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Robust Estimation of Tree Structured Probabilistic Graphical
Models

Ashish Katiyar, Ph.D.
The University of Texas at Austin, 2021

Supervisor: Constantine Caramanis

Undirected probabilistic graphical models or Markov Random Fields (MRFs) are a powerful
tool for describing high dimensional distributions using an associated dependency graph
G, which encodes the conditional dependencies between random variables. They form the
starting point for many efficient estimation and inference algorithms. Thus, learning the
graphical model of a collection of random variables from their samples is a fundamental,
and very well-studied problem. In this thesis, we study a natural variant of this problem -
learning the graph structure when the random variables have independent unknown noise.

We investigate this problem for the class of tree structured graphical models.

In the first problem, the task is to estimate tree structured Gaussian graphical models
from samples which have additive independent Gaussian noise of unknown variance. The
noise in different random variables breaks down the conditional independence relationship.
We ask: can the original tree structure be recovered. We prove that this problem is uniden-
tifiable, but show that this unidentifiability is limited to a small class of candidate trees. We

further present additional constraints under which the problem is identifiable.

In the second problem, we consider tree structured Ising models. The random vari-

ables in Ising models have support on {—1,+1}. We consider the task of learning Ising

xil



models when the signs of different random variables are flipped independently with possibly
unequal, unknown probabilities. We prove that, surprisingly, the same limited unidentifia-

bility results that hold for Gaussian graphical models continue to hold for Ising models.

In the final problem, we study the natural extension of these problems - what happens
in the case of graphical models on discrete random variables with larger support size. We
show that the setting of support size of 3 or more is richer as the tree may be partially
or fully identifiable. We provide a precise characterization of this phenomenon and show
that the extent of recoverability is dictated by the joint PMF of the random variables. In
particular, we provide necessary and sufficient conditions for exact recoverability. We provide
an efficient algorithm to recover the tree upto the identifiability. Finally, we conclude with
the sample complexity upper and lower bounds capturing the dependence of the number of

samples on the underlying parameters.
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Chapter 1

Introduction

1.1 Markov Random Fields - An Overview

Markov Random Fields (MRFs) provide a useful framework to model high dimen-
sional probability distributions via an associated dependency graph G, which captures the
conditional independence relationships between random variables. Here, the nodes corre-
spond to the random variables; edges represent the conditional independence relationships

between these nodes.

There are three perspectives for the encoded conditional independence relationships

that are equivalent:

1. Global Markov Property - Suppose the graph is partitioned into three partitions A, B, C'
such that B separates A and C. Then, when conditioning on the nodes in B, all the

nodes in A are independent of the nodes in C.

2. Local Markov Property - When conditioning on all the nodes a particular node has an

edge with, that node is independent of all the remaining nodes in the graph.

3. Pairwise Markov Property - Any two nodes that do not share an edge are independent

conditioned on all the remaining nodes.



Example Applications: Probabilistic graphical models have been extensively used
in a wide range of applications including image processing ([18, 24, 28, 83]), bioinformatics
([12, 39]), finance ([22, 68]) etc. A special class of graphical models called Ising Models were
first introduced in [32] to represent spin systems in quantum physics [10]. Recently, Ising
models have also proven quite popular in biology [33], engineering [15, 64], computer vision
[61], and also in the optimization and OR communities, including in finance [91], and social
networks [51]. The special class of tree-structured Ising models is beneficial for applications
in statistical physics over non-amenable graphs. A detailed description and further references

can be found in [49].

Data driven application of graphical models can be split into two major components
- (i) learning the underlying probabilistic graphical model from the data samples, (ii) per-
forming efficient inference using the learnt graphical model. This dissertation provides novel
insights into the first component of learning graphical models from data samples. The second
component of efficient inference, while being interesting in its own right, is out of the scope

of this dissertation.

1.2 Tree Structured Graphical Models

A special class of graphical model which has garnered a lot of interest is when the
underlying graph is a tree (the graph does not contain any cycles). For tree structured
graphical models, the joint distribution of all the random variables can be decomposed as a
product of pairwise distributions of the random variables that share an edge. Restricting to

this subclass of graphical models enables sample efficient learning as governed by the bias



variance trade-off. Furthermore, it is computationally efficient to perform exact inference

for tree structured graphical models.

We next understand the implication of tree structured conditional independence on
the decomposition of the probability distribution. Let X = [X7, X5, ... X,,] be a vector of
random variables whose graphical model is a tree T". Since the graphical model is undirected,
there does not exist a parent child relationship between the nodes. We arbitrarily select any
node X; as the root node and we define the parent node of any node X, denoted by X,
as the first node in the path from X; to X;. Without loss of generality, assume that X is

the root node. Then, the probability distribution of X can be decomposed as follows:

n

Pr(X) = PT(Xl)HPT(XﬂXﬂ(j)). (1.1)

Jj=2

1.2.1 Chow-Liu Algorithm

In the seminal work [17], the authors provide two key results - (i) The tree struc-
tured graphical model that best approximates a high dimensional probability distribution
(has minimum KL divergence) is the maximum weight spanning tree where the weights are
the mutual information between all the pairs of random variables. Furthermore, the pair-
wise marginals of all pairs of random variables connected by an edge match those of the
high dimensional distribution. (ii) The maximum likelihood estimate of the tree structured
graphical model given samples from a probability distribution is given by the maximum

weight spanning tree of the empirical pairwise mutual information.

We include the proof here for completeness. Let P be any arbitrary probability

distribution and Pr be the probability distribution of a tree T' structured graphical model.



The KL-divergence is given as follows:
Dy.(P, Pr) = ZP ) log P(x ZP ) log Pp(x) (1.2)

First note that ) P(X = x)log P(X = x) is equal for every Pr.

Next, we show that for a given tree T', Dy (P, Pr) is minimized when Pr(x;, Xz =
Tr;)) = P(X; = 2, Xz(j) = %x()). While this is an easy result, we could not find its
proof in the literature. Suppose Pr is a probability distribution that has the same graph
T but differs on at least one pairwise marginal from P for nodes connected by an edge.
Also assume that Pp(X; = x;, Xx(j) = @x¢)) = P(X; = 25, Xx(j) = ®x(;)). For the ease of
notation, for any probability distribution P, we denote P(X = x) by P(x), P(X; = z;) by
P(z;), P(X; = x;, X; = z;) by P(x;,x;), and P(X; = ;| X; = z;) by P(x;|x;) Then we have
that:

:ZP(X)I {)TEX;
B (10 Pr(z,) - o M
_;P< ) <1 gPT(l‘l) +j221 gﬁT(xj‘xw )>

Pr(z) Pr(a;]zx)

~S e i £35S Pl o et
T(:L'l) j 21‘J 77(7) T(x]|x7r(J))

pT(.T"fﬂﬂ(j))

=>» Pr(n log —l— Pr(zj, 2x(j)) log =— 2~

Z ]z; sz;m Pr(z;lm)

= Pr(x)log Pr(x ZPT x) log Pr(x)

:DKL(PTapT) > O(&SPT 7£ PT)



Thus, > P(x)log Pr(x) > > P(x)log pT(x). Therefore, Dy (P, Pr) < Dgr(P, P})

With this insight, let us come back to Equation (1.2).

Dg1(P, Py) ZP ) log P(x ZP (log Pr(z) + ) _log PT(a:j]xﬂ(j))>

- zx: P(x)log P(x Z P(x (10g P(xy) + JZ:; log Pg(;jgj();ijf)j) +>

Now, note that

—ZP Jlog P(z1) = — Y P(x1)log P(z1) = H(X)).

1

Similarly,

n n

- Px) ZlogPT(-’Ej) = =) > Play)log P(x;) = Y  H(X;).

j:Q j j=2

Also note that

Z Pz Zlog 13]7 .CL’W(J) Z Z (2, 2a(p) log P]:(jxja Tr(j)) ZI Xo (i)

J=2 zj, Tr(5)

Therefore, we get

n

DKL<P PT +ZH Z (Xj7X7T(j))

j=2
Since, —H(X) +>_7_, H(Xj) is equal for all Pr, in order to minimize Dy (P, Pr), we need
to maximize Z;;Q I(X;, Xr@;))- Thus, the optimal tree 7" is the maximum weight spanning
tree with weights being the mutual information of all the pairs of random variables. This

concludes the proof of the first result.



Next, we find the maximum likelihood estimate of tree structured graphical model

2

given samples from a probability distribution. Let x!,x%...x°* be the samples and Pr be a

probability distribution with tree structured graphical model 7. Then we have:

Lp.(x'x*...x%) :HPT(X

—H(PT ) G )

Thus the log likelihood [p, is given by:

Ip.(x',x*...x%) = Z (108; Pr(z}) + Z log PT<5U§"5U;(J')>>

i=1 j=2

Z Pr(z1)log Pr(zy) + Z Z pT(:Bj, Tr(;))log PT($§|$;(j))

X1 7=2 T, T (5)

Recall the analysis as the one used to prove that the best tree structured graphical model
approximation of a high dimensional distribution has pairwise marginals of the nodes con-
nected by an edge equal to the pairwise marginals of the those nodes in the high dimensional
distribution. Using the same argument we can conclude that, for a given tree T, the likeli-
hood is maximized when the pairwise marginals of nodes connected by an edge is equal to

the empirical estimate. Thus, we have that:

IIIlDaleT<X1,X2...XS)

—maxz <log Pr(z?) Zlog Pr(x W(] ))

i=1

i (2, xt )
—max lo PT o) 72 7md) .
Z<Z ’ +JZ2 S Palel) P (Q)




n

~ A " ~ i i PT(:EZ?:E;— i )
—maxs ZZPT(Ij)logPT(xj)+Z Z Pr(z}, x; ;) log = ARE)

j=1 J=2 j,2 () PT(xé')PT@ir(j))
= max s (Zl H(X;)+ ZQ 1(X;, X,T(j))> .
Jj= j=

Since Z?:l H (X,) is equal for every tree, the maximum likelihood tree is the maximum

weight spanning tree with the weights being the empirical pairwise mutual information.

Clearly, when the underlying graphical model is tree structured, the Chow Liu algo-
rithm correctly recovers the underlying tree. The sample complexity and error exponents
of the Chow-Liu algorithm when the underlying graphical model is tree structured were

presented in [8] and [71] respectively.

1.2.2 Effect of noise

In practice, it is rare to observe the random variables without noise, as sources of
noise are ubiquitous, e.g. errors in sensors, incorrect human labeling. The problem is
further exacerbated by the fact that often the magnitude of the noise in unknown. For
critical applications like modeling the gene interaction networks, it is even more important
to ensure that the graphical model estimate is robust to the noise in the observations. Thus,

it is imperative to understand the impact of noise on the graphical model estimation problem.

Noise in the random variables can break down the conditional independence relation-
ship. For instance, if two random variables X and Z are independent conditioned on Y, we
do not expect the noisy versions of these variables to satisfy the same conditional indepen-
dence relationship even if the noise in the random variables is independent. We understand

this with a simple example.



Example: Suppose X, Y and Z have support on {0, 1}. The data generation process is that
X is a fair coin toss, if X takes the value 1, for Y we toss a biased coin whose probability
of 11is 0.99 and if X takes the value 0, for Y we toss a biased coin whose probability of 0 is
0.99. Similarly, if Y is 1, for Z we toss a biased coin whose probability of 1 is 0.99 and if Y

is 0, for Z we toss a biased coin whose probability of 0 is 0.99. This is given as follows:

P(Y =1|X =1)=0.99, P(Y = 1|X = 0) = 0.01

P(Z=1|Y =1) =099, P(Z =1|Y = 0) = 0.01.

It is easy to see that X L Z|Y. Now let us assume that Y is noisy, that is, the bit Y gets
flipped with some probability. It is easy to see that X and Z are no longer independent.

Thus, noise in Y breaks down the conditional independence relationship X 1 Z|Y.

Therefore, noise in the random variables can introduce new edges in the graphical
model, thereby obfuscating the original graph structure. This gives rise to the natural
question: Can the original graph be recovered? One approach could be to apply the Chow-
Liu algorithm on the noisy observations. Unfortunately, when the nodes are corrupted by
noise of unequal magnitude, it can change the order of the pairwise mutual information,

thereby, potentially changing the maximum weight spanning tree.

In this dissertation we study three classes of tree structured graphical models - (i)
Gaussian Graphical Models, (ii) Ising Models, (iii) Discrete graphical models with support

size larger than 2. We uncover novel unidentifiability phenomena for these graphical models.



1.3 Contribution and Organization

Chapter 2: Robust Estimation of Tree-Structured Gaussian Graphical Models
In this chapter, we consider the task of learning the underlying tree for Gaussian graphical
models when the observations from random variables have independent additive Gaussian
noise with unknown variance. In the absence of noise, we can estimate the covariance matrix
and it is well-known that the support of the inverse covariance matrix corresponds to the
edges of the graphical model. Due to noise, instead of having access to the true covariance
matrix >, we only have access to the noisy covariance matrix M = > + D, where D is
an unknown positive diagonal matrix. We investigate whether is it possible to recover the
conditional independence structure (graphical model) of the underlying variables. We prove
that it is impossible to recover the original tree, however, it is possible to recover a small
equivalence class of trees which contains the original tree. This equivalence class of trees is
given by all possible permutations of the nodes within a leaf cluster (a leaf node, its parent,
and its siblings form a leaf cluster). The key idea revolves around using the uncorrupted
off-diagonal elements of the covariance matrix to make inferences about the graph structure.

We also present some side information conditions which can make the problem identifiable.

Chapter 3: Robust Estimation of Tree-Structured Ising Models This chapter is
about the robust estimation of Ising models. In this case, the noise is because of the random
variables flipping their sign with unknown, possibly unequal probability. We approach this
problem by estimating the probability of error for the different random variables which
can lead to tree structured graphical models. Interestingly, we arrive at the exact same

identifiability results as for Gaussian graphical models.



Chapter 4: Recoverability Landscape of Tree Structured Markov Random Fields
under Symmetric Noise Insights from above two problems lead to a natural question:
does this property of identifiability upto an equivalence class of trees in the face of indepen-
dent noise hold for graphical models on generic random variables or is it a special property
of Gaussian graphical models and Ising models. We show that when the support size is 3
or more, the structure of the leaf clusters may be partially or fully identifiable. We provide
a precise characterization of this phenomenon and show that the extent of recoverability is
dictated by the joint PMF of the random variables. In particular, we provide necessary and
sufficient conditions for exact recoverability. Furthermore, we present a polynomial time,
sample efficient algorithm that recovers the exact tree when this is possible, or up to the
unidentifiability as promised by our characterization, when full recoverability is impossible.
We also provide sample complexity lower bounds for the problem. Finally, we demonstrate

the efficacy of our algorithm experimentally.
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Chapter 2

Robust Estimation of Tree Structured Gaussian

Graphical Models

2.1 Introduction

In this chapter, we study the recovery of tree structured Gaussian Graphical Models
from noisy samples. For jointly Gaussian random variables, the graphical model is given by
the non-zeros in the inverse of the covariance matrix, also known as the precision matrix. We
ask a natural variant of this fundamental problem: suppose we observe the random variables
with independent additive noise. Thus, in the infinite sample limit, rather than knowing
the covariance matrix, >, we have access only to M = ¥ + D, the sum of the covariance
matrix and a diagonal matrix. In general, (X + D)~! does not share the sparsity structure
of ¥71. In the language of probability, if two random variables X and Y are independent
conditioned on Z, then we do not expect that (X +W;) and (Y + W3) are independent when

conditioned on (Z + W3), even when Wy, W5 and W3 are independent.

Parts of this chapter are available at: Katiyar, Ashish, Jessica Hoffmann, and Constantine Carama-
nis. “Robust estimation of tree structured Gaussian graphical models.” In International Conference on Ma-
chine Learning, pp. 3292-3300. PMLR, 2019. The author formulated the problem, performed the theoretical

analysis and contributed in writing the paper.
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We ask: when is it possible to recover the conditional independence structure (graph-
ical model) of the underlying variables, i.e., when can we recover the sparsity pattern of
¥71?7 Despite the voluminous literature on Gaussian graphical models, to the best of our

knowledge, there has been no answer to this question.
Contributions of this paper. We show the following:

e A negative result of unidentifiability (Theorem 2.4.1): Even for a simple Markov chain
on three nodes, the problem is unidentifiable even when an arbitrarily small amount
of independent noise is added. That is, there are covariance matrices that differ only

on their diagonal entries, and yet whose inverses have different sparsity patterns.

e A positive result of limited unidentifiability (Theorem 2.4.2): While unidentifiable,
even for large independent noise, the ambiguity is highly limited. Specifically, we show
that for tree-structured graphical models, distinguishing leaves from their immediate
neighbors is impossible, but the remaining structure of the graph is identifiable (see

Figure 2.1 for an illustration).

e Identifiability with Side Information:

— (Theorem 2.4.3) We characterize an upper bound on the noise which, if given as
side information, makes the problem identifiable.

— (Theorem 2.4.4) If there is side information that in the precision matrix, for a leaf
node, the diagonal entry is greater than the absolute value of the other non-zero
entry, the problem is identifiable.

— (Theorems 2.4.5, 2.4.7) Given a lower bound on the minimum eigenvalue of the

true covariance matrix as side information, we characterize the upper bound on

12



the noise for which the problem is identifiable. We also characterize a lower bound

on the noise which makes the problem unidentifiable.

2.2 Related Work

Estimating Gaussian graphical models has been a very widely explored topic. Various
algorithms based on the ¢! penalized log likelihood maximization have been used in, e.g.,
2, 59, 23, 89, 62]. A parameter free Bayesian approach was presented in [82]. In [50] and [88],
another approach was proposed which finds conditional independence relations by regression
using one random variable as output and the remaining random variables as input. The
output variable is conditionally independent of the input variables with regression coefficient

Zero.

The Chow-Liu algorithm of [17] (Section 1.2.1) is the most popular algorithm for
learning tree structured graphical models. However, as discussed in Section 1.2.2, in the

presence of unequal noise, it can converge to an incorrect tree.

There has been research about learning tree structured graphical models with latent
variables ([16, 58, 13]). Omne could cast our problem as the problem of learning latent tree
graphical model with the leaf nodes being the noisy random variables we observe and the
latent nodes being the true underlying random variables. However, algorithms learning
latent tree graphical model focus on minimal tree extensions which assume that all the latent
nodes have degree greater than 2. This assumption makes these algorithms inapplicable in
our setting as the leaf nodes of the original tree have degree 2 when considering graphical

models containing both- the non-noisy nodes and the noisy nodes.
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Robust estimation of graphical models has been extensively studies in [46, 87, 79, 37,
48, 78, 45]. However, the robustness is against outliers or missing data or Gaussian noise
with known covariance or bounded noise. To the best of our knowledge, there is no work
that addresses the natural setting of (unknown) additive independent Gaussian noise. This
is precisely the setting that we tackle in this paper. In [90] the authors address the problem
of measurement error in the directed graphical models setting. These results do not extend

to the setting of undirected graphical models.

The algorithm in [34] comes closest to our setting, and in fact is complementary.
In that work, the goal is to recover the graph structure in the presence of corruption in
those off-diagonal terms of the covariance matrix which are not conditionally independent.
Specifically, the results there do not consider (and cannot address) noise in the diagonal
elements. Thus, this setting considers a perfectly complementary setting, as in this work
there is noise only in the diagonal elements of the covariance matrix and not in the off
diagonal elements. It would be interesting to consider if these results can be merged to

obtain a general result.

2.3 Problem Statement

Let X = [X}, X5..., X,,]T denote a vector of jointly Gaussian random variables whose
conditional independence structure is given by a tree. We call this the true tree T*. We denote
the covariance matrix of X by X* and the precision matrix by Q*. That is, X ~ N(0, 3*).

We denote the noise covariance matrix by D*. This is a non-negative diagonal matrix. We

14



denote the observed noisy covariance matrix by:
¥ =¥"+D"

Given X° as an input, recovering >* exactly is never possible. Consider, for instance, inde-
pendent noise added only to a leaf node. Instead, we would like to recover the underlying
tree T*. We show that in general, recovering 7™ exactly is not possible. However, we show
that the ambiguity is limited. We characterize this explicitly. That is, we characterize the set
of possible trees T" that correspond to a covariance matrix, ¥’ and a nonnegative diagonal

matrix D’ such that X° ="+ D'.

Notation: For any matrix 3, (X)? represents the transpose of the matrix. X;; denotes the
element at the i, j position. X.; represents the i column. ¥_; _; represents the submatrix
after deleting row ¢ and column j from X. ¥_;; represents the j¥ column without the ™"
element. Similarly, 3; _; represents the i" row without the j element. We use det(X) to
represent the determinant of the matrix. For a random vector X = [X1, Xo,..., X,,|T, X;

denotes the i*" component and X_; denotes the subvector after removing the i"* component.

2.4 Identifiability Result
Let the set of all the leaf nodes of 7™ be L:
L = {a | node a is a leaf node in T"}.
Consider all the subsets of £ such that no two nodes in the subset share a common neighbor.

Let p be the number of such subsets. Let 87 be the ¢** subset. Let T? be the tree obtained
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Figure 2.1: For this T, Tp« is the set of all the trees obtained by permuting the nodes within

each of the dotted regions. We prove that while T is unidentifiable, under our noise model, we
can recover Jp«. In other words, the tree structure is recoverable up to permutation of leaves with

their neighbors.

by exchanging the position of nodes in 8¢ with their neighbor node in 7*. Therefore, for

every tree T, there is a corresponding set 9.

Definition 2.4.1. For any tree T, we define the equivalence class of tree T as follows:
T ={T9|q€{1,2,...p}}.

Figure 2.1 gives an example of Tp«.

2.4.1 Identifiability Results without Side Information

Theorem 2.4.1. (Negative Result - Unidentifiability) Consider a covariance matriz 3*
whose independence structure is given by the tree T*. Suppose we are given a moisy co-
variance matriz ¥° = X* + D* where Dj;; > 0 when i is a neighbor of a leaf node. For
any tree T € Tpe, it is always possible to decompose >.° = Y + D where the conditional

independence for S is given by the tree T and D is a non-negative diagonal matriz.
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Proof Outline. We give an explicit construction that demonstrates that any tree
T € Tr. is achievable. Consider any tree T € Ty« and its corresponding leaf subset S. The

required decomposition of 3° = ¥ + D is given as follows:

A ifi=je8
S = X4 ifi=je Neighbor(8) (2.1)
25 otherwise,

where N eighbor(g) is the set of neighbor nodes of all the nodes in S. Also, ¢t is chosen such

that 0 < ¢} < D;..

D} + o ifiesd
Di=1{ Dr—dc ifie Neighbor(S) (2.2)
Dy, otherwise.

The full proof which includes arriving at this decomposition and showing that the conditional

independence structure of ¥ is given by T is in Appendix A.

Theorem 2.4.2. (Positive Result - Limit on unidentifiability) Consider any decomposition
Y2 =34 D’ such that the conditional independence for ¥ is given by a tree T" and D' is a
non-negative diagonal matriz. ThenT" € Tp«. Equations 2.1 and 2.2 provide a decomposition

that results in this T".

Proof Outline. The proof of the theorem relies on showing that the off-diagonal terms
of the covariance matrix suffice to specify the structure of the underlying tree up to the
equivalence set Jp«. Our proof is constructive, and hence can be considered as a proto- or

conceptual- algorithm for recovering Jp-.

The main building block of this proof is to categorize any set of 4 nodes as a star-

shape or a non-star-shape (we define this below). Moreover, if it is a non star shape, we show
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Node Set Classification | i, pairing (If
Applicable)

{0,1,3,7} Non-Star 1, {{0,1}, {3,7}}

{7,8,9,10} | Non-Star 1, {{7,8}, {9,10}}

{14, 2, 10, 11} | Non-Star 2,{{14,2}, {10,11}}

{7,9,1, 6} Star N.A.

{1, 14, 10,6} |Star N.A.

Figure 2.2: Examples of classification of 4 nodes as star shape or non star shape. If they form a
non star shape, the nodes are grouped in pairs of 2.
that it is always possible to partition the four nodes into two pairs that each lie in separate

connected components of the tree.

Definition 2.4.2. e Four nodes {i1,1i9,13,14} form a non-star shape if there exists a
node i in the tree T*! such that exactly two nodes among the four lie in the same

connected component of T \ i.

o If {i1,i9,13,14} do not form a non-star shape, we say they form a star shape.

It is easy to see that in the event that a set of 4 nodes forms a non star, there exists a grouping
such that the 2 nodes in the same connected component form the first pair and the other
2 nodes form the second pair. Figure 2.2 gives examples of star shape and non star shape.
This categorization is done using only the off-diagonal elements of the covariance matrix,
hence this property remains invariant to diagonal perturbations, that is, every set of 4 nodes
falls in the same category in any tree obtained from the decomposition of ¥° = ¥/ + D’ as

¥i; = X5 Vi # j. The proof of this theorem is split in 3 parts:

'Note that nothing prevents i, to be one of the four nodes.
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(i) Prove that it is possible to categorize any set of 4 nodes as star shape or non star shape
using only off diagonal elements of the covariance matrix. Moreover, if the 4 nodes

have a non star shape, we can find their grouping in two halves.

(ii) Prove that this categorization of all the possible sets of 4 nodes completely defines all
the possible partitions of the original tree in 2 connected components such that the

connected components have at least 2 nodes.

(iii) Prove that these partitions of a tree into connected components completely define the

tree structure up to the equivalence set Tp«.

For part (i), we prove that a set of 4 nodes {iy,is,13,44} forms a non star shape such that

nodes 7; and i form one pair and i3 and 74 form the second pair if and only if:

E;,f(l’ig Z:2i3

Z;’M B 22;7;4 ’ 2 3

PR i (2:3)
121 7& 1274 )

T Y

1371 1314

We also prove that a set of 4 nodes {i1,i2,13,14} forms a star if and only if:

2;@'3 _ E;ﬂzis
Z;(lizl Z;,!<22‘47 (2 4)
2:221 _ Z;Qizl
Sx S

1311 1314

For part (ii), we first define a subtree.

Definition 2.4.3. Let A denote the set of all the nodes in T*. A subtree B of a tree T™ is
a set of nodes such that B and A \ B both form connected components in 7*. The pair of

subtrees B and A \ B are called complementary subtrees.
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We prove that if we start with a set of nodes {i1, 2, 43,74} that form a non star such
that nodes iy and iy form a pair, we can get a partition of 7™ into the smallest subtree
containing ¢; and i, and the remaining tree. This is done using the function SMALLEST-
SUBTREE(X?, {41, i2, 13,14} ), the details of which are provided in Appendix B.2. Upon doing
this for different initializations, we get all the possible partitions of the tree such that each

partition has at least 2 nodes.

For part (iii) we define equivalence clusters and edges between equivalence clusters

as follows:

Definition 2.4.4. A set containing an internal node and all the leaf nodes connected to
it forms an equivalence cluster. We say that there is an edge between two equivalence
clusters if there is an edge between any node in one equivalence cluster and any node in the

other equivalence cluster.

The subtrees obtained from part (ii) completely specify the equivalence clusters and
the edges between the equivalence clusters. This gives us the set Tp«. Partitioning in part
(ii) and equivalence clusters in part (iii) are illustrated in Figure 2.3. The detailed proof of

each part is presented in Appendix B.

2.4.2 Identifiability Results with Side Information

Theorem 2.4.3. (Mazimum Noise Identifiability Condition) Suppose the noise is upper
bounded by

1
D:;a < Q—*, Vael (25)

aa
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EC - Equivalence Cluster }

(a) (b)

Figure 2.3: (a) Suppose {i1,149,13,i4} = {7,9,5,2}, part (ii) partitions the nodes in group 1 and

group 2. All the equivalence clusters are also shown. (b) Edges between equivalence clusters.

and suppose that this upper bound is known as side information. In this case, the decompo-

sition of X.° = X' + D' results in X' whose independence structure is given by T*.

Proof. From Equation 2.2, for a leaf node a to exchange position with its neighbor, we need:

1

“ 0,

The constraint in Equation 2.5 makes this solution infeasible. Hence any feasible solution

cannot have a leaf node exchanged with its neighbor. O]

Theorem 2.4.4. (Leaf Diagonal Majorization Identifiability Condition) Suppose 2 satisfies
the condition that for any leaf node a and its neighbor node b in T*, O, > |Q%,|. Then for

any decomposition of ¥° = X' 4+ D' which satisfies the same property, the tree structure of

Y is the same as that of X*, that is, T' = T*.

Proof Outline. To prove this claim, we consider the decomposition of ¥° = ' + D’

such that the conditional independence structure 7" for 3’ has leaf node b and its neighbor
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node a. We show that €, < [€2/,], that is, the leaf node b in 7" violates the constraint. Hence,
any decomposition of »° which results in an exchange of a leaf node with its neighbor is

infeasible. Hence the problem becomes identifiable.

Relabeling if necessary, assume that node n is a leaf node connected to node n — 1 in
T*. From Equation 2.1, the decomposition of ¥° = ¥/ + D’ to obtain a tree structure 7" in

which node n — 1 is a leaf node connected to node n is given by:

Ti—ar fi=j=n
/ ; ; e . .
RS Yt 0<a<Dy g, ifti=5=n—-1

e otherwise.

We derive the expression of Q' = (X')~!. We denote B! and B? as follows:

¢ 0<di<D: | Jifi=j=n-—1

1 n—Iln—
0 otherwise
g ) "o ifi=j=n
i )
0 otherwise

This gives us ¥/ = ¥* + B! + B2 The calculation of ' = (¥')7! is presented in Appendix

C. At positions (n — 1,n — 1) and (n — 1,n) of £, we get:

, 1
—1In—-1 — -1
n—1n crlz 1
*
QI _ an
n—1ln — n—lQ*
Cq n—1n

By the original assumption we have €, > |2, | hence Q@ ;. | < [Q)_;,|. Therefore any

exchange of leaf node with its neighbor gives an infeasible solution.
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Theorem 2.4.5. (Minimum FEigenvalue Identifiability Condition) Suppose that a lower bound
on the minimum eigenvalue Ay, of X* 1s such that for every neighbor node b of a leaf node
a i T*, D}y < Apin- Then for any decomposition of 3° = X' + D' such that the minimum
eigenvalue of X' is at least Mpin, the tree structure of ¥ is the same as that of X*, i.e.,

T =T

Corollary 2.4.6. If the smallest eigenvalue of ¥* is larger than every element of the diagonal

noise matriz D*, and we know that this fact holds as side information, then T™ is identifiable.

Proof. Relabeling if necessary, assume that node n is a leaf node and node n—1 is its neighbor
in 7*. We again consider the decomposition of 3° = ¥’ + D’ such that the conditional
independence structure 7" for ¥’ has leaf node n — 1 and its neighbor node n. In order to

prove this theorem we first consider an intermediate matrix ¥7:
Y =%+ B2

¥ has minimum eigenvalue 0 (This is proved in the Appendix A during the proof of Theorem
2.4.1). ¥/ is obtained as follows:
> =%'+ B

We denote the minimum eigenvalue of ¥/ by X . and ¥! by Al . . Using a standard result

in matrix perturbation theory for symmetric matrices [67] we have:

/ I n—1
/\min S )‘mm + €1
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If DX 1,1 < Apin then X .~ < A\, making this decomposition infeasible. Hence any

decomposition resulting in the exchange of a leaf node a with its neighbor b is infeasible if

Theorem 2.4.5 gives a sufficient condition on the noise for identifiability if the mini-
mum eigenvalue is lower bounded. Next, we present a sufficient condition for unidentifiability
in the same setting.

Before the theorem statement, we define the following quantities for any pair of a leaf node

a and its neighbor b in T™:

e® =1+ Loy
€25,
)2 o
fab — (ia + ia 7
(€5,)7 1825,
QL (0,00 — ()0 = |
ab _ ““aa\*‘aa®“bb ab aa 26)
g : + : (
ORE 2 ol
Jj#a,b
Rt _maX<Z]Q “6|*Q |)
i#a,b j=1 | b|
Jj#ab

Theorem 2.4.7. (Minimum FEigenvalue Unidentifiability Condition) Suppose that a lower
bound on the minimum eigenvalue of X* is Apin. If for any decomposition of 3° = '+ D',
the same constraint holds, the problem will be unidentifiable if, for a leaf node a and its

neighbor b, the noise in node b is lower bounded as follows:
eab)\min Zf Amzn S %}

fab 3 eab_fu.b) 1
1//\min_gab Zf eab ab < )\mzn < ab? hab

Dy, >

If this holds, there exists a feasible ¥’ with conditional independence structure T" which has

node b as a leaf node and node a as its neighbor.
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Proof Outline. Suppose ¥’ has node b as leaf node and node a as its neighbor and the
rest of the structure is the same as 7. We provide a lower bound on the minimum eigenvalue
of ¥/ by upper bounding the maximum eigenvalue of ' using Gerschgorin’s Theorem [67].
The details are provided in Appendix D.

Note that a lower bound on the noise for unidentifiability can be given only below a threshold
of M\in. If A\in is above this threshold, we cannot draw a conclusion about identifiability

using this theorem.

2.5 Examples and Illustrations

In this section we provide an example to illustrate the theorem statements.

Consider a Markov Chain (MC) on 4 nodes whose covariance matrix is given as follows:

[ 1.1508 —0.1885 0.0548 —0.0069-
—0.1885 0.2356 —0.0686  0.0086
0.0548 —0.0686 0.7472 —0.0934

_—0.0069 0.0086 —0.0934 0.1367 |

¥ =

Then its precision matrix is:

1 08 0 0
08 5 04 0
Q" =
0 04 15 1
0 0 1 8
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and 7™ is given in Figure 2.4(a). Let the noise matrix be:

We have >° = X* + D*.

0.1
0
0
0

D*

2.5.1 Example for Theorem 2.4.1

0o 0 O
10 0 O
0 05 O
0 0 01

By Theorem 2.4.1, there exists a decomposition of ¥X° = ¥’ + D’ such that the

conditional independence structure of 3’ is given by a tree 7" with node 2 as a leaf node. A

possible decomposition is as follows:

¥ =

D' =

0.1508
—0.1885
0.0548

The precision matrix 2’ is then:

1.7 0 0 O
0 0 0 O
0 0 05 O

i 0 0 O 0.1_

—0.1885
10.2356
—0.0686

—0.0069  0.0086

O =

0.1250
-0.5
0

0.1
0
0

26

0.0548
—0.0686
0.7472
—0.0934

6.9687 0.1250 —0.5

0
1.5
1

—0.0069
0.0086
—0.0934

0.1367

(2.8)



(C) TChow-Liu

Figure 2.4: (a) T* is a Markov Chain on 4 nodes. (b) 7" is an element of T+, thus 3%’, D" such that
¥° =%+ D', D' is diagonal with non-negative entries and the conditional independence structure
of ¥/ is given by T”. (¢) Running the Chow-Liu algorithm on the 3° gives a tree which is not in
T+, hence it gives an infeasible solution.

Thus, in the conditional independence structure of ¥, node 2 is a leaf node attached to node

1 as shown in Figure 2.4(b).

Chow-Liu. We now note that running the Chow-Liu algorithm on 3¢ gives a MC
as shown in Figure 2.4(c). This tree does not belong to Tp«. This is an example of how the

Chow-Liu algorithm can give an infeasible solution.

2.5.2 Example of Theorem 2.4.3

The noise matrix D* satisfies the condition of Theorem 2.4.3:

1
— . Dy, < —.
) 44
on 1

Dy, <
Hence by the theorem statement, with side information that Dj; < 1, the decomposition in
Equation 2.7 is no longer feasible. Similarly a decomposition with node 3 as a leaf node is

also not feasible. Hence the only feasible solutions have the same structure as 7™ and the

problem is identifiable.
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2.5.3 Example of Theorem 2.4.4

)" satisfies the condition of Theorem 2.4.4, that is, for leaf nodes 1 and 4:
Q11 > [, Qg > [Q34]-

In the presence of side information that for any leaf node b connected to node a in 717,
1w > |2, ], the decomposition in Equation 2.7 becomes infeasible as Qf, < |€2),]. Similarly,
exchanging nodes 3 and 4 also results in an infeasible Y. Hence the problem becomes

identifiable with this side information.

2.5.4 Example of Theorem 2.4.5.

A lower bound on the minimum eigenvalue of ¥* is \,,;, = 0.6. The noise in node 2

does not satisfy the condition of Theorem 2.4.5, that is:

Therefore, we cannot say anything about the feasibility of the decomposition when node
2 becomes a leaf node connected to node 1. However, the condition of Theorem 2.4.5 is
satisfied by node 3, that is:

Therefore any decomposition which results in node 3 becoming a leaf node violates the
minimum eigenvalue constraint (if ¥’ were such that node 3 were a leaf node, the minimum

eigenvalue of ¥’ could at most be 0.0046 < A ).
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2.5.5 Example of Theorem 2.4.7

In order to illustrate Theorem 2.4.7, we consider leaf node 1 and its neighbor node 2.

The values e'?, f12, g'2 h'? for the current example are:
el? =225, f12 =2.8125, ¢'? = 7.3125, h'? = 9.

If \in = 0.6, we cannot draw a conclusion about the identifiability of the problem using
Theorem 2.4.7 as Apin > 1/h'2. If instead A\ = 0.1, it satisfies A\pin < 1/h2,1/g'2. Hence
we can arrive at a lower bound on the noise for unidentifiability using Theorem 2.4.5 which

is given as follows:

D}, > 1.0465.

29



Chapter 3

Robust Estimation of Tree Structured Ising Models

3.1 Introduction

In this paper, we explore the problem of learning the underlying graph of tree-
structured Ising models with independent, unknown, unequal error probabilities. In 2011,
[14] highlighted the importance of robustness in Ising models. Recent works in [26, 27, 44]
have tried to address this problem. However, they assume the side information of the error
probability, which is mostly unavailable and difficult to estimate in most practical settings.
In the closely related work for tree-structured Ising models, [53, 55| address this problem
as they build on the Chow-Liu algorithm of [17]. In [53], they consider the simplified case
where each node has an equal probability of error and [55] assumes that the error doesn’t
alter the order of mutual information. Both assumptions imply that asymptotically, Chow-
Liu converges to the correct tree. However, these assumptions don’t arise naturally and are
difficult to check from access to only noisy data. To the best of our knowledge, there doesn’t

exist an analysis of what happens beyond this limiting assumption of order preservation of

Parts of this chapter are available at: Katiyar, Ashish, Vatsal Shah, and Constantine Caramanis. ”Ro-
bust estimation of tree structured Ising models.” arXiv preprint arXiv:2006.05601 (2020). The author for-

mulated the problem, performed the theoretical analysis and contributed in writing the paper.
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mutual information.

In fact, section 5.1 of [9] provides an example of the unidentifiability of the problem
for a graph on 3 nodes and says that the problem is ill-defined. We reconsider this problem,
and show that for the special class of tree structured Ising models, although the problem is
not identifiable, nevertheless the unidentifiability is limited to an equivalence class of trees.
Thus, more appropriately, one can cast the problem of learning in the presence of unknown,

unequal noise as the problem of learning this equivalence class.

Key Contributions

1. We show that the problem of learning tree structured Ising models when the obser-

vations flip with independent, unknown, possibly unequal probability is unidentifiable

(Theorem 3.3.8).

2. The unidentifiability is restricted to the equivalence class of trees obtained by permut-

ing within the leaf nodes and their neighbors (Theorem 3.3.4).

While we also developed an algorithm to recover the equivalence class of trees from the noisy
samples and performed the sample complexity analysis for the same, we do not include it in
this chapter as the algorithm presented in Chapter 4 is also applicable in the case of Ising

models and outperforms this algorithm.
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3.2 Related Work

Efficient algorithms for structure learning of Ising models can be divided into three
main categories based on their assumptions: i) special graph structures [1, 17, 19, 66, 8], ii)
nature of interaction between variables such as correlation decay property (CDP) [6, 7, 9,
42, 60], iii) bounded degree/width [5, 20, 36, 47, 85, 76]. However, these algorithms assume

access to uncorrupted samples.

In the last decade, there has been a lot of research on robust estimation of graphical
models [37, 45, 46, 79, 87]. However, extending the above frameworks to the robust structure
learning of Ising models remains a challenge. [26, 27, 44] have tried to solve the problem of
robust estimation of general Ising models under the assumption of access to the probability of
error for each node. Recently, [53, 55] proposed algorithms to estimate the underlying graph
structure of tree-structured Ising models in the presence of noise under the strong assumption
that the probability of error does not alter the order of mutual information order for the
tree. Both these assumptions are restrictive and impractical. In this paper, we present the
first algorithm that can robustly recover the underlying tree structured Ising model (upto an

equivalence class) in the presence of corruption via unknown, unequal, independent noise.

3.3 Identifiability Result

Problem Setup: Let X = [X], X, ... X] be a vector of random variables with support
on {—1,1}. Suppose the conditional independence structure of the variables of X is given
by a tree T%. This implies that the distribution of X can be represented by an Ising model.

In our model, we have observations where each X flips with probability ¢;. We denote

32



the probability of error by the vector q = [q1, @2, - - - ¢n] and the noisy random variables by
X' =[X{,X}...X]]. The error in X} disrupts the tree structured conditional independence
and the graphical model of X’ is a complete graph if ¢; > 0 Vi € [n]. In fact, X’ need not be

an Ising model. Given samples of X', we want to find the tree structure 7*. T

Model Assumptions

Assumption 3.3.1. (Bounded Mean) The absolute value of the mean - |E[X;]| < ptimar < 1
Vi € [n].

Assumption 3.3.2. (Bounded Correlation) Correlation p;; of any two nodes X; and X;

connected by an edge - pmin < |pij| < pmaz where 0 < prin < Pmaz < 1.

Assumption 3.3.3. (Bounded error probability) The error probability - 0 < ¢; < ¢max < 0.5
Vi € [n].

These assumptions arise naturally. Assumption 3.3.1 ensures that no variable ap-
proaches a constant and hence gets disconnected from the tree. The lower bound in As-
sumption 3.53.2 also ensures that every node is connected. The upper bound in Assumption
3.3.2 ensures that no two nodes are duplicated. Assumption 3.3.3 ensures the noisy node

doesn’t become independent of every other node due to the error.

Limited unidentifiability of the problem

In Theorem 3.3.4, we prove that it is possible to recover T+ (as defined in 2.4.1) from

the samples of X’. Further, we prove that given the distribution of X', there exists an Ising
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model for each tree in T+ such that, for some noise vector, its noisy distribution is the same

as that of X’ in Theorem 3.3.8

Theorem 3.3.4. Suppose X and X are binary valued random variables satisfying assump-
tion 3.8.1 whose conditional independence is given by trees T' and T* respectively satisfying
assumption 3.3.2. Assume that each node in both these distributions T' and T* is allowed
to be flipped independently with probability satisfying assumption 3. Let E* and &' represent

the noisy distributions of X and X respectively. If & = &*, then T' € T

Proof. The proof of this theorem relies on this key observation: the probability distribution
of the noisy samples completely defines the categorization of any set of 4 nodes as star/non-
star shape (as defined in 2.4.2). Once we prove this key observation, the rest of the proof
follows from the proof of theorem 2.4.2. Next, we see how to classify a set of 4 nodes as

star /non-star using the noisy samples.

We denote the correlation between two nodes X; and X; in the non-noisy setting by
pij and in the noisy setting by p; ;. Similarly the covariance is denoted by ¥;; and X ;.
We utilize the correlation decay property of tree structured Ising models which is stated in

Lemma 3.3.5.

Lemma 3.3.5. (Correlation Decay) Any 2 nodes X;, and X;, have the conditional indepen-
dence relation specified by a tree structured Ising Model such that the path between them is

(X, = Xiy, = Xiy -+ — X5,) if and only if their correlation is given by:

k
Piviy, = Hpi,,l,il- (3.1)
1=2
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The proof of this lemma is provided in Appendix, B.1. We also prove that E[Xf]| =
(1 —2¢)E[X;] and ¥} ; = (1 — 2¢;)(1 — 2¢;)%; ; in Appendix B.2.

Categorizing a set of 4 nodes as star/non-star

We first look at a graphical model on 3 nodes X, X5, X3 whose conditional indepen-

dence is given by a chain with Xy L X3|X;. By Lemma 3.3.5, we have 35 3% 1 = X1 9% 3.

Suppose the sign of X, X5, X3 flip independently with probability ¢, ¢o, g3 respec-
tively. Substituting the values of ¥93,%; 1,2; 2 and 2; 3 in terms of their noisy counterparts

gives us:

DI
(1-2¢)2=1-%), + 2712 (3.2)
’ X3
If we had prior knowledge about the underlying conditional independence relation,

this quadratic equation, which depends only on the quantities measurable from noisy data,

could be solved to estimate the probability of error of Xj.

We prove in Appendix B.3 that Equation (3.2) gives a valid solution for any configura-
tion of 3 nodes in a tree structured Ising model. Therefore, in the absence of the knowledge
that Xy L X3|X;, we can estimate a probability of error for each X; which enforces the
underlying graph structure to represent the other 2 nodes independent conditioned on Xj.
Thus, irrespective of the true underlying conditional independence relation we can always
find a probability of error for each node which makes any other pair of nodes conditionally

independent. We use this concept to classify a tree on 4 nodes as star or non-star shaped.
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We follow a notation where cji"k denotes the estimated probability of error of X; which

enforces X; L Xi|X;.

Condition for star/non-star shape:

Any set of 4 nodes { X7, X, X3, Xy} is categorized as a non-star with (X7, X5) forming
one pair and (X3, Xy) forming another pair if and only if:

A23 ~2,4 ~3,4 ~1,3 ~1,4 ~3,4
QT =4y 7£Q1 s =gy 92

~2,4 ~1,2
Gt =" A% =4 # a4

/ / /
91 3 P23 P12 P32

From Equation (3.2), this is equivalent to the condition that =

1 4 E’ m P§,4.
Any set of 4 nodes { X, X5, X3, X} is categorized as a star if and only if:

123 24 34 A3 A1 4 34
G =47 =4 4 =4 =(qy,

24 A4 A2 23 A13 A2
435 =435 =43 ,qy =4y =gy -

.. . .. o} oh o
This is equivalent to the condition that =2 = =23 = =12,
P14 P24 P14

In order to see how these conditions correspond to a star/non-star shape, lets consider
a chain on 4 nodes as shown in Figure 3.1. Let each X; be flipped with probability ¢;. With
access only to the noisy samples, we estimate the probability of error for each node in order
to find the underlying tree. The key idea is that when we estimate the probability of error
for a given node, it should be consistent across different conditional independence relations.
For instance in the present case, the error estimates cj;’g and (_}%’4 of Xy satisfy (};’3 = (_};’4 = (.
We show that ¢o* # o (Lemma 3.3.6(b)). We also prove that ¢>° = ¢>* # ¢*(Lemma
3.3.6). These imply that X3 Y X4| X and X3 £ X4|X;. By symmetry, we have X; £ X5|X3

and X; [ X5|X4. These conditional independence statements imply that X7, Xo, X3 and X4
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B
DO &

Figure 3.1: A chain structure. Figure 3.2: A Star structure.

form a chain with (X7, X5) on one side of the chain and (X3, X4) on the other side of the
chain.

Next, we consider the case when 4 nodes form a star structured graphical model as

in Figure 3.2. Under the same noisy observation setting we prove that 43’3 = cjf’A‘ = (ji’A,

13 14 34 12 14 24 A3 12 A32
G =q¢" =4, ¢ =¢" =4 and ¢,° = ¢~ = ¢ (Lemma 3.3.7). Thus, we can

conclude that the underlying graphical model is star structured.

Lemma 3.3.6. Let the graphical model on X1, X, X3 and X4 form a chain as shown in
Figure 3.1. Suppose the bits of each X; are flipped with probability q; < 0.5. Then the
following holds:

(@) " = @', (0) &° # 6" 6" # @
Lemma 3.3.7. Let the graphical model on X1, Xo, X3 and X4 form a star as shown in Figure

3.2. Suppose the bits of each X; are flipped with probability q; < 0.5. Then the following

holds:
23 24 43
G =4 =4
The proof of these lemmas and the details of extending these results to generic trees
require basic algebraic manipulations and can be found in Appendix B.4. n

Theorem 3.3.8. Let &' denote the probability distribution of X' when the error probability

of all the neighbors of leaf nodes is non-zero. For any T € T« there exists a set of random

37



variables X with conditional independence given by T and a corresponding error probability

vector q such that & = & where & denotes the noisy distribution of X.

We prove this theorem by explicit calculation of q. We utilize Lemma 3.3.5 to en-
force the conditional independence relations in any tree T € Tp-. The proof is included in

Appendix B.5.

Interestingly these unidentifiability results for noisy tree structured Ising models
match the ones for noisy tree structured Gaussian graphical models inspite of them being

graphical models on different class of random variables.
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Chapter 4

Recoverability Landscape of Tree Structured Markov

Random Fields under Symmetric Noise

4.1 Introduction

In this chapter, we focus on learning the underlying tree-structured graphical model
on non-noisy discrete random variables with common support size k using samples that
are corrupted by a k-ary symmetric noise channel. Our work reveals a rich recoverability
landscape for MRFs under symmetric noise. We discover that when k > 3, for a fixed
underlying tree structure, the recoverability is determined by the pairwise PMF of the non-
noisy random variables. This is in contrast to the Gaussian graphical model and Ising model
results where, for a fixed tree structure, edges within a leaf cluster (a leaf node, its parent,
and its siblings) are never recoverable irrespective of the probability distribution of the non-
noisy random variables. We completely characterize the recoverability for & > 2 by providing

the necessary and sufficient conditions for the identifiability of the edges within a leaf cluster.

Parts of this chapter are available at: Katiyar, Ashish, Soumya Basu, Vatsal Shah, and Constantine
Caramanis. ”Recoverability Landscape of Tree Structured Markov Random Fields under Symmetric Noise.”
arXiv preprint arXiv:2102.08554 (2021). The author formulated the problem, designed the algorithm, per-

formed experiments, and contributed in the theoretical analysis and paper writing.
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Our contributions can be summarized as follows:

1. Identifiability Characterization: In Theorem /4.4.2, we completely characterize the
recoverability of tree-structured MRF on support size k& when the observations come
from unknown k-ary symmetric channel noise where each node has a different error
probability. We show the identifiability depends on the PMF of the non-noisy random
variables, which is unobserved. This dependence can then be translated to the PMF

of the noisy random variables, which is observed, that provides the characterization.

We show that for the special class of Symmetric Graphical Models (as defined in Section
4.4.4), for any k, the nodes within a leaf cluster are unidentifiable. On the other
direction, we show for the class of Perturbed Symmetric Graphical Models (details in

Section 4.4.4) for k > 4, the exact tree is identifiable.

2. Algorithm: We develop an algorithm that recovers the class of candidate trees that
can explain the noisy observations. In the identifiable setting, this corresponds to
recovering the exact tree. The algorithm is iterative where we recover one edge from

the candidate tree per iteration. (Section 4.5).

3. Sample Complexity Analysis: We provide novel sample complexity lower bounds
and upper bounds (Section 4.6). Our upper bounds are shown to have orderwise tight
dependence on underlying graph parameters, size of the graph, edge parameters (re-
lated to underlying conditional MF), and noise parameters. The lower bound proof
relies on a novel construction of a class of graphical models including perturbed sym-

metric graphical models where part of the leaf clusters are identifiable.
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4. Experiments:! We demonstrate the efficacy of our algorithm via extensive numerical
experiments for a variety of trees with different structures, edge parameters, corruption,

and support sizes.

4.2 Related Work

We divide the related work into three main categories:

Learning Generic Graphical Models from Non-Noisy Samples: There exists a rich
literature on the problem of learning graphical models on discrete random variables which
assume access to non-noisy samples [7, 9, 5, 6, 42, 36, 86, 60]. However, these models do not
provide guarantees in the face of noise in the samples.

Learning Tree-Structured Graphical Models: The special class of tree-structured
graphical models has also been extensively studied beginning with the classical Chow-Liu
algorithm was proposed in [17]. Chow-Liu algorithm’s error exponents for Gaussian graph-
ical models and graphical models on discrete random variables were analyzed in [71] and
[69] respectively. Results in [69] were further refined in [72] under additional assumptions of
homogeneity and zero external field in tree-structured Ising models. In [8] the authors ap-
proximate the distribution of generic Ising models using tree-structured Ising models. More
recently, in [21], the authors provide an algorithm to learn tree-structured Ising models
providing total variation distance guarantees. In [4], the authors provide finite sample guar-

antees for the Chow-Liu algorithm. As these algorithms assume access to non-noisy samples,

!The code containing the implementation of the algorithm is available at https://github.com/

ashishkatiyar13/NoisyTreeMRF
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no performance guarantees can be established when the samples have noise.

Robust Estimation of Graphical Models: Robust estimation of graphical models has
been studied in multiple prior works but they are unable to resolve our setting. The algo-
rithms in [26, 44, 27| learn graphical models on discrete random variables without the tree
structure assumption but assume access to error probabilities. This is complementary to our
setting as we have the tree structure constraint but do not require the knowledge of the error
probabilities. In [72, 54, 56], the authors study the recovery of trees using noisy samples.
Critically, they operate in the restricted regime where the Chow-Liu algorithm converges to
the correct tree. While these results are insightful in their own right, their assumptions are

generally violated in our setting making their results inapplicable.

In [73] the authors extend our results for Gaussian graphical models and Ising models,
providing better sample complexity results and a more efficient algorithm. These results do
not extend to discrete random variables with support sizes larger than 2 and therefore fail

to capture the nuanced identifiability properties demonstrated in our setting.

Finally, our problem can be posed as the latent tree graphical model estimation
problem, where the noisy nodes are observed and non-noisy nodes are latent. Results for
learning latent tree graphical models in [58, 13, 16], and independently and concurrently
in [11], can be used to recover the underlying tree barring the nodes within leaf clusters.
Importantly, these models do not assume any structure on the noise, and thereby, contrived
noise models make it impossible to recover nodes within a leaf cluster. As a result they fail
to uncover the possibility of identifiability within a leaf cluster when we consider the natural

k-ary symmetric channel noise model.
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4.3 Problem Setup

Let X = [X1, Xs...X,] be the vector of random variables with a common support
set, 8 = {s1, S2,...5k} such that their graphical model structure is a tree 7*. The vanilla

learning problem is to recover the tree 7% from i.i.d samples of X;.

In this paper, we consider the problem of recovering 7% but we do not get to observe
samples of X;. Instead, the samples of X; pass through a k-ary symmetric noise channel and

we observe the output denoted by X/, that is,

Xl = X; wp. 1—gq, 1)
Ui w.p. g,

where ¢; is the probability of error for X; and U; is a discrete random variable independent

of X and U; Vj # 1, distributed uniformly on 8. Note that ¢; can be unequal for all X;. The

vector of the noisy random variables is denoted by X' = [X{, X} ... X/]. Due to the noise in

X, the graphical model of the nodes in X’ is no longer given by T*. In general, the graphical

model on the noisy random variables can be a complete graph.

Matrix PMF and Distance Notation: We denote the joint PMF matrix for random

variables (X,, X;), and (X, X]) by the matrix P,;, and P,y respectively, such that:
(Pap)ij = P(Xa = 81, Xp = 55), (P )ig = P(X; = 51, X = 85).

The conditional PMF of X, conditioned on Xj; is denoted by the matrix P,; while the
marginal distribution of random variables X, and X/ are denoted using diagonal matrices

P, and P, respectively such that:

(Pa\b)z‘,j = P(Xa = 5i|Xb = 5j>7 (Pa)i,i = P(Xa = 51’)7 (Pa’)i,i = P(XC/L = Si)-
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The information distance metric between proposed in [40], is defined as follows:

|det(Pi/’j/)|

£/ det(Py)det(P;r) ’

di; = —log —AZMPD__ g, ., — —log

Jdet(P,)det(P;)’ (4.2)

We require the following assumptions that are natural and standard in this line of

literature (c.f. [13, 16]).

Assumption 4.3.1. The probability mass at every support for each non-noisy random vari-

able is bounded away from 0 : (Pp)ii > Dmin > 0.

Assumption 4.3.2. The distance d; ; between adjacent non-noisy random variables is bounded:

0 < dpin < d@j < dpmaz -

Assumption 4.3.3. The probability of error is upper bounded away from 1: ¢; < Qmaz < 1.

Assumption 4.3.1 ensures that the probability mass at any support is not arbitrarily
small for any random variable. The bounds on the distance in Assumption 4.3.2 ensure that
no adjacent random variables are duplicates or independent. Assumption 4.3.3 ensures that
the noisy observations are not independent of the underlying random variables. Our sample
complexity lower bounds in Section 4.6 show that the problem becomes infeasible if these

assumptions are not satisfied.

Lastly, we also formally define a leaf cluster as follows:

Definition 4.3.1. The leaf cluster of any leaf node is the set containing that leaf node,

its parent node and all its sibling leaf nodes.
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4.4 Identifiability Results

In this section, we prove that the identifiability of the underlying tree is determined
by the joint PMF of leaf parent pairs. The proof is divided in 3 parts - (i) prove that the only
potential unidentifiability is within the leaf clusters of the tree, (ii) analyze the existence of
valid probability of error for a tree on three nodes, (iii) extend the analysis to a generic tree

and arrive at the necessary and sufficient condition for identifiability.

4.4.1 Potential unidentifiability is limited to leaf clusters

For any tree T*, recall the definition of the equivalence class of trees T« from 2.4.1.
We show here that with a few new proof ideas, essentially the same is true for graphical

models on discrete random variables with general support size k:

Lemma 4.4.1. Suppose the random variables in X form a tree graphical model T*. Given

samples from noisy random variables X|, it is possible to recover the equivalence class Trps.

Proof Idea. The key ingredient of this proof is the use of the information distance
metric d; ; as defined in (4.2) to categorize a set of 4 nodes as star/non-star (defined in
2.4.2). Once we have the star/non-star categorization, the proof of Theorem 2.4.2 gives us

the desired result.

Remarks: (i) Lemma 4.4.1 is not limited to the k-ary symmetric noise channel
and holds for any noise channel such that when conditioned on X;, X/ is independent of
X,; Vj € [n] # ¢ and X; and X are not independent. This result was independently and

concurrently derived in [11]. (ii) If there are no restrictions on the noise channel, recovering
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T« is the best we can do. That is, for every tree in Tp«, it is possible to construct a noise
model that can produces the noisy observation. This analysis along with the proof of Lemma

4.4.1 is included in Appendix C.1.

4.4.2 FError Estimation for a Tree on 3 Nodes

Additional Notation for k-ary Symmetric Channel: For each random variable X,

we define a k x k error matrix F, as follows:

E, = (1—q.)l + %0,

where O is a matrix of all ones. Recall that & is the common support size for all the random
variables and ¢, is the probability of error of X,.
We denote the error estimated for node X, which enforces X, 1 X.|X, by ¢>¢ and we also
define the matrix E>¢ as:

Ebe = (1 — o) + =50,
Note that P, and P, are related as follows:

Pyy = E,PuyEy. (4.3)

It is also easy to see that:

Py =(1—q)Py+ %1, (4.4)

Error Estimation: Suppose there exist 3 nodes such that X; 1 X3| X5 and we observe X7,
X/} and X} through a k-ary symmetric channel as defined in Equation (4.1). The conditional

independence relationship gives us:

P173 = P172P271P273. (45)
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From Equation (43), we have Pl/,S’ = E1P1’3E3, Pl/,2’ = E1P172E2, PQ/’3/ = E2P273E3. From
Equation (4.4), we have Py = (1 — q2) P, + % 1. By substituting these in Equation (4.5) we
get the following quadratic equation with matrix coefficients in noise parameter ¢y (details

in Appendix C.2):
Lk - %(OPQ/ + PyO — kPy — I) + Py y Py Pruy — Py =0, (4.6)

where the 0 on the RHS is a k£ x k matrix of all 0s. The key insight here is that, Equation
(4.6) depends only on the noisy observations. Therefore, in the absence of the knowledge of
conditional independence relation, it can be used as a test to check if the noisy observations
can potentially be explained by X; L X;3|Xs. Precisely, for a graph on 3 nodes (X, Xo, X3),
X, is a potential middle node if the we can satisfy Equation (4.6) for some noise parameter
¢2 € [0, Gmaz)- In other words, X5 is a potential middle node if the following holds, with || - ||

as the Forbenius norm of a matrix:

. z? T _
min ||ﬁ(0 —kI) — E(OPQ, + PyO — kPy —I) + Py g Py Puy — Po|lp =0.  (47)

0<z<gmax

This is equivalent to k? quadratic equations corresponding to each element of the matrix

having a common root which lies between 0 and ¢,,... These equations need not be unique.

4.4.3 Extension to a generic tree

Before presenting the identifiability result, we first establish some notation. Let £
be the set containing all the leaf nodes of the tree-structured graphical model 7. Now,
consider the subset of leaf nodes with the following property: the leaf node Xs, its parent

node X, and any arbitrary node X3 from the graph have a solution to Equation (4.7). We
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label this subset £ C L. ‘J'%ib C T represents the equivalence class where only leaves in
L5 can exchange positions with their parents.
The next theorem completely characterizes the identifiability of the underlying tree for a

k-ary symmetric noise channel.

Theorem 4.4.2. Suppose the random variables in X form a tree-structured graphical model

T*. Let X' be the observed noisy output after passing X through a k-ary symmetric channel.

Then, we show that for any leaf node Xo € L0 and its parent node X, equation (4.7)

remains unchanged for any arbitrary third node X3 from the graph. Using X', we can re-
sub

cover T34, Moreover, for every tree T € T3, there exist random variables X and a k-ary

symmetric channels such that the graphical model of X is T and the k-ary channel output is

X'

Proof Idea: As the unidentifiability is only between the nodes within a leaf cluster,
the key idea is to study a subset of 3 nodes comprising of a leaf parent pair and an arbitrary
third node. It is clear that, Equation (4.7) has a solution when the parent node is the
middle node. Whenever Equation (4.7) does not have a solution for a given node being a
candidate center node, we can rule out the possibility of that node being a parent node. We
further show that when the solution exists for a leaf node as a candidate center node, we can
construct a tree where the parent node exchanges position with the leaf node. The details

are presented in Appendix C.3.

48



4.4.4 Examples

In this section, we do not assume access to ¢,,., and analyse the solution to Equation
(4.7) with the constraint 0 < z < 1. Extension to the setting of 0 < z < @4, i straight-
forward where we reject any solution = > ¢,,4... We first prove that symmetric graphical
models are unidentifiable. Next, we present perturbed symmetric graphical models that are
unidentifiable for £k = 3 but are identifiable for £ > 4. Finally, we show that our analysis

recovers the existing results for k = 2.

Symmetric graphical models: Symmetric graphical models are a class of graphical mod-
els where the marginals of all the random variables are uniform on the support and the
conditional PMF matrix Py, for random variables X,, X; that have an edge between them,
takes the following form:

Pa\b - Pb|a = aa,b] + (1 - aa,b)%-

Recall that O is the matrix of all ones. The bounds on the distance in Assumption 4.3.2

enforces exp (—dpmaz/(k — 1)) < agp < exp (—dpmin/(k — 1)).

Theorem 4.4.3. Suppose the random variables in X form a tree graphical model T*. Let X5
be any leaf node and X1 be its parent node. If P, = P, = é and Pppp = 042,1]—1—(1—042,1)% such

that exp (—dmaa/(k — 1)) < a1 < exp (—dmin/(k — 1)), then Equation (4.7) has a solution.

The proof is included in Appendix C.4. Since, Equation (4.7) has a solution for every
leaf node X5 as the candidate center node, using Theorem 4.4.2, we conclude that symmetric

graphical models are unidentifiable.
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Perturbed symmetric graphical models: We first define a k x k perturbation matrix

Agp. For a given offset 0 < ¢, < k, the term in the (4, j) position of A, is:

dap, for j=((i —1+4c,p) modk)+1

Aa,b(ihj) =
0, o/w.

In the perturbed symmetric model, the marginals continue to be uniform on the support but

the conditional PMF matrix B, for adjacent X, and X, is modified to:
Pa\b = (aa,b - 5a,b)] + (]— - aa,b)% + Aa,b-

Here a,y and 4, are chosen such that Assumption 4.3.2 is satisfied. We find that perturbed

symmetric graphical models are unidentifiable for £ = 3 but become identifiable for k > 4.

Theorem 4.4.4. Suppose the random variables in X form a tree graphical model T*. Let
Xy be any leaf node and Xi be its parent node. Suppose P| = Py = % and Py = (Qap —
dap) + (1 — aa,b)% + Ay such that |dqp] > 0, 0p # dap, and agp, dqp are such that the
distance assumptions in 4.3.2 are satisfied. Then, equation (4.7) has a solution for k = 3,

but does not have a solution for k > 4.

Proof Idea. The proof for k£ > 4 relies on lower bounding the Frobenius norm of
the quadratic away from 0. In conjunction with Theorem 4.4.2; this implies that the exact
tree is identifiable when k£ > 4. For k = 3, we explicitly calculate the solution to Equation
(4.7). Note that, for k£ = 3 the class of symmetric and perturbed symmetric graphical models
together comprise all the joint PMF matrices that are circulant. In fact, for £ = 3, when
the marginals are uniformly distributed, the joint PMF matrix being circulant is a necessary

and sufficient condition for unidentifiability. These details are presented in Appendix C.5.
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Unidentifiability when £ =2: We now discuss the unidentifiability for k = 2.

Lemma 4.4.5. Suppose the random variables in X have support size k = 2 and they form
a tree graphical model T*. The random wvariables in X pass through a binary symmetric
channel with positive probability of error and we observe X'. For any 3 nodes (X1, Xa, X3),

Equation (4.7) always has a valid solution.

The proof of Lemma 4.4.5 is in Appendix C.6. Corollary 4.4.6 recovers the unidenti-

fiability results for Ising models.

Corollary 4.4.6. When the random wvariables in X have a support size of 2 and all the

parents of leaf nodes have non-zero noise, we have T34 = Trp..

4.5 Algorithm

In this section, we present the algorithm to recover a tree from T5% given samples
corrupted by a k-ary symmetric noise channel as inputs.
Key Idea: The algorithm to recover the tree is an iterative one. During an iteration, we
have an active set of nodes which are guaranteed to form a subtree. At each iteration, we
find a leaf parent pair in the subtree, record that edge, and remove the leaf node from the

active set of nodes. The algorithm to recover the tree structure is presented in Algorithm 1.
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(b)

Figure 4.1: (a) If the node z lies between [ and r, [ becomes z, hence getting closer to r. (b) If the
node 7 lies between [ and z, both [ and r shift towards the right with [ becoming r and r becoming

zZ.

Algorithm 1 Recover Tree Structure
Input: Pairwise noisy distributions, P/ ; Vi, j € [n]
Output: List of edges, Edges

1: procedure FINDTREE(F, ; Vi, j € [n])

2: ActiveSet < {1,2,...n}, Edges < {}, Parents < {}
while | ActiveSet| > 2 do
leaf, parent + GETLEAFPARENT(PZ-’J, ActiveSet, Edges, Parents)

3
4
5: ActiveSet + ActiveSet \ leaf
6
7
8

Edges < Edges U (leaf, parent)
Parents < Parents U parent
: end while
9: Edges < Edges U (ActiveSet[0], ActiveSet[1])
10: return Edges
11: end procedure

Finding a leaf parent pair: We next describe the algorithm to find a leaf parent
pair. We maintain two nodes - a left node [, and a right node r. The idea is to move both
the nodes towards the right side till r is a leaf node and [ is its parent node. In order to do

this we consider a third node z and perform the following operations:

1. If the center node in (I,r, z) is z, we shift node [ to node z,
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2. If the center node in (I,, 2z) is r, we shift node [ to node r and node r to node z.

This is illustrated in Figure (4.1). Finding the center node can be done by checking

the feasibility of Equation (4.7) for different candidate center nodes.

If Equation (4.7) has a solution for more than one nodes, we use an alternative method
which uses the 3 nodes in conjunction with different 4'* nodes. These 4 nodes are categorized
as star/non-star to arrive at the center node. While doing the test for the center node, we
only consider the nodes with pairwise distances smaller than 4d,,4. + 3Mmaez- Here 4. is
an upper bound on the distance between a clean and noisy node. For a given p,,;, and ¢mnaz
from Assumption 4.3.1 and 4.3.3 respectively, 7m0 = (1 — k) log(1 — Gmaz) — 0.5k log(kpmin)
(details in Appendix C.7). This makes it easy to adapt the algorithm for the finite sample

setting.

Finite sample algorithm: The finite sample version of the algorithm uses the empirical
estimate of the joint PMF of random variables to test for the center node given a set of three
nodes. We only perform the test for nodes that whose empirical distance is small to avoid
a sample complexity exponential in the diameter of the graph. For the test of center node
by checking for existence of a solution to Equation (4.7) using empirical PMF estimates, we

need the following additional assumption:

Assumption 4.5.1. When FEquation (4.7) does not have a solution, we have the following
inequality:
2

min ||%(o — kI)

0<z<gmax

x
- E(OPQ’ + PQ/O - kPQ/ - ]) + P2113/P1_7/%3/P1/’2/ - P2/HF > t()
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This assumption ensures that when Equation (4.7) does not have a solution for a leaf
node X5 as a center node, it can be detected in the presence of perturbations due to finite
samples. In Appendix C.7, we provide the details of the algorithm including finding the
center node, and necessary modifications for executing the algorithm using finite samples.

In addition, we also include the pseudocode and the proof of correctness of the algorithm.

Insights into the input parameters of the algorithm: The algorithm in its vanilla
form requires dyin, dmazs Gmaz, Pmin @0d tg in addition to the noisy samples as inputs. While
the dependence on the knowledge of ¢,,., is necessary, it is possible to obtain estimates of
bounds of d,,;, and d,,4. using the noisy samples. This comes at the cost of higher sample
complexity. Dependence on ¢y, can also be avoided at the cost of higher time complexity.

This is detailed as follows:

e The upper bound on d,,,, is denoted by Amaz- 1t is defined as d,pa, = max; ming.; dy .

This bound can potentially be lose by 27,4z

e If the ground truth is such that d,.;;, — 294 > 0 then a lower bound on d,,,;,, denoted
by Cme, can be defined as cimm = min; minj; dyrjy — 27ma,. This bound can also be

loose by 29m4z-

o If pin and @nae are such that poi, > Qnes then a valid lower bound on p,,;, is

min; (P )i — ¢mas Which can potentially be lose by gz

e In the absence of the knowledge of ¢y, we can use the star/non-star test for finding the
center node among 3 nodes as long as no 2 nodes belong to the same leaf cluster. This

increases the time complexity of finding the center node from O(1) to O(n). Once we
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get nodes within the same leaf cluster, the potential center node with the minimum

objective function in Equation (4.7) is chosen as the center node.

4.6 Sample Complexity Results

In this section, we provide both the sample complexity upper bounds and sample
complexity lower bounds for recovering the tree using our algorithm in presence of corrupted

samples.

Theorem 4.6.1 (Sample Complexity Upper Bound). Suppose the random variables in
X form a tree graphical model T* and we observe X' such that Assumptions 4.3.1, 4.3.2,
4.3.8 and 4.5.1 are satisfied. Then, the finite sample Algorithm 1 correctly recovers T34 with
probability at least 1 — 0 if the number of samples N satisfies

_ k2 eXP(Sdmax)
N=0 (max { (1—Gmaz) oD (0923 )2F (1—exp (—2dpmin)) 2 (h—1)20-—1)
k exp(16dmax) 1 2nk(n—1)
2 (1—gmaz) 2D (0.9p23 )3k (k—1)1E-1) o8\ —7%

In the unidentifiable setting, since Equation (4.7) always has a solution, our algorithm

finds more than one candidate center nodes and therefore resorts to the star/non-star test
for finding the center node. In the sample complexity, the second term in the max comes
from the quadratic test and therefore it can be dropped. As a result, since we have an
easier learning problem of learning only J7«, the sample complexity has better dependence

on dmaz7 Qmax and Pmin-

Theorem 4.6.2 (Sample Complexity Lower Bound). Suppose the random variables in

X form a tree graphical model T* and we observe X' such that Assumptions 4.3.1, 4.3.2,
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sub

4.3.8 and 4.5.1 are satisfied. Then any algorithm that correctly recovers T3 with probability
at least 1 — O requires N samples where

2dmax

exp
_ ( duna
A ((k—l)(l—qu)2(1_exp<_ k[iii])) (1 —6)log(n)

Furthermore, for k >4, 0 < ty < & exp(—2%uax

U

), we additionally have

N e () (- () )

We note that our lower bounds on sample complexity shows our certain dependence
on the problem parameters cannot be improved orderwise. Firstly, we see the dependence on
the graph size scales as O(log(n)) which is standard in graphical model learning. We observe
that the sample complexity scales as exp(O(dmax)) as a function of the d,,q,. Furthermore,
for small enough t; and support size 4 or more, the dependence on the lower bound for the
quadratic term Q(x), to, scales as @(%) highlighting the significance of the term @Q(z) in the

recovery of MRF's under unknown symmetric noise model.

Our lower bound proof for t; dependence in the (partially) identifiable case uses a
family of (n + 1) star graphs with n edges each, where one graph is a perturbed symmetric
graphical model (Section 4.4.4), and for the other graphs we select one edge each and replace
the conditional PMF with the one from a symmetric model. Thus, the equivalence class T5%
for each graph in the family is unique. For the lower bounds in the unidentifiable scenario, we
generalize the construction in [73] to k > 2 support size using symmetric graphical models.
Our derivation for KL divergence for symmetric graphical model, and perturbed symmetric

graphical models used in the lower bound proofs can be of independent interest.
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Figure 4.2: For both chain and star graphs, our algorithm outperforms SGA for 4 different settings
- (1) Pmaz = 0.6,Gmaz = 0.4, (ii) Pmaz = 0.6, Gmaez = 0.0, (iii) Pmaz = 0.8, Gmaz = 0.4, (iV)
Pmaz = 0.8, Gmaz = 0.0

4.7 Experiments

In this section, we present the experiments demonstrating the efficacy of our algorithm
(The code can be found at https://github.com/ashishkatiyari13/NoisyTreeMRF.). We
first demonstrate the performance of our algorithm for the k = 2 setting and demonstrate
that our algorithm considerably outperforms the algorithm in [73]. Next, we showcase the
performance of our algorithm for the k = 4 setting with the perturbed symmetric model. As

discussed in Section 4.4.4, the exact tree is identifiable in this scenario.
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Figure 4.3: Randomly generated graph used for algorithm evaluation.

4.7.1 Support size, k = 2 (Unidentifiable setting):

In this part, we compare the performance of our algorithm for chain and star graphs
to that of SGA proposed in [73]. We use the exact same settings as in [73] and demonstrate
that we outperform SGA.

For chain graphs, the nodes are labeled X; to X5 from left to right. The star graphs have

X as the center node and Xs, ... X9 are leaf nodes connected to X;

Setting: (i) Number of nodes = 12. (ii) Correlation of all the adjacent nodes = p. (iii)
Alternate nodes have maximum noise (¢; = 0if i % 2 =0, ¢; = Gmas if ¢ %2 = 1). (iv)
Assume access to p. (v) Number of iterations = 1000

For both, chain graphs and star graphs, we vary p in {0.6,0.8} and g, in {0,0.4}.

We would like to point out that ¢, is defined differently in our setting and in SGA;
(maz in our setting is twice the SGA’s ¢nq.. The final results are presented in Figures 4.2a

and 4.2b respectively.

4.7.2 Support size, k = 4 (Identifiable Setting):

In this part we see the impact of § on the performance of the algorithm for different
graphs. We execute the algorithm for a lot of randomly generated graphs and the algorithm
converges to the correct output. We report the results for 3 different graph structures - star,

chain and one of the many randomly generated graphs (Figure 4.3).
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Setting : (i) Number of nodes = 7.
ii) Graph Shape = {Chain, Star, Random}
iii) Distance of all the adjacent nodes = exp(—0.7).

iv) Error probability is uniformly sampled from [0, 0.2].

(
(
(
(v) 6 € {0.00,0.02,0.04}
(vi) Assume access t0 Gmaz, drin bUE 10t 10 dna, to-
(

vii) Number of iterations = 100

Takeaways:

1. We witness the transition from unidentifiability to identifiability. When é = 0, the
exact graph cannot be recovered and hence the exact recovery fraction remains low
consistently regardless of the number of samples. Higher 6 has faster convergence to

the correct graph.
2. Learning a tree from the equivalence class requires much fewer samples.

3. For the given noise model when the probability of error is randomly selected, for
a significant number of realizations in the star shape, the Chow-Liu remains in the

equivalence class. However, it lags behind considerably compared to our algorithm.

4. Chow-Liu has high error for complete recovery.

We also perform extensive experiments where we evaluate the impact of the probability of

error and the distance between adjacent nodes and present the results in Appendix C.10.
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Figure 4.4: Comparing the performance of our algorithm and Chow-Liu over different values of
d;,; € {0.00,0.02,0.04} and different graph shapes - chain, star, random. Setting: dpin = dmaz =
exp(—0.7), gmaz = 0.2, # of nodes= 7. For both algorithms, we provide results for two cases: i)

when the exact underlying tree is recovered, ii) when a tree from the equivalence class is recovered.
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Appendix A

Robust Estimation of Tree Structured Gaussian

Graphical Models

A.1 Proof of Theorem 1

Consider any tree 7?7 € T« and its corresponding set 89. We find the covariance
matrix >¢ with the same off diagonal elements as >° whose independence structure is given
by T9. Upon obtaining 39, getting the D? matrix is immediate. To begin with, let us

consider the case when 87 has just one node, i.e, 87 consists of one of the leaves of T™.

Proposition A.1.1. Suppose the covariance matrix 3X* has conditional independence struc-

ture T with leaf node a and its neighbor b. Consider a covariance matriz X9 defined as

follows:
S fi=j=a
X = Y+ 0<d <Djifi=j=0
E;j otherwise,

The conditional independence structure T of 39 is given by the tree obtained by exchanging

positions of node a and b in T™.

Proof. Relabeling if necessary, assume that node n is a leaf node and node n — 1 is its
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neighbor in T*. Define B! and B? as follows:

B}, = :
0 otherwise
- —Qi ifi=j=n
B,L] — nn )
0 otherwise

We also define an intermediate matrix X/ = ¥* 4+ B2. Therefore ¢ = ¥/ 4+ B'. The proof

of this proposition can be split in the following steps:

(i) We prove that for ! column n is a multiple of column n — 1 making it a low rank

matrix.

(ii) We add B! to X! to get ¥9. In X7 column n is a multiple of column n—1 at all elements
other than n — 1. This makes node n — 1 a leaf node connected to node n as we see

in Lemma A.1.2.

(iii) We prove that the independence structure of the rest of the nodes does not change.

This is done by proving 2 claims:

(a) Conditional independence relations do not change when if conditioning is not on

node n or node n — 1.

(b) Any pair of nodes which were independent conditioned on 7 —1 in ¥* are indepen-

dent conditioned on n in >9.
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A.1.1 Proof of Part(i) - Column n of ¥/ is a multiple of column n — 1:

The precision matrix 2* is of the form:

0T 0 0
O = (A1)
Q>1knfl ce Q;klflnfl Q;klfln
0o ... @, Q.

*
z)

For notational convenience, in what follows, we label the blocks in (A.1) as €2}, Qy and €

so that:
gl ol
L@y | o]

As depicted in (A.1), block €7 is a n — 1 length vector with a non zero only at position n— 1.

The covariance matrix ¥* = (Q*)! is as follows:

Eil ce an—l an
o . .
ETn—l ce E:L—ln—l E:L—ln
L Ein ce E:L—ln E:m |

As with Q*, we write it in blocks as:

By the matrix inversion lemma, we have:

S = ()71 + ()T — ()T () @I ()
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To ease notation, we define ¢ = [QF — (27)7(Q22) 71 ()], The (n — 1)* column of ¥ is
given as follows:
(SDin-1 = (14 ()11 (1) N Q) D (A.3)

Note that (3%),—1,-1 =X Land (925)—1,-1 = O

*
n—1ln— n—1ln—1-"

By the matrix inversion lemma, we also have:

Ty = —() 70 - (@) (@) @)

Y

Substituting ¢, for [QF — (Q)7()~'(2)]~" and the value of €} from equation (A.1) we
get:

DN AR (V) WL (A.4)

Y n—1n n
By Equations (A.3) and (A.4) we have:

_CQQ:Lfln
Y= ) e1- A5
VT T F ()t o (] o (4.5

Hence, the n'* column of ¥* is a multiple of the (n —1)% column except for the n'* element.
Also, by the matrix inversion lemma ¥} = Y% = cs.

Now we look at the intermediate matrix X/ which is given as follows:

Efl te ETn—l Zztn
» = (A.6)
2Tn—l e EjL—ln—l Ej;—ln

Now we prove that X! is a rank deficient matrix and its n® column is a multiple of its (n—1)*

column. Specifically, letting c; = [HCQ(Q*}?Q;‘“{Q* e show that ¥ = ¢3%f . This
x/n—1,n—1 n—1n ’ "

is true for the first (n — 1) elements by Equation (A.5). Basically we need to prove the
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following:

1
Z* Q* - 63227171 (A 7)
Expanding the LHS in Equation (A.7), we get
T = g = — - &
an Q* (Qn ln) (Q*>n In—1 an (A8)

* (QZ ln) (Q;)n In—1-*
Q

For the RHS of Equation (A.7), we substitute >*

n—1n

from Equation (A.4) and the value of

c3 to get the following:

CZ(Q* )2
c Z*_ L= 2 n—1n Q* o
et = @)y (B it
c Q:,— n ? *
— 71 f( 1 : ) * (Qx>n 1n—1 (Ag)
[02 +(Qw)n—1 (Qn ln)]

= Q_*(Q:; 1n>2(Q;)n 1n—1-

From Equations (A.8) and (A.9) we conclude that that (X7)., = c3(X7).,,_1. Hence, X7 is
a rank deficient matrix. Also note that the first n — 1 principal sub matrices of X! have

positive determinant by the positive definiteness of X*. Hence, rank(X!) =n — 1.
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A.1.2 Proof of part (ii) - Node n — 1 is a leaf node connected to node n in the

independence structure of »9:

Next we add B* to X! to get X

. s s ]
0 : : : : |
St o Dhopo HAT X in
X X in Y — Q_;n_
for any 0 < ¢! < D¥_,, ;. In X9 column n — 1 is not multiple of column n, hence it is a

symmetric positive definite matrix making it a valid covariance matrix. Also, column n — 1
is a multiple at all indices except at index n. In order to prove that node n — 1 is a leaf node

connected to node n, we use Lemma A.1.2.

Lemma A.1.2. If in any covariance matrix 33, column n — 1 is a multiple o # 0 of column
n except at position n — 1, then in the independence structure of 3, node n — 1 is a leaf node

connected to node n.

Proof of Lemma 1: We look at the edges of node n — 1 given by the (n — 1)** column of
Q=x"1

|det(X—(n-1),-)|
det(X)

|Qn—1i| =

Fori ¢ n,n —1, Q,_1; = 0 as the submatrix ¥_(,_1) _; is rank deficient by assumption. Note
that 2,1, # 0, because by contradiction if that was true, 2 would be a block diagonal with
node n — 1 as one block. This would imply that > would be a block diagonal with node

n — 1 as one block, which cannot be the case as ¥, 1, = aX,, # 0. Hence node n — 1 is a

67



leaf node connected to node n. O

By Lemma A.1.2, node n — 1 is a leaf node connected to node n in 7.

A.1.3 Proof of part (iii) - Structure of the remaining tree does not change:
In order to prove this part, we need the following lemma:

Lemma A.1.3. For any random vector Y = [Y1,Ys,...,Y,], Y ~ N(0,%), Y; is independent
of Y; conditioned on Yy, if and only if

_ SaSi

i
! Ekk

Proof of Lemma A.1.3: The probability distribution of Y_j conditioned on Y} is given as

follows:
Dk X—k ke

Yo | Y~ N(Efk,kzlzklyka Y kk— S )-
kk
For Y; to be independent of Y, conditioned on Y}, the 4,5 component of the conditional

covariance matrix must be zero, giving

_ ik

S
! kk

]

Proof of part (iiia) - Conditional independence relations, when conditioning is not on n or
n — 1, don’t change:

This is a direct consequence of Lemma A.1.3 as X}, = X;, for k #n,n — 1.

68



Proof of part (iiib) - Any pair of nodes which were independent conditioned on n — 1 in ¥*

are independent conditioned on n in »¢:

Suppose node ¢ and node j were independent conditioned on node n — 1 in X* and
1,7 # n. Then by Lemma A.1.3 we have:

X 12* 17
s o Znoliznoly
Z*

n—1ln—1

From Equation(A.2), note that ¥y ;; = (3}),-1; and ¥,

= (E3)n—j, also X, = (35)s
and 7. = (37);. So, by Equation (A.5), we have:

* \Ox
Y Zmz:n]
C3En in

Since the off diagonal terms of ¥* and X9 are equal, we have:

q q
Y Emzn]
C3Zn 1n

By Equation (A.7) we can substitute the denominator to obtain:

q q
o _ Znilh
i

e

Therefore, by Lemma A.1.3, in the graphical structure for X9, ¢ and j are independent
conditioned on n. O
Proving parts (i), (ii) and (iii) proves Proposition A.1.1, that the conditional independence
structure of X7 is given by the tree T9. For a leaf node a and its neighbor b in T, the
decomposition 3¢ = 3¢ + D? which results in the exchange to nodes a and b is as follows:

X— g ifi=j=a
Y= S54d 0<d<Dyifi=j=b

e otherwise,
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)

Di=<{ Di—¢  ifi=b

Dji+q— ifi=a

Dy otherwise,

]

Thus far, we have only considered the case when 8, has just one node. This analysis directly
extends to the case when 8, has more than one nodes. The »¢ and D? matrices in that case

are as follows:

- ifi=jes
=14 Sy+d ifi=je Neighbor(89)
X5 otherwise,
Dj+ g ifiese
Df, = Di, — ¢, if i € Neighbor(89)
Dy otherwise,

where Neighbor(87) is the set of neighbor nodes of all the nodes in 87. Also, ¢! is chosen

such that 0 < ¢} < Dj;. This completes the proof of Theorem 1. O

A.2 Proof of Theorem 2

We prove this theorem by proving that the off diagonal terms of covariance matrix are
enough to determine the structure of the underlying tree up to the equivalence set Jp+. The
main building block of this proof and of the algorithm presented in Section 5 is to categorize
any set of 4 nodes as a star shape or a non-star shape. Moreover, if it is a non star star

shape we further divide the set of 4 nodes in half forming 2 pairs of nodes.
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Node Set Classification | %%, pairing (If
Applicable)

0,1,3,7} Non-Star 1,{{0,1}, (3,71}

{7,8,9,10} | Non-Star 1, {{7,8}, {9,10}}

{14, 2, 10, 11} | Non-Star 2,{{14,2}, {10,11}}

{7,9,1, 6} Star N.A.

{1,14,10,6} |Star N.A.

Figure A.1: Examples of classification of 4 nodes as star shape or non-star shape.

Definition A.2.1. e Four nodes {iy, is,13,i4} form a non-star shape if there exists a
node 4 in the tree T*! such that exactly two nodes among the four lie in the same

connected component of T \ .

o If {i1,i9,13,14} does not form a non-star shape, we say they form a star shape.

It is easy to see that in the event that a set of 4 nodes forms a non star, there exists a
grouping such that the 2 nodes in the same connected component form the first pair and
the other 2 nodes form the second pair. Examples of star shape and non-star shape are
presented in Figure A.1. This categorization is done using only the off-diagonal elements of
the covariance matrix, hence this property remains invariant to diagonal perturbations, that
is, every set of 4 nodes falls in the same category in any tree obtained from the decomposition
of 3°=2%"+ D" as X}, = X7, Vi # j.

The proof of this theorem is split in 3 parts:

(i) Prove that it is possible to categorize any set of 4 nodes as star shape or non-star shape

using only off diagonal elements of the covariance matrix.

!'Note that nothing prevents i, to be one of the four nodes.
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Figure A.2: Conditional independence for non-star shape

(ii) Prove that this categorization of 4 nodes completely defines all the possible partitions
of the original tree in 2 connected components such that the connected components

have at least 2 node.

(iii) Prove that these partitions of a tree into connected components completely define the

tree structure up to the equivalence set JTp«.

A.2.1 Proof of Part (i) - Categorization of 4 nodes as star/non-star shape:

We first state the conditions using only off-diagonal elements for a set of 4 nodes
to be categorized as non-star shape. Assume that a set of 4 nodes {iy, s, 13,14} satisfy the
definition of a non-star shape such that nodes i; and i, form one pair and 73 and i, form the

second pair. This is true if and only if:

* *
ZiliS _ Ei2i3
* - * Y
1114 1214
SF Sx
1211 1214
1311 1314
* *
EZ'21'1 7& EZ'2”i3
> ¥

1411 1314

The first equality and the second inequality imply the last inequality. When nodes {iy, i, 73,4}

form a non star shape, they either satisfy a conditional independence structure shown in Fig-
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ure A.2(a) or A.2(b) for some nodes iy and iy .

For Figure A.2(a), the following conditional independence relations hold:

iv L i3, ialis, (A.11)

is £ ialis. (A.12)

Using Lemma A.1.3, we get the following conditions for the conditional independence relation

in Equations (A.11) and (A.12):

* * * * *
E* 2211221312 o 21112 21422 7,3@2 27,412 A 13
1212 Z* — Z* 7& Z* . ( . )
4113 114 1314

Using Equation (A.13) we get the relations in Equation (2.3).

For Figure A.2(b), the following conditional independence relations hold:

iv L s, ia)in, (A.14)
in L s, ialin, (A.15)
is K iglin. (A.16)

Using Lemma A.1.3, we get the following conditions for the conditional independence relation
in Equations (A.14), (A.15) and (A.16):
DD Iy 2* > E* > 2* by . X

* “Zk’ 7,3Z r_ 212 ’ Z4’L r_ 227, / 7,3’Lk/ o ’LQZkl Z4’Lk/ # Zg’Lk/ ’L4ik/ (A 17)
Zk’lk’ * * * * * :
i1i3 1174 igig 1274 1314

Using Equation (A.17), we get the conditions in Equation (2.3). Note that for both the cases

in Figure A.2, the Equation (2.3) remains the same if 4; and i5 exchange positions.
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(is) () (i
(i) ()
() ()

b

(a)
Figure A.3: Conditional independence for star shape.
Next, we state the conditions using only off-diagonal elements for a set of 4 nodes to be

categorized as a star shape. Assume that a set of 4 nodes {i, is, 3,14} satisfy the definition

of a star shape. This is true if and only if:

* *
Zhis _ Ei2i3
* - PR
E2'11'4 Ei2i4
MNF Sx
i991 _ “Tligiq
T and (A.18)
1311 1314
* *
Y . i
* oy
1471 1314

First 2 equalities imply the third equality. Any set of 4 nodes {iy,i,173,14} can form a star
structure only if their conditional independence relation is given by Figure A.3(a) or A.3(b)

for some node i. For Figure A.3(a), the conditional independence relations are given as:

in L i3, iqliy, (A.19)

is L iglis. (A.20)

Using Lemma A.1.3, we get the following for these conditional independence relations in
Equations (A.19) and (A.20):

o T i D
Ehil: 121 123 __ 121 124 __ 121 13 (A.Ql)

1213 1214 1413
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Equation (A.21) implies Equation (2.4).

For Figure A.3(b), the conditional independence relations are given as:

7;1 L i?a 7;37 i4‘ik7 <A22)
in L s, ialin, (A.23)
i3 L iglig. (A.24)

Using Lemma A.1.3, we get the following for the conditional independence relations in Equa-

tions (A.22), (A.23) and (A.24):

YT YE YE g YE YE T YE T

G oty Tt Ttk Thatp T4ty Tl TUstk _ Tlolp T4ty T3k T4ty (A 25)

N =
i 3 % o 3 % X

1112 2113 1114 1213 1274 1314

*

Equation (A.25) implies Equation (2.4).
Hence using only the off diagonal terms, checking the conditions in Equations (2.3) and (2.4),

any set of 4 nodes can be classified as a star shape or non-star shape. O

A.2.2 Proof of Part (ii) - Partitioning of the tree in 2 connected components:

We prove this by presenting an explicit algorithm to obtain a specific partition of the
original tree T™*, which would also be a valid partition of 7", using the categorization of any
set of 4 nodes as a star shape or non-star shape. This procedure can be performed with
different initializations to obtain all the possible partitions.

Let A denote the set of all the nodes in 7.
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Definition A.2.2. A subtree B of a tree T* is a set of nodes such that B and A\ B form
a connected component in 7*. The pair of subtrees B and A \ B are called complementary

subtrees.

For any set of 4 nodes {iy, 19,143,474} that form a non-star shape such that nodes i,
and 75 form a pair, we obtain the smallest subtree containing ¢; and iy by Algorithm 2.
Basically, we fix 71, i5 and i3 and scan through all the remaining nodes to form a set of 4
nodes and check if it forms a star or non-star shape. If this set of 4 nodes forms a star shape
or forms a non-star shape such that the scanned node pairs with i; or 75, we put it in group
1, otherwise, we put it in group 2. Once we are done scanning through all the nodes, group

1 gives the smallest subtree and group 2 gives its complementary subtree.
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Figure A.4: Suppose iy =7, io = 9 and i3 = 5. If j is in group 2, {i1,i9,43,7} is categorized as a
non star and j pairs with 3. If j is in group 1, {i1,49,143,7} is either categorized as a star or it is

categorized as a non star and j pairs with ¢; or is.

Algorithm 2 Partition all the nodes in complementary subtrees.
Input - Observed Covariance Matrix (£°), Set of 4 nodes({i1, i2,%3,74})
Output - The smallest subtree containing i; and iy(groupl) and the complementary subtree
(group2).
1: procedure SMALLESTSUBTREE(X?, {i1, 42, 13,14 })
2: n_rows < size(%°,1)

3: index < {il, 9, ig, O}

4: for j =1 to n.rows do

5: if 7 in groupl or group2 then

6: continue

7: end if

8: index[4] = j

9: status, pairl, pair2 <— ISSTARSHAPE(index, %)

10: if status then > If {1, 19,143, j} forms a star shape, add j to groupl.
11: groupl.append(y)

12: else

13: if j pairs with index[3] then > If j pairs with i3, add j to group2.
14: group2.append(j)

15: else

16: groupl.append(j) > Otherwise add j to groupl.
17: end if

18: end if

19: end for

20: return groupl, group?2

21: end procedure
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Proof of Correctness of Algorithm 2

Consider the tree T*. We denote the smallest subtree containing nodes i; and iy by
B. Let iy denote the node in B that has an edge with the connected component formed by
A\ B. Let ix be the node in A \ B that has an edge with a node in B. In this case iy is
a node such that nodes i; and iy lie in the same connected component of T \ ix. By the
definition of non-star shape, i3 cannot be in B. Also, a node j can be in A \ B if and only
if nodes {iy,1i,143,j} are non star and j pairs with i3 as nodes i; and iy still lie in the same
connected component of 7% \ 4. This is illustrated in Figure A.4.

Using different ¢; and 9, we get all the possible partitions of the tree T™.

A.2.3 Proof of Part (iii) - Recovering the tree up to unidentifiability using tree

partitions

Before going to the proof of this part, we define the terms equivalence cluster, cluster
tree, cluster subtrees, complementary cluster subtrees and the root of a cluster subtree as

follows:

Definition A.2.3. A set containing an internal node and all the leaf nodes connected to
it forms an equivalence cluster. We say that there is an edge between two equivalence
clusters if there is an edge between any node in one equivalence cluster and any node in the
other equivalence cluster. An equivalence cluster which has an edge with at most one more

equivalence cluster is called a leaf equivalence cluster.

Definition A.2.4. A tree with equivalence clusters as vertices and edges between equivalence

clusters as the edges is called a cluster tree.
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Figure A.5: (a) Equivalence clusters for the given tree. (b) The cluster tree with equivalence

clusters as vertices.
Example of equivalence clusters and a cluster tree are presented in Figure A.5. The cluster

tree completely defines the set Tp-.

Definition A.2.5. A cluster subtree is a set where the equivalence clusters are plugged in
for the corresponding nodes in a subtree. Complementary cluster subtrees are the subtrees

obtained when this is done for a pair of complementary subtrees.

Definition A.2.6. The root of a cluster subtree is the equivalence cluster that has an

edge with the complementary cluster subtree.

To prove this theorem we show that the partitions obtained in part (ii) completely define
the cluster tree. We call the subtrees obtained from part (ii) input subtrees. Note that each

input subtree has at least 2 nodes. We prove this in 2 steps:

(i) The input subtrees define the equivalence clusters.

(ii) The input subtrees define the edges between the equivalence clusters.
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Algorithm to find equivalence clusters

The algorithm to find the equivalence clusters takes all the input subtrees and per-

forms the following steps:

1. Initialize the set of discovered equivalence clusters as an empty set.

2. Identify one input subtree which does not have a subset of nodes forming another
input subtree. This input subtree forms an equivalence cluster. Append it to the list

of equivalence clusters.

3. Construct trimmed subtrees by removing the equivalence cluster from the input sub-

trees.

4. Repeat steps 2 and 3 with trimmed subtrees as input subtrees.

Proof of Correctness:

We prove the correctness of this algorithm by induction on the number of equivalence
clusters.
Base Case (k=1):
When there is 1 equivalence cluster, there is 1 input subtree and it is the equivalence cluster.
Inductive Step:
Assume the algorithm works for a tree with k or less equivalence clusters. We prove that
the algorithm works for a tree with k + 1 equivalence clusters.
Relabeling if necessary, assume that k 4 1 is a leaf equivalence cluster. Hence it forms a
subtree and no subset of the equivalence cluster can form a subset of another input subtree

(as the smallest input subtree which contains at least 2 of these nodes is the whole equivalence
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cluster). Thus in Step 2, k + 1 is recognized as an equivalence cluster.

By trimming in Step 3, we remove the k4 1°* equivalence cluster from all the subtrees.
Hence, we are left with a tree with k equivalence clusters. By inductive assumption, the
algorithm can find these k£ equivalence clusters. Therefore, the algorithm finds all the k£ + 1

equivalence clusters.

Algorithm to find the edges between equivalence clusters

For this part we identify the root of every cluster subtree as follows:

An equivalence cluster is the root of a cluster subtree if and only if, upon its removal, the
remaining elements can be written as a union of smaller cluster subtrees which are a subset
of the original cluster subtree.

To prove this claim, assume that we remove an equivalence cluster other than the root. In
that case the root must have an edge with the complementary cluster subtree and hence it
cannot be obtained by a union of smaller cluster subtrees which are a subset of the original
cluster subtrees.

The algorithm to find the edges between equivalence clusters performs the following steps:

1. Initialize the set of edges as a null set and the set of unexplored complementary cluster

subtrees as the set of all the complementary cluster subtrees.

2. Select a pair of complementary cluster subtrees from the set of unexplored complemen-

tary cluster subtrees.

3. Find the root nodes of both the cluster subtrees and append an edge between the two

roots in the set of edges.
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4. Trim the currently selected cluster subtrees from all the cluster subtrees in the un-
explored set for which the currently explored cluster subtrees are a subset(this also
deletes the currently selected cluster subtrees from the unexplored set). Repeat Steps

2, 3 and 4 with the trimmed cluster subtrees till the unexplored set is empty.

Proof of Correctness:

We prove the correctness of this algorithm by induction on the number of equivalence
clusters.
Base Case (k = 2): In this case there are 2 cluster subtrees which are complementary cluster
subtrees. Both of them have 1 equivalence cluster which is also the root. Hence the algo-
rithm finds the edge between the two cluster subtrees.
Inductive Step: Suppose the algorithm works for a tree with k£ or less equivalence clusters.
We prove that the algorithm works for a tree with &£ + 1 equivalence clusters.
Relabeling if necessary, assume that k + 1 is a leaf equivalence cluster. Hence there exists a
pair of complementary cluster subtrees where one cluster subtree contains the k + 1 equiva-
lence cluster and the other cluster contains the first k equivalence cluster. Hence the edge of
the (k + 1)% equivalence cluster is added to the list of edges. Once this edge is recognized,
the (k + 1) equivalence cluster is trimmed and the algorithm correctly finds the edges of

the remaining cluster tree by the inductive assumption.

Hence the input subtrees completely define the equivalence clusters and the edges

between them. This completes the proof of theorem 2. O

82



A.3 Proof of Theorem 4

To prove this claim, we consider the decomposition of ¥° = ¥’ + D’ such that the
conditional independence structure 7" for ¥’ has leaf node b and its neighbor node a. We
show that €, < |€2,], that is, the leaf node b in 7" violates the constraint. Hence, any
decomposition of X° which results in an exchange of a leaf node with its neighbor is infeasible.

Therefore, the problem becomes identifiable.

Relabeling if necessary, assume that node n is a leaf node connected to node n — 1 in
T*. Recall that the decomposition of ¥° = 3’ + D’ from Proposition A.1.1 to obtain a tree

structure 7" in which node n — 1 is a leaf node connected to node n is given by:

Sy iz iz
Zéj: Z;‘kj‘i‘c O<C<D:_1n_1if7;:j:n_1
X5 otherwise.

We derive the expression of Q' = (X')~!. We denote B; and By as follows:

c 0<c<D; |, ifi=7j=n—-1

Bl == P
0 otherwise
1 . . .
——— fi=9=n
By = 19299 J
0 otherwise

This gives us ¥/ = ¥* + By + By. Hence ¥ is ¥* plus a rank 2 matrix. To calculate its

inverse, we first evaluate:

1
1 + tr(Q*Bl)
CQinle:(Lfl,:

14 i

n—In—1

(2* -+ Bl)_l == Q* - Q*BlQ*

(A.26)

*
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We next evaluate € as follows:

1

QA =" +B +B) = ("+B) ! —
( 4B = R S CEN RS

(XF 4+ By) ' By(XF + Byt

This expression can be simplified by substituting the value of (X* + B;)~! from Equation

(A.26) to arrive at:

1+ 1
T T N A X ) (A27)
n—1n n—1n
Now we look at the terms in positions (n — 1,7 — 1) and (n — 1,n) of {V'.
. (L4 2 1p1) .
Qi1 = 1 c e 20 _1n1
1
Cc
L4 1,1) O
Q/ — O ( nlnlg* — QO _ ""mn " n—In—1
n—1n n—1n + Cszln nn n—1n szln
_
B CQ:Z—ln
By the original assumption we have Q> |QF | | hence Q) . < | _,.|. Therefore the

leaf node n — 1 in 7" violates the additional constraint and hence this decomposition of »°
is infeasible. Extending the argument, any decomposition of ° which results in a tree 7" in
which leaf node of T™* exchanges position with its neighbor is infeasible. Hence T* and T’

have the same structure. ]

A.4 Proof of Theorem 6

To prove this theorem, we consider X’ such that the conditional independence struc-

ture has b as the leaf node and a as its neighbor. Rest of the struture is the same as T*. We
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find a lower bound on the minimum eigenvalue of ', A/ . . If this lower bound is greater

than A,.;,, this implies that there exists a feasible decomposition which has conditional

independence structure different from 7.

In order to lower bound the minimum eigenvalue of ', we upper bound the maximum
eigenvalue of €)'. We do this using a corollary of Gerschgorin’s Theorem. We use the result
that the maximum eigenvalue of ' is upper bounded by the maximum of the sum of absolute

values of all the row entries:

n

L max (Z |Q;j|). (A.28)

’
Amin j=1

From the expression of €' stated in Equation (A.27) (by relabeling the nodes n and n — 1

as nodes a and b respectively), we have:

(2, Ut (20,25, (2, ool ..
n ((Q*b)2 o ) - (Q* o ij#alb 1S3, ifi=q,
Q| = 1< ﬂ) i
Zl | | 1+ Qr, ifi=5b
j= n . Q|9 .
(ij;';lb Q5] + \lebf |> otherwise.

Using the definitions in Equation 6, we can rewrite the upper bound in Equation (A.28) as

follows:
1 ab fab
7 < max( + g, h?).
min
Rewriting this as:
# lf c < eu.b_fab
1 ab ab__ ab ab
N < fT‘f‘gab lfegab <C§hag—_gab
m

hab otherwise.

First, let us concentrate on the first case. For unidentifiability, we need:

¢ > e®\nin.
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. . ab__ fab . ab__ pab
To remain in the first case, we need ¢ < £ gatf . Therefore, if \,,;, < % and Dy, >

e \,in, there would exist a feasible value of ¢ which allows node a and b to switch positions.

Next we look at the second case. If A, < g—ib, for unidentifiability, we need:

fab
>
€= 1//\mzn - gab

ab 1

To remain in the second case, we need ¢ < —L—. Therefore, if \,;, < — and Df >
) hab—g ) h bb

ﬁ) there would exist a feasible value of ¢ which allows node a and b to switch positions.

If \in > g—ib, nothing can be said about unidentifiability. To enter the third case, we need

Amin > # which would again imply that nothing could be said about identifiability.
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Appendix B

Robust Estimation of Tree Structured Ising Models

B.1 Proof of Lemma 3.3.5

We prove this by induction on the number of nodes k in the path (X;, — X;, —

Xy -+ — X;,) for any 2 nodes X;,, X;, .

Base Case k£ = 3:

The path is (X;, — X;, — X,,), therefore we have X;, 1 X |X;,. For random
variables with a support size of 2, this is true if and only if they are conditionally uncorrelated,
that is,

E[X;, X, | Xi,] = E[XG | X5, E[XGL | X0, (B.1)

E[X;,|X;,] is linear in X;, since the support size of X, is 2 and therefore we need to need to
fit only 2 points E[X}, | X;, = 1] and E[X}, | X;, = —1] to completely represent the conditional
expectation. Therefore the linear least square error (LLSE) estimator of X;, given X, is also
the minimum mean squared estimator E[X;,|X;,]. Utilizing the standard result for LLSE,
we have:

E[X;, | Xi,] = E[Xi,] + T, 57,5, (X, — E[X,]). (B.2)

12,12
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Similarly we have:

E[X;,|X:,] = E[X,] + 360,25 (X, — E[X4)). (B.3)

13,12 12,12

Substituting E[X;, | X;,] and E[X;,|X,,] from Equations (B.2) and (B.3) in Equation (B.1)

we get:
E[Xi, Xi| Xs,) =E[X;,JE[X;,] + E[X;, |50, 25, (Xi, — E[X3 )+

12,12

E[Xi3]zi17i22_l

12,12

(Xi, — E[X5,))+

Sinia Digsin (15, (X, — E[X4,]))?

12,12
E[XilXi3] :E[E[XhXi?, |X22]]

=E[X;,|E[Xi,] + Biyi0 Disin Xi

13,12 19,82

Therefore we get X, 24,0, = 24y iy 2ig i, Which iImplies p; iy = Piyin Pigis-

Inductive Case:

Let the statement be true for any path involving k nodes. For a path (X;, — X;, —

X — X ) we have X;, 1 X; Xi,. Therefore the same calculation as the base

(k+1) (k+1)|

case holds true by replacing X;, by X, and X;, by Xi<k+1). Therefore Pivigery = PivigPigigegry -

. . . 1Tk okl
By the inductive assumption, p;,;, = [[,_5 pi,_,.i;» therefore, Pivipry = 1L pi i

B.2 Proof of Covariance of noisy variables.

Lemma B.2.1. Consider 2 Random variables X; and X; with support on {—1,1} whose

covariance is denoted by X; ;. Now consider the noisy version of these random variables X7
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and X§ whose covariance is denoted by X} ;. Then we have:

E[X;] = (1 - 2¢)E[X]]

Y= (1 =2g:)(1 —2¢;)%:

Proof. By the noise model we have:
EIX{] = (1 — @)E[X] + ¢E[-Xj]
E[X7] = (1 —2¢)E[X].
We also have:
E[X: XS] =(1 — ¢:)(1 — ¢;)E[X; X;] + (1 — ¢;) B[ X: X ]+
(1= @) E[-XiX;] + qiq;E[X; X
=(1 = 24;)(1 — 2¢;)E[X;:.X;].

Therefore,
Z;J = E[X,fX;] — E[Xf]E[Xﬂ

= (1 = 2q:)(1 = 2¢;)(E[X; X;] — E[XG]E[X}])

= (1 —2¢;)(1 — 2¢5)%; 5

(B.4)

(B.5)

We can use Equation (B.4) to calculate the variance of every random variable in terms

of the variance of its noisy counterpart as follows:

Y =1 — E[X;)
_,_ BT
(1 —2¢)?

-3,
(1 —2¢)?
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X)) (X3 (x, @ X,

(a) (b) (c) (d)

Figure B.1: Different possible configurations of any set of 3 nodes.

B.3 Proof that the Quadratic gives a valid solution

Consider the quadratic in Equation (3.2). We prove that this equation always has a

valid solution ¢; < 0.5 for any set of 3 nodes in a tree structured graphical model.

i A
X1 2%13
!
53

Whenever 0 < 1 — %, + < 1, the solution is of the form ¢; = 7,1 — 1 where

0 <7 < 0.5. From Equations (B.6) and (B.7), we have:
/ !/

RS IS
1-%4, + % =(1-2¢3)(1 -2, + %) (B.8)
2,3 ’

The different possible configurations of any 3 nodes X;, X5 and X3 in any tree
structured graphical model are shown in Figure B.1. For case (a) we have Y593 5 = ¥ 9¥0 3
by Lemma 3.3.5. This gives us:

I 2

Y % )y
1— 50+ 2708 — (1 - 2¢)%(1 — 2y + =22).
’ Y53 Y2

Using the assumption that the absolute value of correlation is upper bounded away from

1 and lower bounded away from 0, we have 0 < 232 < ¥i11299. Also, 0 < 37 <1 and

0 < (1 —2q)* < 1. Therefore, for case (a), 0 < 1 — X}, + 2/1’22,2,1’3 < 1 and the quadratic
) 2,3

equation has valid roots. By symmetry, the quadratic equation gives valid roots for case (b)

too.
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Case (c) is the underlying truth, therefore the quadratic equation recovers the true
underlying error.
For Case(d), we have Ek,kzl,?) = Zl,kZB,ka zk7k2172 = Zl,kZQ,k and Ek,kzg’g = Eg’kzg’k.

This gives us:

2/ E/ 22
P Y = = (120070 S+ ). (B.9)
2,3 7

The same arguments as case (a) hold true for case (d) with node 2 replaced by node k.

Therefore, the quadratic has a valid solution in this case too.

B.4 Proof of Lemma 3.3.6, Lemma 3.3.7 and Star/Non-star Con-
dition for Generic Trees

B.4.1 Proof of Lemma 3.3.6(a)

Proof. Note that qﬁ’?’ and gﬁA are given by solving an equation similar to (3.2). As
the solution to the quadratic is defined completely by the covariance terms, all we need to

prove is:
/ !/ / / / /
21920 3 - 21920 4 23 o 24
Yhe o X Yhe o by,
2,3 2,4 2,3 2,4

By substituting the value of ¥ ; from Equation B.6, we now need to prove that:

)

b Y14 1 1,4
13 _ ~Z14 — E _ P
293 o4 P23 P24

Using the correlation decay property, we get that p13 = pi12p23, p1a = pi2p23p34 and

P24 = p23psa. Therefore LHS = RHS = py 5.
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B.4.2 Proof of Lemma 3.3.6(b)

Proof. Using the same arguments as in the proof of Lemma 3.3.6(a), we can conclude

that we need to prove:

! / / !
Z1,322,4 1 z2,32174 1
E/ / 7é ? 2/ ! 7é

2,134 1,2-3,4

Substituting ¥ ; from Equation (B.6), we get:

/ / / /
E1,322,4 _ P1,3P24 E2,321,4 _ P23P14
! !’ N r :
22712374 P£2,103,4 E1,22374 P1,2P3,4

Using the correlation decay property, we get that:

P£1,302,4 _ £2,3P1,4 _ p§3 < pgnaa: <1 (B.l())
£2,103,4 £1,2P3,4 '

B.4.3 Proof of Lemma 3.3.7

Proof. This is equivalent to proving that

/ ! / /
21,3 - Z1,4 21,2 - 21,3
R YRR Y v
z32,3 z12,4 Z32,4 Z3,4

which is again equivalent to:
P _ P P2 _ pis

, .
P2,3 P24 P24 P34

Using the correlation decay property it is easy to see that:

P13 P14 P1,2 P13

1,2

P1,2,
P23 P2,4 P24 03,4

B.4.4 Proof of Star/Non-star Condition for Generic Trees

We show how to utilize the result on a set of 4 nodes to classify any set of 4 nodes as

star /non-star in a generic tree.
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Figure B.2: Possible conditional independence relations for non-star shape if they don’t form a
chain
If any 4 nodes { X7, Xs, X3, X4} in a tree graphical model form a non-star shape such
that (X3, X3) from a pair and are not arranged in a chain, there exist nodes X and X

such that the conditional independence structure is given by either Figure B.2(a) or B.2(b).
For the conditional independence in Figure B.2(a), we know that:

(ﬁv?’ = @11@,2 By Lemma 3.3.7 on { X3, X3, X4, Xz},

(ﬁv?’ = (jff’l By Lemma 3.3.7 on {X;, X3, X4, Xz},
(B.11)

q? = §%' # ¢;* By Lemma 3.3.6(a) and Lemma 3.3.6(b)

on {X1, Xo, Xi, X4}

. . ~2,3 ~1,3 ~1,2 s ~2,4 ~1,4 ~1,2
This gives us ;" = ¢, 7# ¢, Similarly, we have ¢3" = 3" # ¢5”.
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We also know that:
@° = 4y* # ¢&* By Lemma 3.3.6(a) and Lemma 3.3.6(b)
on {X1, Xy, X3, X3},
@t = 4y% # ¢&" By Lemma 3.3.6(a) and Lemma 3.3.6(b)
on {X1, Xy, X3, X4},
@& = @ = @& By Lemma 3.3.7 on {X,, X3, X4, X}, o
@° = ¢b* + ¢* By Lemma 3.3.6(a) and Lemma 3.3.6(b) (12
on {X1, Xy, X3, X3},
@ = ¢P* + ¢" By Lemma 3.3.6(a) and Lemma 3.3.6(b)
on {X1, Xy, X3, X4},
@ = @* = P By Lemma 3.3.7 on {X1, X3, X4, Xi}.
These equations imply dé’?’ = qA%A #* QS’A and cﬁ’?’ = (ﬁA =+ cji”4. If the conditional indepen-
dence is as shown in Figure B.2(b), we have:
cﬁ’?’ = quf,’Q = @%’4 = (}flABy Lemma 3.3.7 on
{X1, Xo, X3, X} and on { X1, Xo, X4, Xi},
(B.13)
@ # @By Lemma 3.3.6(b) on {X1, Xy, Xu, Xu},
@ = @*By Lemma 3.3.7 on {X1, X, X3, X4}

These equations give us cﬁ’g’ = (ﬁA #+ @3’4. Furthermore, by Equation (B.10), we have:

p/1,3P/2,4 2
p/ pl —_ max < 1
1204 (B.14)
P1,3P2.4 1
,0/1,4PI2,3
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Figure B.3: Possible conditional independence relations for a star shape.
By symmetry, the remaining conditions in Equation (3.3) are also satisfied.

When the 4 nodes form a star structure in the tree, their conditional independence is
given by either Figure 3.2 or there exists a node X} such that the conditional independence is
as shown in Figure B.3. Lemma 3.3.7 proves that Equation 3.3 is satisfied if the conditional
independence is given by Figure 3.2. If the conditional independence is given by Figure B.3,

we have:
£2,3 ~2.k ~k,3
¢ = q¢" = ¢ By Lemma 3.3.7 on {X;, X, X3, X¢},

¢* = ¢ = " By Lemma 3.3.7 on { X1, X3, X4, X}, (B.15)
qu’4 = (jfk = q’f»‘* By Lemma 3.3.7 on { X1, Xo, X4, Xi}.
This implies that cﬁ’3 = gﬁ’?’ = qu’2. By symmetry, all the remaining conditions of Equation
3.3 are also satisfied.

This completes the proof that just by having access to the noisy probability distribu-

tion, it is possible to categorize any set of 4 nodes as a star/non-star shape.

B.5 Proof of Theorem 3.3.8

Given the noisy variance X} ; and an estimate of the error probability vector §, we

estimate the non-noisy covariance as:

. Dy S (1 = 2g:)(1 = 2¢;)
. BT | Gk )] Gl |70 B.16
7 (1=24;)(1 - 2g;) (1 —2¢;)(1 —2g;) 7 (B10)
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For the error probability vector §, using Equation (B.7) the non-noisy variance is estimated
as:
-5

Yii=1- =2, 2@”)2 (B.17)

To check if any conditional independence relation X; L X;|X} is true, we need to

verify if it satisfies the correlation decay equation ﬁ)i,jim = f]zkf]kj

We first consider 7" where only one leaf node exchanges position with its neighbor.

Suppose in the original tree, node X is a leaf node connected to node Xs.

Consider the error vector q:

I-(I-2p)\/s=—21+1], (B.18)

To prove that this error vector results in 7”7, we need to prove that any node X, # X, X»
which satisfies X; L Xj| X5 in 7% must satisfy Xy 1 X;|X; in 7". We note that:

S Z31,2(1 - 2611)(1 - ZQ2) $ L= El,k(l - 26]1)
1,2 = Py yLlk = T aa N
(1=3%,)1 —2q:)*

(1 —2G¢)2

Using ELkEQQ = 217222’]6, it is easy to check that 227’“2171 = 21&212.

(B.19)

Sok = Dok(l —22), 811 =1 —

Furthermore, we need to prove that any pair of nodes Xy, , Xy, # X1, Xy such that
Xk, L X, | Xo in T% satisfy X, L Xj,|X; in 77, Doing similar substitutions by replacing
node 2 by node k; and node k£ by node ks gives us 21,121@1,1@ = 21,1@121,1@ which proves that
Xk, L Xi, | X
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The remaining conditional independences not involving X; and X, remain intact as

the error probability for the remaining nodes is assigned to the original probability of error.

Now, consider a tree 7" in which a set of leaf nodes 8’ exchange positions with their

neighbors. For this case consider the error probability vector § such that:

. 1—(1-2 X Y41
QZ—§ _( - qz) E__ z,z+ )

35
Vied§, j= Parent(i)
g =0V ie€8, j= Parent(i)

qr =qx, otherwise.

This is obtained by performing the same procedure on each leaf node one by one.

97



Appendix C

Recoverability Landscape of Tree Structured Markov

Random Fields under Symmetric Noise

C.1 Proof of Lemma 1

This proof relies on the classification of a set of 4 nodes as star/non-star. We use the

information distance metric d; ; as defined in Equation (4.2) in order to achieve this

A set of 4 nodes (Xi, Xs, X3, X4) forms a non-star with (X3, X5) forming a pair if:
dy g + dy g = dy g + do 3 # dy oy + dy g
The set forms a star if:
dyy +dy gy =dyy +dyzy =dyo +dy .

Next, we see why these conditions for star/non-star classification are correct.

Non-Star condition: When any 4 nodes (Xi, X5, X3, X,) form a non-star such that
(X1, X3) form a pair, the 4 nodes can have one of the four configurations as shown in Figure
C.1. There exist more configurations with X; and X, exchanging positions or X3 and X,

exchanging positions. Since X; and X, always occur interchangeably, the results continue
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(a) (b)
(c) (d)

Figure C.1: Four possible configurations of (X1, X2, X3, X4) when they form a non-star such that

(X1, X3) form a pair.

to hold for the configurations where X; and X, exchange positions. Same argument holds

for X3 and X,.

Note that the distances d;; are additive along the paths connecting X; and X;.

Therefore for all the cases, it is easy to see that:
diz+dog = dig+das.

Therefore we have that :

dig+dog+diy+doy +dsgy +dyy =dig+dos+dyy+doy +dzy 4+ dya,

dyvg +dyy =dyy +dysy(Asdy jy =diy+dij+dj ).
Furthermore, one can see that
dig+doa— (dig+dsa) > 2dpmin.

Adding and subtracting the noise distances again, we get that

dyg +dyy — (dy oy +dya) > 2din.
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(@) (b)
Figure C.2: Two possible configurations of (X1, X2, X3, X4) when they form a star.

Star condition: When the 4 nodes form a star, they can have either of the two configura-
tions in Figure C.2. All the nodes are allowed to exchange positions with each other. Using

the distance additivity for this setting, it is easy to see that, for both the cases,
diz+dos=dig+dog=dio+ d3a.
Furthermore using dy j» = d; i + d; ; + d; j7, we get that
dvy +dyy =dyy+dyy =dyy+dy .
This concludes the proof that the distances between noisy random variables can be

used to classify a set of 4 nodes as star/non-star thereby proving that the only unidentifia-

bility could possibly be within a leaf cluster.

C.2 Obtaining Equation (4.6)

From Equation (43), we have Pll’gl = E1P1’3E3, P1/72/ = E1P1’2E2, Pgl’gl = E2P2’3E3.
From Equation (4.4), we have Py = (1 — qo) P, + ©1. Substituting these in Equation (4.5),

we get:

1
P2/73/P]:,§,P1/72/ IEZW (PQ/ - %[) E2 (Cl)
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_ 1 q
P2/73/P1/7§/P1/72/ :E2<1—q> <P2/ — f[) E2
— 42

_ E q E
P2/73/P1/ élpl/g/ = 2 (1 — q2) PQ/ — —21 2
’ 1 —¢ k 1 —q

E, - 1 Es ! q2
P/ /P, ,P/ / - 1— (P/——I)
(1_q2) 2,3/ L7 3471 2 (1—(12 ( 3@) ( P i

Note that:

E, I ¢20
I —q k(l—(h)

£y 71:]_@
1—QQ k

Substituting this back in Equation (C.3)

O @,
(I - qQT) Py 3Py Py ([ — %) =(1—q) (Pz, — %1)

2
%(OPQ,:,,P;;,PMO — k) — %(OPQ,,@P;;,PI,,Q, + Py gy Py PriyO — kPy — 1)

+ Py gy Py Py — Py =0
To simplify this, we observe that:
OPy 3y =OPy 3y =OP;
Py 50 = PyO
Py yO =Py 30 =0P)
OPy o = OPy
Substituting these back in Equation (C.5), we get:

@

(0 —kI) — q—;(OPQ, 4+ PyO — kPy —I) + Py y P; 5 Puo — Py =0
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C.3 Proof of Theorem 4.4.2

Proof. Note that a graphical model on any subset of 3 nodes comprising of a leaf node X,
it’s parent X and an arbitrary third node X3 always forms a tree and satisfies Xy 1 X3|Xj.
However, due to the unidentifiability between X, and X;, we don’t know a priori whether
Xy L X5]X; or Xy L X;3|Xs. Therefore, we attempt to estimate the probability of error for
both the cases using an equation equivalent to Equation (4.7). All the cases for which the

equation has a feasible solution can explain the noisy observations.

Clearly, the case corresponding to the ground truth X, 1 X3|X; has a solution. Now
we see what happens when we check whether node X5 is the middle node by solving Equation
(C.1) when the ground truth has node 1 in the middle. That is, we try to estimate 65’3 when
X, 1L X5]X;.

In the current setting, we have:

P = P2,1P1_1P1,3-

We also have:

P2/73 = E2P2,3E37 P{,g = E1P1,3E3> P1/,2 = E1P1,2E2-

Substituting these in Equations (C.1) and (4.6), we get:

- 1 AN .
E2P2,1P1_1P1,2E2 :E21’3—) <ng — q2—I) E21’3

(1-q° k (C.8)
s.4.0 < Gy° < 1,
(%°)? G
O—kI)— 2 (OPy + PyO — kPy — I
iz )= (OR+ B > =) (C.9)
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Note that this equation does not depend on the random variable X5. Therefore,
whether a leaf node and its parent are unidentifiable depends solely on the joint distribution
of the parent node X; and the noisy leaf node X). When this equation does not have a
solution, we can conclude that X5 is a leaf node. Thus any tree in T~ which has X; as a

leaf node can be ruled out.

Now, let us focus on the case when Equation (C.9) has a solution. We aim to obtain
X whose graphical model is T. In order to do that, we assign the probability of error §;

which resulted in each of the observed noisy random variable X as follows:
1=0,G=0q"¢=qVig¢{l2} (C.10)

Therefore we have that X; = X; Vi ¢ {1,2}. Note that, by construction, this results in
X, L XZ-\XQ Vi ¢ {1,2}. We next prove that for any pair of nodes such that X, L X, |X;
and k1, ky ¢ {1,2}, we have that X, L Xj,|X,. This is equivalent to proving that Py, 1, =
PkleglPikQ where Py 5, P5 and P, are the joint PMF matrix of Xy, and X,, diagonal

marginal of X,, and the joint PMF matrix of X, and X &, Tespectively. We have that:
Piyo= Py 1P/ Py, Poy, = Py P P, .
Substituting these in Py, x, = Pr 1Py Py, We get:
Py oy = Po, 2 PLy PLPs | P,

Note that Py, 2 Ey = PkléE;T’?’ = Py, ». Using this along with Equation (C.8) we get Py, x, =
Pk;17§P§71Pé7k2'

The above analysis of ruling out the trees with X; as a leaf node when Equation

(C.9) does not have a solution and constructing X when Equation (C.9) has a solution,
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sub

holds true for every pair of parent and leaf nodes. Thus any tree in Ty« \ T5%° can be ruled

out. Furthermore, for any tree T € T5% in which leaf nodes £7 C £ exchange positions
with their parents, we can define the probability of error for §; for every node X; € X as

follows:

G =@’ vie Ly,

Gp, = 0 Vi € L,

G; = q; otherwise,
where X, is the parent node of X;. It is straightforward to see that the graphical model of
XisT. O

C.4 Proof of Theorem 4.4.3

We first present a simple equation that helps in working with symmetric and per-

turbed symmetric models:

(ot -a02) (et 0 0) = et £ w?). ey

When X5 is a leaf node, X is its parent node and X3 is an arbitrary third node, X3 1 X5|Xj.
This gives us:

P35 = P2,1P1_1P1,2~

Substituting this in Py 3 P;}),Pll,z/ while noting that P,y = E,FP,Ep, we get that:

P2',3'P177§/P1',2' = By P PPy 5 Es. (C.12)
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Now, using Py = I/k, Poy = a1 + (1 — C(l’2>%, Ey=(1—q)I+ qz% and Equation C.11,

we get that:

_ _ 1 O
P2/73/P1,,§,P1/’2/ = E2P271P1 1P172E2 = E ((1 — QQ)Z&%QI + (1 — (1 — QQ)QCK%Q)E) .

With these expressions, along with Py = é, we now look at the quadratic in Equation (4.7).

2

%(O — kD) - %(OPQ, + PyO — kPy — I) + Py y P[5 Puy — Py

x? 2x 1 O I
ZE(O —kI) — ?(O/k 1)+ z ((1 - q2)2ozi2] +(1—-(1- qz)QaiQ)E) — %

-1 2 1— 2.2
:<5’7 )= (1—q) aQ’l(O—kI).
k
Thus, Equation 4.7 has a solution x =1 — (1 — ¢2)ay 2. O

C.5 Proof of Theorem 4.4.4

Using Equation (C.12), and recalling that P, = Pyy = P, = Py = é, we have that:

2
%(O - kl) - %(OPZ’ + P2’O - kP2’ - I) + PZ’,3’P1T%>’/P1/’2/ - PQ/ (C13)
x? 2x I

IE(O —kI) — F(O —kI)+ E2P271Pf1P172E2 % (C.14)

z—1)\2 O
= ( i > (O —kI) - =t kEy Py ProLs. (C.15)

Substituting Fy = (1 — q2) + qz% and Py; = (qgp — 0ap)l + (1 — %,b)% + Ay, We get:

O O
EoPs  PyoFy = <(1 — @) + Q2?> ((Oéa,b — 0ap) ] + (1 — Oéa,b)% + Aa,b) (C.16)
o . 0
(ozmb — 5a,b)I + (1 — Oéa,b)z + Aa,b (1 - QQ>[ + QQE . (Cl?)
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O
-+ Aa,b)

Now we have:
o)
EyPyy = ((1 — @) + Cbz) ((a’mb — Sap) ] + (1 — agp) ’
O
=(1 — q2)(aap — Oap) L + (1 — g2)(1 — aa,b)% + (1 —q2)Agp

O O O

+ ga(vap — 5a,b)z +¢2(1 — aa,b)% + (J25a,b%
@)
- q?)aa,b)z + (]- - q2)Aa,b

= (I —q2)(ap — dap)l + (1= (1

0]
, - + Ala7b

Define o , £ (1 — q2)tap, 'ap = (1 — q2)0g, and A, = (1 — q2)Aqp, We get:
k

EQPQ’]_ - (O[;’b - 5/a7b)]— + (1 - a; b)

1

Noting that P, oFy = (EyPy )T, we get:
@)
BuPusPrabs = g (s = G+ @01 + F0 = (@) + (ol — D) (L) + 80,

This gives us:
9 z—1\° 0 9
Q (ZL’) :H I (O—k‘[) — _2+kEbe,aPa,bEb||F
z—1)\2 1 O gy — 0y
() O K+ (@ = a4 020t G+ T T ATy
2—1)2 o 75/a 2 6’(21 a'2
%)2_( kl) e éb) et el
al’g?b +

Each diagonal element (total k) of the matrix is (
Each element at the positions of the support (Af, + A’aT,b) (total 2k) is (“F”—;l)2 -
. To simplify the above equation,

Jla,b(a;”b*(sla,b)
i .
12
Every remaining element (total k* — 3k) is (%‘1)2 -
we define v = (1 —z)? — o/, e = 0'ap(al,, — 0,,). Each diagonal element is 75 — 7 — 3.
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Each element at the positions of the support (A, + A’ib) (total 2k) is 75 + 7.
Every remaining element (total k* — 3k) is . Thus, we get:

2

2
2 g (02 R 2 _ g5y
Q(x)_k<k2 . k) +2k(k2+k> + (K - 300

=L ((k— 1)y +2ke)* + & (7 + ke)® + E242

2ke
k—1

Q?(x) is minimized for v = —2%¢. Substituting this, we get:

2(k — 3)e’k?

Q@) = =7

When k > 4, Q*(x) > 0. This completes the proof that when k > 4, Equation (4.7) does

not have a solution.

Next we look at the case when k = 3. For k = 3, when v = —3e, we get Q*(z) = 0.

The only thing that remains is to check that v = —3e corresponds to a valid solution of x.

(1—-2)*~ O/Z,b =7
(1-2)*—a5, +3¢=0

(1- x)2 = O/i,b - 35/a,b(a;,b - 5/a,b)

72
a,

4

[0}

Note that O/ib =30 ap( = 06"ap) = 2. Also note that for P); to be a valid PMF, we need
that a > 0,0 < a < 1. Under these constraints, it is easy to see that a’i’b—%’a,b(ag’b—é;,b) <
1. Therefore (1 —z)* = 0/(21,1; — 30, 4(agy, — 0,,5) has a solution for 0 <z < 1. This concludes

the proof that for k = 3, solution to Equation (4.7) always exists. In other words, for k =3

the joint PMF matrix being circulant is a sufficient condition for unidentifiability.
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Next we go on to prove that for k£ = 3, the joint PMF matrix being circulant is also a
necessary condition for unidentifiability. In order to arrive at this, note that, from Equation

C.2, a solution exists for Equation (4.7) if and only if it exists for:

. 1 1,3 .
Pyy Py Py = E%’Sm (P2, — % ) By’ st 0<§° < 1. (C.18)

4
Recall that Ey°® = (1 — ¢3°)] + cj%’g% We would like to prove that if Equation (C.18)
has a solution then the matrix P, ; is circulant. Since Py = é,Pl = é, P2,73/P1_,7§,P1/72/ =

EyPy 1 PP 5 By, we have that for some 0 < Gy° < 1:

9P271P172 = EQ_IE2173E~21’3E2_1. (Clg)
92 O

Note that B3 = (1—g2)[+¢: %) 7! = 1jq2(]+1322%)—1 = 1jq2 (I— 1:H) (using Woodbury
17q2

Matrix Identity). Simplifying, we get:

1 0 1 1 .0

[—g2) = I+(1
1_q2( Chk) + (

Byl = - —.
2 1—qo 1—q2>k

Now, using Equation (C.11), we get:

~ 1 _gl3 1 _gls
E51E21’3: : D) [+(1_ D) >%

Again, using Equation (C.11), we get:
1.3\ 2 1.3% 2
By BB By = (B BN = (%) I+ (1 - (11‘_—‘1;> ) 9
We note that in Equation (C.19), the RHS has equal off-diagonal elements and equal diagonal
elements.
Before proceeding further, for the ease of notation, we define M = 3P, and M; is the ith
column of M.

Since Equation (C.19) has a solution, we have the following properties of M:
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M,
(1/3, 1/3, 1/3)

M, B

M,

Figure C.3: Position of the three column vectors of matrix M for unidentifiability.

1. M is doubly stochastic (as P, = P, = [/3),
2. [|M;]|a = ||M;]|2 Vi, j € {1,2,3} (as the diagonal elements of MM are equal),

3. < M;,M; > is equal Vi # j € {1,2,3} (as the off-diagonal elements of MM are

equal).

These properties can hold true only if the columns of M are circulant. In order to see this,

note that:

1. A necessary condition for property 1 is that M, My and Mj3 lie on the probability

simplex.

2. For property 2 to hold, M;, My and M; lie on a circle on the plane of the probability

simplex with center at (1/3,1/3,1/3).

3. For property 3 to hold, My, My and Mj3 lie on an equilateral triangle of this circle.

This can be visualized in Figure (C.3). In order to see that they would be circulant,

note that once we are given the vector M;, vectors My and M3 are also determined. Given
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that we know that circulated versions of M, satisfy 1, 2 and 3, vectors M, and M3 have to

be the circulated M;.

C.6 Proof of Lemma 4.4.5

We first analyze what happens to the solution of Equation (4.7) for 3 nodes (X;, X», X3)
such that no 2 nodes are independent conditioned on the third. That is, their marginal dis-
tribution is not tree structured. We perform this analysis for general support size k > 2. In
this case, there exists another node, say Xy, such that X; L X, L X;3|X,. This analysis is

going to be useful in the proof of Lemma 4.4.5 as well as the algorithm design.

Lemma C.6.1. Consider any three nodes (X1, Xs, X3) in a tree graphical model whose
marginals are not tree structured. Then there exists a node Xy such that X7 1L Xo L X3|Xy.
Solving Equation (4.7) outputs Xo as a potential center node among (X1, Xa, X3) if and only

if it outputs Xy as a potential center node among (X4, Xs, X3)

Proof. In this setting, we would like to estimate the probability of error of X5 using Equation

(4.7). We have that:
Pys = P2,4P4_1P4,3,

-1
Py3 =P 4P Py3,

Py = P1,4P4_1P1,2
Using these expressions coupled with Equation (4.3) and substituting them in Equation (4.6)

we get the following quadratic equation:

~1,3\2 ~1,3
(qi?) (0= kD) = B (OPy+ PJO — kP; — I) + ExPya P PipBy — By = 0. (C.20)
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This is the same equation with X replaced by Xj,. O
Next we go on to prove Lemma 4.4.5

Proof. First, let us look at the case when (X7, Xo, X3) form a tree. If X; L X3| X5, solution
to Equation (4.7) exists and it recovers the true error for X,. We see what happens when
Xy L X3|X;. We consider the case when there is no noise in X, and X3. This is analysis
is sufficient, as even if there was independent noise in X5 and X3, we would have had

X} L X4 X5. Thus we can assume that X, and X3 already have the noise factored in.

For this case, we know that Equation (4.7) boils down to Equation (C.9) with E, = I.
Using basic algebra, we see that all the quadratic equations corresponding to the different

matrix components are equal to the following:

~1,3\2 ~1,3
P P. P P
(q2 ) _ (q2 )+ ( 2,1)0,0( 2,1)1,0 4 ( 2,1)0,1( 2,1)1,1 —0s.t. O§q~;,3 <1 (C.21)

4 2 (Py1)oo+ (Pea)io (Pai)oa+ (Pei)ia

Since the entries of P, ; are positive and sum up to 1, the smallest root of this equation
is 0 (when one of (Py1)0,0, (P21)1,0 and one of (Pa1)o.1, (P1)11 are 0) and the largest root is
1 (when all entries of P, are 1/4). Since P, is full rank, we can conclude that Equation

(C.21) has a solution.

Next, consider the case when (X7, X5, X3) do not form a tree. There exists a node
X4 such that X; 1L Xy L X3|X,. Using the above result, we know that Equation (4.7)
has a solution when we estimate the probability of error of X, which enforces X; 1 X3|X,.
Using Lemma C.6.1, we conclude that Equation (4.7) has a solution which enforces X; L

X5] X, 0
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C.7 Algorithm Details

In this section, we provide the details of the algorithm to recover the tree upto uniden-
tifiability. When we have access to t, (Assumption 4.5.1), we can recover T34, In the absence
of the knowledge of ¢, , the algorithm returns one tree from T5%. We discuss the details after
presenting the pseudocode. Also, if we have prior knowledge that the tree is identifiable only

upto T« (for instance, when k = 2 or for symmetric models), we can gain in runtime by O(n).

Obtaining 7,,,, We first prove that 1. = (1 — k) log(1 — ¢maz) — 0.5k log(kpmin). First

note that for any node X;, we have that:

O
Py =(1—¢)I + G

Note that:

et N (o [det(R)
= 1g<¢det(mdet(a>) 1g<d HP) det(m)'

Using the matrix determinant lemma, we get det(Py;) = (1 — ¢;)*~'. Also det(Py) < (1/k)*

and det(P;) > pk,.. This gives us:

diri < (1 —k)log(1 — ;) — 0.5k 10g(kpmin) = Mmae

Neighborhood Vectors We define for each node X;, a neighborhood vector N(X;), which
is the array of nodes X; sorted by dy ; in ascending order and only contains nodes such that

dy j is smaller than a threshold ¢,¢4. This is given as follows:

N(X;) = sort(X; : dp jo < trear, key = di ) (C.22)
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The threshold is t,cq = 4dimaz + 3Nmaz-

C.7.1 Pseudocode and runtime analysis

We first provide the pseudocode for the two building blocks - FINDCENTER and
QUADRATICERROR. FINDCENTER returns the center node among 3 nodes as long as no
2 nodes are in the same leaf cluster. Otherwise it returns the nodes that belong to the
same leaf cluster. QUADRATICERROR is used by the LEAFCLUSTERRESOLUTION routine
to find the parent node within a leaf cluster. Using these, we present the FINDLEAFPARENT

subroutine that returns a leaf parent pair given an active set of nodes that form a subtree.

C.7.1.1 QuadraticError

In this subroutine, we test if Equation (4.7) has a solution. Note that the quadratic
in Equation (4.7) with matrix coefficients is equivalent to having k* quadratic equations.
Equation (4.7) has a solution if all the k? quadratic equations have a common root in
0, Gmaz]- Since we are working with the finite sample empirical estimates of the PMFs, we
do not get an exact solution. To work in the finite sample domain, we find the mean of the
root of all the k? quadratic equations and use that as an estimate of the common root. We

return the Frobenius norm of the quadratic with the estimated root plugged in.
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Algorithm 3 Find the Error of the quadratic in Equation (4.7)

Input - Pairwise noisy distributions, a set of 3 nodes, test center node among the three nodes.
Output - Error of the quadratic in Equation (4.7).

1: procedure QUADRATICERROR(P; ;/, NodeT'riplet, TestCenter)
2: A,B,C <+ Matrix Quadratic Coefficients from FEquation (4.7) for given
NodeTriplet, TestCenter.
MeanRoot < 0
fori;inl...k do
for i in1...k do
MeanRoot <— MeanRoot + mOt(A[il’i2}$2+fz[il’i2}$+c[il’iQ])
end for
end forreturn ||A(MeanRoot)? + B(MeanRoot) + C|| ¢
end procedure

C.7.1.2 FindCenter

The key idea is based on the observation that for any 3 nodes (X7, Xs, X3), if X5 is
the center node, then any set of 4 nodes (X7, X5, X3, ) which forms a non-star, never has
(X, ) as a pair. Thus we can scan through all the nodes j and rule out the nodes that pair
with j. This procedure could potentially detect a leaf node as the center node if its parent
is the center node. However, this is as expected since using the star/non-star procedure, it

is impossible to differentiate between leaf and parent nodes.

Algorithm 4 Recover Center Node in the Unidentifiable setting

Input - Pairwise noisy distributions and 3 nodes
Output - Candidate Center Nodes
1: procedure FINDCENTER(P; j/, NodeT'riplet)
2: x < NodeTriplet]0],y < NodeTriplet[1], z < NodeTriplet|2]
CenterCand < {z,y, z}
for j € N(z)N N(y) N N(z) do
if (z,y, z,7)- Non-star and pair(j) € CenterCand then
CenterCand < CenterCand \ pair(j)
end if

end forreturn CenterCand
end procedure
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C.7.1.3 GetLeafParent

This routine finds a leaf parent pair given an active set of nodes that form a subtree.
We maintain two nodes - a left node [, and a right node r. The idea is to move both the
nodes towards the right side till r is a leaf node and [ is its parent node. In order to do this

we consider a third node z and perform the following operations:

1. If the center node in (I, r, z) is z, we shift node [ to node z,

2. If the center node in (I, 7, z) is r, we shift node [ to node r and node r to node z.

Selecting nodes [, » and z: When the GETLEAFPARENT subroutine is called for the
first time, node r is randomly initialized. For any subsequent calls to GETLEAFPARENT,
node 7 is initialized to one of the nodes that was detected as a parent node in the previous
iterations and is still in the active set. [ is initialized to the node closest to r in terms of

dy j. % is obtained by iterating through N(X;) \ [ in the increasing order of distance.

When for a given (I, r, z), there are more than one candidate center nodes, we conclude
that they belong to the same leaf cluster. We check if we have already discovered the right
node in one of the previous iterations if we have, we return the leaf parent pair. Otherwise,
we attempt to find the parent node in that leaf cluster using the LEAFCLUSTERRESOLUTION

routine.

Further robustifying FindCenter: At any point in the algorithm, suppose in the previ-
ous iterations we have recovered the edges {z, 21}, {z, 22}, ...{%, 2;}, then all the star/non-
star tests involving (I, z,z;) Vi € {1,2,...7} are have the same star/non-star character-

ization and if they are non-star then z; pairs with z in all the tests. We have the same

115



phenomena for the already recovered edges of [ and r. Thus, when executing the algorithm
with finite samples, we can robustify the FINDCENTER subroutine by considering all the
nodes whose edge with node z has been recovered and assign them the same star/non-star

classification as the majority. We do the same for nodes [ and r also.

Algorithm 5 Find a leaf parent pair.

Input - Pairwise noisy distributions and Active nodes
Output - Leaf Node and its parent in the subtree of Active Nodes.

1: procedure GETLEAFPARENT(P; j/, ActiveSet, Edges, Parents)
2: if |ActiveSet N Parents| > 0 then

3 r < ActiveSet N Parents|0]

4: else

5: r <— ActiveSet|0]

6: end if

7 [ < N(r)[0] N ActiveSet

8: i < 1, visited < {l,r}

9: while i < len(N(r)) do

10: z « N(r)[i]

11: if z € visited or z ¢ ActiveSet then
12: 1 1+1

13: continue

14: end if

15: visited < visited U 2z

16: C +~FINDCENTER(Py j/, (1,7, 2))

17: if |C| ==1 then

18: [.r_order = True

19: end if

20: if C == z then

21: [z

22: else if C' == r then

23: [ rr<z1+0

24: else if |C| > 1 then

25: if [_r_order == True and r,l € C then
26: break

27: end if

28: r,l + LEAFCLUSTERRESOLUTION(C, Parents, ActiveSet)
29: break
30: end if
31: end whilereturn r,/

32: end procedure
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C.7.1.4 LeafClusterResolution

When we have more than one nodes from the same leaf cluster, we find the parent
node of that leaf cluster. If one of the nodes has been detected as a parent node in an earlier
iteration, it is selected as the parent node. Otherwise, we perform the following operation

on every subset of two nodes X;,, X;, in C:

1. Consider a third node X;, € X;, N X,,.
2. Check if X;, also belongs to the same leaf cluster as X;, and X,,.

(a) If X;, is not in the same leaf cluster, record the value @Q*(z) in Equation (4.7),

for two cases - (i) if X, is the center node, (ii) if X, is the center node.

(b) If X, is in the same leaf cluster, record the value Q?*(x) in Equation (4.7), for
three cases - (i) if X;, is the center node, (ii) if Xj, is the center node, (iii) if Xj,

is the center node.

Select the center node with the lowest value of the residual Q*(z) as the parent node. Note
that in order to check if 3 nodes are in the same leaf cluster, we attempt to find the center
node using the star/non-star subroutine. If we cannot eliminate the possibility of any node

being a center node, all the nodes are in the same leaf cluster.
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Algorithm 6 Find the parent node in a leaf cluster

Input - Nodes of the leaf cluster, parents.
Output - A parent leaf pair from the leaf cluster.

1: procedure LEAFCLUSTERRESOLUTION(Py j:, C, Parents)

2: if |C'N Parents| > 0 then

3: [ + C' N Parents|0] return C'\ {I}[0], [

4: end if

5: MinError < oo

6: for (X;,,X;,) € C do

7: for X; EN(X)ﬂN(X)do

8: if X € FINDCENTER(Py v, (X;,, Xi,, Xi,)) and dxl{gyxl{l,dxl{yxz{ < dpaz +
2Nmae then

9: CandidateParent + (X;,, Xi,, Xi;)

10: else CandidateParent < (X;,, X,)

11: end if

12: for X; € CandidateParent do

13: err <— QUADRATICERROR (X, , Xy,, Xiy), Xi)

14: if err < MinError then

15: MinError < err,l < X;

16: end if

17: end for

18: end for

19: end for

20: r < C\ {l}[0]
21: return r, [
22: end procedure

C.7.1.5 Runtime Analysis
Following are the runtime for constant k:
1. QUADRATICERROR: O(1).

2. FINDCENTER: O(n) as in the worst case, the intersection of the neighborhood can

contain O(n) nodes. The star/non-star test is O(1).

3. LEAFCLUSTERRESOLUTION: The for loop on line 6 can execute n times in the worst

case calling FINDCENTER in each iteration. Thus the total time complexity is O(n?).
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4. FINDLEAFPARENT: In the worst case LEAFCLUSTERRESOLUTION is called O(n) times

thereby making the sample complexity O(n?).

5. FINDTREE: This calls FINDLEAFPARENT O(n) times. Thus the sample complexity of

the algorithm is O(n?).

Note that when we know apriori that all the nodes within leaf clusters are unidentifiable,
we only use the LEAFCLUSTERRESOLUTION subroutine to check if the parent node was
already selected in the previous iteration (lines 1-5). We do not use the QUADRATICER-
ROR subroutine, thereby making it LEAFCLUSTERRESOLUTION an O(1) operation. In that
case, FINDLEAFPARENT is now dominated by FINDCENTER and becomes an O(n?) making

FINDTREE an O(n?®) operation (a gain of O(n) )

C.7.1.6 Recovering T35

Once we recover a tree from T35 we can obtain the complete set T5% by considering
all the parent leaf pairs within every cluster along with an arbitrary third node. We call the
function QUADRATICERROR with this triplet and only T'estCenter node with err < t,/2 is
a candidate parent node. This operation does not increase the time complexity as it is an

O(n?) operation in the worst case.

C.7.1.7 Modifications for the unidentifiable setting

If we know apriori that the nodes within a leaf cluster are unidentifiable, we do not
hope to achieve anything from the QUADRATICERROR subroutine. Therefore, we do not

execute any for loops in the LEAFCLUSTERRESOLUTION subroutine, thereby making it an
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O(1) operation. Therefore, the GETLEAFPARENT subroutine becomes an O(n?) operation

making FINDTREE an O(n®) operation.

C.7.2 Proof of correctness

C.7.2.1 Proof of correctness of FindLeafParent subroutine

We first prove that while no two nodes among (I, 7, z) are in the same leaf cluster, the
subroutine FINDCENTER returns C' such that |C| < 1. For the next part, we assume that
no two nodes among (I, r, z) are in the same leaf cluster.

Notation: For any node, the adjacent node on its left is denoted with subscript — and the

t

adjacent node on the right is denoted by subscript +. I!*!, r*! and 2! are the selection of

nodes [, and z in the next iteration respectively.

We have already proved the correctness of the star/non-star routine in the proof of
Lemma 4.4.1. Recall from the functionality of FINDCENTER that when we consider nodes
(1,7, z) with another node j, if (I,7, z, j) forms a non-star, we eliminate the node that pairs

with node j from the candidate center nodes.

With this in mind, we enumerate all the possible configurations of nodes (I, r, z) such
that no two of these nodes are in the same leaf cluster. For each case, we present two nodes
which, when considered with (I, r, z) would eliminate different nodes from (I, r,z). This is

equivalent to proving that |C] < 1.

Claim: dnl, dnz < dmax + nmCLLE

We first show that this holds true in the initialization of [, r, z. When r is an internal node,
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Case 1(b) Case 1(d)

Figure C.4: All the possible when node z lies to the left of node [

we have that:
dr,l < dr,l’ < dr,rL < dmax + Nmax, dr,z < dr,z’ < dr,r’+ < dmax + Nmaz -

When r is a leaf node, since [, z are not in the same leaf cluster as r, [ # z # r_. Therefore,

we have that:
dr,l S dr,l’ S dr,rL S dmax + Nmazx dr,z S dr,z’ S dr,r_ S dmaz + Nmaz -

Now, we assume that d,;,d, v < dpaz + Mmas 1S true at the beginning of any iteration and
prove that it will continue to hold true at the end of every iteration.
Case 1: We first enumerate all the cases when node z lies to the left of node [. These are

presented in Figure C.4.

Case 1(a): Node z lies to the left of node [ and is adjacent to it and r exists.
In the case there exists a node z_ to the left of z such that there is an edge between z and

z_. (If such a node did not exist, node [ and z would have been in the same leaf cluster.)

dr’,zL :dr,r’ + dr,z + dz,zi
Snmax + (dmaz + nmaz) + (dmam + nmaac)
:2dmaa: + 377max

dy o =dpy +dy. +d,
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Nmaz + (dmaz + Mmaz) + (dmaz + Nimaz)
=2dmaz + 3Mmaa

Ao, =y o+ doy + dr e,
L2 maz + 3Mmax

dy . =dpp +dp, + dr,r;

/
T

§2dmax + 377max

Thus z_,7, € N(r) N N(I) N N(z). z_ eliminates z and 7, eliminates r. In this case, nodes

[ and r do not change in this iteration. Therefore, dit+1 041 = diy < digr + Mmae. Also,

dz“‘l,r‘*'l < dr;,r < dmaz + Nmaz -

Case 1(b): Node z lies to the left of node [ and is adjacent to it and r, does not
exists.
When 7, does not exist, it is easy to see that Ir_ # [, z. The first 2 inequalities continue to

hold true. We also have:

dz/,r’_ :dz’,z + dz,r, + dr_,r/_
Sdmaz + Bnmax
dl’,rL Sdmax + 377max
Thus r_,z_ € N(r)NN(z) N N(I). r_ eliminates r and z_ eliminates z. In this case, nodes

[ and r do not change in this iteration. Therefore, dit+1,041 = diy < diaz + Mimae. Also,

dzt+1,7"t+1 < dTL 7 < diaz + TNmaz-

Case 1(c): Node z lies to the left of node [ and there exists a node between [ and z.

Also, r, exists.
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Case 2(a) Case 2(c)
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Case 2(b) Case 2(d)
Figure C.5: All the possible when node z lies to the right of node r

We consider the nodes z; and 7.

dr’,zjr = d’l"/, r+ dr,z+ + der,zjr < dmax + 377maa:7

dl’,z’7L = dll; [+ dl,z+ + dz+,z/+ < dpaz + 37]maz-

For d. . and dy,. , Case 1(a) calculations are valid.
Thus 74,24 € N(r)NN(z) N N(I). ry eliminates r and z, eliminates z. In this case, nodes
[ and r do not change in this iteration. Therefore, dji+1,t+1 = diy < dimaz + Mmaz- Also,

dz“fl,'r”rl < dr;,r < dpas + Nmaz-

Case 1(d): Node z lies to the left of node [ and there exists a node between [ and
z. ry does not exist.
In this case, we have 2/_,r" € N(r)NN ()N N(z). The derivation comes from Case 1(b) and
1(c). r_ eliminates r and z; eliminates z. In this case, nodes [ and r do not change in this

iteration. Therefore, dj+1 011 = d;p < dpgz + Nmaz- Also, dyt1 i1 < dyr o < dipag + Mmag-

Case 2: We next enumerate all the cases when node z lies to the right of node r.

These are presented in Figure C.5.

Case 2(a): z lies to the right of r and there exists at least one node between [ and

r and but no node between r and z.

dl’,z’+ = dl’,l + dl,r + dr,z’+ < Sdmaz + 3nmax7
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dp 2, < 2mag + 2Mimaa
dr/_’zl S 2dma:c + 277m(1$7

dl’,r’_ - dl’,l + dl,r, + dr—u Tl_ < dmaw + 377ma:c~

Thus r_,zy € N(r) N N(z) N N(I). r_ eliminates [ and z, eliminates z. In this case, {'T! =

r, 't = 2 Therefore, dip+1 pt+1 = dyp < diag + Nmag- Als0, dytr a1 < dzxyz < dmaz + Mmaz-

Case 2(b): z lies to the right of r and there exists at least one node between [ and
r and also between r and z.

Nodes of interest - 7o, r_. dy,+ is the same as case 2(a).
dl’,rjr = dl’,r + dr,rﬁr < Q(dmaac + nmaa:)

Similarly, d./ ,» < 2(dmaz + Mmaz), Ao, < dinaz + 3Mmaz. Thus r_, 7y € N(r)nN(z)NN().
r_ eliminates [ and 7 eliminates z. In this case, '™ = r r'™! = 2 Therefore, djr1 01 =

dz,r < dmaa: + Mmaz- AISO, dzt+1,rt+1 < dzL,z < dma:r; + Mmaz -

Case 2(c): z lies to the right of r and there exists at least one node between r and
z but no node between r and [.

This is symmetric to Case 2(a). Thus [_,r, € N(r) N N(z) N N(I). [_ eliminates [ and 7

lt+1 +1

eliminates z. In this case, = r, 7" = z Therefore, dj+1 141 = d,p < dpag + Nmaz- Also,

dzt+1,rt+1 < dz’_,z < dmaw + Mmaz-

Case 2(d): z lies to the right of  and no nodes exist between r and z or r and [.
Since all the nodes are within a radius of 3, it is easy to see that {_,r, € N(r)NN(z)NN(I).

+1

[_ eliminates [ and r, eliminates z. In this case, I'™! = r,r*! = 2 Therefore, dji+1 441 =

dz,r < dmarp + Nmaz- AISO, dzt‘H,rt'H < dzf‘_,z < dmaz + Mmaz-
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Figure C.6: All the possible when node z does not lie to the left of [ or right of r

Case 3(a): z lies between [ and r. Consider [_ and 7.

dl’_,r/ = dl’_,l + dl,r + de < 2z + 3Mmas
dy »=dp 1 +di+d, 0 < 2dmes + 3Nmaz
dpy, =dpg+diy + dpyr s < 2dimaz + 3mas

dz’,rf‘_ = dz’,z + dz,r + dr,rf‘_ < 2dmam + Bnma:p

Thus [_,r, € N(r) N N(z) N N(l). I_ eliminates [ and r, eliminates r. In this case, ['t! =

2, ritl = Therefore, dlt+1’7.t+1 = dz’r < dmaz + Mmaz- Also, dzt+177.t+1 < dr;,r < dmaz + Mmaz-
If [_ does not exist, we use [,. Similarly, if r, does not exist, we use r_.

Case 3(b): Nodes [,7, 2z form a Y-shape, that is, there exists a node y such that

[ L r L z]y. There exists at least one node between [ and y as well as between y and r.

Consider nodes y_, y..

dy’_,z/ = dz,z’ + dy,z + dy,y’_ < 2dmaz + Bnmax
dy’_,l’ = dl’,l + dl,y_ + dy_,y’_ < dmaz + Bnmax

dy/_ = d,nl,r + dr,y_ + dy_yy’_ S dmam + 37lmax
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dyg_,z/ - dz,z’ + dy,z + dy,yg_ < 2dmaa: + gnmaz
dyg_,l’ - dl’,l + dl,y+ + dy+,yf'_ S dmaz + Snma:c

dyg_,r’ - dr’,r + dr,y+ + dy+,yf'_ S dmaz + Snmazr

Thus y_,y+ € N(r) N N(z) N N(l). y_ eliminates [ and y; eliminates r. If z is also

eliminated, '™ = [,7"*! = r and d,er1 001 < dp o < dpaz + NPz If 2 is not eliminated,

lt+1 +

t+1
=zT =T, dlt+1,7‘t+1 - dr,z < dma:c + Mmaz dzt+1,rt+1 < er,r < dmax + Nmaz-

Case 3(c): Nodes [,r,z form a Y-shape, that is, there exists a node y such that
[ L r L z]y. There exists at least one node between [ and y but no node between y and r.

Consider nodes y_, ry. Analysis for y_ is the same as in case 3(b).

drg_,z’ = dz,z’ + dr,z + dr,rg_ S 2dma:v + 377maz

drf'_,l’ = dl’,l + dl,'r’ + dr,rg_ S 2dmaa: + 3nmaz

Thus y_,ry € N(r) N N(z) N N(l). y_ eliminates [ and r eliminates r. If z is also

eliminated, I = [,7""! = r and d 1 01 < dv » < dypag + Nmaz- 1If 2 is 1ot eliminated,

lt+1 +

_ t+1 _
=Zz,Tr =T, dlt+1,7‘t+1 - dr,z < dma:c + Mmaz dzt+1,rt+1 < dr;,r < dmax + Nmaz-

Case 3(d): Nodes [,7, 2z form a Y-shape, that is, there exists a node y such that
[ L r L z]y. There exists at least one node between r and y but no node between y and [.

Consider nodes [_, y,. Analysis for y, is the same as Case 3(b).

dl’_,z’ = dz,z’ + dz,y + dy,l’_ S dr,z’ + dy,l’_ S Sdma:v + 377max

dl/_,r’ = dr’,r + dr,l + dl,l’_ < 2dmaz + 377ma:c

126



Thus yi,l- € N(r)NN(z)NN(l). y; eliminates r and [_ eliminates [. If z is also eliminated,
=1 = rand dye pen < dp o < dijgpt+mae- I 2 18 not eliminated, 't = z, vttt =,

dlt"‘l,rH’l = dr,z < dmas + Nmax dzt‘H,rH‘l < dr’f,r < dimaz + Nmaz -

Case 3(e): Nodes [,r, 2z form a Y-shape, that is, there exists a node y such that
I L r L z]y. There exists no nodes between r and y and between y and .
Consider nodes [, ;. Analysis follows from Cases 3(c) and 3(d). Thus ry,l- € N(r) N
N(z) N N(I). ry eliminates r and [_ eliminates {. If z is also eliminated, {*? = [, ri*1 = r
and de+1 001 < dy p < dipage + Npnae- 1 2 i3 not eliminated, =2t =) dpr e =

dr,z < dmaw + Nmaa dzt""l,rt"'l < drf‘_,r < dmax + Mmaz-

Thus at each iteration, we visit one node and remove it from the set of nodes that get
visited in subsequent iterations until we get (1,7, z) such that at least 2 of the nodes are in the
same leaf cluster. Note that the maximum distance in the above analysis is 3d,ae + 3Mmaz-
However our threshold for the neighborhood set is 4d,,4: + 3Mmaz- The extra d,q. is there
to account for the fact that in the unidentifiable case, a parent node from a leaf cluster may
have been confused with a leaf node. In that case, the leaf node is retained in the active set
while the parent node is removed from the active set for the subsequent iterations. In order

to account for that, we add a factor of d,,,, to the neighborhood threshold.

Proof of correctness of LeafClusterResolution From the above analysis, we know
that LEAFCLUSTERRESOLUTION is called with nodes in C' belonging in the same leaf clus-
ter. The idea is to check if any on the nodes in C' are such that when they act as the center
node, Equation (4.7) has a solution. In order to do this, we consider 2 nodes in C' at a time

and scan through all the nodes in their common neighborhood as the third node. We check
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if the third node is also in the same leaf cluster in which case we also see if the error for this
node as the parent node is small. If it is not in the same leaf cluster, we just use it as the
third node needed for Equation (4.7). We first show that the routine to check if X, is in

the same leaf cluster as (X;,, X;,) is correct:

17
If X;, is in the same leaf cluster as (X, X;,), it is easy to see that any star/non-star test
on (X;,, Xi,, Xi,, j) always returns a non-star. When X, is not in the same leaf cluster as

(Xi1, Xi,), then there exists a node X+ adjacent to X, either away from the path connect-

19 i2>Xi37

ing X;, to (X, X;,) or on that path such that (X, X X@) forms a non-star where
(Xi,, Xi3+) forms a pair. It is easy to see that dXiv(Xi;)“ dXé’(Xig')/ < 2d42 + 3Nmaz- Therefore,
Xt € N(X;,) N N(X;,) N N(X;,). Thus it is ruled out from being a parent candidate.

Now it is easy to see that if any leaf node is identifiable, it will have a non-zero error for
Equation (4.7). For an unidentifiable leaf node, both the leaf and parent have a solution to

Equation (4.7) and one of them is randomly selected as the parent node.

Any subsequent calls with nodes from the same leaf cluster always select the correct

parent in line (2).

From the correctness of LEAFCLUSTERRESOLUTION, we conclude that FINDLEAF-
PARENT subroutine is correct. Once we have the correctness of GETLEAFPARENT, the
correctness of FINDTREE is easy to understand. We prove this by induction on the number

of nodes.
Base Case (n=2): Line 9 recovers the lone edge.

Inductive Case: Let us assume that the algorithm works for all n < k. Forn = k+1,

by the correctness of GETLEAFPARENT, the algorithm correctly recovers one leaf parent
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pair and adds that edge to the edge set. Once the leaf node is removed, the algorithm is

effectively running on k£ nodes and by the inductive assumption that is correct.

This completes the proof of correctness of the algorithm.

C.7.3 Modification for finite sample domain

In this section we present the necessary modifications needed to execute the algorithm
using finite samples.
Classifying 4 nodes as star/non-star using finite samples: Let us denote ; ;; =

exp —dy jry Kmaz = €XP(—dmin). We denote the finite sample estimate of ky j by ki s

In the infinite sample setting, a set of 4 nodes (X;, X, X3, X4) forms a non-star with

(X1, X3) forming a pair if:

\/lﬂjll,g//ﬁ}2/’4/,‘<{,1/74/,‘12/’3/ < 9
/{1/72/I{/3/’4/
\/’%1/,2’ ,%3/’4/ /€1/74/ l§]2/73/
Ii1/73/ﬁ2/’4/
\/K,1/73/ ,%4/’2/ /{1/72/,%4/’3/

Ii1/74/ﬁ2/’3/

> 1/K?

max

> 1/K?

max

The finite sample test is as follows:

\/%1',3/ RorarK1r a1 Koy 3

/%1/72//%3/74/

< (L4 Kipay) /2

\//%1',2//%3/,4'/%1',4/ Ror 3

/%1/73//2.',2/74/

>1

\/,‘%1/’3/ /%4/72/ 1%1/72/,‘%4/73/

/%1/7411%2/73/

> 1
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A set of 4 nodes (Xi, X, X3, X4) is classified as a star if:

\/"%1’,3’ RorarK1r g1 Koy 3
R Rsr g0
\//%1',2//%3/,4'%1',4'/%2',3/

/%1/73#%2/74/

> (L4 Kopay) /2

> (1 + Kige)/2

\//%1',3/ Rar o R1r o1 Ky 3

> (1 + K2 2
2 (1)

If neither of the above conditions is satisfied for any pair, the test fails and this set

of 4 nodes is not classified as star/non-star.

Neighborhood Thresholding: In the finite sample setting, we allow for a slack
in the threshold to ensure that, with high probability, the empirical neighborhood vector
contains all the nodes from the underlying neighborhood vector. The empirical neighborhood

vector is defined as follows:
N,(XZ) = SOT’t(Xj . aAl,»/,j/ S temp, key = aAl,»/,j/),

where the threshold is te;p = 0.5(4dmaz + 3Mmaz)-

C.8 Sample Complexity Upper Bound

Let us define 2 events:
Br = {(Ew)ii < 0.1pmin, Ya,i}, By = {||Ew p|| < €Va, b}

For any X,, X}, we only consider nodes such that:

det pa’ b’pb’ o) > 0.5 exXp _4dmax 1- dmazx 3(k=1) kpm'm 1ok
| |
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~

|d6t(Pa/’b/)|
\det(Pa/]—:’b/ﬂ

> 0.5 exp(—4dmax) (1 = Gmaz)> 1 (kpmin) 2.

In the event By, det(Py), det(Py) > (0.9pmin)¥, therefore we have:

|det(pa’,b’)| Z 0.5 eXp<_4dmax)(1 - Qmax)g(k_l) (kpmzn>15k<09pmm)k
Next we bound the minimum absolute eigenvalue of pa/7b,.

Lemma C.8.1. For any k x k matriz M such that M; ; > 0, >, - M; ; =1 and |det(M)| > ¢

1

where 0 < ¢ < (E)k, then the minimum absolute eigenvalue of M satisfies c(k — 1)k~1 <

in (M)] < ckFL.

Proof. Let A, Ay. ..\, be the eigenvalues of M such that |Ai| > [Ag| > -+ > |\g|. Standard
results tell us that:

DN My =1, |det(M)| =[] 1Nl = ¢

% ,J %

We are interested in the solution to the following optimization problem:

min | Ak (C.23)
k

s.t. > nl<t (C.24)
=1
k

[T > e (C.25)
=1

Al > el A, (C.26)
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where 0 < ¢ < (1/k)*. Denote the optimal solution to the above problem by A, X3, ... L.
3 * k * * * *
Claim: -, [Af| = 1T, [N = ¢, [AT] = [X3[ = -+ = [N 4.
In order to prove this, we prove that if these do not hold true, there exists a smaller |A|.
By contradiction, let us assume that ). |A\;| = 1 — € for some 0 < € < 1. Then it is easy to

see that I\;, € > 0 such that |\;| = |\ k—1} and |\g| = |A¥] — ¢ such

that []*_, |\i| = . Therefore, |\!| is not optimal. Thus, 37, |\ = 1.

By contradiction, let us assume that [, |\¥| = (1 + €)c for some 0 < e. Consider \; such
that \; = \* Vi € {1,2...,k — 1} and A, = X;/(1 +¢). Then J; is feasible and has smaller
objective value, thus [[; |\/| = c.

We prove the last part by contradiction too. Let us assume by contradiction that at least

yk-1
Jll/\*

one of |\*| is not equal for i € {1,2,...k — 1}. Consider \; such that |\;| = . Then

by the AM-GM inequality, we have that:

I - (Z “) — (4o [T

for some € > 0. Choosing |\¢| = |AL|/(1 + €), we get a feasible \; with a smaller objective
function. This concludes the proof of the claim.

Thus, the solution to the optimization problem C.23 satisfies:

-\ (1=
PHEEPWES Aol = u Af = c.
=gl ==l = 2 () M=
Therefore, Equation C.23 has the same solution as the following optimization problem:

min Akl

1
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— A

Ny
where 0 < ¢ < (1/k)*. The solution to the above optimization problem satisfies |} | (1;_’\1’“‘) =

k-1
. . 1—|A\ . . . . .
c. The solution exists because |A\x| <ﬁ> is monotonically increasing in |\gz| and:

A
|)\k|( 'f') =0, when |A\g| =0,

1 — |k kot 1\"
A = |- wh =1/k.
|k’(k—1) k)’ en [ /K

Therefore, |\;| satisfies:
= (E0)
AR

Since 0 < |A\;| < 1/k, we have that c(k — 1)1 < || < ckF? O

Using Lemma C.8.1, the minimum absolute eigenvalue of Pa@b/ is lower bounded by

|det(Py )| (k — 1)¥~1. Therefore, we have that:

1
05 eXp(_4dmaX)(1 - qmax)3(k71)(kpmzn)15k(ogpmm>k(k - 1)k71
< 8(k—1) s 1
_exp(_4dmax)<1 - Qmaz>3(k_1)(kjpmm)ZSk(O-g)k 21

12,31 <
(C.27)

where the second inequality uses the fact that (£2)* >1/4

C.8.1 Sample Complexity for Existence of a solution to Equation 4.7

We are interested in the error in the estimate of Q(x) as defined below:

A

2
Q) = Hi-(@ — kD) = (0P + FJO = kP = ) + Py o P Py — Bl

Qz) = H—(O kl) — E(OPI + PO — kP, — 1)+ Pb/,c,Pa_,}c,Pa/b, — PBll|r

133



We derive the error bound for the term Pb/,c’P(;/i/Pab when estimated using the respective

empirical estimates.

Pb/ /P

a’,c

P’b’ = (Pb/ / + Eb’ /)(pa/ o —|— Ea/ c/)_l(pa/ b —|— Ea/ b/)
= (f/\)b/ﬁ/ + Eb’ / ( o c’ + Z a’ c’ a o mPa c) (pa/’b/ =+ Ea’,b’)

:pb/ /P Pb+Eb’ /P, ,P/b/+Pb/ /P E/b/—pr/’C/Eacpa/’b/

a’,c a’,c

A ~ ~ ~ ~
+ Eb’,c’PaQC/Ea’,b’ + Eb’,c’EacPa’,b’ + Pb’,c’EacEa’,b’ + Eb’,c’EacEa’,bH

here we use the notation E,, := S (= P B )™ ]5&7’16,. Using the triangle inequality and
submultiplicative property of the spectral norm, we get that:

HPCL_',%:'H%HEa’,C’HQ
L= [Py o2l Bar e 12

H aCHQ =
We choose such an € in the event B, that ensures that HPa_/}C/H2|’Ea/761 |2 < 0.5. This gives us:
| Eacllz < 2By oI5| Bar sl

In the event By, ||Euyl|2, || Ey.ell2]|Ea ]2 < €. In the event By, from Equation (C.27),

HPJ,ZHQ < z;'. Therefore, ||E~’aCH2 < 2z7%. Since pa’,b’apb’,c’ are joint PMF matrices,
we have that || Py |2, || Py o|l2 < 1. Substituting these along with triangle inequality and

submultiplicative property of the spectral norm gives us the following:

» p—1 T -1 -1 -2
HPb’,C’pa’,c’Pa'7b/ — Pb’,c’Pa/7C/Pa/b’H2 < 3621 + 8621

This gives us:
Q(z) = H—(O kI) — k(oﬁg +PjO —kPy = 1I)+ Py o Pyl Puy — Pllr
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< Q(x) + Br + V||Byllr + | Py By s Py — Py Py Pl
— |Q(z) — Q(z)| < 4Vke + 3VEez7 ! + 8Vkez? < 15Vkez

We need that |Q(z) — Q(x)| < to/2. This is satisfied when:

2

< 0VE (C.28)

C.8.2 Sample Complexity for Star/Non-Star test

Consider a set of 4 nodes { X7, Xo, X3, X4} such that they form a non-star such that

{X1, Xy} form a pair.

| det(PygPoa)| _ |det((Prs + Eng)(Poa + Eaa))|
|det(P1,4P2,3)| \det((PlA + E174)(P273 + E273))|

Using the analysis from [73], a set of 4 nodes is correctly classified if for any pair of nodes

(C.29)

{a,b} that are in each other’s neighborhood sets, we have that |det(P, ;) —det(P,,)| < %O_O‘),

1+exp(—2dmin)

5 We can bound the difference in the empirical estimate of the

where o =
determinant and the true determinant using the matrix perturbation result in Chapter 5 of

3] as follows:
|det(Pap) — det(Pop)| < kmax{||Pagl, | Pl }~ | Bapllz < kIl Bapll2

Under event By we have that ||E,| < €. Thus the algorithm correctly classifies nodes as

star /non-star when:
21(1 — )

_—. C.30
©= 0k (C-30)
From Equations (C.28), (C.30) we choose € as follows:
[zl —a) toz2d }
€ < min , . C.31
{ 20k 7 30vk (©31)
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Next, we find the number of samples needed for B, and B, to hold true with high probability.
P(By,Bs) > 1 — P(B;) — P(B,)
For a given a,i, by Hoeffding’s inequality we have that:
P((Ew)ii) > 0.1pmin) < exp(—2N(0.1pmin)?).
By the union bound on all the nodes and all the alphabets we get:
P(B;) < knexp(—2N(0.1pin)?).

In order to achieve P(B;) < §/2, we have the following bound on the sample complexity:

20 2nk

man

Next, we upper bound the probability P(Bs).
The matrix Bernstein’s inequality ([74]) states that for independent random matrices Sy ... Sy

with dimension d; x dy such that E[S;] =0, ||S;|| < L Vi and Z = 3.~ | S;, then

P(|Z]| > t) < (dy + do) exp (#ﬁt/iﬂ)

where v(Z) = max{|| ZZ\LIE[SZSH I|}. In order to apply this in our setting, define S; =
Wi,y — Puy where ¥, is the indicator matrix for sample 4 with a 1 in the position corre-
sponding to the value of X! and X in that sample.

It is easy to see that E[S;] = 0, [|S;]| < 2. Also, in this setting, Eyy = +Z. Next, we bound
v(Z).

E[S:S]] =E[Why — Poy) Wy — Pop)]
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= E[Woy) o) ] = E[Pary Py ]

N
= || Y E[S:ST]Il < 2N

=1

This bounds the probability of ||E, || > € as follows:

—N¢é?
P(||Ey v = P(||Z <2k —_—
(1wl > 0 = PU1Z] > ne) < 2w (5o

By the union bound on all the pair of nodes, we have:

P(By) < kn(n — 1) exp <4(1_+—N§/3>) :

For P(B,) < §/2, the lower bound on the number of samples is given by

N> 2 +26/3) og <2nk(7; - 1))

(C.33)

From Equations (C.32) and (C.33), the algorithm outputs the correct tree if:

N max{ 0 1og <2nk:> 2043, <2nk(n - 1))} (.30

min 0 62 0
From the value of € as defines in Equation (C.31), we can see that the sample complexity

is dominated by the second term. Substituting the value of € from Equation (C.31), we get

that the sample complexity is of the following order:

o k2 exp(8dmax)
N=0 (max { (1=Gmaz)8* =1 (0.9p23 )2k (1—exp (—2dumin))2 (k—1)2(-=1)>

k exp(16dmax) 2nk(n—1)
log (| ——
t%(l—qmaz)m(k*l)(0~9p$ﬁn)4k(k—1)4<k*1) g F)
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C.9 Sample Complexity Lower Bound
C.9.1 Preliminaries

In this section, we present some definitions, and results that we will use for our lower

bound proof.

Information theoretic lower bound: We now present the information theoretic lower

bound for required samples in recovering a distribution.

We first define the symmetrized KL-divergence between two distributions P and @)
as
PX) PX)

J(P,Q) = Ex..plog (W) + Ex.q log (@) .

Lemma C.9.1 (Fano’s Inequality, Lemma 6.2 in Bresler et al.[8]). For M > 2, given the
(M + 1) distributions {Fy, ..., Py}, for any estimator ¥ : [k]" x N — {0,1,..., M} that

uses N i.i.d. samples X'(1: N), and for any 6 > 0 we have for

log(M) , inf max P(j)(‘I’(X/(l I N))#7) 20 — ot

N<(1-9¢ — .
RS S ORI N o0

The above inequality provides such a characterization in the minimax sense. In
particular, it says among the M distributions there exists at least one from which N (as
defined in the lemma) i.i.d. samples are required to identify that distribution correctly with

1. 1
probability at least (1 — 0 + bg(—M)).

Symmetric Graphical Models: For symmetric graphical models [16], the marginals of

all the random variables are uniform on the support and the conditional distribution for two
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random variables X;, X; such that (X;, X;) € € is given by:
O

Pyj = aigl + (1= aig),

where O is the k x k matrix of all 1's, k is the support size, and 0 < o, ; < 1. This

characterization has the following property:

Lemma C.9.2. Consider any 2 nodes X;,, X;, in a symmetric graphical model such that

the path between X;, and X;, is X;, — Xy, — -+ — X;,_, — X,,. Then, the conditional PMF

t—1

matriz of X;, conditioned on X;, is given as follows:

O t—1 t—1
Pi1|it = ai1,it[ + (1 - Oéihit)z = H&ipvip-HI + (1 - Hai;vvipH
p=1 p=1

: -1
that is, oy, 4, = [[,_ @

p=1 ipyip+1

Y

= Q

We remark that when considering noisy random variables we have that:

O
Py =(1—q)l + G-

For each node X;, we define oy ; = 1 — ¢;. Therefore, we get:

O
Pyi = ay il + (1 — ai’,i)?a

such that ay; > 0 (as ¢ < Gmax < 1).

Circulant Matrices: Let R be a rotational operation of a vector v € R* which maps it to
v = R(v) € R* with v'(i) = v((i + 1)modk) for all 1 <4 < k. Then we have v/ = R/ (v) as

v"(i) = v((¢ + j)modk) for any j > 1, and for all 1 < ¢ < k.Then a ciculant matrix created
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from vector v is given as Cir(v) = (v; R(v); R%(v);...; R*=D(v)). For any circulant matrix
in R*** with vector v, denoted as Cir(v), the determinant is given as

1 k—
det(Cir(v) H Z W’
=0

The following lemma states that when a graphical model has the conditional PMF as
circulant matrix for each edge, then if one node has uniform marginal then all other nodes

have uniform marginals as well.

Lemma C.9.3. Consider a tree graphical model such that the conditional PMF matrix cor-
responding to every edge is a circulant matriz. Then, if the marginals of one of the nodes
1s uniformly distributed on the support, the marginals of all the remaining nodes are also

uniform.

Proof. Suppose the node with uniform marginals is X;. Suppose node X5 has an edge with
X; and P(X3|X7) is a circulant matrix. Thus we have P(X,, X;) = %. Therefore,
P(X3, X1) is also a circulant matrix. When the joint PMF matrix is circulant, all the rows
and columns the marginal distribution of both the random variables is uniform. Therefore,
the marginal distribution of X5 is also uniform. Thus the marginal distribution of all the
nodes connected to X; is uniform. Once we know that the marginals of one hop neighbors of
X, are uniform, we can infer the same about the two hop neighbors of X;. This can further

be extended for all the nodes in the graph. O

Simplifying the Quadratic Bound: Suppose the marginals of all the random variables

are uniform, that is, P = %I and the underlying graphical model on X,, X, X, is a chain
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with X, as the center node. We want to bound the following quadratic:

Qz) = |55 (0 — kI) — E(OPI, + PO —kPy—1)+ Py P, Puy — Bllr.

The conditional independence relation gives us B, = P, P, 'P,.. Recall that E, = (1 —

¢a)! + 90O and similarly we have Ej, E.. We have the following:

Pb/ /P

a’,c

P Ty — Ebe CE (EaPa,cEc)_lEaPa,bEb
= FEP, P, P, .E.E.' P, 1E 'E,P,,Ey

= EyPy o P, Py By

In the circulant setting, we have that P, =

kEy Py o Py p Ep. Substituting these in the quadratic, we get:

21 + 1 r? — 2z +1 O
= <—) O — (—) I — — +kE Py o Py By r,

k2 k k2
X
=H<

volouy = BlF,

1 0]
) (O —kI) - 2 + kEyPy o Py Bl

l[ . This gives us Pb’,c’Pa_llc/Pa’,b/ =

(C.35)

(C.36)

(C.37)

Perturbed Symmetric Distribution: We now focus on a special case of circulant ma-

trices which will be used in our lower bound construction later on. The conditional PMF for

two nodes a and b in a perturbed symmetric distribution model takes the following form:

@)
Pb‘a:(a—5)1+(1—a)E+A
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-0 o 0 O-

0 0 ¢ 0
A =

000 ... 9

600 ... 0

Note that this is a class that we define by perturbing the discrete symmetric model slightly.

We first consider the noiseless setting (£, = I). In order to obtain the results for the

noisy case, it is sufficient to replace a by (1 — ¢)av and 6 by (1 —¢)d. For our model, we have

that:

k k
Noting that B, , = PZb, AAT = 521, AO = OAT = 50, we get:

pb,azl((a—5)1+(1—a)9+A>.

PyoPy = % (((a — 02+ )1 + %(1 —a?) + (a—6)(AT + A))

Lower bounding the Quadratic Bound: Substituting this in Equation (C.35) along

with Ej, = I, we get:

-1\° 0
Q2<$) :H (fl' 2 > (O - ]{7[) - — + kEbe,aPa,bEbH%’

k-2

I O (a—9)
o QZE + T(AT +A)|F

- (””;1)2<0—kf> (- 07+ )

Each diagonal element (total k) of the matrix is (“—;1)2 — (x;1)2 + (a,5]12+52 — o

W

»

Each element at the positions of the support (A + AT) (total 2k) is (%‘1)2 &+ @.

|
e

Every remaining element (total k* — 3k) is (%1)2 - z—z To simplify the above equation, we
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define v = (1 — z)? — a?, e = §(a — 0). Each diagonal element is 5 — ¥ — 2¢.

2Tk k

Each element at the positions of the support (A + AT) (total 2k) is 5 + .
Every remaining element (total k* — 3k) is Z5. Thus, we get:

) vy 2\ YN g e

Q*(x) =k (E_E_E) +2k<ﬁ+g> + (K = 3k) 7

=L (k= 1)y +2ke)* + & (v + ke)® + E242

@Q*(z) is minimized for v = — 25 Substituting this, we get:
2k — 3)52(cr — §)2k2
Q(x) > (k —3)0%(a — 0)%k '

k—1

(C.38)

Computing the determinant of conditional PMF: Let us consider the perturbed sym-

metric distribution C'(v(#,6')) with the vector

00,0)= Q-0 — (K —2)0).0.0,....0
——

k—2 times

For § = 122 and § = (¢' — 6) we have C(v(0,0')) = Py,. We make this switch as this helps

us computing the determinant easily.

We now derive some of the necessary results which we will apply in our lower bound

graph construction. The determinant of the matrix C(v(0,6')) is derived first. We have for

any j =0to k —1,

k-1 k—1
v(0,0")w" = (1—0 — (k—2)0) + 0w’ +6>
=0 =2

k—1
=(1-0—(k-10)+0 -0’ +0> o
=0
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1=(1—0—(k—1)0)+ (0 —0)+k0, j=0
(1—6 — (k—1)8) + (¢ — O)wi, j #0

Therefore, we have following the derivations in [29]

k-1

det(Py,) = det(Cir(v(0,0'))) = H (1—0 —(k—1)8) — (0 — 0')w)
(1 -0 — k m (6—0") j
B (1— k@ JHO <1 - m“ )
_ Q=0 —(k—1)0)"— (0 —¢)"
(1 —k6)

= (1= k)"0 ((1- 258)" - (&)1
—at (-2 ()
In the last line we substitute a = (1 — k) and 6 = (¢’ — 0) to get back to the form common

to other parts of the proof.

C.9.2 Lower Bound for recovering the equivalence class of trees

In this section we derive the lower bound on the sample complexity to recover the
equivalence class when the underlying model has is totally unidentifiable (no leaf is dis-
tinguishable from it’s parent). For this purpose, we consider the symmetric class of tree

graphical models.

Family of distributions: With the above background, we are now ready to derive the
lower bounds. We consider the family of probability distributions which is structurally similar

to Appendix A in [73], but uses discrete symmetric distribution instead of using Ising models.
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The family of distributions is given as (P® :4 = 0,1,...,#> —1). The graph P® consists
of n = 2t 4+ 1 nodes (1,2,...,2t + 1). Here, we use odd number of nodes for simplifying
exposition. There are 2t edges where node j = 1,...,2t are connected to node (2t + 1).
Nodes 1,2...t have distance d,,, from node 2t + 1 and are corrupted with probability ¢,qz-
Nodes t + 1,t+ 2...2t have distance d,,;, from node 2t + 1 and have 0 probability of error.
Node 2t + 1 also has 0 probability of error. This is shown in Figure C.7. The edges have two

different type of conditional as described below.

0
0 .
Py = Cmin (1= Gmaa) T + (1= Qi (1 — Gmac)) 7> Vi € {1,243,

0) _ O .
Pj’\(?t-ﬁ-l)’ = Qfmaml + (]. — amaw)?, Vj - {t + ].,t + 2... Qt}

Foranyi =1,...,t>—1, the distribution P® is constructed from P© by disconnecting

the edge (4,4, 2t+1), and adding edge (iy+t, 2¢t+1) where i, = (1+[“2]), and 4, = i— |2 |t.

As noted in [73], the pair (i, ;) is unique for every i = 1,...,#*—1. We use another discrete
symmetric distribution for all these edges: (iq,1) for any i = 1,...,t> — 1. Specifically, the

conditional pmf of the different edges of the i-th graphical model is given below.

z. O .
Pj(’|)(2t+1)’ - amzn(l - qmaz>l + (1 - amzn(l - Qmax))zvz S {17 27 37 s t} \ {Za}7

@]
y = Cmazd + (1 —amw)zw eEt+1,t+2...2t,
i @)
P() = amzn(l - Qmax)l + (1 - Oémzn(l - Qma:p>)E

(%)
Pj'\(2t+1

We finally note that all the graphs P® for i € {0,1,...,#> — 1} have a different

equivalence class. In particular, we see that P admits all possible permutation of star
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nodes (with node i being the root, and remaining 2¢ nodes being the leaf nodes, for all
i€{l,...,2t+1}). For P% the equivalence structure is given by two leaf clusters connected
by a single edge. The nodes {1,...,2t + 1} \ {i4,4,} forms one leaf cluster, while {i,, 7}
forms the other leaf cluster. As (i,,1) is unique for all 7+ € {1,...,t*> — 1}, all the t* graphs
under consideration have different equivalence classes (see, Figure C.7). Also, all the leaf

nodes are indistinguishable from it’s parents in each of these graphs.

Figure C.7: The family of distributions used for providing lower bound for completely unidentifiable
case. The graphical model corresponding to P a single recoverable leaf cluster. The graphical
model corresponding to PW for each i = 1,...,¢2 — 1, has nodes {ia,1p} as one recoverable leaf

cluster, and the remaining nodes as another recoverable leaf cluster.

Symmetrized KL-divergence: For the symmetrized KL-divergence J(P® K P1) com-
putation we focus our attention on ¢ = 1, in which case i, = 1 and ¢, = (¢t + 1). The

computation remains identical for other ¢ > 2 due to symmetry.

For this purpose, we need to compute Ex_,po) log (%) and Ex.po) log (%) .

Let us look at <%>. Recall that the nodes t+1,t+2...2t+ 1 have 0 noise. We first see

that the expression for P(¥)(X) can be decomposed as follows due to the discrete symmetric
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conditional PMF and the graph structure:
2t
P(O)(X) = P(O)(XétH) HP(0)<XZ‘/|X§H1)
i=1
Similarly, the decomposition for P (X) is:
2
PO(X) = PY (X5, 1) PO X ) [ PO Xo040)
i=2
Furthermore, due to the property of discrete symmetric model we have PO(X}, ;) =
PW(X34,. 1) = 1/k. This gives us:

PO(X) _ PO(X{|Xp, )
PO(X)  PO(X{|X] )

Therefore,

PO(X)

0198 ( st ) = Bxerro J0g(PO (X1 K1) ~ B log( PO (X1 1XC.)

We find the symmetrized KL divergence between P and P®. We primarily need

the following four conditional PMF matrices for the calculation of the symmetrized KL

divergence:
p(o) _ I @] C
1/|(2t+1)" — (1 - Qmax)amin + (1 - (1 - Qmax)@min) E ( 39)
P(O) = (1 i I 1 1 ) o C.40
V|(t+1) — ( - Qmax)ammama:c + ( - ( - Qmax)ammama:c) E ( . )
P =0 I+(1-(1 O C.41
vi2e+1)" ( N Qmax)aminamaz + ( - ( - Qmax)amin@maﬂﬁ) E ( . )
V|(t+1) = ( - Qmax)amin + ( - ( - Qmax)amin) E ( . )

For notational simplicity let us use a, = (1 — ¢max)-
Ex po log(P(O) (X{’Xétﬂ)

147



= ]EX{,X§H1~P<0> log(P(O)(X“Xét—H)

= Y PO X)) log(PO(X]|XG,,)

(X1, X511)€8?

=5 Y POXIIXG) log(P(X]|X5,.)
(X17X5t+1)652

1
=7 > POX|IXG, ) log(POX][Xh )+ Y POX]|XG,,,) log(PO(X][XY,,)
(X{:Xét-q—l) (Xi?éXét-H)

o 1 k ) + 1- AminOln 1 ) + 1— AinOlp
— A QminOip L 0g | OXminlin L

1 1 — apima 1 — aina

- l{}2 _k mintn ] mintn
(0w (e o () )

For the second term we have similarly,

Ex..po log(P(l) (X{ ’X£+1>

1
2 Z P(O)(XﬂXéJrl)log(P(l)(XﬂXéﬂ) + Z P(O)(XHX;A)IOg(P(l)(XHXéﬂ)
(X{=X{,1) (X1#X7 1)
1 1— AminOmazOn 1— Apin Ol
= E k QminX¥mazQn + L log Qpin Oy, + T
1 1 — ez Qmin 1 — amina
+ k2 _k mazAminUn ] minQn
e (0 (P o (e )

Recall the p.m.f. for a tree structured graphical model with vertex set V' and edge

set E/, and alphabet X = [K]IV, is

PO =L Pux) T e )

icV (i,4)€E

In the symmetric setting, we get that:

PX) =1 [[ Ps(xilX;).

(i,7)EE
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Computing the symmetrized KL divergence involves calculating the following 4 terms which

can be done using Equation (C.39):

Epolog(PO(X5,,11X1)) = ( minan + %) log (amm% i %)
k— —OminQOn
Tl)(l — Qiniy ) log (1T)>

EP(O)log(P(l)(XéJrJX{)) = | OminCmazCn + w> log <amin0én + (1*0477]?”&”))

k (1 - Oémmamaxan) log (WTW”))

Epolog(P® (X[, 1| X7)) = (amancin + 1252520 ) log (inar, + (ogencel )

(k;l) (1 — Ozm,-nan) log (%))

EP(l)lOg(P(O) (Xét—l—l‘Xi)) = | OminQOmazOn + M) lOg (aminan + (1—06721'"0”1))

(k;l) (1 = QninQmazQin ) log (l—aanan))

This gives us:

(PO(X],41X7))

) p(1)y _ (PO(X,4411X1))
J(P : P ) _ EP(O) log 2t4+1121 + ]EP(I)IOg (P(O) (Xét+1‘Xi))

(P (X7441X7))

Substituting these quantities from above and simplifying, we get:

(PO, PU) = 2010001 = Qs (552 log (1 + £z )

l—aminan

dmax
kexp(— k—1 )(I_Qmax) )

N 26Xp(‘%)(1 N qInaX)<1 - eXP(_C]?fT)) (%) log <1 + 1—exp(_61lgmax)(1—q )
—1 max

< 2(k — 1) exp(— 222 ) (1 — grnax)*(1 — exp(—Guin))

We have the maximum distance between two nodes given as dpyax = —(k — 1) log(@min) and
dimin = —(k—1)10g(maz ). The noise is related as a,, = (1 — @qz). Substituting, these terms

above provides us the second equality. Using log(1 4 z) < x gives the final inequality.
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Lower Bound Proof - Part I: We are now in a position to prove the first part of

Theorem 4.6.2.

By the application of Lemma C.9.1, and expressions of J(P®, P(*)) we obtain that

for attaining a probability error of at most § > 0 we require at least N samples where

N>(1-d+ ) 2log(n)
) = 1) () (1 — g 21— enpl )

(1 — 8) exp(3fusx) log(n)
~ (k= 11— Guax)2(1 — exp(— 1))

C.9.3 Lower bound for recovering 75“* when T5% C Tp-

In this section, we focus on the dependence of ¢ty which can not be captured when the
graph is completely unidentifiable. Therefore, we create graphs using perturbed symmetric
distribution where the graph is partly identifiable (a subset of leaf nodes is distinguishable

from it’s parent).

Family of distributions: We consider graphical models with random variables whose
support size is k > 4. We construct a family of n + 1 star structured distributions on n + 1
nodes (as shown in Figure C.8), P, PM . P™ gsuch that P is completely identifiable

while P® is such that leaf node i and the center node 0 is unidentifiable.

We next provide the details of the family of graphical models.
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- =  Symmetric
—— Perturbed Symmetric

Figure C.8: The family of distributions used for providing lower bound with ¢y dependence. The
graphical model corresponding to PO ig completely identifiable. The graphical model correspond-
ing to P, for each i = 1,...,n, has edge {i,0} which forms a recoverable leaf cluster, and the rest

are all identifiable.

For P the conditional distribution matrices are as follows:

pO _ (a—=8)I+(1 —04)9 +A,Vj € [n],

Jl0 k
where _ -
00 0 ... 0
0046 ...0
A =
000 ... 9
_(5 00 ...0

For P®, the conditional distribution matrices are as follows:

i 0] . .
Pl = (a—8)I +(1- @) +AV) € [n].j # .
Piﬁé) =al+(1- 04)%.

151



Recall from Equation (C.38), this conditional distribution ensures that in PO all the leaves
can be identified. It also ensures that in P® all the leaves other than i can be identified. It
is easy to see that (o —0)I + (1 — )2 + A = C(v(6,¢')) for = 1-2,¢' = =2 + 5. The
marginals of all the random variables in all the distributions are uniform on the support.
Given the graph structure and the uniform marginals, the joint PMF of the random variables

can be decomposed as follows:

)(X;]Xo), (C.43)

?vl»—

(X;]Xo). (C.44)

lfl
1

??‘IH

Recall that P)(( )| x, 18 the matrix form of conditional distribution whereas PO(X,]X) is the

scalar value of the conditional PMF for any X; and Xj.

KL Divergence Computation We now calculate the symmetrized KL divergence be-

tween P and P® for i # 0 denoted by J(P©, PO)).

PO(X)
PO(X)

‘ P X)
0) p@)y — .
‘](P 7P ) - EXNPU) log P(O) (X)

+ ]E’XNP(O) log
Substituting P (X), P®)(X) from equation C.43 and noting that P(9(X;|X,) = P (X;|X,)

Vj # 1, we get that:

PO (X;]Xo)
PO(X;]Xo)

PO(X;] Xo)

J(P(O)’P(Z)) :Ep(i) IOg m

+ Ep) log
Therefore to compute J(P©, P®), we need

Epe log PY(X;]Xy),
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Ep log P (X;]X,),
E po) log PO(X;| Xo),

and

Epo log P9 (X;]| Xo)

We first calculate Epq) log P (X, Xp). Note that PO (X; = ;| Xy = ) takes only
2 values - a + (1 — a)/k(whenever x; = xg, that is, for k combinations of z;, z¢), (1 — «)/k

(whenever X; # Xj, that is, for k* — k combinations of x;, zg).

Epi log PO (X3 Xo) = Y POX; = a4, Xo = o) log PY(X; = ;] X = o)

T;,L0ESXS

;=T
+ Z p(i)(XZ. = z;, Xo = ) log P (Xi = 24| Xo = 20)
Ti#T0

_ Z PO(X; = x;| Xo = ) PPD(Xy = 20) log PD(X; = 2;| Xy = x0)

;=X

T #T0

1—a)1l 1 l1—al 11—«
:k(a—l—T)Elog(a—kT)nLk(k‘ 1) ’ Elog( k )

1 l—«a k—1 -«
(a+T)log(a+ ? )+ 2 (1—a)10g< P )

We next calculate E pq) log PO (X;| X,). P (Xi|X0) takes 3 different values - (a + 1_70‘ — (5)

(for k combinations of z;, o), 1% + ¢ (for k combinations of z;, xo), 132 (for k% — 2k com-
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binations of x;, xy).

Evaluating the remaining terms on similar lines gives us:

1— 1—
Ex, x,~po 10g PO(X;|Xo) = (a + T& - 5) log (04 + I . 5)

1—a 1—a k—2 1—a
+(T+5>10g(—k +5>+—k (1—04)10g( ’ ),

, 1— 1—
]EXi,XONP(O) log P(l)(Xi|Xo) = (Oé + Ta — 6) log (a + Ta)

+ (%(1—(1)%) log(1;a>.

This gives us:

, ) ko
0) p)y — _ _
J(P® PY) §[log (1+1—a> log (1 kcH—(l—a))]

1 1
< 2
< (2 * )

1 1
(k=1) 2
< 8k(k—3)a2 (1_a+ 1+(/€—1)04) x tg,  for ¢y <

> 4.

kvVk—3a? k
V20k-1)" T

The second last inequality holds as for log((1 + az)/(1 — bz)) < (a + b)x for x > 0, a > 0,

b >0, and b < a.
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We now reason about the final inequality. We have Q*(x) > 2((]2__31))]9 “52%(a — 6)? for

k > 4. If we have § < /4 then we have Q*(z) > %620}. But we are dealing with the

situation when Q?(z) > #3. This means we must choose ¢ in a way such that ¢3 < (g(;i)f; 520’

— v/ (k—3)a? .
®7D 4. This choice satisfies < a/4 for ty < by k=8)o” Hence, replacing

ky/8(k—3)a V2(k—1)

to gives the final inequality for the symmetrized KL divergence above.

Let 6 =

VD)
ky/8(k—3)a

As we have § < /4 and k > 4, we can simplify the determinant term as

det(Pfg) = oV (1= 2)" -

|0 e

()"

det(P) < al™h,  det(Pl) = ol D2z
Since the distance is bounded by d,,;, and d,,q., it enforces:

dmar > —(k — 1) log(a) — log(457) = —(k — 1) log(ar) — klog (})
in < —(k — 1) log(a)

a > 2exp(—dmpax/(k — 1)), a < exp(—dmin/(k — 1)).

If we use @ = exp(—dmin/(k—1)) for our construction, the symmetrized KL divergence

kvk—3a? is

in terms of the distance bounds, for & > 4 and ¢, < D

0 i (k-1) 1 1 2
J(P©), p) SSh(—3)a? (E + 1+(k—1)a> X tg

(k—1) 1 2
< SR0v—3) exp(—2dmin /(5= 1) (1 + 1—exp(—dmm/(k—1>>> 1y

Lower Bound Proof - Part II: We now derive the second part of Theorem 4.6.2, thus

concluding its proof.
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Plugging the above symmetrized KL bound in Lemma C.9.1 we obtain that for a
probability error of at most 6 > 0 we require at least N samples where
log(n)

n_+18k(k*3)6Xp( 2dmm (k 1)) (1 + 178Xp(7dmin/(k71))> X t%
(1= ) exp(~2aie) (1 — exp(— i) Sk{k — 3)og()
B (k —1)(2 — exp(—22))t5

N> (1 =0+ )

5

|
—

&
=

2d i ;
1—8) exp(— 28 ) (1 —exp(— 22 ) k log (n
Therefore, we have N = () <( ety = )(tge i SR ))

U

Instead using o = 3 exp(—dmax/(k — 1)) in our construction, following similar steps,

we obtain

N0 ((1 — ) exp(—2max) (1 — exp(— ‘ir“‘"’f))klog(?%)> |

3
Combining these two we obtain the final lower bound in this setting (k > 4 and

to < %k exp(—2%22x))as

N=0 < s (1—6)exp(—7 )(1 — eXp(—%))klog(n)) |

de{dmax,dmin} Z5(2)

C.10 Experiments

We present the performance of our algorithm for the perturbed symmetric model. All

the experiments in this section are for k = 4.

C.10.1 Varying ¢nax

Now, we study the impact of the probability of error on the performance of the

algorithm.
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shape = chain shape = star —o— Exact, gmax=0

—o— Exact, gmax=0.2

—o— Exact. gmax =0.4
¥ EC, gmax=0

=¥ EC, Gmax=0.2

=¥- EC, Gmax=0.4

5

®

ES

=

Fraction of correct recoveries
Fraction of correct recoveries

104 10? 104

100 10°
Number of samples Number of samples

Figure C.9: Comparing the performance of our algorithm for different values of ¢nq, € {0,0.2,0.4}
and different graph shapes - chain, star. Setting: diin = dmae = exp(—0.7), § = 0.04 # of
nodes= 7. We provide results for two cases: i) when the exact underlying tree is recovered, ii)
when a tree from the equivalence class is recovered.

Setting: (i) Number of nodes = 7.

(ii) Graph Shape = {Chain, Star}

(iii) Distance of all the adjacent nodes = exp(—0.7).

(iv) Error probability is uniformly sampled from [0, ¢,,az]|, where, ¢nq. € {0,0.2,0.4}.
(v) § =0.04

(vi) Assume access t0 Gmaz, dmin DUt not to dpaq, to-

(

vii) Number of iterations = 100

Takeaway: The convergence is slower for higher ¢,,,. as demonstrated in Figure C.9.

C.10.2 Varying d

Finally, we present the results for different values of d.
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shape = chain shape = star —e— Exact, logd= -0.5
—e— Exact, logd= -0.7
v —e— Exact, log d= —0.92
v- EC, logd= —-0.5
~%- EC,logd= —0.7
=¥%- EC,logd= —0.92

p EL B0 T 2T

=

Fraction of correct recoveries

Fraction of correct recoveries

104 10? 104

100 10°
Number of samples Number of samples

Figure C.10: Comparing the performance of our algorithm for different values of d and different
graph shapes - chain, star. Setting: ¢mnaz = 0.2, § = 0.02 # of nodes= 7. We provide results for
two cases: 1) when the exact underlying tree is recovered, ii) when a tree from the equivalence class
is recovered.

Setting: (i) Number of nodes = 7.

(ii) Graph Shape = {Chain, Star}.

(iii) Distance of all the adjacent nodes € {exp(—0.5), exp(—0.7), exp(—0.92)}.

(iv) Error probability is uniformly sampled from [0, 0.2].

(v) § =0.02

(vi) Assume access t0 Gmaz, dmin DUt N0t t0 dpyay, to-

(vii) Number of iterations = 100

Takeaway: The algorithm performs the best for intermediate values of d. When the distance
is too high or too low, the convergence is slower. Interestingly, the performance for exact
recovery and equivalence class recovery show different trends - exact recovery is more difficult

when the distance is large whereas the recovery of the equivalence class is more difficult when

the distance is small. The results are presented in Figure C.10.
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