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Abstract

A Multicomponent Membrane Model for the
Vanadium Redox Flow Battery

Philip Henry Michael, M.S.E.
The University of Texas at Austin, 2012

Supervisor: Dongmei Chen
Co-supervisor: Jeremy P. Meyers

With its long cycle life and scalable design, the vanadium redox flow battery
(VRB) is a promising technology for grid energy storage. However, high materials costs
have impeded its commercialization. An essential but costly component of the VRB is the
ion-exchange membrane. The ideal VRB membrane provides a highly conductive path
for protons, prevents crossover of reactive species, and is tolerant of the acidic and
oxidizing chemical environment of the cell. In order to study membrane performance and
optimize cell design, mathematical models of the separator membrane have been
developed. Where previous VRB membrane models considered minimal details of
membrane transport, generally focusing on conductivity or self-discharge at zero current,
the model presented here considers coupled interactions between each of the major
species by way of rigorous material balances and concentrated solution theory. The
model describes uptake and transport of sulfuric acid, water, and vanadium ions in
Nafion membranes, focusing on operation at high current density. Governing equations
v

for membrane transport are solved in finite difference form using the Newton-Raphson
method. Model capabilities were explored, leading to predictions of Ohmic losses,
vanadium crossover, and electro-osmotic drag. Experimental methods were presented for
validating the model and for further improving estimates of uptake parameters and
transport coefficients.
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Chapter 1: Introduction
1.1 MOTIVATION FOR GRID ENERGY STORAGE
The rapid growth in electric power from wind turbines and photovoltaics is
encouraging news in light of concerns about greenhouse gas emissions and the long-term
sustainability of energy systems based on fossil fuels. For the 85 % of the Texas
population served by the Electric Reliability Council of Texas (ERCOT), wind power
provided 8.5 % of electricity in 2011, and installed wind capacity was up to 9.6 GW, 13
% of the total [1]. At the same time, intermittent renewables are approaching limits. Wind
and solar generation are highly variable sources of energy, controlled by natural systems
rather than human demands, and their power output can change rapidly. In February
2008, a 1.4 GW drop in wind power output from West Texas over a two hour period
caused brown-outs in ERCOT [2]. Analysis suggests that large-scale adoption of
renewable energy (perhaps 20 % of generation capacity) may destabilize the grid by
making it sensitive to fluctuations in wind and solar output [3–5]. Energy storage offers a
potential solution to the problem of intermittency, but while energy storage offers many
benefits, cost remains the critical factor limiting commercialization.
The addition of energy storage to the grid offers benefits to utilities, independent
system operators (ISOs), the wind and solar industries, end users of electric power, and
the environment. At present, peak demand is met primarily by inefficient, single cycle
gas turbine peakers, which sit idle for the majority of the year only to be brought online
during Texas summer afternoons [3], as shown in Figure 1.1. Additionally, providing
peak power can be highly profitable for generators (and costly to utilities) on days when
wholesale prices spike as Figure 1.2 demonstrates. Storage provides the potential to meet
peak demand using energy stored during off-peak times. The ability to use storage for
1

‘load-shifting’ or ‘peak-shaving’ presents an opportunity for arbitrage in deregulated
utility markets, such as Texas, and provides utilities with a means to defer costly
increases in generating capacity, which must increase steadily to meet demand
projections [7]. For ISOs, storage offers increased reliability since stored energy can be
rapidly dispatched for frequency regulation – maintenance of the grid frequency at 60 Hz

Figure 1.1: Load duration curve for the ERCOT grid in 2000 [5].

Figure 1.2: Wholesale electricity price per MWh in ERCOT during 2003, 3-hour
resolution [6], demonstrating the potential of using storage for arbitrage.

2

– or held on reserve for response to various contingencies [3], [7], [8]. For the wind and
solar industries, energy storage promotes penetration of renewables on the grid,
moderates variations in output, and reduces the need for natural gas backup [3], [7].
Finally, end users are benefitted by better reliability and improved power quality (tightly
controlled voltage and frequency) [7].
Electrical energy can be converted and stored as gravitational potential energy
(pumped hydro), as mechanical energy (compressed air, flywheels), in electric fields
(capacitors), in chemical bonds (batteries, fuel cells), or as heat. The simplest and most
widely-used form of storage is pumped hydro energy storage (PHES). Nearly all of the
2.5 % of electrical energy stored in the United States is in the form of pumped hydro [7].
Pumped hydro and compressed air energy storage (CAES), the two lowest-cost
technologies at present, are each limited geographically, CAES by the need for large salt
caverns or depleted aquifers [8]. Flywheels, electrochemical capacitors, and redox flow
batteries (RFBs) are promising emerging technologies, though their potential applications
differ.
The potential applications of energy storage technologies on the smart grid are
important considerations in their development. Figure 1.3 illustrates two important
applications: load shifting and frequency regulation. The selection of technologies for a
specific application depends on the power output, discharge duration, efficiency,
durability, and cost. Figure 1.4 compares technologies on the basis of power output and
discharge duration. Storage devices characterized by fast response and short discharge
duration, for instance supercapacitors and flywheels, are suited to frequency regulation,
smoothing output from renewables, and peak-shaving for end users [9]. Devices designed
for deep cycling, high power output, high round-trip efficiency, and long discharge
duration are more appropriate for load shifting, integrating renewables into baseload
3

Figure 1.3: Load shifting (left) can reduce peak demand while exploiting the increase in
wholesale prices at peak times. Frequency regulation (right) improves power
quality over time scales of seconds to minutes. Figure adapted from [9].

Figure 1.4: Rated power and discharge time for various energy storage technologies [2].
power, and providing capacity reserves [9]. Pumped hydro, CAES, sodium-sulfur
batteries, and redox flow batteries fit this description. Finally, technologies that are not
geographically constrained can be deployed to support the grid on various levels, from
4

wind farms, industrial sites to neighborhood substations. Because of their ability to
provide large-scale energy storage in diverse locations, redox flow batteries have recently
become a topic of increased research interest [2], [3], [8].
In contrast to high energy density batteries for consumer electronics and
transportation applications, engineers are designing redox flow batteries around a new set
of objectives: scalability, high power output, long cycle life, and low cost [3]. The most
common redox couples for flow batteries are: iron-chromium, zinc-bromine, brominepolysulfide, iron-vanadium, vanadium-bromine, and all-vanadium [3], [8]. In contrast to
conventional battery chemistries, in which energy storage involves the physical transfer
of reactive species across the electrode/electrolyte interface, the reactive species in flow
batteries remain dissolved in the liquid phase [8]. Consequently, a flow battery’s power
output is decoupled from its energy capacity, where the former depends on the design of
the cell stack and the latter on the sizing of electrolyte storage tanks [3], [7], [8]. This
decoupling enables the tailoring of flow batteries to specific grid storage applications.
Therefore, the flow battery is a suitable technology for stationary storage applications. In
order to maximize its performance and efficiency at the system level, more research is
needed on modeling of the flow battery. The vanadium redox flow battery (VRB) is
highly promising compared to other flow battery technologies and is the subject of this
computational modeling study.

1.2 COST/PERFORMANCE TRADEOFFS FOR VRB MEMBRANES
Broad deployment of the vanadium redox flow battery for grid storage is unlikely
if significant performance increases and cost reductions are not achieved [7]. The
following chapter will describe recent advances in stack design, solution chemistry, and
computational modeling, but first, a brief description of the VRB, along with cost and
5

performance considerations, is in order. The redox reactions – shown with discharge in
+
the forward direction – are as follows, where VO2 is the +5 (vanadic) oxidation state and

VO 2 + is the +4 (vanadyl) oxidation state [3].

VO2 + + 2H + + e−
V

2+

dischg

dischg

V

chg
3+

VO 2+ + H 2O, E 0 = 1.00V
(1.1)
−

+ e , E = −0.26V
0

chg

A VRB unit cell consists of two porous electrodes separated by a membrane and backed
by current collectors, as shown in Figure 1.5. The positive and negative electrolyte
solutions are pumped through parallel unit cells in the stack and recirculated to the
electrolyte storage tanks. These electrolyte solutions typically consist of 1 – 2 M
vanadium dissolved in 3 – 5 M sulfuric acid, though non-aqueous electrolytes and mixed
sulfuric/hydrochloric acid electrolytes have also been studied [10–12]. Commercial
VRBs have been successfully built in the United States and Japan [2], [4], [7].
A key component of the VRB, and of all flow batteries, is the separator
membrane. The purpose of the membrane is to provide a highly conductive path for
protons while preventing mixing of the reactive species. There are several tradeoffs to
consider. A highly conductive or very thin membrane reduces Ohmic losses, increasing
the voltage efficiency of the cell, while a membrane which is highly selective to protons
limits vanadium crossover, increasing the Coulombic efficiency of the cell. In addition to
performance, cost is an important factor, because membrane area scales with the desired
power output of a flow battery. The ideal membrane separator for a VRB has low area
resistance, is highly selective for transport of protons, is durable (i.e. resistant to chemical
attack by strong acids and oxidizing agents), and can be produced at low cost [13].
Today, there is no commercially available membrane meeting all of these criteria.
6

Figure 1.5: Schematic of the VRB discharge cycle, showing actual colors of the
vanadium electrolytes, adapted from [3].
The performance of a redox flow battery can be quantified in terms of voltage
efficiency, Coulombic efficiency, round-trip energy efficiency, and power output.
Voltage efficiency is the ratio of the output voltage during discharge to the input voltage
during charge with respect to a specific state of charge (SOC) of the battery [8]. Voltage
losses are defined in reference to the open circuit voltage (Eocv) and include activation
(kinetic) overpotential (ηs), concentration overpotential (ηc), and Ohmic (resistance)
losses in the porous electrode, electrolyte, current collector, and membrane [14]. Note
that the open circuit voltage assumes Nernstian behavior and neglects activity
coefficients.

E = Φanode − Φcathode
= Eocv + ηs ,anode −ηs,cathode + ηc,anode −ηc ,cathode + ∆Φohm
7

(1.2)

Eocv

 cV cII cH + 2
= E + ln 
 c c
 IV III
0





Overpotentials depend on the kinetics and mass transport of the charge transfer reaction
and can be affected by the engineer’s choice of electrode material, redox couple, flow
configuration, and operating current density. Ohmic losses depend on the electrical or
ionic conductivity of a given solid material or electrolyte as well as the operating current
density. Results of full cell simulations by my colleague David Sing, shown in Figure 1.6,
support the claim that membrane ionic resistance accounts for most of the Ohmic losses
in a cell, as well as a sizeable fraction of the total power losses.

Figure 1.6: Total cell voltage, state of charge (left), and power losses (right) over time
during a charge/discharge cycle [15], parameters from [16].
Coulombic efficiency, also called current efficiency, is the ratio of Coulombs of
charge extracted from the battery while discharging to Coulombs of charge stored in the
battery during charging [8]. Side reactions and crossover of reactive species – leakage
through the membrane – are the primary causes of Coulombic efficiency losses. Though
vanadium crossover hurts Coulombic efficiency, crossover of reactive species from one
half-cell does not pollute the opposite half-cell, because the vanadium species can be
8

(1.3)

converted to the oxidation state appropriate for that side of the cell. Water and sulfuric
acid supporting electrolyte also leak through the membrane, affecting the volume and
electrolyte concentrations in the two tanks [17–19]. Round-trip energy efficiency is
defined here to include the kinetic and transport losses listed above as well as an estimate
of parasitic power losses due to pumping and thermal management.
While efficiency is an important consideration for flow batteries, Aaron et al.
have argued that power density and module cost are the battery parameters most in need
of improvement for grid storage applications [20]. They suggested operating the cell
stack at high power density to reduce the area of active materials, including the
membrane, porous electrodes, and current collectors.
Membranes inside the VRB play a crucial role in the overall VRB success
because they affect the voltage efficiency through ion conductivity, Coulombic efficiency
through crossover characteristics, and round trip energy efficiency through parasitic loss.
The most common membrane for the VRB is the perfluorosulfonic acid (PFSA)
membrane, commonly known by DuPont’s trade name Nafion, which consists of sulfonic
acid (-SO3-) fixed charge sites bound to a Teflon backbone1 [13]. Nafion is used because
it is a highly conductive membrane capable of withstanding strong acid solutions and
oxidative attack by VO2+ [13], [17]. At a cost of 500 – 800 $/m2, Nafion membrane is
over ten times more expensive per unit area than porous carbon electrode materials and
dominates the cost of the cell stack [13], [21]. The cell stack, in turn, is estimated to
account for 31 % of the capital cost of the battery [21]. As developers of VRB
technologies aim for ambitious capital cost reductions from the current $400/kWh to the

1

Nafion and Teflon are registered trademarks of E.I du Pont de Nemours and Company.
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$100/kWh proposed by US DOE’s ARPA-e initiative, cheaper membranes and higher
power densities will be keys to improvement [21].
The compositions of the electrolyte solutions in the positive and negative half
cells also have a significant effect on capital cost and membrane performance [4]. For a
battery with a given energy capacity, more highly concentrated vanadium solutions
increase energy density, reducing the sizes of the electrolyte tanks, piping, and thermal
management system. However, vanadium concentrations greater than 2 M require higher
H2SO4 concentrations (up to 6 M) and more tightly controlled temperatures, since V(V)
precipitates at high temperature while V(IV) precipitates at low temperature [10].
Furthermore, high sulfuric acid concentrations dehydrate the Nafion membrane, reducing
membrane conductivity and increasing membrane Ohmic losses [22], [23].

1.3 OBJECTIVES AND APPROACH
The cost and performance of a redox flow battery are highly sensitive to mass
transport processes in the separator membrane. Therefore, improvements in membrane
performance promise substantial benefits for the economics of flow batteries in grid
storage applications. Moore et al. estimate that a membrane cost of $40/m2, a design goal
for fuel cell membranes, would cut the capital cost of a VRB by one fourth [21].
Computational modeling is a powerful tool for comparing performance tradeoffs, and full
cell models of the VRB have been developed [16], [24–27]. These models, however, treat
the membrane in simplistic terms, ignoring vanadium crossover and the effect of sulfuric
acid uptake on conductivity. Membrane crossover models have also been developed [28–
30], but these neglect the passage of current. Previous modeling work and experimental
measurements of the Nafion-sulfuric acid system are described in the literature review,
Chapter 2.
10

The objective of this work is to develop a framework for evaluating flow battery
membrane performance using a VRB with Nafion membrane as the test case. This
framework is centered on a macrohomogeneous, multicomponent model of mass
transport in the membrane. This model will be used to discover the impact of electrolyte
composition, current density, and membrane physical properties (i.e. thickness and ion
exchange capacity) on Ohmic losses, vanadium crossover, and water crossover. The
transport model treats the membrane as a single, multicomponent phase using
concentrated-solution theory, as described by Newman [14]. Membrane mass transport is
described by Maxwell-Stefan diffusion, which accounts for solute-solute interactions and
electro-osmotic drag without the addition of viscous or pressure-driven terms. Uptake and
transport properties are determined from the literature as well as least squares estimation.
Chapter 3 describes the development of the model for the case of a Nafion membrane
equilibrated with aqueous sulfuric acid, including numerical methods, transport
properties, and key assumptions.
The model described above considers the physics of mass transport inside the
membrane, however a framework for membrane performance is incomplete without a
description of the thermodynamics of solute partitioning at membrane/electrolyte
interfaces. A thermodynamic treatment of solute partitioning begins with a condition of
local chemical equilibrium at the interface. Preferential uptake of certain charged species
by the ion-exchange membrane results in a potential drop at the interface. By specifying a
reference ion and a secondary reference state, an equilibrium condition can be used to
estimate partition coefficients as well as the interface potential drop [32]. Details of the
thermodynamics of the membrane/electrolyte interface are presented in Chapter 3.
Results of steady state and dynamic models for sulfuric acid transport are
presented in Chapter 4. The effects of current density, membrane physical parameters,
11

and electrolyte composition are considered, and outputs include concentration and
potential profiles within the membrane. To date, the model has not been validated
experimentally. However, Chapter 4 presents simulations corresponding to simple
experiments that can be used for future parameter estimation and model validation. In
Chapter 5, the dynamic sulfuric acid model is extended to include uptake and transport of
vanadium species. Vanadium transport is governed by dilute (Nernst-Planck) diffusion.
Material balances in the electrolyte tanks account for self-discharge due to vanadium
transport as well as volumetric imbalances caused by water crossover. The effects of
current density, membrane parameters, electrolyte composition, and long-term cycling
are examined. Tradeoffs between crossover and Ohmic losses are also considered.
Chapter 6 concludes with a discussion of proposed experimental validation and
speculates about the possibility of applying the model to other membranes, supporting
electrolytes, and flow cells.

12

Chapter 2: Literature Review
2.1 OBSERVED BEHAVIOR OF NAFION MEMBRANES
Nafion perfluorosulfonic acid (PFSA) membrane has been the separator material
of choice in VRB studies to date because of its high proton conductivity and its ability to
withstand strong acids and oxidizing agents [17]. On a microscopic level, the membrane
structure can be described as an array of tortuous, hydrophilic channels approximately 2.5
nm in diameter2 [13]. The ion exchange properties of the membrane are a result of
sulfonate (–SO3-) functional groups, which act as fixed charge sites in the membrane
[13]. Electroneutrality holds over any continuum control volume in the membrane, with
the result that (positive) counter-ions are held in close proximity to each sulfonate site.
When H+ ions are affixed to all sulfonate sites, the membrane is said to be in acid form.
Since the negative charges of sulfonate sites repel co-ions (anions), the membrane is said
to be permselective toward counter-ions [32]. When exposed to dilute electrolytes
(concentrations on the order of 0.1 mol/L and lower), co-ions are restricted from entering
the membrane pores [33–35]. However, exposure to concentrated electrolyte solutions
(~1 mol/L) leads to uptake of co-ions along with additional counter-ions (again satisfying
electroneutrality) [33–35]. To a close approximation, chemical equilibrium holds at the
membrane/porous electrode interface [34]. Consequently, preferential uptake of counterions is associated with a jump in electrostatic potential at the interface [34], [35].
Ion transport in Nafion membranes is thought to occur by two mechanisms. The
first is movement of dissociated counter-ions and co-ions in the membrane pore fluid.
This ‘vehicle’ mechanism is similar to transport in a free electrolyte solution with the
exception of electrostatic repulsion near the pore walls [36], [37]. The second is
2

Nafion comes in 1 – 7 mil (25 – 178 µm) dry thicknesses. By convention, the final number in a
membrane’s name indicates the thickness. For instance, Nafion 117 is 7 mils thick; Nafion 212 is 2 mils
thick.
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‘hopping’ of H+ and other counter-ions between fixed charge sites, as well as along
chains of water molecules via hydrogen bonds [13], [36], [37]. In addition to ionic
transport, water moves through the membrane by diffusion and electro-osmotic drag.
Electro-osmotic drag results from the coordination of ionic species, primarily H+, with
water molecules [37]. Figure 2.1 illustrates these transport mechanisms.

Figure 2.1: Mass transport mechanisms in the cation exchange membrane of a VRB
include proton ‘hopping’, diffusion, and electro-osmotic drag. Arrow
direction corresponds to a charging current.
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Sulfuric Acid Partitioning and Transport
Sulfuric acid is used in the VRB as a supporting electrolyte because it is highly
conductive, and because vanadium solubility increases at low pH [10], [38]. Several
investigators have studied the Nafion/sulfuric acid system [22], [23], [37], [39]. The
earliest and most extensive work is that of Verbrugge and Hill, who published five papers
on the subject, including experimental and modeling studies [23], [32], [36], [39], [40]. In
their first paper (1988), Verbrugge and Hill measured porosity, water partitioning, and
sulfuric acid partitioning in Nafion membranes equilibrated with a reservoir containing

cHbulk
= 1 mM – 10 M sulfuric acid solutions [39]. They found that the membrane swells
2 SO4
in thickness to a fractional porosity of θ = 0.2 – 0.3 when exposed to sulfuric acid
) is inversely related to
solutions and that the water concentration in the membrane ( cHmem
2O

(

)

3. They also found that sulfuric acid concentrations in the membrane cmem
cHbulk
that
H2SO4
2 SO4

is, free H+ and HSO4- (bisulfate) in the pore space 4, increase with reservoir concentration
= 3 M [39]. At still higher bulk concentrations, the membrane pores contract
up to cHbulk
2 SO4
to the extent that water and sulfuric acid concentrations in the membrane decrease [39].
Verbrugge and Hill attributed this behavior to a decrease in electrostatic repulsion
between fixed charge sites. A crucial limitation of their work, for purposes of describing
the VRB, is that data points were spaced logarithmically across many orders of

3 Throughout this work, membrane concentrations are reported with respect to the entire swollen volume of
the membrane, not the volume of fluid within the pores.
4

The thermodynamics of H2SO4 dissociation strongly favor HSO4- over SO42-,

cH + cSO 2−
4

cHSO −

≈ K d 2 = 0.010

4

at T = 298 K [41]. For a typical solution in the VRB, 1 M vanadium in 5 M total sulfate/bisulfate, a
straightforward equilibrium calculation shows that the HSO4- concentration is 200 – 500 times higher than
the SO42- (sulfate) concentration, depending on the state of charge. Because of this low concentration (~10
mM) and the preferential exclusion of strong negative charges by membrane fixed charge sites, it is
reasonable to assume that all sulfuric acid taken up by the membrane is dissociated as H+ and HSO4-.
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magnitude. Recently, Tang et al.5 measured the partitioning of water and sulfuric acid in
Nafion membranes at concentrations more relevant to the VRB, mHbulk
= 0.5 – 18 mol/kg
2 SO4
( cHmem
= 0.5 – 10 M) [22]. Their data, seen in Figure 2.2, shows the same trends as that of
2 SO4
Verbrugge and Hill with membrane dehydration at high concentrations.

Figure 2.2: Sulfuric acid partitioning (left) and conductivity (right) for various
membranes as a function of bulk solution molality, from [22]. Membrane
= 9 mol/kg ( cHmem
= 6M).
sulfuric acid uptake reaches a maximum at mHbulk
2 SO4
2 SO4
For the 3 – 6 M H2SO4 solutions used in the VRB, the concentration of free acid
in the Nafion pores is approximately 0.3 – 0.5 M [22], [39], while the concentration of
sulfonate fixed charge sites, cm, is approximately 1.2 M [36]. Clearly, free sulfuric acid
has a significant impact on the composition of the membrane phase. It comes as no
surprise, then, that it also affects the membrane conductivity, κ. Verbrugge and Hill
measured Nafion 117 membrane conductivity in 0.3, 1, 3, and 5 M H2SO4 solutions using
a four-electrode cell (Pt working electrode and counter electrode plus two
mercury/mercurous-sulfate reference electrodes adjacent to opposite sides of the

5

Though the measurements of Tang et al. were published in a more lightly reviewed proceedings
publication, ECS Transactions, their data is consistent with that of previous authors and studies conditions
consistent with those of the VRB.
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membrane) [23]. Tang et al. measured the conductivity of the membrane using
electrochemical impedance spectroscopy [22]. Both studies found that conductivity peaks
near cHbulk
= 1 – 3 M and then decreases at higher bulk acid concentrations. Conductivity
2 SO4
results from the work of Tang et al. are shown in Figure 2.2. This behavior is again
attributed to contraction of the membrane pore channels, which restricts transport in free
solution within the membrane pores [22], [23]. Furthermore, Tang et al. found that
solutions of 1 M V3+, V4+, and V5+ in 5 M total sulfate/bisulfate Nafion 117 conductivity
by approximately 1/3 relative to 5 M H2SO4. Table 2.1 (section 2.2) compares
experimentally measured conductivities from these studies with estimates used in VRB
models.
Unlike hydrogen or direct methanol fuel cells, in which all of the current passing
through the separator membrane is carried by protons, a fraction of the current in the
VRB is carried by the bisulfate co-ion and by vanadium ions. The fraction of the current
carried by species j is known as its transference number or transport number.6
tim =

ii
i net

=

z i FN i
∑ z i FN i
i

Experimental measurements of transference numbers are scarce in the case of bisulfate
and, to the author’s knowledge, non-existent in the case of vanadium ions. Pivovar et al.
measured the bisulfate transference number, t−m , for cHbulk
≤ 1 M and noted that t−m
2 SO4
increases with acid concentration, where t−m = 0.07 at cHbulk
= 1 M [37]. Though
2 SO4
membrane transference numbers for a concentration range relevant to the VRB are not
available, the measurement referenced above is evidence that bisulfate transport plays a
non-negligible role in the overall performance of the VRB membrane.
6

In the membrane, H+, HSO4-, H2O, and –SO3- are denoted by the subscripts +, –, 0, and m, respectively.
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(2.1)

Water Transfer

Water transfer across the membrane leads to electrolyte imbalance, adversely
affecting VRB performance [8], [13]. Sun et al. measured the volumetric transfer of water
across Nafion 115 in an operating VRB and found that the half-cell volumes changed by
approximately 30% over 300 charge/discharge cycles, with net water transfer toward the
positive half-cell [19]. Though this result indicates that water transfer is important to
VRB performance, the authors do not appear to have tested the dependence of water
transfer on the concentrations of the equilibrating solutions or the current density. In fact,
they did not report the current density.
Water transfer across the membrane is thought to involve two mechanisms: drag
of water molecules in the hydration shells of ionic species (i.e. hydronium ions) and
osmosis due to the development of ionic concentration gradients across the membrane
[18], [19], [42]. When a net current is passed, the first mechanism is called electroosmotic drag. When ionic species are transferred across the membrane, along with
solvating water molecules, they increase the ionic strength on the downstream side of the
membrane and additional water is drawn to the downstream side to balance the difference
in osmotic pressure.
A number of authors have examined water transfer during the self-discharge
process and found that the direction of water transfer depends on state of charge [18],
[19], [42]. Membranes studied include several thicknesses of Nafion as well as Gore Lseries and Asahi Glass Selemion membranes. Each of these authors showed that net water
transfer is from the (-) side to the (+) side when SOC > 50% and the opposite when SOC
< 50%. Sun et al. measured vanadium diffusion coefficients in Nafion 115 membrane
with a static dialysis cell and found that DII > DIV > DV > DIII [19]. They further reasoned
that differences in vanadium diffusion are the cause of the directionality of water transfer
18

during self-discharge. Though self-discharge has been studied (and modeled) in some
depth, little information is available regarding water transfer in a VRB during the passage
of current. Where measurements have been made, as in [19], they have focused on long
term performance, not estimation of transport parameters.
Water transfer during the passage of current is somewhat better understood in
Nafion membranes exposed to aqueous sulfuric acid, though data is sparse. The electrom
osmotic drag coefficient ( ξ0 ) is the important transport parameter to consider here. It is

defined as the number of moles of water crossing the membrane per mole of a given
charged species, usually with reference to H+, as shown in Eq. 2.2.

ξ 0m =

t0m
N0
=
z0 ∑ zi N i

(2.2)

i

m
Note that while z0 = 0, the ratio t0 z0 is not undefined. Verbrugge and Hill estimated

electro-osmotic drag coefficients for Nafion 117 equilibrated with 0.1, 0.3, 1, 3, and 5 M
H2SO4 solutions (with the approximation that all current is carried by protons) using
measurements of membrane potential drop ( ∆Φ ), where pressure drop was judged to be
insignificant and all current assumed to be carried by protons [23].
N0
cv
= 0
N+ i / F
v=−

kφ

µ

cm F ∇Φ −

(2.3)
kp

µ

∇P

Eq. 2.4 is known as Schloegl’s Equation and connects the membrane’s convective
velocity (v) to the potential gradient and pressure gradient via the electrokinetic
permeability ( kφ ), hydraulic permeability ( kp ), and viscosity of (µ) of the fluid [23], [24].
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(2.4)

Pivovar et al. measured electro-osmotic drag in Nafion 117 using a specially designed
electro-osmotic drag cell in which changes in the liquid levels of the two sides of the cell
were measured over time with the passage of current [37]. As with HSO4- transference
measurements, made with the same apparatus, their work only considered acid solution
concentrations ≤ 1 M. Where the abscissas overlap, these two studies present similar
m
results, shown in Figure 2.3, which differ substantially from ξ0 = 2.5 for Nafion

equilibrated with pure, liquid water at room temperature [43]. Though instructive, these

= 3M and cHbulk
= 5M , ξ0m more than doubles.
data are somewhat sparse. Between cHbulk
2 SO4
2 SO4
= 5M may be in error or may be part of a different trend in the data. In
The result at cHbulk
2 SO4
m
either case, ξ0 is subject to significant uncertainty at high acid concentrations.

Electro-osmotic drag coefficient

9
8
7
Verbrugge & Hill

6
5

Pivovar et al.

4
3

Mem. equilibrated with
pure water (Springer et
al.)

2
1
0
0

1

2

3

4

5

Bulk sulfuric acid concentration [mol/L]

Figure 2.3: Comparison of experimental measurements of the electro-osmotic drag
coefficient for Nafion equilibrated with aqueous sulfuric acid
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Vanadium Crossover

Vanadium crossover leads to self-discharge, reducing the battery’s Coulombic
efficiency and, over many cycles, the capacity of the battery. Meanwhile, vanadium
uptake is thought to reduce the proton concentration in the membrane, reducing
conductivity [22]. Sun et al. observed a net transfer of approximately 30% of the initial
stock of vanadium in the (-) half-cell to the (+) half-cell over 250 charge/discharge cycles
in a kilowatt scale VRB stack [19]. Again, they did not examine the effects of the
equilibrating solution concentration or current density.
The extent of vanadium partitioning across the membrane/solution interface is not
well understood. To the author’s knowledge, the only estimates of vanadium partitioning
in a Nafion membrane are those of You et al. [28], and their values are suspect (they are
presumably based on the earlier measurements by the same group – Sun et al. [19] –
though no clear explanation or source is given for their estimates, see also Section 2.3).
Certainly, no thorough investigation of vanadium partitioning in Nafion has been
undertaken, though partitioning data for several other cation-exchange membranes is
available at low concentrations [44]. The partition coefficient of species i is generally
defined as the ratio of its concentration in the membrane to its concentration in the bulk
solution [32], [45], [46].

cimem
Ki = bulk
ci

(2.5)

However, some authors define the partition coefficient as in Eq. 2.6, and the two are not
always clearly distinguished, as is the case in [28] and [44].

Ki =
21

θ cimem
cibulk

(2.6)

You et al. report partition coefficients for a membrane equilibrated with 1.5 M (+) and
0.75 M (-) bulk concentrations. Using the definition in Eq. 2.5, their partition coefficients
would indicate a higher concentration of positive vanadium charges than negative fixed
charges in the membrane, which is implausible7. Using Eq. 2.6, vanadium concentrations
in the membrane phase fall within the range of approximately 0.1 – 0.3 M for a
membrane equilibrated with 1 M vanadium in 4 M sulfuric acid. By contrast, c−mem ≈ 0.4
M for the same conditions [39].
As was previously mentioned, Sun et al. measured vanadium diffusion
coefficients in Nafion 115 using a static dialysis cell. Vanadium diffusion coefficients
have also been measured in CMS, CMX, and CMV [47], while vanadium permeability
measurements have been reported for a number of other VRB candidate membranes [48],
[49]. However, no extensive study of vanadium transport properties in Nafion has been
conducted.
Conclusion

The literature surveyed here shows strong evidence that bisulfate ions, vanadium
ions, and water all play important roles in membrane transport and thus in overall VRB
performance. But even though the literature provides a qualitative picture of the
importance of various mass transport mechanisms in VRB membranes, experimental data
is inadequate in certain areas. While Nafion membranes have been studied in sulfuric
acid solutions, these studies have tended to focus on less concentrated solutions than
those used in the VRB [23], [32], [37], [39]. And though self-discharge has been
measured by several authors [18], [19], [42], no extensive studies of vanadium transport
during the passage of current have been performed to date. Worse yet, experimental
7

For the sake of clarity, the first definition is used throughout this work, except where noted (see also Ch.2
footnote 2).
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measurements regarding the role of bisulfate ions, vanadium ions, and electro-osmotic
drag are found to be seriously lacking in the published literature. Almost no data has yet
been published indicating the dependence of vanadium partition coefficients or diffusion
coefficients on bulk concentration or current density.
In the author’s opinion, sufficient knowledge exists to proceed with modeling of
multicomponent membrane transport, with the following cautions: (1) the sensitivity of
results to highly uncertain input parameters should be carefully considered, and (2)
allowance should be made for model adjustments based on future experimental data.
Furthermore, the dearth of experimental data regarding certain phenomena suggests areas
for future experimental work, particularly the need to examine the effect of current
density on vanadium crossover and electro-osmotic drag. A framework for future
experiments will be discussed in Chapter 6.
2.2 PREVIOUS MEMBRANE TRANSPORT MODELS

In this section, previous models for VRB membranes are reviewed along with
analogues from the fuel cell literature. As with any physical or chemical process,
membrane transport phenomena can be examined from different levels of complexity and
different length scales. On the most basic level, a VRB cation exchange (CEX)
membrane might be modeled with a single transport parameter, its proton conductivity.
More complex models apply dilute solution theory, which is based on the Nernst-Planck
equation, while including or neglecting certain species or mechanisms of transport. Still
more complex models are based on concentrated solution theory (Maxwell-Stefan
diffusion),

which

includes

the

effects

of

solute-solute

interactions

in

a

macrohomogeneous membrane phase. Highly complex models may consider such details
as the variations of the electrostatic potential within the microscopic membrane pore
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structure and may include dozens of parameters. Thus, our choice of membrane model
has repercussions not only for the accuracy of its predictions, but also for its
computational feasibility and for the experiments that must be performed to provide it
with parameters.
Empirical Conductivity Models

The simplest description of charge transport in an ion-exchange membrane is
Ohm’s Law,
i = −κ∇Φ

(2.7)

Most of the VRB membrane models developed to date have applied Ohm’s Law to the
membrane with the only difference being their estimate of the membrane conductivity.
The zero-dimensional, unit cell model of Shah et al. [25] and our own two-dimensional,
full cell model [26] use the same membrane model, calculating the membrane’s proton
conductivity (κ) based an empirical curve fit from the 1991 polymer electrolyte fuel cell
model of Springer et al. [43]. This data and the corresponding fit were collected in a
membrane exposed to a vapor stream with water at different partial pressures, so the
water content in these data sets depends strongly on water activity in the adjacent vapor
phase, not the possible exclusion of water based upon other absorbed ionic species.
1
κ [ S m ] = ( 0.5139λ − 0.326 ) exp 1268 ( 303
− T [1K ] ) 

In Eq. 2.3, the parameter λ is a measure of the membrane water content, defined as the
ratio of moles of water to moles of sulfonate fixed charge sites in the membrane, where

λ = 22 for a protonated membrane equilibrated with pure, liquid water at T = 30 – 50 oC,
and λ = 14 for a membrane equilibrated with saturated steam. In the VRB models listed
24

(2.8)

above, the authors considered transport of H+ only and assumed a water content of λ =
22, resulting in a constant membrane conductivity of κ = 11.0 S/m at T = 25 oC. While
obviously limited, such a model is computationally convenient.
Models Based on Dilute Solution Theory

Dilute-solution theory describes the mass transport of charged species in terms of
migration in an electric field, diffusion due to concentration gradients, and bulk
convection using the Nernst-Planck Equation and electroneutrality condition [14].

Ni = − ziui Fci ∇Φ − Di ∇ci + ci v

∑zc

i i

=0

(2.9)
(2.10)

i

Thus, two mass transport properties, the mobility (ui) and diffusion coefficient (Di) define
the behavior of a given species. These transport properties are in turn related by the
Nernst-Einstein equation.

Di = RTui
Eq. 2.9 and Eq. 2.11 are rigorously true for solutions at infinite dilution, where solutes
interact only with their surrounding solvent; however, they can be applied to more
concentrated solutions in order to obtain approximate results [14]. There is no clear cut
dividing line to distinguish where dilute solution theory can and cannot be applied, and
the best way to judge the theory’s efficacy is to compare predictions to experimental
results.
Several authors have used dilute solution theory to model a Nafion membrane in
the VRB [16], [24], [27]. In each of these studies, the authors focused on modeling
current density, potential, and concentration profiles within the porous electrode phase
25

(2.11)

with the membrane being something of an afterthought. The You model [16] and Shah
model [24] treat the porous electrodes as homogeneous phases, each solving the
governing equations with the commercial modeling package COMSOL Multiphysics.
The Qiu model approaches the problem on a smaller scale and accounts for the
microstructure of the electrode pores, solving the equations with FORTRAN 90 [27].
Each of the above models assumes that only protons are the only charged species
in the membrane with c+ = cm by electroneutrality. Consequently, N+ is determined by
the migration term of Eq. 2.9 alone. Since the membrane is considered a uniform phase at
steady state, the potential drop in the membrane is linear and Eq. 2.9 reduces to Ohm’s
Law, with the conductivity given by Eq. 2.12.

κ=

F2
z 2j D j c j
∑
RT j

You et al. [16] and Qiu et al. [27] neglect water transport in the membrane, while Shah et
al. [24] include transport of water due to electro-osmosis and pressure differences using
Schloegl’s equation for the convective velocity, Eq. 2.4. Verbrugge and Hill developed a
similar mass transport model for sulfuric acid in Nafion based on dilute solution theory
[36]. Their model includes the partitioning and transport of H+, HSO4-, and water. The
fluxes of ionic species are determined by the Nernst-Planck equation with the convective
velocity again given by Eq. 2.4, neglecting pressure drop. To date, no VRB cell models
have included vanadium transport in the membrane.
Comparison of Membrane Models

Membrane conductivity estimates provide a basis for comparing model
predictions to experiment. From Figure 2.4, it is clear that none of the models described
above accurately represent trends in the experimental data. The dilute solution theory
26

(2.12)

models of You, Qiu, and Shah [16], [24], [27] rely on constant diffusion coefficients,
assume total exclusion of anions, and do not account for membrane swelling. Thus, they
predict constant conductivities over a range of equilibrating solution concentrations. In
the case of the Verbrugge model, the bisulfate diffusion coefficient was assumed to be
constant while the proton diffusion coefficient was measured experimentally using a
radiotracer method [23]. The Verbrugge model includes changes in membrane swelling,
partitioning, and diffusion coefficients, and follows the trends better, though still with
significant error. Table 2.1 compares the diffusion coefficients used in these models. The
empirical curve fit for the conductivity, Eq. 2.8, presents a similar problem, though it
matches the general trend in the data if membrane water uptake is taken into account.
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Figure 2.4: Comparison of membrane models to experimental measurements of
conductivity. For parameters, see Table 2.1.
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Diffusion
coefficient,
[m2/s]
Value

Table 2.1:

DH +

DH +

DH +

DH +

You et al.

Shah et al.

Qiu et al. Verbrugge & Hill

Verbrugge
& Hill

3.5 ×10−10

1.4 ×10−9

1.4 ×10−9

1.43 × 10 −10

DHSO +
4

3 × 10 −10 − 1.2 × 10 −9

Diffusion coefficients used in dilute solution theory models of membrane
conductivity.

Models Based on Concentrated Solution Theory

While dilute solution theory offers a simple and straightforward framework for
modeling mass transport in electrolytes, concentrated solution theory can be applied, as
its name suggests, to concentrated, multicomponent solutions. Concentrated solution
theory, as described by Newman and Thomas-Alyea, has its basis in irreversible
thermodynamics and Maxwell-Stefan diffusion [14]. Solute-solute interactions are
included, and the theory accounts for transport by diffusion, migration, and electroosmotic drag without the need for viscous- or pressure-driven terms (for instance Eq. 2.4)
[14]. The theory is particularly useful in treating ion-exchange membranes, where the
distinction between solute and solvent is often unclear [50]. The theory, as applied to a
multicomponent membrane, is described in detail in Chapter 3.
A literature search found no published work in which concentrated solution
theory was applied to sulfuric acid transport or vanadium transport in ion-exchange
membranes. The theory’s lack of popularity can be attributed primarily to the difficulty of
obtaining the n ( n + 1) 2 multicomponent diffusivities

(D )
ij

needed to describe the

multicomponent interactions of n species [51]. These diffusivities are not equivalent to
Fick diffusion coefficients ( Di ) and are not directly measureable. Instead, they must be
m
m
derived from measurements of such transport properties as κ , ti , D0 , and ξ0 [50], [52–
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54] or obtained through molecular dynamics simulations [51]. A concentrated solution
theory approach also adds computational complexity.
Several authors have applied concentrated-solution theory to the question of mass
transport in ion-exchange membranes, notably Pintauro and Bennion [52], [53], Fuller
[50], Delacourt and Newman [55], and Meyers and Newman [54]. Pintauro and Bennion
studied aqueous sodium chloride transport in Nafion membranes, publishing two papers
on the subject in 1984. The Nafion/NaCl system they studied offers an instructive
analogue to the Nafion/H2SO4 system since transport of NaCl involves movement of Na+
and Cl- in the membrane pore fluid as well as Na+ bound to fixed charge sites. In addition
to constructing a mathematical model, they performed a number of experiments with
orthogonal driving forces for mass transport. From the results of dialysis, electrodialysis,
and reverse osmosis experiments, they deduced the six multicomponent diffusivities,
describing binary interactions among the n = 4 species (Na+, Cl-, –SO3-, H2O), using a
nonlinear search algorithm to iteratively improve diffusivity estimates until the model
results matched experimental data [52]. Additionally, their work provides derivations of
the links between multicomponent diffusivities and some of the measurable transport
properties, for instance tClm − and κ [53].
Other multicomponent transport models have been more directly applicable to
electrochemical energy devices. Fuller studied the transport of H+ and water in Nafion
membranes for applications in polymer-electrolyte fuel cells, and his doctoral dissertation
on the subject is an excellent resource on the topic of concentrated solution theory [50].
When compared to the Nafion/H2SO4 case, however, transport in a PEM fuel cell
membrane is somewhat simpler; the only mobile ions are protons bound to fixed charge
sites. For n = 3 species (H+, –SO3-, H2O), the three Dij values can be determined from
m
measurements of κ , D0 , and ξ0 with straightforward algebra. Fuller’s study included the
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m
design and application of experimental methods for measuring D0 and ξ0 [50], [56],

while κ was taken from the literature.
Similarly, Delacourt and Newman considered a multicomponent cation-exchange
membrane containing H+ and K+, plus water and fixed charge sites [55]. Their model has
applications in membrane separators for syngas production [55]. As with the PEM fuel
cell system Fuller studied, the transport properties in this system are not directly
analogous to those in the H2SO4/Nafion system. Because no co-ions are absorbed, the
total concentration of cations in the membrane is constant. In the Delacourt model,
multicomponent diffusivities were fitted to prior experimental measurements of four
m
m
transport properties, κ , ti , ξ0 , and α ,8 using a nonlinear, least-squares regression. After

calculating the diffusivities for the membrane in H+ form and K+ form, respectively, they
settled on fitting ln(Dij ) to the fraction of H+ in the membrane,

ln(Dij ) ∝ yHM
yHM =

cH +
cm

They note an exception to this method for the interactions of species with like charges,
finding that estimated diffusivities best matched measured transport properties when

DK + H + was set to be arbitrarily large (1x106 m2/s), implying that there were no frictional
interactions between the two charged mobile species.
Meyers and Newman examined membrane transport in the direct methanol fuel
cell (DMFC) as part of cell model comprising five adjacent domains: the anode backing

8

α

is a transport coefficient – with units of

where

mol2 ( J ⋅ m ⋅ s ) – related to the permeability of water,

N 0 = −α∇µ0 . This coefficient is measured in the absence of current .
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(2.13)

(2.14)

and catalyst layers, cathode backing and catalyst layers, and the membrane [54]. As in the
PEM fuel cell, the only mobile ion is H+, however two neutral species, methanol and
water, exist in the membrane. In the Meyers transport model, the governing equations are
solved in finite difference form at each of J mesh points using Newman’s BAND(j)
subroutine [14]. Membrane swelling is also included in the model. (The companion
equilibrium uptake model is discussed in Section 2.3.) Of the six binary diffusivities for
the n = 4 species system, three were taken from previous literature (including two from
Fuller’s work), two were fitted to experimental measurements of limiting current in a
methanol electrolysis cell, and the last was subsequently calculated from the other
diffusivities and the measured conductivity [54].
Self-Discharge Models

So far, this discussion of membrane transport modeling has left out a crucial
ingredient: vanadium. As we have seen, vanadium uptake reduces the conductivity of the
membrane while its crossover cuts Coulombic efficiency. Though vanadium crossover
modeling is a relatively new line of inquiry in VRBs (three papers have been published
on the subject, the earliest from 2011 [28–30]), it represents the first attempt to model
effects that are unique to the VRB. In other words, models of proton or sulfuric acid
transport could be applied to a number of electrochemical systems. The models each limit
mass transport to diffusion while tracking changes in species concentrations in the two
half cells with material balances.
You et al. [28] modeled crossover in a Nafion 115 membrane from set states of
charge (65% and 0%) and did not consider charge/discharge cycling. Tang et al. and
Skyllas-Kazacos and Goh modeled crossover in Nafion 115 and Selemion CMV and
AMV membranes. Both research groups used diffusion coefficients from the work of Sun
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et al. [19] for transport in Nafion, and the Skyllas-Kazacos group used diffusion
coefficients from Wiedemann et al. [47] for Selemion CMV and AMV. Each of the
crossover models discussed above [28–30] consider vanadium crossover, however none
allows for crossover of protons, sulfate/bisulfate, or water. Thus, they do not account for
the volumetric imbalance observed by Sun et al. [19] in an operating cell.
While none of the models include the passage of current, i.e. migration terms, the
models of Tang, Bao, and Skyllas-Kazacos [29] and Skyllas-Kazacos and Goh [30]
account for cycling and passage of current in the half cell material balances via Faraday’s
Law. None of the authors discuss whether or not migration should be included in such a
model. Perhaps the effects of migration are negligible, though by Eq. 2.7 and Eq. 2.9 we
should expect the flux due to migration to grow in proportion to the applied current
density. Whereas Tang et al. and Skyllas-Kazacos and Goh limited their current density
to i = 60 mA/cm2, the present work will consider much higher current densities in the
range of 400 – 800 mA/cm2, as suggested by Aaron et al. [20] for high power density
VRBs. We will therefore return to this question in Chapter 5.
An important difference between the You et al. model and those of the SkyllasKazacos group is whether the membrane boundary conditions include partition
coefficients. The former authors include them; the latter do not. The Skyllas-Kazacos
group models assume no change in the chemical potential of vanadium across the
membrane/porous electrode boundary, as shown in Figure 2.5. The You group’s model is
more theoretically sound among the above reported models even though their reported
values for vanadium partition coefficients are suspect (see Section 2.1). The Tang et al.
and Skyllas-Kazacos and Goh models seem to substantially overestimate vanadium
crossover.
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Figure 2.5: Including a partition coefficient in the description of membrane crossover
significantly affects the calculated flux. The crossover model of You et al.
correctly includes a partition coefficient. Any vanadium crossing the
membrane can be assumed to react immediately, thus its concentration at the
right membrane boundary is zero.
In addition to vanadium crossover, Tang et al. and Skyllas-Kazacos and Goh
considered capacity losses resulting from two side reactions: (1) evolution of H2 on
charging, which is a problem predominantly at SOC > 90% and (2) oxidation of V2+ due
to exposure to air. The results of Tang et al. show that higher levels of side reactions,
which are accounted for with a current efficiency factor, dramatically reduce capacity
over time, as shown in Figure 2.6. Additionally, their model predicts that when the VRB
is cycled over a large SOC range, the net transport of vanadium is from the (+) side to the
(-) side and that side reactions increase this effect. This result runs contrary to the
experimental results of Sun et al. [19], whose charge/discharge cycles were limited to
SOC ≤ 65% (lower limit not given).
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Figure 2.6: Concentration changes in the two half cells with repeated cycling for 100%
current efficiency, indicating the effects of vanadium crossover without side
reactions (left), and 98% current efficiency (right). Results are shown at the
upper potential limit (1.7 V) of the constant current charge/discharge cycles.
Note the change in the x-axis spacing. Source: [29]
Tang, Bao, and Skyllas-Kazacos claim that side reactions are an important factor
in VRB self-discharge, and modeling studies by Shah et al. [57] support their view. But
while side reactions may affect the battery’s capacity, they have little to do with
membrane transport, and the motivation for incorporating side reactions into a model of
vanadium crossover is therefore suspect. H2 and O2 evolution side reactions depend on
the kinetics of charge transfer reactions at the electrode/electrolyte interface and are
affected by one’s choice of electrode material, electrode pretreatment procedures, and
operating regimes unless particular oxidation states of vanadium prove to catalyze either
side reaction. The fact that VRBs have recently been demonstrated at current densities
10x higher [20], [58] than those studied by Tang et al. is strong circumstantial evidence
that hydrogen and oxygen evolution issues can be mitigated with improved stack design.
Meanwhile, V2+ oxidation by air can be avoided. As Tang et al. themselves remark, V2+
oxidation can be prevented by simply displacing air from the battery with inert gas; while
generation of an inert gas might add to system complexity, it can likely be addressed. In
conclusion, the issue of side reactions is probably best studied from the perspective of
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stack design, electrode kinetics (as in the Shah model [57]), or battery operating
conditions, not membrane modeling.
Conclusion

Previous VRB cell models have failed to accurately describe the physics of
membrane mass transport, as Figure 2.4 demonstrates. As we have seen, these models
describe only one or two mass transport mechanisms and assume constant membrane
conductivity and do not account for sulfuric acid uptake or membrane swelling. The main
goal of these models [16], [24], [25], [27] is to study current density and concentration
distributions in the porous electrode. Recently, several VRB self-discharge models have
been developed [28–30], however these models do not properly account for partitioning,
water transfer, or transport by migration.
Concentrated-solution theory offers several distinct advantages over previous
approaches, and the three applications of the theory noted above offer an excellent guide
to implementing the theory. The theory allows mass transport to be modeled in terms of
binary interactions between n species without resorting to viscous- or pressure-driven
terms for water transfer. The chief difficulty is in obtaining n(n + 1) / 2 multicomponent
diffusivities, and applying the theory to n = 8 species in the membrane (resulting in 36
diffusivities) is impractical.
This thesis will take the position that concentrated solution theory is best applied
to the species that exist in high concentration in the membrane phase: H+, HSO4-, H2O,
and sulfonate sites. Chapter 3 describes the development of this model. Later, in Chapter
5, we will see the four vanadium species added to the model with dilute solution theory,
where the two models are connected by rigorous mass balances and an electroneutrality
condition in the membrane. But before describing the Nafion/H2SO4 transport model, we
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will first consider the literature surrounding the thermodynamics of partitioning in ionexchange membranes.
2.3 THERMODYNAMICS OF PARTITIONING IN A MULTICOMPONENT MEMBRANE

In addition to modeling mass transport inside the membrane, it is important to
describe the behavior of the membrane/solution interface. The fixed charge sites and
porous spaces of an ion-exchange membrane restrict uptake of certain species, and
concentration jumps at the interface are commonly described by partition (or distribution)
coefficients (Eq. 2.5). In some cases, for instance when setting boundary conditions for a
transport model, it is appropriate to simply use experimentally measured partition
coefficients without further investigating their implications. In other cases, a
thermodynamic description of the membrane/solution interface is needed. As with
membrane transport, the thermodynamics of partitioning can be approached from several
levels of detail.
Empirical Models

Constant partition coefficients or curve fits of partition coefficients are sometimes
useful for the sake of simplicity. For example, You et al., chose constant partition
coefficients in their self-discharge model [28]. Others have used empirical or semiempirical curve fits, for example the power law fits of Verbrugge and Hill [32] and
Huang et al. [45]. The former have been discussed previously. The latter authors modeled
partitioning of Cu2+, Ni2+, and Fe3+ in Nafion with a Freundlich adsorption isotherm.
cimem = a ( cibulk )
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b

(2.15)

Such models tend to falter at high solute concentrations [32], [39] and fail to describe the
potential jump at the membrane/solution interface. For this we turn to more generally
applicable thermodynamic models.
Equilibrium Thermodynamics

A rigorous description of membrane partitioning starts with a condition of
equilibrium at the interface [31], [34]. Neglecting thermal and mechanical effects, the
electrochemical potential of a species that exists in both membrane and solution phases is
the same on each side of the interface,

µimem = µibulk

(2.16)

Here, the charged membrane is considered a homogeneous phase. Next, the question
becomes how to best describe the electrochemical potential of a given species in the
membrane and in the solution. According to Newman, the electrochemical potential of a
given species can be decomposed into contributions from its concentration, its activity
coefficient ( f i ) , the quasi-electrostatic potential ( Φ ) , and its secondary reference state

(aiθ ) , [14]. Here, the quasi-electrostatic potential is defined in relation to the chemical
potential of reference ion r in the secondary reference state (shown here in molar units),

µn = RT ln(cn ) + zn F Φ

(2.17)

The chemical potentials of other species are defined as,



µi = RT ln ci + zi F Φ + RT  ln fi −





zi
z
ln f n  + RT  ln aiθ − i ln anθ 
zn
zn




Expressions such as these provide the basis for any thermodynamic model of
partitioning in an ion-exchange membrane, but approaches for handling non-ideal terms
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(2.18)

vary. Wiedemann et al. neglect activity coefficients altogether in their description of
vanadium partitioning in Selemion membranes [44]. Pintauro and Bennion treat activity
coefficients as in Eq. 2.18 and were able to make experimental measurements of f NaCl in
the membrane [52]. Finally, Meyers and Newman expressed Eq. 2.17 and Eq. 2.18 (in
molal units) with the activity coefficients written in terms of binary interactions between
each of the solutes in the membrane [31].
Pore-Scale Models

A final type of membrane partitioning model deserves attention here, though it
was not used in this work. Where the models mentioned above treat the membrane as a
homogeneous phase, this assumption is not necessary. Indeed, a number of authors,
starting with Verbrugge and Pintauro, have applied a pore-scale equilibrium partitioning
model to ion-exchange membranes [46], [59–61], including Nafion equilibrated with
H2SO4 [39]. The outstanding feature of this model is its consideration of radial variations
in concentration, electrostatic potential, and dielectric constant within the membrane
pores. This model has been applied to uptake of over a dozen cation species of different
valences in Nafion as well as other membranes [46], [59–61], but not vanadium salts. The
chief drawback of a pore-scale model is its high degree of complexity and its need for
many input parameters. Still, such a model may be worth considering for future studies.
Potential Drop at the Membrane/Solution Interface

The interfacial potential drop, or Donnan potential, can be described using the
thermodynamic frameworks listed above. In addition, the theories of Donnan and of
Teorell, Meyer, and Sievers (TMS theory) are commonly used to describe the Donnan
potential [34], [35]. Under certain assumptions, for instance neglecting pressure drop and
variations in activity coefficients and ionic mobilities, these theories yield equivalent
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results [34]. For a 1:1 aqueous electrolyte, the Donnan potential is given in terms of the
counter-ion activities in the membrane and bulk solution.

RT  aibulk 
EIF =
ln 

zi F  aimem 

(2.19)

Together, the Donnan potential differences on either side of the membrane sum to,
∆Φ IF

 bulk a mem ) R 
RT  ( ai
i

= −E + E =
ln
bulk
mem L 
zi F  ( a
a
)
i
 i
L
IF

R
IF

(2.20)

Simplified forms of Eq. 2.20 can be used to describe the Donnan potentials in the limits
of very dilute or very concentrated solutions. In the limit of infinite dilution, where coions are fully excluded from the membrane, Eq. 2.20 reduces to [35],
∆Φ IF

 bulk R 
RT  ( ci ) 
=
ln
zi F  ( c bulk ) L 
 i


This expression has been used by some authors [27], [62] to modify the Nernst potential
for the VRB, but the assumption of infinite dilution is not proper in the VRB case. The
membrane is known to contain substantial concentrations of co-ions as well as vanadium
ions. In this work, potentials at the interfaces are described starting with the
thermodynamic treatment of junction regions presented by Newman and Thomas-Alyea
[14].
Conclusion

A rigorous thermodynamic description of membrane partitioning is advantageous
for providing accurate boundary conditions and estimating the membrane/solution
potential jump. On the other hand, defining dozens of non-ideal interactions between
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(2.21)

membrane fixed charge sites, water, and charged solutes in a VRB membrane presents a
difficult and potentially intractable problem. The present study approaches this problem
empirically, using partitioning results presented in the literature or, in the case of V(V)
and V(IV), from the author’s uptake experiments. The Donnan potential drop is
calculated based on the partitioning of H+, neglecting non-ideal interactions. Section 3.2
examines the interface potential drop from a simplified thermodynamic framework based
on the earlier efforts of Meyers and Newman as well as Newman and Thomas-Alyea.
Later, we examine implications for future experiments.
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Chapter 3: Computational Model
3.1 THEORY OF MASS TRANSPORT

Charged solutes exist at relatively high concentrations in the Nafion membrane of
a VRB (cHSO − 0.4 M , cH + 1.6 M ) . What’s more, the dilute description of mass
4

transport, in which charged solutes interact only with their solvent (water), fails to
account for solute-solute and solute-membrane interactions. The model described here
treats the membrane as a homogeneous, multicomponent phase using concentrated
solution theory. Since the membrane is thin, mass transport can be treated in one
dimension. The Maxwell-Stefan diffusion equation sets the foundation for the theory,
which considers binary interactions between solutes, solvent, and membrane. Governing
equations follow the formalism set by Newman and Thomas-Alyea [14], which has been
applied to multicomponent cation-exchange membranes by a number of previous authors
[50], [53], [54].
Consider n = 4 species in the membrane: H+, HSO4-, H2O, and –SO3- fixed charge
sites, denoted by subscripts +, –, 0, and m. Each species satisfies a differential material
balance, and together they satisfy a condition of electroneutrality.

∂ci
= −∇ ⋅ Ni
∂t

∑z c
i≠m

i i

= − zm cm

(3.1)
(3.2)

The fixed charge concentration ( cm ) is related to membrane swelling through the
membrane porosity (θ), equivalent weight (EW), and dry density (ρdry).

cm =
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ρdry (1 − θ )
EW

(3.3)

Since the thickness of the membrane (ℓ), is much smaller than its length and width, the
porosity can be written as,

θ=

Vwet − Vdry
Vwet

≈

l wet − l dry

(3.4)

l wet

Maxwell-Stefan diffusion describes the relationship between the electrochemical
potential driving force for mass transfer and the velocity of a given species. The driving
force is balanced by frictional forces, which result from pairwise interactions between
unlike species moving at different velocities,

ci ∇µi = ∑ Kij ( v j − v i ) = RT ∑
j ≠i

j ≠i

ci c j
cT Dij

( v j − vi )

Where Kij are drag coefficients representing frictional interactions,

(3.5)

Dij

are

multicomponent diffusivities, and cT is the total concentration summed over all n species.
There are n (n + 1) / 2 independent diffusivities, where Dij = D ji by Onsager’s reciprocal
relations. For n species, only n-1 velocity differences are independent. Furthermore,
because the membrane is assumed to be isothermal with no hydrostatic pressure drop, the
Gibbs-Duhem equation requires that only n-1 driving forces are independent.

∑ N dµ
i

i

=0

(3.6)

i

It is therefore convenient to specify the membrane fixed charge sites as a stationary
reference frame, v m = 0 .
In the membrane reference frame, Eq. 3.5 is rewritten as,
ci ∇µi = ∑ M ij ( v j − v m )
j
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(3.7)

M ij = K ij

i≠ j

M ij = −∑ K ij

i= j

(3.8)

j ≠i

Matrix Mn×n is constructed from the binary interaction terms ( M ij ) in Eq. 3.8 and can be
written in terms of Kij or Dij . The n coupled equations of Eq. 3.7 can then be written in
matrix form as,

 −∑ K + j
c
∇
µ
 + +   j ≠+

  K −+
µ
c
∇
 − −=
 c0∇µ0  

  K0+
0

 

0


K +−

K +0

−∑ K − j

K −0

j ≠−

K 0−

−∑ K 0 j

0

0

j ≠0

K+ m 
 v 
+
K − m   v 
 −
• v 
K0m   0 
  vm 

1 

(3.9)

Eliminating the fourth row and column from M yields the symmetric submatrix M0.
Taking the negative inverse yields matrix L0, from which the velocities of the n-1 mobile
species can be directly related to gradients in the electrochemical potential.
v i = −∑ L0ij c j ∇µ j

(3.10)

j

L0 = − ( M 0 )

−1

(3.11)

The electrochemical potential driving force can be written in terms of concentration and
electrostatic potential gradients in the membrane.
c j ∇µ j = RT ∇c j + z j Fc j ∇Φ
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(3.12)

This is the definition used by Newman and Thomas-Alyea [14] with the exception that
terms accounting for gradients in the activity coefficients are neglected9. Combining Eq.
3.12 with Eq. 3.10 leads to a flux equation for each mobile species.

Ni = ci vi = −ci ∑ L0ij ( RT ∇c j + z j Fc j ∇Φ )

(3.13)

j ≠m

With seven variables ( 3 × ci , 3 × N i , Φ ) and seven equations – three material balances
(Eq. 3.1), three flux equations (Eq. 3.13), and an electroneutrality condition (Eq. 3.2) –
the problem is fully specified. Empirical measurements of the membrane thickness
specify cm via Eq. 3.3 and Eq. 3.4.
Boundary Conditions

Charged functional groups and narrow pores result in preferential uptake of
certain species by the membrane. Concentration jumps at the membrane/solution
interface are represented by partition (or distribution) coefficients.

Ki =

cimem
cibulk

The interface is assumed to be in local chemical equilibrium, and so a jump in
concentration implies a jump in the electrostatic potential. In the following section,
equilibrium thermodynamics is applied to this question in order to determine the
interfacial potential drop. Since the Ki’s can be complex functions of the interfacial
potential drop and non-ideal interaction terms, Ki’s from empirical curve fits or
interpolation of experimental data are used in practice.

9

Though the activity coefficients of species in the membrane may not be close to 1, it is assumed that they
change little across the thickness of the (< 200 µm) membrane.

44

(3.14)

The system of equations requires four boundary conditions (not seven, since the
fluxes are dependent on the ci 's and Φ ). By electroneutrality, only one of the ionic species
partition coefficients is independent10. In addition, the water partition coefficient and a
fixed current or potential drop are specified. The fixed current case is of greater practical
interest to flow battery operation. The total current in the membrane is related to the flux
of charged species by Faraday’s Law.

i = ∑ zi FNi

(3.15)

i

This constant current condition is imposed at one boundary, while a zero potential
condition is specified at the other.
3.2 MEMBRANE POTENTIAL DROP
Sign Convention

The membrane model adopts the convention that positive current flows from left
to right in the membrane. Therefore, a positive current flows from right to left in the
external circuit. The membrane potential drop is defined as,
∆Φ MEM = Φ L − Φ R

Where vanadium is concerned, the positive (VO2+/VO2+) solution is located on the left
side of the membrane with the negative (V3+/V2+) solution on the right (the opposite of
Figure 1.5). Therefore, a positive current in the membrane corresponds to charging the
cell and a negative current to discharging the cell.

10

Alternatively, one can specify the partition coefficient for a neutral combination of species. In a cation
exchange membrane, K − = K + − .
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(3.16)

Calculation of the Membrane Potential

In order to relate the membrane model to experimental measurements, the model
is designed to report not only the potential drop within the membrane phase, but also the
potential drop measured by reference electrodes positioned adjacent to the membrane.
The potential drop at the membrane/solution interface is known as the Donnan potential.
For a membrane of uniform composition equilibrated with two electrolyte solutions of
equal concentration, the Donnan potentials on either side of the membrane are equal and
opposite. However, when the membrane is equilibrated with solutions of unequal
composition, potentials at the interface may contribute to the overall membrane Ohmic
losses. Though a number of reference electrodes reversible to either sulfate or H+ are
available, two mercury-mercurous sulfate electrodes are chosen for the present analysis.
Alternative electrodes include the normal hydrogen electrode, dynamic hydrogen
electrode, lead-lead sulfate electrode, lead dioxide-lead sulfate electrode [35], and
combinations thereof.
Consider the following electrochemical cell, in which the membrane acts as a
junction region.

Pt α Hg β Hg2 SO4δ H 2 SO4 (aq)ε

λ

Mem.λ ' H 2 SO4 (aq)ε ' Hg2 SO4δ ' Hg β ' Ptα '

(3.17)

The reaction at the mercury-mercurous sulfate reference electrodes is [63],

Hg2 SO4 + 2e

2Hg + SO42−

E 0 = 0.618 V vs. NHE

(3.18)

Following the sign convention above, the potential drop across the two electrodes can be
written as,

∆Φ = Φα − Φα ' =
46

1 α'
( µe − µeα )
F

(3.19)

Since the reference electrode is reversible and in thermodynamic equilibrium, the
electrochemical potential of electrons can be written as,
β
δ
1 ε
µeα = µHg
− 12 µHg
SO + 2 µSO
2

4

4

2−

(3.20)

Similarly, from an equilibrium condition for sulfuric acid dissociation,
1
2

ε
µSO
= 12 µHε SO − µHε
2−
4

2

4

+

(3.21)

From a condition of chemical equilibrium at the membrane interface ( ε / λ ) and by
noting that the chemical potentials of Hg2SO4 and Hg are the same in each reference
electrode, Eq. 3.19-21 and Eq. 2.16 are combined to yield an expression for the total
membrane potential drop.

Φα − Φα ' = 12 ( µ Hε '2 SO4 − µ Hε 2 SO4 ) − ( µ Hλ '+ − µ Hλ + )

(3.22)

For Eq. 3.22 to be useful, the electrochemical potentials in Eq. 3.22 must be
expressed in terms of measurable quantities. Thus, the chemical potentials are written in
terms of the quasi-electrostatic potential (Eq. 2.17-18) with H+ as the reference ion. The
secondary reference state is that of a protonated membrane equilibrated with 1 M H2SO4.
For the present analysis, sulfuric acid activity coefficients are neglected. Since H+ is the
reference ion, its activity coefficient is unimportant here. The difference in µ H + is found
by integrating Eq. 3.12 (which is consistent with Eq. 2.17-18) over the membrane region.

µH + − µH
λ'

λ

 cHλ '+
= ∫ ∇µ H + dx =RT ln  λ
c +
λ
 H
λ'

+


λ'
λ
 + F (Φ − Φ )


The potential drop in Eq. 3.23 is determined at each time step by the membrane transport
simulation, while the concentrations in Eq. 3.23 are found through the partition
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coefficients.11 Finally, the potential drop in Eq. 3.22 can be explicitly decomposed into
interface (Donnan) potential drops and the intra-membrane potential drop.
∆Φ = (Φ ε − Φ λ ) + (Φ λ − Φ λ ' ) + (Φ λ ' − Φ ε ' )
 cε
H 2 SO4
= − RT ln 
 cHλ +

= ∆Φ IF + ∆Φ MEM


 cε '
 + (Φ λ − Φ λ ' ) + RT ln  H 2 SO4

 cHλ '+








(3.24)

The following convention is adopted for decomposing the potential drop with subscript
IF referring to the membrane/solution interfaces.

∆Φ MEM = (Φ λ − Φ λ ' )
∆Φ IF = − EIFL + EIFR
EIFL = (Φ λ − Φ ε )
EIFR = (Φ λ ' − Φ ε ' )
These expressions can be amended to serve unlike reference electrodes by including the
difference in their standard potentials.
3.3 NUMERICAL METHODS

The governing equations for this boundary value problem are cast in finite
difference form and solved for n–1 concentrations plus the potential over the
computational domain. The domain is divided into J mesh points and can be run either at
steady state or in a time-dependent mode with K time steps. Concentrations and potentials
are calculated at integer mesh points, fluxes are calculated at half-integer mesh points,
and time-dependent accumulation terms are calculated at quarter-integer mesh points, as

11

Alternatively, Eq. 3.23 can be written so as to eliminate the potential terms entirely (see Newman and
Thomas-Alyea, p. 48).
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shown in Figure 3.1. Fixed mesh point spacing is used ( h = hL = hR ) , though the model
could be modified to include adaptive mesh spacing.
Consider a control volume with flow in one direction centered around mesh point
j, as in Figure 3.1. The control surfaces are located at mesh points j + 12 and j − 12 . Any
difference in the flux of species i between the two control surfaces must be balanced by
accumulation (assuming no reaction within the membrane). In finite-difference form, the
time-dependent material balance (cf. Eq. 3.1) for species i, mesh point j, and time step k
is,

Ni

j − 12 , k

− Ni

j + 12 , k

=

hL  ci

2


j − 14 , k

− ci

j − 14 , k −1

∆t

 h  ci
+ R 
 2



j + 14 , k

− ci

j + 14 , k −1

∆t






(3.26)

The accumulation terms on the right hand side of Eq. 3.26 are calculated at quarterinteger mesh points12, and the time derivatives are handled by backward differences. Four
coupled equations are solved within the modeling domain at each mesh point: three flux
equations for mobile species (Eq. 3.26) and an electroneutrality condition. The fluxes
used in Eq. 3.26 are calculated from the finite difference form of Eq. 3.13,

Ni

j + 12

=−

ci j + ci
2

j +1

∑

k ≠m

L0ik + L0ik
j

2

j +1


ck
 RT



j +1

− ck

h

j

+ zk F

ck j + ck
2

j

⋅

Φ

−Φ j 


h


j +1

ci , N i , Φ values calculated for
these points are used in passing, where the solution algorithm varies the ci ’s and Φ at integer mesh points
until satisfying the equations listed above. ci and Φ values at quarter- and half-integer mesh points are
12

Note that no half- or quarter-integer mesh points are used in the code.

calculated with a weighted average, for instance ci

j + 14
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= 3 ci j + 1 ci
4
4

j +1

.

(3.27)

Figure 3.1: Finite differencing structure, reference: [54]
Here, central differences are used to approximate the derivatives in concentration and
potential at mesh point j + 12 , and likewise at mesh point j − 12 .
As boundary conditions, partition coefficients and electroneutrality specify
concentrations at the j = 1 and j = J mesh points. The constant current boundary
condition is applied by combining Eq. 3.17 with Eq. 3.15 at the j = 12 mesh point.
Finally, Φ = 0 at j = J .
The system of four equations is solved simultaneously across J mesh points at
each time step. This is accomplished in MATLAB using Newman’s AUTOBAND
subroutine [14], which was converted to a MATLAB script by Meyers. The
AUTOBAND routine uses the Newton-Raphson method to solve a system of n coupled,
nonlinear equations for n unknowns. The algorithm is computationally efficient and
converges rapidly for both steady-state and dynamic simulations.
Outputs include concentration and potential profiles in the membrane as well as
species fluxes. Additionally, based on the thermodynamics of Section 3.2, simulations
predict the potential drop measured by two reference electrodes placed on opposite sides
of the membrane with or without the passage of current. This allows for future
experimental validation of the model. In time-dependent mode, the simulation considers
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changes in external solution concentrations with the state of charge and compares the
membrane potential drop to the open-circuit potential (Eq. 1.3).
3.4 TRANSPORT PROPERTIES

The difficulty with applying concentrated solution theory to the membrane is the
need to determine the values of n (n + 1) / 2 multicomponent diffusivities, which are not
directly measurable and vary with concentration. For the Nafion/H2SO4 system, six
diffusivities are needed. Though diffusivities have not been reported for the system of
interest, they are related to certain measurable transport properties: conductivity, proton
(or bisulfate) transference number, electro-osmotic drag coefficient, and the diffusion
coefficients of water and sulfuric acid in the membrane. Fluxes of individual species are
related to concentration, potential, and (in some cases) pressure driving forces by certain
combinations of L0ij terms [14], [50], [53], [54]. Each of the L0ij terms is a complex
function of all six Dij ' s , though analytical expressions relating L0ij ' s to M ij0 ' s have been
derived for the analogous NaCl/Nafion case [53]. If a set of six independent transport
properties can be measured in experiments with orthogonal driving forces, then one can
solve a system of six equations for the six L0ij ' s [14]. Then the L0 matrix can be inverted
to deduce the Dij ' s . Though experimental measurement of transport properties was
beyond the scope of this study, the relationships between transport properties and L0ij
terms provide the basis for estimating multicomponent diffusivities from the present
literature and future experiments.
Let us examine a few of these transport properties in relation to concentrated
solution theory. Conductivity is a simple example and was previously treated by Newman
and Thomas-Alyea [14]. For a membrane of uniform composition, the driving force for
the flux of charged species is the potential gradient. Combining Eq. 3.15 with Eq. 3.13,
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i = F (N+ − N− ) = −F 2 ( L0++c+2 − 2L0+−c+ c− + L0−−c−2 )∇Φ

(3.28)

Then, applying Ohm’s Law (Eq. 2.7),

κ = F 2 ( L0++c+2 − 2L0+−c+c− + L0−−c−2 )

(3.29)

The proton (or bisulfate) transference number and the electro-osmotic drag coefficient are
also defined in a membrane of uniform composition. Combining Eq. 2.1 with Eq. 3.13
and Eq. 3.29 yields an expression for the proton transference number in terms of L0ij ' s .

t+m =

FN + F 2 0 2
=
( L++ c+ − L0+− c+ c− )
i
κ

(3.30)

Similarly, combining Eq. 2.2, Eq. 3.13, and Eq. 3.29,

N0
F2 0
ξ =
=
L+0c+c0 − L0−0c−c0 )
(
N+ − N− κ
m
0

The water diffusion coefficient is a less straightforward case because it is difficult to
design an orthogonal experiment which sets up a water concentration gradient without
inducing a potential gradient.
Multicomponent diffusivities are estimated using a nonlinear least squares fit of
the transport properties defined in Eq. 3.29-31. Since the number of fitted parameters is
greater than the number of transport properties, the problem is underspecified. The fitting
procedure is as follows. First, the concentration of each species in the membrane is
estimated by interpolation of partition coefficient and porosity data from Verbrugge and
Hill [39] for a membrane of uniform concentration. Then, κ is interpolated from the data
m
m
of Tang et al. [22], ξ0 is interpolated from the data of Verbrugge and Hill [23], and t+ is

estimated to be 0.93 from Pivovar et al. [37]. Next, the nonlinear program searches for a
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(3.31)

set of diffusivities to minimize the quadratic objective function proposed by Pintauro and
Bennion [52],

χ
min f = ∑  1 − th
 χ
Dij
χ =κ , t+m ,ξ 0m 
exp





2

s.t. 1×10−12 m 2 /s < Dij < 1×10−7 m 2 /s

(3.32)

(3.33)

This objective function minimizes the sum of the squares of deviations in estimated
transport properties from their experimentally measured values. To calculate the current
value of the objective function, the routine uses the current guesses for the Dij ' s , along
with certain assumed Dij values, to find the L0ij coefficients by way of Eq. 3.5, 3.8 and

( )

3.11 subsequently to calculate κ th , t+m

th

, and (ξ0m )

th

through Eq. 3.29-31. Since the

optimal Dij values may be separated by several orders of magnitude, the n-dimensional

Dij space is searched logarithmically. The nonlinear optimization is performed in
MATLAB using the interior-point algorithm of the constrained optimization function
fmincon.
Several approaches were taken toward fitting these diffusivities. In the first
approach, three diffusivities measured by Umino and Newman [64] for the binary
sulfuric acid/water solution ( D+0 , D−0 , and D+− ) were used as the starting point before
fitting the three remaining parameters ( D+ m , D+0 , and D0 m ) . Umino and Newman fitted
measured diffusivities to a five-parameter model,

P = exp( f1 +

f2c1/2
3/2
2
+−
+ f3c+− + f 4c+−
+ f5c+−
)
1/2
1 + c+−

Where P may stand for D0 + , D0 − , or D+ − / c+ − and fi’s are tabulated [64]. With three
assumed parameters, there was no combination of six diffusivites that could match all
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(3.34)

three transport coefficients, leading to the result that t +m > 1 , which would likely indicate
the speciation assumed in the model is incorrect. A second approach was to fit all six
diffusivities. The drawback to this approach was that the resulting diffusivities were all of
the same order of magnitude, providing little physical insight and yielding some
nonsensical results. A third approach, used to generate the results shown in Chapter 4,
was assume one diffusivity, D+0 , from the results of Umino and Newman and fit the
remaining five. Although this approach yielded diffusivities that led to reasonable results,
it is far from perfect, and improvements in parameter estimation are will be important to
model development going forward. This underscores the necessity (and difficulty) in
designing orthogonal sets of experiments to cleanly measure each binary diffusivity.
In simulations involving changes in concentration across the membrane, the
avg
diffusivities used were those calculated at c+− = 12 (c+− j =1 + c+− j = J ) , where c+− j =1 and

c+−

j=J

are determined by the partition coefficient data of Verbrugge and Hill [39]. Note

that c+− = c− at any given point in the membrane. Optimal Dij values are presented in
Figure 4.1.
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Chapter 4: Sulfuric Acid Transport in Cation-exchange membranes
4.1 PRELIMINARIES

The concentrated solution theory model described in Chapter 3 was first applied
to the transport of aqueous sulfuric acid in Nafion membranes, disregarding vanadium
transport and cycling of the battery. It was therefore assumed, for the simulations
presented in this chapter, that H+, HSO4-, and H2O are the major mobile species in the
membrane, with H+ transport in particular defining the conductivity of the membrane.
The first step in testing the model was to estimate multicomponent diffusivities, Dij ' s ,
from conductivity, transference, and electro-osmosis data reported in the literature. This
was accomplished using the nonlinear fitting routine described earlier. It is important to
acknowledge the limitations of this approach since the nonlinear fitting of six Dij ' s to
three known transport coefficients, plus one parameter specified from the literature, poses
an underspecified problem. The approach presented here represents a first step toward a
more complete characterization of membrane transport properties, which can only come
with further experiments.
With diffusivities set, the model was exercised at operating conditions relevant to
the VRB. As a first test, it was shown that the model produces self-consistent results for a
membrane of uniform composition. In other words, simulations yielded the same
transport properties used to fit the Dij ' s . Subsequent simulations focused on membranes
of non-uniform composition, that is, membranes equilibrated with different sulfuric acid
solutions on either side. In addition to measurable quantities like potential drop and
crossover rates, the model computes concentration and potential profiles within the
membrane. Results of representative simulations are shown in Section 4.2, including
positive, negative, and zero current for membrane of uniform and non-uniform
composition. The case of unequal acid concentrations is indeed relevant to the operation
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of a VRB because the proton and sulfate/bisulfate concentrations in the two half-cells
change over time with the passage of current and with the generation of H+ in the VO2+
electrolysis reaction (see Eq. 1.1).
In order to be a predictive as well as descriptive tool, the sulfuric acid transport
model will require additional experimental data. While this is a drawback of a model
based on concentrated-solution theory, it is possible to design experiments which
complement the model and vice versa. Section 4.2 presents two examples of simple
experiments which can be performed in a dialysis cell. Results of these simulations
include predicted changes in half-cell concentrations, half-cell volumes, and measured
potential drop over time as well as the evolution of membrane concentration and potential
profiles over time.
Model Parameters and Assumptions

Previous modeling studies and small-scale tests of VRBs have used solutions
composed of 1 – 2 M vanadium in 3 – 4 M H2SO4 (4 – 6 M total sulfate/bisulfate) [16],
[18–20], [22], [65]. In sulfuric acid electrolyte, the practical solubility limit for vanadium
is 2 M [10], though recent experiments with mixed H2SO4/HCl electrolytes may allow for
higher vanadium solubility [12]. 3 M H2SO4 was chosen as the base case concentration in
exercising the present model, following the example of a number of earlier studies [16],
[19], [28], [30], [65]. In the following chapter, 1 M vanadium reactants are chosen. Other
simulation parameters are presented in Table 4.1. These conditions match those of the
laboratory cells built and tested at UT Austin by David Sing.
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Description

Symbol

Value

Unit

Nafion equivalent weight [33]

EW

1100

g/equiv.

Membrane dry density [33]

ρdry

1.84

g/cm3

Operating temperature

T

298

K

Dry thickness of Nafion 117,
115, & 112, respectively

ℓdry

178, 127, 51 µm

Charge on membrane
functional groups

zm

-1

--

Concentration of H2SO4
solutions adjacent to membrane

cHL 2 SO4 , cHR 2 SO4

0.5 – 5

mol/L

Table 4.1:

Parameters for simulations of aqueous sulfuric acid transport

An important goal of this work was to develop a model that describes membrane
mass transport during high current density operation. In the present work, simulations
were performed at current densities up to 400 mA/cm2, the current density at which
Aaron et al. found a peak in power density for their VRB cell [20]. By convention,
positive current flows from left to right (positive half-cell to negative half-cell) across the
membrane, right to left in the external circuit.
In summary, the model makes the following assumptions:

•

Constant temperature, 25 oC

•

Zero pressure drop

•

Mass transport occurs in only one dimension, across the membrane

•

Negligible mass transfer resistance in the porous electrode near the
membrane/solution interface

•

Local chemical equilibrium at the membrane/solution interface

•

Bisulfate is the only mobile anionic species in the membrane
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•

Partitioning of soluble species is unaffected by the passage of current

•

No accounting for the effects of electrolyte flow rate

•

No uptake of vanadium species

•

The fixed charge concentration varies linearly between the two
boundaries, where it is fixed by uptake of soluble species

Multicomponent Diffusivities

The nonlinear optimization routine (see Section 3.4) generated the following
estimates (Table 4.2) for the multicomponent diffusivities of a membrane equilibrated
with 3 M aqueous sulfuric acid on either side. Five of the parameters were fitted with

D+0 set according to the fit provided by Umino and Newman [64]. In Figure 4.1, a plot of
these Dij ' s is presented for the concentration range of interest. Over this range, the
optimization routine converges with the value of the objective function (Eq. 3.33)
reaching f < 4 ×10−12 . In general, the diffusivities in Figure 4.1 show little similarity to
trends in experimental data. One exception is the D−0 parameter, which appears to follow
m
the trend in ξ0 (see Figure 2.2). Still, individual diffusivities should not be assumed to

have particular physical significance with respect to observed transport properties. For
instance, D+ m does not match the DHm+ = 1× 10−9 measured in the Nafion 117 membrane
by Verbrugge and Hill [23]. Furthermore, these parameters should be seen as a first
approximation for the purposes of exercising the model. Their accuracy has not been
validated experimentally.
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Diffusivity

Symbol

Value [m2/s]

L0 Terms

Value [m5J-1s-1]

H+/H2O

D+0

9.22 ×10−9

L0++

4.54 × 10 −16

HSO4-/H2O

D−0

4.20 ×10−9

L0−

H+/–SO3-

D+ m

1.54 × 10−10

L000

1.40 × 10−15

HSO4-/–SO3-

D− m

6.28 × 10 −10

L0+−

3.20 × 10 −16

H+/HSO4-

D+ −

2.47 × 10 −9

L0+0

2.60 × 10 −16

H2O/–SO3-

D0 m

7.52 × 10−9

L0−0

4.72 × 10 −16

Table 4.2:

1.62 × 10−15

−

Fitted multicomponent diffusivities (left columns) and resulting terms of the
symmetric matrix L0 for a membrane of uniform composition equilibrated
with 3 M H2SO4
-8

1

x 10

0.9
0.8
0.7

2

D ij [m /s]

0.6
0.5
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Figure 4.1: Nonlinear fit of multicomponent diffusivities to κ , t+m , and ξ 0m results
reported in the literature. D+0 from Umino and Newman [64].
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4.2 RESULTS AND DISCUSSION
Membrane of Uniform Composition

Figures 4.2 and 4.3 demonstrate that the model produces self-consistent results
over the concentration range of interest. In Figure 4.2, the membrane Ohmic potential
drop, ∆Φ MEM , is proportional to the thickness of the membrane, as expected, and
simulations with each of the three membrane thicknesses resulted in an equal
conductivity. This conductivity matches the conductivity measurements of Pivovar et al.
[37] and Tang et al. [22], see Figure 2.4. It was also confirmed that t+m and ξ 0m
correspond to diffusivity fitting routine input parameters over the concentration range.
Figure 4.3 shows that ∆Φ MEM increases linearly with current density for a
membrane of constant composition (in this case, the default cHL 2SO4 = cHR 2 SO4 = 3 mol/L), as
required by the definition of membrane conductivity. Note that, by Eq. 3.24 and Eq. 3.25,

∆Φ IF = 0 for a membrane of uniform composition equilibrated with identical solutions
on either side. Therefore, two identical, equilibrated reference electrodes will read

∆Φ = ∆Φ MEM . From a practical level, a thinner membrane significantly reduces Ohmic
losses at high current density. At SOC = 0.5, the open circuit voltage of a VRB is

Eocv = 1.4 V. For a cell operating at i = 700 mA/cm2, ∆Φ = 165 mV across a Nafion
117 membrane, or 11.8 % of E ocv , while ∆Φ = 47.2 mV across a Nafion 212
membrane, or 3.4 % of E ocv .
For this analysis it was assumed that electro-osmotic drag is unaffected by the
magnitude of the current. In other words, for cHL 2 SO4 = cHR 2 SO4 = 3 M, 3.4 equivalents of
water cross the membrane for each equivalent of charge, whether at 100 mA/cm2 or 1000
mA/cm2. This assumption is flawed because the electro-osmotic drag of water is retarded
by frictional forces in the membrane. Though this effect can be accounted for in a
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concentrated-solution theory framework, it is not known to what extent friction affects
drag in the membrane.
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Figure 4.2: Membrane Ohmic losses as a function of equilibrating acid concentration at
|| i |= 400 mA/cm2. For membranes of different thicknesses but exposed to
the same acid solutions, the conductivity is the same, following Ohm’s Law.
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Figure 4.3: Membrane Ohmic losses for various membrane thicknesses as a function of
current density, showing constant conductivity. cHL 2SO4 = cHR 2 SO4 = 3 mol/L
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Membrane Exposed to Acid Solutions of Different Concentration

An important feature of the membrane model is its ability to predict concentration
and potential profiles in a multicomponent membrane. Moreover, the model is capable of
elucidating the ways in which these profiles change over time. Figure 4.4 shows the
predicted steady state concentration and potential profiles of a Nafion 117 membrane
sandwiched between sulfuric acid solutions both with and without the passage of current.
Dimensionless membrane length is shown on the abscissa of each plot. Note that the
potential at the right edge of the membrane is set to zero as a boundary condition and that
this is an arbitrary datum. Note that, by electroneutrality, the HSO4- concentration profile
has the same shape as the H+ profile, offset by cm , which is approximately 1.2 mol/L.
In Figure 4.4A, a Nafion 117 membrane of uniform composition is subjected to
the passage of a fixed current, i = 400 mA/cm2. Since the membrane is of a uniform
composition, the potential gradient is constant, as in any conducting phase. Figure 4.4B
shows the case of zero current ( N + = N − ), where the potential and concentration
gradients have opposite signs. In this case, the potential gradient retards the more mobile
ionic species, H+, while augmenting the flux of the less mobile species, HSO4-. Note that
the potential drop is quite small, ∆Φ MEM = −1.1 mV. In fact, it is smaller than the sum of
the Donnan potentials, ∆Φ IF = −2.3 mV. At higher current densities, ∆Φ MEM is
significantly larger, as in Fig. 4.4(A,C,D).
Figures 4.4C and 4.4D show a membrane of non-uniform composition under an
applied current density. Although the effect is relatively small at high current density, it
should be noted that when H2SO4 diffusion and current flow are in the same direction
(Fig. 4.4C), the magnitude of the potential drop smaller than when diffusion opposes
current flow (Fig. 4.4D). For the simulation in Figures 4.4C and 4.4D, the membrane
potential drops are ∆Φ MEM = 89.9 mV , ∆Φ MEAS = 87.7 mV and ∆Φ MEM = −91.9 mV ,
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∆Φ MEAS = −94.1 mV , respectively. In both cases, the sum of the Donnan potentials is
∆Φ IF = −2.2 mV, though their contribution to the potential difference measured by two
reference electrodes changes with the direction of current flow.
Imbalanced electrolytes affect the transport numbers of mobile species by adding
a driving force for diffusion. Though they are no longer defined as in a membrane of
uniform composition (Eq. 3.30 – 3.31), the effective transport numbers for protons and
water can still be calculated in relation to the total current density [14].

z+ FN +
i
m
t
FN0
ξ0m = 0 =
z0
i
t+m =

For the simulations in Figures 4.4C and 4.4D the effective electro-osmotic drag
m
coefficients, measured against the stationary membrane reference frame, are ξ0 = −1.89
m
and ξ0 = 8.76 , respectively. The concentrations of sulfuric acid and water in the

membrane, and in the bulk solutions, are inversely related, and so adding diffusion of
H2SO4 from left to right induced diffusion of water from right to left, decreasing the
effective drag coefficient. In Figure 4.4D, the passing current and water diffusion are in
m
the same direction, augmenting ξ0 .
m
With regard to the proton transference number, one would expect t+ to increase if

the current and potential gradients are in the same direction, since bisulfate diffusion and
migration are opposed. A confounding result of this set of simulations is that the opposite
m
m
is observed. In Fig. 4.4C, t+ = 0.92 , while in Fig. 4.4D, t+ = 0.98 . This either indicates

that bisulfate ions are more mobile than protons or that bisulfate ions bind more water
molecules in their hydration shells than do protons. As before, this inconsistency points
to the need for more experimental data with which to tune the model.
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Simulations for Parameter Estimation and Experimental Validation

To this point, the membrane model has been shown to produce sensible results
from a qualitative perspective, with a few exceptions. The major drawback of a
concentrated-solution theory model, however, is that it requires a large number of input
parameters. So far, fitting to three transport properties, plus one diffusivity from the
literature, has been sufficient to develop and exercise the model. Going forward, a
number of experiments can be performed to provide more data with which to validate the
model. Two relatively simple experiments, used by Pintauro and Bennion to determine
parameters for their NaCl membrane transport model, are dialysis and electrodialysis
[52]. Many other experimental methods can be used as well, and several of these are
described in Chapter 6. The two presented here provide a convenient means to test the
model while further demonstrating its performance.
In a dialysis experiment, H2SO4 solutions of different concentrations are placed in
a diffusion cell with a membrane in between. No current is passed in the external circuit.
As the two cells come to equilibrium, the two half-cells can be sampled over time to
measure their concentrations. Meanwhile, the volumes in the two half-cells and the
potential drop across the membrane can also be measured. In Figures 4.5 and 4.6 we see
the results of a simulation of such a dialysis experiment, in which Nafion 117 is placed
between two 100 mL cells, which initially contain 4 M and 3 M sulfuric acid. The two
half-cells come to equilibrium over the course of approximately 3 hours with changes in
volume and concentration handled by finite difference forms of differential material
balances.
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Figure 4.5: Simulated membrane concentration and potential profiles during a dialysis
experiment. Amem = 6.25 cm2 Nafion 117 membrane sandwiched between
two 100 mL half cells initially at i = 0 , cHL 2 SO4 = 4 M, cHR 2 SO4 = 3 M
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An electrodialysis experiment begins with two half-cells of the same composition
and volume. Hydrogen electrodes, placed on either side of the cell, pass a constant,
positive current (left to right across the membrane). H+ is generated in the left half-cell,
m
and since t+ < 1 , H2SO4 is accumulated on that side. Meanwhile, water crosses the

membrane from left to right due to electro-osmotic drag, leading to an increase in volume
m
on the right side. Over time, ξ0 decreases as a water concentration gradient builds up to

oppose electro-osmotic drag. Later, the electrolyte concentration in the left half-cell is so
great that water begins diffusing back across the membrane (not shown). In Figures 4.7
and 4.8, the simulated experiment begins with 3 M H2SO4 in two 100 mL cells and
proceeds with a current density of i = 200 mA/cm2. Such an experiment could provide
useful information about the transference number and electro-osmotic drag coefficient,
for which existing data is rather sparse.
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Sensitivity to Multicomponent Diffusivities

The results presented above rely on accurate estimates of the multicomponent
diffusivities. Figure 4.9 shows the sensitivity of membrane Ohmic losses to each of the
six multicomponent diffusivities for changes of two orders of magnitude from their
estimated values in Table 4.2. Ohmic losses are most sensitive to the D+0 , D+ m , and D0 m
parameters, supporting the notion that the interactions involving bisulfate ions have less
of an effect on membrane performance.
4.3 CONCLUSION

From a qualitative perspective, the multicomponent model generates results that
match the observed transport behavior of sulfuric acid solutions in Nafion membranes.
Membrane conductivity and transference numbers match measured values from the
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Figure 4.9: Sensitivity of membrane Ohmic losses to ± 2 decade changes in individual
multicomponent diffusivities. Nafion 117, |i| = 400 mA/cm2. The baseline
potential drop is ∆Φ MEM = 94 mV .
literature, demonstrating that the model is self-consistent. The model yields sensible
concentration and potential profiles for a membrane equilibrated with different sulfuric
acid solutions. Meanwhile, dynamic simulations provide reasonable results for dialysis
and electrodialysis experiments. Still, the model has not yet been validated, and
quantitative results are subject to large uncertainty. The model further suffers from the
need to use a number of fitted Dij parameters. It is thought that matching simulation
output to the results of simple experiments is a promising technique for validating the
model and improving parameter estimates. Experimental validation is further discussed in
Chapter 6, but first the model is extended to include vanadium transport.
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Chapter 5: Vanadium Crossover
5.1 CROSSOVER MODEL
Motivation

Membrane crossover adversely affects the long-term performance of a vanadium
redox flow battery. Vanadium crossover leads to self-discharge, reducing the Coulombic
efficiency and overall capacity of a VRB. Similarly, net water transfer across the
membrane by diffusion or electro-osmosis leads to electrolyte imbalance with potentially
detrimental consequences for charge transfer kinetics and pumping power requirements.
In the extreme, water transfer can lead to precipitation of reactants [10]. In addition to the
costs of reduced efficiency and capacity, membrane crossover necessitates periodic
regeneration of reactants and re-balancing of electrolytes [30]. The problem of membrane
crossover is particularly serious for redox couples involving different reactive elements
(Fe/Cr, V/Br, etc.)13 [8]. Though the author’s efforts so far have focused on modeling
crossover in cation-exchange membranes for the VRB, the modeling framework
presented here can be applied to any aqueous flow battery using a cation or anionexchange membrane.
A membrane crossover model can be used to address a number of questions
pertaining to cell performance, and, once validated, can be used to weigh the costs and
benefits of changes in stack design and operating conditions. But the model has not yet
been validated experimentally, and information from the existing literature is insufficient
for this task. It would be premature to make any claims with respect to improvements in

13

Imbalanced electrolyte solutions in the VRB can be mixed and electrolyzed to regenerate the original
positive and negative solutions. For most other flow battery chemistries, other means of purification must
be used to separate polluting elements.
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cell design or operation. Instead, this chapter will explain the fundamentals of the
membrane model (its governing equations, computational methods, etc.) and describe
how the model might be validated and later applied to the problem of designing a flow
battery stack. This is not an argument for a specific set of operating conditions, but rather
a dialogue about what we can learn from computational modeling of the membrane and,
ultimately, about the proper balance between modeling and experiment.
The current chapter is organized as follows. First, theoretical background is
presented, including equations for transport in the membrane and material balances for
soluble species in the flow battery bulk solutions. Boundary conditions and key
parameters, including diffusion and partition coefficients are also presented. In the
following section (5.2), an experimental method is presented for determining the oftenneglected vanadium partition coefficients, along with preliminary results of such an
experiment. Section 5.3 presents typical simulation results for key performance variables,
including potential drop, capacity loss, and water transfer. These results are used to test
earlier assumptions and to determine the model’s sensitivity to certain parameters, paving
the way for future improvements to the model. Special attention is paid to cell conditions
and experimental regimes that may be useful in validating the model, and the model has
been specifically designed to simulate a cell on the scale of the UT Austin flow cell, in
order to streamline experimental validation.
Equations for vanadium transport

The crossover model is built on the foundation of the multicomponent, sulfuric
acid transport model described in Chapter 3. In addition to H+, HSO4-, H2O, and fixed
charge sites, the model includes V(V) through V(II) oxidation states of vanadium: VO2+ ,
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VO2+, V3+, and V2+. By including vanadium, the problem becomes significantly more
complex, now requiring n = 8 governing equations for 7 mobile species plus fixed charge
sites. To model this problem with concentrated-solution theory would require a matrix of

1 2 n(n − 1) = 28 transport properties. Instead, these species are assumed to be dilute, and
their transport is governed by the Nernst-Planck equation.

Ni = − Di∇ci − zi ci ui F ∇Φ + ci v

(5.1)

The convection term ( ci v ) is neglected on the reasoning that the charged vanadium ions
interact strongly with fixed charge sites. Since vanadium diffusion coefficients in Nafion
have been measured, while mobilities, to the author’s knowledge, have not, the mobilities
are estimated using the Nernst-Einstein equation.

Di = RTui

(5.2)

Each species satisfies a differential material balance at each of J mesh points (Eq. 3.26),
and together they satisfy an electro-neutrality condition at each mesh point. The
crossover model simultaneously solves the n = 8 equations for the concentrations of 7
mobile species plus potential.
Vanadium Species

V(V)

V(IV)

V(III)

V(II)

zi

+1

+2

+3

+2

Di [m2/s], ref. [19]

5.9 ×10−12

6.8 ×10−12

3.2 ×10−12

8.8 ×10−12

Ki

(See Eq. 5.4)

(See Eq. 5.4)

1.15 θ

0.76 θ

Table 5.1:

Vanadium charge numbers, diffusion coefficient, and partition coefficients
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For vanadium species, boundary conditions are set by partition coefficients or
empirical functions of vanadium concentration (see following discussion of vanadium
uptake experiments), as well as by the assumption that any vanadium crossing over the
membrane immediately reacts on reaching the other side (as in Figure 2.5).

ci 1 = f (ciL ), ci J = 0 ; i = IV, V
ci 1 = 0, ci = Ki ciR ; i = II, III

(5.3)

J

Empirical functions for V(V) and V(IV) partitioning (all concentrations in units of mol/L)
were determined experimentally for membranes equilibrated with 1 M mixtures of V(V)
and V(IV) (see Section 5.2).
cV 1 = −0.188 ( cIVL ) + 0.353 ( cIVL )
2

cIV 1 = 0.166 ( cIVL ) + 0.150 ( cIVL )
2

Lacking any other estimate, the negative side partition coefficients are taken from the
work of You et al. [28] as, K II = 1.15θ and K III = 0.76θ (see my previous criticism,
Section 2.1). It is assumed that vanadium concentrations in the membrane are sufficiently
dilute that vanadium molecules do not interact within the membrane and do not react
until reaching the opposite solution.
Bisulfate partition coefficients are based on the total concentration of
sulfate/bisulfate in solution,14 not the initial H2SO4 concentration, but are otherwise
treated the same as in the sulfuric acid transport model. Not so for water. Previous
14

VOSO4 is taken as the starting material for vanadium reagents, as in the UT Austin flow cell. Other
vanadium species are generated by oxidation/reduction in a flow cell. As a consequence, the starting H+
concentration in the positive half-cell is greater than that in the negative half-cell by the molarity of the
vanadium reagents (see stoichiometry in Eq. 1.1). V2O5 is another common starting material.
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(5.4)

authors observed that exposure to concentrated electrolytes dehydrates the membrane
[39], and the same behavior was observed in vanadium uptake experiments. Pending a
full study of membrane uptake, the partition coefficient of water is assumed to be equal to
the porosity of the membrane, which is estimated (albeit roughly) as θ = 0.15 from
vanadium uptake measurements (see Figure 5.3).

c0 1 = θ c0L , c0 J = θ c0R
In general, it has been observed that model predictions of water transfer rates are highly
sensitive to the porosity of the membrane. The H+ concentration is determined by electroneutrality. H+ remains the prevalent species in the membrane, but its concentration is
lower than in a membrane exposed to an equal molarity of H2SO4. Finally, a fixed current
(Eq. 3.15) or fixed potential condition is enforced at the left boundary with Φ J = 0 at the
right.
Equations in the bulk solution

Equations in the two half-cells include species material balances for vanadium,
sulfate/bisulfate, water, and protons as well as element balances on sulfur and hydrogen.
Though other complexes exist, particularly in the positive half-cell,15 only the four
vanadium cations listed above are considered in the model. Material balances on inert
species and elements take on a finite difference form of the differential material balance
in Eq. 3.1. Following the example of Shah et al.[25], the time-dependent crossover model

15

The formation of a black liquid has been observed in the positive half-cell. At high and low SOC, the
solution clarifies to its characteristic yellow V(V) and blue V(IV) colors. The black substance only forms in
vanadium solutions of relatively high concentration (on the order of 1 M). It is thought to be a 1:1 complex
of V(IV)/V(V). No black material was observed in membranes equilibrated with such solutions.
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(5.5)

is blind to electrode configuration and treats each half-cell as perfectly mixed, analogous
to two continuously stirred tank reactors divided by a membrane.
Material balances for reactive species consider two sorts of generation terms:
heterogeneous electrochemical reaction at the electrodes and homogeneous reaction of
species leaking through the membrane. Electrochemical reduction/oxidation of vanadium
species is treated by Faraday’s law. Kinetics and overpotential losses are neglected. For
homogeneous reactions, it is assumed that any vanadium species passing through the
membrane reacts immediately on reaching the other side. The proposed reactions are as
follows. In the positive half-cell:
V 2 + + 2VO2 + + 2 H + → 3VO 2 + + H 2O

(5.6)

V 3+ + VO2 + → 2VO 2 +

And in the negative half-cell:
VO2 + + 2V 2+ + 4 H + → 3V 3+ + 2 H 2O

(5.7)

VO 2 + + V 2+ + 2 H + → 2V 3+ + H 2O

This stoichiometry is substantially the same as that used in the crossover model of Tang,
Bao, and Skyllas-Kazacos [29], with the exception that it treats the V(V) and V(IV)
oxidation states as VO2+ and VO2+, not V5+ and V4+.
Material balances for reactive species are expressed in finite difference form,
updating the concentrations with each time step k. In the positive (left) half-cell:
cV ( k + 1) =

 L
 I (k )
V ( k )cV ( k ) + 
− NV

V ( k + 1) 
 FAelec
1

L

j =1 1 2 , k

 L
 I (k )
cIV ( k + 1) = L
V ( k )cIV ( k ) +  −
− N IV

V ( k + 1) 
 FAelec

+ N III

1
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1 12 ,k

1 12 ,k

− 2N III

+ 2N III

1 12 ,k

1 12 ,k

− 3 N II



 Amem ∆t 



1 12



Amem ∆t 
,k 



(5.8)

And in the negative half-cell:
cIII ( k + 1) =

 R
 I (k )
V ( k )cIII ( k ) +  −
+ N III

V ( k + 1) 
 FAelec
1

R

 R
 I (k )
cII ( k + 1) = R
V ( k )cII ( k ) + 
+ N II

V ( k + 1) 
 FAelec

J − 12, k

1

J − 12, k

+ 2N IV

− N IV

J − 12, k

J − 12, k

+ 3N V

J − 12, k



 Amem ∆t 





− 2 NV J − 1 , k  Amem ∆t 
2



(5.9)

A positive flux corresponds to a species moving from left to right across the membrane.
State of charge (SOC) is a convenient variable for describing the composition of the cell.
In the simulation, it is defined as the lesser of,

SOC+ =

cVL
cIIR
,
=
SOC
−
cVL + cIVL
cIIR + cIIIR

(5.10)

The volume in each half-cell changes over time due to the transfer of water across the
membrane but is assumed not to change significantly due to chemical reaction.

V L (k + 1) = V L (k ) − VHL2O (k ) N 0 1 1 , k Amem ∆t
2

V (k + 1) = V (k ) + V
R

R

R
H 2O

(k ) N 0

J−1

2,k

Amem ∆t

Where VH 2O is the molar volume of water in a given half-cell. Though the density of
vanadium solutions has not been measured, VH 2O is assumed equal to that for a pure
sulfuric acid solution with the same molarity as the sulfate/bisulfate molarity in that halfcell. It is set by a curve fit of published sulfuric acid density data [66]. Material balances
for H+, sulfate, and bisulfate are also included, although the equilibrium between the
three is only resolved periodically (generally twice per charge/discharge cycle) for the
sake of computational time.
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(5.11)

Model Parameters, Assumptions, and Baseline Operating Conditions

To summarize the previous discussion, vanadium crossover simulations are
predicated upon the following assumptions, in addition to those listed in Section 4.1.
Model parameters and base case operating conditions are presented in Table 5.2.
Multicomponent diffusivities are unchanged from those presented in Figure 4.1. Except
where noted, simulations were run for 10 hours of charge/discharge cycles using J = 11
mesh points in the membrane and ∆t = 30 s time steps.

Description

Symbol

Value

Unit

Initial H2SO4 concentration

cHL 2 SO4 , cHR 2 SO4

3.0

mol/L

Initial V concentration

L
R
cVan
, cVan

1.0

mol/L

Current density

I

200 – 600

mA/cm2

Membrane area

Amem

25

cm2

Membrane porosity

θ

0.15

--

Electrode area

Aelec

25

cm2

Half-cell volume

V L, V R

100

mL

State of charge range

SOC

0.1* – 0.9

--

(* initial SOC)

Table 5.2:

Default operating conditions and cell parameters for crossover simulations,
for other membrane physical properties see Table 4.1

•

Perfect mixing in the positive and negative half cells

•

No mass transfer resistance in the solution near the membrane interface

•

Ignoring formation of V complexes
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•

Vanadium species are treated as dilute, such that there are no V/V, V/H+, or
V/HSO4- interactions in the membrane

•

Equilibration at the interface occurs much faster than changes in bulk
concentration due to cycling

•

No transport of V due to convective flow

•

Multicomponent diffusivities for sulfuric acid are unaffected by the uptake of
vanadium ions

•

Uptake of bisulfate is unaffected by the uptake of vanadium ions (pending further
study of vanadium uptake)

•

No side reactions

5.2 MEASUREMENTS OF VANADIUM PARTITIONING

Vanadium partition coefficients in Nafion membranes have not been closely
studied in the literature, but the author and colleagues at UT Austin have recently begun
to address this question experimentally. To date, a preliminary V(V)/V(IV) uptake
experiment has been completed. The experimental methods developed here were shown
to produce consistent data uptake results and were found to be feasible for a broader
study of membrane partitioning. A summary of the experiment is presented here, while a
full description can be found in Appendix A.
Partitioning was measured in Nafion 117 and Nafion 212 membranes equilibrated
with mixed V(V)/V(IV) solutions ranging from 0 – 88 % V(V) by volume. The total
vanadium concentration was 1.00 ± 0.08 M, and the total sulfate/bisulfate concentration
was 4.0 ± 0.2 M. After equilibration with V(V)/V(IV) solutions for 24 hours, membranes
were measured for thickness and then soaked in 0.25 M K2SO4 for 36 hours to exchange
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VO2+, VO2+, and H+ in the membrane for K+. The V(V)/V(IV) content of each soak
solution was determined by measuring its absorbance in the visible spectrum and
comparing this absorbance with that of a known reference (Figure 5.1). The membrane
V(V) and V(IV) concentrations before leaching were determined from their measured
concentrations in potassium sulfate solutions and measurements of the membrane
thickness. Membrane uptake measurements were corrected for surface absorption of
vanadium ions, following the procedure of Tang et al. [22]. Partitioning results are
presented in Figure 5.2. Vanadium partitioning data was fitted to the empirical formulas
in Eq. 5.4. The polynomial fits in Eq. 5.4 are valid only at or near the experimental
conditions and should not be applied to other VRB operating conditions.
88% V5

0.12

% Absorbance

80%
0.1

62%
0.08

44%

0.06

27%

0.04

9%

0.02

0%
Pure V4, 10 mM

0
500

600

700

800

900

Pure V4, 1 mM

Wavelength (nm)

Figure 5.1: V(IV) absorbance spectra of Nafion 117 membrane soak solutions and
reference solutions. The legend refers to the fraction of V(V) in the
vanadium soak solution. λ = 760 nm was taken as the characteristic
wavelength for V(IV) absorption.
From Figure 5.2 we observe that VO2+ and VO2+ concentrations in the membrane
increase with their respective concentrations in bulk solution. Also note that VO2+ uptake
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bulk
bulk
at high cIV is greater than VO2+ uptake at high cV . This result is consistent with

earlier studies [46], [59], [60], which observed preferential uptake of divalent cations
over monovalent cations in Nafion membranes. Comparing membrane porosity (Figure
5.3) with vanadium uptake (Figure 5.2), it was found that porosity is inversely correlated
mem
mem
mem
with cIV and with the total charge concentration in the membrane, zV cV + zIV cIV . The

present experiment’s results are consistent with those of Verbrugge and Hill [39], who
observed that membrane porosity decreases with increasing uptake of charged species.
This decrease in porosity was further associated with a decrease in membrane
conductivity (see Section 2.1). On this basis, one might hypothesize that membrane
bulk
conductivity will decrease with cIV .

Membrane Concentration [M]

0.8
0.7

V(V) Concentration

0.6
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0.5

Charge concentration
0.4
0.3
0.2
0.1
0
0

0.2

0.4
0.6
0.8
V(V) Concentration in Soak Solution [M]

1

Figure 5.2: Measured partitioning of V(V) and V(IV) in Nafion membranes. 1 M total
vanadium concentration in soak solutions. Charge concentration refers to
positive charge associated with vanadium ions.
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Figure 5.3: Measured porosity of Nafion 117 and 212 membranes equilibrated with
mixed V(V)/V(IV) solutions, T = 22 0C .
5.3 RESULTS AND DISCUSSION
Vanadium Transport

A unique feature of the membrane crossover model is its ability to predict detailed
concentration and potential profiles within a membrane passing current. A modeling
approach is helpful here because such details are quite difficult to measure in situ. Figure
5.4 shows simulated membrane concentration and potential profiles for the baseline case
described in Table 5.2. Uptake of vanadium reduces the membrane concentration of H+,
the most mobile species, reducing membrane conductivity. Though H+ remains the
predominant cation in the membrane, its concentration is lower than in the pure sulfuric
acid case. In Figure 5.4, the membrane proton concentration is lower than that in a
membrane equilibrated with cHbulk
= 3 M by approximately 0.3 – 0.5 M. As before,
2 SO4
bisulfate is assumed to be the only mobile anion in the membrane. Vanadium
concentrations in the membrane are a factor of 5 smaller than c+ and a factor of 2 smaller
than c− . Although vanadium species are not orders of magnitude less concentrated than
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Figure 5.4: Membrane concentration and potential profiles on discharge for baseline
simulation conditions, SOC = 0.5, i = - 400 mA/cm2, Nafion 115. ∆t = 30
sec time steps, J = 11 mesh points
other charged species in the membrane, it remains to be seen whether they interact so
strongly with other ions as to cause significant deviations from dilute solution theory.
Earlier, it was noted that previous membrane models have considered diffusion only in
response to a uniform concentration gradient. Given the passage of current through the
membrane, it seemed reasonable to conjecture that migration strongly influence rates of
vanadium crossover. Although the relative magnitudes of diffusion and convection are
still tied to the Nernst-Einstein equation, the crossover model can some provide new
∆c
insight in this area. On the basis of simple scaling, one would expect Nidiff D i and
L
F
i
N imig Di ci
to be of the same order of magnitude, around 1× 10 −4 mol/m 2s for a
RT κ
current density on the order of i = 100 mA/cm2. Furthermore, the migration flux is
proportional to the current density, meaning the effects of migration will become
increasingly important as VRB performance increases. The effect of convection is
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difficult to estimate, as no distinction is made between vanadium ions in free solution and
vanadium ions held at fixed charge sites.
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Figure 5.5: Vanadium concentration profiles during cycling, diffusion only. Nafion 117,
|i| = 400 mA/cm2, ∆t = 30 sec time steps, J = 11 mesh points
The effect of migration is evident in vanadium concentration profiles, shown in
Figures 5.5 and 5.6 at several points in a charge-discharge cycle. In Figure 5.5, vanadium
transport is governed by diffusion alone (a result that holds regardless in the zero current
case), while in Figure 5.6 both the migration and diffusion terms of the Nernst-Planck
equation are included. The concentration profiles in Figure 5.6 lack the symmetry of
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those in Figure 5.5, although the short cycling times that result from low electrolyte
volumes (100 mL in this case) accentuate these differences.
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Figure 5.6: Vanadium concentration profiles during cycling, including migration. Same
operating conditions as Fig. 5.5. Because VO2+ (blue) and V2+ (violet)
concentrations are high at the beginnings of the charge and discharge cycles,
respectively, a large amount of each is carried across the membrane by
migration. Recall that DII > DIV > DV > DIII.
Water Transfer and Electrolyte Imbalance

The positive and negative half-cell concentrations of each species change over the
course of a cycle as water and H+ move in the direction of current flow and HSO484

migrates in the opposite direction. In simulations that included the effect of migration, the
net transfer of water was from the positive half-cell to the negative half-cell (left to right
by convention). Net vanadium transfer was also toward the negative half-cell. The net
crossover of other ionic species was small over the course of the simulation; however
there was also a small net transfer of sulfur (as bisulfate) from positive to negative,
accompanying vanadium transfer. Water and vanadium transfer were most significant in
a thin membrane (Figure 5.7).
Even for a thin membrane, vanadium fluxes were small, and the transference
number of the most mobile vanadium species, V2+, was always an order of magnitude
m
smaller than that of bisulfate, tII < 0.004 . Although Figure 5.7 presents elemental sulfur

and hydrogen concentrations, one can also calculate the concentrations of individual ionic
species (H+, HSO4-, and SO42-), however resolving this equilibrium at each time step adds
a significant amount of computational time and does not affect crossover results. Several
simulations were performed over a shorter period of time, and in each half-cell the
concentrations of H+, HSO4-, and SO42- stayed nearly constant at approximately 4 M, 3
M, and 1 M, respectively.
The result that water is transferred from the positive to the negative half-cell runs
counter the observation by Sun et al. [19] that net water transfer is toward the positive
half-cell in an operating VRB. Unfortunately, these authors did not publish the operating
conditions they used. Based on another VRB study by the same group [65], it is likely
that their current densities were significantly lower than those simulated here. At any
rate, this result does not make a compelling case for the accuracy of the present model.
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However, when migration is not included in the crossover model, the net transfer of water
and the net transfer of sulfuric acid are toward the positive half-cell with vanadium
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Figure 5.7: Development of electrolyte imbalance between the two half cells during a
10 hour charge/discharge cycle, |i| = 400 mA/cm2, Nafion 212 membrane, ∆t
= 30 s time steps. Net water transfer (top) and vanadium transfer (middle)
are toward the negative half-cell. At bottom, the concentrations of sulfate
plus bisulfate (dashed lines) and hydrogen less water (H+ + HSO4-, solid
lines) change little over the course of the simulation.
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diffusing steadily toward the negative half-cell (Figure 5.8). From this, we can conclude
that model results are highly sensitive to the inclusion of vanadium migration.
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Figure 5.8: Electrolyte imbalancing under the same operating conditions as Figure 5.7,
neglecting vanadium migration
The uncertainty surrounding water transfer and vanadium migration results points
to the need for further refinement of transport properties and a careful consideration of
sensitivity to input parameters. Simulation results were quite sensitive to vanadium
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diffusion coefficients. Figure 5.9 shows how the results of 10-hour crossover simulations
change when vanadium diffusion coefficients are individually changed by factors of 1/5,
1/2, 2, and 5. In general, increasing diffusion coefficients lead to higher rates of capacity
loss. Notably, certain combinations of diffusion coefficients, for instance increasing DII
or decreasing DIII causes a reversal of the water transfer trend. Concerns of diffusion
coefficient sensitivity are not unique to the present model. Tang, Bao, and SkyllasKazacos also acknowledged that their crossover results were quite sensitive to diffusion
coefficients [29]. In both this and previous membrane crossover models [28–30],
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Figure 5.9: Sensitivity of water transfer and vanadium crossover to vanadium diffusion
coefficients, showing positive (left) half-cell volume, positive half-cell total
vanadium, and capacity at 50 % SOC after 10 hours of cycling. Nafion 212,
|i| = 400 mA/cm2. Dotted lines represent the baseline simulation results.
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Figure 5.10: Positive (left) half-cell volume and positive half-cell vanadium after 10
hours of charge/discharge showing sensitivity to porosity, θ . Other
parameters and operating conditions as in Figure 5.7
vanadium diffusion coefficients were taken from the same source [19] and were assumed
to be constant, however this assumption was made purely for the sake of simplicity. A
number of variables can influence diffusion coefficients, including temperature and
concentration.
Figure 5.10 shows the volume and total amount of vanadium in the left half-cell
after 10 hours of cycling for different assumed porosities. Porosity can drastically affect
the magnitude of net water or vanadium transfer as well as its direction. In the base case,
water and vanadium each transit from left to right, but a substantial increase or decrease
in porosity reverses the trend. Furthermore, membrane porosity may change during VRB
operation because the membrane is thought to swell as the temperature rises [29] and has
been observed to contract as more highly-charged species are taken up (see Figure 5.3).
From Figure 5.10 it is clear that a detailed understanding of membrane swelling is crucial
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to an accurate membrane transport model. Although swelling of VRB membranes has not
been studied in detail, determining their porosity as a function of temperature and
equilibrating solution concentrations is not difficult and is a promising direction for
future work.
Capacity Loss and Coulombic Efficiency

As vanadium leaks through the membrane, the cell undergoes self-discharge,
lowering the capacity and Coulombic efficiency of the cell. Here, the capacity is defined
L
R
as the lesser of F (nV + nIV ) , and F (nIII + nII ) , where ni is the total number of moles of

species i in a given half-cell, expressed in Ah. Figure 5.1 shows capacity loss over time
for several membrane thicknesses, simulating 10 hours of cycling (11 cycles). As
expected, the rate of capacity loss is higher for a thinner membrane, amounting to a loss
of approximately 1 % after 10 hours for a Nafion 212 (51 µm) membrane. Simulations
were repeated while neglecting migration and no appreciable difference in capacity loss
was observed between the two cases. However, 10 hours is a relatively short period of
time, and the consequence of including or not including migration may be more
pronounced over longer time scales.
Any crossover of vanadium represents a Coulombic efficiency loss, even if an
equivalent amount of vanadium crosses back over the membrane leaving no net capacity
loss for the charge/discharge cycle (see Figure 5.11). The Coulombic efficiency, or
current efficiency, is generally defined as [8],

ηCoul =
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− ∫ I dischg dt

∫ I chg dt

(5.12)

The integrals in Eq. 5.12 can be evaluated over any integer number of cycles. Table 5.3
presents the results of 10-hour simulations at constant current densities of 200 – 400
mA/cm2 and with PFSA membranes of various thicknesses, considering crossover of
vanadium species and the resulting homogeneous reactions but neglecting side reactions
such as hydrogen evolution and air oxidation of V2+. As with capacity, a thinner
membrane allows increases crossover of vanadium, reducing η C . The effect of increasing
current density is a slight decrease in η C , but it is too early to draw conclusions about
this effect, given the uncertainty in model parameters. What’s more, the time scale of
charge/discharge cycling also plays an important role in determining how much
vanadium passes through the membrane. When the cell is cycled rapidly, vanadium ions
passing through the membrane have less time to reach the opposite side of the cell before
a reversal of current applies a potential driving force in the opposite direction. In a largescale VRB, the cycling time will likely be much longer than the characteristic time for
vanadium transport in the membrane, which is estimated to be on the order of 100
seconds.

Membrane

i = 200 mA/cm2

i = 400 mA/cm2

i = 600 mA/cm2

Nafion 117 (178 µm)

99.11 %

99.05 %

98.91 %

Nafion 115 (127 µm)

98.88 %

98.85 %

98.69 %

Nafion 212 (51 µm)

98.65 %

98.53 %

97.97 %

Table 5.3:

Coulombic efficiency after 10 hours of continuous cycling between 10 %
and 90 % state of charge for several membrane thicknesses and current
densities, 100 mL half cells
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Figure 5.11: Capacity loss at 50 % SOC for different membrane thicknesses as a function
of time, 11 charge/discharge cycles, |i| = 400 mA/cm2, initial capacity was
2.68 Ah (100 mL half cells), ∆t = 30 s time steps
Voltage Loss

Membrane Ohmic losses can have a drastic effect on cell performance. Figure
5.12 illustrates the magnitude of these losses with respect to the open circuit voltage of
the cell for three membrane thicknesses. Membrane losses rise in proportion to
membrane thickness and are as high as 160 mV in the Nafion 117 case, a more than 10 %
loss relative to the open circuit voltage. As before, the membrane conductivity is nearly
constant, (the expected result, given that uptake is treated in the same fashion for every
membrane). Membrane Ohmic losses are around 65 % higher for a membrane
equilibrated with vanadium and sulfuric acid than for a membrane equilibrated with
sulfuric acid alone, which is more porous by nearly a factor of 2 (Figure 5.13). The effect
of adding vanadium is a reduction in membrane conductivity from κ = 7.6 S/m to
κ = 5.2 S/m This result is consistent with the measurements of Tang et al., who found

that uptake of vanadium ions reduces membrane conductivity by roughly one-third [22].
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Figure 5.12: Effect of membrane Ohmic losses on cell potential during a
charge/discharge cycle, |i| = 400 mA/cm2, 3 membrane thicknesses.
Membrane resistance results in a 40 – 160 mV loss relative to the open
circuit voltage (OCV).
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Figure 5.13: Membrane Ohmic losses as a function of current density for vanadium
crossover simulations (50 % SOC, green) and for steady state sulfuric acid
transport (3 M H2SO4 on either side, violet).
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It was initially thought that membrane Ohmic losses might be affected by the state
of charge of the battery, on account of preferential uptake of differently charged ions at
high and low states of charge. However, simulation results indicate that this is a minor
effect; membrane Ohmic losses change by 1 – 3 % over the course of a charge or
discharge. Given the uncertainty in model input parameters, no conclusions can be drawn
from this result.
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Figure 5.15: Sensitivity of conductivity to membrane porosity at 50 % SOC, Nafion 115
membrane, i = 400 mA/cm2.
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The model was also used to study the potential jump at the membrane interface.
Although the membrane uptake model is somewhat simplistic and calculates this
potential only based on the H+ concentration difference between membrane and solution,
it was still possible to make an order of magnitude estimate and compare this potential to
other sources of loss. Simulations showed that the interface potential drop was quite
small, in all cases less than 3 mV. In Figure 5.14, the sum of the two interface potential
jumps ( ∆Φ IF ) is shown as a function of state of charge. In this simulation, the
equilibrium between H+, HSO4-, and SO42- was resolved at each time step in order to
apply Eq. 3.24. ∆Φ IF is so small as to be reasonably neglected from a cell performance
standpoint, except at low current densities. As a factor in the membrane partitioning,
however, it deserves further study. Additionally, model predictions of the interface
potential provide a basis for correcting for ∆Φ IF in experimental measurements of
membrane potential drop
Voltage loss estimates are dependent on a number of model parameters, notably
the multicomponent diffusivities (see the discussion regarding Figure 4.9) and porosity
(Figure 5.15). Increasing the porosity from its baseline value ( θ = 0.15 ) increases
membrane conductivity while dehydrating the membrane has the opposite effect. This
result is consistent with the observed behavior of Nafion membranes [23]. As the
membrane swells, ionic species become more mobile with a smaller fraction of cations
held at fixed charge sites. But swelling also increases crossover (see Figure 5.10). A
particular concern is membrane swelling in response to temperature. As the membrane
passes current, resistance losses may cause a substantial rise in temperature, leading to
increased conductivity but greater Coulombic efficiency losses [29].
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5.4 CONCLUSIONS

The multicomponent membrane transport model developed in the previous
chapter has been expanded to simulate the crossover of vanadium in an operating VRB
cell. Using rigorous material balances and fundamental principles of mass transport, the
model accounts for the effects of diffusion, migration, and electro-osmotic drag by
simultaneously solving the n = 8 governing equations. Though the model has not yet
been validated experimentally, it generates outputs that can be directly compared to
experimental measurements in the future. Vanadium crossover can be tested in an
operating VRB by a number of methods, including in situ measurements with UV-visible
spectroscopy. Coulombic efficiency measurements can be made by recording charge and
discharge currents over time with a potentiostat or galvanostat. Water transfer can be
measured by reading changes in volume in each electrolyte reservoir. And finally,
predictions of membrane potential drop can be tested by placing suitable reference
electrodes near each side of the membrane in an operating cell.
It is important to acknowledge the limitations of the VRB crossover model. First
and foremost, the model is dependent on a large number of transport properties and
membrane physical parameters. It has been shown that model results are highly sensitive
to a number of these parameters, including the multicomponent diffusivities

D+0 , D+ m , and D0 m , porosity, and vanadium diffusion and partition coefficients. Future
experimental work may help resolve some of the uncertainty regarding these parameters,
but will not significantly reduce the complexity of the model. In fact, many potentially
important parameters have been left out of the present analysis, including activity
coefficients and binary interactions in the description of partitioning.
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An additional concern comes from the fact that simultaneous solution of the n = 8
governing equations is costly in terms of computational time, much more so than in the
pure sulfuric acid case. With its current algorithm, the membrane transport model is not
an appropriate tool for modeling membrane performance over the course of hundreds of
hours. A Maxwell-Stefan approach requires the inversion of the 3x3 transport matrix M0
(see Eq. 3.11) in the calculation of each coupled set of fluxes, 4( J − 1) times for each
iteration of the AUTOBAND routine. The transport coefficients in this matrix depend on
the local concentrations of soluble species (Eq. 3.5) and have not been assumed to be
constant. Generally, 2 – 5 iterations are needed for convergence at each time step, and the
matrix inversion sub-function accounts for over one-third of the total computational time
in a vanadium crossover simulation. Future work should focus on implementing more
computationally efficient algorithms for determining the L0ij coefficients, perhaps by
fitting them to empirical functions of concentration.
As with any computational model, the VRB crossover model requires accurate
input parameters to generate accurate results. Membrane swelling and vanadium
partitioning are understood least of all. An experimental method has been developed to
measure vanadium partitioning and membrane swelling. This method was demonstrated
for the case of 1 M V(V)/V(IV) in 3 M H2SO4, however a full study of membrane
swelling and uptake, considering both positive and negative vanadium solutions at a
range of concentrations, would be tremendously beneficial. Other possible experiments
for furthering our understanding of VRB membrane transport are discussed in the
following chapter.

97

Chapter 6: Conclusions and Future Work
6.1 CONCLUSIONS

The multicomponent membrane model developed in this research represents a
new approach to examining a critical issue in flow battery performance, the problem of
mass transport in flow battery membranes. Previously, a number of authors have
published multicomponent membrane models for other electrochemical energy devices,
including hydrogen fuel cells and direct methanol fuel cells [50], [54]. However, this
technique has not been applied to flow batteries. Until now, membrane vanadium
crossover, water transfer, and potential drop have been regarded as separate phenomena
and have been treated by separate, simplified models [16], [24], [25], [28–30]. An indepth exploration of the modeling technique for the flow battery is needed. The model
presented in Chapter 3 is the first, to the author’s knowledge, to apply Maxwell-Stefan
diffusion to the problem of sulfuric acid transport in a cation-exchange membrane. With
the addition of vanadium transport, it is the first comprehensive model capable of
describing the coupled interactions of all of the major species in a VRB membrane. In
this section, we will examine the past progress of the model before discussing directions
for future research into flow battery membranes.
By accounting for the coupled interactions of many species, the model is capable
of describing details of membrane transport which were inaccessible to previous models.
Concentration and potential profiles, crossover rates, and Ohmic losses can be studied in
closer detail under a wider variety of operating conditions, including the high current
density conditions under investigation for high performance VRBs [20], [58]. This
computational approach promises to complement experimental work by allowing
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engineers to rapidly study the effects of different operating conditions and cell stack
configurations. Analysis so far has focused on understanding the strengths and
weaknesses of the model by testing basic assumptions, analyzing crucial parameters, and
comparing qualitative results to observations in the literature. But while the models
developed here have shown significant improvement, they each have limitations,
centering on a lack of transport data from which to determine model parameters.
The model was shown to produce results consistent with the observed behavior of
Nafion membranes equilibrated with sulfuric acid solutions. Despite this success, the
model needs to be experimentally validated. An additional drawback of the model is its
reliance on a number of fitted multicomponent diffusivity parameters. In order to apply
the model to more general studies of membrane performance, parameter estimates must
be refined and the model must be shown to replicate experimental results. A number of
simple experiments, including dialysis and electrodialysis, were simulated using a timedependent version of the sulfuric acid model, laying the groundwork for experimental
validation in the near future.
Similarly, the model has been used to study the effects of vanadium ions on
membrane performance, but its crossover estimates have not been experimentally
validated. Simulations have shown that the model produces sensible results for membrane
Ohmic losses, vanadium crossover, and water transfer. Still, the model is highly sensitive
to certain input parameters, such as the vanadium diffusion coefficients and porosity.
Translating the current crossover model into an effective tool for assessing flow battery
design tradeoffs will require a full understanding of membrane uptake and swelling as
well as experimental confirmation of its accuracy. This work has demonstrated an
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experimental method for measuring membrane vanadium uptake and swelling, and
upcoming work at UT aims to measure membrane crossover in an operating VRB. The
vanadium crossover model has been designed to simulate a system on the scale of the UT
flow cell, and the model is easily modified for comparison with membrane crossover
experiments.
6.2 FUTURE EXPERIMENTS
Vanadium Partitioning Experiments

Membrane mass transport cannot be accurately modeled without an understanding
of membrane uptake. To date, vanadium uptake in Nafion membranes has not been
studied in the literature, though uptake data for a number of other membranes is
available, including Selemion cation-exchange membranes [44]. The simplest approach
to membrane partitioning is simply to measure uptake by soaking, leaching, and
spectroscopic or other determination of the leached solutions. The all-vanadium system is
advantageous in this respect because UV-visible spectroscopy offers a straightforward
method of determination, although potentiometric titration has also been used in recent
studies [19]. In the author’s opinion a full study of vanadium uptake and membrane
porosity for a variety of equilibrating solution compositions, representing a full range of
states of charge in both the positive and negative half cells, is the most crucial next step
toward accurately modeling vanadium crossover. Furthermore, such a study should be an
early step in characterizing any novel flow battery membrane.
Transport Coefficients

The multicomponent diffusivities on which both models rest are subject to a great
deal of uncertainty. Sparse literature and the difficulty of designing experiments to isolate
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orthogonal driving forces makes a Maxwell-Stefan approach to mass transport quite
challenging. Further experimental work was suggested in Chapter 3. Additionally, it
would be worthwhile to repeat the sulfuric acid transport experiments of previous authors
[23], [32], [37] at conditions more similar to those in the VRB, as Tang et al. have done
[22].
Vanadium diffusion coefficients are also a source of uncertainty. The only
measurements of these diffusion coefficients in a VRB was conducted by Sun et al. [19],
and their work did not study the effects of vanadium concentration, state of charge, or
temperature. More complete knowledge of vanadium diffusion coefficients would be a
great boon to membrane modeling studies, especially considering the sensitivity of model
results to these coefficients (Figure 5.9). The dialysis cell method that Sun et al. used is
relatively straightforward, and could easily be applied to a more comprehensive study.
Crossover Studies

At UT Austin, experimental studies are underway to study vanadium crossover in
an operating VRB. The author’s colleague, David Sing, has designed and built a flow
battery test cell that uses a novel, triple-membrane design to measure rates of vanadium
crossover. With minor modifications, the model can simulate such an experimental setup.
These studies may provide a basis for experimental validation of the model in the near
future. In addition to measurements of crossover, it should be possible to measure
membrane potential drop using two equilibrated reference electrodes, following the
framework in Chapter 3.
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6.3 DIRECTIONS FOR FURTHER RESEARCH
Connection to Full Cell Modeling

Full cell VRB models have been developed by several authors, including Sing at
UT Austin [16], [24], [26]. The vanadium crossover model has been designed to stand
alone, but crossover has implications for other aspects of cell performance beyond Ohmic
losses and capacity. For instance, asymmetrical crossover of vanadium alters reactant
concentrations in each half-cell, affecting charge transfer kinetics. In order to address
these questions, it will be necessary to merge the membrane and full-cell models. Instead
of a direct fusion of the two models, it may be advantageous to use the membrane model
to generate empirical relationships between cell operating conditions (SOC, i, cibulk , l m ,
etc.) and membrane performance ( ∆Φ MEM , ηC ). Such empirical models could then then
be incorporated into the full cell model, with the benefit of improved computational
efficiency.
Other Redox Flow Cells

The governing principles that serve as the foundation for the multicomponent
membrane model can also be applied to other ion-exchange membranes (including the
anionic variety) and redox flow battery chemistries, making the model potentially
valuable for a number of applications. Other aqueous flow batteries, including
iron/chromium, bromine/polysulfide, vanadium/bromine, and iron/iron, make use of ionexchange membranes, although some designs for these redox couples involve low-cost
microporous or nanoporous separators [3]. The multicomponent membrane model can be
easily adapted to handle these flow battery chemistries, given sufficient data regarding
partitioning and transport.
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The performance and stability requirements for VRB membranes are severe on
account of the highly acidic and oxidative environment of the cell, and so far this has led
researchers to focus on durable, perfluorinated membranes like Dupont’s Nafion [17].
However, a number of alternative membranes have been proposed for the VRB, including
anion-exchange membranes and lower cost hydrocarbon membranes. UT Austin is
currently pursuing research in this active area of study [67]. Rather than detailing these
efforts here, the reader is advised to read the review article of Li et al. [13], who
presented an excellent summary of novel VRB membranes. For a more general treatment
of membrane separators, see Arora et al. [17]. The multicomponent model can be applied
to anion- as well as cation-exchange membranes, including composite membranes in
which different membrane materials are assembled in layers. Applying the model to such
membranes will require measurements of physical properties such as conductivity,
transport numbers, and diffusion coefficients as well as uptake data. Composite
membranes, including Nafion/organic, Nafion/SiO2, and other membranes can be studied
with the same AUTOBAND routine by setting constant flux boundary conditions at the
internal membrane/membrane interface.
Toward a Framework for Evaluating Membrane Cost/Performance Tradeoffs

It should be noted that the ultimate goal of studying redox flow batteries is not to
improve cell performance so much as it is to reduce cost. While these two goals often
align, we can draw no conclusions about the optimal membrane configuration or cell
operating conditions on the basis of performance alone. Therefore, the engineer must
balance tradeoffs between cost, reliability, and performance of the battery throughout the
design process. Future modeling studies of flow batteries should address tradeoffs
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between monetary costs, from the cost of electric power lost to inefficiency to the cost of
battery maintenance, and should investigate operating conditions consistent with
improving the economics of redox flow batteries.
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Appendix A: Membrane Uptake Measurements
Procedure

Partitioning was measured in Nafion 117 and Nafion 212 membranes (Sigmabulk
Aldrich) equilibrated with V(V)/V(IV) solutions of total vanadium concentration, cVan
=

1.00 ± 0.08 M in 4.0 ± 0.2 M sulfate/bisulfate. The starting V(IV) solution was prepared
by dissolving solid, 97% VOSO4∙3-5H2O (Sigma-Aldrich) in sulfuric acid. V(V) was
generated by electrolyzing V(IV) in a redox flow cell. The one molar V(V) solution was
later determined to contain 88 mol% V(V) and mol% V(IV).
For pretreatment, Nafion 117 and 212 membrane samples (4x1 cm) were
successively boiled for one hour in 3 % hydrogen peroxide, deionized water, 1 M sulfuric
acid, and deionized water. Following pretreatment, membranes were stored in deionized
water overnight and then measured for thickness. Samples were then equilibrated with
bulk
+ cVbulk = 1 M, cHbulk
= 3 M with 0 – 88 % of
mixed V(V)/V(IV) solutions of cIV
2 SO4

vanadium as V(V). After 24 hours of equilibration, membrane samples were removed
from solution, wiped clean of surface droplets, measured for thickness, and placed in 0.25
M K2SO4 solutions for leaching. Before leaching, membranes equilibrated with >50
mol% V(V) solutions were visibly yellow. After 36 hours of equilibration with K2SO4,
the clear, colorless membranes were removed for a second soak in 0.25 M K2SO4.
Samples from the first soak were measured for absorbance in the visible spectrum
using a Milton Roy Spectronic 3000 spectrometer. H+ concentration was measured with
an Oakton pH 510 series pH meter. The pH’s of leached solutions were 2.68 – 2.89, well
within the region where VO2+ and VO2+ are stable [68]. UV-visible absorbance spectra
from the first soak are presented in Figure A.1. Vanadium concentrations in the
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Figure A.1: V(V) (above) and V(IV) (below) absorbance spectra of Nafion 117
membrane soak solutions and reference solutions. The legend refers to the
mole percentage of V(V) in the vanadium solution with which the
membrane was initially equilibrated. λ = 360 nm and λ = 760 nm were taken
as the characteristic wavelengths of V(V) and V(IV) absorption,
respectively.
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membrane soak solutions were determined from the ratio of the sample absorbance to the
absorbance of a 10 mM reference solution (black dashed line) at the characteristic
wavelength, λ. The characteristic wavelengths (shown in red) for V(V) and V(IV) were
taken as λ = 360 nm and λ = 760 nm, respectively.
It was reasoned, following the work of Tang et al. [22], that vanadium in the
leached solutions came from two sources: the membrane surface and the membrane bulk.
nim = nim ,bulk + nim , surf

(A.1)

In order to determine the partitioning of the solution with the membrane bulk, it was
necessary to correct for this surface absorption. Since the Nafion 212 and 117 membranes
were cut to the same size and have approximately the same surface area, nim , surf was
assumed to be the same for each membrane. It was further assumed that Nafion 212 and
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membranes equilibrated with solutions of the same composition had the same

bulk concentration. Then, for a given soak solution there are two equations of the form of

(

)

m, surf
, cim,bulk .
Eq. A.2 (one for each membrane thickness) and two unknowns ni

cisolV sol = nim , surf + cim ,bulkV m ,bulk

Results and Discussion

V(V) and V(IV) partitioning results are shown in Figure A.2 along with porosity
results in Figure A.3. Binomial curve fits of partitioning data (Figure A.4) were used in
the crossover model, Eq. 5.4. Membrane uptake experiments were subject to several
sources of uncertainty, including:

•

Limited sensitivity of the spectrometer to very low (<1 mM) vanadium
concentrations
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(A.2)

•

Membrane imperfections causing variations in thickness (~1 – 3 mils) on
different areas of the membrane surface

•

The starting molecular weight of VOSO 4 xH 2 O , from which solutions
were prepared

•

The state of charge in the V(V) solution, which was determined after
soaking by spectrometry

•

Effects of other complexes on uptake, including the black, V(V)/V(IV)
complex that has been observed in solutions with cVan ~ 1 M

A complete analysis of the sources and propagation of experimental error is left to future
studies of membrane partitioning.
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Figure A.2: Measured partitioning of V(V) and V(IV) in Nafion membranes. Charge
concentration refers to positive charge associated with vanadium ions.
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Glossary
Roman Symbols

ai

activity of species i

aiθ
Aelec
Amem
ci
Di
Dij

property representing the secondary reference state for species i,L/mol

E

E0
Eocv
E IF

electrode surface area, m2
membrane superficial surface area, m2
concentration of species i, mol/L or mol/m3
diffusion coefficient of species i, m2/s
multicomponent diffusivity for interaction of species i and j, m2/s
cell voltage, V
standard reduction potential, V
open circuit voltage, V

kφ

potential jump at the membrane/solution interface, V
membrane equivalent weight, g/equiv.
activity coefficient
Faraday’s constant, 93487 C/equiv.
mesh spacing, m
total current density with respect to membrane reference frame, A/m2
current density carried by species i, A/m2
current passed by the external circuit, A
number of mesh points, right-most mesh point
electrokinetic permeability, m2

kp

hydraulic permeability, m2

Ki

partition coefficient for species i at the membrane/solution interface

Kij
l
L0ij

friction coefficient for interaction of species i and j, J∙s/cm5
membrane thickness, m
inverted transport coefficient defined by Eq. 3.10-11, m5/J∙s

mi

molality of species i, mol/kg

M ij
n
Ni
Ni

friction coefficient for interaction of species i and j (see Eq. 3.8), J∙s/cm5

EW

fi
F
h

i
ii
I
J

number of species
amount of species i, mol
molar flux of species i, mol/m2∙s
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P
R
SO C

t

tim
T
ui

vi

pressure, Pa
universal gas constant, 8.314 J/mol∙K
state of charge of the cell
time, s
transference number of species i in the membrane
temperature, K
mobility of species i, m2∙mol/J∙s

y HM

velocity of species i, m/s
half-cell volume, m3
molar volume, m3/mol
position with respect to membrane thickness, m
fraction of fixed charge sites occupied by H+

zi

charge on species i

V

V

x

Greek Symbols
α
water transport coefficient, mol2/J∙m∙s
electric potential difference between reference electrodes in solution on
∆Φ
either side of the membrane, V
∆Φ IF
sum of the interfacial (Donnan) potential drops at either membrane/
solution interface, V
∆Φ MEM
membrane Ohmic potential drop, V

ηs
ηc
ηCoul
θ

κ
λ
λ

µ
µi

ξ0m
ρ

surface (activation) overpotential, V
concentration overpotential, V
Coulombic efficiency
membrane porosity
membrane conductivity, S/m
membrane water content ( NH2O / Nm ) (Chapter 2-3)
wavelength (Chapter 5 & Appendix A), nm
viscosity, Pa∙s
electrochemical potential of species i, J/mol
electro-osmotic drag coefficient
membrane density, g/cm3
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Φ

χ

Subscripts
i

j
k

m
n
dry
exp
IF
MEM
th
V an

wet

−
+
0

+−
II
III

IV
V

Superscripts
bulk , sol
m, mem
L
R
θ
0

electric potential, V
dummy variable representing empirical transport properties

species
mesh point
time step
R–SO3- membrane fixed charge sites
reference ion (H+)
dry membrane
experimentally measured coefficient value
interface
membrane
theoretical coefficient value
total vanadium
saturated membrane
HSO4- co-ions in the membrane
H+ counter-ions in the membrane
H2O in the membrane
H2SO4 in the membrane
V(II)
V(III)
V(IV)
V(V)

bulk equilibrating solution
membrane
solution to the left of the membrane (positive half-cell)
solution to the right of the membrane (negative half-cell)
secondary reference state quantity
refers to the reduced transport coefficient matrix M0, its inverse L0, and
their coefficients
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