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Abstract 

 

The Role of Interactive Visualizations in the Advancement of 

Mathematics 

 

Alberto Alvarado, MA 

The University of Texas at Austin, 2012 

 

Supervisor:  Edward W. Odell 

Co-Supervisor: Mark Daniels 

 

Abstract: This report explores the effect of interactive visualizations on the 

advancement of mathematics understanding. Not only do interactive visualizations aid 

mathematicians to expand the body of knowledge of mathematics but it also allows 

students an efficient way to process the information taught in schools. There are many 

concepts in mathematics that utilize interactive visualizations and examples of such 

concepts are illustrated within this report.   
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Chapter 1: Introduction 

In mathematics, numbers, patterns, prior results, and logic are used to make sense 

of seemingly random sets of data. Representations such as tables, ordered pairs, 

mappings, functional notation, sets, and various topologies have been used to convey 

patterns, theorems, and logical concepts in mathematics.  

One effective method used to convey information in mathematics is through the 

use of interactive visualization. According to Borwein and Jörgenson, an interactive 

visualization can possibly serve as a proof, but the visualization must meet a certain set of 

conditions [1, p. 900]. An interactive visualization is a mathematical visual that has the 

key features of being dynamic, guiding, flexible, and open.  To be dynamic the 

visualization should allow the user to explore various behaviors by changing one or more 

parameters. The interactive visualization also needs to be guiding to the user so that it 

leads the viewer to a conclusion such as a proof. The visualization should also be flexible 

by allowing viewers to try and explore counter examples and find fallacies in the concept 

being explored. Finally, the visualization should be open so that the user could use the 

rules, programming language, or algorithms employed to generate the images to verify 

his work. An increase in the effective use of interactive visualizations in school 

classrooms could have positive implications for students and their understanding so it is 

worth some time to study the components of what interactive visualizations in 

mathematics are and how they could be used to improve students’ learning of 

mathematics. 
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Through the ease of use of today’s technology students are able to quickly create 

images that would have previously taken mathematicians inordinate amount of time to 

generate. Although an image may not be a substitute for a written proof it can serve as a 

useful tool that can guide and students alike through the logic required to construct a 

formal proof. Currently, with graphing calculators, one can generate points and create 

visuals in an instant. These fairly recent technologies can better serve the purpose of the 

exploration of mathematics by mathematicians and students alike. Additionally, Borwein 

and Jörgenson claim that truly interactive visualizations can even serve as proofs and that 

there may be a movement in this direction in the field of mathematics [1, p. 909]. This is 

why an interactive visualization should be open so that people could follow the flow of 

the logic by inspecting the rules, programming language, or algorithms used to create 

such visual representations and thus could form the basis of a traditional logic based 

mathematical proof.  

The use of interactive visualizations in mathematics could lead to the expansion 

of the field in ways that the mathematicians of the past could not have foreseen. The 

benefits of interactive visualizations can also extend into classrooms and increase 

students’ ability to retain higher level mathematics concepts. In this paper the author will 

organize different visualizations and show that interactive visualizations can serve as 

logical aids that could be used as the basis for mathematical lesson plans in the classroom 

for many levels of mathematics including but not limited to Algebra, Number Theory, 

Calculus, and Geometry.   
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Chapter 2: Interactive Visualization Using Newton’s Method 

Borwein and Jörgenson discuss how visualization in mathematics continues to 

advance the field by allowing mathematicians avenues to see theorems and patterns that 

are not as easily recognizable without the aid of visuals [1, p.898]. With the advancement 

of computers in the 20
th

 century, mathematicians have been able to create imagery that 

may have been unimaginable to the mathematicians of previous centuries. With this 

relatively new capability, present day mathematicians are able to create displays and 

experiment with visuals to attempt to see recognizable patterns in these visual 

representations rather than long lists of numbers. The attempt to visualize mathematics 

started long before the 20
th

 century with one of the most pivotal moments in mathematics 

history, the creation of the Cartesian Plane by Descartes. Following this development 

mathematicians have been able to generalize countless theorems and have developed 

fields of mathematics that stem from the Cartesian Plane.  

Borwein and Jörgenson analyze how and when it would be acceptable to use a 

visual representation as a proof [1, p.899-900]. In a written proof it is necessary to 

present ideas with clarity and in a logical order, set up definitions to be used in the proof, 

and note references to prerequisite theorems. Borwein and Jörgenson caution that 

illustrating a mathematics concept as a proof is inappropriate if the imagery is limited to a 

particular case and cannot be generalized beyond this. Rather they define effective 

mathematics interactive visualization as having the key features of being dynamic, 

guiding, flexible, and open. In another article, Dence leads us through a numerical 

analysis to find the roots of a real-valued function  ( ) with a derivative   ( ) by using 
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Newton’s method and finding successively better approximations of the roots of the 

function  ( ) [2, p.403-404]. With a first approximation   , one can find a better 

approximation using the formula  

      
 (  )

  (  )
 

Visually,     represents the intersection with the x-axis of the line tangent to   at 

 (  ). Newton’s Method allows one to better approximate the roots of a given equation 

by choosing an initial value    .  

The benefit of illustrating Newton’s method is that it allows learners to see the 

connection between the convergence of functions to their respective roots after a set 

amount of iterations. It gives insight as to why the method works and thus gives a better 

understanding of Newton’s Method. Figure 1 demonstrates how Newton’s method can 

find a third root of a cubic function when knowing two other roots of the cubic function. 

In Figure 1,    and    represent the midpoints between two roots,    and    represent 

the critical points of the function, and    and    represent the roots of the cubic function. 

One is able to see the relation between   ,  (  ), and the tangent at  (  ), when 

      where    converges using Newton’s Method. Figure 1 uses midpoint    

between roots    and    and find that    converges on the first iteration of Newton’s 

Method. 
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Figure 1. Newton’s Method of Finding Roots of Third Degree Polynomials. 

This has the components of an interactive mathematics visual representation. It is 

dynamic in that one can change the function or the initial conditions and illustrate the 

same concept. It is guiding to the reader because it illustrates that given the midpoint 

between 2 roots one can find a third root. It’s flexible in that it gives users the ability to 

discover other concepts involving Newton’s Method such as why values tend to converge 

to roots of the function. This is an open representation because the Newton’s Method 

could be explored by the representation in Figure 1 with various third degree polynomials 

and could be checked algebraically. Since the representation in Figure 1 is dynamic, 

guiding, flexible, and open to the reader it can be considered an interactive visualization 

for Newton’s method.  

As an extension to the interactive visualization of Newton’s method the author 

created an alternate interactive representation that would allow one to see where to find 
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roots of the given polynomial function and where it would become chaotic with a third 

degree polynomial in Figures 2 and 3. In a deterministic equation a solution whose 

outcome is very sensitive to initial conditions is defined as chaotic. With Newton’s 

Method this means that small changes in    will yield results that will vary drastically as 

is illustrated in Figure 3. Dence discusses roots and critical points of third degree 

polynomials and their relationship with Newton’s method but claims that we don’t know 

as much about the relationships between roots and critical points with fifth degree 

polynomials [3, p. 408].  

Dence admits that higher degree polynomials do not appear to present analogous 

results [3, 408]. Consider the root of a fifth degree polynomial  

 ( )   (   )(   )(   )(   ) 

with derivative  

  ( )                     . 

 

Figure 2. Polynomial  ( )   (   )(   )(   )(   ) with critical points.  
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Figure 2 is a graph of the function  ( ) showing all midpoints   , all critical points   , 

and all roots    . 

The convergence graph in Figure 3 shows many possible initial points and the 

numbers they would each converge to and could be used to further investigate around 

which values of the initial condition would yield chaotic results. One can see the behavior 

of the graph a little clearer with the use of the convergence graph and it seems to lead to 

even more questions such as, “Why is it that when given the initial value is near critical 

values the function appears to not converge to a specific value?” Dence states that 

analysis on higher degree polynomials and their behavior under iteration is still open for 

discovery but the convergence graph on Figure 3 could open the door to some solutions 

or maybe even inspire new and relevant questions [3, 408]. 

  

Figure 3. Convergence Graph. 
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Chapter 3: Polygonal and Center Polygonal Numbers 

1 

1 1 

1 2 1 

1 3 3 1 

1 4 6 4 1 

1 5 10 10 5 1 

1 6 15 20 15 6 1 

1 7 21 35 35 21 7 1 

1 8 28 56 70 56 28 8 1 

1 9 36 84 126 126 84 36 9 1 

Figure 4: Triangular Numbers on Pascal’s Triangle 

 

Schlicker discusses the interesting relationships between polygonal and center 

polygonal numbers [4, p. 339]. Polygonal numbers are described as figurate numbers 

where   ( ) is the polygonal number for a polygon with   sides, for     after the rth 

iteration. Figure 5 illustrates some polygonal numbers with sides        .     

 But what is the underlying relationship that relates the number of nodes to the 

    iteration in the polygonal numbers? First we look at the triangular numbers and from 

Figure 5 we see that  

  ( )              

since each iteration adds nodes equal to the number of iterations. 
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  ( )         ( )                  ( )                      ( )                      ( )          

 

  ( )        ( )           ( )                         ( )                                  ( )      

 

  ( )        ( )                 ( )                ( )                      ( )             

Figure 5. Polygonal Numbers         (Triangle, Square, and Pentagonal Numbers) 

 

One can easily verify that the     iteration of the triangle has nodes [1, p.340] 

  ( )              
 

 
(   )  

 (   )

 
 

In a similar way one can find the sum of the nodes of the     iteration of square 

numbers. In Figure 6 one can see 

  ( )                   

Consider the formula to sum arithmetic sequences with a common difference 
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[  (   ) ]     (2) 

where   is the difference between     term and the (   )   term in the sequence. In the 

square numbers since      

  ( )                  
 

 
[  (   ) ]     

                                                                        

          1+2+3+4+5               1+3+5+7+9                   1+4+7+10+13 

 Figure 6. Polygonal Numbers   ( ) for k=3,4,5 [4, p. 339] 

 

The pentagonal numbers are arithmetic with     as shown in Figure 6. In 

general       and the     iteration of the k-polygonal numbers yields  

  ( )  ∑[  (   )(   )]

 

   

  

By equation (1) and since       

  ( )  
 

 
[ ( )  (   ) ] 

   (   )
(   ) 

 
 

   
(   )   (   ) 
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   (   ) 

 
 

(   )  

 
 

 
(   )  

 
 

     

 
 

 
   

 
   

   

 
  

Interestingly Schlicker adds that there are other relations that define the     

polygonal number in terms of the (   )   polygonal number. In Figure 6 one can see 

that adding   nodes     number of times, double counts     corners [4, p. 341]. The 

recursive relation  

  ( )    (   )   (   )  (   ) 

for     follows as described by Schlicker [4, p. 341].  

Schlicker also finds that each polygonal number can be represented in terms of 

triangular numbers [4, p.341]. It can be seen from Figure 7 that each polygonal number 

with   sides can be constructed from the sum of   ( ) triangles and (   ) number of 

   (   ) sub triangles yielding the formula  

  ( )    ( )  (   )  (   ). 

 

       

Figure 7. Polygonal numbers represented as sums of triangular numbers. [4, p.341] 
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The center polygonal numbers are figurate numbers that begin with a point and 

successively surrounded by regular polygons with the same number of sides called layers. 

Each layer is equidistant from the previous layer and the sides have     number of 

nodes where   is the iteration in the sequence as shown in Figure 8 for        .  

 It can be seen that the sequence begins with 1 and then increases successively by 

 . So  

  ( )    ∑    

   

   

 

    ∑   

   

   

 

    (
   

 
) (     ) 

    (
(   ) 

 
)  
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  ( )        ( )                 ( )                       ( )                         ( )    

 

  ( )      ( )          ( )               ( )                                      ( )     

 

  ( )         ( )               ( )                        ( )                             ( )     

Figure 8. Center Polygonal Numbers for          

 

Similar to polygonal numbers, center polygonal numbers can be generated 

through the sum of a   ( ) triangle,     number of   (   ) triangles and a   (  

 ) triangle (as shown in the Figure 9) yielding the intriguing formula 

  ( )    ( )  (   )  (   )    (   )  
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Figure 9. The Center Polygonal Numbers Generated by Polygonal Triangles. 

 

Polygonal and center polygonal numbers hold some interesting properties and 

unexpected relationships that help lead to solutions of Diophantine equations among 

other mathematics topics. These figurate numbers are another example of how one can 

use interactive visualizations to better understand the realm of mathematics and how it 

provides one’s intuition with a guide into advanced relationships that may otherwise not 

be so obvious. An interesting relationship is that the sum of the (   )   term and the 

    term of the triangle numbers sum to the     term of the square numbers as outlined in 

the Table 1 again illustrating another unexpected relationship in polygonal and center 

polygonal numbers. 

Table 1. Shows the relation   (   )    ( )    ( ) 

 

Triangular numbers Triangular numbers Square numbers 

0 1 1 

1 3 4 

3 6 9 

6 10 16 

10 15 25 

15 21 36 
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Chapter 4: Visible Structures In Numbers 

Many have searched for patterns when observing the decimal expansion of the 

transcendental numbers such as   and   with no success. One will only find that the 

digits in   and   are non-periodic. Perhaps generating visual representations of the digits 

of   could yield patterns that may otherwise never be noticed upon inspection of the 

decimals. In Figure 10 one sees a 40 by 40 grid representing the first 1600 digits of   

mod 2 read from top down and from left to right. The representation is binary with black 

representing 0 and white representing 1. However the representation doesn’t yield any 

recognizable pattern. 

 

 
 

Figure 10: The binary expansion of the digits of π. [1, 901] 

What if one used the same visual representation to find patterns in     most 

commonly used rational rational approximation  
  

 
 = 3.14285714285714…? In this case 
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the binary expansion of the digits of  
  

 
 do seem to hold some pattern that may initially 

seem unexpected. Upon careful inspection of the decimals one can see that the decimal 

expansion of 
  

 
 mirrors the results in Figure 11 that yields the pattern 1, 1, 0, 0, 0, 1, 1, 1, 

0, 0, 0, …      
 

 
 

Figure 11: The binary expansion of the digits 
  

 
. [1, 902] 

In these cases an interesting result for the binary expansions of the digits in 
  

 
 is found 

but not for the digits in  . So are there other helpful ways to view numbers that could 

give some insight as to the structure of transcendental numbers such as   or  ? One way 

that Borwein and Jörgenson [1, p.903] suggest is through combined use of modular 

arithmetic and continued fractions. Continued fractions are expressions that are created 

through an iterative process of representing a number as the sum of its integer part and 

the reciprocal of another integer number then writing this other number as the sum of its 

integer part and the reciprocal of another integer, and so on. An infinite continued 

fraction has the form  
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A finite continued fraction is a continued fraction that is terminated in finitely 

many steps whereas an infinite continued fraction is an infinite expression such that there 

are infinitely many steps in the iterative process. An infinite continued fraction can be 

denoted by [          ]. Consider the infinite continued fraction for  , with          . 

The decimal expansion of   is 2.71828182459… so the continued fraction is 

    
 

  
 

  
 

  
 

  
 

  
 

  
 

  
 

  
 

  
 

  
 

  
 
 

 

and is denoted by [                         ]. The interactive visualization of the 

continued fraction of         generates the numbers 2, 1, 2, 1, 1, 0, 1, 1, 2, 1, 1, 0…  

Through the use of the interactive visualization in Figure 12 it seems clear that   

appears to have some structure that is not apparent when viewing the seemingly random 

digits of  . Looking at the continued fraction for    [                         …] one 

can see where the pattern arises. 
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Figure 12: The continued fraction of        . [1, 903] 

 Again the visualization provided an aid to see this pattern that wasn’t 

immediately obvious upon inspection of the digits of  . If one constructs a similar 

visualization with    there is no apparent pattern 

 

Figure 13: The continued fraction of         . [1, 903] 
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Chapter 5: The Use of Interactive Visualizations with Open Disks 

In Calculus and Multivariate Calculus the concepts of opens sets, limits, and 

continuity are covered. In order to gain significant understanding a student could progress 

through these topics by understanding the interactive visualizations associated with these 

concepts.  Marsden and Tromba’s use of an open disk or open ball is a common 

interactive visualization that is used to help students gain an intuitive understanding of 

the strict definitions underlying open sets, limits, and continuity [5, p. 107].  

To begin defining an open set, let an open disk have a center        and a 

radius      An open disk is defined to be the set of all points x such that ‖    ‖    

and      and is denoted by   (  ). In Figure 14 the disk   (  ) is illustrated for 

       . For     and       where the open disk   (  ) is the open interval 

((         ). For    , with      ,   (  ) is the interior of the disk of radius r 

centered at   . For    , with      ,   (  ) is the interior of the ball of radius r 

centered at   . The open disks in Figure 14 are examples of interactive visualizations that 

allow users to explore various radii and centers in different dimensions of n.  

 

 

r

z

x

yx

y

x

(x0,y0)

rx0-r x0+r
x0

(x0,y0, z0)
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Figure 14. Open Disks   (  ) for one, two, and three dimensions.  

According to Marsden and Tromba the definition for Open Sets and a Boundary is 

the following. 

Definition: Open Sets   Let     . Call   an          when for every point    in   

there exists some     such that   (  ) is contained within  ; symbolically, write 

  (  )    [5, p. 107]. 

 

Mardsen and Tromba go on to show that an open disk is an open set by using the 

extension of Figure 15 to prove the following Theorem.  

Theorem 1: For each       and    ,   (  ) is an open set.  

Proof: Let    (  ) . So ‖    ‖    and according to the definition of an open 

set, one must find a disk with center x and radius     such that   ( )    (  ) as 

shown in Figure 15. As can be seen     ‖    ‖ is a good choice to prove that 

  ( )    (  ). Let     ( ) so ‖   ‖     One wants to show that     (  ) by 

showing that ‖    ‖   . Using the triangle inequality it can be seen that 

‖    ‖  ‖(   )  (    )‖  ‖   ‖  ‖    ‖    ‖    ‖     

therefore, 

‖    ‖   . 
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Figure 15: The disk   ( )    (  ). This visualization guides the reader to a better 

understanding of how each   (  ) is an open set for each      . 

The open disks shown in Figure 15 are yet another example of an interactive 

visualization. It satisfies the condition of being dynamic in that it allows users to explore 

the concepts of open sets by allowing one to change the parameters of center of the disk 

or the radius of the disk. This was a guiding visualization as demonstrated in the proof of 

Theorem 1. It allows users to search for fallacies in the logic of open sets by allowing 

them to choose different    for different dimensions of n disks. Since the open disk 

visualization is dynamic, guiding, flexible, and open it shall be considered an interactive 

visualization.  
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s
d

x0

y
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Chapter 6: Conclusion 

There are many places where teachers and students can realize the benefits of 

interactive visualizations inside the mathematics classroom. The examples outlined in 

this paper can all be linked to the Principles and Standards of the National Council of 

Teachers in Mathematics (NCTM).  

Interactive Visualizations could effectively be used as an exploration of polygonal 

and centered polygonal numbers where students can test conjectures and properties of the 

numbers as outlined in the Principles and Standards for School Mathematics according to 

NCTM. The Geometry section for Grades 9-12 of the Principles and Standards states that 

students should analyze properties and determine attributes and explore relationships of 

two- and three-dimensional objects, make, test and solve problems involving them. 

Students should also establish the validity of geometric conjectures using deduction, 

proving theorems, and critiquing arguments made by others. Also students are to use 

geometric models to gain insights into, and answer questions in, other areas of 

mathematics [3]. The study of polygonal and centered polygonal numbers in a high 

school mathematics classroom could allow students a playground to test and prove many 

properties, conjectures, and relationships of the figurate numbers. Similarly Interactive 

Visualizations using Newton’s Method’s could provide a worthwhile extension in a 

Calculus classroom that could lead into conversations of convergence.  

Through the increased use of interactive visualizations students should advance 

through topics with a more complete understanding. The field of mathematics has grown 

at a rapid pace during the 20
th

 century largely due to the ease of computation and visual 
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representations. This is due to the increased use of calculators and computers allowing 

mathematicians to discover realms of mathematics that have never been seen before. It 

allows for questions that may have never arisen had the visual representations never 

existed. 
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