “poor” as discussed in Chapter 2 

(Bouklas and Huang, 2012) and leads to significantly less swelling/solvent migration. 

6.2.1.2. Moderate far-field deformations 

Returning to Figure 6.12, higher loading cases are considered, still using the same 

sharp crack model   h / a =10. Far-field strains of 
210ε ∞ −= , and 0.1ε ∞ =  are obtained 

through mode I displacement controlled loading. The transient J-integral evolution for the 

not-immersed case, follows the same pattern as for the small strain case. For the 

immersed case, the predicted behavior is captured for both cases. The transient J-integral 

starts from approximately the same value as the initial value for the not-immersed case, 

slightly drops, and then rises to a maximum value 
* * *

0 max
J J J∞ < < , following a drop to the 

equilibrium value. The maximum value can still be slightly higher that of the  
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Figure 6.14: Normalized transient J-integral evolution comparing to the linear elastic 

solution for immersed (a) and not-immersed (b) cases for increasing loading 

specified by the far field strain. 

(b) 

(a) 
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Figure 6.15: Cauchy stress 
22σ  component for the instantaneous (a) and equilibrium (b) 

response for an immersed center crack model loaded in Mode I for 

increasing loading indicated by the averaged quantity of the far field strain. 

(a) 

(b) 
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instantaneous value, which leaves the possibility for delayed fracture open. In Figure 

6.12, the results of Figure 6.11 are plotted normalizing the transient J-integral based on 

the linear elastic solution. As higher loading is considered, the solution deviates from the 

instantaneous limit for both the immersed and the not immersed cases. 

For the range of far field strains considered so far 
3 210 ,10 ,0.1ε ∞ − −= , the 

behavior of the stress field ahead of the crack tip is examined. The 
 
σ

22  component of the 

Cauchy stress is plotted as a function of the radius from the crack tip in Figure 6.15. As 

observed by Zang et al. (2012), the singularity becomes stronger than square root singular 

at the instantaneous response as higher loading is considered. This can be attributed as a 

hyperelastic effect (Krishnan et al. 2008). On the contrary at the equilibrium limit, 

focusing on the highest loading case 0.1ε ∞ = , a weaker than square root singular 

behavior is assumed. All the results so far have been obtained with a sharp crack model. 

One of the issues with this model is that the crack tip elements, due to their small size, 

which needs to be able to resolve the stress and chemical potential fields,  become 

severely distorted, especially for higher loading ranges and cause convergence issues to 

the finite element analysis. Even 0.1ε ∞ = is a very moderate deformation for some 

hydrogels that are very stretchable (Sun et al. 2012) and often, higher levels of stretch are 

obtained. Thus it is necessary to accommodate even larger deformations with respect to 

the initial state.  
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Figure 6.16: Comparison using a sharp crack and a notched model 3/ 10
n

r α −= for an 

immersed center crack model loaded in Mode I at 0.1ε ∞ =  for (a) Cauchy 

stress 
22σ  component for the instantaneous and equilibrium response and 

(b) the transient J-integral 

(a) 

(b) 
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6.2.2. Notched crack model 

One way to accommodate very high deformations with respect to the initial state 

of the hydrogel in the finite element analysis, is to consider a notched crack geometry at 

the tip. The crack tip is rounded, with a radius nr  (Figure 6.4b). The mesh around the 

crack tip, can be designed, so that numerical stability is not an issue, even for 

significantly higher deformations. As mentioned previously, for the calculation of the 

energy release rate using the J-integral, the contribution of the contour integral on the 

notch cannot be ignored. Following Rice (1968b), the energy release rate, is calculated 

taking on volume 1V  and a surface integral 2S  (Figure 6.2b) in Eq. (6.25), but also 

subtracting the value of those integrals at the initial state ( before loading is applied), 

where the free energy is not equal to zero, unless the initial state coincides with the dry 

state. Equivalently, invoking path-independence, the transient J-integral can be calculated 

by considering only the value of the contour integral on 2S , which is traction-free, minus 

its initial value. These two procedures can be formulated as 

2 1 2 1

*

1 1

1 1 1 1
0

ˆ ˆi i
iJ J iJ J

S V S V
t

x x
J UN s N dS CdV UN s N dS CdV

X X X X

µ µ

=

    ∂ ∂∂ ∂
= − + − − +    
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and equivalently 
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*
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S S
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− − =

 
= −  

  
∫ ∫

 

(6.37) 

The term regarding the initial state at both Eqs. (6.36-37) can be calculated analytically if 

the value of the free energy is known at the homogeneously swollen initial state and the 

blunted crack geometry follows the arc of a circle. 
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6.2.2.1. Moderate far-field deformations 

First, a comparison with loading that creates moderately large far-field strain of 

0.1ε ∞ = , is carried out between the sharp crack model of size   h / a =10 and a notched 

model with notch radius 
  
r
n

/ a =10−3
 and size   h / a =10. Both materials have parameters 

 χ = 0.2
 and   NΩ =10−3

. In Figure 6.16a, the 
 
σ

22  component of the Cauchy stress is 

plotted as a function of the radius from the crack tip at the instantaneous and equilibrium 

limits for an immersed hydrogel model. There is relatively good agreement at both states, 

considering the difference of the initial geometry of the crack. The evolution of the J-

integral for both an immersed and a  not-immersed hydrogel model is plotted in Figure 

6.16b, comparing the results from the sharp crack and the notched crack models. There is 

a close agreement of the results, noting there is a slight difference at the initial response. 

This response could be attributed to the relative size of the radius, which was chosen at 

  
r
n

/ a =10−3
 based on the discussion in McMeeking (1977). An even smaller notch radius 

could eliminate this difference, as is suggested by the results of Figure 6.20. 

The crack opening displacement profile, for the immersed and the not-immersed 

model based on the same simulations, for sharp crack and notched crack models where 

0.1ε ∞ =  is obtained, and presented in Figure 6.17. There is agreement for both cases at 

all times 
4 3 510 ,10 ,10t

−=  during the poroelastic relaxation, but a deviation from the 

elastic solution of Eq. (6.32) is also observed. In Figure 6.18, the chemical potential and 

the nominal concentration are also plotted ahead of the crack tip, up to the far-field 

boundary of the domain of the immersed hydrogel model. The concentration exhibits an 

interesting behavior, which was harder to capture for lower loading as the magnitude of 

the changes in concentration were very small. The concentration near the crack tip, 

following an initial increase up until   t >103
, starts decreasing until the equilibrium state. 

This change of behavior is consistent with the time when the maximum value for the 
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transient J-integral is obtained (Figure 6.16), and also the maximum crack opening 

displacement is obtained for the immersed case. 

 

 

Figure 6.17: Evolution of the crack opening displacement profile with a notched center 

crack 3/ 10
n

r α −= , for an (a) immersed and a (b)  not-immersed hydrogel 

loaded in Mode I at 0.1ε ∞ = , and for an (c) immersed and a (d)  not-

immersed hydrogel loaded in Mode I at 0.5ε ∞ = . 

 

 

(d) (c) 

(b) (a) 
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Figure 6.18: Evolution of (a) the chemical potential and (b) the concentration field, from 

the crack tip to the end of the specimen for an immersed hydrogel with a 

notch 3/ 10
n

r α −= . 

(a) 

(b) 
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Figure 6.19: Immersed (top) and not immersed (bottom), center crack specimen with 

notch radius 3/ 10
n

r α −=  loaded in Mode I at 0.5ε ∞ = , from left to right: 

before loading, after instantaneous loading and at equilibrium. Note that the 

notch is not even visible in the initial configuration. 

 

0t → t → ∞

σ22/NkBT 
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6.2.2.2. Large far-field deformations 

As a final example, and to demonstrate the potential of the notched mesh 

geometry, a significantly higher loading is considered and the far-field strain that is 

obtained reaches  ε
∞ = 0.5  for both an immersed and a not-immersed hydrogel model. 

The notch radius is 
  
r
n

/ a =10−3
 and the size of the domain   h / a =10. Material 

parameters are  χ = 0.2
 and   NΩ =10−3

. In figure 18, the crack opening profile is shown, 

where the opening-closing behavior is still maintained for the immersed model, and the 

same stands for the behavior of  not-immersed model. Even larger deviation from the 

linear elastic results is observed. In Figure 6.19a contour plot of the  
 
σ

22  component of 

the Cauchy stress is presented at the instantaneous and equilibrium limits, for both the 

immersed and the not immersed case, and also the un-deformed/initial state is shown. 

The volume change in the immersed case is significant compared to the initial volume of 

the hydrogel, and the relaxation of the stress concentration near the crack tip is also 

higher for the immersed case. The evolution of the transient J-integral is shown in Figure 

6.20, where the loading path is also presented. The monotonic behavior of the value of 

the transient J-integral corresponding to the not-immersed case and the behavior for the 

immersed case are still consistent with the behavior for small far-field strains. 
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Figure 6.20: Evolution of the transient J-integral obtained from an immersed and a not 

immersed notched model, with notch radius 3/ 10
n

r α −=  loaded in Mode I at 

0.5ε ∞ = . Stage I refers to loading, and stage II to the transient relaxation. 

 

 

6.3. SUMMARY 

In this chapter, a consistent nonequilibrium thermodynamic approach is 

presented, to obtain the energy release rate for quasi-static crack extension, in poroelastic 

relaxation of hydrogels. A transient modified form for the J-integral, that includes both a 

volume and a surface part, and equals the energy release rate is also presented. Path 

independence for the transient J-integral is proved. Unlike previous studies on models 

that exhibit energy dissipation e.g. poroelasticity for geomechanics and thermoelasticity, 
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this transient J-integral can provide the energy release rate at any state of the transient 

process. A specific material and kinetic law are assumed. A mixed finite element method 

is implemented. Numerical results are presented, for mode I displacement controlled 

loading for an immersed and not-immersed hydrogel model, using a sharp crack and a 

notched crack geometry, to accommodate various levels of loading. The behavior of the 

stress, chemical potential, concentration and deformation fields at the small far-field 

strain level are analyzed extensively, and compared to solutions from linear fracture 

mechanics using a linearization procedure for hydrogels previously presented by the 

authors. The transient J-integral is also calculated, and the possibility of delayed fracture 

is established, mainly for the not-immersed case. Capability of numerical calculations for 

higher levels of loading is also confirmed using the notched crack geometry, and 

compared to the results from the sharp crack geometry for moderate levels of loading. 

The derivation of the transient J-integral, suggest that not only could it be used to 

investigate more complicated problems in hydrogel fracture, like crack propagation, 

where the possibility of a stick-slip behavior is expected, but it could also be useful for 

the study of fracture in materials that exhibit other dissipative processes (solid state 

diffusion, poroelasticity). Of course, in order for the study of crack propagation to be 

complete, experimental studies have to compliment the theoretical formulation, to 

provide accurate fracture criteria. The novel point in the derivation of the transient J-

integral is the fact that it separates the energy lost in dissipation from the energy to be lost 

in crack propagation. 
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Chapter 7 

Conclusions 

The present study deals with the effect of solvent diffusion in hydrogels and their 

transient response that includes large deformation. Constitutive theories including 

material and kinetic laws are adopted and a mixed nonlinear finite element method is 

developed for the study of the transient responses of hydrogels. Hydrogel swelling, 

indentation, and fracture are considered as numerical examples to be studied with the 

methods.  

In Chapter 2, a comparison between a nonlinear theory for polymer gels and the 

classical theory of linear poroelasticity is presented. Considering incompressible 

constituents, it is shown that under the condition of small perturbations from an 

isotropically swollen state of the gel, the two theories are consistent. A linearization 

procedure provides the relationships between the material properties of the two theories. 

Both linear and nonlinear solutions are presented for swelling kinetics of substrate-

constrained and freestanding hydrogel layers. It is shown that the applicability of the 

linear poroelasticity theory is valid only in the small deformation regime, and a new 

procedure is suggested to fit the experimental data with the nonlinear theory regarding 

the experimental characterization of hydrogels.  

In Chapter 3, a nonlinear, transient finite element formulation is presented for 

initial boundary value problems associated with swelling and deformation of hydrogels. 

Two material models are considered. one where the constituents of the hydrogel are 

compressible and one where they are incompressible. The suggested mixed finite element 

method is implemented, with specific attention to the numerical stability issues associated 
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with the LBB condition arising from the nearly incompressible instantaneous response of 

the hydrogel.  

In Chapter 4, numerical results are presented for constrained swelling of 

hydrogels, using the theory and the finite element method for hydrogels with 

compressible constituents. The results are compared to solutions from Chapter 2 

regarding homogeneous swelling. The application of Taylor-Hood elements is shown to 

alleviate the numerical stability issues connected to the LBB condition. Instantaneous 

instability during swelling for single hydrogel layers, and wrinkling of hydrogel bilayers 

are discussed. 

In Chapter 5, numerical results are presented for flat-punch indentation of 

hydrogel layers, again using the compressible theory and corresponding finite element 

formulation. The relaxation process following instantaneous loading is studied. The use 

of a penalty method is necessary to capture the instantaneous response accurately. The 

response at the instantaneous and equilibrium limits is compared to the response of linear 

elastic materials. It is found that the normalized indentation relaxation curve depends on 

the effective Poisson’s ratio of the hydrogel, for the case of plane strain flat-punch 

indentation. Moreover, the effects of loading rate on indentation relaxation are discussed. 

A consistent nonequilibrium thermodynamic approach for fracture of hydrogels is 

presented in Chapter 6, to obtain the transient energy release rate for crack propagation. 

By considering the effect of diffusive dissipation, a modified J-integral is derived and 

proved to be path independent. Numerical examples for displacement controlled mode I 

loading are studied using the incompressible theory and finite element method presented 

in Chapter 3. A sharp crack and a notched crack geometry are considered. The model is 

compared to linear elastic fracture mechanics in the small (far-field) deformation regime 

and also tested for large deformations. The transient J-integral increases monotonically 
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with time for the case of not-immersed swelling. To further build on this work a critical 

energy release rate criterion can be adopted, in parallel with experimental studies, and by 

using a crack growth rule, crack propagation can be studied along with interesting 

phenomena as delayed fracture and stick-slip crack propagation.  
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Appendices 

APPENDIX A: LINEAR ELASTIC PROPERTIES OF HYDROGELS  

To determine the linear elastic properties of a swollen gel based on the nonlinear 

theory, we assume that the gel is in chemical equilibrium and thus the chemical potential 

remains a constant everywhere in the gel during deformation. Take the initial state of the 

gel to be stress free and isotropically swollen with a swelling ratio 0λ  in all directions, 

relative to the dry state. The chemical potential in the gel is thus fixed by the swelling 

ratio as given in Eq. (3.1). Now consider three simple loading conditions imposed on the 

swollen gel: uniaxial stress, hydrostatic pressure, and simple shear. 

Under a uniaxial stress, the only non-zero component of the nominal stress is 

 

σλ2

211 =s

 

(A.1) 

where σ
 
is the true stress in the 1-direction and 

2λ  is the stretch in the lateral direction 

(relative to the dry state). 

By the nonlinear constitutive relation in (2.7), we obtain that 
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By setting 03322 == ss , we obtain the lateral stretch (
2λ ) as a function of the 

axial stretch (
1λ ), namely 
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For a small deformation from the initial state, we have  
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where ε1 and ε2 are the linear strain components in the axial and lateral directions, 

respectively. Assuming 1, 21 <<εε , we linearize Eq. (A.5) and obtain 
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Poisson’s ratio of the swollen gel is then defined as 
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which is used in (2.20). 

Combining (A.1) and (A.2), we obtain the axial stress as a function of the axial 

stretch:
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Linearizing (A.9) leads to 
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Thus, Young’s modulus of the swollen gel is 
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 Therefore, by considering the equilibrium deformation of the swollen gel under a 

uniaxial stress, we determine Young’s modulus and Poisson’s ratio as the linear elastic 
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properties under the condition of small deformation ( 1, 21 <<εε ) based on the nonlinear 

theory.

 
Next consider the swollen hydrogel under a hydrostatic pressure p. In this case, 

the swelling ratio of the gel remains isotropic, i.e., λλλλ === 321
. Correspondingly, 

the nominal stresses are  
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(A.12) 

Inserting (A.12) into (A.2), we obtain the swelling ratio as a function of the pressure: 
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By (A.13), the swelling ratio ( λ ) decreases as the external pressure increases. In other 

words, applying external pressure directly onto the gel, not through the solvent, can 

squeeze out solvent molecules. On the other hand, applying pressure through the solvent 

would change the chemical potential in the gel and the external solvent simultaneously, 

which would not change the volume of the gel. 

 
By linearizing (A.13), a bulk modulus of the swollen gel can be defined as 
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With Young’s modulus in (A.11) and Poisson’s ratio in (A.8), it can be confirmed that 

the bulk modulus, [ ]3(1 2 )B E ν= − , consistent with the linear elasticity theory.   

For simple shear, we assume a deformation gradient 
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where γ  is the shear strain imposed onto the initial state of the gel. By the constitutive 

relation in (2.7), the only non-zero component of the nominal stress is 
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The true shear stress is obtained as 
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Thus the shear modulus of the swollen gel is 
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which is used in Eq. (2.20). Again, it can be confirmed that the Young’s modulus in 

(A.11), Poisson’s ratio in (A.8), and the shear modulus in (A.18) satisfy the relationship 

for isotropic linear elasticity: [ ]2(1 )G E ν= + .  

It is notable that the nonlinear theory predicts a linear relationship between the 

shear strain and shear stress for the case of simple shear while the stress-strain behavior 

under uniaxial stress and hydrostatic pressure is nonlinear in general. 
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APPENDIX B: SOLUTION PROCEDURES FOR CONSTRAINED AND FREE SWELLING 

B.1 Constrained swelling by the nonlinear theory 

For constrained swelling of a thin layer, the stretch in the thickness direction is a 

function of time and position, ( )tX ,222 λλ = , whereas 031 λλλ == . By the nonlinear 

theory, the nominal stresses in the gel are obtained from Eq. (2.7): 
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The mechanical equilibrium equation in (2.8) requires that 
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With the traction-free boundary condition at the upper surface, i.e., ( ) 0222 == HXs , we 

have ( ) 0,222 =tXs  everywhere in the gel and hence by (B.2) 
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Next, inserting (B.4) into (2.6), the chemical potential in the gel is obtained: 
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The nominal mobility as defined in (2.11) is specialized for this case as:  
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and 0312312 === MMM . Thus, by (2.10), we have 031 == JJ  and 
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where 
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Finally, the diffusion equation (2.12) becomes 
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The nonlinear diffusion equation in (B.10) is solved numerically by a finite 

difference method. After normalizing the time and spatial coordinate as t̅ = ��
�� and 

X	 = 
�
� , the diffusion equation takes a dimensionless form 
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By the finite difference method, we integrate (B.11) at each node with ��
 = (� −
1)∆� for i = 2 to n and ∆� = 1/�: 

��(X	
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where 

� �X	
 + ∆

� , t ̅ = −" �X	
 + ∆


� , t ̅ #�(
	$%&,�̅)'#�(
	$,�̅)
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  (B.13) 

and " �X	
 + ∆

� , t ̅ is calculated using the swelling ratio at the midpoint by linear 

interpolation, i.e, �� �X	
 + ∆

� , t ̅ = #�(
	$%&,�̅))#�(
	$,�̅)

� . 
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The swelling ratio at the upper surface, ��(X	*)+, t)̅ = �,- , is fixed by the local 

equilibrium condition. At the lower surface (X = 0), the flux is zero and the swelling ratio 

is integrated as 

��(0, t̅ + ∆�) = ��(0, t)̅ − �∆�
∆� � �∆
� , t ̅   (B.14) 

For the first step, λ�(��
, 0) = �0, except at the upper surface. The numerical 

method is conditionally stable that requires a relatively small time step ∆t. In our 

calculations for Fig. 2 and Fig. 3, we have used ∆X = 0.02 and ∆t = 0.001. 

B.2 Free swelling by the nonlinear theory 

For free swelling, solvent molecules enter the gel from both sides, and the gel 

swells in all directions. By symmetry, the layer remains flat, with ( )tX ,222 λλ =  and 

( )t131 λλλ == . By the nonlinear theory the nominal stresses are 
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The mechanical equilibrium equation, along with the boundary condition, requires that 

( ) 0,222 =tXs  everywhere in the gel and thus 
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By inserting (B.17) into (2.6), the chemical potential in the gel is obtained: 
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The nominal mobility for this case is 
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and the flux is  
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where 
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The nonlinear diffusion equation (2.12) then becomes 
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Furthermore, with no constraint in the in-plane directions, the in-plane stress must 

be self-balanced, namely 
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Inserting (B.17) into (B.23), we obtain that 
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The two nonlinear equations (B.22) and (B.24) are solved simultaneously using a 

finite difference method. After normalization (t̅ = ��
�� and X	 = 
�

� ), Eq. (B22) becomes 
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We integrate (B.25) at each node with ��
 = (� − 1)∆� for i = 2 to n and ∆� = 1/�: 
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 The swelling ratio at the two end nodes (i = 1 and n+1) must satisfy the local 

equilibrium condition in (2.45), which may be written as :(�+, ��) = 0. Take the 

derivative of (2.45) with respect to �+ and ��, we obtain 

;+(�+, ��)Δ�+ + ;�(�+, ��)Δ�� = 0    (B.28) 

where ;+ = =:/=�+ and ;� = =:/=��. 

 Discretization of (B.24) leads to 
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The incremental form of (B.29) is  
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 The discretized equations in (B.26), (B.28), and (B.30) form a complete linear 

system that can be written in a matrix form as 

PMu =
   

  (B.31) 

where ( )( )1...1,, 2 +=∆∆= ni
i

λλ1u , M is a n+2 by n+2 matrix, and P is a vector of n+2 

components. Thus, solving (B.31) we obtain the increments for the swelling ratios, with 

which we update the swelling ratio for the next time step. 

 For the first time step (t = 0
+
), the swelling ratios are obtained by solving the 

nonlinear equation (2.45) along with the conditions that (��)
 = �0>/�+� for i = 2 to n and 
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(��)+,*)+� = ��+� − (� − 1)�0?/�+@. Again, the numerical method is conditionally stable. In 

our calculation for Fig. 4, we have used ∆X = 0.02 and ∆t = 0.0025. 

B.3 Free swelling by the linear poroelasticity theory 

A numerical method is used to solve Eqs. (2.46)-(2.48) by the linear poroelasticity 

theory for free swelling. For convenience, we normalize the chemical potential as B/GΩ, 

the displacement as E/ℎ0, and the time as �G∗/ℎ0�. The normalized space domain is 

I = J�/ℎ0 ∈ [0,1]. The boundary conditions are: B(0, �) = 0, B(1, �) = 0, and E(0, �) =
0. The initial conditions are: B(I, 0) = B0 and E(I, 0) = 0. With a spatial discretization, 

I
 = (� − 1)∆I for i = 1 to n+1 and ∆I = 1/�, we denote the nodal displacement and the 

chemical potential as: E
(�) = E(I
, �) and B
(�) = B(I
, �). The out-of-plane strain is 

then obtained at the midpoint as 
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By Eq. (4.18), the in-plane strain is obtained as 
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Next, Eq. (2.47) is discretized and written in a matrix form as 
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where I is the identity matrix (n by n), U is the unit matrix (n by n), and V is a n by n+1 

matrix to obtain the chemical potential at the midpoints by linear interpolation as 

B
)+/� = (B	
 + B	
)+)/2. Given the distribution of the chemical potential, the strain 

M(ε��)
, � = 1 − �O can be obtained from (B.34), and the in-plane strain ε++  can be 

obtained from (B33) at the same time step. 
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To integrate over time, Eq. (2.46) is discretized at each node (except for the two 

end nodes, where the chemical potential is fixed by the boundary condition) as 
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Moreover, taking time derivative of (B.33) and (B.34), we obtain that 
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The three rate equations, (B.35)-(B.37), can be solved simultaneously to find BP
 (i = 2 to 

n), (εP��)Q (i = 1 to n), and RP++. 

Using the forward finite difference scheme in time we update the values at time 

� + S� as 

B
(� + ∆�) = B
(�) + BP
Δ�    (B.38) 

(R��)
(� + ∆�) = (R��)
(�) + (RP��)
Δ�  (B.39) 

R++(� + ∆�) = R++(�) + RP++Δ�   (B.40) 

The procedure repeats itself to evolve the fields of chemical potential and the strain. The 

method is conditionally stable and requires a relatively small time step Δ�. For the 

simulation in Fig. 1.9, we have used  Δ� = 0.0001 and ΔI = 0.02. 

Alternatively, by using the backward time difference, the method is more stable 

and allows using much larger time steps for faster calculations. Briefly, the rate equations 

can be written in a matrix form 

PuuM =ɺ

   

  (B.41) 
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where u represents a vector including all the variables,  μ
 (i = 2 to n), (ε��)Q (i = 1 to n), 

and ε++. The two matrices M and P are independent of time. By backward difference, we 

obtain that 

( ) ( )( ) )( tttttt ∆+∆=∆+ Puu-uM

  

 (B.42) 

The vector can then be updated as 

( ) [ ] ( )tttt MuP-Mu
1−

∆=∆+

  

  (B.43) 
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APPENDIX C: ANALYTICAL SOLUTIONS FOR CONSTRAINED SWELLING OF HYDROGELS 

C.1 Initial state 

The hydrogel in the initial state is assumed to be homogeneous, isotropically 

swollen from the dry state, with the principal stretch 0iλ λ=  for i = 1 to 3. The initial state 

is stress-free, and thus by Eq. (3.2) we have

  

 

( )2 3

11 22 33 0 0 0 0

0

1
1 0Bs s s Nk T K Cλ λ λ

λ

 
= = = − + − − Ω = 

   

(C.1)

 

from which the nominal concentration at the initial state 0C  can be determined. The 

initial chemical potential is then obtained by Eq. (3.3) as 

 

( )

( )
( )0 30

0 0 02

0 0

1
ln 1

1 1
B

CC
k T K C

C C

χ
µ λ

 + Ω +Ω
= + − Ω − − Ω 

 + Ω + Ω   

(C.2)

 

For the incompressible limit with ∞→K , the two equations (C.1) and (C.2) can 

be combined into one by eliminating K, namely 

 

( )

( )
00 0

02 2

0 0 00

1 1
ln

1 1B

CC N

k T C C

χµ
λ

λ λ

 + Ω +  Ω Ω
= + + −    + Ω + Ω     

(C.3)

 

which can be solved with the incompressibility constraint, 3

0 01 Cλ = + Ω , leading to  

 

3

0 0

3 3 6 3

0 0 0 0 0

1 1 1 1
ln

B

N
k T

µ λ χ

λ λ λ λ λ

 −
= + + + Ω − 

   

(C.4) 

Equation (C.4) was corresponds to (B.18).
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C.2 Equilibrium state  

In the equilibrium state, the chemical potential equals zero everywhere, and the 

principal stretches of the constrained hydrogel layer become 2λ λ∞=  and 1 3 0λ λ λ= = , 

along with an equilibrium concentration C∞ . By Eq. (3.3), we have 

( )

( )
( )2

02

1
ln 1 0

1 1
B

CC
k T K C

C C

χ
µ λ λ∞∞

∞ ∞

∞ ∞

 + Ω +Ω
= + − Ω − − Ω = 

 + Ω + Ω   

(C.5)

 

Moreover, since the surface of the hydrogel is traction free, the nominal stress in the 

thickness direction must be zero. By Eq. (3.2), we obtain that 

 

( )2 2

22 0 0

1
1 0Bs Nk T K Cλ λ λ λ

λ
∞ ∞ ∞

∞

 
= − + − − Ω = 

   

(C.6) 

Eqs. (C.5)-(C.6) can be solved simultaneously to obtain the equilibrium swelling ratio λ∞  

and the solvent concentration C∞ , depending on the initial swelling ratio 0λ  and the 

material properties (NΩ, χ and K).  

For the limiting case with ∞→K , Eqs. (C.5-C.6) can be combined into one by 

eliminating K and solved with the incompressibility constraint, ∞∞ Ω+= C12

0λλ , leading 

to 

 

2

0

2 2 2 4 2

0 0 0 0

1 1 1
ln 0

Nλ λ χ
λ

λ λ λ λ λ λ λ λ
∞

∞

∞ ∞ ∞ ∞

 − Ω
+ + + − = 

   

(C.7) 

and corresponds to Eq.(B5). 

C.3 Early stage of swelling: a self-similar solution 

The transient process of constrained swelling can be described by a nonlinear 

diffusion equation. With the principal stretch ( )2 2 ,X tλ  and the solvent concentration 

C(X2, t), the chemical potential by Eq. (3.3) is 
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( )

( )
( )2

2 02

1
ln 1

1 1
B

CC
k T K C

C C

χ
µ λ λ

 + Ω +Ω
= + − Ω − − Ω 

 + Ω + Ω 
 

 

(C.8)

 

The traction-free boundary condition on the surface requires that the nominal stress in the 

thickness direction be zero, namely 

 

( )2 2

22 2 0 2 0

2

1
1 0Bs Nk T K Cλ λ λ λ

λ

 
= − + − − Ω = 

   

(C.9)

 

giving an expression for the nominal concentration as a function of the principal stretch

 

 

2

2 2 02

0 2

1 1
1B

Nk T
C

K
λ λ λ

λ λ

  
= − + −  
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(C.10)

 

The flux in the thickness direction is obtained from Eqs. (2.12) as 

 
2 22 2

2 2 2B
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µ µ

λ

∂ ∂
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(C.11)

 

Substituting (C.10) and (C.11) into Eq. (3.8) with r = 0 (assuming no source), we obtain 

that 
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where 
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(C.14)
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At the early stage of swelling (t → 0), the nonlinear diffusion equation (C.12) can be 

linearized as 

 

( )
( )

2
02 2

2

0 2

D

t X

ξ λλ λ

γ λ
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=
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(C.15) 

leading to a self-similar solution 
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The change of the thickness of the hydrogel layer is then obtained as
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H Dt
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(C.17)

 

For the limiting case with ∞→K  and using the incompressibility constraint, 

3

0 1 Cλ = + Ω ,  it can be shown that the self-similar solutions given by Eqs. (C.16) and 

(C.17) recover the equivalent self-similar solutions in Chapter 2, with ( ) 2

00 λλγ →  and 

( )
3 3 2

0 0 0
0 6 9 6

0 0 0

2 ( 1) ( 1)( 1)1
N

χ λ λ λ
ξ λ

λ λ λ

− − +
→ − + Ω . As noted in the previous study, a similar 

solution was obtained in linear poroelasticity (Yoon et al., 2010; Doi et al., 2009). 
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APPENDIX D: FLAT PUNCH INDENTATION OF AN ELASTIC HALF SPACE 

Several textbooks have presented analytical solutions for plane-strain indentation of 

an elastic half space using a rigid flat punch (e.g., Johnson, 1985; Bower, 2010). 

Assuming no slip in the contact region of the surface, the normal and shear tractions on 

the contact surface ( ax < ) can be written as 

 
2 2

2(1 )

3 4

i
F a x

i
a xa x

η
ν

σ τ
ν π

− + 
+ = −  

−−  −  

(D.1) 

where ν is Poisson’s ratio, ( ) ( )1/ 2 ln 3 4η π ν= −    and F is the total normal force (per 

unit length). Note that the stress field has an oscillatory singularity at the edge of the flat 

punch ( ax → ) unless 5.0=ν .  

To determine the indentation displacement, however, a point of datum has to be used. 

An analytical solution for the general case is possible but too lengthy to be included here. 

As a special case for 5.0=ν , we have 0=τ  and the solution coincides with that of 

frictionless contact with 

 
2 2

F

a x
σ

π
= −

−  

(D.2) 

Following the complex variable method in Bower (2010), the displacement at a point 

located on the line of symmetry (x = 0) under the indenter can be obtained as 

 

( )
( ) ( )2 2
1

0, ln
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u y y y a d
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ν

π

−
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(D.3) 

where y is the distance from the surface and G is shear modulus of the material. Taking 

the point at y = h as a datum with zero displacement, we obtain that 
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(D.4) 
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The surface displacement under the flat punch indenter is then 

 

( )
( ) 2
1

0,0 ln 1
y

F h h
u

G a a

ν
δ

π

 −   = = + +       

(D.5) 

As noted in Fig. 5.2, Eq. (D.5) considerably overestimates the indentation displacement 

for an elastic layer of thickness h. Apparently, the elastic layer has a much larger contact 

stiffness due to the presence of a rigid substrate, even for a very shallow indentation 

under the plane strain condition.   
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