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Many engineering and scientific applications of flow in porous media are 

characterized by transport phenomena at multiple spatial scales, including pollutant 

transport, groundwater remediation, and acid injection to enhance well production.  

Carbon sequestration in particular is a multiscale problem, because the trapping and 

leakage mechanisms of CO2 in the subsurface occur from the sub-pore level to the basin 

scale. Quantitative and predictive pore-scale modeling has long shown to be a valuable 

tool for studying fluid-rock interactions in porous media. However, due to the size 

limitation of the pore-scale models (10-4-10-2m), it is impossible to model an entire 

reservoir at the pore scale. A straightforward multiscale approach would be to upscale 

macroscopic parameters (e.g. permeability) directly from pore-scale models and then 

input them into a continuum-scale simulator. However, it has been found that the large-

scale models do not predict in many cases. One possible reason for the inaccuracies is 

oversimplified boundary conditions used in this direct upscaling approach.  

The hypothesis of this work is that pore-level flow and upscaled macroscopic 

parameters depends on surrounding flow behavior manifested in the form of boundary 

conditions. The detailed heterogeneity captured by the pore-scale models may be partially 
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lost if oversimplified boundary conditions are employed in a direct upscaling approach. 

As a result, extracted macroscopic properties may be inaccurate. Coupling the model to 

surrounding media (using finite element mortars to ensure continuity between 

subdomains) would result in more realistic boundary conditions, and can thus improve 

the accuracy of the upscaled parameters. To test the hypothesis, mortar coupling is 

employed to couple pore-scale models and also couple pore-scale models to continuum 

models. Flow field derived from mortar coupling and direct upscaling are compared, 

preferably against a true solution if one exists. 

It is found in this dissertation that pore-scale flow and upscaled parameters can be 

significantly affected by the surrounding media. Therefore, using arbitrary boundary 

conditions such as constant pressure and no-flow boundaries may yield misleading 

results. Mortar coupling captures the detailed variation on the interface and imposes 

realistic boundary conditions, thus estimating more accurate upscaled values and flow 

fields. An advanced upscaling tool, a Super Permeability Tensor (SPT) is developed that 

contains pore-scale heterogeneity in greater detail than a conventional permeability 

tensor.  Furthermore, a multiscale simulator is developed taking advantage of mortar 

coupling to substitute continuum grids directly with pore-scale models where needed.  

The findings from this dissertation can significantly benefit the understanding of 

fluid flow in porous media, and, in particular, CO2 storage in geological formations 

which requires accurate modeling across multiple scales. The fine-scale models are 

sensitive to the boundary conditions, and the large scale modeling of CO2 transport is 

sensitive to the CO2 behavior affected by the pore-scale heterogeneity. Using direct 

upscaling might cause significant errors in both the fine-scale and the large-scale model. 

The multiscale simulator developed in this dissertation could integrate modeling of CO2 

physics at all relevant scales, which span the sub-pore or pore level to the basin scale, 
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into one single simulator with effective and accurate communication between the scales. 

The multiscale simulator provides realistic boundary conditions for the fine scales, 

accurate upscaled information to continuum-scale, and allows for the distribution of 

computational power where needed, thus maintaining high accuracy with relatively low 

computational cost. 
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Chapter 1 Introduction 

Flow and transport in subsurface applications are often characterized by behavior 

at multiple spatial scales. Consider, for example, the injection of acids into reservoirs to 

improve permeability and enhance well production. The macroscopic permeability 

increase is sensitive to the wormhole patterns, which are largely affected by the pore-

scale heterogeneity (Fredd and Fogler, 1998). Transport in nuclear waste repositories 

(Buscheck and Nitao, 1993) is another multiscale example, where the groundwater and 

nuclear waste interaction occurs at the particle surface, but modeling of the entire field 

must be performed at the basin scale.  

In carbon sequestration, CO2 is captured from emission gases as an industrial 

byproduct and then injected into potential storage sites for long-time storage (Figure 1-1). 

There are four proposed mechanisms of CO2 trapping: structural trapping, capillary 

trapping, solubility trapping, and mineral trapping. The most dominant trapping 

mechanism to prevent CO2 escaping from the subsurface is by employing the seal cap 

rock (structural trapping). The supercritical CO2 has lighter density compared to the co-

existing fluid, therefore it migrates to the top of the hydrocarbon reservoir where it will 

be trapped because of the extremely low permeability and strong capillary pressure on the 

sealing rock (e.g., shale layers).  In the second mechanism (capillary trapping), capillary 

pressure applied on the CO2 phase can trap CO2 in the pore space as 

residual/disconnected fluid. Such trapping can secure CO2 in place for a long time 

because the capillary pressure barrier is hard to overcome. In a deep saline aquifer, a third 

mechanism (solubility trapping) involves CO2 dissolving into existing brine, resulting in 

denser brine than surrounding fluids. Therefore, CO2-dissolved brine sinks to the bottom 

of the reservoir and stores CO2 securely in place. The fourth mechanism (mineral 
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trapping) involves chemical stabilization of CO2 onto the mineral because the low 

solubility of a carbonate compound (e.g., CaCO3). The risk of CO2 storage is attributed to 

two major leakage mechanisms. 1) Leakage occurs at the injection sites during injection 

because of fractures near the well; this leakage is relatively easy to capture and remedy, 

because it is easy to detect, and 2) leakage through undetected faults, fracture or micro-

fractures at the storage sites away from the injection wells.  

To securely store CO2 in the subsurface requires an accurate understanding and 

modeling of CO2 and geological environment interaction on all scales. These are sub-pore 

scale (e.g. the geochemical reaction on mineral surface), pore scale (e.g. capillary 

trapping of CO2), continuum scale (e.g. near-well leakage during CO2 injection) and field 

scale (e.g. CO2 fluid trapping at the seal cap rock, CO2 dissolution in deep saline 

formation). Importantly, the model accuracy largely depends on an accurate 

communication between the models on multiple scales. The fine-scale modeling relies on 

accurate boundary conditions extracted from the large-scale models. Also the large-scale 

model observations are strongly affected by the fine-scale heterogeneities. For example, 

to model the CO2 induced precipitation at a micro-fracture on a sealing rock, the 

modeling of CO2 transport and reactions at the micro-fracture are strongly affected by the 

pressure, flow and reactant concentrations on the boundaries. On the other hand, the 

permeability reduction on the large scale grid is largely determined by the conductivity 

reduction on the micro-fracture.  

Pore-scale modeling has long been shown to be a valuable tool to qualitatively 

study the fluid-rock interaction in subsurface porous media, and more recently these 

models have become quantitative and even predictive. In pore-scale simulations, the 

momentum equations are solved directly or approximately in the pore space to obtain 

flow fields through the porous medium. These models do not require the use of semi-
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empirical models, such as Darcy’s law. However, due to the large scale contrast between 

the pore scale (10
-5

-10
-2

m) and reservoir scale (10
2
-10

5
 m), it is impossible to model the 

entire reservoir at the pore scale. A straightforward approach to addressing this multiscale 

problem would be to upscale macroscopic parameters (e.g. permeability) directly from 

pore-scale models and then input them into continuum-scale simulators (e.g., Lock et al., 

2002). However, it has been found that the large-scale models do not predict in many 

cases (e.g., Algive et al., 2009). One possible reason for the inaccuracies is poor 

upscaling. Typically in pore-scale modeling simple boundary conditions (e.g. constant 

pressure and no-flow boundaries) are imposed, treating pore-scale models as stand-alone 

tools and ignoring the impact from surrounding media. In reality, the boundary conditions 

should reflect flow behavior in the surrounding media, but this would require some 

communication between the pore-scale model and the remaining reservoir.   

Mortar coupling is a technique (Arbogast et al., 2000; 2007) used to couple 

models of different meshes, scales and physics. Balhoff et al. (2008) used mortars to 

couple pore-scale models to pore-scale and continuum-scale models and demonstrated 

that the flow continuity can be maintained on the shared interface. Mortars can be used as 

a tool to couple pore-scale models to surrounding media and implement more accurate 

boundary conditions (than a constant pressure gradient, for example) on the pore-scale 

model. Mortars could also be potentially used to integrate pore-scale models directly into 

a multiscale simulator; the pore-scale models could be coupled with the continuum region 

and maintain continuity. This multiscale approach would allow for complex modeling 

where needed. A multiscale reservoir simulator would enable the flexibility to solve 

complex physics at the pore scale and solve a simpler problem on the larger part of the 

reservoir at the continuum scale.  
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The hypothesis of this work is that pore-level flow and upscaled macroscopic 

parameters are dependent upon surrounding flow behavior manifested in the form of 

boundary conditions. The detailed heterogeneity captured by the pore-scale models may 

be partially lost if oversimplified boundary conditions are employed in a direct upscaling 

approach. As a result, extracted macroscopic properties may be inaccurate. Coupling the 

model to surrounding media (using mortars) would result in more realistic boundary 

conditions, and can thus improve the accuracy of the upscaled parameters. In order to test 

the hypotheses, mortar coupling is employed to couple between pore-scale models and 

also couple pore-scale models to continuum models. Flow field derived from mortar 

coupling and direct upscaling are compared, preferably against a true solution if one 

exists. 

In chapter 2, a literature review of modeling approaches at several spatial scales is 

conducted. Pore-scale modeling approaches, especially pore-network modeling, are 

reviewed in detail. Many pore-scale modeling techniques (e.g., Lattice-Boltzmann 

method, FEM) have been developed. However, network models, because of their 

simplicity and the capability to well-represent the porous medium, have been widely 

employed to investigate single phase, multiphase, and reactive transport in porous media. 

Despite the continued effort to improve their predictive ability, pore-scale models usually 

employ simplified boundary conditions such as constant pressure and no-flow, which 

may result in misleading pore-level flows and macroscopic parameters. Many  

approaches for multiscale modeling and bridging pore-scale and continuum-scale models 

(“hybrid” approaches) are also discussed. Upscaling from fine to coarse grids or from the 

pore-scale models to the macro-scale continues to be challenging; the state-of-art 

techniques for upscaling are reviewed. Domain decomposition techniques are then 

discussed, with emphasis on mortar methods for ensuring continuity between 
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subdomains.  The mathematical approach and algorithm for mortar coupling is presented 

which will be used throughout the dissertation.  

In chapter 3, mortar coupling is demonstrated at the continuum scale.  Two 

continuum-scale subdomains with large contrast in conductivity (a high-permeability 

fracture and an adjacent, low-permeability matrix) are coupled. The problem has a well-

known analytical solution (Cinco-Ley et al., 1978) which makes it an excellent 

benchmark for verification. Mortar coupling is employed in this example to decouple the 

highly-conductive fracture from the adjacent matrix. A near identical match between the 

full model and mortar coupling solution help to verify the effectiveness of mortars to 

maintain pressure and flow continuity at the interfaces. The domain-decomposition 

approach allows for different meshing in the two regions, so fine-scale gridding can be 

used where needed. The approach could be especially useful if the two subdomains were 

governed by different physics (single versus multiphase or Newtonian versus non-

Newtonian polymer).  

In chapter 4, a large, heterogeneous pore-network model (~1 million pores) is 

created. The network is then divided into one hundred smaller sub-networks. The 

permeability of the million-pore network model is estimated three different ways, 1) 

directly on the large network model (Ktrue), this method is computationally expensive and 

requires massive memory, 2) permeability is upscaled using a finite difference simulator, 

which use sub-network permeabilities obtained from direct upscaling as input (KFD), and 

3) permeability is estimated using mortar coupling at the shared interface between sub-

networks (Kmortar). The comparison of the upscaled permeabilities allows for a direct 

investigation of whether direct upscaling and mortar coupling approximate the true 

solution with high accuracy.  
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In chapter 5, a new upscaling tool for pore-scale models, a Super Permeability 

Tensor (SPT), is developed with the goal of producing a macroscopic property that   

captures detailed heterogeneity of pore-scale models better than a simple permeability 

scalar or 3×3 tensor. The SPT views flow fields from pore-scale models as a system 

response to pressure stimuli. By evaluating the flow responses from linearly independent 

pressure stimuli, the SPT can construct the model solution to any pressure boundary 

conditions. Because the SPT is capable of reflecting the flow response to complex 

pressure boundary conditions, it contains more heterogeneity information of the porous 

medium than a conventional permeability tensor. It is demonstrated that the SPT is 

capable of approximating more accurately the true flow field than the conventional 

permeability tensors for both linear and nonlinear input pressure fields.  The simplicity of 

utilizing the SPT has increased the portability of pore-scale models significantly. Because 

the mortar coupling also projects pressure profiles onto pore-scale models through linear 

combinations of basis functions, the SPT can be conveniently implemented when pore-

scale models are coupled using mortars.  

In chapter 6, a first-of-its-kind multiscale simulator is developed, which directly 

integrates pore-scale models into a continuum-scale, Darcy simulator. Mortar coupling is 

employed to ensure continuity on the shared interfaces between the subdomains (between 

thousands of pore-scale models and between the pore-scale models and a continuum 

subdomain). The multiscale simulator is specifically employed to study near-well 

phenomena. Two upscaling approaches are used: a priori, direct upscaling and a 

posteriori global upscaling which incorporates the impact of surrounding media on 

upscaled parameters. Four simulation cases are developed one with only homogenous 

networks allows for a verification of the multiscale simulator. Simulation cases with 
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heterogeneous networks enable investigation of how pore-scale heterogeneity and 

boundary conditions may affect modeling accuracy.  

In chapter 7, conclusions and future work are discussed which summarize the 

hypothesis that pore-scale model may be better upscaled to continuum-scale models if 

realistic boundary conditions are applied. However, the work in this dissertation only 

tested the hypothesis on single phase, linear flow and may not fully describe multiscale 

effects for these more complex flows. Further studies are encouraged to expand the 

current work on multiphase flow with multiple reactive components.  

 

 

Figure 1-1: Illustration of scales of CO2 sequestration. CO2 is separated from other 

emission gases and injected into subsurface for long-time storage. Secure 

storage of CO2 in subsurface formations involves CO2 interaction with the 

geological environment from nanoscale, pore scale continuum scale, and 

field scale.  
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Chapter 2 Background and Literature Review 

2.1 SCALES IN POROUS MEDIA  

Many applications of flow in porous media are characterized by physics that 

occur at multiple spatial scales, including pollutant transport (e.g., Odman and Russel, 

1991; Grell et al, 2000), transport in nuclear waste repositories (e.g., Buscheck and Nitao, 

1993), and CO2 sequestration (Doughty and Pruess, 2004). For example, the storage of 

CO2 in subsurface porous media needs to be studied at the field scale; however, the 

behavior of CO2 saturated saline coupled with biogeochemical reactions is determined 

from pore scale or even sub-pore scale investigation. Accurate simulation is important for 

ensuring safe storage, recovery predictions, and making reservoir engineering decisions. 

Developing models that bridge all of these scales (nanometer to kilometer) can be 

challenging. Typically, flow and transport through porous media are modeled at the 

macroscopic or continuum scales (100 -106m). However, these models typically use 

averaged, macroscale properties (e.g., permeability, porosity). These properties can be 

determined from experiments, but such experiments are often tedious and time-

consuming. An alternative is to obtain these properties by upscaling from smaller-scale 

(e.g., pore-scale) models. Pore-scale models are able to capture detailed heterogeneities 

of porous media and enable one to solve the momentum equations directly without using 

semi-empirical models, such as Darcy’s law. Modeling at the pore scale can capture 

fundamental physics of fluid flow and the interaction between the fluid and rock matrix. 

However, due to the expensive computational cost, it is impossible to implement pore-

scale modeling in the entire reservoir. Therefore one approach for incorporating 

fundamental physics into continuum-scale modeling might be to extract parameters from 

simulations at a small scale (e.g., pore scale), then upscale these parameter for use at a 

large scale.  
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2.2 INTRODUCTION TO PORE-SCALE MODELING 

2.2.1 Pore-Scale Modeling Methods 

Pore-scale models have been proven to be valuable tools for understanding flow 

behavior in porous media and for evaluating petrophysical properties of subsurface 

materials. For example, Pan et al. (2001) employed Lattice-Boltzmann simulation, which 

rather than solving the Navier-Stokes equations, models fluids as fictional particles with 

consecutive propagation and collision, to study the permeabilities from a random sphere 

packing, pore-scale model. Ferreol and Rothman (1995) used the Lattice-Boltzmann 

method to model single-phase and two-phase flow in pore-scale models. The pore-scale 

models in their work reach up to 2 millimeters in linear dimension. The permeability 

evaluated from this approach ranges from 1.0 to 1.5 Darcy depending on the direction, 

which match well with laboratory measurement result of 1.3 Darcy. However, the authors 

also observed that the permeability value depends on the size of pore-scale models. 

Sheibe et al. (2007) used a Smooth Particle Hydrodynamics (SPH) approach, which uses 

a mesh-free Lagrange Method and models fluids as a set of discrete elements, to study 

diffusion dominated fluid transport. Holmes et al. (2011) improved the SPH approach by 

introducing a new algorithm to address no-slip boundary conditions and used this 

algorithm to model low Reynolds number flow in three dimensional pore-scale models. 

Lane and Thompson (2010) employed the Finite Element Method (FEM) in image-based 

pore-scale modeling. The authors evaluated petrophysical properties of studied porous 

media and its sensitivity to mesh size in FEM implementation.  Each of these pore-scale 

approaches has advantages and disadvantages such as computational effort, but the 

simplicity of another approach (network modeling) allows for modeling at somewhat 

larger scales which has the advantage of predicting larger-scale flow phenomena. 
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2.2.2 Pore-Scale Network Modeling 

Network models use pores to represent the void space and throats to represent 

flow path as well as flow resistance in porous media. Network models were first 

developed by Fatt et al. (1956) as an extension to over-simplistic existing models (such as 

bundle-of-tubes models) that did not mimic the complex pore structure of heterogeneous 

media. Initial network models (Payatakeas et al., 1980; Koplik and Lasseter, 1985; 

Chen and Wilkinson, 1985) involved regular (usually two-dimensional) grids, which 

made quantitative determination of macroscopic parameters difficult. Most modern 

network models are more complex and may be physically-representative (e.g., Bryant et 

al., 1993),  created from digital data representing or extracted from actual porous 

materials and consist of pores (volume) having interconnecting throats (flow resistance). 

Because physically-representative networks are mapped directly from a real porous 

medium, they retain important topological data and spatial correlations. The accuracy of 

network modeling as a quantitative, predictive tool relies on at least two aspects, 1) 

accurate characterization of the 3D pore structure, and 2) pore-throat geometry and 

accurate modeling of flow behavior in the medium. 

Physically-representative network models are generated through two steps. The 

first step is to construct the porous medium. Imaging techniques, such as X-ray 

microtomography (XMT) (Liang et al., 2000; Lindquist et al., 2000; Willson and Al-

Raoush, 2005), in which naturally-occurring media are scanned by X-ray 

microtomogrpahy slice by slice. 2D voxel images are created where dark and white 

voxels represent void and grain space, respectively (Figure 2-1). These slices are then 

assembled to form 3D images of porous media. In another approach (computer-based 

media), porous media can be constructed stochastically (e.g., Liang et al., 2000).   In 

order to incorporate detailed geological features, Baake and Oren (1997) used process-
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based modeling to create porous media so that the generated porous media allow for 

modeling of geological processes such as sedimentation, compaction and digenesis. 

Regardless of the porous media construction approaches, the second step in network 

modeling is to convert the digital porous medium into physically-representative pore-

throat structured network models. A Delaunay tessellation is one method for conversion 

(Bryant et al., 1993, Willson and Al-Raoush 2005) of grain-based porous media into 

network models (Figure 2-2). However, if porous media are created by voxel image, a 

medial-axis approach (Figure 2-3) is often applied (Lindquist et al., 1996; Sok et al., 

2002). Recently, an advanced grain-based network generation algorithm (Thompson et 

al., 2005) was developed to extract network structure from XMT images as well. Such a 

technique allows for the network to be independent of image resolution and constrains 

the network by the fundamental granular structure of the material (Figure 2-4, 2-5).  

Once the network model is generated (e.g., Figure 2-6), it can be used to model a 

wide range of flow and transport problems by forcing mass conservation at every pore 

and solving fundamental transport equations in the connecting throats. For single-phase 

Newtonian fluids, the conservation equation for pore i is simply 

 

       0
ij

j

q                                                (2-1)  

where qij is the volumetric flow rate into pore i through a throat connected to neighbor j. 

The flow rate qij is determined by pore pressures (Pi, Pj), which become the independent 

variables in the problem and fluid viscosity (μ). For single phase Newtonian fluids, 

flowrate is linearly proportional to the pressure drop and throat conductivities (gij). 
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The advancements in both characterization of pore structure in network models 

and accurate modeling of flow physics has enabled pore-scale network modeling to 

become quantitative and in some cases even predictive of macroscopic petrophysical 

properties. For example, Bryant et al. (1993) successfully reconstructed the correlation 

between permeability and porosity using network models generated from a sphere 

packing. Bryant and Blunt (1992) modeled two-phase flow in network models to study 

relative permeability and capillary pressure. The network in the above study was created 

from a dense sphere packing. Gladkikh and Bryant (2006) employed networks to model 

the imbibitions under different contact angle and initial conditions. Through such 

numerical experiments, the authors observed that relative permeability for wetting phase 

at imbibitions stage is sensitive to contact angle, however, relative permeability for non-

wetting phase is not. Reeves and Celia (1996) employed network model to reveal the 

correlation between capillary pressure, saturation, and interfacial tension. Oren and 

Bakke (2003) constructed 3D network models utilizing petrographical information from 

2D thin sections and demonstrated that the 2-phase and 3-phase relative permeabilities 

are in god agreement with experiment. Valvatne and Blunt (2004) employed network 

models, which are adjusted to match well with the experiment-derived capillary pressure 

curves, to predict the oil recovery and relartive permeabilities for oil wet, water wet and 

mix wet conditions. Lowry and Miller (1995) employed network modeling to study the 

nonwetting-phase residual removal. Peterson et al. (2011) used network models to study 

relative permeability of porous media under various boundary conditions. Even though 

the network was a simple lattice, it was found that relative permeability can be 

significantly impacted by the boundary conditions.  

In network models, the throat geometry is usually assumed to be capillary tubes 

so that Navier-Stocks equations are amenable to a simple solution. Lopez et al. (2003) 
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further introduced complexity of irregular shaped pores and throats to represent naturally 

occurring porous media. Apparent viscosity and flow rate of non-Newtonian fluids were 

extracted from the network model and matched well with lab measurement results. 

Balhoff and Thompson (2004; 2006) solved the momentum equations in 

converging/diverging ducts numerically to account for more realistic throat geometry and 

concluded an empirical close-form equation for non-Newtonian flow.  

Fredd and Fogler (1998) used physically representative network models to study 

acidizing process which is widely used to enhance well production. Through reactive 

transport modeling in network models, the authors achieved the optimum injection 

pattern in the form of Damkohler number. However, the optimum injection rate predicted 

by the network models did not match lab measurements quantitatively. As discussed by 

the authors, the size of networks utilized in that work may have been too small to be 

representative.  

Despite all the above efforts, continued improvement, and sometimes excellent 

agreement with experimental data, network modeling is often performed by 

implementing  arbitrary and simplified boundary conditions (e.g. constant pressure and 

no flow boundary conditions). Such simplicity ignores impact from surrounding media 

and can cause misleading results (e.g., Balhoff et al., 2007; Peterson et al., 2011). For 

more accurate boundary conditions, network models could be coupled to surrounding 

media where pressure and flux continuity would be enforced at the shared interface. 

 

2.2 REPRESENTATIVE ELEMENTARY VOLUME (REV)   

The concept of a Representative Elementary Volume (REV) was first introduced 

by Bear (1972), who used porosity as an example of an averaged macroscopic property in 

porous media. The concept is illustrated in Figure 2-7. An REV is defined as the smallest 
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volume that yields the same measurement property as the entire unit and is able to 

represent an actual physical medium. The dimensions of the REV should be much 

smaller than the entire sample domain, otherwise the resulting average loses detailed 

variation in the study domain. On the other hand, the size of REV cannot be too small. As 

shown in the Figure 2-7, the measurement value fluctuates strongly when the size of the 

sample is smaller than a certain value (U0), thus the measurement value cannot represent 

the study domain if sample size is smaller than U0. When the sample size is greater than 

U0, though the fluctuation decays and vanishes for homogenous media, the deviations for 

heterogeneous media actually increase.   

Pore-scale models are used to represent small portions of heterogeneous 

subsurface media. Due to the small dimensions of pore-scale models, it is unlikely that 

the size of pore-scale models can be larger than the REV of the medium. The property 

directly upscaled from pore-scale models may not represent flow behavior in porous 

media. Rather, the flow behavior may be impacted significantly by the surrounding media 

(i.e. boundary conditions). In order to obtain accurate results, pore-scale modeling should 

be coupled together with the surrounding media so that realistic boundary conditions may 

be provided to the network model.   

2.3 INTRODUCTION TO UPSCALING  

2.3.1 Upscaling Techniques Applied to Macroscopic Scale Models  

Accurate modeling of fluid flow in the subsurface is dependent on an accurate 

description of petrophysical properties, which are usually derived from fine-scale models. 

However, development of algorithms for incorporating flow behavior from the fine scale 

to coarse-scale models has long been a challenge. A straightforward approach might be to 

upscale flow properties directly from the small scale and use them as inputs to large-scale 
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simulations (e.g., Cardwell and Parsons, 1945). Based on the parameters to be upscaled, 

upscaling at the continuum scale can be classified several ways, including single-phase 

upscaling, multiphase upscaling, and reactive-transport upscaling. In the current research, 

my work is focused on single-phase flow. Reviews of multiphase upscaling and reactive 

transport have been provided by many researchers, such as Barker and Thibeau (1997), 

Christie (1996), Barker and Dupouy (1999), Darman et al., (2002), Gerritsen and 

Durlofsky (2005), Gasda and Celia (2005).  

Single-phase upscaling can be further classified as simple averaging, local 

upscaling (Laplacian upscaling), extended local upscaling (upscale with skin), global 

upscaling and local-global upscaling. The simplest upscaling approach is to use a certain 

average to represent permeability for the target scale. For example, a harmonic mean can 

represent media well in a one dimensional flow model (Freeze and Cherry, 1979), while a 

geometric mean of grid permeability works well for a 2D flow field, particularly when 

the permeability follows a lognormal distribution (G´omez-Hern´andez and Wen, 1994). 

Additionally, it has been found that in some situations, the upscaled permeability should 

lie between the arithmetic mean and harmonic mean (e.g., Cardwell and Parsons, 1945). 

Journel et al. (1986), and Durlofsky et al. (2005) have developed a more sophisticated 

simple average upscaling approach in the form of a power-law formula: 
1 /
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( )
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                          (2-3) 

where Vb is the volume of the upscaled area, ki(fine) represents the permeability on the 

fine scale model. Power coefficient wi varies from -1 (harmonic mean) to 1 (arithmetic 

mean), and this equation yields a geometric mean when wi equals 0. Though this formula 

is mathematically consistent and convenient to implement, it results in many uncertainties 

and limitations. For example, one of the major limitations is that the power law 
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coefficient (wi) depends on individual models and sites and cannot be determined a 

priori, in general.  

To obtain a more robust and accurate upscaled permeability for a porous medium, 

it is necessary to solve a local fine-scale problem on the target coarse scale. Local 

upscaling usually employs constant pressure and no-flow boundary conditions on the 

upscaled block. The local fine scale models are then solved to determine transmitting 

flow. Permeability is then back calculated using Darcy’s law. Obviously, a  local 

upscaling done in this fashion only results in estimates of diagonal permeability terms 

(Kxx and Kyy), and does not produce off-diagonal terms because of the no-flow boundary 

conditions applied on the local fine-scale models. To estimate these additional terms, 

Durlosfky et al. (1991) introduced periodic boundary conditions for local upscaling. In 

addition to the pressure boundary condition employed, the no flow boundaries are 

replaced by flow boundaries such that grids on the flow boundaries are connected with 

the grids on the opposite boundaries.  

It has been observed that the accuracy of upscaled permeability can be improved 

if permeability can be estimated on a larger domain (e.g., Gomez-Hernandez and Journel, 

1994; Holden and Lia, 1992). In this approach, a skin region is introduced to capture the 

impact on flow from neighboring media. The idea is illustrated in Figure 2-8. In order to 

upscale the permeability in the target upscale area (highlighted area) a local model, which 

is larger than the target upscale area but a small portion of the entire domain, is solved. 

Usually, a set of boundary conditions are applied. One example set of such boundary 

condition is shown in Figure 2-9 (Li et al., 2012). In this example, four sets of boundary 

conditions are applied, therefore four sets of qx and qy can be obtained. By using a least-

squared procedure, Kxx, Kyy, and Kxy can be easily estimated from four sets of 

measurements. The upscaled permeability tensor is dependent on the choice of 
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neighboring skin grids. Furthermore, the upscaled permeability is dependent on the 

boundary conditions applied to the model; the upscaled permeability may converge after 

using many boundary conditions, though it is not guaranteed (Durlofsky et al., 2005).  

Global upscaling was employed in many examples, such as White and Horne 

(1987), Pickup et al. (1992), and Nielsen and Tveito (1998). In this approach, the entire 

domain is first solved on fine-scale mesh. Permeability is then calculated from the fine 

model for each upscaled target area. Generally, global upscaling is the most accurate 

upscaling approach because it not only accounts for the heterogeneity inside the upscaled 

region, but it also incorporates the global impact from the entire domain. However, the 

required computational effort of global upscaling is expensive. In some cases, because 

solving the entire domain on fine scales require excessive memory, solving the entire 

domain is not feasible.  

A local-global upscaling technique was later developed in order to take into 

account the global impact on permeability and still solve the model in a local manner 

(Chen et al., 2003; Chen and Durlofsky, 2005; and Wen et al., 2005). In local-global 

upscaling, the first step is to upscale permeability in each upscaled block using arbitrary 

boundary conditions. Next the global model is solved using the upscaled permeability on 

a coarse mesh. The resulting pressure field is in turn used to provide boundary conditions 

for each local model. Using these updated boundary conditions, permeability is then 

updated. The global model is then solved again with updated permeability. The above 

procedures are iterated until convergence is reached.  

In all the above upscaling approaches, the target region is assumed to have no 

source and the flow field can essentially be considered as linear. However, this 

assumption cannot be satisfied at the near-well region, where the well serves as a source 
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or sink and pressure is in radial shape. Usually in reservoir simulators, equations 2-4 to 2-

6 are used to relate the pressure and flow around a well: 

( )
w w

i i i i
q W P P                                                  (2-4) 

where w

i
q is the flow entering the well, Pi

w
 represents the well pressure, Pi represents the 

cell-centered pressure foe the grid containing the well, Wi is well index and can be 

determined by: 
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where kx,ky and ∆x, ∆y  represent the permeability and grid dimension for the well grid 

along x and y direction respectively. ∆z is the thickness of the well grid and rw is the well 

radius.  

This approach can provide acceptable results when the near-well field is 

homogenous. However, when the near-well region is very heterogeneous such treatment 

can yield considerable error (Durlofsky et al., 2000). Thus, a special upscaling approach 

with the similar concept of extended local upscaling has been proposed for the near-well 

region (Ding, 1995; Durlofsky et al., 2000; Muggeridge et al., 2002; Mascarenhas and 

Durlofsky. 2000). The concept is shown in figure 2-10. In order to estimate the well 

index for the cell containing well (shaded area in Figure 2-10), this region together with a 

skin region is solved with the well pressure as 1
w

i
P and boundary pressure P=0. 

Following the fine scale solution, the volume average pressure 
i

p  is then estimated for 
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the coarse-scale cell containing the well. The upscaled well index Wi
* can be estimated 

by:   

*

w

i w

ii

q
W

p p
                                                  (2-7) 

where qw is the flow rate of the well, 
i

P is the cell-centered pressure for the coarse cell 

containing the well and w

i
P  is the well pressure.  

2.4.2 Upscaling of Pore-Scale Models  

Pore-scale models have long been employed as tools for upscaling macroscopic 

properties of porous media with the goal of inputting to continuum-scale model. Bryant et 

al. (1993) utilized physically-representative network models to upscale the correlation 

between porosity and permeability of granular material and understand the control of 

compaction, cementation on permeability; the porosity-permeability correlation 

constructed from the network model matched well with measurements from 

Fontainebleau sandstone sample. A good match was also observed regarding relative 

permeability and mercury injection when upscaled from a network model for naturally-

occurring porous media (Bakke and Oren 1997; Lopez et al., 2003). However, as pointed 

out by Peterson et al., (2011), relative permeability in porous media may not only be a 

function of saturation but also influenced by the boundary conditions. Pore-scale network 

models have also been used to upscale petrophysical properties such as formation factor 

(Adler et al., 1992), where network models are extracted from real sandstone thin 

sections. Balhoff and Thompson (2004; 2006) introduced converging/diverging conduits 

in network modeling and derived upscaled close-form empirical flow equations 

(analogous to Darcy’s Law) for non-Newtonian fluids. Physically-representative pore-

scale network models have also been utilized to derive optimum injection rates at the 

macroscopic scale  (Fredd and Fogler 1998); however as the authors pointed out, the 
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model correlation between Damkohler number and wormhole propagation pattern 

predicted from network modeling was significantly different than observed from 

experimental measurements. One possible reason for the discrepancy was that the size of 

the wormhole was larger than any stand-alone network model and the impact from 

surrounding media cannot be captured by a stand-alone network model.  

Observations which show that network model prediction deviates from 

experimental results may be caused by the limiting size of the network. Since the size of 

the network is much smaller compared to the scale of heterogeneity in the subsurface (see 

Figure 2-7), upscaling of pore-scale network models might be coupled with the 

surrounding domain and modeled using more realistic boundary conditions.  

2.5 MULTISCALE METHODS 

As a result of the above observations, many flow problems in porous media 

should be solved using a multiscale approach, which couples pore and macroscopic 

behavior. As discussed in previous sections, direct upscaling often introduces numerical 

inaccuracies if boundary conditions are chosen poorly.  Solving the entire domain as a 

fine (pore-) scale problem is not feasible computationally. One solution is to use fine 

scale models in regions with complicated physics while using coarse grids globally 

elsewhere. However, methods for enforcing flow continuity at the interface between two 

models can be a challenging. Arbogast and Bryant (2002) used finite element basis 

functions and numerical green functions to couple a local fine-grid model with global 

coarse-grid model on two-phase fluid flow in reservoir simulation. A hybrid multiscale 

method developed by Scheibe et al. (2007) was based on a Smooth Particle 

Hydrodynamics (SPH) method. SPH has been widely used to study flow in porous media 

such as reactive transport and mineral precipitation (Tartakovsky et al., 2006; 2007; and 
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2008), multiphase flow, and biogeological process (Meakin et al., 2007). The hybrid 

multiscale method enforces the normal flux continuity on the interface between pore-

scale and continuum-scale models. With the hybrid multiscale method, SPH formulations 

were employed in the pore-scale model to track diffusion-dominated reactive transport, 

though only advection was modeled. Battiato et al. (2011) coupled pore-scale and 

continuum models on fractured media. The flux on the interface between pore-scale 

models and continuum-scale models are treated as unknowns. The interface flux is solved 

in an iterative manner so that the continuity at the interface is satisfied. Because the flux 

field is iteratively determined, both advection and diffusion can be solved.  

 Balhoff et al. (2007) developed a domain-decomposition method to couple pore-

scale models with continuum-scale models. The pressures for each pores on the interface 

between these two models are determined by iteratively updating until fluxes match. For 

single-phase Darcy flow, the pressure for each interface’s pores can be achieved by one 

Newton-Raphson iteration since the problem in linear. The work demonstrated that the 

pressure profile on the interface can be very heterogeneous and using an arbitrary 

constant pressure as a boundary condition can produce misleading results for flow. 

However, in that work a Jacobian matrix must be constructed in order to achieve the 

pressure for each pore; the size of the Jacobian matrix is the same as the number of pores 

on the interface. Therefore, the coupling method, though robust and accurate, is very 

inefficient and probably impractical. Furthermore, because this technique relies on the 

boundary pores, and that boundary pores from two different pore-scale network models 

do not necessarily connect on their location, this technique cannot be applied to couple 

between network models.   
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2.6 MORTAR COUPLING  

Domain decomposition techniques can be used to solve large and complex 

problems efficiently and (if done correctly) accurately. In these approaches, each sub-

domain is solved independently and the large, complex problem can be decoupled into 

numerous small problems, which can be solved efficiently in a parallel computing 

framework. Furthermore, the subdomains can be modeled using different physics, meshes 

and scales. Fine mesh and heavy computation efforts can be distributed to where complex 

physics occurs, rather than solve complex physics on the entire large domain. Despite the 

advantages, it is a challenge to handle the interface shared between subdomains. 

Variables, such as pressure and velocity must be continuous on the interface between 

adjacent subdomains. For example, Alboin et al. (2001) treated fractures as subdomain 

interfaces. The flow mediums at the two sides of the fractures are treated as subdomains 

and the pressure and flow continuity are enforced at the fracture interface. Later on, Frih 

et al. (2008) further incorporated the nonlinear Forchheimer flows in the fracture 

interface. Arbogast et al. (2000, 2007) developed an approach called mortar coupling, 

which is a finite element-based domain decomposition technique, which enforces primary 

and secondary variables (e.g. pressure and flow) continuity between the subdomains.  

A mortar space is composed of basis functions (e.g., constant, linear and quadratic 

polynomials, etc.) on 2D meshes on the interfaces shared between two subdomains. With 

mortar coupling, boundary conditions for each subdomain are determined through the 

finite element meshes. For example, in single-phase Darcy flow, pressure boundary 

conditions for each subdomain is guessed and then projected from the mortar space onto 

the interface. This pressure boundary is then used to solve subdomain flow problems. 

Because adjacent subdomains share the same partition of mortar meshes, the pressures on 

the interface are continuous on the two subdomains by definition. Velocity on the 
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interface, which is a projection from subdomain boundary velocity onto mortar meshes, is 

iterated upon until continuous. Mathematical formulation of mortar coupling is discussed 

here and a step by step mortar coupling procedure is demonstrated in the section that 

follows.  

Single-phase Darcy flow in porous media is a second order linear elliptic 

problem. We solve pressure (P) and velocity (u) satisfying:  

P       in                                             (2-8) 

fu        in                                             (2-9) 

  P g        on                                          (2-10) 

For simplicity, only Dirichlet boundary condition (2-10) is considered. Let  
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, here si represents whether a subdomain is a pore-scale network model (p) or 
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, ,h i h i i i
V W V W be any of the mixed finite-element space. For the interface pressure, 

define 2
( ) ( )
h
M L  to be a mortar finite element approximation.  

After all this, let 
,
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h h i
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V V  and 
,
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W W  form the finite element 

approximation space, for the solutions. In order to solve equation 2-4 to 2-6 in a weak 

form, from a mixing finite-element approximation sense, we seek: 
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with the interface condition (flow jump on interface equals zero): 
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In pore-scale subdomains, the flux on the interface is defined as: 

, , ( )
| : , ( )
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Np represents the number of pores in the subdomain 

xi is the location of ith pore 

,ij k
is the throat conductivity between pore i and pore j for the kth pore-scale 

subdomain,  

,

p

ij k
q represents the flow going through these pores 
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p

k

N denotes the total number of pores in one subdomain 

is a chosen L2 projection operator that project pressure from mortar space onto 

the subdomain facies.  

The above concepts are illustrated by the example in Figure 2-11, where two 

pore-scale models are coupled using mortars (Figure 2-11 a). These two grids are coupled 

using a 1D linear mortar space composed of three nodes (two elements). The three linear 

basis functions are shown in figure 2-11 b). In order to satisfy pressure and flux to be 

continuous on the interface, we seek pressure condition on the interface such that the 

flow from pore-scale model matches the flow from continuum-scale model in weak form. 

In this example, to project pressure from mortar space onto pore-scale model boundaries: 

1

( )

N

i j j i

j

P x                                                    2-15 

We iterate on basis function coefficients (α’s) until the flow from two sides match 

weakly. 
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or  
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F x q x q                                     2-18 

In the above equations, x is the location of ith pore, Pi is the pressure of the ith boundary 

pore, qi is the flow of ith boundary pore, and  NL and NR represent the number of boundary 

pores on the left and the right network block, respectively.  

The procedure of applying mortar coupling on a pore-scale network model and a 

continuum-scale model can be described as: 

 Assign piecewise finite-element basis functions, (x,y) for the mortar space. 
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 Provide an initial guess for the coefficients (α1, α2, etc.) of the basis functions. 

Calculate the interface pressure field P(x,y), based on the coefficients and 

basis functions in Equation 2-15.  

 Project the pressure field onto each subdomain (network model or continuum-

scale model) boundary.  

 Determine the vector of the jump in fluxes (weakly) across the interface, Fi.  

 Construct the Jacobian of partial derivatives: 

,

i

i j

j

F
J

                                 

(2-19) 

 Solve the system of linear equations: J d  = -F 

 Update unknown coefficients (α1, α2, etc.) and iterate until convergence. 

For single phase creeping Newtonian flow, Newton’s method converges in one 

iteration because flow is linear. If flow were nonlinear, additional iterations would be 

required.  

With the assistance of mortar coupling, Wheeler et al. (1999) developed a 

reservoir simulator that decouples fluid flow modeling at both the physics and 

mathematical level. The multiscale reservoir simulator, implemented with mortar 

coupling, is able to model complex reservoir fluid behavior at high efficiency (e.g., 

Peszynska et al., 2002). Lu et al. (2002) applied the multiblock algorithm for an implicit 

black-oil model in the framework of IPARS (Integrated Parallel Accurate Reservoir 

Simulator). Wheeler et al. (2008) demonstrated the capability of using mortar to vouple 

multiphase and reactive flow. Florez et al. (2011) employed mortar coupling in 

geomechanics. Minkoff et al. (2003) used mortar coupling to couple fluid flow with 

geomechanical deformation models. Later on, a priori and a posteriori error estimating 

algorithms were also developed by Arbogast et al. (2007). Following the algorithms of 
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these error estimations, Pencheva et al. (2010) further developed a mortar mesh size 

adaptability algorithm to automatically use fine mesh at heterogeneous interfaces and 

coarse meshs at simple boundaries. Recently, the concept of multiscale flux basis was 

developed by Ganis et al. (2009; 2011). The multiscale flux basis constructs the mortar 

solutions, which represent a flux response as a result to each pressure stimuli, for each 

degree of freedom. Therefore, the multiscale flux basis stores the mortar solutions for a 

set of linearly independent pressure boundary conditions. Using a linear combination of 

multiscale flux basis can then replace any need of solving Dirichlet subdomain problems 

during the interface iteration. In many applications (e.g., application in Chapter 6), 

implementing multiscale flux basis can significantly speed up computation and maintain 

high accuracy at the same time.  

 

2.7 MORTAR METHODS FOR PORE-SCALE MODELING  

Balhoff et al. (2008) first employed mortar coupling to couple pore-scale models 

and also couple pore-scale models to continuum-scale models. Flow and pressure were 

matched weakly at the interface between adjacent models through the mortar space. In 

their work, mortar coupling of the pore-scale models was verified between a model and 

its exact replica (Figure 2-13 a and b). The pressure profile on the interface achieved 

from mortar coupling matched well with that extracted from direct network modeling 

(Figure 2-13 c and d). The mortar solution captured the heterogeneity and detailed 

variance of the pressure on the interface. The pressure profile was very heterogeneous, 

even for the fairly homogenous networks used in this example. Furthermore, the authors 

coupled four very different pore-scale network models using mortar spaces at the 

interface (Figure 2-14). These four network models are very different, they are network 

models generated from sphere packs of 1000, 10000 spheres with uniform size, and 



 28 

10000 spheres with heterogeneous size distribution and finally one from XMT image of a 

sandstone sample. Again the mortar space captured the heterogeneity and detailed 

variation of the pressure and flow profile on the interface. Indeed, mortar coupling can 

enforce pressure and flow continuity even if the pores and throats on the subdomains are 

not connected directly. Furthermore, pore-scale models are coupled with continuum-scale 

models successfully (Figure 2-15). The authors by demonstrating the capability of 

coupling pore-scale models to continuum-scale models, unveil a huge potential for the 

application of pore-scale models. Pore-scale models can be located in regions where 

physics are complicated or a more detailed solution is required (e.g., near the wellbore 

region), while the simple and large domain can be modeled using continuum approaches 

efficiently (e.g., the majority of reservoir). For example, eight pore-scale blocks 

surrounding a well block were coupled with tens of continuum-scale grids using mortar 

coupling (Thomas, 2009) has shown that the flow path in the continuums scale region is 

impacted by the pore-scale heterogeneities at the near wellbore region.    

2.8 CONCLUSION 

The advancement of applications in subsurface flow relies on accurate 

understanding of fluid flow behavior in the subsurface. Pore-scale network models have 

been proven to be an effective tool to understand such problems. However, pore-scale 

network models, though highly accurate in representing porous media and modeling flow 

behavior, can provide quantitative predictive results, but boundary conditions that are 

realistic and reflect flow behavior in surrounding media may be required. Mortar 

coupling enables decoupling the domain at both physical and mathematical levels. In 

particular, with the assistance of mortar coupling, fine mesh or pore-scale network 

models can be utilized in regions with complicated physics, while continuum models are 
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implemented at regions with simple physics and provide realistic boundary conditions to 

the fine scale/pore-scale models. Using pore-scale network models together with mortar 

coupling technique offers the possibility of understanding complicated fluid flow 

behavior on large domains and has huge potential for the many applications involving 

subsurface flow.  

In this dissertation, mortar coupling techniques are used and extended on both 

pore-scale and continuum-scale models. In particular, mortar coupling is applied to study 

flow behavior around wells with the presence of fracture. In addition, the concept of a 

multiscale basis is extended to pore-scale network models; a Super Permeability Tensor 

(SPT) is developed and shown as a method to enhance portability of pore-scale models 

and to capture the heterogeneity of porous media. Finally, a multiscale model which 

couples approximately 7500 pore-scale models (in the vicinity of 0.5 meters around a 

well) with continuum Darcy models using mortar coupling is developed. This model 

enables pore-scale models to be coupled with a conventional reservoir simulator to study 

complicated physics (e.g. acid injection) accurately and efficiently.   
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2.9 FIGURES 

 

 

 

Figure 2-1: Binary micrographs of a dolomite sample. Dark voxels represent void space 

and white voxels represents grain space. Bar is 100 micron.  (Liang et al., 

2000) 

 

 

Figure 2-2: Illustration of a Delaunay cell, where corners are centered at grains and the 

cell centers are defined as pore centers while faces represent the cross 

sectional area of throats (Bryant and Blunt, 1992).  
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Figure 2-3: Illustration of maximal ball algorithm to extract pore-throat geometry from 

X-ray image of porous media. The sphere radius grows gradually untill it 

reaches the grain space. The white arrow indicates a throat chain (Talibi et 

al., 2008) 

 

 

 

Figure 2-4: Illustration of using modified Delaunay tessellation to create network models 

from sphere pack porous media (Al-Raoush et al., 2003).  
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Figure 2-5: Illustration of pore-scale networks extracted from a 3D image of naturally 

occurring porous media; a)  sample from tidally reworked sandstone facies, 

b)  channel-sandstone facies, c) and d) are the pore-scale network extracted 

from a) and b) respectively (Balhoff et al., 2008)  

 

 

Figure 2-6: A simple 2D network model. Pores represent void space in porous media and 

throats provide flow path between pores and resistance to flow.  
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Figure 2-7: Illustration of REV concept. Measured porosity is shown as a function of 

sample volume. Porosity measurement shows fluctuation when the sample 

size is smaller than REV; when the sample size is greater than REV, such 

fluctuations vanished for homogenous media but started growing for 

heterogeneous media (adapted from Bear, 1972). 
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Figure 2-8: Illustration of upscaling with skins. The shaded area is the target upscale area. 

A local model composed of all the grids shown in this scheme is solved to 

estimate permeability for the shaded area. A constant pressure boundary is 

applied on two sides along x direction and a no-flow boundary is applied on 

the two sides along y direction to estimate Kx and vice versa (Durlofsky et 

al., 2005).  
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Figure 2-9: An example of boundary condition sets applied to upscale permeability for 

the target area (white area in this example). The grey area represents the 

skin region and arrow indicates the pressure gradient. The shapes of the 

sides of the block indicate the pressure boundary conditions applied (Li et 

al., 2012). 
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Figure 2-10: Schematic for near-well upscaling with a skin region. The fine grids indicate 

the fine-scale model while the heavy grids indicate the coarse-scale model. 

(Durlofsky et al., 2005). 

 

 

Figure 2-11: a) Illustration of using a mortar space to couple two pore-scale networks. 

Note that the interface is divided into two elements (three nodes). b) Three 

linear basis functions are employed in this example.   
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Figure 2-12: Example illustrating use of mortars for domain decomposition; a) shows the 

grid refinement for the entire field, where finer mesh is applied at the top of 

reservoir where two phase flow exists, b) shows the model result (oil 

saturation) using mortar coupling (Peszynska et al., 2002). 

 

 

 

 

 

 



 38 

 

Figure 2-13: Verification of mortar coupling application to pore-scale network modeling, 

a)  a combination of two identical network models, b) these two identical 

network models are coupled together using mortar coupling, c) the pressure 

field in the middle of the model derived from solving the full model directly, 

d) the pressure field of coupling two identical network models (b) using 

mortar coupling (Balhoff et al., 2008).  Pressure unit is Pa.  
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Figure 2-14: Schematic of four different pore-scale network models coupled using mortar 

coupling (Balhoff et al., 2008). 
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Figure 2-15: Schematic illustration of pore-scale models coupled with continuum-scale 

models (Balhoff et al., 2008).  
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Chapter 3 Application of Mortar Coupling to Pressure Transient 

Analysis in Vertical Finite-Conductivity Fractures 

3.1 INTRODUCTION 

Hydraulic fractures have been widely applied to improve well productivity in 

damaged wells and in very low permeability zones. Accurate coupling of fluid flow 

between the fracture and reservoir is necessary for modeling many important fracturing 

applications, including polymer injection for propped fractures (e.g., Sherman and 

Holditch 1991, Voneiff et al., 1994), fracture fluid cleanup (e.g., Brannon and Pulsinelli 

1991, Balhoff and Thompson 2004) and production control. However, simultaneous 

numerical modeling of fluid flow in both the fracture and adjacent reservoir is 

challenging. One option involves modeling both the fracture and reservoir as a single 

domain, perhaps with grid refinement near the fracture/reservoir interface. However, such 

an approach has obvious limitations. First, the scales of the two regions vary by orders of 

magnitude (the width of the fracture may be of order centimeters). Second, the 

permeability and porosity may also vary considerably (several orders of magnitude for 

permeability). This requires extremely fine meshing near the fracture/reservoir interface 

so that interblock transmissibilities are accurate. Finally, the flow physics may be very 

different in the two regions. For example, flow in the fracture may involve a non-

Newtonian fracturing fluid, while the reservoir does not. The reservoir and fracture may 

involve a different number of flow phases. Therefore, modeling of the fracture and 

reservoir as a single domain may be very computationally inefficient and perhaps even 

inaccurate. An alternative involves modeling the fracture and reservoir separately, but 

communication must still be present between the domains.  
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In this chapter, domain decomposition techniques are applied to couple fluid flow 

between a fracture and the adjacent reservoir. In particular, mortar coupling is employed 

to determine the flux and pressure at the fracture-reservoir interface. The solution 

obtained from mortar coupling is verified with a semi-analytical solution of transient 

pressure behavior for a well with a finite-conductivity vertical fracture (Cinco-Ley et al., 

1978).  

3.2 FRACTURE/RESERVOIR MODEL GEOMETRY AND BOUNDARY CONDITIONS 

The coupled fracture and reservoir is modeled using the geometry proposed by 

Cinco-Ley et al. (1978), shown in figure 3-1. The geometry is 2D and represents a quarter 

of the reservoir with a well at x = 0. In general, the fracture width is significantly smaller 

than the size of the reservoir width. All of the boundaries are Neumann conditions, no-

flux on the edge, with the exception of the left boundary of the fracture, through which 

flux enters at a constant rate into (or out of) the well. The reservoir and fracture 

communicate at the shared boundary.  

Flow in the reservoir and fracture are governed by the 2D diffusivity equation in 

Cartesian coordinates. All porous medium and fluid properties are assumed to be constant 

in the reservoir and fracture, respectively, but may vary by orders of magnitude between 

the two regions 

 
2 2

r r r

2 2

P P Pr f t

r

c

x y k t
                                    (3-1) 

2 2

2 2

P P P
f f f f t f

f

c

x y k t
                                  (3-2) 

which are subject to the following initial and boundary conditions: 
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where kf and kr represents the fracture and reservoir permeability 

 φf and φr are the porosity in the fracture and reservoir respectively  

h is the reservoir thickness 

Pi, Pf represent the initial and final fracture pressure respectively 

qw represents well production rate  

B  is the formation factor 

μ is fluid viscosity  

3.3 METHODOLOGY  

Single-phase flow in the coupled fracture and reservoir is solved using both semi-

analytical and numerical approaches. Furthermore, a domain decomposition technique is 

applied in the numerical approach to gain high accuracy with high efficiency at the same 

time. Results of the numerical solutions are verified with the semi-analytical solutions.  

3.3.1 Semi-Analytical and Full Numerical Solution 

A semi-analytical solution to the transient pressure behavior for a well with finite-

conductivity fracture was provided by Cinco-Ley et al. (1978). Green functions and 

source functions are applied to describe flow in fracture, while the fracture is considered 

as a plane and source when solving fluid flow in the reservoir. By enforcing the 

continuity of pressure and flux at the shared boundary between the fracture and reservoir, 
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the authors expressed the interface pressure profile as a Fredholm integral. The domain is 

then discretized, and analytical solutions can be derived on each grid.  

In addition to the semi-analytical solutions, the PDE in equations 3-1 and 3-2 are 

solved here numerically with the fracture and adjacent reservoir as one single domain. 

The entire domain (reservoir and fracture) is discretized using cell-centered finite 

differences and a harmonic mean for transmissibility at the fracture/reservoir interface. 

Uniform grid sizes were employed and to obtain acceptable accuracy, and a large number 

of grids were needed. The medium and fluid properties used are described in table 1, 

although all results are presented in dimensionless form. Bennett et al. (1986) proposed 

gridding criteria to control the numerical error to be lower than 1%. Therefore very fine 

grid refinement is needed near the well and at the fracture tip, while large grid size can be 

used far away from the fracture. Additionally, an empirical criterion of choosing the time 

step length was also suggested to achieve an accurate numerical solution. 

Although the semi-analytical solution is useful for understanding matrix/fracture 

transfer and is a good benchmark for our numerical algorithms, it is only valid for single 

phase flow in homogeneous and isotropic media. A numerical solution is required to 

model practical applications that involve heterogeneous media and more complex fluid 

dynamics, such as non-Newtonian flow (polymer injection) and multiphase flow. As 

mentioned previously, the complexities in the two regions may be very different in 

addition to the fact that the scales and properties vary by orders of magnitude. Moreover, 

our interest may be on modeling the fracture alone; the adjacent reservoir is simply a tool 

to provide boundary conditions. Therefore using the same model on both domains may be 

impractical and be extremely computationally inefficient. The alternative is to use 

domain decomposition techniques so that the fracture and reservoir can be solved as 

separate entities. 
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3.3.2 Domain Decomposition—Mortar Coupling Approach 

Domain decomposition techniques offer the possibility to model the fracture and 

reservoir as separate subdomains. Pressure and flux at the shared interface serve as 

boundary conditions to each of the reservoir and fracture subdomains. After iterations, 

domain decomposition techniques provide an interface pressure profile such that the flux 

profiles derived from two subdomains match. In this example, mortar coupling (Arbogast 

et al., 2000) is employed to couple a fracture and reservoir and determine the pressure 

and flux at the fracture/reservoir interface. 

Mortars do not necessarily need to be the same length as the subdomain grid size; 

in fact one main advantage of mortars is the ability to apply a coarse mesh at the 

interface. In the example shown in figure 3-2, each mortar element (shown in blue) 

equals the length of two fracture and reservoir grids. This is illustrated in a simple case 

where only linear mortars are applied. The basis functions are shown in figure 3-4. The 

procedures of using mortar coupling to determine the interface pressure were discussed in 

Chapter 2.6.  

One special case of mortar coupling is to implement step piecewise constant basis 

functions on mortar space rather than use linear basis functions. Furthermore, if the 

mortar element length is the same as the subdomain grid size, then this particular 

approach can match pressure and flux at the interface grid by grid. In other words, 

pressures and fluxes are matched strongly on each grid, rather than weakly on each basis 

function (shown in figure 3-3). While this strong match coupling technique can reproduce 

the entire domain with very high accuracy, it can be extremely computationally 

expensive, because strong matching requires as many subdomain solves as the number of 

grids on the interface to construct the Jacobian matrix. Furthermore, the computational 

effort may increase dramatically when strong match coupling is applied to model 
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complex fluid behavior where modeling nonlinear behavior itself requires numerous 

iterations to converge.  

3.4 RESULTS AND DISCUSSION 

3.4.1 Semi-Analytical and Full Model Solution 

Semi-analytical solutions regarding fracture/reservoir interface pressure and flux 

profile are provided by Cinco-Ley et al. (1978). All unit being field unit, the 

dimensionless variables were defined as shown below:  
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where xf is the fracture length 

qf represent the entering flow on fracture  

Ct is the total compressibility 

The fracture/reservoir pressure and flux profile at various conductivity ratios and 

dimensionless times are summarized in figures 3-5 to 3-7. The semi-analytical solutions 

are compared to the numerical solutions by solving both the reservoir and fracture as one 

single domain. Excellent agreement is found between the semi-analytical and numerical 

solutions provided enough grid refinement is used. Flux is heavily concentrated on the tip 

of the fracture, because flow in the majority of reservoir converges to the fracture tip. 

Also, with increasing fracture permeability, pressure drop in the fracture becomes more 

flat. However, more flux is contributed from the tip at increasing fracture permeability. 
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3.4.2 Domain Decomposition Solutions 

Mortar coupling offers the ability to model the fracture and reservoir efficiently as 

separate entities. Instead of solving large and complex problems, mortar coupling offers a 

tool to solve a large but simple problem (reservoir subdomain) together with a small but 

complex problem (fracture subdomain). However, further questions still remain: how 

accurate is mortar coupling? Is it possible to achieve an accurate result without expensive 

computational effort? To answer these questions, flux and pressure profiles derived from 

mortar coupling are first verified with the semi-analytical and single domain solutions. 

Furthermore, mortar coupling results using fine mesh (Lmortar=2 x), medium mesh 

(Lmortar=4 x), and coarse mesh (Lmortar=20 x) are compared with strong match coupling. 

In particular, at the coarse mesh, because the fracture also covers 20 grids along the x-

direction in the example, one mortar element actually covers the entire span of the 

fracture length. The subdomain solves to achieve final solution among these methods are 

listed in table 3-2.  

Flux profiles entering the fracture along the fracture length are presented in figure 

3-8. Here, figure subcomponents a), b), c), and d) represent, respectively, the flux profile 

derived from strong match coupling, fine mesh mortar coupling (Lmortar=2 x), medium 

mesh mortar coupling (Lmortar=4 x), and coarse mesh mortar coupling (Lmortar=20 x). As 

suggested by these figures, at early times (tD<10-5), flux profiles are flat, because flux is 

mostly controlled by the fracture fluid compressibility; at later times, the flux enters the 

fracture more heavily from the far end tip. This is consistent with the semi-analytical and 

full model solutions. Further examination reveals that mortar coupling also quantitatively 

reproduced the semi-analytical solution, except for the early time flux. The early time 

flux is very sensitive to model configuration (e.g. grid size and time step selection) and 
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truncation errors (Bennett et al., 1986). Flux at this early stage is not very significant for 

practical applications; therefore not much effort is spared to address this issue.  

Accuracy is dependent on the mortar element length and the finer mesh yields 

better accuracy. However, all mortar coupling results match well with the semi-analytical 

solution with acceptable error. In other words, mortar coupling with coarse mesh (e.g. 

Lmortar=20 x) leads to virtually the same conclusion that the majority inflow to the 

fracture is contributed at the tip as using fine mesh. On the other hand, coupling with 

coarse mesh requires much less computation time than strong match coupling. In this 

example, coupling with coarse mesh needs only 1/20th the computational time as strong 

match coupling. Therefore, mortar coupling not only offers a tool to model the fracture 

and reservoir as individual entities, but also achieves a high accuracy with very low 

computational cost.  

Figure 3-9 presents the semi-steady-state pressure along the fracture at different 

fracture permeabilities. Again, figure subcomponents a), b), c) and d) represent the 

pressure obtained from strong match coupling and mortar coupling with fine, medium, 

and coarse meshes, respectively. With high fracture permeability, pressure drop along the 

fracture is flat; and pressure drop is significant at low fracture permeability. Pressure drop 

derived from all four coupling approaches matches well with that from semi-analytical 

and single model solutions. On the other hand, coupling with finer mesh yields a 

smoother pressure profile than coupling with coarse mesh. As expected, the pressure 

profile derived from the coarse mesh coupling (Lmortar=20 x) becomes a straight line. This 

is because the pressure profile is composed of a combination of two linear basis 

functions. The pressure profile derived from the coarse mesh coupling is similar to the 

profile derived from strong match coupling, considering practical applications. On the 

other hand, coupling with coarse mesh needs much less computation time than strong 



 49 

match coupling. Mortar coupling achieves high modeling accuracy and high efficiency at 

the same time.  

Flux entering the fracture at semi-steady state is shown in figure 3-10 where 

subcomponents a), b), c) and d) represent the result derived from strong match, mortar 

coupling with fine mesh, medium mesh, and coarse mesh, respectively. As suggested by 

the figures, flux enters the fracture uniformly at lower fracture permeability, while more 

flux is more concentrated at the tip where the fracture contacts the reservoir. Again, these 

figures suggest that mortar coupling with both fine and coarse mesh yields similar results 

compared with flux profiles derived from the semi-analytical and single domain 

solutions. Particularly, the conclusions drawn from the semi-analytical solution and 

mortar coupling match well. However, to achieve such level of accuracy, mortar coupling 

requires much less iteration than strong match coupling. On the other hand, the flux 

profile produced by mortar coupling with medium mesh (Lmortar = 5 x) is not smooth. 

This is because the mortar solution here is composed of linear basis functions. Linear 

basis functions cannot guarantee the continuity of pressure derivatives at the element 

edge. Besides, the fracture permeability is naturally very high; therefore, the discontinuity 

of the pressure derivative yields such non-smooth point at the mortar element edge. 

Better and more advanced basis functions need to be implemented to achieve a smooth 

flux profile. Though the flux profile is not smooth, the accuracy is still within the error 

limit in terms of practical applications.  

3.5 CONCLUSIONS 

Accurate coupling of fluid flow between fractures and the adjacent reservoir is 

necessary for modeling many important subsurface applications. However, numerical 

modeling of this problem is challenging because a) scales and properties of these two 
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regions vary by orders of magnitude and b) fluid may follow different behavior in these 

two regions. As a result, modeling both regions as one single domain can be very 

computationally expensive and unnecessary. A recently-developed domain 

decomposition technique (mortar coupling) has been used to de-couple the fracture and 

reservoir and solve them as separate entities. The mortar coupling approach provides the 

tools to achieve high modeling accuracy and high efficiency at the same time. As verified 

with the semi-analytical solution, mortar coupling successfully reproduced the transient 

flux, semi-steady-state pressure, and semi-steady-state flux entering the fractures. 

Furthermore, to achieve such high accuracy, mortar coupling requires much less 

computational effort than a regular strong match approach.  

 

3.6 FIGURES 

 

Figure 3-1: Illustration of problem description: model fluid flow in reservoir with the 

presence of an infinite conductivity fracture 
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Table 3-1: Parameters of full model simulation 

Reservoir grid 40 x 35 

Fracture grid 20 x 3 

Reservoir length (ft) 400 

Reservoir width (ft) 400 

Reservoir height (ft) 300 

Fracture length (ft) 200 

Fracture width (ft) 0.628 

porosity 0.2 

µ (cp) 0.8 

Cf (psi
-1

) 2x10
-5

 

B (formation factor) 1.4 

 

Figure 3-2: Illustration of mortar coupling (mortar element length equals two subdomain 

grids in this case) 
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Figure 3-3: Illustration of strong match decomposition, pressure and flux (arrows) need to 

match at the shared boundary between the reservoir and fracture. Grid 

length along x direction must match between the fracture and reservoir for a 

strong match.  

 

 

Figure 3-4: Profile of linear basis function in the example case 
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Figure 3-5: Flux distribution at various times along highly conductive vertical fracture; a) 

provided by semi-analytical solution (extracted from figure 5 in Cinco-Ley 

et al., 1978) and b) solving both reservoir and fracture as one single domain. 
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Figure 3-6: Semi-steady-state flux distribution for different fracture conductivities; a) 

provided by the semi-analytical solution (extracted from figure 6 in Cinco-

Ley et al., 1978) and b) solving both the fracture and reservoir as one single 

domain 
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Figure 3-7: Dimensionless pressure drop distribution along a finite conductivity fracture 

(tD > 5); a) provided by the semi-analytical solution (extracted from figure 7 

in Cinco-Ley et al., 1978) and b) solving both fracture and reservoir as one 

single domain 
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Figure 3-8: Flux distribution at various dimensionless times along the fracture reservoir 

interface; a) solved using strong match, b) solved using mortar solution with 

Lmortar=2 xsub, c) solved using mortar solution with Lmortar=4 xsub, and d) 

solved using mortar solution with Lmortar=20 xsub, where Lmortar represents 

mortar element length and xsub represents grid length along the x direction.  
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Fig 3-9: Dimensionless pressure drop distribution along a finite conductivity fracture (tD 

> 5); a) solved using strong match b) solved using mortar solution with 

Lmortar=2 xsub, c) solved using mortar solution with Lmortar=4 xsub, and d) 

solved using mortar solution with Lmortar=20 xsub.  
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Figure 3-10: Semi-steady-state flux distribution for different fracture conductivities, a) 

solved using strong match b) solved using mortar solution with 

Lmortar=2 xsub, c) solved using mortar solution with Lmortar=4 xsub, and d) 

solved using mortar solution with Lmortar=20 xsub. 

 

 

 

 

Table 3-2: Comparison of subdomain solves between strong match and mortar coupling 
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 Strong 

match 

Mortar coupling  

with fine mesh 

Mortar coupling 

with medium mesh 

Mortar coupling 

with coarse mesh 

Mesh element 

length 
L= x Lmortar=2 x Lmortar=5 x Lmortar=20 x 

Required 

subdomain 

solves 

N N/2 N/5 N/20 
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Chapter 4 Mortar Upscaling of Permeability in Heterogeneous Porous 

Media from the Pore to Continuum Scale 

4.1 OBJECTIVES 

Pore-scale models are typically used as stand-alone tools; pore-level equations are 

solved in a single model (O(mm3)) and macroscopic properties are extracted for the 

purpose of substitution into a continuum simulator. One limitation to this approach is that 

the boundary conditions employed are generally simple; constant pressures or fluxes are 

imposed on each face of the model. However, the solution to the governing pore-level 

equations in the model is dependent upon the imposed boundary conditions, which in turn 

affect the measured macroscopic property (Balhoff et al. 2007; 2008). Real boundary 

conditions depend on surrounding media which would result in more complex fluxes and 

pressure fields at the interfaces shared between the domain and adjacent, surrounding 

media. Imposing inaccurate boundary conditions could result in incorrect macroscopic 

properties. In this work we demonstrate the use of more realistic boundary conditions 

(pressure and flux fields at the interfaces that better represents boundary conditions in 

actual in-situ porous media) with the objective of determining the effect of surrounding 

media on macroscopic properties. This allows for development of a more accurate 

upscaling approach.  

Here, the objective is to test the effect of surrounding media on macroscopic 

properties (permeability) and to upscale permeability by coupling to adjacent media using 

mortars. The method is shown in the subsequent sections to be more accurate than a 

straightforward hierarchal upscaling approach (Christie, 1996; Durlofsky, 1998), in 

which macroscopic properties are upscaled on small, stand-alone models and then 

substituted into a finite difference model. The success of the mortar approach is 

demonstrated through a comparison of three numerical experiments. 
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(i) Permeability is calculated in a large (~106 pores), heterogeneous and 

anisotropic network model. The results are assumed correct for the chosen 

boundary conditions and the upscaled permeability, Ktrue, is used as a 

reference. 

(ii) The network is divided into 100 sub-networks and each sub-network is 

treated as a stand-alone model (with simple, artificial boundary 

conditions); sub-network permeabilities are extracted and placed on a 

finite difference grid. KFD for the entire domain is then back-calculated 

using Darcy’s law and the finite-difference solution for flow. 

(iii) Flow in each sub-network is computed individually, but boundary 

conditions are found through mortar coupling. The pressure field at shared 

boundaries is chosen so that fluxes match weakly. Kmortar is then calculated 

for the entire domain. 

 

In the sections that follow, it will be shown that the upscaled permeability 

obtained using mortars (Kmortar) is a much closer approximation of the true permeability 

(Ktrue) than the more straightforward hierarchal upscaling approach (KFD). 

4.2 MODEL DEVELOPMENT 

4.2.1 Network Generation 

A number of methods can be used to generate pore-network models, many of 

which are one-to-one representations of specific, real porous media. A goal of this work 

is to generate networks that are larger in size (~ 106 pores) than those used in most 

previous studies. Methods that require imaging of real media are popular for 

conventional-sized networks (103-104 pores), but are computationally expensive for the 
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generation of large networks. Here, a stochastic network generation technique is used 

which involves the replication of observed probability distributions of important pore-

level parameters which have been acquired through direct measurements from 3D 

images. The approach used to describe the 3D image as distributions has been discussed 

by Sok et al. (2002). The parameters for the distributions used in this work represent 

Berea sandstone (Venkatarangan, 2000) and all simulations in this work follow 

distributions observed in Berea. Pore-level statistical parameters included here are the 

coordination number (C), throat length (L) and throat radii (R). Typical Berea sandstone 

has distributions (Venkatarangan, 2000) shown below; these distributions are used in this 

work.  

Coordination Number  ( ) 10
c

aP c    (Exponential) 

Throat Length   ( ) 10
L

bP L    (Exponential) 

Throat Radii   

2
2

2
( )

2

R

Ce
P R R

C
  (Raleigh) 

The parameters a, b and c define the statistical properties for a particularly 

medium. In this work they are chosen to mimic real (Venkatarangan, 2000) Berea 

sandstones and are varied to create heterogeneity.  

A Monte Carlo sampling technique is used to create the probability distributions. 

The technique requires equality of F(rnd1) (integral of uniform distribution) to be equal 

to F(x1) (integral of probability distribution), then a point of connection is made between 

p(rnd1) (uniform probability distribution) and p(x1) (probability distribution being 

recreated). Random selection of “rnd1” in a uniform distribution is mapped onto “x1” 

that represents the original p(x) probability distribution. More details on how this 

technique is used to generate networks used here are given in another thesis (Bhagmane, 

2009). 
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4.2.2 Dividing the Large Network 

Large (~106 pores), heterogeneous, and anisotropic networks are created using the 

statistical approach described in the Network Generation section (4.2.1). The networks 

are created in such a way that abrupt changes occur in pore structure at imaginary 

boundaries (i.e. the probability distribution constants in Equation 4-1 change at these 

boundaries). The network might represent changes in geologic structure in a reservoir. 

Figure 4-1 is an illustration of an example of a network model with imaginary lines to 

denote changes in pore structure. For the purpose of clarity, Figure 4-1 depicts a 

relatively homogeneous network with only 1000 pores and divided into 5×5 sections. The 

networks actually utilized have ~106 pores, vary in pore structure, and are divided into 

10×10 grids. 

The large network is divided into several smaller sub-networks that are easier to 

manage computationally. The network division occurs at the imaginary lines (Figure 4-1) 

where the abrupt pore-structure changes occur. Throats that cross a boundary are split 

into two throats that meet at a new pore at the boundary. Each sub-network can then be 

solved as a stand-alone model and its permeability obtained in the usual way (a pressure 

gradient is imposed in one direction, the system of equations are solved, and permeability 

is obtained via Darcy’s law). Therefore, a 2×2 permeability tensor is extracted for each 

sub-network.  

4.2.3 Finite Difference Solution 

Finite difference reservoir simulators are commonly used for solving the 

appropriate partial differential equations (PDEs) that describe flow and transport in 

subsurface media. The reservoir domain is divided into grids with assigned rock and fluid 

properties (e.g. permeability, viscosity). The goal here is to upscale permeability of the 

large domain by piecing together the sub-network permeabilities on a finite difference 
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grid. Ideally, the upscaled permeability (KFD) would closely match the permeability 

obtained for the entire network (KTRUE). 

The single-phase, steady-state diffusivity equation (Equation 4-4) in Cartesian 

coordinates is applicable. The problem domain consists of the sub-network grids 

extracted from the large network model (~106 pores). Each small sub-network has a 

unique permeability, representing the very heterogeneous (and anisotropic) problem 

domain. The solution to the diffusivity equation using the finite difference method results 

in grid pressures and fluxes. This solution can be used to compute an upscaled 

permeability, KFD, from Darcy’s law. 

0P
K

                              (4-4) 

Here, the solution was obtained using a finite-difference approach. The finite-

difference model uses cell-centered pressures, harmonic mean for transmissibility, and a 

linear extrapolation of boundary cells.  The domain was modeled as single-phase flow 

and employed constant density and viscosity. Each block permeability (Kxx and Kyy) was 

assigned based on the results of the sub-network simulations.  

4.2.4 Mortar Coupling 

A limitation of the finite-difference approach described above is that sub-network 

permeability values are obtained by imposing simple boundary conditions (constant 

pressure on two faces; no flow on the remaining four) that do not reflect behavior in the 

surrounding media. Here, we propose to couple sub-networks together using finite-

element (FEM) mortars as a mathematical tool to determine and implement accurate 

boundary conditions on each sub-network. The detailed procedure of employing a mortar 

space to couple adjacent pore-scale models has been illustrated in Chapter 2.7. Here, 

piecewise continuous linear and quadratic basis functions are used and the mesh sizes are 



 65 

varied from a 2×2 grid to a 8×8 coarse interface grid. Mortars are imposed at each sub-

network interface in the domain and the upscaled permeability (KMORTAR) is back-

calculated using Darcy’s Law, the total flow rate, and the total applied pressure gradient 

across the domain. Figure 4-2 illustrates a 4×4 mortar grid between two sub-networks. 

Here, the interface problem requires only one iteration to converge because flow is linear 

(single-phase, creeping, Newtonian flow). If flow were nonlinear, additional iterations 

would be required. 

4.3 RESULTS AND DISCUSSIONS 

4.3.1 Large Pore Network Model 

A large network is used to compare upscaling approaches; it was generated using 

the stochastic method. The network has 684,301 connected pores and the dimensions of 

each network is 0.02m x 0.02m x 0.002m in the x, y and z directions respectively. The 

network is heterogeneous and anisotropic, representing a heterogeneous Berea rock 

sample.  

The network is divided into 10 x 10 x 1 sections/sub-networks (0.002m x 0.002m 

x 0.002m) with a unique pore and throat size distribution as well as average coordination 

number (Equation 4-1). The range of values used for distribution properties are: a = 2.1-

3.9, b = 89-287, and c = 11.4-68.1. The abrupt and varying pore structures results in a 

very heterogeneous network.  

Flow simulations are conducted in the network model to obtain diagonal 

permeability tensors; the network has permeability values of Kxx = 0.255 md and 

Kyy = 0.234 md. These values are used for comparison to the two upscaling approaches 

(finite difference and mortars). All simulations involve a pressure drop of 16 Pa on one 
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edge and 0 Pa on the other; however, permeability is independent of the applied pressure 

gradient. 

One could argue that the outer boundary conditions are still artificial and simple 

(and they are), but boundary conditions have to be imposed somewhere. The permeability 

is only considered “true” for these boundary conditions and subsequent upscaling 

methods are compared to Ktrue using the same outer conditions. In practice, the large 

network model might have to be further coupled to additional media. 

4.3.2 Upscaling Results 

The objective is to upscale permeability by decomposing the domain and solving 

several smaller problems (which is more efficient and practical). The network is divided 

into smaller sections (sub-networks) using the positions of abrupt pore-structure changes 

as natural dividing points; the network has been divided into 100 smaller sections on a 10 

× 10 × 1 grid.  

A hierarchal upscaling approach involves the calculation of permeability of each 

sub-network, followed by upscaling of the fine grid to a coarse grid. Here, we calculate 

the permeability of each sub-network which vary from 0.006 md to 220 md. Figure 4-3 

illustrates the permeability variations for the sub-networks for the network on a finite 

difference grid, which can vary by several orders of magnitude. 

The solution to the finite-difference model (Equation 4-5) is used to obtain an 

upscaled, single, coarse permeability (KFD) shown in Table 4-1.  It is observed that in 

network A the Kxx,FD =0.191 mD and Kyy,FD =0.175 mD, which is 25.3 % and 25.1 % less, 

respectively, than the true permeability (Ktrue). A reason for permeability prediction being 

low is that transmissibilities of the diffusivity equation are calculated by using the 

harmonic mean (other approaches may overestimate the permeability).  
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Other methods have been proposed (e.g. Wen et al., 2003) for upscaling from a 

fine to coarse grid. For example, periodic instead of no-flow boundary conditions could 

be used in the direction perpendicular to flow. While these approaches could give better 

answers, they still do not include the pore-level flow behavior of surrounding media and 

utilize over-simplified boundary conditions.  

The upscaled values of permeability calculated using the finite difference 

approach may not be sufficiently accurate (25% error) depending on the application. The 

alternative upscaling approach introduced here involves coupling sub-networks at shared 

boundaries using finite element mortars (linear and quadratic basis functions). The 

upscaled permeability (KMORTAR) for each network is shown in Table 1 for varying grid 

refinement and basis functions. The mortar solution generally increases in accuracy with 

increasing elements of the interface mesh (h-refinements) and with increase in the order 

(p-refinements). Kxx, MORTAR = 0.264 mD and Kyy, MORTAR = 0.237 mD calculated using  8 × 

8 grids of quadratic basis functions, which overestimates permeability by 3.19% and 

0.95%, respectively. Table 1 contains a detailed tabulation of the individual errors 

observed for varying h and p refinement. Using higher order basis functions (linear) 

results in a more accurate approximation of permeability. Figure 4-4 shows a plot of the 

errors in permeability as a function of h-refinement (mesh size). 

The resulting pressure boundary conditions at the sub-network interfaces are 

heterogeneous, reflecting the effect of surrounding media. A 2D surface plot of the 

pressure field at one interface is shown in Figure 4-5a. In the full, large-pore network 

simulation, pore pressures at the imaginary boundaries were extracted and a pressure 

field interpolated using MATLAB. The result is compared to the approximate solution 

obtained using 8 × 8 quadratic mortars [Figure 4-5(b)]. This pressure field is taken from 

the interface between the 1 (row), 4 (column) sub-network and the 2 (row), 4 (column) 
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sub-network (refer Figure 4-3). Note that the bottom, left grid in Figure 4-3 is sub-

network 1,1.  

Figure 4-6 shows a plot of flow rates for all throats on the one interface (between 

the 3,5 and 3,6 blocks). On the x-axis is the true throat flow rates obtained from the 

original, large network and on the y-axis is the estimated values from upscaling. The 

circles represent the flux estimated from direct upscaling. That is, after the flow field of 

the entire domain (100 sub-networks) is solved by the finite difference simulator, the 

pressures are assigned back onto the cell center of the sub-network. Interface pressure 

and the throat flux on the interfaces are then estimated. On the other hand, the plus signs 

represent the interface flux derived from the mortar coupling. After solving the entire 

domain by mortar coupling, the interface pressure fields on all the interface are assigned 

back onto the interface between sub-networks. Sub-networks are then solved using these 

interface pressures as boundaries. Interface flux are then estimated. The 45° line would 

suggest a perfect match. Very good agreement between the mortar solution and true 

solution is found at the pore scale, despite the fact that mortars are only intended to 

capture pressure variation on a coarse grid and match fluxes weakly. Fluxes obtained by 

imposing constant pressures on the sub-networks, found by averaging the cell-centered 

pressures between two adjacent blocks in the finite difference solution, result in 

significantly more scatter and error. This figure only represents the flux on one interface. 

There are in total 180 of such interfaces. The FD interface flux on these interface may be 

higher or lower than the true flux value derived from the large network simulation 

directly. It is noticed that, in this figure, the FD solution flux is orders higher than the true 

solution. This is because when the sub-networks are created (i.e., the large network are 

split into smaller networks), the throats are created following the Hagen-Poiseuille 

equation:  
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L

r
g

8

4

                                                               (4-6) 

where g represents the throat conductivity, r represent the throat radius and the L 

represent the throat length. Because the new throats in the sub-networks can be 

substantially shorter than the original throat in the large network, the throat conductivity 

can be orders of magnitude higher than that of the original throats. Furthermore, the 

interface derived from the finite difference solution ignores any pressure variation on the 

interface, thus applying unrealistic pressures on the very high conductivity throats. 

Therefore, the finite difference interface flux show values orders of magnitude higher 

than the true flux.  

Figures 4-7 depicts the sum of throat flow rates in the 8 × 8 mesh. Figures 4-7(a) 

and Figure 4-7(b) compare the flow rates for the mortar solution for networks 1,4 and 2,4, 

respectively. Notice that flow rates do not match perfectly at this scale; they are not 

intended to match strongly, only weakly. However, there is still very good agreement at 

the interface in flow rates. Furthermore the mortar solution compares well with the true 

solution, displayed in Figure 4-7(c). 

4.4 DISCUSSIONS 

Improved accuracy in the upscaled, macroscopic values is obtained for adjacent 

network models using mortars over a more straightforward approach of using the models 

as stand-alone tools. Mesh refinement on the interface grid can improve accuracy. In 

Balhoff et al. (2008), it was suggested that the solution can get worse if too fine a mesh is 

used, but this is incorrect, at least as long as pores intersect at the boundary between 

models. It is possible that a mortar grid will have no pores assigned to it which leads to a 

singular system. However, this is resolved by removing these rows from the matrix. 
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The mortar approach for upscaling is not only accurate, but potentially much 

faster than solving the original, large problem. Depending on the linear solver employed, 

solution to the system of equations may be O(N2
pores) or O(N3

pores), where Npores is the total 

number of pores in the large network. A comparison of relative computation time for the 

three upscaling approaches (full network, mortar, finite difference) is given in Table 4-2 

assuming an O(N2
pores) solver. In table 2, Ndomains is the number of decomposed 

subdomains, NDOF is the number of degrees of freedom (i.e., coefficients of basis 

functions), and Nprocessors is the number of processors used in parallel.  

Table 4-2 shows that the mortar solution is potentially much faster than solving 

the full network for two reasons. First, speed is optimal in a parallel computing 

environment because sub-networks can be solved on individual processors which then 

only communicate in the mortar interface. Parallel computing allows the mortar approach 

for upscaling to be much faster than solving the large problem. Second, since linear 

solvers are typically greater than O(Npores), improved speed can be obtained through 

decomposition even if performed in serial. It should be noted there is an added 

computational requirement for mortars which is the solution of the interface equations 

O(N2
DOF), but this is small compared to solution of the network models provided the 

number of degrees of freedom is small per domain and a small number of processors are 

used. Of course, the finite difference solution is by far the fastest of the three approaches 

because of domain decomposition and no coupling. The increase in speed comes at the 

cost of decreased accuracy. In the mortar approach, accuracy is obtained via coupling 

with increasing h- and p-refinement on the mortar grid, but this worsens computation 

time. 

Although pore-network models are used as an example for coupling and upscaling 

at the pore scale, the method is not restricted to this pore-scale approach. The sub-
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domains should be viewed as “black boxes” and any model that generates fluxes for an 

imposed pressure boundary condition, can be used in the mortar coupling scheme. For 

example full CFD or Lattice-Boltzmann models of flow through porous media could be 

utilized. In Balhoff et al. (2008), pore-scale models were even coupled to Darcy-scale 

continuum models. The approach can also be extended to model multiphase flow, 

reactive flow, and other nonlinear flow and transport processes to predict behavior at 

larger length scales than usually modeled using pore-scale models. 

In addition to direct upscaling, the mortar method provides new opportunities for 

multiscale modeling. If necessary, pore-scale models can be directly substituted for fine 

grid blocks in large commercial reservoir simulators without any upscaling necessary 

(Chapter 6). Since subdomains are solved independently and coupled through the mortar 

interface, the pore-scale simulation can communicate with the reservoir model.  

4.5 CONCLUSIONS 

Network models are created here that are larger (106 pores) than most 

conventional simulations. The networks are very heterogeneous and anisotropic with 

abrupt changes in pore-structure (which may mimic changes in geologic phenomena in 

real rock). The finite difference upscaling (KFD) can result in errors of more than 20% 

because the boundary conditions imposed on the sub-networks are artificial, not 

reflecting flow behavior in the surrounding media. Mortar coupling of the sub-networks 

is found here to result in a good estimation of permeability of the large, parent network. 

Permeability error was within 2% for 4×4 linear mortars. Accuracy could potentially be 

improved using even higher order basis functions (e.g. quadratic) and finer mortar mesh 

size.  The mortar coupling approach outlined in this work provides a novel and accurate 

upscaling technique for pore-scale models. 
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4.6 FIGURES AND TABLES 

 

Figure 4-1: Schematic of a network model (pores and connecting throats). The lines are 

imaginary boundaries where probability distribution constants change. All 

networks used in this study have ~104 pores, but the network shown is 

smaller for illustration purposes. 

 

 

 

Figure 4-2: Example of two sub-network models coupled by 4×4 mortar grids (Balhoff et 

al., 2008).   

 

y 

x z 
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Figure 4-3: 10×10 finite-difference grid. Block permeabilities (x-direction listed on left, 

y-direction on right) are extracted from sub-network simulations. Note the 

unit is mD (x-direction on left and y-direction on right).  

 

 

Figure 4-4:  Percent error in permeability obtained using mortars compared to the true 

solution 
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Figure 4-5: (a) True pressure field between two blocks in the original, large network 

model, (b) approximate, mortar solution at same interface. Note the pressure 

unit is Pa.  
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Figure 4-6: Plot of flow rates in boundary throats on the interface of 1,4 and 2,4 sub-

networks. On the x-axis is the actual flow rate obtained from solution of the 

full network. The y-axis shows flow rates are more accurate for mortar 

coupled boundary conditions (network 2,4) than a constant pressure 

obtained from the finite-difference solution. 
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Figure 4-7: Interface flow rates at the interface of sub-networks 1,4 and 2,4 summed over 

the coarse mesh grids (8 × 8) for (a) the flow rates from network 1,4 in the 

mortar solution, (b) the flow rates entering network 2,4 in the mortar 

solution and (c) the actual flow rates in the true solution. All numbers are in 

units of m3/s × 10–19 
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Table 4-1: Upscaled permeability obtained using linear and quadratic mortars 

Linear Quadratics 

Kxx Kyy %Error_Kxx %Error_Kyy Kxx Kyy %Error_Kxx %Error_Kyy 

1.02 0.49 298.88 107.70 0.86 0.42 238.56 78.72 

0.86 0.42 237.23 80.96 0.61 0.35 137.12 51.00 

0.60 0.36 133.12 52.88 0.31 0.27 22.26 16.51 

0.44 0.31 72.22 32.61 0.27 0.24 7.05 4.24 

0.31 0.28 22.32 18.39 0.264 0.237 3.19 0.95 

 

 

Table 4-2: Comparison of theoretical computation time for various upscaling approaches 

(DOF represent the degree of freedom in model) 

Method Theoretical computation time 
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Chapter 5 A Super Permeability Tensor (SPT) for Upscaling Pore-Scale 

Heterogeneity and Anisotropy in Porous Media 

5.1 INTRODUCTION 

 Permeability tensors are macroscopic properties that are commonly used to 

model flow in anisotropic porous media. In this chapter, a new upscaling tool is 

developed, a Super Permeability Tensor (SPT), to capture more detailed intrinsic, pore-

level properties of porous media. The SPT is viewed here as an extension of a 

conventional permeability tensor (CPT) and includes more heterogeneity and anisotropy 

information of the porous medium. The SPT stores responses (fluxes) to imposed stimuli 

(pressure boundary conditions). Unlike a CPT which is typically extracted using constant 

pressures at the medium boundary, the SPT is extracted by imposing a variety of complex 

boundary conditions using a linear combination of basis functions. As a result, complex 

flow equations in a linear flow system (e.g. single phase Newtonian flow in porous 

media) can be reduced to a linear matrix multiplication. In the sections that follow, 

motivation, creation of the SPT, comparison between CPT and SPT, and improvements 

in upscaling are all discussed. Finally, direct applications, such as to a mortar coupling 

framework, are presented.   

5.2 MOTIVATION FOR A SUPER PERMEABILITY TENSOR (SPT)  

In anisotropic media, flow is not only orthogonal, but also parallel to the direction 

of pressure gradient. In conventional approaches for determining the elements of the 

permeability tensor, simple boundary conditions such as constant pressure drop, no flux, 

and/or periodicity are often employed in experiments and numerical simulations. 

Elements of the permeability tensor can then be back-calculated from Darcy’s Law. As 

discussed and demonstrated in previous chapters, such arbitrary boundary conditions can 

yield misleading results because they do not reflect the impact of flow behavior in 



 79 

surrounding media.  A constant pressure boundary condition is, at best, an averaged value 

and ignores any communication between the porous medium and adjacent surroundings. 

Moreover, a conventional 3×3 permeability tensor does not capture any pore-level 

heterogeneities; it might fail to capture the effects of a tortuous preferential flow path 

connecting two non-opposite sides. Although conventional 3×3 permeability tensors 

(referred to herein as CPT), can represent a huge improvement over simple scalar values, 

they still smooth pore-level anisotropy and heterogeneity in porous media.  

The simple, qualitative illustrations provided in Figure 5-1 demonstrate this 

limitation of CPT. The permeability for the two media could be determined in the usual 

way; by imposing a constant pressure gradient in the x-direction and then again in the y-

direction, measuring Darcy velocity, and back-calculating permeability values. In the 

Figure 5-1 examples, both media could be represented by diagonal tensors and may in 

fact be identical (the high conductivity streaks in Figure 5-1a compensates for the 

relatively low conductivity in the rest of the medium compared to Figure 5-1b). The 

upscaled, macroscopic permeability tensor fails to capture detailed information about the 

pore-level heterogeneity or the high-conductivity streak. Moreover, if the boundary 

conditions were more complex and varied spatially along the edges, Darcy’s law with the 

extracted permeability tensor may result in a poor estimation of velocities. Consider 

Figure 5-1c where the actual velocity under linear boundary conditions may be much 

smaller than estimated using the upscaled permeability because the pressure drop across 

the high conductivity streaks are relatively small. 

The goal of this work is to develop an upscaled macroscopic description of 

permeability, derived from pore-scale models, that includes more information about the 

pore-level heterogeneity and anisotropy than a simple 3×3 tensor. The result will be a 

larger (M×M) tensor which stores more information regarding the pore-level 
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heterogeneity. This new Super Permeability Tensor (SPT) will result in more accurate 

results for than a CPT under spatially-varying, complex boundary conditions. The SPT 

will be particularly useful in a mortar coupling framework that imposes complex 

boundary conditions on model subdomains; the SPT could replace the need for in-situ 

solutions of computationally-expensive pore-scale models without losing any accuracy. 

The SPT would also provide important insight into pore-level heterogeneity and 

preferential pathways in the porous medium. 

5.3 SPT CONSTRUCTION 

The basic idea of the SPT is that elements of the M×M tensor represent relative 

fluxes (responses) for various imposed pressure boundary conditions (stimuli). The SPT 

is then an upscaled macroscopic property that can be used to compute fluxes for applied 

complex boundary conditions. For modeling single phase Newtonian flow the flow 

equations are linear. Therefore the system response can be reduced to a linear matrix 

times a pressure vector of boundary conditions. In this way, this system response 

functions similarly to a permeability tensor. The system response matrix is named here a 

Super Permeability Tensor (SPT) because it functions similarly to permeability but is 

larger in size.   

Construction of the SPT is depicted in Figure 5-2.The SPT is formed by first 

placing a coarse grid (analogous to a mortar grid) on all boundaries of the model (figure 

5.2). Basis functions (constant, linear, etc.) are then imposed and used to generate a 

pressure field on the boundaries by using a linear combination of the boundary 

conditions. M linear combinations of the boundary conditions are imposed and the pore-

scale model is solved for each set of boundary conditions. The resulting response (flux) is 

stored as a column in a matrix and this is repeated for each boundary condition. The final 
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square, M×M matrix is the SPT. The specific procedure for constructing the SPT is as 

follows: 

1. Design a coarse grid on the six faces of the local model. A finer grid 

results in more accuracy, but also requires additional computation time. 

The number of grids defines the order of the basis functions and 

therefore the size of the SPT.  

2. Impose pressure boundary conditions in the form of a unit vector of 

coefficients (e.g.
1

 = [1,0,0…0]), where length of 
1
is M, the same as 

the degree of freedom (d.o.f.) of the mortar space. The pressure field is 

given by
1 1 2 2

...
M M

P . Since the coefficients are in the 

form of a unit vector, only one term is finite and pressure is only finite 

on one element of the coarse grid.    

3. Solve the pore-scale model for the imposed boundary conditions and 

evaluate the fluxes on all boundary pores/throats. 

4. Project output flux onto the coarse grid and form the output flux vector 

1
. The length of 

1
 is M, the same as

1
. 

1
 represents the first column 

of the SPT. 

5. Repeat steps 2-4, but using different unit vectors for the coefficients, 

i.e.  =  [0,1,0…0], [0,0,1,0…0]…[0,0,0….1]. Construct the 
2

 to 
M

 

vectors and insert these into the respective columns of the SPT. 
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(5-3) 

Any number of basis functions could be employed. Here, the use of piecewise 

constants, linear, or quadratic functions are employed (as was discussed in chapters 1 to 4 

for coupling).  

Implementation of the SPT (Equation 5-1) is analogous to Darcy’s Law (Equation 

5-2); flux is proportional to pressure or pressure gradient vectors. In the case of the SPT, 

pressure and flux are not simply three-dimensional directional vectors, but rather are 

described by linear combinations of piecewise basis functions on the boundary and are 

therefore M-dimensional. In both applications, flow can be calculated by the product of 

the permeability tensor or SPT and the pressure vectors.  

SPT p
q

L
                                                         (5-1) 

K
q P

                                                            

 (5-2) 

where  q and  P represent the flow and pressure vectors respectively, L is the dimension 

of the network model and K is the conventional permeability tensor.  
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Similar concepts have been developed by Ganis (2009) for the purpose of 

improving computational efficiency during mortar coupling. In that work, a multiscale 

basis function was used as a preconditioner in a nonlinear problem. The general idea was 

very similar to the SPT (a matrix was used to describe the action of the subdomain) 

However, all of the work performed by Ganis (2009) was performed at the macro scale 

and the multiscale basis function was not intended to physically represent a medium 

property.  The novelty of this work is that: 

1) SPT is introduced here as an upscaled, macroscopic property of a pore-scale 

model. The resulting SPT can produce accurate results for flux even if 

complicated boundary conditions are imposed.  

2) Each element of the SPT represents a connection between two discretized 

elements on the boundaries. If an element has a large magnitude, it suggests 

that two regions are highly connected and flow will be large in that direction. 

 

5.4 RESULTS AND DISCUSSIONS 

In this chapter, an SPT is constructed for two pore-scale network models (referred 

to herein as networks A and B). Both of the network models have periodicity in the pore 

throats. The periodicity of the network structure allows for straightforward calculation of 

anisotropic permeability. Network A is mapped from a sphere packing of 100 grains (the 

resultant network contains 412 pores) and network B is mapped from a 1000 grain sphere 

packing (the resultant network contains 4094 pores).  

5.4.1 Relationship between Super and Conventional Permeability Tensors 

The simplest SPT is a 6×6 matrix extracted using 1×1 constant basis functions on 

the coarse boundary grids (1 degree of freedom for each of the six faces). A comparison 
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between the CPT and the SPT is shown in Figures 5-3 and 5-4 for networks A and B, 

respectively. (The CPT was constructed in the usual way; a pressure gradient was 

imposed in one direction and the fluxes in all three directions computed). The simple SPT 

contains more heterogeneous information about the porous media than the CPT. It was 

noticed that the CPT is not symmetric in this example. However, the off-diagonal 

elements are orders of magnitude smaller than the diagonal elements. Similar feature are 

also discussed by Zijl and Stam (1992), and Bierkens and Gaast (1998).  

5.4.2 SPT Constructed For Pore-Scale Network Models 

SPTs with varying grid refinement on the coarse boundary grids are constructed 

for network models A and B using both constant and linear basis functions (shown in 

Figures 5-5 and 5-6). The dimensions of the SPT are dependent on the d.o.f. on the coarse 

grid. For instance, if each face has 2×2 nodes, then the d.o.f. of mortar space is 24 (4 

nodes on 6 faces) and the dimensions of SPT are 24×24. The matrices are too large to 

show the numerical values, so color contours are used to indicate the log of the absolute 

value of elements in the SPT matrix.  

Several important features can be noted from the figures. First, more 

heterogeneity can be captured using larger dimensions of the SPT. In the figures shown, 

the SPT varies from 24×24 to 96×96; more communication detail between boundary 

elements are revealed for larger tensors. The downside is that construction of the larger 

SPT requires finer grid refinement on the boundary and therefore more computation time 

than constructing a smaller SPT (the network model must be solved M times to create an 

M×M tensor). However, each pore-scale model simulation is independent, making the 

problem very easily parallelizable if necessary.   
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Second, each element in the SPT matrix is representative of the connectivity 

between two boundary subgrids. For example, the element SPT(i,j) represents the 

connectivity between the ith region (subgrid) and the jth region (subgrid) on the boundary 

surface. The values of the matrix elements span several orders of magnitude. In networks 

A and B, the SPT values span 10-8 to 10-2 and 10-13 to 10-4 mm2, respectively. A further 

detailed examination suggests that most of the high value elements are located between 

two adjacent surface regions while low value elements are located between surface 

regions with greater distance. This observation matches well with intuitive understanding 

of the pore-scale model, because it takes fewer throats (i.e., flow resistance) to connect 

two closer surface regions than to connect two far surface regions. Therefore the flow 

conductivity between two adjacent surface regions is much higher than that between two 

far away surface regions.  

Finally, The SPT is symmetric and diagonally dominant (this is more easily seen 

in Figures 5-3 and 5-4). Positive values correspond to flow entering the pore-scale model 

and negative values indicate flow exiting the model. In many cases, positive values only 

show up in the diagonal position; flow enters the block through only this region of the 

surface under the previously-specified pressure vector. Flux exits from all other surface 

regions. This also helps to explain why the diagonal elements are much larger than the 

off-diagonal elements. Each row and column of the SPT sums up to be zero because the 

flow path connecting the ith surface region and jth surface region (i.e., SPT(i,j)) is the same 

as the flow path connecting the jth surface regioin and ith region (i.e., SPT(j,i)); SPT is a 

symmetric matrix.   
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5.4.3 Verification of Improved Upscaling With SPT 

Two examples are used to demonstrate the improvement in predicted Darcy 

velocity using an SPT over a CPT. In both examples, spatially-varying boundary 

conditions are imposed on the domain. In the first example, a simple linear pressure field 

is imposed on each boundary (Figure 5-7 shows the pressure at each of the six corners of 

the network and the pressure field for two of the six faces). In the second example, flux is 

generated from a point source some distance away from the domain. The pressure on the 

surface is assumed to be inversely proportional to the distance from the point source, 

located at r = (2,2,2) (the pore scale model is located at the origin). The pressure fields on 

all six interfaces are shown in Figure 5-9. Flow through the domain is calculated using 

three different approaches and then compared: 

1) Pore scale models are solved directly using the actual applied pressure profile 

as boundary conditions. The pore-scale model is solved in the usual way 

(ensuring mass balance at every pore). The flows entering/exiting all 

boundary throats are then summed and the total flow rate through the domain 

(QPSM) is calculated.  

2) Flow rates are estimated using Darcy’s law and a conventional permeability 

tensor. The 3×3 CPT is determined by performing three pore-scale 

simulations (constant pressure gradient in each direction). In order to utilize 

Darcy’s law, a constant pressure gradient must be employed in each of the 

three directions (x,y,z). Pressures are not constant on each face, so an average 

boundary pressure is used to compute pressure gradient. Fluxes found from 

Darcy’s law (QCPT) are calculated.  

3) Pressure profiles are projected onto the coarse boundary grid of the pore scale 

models (both constant and linear basis functions are employed), and the fluxes 
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transmitted through the pore scale models are evaluated by Equation 5.2 

(using the SPT). Fluxes achieved from this approach are referred to as Qspt.  

The total flow rates and relative errors through the pore-scale models are 

summarized in Table 5-1 for the linear profile example and Table 5-2 for nonlinear 

pressure profile (point source) example. Both examples suggest that Darcy’s law (QCPT) 

significantly overestimates the true flux (QPSM). In both linear and nonlinear examples, 

the relative error of QCPT with respect to QPSM is about 40% and 100% for network A and 

B, respectively. On the other hand, the SPT (because of its ability to capture detailed 

variance in the pressure profile on the boundary), results in much better estimations, 

especially when finer grids and higher-order basis functions are employed on the 

boundary. For example 1, SPT using 4×4 grids and constant basis reduces the error to 

7.5% and 45% for networks A and B, respectively. Further refinement would improve 

accuracy. Importantly, the error is exactly zero for any level of grid refinement when 

linear basis functions are employed. This is because the true boundary conditions were 

linear so the linear basis functions result in a perfect approximation. 

In example 2, the boundary conditions are more complex since they are derived 

from a point source. Employing 4×4 grids and constant basis reduces the error to 9% and 

38% for networks A and B, respectively. Again, a huge improvement is observed when 

linear basis functions are utilized. The error is reduced is ~2% and 1% for networks A 

and B, respectively, when 4×4 grids and linear basis functions are employed.  

5.4.4 Application of the Super Permeability Tensor 

The SPT is an upscaled, macroscopic property. Once generated, it provides 

information about the conductivity of the pore-scale model under various boundary 

conditions. The SPT in essence replaces the need for the entire pore-scale model, which 
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is computationally difficult to solve and requires significant memory. Creation of the SPT 

is itself computationally difficult (M solutions of the pore-scale model must be performed 

to create an M×M SPT), but as mentioned previously, this can be done in parallel. One 

main advantage of the resulting SPT is that it is much more portable than a pore-scale 

model. If pore-scale models were implemented in a multiscale framework, the solution 

would need to be performed in-situ (calling the pore-scale model as a subroutine or 

module for an applied boundary condition). With the SPT, only fast matrix/vector 

multiplication is required (Equation 5-2). The advantage of the SPT may be enhanced in 

applications that are time-dependent where the pore-scale model would need to be solved 

repeatedly under different pressure boundary conditions in time. 

Use of the upscaled SPT in a conventional, finite-difference reservoir simulator is 

not straightforward. In these macroscopic approaches, pressure gradient is applied on a 

block (domain) in the three directions (x,y,z) and therefore a more conventional 3×3 

permeability tensor is needed to multiply the 3×1 pressure gradient vector. The SPT is 

most useful in a mortar coupling framework. In mortar coupling, domains are 

decomposed and solved independently for an applied boundary condition. The boundary 

conditions are linear combinations of basis functions on a coarse grid (which is the same 

manner in which the SPT is created). The boundary conditions are iterated upon until 

fluxes match at the model interfaces. The SPT is ideal for this situation because it 

provides a direct (fast) mapping from the applied boundary condition to the resulting 

flux. Solution of the subdomain problems is almost always the computational bottleneck 

in mortar coupling; with the SPT these simulations can be computed and stored a priori. 

 The SPT matrix value has been normalized by the dimension of the network 

model. In a cubic network where the length of networks along x,y and z direction, the 

normalization step is straightforward. However, when networks are in elongated or more 
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complex shape, it is more convenient to skip the normalization, rather keep the original 

flow values in the matrix. When such SPT is applied, the input is still the pressure vector 

input to the network. The flow fields can be conveniently achieved from the 

multiplication of the pressure vector and the non-normalized SPT matrix.  

5.5 CONCLUSIONS 

A few of the important conclusions of this chapter are summarized below: 

 An effective upscaling tool (SPT) has been developed, which can be 

viewed as an extension of a conventional permeability tensor (CPT) with 

the ability to capture heterogeneity in greater detail.  

 SPT implementation is analogous to Darcy’s Law, where the resulting flux 

vector can be achieved by multiplying the SPT by the imposed vector of 

pressure boundary conditions.  

 Each element in the SPT represents the connectivity between two 

boundary elements. The values of the elements in the SPT connectivity 

span several orders of magnitude.   

 Validation examples suggest that the SPT can effectively reproduce pore-

scale model fluxes with higher accuracy than using conventional 

permeability tensors.  The SPT constructed using linear basis functions 

can exactly reproduce the full pore-scale model simulations for linear 

pressure boundary conditions.  

 The SPT can be easily implemented in a mortar coupling framework of 

pore-scale models. The computationally expensive step of creating the 

SPT can be performed a priori and in parallel. Iterative mortar coupling 
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would then be fast because subdomain calls simply involve matrix/vector 

multiplication. 
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5.7 FIGURES AND TABLES 

 

Figure 5-1: Schematic illustration of porous media (a and b) and a specified pressure 

boundary condition, where the two porous media can have the same 

permeability tensor but the flow feedback under the specified pressure 

boundary condition (c) are different. However, such differences in flow 

feedback cannot be described by a conventional permeability tensor.    
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Figure 5-2: Schematic illustration of the development of SPT. The flow equations can be 

considered as a system response; input is pressure vector while output is a 

flux vector projected onto the coarse grid on a local model.  
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Figure 5-3: Illustration of the comparison between the conventional permeability tensor 

(a) and simplest SPT constructed using a 1x1 constant basis function (b) for 

network A (unit is mm2) 
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Figure 5-4: Illustration of the comparison between the conventional permeability tensor 

(a) and simplest SPT constructed using a 1x1 constant basis function (b) for 

network B (unit is mm2) 
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Figure 5-5: SPT for a sphere pack extracted from a 100-grain sphere packing (network 

A); a, b and c are SPT constructed using constant basis functions with 2x2, 

3x3, and 4x4 nodes on each side, respectively; d, e, and f are the SPT 

constructed using linear basis functions with 2x2, 3x3, and 4x4 nodes on 

each side, respectively  
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Figure 5-6: SPT for a sphere pack extracted from 1000-grain sphere packing (network B); 

a, b and c are SPT constructed using constant basis functions with 2x2, 3x3 

and 4x4 nodes on each side, respectively; d, e, and f are SPT constructed 

using linear basis functions with 2x2, 3x3, and 4x4 nodes on each side, 

respectively  
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Figure 5-7: Illustration of the pressure profile in each face in the linear example.  

 

 

Figure 5-8: Illustration of pressure profile and problem set up for the nonlinear example. 

Injection pressure point is located at (2,2,2) while the grid is located at the 

origin. The pressure profiles are also demonstrated.  
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Table 5-1: Summary of total flux and relative percentage error calculated for the linear 

pressure profile example: QPSM from the true solution, QCPT from calculation 

using the conventional permeability tensor, QSPT derived from SPT 

application. 

        constant basis SPT linear basis SPT 

network   direct PSM CPT 1x1 2x2  3x3 4x4 2x2 3x3 

A 
Transmitted flow 
(x10-2) 1.34 1.21 3.68 2.00 1.52 1.4 1.3 1.3 

  Relative error (%) 
 

9.70 174.6 49.3 13.43 7.5 0.0 0.0 

B 
Transmitted flow 
(x10-5) 3.00 2.47 13.78 7.38 5.29 4.4 3.0 3.0 

  Relative error (%)   17.67 359.3 146.0 76.3 45.3 0.0 0.0 

 

Table 5-2: Summary of total flux and relative percentage error calculated for the linear 

pressure profile example: QPSM from the true solution, QCPT from calculation 

using the conventional permeability tensor, QSPT derived from SPT 

application. 

        constant basis SPT linear basis SPT 

network   direct PSM CPT 1x1 2x2  3x3 4x4 2x2 3x3 

A 
Transmitted flow 
(x10-2) 9.09 8.73 26.50 14.10 10.20 9.90 9.66 9.40 

  Relative error (%) 
 

4.0 191.5 55.1 12.2 8.9 6.3 3.4 

B 
Transmitted flow 
(x10-5) 5.08 4.22 23.60 12.50 8.92 7.33 5.14 5.14 

  Relative error (%)   16.9 364.6 146.1 75.6 44.3 1.2 1.2 
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Chapter 6 A Multiscale Reservoir Simulator with Direct Substitution of 

Pore-scale Models 

6.1 INTRODUCTION  

A multiscale reservoir simulator which allows for direct substitution of pore-scale 

models for continuum grids in specific regions of the reservoir would be unique and 

allow for complex modeling where required. Instead of solving  the entire reservoir 

domain at the pore scale (which is impossible), a multiscale model would enable the 

flexibility to solve complex physics at the pore scale where needed and solve a simpler 

problem on the larger part of the reservoir using traditional continuum finite difference or 

finite element grids. The continuum region would provide realistic boundary conditions 

to the pore-scale region for accurate modeling. Such an approach would involve coupling 

hundreds or thousands of pore-scale models together to ensure continuity (it would not be 

practical to characterize the entire pore-scale region as a single, large network) and also 

couple the pore-scale region to the continuum-scale region. Mortar coupling has been 

shown in this dissertation to be an accurate method for coupling domains of similar 

scales, but can also be used to bridge models of very different scales (Balhoff et al., 

2008).   

The near-well region, in particular, is one that is subject to unique physics and 

requires accurate modeling. The near-wellbore region has long been of interest in 

subsurface applications, mainly because of the strong heterogeneities, dynamics, and 

unique physics. Examples of important, near-well flow phenomena include acidizing to 

enhance well production (Fredd and Fogler, 1998), near well formation damage 

(Krueger., 1986), Forchheimer flow (Ewing et al., 1999), and filtration of particles 

(Wennbeng and Sharma 1997). 
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In the current work, mortar coupling is applied to couple thousands of pore-scale 

models together to characterize a heterogeneous near-wellbore region. Mortar coupling is 

also employed to couple the pore-scale subdomain to an outer, continuum-scale, Darcy 

subdomain. The multiscale model is compared to a conventional finite difference model 

with direct upscaling. Conditions for replacing pore-scale models with simple upscaled 

continuum-scale grids are determined. A posteriori global upscaling, which incorporates 

the global impact on each pore-scale model is performed after the multiscale model is 

developed. It is demonstrated here that using the global upscaled permeabilities can 

successfully approximate the multiscale model results with high accuracy. Once the 

upscaling is performed, future simulations can be conducted at a relatively low 

computational cost.  

 

6.2 MODEL DESCRIPTION 

6.2.1 Model Setup 

Figure 6-1 depicts the geometry of the near wellbore simulator described by a 2 m 

× 2 m square area with a well (r = 0.1 m) at the center. Each “grid” in the model is a one 

cm3 cubic block (or pore-scale model) which results in 39601 total grids. The outer, 

continuum-scale region is comprised of 32053 finite-difference grids, all assumed to be 

homogenous and isotropic with a constant permeability (Kx = Ky =10-6 cm2). The pore-

scale subdomain is comprised of 7548 network models and spans a radius of 0.5 meters 

from the center of the well.  Mortar spaces are employed at the shared interface between 

pore-scale models as well as between pore-scale/continuum-scale subdomains. To the 

best of the author’s knowledge, this is the first time a multiscale reservoir simulator has 
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been developed at this scale which directly integrates pore-scale models into a Darcy-

scale simulator.  

In this study, 40 unique network models were created using several approaches 

(stochastic, computer generated, and imaged media). Each of the networks is repeated 

several times in order to reach the 7548 networks needed. The properties of the networks 

are summarized in table 6-1. In the table, the listed permeability is estimated using a 

conventional, direct upscaling approach (permeabilities are estimated following Darcy’s 

Law with constant pressure and no-flow boundaries). The network models are 

categorized into two groups for convenience. These include a high permeability group 

which contains the network models with less than 1000 grains and low permeability 

group which contains network models with more than 1000 grains. These two groups 

might represent sandstones deposited at two different depositional environments. For 

example, the high permeability faces may be deposited at the early stage of a fluvial 

depositional environment, where the sandstone has a large grain size. The low 

permeability face may be deposited at the later stage of a river, where the grain sizes 

become smaller due to the reduced energy in the fluvial system. The permeability of the 

networks created from uniform sphere packing is rather high (10-6 to 10-5 cm2), because 

the grains are uniform and that the porosity is high (~38%). However, the high 

permeability is consistent with the estimates using Blake-Kozeny equation. Most of the 

network models are created from uniform sphere packings and are therefore relatively 

homogenous and isotropic (Figure 6-2 a). Network #40 is created from spatially-

correlated sphere packings and shows relatively stronger heterogeneity (Figure 6-2 b) 

than uniform sphere-packing networks. The network referred to herein as the ‘sandB’ 

model (#39 network) is imaged from a real sandstone sample (Figure 6-2 c). The 

heterogeneity in the sandB network is significantly greater than other models and, for this 
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reason, this network model is repeated more frequently in the simulations it is used in. 

This network may represent sandstones deposited at high energy environment (e.g. storm 

currents) where large and small particles are deposited at the same time.  

6.2.2 Description of Simulation Cases Studied 

Four simulation cases were developed to study the near-wellbore multiscale 

model and to examine how pore-scale heterogeneity affects flow field as well as to 

investigate the impact from boundary conditions. In case I, all the network models are 

randomly distributed. In this simulation case, however, only “homogenous” networks 

(those mapped from computer-generated uniform-sphere packings) are used. The 

geometry for case I is illustrated in figure 6-3. Note that in this figure the indicated 

permeability in the pore-scale region is extracted from direct upscaling. Because all the 

network models are relatively homogenous and isotropic, this case is also employed to 

validate the multiscale approach.  

 In case II, all network models are also randomly distributed (Figure 6-4). 

However, in addition to the homogenous network models, more heterogeneous networks 

(sandB network) are also included, which enables examining the impact from pore-level 

heterogeneity on the entire flow field. What is more important, this also allows for 

examining how boundary conditions in pore-scale models affect the accuracy of flow 

estimation.  

In case III, the network models form alternative high and low permeability 

channels (Figure 6-5). The high/low permeability channel feature is only present in the 

pore-scale region and vanishes in the continuum-scale subdomain. In case IV, network 

models form a high-permeability channel near the well in the y-direction to mimic the 

presence of a fracture (Figure 6-6). The high permeability channel extends from the pore-
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scale subdomain to the continuum subdomain. The simulation cases and the number of 

pores in each simulation are summarized in Table 6-2.  

 

6.3 METHODOLOGY  

6.3.1 Interface Problem 

This multiscale simulator requires interface bridging between both pore-scale and 

pore-scale models and between pore-scale and continuum-scale models. In the current 

study, only single phase, single component, Newtonian, steady-state flow is modeled 

(Chapter 7 describes some ideas for extension to more complex flows). Boundary 

conditions are imposed as guesses in the mortar space. After solving the pore-scale 

models with these boundary conditions, flow from boundary pores are then projected 

back onto the mortar space. Mortar coupling enforces the pressure and flow continuity at 

the shared interface between two adjacent network models. The detailed procedures are 

illustrated in Chapter 2.  

The model also enforces pressure and flux continuity between pore-scale and 

continuum-scale subdomains as was described by Balhoff et al. (2008). Such continuity is 

achieved by implementing mortar coupling at the pore-continuum interfaces. The 

procedure is illustrated in the following example, where a pore-scale network model (left) 

is coupled to a continuum-scale grid (right) in Figure 6-7. These two grids are coupled 

using a 1D linear mortar space composed of three nodes (two elements); additional p- and 

h- refinement are possible in practice. The three linear basis functions are shown in 

Figure 6-7 b). In order to ensure pressure and flux to be continuous on the interface, one 

seeks a pressure condition on the interface such that the flow from the pore-scale model 
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matches the flow from the continuum-scale model in a weak form. In this example, to 

project pressure from the mortar space onto pore-scale model boundaries: 

1

( )

dofN

i j j

j

P x                                                    (6-1) 

To project pressure onto continuum-scale model boundary: 

1

( )

dofN

j j

j

P x dx                                               (6-2) 

where Ndof is the degree of freedom (d.o.f.) of the mortar space on the interface. In this 

example Ndof=3.  

The flow profiles from the continuum grids are considered as uniform functions 

on the interfaces; flux projection from pore-scale models follows a discrete form, while 

flux projections from continuum scale models follow a continuous form.  

The weak form of flow continuity becomes:  

1

( ) ( )

N

j i j

i

x q x udx                                             (6-3) 

Or flux jump at the interface equals 0: 

1

( ) ( ) 0

N

j i j

i

F x q x udx                                     (6-4) 

In the above equations, x is the location of ith pore, Pi is the pressure of the ith 

boundary pore, qi is the flow of ith boundary pore, N is the number of boundary pores; P is 

the pressure on the continuum-scale model boundary and u is the flow velocity from 

continuum-scale model. The detailed procedure to couple pore-scale to continuum-scale 

models is similar to that described in chapter 2, except that the discrete form projection is 

modified to a continuum projection for continuum grids (Equation 6-2 and 6-3).   
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6.3.2 Implementation of SPT and Pressure Projection Matrix (PPM) 

Each of the 40 networks are used approximately 190 times on average. The Super 

Permeability Tensor (SPT), described in Chapter 5, is particularly useful here. To 

compute the SPT for each network model, each model needs to be solved as many times 

as the number of degree of freedom (d.o.f.) on each network model. In the case of a 3×3 

mortar space employed on the interface, each model is solved 54 times. However, once 

the SPTs are constructed, each network solve can be replaced by one-step matrix 

multiplication. Therefore, with the implementation of the SPT, only 54 × 40 (a 

computation time of approximately 8 hours using serial Matlab code on a Dell desktop 

with 2.33 GHz CPU) network solves are needed in total. However, without the assistance 

of the SPT, the interface problem solution requires solving 7500 network models 54 

times (approximately 1600 hours on average). By using the SPT, the computation time is 

reduced by a factor of approximately 200.  

Another novel upscaling approach, Pressure Projection Matrix (PPM), is 

developed and implemented here. For single phase linear flow, pore pressures for a 

network model are unique and defined by the boundary conditions. That is, one can 

construct a one-to-one projection from the boundary conditions to pore pressures.  

Pressure of each pore can be viewed as a system response of pressure stimuli on the 

boundaries. Within the framework of mortar coupling, pressure boundary conditions are 

composed of linear combinations of basis functions. Therefore we can construct such a 

matrix that projects pore pressure from the mortar space—Pressure Projection Matrix 

(PPM). The size of the PPM matrix is the same as the degree of freedom (d.o.f.) on the 

mortar space and the length of this matrix is same as the number of pores.  Constructing 

the PPM matrix requires a solution of each network d.o.f. times. However, this solution 

procedure can be performed simultaneously with the SPT construction, so both the SPT 
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and PPM can be obtained in the same step. Once the PPM is constructed, each pore 

pressure is obtained by the product of PPM and the pressure vector employed in SPT 

application.  Similar to SPT application, the implementation of PPM in the multiscale 

model helps to reduce the computation time by a factor of approximately 200 to obtain 

the pore pressure.  

6.3.3 Upscaling Approaches 

Once the multiscale simulator is  solved, the  results (pressure and flux fields) are 

compared to results obtained using a conventional finite difference model that uses direct 

upscaling of the pore-scale models (direct upscaling involves back-calculation of 

permeability using a constant 1D pressure gradient and Darcy’s law). The hypothesis is 

that the direct upscaling approach will be insufficient and could not replace the need for 

the multiscale simulator; the hypothesis is tested under a variety of geometries and pore-

scale heterogeneities.  

A second upscaling approach is also employed and investigated here, one that 

involves a posteriori upscaling, which better accounts for the impact of surrounding 

media.  The a posteriori upscaling is a global upscaling approach (e.g. Holden and 

Nielsen, 2000). That is, once the multiscale model is solved, the permeability of each 

individual network model is back-calculated from the resulting flow and pressure 

boundary conditions.  

,

,

,

x ij

x ij

x ij

q x
K

A p
                                               (6-6) 
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K
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                                               (6-7) 

where qx,ij and ∆px,ij are the flow and pressure drop along x direction extracted from the 

multiscale model for ijth network model. Compared to direct upscaling, where Kx and Ky 
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are estimated a priori for the 40 repeated network models, 7548 sets of Kx and Ky are 

estimated from the a posteriori global upscaling approach.  

 An inverse global optimization (e.g., Tarantola, 2005) to upscale Kx and Ky for 

each network was also attempted. The inverse global optimization algorithm utilizes the 

direct global upscaled permeability as the initial guess and iteratively updates the 

permeability until the finite difference model solutions match closely with the multiscale 

model solutions. However, in the implementation it was observed that the Jacobian 

matrix becomes ill conditioned and nearly singular. In the cases studied here, the direct 

global upscaling method was very robust and straightforward and resulted in acceptable 

accuracy as shown in the following section (6.4), so the inverse method was not further 

investigated.    

6.4 RESULTS AND DISCUSSIONS 

6.4.1 Validation of Near Wellbore Multiscale Simulator 

The pressure field obtained from the multiscale, near-well model from simulation 

case I is presented in Figure 6-8. The colored points in the near-well region represent 

pore pressures from the pore-scale models (size of the points is arbitrary and white space 

is shown because pores are discrete), and the pressures in the outer region represent 

pressure values of continuum grids. Similarly, the pressure field obtained for simulation 

case II (Figure 6-13 a), III (Figure 6-16 a) and IV (figure 6-19 a) demonstrate that 

pressures vary smoothly from the pore-scale region to the continuum-scale region. The 

flow fields of simulation case III (Figure 6-17 a) show flow is preferential along the x-

direction, which is consistent with the anisotropy displayed in Figure 6-5. In case IV, the 

multiscale model also captures the high flow field along the presence of a fracture (Figure 

6-20 a). All the above observations verify that the pore-scale region is successfully 
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coupled with the continuum region and pressure and flux continuity are maintained at the 

pore-continuum interface.  

6.4.2 Comparison between Multiscale Model and Upscaling Approaches 

The pressure and flux fields obtained from the multiscale model are compared to 

the two upscaling approaches (direct upscaling of the finite difference model and the a 

posteriori global upscaling model). The results are presented in the form of pressure 

contours, quantitative pressure profile along four major angles, flow contours, and total 

production rates (flow rate into the well).  

The case I simulation results are summarized in Figures 6-10 to 6-12. All the 

network models are created from sphere packings in this simulation and therefore, all the 

network models are relatively homogenous. The comparison of the pressure (Figure 6-10) 

and flow (Figure 6-12) fields suggests that the direct upscaling approach produces a good 

approximation to the multiscale simulation, which is further verified in the quantitative 

pressure comparison (Figure 6-12). This observation suggests that direct upscaling can be 

accurate for single phase, Newtonian flow if the pore-scale models are relatively 

homogenous and isotropic. The a posteriori, global upscaling approach also successfully 

reproduces the multiscale model results. The advantage of the direct upscaling and the a 

posteriori global upscaling approach is that once upscaled permeabilities are computed, 

continuum simulations can be performed which are much less computationally expensive 

than the multiscale model.  

Figures 6-13 and 6-14 show the pressure fields obtained from the three 

approaches for the case II simulation. In addition to homogenous networks, case II has 

also incorporated the heterogeneous network model (SandB network). Incorporating this 

network allows for the examination of pore-scale heterogeneity. The a posteriori, global 
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upscaling approach produces similar results as the multiscale model (Figures 6-13 and 6-

14). However, the direct upscaling approach overestimated the pressure drop in the pore-

scale region significantly (permeability, on average, is underestimated). The direct 

upscaling approach utilizes each network model as a stand-alone tool with applied 

arbitrary (constant-pressure and no-flow) boundary conditions to evaluate the 

permeabilities. Such simplified boundary conditions may be significantly different from 

those obtained by coupling to surrounding media. The pressure profile (Figure 6-14) 

obtained by the a posteriori global upscaling approach (blue lines) matches closely with 

the multiscale simulation (black points), suggesting that global upscaling accurately 

reproduces the multiscale model results.  

Figure 6-15 provides the flow contour plots obtained from the three approaches. 

A high flow path is observed in the pore-scale region for the full, multiscale simulation. 

This flow path can also be observed in the direct upscaling solution, but the flow values 

are significantly smaller than those in the multiscale model. This observation also 

confirms that the direct upscaling underestimated the permeability for the pore-scale 

region. The flow path, however, is successfully captured by the global upscaling 

approach and nearly identical flux fields. The differences between the multiscale 

simulator and direct upscaling (Fgirue 6-16 a) and the multiscale simulator and the global 

upscaling approach (Figure 6-16 b) further verify that the global upscaling approximates 

the multiscale simulator result with much higher accuracy than the direct upscaling.   

The mortar mesh employed in the most simulation is 3x3 on each interface. In 

order to verify that the mesh does not introduce much numerical error, simulation case II 

is tested with 2x2, 3x3, 4x4 and 5x5 mesh refinement on the interface. The flow field 

derived from these simulations are compared, and also against the flow field derived from 

direct upscaling (Figure 6-9). The mortar coupling solution from all the mesh refinement 



 110 

shows very similar flow field, indicating that the simulation with increasing mesh 

refinement converges. The direct upscaling is different from all the multiscale 

simulations with different mesh refinement. Again, this confirms that the direct upscaling 

could cause significant numerical error due to the oversimplified boundary conditions. 

The production rate provided from the multiscale models converge from 0.32 (2x2 mesh), 

0.34 (3x3 mesh), 0.29 (4x4 mesh) to 0.29 (5x5 mesh) m3/s.  

In both case III and IV, preferred flow directions are formed due to the spatial 

pattern of the network distribution. In case III, the network region forms an alternative 

high- and low-permeability channel pattern. The channels are parallel to the x-axis, which 

become the preferred flow direction. In case IV, a fracture composed of high-

permeability networks is present near the well. The high-permeability region extends to 

the continuum region. Both of the preferential flow path patterns are captured by all the 

three approaches (Figure 6-17 and 6-20). Because pressure is often a continuous function 

and may be less sensitive to medium heterogeneity, the pressure profiles obtained from 

all three approaches appear similar. However, the pressure discrepancy between the 

multiscale and direct upscaling model can be clearly observed in the quantitative 

comparison (Figures 6-18 and 6-21). However, it is also noticed that the pressure profiles 

along the preferential flow direction (x-direction for case III and y-direction for case IV) 

are consistent between all three models. One possible reason is that linear flows dominate 

such regions, therefore the simplified boundary conditions (constant pressure and no-flow 

boundary conditions) employed by direct upscaling may closely approximate reality in 

the examples. Flow profiles are presented in Figure 6-19 and 6-22 for cases III and IV, 

respectively. Preferential flow patterns are captured by all three models; however, the 

absolute values of the direct upscaling models are smaller than in the multiscale 

simulator.  
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The well production rates for all simulations are summarized in Table 6-3. The 

discrepancy between the direct upscaling model and the multiscale simulator is smallest 

in case I, where all the network models are relatively homogenous. This confirmed the 

conclusion that direct upscaling can well-represent homogeneous network models. In the 

cases with the presence of heterogeneous network models, a large discrepancy exists and 

is most drastic in case II, where pore-scale heterogeneity is strong and the resulting flow 

field is complex. In cases III and IV, where linear flow dominates one direction, the 

direct upscaling result is still different from the multiscale simulator, though the 

difference is much smaller than in case II. Again, the reason for this is that with the 

presence of preferential flow directions, the boundary condition effect is reduced. In the 

linear-flow region, simplified boundary conditions (constant pressure and no-flow) are 

similar to the multiscale boundary conditions.  

The upscaled permeabilities are summarized in Figures 6-23 to 6-26 for cases I-

IV, respectively. In these figures, the x-axis represents the network index and the y-axis 

represents the upscaled permeability values. Because the a posteriori approach 

incorporates the impact of surrounding media, multiple permeability values are obtained 

for the same network at different locations in the reservoir. Indeed, rather than one single 

value, the globally-upscaled permeabilities span over two orders of magnitude for most 

of the network models, which also verifies that an accurate upscaled permeability may be 

significantly affected by the neighbors/boundary conditions in addition to the pore-scale 

model itself. In particular when heterogeneous network samples are present at complex 

flow conditions (i.e., nonlinear dominant flow region), the permeabilities vary 

significantly.  

In this work, only network models are employed in the pore-scale subdomain. 

However, it should be noted that complimentary pore-scale approaches, such as FEM 
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models, Lattice-Boltzmann models, etc. could be employed in the multiscale simulator 

using the same mortar coupling approaches. Network models do have the advantage of 

modeling at somewhat larger scales (up to 1 cm in each direction, rather than < 1 mm). 

The multiscale approach could also be used to study other geometries or parts of the 

reservoir, but near-well problems are an obvious application of the simulators modeling 

capabilities because of the many interesting dynamic and nonlinear problems. For 

example, the wormhole growth during an acid injection is largely affected by pore-scale 

heterogeneity. As pointed out by Fredd and Fogler (1998), the acidizing process 

modeling may be significantly affected by the network size.  The developed multiscale 

simulator could be used to simulate acidizing transport in the near-well region and predict 

wormhole patterns. The multiscale simulator could also better model high velocity, non-

Darcy flow at the pore scale, as using the Forchheimer empirical correlation may lead to 

erroneous results (Balhoff and Wheeler, 2009).  

6.5 CONCLUSIONS 

In this work, a first-of-its-kind multiscale reservoir simulator has been developed, 

which couples a pore-scale, near-wellbore subdomain to a continuum-scale, Darcy 

subdomain. Mortar coupling is employed to enforce the pressure and flow continuity 

between pore-scale models and between the pore-continuum subdomains. The pore-scale 

region is composed of 7548 network models and spans a radius of 0.5 meters from the 

center of the well. To the best of the author’s knowledge, this is the first time modeling 

has been performed at this scale using pore-scale models. The described approach 

enables performing pore-scale simulation directly at the field scale. Decoupling the pore-

scale subdomain from the continuum-scale region allows for distribution of extensive 
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computational effort to study complex physics and less computational effort on the 

continuum scale, where flow behavior is relatively straightforward.  

The multiscale simulator results are compared to the direct upscaling results. It is 

noticed that direct upscaling can well-represent homogeneous network models, 

particularly when a linear flow field dominants. However, when the flow field is complex 

and the networks are heterogeneous in nature, a simplified upscaling approach may cause 

significant error.  

An a posteriori global upscaling technique is employed after the multiscale model 

has been developed. The global upscaling well-represented the pore-scale 

characterization in all the simulation cases in this work. Using the permeability derived 

from a posteriori global upscaling can save significant computation time in future 

simulations.  
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6.6 FIGURES AND TABLES 

 

Figure 6-1: Schematic illustration of areal geometry and boundary of the hybrid, 

multiscale simulator. 

 

 

 

 

 

 

 

 

 



 115 

Table 6-1: Properties of pore-scale network models employed in the multiscale simulator 

network 
index 

number 
of grains porosity 

grain size 
(mm) 

Kx  
(10-5cm2) 

Ky  
(10-5cm2) 

1 100 37 1.1 4.965 4.505 

2 100 38 1.1 5.691 6.155 

3 100 41 1.1 8.476 8.628 

4 150 41 1.0 5.039 4.785 

5 150 41 1.0 5.329 5.874 

6 200 41 0.9 5.053 4.954 

7 250 36 0.8 2.357 2.408 

8 300 37 0.8 2.444 2.424 

9 350 38 0.8 2.195 2.427 

10 400 39 0.7 2.436 2.539 

11 450 40 0.7 2.429 2.471 

12 150 36 1.0 3.611 3.853 

13 150 38 1.0 4.204 4.292 

14 150 42 1.0 5.948 6.733 

15 200 28 1.0 1.032 1.050 

16 200 35 0.9 2.634 2.767 

17 250 35 0.9 2.203 2.093 

18 250 36 0.8 2.650 2.458 

19 250 41 0.8 3.646 3.952 

20 300 34 0.8 1.679 1.716 

21 300 42 0.8 3.517 3.789 

22 350 38 0.8 2.454 2.330 

23 400 38 0.7 2.049 2.163 

24 1000 37.6 0.5 1.016 0.961 

25 1000 36.5 0.5 0.912 0.901 

26 1000 38 0.5 1.209 1.158 

27 1000 40 0.5 1.300 1.243 

28 1000 35.9 0.5 0.987 0.952 

29 1000 37 0.5 0.936 0.953 

30 1000 38 0.5 1.047 1.047 

31 1000 29 0.6 0.415 0.384 

32 1000 30 0.6 0.471 0.441 

33 1000 35 0.5 0.857 0.831 

34 1000 29.38 0.6 0.524 0.529 
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35 1000 11.94 0.6 0.025 0.022 

36 1000 24.96 0.6 0.301 0.301 

37 1000 34.4 0.5 0.789 0.801 

38 10000 38 0.2 2.480 2.410 

39* 2487 22 0.4 0.021 0.010 

40** 10000 17 0.3 0.319 0.301 

* network 39 is sandB . It is mapped from a real sandstone taken from the Wall Creek 

Member of the Cretaceous Frontier Formation (Ergun and Orning 1949) and exhibits 

significant heterogeneity.  

** network 40 is created from a spatially-correlated sphere packing and shows relatively 

stronger heterogeneities than the other networks  which are created from uniform sphere 

packings and, thus, are relatively homogeneous and isotropic.  

 

 

 

Figure 6-2: Schematic of the pore-throat structures of networks; a) Homogeneous 

network (#26 network) created from 1000 uniform-sphere packing, b) 

heterogeneous and spatially-correlated network (#40 network) created from 

a 10,000 grain sphere packing and c) heterogeneous network model (sandB, 

#39 network).  
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Figure 6-3: Illustration of model case I. The 40 pore-scale models are randomly 

distributed and repeated several times. The figure shows the permeability 

(cm2) of each network derived from the direct upscaling approach. Note that 

only homogenous pore-scale models are employed in this simulation.  
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Figure 6-4: Illustration of model for simulation case II. The 40 pore-scale models are 

randomly distributed and repeated several times. In addition to 

homogeneous models, the heterogeneous network models (SandB and #40 

network) are also incorporated in case II. Again the figure shows the 

permeability (cm2) of each network derived from the direct upscaling 

approach.  
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Figure 6-5: Illustration of model case III. The 40 network models form an alternative 

high and low permeability channel pattern. All network models, including 

heterogeneous networks are employed in case III. The figure shows the 

permeability (cm2) of each network derived from the direct upscaling 

approach. 
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Figure 6-6: Illustration of model in case IV. The 40 network models form a fracture near 

the well. All network models, including heterogeneous models are employed 

in case IV. The figure shows the permeability (cm2) of each network derived 

from the direct upscaling approach.  
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Figure 6-7: a) Illustration of mortar space for coupling a pore-scale network model (left) 

to a continuum-scale model (right). Note that the interface is divided into 

two elements (three nodes). b) Three linear basis functions employed in this 

example.   

 

 



 122 

 

Figure 6-8: Pressure filed obtained from the near wellbore multiscale model. The near 

well region (a circular area of radius 0.5 m from the center of the well) is 

comprised of pore-scale models. The outer region is comprised of 

continuum-scale models. Pore-pressures are shown in the pore-scale region. 

In the continuum region, pressure of the entire block is shown. Pressure unit 

is Pa.  
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Figure 6-9: Flow filed obtained from the near wellbore multiscale model with 2x2, 3x3, 

4x4 and 5x5 mesh refinement on the model interface. The multiscale model 

solutions are compared against the direct upscaling solution. 

 

 

 

Figure 6-10: Pressure profile of simulation case I derived from three approaches. a) 

multiscale, b) direct upscaling and c) a posteriori global upscaling. Note that 

in a) the points represent pore pressure in the pore-scale models (white 

space is grain space). Pressure unit is psi.  
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Figure 6-11: Pressure profile for simulation case I at four angles around the well, 0, 90, 

180, and 270 degrees from positive x-axis extracted from the three models. 

The red line indicates the direct upscaling model, blue line indicates the a 

posteriori global upscaling model, and black points represent the multiscale 

model. Note that in this simulation, pressures from all three models closely 

match each other. Pressure unit is psi.  
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Figure 6-12: Flow field of simulation case I derived from three approaches. a) multiscale, 

b) direct upscaling and c) a posteriori global upscaling. Units are m3/s. 

 

 

 

Figure 6-13:  Pressure profile of simulation case II derived from three approaches. a) 

multiscale, b) direct upscaling and c) a posteriori global upscaling.  Note 

that the direct upscaling model yields greater pressure drop in the pore-scale 

subdomain compared to multiscale model and global upscaling model. 

Pressure unit is Pascal. 
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Figure 6-14: Pressure profile for simulation case II at four angles around the well, 0, 90, 

180, and 270 degrees from positive x-axis extracted from the three models. 

The red line indicates the direct upscaling model, blue line indicates the a 

posteriori global upscaling model, and black points represent the multiscale 

model. Pressure unit is psi. 
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Figure 6-15: Flow field of simulation case II derived from three approaches. a) 

multiscale, b) direct upscaling and c) a posteriori global upscaling approach. 

Units are m3/s. 

 

Figure 6-16: The flow rate difference between (a) multiscale simulator and direct 

upscaling approach, and (b) the multiscale simulator and the a posteriori 

global upscaling approach.  
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Figure 6-17: Pressure profile of simulation case III derived from three approaches. a) 

multiscale, b) direct upscaling and c) a posteriori global upscaling approach. 

Pressure unit is psi.  
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Figure 6-18: Pressure profile for simulation case III at four angles around the well, 0, 90, 

180, and 270 degrees from positive x-axis extracted from the three models. 

The red line indicates the direct upscaling model, blue line indicates the a 

posteriori global upscaling model, and black points represent the multiscale 

model. Pressure unit is psi.  
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Figure 6-19: Flow field of simulation case III derived from three approaches, a) 

multiscale, b) direct upscaling and c) a posteriori global upscaling. Unit is 

m3/s. 

 

 

Figure 6-20: Pressure profile of simulation case IV derived from three approaches, a) 

multiscale, b) direct upscaling and c) a posteriori global upscaling. Pressure 

unit is psi.    
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Figure 6-21: Pressure profile for simulation case IV at four angles around the well, 0, 90, 

180, and 270 degrees from positive x-axis extracted from the three models. 

The red line indicates the direct upscaling model, blue line indicates the a 

posteriori global upscaling model, and black points represent the multiscale 

model. Pressure unit is psi.  
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Figure 6-22: Flow field of simulation case IV derived from three approaches. a) 

multiscale, b) direct upscaling, and c) a posteriori global upscaling 

approach. Units are m3/s. 

 

Table 6-2: Simulation case features, the usage of heterogeneous network models, and 

number of pores in each simulation.  

Case Model Description 
Heterogeneous 

Model Usage (%) 
Total Pores 
(Millions) 

I 
random distributed model without 

pore-scale heterogeneity 0 29.3 

II 
random distributed model with pore-

scale heterogeneity 60 76.4 

III high/low alternative channel 30 45.7 

IV fracture near well 45 64.3 

 

Table 6-3: Production rates calculated from all the three models for the four simulation 

cases. Units are m3/s.  

 
Flow Entering Well (10-6m3/s) 

case  Multiscale model  Direct 
upscaling  

Posterior 
upscaling  

I  22.0 21.8 22.0 

II  10.2 5.7 9.7 

III 18.9 16.9 18.6 

IV 38.7 36.0 38.7 
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Figure 6-23: Permeabilities (cm2) of each network obtained from the two upscaling 

approaches for case I. Red triangles represent direct upscaling permeability 

and the blue dots represent permeabilities obtained from the a posteriori 

global upscaling approach.  

 

 

Figure 6-24: Permeabilities (cm2) of each network obtained from the two upscaling 

approaches for case II. Red triangles represent direct upscaling permeability 

and the blue dots represent permeabilities obtained from the a posteriori 

global upscaling approach.  
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Figure 6-25: Permeabilities (cm2) of each network obtained from the two upscaling 

approaches for case III. Red triangles represent direct upscaling 

permeability and the blue dots represent permeabilities obtained from the a 

posteriori global upscaling approach.  

 

 

Figure 6-26: Permeabilities (cm2) of each network obtained from the two upscaling 

approaches for case IV. Red triangles represent direct upscaling 

permeability and the blue dots represent permeabilities obtained from the a 

posteriori global upscaling approach.  
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Chapter 7 Conclusions and Future Work 

7.1 CONCLUSIONS 

Pore-scale modeling has long been a valuable tool for studying fluid-rock 

interactions in porous media. However, methods for upscaling pore-scale results to 

continuum-scale simulators continue to be challenging, partly because the boundary 

conditions are poorly defined. Thus, the impact from surrounding media is ignored. The 

overall hypothesis tested in this dissertation is that pore-level flow and upscaled 

macroscopic parameters are dependent upon surrounding flow behavior and boundary 

conditions. The detailed heterogeneity captured by the pore-scale models may be partially 

lost if oversimplified boundary conditions are employed in a direct upscaling approach. 

Coupling the model to surrounding media (using mortars) would result in more realistic 

boundary conditions, and can thus improve the accuracy of the upscaled parameters. 

More specifically, the hypotheses were that: 

 Mortar coupling is an efficient and accurate method for coupling subdomains 

even when the subdomains have dramatic contrasts in relative conductivities.   

 Direct upscaling of pore-scale models using simplified boundary conditions 

may produce erroneous upscaled parameters.   

  Upscaling using mortars results in more accurate macroscopic permeabilities 

than those found using a direct upscaling approach.  

 A better upscaling tool can be developed to capture more pore-scale 

heterogeneity than a conventional permeability tensor.  

 A multiscale simulator can be developed to integrate pore-scale models into 

continuum-scale simulators which maintain the pressure and flow continuity 

at the subdomain interfaces.  
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In order to test the hypotheses, mortar coupling is employed to couple between 

pore-scale models and also couple pore-scale models to continuum models. The flow 

fields and upscaled parameters derived from mortar coupling and direct upscaling are 

compared, particularly against true solution if one exists. An advanced upscaling tool, a 

Super Permeability Tensor (SPT) is developed, which views the flow as a system 

response to linear combinations of pressure stimuli.  Furthermore, a multiscale simulator 

is developed taking advantage of mortar coupling to substitute continuum grids directly 

with pore-scale models where needed.  All the investigation in this dissertation leads to 

the conclusion that pore-scale flow and upscaled parameters can be significantly affected 

by the surrounding media and boundary conditions. Using arbitrary boundary conditions 

such as constant pressure and no-flow boundaries ignores any communication between 

pore-scale models with neighbors and may lead to erroneous results. Mortar coupling 

captures the detailed variation on the interface and imposes realistic boundary conditions, 

thus estimating more accurate upscaled values and flow fields. Specific conclusions from 

this work include:  

 Domain decomposition using mortar coupling matches the full model 

numerical solution for subdomains with dramatic property (e.g., permeability) 

contrast.  

 Direct upscaling approaches on pore-scale models, because of the use of 

simplified boundary conditions, ignores the impact from surrounding media 

and may cause error in the upscaled parameters.  

 The heterogeneous pressure and flow fields on interfaces of pore-scale models 

can be captured by mortar coupling, which maintains continuity on the 

interfaces and produces accurate upscaled parameters.  
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 A new, upscaling tool, a Super Permeability Tensor (SPT), contains more 

detailed pore-scale heterogeneity information than the conventional 

permeability tensor. Because of its simplicity, the SPT significantly improves 

the portability of pore-scale models in a multiscale, mortar coupling 

framework.  

 When pore-scale models are coupled using mortars, the implementation of the 

SPT is convenient, because pressure and flux is represented by linear 

combinations of basis functions. Furthermore, if the pore-scale simulations are 

needed more than once (e.g., time-dependent problems), the implementation 

of the SPT can significantly improve the computational efficiency.  

 A multiscale simulator is developed, which takes advantage of mortar 

coupling to integrate pore-scale models with a continuum-scale simulator. By 

replacing the continuum-scale grids with pore-scale models, the multiscale 

simulator provides flexibility to solve complex physics (e.g., nonlinear flow, 

reactive transport) at the pore scale and solve a simpler problem on the large 

part of the reservoir using continuum, finite difference grids.  

 Homogeneous pore-scale models (such as those mapped from sphere packing) 

may be well-represented by direct upscaling particularly when the linear flow 

dominates. However, when the pore-scale heterogeneity is strong and the flow 

field is complex, direct upscaling may yield misleading results.  

 A posteriori global upscaling, which incorporates the impact from surrounding 

media, matches well with the multiscale model results and significantly saves 

computational time once completed.  

Even though the hypothesis that arbitrary boundary conditions may cause 

numerical error is already tested in some field, this dissertation is the first one to validate 
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this critical hypothesis in pore-scale models. What is more important, this dissertation 

extended mortar coupling, which provides accurate boundary condition estimate, from 

conventional continuum scale to pore-scale models, which is challenging because of its 

discrete features. Furthermore, this dissertation proved the capability to utilize mortar 

space bridging discrete pore-scale models with conventional continuum-scale reservoir 

simulators.  

The findings from the dissertation can be applied to the CO2 storage project. The 

trapping and leaking mechanisms of CO2 sequestration cover physics and chemical 

reactions at multiple scales ranging from sub-pore and pore level to basin scale.  Accurate 

modeling of CO2 subsurface storage requires an accurate communication between the 

models on multiple spatial scales. Many numerical, fine-scale models are sensitive to the 

boundary conditions. For example, the residual trapping of CO2 at the pore scale is 

sensitive to the boundary flow and pressures. Inaccurate boundary conditions may lead to 

significant errors in modeling results. On the other hand, the large scale of CO2 transport 

modeling is sensitive to the CO2 saturation and related relative permeability, thus largely 

affected by the fine scale heterogeneity. Using direct upscaling might cause significant 

errors in both the fine-scale and the large-scale model. The multiscale simulator 

developed in this dissertation constructs accurate communication interfaces between fine- 

and large-scale models, which provides accurate boundary conditions to the fine-scale 

models (e.g, pore-scale simulation of residual trapping of CO2) and accurately upscales 

the fine-scale simulation results to the large-scale model.  

The power of coupling pore-scale models to form large-scale domain has been 

illustrated in Mehmani et al. (2012). CO2 transport induced precipitation is modeled at 

pore scale, however, on a large domain where continuum-scale heterogeneity is modeled. 

It was found that the CO2 induced precipitation could not explain the CO2 leakage 
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pathway shift occurring in natural environment. It may be an engineering challenge to 

acquire the detail information that the multiscale simulation needs as input. However, the 

geological media (e.g., near a well) could be created following geostatistical correlations 

extracted from naturally occurring porous media. The multiscale model could then 

provide a sensitivity analysis for near wellbore problems.    

With accurate and detailed pore-level input, the multiscale simulation can be used 

to predict the pore-level behavior and the upscaled marcroscopic parameters.  

7.2 FUTURE WORK 

The work in this dissertation tested hypotheses related to single phase, linear flow 

but may not be fully applicable to multiphase effects and other complex flows. Future 

work is encouraged to extend the current conclusions to nonlinear flow, multiphase flow, 

and reactive transport modeling. In order to achieve this goal, a number of challenges 

need to be overcome.  

Coupling single phase, nonlinear flow between subdomains can be easily 

extended from the current work. Because the key variables on the interfaces are still 

pressure and flux, the mortar spaces will be the same as in this dissertation. All the 

improvements needed are in the subdomain models. Linear combinations of basis 

functions are employed to represent the pressure and flow field on the interface and a 

system of equations need to be solved to reach the pressure/flow continuity. The 

nonlinear flow model can be employed to model the non-Newtonian water-based 

polymer injection at the fracture and single phase, Newtonian fluid in the reservoir.  

An anticipated challenge for future work is to include advanced mortar spaces 

into the multiscale simulator which incorporates more variables in addition to the 

pressure and flow. For example, a mortar space to couple reactant concentration between 
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subdomains needs to be incorporated into the mutiscale simulator. The mortar space 

should project the reactant concentration from the upstream to the downstream on the 

shared interfaces. Linear combinations of basis functions are employed to represent the 

reactant concentrations on the interfaces. However, because the pore-scale model evolves 

during the reactant transportation, the SPT upscaling tool cannot be directly used in the 

simulator. An upscaling tool analogous to the SPT which reflects the pore-scale model 

evolution based on the boundary pressure and reactant concentrations needs to be 

developed for reactive transport. Similar to the SPT, such an upscaling tool would view 

the flow and throat conductivity enhancement/reduction as system responses. The input 

to the system may be the boundary pressure plus the reactant concentrations. In addition 

to collecting and storing the system response to pressure stimuli, the SPT also would 

store the system response to the reactant concentrations. This upscaling tool not only 

reflects the pore-scale heterogeneity but also reflects the preferential flow paths and how 

it may evolve with time. Once such an upscaling tool is developed and validated, it could 

be employed in the multiscale simulator to significantly enhance computational 

performance.  

In order to model multiphase flow, an advanced mortar space coupling multiphase 

flow between pore-scale models is needed. Such a mortar space should incorporate 

capillary and saturation variables in addition to pressure and flow. Again, linear 

combinations of the basis functions can be employed to represent these variables. 

Systems of equations need to be solved in order to maintain the continuity of pressure 

and flow on the interface. However, designing the multiphase mortar space for pore-scale 

network models would be particularly challenging, because the fluid modeling on the 

interface can be very complex. Unlike the continuum-scale models, where the saturation 

and capillary pressure varies smoothly, these variables change abruptly in network 
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models. For example, the saturations on the boundary pores are either 1 or 0 in network 

models and the flows in boundary throats are either all water or all oil. One possible 

solution is to use special basis functions (e.g., discrete basis functions) on the mortar 

space to represent saturations.   

Once the advanced mortar spaces are developed, they can be implemented into 

the multiscale simulator to model the multiphase reactive transport, where the complex 

physics (e.g., CO2 residual trapping or CO2-induced precipitation occurring on micro-

fractures at the sealing rock) are modeled at the pore scale and the continuum-scale grids 

are employed to model the larger part of the reservoir. Accurate and dynamic boundary 

conditions would be constructed using the mortar space between the subdomains, which 

provide realistic boundary conditions for the pore-scale models and also deliver realistic 

upscaled information back to the continuum-scale simulations.  

The multiscale simulator could integrate CO2 modeling from all relevant scales, 

which spans the sub-pore or pore level to basin scale, into one single simulator with an 

effective and accurate communication between the scales. The multiscale simulator can 

provide realistic boundary conditions for the fine scales and accurate upscaled 

information to the continuum-scale, and also allows for the distribution of computational 

power to where needed, thus maintaining high accuracy with relatively low 

computational cost. 
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