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Supervisor:  S. Travis Waller 

 

In many countries across the world, fossil fuels, especially petroleum, are the 

largest energy source for powering the socio-economic system and the transportation 

sector dominates the consumption of petroleum in these societies. As the petroleum price 

continuously climbs and the threat of global climate changes becomes more evident, the 

world is now facing critical challenges in reducing petroleum consumption and exploiting 

alternative energy sources. A massive adoption of plug-in electric vehicles (PEVs), 

especially battery electric vehicles (BEVs), offers a very promising approach to change 

the current energy consumption structure and diminish greenhouse gas emissions and 

other pollutants. Understanding how individual electric vehicle drivers behave subject to 

the technological restrictions and infrastructure availability and estimating the resulting 

aggregate supply-demand effects on urban transportation systems is not only critical to 

transportation infrastructure development, but also has determinant implications in 

environment and energy policy enactment.  

Driving PEVs inevitably changes individual’s travel and activity behaviors and 

calls for fundamental changes to the existing transportation network and travel demand 

modeling paradigms to accommodate changing cost structures, technological restrictions, 

and supply infrastructures. A prominent phenomenon is that all PEV drivers face a 
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distance constraint on their driving range, given the unsatisfactory battery-charging 

efficiency and scarce battery-charging infrastructures in a long period of the foreseeable 

future. Incorporating this distance constraint and the resulting behavioral changes into 

transportation network equilibrium and travel demand models (static and/or dynamic) 

raises a series of important research questions. 

This dissertation focuses on analyzing the impact of a massive adoption of BEVs 

on urban transportation network flows. BEVs are entirely dependent on electricity and 

cannot go further once the battery is depleted. As a modeling requirement in its simplest 

form, a distance constraint should be imposed when analyzing and modeling individual 

behaviors and network congestions. With adding this simple constraint, this research 

work conceptualizes, formulates and solves mathematical programming models for a set 

of new BEV-based network routing and equilibrium problems. It is anticipated that the 

developed models and methods can be extensively used in a systematic way to analyze 

and evaluate a variety of system planning and policy scenarios in decision-making 

circumstances of BEV-related technology adoption and infrastructure development. 
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Chapter 1: Introduction 

1.1 MOTIVATION 

The human society’s overdependence on petroleum has contributed to a suite of 

serious economic, security, geopolitical, and environmental problems. Reducing 

petroleum use and seeking energy diversity have become a growing global interest and 

public consensus in many countries. In the U.S., the transportation sector accounts for 27 

percent of its greenhouse gas emissions and 70 percent of the petroleum consumption 

(EIA, 2009). The majority of the petroleum consumption in the transportation sector is 

for fueling light-duty vehicles. Encouraging viable energy alternatives to power vehicles 

and hence changing the current energy consumption structure are becoming increasingly 

urgent tasks for enhancing the nation’s energy security and economic and environmental 

sustainability. 

With innovations in battery technologies and expectedly rapid expansion of 

electricity-charging infrastructures, powering vehicles with electricity is of increasing 

interest in the public and provides a promising strategy in the search for ways to reduce 

petroleum use. In the U.S., the federal government recently announced its strategic plan 

of promoting electricity as a replacement alternative to petroleum for transportation 

purposes. An official domestic goal of putting one million plug-in electric vehicles on the 

road by 2015 has been established, and a variety of fiscal and institutional policies have 

been proposed and implemented by the federal, state, and local governments to encourage 

the electrification of transportation systems (Becker et al., 2009). 

Different from gasoline vehicles (GVs), plug-in electric vehicles (PEVs) are 

vehicles relying primarily or exclusively on electricity and designed for being recharged 

by plugging its battery into the electric grid. Those plug-in vehicles equipped with both 
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gasoline engines and electric motors (e.g., BYD F3DM, Chevrolet Volt, and Toyota 

Prius, to name a few) are plug-in hybrid electric vehicles (PHEVs), while those relying 

entirely on electricity (e.g., BYD E6, Ford Focus EV, Mitsubishi i-MiEV, Nissan Leaf, 

Smart ED, and Subaru R1E) are classified as battery electric vehicles (BEVs) or all 

electric vehicles (AEVs). 

Once a BEV’s battery storage is depleted, the vehicle cannot be driven any 

further. Among the aforementioned BEV models, the driving range of a Mitsubishi i-

MiEV of its 2011 version is around 62 miles, while a Nissan Leaf can run up to 100 miles 

on a single charge, for example. Given that the electricity consumption is typically 

proportional to the driving distance, the driving range for BEVs is primarily confined by 

the battery capacity. At the initial stage of the market, the number of charging stations in 

most urban areas at present is very limited (for instance, among all the states in U.S., 

California is now the only state that has more than five hundreds charging stations (DOE, 

2011)), which makes drivers perceive the driving range limit as a potential worry. This 

phenomenon has been described as the so-called “range anxiety”: the mental distress or 

fear of being stranded because the battery runs out of charge (Mock et al., 2010). 

Although many cities are planning the construction and expansion of charging 

infrastructures for BEVs, it is susceptibly likely that in the foreseeable future BEV 

commuters will need to charge their vehicles at home most of the time (Marrow et al., 

2008), or even if some charging stations will be available for them to charge en route, the 

number of these charging stations will be limited. It is obvious that the driving range limit 

inevitably adds a certain level of restrictions to BEV drivers’ travel behaviors, at least in 

a long future period prior to the coverage of recharging infrastructures reaching a 

sufficient level. 
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The widespread adoption of BEVs calls for fundamental changes to the existing 

network flow modeling tools for properly capturing changed behaviors and induced 

constraints in forecasting travel demands and evaluating transportation development 

plans.  

1.2 DISSERTATION CONTRIBUTIONS 

Though PHEVs is more popular in current market, BEVs are the only forms of 

transportation that provide a clean solution for individual mobility. Besides, PHEVs are 

unlimited on their travel ranges, so there is no difference between them and GVs from the 

modeling perspective. Therefore, this dissertation focuses on analyzing the impact of the 

massive adoption of BEVs on urban transportation network flows. We conceptualize, 

formulate and solve mathematical programming models for a set of new BEV-based 

network routing and equilibrium problems.  

Four major problems are addressed in this dissertation. The first one deals with 

BEVs’ route choice behaviors. Travel demand modeling or forecasting is based on the 

prediction of travelers’ travel choices. Travel choices are all the decisions made by 

travelers that related to their trip. For example, travel time choice, mode choice, route 

choice, destination choice, etc. Among these travel choices, the route choices of BEVs 

are highly impacted by vehicles’ range limits. Route choice behavior is also the basis of 

analyzing some other travel choices and network flow patterns. Therefore, studying the 

route choice behaviors of BEVs in different infrastructure conditions is the first step of 

this research work.  

If charging stations are only available at home or at home and activity places 

(e.g., working place, shopping mall), the route choice behaviors of BEVs can be modeled 

as a single resource constrained shortest path problem (SRCSPP) which has been 
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extensively studied in operations research area. However, many cities are now building or 

have planned to build more charging stations for electric vehicles. Furthermore, with the 

recent development of battery technologies, the required charging time is being 

continuously reduced, which makes en route charging possible. Therefore, modeling 

more charging stations in the network and considering BEV travelers’ en route charging 

needs becomes a more realistic modeling concern and adds another modeling dimension. 

On the other hand, it is also reasonable to expect that the number of charging stations will 

be limited in the near future. Motivated by this prediction, this dissertation studies the 

route choice behavior of BEVs when a limited number of en route charging stations are 

available. This problem is formulated as a special constrained shortest path problem, the 

shortest path problem with recharging (SPPR). Very limited similar studies can be found 

in the context of telecommunications network design problem. But no mathematical 

formulations have been proposed so far. This dissertation work contributes two 

innovative integer programming formulations and efficient solution algorithms for this 

problem. 

Secondly, based on the assumption that BEVs can only charge at home or only at 

home and work/activity place, a model is developed to predict how traffic flow patterns 

will be impacted by BEVs’ restricted route choice behavior. This problem is studied 

considering that public charging stations are barely available is the current situation and 

may continue for a period of time. This problem is formulated as a distance-constrained 

traffic assignment problem (DCTAP) in which route choices simultaneously follow the 

Wardropian equilibrium principle and yield the constraint imposed on the path length. 

Linear approximation algorithm is adopted to solve this problem. The feasible direction-

finding step, however, involves the SRCSPP, which poses some difficult combinatorial 

complexity, but can be solved relatively efficiently in practice.  
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The distance constraint has a much deeper and wider influence on urban travels 

and activities than what we studied in DCTAP. In its simplest case, it not only changes 

individual route choice behavior, but also at least destination choice. For promoting a 

more realistic modeling tool, we proposed a combined multi-class equilibrium model, 

which incorporates route choice, destination choice and parking choice. Parking choice is 

considered in this model to describe the preferential policy for electric vehicles’ parking 

that was adopted by many cities to encourage electric vehicle usage. An additional 

benefit of this combined model is that it will be less possibly in the jeopardy of being 

infeasible with respect to the distance constraint. GVs and BEVs are explicitly considered 

in this model so that the impact of different penetration rates of BEVs on travel choices 

and traffic flow patterns can be studied. 

The former two problems are based on the current situation that BEVs can only 

charge at home or home and work/activity places. However, as mentioned before, 

charging en route is the behavior we expect to see in future. It is natural to ask how this 

route choice with en route charging behavior will impact the traffic flow pattern 

throughout a transportation network. To answer this question, a new traffic assignment 

model incorporating SPPR to describe BEV travelers’ route choice behavior is proposed. 

Solution algorithms are developed to solve this problem efficiently in large networks. 

The impact of the number and location of charging stations on transportation network 

flow patterns is also studied. 

For each model developed in this dissertation, one or more algorithms are 

developed and numerical studies are carried out on various networks with different sizes. 

These numerical studies validate our work and derive other insights, for example, how 

travel behavior and transportation flow patterns are impacted by some factors such as 

penetration rates, charging station locations, etc.  
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The problems studied in this dissertation also lay the foundation for studying 

many other electric vehicle-related transportation systems analysis problems. The models 

we proposed characterize a new network equilibrium paradigm, which offer a solid basis 

for constructing more complicated and realistic yet readily tractable BEV-related network 

flow problems as well as system planning and policy problems.  

1.3 DISSERTATION ORGANIZATION 

The remainder of this dissertation is organized as follows. Chapter 2 reviews the 

related research. Different types of constrained shortest path problems and their solution 

algorithms are reviewed, which provide basis for our study of BEVs’ route choice. We 

then discuss those literature related to the traffic assignment problem (TAP). Considering 

that the TAP problem studied in this dissertation is TAP with additional side constraints, 

past research about TAP with alternative cost structures and restrictions are discussed in 

detail. Finally, network equilibrium problems with combined travel choices and parking 

choices are also reviewed. 

In Chapter 3, we discuss about two optimal path problems which define BEVs’ 

route choice behaviors under different assumptions about the infrastructure conditions. 

These optimal path problems are the basis for analyzing corresponding network 

equilibrium problems in following chapters. As mentioned before, these two optimal path 

problems are SRCSPP and SPPR respectively. The SRCSPP has been extensively 

studied, while SPPR is a rather new problem. Therefore, SPPR, specifically its 

mathematical formulation and solution algorithms, are the focus of this chapter.  

Chapter 4 and 5 are based on the first route choice behavior assumption, i.e., BEV 

drivers choose those paths with total length less than their vehicles’ range limits. Chapter 

4 studies the impact of route length constraint on traffic flow patterns throughout the 
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network, while Chapter 5 studies its impact on travelers’ route, destination and parking 

choices. 

Chapter 6 is based on the second route choice behavior assumption, i.e., BEVs 

can charge en route and the range constraint is set upon the distance between two 

consecutive charging stations. This chapter analyzes the influence of this en route 

charging requirement on transportation flow patterns. 

The last chapter concludes this dissertation research and outlines various 

opportunities for future research. 
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Chapter 2: Literature Review 

As mentioned before, the basis of network equilibrium analysis is prediction of 

traveler’s route choice behavior. People make their travel choices to maximize their own 

benefit or minimize the disutility associated with their travel. Therefore, people choose 

the route with minimum cost is a reasonable assumption and has been widely accepted in 

the transportation research area. Traveler’s route choice behavior is generally modeled as 

a shortest path problem. However, for BEVs, a range limit needs to be respected. This 

poses special constrained shortest path problems. Therefore, in the first section of this 

chapter, we review different variants of shortest path problem and the commonly used 

exact algorithms for solving them.  

The network equilibrium analysis work presented in this dissertation builds on 

earlier work in static traffic assignment modeling, combined travel forecasting modeling 

and methods previously developed for solving them. A great deal of literature exists for 

each of these two topics; however few researchers have looked at those problems with 

alternative cost structures or restrictions. In the second section of this chapter, we first 

briefly review classical static traffic assignment models and their solution methods. We 

will discuss in detail TAPs with alternative cost structures or restrictions. Then, we 

focuses on multiclass combined travel forecasting models, mainly destination choice and 

traffic assignment combined model, and network equilibrium problems with parking 

choices.  

2.1 SHORTEST PATH PROBLEM AND ITS VARIANTS 

In this section, we first briefly introduce shortest path problem and some of its 

variants. They are closely related to the optimal path problems that will be discussed in 

Chapter 3. The review will mainly focus on their solution algorithms. 
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2.1.1 Problem Description 

Shortest path problem (SPP) 

The unconstrained, single-origin, single-destination SPP is concerned with finding 

a path of minimum cost from a specified origin node   to another specified destination 

node   assuming that each arc         has an associated cost    . Its mathematical 

formulation can be stated as follow: 

   ∑       

       

 

Subject to 

∑    

           

 ∑    
           

 {

                            
                      
                           

 

 

                  

Where   is the set of arcs and   is the set of nodes.  

SPP is simple but also important because it has applications in many different 

problem domains, such as equipment replacement, project scheduling, cash flow 

management, message routing in communication systems, and traffic flow through 

congested networks. SPP is the most important and time-consuming step of Frank-Wolfe 

algorithm for static traffic assignment (Sheffi, 1985).  

Resource constrained shortest path problem (RCSPP) 

Assuming each arc         has an associated cost     and a vector of resource 

(     
   ), for this problem, we wish to find the least-cost path between   and   such 

that the total amount of the  th resource consumed by this path is less than its pre-

specified value   . The mathematical formulation of the basic RCSPP is shown as 

follow. 
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When    , i.e., only one resource is considered, RCSPP becomes the single resource 

constrained shortest path problem (SRCSPP). Correspondingly, RCSPP with more than 

one resource is referred as MRCSPP. RCSPP were applied into various contexts to solve 

practical problems, such as vehicle routing (Desrochers et al., 1992), flight crew 

scheduling (Graves et al., 1993), wastewater treatment and building construction 

(Elimam and Kohler, 1997), global supply chain design (Wilhelm et al., 2005), name a 

few. 

Shortest path problem with time windows (SPPTW) 

SPPTW is another variant of SPP that has been intensively studied. It consists of finding 

the least cost path between   and   while visiting each chosen node   within a specified 

time interval [     ]. Each arc         is associated with a positive duration     besides 

cost    . The basic SPPTW can be formulated as follows: 

   ∑       

       

 

Subject to: 

∑    

           

 ∑    
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 11 

(         )      

         

                      

Where    is the arriving time at node  . When      , the condition           must 

hold, i.e., if node   is visited at the earliest possible time, node   may then be visited 

before the end of its time window. SPPTW is commonly used as a sub-problem in vehicle 

routing problem with time window (VRPTW) (e.g., Kohl and Madsen, 1997). If not only 

the time window is considered, but multiple resource windows present, SPPTW can be 

extended to the shortest path problem with resource windows (SPPRW). Apparently, 

RCSPP can be regarded as a SPPRW with a hard window at each node for each resource 

that ranges from 0 to the total resource limitation.  

Multi-objective shortest path problem (MOSPP) 

The SPP with more than one performance measure (e.g., cost) to be optimized is 

called MOSPP. In this problem, every arc         is associated with a set of attributes 

(     
   ) and all arc attributes are assumed to be nonnegative and additive along paths. 

A path is said efficient or non-dominated if there does not exist any feasible path that is 

superior to this path in terms of each of the attributes/objectives. The goal of MOSPP 

then is to find all efficient or non-dominated paths between   and   in terms of all 

attributes. An n-objective shortest path problem can be in general written into the 

following mathematical form: 

   [ ∑    
    

       

]

       

 

Subject to: 
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∑    

           

 ∑    
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Most of practical problems want to find the optimal solution in terms of multiple 

objectives, so MOSPP is widely applied to different contexts, such as hazardous material 

transportation (e.g., Turnquist, 1987; Xie and Waller, 2011), routing problem (e.g., 

Boffey, 1995), facility location problem (e.g., Current et al., 1990), etc. 

Shortest path problem with replenishment/relay (SPPR) 

 SPPR is a generalization of the SRCSPP. It consists of finding a least cost path in 

a directed network with replenishment/relay nodes/arcs that reset the accumulated 

resource along the path to zero. Unlike the above introduced variants of SPP which have 

been extensively studied in past, the literature dealing with SPPR is quite limited. A 

similar problem is studied in the context of mail delivery by Bouliane and Laporte 

(1992). It consists of minimizing the number of relay box locations at which postmen can 

replenish their mail bags along their routes, given that they can only carry a limited 

amount of mail at any time. This problem was formulated as a set covering problem and a 

heuristic solution method was proposed. Cabral (2005) studied SPPR in 

telecommunication network design contexts, where a signal sent from an origin to a 

destination must be regenerated every a certain units of distance to continue its travel. In 

that problem, every node can be used to regenerate the signal, but a cost is associated 

with the regeneration. Laporte and Pascoal (2011) revisited the problem studied by 

Cabral (2005). They first modeled the problem as a particular bi-criteria path problem 

involving an aggregated function of the path and relay costs, as well as a weight function. 

Based on this formulation, a labeling algorithm is developed to solve this problem. They 
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also considered a variant of the problem which takes into account all three functions 

separately. The most recent study on a similar problem is that of Smith et al. (2012). In 

their problem, replenishment/relay happens on a subset of arcs instead of all nodes and no 

replenish cost is considered. Practical applications of this problem arise in airline crew 

paring, aircraft routing problems, etc. However, no mathematical formulation has been 

given in any of these literatures. 

2.1.2 Solution Algorithms 

SPP can be solved in polynomial time and its solution algorithm has been widely 

investigated. Labeling methods, including label setting and label correcting, are the most 

commonly used approach for solving SPP. Label setting algorithms (e.g. Dijkstra’s, 

1959) are only applicable for problem with positive link cost, while label correcting 

methods (e.g. Bellman, 1958; Ford and Fulkerson, 1962) can solve problems with 

arbitrary link cost but no negative cycles. Both label setting and label correcting 

algorithms are iterative. They assign tentative distance labels to nodes at each step. The 

distance labels are upper bounds on the shortest path distances. Unlike label setting 

algorithms which designate one label as permanent (optimal) at each iteration, label 

correcting algorithms consider all labels as temporary until the final step, when they all 

become permanent.  

To review the solution methods for those variants of SPP, we divided them into 

three groups: the first group includes RCSPP, SPPTW and SPPRW. These problems all 

try to find the shortest path subject to some kind of constraints. We refer them as 

constrained shortest path problem (CSPP) hereafter. The second family of problems is the 

MOSPP and the last group of problem is SPPR. 
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The exact algorithms that have been developed for solving CSPP can be divided 

into two main categories: one involves solving a relaxed problem using Lagrangian or 

linear relaxation, and the other uses methods based on Dynamic Programming (DP).  

Relaxation-based methods take advantage of the effectiveness of algorithms that 

solve the unconstrained shortest path problem. They generally involve two steps: (1) 

solve the relaxed problem to get the lower and upper bounds for the optimal solution of 

original CSPP and (2) close the gap between lower and upper bounds. For example, 

Handler and Zang (1980) used a lagrangian relaxation method to solve the WCSPP, 

where k-shortest path algorithm was used to close the duality gap; Beasley and 

Christofides (1989) proposed a similar method to optimize RCSPP. Subgradient 

optimization is used to (approximately) solve the Lagrangian dual and branch-and-bound 

to close the duality gap; Mehlhorn and Ziegelmann (2000) proposed a hull approach to 

exactly solve the linear-relaxation of RCSPP and closed the gap using path ranking with 

online pruning; More recently, Carlyle et al. (2008) again used lagrangian relaxation for 

WCSPP but closed the optimality gap by enumerating near-shortest paths. 

Dynamic programming, especially the labeling method is another popular 

approach to solve CSPP. The principle of labeling method, briefly, is associating with 

each node a set of labels. Each label on a node represents a different feasible partial path 

from origin to that node and consists of a group of numbers representing the cost and 

time/consumption of resources of this path. At each node, rules are used to eliminate 

those labels dominated by existing labels. Similar to that for basic SPP, labeling 

algorithms for CSPP can also be classified into two groups: label setting and label 

correcting. Label setting approach is an extension of Dijkstra’s algorithm. It treats labels 

in an order based on the time/resource consumption and designates one label as 

permanent at each iteration. Label correcting approach is an extension of the Ford-
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Bellman algorithm, in which nodes are repeatedly treated and no label is permanent until 

the final step.  

Aneja et al. (1983) presented a label setting algorithm for RCSPP which is a 

generalization of Dijkstra’s algorithm. Desrochers and Soumis (1988) proposed a 

generalized permanent labeling algorithm for SPPTW. Dumitrescu and Boland (2003) 

modified the label setting algorithm of Desrochers and Soumis (1988) for solving both 

WCSPP and RCSPP. Feillet et al. (2004) extended the label correcting method of 

Desrochers (1988), which is originally developed for RCSPP, into an exact solution 

procedure for finding the elementary shortest path (with no repeated nodes) with resource 

constraints, and embedded it in a column generation scheme for the classical vehicle 

routing problem with time windows. Boland et al (2006) proposed an accelerated label 

setting algorithm for the elementary RCSPP which used node resources to forbid 

repetition of nodes on the path. 

Preprocessing was sometime jointly used with both relaxation based algorithms 

and labeling methods to expedite the solution process of CSPP. Preprocessing uses some 

techniques to eliminate vertices and edges that cannot lie on any feasible path using 

simple bounding arguments based on edge resource and that cannot lie on any optimal 

path when a feasible solution is available. As a result, network size can be reduced. Aneja 

et al. (1983) used preprocessing techniques to reduce the network before applying a label 

setting algorithm to RCSPP. Beasley and Christofieds (1989) used similar techniques and 

report typical reduction in graph size of 10-20%. Dumitrescu and Boland (2003) also 

demonstrated that preprocessing can be very effective in reducing network size and 

solution time. They showed that when their modified label setting algorithm makes full 

use of information found in preprocessing, it strongly outperforms some other algorithms. 
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Carlyle et al. (2008) also used the preprocessing techniques proposed by Dumitrescu and 

Boland (2003) with some added aggregate constraints. 

The labeling methods also constitute the major part of existing solution 

techniques for MOSPP. The labeling methods for MOSPP share the same idea as that for 

CSPP, e.g., the storage of multi-label vectors and the use of the vector dominance rule at 

each node in the dynamic updating process. It can also be classified into: label setting 

methods (e.g. Hansen, 1979; Daellenbach and De Kluyver, 1980; Martins, 1984; Cox, 

1984; Tung and Chew, 1992) and label correcting methods (e.g. Vincke, 1974; Loui, 

1983; Warburton, 1987; Brumbaugh-Smith and Shier, 1989; Skriver and Anderson, 

2000), in terms of how label sets are updated at nodes and how shortest path labels 

“converge” to the optimal set. Because of their relatively simple algorithmic logic and 

ease of implementation, labeling methods have been widely used in different application 

of MOSPP (e.g. Turnquist, 1987; Nozick et al., 1997; Chang et al., 2005; Cox, 1984; 

Miller-Hooks and Mahmassani, 1998). Other exact methods for solving MOSPP include 

ranking methods (e.g. Cl maco and Martins, 1982), constraint methods (e.g. Lawler, 

1976), and parametric methods (e.g. Robbins, 1983; Current et al., 1990; Coutinho-

Rodrigues et al., 1999).  

All the literature dealing with SPPR employed labeling algorithm and 

demonstrated that it is the most efficient one. Cabral (2005) proposed three algorithms to 

solve SPPR. The first one uses the structure of a feasible path, which consists of a 

sequence of subpaths between signal regeneration, to develop a method in which a 

shortest path is found in an expansion of the original network. In this new network, 

regeneration happens at all nodes, and arcs represent the least cost resource-feasible 

regeneration-free path between the two nodes in the original network. The second and 

third ones are label correcting algorithms that use different methods of storing the labels. 
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He showed that the labeling algorithm is much faster than the network expansion method.  

Laporte and Pascoal (2011) presented both a labeling-setting and label correcting 

algorithms for the SPPR. Their method makes use of the property that number of labels 

needed at any node is no more than the resource limit plus one. It employs a matrix to 

store those potential labels. Their method takes advantage of the cheap memory to 

achieve better time performance. They found that label correcting method is generally 

much more efficient than label setting method. Smith et al. (2012) studied two 

algorithms. The first one is still the label correcting algorithm, but they explore it with 

preprocessing techniques and alternative label/node treatment orders. The second one is 

similar to the network expansion method proposed by Cabral (2005), but with improved 

computation performance by incorporating some bounding techniques. The labeling 

algorithm is again proved to be the more efficient one. According to the numerical study 

in Smith et al. (2012), when no negative arc costs, the label correcting algorithm without 

preprocessing and with minimum cost label treatment performs better than others in most 

of cases. 

2.2 NETWORK EQUILIBRIUM ANALYSIS 

In this section, we review some network equilibrium problems that highly related 

to the problems studied in this dissertation.  

2.2.1 Traffic Assignment Problem 

Traffic assignment is an essential and fundamental step in the transportation 

planning process. It predicts the vehicular flows on the transportation network by 

assigning travel demands given in terms of an origin-destination trip table to routes in a 

network according to some route choice model. Static refers to models of constant flows 

over a congested period, such as the weekday morning or afternoon peak commuting 
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period, possibly divided into intervals of 30 to 60 minutes. The User Equilibrium (UE) 

model is perhaps the most widely used static traffic assignment model in transportation 

planning practices. This UE model is based on the well-known Wardrop’s First Principle, 

which states: 

“The journey times on all the routes actually used are equal, and less than those 

which would be experienced by a single vehicle on any unused route” (Wardrop, 1952). 

2.2.1.1 Basic TAP 

If link performance functions describing the relationship between travel times and 

flows on the links are separable, integrable and monotone, then the UE link flow pattern 

can be obtained by solving a convex mathematical program, which was first formulated 

by Beckmann et al (1956). Because of this basic model’s simplicity and nice 

interpretation, it’s very attractive for practitioners. While its special structure (Cartesian 

product structure) together with its large size in practical applications also make it a 

challenge for academic research aiming at the development of efficient solution 

algorithms. Therefore, this basic model received a lot of attention and several highly 

efficient solution methods have been developed for it (See e.g. Patriksson (1994) for a 

thorough review of traffic assignment models and solution methods). 

The solution algorithms of basic TAP can be divided into three main categories, 

namely, link-based algorithms, route-based algorithms and bush-based algorithms. The 

link-based linear approximation method of Frank-Wolfe has been the most popular 

method for solving TAP in practice since the mid-1980s (Frank and Wolfe, 1956). Its 

simplicity makes it easy to understand and implement, and eventually became available 

in almost all commercial software used for transportation planning. It is a feasible 

direction method which generally includes finding a feasible direction and bounding the 
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move size toward that direction. This method is especially useful for determining the 

equilibrium flows in transportation networks because although the mathematical model 

for most practical problems includes a large number of variables, the linear program 

associated with the direction finding step is a shortest path problem which can be solved 

with particular ease by exploiting the network structure. However, the poor convergence 

rate of linear approximation method in the neighborhood of the optimal solution makes it 

not efficient enough for large-scale problem instances.  

Various attempts were made to improve the efficiency of TAP solution method 

(For a detailed review of these methods, interested readers are referred to Florian et al., 

2009), among which the route-based and origin-based algorithms receive most of the 

attention. Route-based methods assume that all used routes, and the flow on each route, 

are known for the current solution. Using that information, flows can be shifted from 

high-cost routes to low-cost routes in order to achieve equilibrium. This idea was firstly 

suggested by Dafermos (1968) and Dafermos and Sparrow (1969) and independently 

implemented by Gibert (1968). When link-cost derivatives are known, they can be used 

to approximate flow shifts from all routes to the minimum cost route of every O-D pair. 

The aggregation of flow shifts over all O-D pairs is used as a search direction, and the 

next solution is chosen as the minimum point of the objective function along that 

direction. Larsson and Patriksson (1992) refer to this approach as Disaggregated 

Simplicial Decomposition (DSD). They also provide encouraging experimental results. 

Jayakrishnan et al. (1994) proposed another route-based method, where shifts are based 

on gradient projection (GP). Most recently, Florian et al. (2009) adapted the projected 

gradient (PG) of Rosen (1960) to solve TAP. The algorithm is based on sequential 

decomposition by O-D pair. Each subproblem is solved by an adaptation of Rosen’s 

gradient projection method. It has the advantage that all paths that carry flow are adjusted 
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simultaneously by shifting flow from paths that have a cost higher than the average path 

cost and increasing the flow on all paths that have a cost lower than the average path cost. 

In that respect it is somewhat similar to the algorithm of Jayakrishnan et al. (1994). The 

difference is that the GP uses a constant that must be chosen in some way to obtain the 

best results, whereas the PG uses a line search to determine the step size for flow 

changes.  

Bar-Gera’s origin-based algorithm (OBA) (2002) and Dial’s algorithm B (2006) 

are the two most well-known bush-based algorithms. OBA computes sequentially 

improved solutions on a decomposition of the flows by origin. The algorithm exploits the 

property that flows by origin do not contain cycles. In addition, it uses a quasi-Newton 

approach to solve the problem by origin, which produces very fine solutions. Algorithm 

B also uses a decomposition of the flows by origin and exploits the fact that flows by 

origin do not contain cycles. It uses the Dafermos algorithm, in which flows are shifted 

sequentially from the longest to the shortest path and a line search is used to obtain the 

step size. The computation of the longest path is very efficient since it is carried out on 

the links that carry flows and do not contain cycles. There are some common features 

between the OBA of Bar-Gera and the algorithm B of Dial, although the basic 

algorithmic scheme is quite different. In general, route-based and origin-based methods 

are able to achieve high accuracy levels. 

2.2.1.2 TAP with Alternative Cost Structures and Restrictions 

The behavioral mechanism underlying the traffic assignment model is a choice, or 

decision-making process. Motorists traveling between origins and destinations choose the 

path on which to travel (Sheffi, 1985). By incorporating more realistic behavioral 

components or system restrictions exist during traveler’s decision making process, 
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various extensions of basic TAP has been developed. In this section, we mainly review 

the research on TAP with alternative cost structures and restrictions. 

TAP with non-additive or path-specific cost was proposed to consider such 

situations as in which people value travel time nonlinearly, or in networks with route-

specific toll or fare structures, etc. Gabriel and Bernstein (1997) discussed several 

conditions in which path costs are non-additive and proposed a general functional form of 

non-additive path costs, which includes the case of path-specific costs. The general cost 

function proposed by them in the case of nonlinear valuation of travel time takes the 

following form: 
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Where   
   is the cost experienced by a person using path   between an origin-destination 

(O-D) pair  - . For all arcs  ,    is the (distance-based) financial cost of using arc  , 

(e.g., tolls and distance-based operating costs such as maintenance),        is the time to 

traverse arc   given the current arcs flow   ,    is the time-based operating costs (e.g., 

gasoline consumption).     
   is the element of arc-path incidence matrix.   

      is a 

function that converts time to money for path  . We can see that the first term in above 

function is the additive part which is the summation of arc cost while the second term is 

path-specific with a path-specific time to money function. They also mentioned that tolls 

and fares, and emission fees are also nonadditive in most of practical cases, which causes 

the path cost nonadditive even ignoring the nonlinear valuation of travel time. Different 

algorithms since then have been proposed to solve this problem (e.g., Bernstein and 

Gabriel, 1997; Lo and Chen, 2000; Han and Lo, 2004). 

TAP with stochastic travel cost or stochastic TAP relaxes the assumption that trip 

makers perceive travel costs deterministically and identically by including a random 
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component in travelers’ perception of travel time. Daganzo and Sheffi (1977) firstly 

formalized the concept of stochastic-UE as an extension of Wardrop’s UE criterion. They 

suggest that the perceived travel cost on path   between O-D pair  -  is 
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Where the first term is the actual travel time on path   between   and  ,   
   is a random 

error term associated with the path under consideration. Route selection is then analyzed 

by applying discrete choice models to the decision-making process. 

Multi-criteria TAP models are developed to model the decision-making process of 

travelers with different demographic or social-economic backgrounds. For example, 

Leurent (1993) developed a cost-versus-time equilibrium model with variable demand 

and continuously distributed value of time (VOT) which provides a more realistic way of 

simulating the users' responses to toll charges. Dial (1996, 1997), based on his cost-

versus-time path finding work (Dial, 1979), proposed a bi-criteria TAP model which 

generalizes classical TAP by relaxing the VOT parameter in the generalized cost function 

from a constant to a random variable with an arbitrary probability density function. The 

perceived generalized cost of path   between O-D pair  -  is 

  
     

      
   

Where   
   is out-of-pocket cost of path  ;   

   is time of path  ;   [     is the value-

of-time, a random variable. Different from Leurent’s work which permit only time to be 

flow dependent (Leurent, 1993), Dial’s model allows both cost and time to be flow-

dependent, but assumes fixed demand. Leurent (1996) extended his earlier work 

(Leurent, 1993) by taking into account several user classes and capacity constraints and 

developed the theory and practice of bi-criteria TAP. Nagurney (2002) developed a 

multiclass, multi-criteria network equilibrium framework for decision-making in the 
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Information Age and applied it to telecommuting and teleshopping decision-making. 

Their framework can consider either elastic or fixed demands, and handles distinct 

classes of decision-makers. They formulated their models as finite-dimensional 

variational inequality problems and used those formulations to establish both qualitative 

properties of the equilibrium patterns as well as a computational procedure, along with 

convergence results.  

To capture the impact anticipatory user recourse with respect to route choice in 

response to uncertain network conditions, Unnikrishnan and Waller (2009) developed a 

convex mathematical program for static user equilibrium under uncertain link states 

where users learn the actual state of the arc when they traverse the network and update 

their route choice in an online manner. They assumed that users learn the cost functional 

form of the links when they reach the upstream node. Two variations of information 

learning were considered: one where all users reaching a particular node see the same arc 

states, and another where different users learn different arc states. When a traveler arrive 

at a node  , the cost of any path   from node   to destination   can be expressed as 
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Where  ̂   is the actual travel cost of the first link       on the path   from node   to the 

destination  ,       is the expected travel cost of other links on that path. A solution 

methodology based on the Frank-Wolfe algorithm is provided. 

The capacity-constrained traffic assignment problem is TAP with upper bounds 

imposed on link flows. Link capacities were introduced to model congestion effects (e.g. 

Jorgensen, 1963; Inouye, 1987) and signal controlled links (e.g. Smith, 1987; Yang and 

Yagar, 1994). The generalized path travel cost in this problem becomes 
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Where    is the optimal value of the dual multiplier associated with link capacity 

constraint. Research on this problem mainly focuses on how to solve it efficiently. For 

example, Hearn (1980) proposed an exterior penalty method that minimizes a sequence 

of uncapacitated problems using the Frank-Wolfe algorithm. Inouye (1987) devised an 

interior penalty scheme through the use of the asymptotical penalty function. Hearn and 

Ribera (1980) proposed the augmented Lagrange multiplier (ALM) method, in which 

uncapacitated sub-problems are solved with the Frank-Wolfe algorithm. Larsson and 

Patriksson (1995) proposed a similar ALM approach with the sub-problems being solved 

by the disaggregate simplicial decomposition algorithm. Nie et al (2004) presented a new 

inner penalty function algorithm and an ALM algorithm, both of which use gradient 

projection method for solving uncapacitated sub-problems. Larsson and Patriksson 

(1999) generalized the theoretical findings for the capacitated model and studied a 

general convexly side constrained traffic equilibrium model. They assumed that the 

general side constraints involve only the link flows and suggested dualization approaches 

as solution methods.  

Few research activities have been devoted to TAP with path-level side constraints, 

except one recent study. Jahn et al. (2005) proposed a system-optimal traffic assignment 

problem with an upper bound on path travel times for designing a route guidance system 

that simultaneously promotes system optimum and user fairness. They employed an 

improved version of Frank-Wolfe algorithm (called Partan) proposed by Florian et al 

(1987) to solve this problem. 
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2.2.2 Network Equilibrium Problems with Combined Travel Choices 

Network equilibrium models with combined travel choices have been extensively 

studied in past decades, and there is a substantial body of literature on relevant problems 

of destination and route choices. 

In the travel forecasting context, combined network equilibrium or travel demand 

models were developed for overcoming the inherent inconsistency of the sequential 

procedure. If travel cost functions are separable across different links, these models can 

be in general formulated as convex optimization models. Florian et al. (1975) and Evans 

(1976) separately proposed combined trip distribution and traffic assignment models, as 

an extension of the convex optimization formulation for the prime traffic assignment 

problem by Beckmann et al. (1956).  In their work, the traffic assignment process follows 

the user-equilibrium principle and the trip distribution module follows a gravity model. A 

partial linearization algorithm was proposed by Evans (1976) to solve the combined 

model, which linearizes only the route choice part of the objective function. To capture 

the congestion effect at destinations, Oppenheim (1993) added the endogenous 

destination cost into the above model, as a function of the arriving flow at destinations. 

Erlander (1990) derived an alternative combined trip distribution and traffic assignment 

problem, the unique feature of which is that the stochastic user equilibrium instead of 

deterministic user equilibrium is used for specify the traffic assignment pattern. The same 

model appears in Lundgren and Patriksson (1998), who made an algorithmic progress by 

combining the partial linearization algorithm with the disaggregate simplicial 

decomposition algorithm for updating link flows, which significantly improves the 

computational performance of the original partial linearization method by Evans. 

When multiple user classes (i.e., travelers with different behavioral or choice 

characteristics) are considered, a prerequisite for the integrability condition on the 
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objective function of an optimization model is that the cross-class flow-cost effects must 

be symmetric (Dafermos, 1972). Friesz (1981) presented an equivalent optimization 

model for combined multiclass trip distribution, traffic assignment and modal split, which 

avoided the symmetry restriction on cost functions by expressing Wardrop’s user-

equilibrium principle as a set of nonlinear constraints. However, the resulting 

optimization model is not convex and requires route enumeration for its solution. Lam 

and Huang (1992) proposed a convex formulation for the multiclass combined trip 

distribution and traffic assignment problem which uses symmetric “normalized” link cost 

functions. They adapted the Frank-Wolfe algorithm and Evans algorithm for solving the 

problem and concluded that the Evans algorithm performs better than the Frank-Wolfe. 

Wong et al. (2004) presented a combined trip distribution, (hierarchical) modal split, and 

traffic assignment model with multiple user and mode classes and employed the Evans 

algorithm for its solutions. In a different modeling paradigm, Ho et al. (2006) proposed a 

combined trip distribution and traffic assignment model for a continuum traffic 

equilibrium problem with multiple user classes. They assumed that route choice follows 

the user-equilibrium principle and destination choice is specified by a logit model. A 

finite-element method was used to solve the model. 

2.2.3 Network Equilibrium Problems with Parking Choices 

 Conventionally, parking choice is not included in combined urban network 

equilibrium or travel demand models. However, an increasing number of studies have 

found that parking becomes a major contributing factor to urban traffic congestion (e.g., 

Axhausen and Polak, 1991; Lambe, 1996; Anderson and de Palma, 2004). Very often, 

drivers spend a significant portion of their total travel time looking for available parking 

spaces and circling for parking considerably worsens traffic conditions and air quality of 
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urban networks that are already congested. For example, circling on streets for parking 

contributes to up to 30 percent of San Francisco’s congestion (SFMTA 2011).  Due to 

this reason, in many urban areas, parking management has become an essential part of 

urban transportation management and should be used as a tool to mitigate traffic 

congestion and balance land development. Preferential parking policies, for example, 

may be implemented to encourage the usage of low-emission vehicles. As an integral part 

of urban network modeling and analysis, it is important to understand and predict the 

parking choice behaviors of travelers under various parking policies and travel choice 

restrictions. 

Many studies on static or dynamic network equilibrium analysis of combined 

parking and travel choice models have been carried out in the literature. Here we 

highlight a few examples. Florian and Los (1980) proposed an entropy maximization-

based model for predicting parking occupation in a park-and-ride network. Parking 

capacity was explicitly considered as a side constraint in their model. Nour Eldin et al. 

(1981) developed a combined parking and traffic assignment model which takes into 

account the interaction between parking supply and traffic flows by adding imaginary 

links to represent parking-related searching, parking and walking activities. Gur and 

Beimborn (1984) modeled the time spending in looking or waiting for a parking space as 

an increasing function of the utilization level of the parking area, and analyzed the 

parking process in the framework of user equilibrium. In view of that static models are 

unable to characterize the spatiotemporal travel and parking interactions, Bifulco (1993) 

developed a quasi-dynamic network equilibrium model in which the traffic flow pattern 

in the road network during each time interval is in a steady-state equilibrium with 

stochastic perceptions while the parking demand in the parking system has an 

accumulated effect across time intervals. Specifically, it is assumed in his research that 
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travelers start and complete their journeys within the same time interval and the 

connection between successive time intervals is represented by the parking occupancy 

that is carried over to the next interval. In a subsequent study, Lam et al. (2006) also 

presented a more complex quasi-dynamic network equilibrium model which 

simultaneously considers departure time, route, parking location and parking duration 

choices in road networks with multiple user classes and multiple parking facilities. Their 

model allows trips to go through multiple time intervals. 

2.3 SUMMARY 

 This chapter overviews the literature relevant to the research conducted in this 

dissertation and forms the foundation of following chapters. Analyzing travelers’ route 

choice behavior is the basis of network equilibrium analysis. Therefore, analyzing BEV’s 

route choice behavior under different conditions will be the first major goal of this 

dissertation. As reviewed in this chapter, though SPP and many of its variants have been 

extensively studied, not much research has been done on SPPR which describes the route 

choice behavior of electric vehicles with en route charging requirements. How to model 

this problem and solve it efficiently will be studied in Chapter 3. 

The second major goal of this dissertation research is study the impact of the 

restricted route choice behavior of BEVs on travelers’ other travel choices and 

transportation network flow patterns. Through previous literature review in this chapter, 

we can see that despite of significant of work focused on development of static traffic 

assignment model, combined travel forecasting model and their solution algorithms, there 

had been relatively little work conducted in introducing side constraint to describe 

restriction(s) on traffic flows, especially path level restrictions. How to incorporate path 

level constraints into traditional network equilibrium models, how to solve the new 
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problem, and how the travelers’ travel choices and network flow conditions will be 

impacted by this constraint will be studied in Chapter 4, 5 and 6. 

The next chapter describes SRCSPP where the single resource is path length and 

SPPR where some nodes are charging stations. How to solve them efficiently generally 

and in the context of traffic assignment are also discussed. 
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Chapter 3:  Optimal Path 

Transportation network analysis essentially is analyzing travelers’ decision 

making behavior, modeling its interaction with traffic congestion and solving the model 

to obtain the flow pattern throughout the transportation network. Therefore, analyzing 

traveler’s decision behavior is the foundation of equilibrium analysis and traffic flow 

pattern prediction.  

In this chapter, we study the route choice behavior of BEVs in two different 

situations. The first one is that BEVs can only charge at home or at home and their 

activity places. This reflect the current situation with BEVs’ charging, i.e., only very few 

charging stations out there, charging time is long and most BEV drivers need to charge at 

home. This constraint limits BEVs’ route choice to those paths whose lengths are shorter 

than the vehicles’ travel ranges. Since travelers also want to minimize their travel cost, 

this route choice behavior can be modeled as a distance constrained shortest path problem 

(DCSPP). The second condition is that there are some but not much charging stations 

available and charging time is short enough for en route charging. In this case, BEVs can 

charge at home as well as those charging stations, but the distance from one charging 

station to the next must satisfy their range limits. This route choice behavior can be 

modeled as a SPPR.  

DCSPP has been intensively studied in Operations Research area and many 

efficient algorithms have been developed to solve it, so we will only briefly discuss some 

issues about solving it in the context of traffic assignment. SPPR, however, is a new 

problem and very limited literature has dealt with similar problems, so we will focus this 

chapter on this problem and discuss about its formulations and algorithms. 
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3.1 DCSPP 

DCSPP can be stated as follow: given a directed network         where   is 

the set of nodes and   is the set of arcs, each arc         has an associated cost     and 

a distance    , find the least-cost path from origin   to destination   such that the total 

length of this path is less than a pre-specified value  . The mathematical formulation of 

DCSPP is shown as follow. 
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As mentioned before, DCSPP is a SRCSPP with distance as the single resource. 

SRCSPP has been extensively studied and applied in various problem contexts. Many 

solution algorithms have been developed to solve it efficiently. We reviewed those exact 

algorithms in Section 2.1.2 and pointed out that labeling algorithms are among the most 

efficient algorithms for solving DCSPP especially when it is combined with some 

preprocessing techniques. In this section, we mainly discuss some modifications we 

could do to solve DCSPP efficiently as a subroutine of traffic assignment problem. 

As reviewed in Chapter 2, the solution algorithms for solving TAP can be divided 

into three categories, respectively, the link-based, route-based and bush-based algorithms. 

No matter what method belonging to which category of algorithm is used, finding the 

least cost path is a critical step. When these algorithms are applied to solve the problem 
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of BEVs, instead of finding the least cost paths, the distance constrained least cost paths 

need to be found. In other words, every time a SPP needs to be solved when these 

algorithms are employed to solve the basic TAP, a DCSPP needs to be solved when they 

are applied to solve TAP considering BEVs. As reviewed in Chapter 2, one of the most 

efficient algorithms for solving DCSPP is the label setting algorithm with preprocessing 

(PLS) developed by Dumitrescu and Boland (2003). However, this algorithm is designed 

to solve RCSPP for one O-D pair. The preprocessing procedure need to utilize the 

information of the least cost and least distance paths from the origin to each node and that 

from each node to the destination. Therefore, if this PLS is used to solve the DCSPP for 

multiple O-D pairs, we need to repeat the whole procedure of this algorithm from scratch 

for each O-D pair. For route-based methods like the PG of Florain (2009), the SPP needs 

to be solved for each O-D pair. Therefore, if this algorithm is applied to solve TAP for 

BEVs, the PLS is a good choice. Besides, we can modify the label setting algorithm part 

of PLS to make it stop once the optimal path to the destination is found. We will explain 

more about this after presenting the modified label setting algorithm. After applying the 

preprocessing procedure described in Dumitrescu and Boland (2003), if the optimal 

solution is not found, the algorithm starts the following modified label setting algorithm 

(MLS). 

The label setting algorithms define a set of labels for each node. The kth label for 

node  , (  
    

 ), represent the kth feasible path from origin node to node   and is 

composed of two attributes:   
  is the total cost of travelling this path from the origin 

node to node   and   
  is the length of this path.  

 

Definition 3.1: A label (  
    

 ) is said to be dominated by another label (  
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  and   
    

 . A label (  
    

 ) is said to be efficient 
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if it is not dominated by any other label on the same node and   
   . The path 

corresponding to an efficient label is said to be an efficient path. 

 

The labeling process moves forward from the origin node to all other nodes and 

updates the set of labels on those nodes so that only efficient labels/paths are maintained. 

The algorithm of Dumitrescu and Boland (2003) ends when all the efficient labels are 

generated. At the end of the algorithm, for each node, among the set of efficient labels, 

the one with least cost is the optimal label and the corresponding path is the optimal path. 

As mentioned before, as a subroutine of the PG algorithm, we only need to find the 

optimal path between one O-D pair. Note that if   
  is the minimum cost among all labels 

on all nodes, then the  th path from the origin to node   is the optimal path between them. 

Therefore, once we find the optimal path from the current origin to the current 

destination, the algorithm stops. Suppose the current O-D pair is      , the pseudo-code 

of MLS is given below. 

 

Step 0: Initialization 

Set the label set on origin node             and the label set on node   as      for all 

       . Initialize   , the index set of labels on node  , accordingly for each    . Let 

the set of treated labels      for each    . 

Step 1: Selection of the label to be treated 

if               then STOP; all efficient labels have been generated. 

else choose     and         so that   
  is minimal. 

if     then STOP; the optimal path from   to   has been found. 

else continue to step 2. 

Step 2: Treatment of label (  
    

 ) 
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for all         do 

 if    
        

    then 

  if   
        

    then 

if    
        

        is not dominated by    
    

   for any      

then set              
        

      , if    
    

   for any 

     is dominated by    
        

      , then set           

   
    

  , update    accordingly; 

   if    
       (   

 )     then     
        

   

enddo 

set            

goto step 1. 

 

 In above algorithm,   
  and   

  are, respectively, the distance and cost of the least 

distance path from node   to destination  .   is the upper bound of the cost of the optimal 

path.  (   
 ) is the distance of the least cost path from node   to destination  . These 

values are obtained during the preprocessing procedure. 

 The main difference between this MLS and that given in Dumitrescu and Boland 

(2003) is in step 1. Instead of selecting the label with minimum distance value, we choose 

the label with minimum cost value to be treated. In this case, whenever the chosen label 

is on the destination node  , the path corresponding to this label is the optimal path from 

the origin to   and the algorithm is no longer needed to be continue. 

However, in link-based methods like Frank-Wolfe, we treat all the O-D pairs at 

the same time. In other words, we can solve the SPP for all the O-D pairs at the same 

time. In practice, the all-to-all SPP algorithm like Floyd-Warshall algorithm (Floyd, 

1962; Warshall, 1962) and one-to-all SPP algorithm like Dijkstra’s algorithm (1959) are 
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often employed. Though the preprocessing can reduce the problem size, it can be 

inefficient if it is needed to be run for every O-D pair. Without preprocessing, one run of 

the label setting algorithm can solve the DCSPP from one origin to all other nodes. 

Therefore, in Frank-Wolfe algorithm, the following one-to-all label setting algorithm 

without preprocessing is preferred.  

 

Step 0: Initialization 

Set             and      for all        . Initialize    accordingly for each    . 

Let the set of treated labels      for each    . 

Step 1: Selection of the label to be treated 

if               then STOP; all efficient labels have been generated. 

else choose     and         so that   
  is minimal. 

Step 2: Treatment of label (  
    

 ) 

for all         do 

 if    
        then 

if   
        

        is not dominated by    
    

   for any      then set 

             
        

      , if    
    

   for any      is 

dominated by    
        

      , then set              
    

  , 

update    accordingly; 

enddo 

set            

goto step 1. 

 

The algorithm stops only if all the efficient labels have been generated. When this 

algorithm stops, the path corresponding to the label with minimum cost on node   is the 
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optimal path from the origin to node  . Without the preprocessing procedure, this label 

setting algorithm alone usually is slower than the PLS when allied to one O-D pair. 

However, this label setting algorithm only needs to be run    times per Frank-Wolfe 

iteration, where    is the number of origins, while the PLS needs to be run      times 

where    is the number of destinations.  

The bush-based methods all exploits the fact that flows by origin do not contain 

cycles, and the shortest and longest paths can be easily found in the acyclic network. 

However, this nice property does not exist if we want to find the distance constrained 

shortest or longest path. It has been shown in the work of Wang and Crowcroft (1996) 

that the CSPP is NP-complete even for acyclic networks. Therefore, the efficiency of 

bush-based methods will be impaired if they are directly applied to solve the TAP for 

BEVs. 

3.2 SPPR 

SPPR can be stated as follow: given a subset of nodes      at which 

fueling/charging stations are located, find the least-cost path from origin   to destination 

  such that the length between two consecutive charging stations on this path is less than 

a pre-specified value  .  

We first give an example of SPPR: consider the network shown in Figure 3.1, we 

want to find the least cost path from node 1 to node 8 such that the distance between 

every two special nodes is less or equal to 6.  
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Figure 3.1: An example network 

In this example network, there are thirteen paths from node 1 to node 8 as shown 

in first column of Table 3.1. The cost of each path is shown in the second column of the 

table. The distances between every two consecutive charging stations are shown in the 

third column (note that we assume vehicles are fully charged at the origin node). For 

example, the path 1-2-3-5-6-8 is composed with three segments. The first segment is 

from origin node 1 to the first charging station node 3, the second segment is from 

charging station 3 to charging station 5, and the last segment is from the last charging 

station on this path to the destination node 8. If the length of each segment on a path 

satisfies the distance constraint, then this path is feasible; otherwise, the path is not 

feasible. From Table 3.1, we can see that among all 13 paths, 6 of them are feasible. 

Among these 6 feasible paths, path 1-2-3-5-6-8 is the one with minimum cost, so path 1-

2-3-5-6-8 is the optimal path. 
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Path Path cost Segment lengths Feasible or not 

1-2-5-6-8 7 9 6 
 

No 

1-2-5-6-7-8 8 9 8 
 

No 

1-2-5-7-8 9 9 5 
 

No 

1-2-3-5-6-8 16 5 2 6 Yes 

1-2-3-7-8 16 5 7 
 

No 

1-2-3-5-6-7-8 17 5 2 8 No 

1-2-4-5-6-8 17 6 6 
 

Yes 

1-2-3-5-7-8 18 5 2 5 Yes 

1-2-4-5-6-7-8 18 6 8 
 

No 

1-2-4-5-7-8 19 6 5 
 

Yes 

1-4-5-6-8 22 2 6 
 

Yes 

1-4-5-6-7-8 23 2 8 
 

No 

1-4-5-7-8 24 2 5 
 

Yes 

Table 3.1: Path costs and segment lengths for the example network 

3.2.1 Problem Formulations 

We assume electric vehicles are fully charged with battery at their origins and 

charging facilities are available at their destinations, so   and   can be regarded as 

charging station nodes, i.e.       . The problem can be formulated as the following 

integer program. 

Formulation 1: 

   ∑        
       

 ∑ ∑       
  

              

                                                    

Subject to: 

∑    

           

 ∑    
           

 {
                            
                    
                           

                                          

∑    
  

           

 ∑    
  

           

{
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∑    
  

                   

                                                                    

∑       
  

       

                                                                   

   
                                                                                       

                                                                                      

The decision variables in the above formulation include: 

         -specific arc flow variable of arc       that is used to represent paths 

 connecting the given origin-destination pair       

   
        -specific arc flow variable of arc       that is used to represent paths 

 connecting a dummy origin-destination pair      , where   and   are both 

 refueling/recharging nodes and     

Constraint (3.2) is the same flow conservation constraint commonly seen in the 

basic shortest path problem model. This constraint acts as sending a unit flow through a 

path from origin   to destination  . Note that compared with basic shortest path problem, 

extra constraints (3.3)-(3.5) in this model are set for    
  

, therefore, the integrality of     

is still hold in above model, which means that       if arc       is used by the path 

from   to   and       otherwise.  

To explain what the other constraint mean and why the above model correctly 

describes our problem, we start with a definition of subpath.  

 

Definition 3.2 A subpath is a section of a   to   path which begins and ends at 

charging station nodes.  
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Remember that   and   are special charging station nodes, so the section between 

  and any charging station node on the path and the section between any charging station 

on the path and   are subpaths too. In Figure 3.2, for example, the path segments between 

  and  ,   and  ,   and  ,   and   are subpaths. Link       is on the subpath between   

and  ,   and  ,   and  ,   and  ,   and  , and   and  , but it is not on the subpath between 

  and   or   and  . 

 

 

Figure 3.2: A path from   to   

If we denote a path from   to   as    , a subpath between   and   as    , then we 

say         if     is on the path    , and           if link       is on the subpath  

   .  

 

Lemma 3.1    
     only if          ,         and      is feasible. 

Proof: Given a feasible path    , according to constraint (3.2), we have     

             and                 . Then, following constraint (3.4), we have 

   
                and    

               . That is, a necessary condition for 

   
     is          . Another necessary condition for    

     is           

according to constraint (3.3).   

 

Using the path in Figure 3.2 as an example, we could have    
     since       

    and        . In this case, constraint (3.5) requires that the distance between   and 

  is less than the range limit  . If the distance constraint (3.5) isn’t satisfied in this case, 
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we may have another solution with    
               ,    

                and 

   
               . In this case, we require that ∑       

  
        ∑             

   

and ∑       
   ∑                      , i.e. the distance from   to   and that from   to   

are less than the battery range limit. At the same time, because of constraint (3.4), 

   
      

      
      

      
    , and this is the reason why inequality is used in 

constraint (3.3). Constraints (3.2) and (3.4) together make sure that no charging happens 

at an intermediate charging station if next charging station has been chosen. For example, 

in Figure 3.2, if we chose to recharge at   after charging at  , then we will not charge at   

even if   is on our path from   to  . Among all the feasible solutions, the one minimizes 

the objective function, the total cost of traveling from   to  , is the optimal solution. 

 

Formulation 2: 

Let     = 1 if   is a used charging station on a chosen   to   path and   is the next 

used charging station after   on the path; 0, otherwise. The problem can be also 

formulated as follow: 

 

   ∑ ∑       
   

                          

                                                                 

Subject to: 

∑    

                   

 ∑    

                   

 {

                              
                          
                              

                            

∑    
  

           

 ∑    
  

           

 {

                           

                     
                          

                                 

∑       
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To illustrate the idea behind this model, we still start with a definition. 

 

Definition 3.3 A dummy-path is a subpath with no intermediate charging station 

used. 

 

In Figure 3.2, the subpath between   and   is a dummy-path only if the charging 

station at node   is not used, i.e., even though node   is on the path, no charging behavior 

happens there. The subpath between   and   is a dummy-path because no other charging 

station can be used in between   and  . We denote a dummy-path between   and   as 

   .  

 

Lemma 3.2    
     if and only if          ,         and     is feasible.  

Proof: Note that our objective function is minimizing ∑ ∑       
  

              
, so, 

if no constraint is required to be satisfied,    
    ; otherwise,    

    . According to the 

definition of    ,       if and only if        .     can be regarded as a unit dummy 

flow added to the dummy-path    . If      , according to constraint (3.10), we have 

   
     if and only if          .   

 

As a direct deduction of lemma 3.2, the constraint (3.11) is equivalent to 

following inequality: 

∑    

         

                 

This inequality requires that the distance of each dummy-path on a feasible   to   

path shouldn’t exceed the battery range limit  , which is exactly what our problem 

required. 
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By far, we have illustrated that both formulations model the problem correctly. It 

is not difficult to see that both formulations are based on the idea of sending a dummy 

flow between a pair of charging stations. The difference is that the first formulation 

implicitly makes sure no other node act as a charging station between a chosen pair of 

charging station nodes by enforcing the constraint (3.4), while the second formulation 

explicitly requires this through the definition of    .     in the first formulation is a link 

variable while     in the second formulation can be regarded as a variable on path level. 

3.2.2 Solution Methods 

As mentioned before, a special case of SPPR with only the origin and destination 

nodes are charging station nodes is DCSPP itself. An obvious complexity result is the 

following: 

 

Proposition. SPPR is an NP-complete problem 

 

No polynomial algorithm can be developed for solving SPPR. Three pseudo-

polynomial algorithms are proposed in this section. The first one is a generic method 

directly based on the second formulation we introduced before, the second one is a label 

correcting algorithm based on dynamic programming and the third one is based on 

Lagrangian relaxation. 

3.2.2.1 Auxiliary Network Algorithm 

This solution method has the same basic idea as the first algorithm proposed by 

Cabral (2005) and the Meta-network method developed by Smith et al (2012): a feasible 

path is consisted with a sequence of path segments connected by relay nodes/arcs. Before 

showing how this solution method works, we first introduce following definition. 
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Definition 3.4 An efficient dummy-path is the least cost dummy-path satisfying 

distance constraint between its two end nodes. 

 

Lemma 3.3 Each dummy-path on the optimal   to   path is an efficient dummy 

path. 

Proof: If any dummy-path isn’t satisfy the distance limit, this   to   path cannot 

be optimal. If the dummy path isn’t the shortest one among all those dummy paths 

between the same pair of charging station nodes and satisfying the distance limit, then we 

can always find another dummy path to reduce the cost of the   to   path. Therefore, this 

  to   path cannot be optimal.   

 

According to lemma 3.3, the optimal   to   path can be composed only by 

efficient dummy-paths. If we find out all those efficient dummy-paths between every pair 

charging stations and then find a   to   path composed by some of these efficient 

dummy-paths and has minimum cost, then this path must be the optimal path. The steps 

of this method can then be described as follows: 

Step 1. Find efficient dummy-paths 

Solve DCSPP for each pair of charging station nodes to find the efficient dummy-

paths between them. Let     denotes the efficient dummy-path between charging 

stations   and  ,     denotes the cost of    . 

Step 2. Construct auxiliary network 

Construct a new network contains only charging stations. Add an arc between 

every two charging stations, e.g.   and  , with arc cost equal to    . If there is no 
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efficient dummy-path exists between a pair of charging station, then no arc will be 

added between them in the auxiliary network. 

Step 3. Find the least cost path in the auxiliary network 

Find the least cost path from the origin to destination in the new network and this 

path is the optimal path.  

 

Taking the small network in Figure 3.1 as an example, we have the efficient 

dummy-path between each charging station pair shown in Table 3.2. 

 

special nodes pair Efficient dummy-path 

1-3 1-2-3 (9, 5) 

1-5 1-2-4-5 (14, 6) 

1-8 N/A 

3-5 3-5 (4, 2) 

3-8 N/A 

5-8 5-6-8 (3, 6) 

5-1 N/A 

5-3 N/A 

3-1 N/A 

Table 3.2: Efficient dummy-paths in the example network 

We can see from Table 3.2 that there is no efficient dummy path between node 1 

and node 8, or node 3 and node 8, which means that if we do not charge at any charging 

station en route, we cannot arrive at node 8 directly from node 1 or node 3. As a result, no 

arc connects node 1 and node 8 or node 3 and node 8 in the auxiliary network. Since we 

now have find out the efficient dummy-path between each pair of charging station nodes, 

we can create the auxiliary network as follows: 
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Figure 3.3: The auxiliary network 

The number besides each arc is the efficient dummy-path between the head and 

tail nodes with the cost in the parenthesis. There are two paths from node 1 to node 8, 

respectively 1-2-3-5-6-8 with cost 16 and path 1-2-4-5-6-8 with cost 17. So the optimal 

path is 1-2-3-5-6-8. This is the same result we get by enumeration in the beginning of 

Section 3.2. 

It’s not hard to see that the worst case computational complexity of this method is 

equal to   |  |
   multiply the computational complexity of finding DCSPP. For 

example, Dumitrescu and Boland (2003) report that the complexity of the label setting 

algorithm of Desrochers and Soumis (1988) can be bounded by   | |   with the use of 

appropriate data structures. If this algorithm is used to solve the DCSPP for each pair of 

special nodes in step 1, then the complexity of this method is   |  |
 | |   which is 

pseudo-polynomial. However, this algorithm isn’t efficient considering that it is highly 

dependent on the number of charging stations. As we will discuss in the next section, the 

label correcting algorithm for solving DCSPP can be modified to solve SPPR. This 

modified label correcting algorithm’s complexity is similar to that for solving DCSPP but 

only need to be executed once rather than |  |
  times. 
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3.2.2.2 Label Correcting Algorithm 

In this section, we give another solution method which is based on the labeling 

algorithm for DCSPP and was modified to solve SPPR. A full description of the label 

correcting algorithm for solving SPPR is given below. 

 

Step 0: Initialization 

Set             and      for all        . Initialize    accordingly for each 

   . Let the set of treated labels      for each    . 

Step 1: Selection of the label to be treated 

 if               then STOP; all efficient labels have been generated. 

else choose     and         so that   
  is minimal. 

Step 2: Treatment of label (  
    

 ) 

for all         

(i)  if (  
       ) 

(ii) if       and   
        

  for any      or     , then set 

   {(  
       )} and update    accordingly 

(iii) else if (   
        

     ) is not dominated by (  
    

 ) for any 

    , then set       (   
        

     ), if (  
    

 ) for any 

     is dominated by (   
        

     ), then set    

   (  
    

 )and update    accordingly 

enddo 

set            

goto step 1 
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At the end of this algorithm, the path corresponding to the label with minimum 

cost on destination node   is the optimal path between   and  . 

In step 1, there are various ways of selecting the label to be treated. For example, 

we can select the label with minimum cost or distance. Or we can even choose to treat 

node rather than label. Smith et al. (2012) studied alternative label/node treatment orders 

in their problem and shows that when no negative arc costs, minimum cost label 

treatment performs better than others in most of cases. 

In step 2, we first note that when a label (  
    

 ) on node   is treated, for each 

arc        , a new label (   
        

     ) maybe created only if   
        

[step (i) in above algorithm]. Therefore, we eliminate labels corresponding to infeasible 

paths. Second, we observe that the set of labels on special node   is set to be equal to 

{(    
     )} if   

      is less than the cost of the current label on node   [step (ii) in 

above algorithm]. This means that |  |         , i.e., special nodes will always have 

only one label after the first label is created for it. This is because when we arrive at a 

charging station node, we can recharge there and therefore, the distance constraint is set 

for each dummy-path rather than the whole path from origin to destination. So, we set the 

distance of the label on a special node equal to zero. Since the distance for all labels on a 

special node are the same, only one label will be efficient, i.e., the label with minimum 

cost. So, unlike those ordinary nodes each of which has a set of non-dominated labels, 

each of those special nodes has only one label. However, note that if charging cost is 

considered, to minimize the cost, a vehicle may choose not to charge at a charging station 

node if it can arrive at the next charging station before depleting the battery. In that case, 

the distance reset will not necessarily happen at a charging station node and the above 

algorithm need to be modified correspondingly. 
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Again, using the example shown in Figure 3.1, we can illustrate how this 

algorithm works. In Table 3.3, we give the set of labels on each node in each iteration of 

the label correcting algorithm. The algorithm starts from the only label (0, 0) on origin 

node and treat one label each time. The treated labels are marked with strikethrough and 

are deleted thereafter. Each time, we choose the label with minimum cost to be treated 

and equality is broke arbitrarily. 

 

Iteration                         

0 (0, 0) 
   

 

    

1 (0, 0) (3, 3) 
 

(10, 1) 
 

 

   

2  (3, 3) (9, 0) 
(10, 1) 

(5, 5)     

3   (9, 0) 
(10, 1) 

(5, 5) 
(14, 0) 

   

4   (9, 0) (10, 1)  (13, 0) 
 

(14, 3) 
 

 

5    (10, 1)  (13, 0) 
 

(14, 3) 
 

 

6    
 

 (13, 0) (14, 3) 
(14, 3) 

(16, 1)  

7    
  

(14, 3) 
(14, 3) 

(16, 1) 
(16, 6) 

8    
   

(14, 3) 

(16, 1) 
(16, 6) 

9    
   

(16, 1) (16, 6) 

Table 3.3: The set of labels on each node in each iteration of the label correcting 

algorithm 

From Table 3.3, we can see that charging station nodes (nodes 3, 5) will always 

have only one label and those labels always have zero weight. At last iteration, all the 
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labels are treated and the path corresponding to label (16, 6) on node 8 is the optimal 

path. The cost of this optimal path is 16 and the distance from the last charging station to 

the destination is 6. Tracing back this label, we get the optimal path 1-2-3-5-6-8. The 

optimal path and its cost are the same as we had shown in the beginning of Section 3.2 

using enumeration and that calculated using the auxiliary network algorithm in Section 

3.2.2.1. 

3.2.2.3 Lagrangian Relaxation 

Since we have two nice integer formulations for SPPR, we can exploit these 

formulations and take another approach to solve this problem. Lagrangian relaxation was 

chosen since it is one of the two main trends (Lagrangian relaxation and Labeling 

algorithms) of solving CSPP. In this section we apply Lagrangian relaxation method 

based on the formulation 1. At the first step, similar to that for CSPP, we dualize SPPR 

with respect to the distance constraint (3.5). 

Using       represent the dual variable associated with each constraint in (3.5), 

we define the Lagrangian function as follow 

 

   ∑        
       

 ∑    ( ∑       
  

       

  )

           

 (3.13) 

Subject to  

∑    

           

 ∑    
           

 {
                            
                    
                           

 
(3.14) 

∑    
  

           

 ∑    
  

           

{

                                        

                               
                                     

 (3.15) 

∑    
  

                   

                    
(3.16) 

   
                                      (3.17) 
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                       (3.18) 

The objective function can be also written as follow 

   ∑ (       ∑     
     

  

           

)
       

 ∑     

          

 (3.19) 

The last term can be ignored since it is constant. As mentioned before,          . 

According to constraints (3.16)-(3.17), we have the following conclusion: 

 

Lemma 3.4 If      , there must exist one pair of charging station nodes  ,   such that 

   
     and    

       for all other pair of charging station nodes. 

 

If we find an optimal solution    , and          ,        , then we must 

have    
         and    

           . Then we can rewrite the objective 

function of Lagrangian problem as follow: 

   ∑          
   

       

    

We can see the relaxed Lagrangian problem is actually a shortest path problem 

with parameterized link cost (SPPwPLC). This problem can be solved using a modified 

labeling algorithm like Dijkstra’s method. The solution of this problem provides a lower 

bound on the solution to SPPR. Only those two special nodes that are connected should 

be considered as a pair of charging station in the solution process. So we firstly give a 

search algorithm to find all the pair of connected special nodes. 

 

Search Algorithm 

For all nodes    , do 

unmark all nodes in   
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mark node   

         

While       , do 

  Select a node   in      

                

  For all link         

   If node   is unmark, mark it and add it to      

  End for 

End while 

add all the unmarked special nodes to      , the set of special nodes that are not 

reachable from  

If      , add all the marked special nodes to     , the set of special nodes that 

are reachable from  

End for 

  

Solving the SPPwPLC 

In this section, we give a modified labeling algorithm to solve SPPwPLC, given the 

values of Lagrangian multipliers                 . The procedure is as follows: 

 

Set    
             and   

     for all        ,             . LIST={s}; 

While       , do 

Select a node   in      (FIFO) 

              

For each label   
  

 on node   
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  If        , delete this label from the set of labels on node   

For all link        , do 

  For each label   
  

 on node   

   If            and     

    For        

     If   
           

     
  

, then  

        
     

           
    

      If       , then               

    End for 

   Else If   
           

     
  

, then  

      
     

           
     

  End for   

  If labels on   have been changed and       , then               

 End for 

End while 

 

Initialization 

Those techniques in this initialization procedure have been used by Smith et al (2012) in 

the preprocessing of labeling algorithm.  

Step 1. For each node  , find the least cost path from   to  ,     
 .  

Compute     
 , the cost of     

  and     
 , the distance of the last subpath on     

 . Let 

    
 = True if     

  is feasible, i.e., every subpath on     
  satisfies the distance limit; 

else     
 = False. If     

      , then stop and     
  is the optimal path. Else go to 

step 2. 
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Step 2. Find the least cost path from each node   to  ,     
 .  

Compute     
  the cost of     

  and     
 , the distance of the first subpath on     

 . Let 

    
 = True if     

  is distance feasible; else     
 = False. Go to step 3. 

Step 3. For each node  , find the minimum-distance-feasible path from   to  ,     
 .  

Compute     
 , the cost of     

  and     
 , the distance of the last subpath on     

 . If 

no distance feasible path exists between    and  , then     
      

   . If     
  

 , stop and the problem is infeasible, else let         
 . Go to step 4. 

Step 4. Find the minimum-distance-feasible path from each node   to  ,     
 .  

Compute     
 , the cost of     

  and     
 , the distance of the first subpath on     

 . If 

no distance feasible path exists between    and  , then     
      

   . If     
  

   , update         
 . Go to step 5. 

Step 5. Check the difference between current upper bound and lower bound. 

If          , stop and the path corresponding to     is the optimal path, else 

start the procedure of maximizing the lower bound of the Lagrangian problem 

described below.  

 

Maximizing the lower bound of the Lagrangian problem 

We use subgradient optimization in an attempt to maximize the lower bound of 

the Lagrangian problem. The procedure is as follows: 

Step 1: Set initial values for the multipliers of                 . Initialize the 

maximum lower bound found         and the iteration count    . 

Step 2: Solve SPPwPLC with the current set of multipliers and let the solution be 

{   } {   
  }. The corresponding lower bound     is given by  

    ∑ (       ∑     
     

  

           

)
       

 ∑     
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Step 3: If         , then set         . 

Step 4: If {   } {   
  } is a feasible solution to SPPR, and ∑                   , then 

update     ∑               . 

Step 5: Stop if         , and     is the optimal solution. 

Step 6: Calculate the subgradients 

    ∑       
  

       

                   

Step 7: Define a step size   by 

  
          

∑ (   )
 

          
⁄  

Where   is a parameter satisfying      . Update the multipliers by 

       (          )                  

Step 8: Set       and go to step 2 to resolve the problem if        (     is the 

maximum number of iterations allowed).  

We choose the parameter   by starting with     and then reducing it by a 

factor of 2 whenever the value of      has failed to increase in 3 iterations. The 

maximum number of iterations      is set to be equal to 50. 

 

Closing the duality gap 

Since the SPPR is not a convex problem, there may be a duality gap between the 

optimal objective value of SPPR and its dual. Therefore, a method to eliminate this 

duality gap needs to be developed. 

Suppose after solving the dual problem, we have bounds             and a 

feasible solution associated with    . When         , this solution is also optimal. 

Suppose that         . This would occur when there is a duality gap. In this section, 
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we describe a depth-first search procedure which enumerates the paths between      and 

    until an optimal solution is found. The enumeration procedure commences from  , 

but extends the path from   to   along link       if and only if both the following two 

conditions hold: 

(1)              
      

(2) If     ,            and     
   ; Else              

    

Where      and      are respectively the cost and the length of the path from   to  . 

During the process,     is updated in following cases: 

(1) If     
      

      , {
     

                         

    
          

           

 and         
          

 , 

Then         
          

  

(2) If     
      , {

     
                          

    
          

            

 and         
          

 , Then 

        
          

  

(3) If     
      , {

     
                           

    
          

            

and         
          

 , Then 

        
          

  

The process stops if            and the path corresponding to     is the optimal 

path. 

We applied the Lagrangian relaxation procedure to the example network shown in 

Figure 3.1. In initialization process, a feasible solution is found. The feasible solution is 

1-4-5-7-8 with cost 24. This is the initial upper bound     used in the subgradient 

procedure. In the 3rd iteration of the subgradient procedure, a new feasible solution 1-2-

3-5-6-8 is found. The cost of this new feasible solution is 16, which is lower than current 

upper bound, and therefore the upper bound     is updated as 16. Figure 3.4 shows the 

change of the value of lower bound in the first 50 iterations of the subgradient algorithm. 
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As we can see, the Lagrangian objective function value (the lower bound) increases from 

initial value 7 and converge to its optimal value 10 after around 30 iterations.  

 

 

Figure 3.4: The lower bound value in the first 50 iterations of the subgradient algorithm 

At the end of the subgradient procedure,        and        . A duality gap 

exists. The procedure of closing duality gap starts to enumerate all the paths with cost 

between 16 and 10. From Table 3.1, we can see that only two paths having cost in 

between this range and the enumeration therefore ends very quickly. The optimal solution 

is 1-2-3-5-6-8, the solution corresponding to          and it is again the same as we 

obtained using other two solution methods. 

3.2.3 Numerical Tests 

In this section, we compare different SPPR algorithms’ performance using 

various networks with different sizes. All the networks used in this section are obtained 

from the Network Test Problems website (http://www.bgu.ac.il/~bargera/tntp/). Link free 

flow travel time is used as the proxy of link cost and link length. The three algorithms are 

coded in C++ and run on a Dell PC with Intel Core 2 Duo CPU and 4GB memory. 
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Firstly, we tested three algorithms’ performance when different numbers of 

charging stations are built in the Sioux Falls network as shown in Figure 3.5. The nodes 

with bold circles are charging stations.  

 

 
     (a) 5 charging stations            (b) 9 charging stations            (c) 12 charging stations 

Figure 3.5: The Sioux Falls network with different numbers of charging stations 

The computation time (in seconds) of three algorithms apply to the three scenarios 

shown in Figure 3.5 are demonstrated in Table 3.4 and 3.5. The distance limit   is set to 

be equal to 9 in all three scenarios. Table 3.4 shows the computation time in seconds of 

each algorithm for solving one O-D pair. Five O-D pairs are randomly chosen. The 

optimal path between each O-D pair is shown in the second column. Notice that because 

of the existence of charging station nodes, the optimal path may contain cycle. For 

example, as shown in Table 3.4, the optimal path between O-D pair 1-20 contains a cycle 

6-5-6. 
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Scenario 
O-D 

pair 
Optimal Path 

Auxiliary 

Network  

Label 

Correcting 

Lagrangian 

Relaxation 

(a) 

1-20 1-2-6-5-6-8-7-18-20 0.018 0.008 6.845 

2-22 2-6-5-4-11-12-13-24-21-22 0.018 0.007 5.450 

13-19 13-12-11-4-5-6-8-7-18-16-17-19 0.017 0.007 4.811 

17-21 17-16-18-7-8-6-5-4-11-12-13-24-21 0.019 0.007 8.292 

19-24 19-17-16-18-7-8-6-5-4-11-12-13-24 0.022 0.009 7.409 

(b) 

1-20 1-3-4-5-6-8-7-18-20 0.031 0.006 28.93 

2-22 2-6-8-7-18-20-22 0.032 0.008 0.010 

13-19 13-24-21-22-15-19 0.029 0.005 0.008 

17-21 17-19-15-22-21 0.024 0.004 0.008 

19-24 19-15-22-21-24 0.025 0.005 0.007 

(c) 

1-20 1-3-4-5-6-8-7-18-20 0.032 0.007 37.556 

2-22 2-6-8-7-18-20-22 0.034 0.008 0.008 

13-19 13-24-21-22-15-19 0.034 0.005 0.009 

17-21 17-19-15-22-21 0.038 0.007 0.010 

19-24 19-15-22-21-24 0.036 0.005 0.007 

Table 3.4: Computational performance of solving one O-D pair 

From Table 3.4, we can see that label correcting algorithm performs best in all 

cases and its performance is not significantly impacted by the number of charging 

stations. The auxiliary network method is slower than label correcting algorithm and its 

performance is highly impacted by the number of charging stations. Specifically, the 

more charging stations, the slower the auxiliary network algorithm. This is easy to 

understand considering that the most time-consuming part of the auxiliary network 

algorithm is finding the distance constrained shortest path between each pair of charging 

stations. More charging stations exist, more DCSPP need to be solved. The Lagrangian 

relaxation algorithm is the worst among these three algorithms. Note the Lagrangian 

relaxation algorithm solves the last 4 paths in scenario (b) and (c) pretty quickly because 

the least cost path between these O-D pairs in these two scenarios are distance feasible. 

The algorithm stops after the step 1 of initialization described in Section 3.2.2.3. In other 

cases, the Lagrangian relaxation algorithm is much slower than the other two algorithms. 

The computational performance of Lagrangian relaxation algorithms is comparable with 
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that of labeling algorithms for solving RCSPP mainly because the relaxed problem is just 

a basic SPP which can be solved very efficiently. However, for SPPR, the relaxed 

problem is a SPPwPLC which is more complicated than SPP and cannot be solved as 

efficiently as solving SPP. Besides, though subgradient procedure is quite efficient for 

improving the lower bound value when applied to DCSPP or RCSPP, we observe that it 

is not always efficient when applied to our problem. Its performance is highly dependent 

on the problem itself.   

The computation time of finding the optimal paths between all 576 O-D pairs of 

the Sioux Falls network using auxiliary network algorithms and label correcting 

algorithm are shown in Table 3.5. The Lagrangian relaxation algorithm is not tested since 

it is too slow to solve for all O-D pairs. Using label correcting algorithm, the optimal path 

from one origin node to all destination nodes can be solved in one run of the algorithm, 

while the auxiliary network algorithm have to solve each O-D pair one by one. 

 

Scenario Auxiliary Network  label correcting  

(a) 8.511 0.148 

(b) 13.895 0.155 

(c) 18.310 0.173 

Table 3.5: Computational performance of solving all 576 O-D pairs in the Sioux Falls 

network 

From Table 3.5, we can see that label correcting algorithm performs almost 100 

times better than the auxiliary network algorithm when SPPR is solved for all 576 O-D 

pairs. To test these two algorithms’ performance in larger, realistic size networks, we 

then tested them in the Barcelona network which has 110 zones, 1020 nodes and 2522 

links. We assume respectively 10%, 20% and 30% of nodes in the Barcelona networks 

are charging station nodes and these special nodes are picked randomly. The distance 
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limit     is used. The computational time shown in Table 3.6 is the average time of 

solving SPPR for 10 randomly picked O-D pairs.  

 

O-D pairs 
Auxiliary Network Label Correcting 

10% 20% 30% 10% 20% 30% 

609-714 12.299 26.398 37.407 0.265 0.34 0.355 

954-855 - 26.238 37.303 - 1.85 1.87 

329-787 12.38 26.305 37.278 0.098 0.095 0.103 

519-699 12.28 26.147 37.548 0.75 0.738 0.892 

133-217 - - - - - - 

49-955 12.188 26.31 37.235 1.141 1.295 1.135 

968-274 12.312 26.355 37.14 0.905 1.248 1.14 

997-425 - 26.374 37.243 - 1.857 1.723 

598-378 12.29 26.38 37.153 1.403 1.179 1.302 

140-215 - - - - - - 

“-” indicate the problem is infeasible. 

Table 3.6: Computational performance of auxiliary network algorithm and label 

correcting algorithm in the Barcelona network 

From Table 3.6, we can see that label correcting algorithm is still much more 

efficient than the auxiliary network algorithm. Besides, as mentioned before, the 

performance of the auxiliary network algorithm is highly impacted by the number of 

charging stations.  

We then tested the label correcting algorithm in Austin network which has 7,388 

zones, 7,388 nodes and 18,961 links. The distance limit     is used. The test results for 

10 O-D pairs with different percentage of charging station nodes are listed in Table 3.7. 

We can see from Table 3.7 that the performance of label correcting algorithm is still 

acceptable in such a huge network. Its performance is problem-dependent. It took more 

than 100 seconds to find the optimal path for some O-D pairs but less than a second for 
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some other O-D pairs. The computational cost in most of cases decreases as the number 

of charging stations increases, but it may increases for some O-D pairs.   

 

O-D pairs 10% 20% 30% 

1973-177 105.593 69.596 61.058 

1727-859 3.66 3.115 2.855 

6790-3340 - 13.086 13.063 

6253-477 144.874 105.838 91.219 

2624-3634 39.307 27.382 21.66 

6782-6964 - 113.186 18.961 

2953-3587 26.767 17.018 12.49 

1740-800 0.593 0.607 0.605 

119-4311 2 3.085 5.052 

4632-6658 6.756 5.925 5.574 

Table 3.7: Computational performance of label correcting algorithm in the Austin 

network 

3.3 SUMMARY 

In this chapter, we discuss about two optimal path problems. These two optimal 

path problems describe the route choice behavior of BEVs under different infrastructure 

conditions.  

When BEVs charge only at home or at home and activity places, their route 

choice behavior can be modeled as the DCSPP. This problem is extensively studied and 

widely used in various contexts. We mainly discussed some modifications that can be 

done to improve the efficiency of the solution algorithm of DCSPP when it is used as a 

subroutine of different types of TAP solution algorithms. 

When BEVs can charge en route, their route choice behavior is modeled as SPPR. 

This is a very new problem and no mathematical formulation has been given before. In 

this chapter, we present two integer formulations for this problem and consider three 

different classes of algorithms to solve it, namely, the auxiliary network, label correcting 
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and Lagrangian relaxation methods. The first algorithm exploits the fact that a feasible 

path is consisted with a sequence of feasible path segments connected by recharging 

nodes. The label correcting algorithm adapts standard method for solving DCSPP. The 

Lagrangian relaxation is an exploration of a completely new direction of solving the 

SPPR. It exploits the integer programming formulation. These three algorithms are tested 

in various networks with different sizes. The Lagrangian relxation is one of the most 

popular and efficient algorithm for solving DCSPP, but we found that it is not efficient 

when applied to SPPR due to the complexity of the relaxed problem. The performance of 

the auxiliary network algorithm is highly dependent on the number of charging stations 

and is not applicable for large size networks. In all the numerical tests, label correcting 

algorithm performs best and is able to solve the problem in reasonable time in huge 

realistic networks. 
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Chapter 4:  Network Equilibrium with Distance Constraint 

As introduced in the motivation for this dissertation research, once BEVs’ battery 

storage is depleted, the vehicle cannot be driven any further. Although many cities are 

planning the construction and expansion of public charging infrastructures, it is currently 

likely that most BEV drivers will need to charge their vehicles at home (Marrow et al., 

2008). Electricity consumption is typically proportional to the driving distance. 

Therefore, the battery capacity confines the driving range for BEVs and this limit 

inevitably changes BEV drivers’ travel behaviors. In this chapter, we firstly formulate a 

two-class UE traffic assignment model with a side distance constraint for BEVs’ travel 

distance and analyze some properties of this model. Then, we propose a solution 

approach to solve this model. Finally, some numerical examples are given to illustrate the 

impact of distance constraint on the UE flow patterns. 

4.1 MODEL FORMULATION AND PROPERTIES 

Two classes of travelers: those by gasoline vehicles (GVs) and those by BEVs are 

considered. We also consider different types/ makes of BEVs, with different range limits. 

It is assumed that O-D matrices for GVs and different types of BEVs are given. Our 

objective is to obtain the UE flow pattern on the network and see how it is impacted by 

the distance limits. 

4.1.1 Model Formulation 

As reviewed in Chapter 2, the classic TAP can be described by an equivalent 

mathematical program which is known as Beckmann’s transformation. Using this basic 

formulation and incorporating different distance constraints for different makes/class of 

vehicles, we propose the following distance constrained TAP (DCTAP). 
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               ∑∫        
  

  

 
(4.1) 

Subject to: 

∑    
  

 

     
                      

(4.2) 

    
                            (4.3) 

        
       

                       (4.4) 

     ∑∑∑    
      

  

    

                 
(4.5) 

where: 

   traffic flow rate on link   

      travel cost of link    

    
   traffic flow rate of the mth class of vehicles on path   from origin   to destination 

  

  
   travel demand rate of the mth class of vehicles from origin   to destination   

   distance limit of the mth class of vehicles 

  
   ∑       

  
 , length of path   from origin   to destination   

   distance of link   

    
   link-path incidence parameter.     

     if link   is contained in the  th path from 

origin   to destination  ; otherwise,     
    . 

In this model, the objective function (4.1) and constraints (4.2) and (4.3) 

constitute the basic TAP model. Inequality (4.4) is the added side constraint which has a 

direct physical interpretation. If the flow rate of the mth class of vehicles on path   

connecting origin   and destination   is positive, i.e., if path   is used by the mth class of 

vehicles from   to  , the length of this path (which equals to the sum of the lengths of all 

links used by this path) cannot exceed   , the set distance limit of the mth class of 



 66 

vehicles. For gasoline vehicles, the distance limit is infinity. Therefore, this model takes 

into account both BEVs and gasoline vehicles. 

4.1.2 Optimality Conditions 

In order to check the equilibrium conditions corresponding to the point where the 

above mathematical program is minimized, the first-order conditions of the program is 

analyzed. Let   
   denotes the dual variable associated with the flow conservation 

constraint for the mth class of vehicles between O-D pair  -  in Equation (4.2), and     
   

denotes the dual variable associated with the distance constraint for the mth class of 

vehicles on the  th path connecting O-D pair  -  in Equation (4.4). It is noted that   
   is 

unrestricted in sign and     
   is restricted to be nonnegative. Then, the Lagrangian 

problem can be written as 

                 ∑∑  
  (  

   ∑    
  

 

 )

   

 ∑∑∑    
          

       
  

    

 
(4.6) 

    
                            (4.7) 

where dual variables     
      . 

The optimality conditions of the Lagrangian problem are: 

    
   [∑      

  

 

     
           

      
   ]                         

(4.8) 

∑      
  

 

     
           

      
                           

(4.9) 

    
                             (4.10) 
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                             (4.13) 
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∑    
  

 

     
                      

(4.14) 

Constraints (4.10), (4.12) and (4.14) are simply the flow nonnegativity, distance and flow 

conservation constraints of the original problem formulation, respectively. These 

constraints will hold at the minimum point of the objective function. Let us define 

  
   ∑      

  

 

 
(4.15) 

    
   ∑      

  

 

     
      

       
(4.16) 

where   
   is the path travel cost which is the sum of the costs of those links along the 

path, and     
   can be interpreted as a composite path cost for the mth class of vehicles. It 

is the sum of two components: the path travel cost, and     
      

       which is the path 

out-of-range cost incurred when the path length exceeds the distance limit of the mth 

class of vehicles. From this definition of     
  , we can see that the Lagrangian multiplier 

    
   stands for the value of distance for the mth type of vehicles, i.e., an equivalent travel 

cost value of the unit travel distance. If a path’s total length exceeds a certain type of 

vehicle’s distance limit, the out-of-range cost is so set positive that the composite cost is 

greater than or equal to the minimum path cost and the chance of this path being chosen 

decreases to zero (i.e., equations (4.8) - (4.10)). 

Constraints (4.11) - (4.13) make sure that any path’s composite cost is at least 

equal to its travel cost. Specifically, when         
       

    , i.e., the  th path 

connecting O-D pair  -  is used by the  th class of vehicles and its length is less than the 

distance limit of the  th class of vehicles, we must have     
     for Equation (4.11) to 

hold. In this case, the composite path cost equals to the path travel cost; otherwise, 

    
     and additional cost is incurred. 

Substituting Equation (4.16) into Equations (4.8) and (4.9), we then get: 

    
   (    

     
   )                         (4.17) 
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                           (4.18) 

These two conditions state the user-equilibrium principle under the distance constraint. 

These conditions hold for each path between any O-D pair in the network. For a given 

path, say, path   connecting   and  , the conditions hold for two possible combinations of 

path flow and path cost. Either the flow of the mth class of vehicles on that path is zero, 

i.e.     
     and Equation (4.17) holds. In this case, the composite travel cost for the mth 

class of vehicles on that path,     
  , must be greater than or equal to   

   as required by 

Equation (4.18). Or the flow of the mth class of vehicles on that path is positive, in which 

case     
     

   and both (4.17) and (4.18) hold as equations. In any case, the value of 

  
   is less than or equal to the composite travel cost of the mth class of vehicles on all 

paths connecting   and  . i.e.,   
   is the minimum composite travel cost of the mth class 

of vehicles travelling from   to  . 

It is readily proved that the objective function (4.1) is convex and that the feasible 

region defined by the constraints (4.2)-(4.4) is convex (Sheffi, 1985). Therefore, this 

DCTAP model has a unique solution. 

4.1.3 Problem Feasibility 

The model introduced in Section 4.1.1 could be infeasible with respect to the 

extra distance constraint. For some O-D pairs, if none of those paths connecting them 

satisfies the distance limit of a certain class of vehicles, the travel demand between them 

for this class of vehicles cannot be assigned to the network and the problem has no 

feasible solution. Those infeasible O-D pairs however can be easily detected. For 

example, for each O-D pair, we check the shortest path in terms of distance and if the 

shortest path is longer than a certain class of vehicles’ distance limit, then no feasible 

path for the DCTAP exists between this O-D pair for this class of vehicles. 
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4.2 SOLUTION APPROACH 

In the case of a TAP with link-level side constraints, the efficiency of Frank-

Wolfe type algorithm may be degraded seriously when the linearized subproblem is not 

separable for each O-D pair. In the special case of capacity-constrained traffic assignment 

problem, for example, the subproblem becomes a multi-commodity minimum cost flow 

problem, which is quite expensive to solve repeatedly. But when the side constraints 

involve only link flows, the side constraints can be relaxed through penalty or dual 

schemes and the relaxed problem is merely a basic TAP with generalized link travel 

costs. Any efficient algorithm for solving the basic TAP can be used to solve this relaxed 

problem. For this reason, the dual/penalty scheme is a popular approach for solving TAP 

with link-level constraints. 

However, when the side constraints involve path flows, like what we studied in 

this work, the equilibrium conditions of the relaxed problem are based on the path 

impedance which is the sum of path travel cost and a path-specific cost term (see 

discussion in Section 4.1.2). In other words, if we relax the DCTAP into a sequence of 

unconstrained problems through a dual/penalty scheme, the relaxed subproblems are 

TAPs with path-specific costs which are much more difficult to solve than the basic TAP. 

Gabriel and Bernstein (1997) studied the TAP with non-additive path costs and proposed 

a general functional form of non-additive path costs, which includes the case of path-

specific costs. A generic algorithm based on sequential quadratic programming was 

proposed to solve it, but no numerical test result was given. Lo and Chen (2000) used a 

smooth gap function to convert the nonlinear complementarity problem formulation for 

the TAP with non-additive costs to an equivalent unconstrained optimization problem 

and proposed two solution approaches to solve it. Their first approach involves 

enumerating a predefined set of routes in advance and the second one resorts to solving 
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the kth shortest path problem repeatedly. Neither of these two methods however is 

applicable for large networks. In our case, the path-specific cost term involves the dual 

variable or Lagrangian multiplier associated with the side constraint which is not 

explicitly known. We must iteratively derive the values of Lagrangian multipliers and 

solve a TAP with path-specific costs. This solution strategy does not seem efficient given 

that such a TAP with path-specific costs itself is not readily tackled. 

Another difference between the link-level constrained problem and the path-level 

constrained problem is that in the linearization scheme, like the Frank-Wolfe algorithm, 

the linearized subproblem of the path side constrained problem can still be solved 

separately for each O-D pair. Actually, we will later prove that the linearized subproblem 

for DCTAP is a DCSPP. As discussed in Chapter 3, though DCSPP is NP-complete in its 

worst case (Ahuja et al., 1993), it can be solved relatively efficiently in practice. 

Therefore, instead of the dual strategy, the linearization strategy, specifically, the Frank-

Wolfe framework, is applied to solve the DCTAP. 

First, we show that the Frank-Wolfe algorithm can still be applied to the DCTAP 

given the problem’s convex structure, but with a different direction-finding step from that 

of the classic TAP. To find a descent direction to the optimization problem in Equations 

(4.1)-(4.4), the Frank-Wolfe algorithm searches the entire feasible region for an auxiliary 

feasible solution,   , such that the direction from    (the current solution at the  th 

iteration) to    provides a maximum drop in the objective function value (Sheffi, 1985). 

This direction can be constructed by solving the following linearization problem: 

                     ∑     
    

 

 
(4.19) 

subject to: 

∑    
  

 

     
                      

(4.20) 
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                            (4.21) 

        
       

                       (4.22) 

where     
   is the auxiliary flow rate of the mth class of vehicles on path   connecting O-

D pair  -  and      ∑ ∑ ∑     
      

  
        is the auxiliary link flow rate. Given   

  is 

the current link flow rate we obtained from the last iteration, link travel cost      
   is 

constant here. Hence, the objective of above program is to minimize total travel cost over 

a network with fixed link travel costs. The total travel cost spent in the network will be 

minimized by assigning all vehicles to the least-cost paths connecting their origins and 

destinations, whose lengths also satisfy the distance limit. This problem is actually the 

SRCSPP we described previously. 

To see that above program does involve nothing more than a SRCSPP, the 

direction-finding step of the Frank-Wolfe method can be derived by taking the gradient 

of objective function (4.1) with respect to path flows and the program then becomes: 

              [     ]     ∑∑∑  
        

  

    

 
(4.23) 

subject to: 

∑    
  

 

     
                      

(4.24) 

    
                            (4.25) 

        
       

                       (4.26) 

where   
    

 is the travel cost on path   connecting O-D pair   and   at the  th iteration of 

the algorithm. This program can be decomposed by O-D pair and vehicle class since path 

travel costs and path lengths are fixed. The resulting subproblem for the mth class of 

vehicles and O-D pair  -  is minimized by finding path  , which has the lowest travel 

cost among all paths connecting origin   and destination   that satisfy the distance 
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constraint of the mth class of vehicles, and then assigning all the demand for the mth 

class of vehicles to this path. In other words, 

     
     

          if   
      and   

      
   for all   satisfying   

      

and 

     
                for all other paths 

Once the path flow pattern     
    

 is found, the link flow pattern can be calculated, 

that is,   
  ∑ ∑ ∑     

        
  

       . Then, the descent direction can be obtained as 

        . Once descent direction is determined, any line search method can be 

applied to obtain the move size so that maximum drop of the objective function value is 

achieved. 

Hereby, we have proved that the DCTAP can be solved by using the Frank-Wolfe 

procedure and the direction-finding step of this procedure is equivalent to solving the 

SRCSPP. The specific steps of this approach can be summarized as follows: 

Step 0: Feasibility check 

For an O-D pair, find the shortest path in terms of distance. If the length of this 

path is longer than the range limit of a certain class of vehicle and the demand of 

this class of vehicle between this O-D pair is positive, then there is no feasible 

path for this class of vehicle between this O-D pair. Add this O-D pair and 

corresponding infeasible vehicle classes to set G. After checking this for each O-

D pair, if G is empty, continue to the next step; otherwise, stop and report set G. 

Step 1: Initialization 

For each O-D pair, based on the free-flow travel cost              , find the 

distance constrained least cost path for each class of vehicles. Assign all the 

demand of each class of vehicles between this O-D pair to the corresponding 

constrained shortest path. This yields    
  . Set counter    .  
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Step 2: Update 

Calculate new link cost according to   
       

     . 

Step 3: Direction finding 

For each O-D pair and vehicle class, finds the distance constrained least cost path 

based on new link travel cost   
 . Assign demand of each class of vehicles 

between this O-D pair to corresponding paths. This yields auxiliary flow    
  . 

Step 4: Line search 

Apply any of the interval reduction line search method, such as the bisection 

method (which is particularly applicable here), the golden section method, or 

other applicable methods, to find the optimal value of   by solving 

   
     

∑∫        
  

      
    

  

  

 

Step 5: Move 

Set   
      

      
    

     . 

Step 6: Convergence test 

If the preset convergence criterion is not met, set       and go to step 1; 

otherwise, stop and    
     is the set of equilibrium link flows.  

It is readily known that the most computation-intensive step in each iteration of 

this algorithm is to search for the distance-constrained shortest paths in the direction-

finding step. Therefore, an efficient method for finding the constrained shortest path is 

utmost to the efficiency of the whole algorithmic procedure. As discussed in Chapter 3, 

the one-to-all label setting algorithm without preprocessing is preferred to be used as a 

subroutine of Frank-Wolfe algorithm. Therefore, this method was used to solve the 

DCSPP in our numerical examples.  
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4.3. NUMERICAL EXAMPLES 

The purpose of this numerical analysis is threefold: 1) to justify the validity of the 

model and algorithm; 2) to examine the impact of the distance constraint on network flow 

patterns; and 3) to evaluate the change of computational costs caused by the distance 

constraint. 

We firstly applied the solution procedure to a simple network with eight nodes 

and ten links, as shown in Figure 4.1. The number beside each link is the link length. 

Nodes 1 and 2 are origins, and 3 and 4 are destinations. In this small example, our focus 

is paid to analyzing how different distance limits impact the routing behavior of vehicles; 

for simplicity, we consider only a single class of vehicles. The travel demand between 

each O-D pair (1-3, 1-4, 2-3 and 2-4) for this class of vehicles is 10 flow units. Link costs 

and distances of the connectors (i.e., those links connecting origins or destinations with 

internal nodes) are assumed to be zero and all other links have the same cost function, 

namely,        
 . 

 

 

Figure 4.1: A simple network. 

We ran the solution procedure described in Section 4.2 with different values of 

the distance constraint and summarized the results in Table 4.1. The connectors are not 

listed in the table since their flow rates will always be 20.  
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Distance 

limit 

Link flows 
System total 

travel cost 
Link 

5-6 

Link 

5-7 

Link 

6-8 

Link 

7-5 

Link 

7-8 

Link 

8-6 

N/A 20 5 5 5 20 5 906 

27 20 5 5 5 20 5 906 

25 20 5 5 5 20 5 906 

24 21 9 1 10 19 0 990 

23 20 10 0 10 20 0 1006 

Table 4.1: Link flow patterns under different constraint conditions 

In this toy network, there are, at most, two paths between each O-D pair. Their 

lengths and costs at equilibrium under different distance limits are shown in Table 4.2. 

  

O-D Path Path length 

Path cost 

No 

limit 
D=27 D=25 D=24 D=23 

1-3 
1-5-6-3 20 401 401 401 442 401 

1-5-7-8-6-3 28 453* / / / / 

1-4 
1-5-7-8-4 23 427 427 427 444 502 

1-5-6-8-4 24 427 427 427 444 / 

2-3 
2-7-5-6-3 22 427 427 427 543 502 

2-7-8-6-3 25 427 427 427 / / 

2-4 
2-7-8-4 20 401 401 401 362 401 

2-7-5-6-8-4 26 453* 453* / / / 

“*”: The path is not used because its cost is higher than that of the least cost path. 

“/”: The path is not used because its length is out of range. 

Table 4.2: Paths between each O-D pair and their lengths and costs 

Notice from Table 4.1 that the equilibrium flow patterns under the first three 

conditions (i.e., no distance limit, D=27 and D=25) are the same. This can be explained 

by Table 4.2 from which we see that when there is no distance limit; the second path 

between O-D pair 1-3 (1-5-7-8-6-3) and the second path between O-D pair 2-4 (2-7-5-6-

8-4) are not used because their costs are higher than the minimum cost between 

corresponding O-D pairs. When D=27, the only path violating the distance limit is the 
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one not used even when there is no distance limit and similar situation exists when D=25. 

Therefore, the first three conditions have the same flow pattern because the distance 

constraints in the latter two conditions are actually not binding. When D=24, only O-D 

pair 1-4 has two available paths and both of them carry flows. Because of this tighter 

limit, the second path between O-D pair 2-3 (2-7-8-6-3) is no longer a feasible path. 

Traffic flows switch from this path to the first path, which causes the cost of those paths 

through link 5-6 increases (e.g., the cost of path 1-5-6-3 increases from 401 to 442) while 

those through link 7-8 decreases (e.g., cost of path 2-7-8-4 decreases from 401 to 362). 

The tighter the limit is, the fewer the number of used paths is. When D=23, only one path 

can be used for each O-D pair. As a result, some links, like 6-8 and link 8-6, will not be 

used at all. What we note from the last column of Table 1 is that the total network travel 

cost increases as the distance limit gets lower. This is not surprising since when the 

distance constraint is set tighter, the number of feasible paths in the network typically 

decreases and those remaining feasible paths get more congested. However, this is not 

always the case; when a similar phenomenon to Braess’ paradox arises in the distance-

constrained traffic network, the total network travel cost may decrease with a tighter 

constraint. We will discuss this phenomenon in Chapter 6. 

We then applied the algorithm to a larger benchmark network, the Sioux Falls 

network, as shown in Figure 4.2. The link performance functions and travel demand table 

used in our application are directly from the paper of Suwansirikul et al. (1987). For 

simplicity, we use the free-flow travel time as a proxy of the link length for each link. 
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Figure 4.2: The Sioux Falls network 

The link flow patterns under two different cases, with and without the distance 

limit, are presented and compared in Table 4.3. Without loss of generality, we assume 

that, for each O-D pair, there exists only one class of vehicles, but different O-D pairs 

may contain different classes of vehicles. In other words, all the vehicles traveling 

between the same O-D pair have the same distance range, but vehicles travelling between 

different O-D pairs may have different range limits. As a convenient numerical setting, 

the distance limit for vehicles between each O-D pair is set as         
           , 

where   
   is the same as previously defined and   is a parameter. In our example, 

      is used for the case with the distance limit. For a precise comparison, numerical 

results in both cases are obtained from running the Frank-Wolfe algorithm until the 

convergence criterion based on the changes in flows converges to 0.001. 
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Link 

Link flow 

Link 

Link flow 

Link 

Link flow 

Link 

Link flow 

w/o 

limit 

w/ 

limit 

w/o 

limit 

w/ 

limit 

w/o 

limit 

w/ 

limit 

w/o 

limit 

w/ 

limit 

1 6.00 28.69 20 14.31 9.50 39 11.86 12.73 58 10.25 11.53 

2 10.09 11.30 21 8.14 2.41 40 10.74 10.71 59 9.42 10.18 

3 6.12 20.63 22 8.86 6.42 41 9.95 9.68 60 22.46 13.49 

4 6.47 6.24 23 18.25 11.03 42 8.90 5.90 61 9.57 9.35 

5 9.97 12.07 24 8.01 2.49 43 25.45 21.02 62 7.30 5.89 

6 17.24 22.33 25 23.89 19.90 44 9.86 8.28 63 7.83 8.47 

7 12.84 7.39 26 23.83 18.90 45 20.01 17.75 64 7.23 4.99 

8 17.13 18.05 27 19.17 13.51 46 19.23 20.95 65 9.17 6.92 

9 21.16 18.01 28 25.58 22.44 47 8.98 6.64 66 10.76 6.49 

10 6.26 5.92 29 11.96 14.80 48 11.94 14.35 67 18.94 19.18 

11 21.04 18.14 30 8.94 1.80 49 12.26 11.48 68 7.95 8.83 

12 8.87 8.38 31 6.27 5.90 50 19.45 12.76 69 8.96 8.03 

13 18.17 11.28 32 19.31 18.78 51 8.90 1.27 70 10.57 14.14 

14 6.59 6.02 33 8.99 7.00 52 12.39 11.61 71 9.14 6.90 

15 8.66 7.99 34 10.59 9.71 53 10.16 11.09 72 10.19 14.61 

16 13.93 10.00 35 12.83 8.34 54 18.22 12.51 73 8.51 12.10 

17 14.23 10.23 36 8.99 8.93 55 19.42 13.12 74 11.86 12.92 

18 18.29 13.37 37 15.33 12.40 56 22.56 13.76 75 10.90 6.99 

19 13.84 9.82 38 15.33 14.85 57 20.07 16.70 76 8.37 11.84 

Table 4.3: Link flow pattern with or without distance constraints 

From Table 4.3, we can see that the equilibrium flows significantly change (either 

increase or decrease) on a number of links (e.g. link 1, 3 and 30, to name a few) but 

change very little on other links (e.g. link 4, 12 and 15, for example). We randomly 

selected a few example links in the following figure and observed their flow variations 

with different distance limits (see Figure 4.3). 
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Figure 4.3: Changes of link flow rates against distance limits 

It is readily seen from Figure 4.3 that when   begins to increase, the network 

flows on these links change in a dramatic manner; as   continuously increases, the flow 

rates change relatively mildly and ultimately converge to their corresponding values with 

no distance constraints. This is because increasing   amounts to loosing the distance 

constraint. However, it must be noted that these changes may not necessarily be 

monotone. To test how much computational time was increased in the Sioux Falls 

network because of the addition of distance constraint, we compared the number of 

iterations (ITR), total computational cost (TCC) and computational cost per Frank-Wolfe 

iteration (CCPE) for basic TAP and DCTAP under different distance limits and 

convergence criteria. The results are reported in Table 4.4. 
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convergence criterion 0.01 0.001 0.0001 

 
ITR TCC CCPE ITR TCC CCPE ITR TCC CCPE 

TAP 5 0.437 0.087 39 3.119 0.080 225 18.214 0.081 

DCTAP 

 =1 2 0.430 0.215 3 0.612 0.204 3 0.627 0.209 

  =1.2 3 0.497 0.166 3 0.539 0.180 3 0.503 0.168 

  =1.4 4 0.658 0.165 10 1.617 0.162 16 2.486 0.155 

  =1.6 3 0.358 0.119 6 0.751 0.125 8 0.851 0.106 

  =1.8 3 0.337 0.112 15 1.403 0.094 97 8.393 0.087 

  =2 3 0.319 0.106 24 2.243 0.093 179 14.745 0.082 

  =3 4 0.395 0.099 40 3.346 0.084 222 17.821 0.080 

Table 4.4: Computational costs (sec.) with or without distance constraints 

From Table 4.4, we can see that the CCPE of DCTAP is higher than that of TAP. 

The tighter the constraint is (i.e., the smaller the value of  ), the higher the CCPE is. For 

example, when the convergence criterion is 0.0001 and    , the CCPE of DCTAP is 

about 2.6 times of that of TAP. However, the TCC of DCTAP under this condition is 

much lower than that of TAP, with the latter is almost 11.5 times of the former. This is 

because DCTAP requires only 3 iterations while TAP needs 225 to converge. When the 

constraint is tighter, though solving the distance-constrained shortest path problem costs 

more time than solving the shortest path problem, a smaller number of paths are eligible 

for assigning traffic and hence fewer iterations are needed to achieve the equilibrium 

condition. When the distance constraint is loose, e.g., when    , both the TCC and 

CCPE of DCTAP are very close to that of TAP. 

4.4. SUMMARY 

A new traffic assignment problem with the path-based distance constraint is 

formulated, solved and numerically analyzed. This problem represents a simplified case 

of traffic networks that carry electric vehicles with various distance limits. 
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We show that the path cost structure associated with this problem at the 

equilibrium point is different from that of the basic TAP. It contains a special path-

specific out-of-range cost term which makes this problem cannot be solved as easily as 

the classic problem. The well-known and widely used Frank-Wolfe procedure is adopted 

to solve this problem. The feasible direction-finding step, however, involves a DCSPP, 

which is essentially NP-complete, but can be solved relatively efficiently by a modified 

label setting algorithm. The proposed algorithm is easy to understand and implement. The 

application of the algorithm for a couple of example problems justifies that the solution 

procedure is valid and applicable to general networks with resource constraint. The 

numerical results clearly show the impact of the extra resource constraints on network 

flows and the relationship between the network flow evolution and the tightness of the 

resource constraints. 

The DCTAP model provides a basic mathematical tool to study traffic networks 

with electric vehicles. However, we also note that the distance constraint has a deeper and 

wider influence on urban travels and activities than what we show in this chapter; in its 

simplest case, it not only changes individual route choice behavior, but also at least 

destination choice behavior which in turn is impacted by the availability of charging 

stations at destinations. For promoting a more realistic modeling tool, in next chapter, we 

develop a model which combines the route choice, destination choice and parking choice 

of BEVs and GVs. This model will be less in the jeopardy of being infeasible with 

respect to the distance constraint and allow us to analyze more sophisticated and realistic 

travel demand and network flow patterns. 
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Chapter 5:  Network Equilibrium with Combined Travel Choices 

The distance constraint has a much deeper and wide influence on urban travels 

and activities than what we studied in Chapter 4. This chapter, therefore, is devoted to 

develop a more sophisticated network equilibrium model which takes into account the 

driving range limit of BEVs and is able to be implemented for evaluating the impacts of 

the driving range limit on destination, route and parking choice behaviors under 

equilibrium conditions. As we will see, given the simple settings for the driving range 

limit and multi-dimensional travel choice set, this network equilibrium problem can be 

characterized by a convex optimization model, and be easily incorporated into the 

existing trip-based travel demand forecasting framework that has been extensively used 

across transportation planning agencies. 

5.1 MODEL FORMULATION AND PROPERTIES 

It is most likely that in a long period in the future GVs and BEVs will coexist in 

the automobile market. For this reason, the model we present below still includes two 

classes of vehicles, GVs and BEVs, which distinguish from each other in terms of driving 

distance range and travel cost composition. To simplify the modeling complexity in such 

a mixed-traffic network and ensure our modeling focus on the most essential demand 

characteristics and system behaviors of the anticipated network equilibrium, a set of 

assumptions regarding demand heterogeneity, travel behavior, and parking availability 

are suggested here. 

First, it is assumed that the demand population is only comprised of GVs and 

BEVs. PHEVs are not explicitly considered since they can be simply treated as an in-

between class of GVs and BEVs in terms of the technological and economic features 

(i.e., driving range limit and travel cost composition), or a special type of GVs with lower 
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operating costs. For modeling simplicity, we consider only one type of BEVs. Certainly, 

if needed, multiple types of BEVs with different driving range limits and unit operating 

costs can be easily incorporated into the model without changing the problem’s nature 

and model’s structure. 

Second, we assume that the total travel demand at each origin for each class/type 

of vehicles is deterministically known in priori. In other words, we ignore the elastic and 

stochastic effects of demand generation. For route choice, the most prime form of traffic 

assignment—user equilibrium—is used, in which each traveler chooses a route that 

minimizes his/her travel cost and no one can reduce his/her travel cost by unilaterally 

switching to an alternative route. For an individual GV traveler, user equilibrium simply 

implies a minimum cost search; for a BEV traveler, however, it poses a distance-

constrained minimum cost problem. On the other hand, individual destination and 

parking choices are specified by the multinomial logit model (Ben-Akiva and Lerman 

1985), which is in principle equivalent to the traditionally used gravity model for trip 

distribution (Anas 1983). In the network equilibrium context, this specification also 

results in the stochastic user-equilibrium state on the network level when the cost-flow 

consistency is required. Again, subject to the added driving range limit, the aggregated 

destination and parking flow patterns will be shifted for BEV travelers. 

Third, we assume that two types of parking garages are available at each 

destination, namely, ordinary parking garages and special parking garages. Special 

parking garages are equipped with charging stations and are only open to BEVs, while 

ordinary parking garages are open to both GVs and BEVs. For such a parking 

classification, on one hand, it reflects the emerging parking policies that encourage the 

purchase and usage of BEVs; on the other hand, it offers a mechanism of preserving the 

charging equipment and devices exclusively for BEVs, if needed. Despite the fact that 
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there remain multiple ordinary and special parking garages at each destination, and both 

ordinary and special parking spots exist in a single garage, we aggregate all ordinary 

parking spaces at each destination into one virtual ordinary parking facility and all special 

parking spaces into one virtual special parking facility. Explicitly treating multiple 

ordinary and special parking garages only slightly adds the modeling complexity while 

not changing the problem’s nature. 

Finally, without loss of generality, we assume that both GV and BEV travelers 

use a common form of systematic travel cost/disutility for determining their travel and 

parking choices: travel time (i.e., driving time and parking access and search time) + 

monetary cost (i.e., operating cost and parking charge). While the travel time and parking 

time are assumed to be the same to both the GV and BEV classes (along the same route 

and in the same parking facility), their operating costs considerably differ due to the 

difference between the gasoline price and electricity price and possible different road and 

parking pricing policies for GVs and BEVs. As we will see, this cost difference, plus the 

driving range limit and parking infrastructure availability, will significantly distinguish 

GV and BEV travelers in their decision making behaviors in face of destination, route 

and parking choices. 

It is clear that given the set of modeling assumptions described above, the 

complexity of the proposed model is primarily due to the introduction of BEVs into the 

combined network equilibrium problem. In particular, the destination and route choices 

of BEV travelers are subject to the driving range limit, and they face parking choices 

between the special and ordinary parking facilities. If the travel and parking flow patterns 

of BEVs are fixed, the remaining modeling issues for GVs can be simply aggregated as a 

combined trip distribution and traffic assignment problem, which, as we discussed earlier, 

has been well addressed by Evans (1976), Florian et al. (1975), Erlander (1990), 
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Oppenheim (1993), and Lundgren and Patriksson (1998), among others. The purpose of 

this chapter is on the development of a distance-constrained, combined network 

equilibrium model for estimating the aggregated behavior of an equilibrium 

transportation network with both GVs and BEVs and on an investigation of the impacts 

of the battery capacity and penetration rate of BEVs on the network performance. It is 

expected that the battery capacity and other vehicle performance specifications will be 

continuously improved in future years to accelerate the growth of the penetration rate of 

BEVs in urban networks. 

The remaining part of this section will discuss the model formulation and solution 

properties. For discussion convenience, we first introduce the notation used throughout 

this chapter. 

5.1.1 Notations 

Variables: 

    
    

 Trip flow rate of GVs traveling on path   between O-D pair  -  and entering the 

ordinary parking facility at destination   

    
    

 Trip flow rate of BEVs traveling on path   between O-D pair  -  and entering the 

ordinary parking facility at destination   

    
    

 Trip flow rate of BEVs traveling on path   between O-D pair  -  and entering the 

special parking facility at destination   

      Traffic flow rate of GVs on link   

      Traffic flow rate of BEVs on link   

    Total traffic flow rate on link    

  
   Trip flow rate of GVs between O-D pair  -  

  
   Trip flow rate of BEVs between O-D pair  -  
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  Arrival trip flow rate of GVs at destination   

  
  Arrival trip flow rate of BEVs at destination   

     Arrival trip flow rate at the ordinary parking facility at destination   

      Arrival trip flow rate at the special parking facility at destination   

  
   Probability of GVs departing from origin   choosing destination   

  
   Probability of BEVs departing from origin   choosing destination   

      Parking access and search time of the ordinary parking facility at destination   

      Parking access and search time of the special parking facility at destination   

    Travel time of link   

    
   Generalized travel cost of GVs along path   between O-D pair  -  

    
   Generalized travel cost of BEVs along path   between O-D pair  -  

Parameters: 

  
   Departing trip flow rate of GVs from origin   

  
   Departing trip flow rate of BEVs from origin   

    
   1 if link   is on path   from   to  , and   otherwise 

   Value of time 

    Unit operating cost of GVs on roadway links 

    Unit operating cost of BEVs on roadway links 

     Parking fee of the ordinary parking facility at destination   

     Parking fee of the special parking facility at destination   

   Physical length of link   

  
   Physical length of path   between O-D pair  -  

  Driving range limit of BEVs 

      Scale parameters of the multinomial logit models of GVs and BEVs for 

destination choice, respectively 
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5.1.2 Model Formulation 

The general network representation paradigm, where nodes denote origins, 

destinations and intersections, and links denote roadway segments between nodes, is 

extended to include parking facilities as follows: Every destination node   is connected 

with two parking nodes via two parking links that represent the ordinary parking facility 

and special parking facility at this destination, respectively. The parking access and 

search time, the parking fee, and other attributes of the parking facilities are all associated 

with the parking links, as shown in Figure 5.1(a).  

 

(a) An O-D pair 

 

(b) An O-D pair with a dummy destination node 

Figure 5.1:  Network representation 

Under this representation, all infrastructure elements in this integrated roadway 

and parking system are consistently depicted in a node-link network, in which the 

congestion effect of each parking facility can be modeled the same way as that of a 

roadway link. Moreover, we add a dummy destination node for any O-D pair in the 

network and a dummy link with zero travel cost and travel distance between each parking 
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node to the dummy node, as shown in Figure 5.1(b). Though it is not necessary from the 

modeling perspective, this node and link additions let us treat parking choice and route 

choice in a unified modeling mechanism and creates great algorithmic convenience, as 

we will see later on. 

Given the above network representation, the combined trip distribution, traffic 

assignment and parking split problem can be written into the following convex 

optimization model: 
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Where 
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where the variables in the parentheses beside Equations (5.2)-(5.6) are dual variables 

associated with constraints. 

The objective function of the optimization model can be briefly described as 

follows. Its first term specifies the destination choice behavior, which will be proved to 

follow the multinomial logit model. The second term replicates Beckmann’s 

transformation for the user-equilibrium traffic assignment. The third term is the sum of 

the operation costs, which are proportional to travel distances and independent of traffic 

flow rates. The combination of the second and third components ensures that the route 

choice in our model follows the Wardropian user-equilibrium principle in terms of the 

total individual travel cost (i.e., sum of individual travel time and individual monetary 

cost). The fourth term is used to indicate the constrained user-equilibrium parking 

demand split, which has a similar form to the second term, where the constraint is from 

the parking restriction that all special parking facilities are not available for GVs. Similar 

to the third term, the fifth term simply denotes the sum of flow-independent parking 

costs. 
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The constraint set of the model can be grouped into three subsets. Constraints 

(5.2)-(5.5) are flow conservation equations. Constraint (5.6) defines the distance 

constraint for feasible paths of BEVs, i.e., if the BEV flow rate on path   connecting 

origin   and destination   is positive, the length of this path cannot exceed the driving 

range limit  . The set of constraints (5.7) simply define the non-negativity of all flow 

variables. In addition, definitional constraints (5.8)-(5.12) specify the relationship among 

link flows, path flows, and parking demands. 

The link travel time functions    are assumed to be separable between different 

network links and identical for different vehicle classes. These functions are assumed to 

be positive, monotonically increasing, and strictly convex. The same assumptions are also 

held for the parking access and search time functions      and     . These assumptions on 

the link travel time and parking time functions can be mathematically written as: 

         
       

   
   

       

   
               

        

   
               

             
           

     
   

        

     
               

            

        
                

             
           

     
   

        

     
               

            

        
                

The following part formally proves the uniqueness of the solution of the proposed 

model and its equivalence to the proposed network equilibrium problem. 

5.1.3 Solution Existence and Uniqueness 

Given that the feasible region confined by constraints (5.2)-(5.12) is compact, we 

know that optimal solutions must exist. Further, given the strict convexity of the link 

travel time functions, the parking access and search time functions, and the entropy term 

in the objective function for destination choice are all strictly convex, ensuring that the 

objective function in the feasible region, it can be readily proved that the Hessian of the 



 91 

objective function (5.1) is positive definite. Moreover, the feasible region defined by 

linear constraints (5.2)-(5.12) is convex. Therefore, the optimization problem defined in 

(5.1)-(5.12) has a unique minimum solution. 

5.1.4 Solution Equivalence 

The equilibrium conditions corresponding to the optimal solution of the proposed 

convex optimization problem can be analyzed below through checking the first-order 

conditions of its Lagrangian dual problem. First, we write the Lagrangian dual problem 

as follows, given the dual variables of constraints, which are listed in the parentheses 

beside Equations (5.2)-(5.6): 
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The solution equivalence between the original problem and the Lagrangian dual problem 

can be realized if the dual problem is maximized with respect to the dual variables, in 

which the relaxed Lagrangian problem is minimized subject to the remaining flow 

nonnegativity constraints: 
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Among the dual variables, the one associated with the distance constraint is the only 

constrained dual variable: 
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The derivatives of the Lagrangian dual problem with respect to path flow variables are, 
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The derivative with respect to dual variable   
   is, 
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And the derivatives with respect to O-D flow variables are, 
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Now, let us set, 

                  (5.22) 

                  (5.23) 

where      and      are the generalized link travel costs for GVs and BEVs, respectively, 

each of which includes two cost components: travel time and operation cost. Moreover, 

we further set, 
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where     
   and     

   are the generalized path travel cost for GVs and BEVs, respectively. 

Let ∑      
  

    
  , then   

   is the distance of path   from   to  . Then, the first-order 

conditions of the Lagrangian dual problem are thus, 
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5.1.4.1 Route and Parking Choices  

For combined route and parking choices, optimality conditions (5.26)-(5.31) plus 

(5.40) together can be rewritten as following two systems of conditional 

equations/inequalities: 

{
    

   
               

                  
     

  

    
   

               
                  

     
  

 
(5.42) 
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(5.43) 

In the first system of equations/inequalities (5.42),   
    can be interpreted as the 

minimum combined travel and parking cost for GVs from origin   to destination  . We 

name it the minimum composite path cost for GVs. Similarly,   
   , the minimum 

composite path cost for BEVs, can be interpreted as the minimum travel and parking cost 

for BEVs from origin   to destination  . 

In the second system, note that different from that for GVs, the composite path 

cost for BEVs includes the term   
      

     , which is the path out-of-range cost 

defined in Chapter 4. The entire set of equilibrium conditions given above specified that 

the combined route and parking choice behaviors of gasoline and electric vehicles follow 

the user-equilibrium principle, which can be respectively interpreted as follows, 

 If the generalized path travel cost of driving GVs on a path connecting   and   

plus the parking cost at the regular parking facility at   is higher than the 

minimum composite path cost for GVs between   and  , no GV will choose this 

path. 
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 If the generalized path travel cost of driving BEVs on a path connecting   and   

plus the parking cost at the regular parking facility at   and its out of range cost 

along this path is higher than the minimum composite path cost for BEVs 

between   and  , no BEV will choose this path and park at the regular parking 

facility. 

 If the generalized path travel cost of driving BEVs  on a path connecting   and   

plus the parking cost at the special parking facility at   and its out-of-range cost 

along this path is higher than the minimum composite path cost for BEVs 

between   and  , no BEV will choose this path and park at the special parking 

facility. 

We can also rewrite the equilibrium conditions in (5.34)-(5.35) and (5.41) in a similar 

way, 

{
     

   (    
     

     
     

)                
     

     
   (    

     
     

     
)                

     
 (5.44) 

which can be interpreted as the following three cases: 

 If   
    , the total flow of BEVs along path        

     
     

     
, equals zero. That 

is, if the length of a path exceeds the driving range limit of BEVs, no BEV will 

choose this path. 

 If   
     and     

     
     

     
  , we must have   

     . As a result, the out-

of-range-cost of path  ,   
      

       . That is, no extra cost will be incurred 

if the length of a path is shorter than the driving range limit. 

 If   
    , we know that condition   

      
        will always hold and no 

extra out-of-range cost will be incurred on this path. 

Despite the route and parking equilibrium conditions are presented above in a 

combined form, the two choices can be explicitly represented in separate equilibrium 
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regimes, due to the existence of a single destination node between any O-D pair and the 

parking links connected with this destination node (see Figure 5.1(a)). If we add a 

dummy destination node for this O-D pair and a dummy link with zero travel cost 

between each parking node to the dummy node (see Figure 5.1(b)), it is readily known 

that the subnetwork connecting the origin and destination nodes and the parking 

subnetwork connecting the destination node and the dummy destination node both hold 

an equilibrium state under the optimality conditions. With the added dummy node, the 

combined route and parking equilibrium collapses to a pure Wardropian user equilibrium 

for routing. Therefore, the route equilibrium and parking equilibrium can be separated, 

given that the Wardropian user equilibrium is one of the network equilibrium conditions 

that imply the Markovian routing behavior (e.g., Akamatsu,1996; Correa and Stier-

Moses, 2011) in which any individual would choose his/her remaining route to the sink 

node (i.e., the dummy destination in our case) without considering the route he/she has 

experienced between the source node (i.e., the origin in our case) and his/her current 

location. 

In particular, the equilibrium route and parking choices for GVs and BEVs can be 

briefly stated as follows. For each O-D pair, the routing choice of GVs follows the 

Wardropian user equilibrium while the routing choice of BEVs follows a distance-

constrained Wardropian user equilibrium; the parking choice of GVs follows a facility-

restricted Wardropian user equilibrium while the parking choice of BEVs follows the 

Wardropian user equilibrium. 
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5.1.4.2 Destination Choice 

We prove below that the destination choice behaviors of both GV and BEV 

drivers obey the result of the multinomial logit model. The equilibrium conditions (5.32) 

and (5.33) can be rewritten as 

  
       [   (  

      
  )]                        (5.45) 

  
       [      

      
   ]                        (5.46) 

Equations (5.45) and (5.46) can be interpreted as the demand models for GV and 

BEV trips between O-D pair   and  . Given the origin demand conservation constraint, 

Equations (5.45) and (5.46) can be respectively substituted into Equations (5.4) and (5.5) 

to give, 
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Consequently, the destination choice probability for a GV driver departing from 

origin   and choosing destination   is, 
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      (5.49) 

Similarly, the destination choice probability for a BEV driver departing from origin   and 

choosing destination   

  
    

  
   

  
 

 
   [     

   ]

∑    [     
   ] 

      (5.50) 

It is evident that both GV and BEV drivers exactly follow the behaviors specified by the 

multinomial logit model in their destination choices. 

It should be noted that the driving range limit affects the trip distribution result as 

well in the proposed combined network equilibrium model. If, between some O-D pair  -

 , there is no path whose length is less than or equal to the driving range limit, i.e., 
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    ,       , we known that   

      ,        and hence 

  
            

{    
   

         
          

        
   

         
          

   }    . 

In this case,   
      according to Equation (4.50). This result, as an extreme example, 

illustrates the impact of the driving range limit on destination choice. 

5.1.5 Sensitivity Analysis 

One of the primary concerns of this chapter is on the equilibrium analysis of the 

impacts of the driving range limit of BEVs on travel and parking choices. In other words, 

beyond the model development, our concern also includes the evaluation of the changes 

of destination, route and parking choice patterns due to the change of the driving range 

limit, which poses a sensitivity analysis problem. 

For many network equilibrium problems, such a sensitivity analysis task can be 

done by both analytical and numerical methods. Tobin and Friesz (1988) first developed 

a variational inequality-based sensitivity analysis method for evaluating the impact of the 

perturbation of network supply and demand parameters on deterministic equilibrium 

network flows; following this seminal work, Yang (1997) and Leurent (1998) extended 

the sensitivity analysis approach to evaluating the changes of elastic-demand equilibrium 

networks and bi-criterion equilibrium networks, respectively. In another modeling 

paradigm, Ying and Miyagi (2001) and Clark and Watling (2002), respectively, 

developed optimization-based sensitivity analysis methods for logit-based and probit-

based stochastic user equilibrium networks. The network equilibrium implied by our 

proposed problem is a combination of deterministic user equilibrium (for route and 

parking choices) and stochastic user equilibrium (for destination choice). A combination 

of these analytical methods can be used to conduct sensitivity analyses in our case for 

continuous system parameters such as link capacity and other link attributes and 
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perturbations of these continuous parameters typically result in continuous changes of the 

network equilibrium state. 

The driving range limit, which is a continuous parameter itself, however, does not 

cause a continuous change to network equilibrium flows. The underlying reason is that 

the distance constraint is imposed on path lengths and individual path lengths are 

discrete, fixed values in any given finite set of paths. As a result, the change of 

equilibrium network flows will be a discontinuous function of the driving range limit and 

hence the above sensitivity analysis methods are not appropriate for the case of the 

driving range limit. Let us use an example problem below to illustrate this. 

 

 

Figure 5.2: An illustrative example 

The illustrative example uses a toy network with 4 nodes, 5 links, 1 origin and 2 

destinations, as shown in Figure 5.2. Node 1 is the origin node and nodes 3 and 4 are the 

destination nodes. The two terms in the parenthesis beside each link are the link travel 

time and link length, respectively, where   is the link flow rate. The demand departing 

from origin node 1 is 12. The scale parameter of the logit model for destination choice is 

set as        . For simplicity, we assume that all travel demands are BEVs, the travel 

choices of which are subject to the driving distance limit, and neither parking restriction 

nor parking time and cost are considered.  
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(a) Variation of link flow rates 

 

(b) Variation of O-D flow rates 

Figure 5.3: Illustrative relationships between the network flows and cost and the 

driving range limit 
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(c) Variation of total network cost 

Figure 5.3: Cont. 

Figure 5.3 shows the variation of the network flows and cost over a full spectrum 

of the driving distance limit, say         . It is noted that this example problem does 

not have any feasible solution when    . 

It can be seen clearly from Figure 5.3 that a piecewise relationship exists between 

the link and O-D flows and the distance limit as well as between the total network cost 

and the distance limit. These numerical relationships are neither continuous nor 

monotone. If a change of the distance limit does not increase or reduce the number of 

used paths (and the number of O-D pairs) in the equilibrium solution set, the network 

flow pattern remains fixed; otherwise, the network flow pattern will in general make a 

saltation. In the illustrative example shown above, the key distance limit values causing 

the saltation of the network flow pattern include    5, 8, 10 and 13. For example, when 
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the driving range limit is greater than or equal to 8, both destination nodes 3 and 4 are 

reachable; when it is less than 8, all travel demand goes to destination 3 only. 

Because of the reason we discussed above, we resort to numerical evaluations to 

analyze the impacts of the driving range limit on network flows, which are simply a 

collection of the equilibrium flow results from repeatedly solving the network 

equilibrium problem for a prespecified set of selected parameter values. The next section 

depicts a partial linearization solution method for the network equilibrium problem, while 

the details of the numerical analysis results from implementing the solution method are 

then presented in Section 5.3. 

5.2 SOLUTION APPROACH 

A number of solution methods can be adapted or modified for solving the 

proposed distance-constrained, combined network equilibrium problem for mixed GV 

and BEV flows under the partial linearization framework by Evans (1976). The partial 

linearization strategy was originally developed for the combined trip distribution and 

traffic assignment problem, by which a linearized traffic assignment subproblem and a 

trip distribution subproblem are solved sequentially and separately at each iteration. For 

the linearized traffic assignment subproblem, the core procedure (i.e., the traffic loading 

procedure) of those well-known solution algorithms reviewed in Chapter 2 can be 

adopted for its solutions. Solving our problem under the partial linearization framework 

follows a similar algorithmic process, in which the linearized traffic assignment 

subproblem can be solved by one of the traffic loading procedure and the parking split 

and trip distribution problems can be analytically solved via their complementarity 

system of equations and logit-based probability functions, respectively (due to the small 

size of the choice sets associated with the parking and destination choice problems). 
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In our implementation, the traffic loading procedure of the linear approximation 

algorithm, which is an all-or-nothing assignment, is adapted for solving the linearized 

traffic assignment subproblem, given the ease of its implementation. The possibility of 

applying more efficient algorithms for the linearized traffic assignment problem should 

be discovered in further research; our focus in this chapter is more on the model and 

result analysis rather than the solution efficiency and computational performance. In 

particular, the traffic loading procedure collapses to assigning all trips of GVs between an 

O-D pair to its minimum cost path and all trips of BEVs to its distance-constrained 

minimum cost path. Again, the one-to-all label setting algorithm presented in Chapter 3 

was used to solve the distance-constrained minimum cost problem. 

The algorithmic procedure of implementing the partial linearization method can 

be detailed as follows. 

Step 1. Select an initial feasible solution             
           

     
   .  

Step 2. For each roadway link  , compute the generalized costs     
  and     

 ; for each 

parking link, compute the parking cost            or           . 

Step 3. For each O-D pair      , determine the minimum cost path for GVs, which is the 

path with the minimum     
   value, and set   

       {    
  }           ; determine the 

distance-constrained minimum cost path for BEVs, which is the path correspond to 

    {    
     

    }, and set   
       {    

      
    }                          . 

If no path between some O-D pair       satisfies the distance constraint, set   
    , 

where   is a very large number. 

Step 4. Find a new set of GV and BEV demand rates  ̂ 
   and  ̂ 

   for each origin node  : 

 ̂ 
     

 
   [     

  ]

∑    [     
  ] 

 

 ̂ 
     

 
   [     

  ]

∑    [     
  ] 
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where   
   and   

   are the minimum composite path cost for GV and BEV drivers 

traveling between O-D pair  - , respectively, as we defined earlier. 

Step 5. Assign  ̂ 
   to the minimum cost path obtained in step 3 and assign  ̂ 

  ∑  ̂ 
  

  to 

the parking link       for GVs; assign  ̂ 
   to the distance-constrained minimum cost path 

and assign  ̂ 
  ∑  ̂ 

  
  to one or both of the parking links       and      , where the 

parking split result for  ̂ 
  between the ordinary and special parking facilities at 

destination  ,      and     , is the optimal solution of the following trivial traffic 

assignment problem in a three-node, two-link subnetwork that represents the parking 

system at destination  : 

       
      

     ∫          
    

 

 ∫          
    

 

                   

subject to 

  
      

     ̂ 
  

where 

      ̂ 
    

   
 

       
   

 

where   
   

 and   
   

 are the arrival flow rates of BEVs at destination   entering the 

ordinary parking facility and the special parking facility, respectively. Given the above 

traffic assignment and parking split results, calculate the auxiliary link flow pattern:  ̂   , 

 ̂    and  ̂  on roadway links and  ̂    and  ̂    on parking links. 

Step 6. Find the optimal step size    by solving the following one-dimensional 

optimization problem: 
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subject to 

      

where, for any O-D pair  - , 

 ̅ 
     

    ( ̂ 
     

  ) 

 ̅ 
     

      ̂ 
     

    

for any destination  , 

 ̅            ̂          

 ̅            ̂          

and for any link  , 

 ̅          ( ̂        ) 

 ̅          ( ̂        ) 

 ̅   ̅     ̅    

The updated solution             
           

     
    can then be calculated by the above 

functions with the optimal step size   . 

Step 7. Check the stopping criterion. If    , stop; otherwise return to step 2, where   is 

the average gap of link flows and parking flows between consecutive iterations and   is a 

predetermined convergence criterion for  . 

5.3 NUMERICAL ANALYSIS 

Our adapted version of the partial linearization method was also coded in C++. 

Implementing this iterative solution method requires solving a few linear, nonlinear or 
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combinatorial optimization subproblems at each iteration. The most computationally 

intensive part is the solution of the DCSPP (see Step 3). As mentioned before, we 

adopted Bumitrescu and Boland’s (2003) label setting algorithm for its solution. As for 

the basic minimum cost problem (see Step 3), Dijkstra’s (1959) classic label setting 

algorithm is used in our implementation. Another optimization subprocess in 

implementing the Evans method is to find the optimal step size   at each iteration (see 

Step 5). We suggested the bisection search for this one-dimensional nonlinear 

optimization problem. In all the experiments, the convergence criterion for the flow 

difference between consecutive iterations is set as        . 

This section contains a presentation of the numerical analysis results we obtained 

from applying the partial linearization method for solving the combined equilibrium 

problem in a couple of synthetic and realistic example networks. The purpose of this 

numerical analysis is twofold: 1) to illustrate and justify the correctness of the modeling 

and solution methods for the distance-constrained, combined network equilibrium 

problem; 2) to assess the impacts on the network performance from different BEV battery 

capacities or driving range limits under different network scenarios, such as different 

BEV penetration rates. The driving range limit is a key specification of BEVs and a 

determinant factor that stimulates or discourages the purchase willingness of potential 

BEV users. 

For both the synthetic and realistic networks, we use the following link travel time 

function and parking access and search time functions to describe the supply performance 

on network links and parking facilities. The link travel time function employs the form of 

the BPR function: 

              (    (
  

  
)
  

) 
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where      is the free-flow travel time of link  ,    is the link capacity or maximum flow 

rate, and    and    are function parameters. Similarly, we assume that the parking access 

and search time function has a BPR functional form as well, 

             
         (

    

    
)

    

                    

             
         (

    

    
)

    

                     

where   
   

 (or   
   

) is the free-flow parking access and search time for the ordinary 

parking facility (or the special parking facility),      (or     ) is the capacity of the 

ordinary parking facility (or the special parking facility), and      and      (or      and 

    ) are function parameters for the ordinary parking facility (or the special parking 

facility). These performance function parameters reflect the non-measurable performance 

specifications of the roadway and parking infrastructures and determination of these 

parameter values is critical to the success of evaluating the network performance. 

Systematically calibrating parameters over the whole network is often very challenging. 

In the two example problems given below, we assume that all the required function 

parameter values are known a priori. 

5.3.1 The Lam-Huang Network 

To look into the traffic and parking flow patterns on the link, O-D and destination 

levels given different driving range limits, a small network shown in Figure 5.4 is used as 

an illustrative example. This network was originally used by Lam and Huang (1992) to 

study a combined trip distribution and traffic assignment problem. The network includes 

15 links, 6 nodes and 10 O-D pairs. Nodes 1, 2 and 3 represent origin zones; nodes 1, 2, 4 

and 5 represent destination zones. 
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Figure 5.4: The Lam-Huang network 

The following parameter values are applied to the Lam-Huang network. The scale 

parameters of the logit model for destination choice:           and          ; the 

parameters of the link travel time function:         and     ; the value of time: 

   ; the unit operation cost:         and        ; the parameters of the parking 

access and search time function for all destinations:               and           

 ; and, finally, for simplicity, the parking cost:        and       . In addition, the 

supply and demand data sets for modeling the Lam-Huang network include the 

following. The link free-flow travel times are: (                 )   (22, 12, 25, 38, 70, 

55, 20, 20, 35, 25, 18, 15, 18, 14, 23); the link distances are:                (3.8, 1.2, 

2.0, 3.9, 5.6, 4.2, 2.8, 2.8, 3.9, 3.1, 1.5, 2.4, 2.3, 1.5, 1.9); the link capacity is assumed to 

be the same on all links:       ; the parking free-flow times are: 

(  
      

      
      

   )   (5, 4, 5, 4) and (  
      

      
      

   )   (2, 3, 2, 3); the capacities 

of the ordinary and special parking facilities are also assumed to be the same with all 

destinations:          and         , respectively; the departing demand rates at 

the origin nodes: (  
    

    
 )   (250, 120, 430) and    

    
    

    (290, 160, 260). The 

departing demand pattern indicates the penetration rate of BEVs ranging from 37.7 to 
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57.1 percent across origins. Finally, note that other parameters and data listed above are 

directly copied from Lam and Huang (1992). 

It has been emphasized that the distinguishing feature of our model, different 

from previous models of this type, is the introduction of a driving range constraint. It is of 

our particular interest to assess how the constraint with different upper bounds (i.e., 

distance limits) affects the computation results and reshapes the network flow patterns 

across different network components. 

The relationship between the system performance and the driving range limit is 

first examined. Figure 5.5 depicts the variations of the objective function value and the 

total system cost (i.e., the sum of all driving and parking times and monetary cost) over a 

range of distance limits. From the optimization objective, it is well known that the 

objective function value of any minimization problem turns higher when any of its 

constraint becomes looser. This phenomenon is clearly observed in the Figure 5.5(a). 

More specifically, the objective function value drastically decreases in the section of the 

distance limit from 5 to 8, while it only slightly changes when the distance limit is lower 

than 5 or higher than 8. Recall that the distance limit in general causes a discontinuous 

change of the network equilibrium state because of the discrete nature of path lengths. 

Similarly, the variation of the total system cost shows a similar 3-section pattern, in 

which its value changes significantly in the section of the distance limit between 5 and 8, 

as shown in Figure 5.5(b). However, different from the objective function value, the total 

system cost is not monotone over the given range of distance limits. This result clearly 

shows the possible outcome similar to the Braess paradox, in which increasing the 

distance limit does not necessarily increase or decrease the total system cost. 
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(a) Objective function value 

 
(b) Total system cost 

Figure 5.5: Variation of system performance measures over a range of distance limits 

We further proceed to examine how the network flow patterns shift due to the 

change of the distance limit on the network links, O-D pairs and parking facilities. Given 

the small size of the Lam-Huang network, we can conveniently exhaust the results for all 

individual network components. The results for the network links, O-D pairs and parking 

facilities are given in Figures 5.6, 5.7 and 5.8, respectively. In each of these figures, three 

1,320,000

1,340,000

1,360,000

1,380,000

1,400,000

1,420,000

1,440,000

1,460,000

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

O
b

je
ct

iv
e

 v
al

u
e

 

Distance limit 

275,000

280,000

285,000

290,000

295,000

300,000

305,000

310,000

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

To
ta

l t
ra

ve
l c

o
st

 

Distance limit 



 111 

representative distance limit values, namely,    4, 6, and 10, which are picked up from 

the 3 distance limit sections shown in Figure 5.5(a), respectively, and the case of no 

distance limit are used. The latter is used as the base case for the comparison purpose. 

Again, in all these cases, the penetration rate of BEVs is fixed, ranging from 37.7 to 57.1 

percent, across different origin nodes. 

 

 
                           (a) Link 1                                                      (b) Link 2 

  
                           (c) Link 4                                                       (d) Link 5  

Figure 5.6: Variation of individual link flow rates with different distance limits
1
.  

 

                                                 
1Links with zero flows are omitted in this figure 
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                           (e) Link 6                                                       (f) Link 8 

  
                           (g) Link 9                                                       (h) Link 10 

 
                           (i) Link 11 

Figure 5.6: Cont.  
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It is evident from Figure 5.6 that BEV link flows change much more significantly, 

due to the change of the distance limit, than GV link flows. The result is intuitively 

understandable: travel choices of BEVs are directly restricted by the distance limit. For 

example, when    , which represents the tightest distance limit in Figure 5.6, there are 

only four paths available for BEVs, namely, path 1-5-2 between O-D pair 1-2, path 1-5 

between O-D pair 1-5, path 2-5  between O-D pair 2-5 and path 3-4 between O-D pair 3-

4. As a result of this limited feasible path set for BEVs, only links 1, 4, 6 and 10 carry 

BEV flows. With a higher distance limit, more paths are eligible for BEVs and hence 

more links carry BEV flows. 

  
                         (a) O-D pair 1-2                                            (b) O-D pair 1-4 

  
                         (c) O-D pair 1-5                                            (d) O-D pair 2-1 

Figure 5.7: Variation of O-D trip rates with different distance limit 
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                         (e) O-D pair 2-4                                             (f) O-D pair 2-5 

  
                         (g) O-D pair 3-1                                             (h) O-D pair 3-2 

  
                         (i) O-D pair 3-4                                             (j) O-D pair 3-5 

Figure 5.7: Cont. 
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                     (a) Destination 1                                           (b) Destination 2 

   
                     (c) Destination 4                                            (d) Destination 5 

Figure 5.8: Variation of parking demand rates with different distance limits 
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In all the above figures (i.e., Figures 5.6, 5.7 and 5.8), it is found that the flow 

results for the cases of    10 and no distance limit are the same. A closer look into the 

problem reveals the reason that the distance constraint is in fact not binding at the optimal 

solution of this example problem when the distance limit   is higher than 7. 

5.3.2 The Anaheim Network 

In addition to the synthetic results about individual network components from the 

above toy network, we are more interested in the system-wide effects imposed by the 

distance constraint, under different penetration levels of GVs and BEVs and from real-

world transportation networks. The Anaheim network (shown in Figure 5.9) is used here 

to satisfy this need. This network has a typical urban grid topology and poses a medium-

size problem in the context of transportation planning: 38 origin and/or destination zones, 

416 nodes and 914 links. 

 

 

Figure 5.9: The Anaheim network 
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It is hypothesized that the total departing demand rates from all origin zones are 

fixed while the penetration rates of BEVs and GVs vary. The underlying assumption is 

that the automobile market in the urban area (e.g., Chicago, Philadelphia, and Providence 

in the U.S.) is relatively stable and the total travel demand in the network reaches a 

saturated level, but the penetration rate of BEVs are expected to rapidly increase, for 

which the major part of new BEV purchases is from the replacement of old GV models. 

Even if the travel demand may still experience increases with the population and business 

growth, its increasing rate would be marginal compared to the increasing rate of the 

number of BEVs. If a region with fast population growth (e.g., Houston, Austin, and 

Phoenix in the U.S.) is modeled, the corresponding travel demand increase should be 

certainly taken into account. Moreover, for modeling simplicity, we set the same 

penetration rate across all origin zones in all scenarios of distance limits and penetration 

levels. 

All basic supply and demand data and parameter sets can be viewed from the 

network problem’s source website
2
, so we do not present them here. For additional 

parameters pertaining to our specific setting, they are given as: value of time is $10/hour 

($0.16/min), the unit operation costs of GVs and BEVs are $0.16/mile and $0.04/mile, 

respectively, the parking fees of the regular and special parking facilities at all 

destinations are $5 and $3, respectively, the capacities of the regular and special parking 

facilities at all destinations are 500 and 300 veh, respectively, and the parameters of the 

parking access and search time function are                 and            . 

                                                 
2 A set of transportation network test problems maintained by H. Bar-Gera can be accessed at 

http://www.bgu.ac.il/~bargera/tntp/. 
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Firstly, we checked the network influence from different distance limits (   5, 

10 and 15 miles
3
) and BEV penetration rates (10, 50 and 90 percent) on the 

computational efficiency of the algorithm. The results shown in Figure 5.10 reveal that 

when the penetration rate of BEVs is relatively high, the impact of the distance constraint 

on the convergence performance is significant and the significance becomes more 

obvious when the distance constraint is tighter (i.e., the distance limit is smaller); when 

the BEV penetration rate is relatively low, the impact of the distance limit on the 

convergence performance may be negligible. In overall, under the same distance limit, 

the higher the penetration rate is, the more iterations are required for achieving the same 

convergence level. This result is also true even when there is no distance limit imposed 

on BEVs. Under this condition, the major reason for the extra computational cost is from 

the parking availability restriction, in that BEVs can choose between two parking 

facilities while GVs can only choose ordinary parking lots. This phenomenon is also 

proved by an alternative experiment result from limiting the parking choice of BEV 

drivers to only special parking facilities. In that case, 41 iterations are required for 

solution convergence, which is smaller than 75 iterations, the number of iterations 

required for solution convergence for the case of BEVs choosing between two types of 

parking facilities, given that the distance limit is 5 and penetration rate is 50 percent. 

 

                                                 
3 Most of BEV models in the market have a much higher driving range limit than the values listed here. 

Given the geographic size of the Anaheim network is relatively small, these driving range limit values are 

deliberately hypothesized for the illustration purpose only; otherwise, the impacts of the driving range limit 

on network flow shifts may not be apparent. 
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Figure 5.10: The number of iterations with different BEV penetration rates and distance 

limits 

Next, we evaluated the network-wide impacts of different range limits and BEV 

penetration rates on the average relative changes of O-D, link, and parking flows of both 

GVs and BEVs. The equilibrium flow results without any distance limit are used as the 

base case. The formula for calculating average relative changes of O-D, link, and parking 

flows are given as follows, if, for example, the quantity of interest here is the average 

relative change of the GV link flow and the distance limit is   : 

∑ |    
         

   | 
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Figure 5.11 below records the results of the average relative changes of link flows given 

different distance limits. All of the plots in Figure 5.11 under different penetration rates 

of BEVs (and GVs) show a similar link flow variation pattern: BEV link flows are much 

more significantly influenced by the distance limit than GV link flows. Moreover, the 

smaller the distance limit is, the more apparent the change of BEV link flows becomes. 
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We also notice that with the increase of the penetration rate of BEVs, GV links flows are 

more likely influenced by the distance limit. 

 

 

(a) The BEV penetration rate = 10% 

 

(b) The BEV penetration rate = 50% 

Figure 5.11: Variation of average relative changes of link flows with different 

penetration rates and distance limits 
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(c) The BEV penetration rate = 90% 

Figure 5.11: Cont. 
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(a) The BEV penetration rate = 10% 

 

(b) The BEV penetration rate = 50% 

Figure 5.12: Variation of average relative changes of parking demands with different 

penetration rates and distance limits 
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(c) The BEV penetration rate = 90% 

Figure 5.12: Cont. 

 

 

(a) The BEV penetration rate = 10% 

Figure 5.13: Variation of average relative changes of O-D flows with different 

penetration rates and distance limits 
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(b) The BEV penetration rate = 50% 

 

(c) The BEV penetration rate = 90% 

Figure 5.13: Cont. 
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tighter, more destinations are not accessible by BEVs and BEV flows are concentrated to 

a fewer number of destinations. Comparing the three plots under different penetration 

rates of BEVs, we notice that the impact of the distance limit on GV O-D flows also 

increases with the increase of the penetration rate of BEVs. This can be characterized as a 

follow-up effect due to the BEV O-D flow pattern changes. 

In overall, these comparison results justify the hypothesis that the network flow 

shifts caused by the driving range limit are significant and complex and these changes 

become more apparent as the distance constraint goes tighter and the penetration rate 

goes higher. Based on these observations, we can conclude that when the penetration 

level of BEVs in the market climbs a certain level, the existing network equilibrium and 

travel demand modeling tools must be revised to accommodate such changes. The model 

constructed in this chapter provides an initial attempt, but more modeling efforts need to 

be made to support other parts of the existing travel demand modeling framework. 

In addition, it should be noted that the numerical analysis results shown above 

merely provide approximate relationships between the network flows and driving range 

limit, which are estimated by selecting some representative limit points. To accurately 

depict the relationship profiles (as shown in Figure 5.3), we need to first identify those 

key driving range limits that cause the network flow pattern to shift and estimate network 

flows at this key limits. A straightforward approach to identify the key driving range 

limits over the whole network is to apply a  -shortest path algorithm to each O-D pair. 

5.4 SUMMARY 

In summary, this chapter presents a special combined network equilibrium model 

with a driving range limit and multiple types of vehicles for responding to the recent 

research calls for new travel demand modeling and network analysis tools for the coming 
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era of electric vehicles. The model is constructed in the simplest form of its type and our 

research focus is given to understand how the network flow pattern on the O-D pair, 

parking facility and network link levels are reshaped by the introduction of BEVs into the 

market and how BEV and GV traffic flows interact and compete with each other in a 

combined urban traffic routing-parking system. The added driving range constraint on 

path lengths of BEVs imposes a new restriction on all travel choice behaviors and raises 

alternative algorithmic complexities. As we showed in the previous chapter and this 

chapter, solving the DCSPP is required in quantifying the route choice behavior of 

individual BEV drivers, for instance. 

The combined network equilibrium problem has been solved by an adapted partial 

linearization solution method, in which the linearized traffic assignment problem is 

tackled by the linear approximation procedure, the trip distribution subproblem is 

evaluated by the logit-based probability functions, and the parking split result is directly 

obtained by solving the complementarity system of equations. The computational results 

from applying the solution method for the two example network problems with small and 

medium sizes clearly illustrate the significant impacts on the network flow patterns 

imposed by the alternative travel cost composition and travel distance limit associated 

with BEVs. This finding, on one hand, indicates the need of using updated travel 

behavior and travel demand modeling tools for accommodating new travel flexibilities 

and restrictions brought by the future massive adoption of electric vehicles (and/or other 

alternative-fuel vehicles); on the other hand, it implies possible new opportunities for 

transportation planners and operators to reshape travel and activity patterns and reduce 

urban congestions and pollutants on both the planning and operational levels. 

In our network equilibrium analysis, we implicitly assume that all BEVs are fully 

charged at their origins (e.g., home garages), and ignore possible availability of 
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commercial battery-charging or battery-swapping stations emerging in urban areas in the 

near future. In most transportation networks, it may take a number of years to deploy 

sufficient electricity-recharging infrastructures for achieving the full coverage. 

Nevertheless, a partial coverage still offers some recharging opportunities for BEV 

drivers and favors their travel choice decisions. Introducing a limited set of commercial 

charging or swapping stations (in addition to home garages) into any BEV-contained 

network models will inevitably create new modeling complexities and algorithmic 

challenges. As discussed in Chapter 3, the individual route choice behavior with BEV 

drivers in this case will no longer be a DCSPP, but a SPPR. Apparently, a more 

sophisticated network equilibrium model that accommodates such travel choice behaviors 

is necessary and will be very useful in evaluating relevant plans and policies of 

developing and maintaining electricity-recharging infrastructures. We will deal with this 

problem in the next chapter. 
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Chapter 6:  Network Equilibrium with Recharging Requirement 

Most BEVs currently can only charge at home or only at home and work/activity 

places, but many cities are now building, or have planned to build, more charging or 

battery swap stations for electric vehicles. Furthermore, with the recent development of 

battery technologies, the required charging time is being continuously reduced. 

Therefore, modeling more charging stations in the network and considering BEV 

travelers’ en route charging needs become realistic modeling concerns. However, it is 

still reasonable to expect that the number of charging stations will be limited in the near 

future. Motivated by this prediction, this work studies the impact of BEVs’ route choice 

behavior on transportation network flow patterns when a limited number of en route 

charging stations are available. Specifically, a TAP based on the assumption that BEVs’ 

route choice behavior follows the SPPR discussed in Chapter 3 was formulated and 

solved.  

6.1 PROBLEM FORMULATION 

In this problem, we assume that the UE principle of Wardrop (1952) still applies 

to BEV drivers, but with an extra constraint, i.e., the distance travelled between two 

consecutive charging cannot exceed the range limit of the vehicle. This TAP considering 

BEVs’ en route recharging (TAPER) can be formulated as a nonlinear integer 

programming.  

First, we introduce some new notations that will be used hereafter. 

Sets 

   Set of O-D pairs, W={ ,  - ,  } 

    Set of paths between O-D pair  -  

   Set of charging station pairs, { ,  - ,  } 



 129 

  
    Set of charging station pairs on path   connecting O-D pair  - . Note that  -  and 

 -    
  since we assume that vehicles leaving their origins with full charge. 

Parameters 

     Travel demands between O-D pair  -  

   A big constant number 

  
     

 Distance of the subpath between charging station pair  -  on path   between O-D 

pair  -  

     
     

  Link-subpath incidence parameter.      
        if link       is contained in the 

subpath between charging station pair  -  on path   connecting O-D pair  - ; 

otherwise,      
       . 

Variables 

  
   Pseudo path flow, a unit dummy flow added to the path with positive real traffic 

flow.   
     if   

    ; otherwise,   
     or 1. 

  
     

 Pseudo subpath flow, the unit dummy flow on the subpath between any two 

charging stations.   
        if   

     and   and   are two charging stations on 

path   between   and  ; otherwise,   
        or 1.  

Then, TAPER can be formulated as follow. 

   ∑ ∫         

   

 

 

       

 (6.1) 

Subject to: 

∑  
  

 

               (6.2) 

  
                   (6.3) 

   
     

                 (6.4) 
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   ∑   
          

     

     
  

                    
   

(6.5) 

  
       

        
                
  

    
(6.6) 

  
                       (6.7) 

  
            

                
  

    
(6.8) 

Where 

    ∑∑  
  

   

     
          (6.9) 

  
      ∑         

     

       

                   
    (6.10) 

In this formulation, the objective function and Equations (6.2) and (6.3) are the 

same as that in the basic TAP model. Equation (6.4) and (6.7) together requires that if 

  
    , then   

    , i.e., if a path is used, then a unit pseudo flow will be sent from 

this path’s origin to destination. If   
    , then for all the links on this path, the left of 

Equation (6.5) is equal to 1, and the equation forces that only one subpath using link       

carries a unit of pseudo flow. Then Equation (6.6) requires that the length of this subpath 

is no longer than  . Equation (6.5) makes sure that one link is used by one subpath, i.e., 

there is no overlapping between different subpaths.  

As mentioned before, we assume travelers route choice behavior follows the 

SPPR discussed in Chapter 3. To show that the route choice behavior underlying TAPER 

is indeed the SPPR, we take the gradient of objective function (6.1) with respect to path 

flows and decompose it by O-D pair, we get following program:  

 

   ∑  
    

  

 

 (6.11) 



 131 

Subject to: 

 

∑  
  

 

      (6.12) 

  
              (6.13) 

  
     

            (6.14) 

  
       

   ∑   
          

     

     
  

                  (6.15) 

  
       

                     
    (6.16) 

  
                  (6.17) 

  
                         

    (6.18) 

Where   
   ∑         

  
        is the path cost. Note that for a specific O-D pair, changing 

demand will not change the optimal path between this O-D pair, so we replace     by 1 

in Equation (6.12). With this change,    
   can at most equal to 1, then Equation (6.4) can 

be replaced by (6.14). Next, we will prove program (6.11)-(6.18) is the SPPR introduced 

in Chapter 3. We firstly introduce a lemma and then used the example path shown in 

Figure 6.1 to prove the equivalence between program (6.11)-(6.18) and SPPR. 

Lemma 6.1   
         

Proof:   
   is fixed for all the paths connecting   and  , so to minimize the 

objective function (6.11), all the flow (one unit) will be sent to the path   with minimum 

  
   and the flow of all other paths are zero.   

 

 

Figure 6.1: An example path from   to   
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Suppose the path shown in Figure 6.1 is path   between   and  .     and   are 

charging stations. If this path is used, we must have   
     according to Equation 

(6.14). Since link        , then we have   
       

    . According to Equation (6.15), 

among   
     

,   
     

,   
     

 and   
     

, only one of them is equal to 1 and all others equal 

to 0. If   
       , then the distance between   and   on path  ,   

     
 must no longer 

than the distance limit   according to Equation (6.16), and no requirement for the 

distances between   and  ,   and  , and   and  . Otherwise, if   
       , we must have 

  
        and no requirement for   

     
,   

     
 and   

     
 . In either case, if the distance 

constraint is satisfied for all the subpaths on path  , then path   is a feasible path. Among 

all the feasible paths, the one with minimum   
   will carry the one unit demand between 

  and   and the flow on all the other paths are zero. 

6.2 SOLUTION ALGORITHM 

TAPER, formulated as a nonlinear integer programming, is difficult to solve, 

especially for large-size problems. However, as mentioned before, the main difference 

between TAPER and the basic TAP is the route choice behavior. In TAPER, people can 

only choose the least cost path from the feasible path set which includes all the paths that 

satisfying their charging requirements. In Chapter 3, we introduced this route choice 

behavior and named it as SPPR. Therefore, if we replace the shortest path search in 

solution algorithm for basic TAP by SPPR, then the modified algorithm will find the 

optimal solution of TAPER. 

Here, we modified the PG method of Florian et al. (2009) to solve TAPER. PG 

algorithm operates in the space of path flows. It is also one of the most efficient 

algorithms for solving TAP. Florian et al. (2009) implemented the PG method for several 

large realistic-size networks and demonstrated that PG performs better than both the 
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Frank-Wolfe and the OBA of Bar-Gera. As discussed in Chapter 3, PG is based on 

sequential decomposition by O-D pair. The difference between the PG for the basic TAP 

and TAPER is travelers’ route choice behavior. By replacing the step of solving SPP to 

solving the SPPR between a given O-D pair, it can be applied to solve TAPER.  

As proved in Chapter 3, the label correcting algorithm is the most efficient 

method for solving SPPR. Therefore, we incorporated it into the PG algorithm. The 

detailed solution process of the modified PG algorithm is given below. 

 

Step 0. For each O-D pair   -  , apply the LC algorithm described in Section 3.2.2.2 to 

find the optimal path  . Assign all the travel demand between   and   to path  . Add   to 

   
 , the set of paths with positive flows. This yield an initial solution    

    {   
  } and 

   
    |  

     .  

While is not converge, do 

 For each O-D pair   -  , do following steps: 

Step 1: Compute the descent direction 

  
     ̅     

           
  

Where  ̅   is the average cost of all paths in set    
 . If    

     
 
|  

  |   , go 

to step 4. 

Step 2: Find the optimal step size    which is the solution of the 

subproblem 

   ∑ {∫        
    

    ̅       
   

 

}

       

 

s.t. 

       (
   

  

  
  |   

          
 ) 
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Where    
   ∑      

    
  

     
 ,  ̅   ∑ ∑      

    
  

     
       is the fixed 

flow of all other O-D pairs of the network. 

Step 3: Update path flows and link flows 

  
     

      
          

  

   
      

       
             

If a path   
   diminishes to zero, it is eliminated, that is,    

     
   . 

Step 4: Apply the LC algorithm described in Section 3.2.2.2 to find the 

optimal path  ̂ of cost    ̂
  .  

If    ̂
           

    
   , add path  ̂ to the set of active paths    

  and return 

to step 1.  

Else, STOP. 

 End For 

End While 

6.3 NUMERICAL STUDY 

This section contains a presentation of the numerical analysis results we obtained 

from applying the algorithm described in Section 6.2 in a couple of synthetic and realistic 

example networks. The purpose of this numerical analysis is twofold: 1) to illustrate and 

justify the correctness of the solution methods; 2) to assess the impacts on the network 

performance from different BEV driving range limits under different network scenarios, 

such as different charging station locations. The driving range limit is a key specification 

of BEVs and a determinant factor that stimulates or discourages the purchase willingness 

of potential BEV users. 
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For both the synthetic and realistic networks, we still use the BPR link travel time 

function to describe the supply performance on network links and assume that all the 

required function parameter values are known a priori. 

In all the experiments, Bisection Search is used to find the optimal step size   in 

step 2 of the modified PG algorithm and the flow difference between consecutive 

iterations is used as the convergence criterion. PG is well known as can reach highly 

convergent result in reasonable time, so relative gaps of the order of 1e-6 is used as the 

convergence criterion in all of our experiments. 

6.3.1 The Lam-Huang Network 

To look into the traffic flow patterns on the link level given different driving 

range limits, the Lam-Huang network (Lam and Huang, 1992) shown in Figure 6.2 is 

again used as an illustrative example. As before, nodes 1, 2 and 3 represent origin zones, 

nodes 1, 2, 4 and 5 represent destination zones, but intermediate node 6 now is a charging 

station node (shown with a bold circle in Figure 6.2). 

 

 

Figure 6.2: The Lam-Huang network 
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The following parameter values are applied to the Lam-Huang network. The 

parameters of the link travel time function is given in Table 6.1. These data are the same 

as Lam and Huang used in their paper. 

 

Link #              
              

1 (1, 5) 1.2 12 335 1.8 4 

2 (1, 6) 3.8 22 335 3.3 4 

3 (2, 3) 3.9 38 335 5.7 4 

4 (2, 5) 2 25 335 3.75 4 

5 (3, 2) 5.6 70 335 10.5 4 

6 (3, 4) 2.8 20 335 3 4 

7 (3, 6) 4.2 55 335 8.25 4 

8 (4, 1) 2.8 20 335 3 4 

9 (5, 1) 3.9 35 335 5.25 4 

10 (5, 2) 1.5 18 335 2.7 4 

11 (5, 6) 3.1 25 335 3.75 4 

12 (6, 1) 2.4 15 335 3.25 4 

13 (6, 2) 1.9 23 335 2.45 4 

14 (6, 3) 1.5 14 335 2.1 4 

15 (6, 4) 2.3 18 335 2.7 4 

Table 6.1: Parameters of link travel time functions 

The travel demand between each O-D pair is given in Table 6.2. These data are 

assumed by the author because only the departing demand rates at the origin nodes (not 

the O-D demand matrix) were given in Lam and Huang (1992). 
 

 -  1-2 1-4 1-5 2-1 2-4 2-5 3-1 3-2 3-4 3-5 

    800 750 1150 375 325 700 850 700 1300 600 

Table 6.2: O-D specific travel demand  

We tested the change of link flows with the increase of distance limit  , the 

results are given in Figure 6.3. 
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Figure 6.3: Variation of individual link flow rates with different distance limits 

First of all, we can see that with the increase of distance limit D, flows increase on 

some links (e.g., links 3 and 10), decrease on some other links (e.g., links 8 and 11), or 

not change at all on several links (e.g., links 9 and 14). Note that the distance limit is no 

longer binding after    . This is the same conclusion obtained in Chapter 5 when 

distance limit is set on the length of the whole path using the same example network. 

Actually, for some O-D pairs, there are some paths infeasible for BEVs, but these paths 

are also those with high cost and will never be used. So the link flow pattern doesn’t 

change after    . When the distance limit is infinity, the problem degenerates to the 

basic TAP. We can clearly see the difference between the link flow patterns with distance 

limit and that without from Figure 6.3. 

 

0

200

400

600

800

1000

1200

1400

1600

1800

2000

6 7 8 9 10 inf

Li
n

k 
Fl

o
w

 

Distance Limit 

link 1

link 2

link 3

link 4

link 5

link 6

link 7

link 8

link 9

link 10

link 11

link 12

link 13

link 14



 138 

6.3.2 The Sioux Falls Network 

We then applied the algorithm to the Sioux Falls network to demonstrate the 

impact of charging stations’ locations on traffic flow patterns. As before, the link 

performance functions and travel demand table used in our application are directly from 

Transportation Network Test Problems website of Bar-Gera and each link’s free-flow 

travel time is used as a proxy of the link length.  

We know that if the range limit is too low, a traveler may not be able to travel 

from one charging station to another and therefore cannot reach his/her destination. So, 

we firstly test the impact of charging stations’ location on the minimum distance limit 

value that makes sure every O-D pair has at least one feasible path. We test three cases 

with respectively 5, 9 and 12 charging stations being built in the Sioux Falls network. For 

each case, we tested 100 scenarios with randomly generated charging station locations. 

For each scenario, we find out what is the minimum value of distance limit D that 

ensuring at least one path exists between every O-D pair. The test results are shown in 

Figure 6.4. 

 

 

Figure 6.4: Number of scenarios and corresponding minimum feasible distance limit 
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From Figure 6.4, we can see that, as we expected, more charging stations are built, lower 

distance limit the system can support. Among 100 randomly generated scenarios with 5 

charging stations, only 2 of them support the range limit 9, while the corresponding 

number in the case with 12 charging stations is 86. The smaller chances of those 

scenarios supporting lower range limits showed in this random test also demonstrates that 

the location of charging stations needs to be chosen carefully so that investment are not 

wasted and vehicles with low range limits can be served by the transportation system. 

This naturally generates a charging station location design problem which we will discuss 

in Chapter 7. 

Then, among each case, we pick out two scenarios with charging stations located 

at different locations, as shown in Figure 6.5. Again, those nodes with bold circles are 

charging stations. Scenario 1A and 1B both have 5 charging stations, and are the only 

two scenarios support range limit at least 9 in our last test. Scenario 2A and 2B have 9 

charging stations and support range limit at least 7. 12 charging stations are built in 

scenario 3A and 3B which support range limit at least 6. These six scenarios are among 

the best charging station arrangement plans in each group generated in our last test. 
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                    (a) Scenario 1A                                                (b) Scenario 1B    

     
                    (c) Scenario 2A                                                (d) Scenario 2B 

Figure 6.5: The Sioux Falls network with different charging station locations 
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                     (e) Scenario 3A                                               (f) Scenario 3B    

Figure 6.5: Cont. 

We test scenarios 1A and 1B stating form distance limit     which is the 

minimum value that each O-D pair has at least one feasible path. We continuously 

increase the value of distance limit until we find the link flow pattern is the same with 

that when    . Similar tests are performed for scenarios 2A and 2B with   starting 

from 7, and for scenarios 3A and 3B with   staring from 6. The distance limit values at 

which the network flow pattern is the same as when     in each scenario is shown in 

Figure 6.6. We can see this value in scenarios 1A and 1B are the highest while in 

scenarios 3A and 3B are the lowest. This is because when more charging stations are 

built, as in scenarios 3A and 3B, even when the distance limit is still low, as long as those 

subpaths are distance feasible, then when charging stations connect those subpaths 

together, the whole path will be feasible too. While when there are only a few charging 
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stations exist in the network, even many subpaths are distance feasible, they cannot form 

a feasible whole path from the origin to the destination. 

 

 

Figure 6.6: The distance limit value at which the distance constraint is not binding 

We then test the total vehicle miles traveled (VMT) and total vehicle time 

traveled (VTT) in each scenario as shown in Figure 6.7. From those two plots in this 

figure, we can see that, in general, VMT and VTT decrease as distance limit increase or 

number of charging stations increase since higher distance limit and more charging 

stations means more possible that a cheaper path is feasible. However, this is not always 

the case. If we take a look at the partial enlargement of Figure 6.7(b) shown in 6.7(c), we 

can see that VTT in 1A and 1B in some cases are lower than that in 3A and 3B. This 

means that building more charging stations not necessarily helpful for improving the 

system performance. We can also notice from Figure 6.7(c) that for the same scenario, 

VTT in the case with higher distance limit is not necessarily lower than that in the case 

with lower distance limit. Both these two phenomena can be explained by the so called 

Brass paradox which we will discuss later. The VMT and VTT in all scenarios all 

converge to the same value which is the value in the condition when no distance limit is 

imposed.  
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 (a) Change of VMT with distance limit in different scenarios 

 

 (b) Change of VTT with distance limit in different scenarios 

Figure 6.7: Impact of distance limit on network system performance 
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(c) Partial enlargement of Figure (b) 

Figure 6.7: Cont. 

We also notice that with some distance limit values, the VTT in scenario A is 

higher than that in corresponding scenario B even though they have the same number of 

charging stations; while with some other distance limit values, the situation is opposite. 

This shows that the optimal location plan when distance limit is a certain value may not 

be the optimal plan when the distance limit is another value. Note that when    , the 

VTT in scenario 2B is much higher than that in scenario 2A. This probably is because in 

scenario 2B, for some O-D pairs, the feasible paths are very expensive. For example, in 

the free flow condition, the least cost feasible path between O-D pair 1-4 is 1- ̂-4 with 

cost 8 in scenario 2A and 1- ̂-6- ̂-6- ̂-4 with cost 21 in scenario 2B. The nodes with hat 

are charging station nodes. We can see that the path from node 1 to node 4 in scenario 2B 

has a cycle. This is because the distance of the subpath 2-6-5 is 9 which is longer than the 

distance limit 7, so the vehicle has to go to node 8 first and recharge there, then travel 

from node 8 to node 5 through subpath 8-6-5 the distance of which is 6. This test 
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demonstrates the impact of charging station location and distance limit on VTT and 

proves that the value of distance limit is a factor that should be considered when 

optimizing the location of charging stations. 

We randomly selected several links, and show in Figure 6.8 the change of their 

link flows with the change of distance limit under each scenario. We can clearly see that 

in different scenarios, flows on the same link show different change pattern, but with the 

increases of distance limit, they gradually converge to the same value.  

 

  

  

Figure 6.8: Variation of link flows with distance limit in different scenarios 
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Figure 6.8: Cont. 

6.3.3 Two Paradoxes 

Intuitively, we would expect that building more charging stations or having higher 

distance limit value would improve the system performance. However, as shown in our 

numerical test above, opposite results may occur. This is because the fundamental 

difference between the normative system-optimized flow pattern and the descriptive UE 

flow pattern.  Scenarios similar to the Braess’s paradox (Sheffi, 1985) could happen. We 

will describe these scenarios using a small example network as shown in Figure 6.9(a). 

The demand between O-D pair 1-4 is 6 units and vehicles are assumed to be fully charged 

at the origin node 1. 

(1) Basic Scenario: distance limit D=30, no en route charging station 

 In this scenario, only two paths are feasible between node 1 and node 4 as shown 

in Figure 6.9(b). Path 1-2-3-4 is infeasible because the length of this path is 35 > D. The 

equilibrium link flows are also shown beside each link in Figure 6.9(b). The total travel 

cost in this scenario is 528. 
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(2) Scenario A: D=30, a charging station is built at node 2 or node 3 

When a charging station node is built either at node 2 or node 3 as shown in 

Figure 6.9(c), path 1-2-3-4 is feasible and three paths between node 1 and node 4 will be 

used. The equilibrium link flows are shown in Figure 6.9(c). The total travel cost in this 

scenario is 552 which is higher than that in the basic scenario when no charging station is 

built in the network. In other words, adding a charging station makes the situation worse. 

(3) Scenario B: D=40, no en route charging station 

Compared with the basic scenario, the distance limit in scenario B is higher and 

path 1-2-3-4 is therefore becomes feasible. Similarly to that in scenario A, all three paths 

are used and each of them carries 2 units of flow. The equilibrium link flow pattern is the 

same as that in scenario A. The total travel cost is also 552 which again is higher than 

that in the basic scenario. 

This paradox example explains some phenomena we observed in previous 

numerical tests. These seem counter-intuitive results are due to the UE assumption: 

travelers choose their routes to minimize their own travel costs without considering the 

effect of their actions on other network users. 

 

 

(a) Example network 

Figure 6.9: Paradox examples 
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(b) UE solution of the basic scenario 

 

 

(c) UE solution when a charging station is built as node 2 or node 3 

Figure 6.9: Cont. 

6.4 SUMMARY 

A TAP for electric vehicles with en route recharging requirement (TAPER) was 

proposed. This problem is different from traditional basic TAP or the DCTAP studied in 

the Chapter 4 because of the underlying route choice behavior: when a limited number of 

charging stations available in network, an electric vehicle chooses the route so that it can 

travel to his/her destination or travel to the next charging station before the battery is 

depleted. TAPER is formulated as a nonlinear integer programing. A modified PG 

algorithm coupled with a label correcting algorithm for solving the underlying route 
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choice problem is adopted to solve it. The numerical results demonstrate the impact of 

distance limit and charging stations’ location on network traffic flow patterns and 

transportation system performance. Paradoxes similar to the Braess’s paradox are given 

to demonstrate that building more charging stations or increase BEVs’ range limits may 

not necessarily improve the system performance of transportation networks. 
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Chapter 7:  Conclusions and Future Extensions 

The coming widespread adoption of PEVs will unprecedentedly reduce the oil 

consumption and pollutant emissions and enhance the nation’s energy security. 

Compared to traditional gasoline-powered vehicles, PEVs have their unique 

technological advances and restrictions and require a set of different fueling and 

maintenance infrastructures. Driving PEVs inevitably changes individual’s travel and 

activity behaviors and calls for fundamental changes to the existing transportation 

network and travel demand modeling paradigms to accommodate changing cost 

structures, technological restrictions, and supply infrastructures. A prominent 

phenomenon is that all BEV drivers face a distance constraint on their driving range, 

given the unsatisfactory battery-charging efficiency and scarce battery-charging 

infrastructures in a long period of the foreseeable future. Incorporating this distance 

constraint and the resulting behavioral changes into transportation network equilibrium 

and travel demand models (static and/or dynamic) raises a series of important research 

questions. 

Responding to the research calls for new travel demand modeling and network 

analysis tools for the coming era of electric vehicles, this dissertation develops a series of 

new models and solution methodologies to describe BEVs’ route choice behavior under 

different infrastructure conditions and evaluate its impact on BEVs as well as GVs’ travel 

choice behavior and transportation network flow patterns. This research lays the 

foundation for studying many other electric vehicle-related transportation systems 

analysis problems. The models we proposed characterize a new network equilibrium 

paradigm, which offer a solid basis for constructing more complicated and realistic yet 
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readily tractable BEV-related network flow problems as well as system planning and 

policy problems.  

7.1 BEVS’ ROUTE CHOICE BEHAVIOR 

Route choice behavior is the basis of travel demand modeling and network 

analysis, and it is also the essential difference between BEVs and GVs. BEVs’ route 

choice behavior is restricted compared to GVs because of the range limit confined by the 

battery capacity. We study BEVs’ route choice behavior in two conditions, the first one is 

that no en route charging facilities available or charging time is too long to be acceptable; 

the second one is a limited number of charging stations are available and charging time is 

so short that charging battery en route is as easy and quick as refueling gas en route. 

BEVs’ route choice behaviors in these two conditions are modeled as DCSPP and SPPR 

respectively.  

DCSPP is a problem that has been extensively studied and applied in various 

contexts. One of the most efficient solution methods of solving this problem is the 

combined preprocessing and label setting algorithm of Dumitrescu and Boland (2003), 

but some modifications need to be done to make it more efficient as a subroutine of 

different types of TAP solution methods. 

SPPR is a new problem with only a very few relevant literatures published very 

recently can be found. We propose three algorithms to solve it and prove that the label 

correcting algorithm is the most efficient one. The Lagrangian relaxation approach is 

commonly used and as efficient as labeling method for solving DCSPP, but it is much 

less efficient when applied to SPPR due to the complexity of the relaxed problem.  

When modeling SPPR, we didn’t consider charging cost at those charging 

stations, but it can be incorporated into the models and algorithms proposed Chapter 3 
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with minor modifications. This will be one of our future works. Another important 

extension is how to solve DCSPP and SPPR more efficiently in the context of TAP where 

they must be solved a large number of times and arc costs are updated each time. To re-

compute the optimal path at each iteration of TAP solution algorithm, the labeling 

algorithm must be employed from scratch. Actually, some solution approaches for 

solving RCSP and SPPRW that exploits the column generation context (which has 

similar characteristics as TAP) can be found in literature. For example, Jaumard et al. 

(1996) investigated a SPPRW in which resource windows are associated with each arc. 

They described a DP algorithm and a two-phase approach for an acyclic graph; both 

approaches have pseudo-polynomial time complexity. The first phase of their two-phase 

algorithm constructed an expanded graph on which SPPRW can be solved as SPP. The 

second phase used an (unconstrained) shortest path algorithm to prescribe an optimal path 

through the expanded graph. The expanded graph needs to be constructed only once, and 

SPP is solved each time a subproblem is invoked in an attempt to generate an improving 

column. But they did not report the numerical performance of their method. Wilhelm et 

al. (2003) reported a similar, two-phase approach for a layered acyclic graph in which 

each arc is incident from a node in one level to another node in the next level. Zhu (2005) 

in her dissertation develops a systematic method for solving RCSP and SPPRW 

repeatedly. Develop efficient algorithms to solve DCSPP and SPPR efficiently in the 

context of TAP based on these relevant researches will be an important future work. 

7.2 NETWORK EQUILIBRIUM WITH DISTANCE CONSTRAINT 

Based on BEVs’ route choice behavior modeled as DCSPP in Chapter 3, a path 

length constraint is incorporated into the basic TAP. Though this problem is motivated by 

the need for modeling distance-restrained electric vehicles in congested networks, it can 
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be applied to various conditions with similar path-based constraints. The equilibrium 

conditions of the problem reveal that any path cost in the network is the sum of 

corresponding link costs and a path-specific out-of-range penalty term. The suggested 

method, based on the classic Frank-Wolfe algorithm, incorporates an efficient 

constrained shortest path algorithm as its subroutine. This algorithm fully exploits the 

underlying network structure of the problem and is relatively easy to implement. 

Numerical results from the provided example problems clearly show how the equilibrium 

conditions are reshaped by the path constraint and how the traffic flow patterns are 

impacted by different constraint tightness levels. 

The DCTAP model developed in Chapter 4 can be extended along a few different 

directions. On the modeling side, more complex network equilibrium models with 

vehicles of different types of path constraints and cost structures are of particular interest. 

An example is to extend our model to accommodate emerging hybrid vehicles, which are 

not subject to the distance limit but have different operational costs before and after 

exceeding their battery range limits. This will be discussed in more detail in the future 

extension part of next section. Also, note that we treat the range limit as a fixed value in 

all those models developed in this dissertation. However, in practice, people may 

perceive the same range limit value differently. For example, a conservative person may 

only choose those routes that are less than 80 miles even his car can run up to 100 miles, 

while those people with higher tolerance of risk may consider all the paths that are no 

longer than 95 miles. So, modeling the range limit as a stochastic value is more realistic. 

On the computational side, we plan to conduct experiments in large-scale, realistic-size 

networks to gain the information about how network flow pattern shifts and how much 

computational cost increases with the addition of the distance constraint. However, the 

implementation of the Frank-Wolfe algorithm for solving DCTAP only provides a 
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sublinear convergence rate and its poor convergence performance in the neighborhood of 

the optimal solution is notorious; to find highly precise solutions in large-scale 

implementations, a solution algorithm of the Newton or quasi-Newton type is anticipated. 

7.3 NETWORK EQUILIBRIUM WITH COMBINED TRAVEL CHOICES 

Noting that the distance constraint has a deeper and wider influence on urban 

travels and activities than what we showed in Chapter 4, we developed a more realistic 

model with combined travel choices in Chapter 5. Specifically, a network equilibrium 

problem with combined destination, route and parking choices subject to the driving 

range limit and alternative travel cost composition associated with BEVs are formulated, 

solved, and numerically analyzed under different network settings and scenarios. The 

defined problem introduces a new dimension of modeling network equilibrium problems 

with side constraints. The practical significance of the developed tool lies in its solution 

tractability and extension capability and its ease of being embedded into the existing 

travel demand forecasting framework. 

In overall, the modeling and solution methods presented in Chapter 5 provide us 

with a fundamental tool to understand transportation network changes due to the 

destination, route and parking choice adjustments with BEV drivers. Starting from this 

fundamental tool, we may extend its functionalities to capture more realistic 

transportation network phenomena by adding extra modeling components, recasting 

supply and demand assumptions, and employing more advanced modeling paradigms. 

As mentioned previously, it is very likely that the automobile market will be 

comprised of GVs, PHEVs and BEVs (as well as other types of electric vehicles) 

simultaneously for a long period in the predictable future. Unlike BEVs, PHEVs are not 

subject to the distance limit and are becoming a very attractive transportation mode 



 155 

choice to consumers, at least in the transition period between the gasoline era and 

electricity era. From the modeling perspective, this type of vehicles poses a different 

distance-dependent energy efficiency curve and operating cost structure. More 

specifically, a PHEV can be driven in two different operating modes, defined by the net 

effect on the battery state of charge: charge depleting and charge sustaining. A typical 

driving mode for a PHEV is that it is powered first by electricity only or a combination of 

electricity and gasoline in the charge-depleting mode; once the battery is depleted to a 

minimum state of charge, the PHEV uses only gasoline energy in the charge-sustaining 

mode. Introducing PHEVs into the already complex mixed GV-BEV traffic network adds 

another layer of complexity to the modeling framework presented in Chapter 5. 

Finally, we would like to emphasize that realistic travel and parking behaviors 

and network flow congestion conditions can be much better characterized by a dynamic 

network model. While a large number of analytical and simulation-based dynamic traffic 

assignment models can be used for describing network-wide traffic dynamics, a detailed 

parking access and search process (e.g., Thompson and Richardson 1998) should be also 

employed for accounting for parking dynamics. This is not only a requirement for 

capturing time-varying traffic network states and developing time-of-day parking policies 

(as well as many other time-dependent network control strategies), but also a critical 

prerequisite for the model potentially used for evaluating the policy and operational 

issues of implementing BEVs as distributed and mobile electricity storage to support 

coupled transportation-energy systems (Kezunovic and Waller 2011). 

7.4 NETWORK EQUILIBRIUM WITH RECHARGING REQUIREMENT 

The models presented in Chapter 4 and 5 are based on BEVs’ route choice 

behavior when the number of public charging stations or the charging time is not good 
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enough for en route charging. However, we also notice that more charging stations will 

be built and the charging time is being reducing significantly. Apparently, a more 

sophisticated network equilibrium model that accommodates BEVs’ travel choice 

behaviors with en route recharging requirement is necessary and will be very useful in 

evaluating relevant plans and policies of developing and maintaining electricity-

recharging infrastructures. In Chapter 6, we develop a new TAP model based on SPPR, 

the TAPER and propose a modified PG algorithm to solve it. The numerical tests 

demonstrate the impact of distance limit, number of charging stations and the location of 

charging stations on network flow patterns. The modeling and solution methods 

presented in Chapter 6 provide us with a fundamental tool to understand transportation 

network changes due to the en route charging behavior of BEV drivers. Based on this 

fundamental model, we may incorporate extra modeling components to capture more 

realistic transportation network phenomena. Following three problems provides several 

potential directions. 

TAPER with different vehicle classes 

The model proposed in Chapter 6 assumes a single value of the distance limit  , 

but in practice, different types/makes of electric vehicles have different range limits. For 

example, the driving range of a Nissan Leaf is around 100 miles (Nissan Leaf FAQs) on a 

full charge while that of Mitsubishi iMiEV is around 60 miles (Mitsubishi iMiEV FAQs). 

Gasoline vehicles and hybrid vehicles are not subjected to range limits, or we can say 

their range limits are infinity. The different distance limits with different classes of 

vehicles can be incorporated into the basic TAPER model without adding too much 

difficulty. To do so, we firstly need to introduce some new notations: 

   Set of vehicle classes 
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   The range limit of the  th class of vehicles  

  
    Travel demands of the  th class of vehicles between O-D pair  -  

    
    Traffic flow rate of the mth class of vehicles on path   between O-D pair  -  

    
   Pseudo path flow of the mth class of vehicles, a unit dummy flow added to the 

path carrying mth class of vehicles.     
     if     

    ; otherwise,     
     or 

1. 

    
     

 Pseudo subpath flow of the mth class of vehicles, the unit dummy flow on the 

subpath between any two charging stations.     
        if     

     and   and   

are two charging stations on path   between   and  ; otherwise,     
        or 1.  

Based on the basic TAPER model developed in Section 6.1 and these new notations, the 

TAPER with different vehicle classes can be formulated as follow. 

   ∑ ∫         
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Where 
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    ∑∑∑    
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      ∑         

     

       

 
                  

    (7.10) 

The solution algorithm proposed in Section 6.2 still applies to this new model. 

The only difference is that the algorithm needs to be run for each class of vehicles at 

every iteration. 

TAPER considering the charging time/cost 

TAPER is developed based on SPPR which, as mentioned before, doesn’t take 

into account the charging time/cost at charging stations. This makes the basic TAPER 

more suitable for battery swap than battery charging considering that the time cost for 

battery swap usually is negligible compared to travel time. However, battery charging is 

more time-consuming and this time is dependent on the type of charging station and how 

much battery has been consumed before arriving at the charging station. For example, for 

a Nissan Leaf, the estimated time for full charging starting from a depleted battery is 

about 20 hours at 110-120V, approximately 7 hours at 208-240V and about 30 minutes at 

480V (quick-charging station) (Nissan Leaf FAQs). The 2012 Ford Focus can fully 

charge in 3 to 4 hours with Leviton 240V charging station (Ford Focus FAQs). And, 

obviously, more battery you have used or longer distance you have travelled before 

arriving at the charging station, longer time will be needed for a full recharge. Based the 

basic TAPER model, the TAPER considering the charging time/cost at charging stations 

can be developed by adding following new notations: 

    A parameter reflecting the charging speed and/or unit charging cost at station   

    Distance have travelled before arriving at station    
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   ∑ ∫         

   

 

 

       

 ∑∑∑      
     

     

 (7.11) 

Subject to (6.2) – (6.10). 

The only difference between this model and basic TAPER developed in Chapter 6 

is that we want to minimize the summation of travel cost and charging cost, and the 

charging cost is proportional to the distance have traveled since last recharging. With 

some minor modifications, the solution algorithm of basic TAPER model proposed in 

Section 6.2 can be employed to solve this problem. 

TAPER-based charging station location problem 

As shown in the numerical study section of Chapter 6, the location of charging 

stations has great impact on network flow patterns and the system performance. 

Therefore, how to locate those charging stations to optimize the system performance and, 

at the same time, respect the budget limit imposes an interesting question.  This problem 

can be formulated as a bi-level model given following additional notations: 

    Cost of building a charging station at node   

   Dummy variable indicating if a charging station is built or not.      if a 

charging station is built at node  , and 0 otherwise. 

   Total available budget for constructing charging stations 

  
    Set of nodes on path   between O-D pair  -  

  
     

 Distance of the subpath between a pair of nodes  -  on path   connecting O-D 

pair  -  

     
     

  Link-subpath incidence parameter.      
        if link       is contained in the 

subpath between node   and node   on path   connecting O-D pair  - ; 

otherwise,      
       . 
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The problem is formulated as follow: 
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The upper level problem minimizes the system total cost subject to the budget 

constraint when travelers route themselves according to the extended Wardrop’s UE 

principle for electric vehicles. The    ’s in the upper level objective function is the 

equilibrium flow pattern generated by TAPER which forms the lower level problem. 
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Note that in the basic TAPER model, the locations of charging stations are given a prior, 

while in this model a charging station can be built at any node with a certain amount of 

construction cost. When this model is solved, the set of nodes with     are those 

locations where a charging station should be built. Bi-level problems generally are very 

difficult to solve. How to solve this problem efficiently in large, realistic side networks is 

an important future extension of this dissertation research. 

Note that though these three models are extended directly from the basic TAPER 

model, two or more of these problems can be combined. For example, TAPER with 

different vehicle classes and TAPER considering the charging time can be combined 

together to model different types of vehicles’ different charging time requirements; These 

three models can be combined to optimize the location of charging stations so that system 

total travel time and charging time are minimized, etc. 

Though we discuss the potential extensions based on each problem, some or all of 

them can be combined to develop more complicated models to characterize different 

aspects of the transportation system with BEVs.  
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