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Many problems in shallow water acoustics require accurate predictions

of the acoustic field in space and time. The accuracy of the predicted acoustic

field depends heavily on the accuracy of the inputs to the propagation model.

Oceanographic internal waves are known to introduce considerable temporo-spatial

variability to the water column, subsequently affecting the propagation of acoustic

waves. As a result, when internal waves are present, errors in model inputs can

significantly degrade the accuracy of the predicted acoustic field. Accurate temporo-

spatial predictions of the acoustic field in the presence of internal waves therefore

depend largely on one’s ability to accurately prescribe the water column properties

for the acoustic model. This work introduces a data-driven oceanographic model,

named the evolutionary propagated thermistor string (EPTS) model, that captures

the temporo-spatial evolution of the internal wave field along a fixed track, thereby

permitting prediction of temporal fluctuations in the acoustic field. Simultaneously-

measured oceanographic and acoustic data from the Office of Naval Research

Shallow Water 2006 experiment are utilized in this work. Thermistor measurements,

recorded on four oceanographic moorings spaced along the continental shelf, provide

vii



the data from which the EPTS model constructs the internal wave field over a

30 km track. The acoustic data were acquired from propagation measurements

over a co-located path between a moored source and a vertical line array. Acoustic

quantities computed in the model space, such as received level, depth-integrated

intensity, and scintillation index are directly compared to measured acoustic

quantities to evaluate the fidelity of the oceanographic model. In addition, a

strong correlation is observed between the amplitude of the internal wave field and

acoustic intensity statistics at a distant receiving array. It is found that the EPTS

model possessed sufficient fidelity to permit the prediction of acoustic intensity

distributions in the presence of nonlinear internal waves.
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Chapter 1

Introduction

The ocean is a critical part of life on Earth. It serves as a source of food,

water, minerals, oil, and natural gas. The ocean also regulates the climates of

the world, is an important participant in the water cycle, and absorbs part of

the atmosphere’s greenhouse gas. Much of the world’s trade is accomplished

via shipping. Navies regularly patrol the ocean to protect domestic and foreign

interests and to maintain sovereignty. Because of its importance, many resources

are employed to study, survey, and measure properties of the ocean.

On this “blue” planet, the ocean covers more than 361 million km2, or

roughly 70% of the Earth’s surface. With an average depth of roughly 4.2 km,

the ocean’s volume exceeds 1.5 billion km3. The immensity of the ocean, by itself,

makes it difficult to study. An additional challenge to studying the ocean is the

inability to propagate electromagnetic waves long distances in seawater due to

high rates of absorption [1]. Consequently, scientists cannot “see” the ocean with

the electromagnetic spectrum. Fortunately, acoustic waves are not subject to the

same rates of absorption and can propagate long distances in water. For this

reason, acoustic waves are one of the primary tools used to probe the vastness of

the ocean.

To gain knowledge about the ocean environment, information is often

extracted from acoustic wave measurements. For instance, the depth of the seabed
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can be inferred from two-way travel time measurements of an acoustic wave and an

estimate for the speed of sound in water. In a similar way, the temperature of the

ocean (on which the speed of sound depends) can be inferred by measuring travel

times between sources and receivers separated by known distances. The reflection

of acoustic waves from geological formations, fish schools, boats, submarines, mines,

etc., can be used to locate and characterize such items of interest. In all of these

applications, the acoustic wave is the underwater probe that captures the desired

information.

The specifics of acoustic wave propagation depend significantly on the

nature of the medium through which it propagates. For example, the speed of

sound in seawater changes with temperature, pressure, and salinity. Changes in

the local speed of sound will cause acoustic waves to bend, or refract. As a second

example, in the deep ocean acoustic waves can propagate long distances without

interacting with the ocean surface or the seabed, but interactions with waveguide

boundaries are common in littoral regions. Interactions with waveguide boundaries

can dramatically alter acoustic wave propagation.

The complexities of the propagation medium create challenges when infer-

ring information from acoustic measurements. Predicting acoustic propagation in

the shallow-water environment is one of the most challenging problems currently

facing the underwater acoustics community. The complexities of the environment

are roughly divided into the following categories:

Interface effects: complexities relating to the scattering of acoustic waves

at interface boundaries, e.g. the rough ocean surface and the rough ocean

bottom.
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Seabed effects: complexities relating to the reflection, attenuation, and

dispersion of acoustic waves as they propagate in the seabed.

Volume effects: complexities relating to the scattering of acoustic waves

from inhomogeneities inside the volume of the waveguide, e.g. suspended

sediments, biologics, bubbles, etc.

Water column effects: complexities relating to the propagation of acoustic

waves through a temporally and spatially variable water column, e.g. fronts,

eddies, internal waves, etc.

All four of these categories deserve (and have received) focused research

efforts. This dissertation focuses on water column effects, specifically on the effect

of internal waves on acoustic propagation, and is only one piece of the much larger

problem. This introductory chapter defines the scientific questions undertaken in

this dissertation. The remainder of this chapter is organized as follows. Section 1.1

is a short introduction to internal waves in the ocean. Section 1.2 outlines relevant

prior work regarding the propagation of acoustic waves through internal waves.

Section 1.3 states the specific objectives of this dissertation, and Sec. 1.4 provides

an outline for the rest of this dissertation.

1.1 Internal Waves

Internal waves are one type of oceanographic phenomenon which can

introduce considerable spatial and temporal complexity to the propagation medium.

This section is intended to give the unfamiliar reader a brief introduction to internal

waves so that the literature review of Sec. 1.2 can be more readily understood.
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Additional discussions of internal waves will be given throughout the dissertation,

as necessary.

1.1.1 Definitions

Internal waves are gravity waves that propagate, as their name implies,

within the interior of a fluid. For internal waves to exist, a density stratification

must be present in the fluid. The region of the fluid where the vertical gradient

of density is maximal is called the pycnocline, and a surface of constant density

is called an isopycnal. Internal waves propagate along the pycnocline, displacing

isopycnal surfaces in the vertical direction as they propagate. The buoyancy of

the displaced fluid provides the restoring force required to return the displaced

fluid to its equilibrium position. When the pycnocline is located near the surface

(which is typical in the ocean) the internal waves are characterized by downward

displacement of the isopycnal. In rare situations when the pycnocline is located

near the seabed the internal waves are characterized by upward displacement of

the isopycnal.

Internal waves can exist in several varieties, which take on various names in

the literature. The terminology is not always well defined or consistently applied,

so it is briefly discussed here. One criterion for classification is the periodicity

exhibited by the internal wave. When the wave frequency is tidal (on the order

of 1 to 4 cycles per day) then it is called an internal tide. With this distinction

in hand, oceanographic literature generally applies the term internal wave to a

wave with a frequency greater than 4 cycles per day. The second criterion for

classification is the amplitude of the wave compared to a relative spatial scale,

typically the pycnocline depth. Although the classification is based on amplitude,
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the terminology has roots tied to the physics of propagation. An internal wave

with a small amplitude is called a linear internal wave because it is described by

linear propagation equations. An internal wave with a large amplitude is called a

nonlinear internal wave, because it is described by nonlinear propagation equations.

The classical linear superposition of individual wave solutions is not applicable for

nonlinear waves. Within the classification of nonlinear internal waves, there are

further distinctions as to whether the wave is weakly nonlinear or highly nonlinear,

with the primary distinction being that weakly nonlinear waves are well described

by the Korteweg-de Vries (KdV) equation [2] while highly nonlinear waves are

not [3–5]. Finally, the term solitary wave or soliton frequently appears in the

oceanographic literature when referring to a nonlinear internal wave. Drazin and

Johnson define a soliton as a waveform (1) with a permanent shape, (2) localized

to a specific region, and (3) which maintains its shape after interacting with other

solitons [6]. Even though nonlinear internal waves in the ocean do not strictly

adhere to this definition they are often referred to as solitons [7].

One reason for the variable terminology in the oceanographic community is

likely attributed to the spatially inhomogeneous and temporally variable nature

of the ocean. For example, what might be a highly nonlinear internal wave at

one position and time might be transformed during its propagation into a weakly

nonlinear internal wave at another position and time due to spatial inhomogeneity

in the fluid stratification. When a precise definition is not required, the wave

might simply be referred to as an internal wave or a soliton. The reader is usually

required to infer the meaning from the context.

5



1.1.2 Typical Parameters

A sketch of the profile and plan views of two internal wave packets are shown

in Fig. 1.1. In the profile view, a less dense fluid overlies denser fluid, with the

unperturbed isopycnal between the fluids shown by the dashed line. The solid line

shows the displacement η of the isopycnal as internal waves move through the fluid.

The rightmost wave packet is depicted near the time and place of its generation

while the leftmost packet was generated earlier and has propagated a distance vT

away from the generation site, where v is the long-wavelength propagation speed,

and T is the generation period. The full-width1 of individual internal waves is w,

and the horizontal extent of the packet is L. An internal tide is also depicted in

Fig. 1.1 by the gradual return of the isopycnal surface to its equilibrium position.

The combination of internal waves at the front edge of an internal tide is called a

solibore [8]. In the plan view, the crests of the internal waves are shown by solid

lines. The horizontal length of the wavefront of an internal wave is C while the

distance between successive internal waves is λ̃ (the tilde will differentiate the

wavelength of an internal wave from the wavelength of an acoustic wave λ). Data

regarding typical scales for internal wave properties in continental shelf regions

were reported by Apel [9] and are reproduced in Table 1.1. The reader is advised

that these are representative values and that individual internal wave realizations

in the ocean will vary.

1The full-width w is the width of the soliton measured between the half maximum amplitude
points.
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Figure 1.1: Profile and plan views of two internal wave packets (after Fig. 2 of [9]).

Table 1.1: Typical scales for internal wave properties in
continental shelf regions (from [9]).

Quantity Symbol Scale Unit

Amplitude η 5 to 30 m

Full width w 100 m

Train length L 1 to 10 km

Wavelength λ̃ 100 to 1000 m

Crest length C 0 to 30 km

Speed v 0.5 to 1.0 m/s

Generation period T 12 to 24 hr
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Figure 1.2: The generation of nonlinear internal waves on the continental shelf.
The direction and magnitude of the barotropic tide is represented by the block
arrows. (a) Lee-wave depression generated during the offshore tidal flow, (b)
propagation of the internal tide onto the continental shelf as the tide reverses, (c)
formation of a solibore, and (d) the formation of a new depression during the next
tidal cycle.

1.1.3 Generation Mechanisms

The generation of internal waves in the ocean requires three ingredients

[9]: (1) a stratification in fluid density, (2) irregular bathymetry, and (3) some

means to perturb the stratification, typically current flow or tidal forcing. The

process by which nonlinear internal waves are generated on the continental shelf

[9–11] is shown in Fig. 1.2. In Fig. 1.2(a) the offshore barotropic (i.e. uniform with

depth) tide generates a lee-wave depression of the pycnocline located seaward of

the continental shelf. As the barotropic tide slackens and reverses direction, the
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depression is released and begins to propagate up the shelf as an internal tide,

as shown in Fig. 1.2(b). The internal tide steepens as it propagates up the shelf,

and nonlinear internal waves begin to emerge at the front as shown in Fig. 1.2(c).

The soliton-like shape of the nonlinear internal waves is caused by the balance

of fluid nonlinearity (which causes wavefront steepening) and dispersion (which

resists shock wave formation). Finally, Fig. 1.2(d) shows the tidal cycle repeating,

with the offshore tidal flow causing a new depression at the continental shelf.

Figure 1.2(d) also shows a mature packet of nonlinear internal waves into which

the energy from the internal tide has largely been transferred.

1.1.4 Observation

Despite existing beneath the surface of the ocean, internal waves have a

surface manifestation which allows them to be imaged optically, by ship mounted

radar, and by synthetic aperture radar (SAR) satellite, as shown in Fig. 1.3. The

subsurface currents induced by internal waves modulate the background ocean

surface roughness spectrum. The surface roughness increases at the leading edge of

a nonlinear internal wave and decreases at the trailing edge, resulting in alternating

light and dark bands in SAR images [12].

The Olympian view provided by SAR satellite imaging has allowed re-

searchers to observe internal wave activity in many parts of the world. The

combination of fluid stratification, irregular bathymetry, and tidal flow make

internal waves ubiquitous in the coastal waters of the continental shelf. Locations

of observed internal wave activity around the world are shown in Fig. 1.4. Most

observations of internal wave activity have been made in coastal regions, but Apel

points out that there is a dearth of open-ocean SAR imagery, so the occurrence
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Figure 1.3: (a) Photograph taken from the Challenger spacecraft showing several
internal wave packets near Hainan Island in the South China Sea (adapted from
[13]), (b) ship-mounted radar return from the R/V Knorr showing several internal
waves off the New Jersey shelf, and (c) SAR satellite image showing several internal
wave packets approaching the northeast coast of Vietnam (adapted from [14]).

Figure 1.4: Locations of observed internal wave activity around the world (adapted
from [9]).

of deep-water internal waves is difficult to quantify [9]. By analyzing many SAR

images Apel made a general observation about the characteristics of internal wave
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packets. Individual internal waves within a packet are typically rank ordered,

meaning that internal waves with the largest amplitude, wavelength, width, and

crest length appear at the front of the packet.

1.2 Literature Review

This dissertation studies the propagation of low frequency acoustic waves

through the shallow ocean when internal waves are present. This section provides

a review of prior research in this area. The researches discussed here were either

sponsored or co-sponsored by the United States (US) Office of Naval Research

(ONR), and their presentation will be ordered chronologically by experiment.

The experiment name, date, and location are listed in Table 1.2. Data from the

Shallow Water 2006 (SW06) experiment are analyzed in this dissertation, and this

experiment will be discussed separately in Ch. 2.

Table 1.2: Name, date, and location of major experiments studying acoustic
propagation through internal waves.

Experiment Name Date Location

Yellow Sea Observation Pre-1991 Yellow Sea

Barents Sea Polar Front 1992 (summer) Barents Sea

SWARM 1995 (summer) New Jersey Shelf

Shelfbreak PRIMER 1996 (summer) New Jersey Shelf

1997 (winter)

ASIAEX SCS 2001 (spring) South China Sea

SW06 2006 (summer) New Jersey Shelf
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1.2.1 Yellow Sea Observation

The seminal paper that ignited the research field was published by Zhou,

Zhang, and Rogers after four years of data collection in the Yellow Sea [15]. The

experimental area had a water depth of 40 m, exhibited relatively flat bathymetry,

and had a seabed characterized by high sediment sound speeds. Broadband acoustic

waves were generated from explosive charges, and their arrivals were measured

on hydrophones placed at 0.5 km and 28 km from the source. The difference

in acoustic intensity2 between the two hydrophones provides an estimate of the

transmission loss (TL). With an acoustic propagation model, Zhou et al. were

consistently able to predict TL for data taken in the winter and spring seasons

but not for data taken during the summer. They observed that the measured TL

during the summer months depended significantly on time, propagation direction,

and frequency. For example, at a given frequency they observed azimuthal TL

variations that exceeded 25 dB.3

Using the idea from a previous numerical study by Baxter and Orr [17], Zhou

et al. hypothesized that internal waves might be affecting the acoustic propagation

during the summer months. The only measured oceanographic data to support

this hypothesis came from sound speed measurements made aboard the research

vessel at the receiving hydrophone. A few of the measured sound speed profiles

2The most common unit in underwater acoustics is the decibel (dB), which indicates a
logarithmic ratio of acoustic intensities: 10 log10 (I/Iref) [in dB]. Absolute intensity is expressed
by specifying a reference intensity Iref. The most common Iref is that of a plane wave with a
root-mean-squared (RMS) pressure amplitude of 1 µPa. This is generally the reference when
absolute levels are reported and no dB reference is specified [16]. This reference will be used in
this dissertation.

325 dB is a change in acoustic intensity by a factor of 316. In the field of underwater acoustics,
this is a large variation.
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suggested the presence of internal waves, but more definitive measurements of the

water column were not available. However, a rudimentary acoustic model based on

a hypothesized internal wave field was able to qualitatively reproduce some of the

features of the measured acoustic data. Specifically, additional attenuation was

observed in some frequency bands when internal waves were included in the model.

The authors correctly explained that the source of this additional attenuation came

from coupling between acoustic normal modes. The acoustic energy contained

in modes with grazing angles less than the critical angle is trapped within the

water column, whereas the energy contained in modes with angles greater than

the critical angle penetrates into the seabed where it is more rapidly absorbed.

The difference in mode attenuation rates produces mode stripping, i.e., high-angle

modes are more rapidly attenuated by the seabed than low-angle modes. When

internal wave induced mode coupling occurs, energy is scattered among modes.

Zhou et al. explained their observation by stating that energy coupled out of

low-angle modes into high-angle modes is consequently propagated with more

rapid loss, and that the details of the mode scattering depended on the acoustic

frequency.

As a historical note, the explanation given by Zhou et al. was not universally

accepted. A critical review of their work was published a year later by Weston [18]

wherein he attributed the abnormal frequency band attenuation to fish schools

and not to internal waves. One year later, Zhou et al. published a rebuttal paper

[19] with additional data that effectively nullified the fish hypothesis of Weston.

The work by Zhou et al. uncovered the need for “coincidence” experiments

where oceanographic and acoustic data are measured simultaneously. Such ex-
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periments would permit more definitive studies of the effect of internal waves on

acoustic propagation. In almost all subsequent ocean-acoustic experiments involv-

ing internal waves, increased emphasis was placed on collecting oceanographic

data.

1.2.2 Barents Sea Polar Front Experiment

The Barents Sea Polar Front (BSPF) experiment was conducted in August

1992 near Bear Island in the Barents Sea. The BSPF is a quasi-stationary,

topographically constrained front that occurs at the interface of cold, fresh Arctic

water and warm, salty Atlantic water [20]. The location of the front on the

continental shelf is advected as much as 5 km by the internal tide, which was the

dominant oceanographic feature during the experiment [21]. Linear and nonlinear

internal waves were not present in the region during the experiment.

The BSPF experiment was one of the first experiments designed to simul-

taneously measure physical oceanography and acoustic propagation so that the

impact of the oceanography on the acoustic propagation could be understood. The

principal oceanographic data consisted of conductivity-temperature-depth (CTD)

casts, and the principal acoustic data were travel time measurements from a moored

224 Hz tomography source located 35 km away from a vertical line array (VLA) of

hydrophones. The acoustic propagation path transected the frontal boundary. The

frontal boundary was sharp enough to induce significant acoustic mode coupling

[22] to which low-angle modes were particularly sensitive [23]. The major result

was that movement of the frontal boundary induced temporal fluctuations in the

observed and predicted acoustic travel time measurements [21–24].
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1.2.3 SWARM Experiment

The Shallow Water Acoustics in A Random Medium (SWARM) experiment

was conducted in the summer of 1995 on the continental shelf southeast of New

Jersey. Like the BSPF experiment, the SWARM experiment was designed to

simultaneously study physical oceanography and acoustic propagation. However,

unlike the BSPF experiment, the primary oceanographic feature of the SWARM

experiment was nonlinear internal waves.

An excellent review of the experimental setup and the observed physical

oceanography is given in Ref. [25]. Only a few of the pertinent experimental details

are discussed here. One of the major accomplishments of the SWARM experiment

was the quality of the data that were collected. Oceanographic data were measured

by towed CTD chains, moored thermistor strings, moored acoustic Doppler current

profilers (ADCPs), surface wave-riders, expendable bathythermographs (XBTs),

ship mounted radar, satellite mounted SAR, and chirp-sonar. Acoustic signals

were produced by 224 and 400 Hz moored tomographic sources, a towed J-15-3

source, and a towed impulsive airgun source and were received on multiple VLAs

positioned in a line extending down the continental shelf. For the first time, the

quality of the experimental data allowed researchers to investigate the physics of

acoustic wave propagation through nonlinear internal waves.

A numerical “pre” study for the SWARM experiment was conducted by

Tielbürger et al. [26] wherein they examined statistics of depth-integrated and

full-field acoustic pressure resulting from propagation through simulated internal

wave fields. Their oceanographic representation consisted of 100 realizations

of both spatially diffuse linear internal waves and spatially localized nonlinear
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internal waves. Ensemble averaged TL at 400 Hz showed smoothing in the range-

depth plane caused by internal waves, indicating a loss of spatial coherence. The

authors also demonstrated that the scintillation index (SI), which is a measure of

the variance of the intensity normalized by the mean square intensity, increased

exponentially with range as predicted by Creamer [27] for shallow water waveguides.

At the end of their study, the authors notably comment that the complexity of

the problem makes it “difficult to draw general conclusions about the effects of

volume fluctuations on acoustic fields.”

A “post” study for the SWARM experiment was published by Finette

et al. [28]. This study was similar to that of Ref. [26] except that measured

oceanographic data from the experiment were used to constrain the parameters for

the oceanographic model. Acoustic TL was computed for a single oceanographic

model realization, which consisted of a time-evolving internal wave field generated

every minute for 12.4 hours. Although realistic oceanographic data constrained

the model input, the resulting modeled acoustic data were not directly comparable

to the measured acoustic data.

A paper by Preisig and Duda [29] examined, in great detail, the physics

of acoustic wave propagation through a single nonlinear internal wave. They

performed numerical modeling to understand which physical features of the internal

wave induced acoustic mode coupling and under what circumstances mode coupling

might be expected. The bulk of their analysis focused on an acoustic propagation

direction that was perpendicular to the wavefront of the internal wave, but they also

briefly examined three-dimensional propagation. They reported that horizontal

refraction through internal waves was negligible when the angle between the
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acoustic and internal wave vectors was less than 65◦. As a general result for two-

dimensional propagation, they found that mode coupling increases with increasing

internal wave width w and with increasing amplitude η. They also defined several

propagation regimes which depended primarily upon w:

cancellation regime: w is small enough that the vertical structure of

the acoustic field does not change significantly enough to induce net mode

coupling;

adiabatic regime: w is large enough that the horizontal gradient of the

sound speed is too small to induce mode coupling, and the modes propagate

adiabatically;

coupling regime: w is large enough to induce net mode coupling through

the internal wave, but small enough to avoid the adiabatic regime.

The work by Preisig and Duda was insightful but limited because nonlinear

internal waves do not typically occur singly, but in packets. A later paper by

Duda and Preisig [30] extended the analysis to investigate the acoustic mode

coupling through an idealized packet of three nonlinear internal waves. The work

was motivated by observed fluctuations in acoustic signals collected during the

SWARM experiment. Measured acoustic data showed that the depth-averaged

signal intensity fluctuated by 16 dB over a 14 hour period and up to 7 dB within

a few-minute period. Duda and Preisig undertook a numerical study which found

that very different mode coupling was induced by the same packet when shifted

by a few hundred meters relative to the source and receiver. They reported that

the relative phasing of the acoustic modes within the trough of each internal wave
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dictates the details of the net mode coupling through the packet. Furthermore,

they observed that the acoustic fluctuations were caused by mode stripping due to

the combination of acoustic mode coupling and sediment attenuation. For example,

consider a low-angle mode excited by the source. In the absence of internal waves,

this mode will propagate to the receiver with relatively low modal attenuation. If,

when internal waves are present, the energy from the low-angle mode is scattered

into a high-angle mode, then the energy will experience a greater rate of modal

attenuation after the point of scattering. This situation results in a reduction of

signal amplitude at the receiver, consistent with the explanation of Zhou et. al [15].

A signal gain is experienced when energy that normally propagates in high-angle

modes is scattered into low-angle modes. The magnitude of the signal loss (or

gain) depends upon the details of the mode coupling and the range at which the

mode coupling occurs. In summary, two general results came from their work:

(1) packets of nonlinear internal waves propagating between a source and receiver

can cause a persistent net gain or loss of acoustic energy, which arises from the

combined effect of mode coupling and sediment attenuation, and (2) fluctuations

in acoustic energy on the order of a few minutes will result from the specifics of

modal phasing at the face of each internal wave.

A pair of papers by Headrick et al. report on observations of travel time

statistics [31] and efforts to model those statistics [32] during the SWARM experi-

ment. The modeling paper is of particular interest here because of the “propagated

thermistor string” (PTS) technique that was employed. This technique went be-

yond the data constrained oceanographic model of Finette et al. [28] and explored

the possibility of a data driven oceanographic model. The essence of this technique

is to transform measured temperature time series data from each element of a
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moored thermistor string into a time-evolving spatial representation of the internal

wave field. An acoustic propagation computation is then performed with this

oceanographic representation. This technique is of interest because it incorporates

in situ measured oceanographic data that includes both linear and nonlinear

internal waves and internal tides. Due to issues with data quality, the PTS model

employed by Headrick et al. [32] was limited to data from a single thermistor

string located near the receiving VLA, and so the time and range evolution of the

internal wave packet was not captured.

During the SWARM experiment, the main acoustic propagation track

was roughly perpendicular to the wavefronts of the nonlinear internal waves.

However, the towed airgun source was occasionally positioned to create an acoustic

propagation path that was roughly parallel to the wavefronts of internal waves. This

allowed researchers to explore the azimuthal dependence of acoustic propagation

through internal waves [33–35]. Figure 1 of Ref. [35] is of particular interest because

it categorizes the physics of the acoustic propagation based on the angle θ between

the wave vectors of the acoustic and internal waves. The four propagation regimes

are listed here.

Mode coupling (MC): the angular region between 0◦ and approximately

45◦ where acoustic mode coupling is the dominant mechanism causing sound

fluctuations.

Adiabatic (AD): the angular region above about 45◦ but well below about

70◦ where the effective width weff = w/ cos θ of the nonlinear internal wave

has been increased, and the horizontal gradient of sound speed is too small
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to induce mode coupling. The horizontal sound speed gradient in this region

is also too small to cause horizontal refraction.

Horizontal focusing (HF): a small angular region near 90◦ where the

focusing of horizontal rays can occur.

Horizontal refraction (HR): a small angular region between the AD and

HF regions where horizontal refraction occurs but focusing does not.

It should be mentioned that the MC, AD, and HR regimes were previously described

by Preisig and Duda [29].

1.2.4 Shelfbreak PRIMER Experiment

The Shelfbreak PRIMER experiment investigated how acoustic signals

propagated from the continental slope to the continental shelf and how they were

affected by large frontal boundaries, internal tides, and nonlinear internal waves.

Like the BSPF and SWARM experiments, the PRIMER study employed simulta-

neous oceanographic and acoustic data collection. A review of the experimental

setup is given in Chs. 2 and 3 of Ref. [36].

In Ch. 4 of Ref. [36] Sperry describes an oceanographic model used in

conjunction with an acoustic propagation model. His oceanographic model was

based on a time-evolving solution to the KdV equation, which allowed the internal

tide to transform into nonlinear internal waves as the disturbance propagated up

the continental shelf. The model was initiated with data taken from a moored

thermistor string and then simulated oceanographic data were produced for a

24 hour period. This approach was a step forward from previous internal wave

20



modeling because it was both data driven and, via the time-evolving solution to

the KdV equation, evolutionary in nature. Sperry went on to analyze how the

oceanographic variability affected acoustic travel time fluctuations.

Colosi et al. [37] provided a detailed look at the physical oceanography

during the PRIMER experiment. Of particular interest here is Sec. 4.4 of Ref. [37]

in which the measured properties of the nonlinear internal waves are compared

with the KdV description. When internal waves are weakly nonlinear, they are well

described by the so-called “sech2 solution” to the KdV equation, which fixes the

relationship between w and η. The relationship between w and η in the measured

data was only loosely predicted by KdV theory. Furthermore, the spacing λ̃

between successive nonlinear internal waves in the data was highly variable. This

is an important observation, because most of the nonlinear internal wave models

to that point assume uniformly spaced waves. The uniform spacing can act as a

Bragg scattering mechanism for the impinging acoustic wave, which could possibly

misrepresent the scattering strength of the internal wave. Finally, Colosi et al. also

pointed out that the observed nonlinear internal waves were not always rank

ordered, as predicted by KdV models. From the conclusions of Duda and Preisig

[30], this observation could have important implications for the details of the

acoustic mode coupling through a packet of nonlinear internal waves.

Up to this point, the majority of data analyses focused on characterizing and

modeling the statistics of travel time fluctuations in the presence of oceanographic

variability. In contrast, Fredricks et al. [38] published a paper that emphasized the

statistics of acoustic intensity fluctuations for the PRIMER experiment. The au-

thors analyzed three different acoustic observables—point intensity, peak intensity,
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and depth-integrated intensity—with several different metrics: SI, log-intensity

variance, and probability density functions (PDFs). They also split the total

acoustic fluctuation into two time scales to differentiate between low- and high-

frequency fluctuations (the threshold was 0.5 cycles per hour). The low-frequency

component showed correlation to the semidiurnal tide and to the position of the

shelf-break front. The high-frequency component was statistically stationary over

the 9 days of the experiment. The investigation of intensity fluctuations, on these

time scales, is relevant to the application of sonar detection.

1.2.5 ASIAEX SCS

The Asian Sea International Acoustics Experiment (ASIAEX) in the South

China Sea (SCS) was conducted in the spring of 2001 to further study the effects of

ocean variability on low-frequency acoustic propagation in a shelfbreak environment

[39]. This experiment deployed two moored acoustic sources to create both cross-

shelf and along shelf acoustic propagation paths to a single L-array. The cross-shelf

path falls into the mode coupling regime. Three moored thermistor strings were

deployed along the cross-shelf path to measure the internal wave activity.

Chiu et al. [40] examined two days of oceanographic and acoustic data.

One day had very little internal wave activity while the other day had nonlinear

internal waves with amplitudes exceeding 80 m. The nonlinear internal waves

caused significant redistribution of acoustic energy in the vertical plane at the

location of the L-array. This observation was qualitatively reproduced by an

oceanographic model driven by data from one of the thermistor strings to initiate

the model and from the other two thermistor strings to adjust free parameters in

the model. The authors noted that the accuracy of the oceanographic model in
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predicting the characteristics of the internal wave field decreased on the continental

shelf because the internal wave field became complicated. Modeled depth-integrated

squared pressure for the calm day was temporally stable, whereas the model result

for the active day showed large temporal fluctuations.

Duda et al. [41] examined acoustic intensity fluctuations along both prop-

agation paths. In addition, the authors correlated the SI of depth-integrated

acoustic intensity to the daily quantity of nonlinear internal waves with amplitudes

exceeding 20 m. For both propagation paths, the SI was observed to increase with

the number of large amplitude nonlinear internal waves present in the region. The

increase in SI when the large amplitude nonlinear internal waves were present was

attributed to a time-varying effective attenuation rate.

1.2.6 Summary

The literature review presented in the five previous sections is holistically

summarized. For summary purposes, the study of internal waves on sound prop-

agation can be parsed into several broad categories. This summary will set the

stage for the dissertation objectives presented in the next section.

The first category will be referred to as the “What.” This category encom-

passes the observations that internal waves do indeed affect acoustic propagation.

The seminal work by Zhou et al. [15], and many observations since, fall into this

category.

The second category will be referred to as the “How.” This category en-

compasses research regarding the physical mechanisms involved with acoustic

propagation through internal wave fields. The effect of shelfbreak fronts, internal
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tides, and internal waves on low-frequency acoustic propagation in shallow water

has been investigated through several experiments and numerous studies. The

acoustic propagation physics depends on the azimuthal angle of the acoustic wave

vector relative to the wave vector of the internal waves. When the angle between

wave vectors is less than 45◦, internal waves can induce significant acoustic mode

coupling, which changes the effective rate of acoustic attenuation between the

source and receiver. This is manifest at the acoustic receiver by temporal fluc-

tuations in acoustic travel time and acoustic intensity. The details of the mode

coupling are complicated and depend on the relative phasing of the acoustic modes

as they enter each individual internal wave. The physical properties of the internal

waves, such as w, η, and λ̃, influence the amount of mode coupling that occurs.

The position of the packet between the source and receiver and the depth of the

source and receiver will also impact the fluctuations of the acoustic signal.

The third category will be referred to as the “How Well.” This category

contains research regarding how accurately the acoustic field can be predicted in

the presence of internal waves. Previous modeling studies have been undertaken,

but their primary purpose was to interpret observations of the measured acoustic

data (i.e. the “How” category). Modeling studies typically contain two parts:

(1) an oceanographic model to describe the internal wave activity, and (2) an

acoustic propagation model to describe the acoustic field. Prior techniques for

oceanographic models range from purely theoretical (usually based on solutions

of the KdV equation), to theoretical models with data-constrained parameters,

to evolutionary theoretical models initiated by measured data. After using the

oceanographic model to predict the acoustic field, many authors comment that

direct comparison to measured acoustic data cannot be made. Commonly stated
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reasons include a general lack of data and the limitations of the oceanographic

model in describing a range and time evolving internal wave field. In addition,

modeling efforts are often reported for a small portion of each experiment (typically

on the order of 1 to 2 days) due to limited computing resources. As far as the author

is aware, no attempt has yet been made to produce a data-driven evolutionary

oceanographic model or to model acoustic data for several weeks of an experiment,

with the express intent to determine how well the acoustic field can be predicted

in the presence of internal waves.

The “How Well” category also includes investigating correlations between

properties of the internal wave field and quantities of the acoustic field. Duda et

al. correlated one property of the observed internal wave field to fluctuations in

received acoustic data [41]. This area of investigation impacts the ability to predict

acoustic fluctuations based on sparse remote sensing of the ocean environment.

This is still an area that needs more research.

Finally, several authors have examined statistics of acoustic fluctuations.

Statistical analysis of measured acoustic data is often only possible at one or

two ranges due to a limited number of deployed sensors. However, if one could

produce a high-fidelity oceanographic model, then statistical analysis of modeled

acoustic data could be performed at any range. This could eventually lead to high-

fidelity predictions of acoustic statistics for generalized waveguides and relative

source-receiver motion.
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1.3 Dissertation Objectives

The objective of this dissertation is to investigate fluctuations of low-

frequency acoustic signals induced by nonlinear internal waves in shallow water.

This dissertation is mainly concerned with the “How Well” category described in

the previous section. Specific objectives and original contributions to the research

field include:

• creating an evolutionary propagated thermistor string (EPTS) oceanographic

model that captures the spatial and temporal evolution of the water column

sound speed profile, including effects of the internal wave field;

• predicting time-, range-, and depth-dependent acoustic intensity from the

oceanographic model for the purpose of direct comparison to measured

acoustic intensity;

• discussing the extent to which the combination of the oceanographic and

acoustic models can deterministically predict measured acoustic data;

• investigating acoustic intensity statistics as a function of space and time;

• correlating properties of the internal wave field to properties of the acoustic

intensity.

1.4 Dissertation Outline

The remainder of the dissertation is organized as follows. Because the work

of this dissertation relies heavily upon measured data, Ch. 2 provides a description

of the SW06 experiment, including a description of relevant oceanographic and
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acoustic instrumentation that will be used in later chapters. Chapter 3 discusses

data space processing, which is the processing of the measured oceanographic and

acoustic data from SW06. The data space processing is prerequisite to the model

space processing of Ch. 4. Chapter 4 discusses the EPTS oceanographic model and

the linking of that model to an acoustic propagation model. Then, comparisons

between measured and modeled acoustic quantities are presented and discussed in

Ch. 5. Correlation between oceanographic and acoustic quantities is also discussed.

Finally, a summary is given in Ch. 6.
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Chapter 2

Shallow Water 2006 Experiment

The SW06 experiment is the largest and most comprehensive basic research

ocean-acoustics experiment performed to date. It was conducted on the continental

shelf about 160 km east of New Jersey, as shown in Fig. 2.1. Acoustic and

oceanographic moorings were deployed in a T-shaped geometry with the top of the

T (main axis) oriented across the continental shelf and the stem of the T (secondary

axis) oriented along the shelf on the 80 m isobath. This configuration was chosen,

in part, to provide acoustic propagation paths that were roughly perpendicular

and parallel to the wavefronts of internal waves.

The experiment contained three individual research programs that were

simultaneously executed. Each research program had its own scientific objectives

and contributed to the scientific objectives of the larger experiment. The following

is a brief summary of each research program (for a more detailed introduction to

the general experiment, see Refs. [42, 43]).

Acoustic Wide Area Coverage for Surveillance (AWACS): The pur-

pose of this research program was to continuously measure and report

oceanographic conditions over a large geographical region using autonomous

underwater vehicles (AUVs). Multiple AUV gliders and a towed Scanfish1

1A Scanfish is a remotely-operated underwater glider that is towed behind a surface vessel.
The Scanfish can be outfitted with oceanographic sensors to sample the water column properties.
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Figure 2.1: Map of the SW06 experimental region with experimental moorings
shown as dots. Bathymetric contours are labeled in units of km.

repeatedly traversed the experimental region throughout the experiment.

Nonlinear Internal Waves Initiative (NLIWI): The purpose of this

research program was to study the generation, propagation, and dissipation

of linear and nonlinear internal waves on the continental shelf. In addition

to the oceanographic data provided by the AWACS program, dozens of

oceanographic moorings were deployed to measure the space/time variability

of the internal wave field. Nonlinear internal waves were also “chased”

by research vessels which zigzagged through internal wave packets while

performing oceanographic measurements.

Littoral Environmental Acoustics Research (LEAR): The purpose
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of this research program was to study acoustic propagation in the shallow

water environment. The primary objectives of LEAR were acoustic seabed

characterization and acoustic propagation through internal wave fields. The

AWACS and NLIWI thrusts provided critical environmental support for

LEAR.

Although the work of this dissertation falls most directly under the LEAR program,

research from all of the programs are both relevant and important.

Pertinent details regarding the SW06 experiment are discussed in this chap-

ter. The remainder of this chapter is organized as follows. Section 2.1 discusses

prior characterization of the seabed, including stratigraphy and geoacoustic char-

acterization. Section 2.2 discusses the physical oceanography associated with the

region including the shelfbreak front, internal tides, and internal waves. Section 2.3

discusses the oceanographic and acoustic instrumentation utilized in the remainder

of the dissertation.

2.1 Seabed Characterization

Extensive geological surveys have been conducted on the New Jersey conti-

nental shelf in connection with other projects and experiments [44–48]. In addition,

new chirp seismic surveys, cores, and grab samples were made as part of the

SW06 experiment. These surveys formed an important part of the LEAR program

by providing ground truth geophysical information for seabed stratigraphy. A

brief description of the major stratigraphic features present in the SW06 region is

presented in Sec. 2.1.1, and a description of geoacoustic parameters is presented in

Sec. 2.1.2.
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2.1.1 Stratigraphy

Several prominent stratigraphic features exist on the New Jersey shelf, three

of which are discussed here. The first feature is the so-called R-horizon, which is a

highly reflective sub-bottom interface that forms the base of the Outer Shelf Wedge

(OSW) [44, 46, 49–51]. Figure 2.2 shows chirp seismic reflection data taken along

the main axis of the SW06 experiment [52] where the R-horizon is clearly visible.

For reference, mooring SW472 labeled in Fig. 2.2 is the northwestern most mooring

shown in Fig. 2.1 and SW54 is located at the vertex of the T geometry. Along

this experimental track, the R-horizon was observed to be approximately 20 m

below the seafloor. Although the R-horizon is relatively flat on a large geographic

scale it can be locally irregular, outcropping in some locations and being incised

by erosional channels in others.

A second prominent stratigraphic feature is the T-horizon which is the

interface between acoustically softer marine sediments which overlie the R-horizon

and the surficial sand sheet which constitutes the majority of the seafloor [51, 53].

The T-horizon is intermittent throughout the region, but when present is typically

located between 1 and 10 m below the seafloor. In some locations, erosion has

reduced the thickness of the surficial sand layer to roughly 20 cm [46, 50]. The

approximate position of the T-horizon is indicated by the dashed line in Fig. 2.2(b).

A third prominent feature on the New Jersey shelf are sand ridges. Sand

ridges are oriented obliquely to bathymetric contours, can be 1 to 6 km wide, and

can be 2 to 6 m high [50]. The seismic track shown in Fig. 2.2 contains one such

2Individual moorings used in the SW06 experiment were numbered and labeled with the “SW”
prefix. A total of 62 moorings were deployed.
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Figure 2.2: (a) Uninterpreted and (b) interpreted chirp seismic reflection data
along the main axis of the SW06 experiment. The approximate locations of four
SW06 moorings are shown by dots.

sand ridge located near 20 km in range. This particular sand ridge extends into

the page about 15 km and is composed of medium to coarse sand [50].

The stratigraphy of the SW06 experimental region is more complex than

the simple picture sketched in Fig. 2.2(b). However, the R-horizon, T-horizon,

and sand ridges constitute a first-order description of the sediment layering for

the purposes of propagation modeling and geoacoustic inversion. Presented in

Sec. 2.1.2 are values of acoustic sound speed and attenuation (when reported)

for the various sediment layers, estimated by in situ measurements, geoacoustic

inversion, and propagation modeling.
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2.1.2 Geoacoustic Characterization

Numerous reports of sediment sound speed and attenuation have been made

as part of the SW06 experiment. Several of those reports are reviewed in this

section. A summary table of reported geoacoustic values is given at the end of

this section.

In situ sediment sound speed and attenuation were estimated by Yang et

al. [54] and Turgut et al. [55]. Both experiments used arrays of instrumented probes

which were driven into the sediment to depths of 1.6 m and 0.5 m, respectively. In

each experiment, an acoustic source on one probe transmitted LFM chirps that

were received by transducers on other probes. Time of flight was used to estimate

sediment sound speed, and the reduction in signal amplitude over the propagation

path was used to estimate sediment attenuation.

Yang et al. [54] reported frequency-averaged sound speed values of 1618,

1598, and 1600 m/s in the 2 to 21 kHz bands at three different measurement

locations. Little dispersion was observed in this frequency band. However, Turgut

et al. [55] presented data in the 10 to 80 kHz band that showed evidence of sound

speed dispersion. The estimated sound speed, averaged over two measurement

locations and three frequency bands, was approximately 1630 m/s at 0.5 m depth.

Sediment attenuation is often reported in units of dB/m or dB/m·kHz, with

the relationship between the two being

α [dB/m] = α′ [dB/(m·kHz)]

(
f

fref

)fexp

, (2.1)

where f and fref are in Hz. The frequency exponent fexp is a parameter which

describes the frequency dependence of attenuation. The reference frequency fref
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is typically 1 kHz, and corresponds to the frequency at which α′ is specified.

Turgut et al. [55] reported sediment attenuation values near 0.23 dB/m·kHz with

a frequency exponent fexp of unity for the 10 to 80 kHz band.

Other values for sediment sound speed and attenuation were inferred from

acoustic propagation experiments. Choi et al. [56] conducted single bottom-bounce

measurements in the 1 to 20 kHz band with grazing angles between 12◦ and 44◦.

Their analysis assumed a 20 cm thick surficial sand layer with sound speed of

1680 m/s and frequency dependent attenuation 0.20(f/fref)
1.6 dB/m. Their data

were most sensitive to the details of the second layer and suggested a layer thickness

of 21.8 m with a sound speed of 1630 ± 30 m/s and α′ = 0.05 ± 0.01 dB/m·kHz.

Finally, the sediment below the R-horizon was modeled with a sound speed of

1740 m/s and α′ = 0.3 dB/m·kHz.

Jiang et al. [57, 58] performed a short-range (230 m) geoacoustic inversion

of 1.5 to 4.5 kHz acoustic data received on a 16-element VLA. With an assumed

model of one sediment layer over a half space, they inferred a first-layer sound

speed of 1598 ± 8 m/s averaged over five source depths with a layer thickness of

21.4 ± 0.9 m. The inferred attenuation, averaged over two source and two receiver

depths, α′ = 0.095 ± 0.03 dB/m·kHz with fexp = 1. The authors noted that the

linear fexp observed by Turgut et al. [55] might be applicable down to 2 kHz.

Ballard et al. [59, 60] performed range-dependent geoacoustic inversion

using 50, 75, 125, and 175 Hz acoustic data from a towed J-15-3 source received

on a 16-element VLA. Data from three separate 5 km tow tracks were processed in

the analysis. A priori stratigraphic data constrained the interface depths, and the

inversion populated the sound speed values for each layer. Sediment sound speed
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values of 1740 ± 37 m/s, 1670 ± 12 m/s, 1585 ± 19 m/s, and 1725 ± 15 m/s for

the sand layer, the upper layer of the OSW, the lower layer of the OSW, and the

layer below the R-horizon, respectively, were reported for the region.

Potty et al. [61] performed long-range inversion (21 km) of impulsive signals

generated by the combustive sound source (CSS) in the 20 to 200 Hz band. The

sound speed values reported here were extracted from data for sound speed versus

depth. For sediment depths between 0 and 4 m, the average reported sound speed

was approximately 1600 ± 20 m/s. Deeper than 4 m into the sediment the average

reported sound speed was approximately 1750 ± 30 m/s.

Knobles et al. [62] performed short-range inversion for sediment sound speed

using CSS signals. This experiment was conducted between two separate L-arrays

on the sand ridge where the surficial sand sheet was several meters thick. The

inferred sound speed for the sand layer was 1650 m/s. For the southwestern most

L-array, a second layer of 20 m thickness and sound speed of 1590 m/s was inferred.

The reported sound speed below the R-horizon was 1850 m/s. The authors then

inferred attenuation values from a long-range (20 km) towed J-15-1 source which

produced continuous-wave (CW) tones between 53 and 2953 Hz. The inferred

attenuation in this surface layer has fexp near 1.85.

Stotts et al. [63] performed a mid-range (10 km) inversion using 59 to

360 Hz acoustic energy generated by a surface ship of opportunity. The acoustic

energy was received on the northeastern most L-array in the SW06 experiment.

The ship track was also located over the sand ridge. The authors reported a 5 m

thick sand layer with a sound speed of 1663 m/s overlying a 20 m thick layer

with a sound speed between 1675 and 1710 m/s. Below the R-horizon, the sound
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speed was estimated to be 1760 m/s. Attenuations with α′ = 0.065, 0.053, and

0.073 dB/m·kHz were reported for the three layers. A linear frequency exponent

was assumed in the analysis.

Finally, Knobles et al. [64] modeled broadband acoustic propagation in the

30 to 270 Hz band. Good agreement between measured and modeled acoustic data

was obtained with sediment sound speeds of 1650 m/s for the sand layer, 1590 m/s

for the layer between the T- and R-horizons, and 1720 m/s for the layer below the

R-horizon. Accompanying attenuations with α′ = 0.55, 0.35, and 0.30 dB/m·kHz,

with fexp = 1.8 were employed in the analysis.

Table 2.1 provides a summary of reported geoacoustic values, and Fig. 2.3

shows a map of the experimental locations for these results. Each row of Table 2.1

is numbered and corresponds to the legend of Fig. 2.3. Because dispersion in the

sediment is likely to exist in this region, the frequency band of each experiment is

listed in the table for reference. In an attempt to present unified results, reported

sound speed values from various papers were categorized as surficial (S), below

the T-horizon (T), or below the R-horizon (R). This categorization was made by

the author and was based on reported layer depths.

The geoacoustic values presented in Table 2.1 vary widely, but this does

not necessarily mean that the results are at odds with each other. Each result

must be interpreted in the context of the experimental design, the frequency band,

and the geographical location. Considering the results as a whole, a first-order

geoacoustic description is as follows. The surficial layer is composed of medium

to coarse grained sand and appears to have a sound speed near 1650 m/s (the

average S value from Table 2.1 is 1652 m/s). At frequencies below a few kHz,
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Table 2.1: Sound speed and attenuation values from the SW06 region. Depending
on the depths associated with the reported results, sound speed and attenuation
values are here categorized as surficial (S), below the T-horizon (T), and below
the R-horizon (R). Values of α′ and fexp for attenuation are listed when reported.

Authors Ref. Freq. Sound speed α′ (fexp)

[kHz] [m/s] [dB/m·kHz]

1 Yang et al. [54] 2 to 21 S: 1605 ± 15a

2 Turgut et al. [55] 10 to 80 S: 1630b 0.23b(1.0)

3 Choi et al. [56] 1 to 20 S: 1680 0.20 (1.6)

T: 1630 ± 20 0.05 ± 0.01

R: 1740 0.3

4 Jiang et al. [57, 58] 1.5 to 4.5 T: 1598 ± 8c 0.09 ± 0.03d(1.0)

5 Ballard et al. [59, 60] 0.05 to 0.175 S: 1740 ± 37

T: 1670 ± 12

T: 1585 ± 19

R: 1725 ± 15

6 Potty et al. [61] 0.02 to 0.20 S: 1600 ± 20e

T: 1750 ± 30f

7 Knobles et al. [62] 0.05 to 3.0 S: 1650 0.75 (1.85)

T: 1590

R: 1850

8 Stotts et al. [63] 0.06 to 0.36 S: 1664 0.065 (1.0)

T: 1694 0.053 (1.0)

R: 1760 0.073 (1.0)

9 Knobles et al. [64] 0.03 to 0.27 S: 1650g 0.55 (1.8)

T: 1590 0.35 (1.8)

R: 1720 0.30 (1.8)

a This is the average over three site locations and two frequency band measurements.
b This is the average over two site locations and three frequency band measurements.
c This is the average over five source depths.
d This is the average over two source depths and two receiver depths.
e This is the approximate average from 0 to 4 m sediment depths.
f This is the approximate average from 4 to 40 m sediment depths.
g The numbers reported here are for event CSS18 to Array 3.
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Figure 2.3: Map of the SW06 experimental region showing locations of geoacoustic
parameter value estimates. Legend numbers correspond to entries in Table 2.1.
SW06 mooring locations are shown as black dots, and bathymetric contours are
labeled in units of m.

there is evidence that the attenuation is given by a value of α′ between 0.2 and

0.55 dB/m·kHz with an exponent around 1.8. At frequencies above a few kHz,

a linear frequency exponent has been reported. The sediment located below the

T-horizon and above the R-horizon is composed of fine sands, clays, and silts and

generally has a lower sound speed than the surficial sand sheet. The reported

values for this layer vary between 1585 m/s and 1670 m/s. It is not clear if this

variation arises from differences in experimental techniques, uncertainty in the

inference process, or if this variation reflects spatial inhomogeneities in sediment

properties. Attenuations with α′ values between 0.05 and 0.09 dB/m·kHz were

reported for a linear attenuation exponent while α′ values near 0.35 dB/m·kHz
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were reported for an exponent of 1.8. There is better consensus for the geoacoustic

properties below the R-horizon, with an estimated sound speed near 1750 m/s

being common (the average R value from Table 2.1 is 1759 m/s). It is unclear if

the attenuation in this layer should be higher or lower than the layer immediately

above.

2.2 Physical Oceanography

A team of physical oceanographers participated in the oceanographic data

collection and analysis for the SW06 experiment. Their responsibilities included

monitoring real-time oceanographic conditions, providing oceanographic forecasts

and hindcasts, and investigating the NLIWI objectives of understanding the (1) 2D

and 3D structure, (2) evolution and transport, and (3) generation mechanisms for

nonlinear internal waves [42]. This section provides an overview of the mesoscale

oceanographic conditions and nonlinear internal waves present during the SW06

experiment. The complicated internal wave picture discussed in this section is one

of the motivations for developing the EPTS oceanographic model.

2.2.1 Mesoscale Description

Nearly 70 to 80% of the water on the NJ continental shelf originates from the

shelf of Nova Scotia, with the remaining percentage coming from local river runoff

[65]. Tropical storms during the winter months provide vertical mixing of this cool,

fresh water which creates an approximately homogeneous “cold pool” on the shelf.

The warmer, saltier water overlying the continental slope is carried north from

the Caribbean by the Gulf Stream. Mesoscale circulation in the region effectively

prevents the shelf water from intermixing with the slope water [65], resulting in
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a meandering shelf-break frontal boundary. Solar irradiation during the summer

months heats the near-surface water, creating a strong seasonal thermocline. The

average depth of the thermocline during the SW06 experiment was approximately

15 m, but the thermocline deepened slightly as the water depth decreased [66].

The approximately two-layer stratification provided one of the three necessary

ingredients required for internal wave generation discussed in Ch. 1.1.3.

Tropical Storm Ernesto was the only major weather event during the SW06

experiment. It began to affect the experimental region on 1 September 2006 and

had moved through the region by 4 September 2006. During that time, sustained

winds reaching 21 m/s produced RMS wave heights of 6 m [67]. The storm caused

vertical mixing of the water column and lessened the strength of the thermocline

throughout the region.

2.2.2 Generation of Internal Waves

Several nonlinear internal wave studies have been performed in locations

which are partially isolated from the open ocean. In these locations, the generation

of nonlinear internal waves is well synchronized with the barotropic tide. It is

believed that the barotropic tide flowing over peripheral topography generates

packets of nonlinear internal waves at regular time intervals [68]. The strength

of the barotropic tide varies with the spring/neap3 tidal cycle, resulting in larger

amplitude internal waves during spring tide and sometimes no internal waves

during neap tide [9].

3A spring tide occurs during full and new moon cycles when the gravitational forces of the
sun and moon are in alignment, producing higher high tides and lower low tides. A neap tide
occurs during the moon’s quarter phases when the gravitational forces of the sun and moon are
roughly perpendicular, producing a smaller tidal range.
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In open shelf areas like the SW06 region, it is also believed that internal

waves are generated by the interaction of the barotropic and/or baroclinic tides

with the continental shelf. However, the appearance of nonlinear internal waves are

not always phase locked with the barotropic tide. During SW06, the appearance

of nonlinear internal waves was generally correlated to the barotropic tide, but

packets appeared with phase leads/lags of several hours [68, 69]. Furthermore,

the most energetic nonlinear internal waves occurred between 16 to 22 August

2006 during neap tide, but during a time when there was an increase in shoreward

internal energy flux [66]. One hypothesis for this behavior is that the total internal

tide at the shelf-break is a combination of a locally-generated baroclinic tide with

a remotely-generated baroclinic tide [70]. When the remote tide happens to arrive

in phase with the local tide, constructive interference occurs in the internal tide

and can result in the generation of more energetic internal waves. The remote

tide can also arrive out of phase with the local tide, causing phase delays in the

appearance of internal waves and producing less energetic internal waves. This

phenomenon can occur on a 3 to 5 day cycle and is independent of the spring/neap

tidal cycle [70]. While it is possible to predict the behavior of the local tide, it is

generally not possible to predict the details of the remotely-generated tide because

it is altered by mesoscale oceanographic features as it propagates. Consequently,

the generation of internal waves at the shelf-break seems nearly impossible to

predict at the present time [70].

Another complicating factor for predicting the generation of internal waves

is the multiplicity of generation sites for internal waves along the continental

shelf. Each generation site can initiate an independent packet of nonlinear internal

waves. Figure 2.4 shows SAR satellite imagery taken on 17 August 2006 15:49
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Figure 2.4: Map of the SW06 experimental region overlaid with SAR images from
the SPOT2 satellite taken 17 August 2006 15:49 [UTC]. General regions of internal
wave generation, growth, and decay are marked. SW06 mooring locations are
shown as black dots and bathymetric contours are labeled in units of km.

UTC.4 Many distinct packets of nonlinear internal waves can be seen in the figure,

which suggests multiple generation sites along the shelf. Several wave packets are

observed to be interacting with one another as they propagate. Also visible in

Fig. 2.4 is evidence that nonlinear internal waves are first observed approximately

10 to 15 km inshore of the shelf-break (slightly southeast of the T-axis).

4All times reported in this dissertation are in Universal Coordinate Time [UTC]. The local
time during the SW06 experiment was 5 h ahead of UTC.
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2.2.3 Observed Properties of Internal Waves

During the experiment, observed nonlinear internal wave amplitudes varied

from a few meters up to 25 m with a mean value near 8 m [68]. The assumption

for weakly nonlinear internal wave theory is that the ratio of the internal wave

amplitude to the pycnocline depth be much less than unity. The observed internal

wave amplitudes, along with the typical pycnocline depth, place this ratio between

0.5 and 1.9 for the SW06 experiment. These ratios are thus likely to require a

theory of strongly nonlinear internal waves [4] to properly describe the shape and

propagation speed of the waves.

Characteristic full-widths w between 160 m and 1800 m were observed, with

a mean value near 450 m [68]. The wave packets propagated with speeds between

0.5 m/s and 1.1 m/s, with a mean value near 0.78 m/s [68]. The majority of the

ship-tracked internal wave packets propagated shoreward (with an average heading

of 300◦ east of north), although at least one packet was observed to propagate

parallel to the shore [68]. The vertical structure of the internal waves in this region

consist primarily of the first baroclinic mode [25, 68].

In addition to the complicated generation mechanisms during the SW06

experiment, the nonlinear internal wave structures also evolved during their lifespan.

The evolution of the internal waves is related to the cascade of energy from large-

scale internal tides, to internal waves, to fine-scale turbulent mixing [66]. Internal

waves emerged from the internal tide about 10 to 15 km inshore of the shelf-break.

Internal wave amplitudes increased over a 30 km range (see Fig. 2.4) as energy

from the internal tide was transfered into internal waves. At about 20 km inshore

of the T-axis, the amplitude of the internal waves began to decay due to energy
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loss from dissipation and turbulent mixing [66]. In a few rare cases, the internal

wave packet was tracked far enough inshore that internal depression waves changed

to elevation waves as the water depth shoaled [71].

The range-dependent water column (including the shelfbreak frontal bound-

ary), the multiple internal wave generation sites, and the evolutionary nature

of the internal wave field (which will be discussed again in Sec. 3.1.3), are the

motivating factors for the EPTS oceanographic model. It is hypothesized that

accurate modeling of these oceanographic processes are required to accurately

predict the acoustic field.

2.3 Relevant Instrumentation

An overview of the relevant oceanographic and acoustic instrumentation is

presented in this section. In this context, relevant refers to the instrumentation

that provided the data for the analysis of this dissertation. For example, more

than 62 acoustic and oceanographic moorings were deployed during the SW06

experiment, but only data from six are directly analyzed here.

The part of the SW06 experimental region investigated in this dissertation is

a 30 km track from an acoustic source (moored on SW47) to a VLA of hydrophones

(moored on SW54). There were six relevant moorings located along this track:

SW47, SW29, SW03, SW57, SW54, and SW58. The locations of these six moorings

are shown in Fig. 2.5. In this dissertation, SW47 will be the reference position for

distances along the experimental track. The remainder of this section discusses

the oceanographic and acoustic instrumentation which populated these moorings.
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Figure 2.5: Map of the SW06 experimental region with SW06 mooring locations
shown by dots. Moorings that provided data analyzed in this dissertation are
shown as open circles with labels. Bathymetric contours are labeled in units of m.

2.3.1 Oceanographic Instrumentation

A variety of oceanographic sensors were deployed on the SW06 moorings to

sample water column conditions as a function of range, depth, and time. Among

the basic measurements recorded by these sensors were temperature, pressure,

and electrical conductivity. From these measurements, water sound speed can

be estimated from empirical formulas (to be discussed further in Sec. 4.1.2) as a

function of depth and time at the different mooring locations.

Each mooring contained different combinations of sensor types. Because

temperature has the largest per-unit effect on sound speed,5 and therefore on

5For example, in Leroy’s 2008 sound speed formula [74] a 1 ◦C change in temperature produces
a 5 m/s change in sound speed (to leading order), while a 1 part per thousand (ppt) change in
salinity only produces a 1.33 m/s change in sound speed (to leading order). Furthermore, for the
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Figure 2.6: Location of thermistors, hydrophones, and the acoustic source in the
range-depth plane of the experimental track. The hydrophone positions are shown
offset from SW54 for clarity.

acoustic propagation, thermistors were the most frequently deployed sensor type.

The locations of the thermistors in the range-depth plane of the experimental track

are shown in Fig. 2.6 and listed in Table 2.2. Moorings SW47, SW29, SW03, and

SW54 each had at least one pressure sensor, whose readings along with engineering

drawings permit estimates of the depths of the thermistors in the water column.

Moorings SW47, SW29, SW03, and SW54 spanned most of the water

column, whereas SW57 and SW58 were surface buoys and only sampled the upper

15 m. Temperature readings were recorded every 30 s on the SW47, SW29, SW03,

SW06 data, recorded water temperatures ranged from 9 ◦C to 26 ◦C while salinity only ranged
between 30 ppt and 36 ppt.
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and SW54 thermistors and every 60 s on the SW57 and SW58 thermistors. These

sampling rates were high enough to observe high-frequency internal waves as they

passed each mooring.

SW29 was the only mooring of the six that recorded usable conductivity

data from which water salinity could be estimated. Because of the sparseness

of salinity data from the six moorings, a separate hindcast database of salinity

values provided an estimate of water salinity. The database, produced by the

Multidisciplinary Simulation, Estimation, and Assimilation Systems (MSEAS)

group from Harvard University [72, 73], is the combination of ocean dynamical

modeling and mesoscale oceanographic data collected by a towed Scanfish, multiple

gliders, and moorings. Range-, depth-, and time-dependent salinity estimates were

extracted from the MSEAS database for the locations of SW47, SW29, SW03, and

SW54. Although these data do not represent real-time in situ measurements, they

represent the best salinity data available for the experimental track. Because the

effect of salinity on water sound speed is smaller than that of temperature, small

errors in the MSEAS database should not have a significant effect on acoustic

propagation predictions.

2.3.2 Acoustic Instrumentation

The relevant acoustic instrumentation consists of the acoustic source moored

on SW47 and the acoustic receivers moored on SW54. The acoustic source was a

pipe-organ style tomographic projector with a center frequency of 224 Hz and a

bandwidth of 16 Hz. The source was moored at 49 m depth (see Fig. 2.6 and Table

2.2) to reduce current-induced motion and to excite low-angle acoustic modes. The
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source had a 25% duty cycle, transmitting for the first 7.5 min of every half-hour.

Further discussion of the source is given in Sec. 3.2.1.

The VLA contained 14 hydrophones which spanned the water column

from 13.5 m to 77.3 m depth. The VLA data were sampled continuously at a

frequency of 9765.625 Hz. Analysis of data from an array navigation system

revealed that the VLA had an average tilt of 3◦, with the direction of the tilt

depending on the semidiurnal internal tide [67]. The average tilt translates into

a vertical displacement of approximately 0.1 m at the shallowest hydrophone. A

maximum tilt of approximately 7◦ was recorded during Tropical Storm Ernesto,

which translates into a vertical displacement of about 0.5 m. These data suggest

that the vertical aperture spanned by the VLA does not change significantly with

time.
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Chapter 3

Data Space Processing

This chapter discusses data space processing of both oceanographic and

acoustic data. In this context, data space refers to measured data from the

SW06 experiment. The processing of the oceanographic data is prerequisite

to constructing the EPTS oceanographic model of Sec. 4.1, which, in turn, is

prerequisite to making the acoustic predictions of Sec. 4.2. The processing of the

acoustic data is also described, preparatory to the data-model comparisons of

Ch. 5.

3.1 Oceanographic Data

A diagram showing how various oceanographic quantities are derived from

measured data is shown in Fig. 3.1. Quantities shown in black are discussed in the

data space processing of Ch. 3 while quantities shown in gray are discussed in the

model space processing of Ch. 4. The goal of the EPTS model is to accurately

recreate c(r, z, t) in the model space from measured temperature and salinity data.

The (r, z) coordinate system has the origin of the horizontal position r located at

the position of SW47, as shown in Fig. 2.6. The origin of the vertical position z is

the air-water interface, with z being positive in the downward direction.
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Figure 3.1: Data flow diagram for oceanographic quantities S (salinity), T (tem-
perature), Φ1 (first internal wave mode function), A1 (first internal wave mode
amplitude), η (internal wave displacement), and c (sound speed). Black and
gray quantities are discussed in Ch. 3 and Ch. 4, respectively. Overbars indicate
background profile estimates.

3.1.1 Profile Construction

The construction of temperature T and salinity S profiles at SW47, SW29,

SW03, and SW54 is discussed in this section. Creating the profiles involved

extracting the recorded data, interpolating the data in time, conditioning the data

in depth, and performing a depth interpolation to a finer grid. A time step of

30 s and a depth interval of 1 m were selected for the grid. The end result of this

process is a temperature and salinity profile at each mooring on a uniform time

and depth grid. The timespan for the output data ranges from 15 August 00:00 to

6 September 00:00. The creation of background temperature T̄ and background

salinity S̄ profiles, derived from T and S as indicated in Fig. 3.1, is also discussed.
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3.1.1.1 Temperature

Temperature profiles Ti(z, t) (i = SW47, SW29, SW03, SW54) are con-

structed from thermistor records. The processing of data from the SW47 and

SW29 moorings is now described. First, the recorded temperature data for each

thermistor are extracted. Second, the temperature data for each thermistor are

linearly interpolated to the time grid. The 16 m thermistor on SW29 stopped

recording around 31 August, so all values after this time are set to the last recorded

temperature of 20.1 ◦C (the mean temperature on this thermistor prior to failure

was 19.5 ◦C). Third, the data are conditioned in depth in preparation for depth

interpolation. This conditioning involves the construction of a surface layer from

the available thermistor records. Data from other conductivity-temperature-depth

(CTD) measurements and from two surface buoys suggest that an approximately

8 m thick isothermal surface layer existed throughout the SW06 region. To ap-

proximate this observed isothermal layer, data from the 1 m thermistor at each

mooring are extended down to 8 m. Finally, at each time step the temperature

data are interpolated to the 1 m depth grid using a cubic spline interpolation.1

The temperature profiles at SW03 and SW54 are constructed from ther-

mistor data recorded on each mooring and from thermistor data from the nearby

SW57 and SW58 moorings, respectively. SW57 was located a few hundred meters

to the northeast of SW03, and SW58 was located a few hundred meters to the

southwest of SW54 (see Figs. 2.5 and 2.6). The data extraction and temporal

1Both a linear and cubic interpolation were investigated, and it was found that the cubic
interpolation produced temperature profiles that most closely resembled independent CTD
measurements. The cubic interpolation produced appropriate curvature to the temperature
profiles at depths between the recorded thermistor data.
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interpolation are the same as described for SW47 and SW29. However, in this case

the data conditioning is accomplished for each mooring with the thermistor data

from SW57 and SW58 for the upper 10 m of the water column and with thermistor

data from SW03 and SW54 below 11 m. Due to (1) the relative stability of the

surface layer, (2) the proximity of the moorings in each pair, and (3) the relative

orientation of each mooring pair (i.e. internal wave fronts propagating up the

shelf crossed SW54 and SW58 at approximately the same time), the thermistor

records are combined without any time correction.2 Finally, at each time step the

temperature data are cubic spline interpolated to the 1 m depth grid.

As an example, TSW54(z, t) is shown in Fig. 3.2(a). The profile has several

notable features. First, there is a nearly isothermal surface layer extending down

to approximately 10 m. Second, internal tides and internal waves are present

on a nearly semidiurnal schedule, as evidenced by the warmer surface water

being displaced downward in the water column (from the surface layer down to

approximately 10 to 40 m). Third, some of the highest amplitude internal wave

events occur between 17 to 22 August. Fourth, the meandering shelf-break front

was in the vicinity of the SW54 mooring. This is evidenced by the temporal

variation of temperature below the thermocline (approximately between 30 m and

80 m). For example, the shelf water is colder between 21 and 25 August. Then

between 25 and 28 August, the water rapidly becomes warmer as the shelf-break

front moved inshore towards SW54. After 28 August, the frontal boundary appears

to have moved further offshore as colder water returned to the vicinity of SW54.

Fifth, the strength of the two-layer stratification decreases after 1 September, when

2A more advanced method for combining data from non-collocated, partial-aperture moorings
is discussed by Lin [75] and becomes more important as the distance between moorings increases.

53



Tropical Storm Ernesto passed through the experimental region. This is manifest

in both the reduction of temperature in the surface layer and the increased depth

of the surface layer to approximately 20 m.

Background temperature profiles T̄i(z, t) are created from Ti(z, t) by apply-

ing a moving average temporal filter of period 24 h (throughout this dissertation,

a bar over a variable will indicate an averaged quantity). The period of this filter

is chosen to effectively average out semidiurnal internal waves and tides, but to

leave sub-tidal temperature fluctuations intact. T̄i(z, t) is shown in Fig. 3.3(a) for

the four mooring locations.

3.1.1.2 Salinity

As mentioned in Ch. 2.3.1, electrical conductivity was not measured with

high enough spatial resolution on the moorings to directly create salinity profiles

Si(z, t). However, range-, depth-, and time-dependent salinity values were included

in the MSEAS database for the SW06 region. Salinity values extracted from the

MSEAS database for the positions of SW47, SW29, SW03, and SW54 are linearly

interpolated in time and then cubicly interpolated in depth to match the spatio-

temporal grid constructed for the temperature data.

As an example, SSW54(z, t) is shown in Fig. 3.2(b). The profile has several

notable features. First, internal tides and internal waves are absent. The MSEAS

hindcast did not contain information at the temporo-spatial scale of internal waves.

Second, the fresher (less salty) water is present until the shelf-break front crosses

the mooring location between 25 to 28 August. Finally, the salinity becomes more

uniform with depth after the tropical storm passes.
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Figure 3.2: Processed (a) temperature and (b) salinity profiles as a function of
depth and time at SW54.
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Figure 3.3: Filtered (a) temperature and (b) salinity profiles. The four horizontal
slices show T̄i(z, t) and S̄i(z, t) for i = SW47, SW29, SW03, and SW54.

Background salinity profiles S̄i(z, t) are created from Si(z, t) by applying

a moving average temporal filter with period 24 h. For consistency with T̄i(z, t),

this filter is still applied despite the absence of internal waves and tides in the

database. S̄i(z, t) is shown in Fig. 3.3(b) for the four mooring locations.

3.1.2 Estimation of Internal Wave Amplitude

When internal waves pass a point in space, they perturb the background

water column by displacing fluid in the vertical direction. For nonlinear internal

waves, this displacement represents a mapping of the background profile to a new

depth. The mapping can be written mathematically as

ξ(r, z, t) = ξ̄ (r, z − η(r, z, t), t) , (3.1)
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where η is the displacement caused by the internal wave. In Eq. (3.1) ξ is a generic

variable representing some water column quantity (e.g. temperature, salinity,

density, sound speed, etc.). In this notation, z is taken to be positive in the

downward direction, and downward internal wave displacements have positive η.

Full-field internal wave displacements are often modeled by a separable

equation, which represents an expansion of the internal wave field in terms of

vertical eigenmodes [9, 26, 28, 76–79]

η(r, z, t) =
∑
m

Am(r, t) Φm(z), (3.2)

where Am(r, t) are range- and time-dependent internal wave amplitudes, Φm(z)

are depth-dependent internal wave modes, and the mode number is m. In the case

of fully nonlinear internal waves in a fluid with no mean fluid flow, the equation

for the internal wave mode functions becomes [9, 80]

d2 Φm(z)

dz2
+
N2(z)

v2
Φm(z) = 0. (3.3)

Rigid-lid boundary conditions Φm(z = 0) = Φm(z = H) = 0 are typically applied

to select a solution of Eq. (3.3) [9, 80]. N(z) is the Brunt-Väisälä, or buoyancy

frequency, given by

N(z) =

√
g

ρ̄(z)

dρ̄(z)

dz
, (3.4)

where g is acceleration due to gravity, and ρ̄ is the background depth-dependent

fluid density in the absence of internal waves. N is the frequency at which a

vertically displaced parcel of fluid will oscillate about its equilibrium position. For

given T̄i(z, t) and S̄i(z, t) profiles, N can be computed from Eq. (3.4). In this work,

the Φm(z, t) were computed with an existing model named WAVE [81].
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In Eq. (3.2), Φm(z) is assumed to be range-independent. This approximation

is made for the SW06 track between SW47 and SW54 because the thermocline

depth and the temperature of the surface layer are roughly range-independent.

A range-independent Φm(z) is an approximation because the water temperature

below the thermocline changes with range and the water depth changes by 30%

over the range extent of the track. However, the construction of range-dependent

internal wave modes adds considerable numerical complexity to the problem and,

to the author’s knowledge, has not been applied in the ocean-acoustics literature.

In shallow water environments, most of the internal wave energy has been

observed in the first mode [25, 26, 28, 37, 38, 40, 82, 83]. Stated another way, the

m = 1 mode accounts for the majority of the variance in the water column profile.

This has been validated for the SW06 experiment [68] and is utilized in this analysis.

Including only the first internal wave mode represents a trade-off between accuracy

and simplicity.

The internal wave amplitude is formally defined by displacements of the

pycnocline, which requires either a direct measurement of density or simultaneous

measurements of temperature and salinity as a function of depth. In shallow water

environments, displacements of the isotherms have been used instead of isopycnal

displacements, and the error introduced by the approximation for internal wave

amplitude is typically small [25, 32, 34]. Since the only information about internal

waves in the SW06 data is contained in the thermistor data, Ti(z, t) is used to

estimate the first-mode internal wave amplitude A1,i on each mooring, i = SW47,

SW29, SW03, SW54. However, both T̄i(z, t) and S̄i(z, t) are applied to calculate

the first-mode internal wave depth function Φ1(z) because Φ1(z) is computed in
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the absence of internal waves.

The procedure for estimating A1,i(t) is:

1. Ti(z, t), T̄i(z, t), and S̄i(z, t) are divided into 12 h segments for data processing.

In the notation that follows, an arbitrary 12 h segment will be indicated by

t12h. There are a total of 44 segments for the time period between 15 August

00:00 and 6 September 00:00. Each 12 h segment is processed in the same

way, so steps 2-3 which follow describe the processing of a single segment.

2. To compute Φ1(z) for a 12 h segment, T̄i(z, t12h) and S̄i(z, t12h) are averaged

over both time and i to produce a single temperature and salinity profile

for the 12 h segment. These single temperature and salinity profiles are the

inputs for the WAVE model. The output of the WAVE model is Φ1(z). The

maximum amplitude of the mode function is normalized to unity so that

A1,i is the maximum displacement of the internal wave field.

3. Combining Eqs. (3.1) and (3.2), with temperature as the variable, and

neglecting the r coordinate, gives

T ∗i (z, t12h) = T̄i(z − A1,i(t12h) Φ1(z), t12h), (3.5)

where the * differentiates the reconstructed quantity from the measured

quantity. Every quantity inside Eq. (3.5) is known except for A1,i(t12h). A

nonlinear, bounded minimization problem is formulated from Eq. (3.5) for a

sum of squares cost function over the depth variable z

εi [A1,i(t12h)] =
∑
z

[Ti(z, t12h)− T ∗i (z, t12h)]2 . (3.6)
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Figure 3.4: Φ1(z) for each 12 h time segment t12h. The mode functions are offset
in the horizontal for clarity. Every fourth mode function is marked by a bold line.
The starting time in t12h is designated below the figure for a few mode functions.

The interval [−10, 50] m bounds the search for A1,i(t12h). The fminbnd

function in MATLAB, with a sequential quadratic programming algorithm,

is used to find A1 at every mooring location i and every time sample in t12h.

4. Steps 2 and 3 are repeated for each 12 h segment, and the resulting A1,i(t12h)

are concatenated to form A1,i(t). The end result of this processing is the IW

amplitude A1,i(t) at each mooring as a function of time.

The first-mode depth functions for each 12 h segment are shown in Fig. 3.4.

In general, Φ1(z) varies slowly with time over the duration of the experiment. The

depth of the maximum value of the mode function increases from approximately

15 m to approximately 25 m over a 22 day period. On shorter time scales, the
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Figure 3.5: A1,i for i = SW47, SW29, SW03, SW54. The vertical offset is based
on distance from SW47 and a solid horizontal line indicates A1,i = 0. Solid (24 h
spacing) and dashed (12 h spacing) diagonal lines represent a propagation speed v
of 0.8 m/s, which permits internal wave packets to be identified as they propagate
past each mooring.

largest variations of Φ1(z) occurred around 2 September, when Tropical Storm

Ernesto passed through the region.

As formulated in Eq. (3.5), Ai,1(t) contains all displacements away from

the filtered temperature profile, whether they be from linear or nonlinear IWs or

the internal tide. In conjunction with Φ1(z), it contains the necessary information

to recreate a perturbed water column profile ξ(r, z, t) from a background profile

ξ̄(r, z, t). A1,i(t) is shown in Fig. 3.5. Both internal tides and internal waves are

visible in the figure. Internal tides appear as an underlying sawtooth waveform

with a period of approximately 12 h, while the internal waves are higher frequency
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oscillations superimposed on the internal tide. Between 16 August and 23 August,

the packets occur at semidiurnal intervals, and the propagation of the packet

past each mooring is easily identified. Between 23 August and 25 August, the

identification of internal wave packets becomes more difficult as the packet arrival

times deviate from the semidiurnal schedule. Starting around 29 August, the

amplitude of the internal waves have decreased substantially and the internal tide

is almost all that remains.

3.1.3 Analysis of Internal Wave Amplitude

A variety of approaches are used to analyze A1,i(t). In Sec. 3.1.3.1 the

average spectra are computed at each mooring. In Sec. 3.1.3.2, 31 internal wave

events are identified that will be referenced throughout the dissertation. In

Sec. 3.1.3.3 is an analysis of the band-limited power of the internal wave field.

3.1.3.1 Average Mooring Power Spectral Density

A1,i(t) includes the results of processes that occur on a variety of temporal

scales. In this section, the average power spectral density (PSD) is calculated for

each mooring to examine how the power is distributed with temporal frequency.

Each mooring is processed in the same manner. First, A1,i(t) is divided into eleven

48 h segments. This period is chosen so that the semidiurnal internal tide could

be adequately sampled. Second, a PSD, A1,i(f), is computed for each segment.3

Both the frequency vector and the scaling of the PSD are computed with units

3After seeing many examples of erroneous, mislabeled, or ambiguous spectra reported in the
literature, the author is of the opinion that the proper numerical computation and scaling of
PSD is not a trivial task. A helpful article on the subject is given in Ref. [84].
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Figure 3.6: Average PSD Ā1,i(f) at moorings SW47, SW29, SW03, and SW54.
Vertical lines dividing the sub-tidal, tidal, and super-tidal frequency bands are
superimposed on the data. Lines showing f−2 and f−3 frequency dependence are
also shown.

of cycles per day (cpd). A one-sided spectrum is reported here that includes the

energy in the negative frequencies. Third, the eleven A1,i(f) spectra are averaged

to produce Ā1,i(f). Finally, a five-point moving average filter is applied to smooth

the average PSD curve over frequency. This step facilitates a better comparison

across moorings.

Ā1,i(f) is shown in Fig. 3.6. There are clear similarities between the PSDs

at each mooring. The highest spectral peak in the tidal frequency band occurs at

1.93 cpd corresponding to the principal lunar semidiurnal period of 12.42 h (denoted

M2 in the literature). The bandwidth of this spectral peak is approximately 0.6 cpd

(as measured to the half-power points on either side of the peak) indicating that
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some variation in the M2 schedule was present in the data. From there the PSD

decreases with a frequency dependence of approximately f−2. Near the 30 cpd

frequency, the spectrum begins to whiten and remains almost flat out to 200 cpd.

This is the frequency band in which most of the internal wave energy is contained.

Above approximately 300 cpd the PSD decreases with a frequency dependence of

approximately f−3.

There are also important differences among the Ā1,i(f). First, the power

at the 1.93 cpd spectral peak is highest for mooring SW54 and then decreases

for SW03, SW29, and SW47. This corresponds to a general loss of energy from

the tidal band as internal waves propagate up the continental shelf. Second, the

power in the 30 to 300 cpd band is lowest for mooring SW54 and then increases

for SW03 and SW29. This observation is consistent with the cascading of energy

out of the tidal band and into the super-tidal band as internal waves propagate

up the shelf [66]. Third, the power in the 30 to 300 cpd band is lower for SW47

than it is for SW03 and SW29. This is consistent with the previous observation

that the strength of the internal waves began to decay after they passed the SW29

mooring (see Fig. 2.4 and Ch. 2.2.3).

3.1.3.2 Event Identification

The previous section examined the average PSD at each mooring over

22 days. Since internal wave events during SW06 occurred on roughly an M2 tidal

cycle, it would be equally interesting to examine the PSD for a particular internal

wave packet as it propagates up the continental shelf. The first step in this process

is to identify internal wave events. In this context, an event is defined as one or

more distinct internal wave packets which propagate from SW54 to SW47.
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Figure 3.7: A1,i(t) for i = SW47, SW29, SW03, SW54 between 17 August 12:00
and 20 August 12:00. Internal wave events 6 to 10 are labeled. The vertical offset
is based on distance from SW47 and a solid horizontal line indicates A1,i = 0.
Solid (12 h spacing) diagonal lines represent a propagation speed v of 0.8 m/s,
which permits internal wave packets to be identified as they propagate past each
mooring.

Events are identified by closely examining A1,i(t). For example, the portion

of Fig. 3.5 between 17 August 12:00 and 20 August 12:00 is shown in Fig. 3.7.

Five internal wave events (numbered 6 to 10) are visible in the figure. For the

event labeled 6, the peak of the first internal wave in the packet crossed the

SW54 mooring at 17 August 21:41:47, the SW03 mooring at 18 August 01:21:32,

the SW29 mooring at 18 August 04:30:12, and the SW47 mooring at 18 August

07:02:15. The propagation speed of the internal wave packet is computed according
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to

v =
30000

tSW54 − tSW47

[m]

[s]
. (3.7)

For event 6, Eq. (3.7) gives v = 0.89 m/s. Table 3.1 lists the times at which the

leading internal wave in each event crossed each mooring and also the computed

propagation speed for the event. The average propagation speed over all 31 events

is 0.78 m/s, which is identical to the mean propagation speed reported by Shroyer

et al. [68].

At times it was difficult to conclusively identify the first internal wave in an

event, particularly at SW54; for some events, internal waves had not yet formed

at this mooring. Such was the case for events 8 and 10 in Fig. 3.7. For these cases,

the diagonal guide line, placed from the crossings on other moorings, provides a

best estimate of the time when the first internal wave might have crossed SW54.

Individual events were easiest to identify before about 23 August because the most

energetic and regular internal waves occurred before that time. After that time,

there were occasionally more than one internal wave packet visible within an M2

tidal cycle. This made the unique identification of packets more difficult. The last

packet that was identified occurred on the morning of 1 September, and no events

were identified after this date.

A short discussion will inform the connection of Fig. 3.7 with Fig. 3.6. For

i = SW54 in Fig. 3.7, the solibore structure of the internal wave field produces an

A1,SW54(t) which resembles an N-wave. For each event, there are generally a few

large internal waves at the leading edge of a large tidal depression. This means

that relative to SW03, SW29, and SW47 at SW54 the energy resides in the tidal

band, and a smaller fraction of the energy is contained in the super-tidal internal
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Table 3.1: Times at which the leading internal wave in each packet crossed SW54,
SW03, SW29, and SW47 for 31 internal wave events.

# tSW54 tSW03 tSW29 tSW47 v

[m/s]

1 15 Aug 11:10:21 15 Aug 14:21:14 15 Aug 18:14:18 15 Aug 21:49:36 0.78

2 15 Aug 23:28:22 16 Aug 02:49:15 16 Aug 06:48:58 16 Aug 09:05:28 0.87

3 16 Aug 10:09:51 16 Aug 13:31:50 16 Aug 16:38:17 16 Aug 19:25:52 0.90

4 16 Aug 22:30:05 17 Aug 02:37:34 17 Aug 05:39:35 17 Aug 08:14:57 0.85

5 17 Aug 09:34:52 17 Aug 13:22:22 17 Aug 16:43:15 17 Aug 19:09:45 0.87

6 17 Aug 21:41:47 18 Aug 01:21:32 18 Aug 04:30:12 18 Aug 07:02:15 0.89

7 18 Aug 10:17:34 18 Aug 14:57:15 18 Aug 17:54:49 18 Aug 20:20:12 0.83

8 18 Aug 21:43:26 19 Aug 02:06:28 19 Aug 06:01:44 19 Aug 08:53:46 0.75

9 19 Aug 11:02:30 19 Aug 15:00:00 19 Aug 18:41:58 19 Aug 21:19:33 0.81

10 19 Aug 23:50:29 20 Aug 03:55:45 20 Aug 07:19:58 20 Aug 10:09:46 0.81

11 20 Aug 12:29:36 20 Aug 16:51:31 20 Aug 20:32:22 20 Aug 23:19:57 0.77

12 21 Aug 00:55:23 21 Aug 04:37:21 21 Aug 08:31:31 21 Aug 12:01:17 0.75

13 21 Aug 13:00:06 21 Aug 17:20:54 21 Aug 20:24:01 21 Aug 22:57:10 0.84

14 22 Aug 05:15:37 22 Aug 09:30:53 22 Aug 13:17:17 22 Aug 16:23:44 0.75

15 22 Aug 19:05:45 22 Aug 22:38:51 23 Aug 02:43:00 23 Aug 05:41:41 0.79

16 23 Aug 07:47:05 23 Aug 10:47:59 23 Aug 15:03:15 23 Aug 18:21:54 0.79

17 24 Aug 02:18:01 24 Aug 06:55:28 24 Aug 10:29:39 24 Aug 13:52:45 0.72

18 24 Aug 07:58:43 24 Aug 11:36:15 24 Aug 16:11:29 24 Aug 19:12:23 0.74

19 24 Aug 17:44:42 24 Aug 21:26:40 25 Aug 00:40:53 25 Aug 03:45:07 0.83

20 25 Aug 04:10:38 25 Aug 09:41:21 25 Aug 13:16:40 25 Aug 16:23:07 0.68

21 25 Aug 19:34:00 26 Aug 00:30:19 26 Aug 04:50:01 26 Aug 07:42:02 0.69

22 26 Aug 18:52:21 26 Aug 23:48:41 27 Aug 03:21:46 27 Aug 06:17:07 0.73

23 27 Aug 20:21:41 27 Aug 23:50:19 28 Aug 03:35:37 28 Aug 07:43:06 0.73

24 28 Aug 11:12:51 28 Aug 15:50:18 28 Aug 20:06:40 28 Aug 22:55:22 0.71

25 28 Aug 21:48:47 29 Aug 02:34:00 29 Aug 07:33:39 29 Aug 10:19:01 0.67

26 29 Aug 08:55:46 29 Aug 12:23:18 29 Aug 15:19:46 29 Aug 18:31:46 0.87

27 29 Aug 22:13:44 30 Aug 02:05:41 30 Aug 05:49:52 30 Aug 09:07:24 0.76

28 30 Aug 12:02:45 30 Aug 14:31:28 30 Aug 18:10:06 30 Aug 21:33:12 0.88

29 31 Aug 07:06:58 31 Aug 12:08:50 31 Aug 15:51:55 31 Aug 18:46:09 0.72

30 31 Aug 18:19:31 31 Aug 23:01:24 01 Sep 02:33:23 01 Sep 05:23:11 0.75

31 01 Sep 14:19:13 01 Sep 18:21:10 01 Sep 22:14:13 02 Sep 01:24:00 0.75
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wave band between 30 and 300 cpd (see Fig. 3.6). For i = SW03 in Fig. 3.7, the

internal tide has diminished substantially relative to SW54. The energy lost from

the internal tide created additional internal waves at the leading edge of the packet.

Relative to Ā1,SW54(f) in Fig. 3.6, Ā1,SW03(f) shows the transfer of energy from

the tidal band to the super-tidal band. In Fig. 3.7, the internal waves generally

grow in amplitude from SW03 to SW29 and then decay from SW29 to SW47.

This evolutionary growth and decay is reflected in Ā1,SW29(f) and Ā1,SW47(f) of

Fig. 3.6.

3.1.3.3 Event Band-Limited Power

With specific events identified, band-limited power Π1,i can be computed

for each event. This yields information about the evolution of a specific internal

wave packet as it propagates up the shelf. This analysis is carried out in three steps.

First, a 7 h segment of A1,i(t) is extracted on each mooring. The time segment

varied for each mooring, since the ti must vary to allow for the propagation of the

internal wave packet. The time segment included one hour prior to ti and six hours

after ti. Note that a longer window is unsuitable because some packets were spaced

closer together in time than the M2 tidal cycle. As an example, the extracted

A1,i(t) are shown in Fig. 3.8 for event 6. Second, a PSD A1,i(f) is computed from

the extracted A1,i(t). Third, band-limited power Π1,i is computed by integrating

A1,i(f) between 30 to 300 cpd. This frequency band is selected from Fig. 3.6 to

capture the majority of the energy in the super-tidal band around the flat part of

the spectrum.

Π1,i for each of the 31 events on each mooring are shown in Fig. 3.9. The

percentiles show that the band-limited power increases both in amplitude and
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Figure 3.8: A1,i(t) for i = SW47, SW29, SW03, SW54 for event 6. The curves are
offset from one another based on their distance from SW47 and a solid horizontal
line represents the zero position for each curve.

spread from SW54 to SW03 to SW29. Both the amplitude and spread decrease

from SW29 to SW47. Again, this is consistent with Fig. 2.4 and Sec. 2.2.3.

Π1,i for each mooring as function of event number is shown in Fig. 3.10. This

figure shows evolution of Π1,i over both spatial position and time. The average

band-limited power Π̄1 (the average is over mooring) for each event indicates

that the internal wave power started small, reached a maximum during events 6

through 15, and then gradually decreased for events 16 to 31. Events 6 and 9 were

particularly energetic.
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Figure 3.9: Band-limited power Π1,i between 30 and 300 cpd. Data from 31
events are shown as black dots, and the box plots show the 25th, 50th, and 75th
percentiles for each mooring.

3.2 Acoustic Data

3.2.1 Band-Limited Source Level Estimation

The primary acoustic source for the data analyzed in this dissertation is

the Woods Hole Oceanographic Institution (WHOI) 224 Hz tomographic projector.

The source emitted an acoustic signal for the first 7.5 min of every half hour,

resulting in a 25% duty cycle. During its on-time, the source transmitted 114

identical maximal length sequences (MLS), with each sequence defined by

s(t) = B cos [2πf0t+ b(t)θ0] , (3.8)

where B is the signal amplitude, b(t) is a time-dependent multiplier (either −1

or +1), and θ0 is a fixed phase angle. The phase shift in Eq. (3.8) spreads the

energy in the spectrum and creates the source bandwidth. The details of the
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Figure 3.10: Band-limited power Π1,i between 30 and 300 cpd, and the average
band-limited power Π̄1 for all moorings. Data from 31 events are shown as black
dots.

spread-spectrum signal depend on the encoding scheme that defines b(t).4 The

source signal specifications are listed in Table 3.2.

Although matched filter processing, pioneered in ocean acoustic tomography

by Birdsall and Metzger [85], is the traditional processing technique employed for

tomographic sources, in this dissertation the source is considered a constant power

radiator with an unknown signal waveform, but with known band-limited source

level. This is possible because the source transmits equal acoustic power in every

3.9375 s MLS.5 In this sense, the present analysis is similar to energy law detectors,

4The details of how to construct b(t) are relegated to Appendix A.
5The source was programmed to shut down if the battery voltage could not sustain the

predetermined source level. However, there was sufficient energy in the batteries to maintain the
source level during the entirety of the SW06 experiment.
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Table 3.2: WHOI 224 Hz source specifications.

Description Symbol Relation Quantity

Center frequency f0 224 Hz

Number of MLS bits nbits 6

Number of MLS digits ndigit = 2nbits − 1 63

Number of cycles per digit d 14

Half-amplitude bandwidth f1/2 = f0/d 16 Hz

Sequence law (binary) 1000011

Initial shift register load (binary) 000001

Sequence period Tseq = d · ndigit/f0 3.9375 s

Phase angle θ0 = tan−1
[√
ndigit

]
82.8192◦

Number of sequences per transmission nseq 114

Transmission period Ttrans = nseq · Tseq 448.875 s

Source level (re 1 µPa @ 1 m) 183 dB

which are common in sonar systems.

The reported calibrated source level was 183 dB re 1 µPa @ 1 m [67]. A PSD

source spectrum is shown in Fig. 3.11. Even though the source has a half amplitude

bandwidth of 16 Hz, only the energy in a 4 Hz band centered at f0 will be used in

this dissertation. This choice was made (1) to simulate a narrowband source of

unknown waveform, (2) to maximize the signal-to-noise (SNR) of the narrowband

selection, and (3) to reduce the noise contribution from other interferers in nearby

frequency bands present during the experiment. Integrating the PSD between

222 Hz and 226 Hz gives a band-limited source level of 176.5 dB re 1 µPa @ 1 m.
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Figure 3.11: PSD of the WHOI 224 Hz with a 4 Hz band centered at 224 Hz
highlighted in gray.

3.2.2 Receiver Data Processing

3.2.2.1 Element Level Intensity

The processing steps for the acoustic data received on the SW54 VLA

are now described. First, time series data are extracted on each hydrophone

during the on-time of the source. Approximately 15 s of additional data are

added to the beginning and end of each time series to ensure that the entire

transmission was captured. Second, the time series are converted from bits to Pa

as described in Sec. 6.2.8 of [67]. Third, the scaled time series data are subdivided

into segments of length 3.9375 s. This period is the duration of a single MLS.

Fourth, a one-sided PSD is computed for each segment. Fifth, the PSD is integrated

between 222 Hz and 226 Hz to obtain the band-limited received intensity at each

hydrophone Ih(t), h = 1, . . . , 14.
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3.2.2.2 Depth-Integrated Intensity

Because the VLA discretely sampled the vertical aperture of the water

column, the intensity received at any given hydrophone can be interpreted as

samples from the energy flux past the array. The hydrophones in the VLA were

not uniformly spaced with depth. To compute depth-integrated intensity, Ih(t)

was first linearly interpolated to a finer depth grid (10.0, 10.1, . . . , 78.9, 79.0 m)

to approximate a continuous intensity distribution I(z, t). Then, the interpolated

intensity was integrated over depth to produce depth-integrated intensity Iz(t)

Iz(t) =

∫ z1

z2

I(z, t) dz, (3.9)

where z1 and z2 specify the vertical integration aperture.

Iz(t) is an estimate for the total acoustic intensity passing the VLA at any

instant in time. It is only an estimate because (1) the VLA does not span the

entire water column (the uppermost hydrophone was 13.5 m below the surface)

and (2) the VLA discretely samples the water column. For a source located near

the bottom of the water column, the error associated with (1) is small because

the oceanographic stratification kept most of the acoustic energy out of the upper

layer. In addition, the error associated with (2) is likely to be small because

14 hydrophones spaced between 13.5 m and 77.3 m can adequately sample the

acoustic mode shapes at 224 Hz. Nevertheless, it should be remembered that Iz(t)

is only an estimate of the total acoustic intensity passing the VLA.

3.2.2.3 Data Conditioning

The final step in processing the acoustic data identifies the usable sequences

from each transmission and discards any contaminated sequences. This process
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Figure 3.12: An acoustic reception on the SW54 VLA on 18 August near 12:30,
(a) Iz(t) and (b) a lofargram from hydrophone 10 (located at 47.3 m depth).

consists of two tasks: finding the first and last sequences of each transmission and

removing sequences contaminated by interferers. Both tasks are done manually. A

brief explanation of this approach is given below.

First, a graph of Iz(t) is constructed for each transmission. The 18 August

12:30 transmission is shown in Fig. 3.12(a) as an example. The first and last full

sequences are identified visually. In this context, a full sequence is one in which

the source signal was on for the entire 3.9375 s data segment. A partial sequence is

usually present before the first full sequence and after the last full sequence. These

are discarded. Next, some of the transmissions required removal of sequences

contaminated by interferers. Interferers in the 222 to 226 Hz band consist primarily

of the Miami Sound Machine (MSM), research vessels which passed near the VLA,
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and impulsive source events. The most persistent interferer is the MSM, which

turned on 90 s into each transmission and lasted for approximately 90 s. The

interference generated by the MSM is clearly visible in Iz(t) of Fig. 3.12(a) and in

the lofargram from hydrophone 10 in Fig. 3.12(b). For this particular transmission,

24 sequences (marked by the large gray box) are discarded. The MSM stopped

broadcasting altogether after 25 August 06:00. An example of interference from

an impulsive event is also visible in Fig. 3.12. A single sequence, marked by the

small gray box in Fig. 3.12(a), is discarded due to the impulsive event. Not shown

in Fig. 3.12 is an example of interference due to a passing research vessel. In these

cases, sequences are discarded as appropriate (lofargrams were often helpful in

determining which sequences to discard).

3.2.3 Analysis of Acoustic Intensity

Figure 3.13 shows combined oceanographic and acoustic data for internal

wave event 6. Figure 3.13(a)–(d) is an illustration of the internal wave packet

structure as it crosses the moorings SW54, SW03, SW29, and SW47, respectively.

The position of the acoustic source, the acoustic hydrophones, the range of each

mooring, and the bathymetry are also shown in Fig. 3.13(a)–(d). Hydrophone 10

was chosen arbitrarily to illustrate the difference between the depth-integrated

quantity Iz(t) and the element level quantity Ih(t) in Fig. 3.13(e).

There are several observations which can be made from Fig. 3.13:

1. The 25% duty cycle of the source gives rise to the striated appearance of

the data. Each striation (group of dots) in (e) contains the usable sequences

within each 7.5 min transmission. Unfortunately, the 25% duty cycle does not
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Figure 3.13: Combined oceanographic and acoustic data for internal wave event 6.
(a)–(d) The approximate structure of the internal wave packet in the neighborhood
of (a) SW54, (b) SW03, (c) SW29, and (d) SW47. (e) Depth-integrated intensity
Iz(t) (black dots) and the intensity on hydrophone 10 I10(t) (gray dots) received
on the SW54 VLA. The vertical lines connecting (a)–(d) with (e) indicate the
times that the first internal wave in each packet crosses each mooring.
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appear to be long enough to capture the high-frequency acoustic fluctuations

which are present at the VLA. As a result, the acoustic fluctuations on a

short time scale are not adequately sampled.

2. Iz(t) is approximately 20 dB higher than I10(t). The increase in level is due

to the intensity integration over depth.

3. The size of the temporal fluctuations within and between transmissions is

larger for I10(t) than for Iz(t). This is also true for Ih(t) in general and

not just for h = 10. The reason for this behavior is that the main effect of

internal waves on the propagating acoustic wave is to induce acoustic mode

coupling (discussed further in Ch. 5), thereby redistributing the acoustic

energy vertically in the water column. It is apparent from I10(t) that the

acoustic intensity at this hydrophone fluctuates rapidly and greatly—up to

25 dB within a single 7.5 min transmission, and nearly 30 dB within a 12 h

period. Iz(t) is relatively more stable because it is sampling the vertical

extent of the water column, thereby capturing the redistribution of energy.

For this event, Iz(t) fluctuates up to 13 dB within a single transmission and

15 dB within a 12 h period.

4. Even though Iz(t) captures the redistribution of energy over the vertical

extent of the water column, it still contains large temporal fluctuations. This

behavior is governed by the details of the mode coupling at the point of

scattering. The acoustic wave undergoes different rates of attenuation when

propagating in different modes. In general, higher angle modes are attenuated

in the seabed more rapidly than lower angle modes (mode stripping). When

the majority of the acoustic energy propagates in low angle modes between
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source and receiver, then Iz(t) will be near its maximum. If, at some point

during its propagation path, the energy is coupled into the higher angle

modes then the acoustic wave will experience greater net attenuation during

its path and will Iz(t) will be lower than its maximum.

5. The WHOI 224 Hz source was positioned near the bottom of the water

column for the purpose of exciting low-angle modes. Consequently, internal

waves will primarily cause reductions in acoustic intensity at the receiver

relative to what would have been received in the absence of internal waves.

6. The temporal fluctuations in Iz(t) are relatively small when the internal wave

packet is near the receiver (Fig. 3.13(a) and (e)) and relatively large when

the packet is near the source (Fig. 3.13(d) and (e)). As the packet nears the

source position, there is a longer distance over which mode stripping can

occur before the acoustic energy is received at the VLA, which results in

larger fluctuations in Iz(t).

7. The temporal fluctuations decrease as the internal wave packet propagates

past the source (see the rightmost part of Fig. 3.13(e)) and no longer affects

the acoustic wave propagation.

Iz(t) and I10(t) are shown in Fig. 3.14 for 22 days of the SW06 experiment.

Again, it is observed that the temporal fluctuations in Iz(t) are smaller than for

a single hydrophone. This fact is quite useful when trying to discover patterns

in the acoustic data. The time periods between 15 August and 17 August and

between 29 August and 1 September 12:00 have the lowest acoustic fluctuations

(on the order of 5 dB). The time period between 17 August and 25 August
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Figure 3.14: Iz(t) (black dots) and I10(t) (gray dots) received on SW54 between
15 August and 6 September. The labels along the top of the figure are internal
wave event numbers.

contains the largest acoustic acoustic fluctuations (on the order of 15 dB). These

fluctuations also contain patterns which appear on an approximately semidiurnal

cycle. Between 25 August and 29 August, a transition region is present where the

magnitude of the acoustic fluctuations slowly decreases. Finally, a sudden onset of

acoustic fluctuations begins near 1 September 12:00 and slowly tapers off towards

6 September. The nature of these fluctuations is different from those in the 17 to

25 August period in that they do not follow a semidiurnal schedule and are more

random in appearance.

For completeness, Ih(t) is shown in Fig. 3.15 for all of the hydrophones. The

time periods discussed in the previous paragraph are somewhat visible in the figure
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on some of the hydrophones (primarily hydrophones 5 to 11). The topmost and

bottommost few hydrophones tend to have relatively constant acoustic fluctuation

levels as a function of time, thereby masking visible trends in the acoustic data.
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Chapter 4

Model Space Processing

This chapter discusses work conducted in the model space, which involves

the construction of models for oceanographic and acoustic quantities. Two types

of models will be discussed: an oceanographic model and an acoustic model. The

oceanographic model of Sec. 4.1 describes the reconstruction of the range-, depth-,

and time-dependent water column sound speed profile, including internal waves.

The acoustic model of Sec. 4.2 describes the integration of the oceanographic

model with an acoustic propagation model to predict the range-, depth-, and

time-dependent acoustic field.

4.1 Oceanographic Model

Figure 3.1 provides a road map for the processing of oceanographic variables.

Section 3.1 discussed the measurement of Ti(z, t) and Si(z, t), the creation of T̄i(z, t)

and S̄i(z, t), and the estimation of internal wave parameters Φ1(z) and A1,i(t).

Chapter 4.1 discusses how these quantities are processed and combined in the

model space to create c(r, z, t). Sections 4.1.1 and 4.1.2 describe the creation of

range-dependent background temperature T̄ (r, z, t) and salinity S̄(r, z, t) profiles

and the conversion of the profiles into a background sound speed profile c̄(r, z, t).

Section 4.1.3 describes the recreation of the internal wave field η(r, z, t) from

A1,i(t) and Φ1(z). Finally, Sec. 4.1.4 describes how c̄(r, z, t) and η(r, z, t) combine
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to produce the modeled range-, depth-, and time-dependent sound speed field

c(r, z, t).

4.1.1 Background Temperature and Salinity Profiles

The oceanographic model starts with the creation of background tempera-

ture T̄ (r, z, t) and salinity S̄(r, z, t) profiles. In this sense background refers to the

time- and range-dependent mesoscale oceanographic conditions that would have

existed in the absence of internal tides and/or internal waves. Later, the internal

wave field will be added to the background profile to create the full water column

profile.

T̄ (r, z, t) at every time t is constructed by extrapolation as a constant in

depth and linear interpolation in range of the background temperature profiles

at each mooring T̄i(z, t), i = SW47, SW29, SW03, SW54 that were created in

Sec. 3.1.1. Because the bathymetry between source and receiver is range-dependent,

the mooring profiles are extrapolated in depth to the deepest water depth along

the propagation track (approximately 85 m). Figure 4.1(a) shows the result for

25 August 00:00. This particular time was chosen to illustrate the strong range

dependence in T̄i(z, t) caused by the proximity of the shelfbreak front to SW54.

Gray boxes are included in the figure to provide relative scaling for the temperature

profiles, with the left side of each box being 6 ◦C and and the right side being

28 ◦C. Next, linear interpolation in range is performed to populate the temperature

profile between each mooring. An example of the resulting T̄ (r, z, t) is shown in

Fig. 4.1(b). Of course, the part of the water column profile that extends below

the water-sediment interface (the hatched area) is constructed only to permit the
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Figure 4.1: (a) T̄i(z, t) at SW47, SW29, SW03, and SW54 for 25 August 00:00
overlaid on the range-dependent bathymetry. The gray boxes provide a scale for
the temperature profile, with limits of 6 ◦C and 28 ◦C. T̄i(z, t) was extrapolated
below the bathymetry using the temperature at the water-sediment interface. (b)
T̄ (r, z, t) is linearly interpolated from the T̄i(z, t).
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range interpolation and will eventually be replaced by the geoacoustic properties

of the seafloor.

The range dependence of T̄ (r, z, t) is clearly visible in Fig. 4.1(b). For this

particular time, the upper 10 m of water is relatively isothermal in both depth

and range. Below the surface layer, the temperature gradient is largest near SW47

and smallest near SW54. Also, the the depth of the thermocline increases with

range. In the lower layer (below about 30 m) the cold shelf water near SW47

transitions to the warmer slope water near SW54. The temperature profile shown

in Fig. 4.1(b) is consistent with the MSEAS temperature hindcast for the same

date [73].

The construction of S̄(r, z, t) follows the same procedure as T̄ (r, z, t). By

design, T̄ (r, z, t) and S̄(r, z, t) only include variations which occur on a long spatial

scale (on the order of 10 km) and a long time scale (on the order of 24 h).

Consequently, the range interpolation is likely to be a good approximation to the

mesoscale variability that actually existed in the water column.

4.1.2 Background Sound Speed Profile

The next step of the oceanographic model is to convert T̄ (r, z, t) and

S̄(r, z, t) to a background sound speed profile c̄(r, z, t). This is accomplished by

applying Leroy’s 2008 sound speed equation [74]
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cL(T, S, z,Θ) = 1402.5 + 5T − 5.44× 10−2T 2 + 2.10× 10−4T 3

+ 1.33S − 1.23× 10−2ST + 8.70× 10−5ST 2

+ 1.56× 10−2z + 2.55× 10−7z2 − 7.30× 10−12z3

+ 1.20× 10−6z(Θ− 45)− 9.50× 10−13TZ3

+ 3.00× 10−7T 2z + 1.43× 10−5Sz, (4.1)

where T is in ◦C, S is in parts per thousand (ppt), z is depth below the sea surface

in m, and Θ is latitude in degrees. This formulation was selected based on its

applicability to a variety of oceans and seas, its validation with experimental

measurements, and its ease of implementation.

4.1.3 Construction of the Internal Wave Field

The construction of the internal wave field described here is similar to

the propagated thermistor string model of Headrick [32], insofar as measured

oceanographic data is propagated through the range domain to create the internal

wave field. However, the approach used here has important differences and

constitutes a new and unique modeling approach. This new approach is named

the evolutionary propagated thermistor string (EPTS) model to reflect its ability

to describe the spatio-temporal evolution of an internal wave packet. The major

differences are that data from multiple oceanographic moorings (e.g. SW47, SW29,

SW03, and SW54) are permitted and a new algorithm for their amalgamation is

required. The crux of the EPTS model is outlined in the remainder of this section.

The discussion will consider a single internal wave event. For a given event,
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a start and stop time are defined from Table 3.1 as

tstart = tSW54 − 6 h,

tstop = tSW47 + 6 h. (4.2)

The spatial extent L of an internal wave packet can exceed 10 km and, at an

average v of 0.78 m/s, the six hour addition on each side of tSW54 and tSW47 is

required for the reconstruction because it ensures that the entire internal wave

packet will propagate through the spatial domain. Φ1(z) for each 12 h time

period was computed previously (see Sec. 3.1.2), and the specific Φ1(z) for the

event of interest is extracted from the stored value. If tstart and tstop encompass

more than one precomputed Φ1(z), then the multiple Φ1(z) are averaged together.

The averaging is appropriate since Φ1(z) does not change rapidly with time (see

Fig. 3.4).1

Next, the internal wave amplitude at each mooring is extracted from the

previously computed A1,i(t) between tstart and tstop, an example of which is shown

in Fig. 4.2. Then, each A1,i(tstart : tstop) is realigned to an arbitrary time axis t′,

with the alignment point t′ = 0 at the maximum amplitude of the first internal

wave in the packet (marked by arrows in Fig. 4.2). The time alignment offset

will be applied when data from different moorings are merged. The timeseries

data A1,i(t
′) are then converted into spatial data A1,i(r

′), based on the packet

propagation speed listed in Table 3.1, through the mapping

r′ = vt′. (4.3)

1Alternatively, Φ1(z) could be recomputed for the time between tstart and tstop.
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Figure 4.2: A1,i(tstart : tstop) for i = SW47, SW29, SW03, SW54 for event 6. The
offset for each is based on distance from SW47, and the solid horizontal line is the
zero position. Arrows mark the maximum amplitude of the first internal wave in
each packet.

After the time-to-space transformation, the maximum amplitude of the first internal

wave in each packet will be at r′ = 0. At this point, r′ is a relative coordinate

which describes the spatial scale of the internal wave packet. The coordinate r′

does not give the position of the internal wave packet between SW47 and SW54.

The next step is to properly locate the internal wave packet between SW47

and SW54 as a function of time. This is accomplished by estimating the absolute

position of the first internal wave r0(t) as a function of time. r0(t) is estimated

via linear interpolation from tSW54, tSW03, tSW29, tSW47, and v of Table 3.1 and from

the distances between moorings given in Table 2.2. Because of the direction of
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internal wave propagation relative to the moorings, r0(t) will start near 30 km for

the initial times and will progress toward 0 km as time advances [in actuality, r0(t)

will start greater than 30 km and will end less than 0 km so that the entire packet

can propagate past SW54 and SW47, respectively]. With r0(t) in hand, A1,i(r
′)

can be placed on an absolute range scale according to the variable transformation

r(t) = r′ + r0(t). (4.4)

To elucidate the previous description, Fig. 4.3(a) shows A1,SW54(r(t)) at

18 August 00:55 (during event 6). The solibore structure which often existed for

internal wave packets at SW54 is clearly visible. For this particular time, r0(t) =

20 km, which is the range of the maximum amplitude of the first internal wave in

the packet. Similarly, Fig. 4.3(b) shows A1,SW03(r(t)). In this trace, the internal

tide has already decayed significantly, and the majority of the energy resides in

internal waves. In both Fig. 4.3(a) and (b) the maximum amplitude of the first

internal wave in each packet has been aligned at t′ = 0. Figure 4.3(c) and (d) show

A1,SW29(r(t)) and A1,SW47(r(t)), respectively. As time advances, r0(t) decreases,

and the A1,i(r(t)) slide to the left. The 6 h window defined in Eq. (4.2) provides

a sufficient data sample to populate the 0 to 30 km range window for all times

during the event.

The final range- and time-dependent internal wave profile A1(r(t)) is con-

structed from a range-weighted sum of A1,i(r(t)). The range-dependent weighting

functions wi(r), i = SW54, SW03, SW47, SW47 are defined as

wSW54(r) =


0 if r ≤ 18700 +R
r−(18700+R)
11300−2R if 18700 +R < r < 30000−R

1 if r ≥ 30000−R,
(4.5)
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Figure 4.3: (a)–(d) A1,i(r(t)) for i = SW54, SW03, SW29, and SW54, respectively.
The time is 18 August 2006 00:55, and r0(t) = 20 km. The gray trapezoids show
wi(r). (e) The reconstructed internal wave amplitude A1(r(t)). The vertical black
lines show the range aperture of the experiment, and the gray horizontal lines
show the zero displacement position for the A1,i.
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wSW03(r) =



0 if r ≤ 8000 +R
r−(8000+R)
10700−2R if 8000 +R < r < 18700−R

1 if 18700−R ≤ r ≤ 18700 +R
−r+(30000−R)

11300−2R if 18700 +R < r < 30000−R
0 if r ≥ 30000−R,

(4.6)

wSW29(r) =



0 if r ≤ R
r−R

8000−2R ir R < r < 8000−R
1 if 8000−R ≤ r ≤ 8000 +R
−r+(18700−R)

10700−2R if 8000 +R < r < 18700−R
0 if r ≥ 18700−R,

(4.7)

wSW47(r) =


1 if r ≤ R
−r+(8000−R)

8000−2R if R < r < 8000−R
0 if r ≥ 8000−R.

(4.8)

R represents a range aperture (in m), on either side of a mooring, in which the

weighting function wi(r) has a value of unity. For this analysis, R was arbitrarily

chosen to be 1500 m. The wi(r) between moorings taper linearly from zero to

unity (or vice versa) such that the sum of wi(r) over i is unity for all ranges. The

wi(r) are superimposed on Fig. 4.3(a)–(d) as gray trapezoids.

The next step is to construct A1(r(t)) according to

A1(r(t)) =
∑
i

wi(r)A1,i(r(t)). (4.9)

As an example, A1(r(t)) for 18 August 2006 00:55 is shown in Fig. 4.3(e). By

examining Fig. 4.3(a)–(d) in conjunction with Fig. 4.3(e), it is possible to see

the contributions from all four A1,i(r(t)) in A1(r(t)). This reconstruction method

produces an internal wave field that evolves in both time and space, based on data
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inputs from multiple oceanographic moorings. For example, when the internal

wave packet is closest to SW54 it will most closely resemble A1,SW54(r(t)). As the

packet progresses towards SW03, it will slowly transform to resemble A1,SW03(r(t)).

This pattern will continue as the packet propagates past SW29 and SW47.

The benefits of this particular method for reconstructing A1(r(t)) include

the following:

• Measured data to drive the oceanographic model;

• A description of the complicated time- and range-dependent evolution of the

internal wave field;

• A description of the cascade of internal wave energy from internal tides to

internal waves.

The approximations associated with this particular method for reconstructing

A1(r(t)) include:

• Although the internal wave field is three-dimensional (c.f. Fig. 2.4) in re-

ality, it is approximated as two-dimensional. Stated another way, every

disturbance that exists in A1,i(r(t)) is assumed to propagate from SW54 to

SW47. Between moorings the A1(r(t)) will contain errors because data are

unavailable. The size of these errors will decrease as the spatial density of

oceanographic moorings increases.

• In reality, dispersion will cause each internal wave in a packet to propagate

with its own speed. In the EPTS model, the entire packet propagates at

v, and dispersion of individual internal waves is only accounted for via the
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weighted sum of A1,i(r(t)) as described by Eqs. (4.5)–(4.9). The size of these

errors will decrease as the spatial density of the oceanographic moorings

increases.

The final step in constructing the internal wave field is to compute η(r, z, t)

according to Eq. (3.2) with m = 1, i.e.,

η(r, z, t) = A1(r(t))Φ1(z). (4.10)

The quantity η is the displacement caused by the internal wave in the r, z plane

as a function of time. As an example, all three terms of Eq. (4.10) are shown in

Fig. 4.4(a)–(c) for 18 August 2006 00:55.

4.1.4 Final Sound Speed Profile

With the internal wave field η(r, z, t) in hand, the final range-, depth-, and

time-dependent sound speed profile can be computed according to Eq. (3.1) with

sound speed as the variable

c(r, z, t) = c̄ (r, z − η(r, z, t), t) . (4.11)

Equation (4.11) represents a remapping of the background sound speed profile in

depth. Physically, this means that the sound speed at some depth z is equal to

the background sound speed at depth z − η. This remapping is consistent with

the way that an internal wave displaces a parcel of fluid away from its equilibrium

position. Inside the numerical code for the oceanographic model, the remapping is

accomplished via a linear interpolation in the depth coordinate. The background

sound speed profile c̄(r, z, t) and the final sound speed profile c(r, z, t) for 18 August

2006 00:55 are shown in Fig. 4.4(d) and (e) respectively.

94



Figure 4.4: (a) A1(r(t)), (b) Φ1(z), (c) η(r, z, t), (d) c̄(r, z, t), and (e) c(r, z, t) for
18 August 2006 00:55. The approximate position of the sediment is indicated by
the hatched region in (c)–(e).
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A1(r(t)), Φ1(z), η(r, z, t), c̄(r, z, t), and c(r, z, t) are all displayed in Fig. 4.4

to illuminate the relationship between the various quantities. All of these quantities,

except Φ1(z), have to be recomputed at every time step in the oceanographic

model. This allows both the background sound speed field and the internal wave

field to evolve in 2D space (r and z) and time. Snapshots of c(r, z, t), taken every

2 h during event 6, are shown in Fig. 4.5 to illustrate the spatio-temporal evolution

of the internal wave field.

4.2 Acoustic Model

A variety of numerical methods exist for computing the acoustic field

for a given environmental description. A few of the many methods include

acoustic normal modes, ray tracing, the parabolic equation method (PE), and finite

element (FE) techniques. An excellent reference on numerical acoustic propagation

models is found in [16]. Different acoustic propagation models are capable of

handling different problems. Some models are capable of solving range-dependent

problems while others are not. Some can treat rough interfaces, while others

cannot. Some only include a fluid description of the seabed, while others can

model elastic behavior. Some models are best suited for high frequencies and

others for low frequencies. In short, no single model is capable of solving every

type of ocean acoustics problem. Each model has advantages and disadvantages

that are often manifest in the trade-off between computational speed and model

accuracy. Section 4.2.1 discusses typical inputs required by propagation models

and Sec. 4.2.2 discusses the selection of a specific acoustic propagation model for

the problem at hand.
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Figure 4.5: Evolution of c(r, z, t) shown every 2 h during internal wave event 6
constructed with the EPTS model.
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Figure 4.6: Possible input factors to an acoustic propagation model.

4.2.1 Acoustic Model Inputs

All acoustic models require input parameters. The number and type of

these parameters depend on the capability of the model and on the problem being

solved. Input parameters can generally be categorized into three groups: waveguide

parameters, source/receiver geometry, and frequency. Some of the more common

waveguide parameters are shown in Fig. 4.6 and include surface roughness, the

water column sound speed profile, bathymetry, bottom roughness, and geoacoustics.

A variety of outputs are possible from various acoustic propagation models. One

common output is the complex acoustic field p(r, z) at desired receiver locations.

The acoustic propagation model should be capable of modeling the relevant

physics for the problem at hand. Each of the input items of Fig. 4.6 is examined

for the SW06 experimental region in the context of (1) selecting an appropriate

acoustic model and (2) populating that model with environmental inputs.

Sea surface roughness is examined first. Significant wave height2 H1/3

2H1/3 is most recently defined as four times the standard deviation of the surface elevation
but has also been historically defined as the mean height of the highest third of the waves [86].
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Figure 4.7: Significant wave height measured at SW58.

measured at SW58 during the experiment is shown in Fig. 4.7. Except for 15

August, H1/3 is less than 2 m until the arrival of Tropical Storm Ernesto at the

end of the day on 1 September. Figure 4.7 indicates that there was some surface

roughness, but H1/3 was between about one-eighth and one-quarter of an acoustic

wavelength (at 224 Hz) for the majority of the experiment. Furthermore, the

underwater acoustic field is somewhat insulated from the sea surface because of the

strong thermocline and the deep source position. For these reasons, the roughness

of the sea surface is neglected in the acoustic model. However, if acoustic modeling

were to be undertaken between 1 September and 3 September, surface roughness

would likely need to be accounted for.

The second item in Fig. 4.6 is the water column sound speed profile. For

the SW06 environment used here, the water column represents the single largest

source of waveguide range- and time-dependence. Therefore the acoustic model

does need to incorporate a range-dependent water column profile. The creation of

the water column sound speed profile c(r, z, t) was discussed at length in Sec. 4.1.

The third model input listed in Fig. 4.6 is bathymetry. Bathymetric data
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for the SW06 region are a compilation of STRATA FORMation (STRATAFORM)

multibeam data, R/V Henlopen swath bathymetry data, and National Geophysical

Data Center (NGDC) archive data [87]. The bathymetry was extracted from the

compiled database for the line connecting SW47 and SW54.3 The depth of the

water-sediment interface changes by 21 m over the 30 km track. Although the

overall slope is small (0.040◦), this represents a 26% change in water depth between

SW47 and SW54. The acoustic model needs to incorporate the range-dependent

bathymetry.

The fourth model input listed in Fig. 4.6 is bottom roughness. In this

context, bottom roughness refers to small-scale excursions of the water-sediment

interface away from the bathymetric profile. Previous research has indicated that

bottom roughness can be a mechanism which increases the effective acoustic loss

[88–90]. The amount of additional loss depends on the roughness spectrum, the

acoustic frequency, the water depth, and the propagation range. Instead of trying

to incorporate bottom roughness explicitly into the acoustic model, any extra loss

due to roughness will be folded into the model attenuation values for the seafloor.

Therefore, the acoustic model does not need to account for small-scale bottom

roughness in this analysis.

The fifth model input listed in Fig. 4.6 is geoacoustics. In this context,

geoacoustics refers to the location of sub-bottom sediment layer interfaces and the

acoustical properties of the sediments which compose the layers. A discussion of

both of these topics was given in Sec. 2.1. The depths of the T- and R-horizons were

3The bathymetric data points are listed in Appendix B.
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estimated by the author from chirp seismic reflection data [52].4 The interfaces

are not parallel to each other, which is a feature that the acoustic model needs

to include. The selection of model geoacoustic values will be discussed further in

Sec. 4.2.3.

The final model inputs listed in Fig. 4.6 are source and receiver geometry

and frequency. For this problem, the acoustic source and receiver are fixed in both

range and depth. No special considerations for relative motion (e.g. Doppler) are

required in the acoustic model. As a reminder, the source and receiver locations

are given in Table 2.2. The acoustic frequency is also set at 224 Hz.

4.2.2 Selection of an Acoustic Propagation Model

The nature of the inputs discussed in Sec. 4.2.1 clearly require that the

propagation calculations be performed with a range-dependent acoustic model. The

Integral-Equation Coupled Mode (IECM) model [91, 92] and the Range-dependent

Acoustic Model (RAM) [93–95] were both selected as candidate acoustic models

because of their ability to handle range-dependent environments. However, the two

models differ in their theoretical accuracy, computation time, maximum practical

problem size, and standard model outputs.

For the current work, the first factor considered when choosing an acoustic

model was solution accuracy. In theory, the IECM model provides an exact

solution to the Helmholtz equation. In practice, the computer implementation of

the IECM model is exact up to the level of approximation introduced by numerical

differentiation and integration. In contrast, the RAM model (and all parabolic

4The sub-bottom interface data points derived by the author are listed in Appendix B.
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equation (PE) models) begin with the assumption that the outgoing acoustic

energy dominates any backscattered acoustic energy. This assumption permits

a simplification of the full Helmholtz equation, effectively turning it into a one-

way equation. Thus, PE models are approximate even before their numerical

implementation. However, the accuracy of RAM relative to the IECM model

remains to be proven for problems involving highly nonlinear internal waves. This

exercise will be undertaken later in this section.

The second factor considered when choosing an acoustic model for the

current work was computation time. For internal wave problems, which are highly

time dependent, the acoustic model is called thousands of times during a simulation,

making computational speed very important. For example, simulating a 12 h time

period with a 15 s time step would require 2880 calls to the acoustic propagation

model. The computation time for the IECM model is proportional to the square of

the number of range mesh points, whereas the computation time for RAM is linearly

proportional to the number of range mesh points. The computational inefficiency

of the IECM model almost precludes it from the long-range, time-evolving internal

wave problems of interest.

The third factor considered when choosing an acoustic model was the size

of the largest practical problem for each numerical model. The IECM model

requires sufficient memory to store coupling matrices and other range-dependent

variables. In contrast, the RAM model employs a marching solution which generally

requires less memory. Once again, the IECM model is almost precluded as a viable

alternative because of the memory requirement for the long-range internal wave

problem at hand.
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The final factor considered when choosing an acoustic model was the

standard output of the model. A convenient feature of the IECM model is that

mode coupling matrices, range-dependent modal amplitudes, and the complex

pressure field are all standard outputs of the computation. These quantities

can give insight into the physics of the mode coupling. For the RAM model,

the complex pressure field is the only standard output. Modal amplitudes can

later be approximated from the RAM complex pressure field using mode filtering

techniques.5 Since the present study is primarily interested in the correlation

between the internal wave field and acoustic intensity, the complex pressure output

is generally sufficient.

After all of these factors have been considered, RAM seems to be the

best choice of acoustic model—provided that it is able to accurately compute the

acoustic field in the presence of large internal waves. To verify that RAM meets

this requirement, the largest internal wave event observed during SW06 (event 6)

was selected as a test case. The time chosen for the simulation was 18 August

2006 06:45, when the leading internal wave in the packet was approximately 1 km

from SW47. The maximum range in the model was limited to 5 km to maintain a

reasonable computation time for the IECM model. The water column sound speed

profile for this time is shown in Fig. 4.8(a). The transmission loss solutions at 224

Hz for IECM and RAM are shown in Fig. 4.8(b) and (c), respectively. The two

5Even though mode filtering of the RAM complex pressure field can be accomplished, it
isn’t necessarily exact. In computer-generated pressure fields, the difficulty arises because the
eigenvalues and eigenfunctions associated with wide-angle PE are theoretically different from
those of the Helmholtz equation [96]. Using eigenfunctions from a typical normal-mode solver
like ORCA [97, 98] or KRAKEN [99, 100] to filter the complex pressure field from RAM can
introduce small errors into the modal amplitudes. A brief discussion of mode filtering and an
example of this type of error are given in Appendix C.
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Figure 4.8: (a) c(r, z, t); transmission loss at 224 Hz for (b) IECM and (c) RAM;
and (d) transmission loss comparison at a receiver depth of 49 m for 18 August
2006 06:45. In (a)–(c) the sediment layering is superimposed on the image.
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solutions are nearly identical, with the largest discrepancies occurring at ranges

less than 100 m. The discrepancies are likely due to using only 15 modes in the

IECM computation (including more modes would increase the accuracy at very

short ranges) and to the angular limitation of RAM (wide-angle PE methods lose

accuracy at very high angles near the source). Figure 4.8(d) is a comparison of

transmission loss at a receiver depth of 49 m. The agreement between the two

models is very good, with the largest discrepancies occurring at short ranges and

at the deep nulls of the transmission loss interference pattern.

Additional computations, similar to the one described above, were made

for two times within the next ten minutes in the same event. The agreement

between IECM and RAM was very good in both cases. The results are shown in

Appendix D and are qualitatively similar to the results shown in Fig. 4.8. These

validation cases provide evidence that RAM is capable of computing the acoustic

field with high accuracy for internal wave problems.

The average computation time of the three IECM runs was 172 min, while

the average computation time of the three RAM runs was 7.5 s. This represents a

large computational savings, with RAM being more than 1300 times faster than

the IECM model. For these reasons, RAM was selected as the primary acoustic

propagation model. Mode amplitudes, when required, were obtained by either

mode filtering the RAM pressure field or occasionally from the IECM model. The

IECM model also provided the mode-coupling matrices when needed.
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4.2.3 Selection of Model Geoacoustic Values

In shallow water environments, the geoacoustic values can have a substantial

impact on the acoustic field. The ratio of the bottom water and surficial sediment

sound speeds determines the critical angle, affecting the amount of acoustic energy

that penetrates into the sediment. Once in the sediment, the values for sediment

attenuation dictate how rapidly the acoustic energy is dissipated.

Most of the previous geoacoustic inversion work was for the central axis of

the SW06 experiment (see Fig. 2.3). This covers only a portion of the 30 km track

between SW47 and SW54. The sediment is not likely to be homogeneous over

the entire track, and it is unknown how well the central axis region characterizes

the sediment in surrounding regions. For lack of additional a priori information,

the average geoacoustic description (see the discussion in the paragraph preceding

Table 2.1) provided by other researchers was the starting point, sediment acoustic

description A. The specific values for sediment description A are listed in Table 4.1.

Table 4.1: Geoacoustic parameter values for sediment A.

Layer c [m/s] ρ [g/cm3] α [dB/λ]

1 1650 1.7 0.274

2 1585 1.8 0.168

3 1750 1.9 0.106

Sediment description A was evaluated in two ways. First, the acoustic model

was executed for times separated by ∆t = 6 h between 15 August and 6 September.

Internal waves were intentionally excluded from the oceanographic model, meaning
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that the sound speed field that was input to RAM was c̄(r, z, t). The internal waves

were neglected to obtain a quick estimate for the average transmission loss from

the geoacoustic values of sediment description A. Transmission loss from the model

was converted to received level (RL) by subtracting transmission loss from the the

previously computed source level of 176.5 dB (see Sec. 3.2.1). Depth-integrated

intensity Iz(t) was then computed according to Eq. (3.9). This quantity was chosen

because it is a good metric for total acoustic energy passing the VLA and is more

robust than element level data. The modeled and measured Iz(t) are shown in

Fig. 4.9(a). The second way to evaluate sediment description A was to execute the

acoustic model for event 6 with the internal waves included in the oceanographic

model. In this simulation the time step was ∆t = 15 s and the acoustic field was

computed on the same duty cycle as the acoustic source. Figure 4.9(b) shows the

comparison between measured and modeled Iz(t) for event 6. In both Fig. 4.9(a)

and (b), Iz(t) for sediment description A is several dB too high relative to the

measured data. This means that the sediment sound speeds are too high, the

effective attenuations are too low, or some combination of the two.

The previous analyses were repeated for several different geoacoustic descrip-

tions until the measured data were in good agreement with the modeled data. A

formal inversion was not conducted due to the large computation time required for

each model calculation. Instead, the parameters for each computation were tuned

manually after analyzing the results of the previous calculations. A geoacoustic

description which produced a good fit to the measured data was called sediment

description B and the values are listed in Table 4.2. Compared to sediment A, the

sound speed in the first layer was reduced from 1650 m/s to 1610 m/s and the

attenuation in each layer was increased by a factor of approximately 2.3. These

107



Figure 4.9: Comparison of Iz(t) (a) from measured data for 15 August to 6
September and RAM model with sediment descriptions A and B without internal
waves in the oceanographic model; (b) from RAM model with sediment description
A for internal wave event 6; and (c) from RAM model with sediment description
B for internal wave event 6.

108



changes cause more acoustic energy to penetrate into the sediment with increased

attenuation. The comparison of Iz(t) from the data with the model for sediment B

is shown in Fig. 4.9(a) for the case of no internal waves and in Fig. 4.9(c) for event

6 with internal waves included. Sediment B provides a much better fit to the data

than sediment A. Consequently, sediment B will be the geoacoustic description for

the remainder of the work.

Table 4.2: Geoacoustic parameter values for sediment B.

Layer c [m/s] ρ [g/cm3] α [dB/λ]

1 1610 1.7 0.644

2 1585 1.8 0.396

3 1750 1.9 0.245

4.2.4 Computation Details

Model computations were made for all 31 internal wave events listed in

Table 3.1. For these calculations, the time step was ∆t = 15 s, and the range and

depth steps for RAM were ∆r = 2 m and ∆z = 0.25 m. The model source was

located at rs=0 km and zs = 49 m. Even though there was a 25% duty cycle for

the physical source, no duty cycle was applied in the model for these calculations

to provide a full data set for post-processing. For each model calculation, complex

pressure data were stored on synthetic VLAs with a vertical sampling of 1 m.

Synthetic VLAs were located in range at 1, 2, 5, 10, 20, and 30 km from the source.

Three desktop computing platforms, here designated CPU1, CPU2, and

CPU3, produced the computations. The platforms had either three or four

processors, with speeds ranging from 2.9 to 3.3 GHz. The platforms also had
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varying sizes of random-access memory ranging from 4 to 24 GB. Specifics of each

platform are provided in Fig. 4.10. Also shown in Fig. 4.10 is the computation

Figure 4.10: Computation time as a function of model time for three different
computing platforms.

time as a function of the model time for the three platforms. The model time is the

number of hours of the experiment which were simulated by the model calculation.

CPU1 was the fastest platform with a linear best-fit slope of 2.3 computation

hours / model hour (an intercept of zero was imposed on the best-fit line). CPU2

was the slowest platform with a slope of 3.8 computation hours / model hour. For

CPU3 Fig. 4.10 shows data points that lie along each of the two previous slopes.

The reason for this is that three computations were simultaneously initiated on

this platform. The size of the three simultaneous computations exceeded the

4 GB memory capacity, and that caused the variables to be temporarily cached
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to the hard drive, which significantly reduced the computation speed. Once this

behavior was recognized, the computational load was reduced to two simultaneous

calculations and the speed increased dramatically.

In total, the 31 internal wave events constituted a model time of 464.6 h and

required a total computation time of 1318.5 h. This represents a considerable, but

manageable, investment in computing resources. The computational requirement

could be reduced by imposing a duty cycle in the model (e.g. a 25% duty cycle

would reduce computation time by a factor of 4), and/or increasing ∆t. In addition,

the computation time would decrease for larger ∆r. However, for this acoustic

frequency, ∆r could not be increased without sacrificing solution accuracy.
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Chapter 5

Results and Analysis

This chapter analyzes acoustic data from both the data space and the model

space. The ability of the combined oceanographic and acoustic model to predict

temporal fluctuations in the acoustic data is demonstrated. Where appropriate,

direct comparisons between the measured and modeled acoustic data are made.

The list of topics discussed in this chapter are outlined in Table 5.1. In the table,

check marks indicate whether the topic will be discussed in the data space, model

space, or both. Due to limitations of the measured acoustic data, the topics for

Chs. 5.1, 5.5, and 5.6 are discussed only in the model space.

Table 5.1: Topics included in this chapter.

Chapter Topic Data Model

space space

5.1 Mode coupling X

5.2 Element-level intensity X X

5.3 Depth-integrated intensity X X

5.4 Received-level statistics X X

5.5 Spectral analysis of depth-integrated
intensity

X

5.6 Range-dependence of acoustic intensity X

5.7 Correlation of oceanographic and
acoustic data

X X

5.8 Comparison of EPTS and PTS model
results

X X
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5.1 Mode Coupling

A MATLAB version of the IECM model was developed by the author.1

With the MATLAB IECM model the details of the coupling between acoustic

normal modes were investigated for a 7.5 min period during internal wave event 6.

Event 6 was selected because it was one of the most energetic internal wave events

observed during the experiment (c.f. Fig. 3.10). Three computations were made

with the IECM model at sample times 18 August 06:45:00, 18 August 06:48:45,

and 18 August 06:52:30 (a 3.75 min spacing between computations). The small

interval between these sample times was chosen to illustrate the dramatic change

in mode coupling which can occur on short time scales. To reduce the computation

time for the IECM model, the maximum range was limited to 5 km. A total of 15

trapped and leaky modes were included in the IECM model calculation.

First, the details of the mode coupling matrices are discussed for the 18

August 06:45:00 model computation. An examination of Eqs. (E.22) and (E.25)

show that the ~Bnm mode coupling matrix is proportional to

~Bnm(r) ∝ 2

k2m(r)− k2n(r)

∫
1

ρ(r, z)
φn(r, z)φm(r, z)∇rk

2(r, z) dz, (5.1)

where terms involving sloping interfaces have been ignored. Equation (5.1) gives

physical insight into how internal waves initiate mode coupling. First, the amplitude

of ~Bnm depends on the difference between the square of the mth and nth modal

eigenvalues. This suggests that ~Bnm is likely to be largest for nearest-neighbor

modes. Second, the depth integral involves a product of the mth and nth mode

1The numerical code was written and benchmarked by the author and was based on coupled
mode equations derived by Koch [101]. The derivation of the coupled mode equations and
matrices is given in Appendix E.
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Figure 5.1: Details of acoustic mode coupling over a 5 km range interval during
internal wave event 6 at 18 August 06:45:00. (a) ∇rk

2, (b)–(d) the mode coupling

matrix ~Bnm at respective ranges of 655 m, 936 m, and 1217 m.

functions. This integral will be a maximum for mode functions which have the

maximum overlap, again suggesting the largest coupling will likely occur between

nearest-neighbor modes. Third, the depth integral involves a horizontal gradient

of the square of the acoustic wavenumber. This term primarily dictates where in

range ~Bnm will be large. Since k = 2πf/c, the magnitude of ∇rk
2 is the largest at

locations where the horizontal gradient of the sound speed field is the largest.

∇rk
2 is shown in Fig. 5.1(a) for 18 August 06:45:00. The sound speed

profile for this time sample was shown previously in Fig. 4.8. It is seen that the
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magnitude of ∇rk
2 is largest at the leading and trailing edges of each internal

wave in the packet. Equation (5.1) indicates that the modal scattering will be the

largest at these locations. In Fig. 5.1(b)–(d), | ~Bnm| is shown for the three range

locations (655, 936, and 1217 m) marked by arrows in Fig. 5.1(a). Almost no

mode coupling is observed in Fig. 5.1(c) at 936 m, while significant mode coupling

occurs at the front and back edges of the first internal wave [Figs. 5.1(b) and

(d)]. Figures 5.1(b) and (d) also indicate that the largest mode coupling generally

occurs between nearest-neighbor modes.

The details of ~Bnm and Cnm (Cnm is not discussed here because it is typically

an order of magnitude smaller than ~Bnm) contribute to the range-dependent mode

amplitudes Rm through Eq. (E.8). Investigating Rm for the three different sample

times also gives insight to internal wave induced mode coupling. The range-

dependent internal wave amplitude A1(r(t)) for each of the three computations

are shown at the top of Figs. 5.2(a)–(c). It is seen that the position of the internal

wave packet moves towards the source by about 400 m during the 7.5 min interval,

and that the shape of A1(r(t)) changes very little during this time. The first

internal wave in the packet is the largest in amplitude (approximately 20 m) and

width (approximately 300 m) with subsequent internal waves decreasing in size.

The magnitude of the range-dependent mode amplitude coefficients Rm(r)

are shown at the bottom of Figs. 5.2(a)–(c). The amplitudes have been adjusted

to remove cylindrical spreading. For clarity, only Rm for modes one through five

are shown.

Near the source, in Fig. 5.2(a) much of the acoustic energy is placed in

modes 1 and 2, with some energy also residing in modes 3 and 5, and with the
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Figure 5.2: Details of acoustic mode coupling over a 5 km range interval during
internal wave event 6 at (a) 06:45:00, (b) 06:48:45, and (c) 06:52:30. For (a)–(c),
the internal wave amplitude A1(r(t)) is shown on the top, and the magnitude
of the range-dependent mode amplitude coefficients Rm(r) for modes 1 to 5 are
shown on the bottom.

116



least energy in mode 4. The acoustic modes propagate adiabatically to a range

of about 600 m, where they encounter the leading edge of the first internal wave.

While propagating through the leading edge, modes 1, 3, and 4 all increase in

amplitude while modes 2 and 5 decrease in amplitude. However, this change is

not permanent, and the modes are scattered again as the acoustic wave exits the

back of the first internal wave. Around 1.2 km, the amplitudes of modes 1 and

3 decrease below their initial values while the amplitudes of modes 2, 4, and 5

increase. The mode coupling continues with range, with modes exchanging energy

in a complicated way. After about 3 km, the amplitudes of modes 1, 4, and 5

become relatively stable (at least compared to modes 2 and 3 or compared to the

behavior of the amplitudes of modes 1, 4, and 5 at ranges less than 3 km). At the

end of the 5 km range domain, the mode amplitudes decrease through modes 1, 4,

5, 3, and 2. The percentage of acoustic energy in each mode (which is proportional

to |Rm|2) at the end of the domain is listed in Table 5.2. For the 06:45:00 sample

time, nearly 40% of the energy resides in mode 1, and approximately 50% of the

energy resides in the combination of modes 4 and 5.

When the same internal wave packet has propagated 200 m closer to the

source, the details of the acoustic mode coupling change completely, as seen in

Fig. 5.2(b). The mode amplitudes have the same initial values as in Fig. 5.2(a)

but very different final values. In Fig. 5.2(b), at the end of the range domain the

mode amplitudes decrease through modes 2, 4, 3, 5, and 1. From Table 5.2, mode

1 contains only 4.3% of the total acoustic energy for the 06:48:45 sample time.

Modes 2 and 4 carry more than 72% of the acoustic energy for this sample time.

As the internal wave packet continues to propagate closer to the source
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Table 5.2: Percent of acoustic energy in each mode for
three sample times during internal wave event 6.

m 06:45:00 06:48:45 06:52:30

1 39.8 4.3 51.5

2 3.4 37.5 6.2

3 4.8 14.4 20.8

4 27.8 34.6 6.3

5 23.8 8.1 7.5

6 0.1 0.9 7.5

7 to 15 < 0.3 < 0.3 < 0.3

(c.f. Fig. 5.2(c)), the details of the mode coupling change again. For the 06:52:30

time, more than 72% of the acoustic energy resides in modes 1 and 3, and the

remaining energy is nearly equally spread among modes 2, 4, 5, and 6.

As the acoustic energy is exchanged between normal modes, its distribution

in the vertical plane changes. This is because the acoustic normal mode depth

functions depend on mode number. The coupling induced energy exchange among

modes contributes to rapid and (sometimes) extreme temporal signal fluctuations

on a single receiver at a fixed depth. Integrating the acoustic intensity over the

aperture of the water column [c.f. Eq. (3.9)] smooths and reduces signal fluctuations

produced at an given depth by vertical redistribution of energy. However, there

will still be depth-integrated signal fluctuations caused by differences in modal

attenuation rates. Low-angle modes have depth functions that are confined to the

water column (and the modes experience low attenuation), whereas high-angle

mode depth functions have significant components in the sediment (and the modes

experience higher attenuation). Therefore, the total distance that the acoustic
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Figure 5.3: Depth-integrated intensity Iz at five receiver ranges and three sample
times during internal wave event 6, and cubic-spline interpolation for the range
dependence at each sample time.

wave propagates in each mode will determine the effective attenuation rate for

the depth-integrated signal, Iz(t) as shown in Fig. 5.3 for the three sample times

under consideration. At ranges less than about 5 km, the acoustic energy is being

rapidly scattered amongst modes (c.f. Fig. 5.2(a)–(c)). After the acoustic wave

exits the internal wave packet (somewhere between 5 and 10 km for the problem at

hand), little additional mode coupling is incurred, leaving the acoustic energy to

propagate nearly adiabatically through the rest of the range domain. Because the

distribution of energy amongst the normal modes is different for the three sample

times, different effective attenuation rates are evident in the Iz(t) levels for long

ranges. At 30 km Iz(t) is 116.3 dB for 06:45:00, 112.6 dB for 06:48:45, and 116.5

dB for 06:52:30. These results demonstrate how rapid fluctuations in Iz(t) on the

order of several dB are possible as the sample time is varied.
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The results discussed in this section were for a specific 7.5 min period of

event 6, but the concepts discussed are relevant to any period of any event. The

major observation of this section is that the details of acoustic mode coupling

depend on the specifics of the internal wave disturbance within the water column.

It still remains to be seen if the EPTS oceanographic model, in conjunction with

RAM, is sufficiently accurate to reproduce the details of the acoustic fluctuations

observed in the measured data. This issue is addressed in the sections which follow.

5.2 Element-Level Intensity

The first direct comparison between measured and modeled acoustic data is

at the element (hydrophone) level. Figure 5.4 shows measured and modeled acoustic

intensity Ih(t) for h = 4 (24.8 m), 8 (39.8 m), and 12 (62.3 m). The modeled

acoustic data are shown with a 25% duty cycle applied to mimic the measured

data. The acoustic model predicts signal dropouts far below the background noise

level in the measured data.

Figure 5.4 shows good qualitative agreement between measured and modeled

Ih(t). While “good” is certainly a subjective classifier, it is applied because the

mean level and the temporal fluctuations in the measured Ih(t) are generally

reproduced in the modeled Iz(t) on both long and short time scales.

Short-scale temporal fluctuations (less than one hour) in the measured Ih(t)

also appear in the modeled data. While the details of the short-scale acoustic

fluctuations are not perfectly modeled, overall trends are captured [c.f. Fig. 5.4(c)].

Before 25 August, the short-scale temporal fluctuations of I12(t) are on the order

of 20 dB in both the measured and modeled data. Between about 25 August and

120



Figure 5.4: Comparison between measured and modeled acoustic intensity Ih(t)
for (a) hydrophone 4 (24.8 m), (b) hydrophone 8 (39.8 m), and (c) hydrophone 12
(62.3 m). The measured background noise floor is superimposed on the data as a
gray line. For clarity, Ih(t) is shaded gray when it extends below the background
noise floor.
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Figure 5.5: Comparison between measured and modeled acoustic intensity Ih(t)
with a 2 h moving average filter applied to the data. Hydrophone numbers and
depths are shown at the right, and a relative intensity scale is shown at the left.

29 August, the fluctuations are reduced to the order of 10 dB. After 29 August, the

fluctuations increase slightly to about 15 dB. These short time scale fluctuations

are related to the details of c(r, z, t) which the oceanographic model appears to

be reproducing with some fidelity. This suggests that the EPTS oceanographic

model has captured the behavior of the water column on short temporal scales,

and that this behavior is reflected in the acoustic data.

To assist with the comparison of measured and modeled Ih(t) for longer

time scales, a 2 h moving average filter was applied to Ih(t) to remove the short

time scale fluctuations. The resulting data are shown in Fig. 5.5. Once again, the

agreement is good. For example, the long-scale temporal fluctuations (on the order

of hours to days) in the measured I4(t) of Fig. 5.5 also appear in the modeled I4(t).
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The same observation is true for the other hydrophones. This suggests that the

EPTS oceanographic model has also captured the behavior of the water column

on long temporal scales, and that this behavior is reflected in the acoustic data.

For a quantitative comparison between measured and modeled Ih(t), time-

averaged intensity Īh is listed in Table 5.3 for each hydrophone. For this comparison,

the average was computed over the time in which modeled acoustic data were

available, namely 15 August to 2 September. The 25% duty cycle was applied to

the modeled acoustic data before the time average. The time-averaged noise back-

ground level Īh,noise was also estimated from measured data for each hydrophone.

Several error metrics are listed in the right side of the table. First, ∆Īh indicates

the difference between measured and modeled Īh. Second, ∆noise represents the

portion of ∆Īh that arises from not accounting for the average background noise

level in the model; namely,

∆noise = 10 log10

[
Īh,modeled + Īh,noise

Īh,modeled

]
, (5.2)

where the quantities inside the brackets are expressed in linear (non-dB) units.

Finally, the residual error is the portion of ∆Īh that remains after accounting for

the noise in the measured data. ∆residual is small for most hydrophones, with the

average error being 0.9 dB. The smallest residual errors occur near the middle

and bottom of the waveguide where the majority of the acoustic energy was

concentrated. The largest residual errors occur at the upper hydrophones in the

water column where the received intensity was lower.

Although an extensive analysis of measurement uncertainty is beyond the

scope of this work, major contributors to measurement uncertainty are now de-

scribed, and an estimate of their uncertainty is provided. The largest source
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Table 5.3: Comparisons between measured and modeled time-
averaged intensity Īh between 15 August and 2 September.

h Depth Īh,measured Īh,modeled Īh,noise ∆Īh ∆noise ∆residual

[m] [dB] [dB] [dB] [dB] [dB] [dB]

1 13.5 94.5 86.5 87.8 8.0 3.8 4.2

2 17.3 97.3 90.9 87.9 6.4 1.8 4.6

3 21.0 98.0 95.1 87.0 2.9 0.6 2.3

4 24.8 101.5 98.5 88.8 3.0 0.5 2.5

5 28.5 101.7 101.1 88.4 0.6 0.2 0.4

6 32.3 103.0 102.9 88.2 0.2 0.2 0.0

7 36.0 104.1 104.1 89.8 0.1 0.2 -0.1

8 39.8 104.2 104.7 89.2 -0.5 0.1 -0.6

9 43.5 104.1 105.0 89.4 -0.9 0.1 -1.0

10 47.3 103.7 105.0 89.2 -1.3 0.1 -1.4

11 54.8 104.5 104.3 90.1 0.1 0.1 0.0

12 62.3 103.5 102.8 89.6 0.7 0.2 0.5

13 69.8 100.6 100.3 86.7 0.2 0.2 0.0

14 77.3 96.7 95.0 88.3 1.7 0.9 0.8

of measurement uncertainty stems from uncertainty in the hydrophone sensitiv-

ity. The manufacturer’s nominal hydrophone sensitivity was applied during the

scaling of element-level acoustic intensity, and according to specifications had an

uncertainty of ±1 dB. Although sensitivity errors of this amount may exist for an

individual hydrophone, the sensitivity error for each hydrophone is not likely to

be a strong function of time in its moored configuration. Consequently, sensitiv-

ity errors would lead to time-independent (approximately) biases on individual

hydrophones, but would not lead to errors which fluctuated rapidly with time.

A second source of measurement uncertainty arises from the calibration of
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the acoustic source. The source level was determined at a lake test facility prior to

the SW06 experiment, but the source level might have been different for the at-sea

deployment. It is estimated that such an error would be on the order of ±1 dB.

However, once deployed during SW06, the source level was generally accepted to

be independent of time. As one precaution, the acoustic source was programmed

to turn off if the battery supply dropped below a specified voltage threshold, so a

minimum source level was guaranteed throughout the experiment.

A third source of measurement uncertainty could arise from the VLA

being tilted as a function of time, which would alter the locations of individual

hydrophones in both the vertical and horizontal directions. However, as discussed in

Sec. 2.3.2, the average tilt of the VLA was near 3◦ for the experiment. Uncertainty

arising from array tilt is estimated to be a small fraction of a dB since the vertical

and horizontal displacements of individual hydrophones in the array were much

less than acoustic wavelength.

None of these measurement uncertainties have neither the time dependence

nor the amplitude to account for the fluctuations observed in Fig. 5.4. Furthermore,

discrepancies between measured and modeled acoustic data that fall within one to

two dB might fall within the estimated measurement uncertainty. Discrepancies

outside of one to two dB are generally interpreted as arising from errors in specifying

the oceanographic inputs to the acoustic model.

5.3 Depth-Integrated Intensity

For studying acoustic fluctuations due to internal waves, depth-integrated

intensity Iz(t) has advantages relative to the element-level intensity. As discussed
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in Sec. 3.2.2 and Sec. 5.1, the temporal fluctuations in element-level intensity arise

from at least two sources. The first, and often most dominant, source is the vertical

redistribution of energy in the water column. The second source of fluctuation

is related to how the attenuation of the acoustic wave over its propagation path

changes with time sample. The temporal fluctuations of Iz(t) are less than they are

for Ih(t) because the vertical redistribution of energy is removed in the integration

over the vertical aperture. Consequently, the acoustic fluctuations present in Iz(t)

more directly reflect the time-dependent change in the effective attenuation rate

for the propagation path.

The second direct comparison between measured and modeled acoustic

data is Iz(t), shown in Fig. 5.6. The modeled time samples are from the 31

internal wave events identified in Table 3.1. The qualitative agreement between the

measured and modeled acoustic data are good at both long- and short-temporal

scales. Individual internal wave events are visually identifiable in both Figs. 5.6(a)

and (b) by the magnitude and shape of the acoustic fluctuations they induce.

As previously observed by Duda and Preisig [30], the magnitude of the signal

fluctuations increase as the internal wave packet approaches the acoustic source

position. The general level of agreement between the measured and modeled Iz(t)

represents one of the major accomplishments of this work. Namely, the process

used for creating the EPTS oceanographic model captures the physics that drive

the details of the acoustic fluctuations. This suggests that deterministic modeling

of the acoustic fluctuations caused by internal waves is possible, to some degree,

provided that sufficient information is known about the range- and time-dependent

water column sound speed profile.
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Figure 5.7: Comparison between measured and modeled Iz(t) for four transmissions
during internal wave event 6: (a) 17 August 23:30, (b) 18 August 03:30, (c) 18
August 07:30, and (d) 18 August 11:30.

The level of agreement between measured and modeled Iz(t) on various time

scales is now discussed. Figure 5.6 shows the comparison between measured and

modeled Iz(t) on the time scale of the experiment (several weeks). Additionally,

Fig. 5.6(c) shows the comparison after a 2 h moving average filter was applied to

the data. Figure 4.9(c) shows the comparison on the scale of one internal wave

event (several hours). Figure 5.7(a)–(d) shows the comparison on the scale of

a single acoustic transmission (7.5 min). Four transmissions, spaced four hours

apart, during internal wave event 6 are shown in the Fig. 5.7. At short time scales,

the comparison between measured and modeled data is typically good, but not

perfect. The model predictions for Iz(t) can have errors on the order of several

dB. The errors in the predicted Iz(t) are ascribed to errors in the details of the

modeled internal wave field with respect to the actual internal wave field.
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Figure 5.8: Measured and modeled Iz(t) for internal wave event 6. The measured
data are offset vertically from the modeled data by 15 dB.

The 25% duty cycle of the source makes it difficult to make any further

conclusions by comparing measured and modeled Iz(t). The challenge is illustrated

in Fig. 5.8 for data from event 6. The modeled data with a 100% duty cycle

reveals an underlying frequency of oscillation which is not adequately sampled

by the 25% duty cycle. A difference of a few minutes dramatically affects the

intensity of the data samples which would appear in the acoustic record (both

measured and modeled). Since the position of the packet in the waveguide was

shown to have a large impact on the received level (c.f. Sec. 5.1), small errors that

are likely present when positioning the packet in the EPTS model make it difficult

to quantify the acoustic portion of the error in the modeled Iz(t). For example,

for an average internal wave packet propagation speed of 0.78 m/s, a five minute
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error in positioning the internal wave packet in space only equates to a spatial

positioning error of 234 m—an error which is certainly conceivable given that the

thermistor strings were located about 10 km apart. If the experimental source

were on 100% of the time, a further quantitative investigation might be made

regarding the accuracy of the acoustic prediction.

5.4 Received-Level Statistics

The third direct comparison between measured and modeled data is sta-

tistical in nature. Namely, statistics of the measured and modeled received-level

acoustic data are examined. Comparisons are made on two time scales: (1)

the collective duration of all internal wave events, and (2) the duration of any

given internal wave event. Element-level statistics are reported in Sec. 5.4.1, and

depth-integrated statistics are reported in Sec. 5.4.2.

5.4.1 Element-Level Statistics

Distributions of RL were constructed from measured and modeled element-

level acoustic data. First, the time scale of the collective duration of all 31 internal

wave events, which roughly spanned 15 August to 2 September, is examined. For

each hydrophone, a probability distribution was constructed by normalizing a RL

histogram such that the area under the curve was unity. The RL distributions

are shown in Fig. 5.9. This figure depicts the arrival of acoustic energy (both

mean level and width) as a function of receiver depth. The RL distributions would

resemble a delta function if the water column were time invariant.

The level of agreement between the measured and modeled distributions of
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Figure 5.9: RL distributions for the time spanning 15 August to 2 September 2006.
The distributions are spaced vertically according to the depth of the hydrophone
in the water column.

Fig. 5.9 is very good, except for the upper few hydrophones. At these hydrophones,

the model distributions have mean levels that are less than the measured distribu-

tions. The discrepancy is largest for the shallowest hydrophone and decreases with

depth. This is consistent with the previous observation that ∆noise was largest for

the first hydrophone and decreased with depth.

Figure 5.9 shows that the majority of the acoustic energy arrives on hy-

drophones 7 (36 m depth) through 11 (54.8 m depth). The distributions at these

depths also have narrower widths relative to the other hydrophones. The width

of the distribution is a reflection of the magnitude of the acoustic fluctuations
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induced by both changes in the background sound speed profile and internal waves.

In terms of acoustic sensing, these hydrophone locations are advantageous due to

their higher signal level and smaller signal fluctuations.

A metric was sought to quantify the difference between two RL distributions.

The overlap coefficient is a measure of the common area shared by two probability

distributions [102] and is given by

OVL =

∫ ∞
−∞

min {f1(X), f2(X)} dX, (5.3)

where f1(X) and f2(X) are PDFs of the two distributions. OVL ranges from 0 to

1, with a value of 1 indicating that the two distributions are identical and a value

of 0 indicating that there is no overlap whatsoever. OVLIh was computed from

Eq. (5.3) with the measured distribution as f1 and the EPTS modeled distribution

as f2. The values of OVLIh are listed in Table 5.4. Five out of the 14 distributions

have overlap coefficients greater than 0.9, and 11 out of 14 have coefficients greater

than 0.7.

Table 5.4: OVLIh for RL distributions for the time spanning 15
August to 2 September 2006.

h OVLIh h OVLIh h OVLIh

1 0.31 6 0.94 11 0.88

2 0.43 7 0.93 12 0.94

3 0.68 8 0.89 13 0.93

4 0.74 9 0.84 14 0.79

5 0.92 10 0.78

The second time scale examined was the duration of an internal wave

event (generally between 10 h and 18 h). The element-level RL distributions were
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Figure 5.10: Received-level distributions for internal wave events (a) 6, (b) 9,
and (c) 27. The distributions are spaced vertically according to the depth of the
hydrophone in the water column and the OVL value is shown to the right of each
distribution.

constructed for each event. Fig. 5.10 shows measured and modeled distributions

for internal wave events 6, 9, and 27. Comparisons for all 31 internal wave events

are shown in Appendix F. Events 6 and 9 were two of the most energetic internal

wave events observed during the experiment (c.f. Fig. 3.10). In contrast, event 27

represents a time of smaller internal wave activity.

Overall, the level of agreement between measured and modeled data is

good. The OVL value for measured and modeled Ih(t) for each event is shown

in the figure at the right of each distribution pair. OVL values are as high as
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0.92 for element 6 during event 6 and as low as 0.05 for element 1 during event

27. Figure 5.10 and Figs. F.1–F.8 provide evidence that the combination of the

oceanographic and acoustic model is able to reproduce the RL statistics for time

scales on the order of internal wave events. Examination of Figs. 5.10(a) and (b)

relative to Fig. 5.10(c) reveals one of the characteristic consequences of acoustic

propagation through internal waves. The widths of the distributions in Figs. 5.10(a)

and (b) for energetic internal wave events are considerably larger than for the

much less energetic internal wave event shown in Fig. 5.10(c) and reflects the fact

that internal waves can cause dramatic fluctuations in the received acoustic signal.

This is also consistent with what would happen in the limit that the water column

is time invariant; the distributions will converge to a delta function. Because this

is element-level data, the distribution widths shown in Fig. 5.10 are caused by

both the redistribution of acoustic energy in the vertical plane and by changes in

the effective attenuation rate along the propagation path.

5.4.2 Depth-Integrated Statistics

Comparisons between measured and modeled depth-integrated intensity

were also made for multiple time scales. The comparison between measured and

modeled RL distributions for the collective duration of all internal wave events

is shown in Fig. 5.11. The best-fit Gaussian distribution has a mean of 120.2 dB

and a standard deviation of 1.9 dB, and is superimposed in Fig. 5.11 on the data.

Once again, the agreement between measured and modeled acoustic data is very

good. The model has accurately replicated the mean, width, and shape of the

measured distribution. In the center of the distribution the shape is close to a

Gaussian, but Fig. 5.11(b) shows departure from a Gaussian in both the left and
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Figure 5.11: Received-level distributions for depth-integrated intensity, (a) linear
vertical scale and (b) logarithmic vertical scale.

right tails. Although the model over predicts the amplitude of the distribution

below about 115 dB, it does a good job at matching the non-Gaussian shape of

the measured data.

Figure 5.12 shows the comparison between the measured and modeled

distributions of Iz on the time scale of the duration of each internal wave event.

Again, the model is able to predict the statistics of the acoustic fluctuations on

time scales of several hours. The distributions are widest when the internal wave

events are largest (early in the experiment), and the width decreases as the level

of the internal waves diminish. The largest model discrepancy occurs for event

31, which was the last internal wave event preceding the arrival of Tropical Storm

Ernesto. It is possible that the increase in surface wave height during event 31

(see Fig. 4.7) began to significantly impact the acoustic fluctuations—a feature
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Figure 5.12: Received-level distributions for depth-integrated intensity for all
internal wave events. The event number is shown to the left of the distributions,
and OVL is shown on the right of each distribution pair.

which was not accounted for in the model.

5.5 Spectral Analysis of Depth-Integrated Intensity

The Iz(t) in the model space were observed to oscillate at a seemingly stable

and persistent temporal frequency for all internal wave events. This frequency was

not visible in the measured data because of the 25% duty cycle of the acoustic

source. An example of the temporal oscillation is shown in Fig. 5.13(a)–(c) for

internal wave events 6, 9, and 27. There appears to be a common frequency of

oscillation for each segment of Iz(t) shown in Fig. 5.13. This is somewhat curious
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Figure 5.13: Modeled Iz(t) for internal wave events 6, 9, and 27 over a 12 h period.

given the unique nature of each internal wave packet. Section 5.5.1 contains an

analysis of the frequency, and Sec. 5.5.2 discusses the cause of the oscillation.

Finally, Sec. 5.5.3 addresses the dependence of the oscillations on the internal wave

profile.

5.5.1 Oscillation Frequency

The frequency at which Iz(t) oscillates was addressed by computing a PSD of

Iz(t) for every internal wave event. The results are shown in Fig. 5.14(a). For every

internal wave event, the primary frequencies of oscillation were mostly between 50

and 100 cpd. Oscillations at other frequencies had considerably lower amplitudes.

When considering the average of all 31 PSD curves, shown in Fig. 5.14(b), the
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Figure 5.14: (a) PSD computed from modeled Iz(t) for each internal wave event, and
(b) the average PSD over all events (the dB reference is arbitrary). Nearest-neighbor
mode coupling oscillation frequencies, as given by Eq. (5.5), are superimposed on
the PSD.

peak of the mean PSD occurs near 81 cpd. The −3 dB bandwidth of the average

PSD shown in Fig. 5.14(b) is approximately 26 cpd. Another interesting feature of

Fig. 5.14(a) is that the magnitude of the PSD generally decreases with increasing

event number, with the smallest magnitudes occurring for events 22 through 30.

5.5.2 Oscillation Cause

The oscillations in the modeled Iz(t) are clearly caused by acoustic mode

coupling induced by internal waves, because if the internal wave field is removed
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from the model then the oscillations disappear. Duda and Preisig [30] previously

observed that the change in the amount of mode coupling induced by shifting an

internal wave packet in range by a few hundred meters depended on the relative

phasing between acoustic normal modes. Modes m and n have an interference

cycle distance of

Λmn =
2π

Re (km − kn)
, (5.4)

i.e., Λmn is the distance over which the relative phase of modes m and n change by

2π. As the internal wave packet propagates through the domain with speed v, it

will progress through constructive interference of modes m and n with a temporal

frequency

fmn =
v

Λmn

. (5.5)

In Sec. 5.1 it was shown that the majority of the coupling between acoustic

normal modes occurs between nearest-neighbor modes, so it is hypothesized that

the primary frequency of oscillation observed in Fig. 5.14(a) is fmn for low-angle

nearest-neighbor modes m and n.

To test this hypothesis, range-dependent modal eigenvalues km(r) were

computed for each internal wave event for a sound speed profile that was averaged

over the duration of the event. The computed km(r) were then averaged over range.

The range- and time-averaging produce a set of mean modal eigenvalues k̄m. From

the k̄m, nearest-neighbor oscillation frequencies were computed from Eq. (5.5) for

mn = 12, 23, 34, 45, etc. The frequencies computed in this way are superimposed

on the PSD shown in Fig. 5.14(a) for nearest neighbor pairs involving the lowest

five modes. It is observed that these frequencies are in qualitative agreement with

the primary frequencies of oscillation observed in the modeled Iz(t). Of course, the
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magnitude of the oscillation associated with fmn depends in a complicated way on

the details of the mode coupling induced by the internal wave—a detail which is

not addressed with the simple superposition of fmn on the PSD. For example, even

though fmn are predictable for all events, the magnitude of the PSD for events 22

through 30 suggest that the amount of mode coupling induced during these events

was less than it was for events 1 through 21. Nevertheless, the ability to predict

temporal frequencies of oscillation in Iz(t) caused by internal waves could be of

some utility for discriminating against oscillations caused by some other physical

phenomenon (e.g. source amplitude fluctuations or source motion).

5.5.3 Dependence of Oscillation on Internal Wave Profile

The variation of the primary frequencies of oscillation with internal wave

profiles might provide a qualitative sense of how much of the oscillation in Iz(t) is

caused by the gross movement of the internal wave packet versus how much of the

oscillation is related to the details of the internal wave profile. Three additional

model computations were made for internal wave event 6, but with modifications

made to A1,i(r(t)). In the first modification, only the first internal wave in the

packet was kept, meaning that A1,i(r(t)) was set to zero outside of the first internal

wave. In the second modification, only the first three internal waves in the packet

were kept. In the third modification, the first, third, fifth, and seventh waves were

kept, for a total of four internal waves.

The three modified internal wave profiles are substantially different from the

unmodified profile for internal wave event 6. Examining the temporal fluctuations

of Iz(t) provides a sense for how the details of the internal wave profile affect the

primary frequency of oscillation. Iz(t) for the unmodified event 6 internal wave
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Figure 5.15: (a) Iz(t) for unmodified internal wave event 6 and for three modifica-
tions to event 6, labeled by circled numbers. (b) PSD computed from modeled Iz(t)
for each of the cases shown in (a) (the dB reference is arbitrary). Nearest-neighbor
mode coupling oscillation frequencies as given by Eq. (5.5) are superimposed on
the PSD for event 6.

profile and the three modifications to event 6 are shown in Fig. 5.15(a). There is

an underlying frequency band that is common to all four profile representations,

despite the fact that that internal wave profiles which generated the data differed

significantly. The common frequency band is apparent in Fig. 5.15(b). For all four

profiles, the primary frequency of oscillation is centered around 75 cpd, which is

very close to the predicted f12 for event 6.

A closer investigation of the temporal dependence of Rm(t) at the VLA

position (SW54) is made for the unmodified event 6 profile and for the first of
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Figure 5.16: Iz(t) and Rm(t) for modes one through five at the VLA location for
(a) internal wave event 6 (unmodified) and (b) the first modification to the internal
wave profile of event 6.

the modified profiles. The analysis was conducted by computing time-dependent

acoustic normal mode functions φm at the VLA position and then mode filtering2

the time-dependent complex pressure field produced from the RAM computations.

The resulting Iz(t) and Rm(t) for modes one through five are shown in Fig. 5.16

for the unmodified profile and for the first modification to the profile. In both

Fig. 5.16(a) and (b) it is observed that fluctuations in Iz(t) almost directly mirror

the temporal fluctuations of R1(t). This suggests that for this source and receiver

2See Appendix C.
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geometry, the temporal fluctuations in Iz(t) are dominated by the amount of

acoustic energy in mode one. It is also evident, particularly in Fig. 5.16(b), that

the majority of the mode coupling occurs between nearest-neighbor modes, as is

consistent with Fig. 5.1. It is somewhat remarkable, that despite the complexity

of the range- and time-dependent internal wave field, the temporal fluctuations of

Iz(t) are due largely to the amount of energy coupled into and out of mode one.

5.6 Range-Dependence of Acoustic Intensity

In the data space, there was a single receiving VLA located 30 km from the

source. In the model space, a synthetic VLA can be placed at any range, which

permits an analysis of the impact of internal waves on acoustic propagation as a

function of range. In this section, probability density functions (PDFs) of acoustic

received level are examined in the range-depth plane of the model space. Internal

wave events 6 and 27 will be the focus of this section. Once again, event 6 was

chosen because it contained large internal waves, and event 27 was chosen because

it contained small internal waves. For comparison, PDFs are constructed for model

simulations that both include and exclude internal waves.

During each model simulation, the acoustic intensity was stored on a 1 m

depth grid over the local depth of the water column H at ranges r = 2, 5, 10, 20,

and 30 km. PDFs of acoustic received level were then constructed at each depth for

each range. In an attempt to have comparisons between PDFs at different ranges

reflect the fluctuations caused by internal waves, the time aperture used to compute

the PDFs changed with range. This is necessary because the propagating internal

wave packet was not always positioned between the source and the synthetic VLA

143



for all time. For example, for the 30 km receiver, some portion of the internal wave

packet always occupied the space between source and receiver. Therefore, for the

30 km receiver the full time aperture was on the order of 12 to 15 h, depending on

the specific event. For the 2 km receiver, some portion of the internal wave packet

was between the source and receiver for a shorter time (on the order of 5 h), and

only the data from this smaller time aperture was used to compute the PDF at

the 2 km VLA. At every depth and range, the PDF was normalized such that∫ ∞
−∞

PDF(RL) dRL = 1 , (5.6)

so that the probability P of observing a received level within a particular range

[a, b] would be

P [a ≤ RL ≤ b] =

∫ b

a

PDF(RL) dRL . (5.7)

A PDF of depth-integrated intensity Iz(t) was also computed for each range.

The model results for event 6 are shown in Fig. 5.17. At the 2 km range with

internal waves excluded from the model (top row), the acoustic energy arriving

at any given depth is very stable over time. This is manifest in the figure by

very narrow PDFs at each depth. When internal waves are included in the model

(bottom row), the PDFs broaden as mode scattering occurs. Nevertheless, there is

still considerable resemblance between these PDFs and the PDFs without internal

waves. The PDFs of Iz(t) (middle row) with and without internal waves are nearly

identical at 2 km with the peak of the distribution occurring near 122 dB. This

highlights the fact that at short ranges, the distribution of acoustic energy in depth

is primarily associated with vertical redistribution of energy and not changes in

the effective attenuation rate.
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For the r = 5 km in Fig. 5.17, the first general observation for the case of

no internal waves is that mode-stripping has begun to occur. This is evidenced

in comparison with the 2 km range by less acoustic energy arriving near the top

and bottom of the water column and by the resemblance between the shape of the

received energy and the depth dependence of the first acoustic mode. A second

observation is that the RL PDFs have broadened relative to those for the 2 km

range when internal waves are included in the model. The PDF of Iz(t) with

internal waves included in the model shows a tail beginning to develop at lower

RLs. The tail is evidence that differences in the effective attenuation rate are

starting to become important at this range. However, the PDF still has a narrow

maximum near 115.5 dB, suggesting that vertical redistribution of energy is still

the dominant effect.

Farther out in range to 10, 20, and 30 km, the PDFs when internal waves

are excluded from the model begin to broaden slightly. This is caused by small,

time-dependent changes in the background sound speed profile c̄(r, z, t), which have

a greater effect on the acoustic wave as the distance to the synthetic VLA increases.

However, the RL PDFs are still generally narrow at most receiver depths. This is

starkly contrasted with the RL PDFs at the same ranges when internal waves are

included in the model. These distributions are very broad at all depths and reflect

the large temporal signal fluctuations that would be present at any depth location.

The PDFs of Iz(t) remain narrow for the 10, 20, and 30 km ranges for no internal

waves (with respective maxima near 110, 105, and 103 dB), while the PDFs of Iz(t)

with internal waves become increasingly broad. By 20 km, the effective attenuation

rate seems to be the dominant physical mechanism controlling the distribution of
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Iz(t). It is notable that this mechanism primarily causes reductions of Iz(t) for

this source position and this internal wave event.

The model results for event 27 are shown in Fig. 5.18. Event 27 had much

smaller internal waves than event 6. This is reflected by the narrower PDFs

observed in Fig. 5.18 for both the exclusion and inclusion of internal waves in the

model. One interesting observation is that the PDFs of Iz(t) remain narrow much

farther out in range, and that the maxima of the distributions with internal waves

remain centered relative to the maxima of the distributions without internal waves.

The effective attenuation rate still seems to be the dominant physical mechanism

controlling the distribution of Iz(t) at long ranges, but the internal waves in this

event are causing both signal dropouts and signal increases.

5.7 Correlation of Oceanographic and Acoustic Data

Several observations have been made up to this point concerning the strength

of the internal wave field and its relationship to the magnitude of the fluctuations

of Iz(t) for specific events. In this section, a more direct correlation between the

internal wave field and Iz(t) at SW54 is sought for all internal wave events. The

analysis is conducted on both the measured and modeled acoustic data.

A common metric applied to acoustic fluctuations induced by internal waves

is the scintillation index SI(I), which is a measure of the variance of the intensity

normalized by the mean square intensity [26, 27, 41], i.e.,

SI(I) =
〈I2〉 − 〈I〉2

〈I〉2
, (5.8)

where I is any acoustic intensity quantity, and the angled brackets indicate a time

average. Here, the scintillation index of Iz(t) is examined on the time scale of an

147



F
ig

u
re

5.
18

:
M

o
d
el

ed
re

ce
iv

ed
le

v
el

P
D

F
s

fo
r

in
te

rn
al

w
av

e
ev

en
t

27
ex

cl
u
d
in

g
in

te
rn

al
w

av
es

(t
op

ro
w

)
an

d
in

cl
u

d
in

g
in

te
rn

al
w

av
es

(b
ot

to
m

ro
w

)
at

ra
n

ge
s

2,
5,

10
,

20
,

an
d

30
k
m

.
F

or
ea

ch
ra

n
ge

,
th

e
ti

m
e

ap
er

tu
re

of
th

e
d
at

a
u
se

d
to

co
m

p
u
te

th
e

P
D

F
is

li
st

ed
in

th
e

lo
w

er
le

ft
co

rn
er

.
T

h
e

m
id

d
le

ro
w

sh
ow

s
th

e
P

D
F

of
I z

(t
)

w
it

h
ou

t
in

te
rn

al
w

av
es

(t
h
in

li
n
e)

an
d

w
it

h
in

te
rn

al
w

av
es

(t
h
ic

k
li
n
e)

.
T

h
e

h
or

iz
on

ta
l

sc
al

e
fo

r
th

e
m

id
d
le

ro
w

h
as

b
ee

n
sh

if
te

d
b
y
−

10
lo

g(
H

).

148



Figure 5.19: (a) Average band limited power of the internal wave field (c.f. Fig. 3.10),
and scintillation index of Iz(t) for (b) measured and (c) modeled acoustic data.
The start time for each internal wave event is marked by a gray vertical line.

internal wave event. The period of the time average changes from event to event,

but is nominally on the order of 10.5 h. The exact start and stop times for each

event are prescribed by Eq. (4.2).

Figure 5.19 shows the band-limited internal wave power (averaged over

mooring position, c.f. Fig. 3.10) along with SI(Iz) for the measured and modeled

acoustic data. A correlation between the magnitude of the internal wave band-

limited power and SI(Iz) is clearly visible for events 1 to 11 and 21 to 31. Relative

to events 6 and 9, the SI for events 12 to 20 is comparable, but the band-limited

power is roughly half. This suggests the potential of a nonlinear relationship
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Figure 5.20: Correlation between internal wave average band-limited power and
SI(Iz)) for 31 internal wave events, (a) measured and (b) modeled. The equation
for each power-law fit is shown in the corresponding legend.

between the band-limited power and SI.

To further investigate the relationship between band-limted power and

SI(Iz), the latter is displayed as a function of the former in Fig. 5.20 for the 31

internal wave events. The figure shows a strong positive correlation between the

average band-limited power of the internal wave field and the scintillation index,

although considerable variability still exists for any given internal wave event. The

variability likely arises from both c̄(r, z, t) and other internal wave properties, such

as w, L, and λ̃. The log-log axes in Figure 5.20 emphasize the possibility of a

power-law relationship between the quantities.

To further test the correlation, five additional simulations were made in the

model space for every internal wave event (for a total of 155 additional simulations).

For each internal wave event, the amplitude of the internal wave field A1,i(t) was
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Figure 5.21: Correlation between internal wave average band-limited power and
modeled SI(Iz)) for 31 internal wave events and six scaling factors. The equation
for the least-squares power-law fit is shown on the upper left. Various marker
types indicate the scaling factor, and light gray lines connect the markers for a
single event.

multiplied by a scaling factor prior to the simulation. The five scaling factors

were: 0.25, 0.50, 0.75, 1.25, and 1.50 (in addition to the factor of 1.0 for the earlier

computations). In each case, the average band-limited power is then proportional to

the square of the scaling factors. This analysis will help to highlight the dependence

of SI(Iz(t)) on the amplitude of the internal waves, despite the compounding

properties of c̄(r, z, t), w, L, and λ̃.

The correlation between the scaled band-limited power and the modeled

SI(Iz(t)) is shown in Fig. 5.21. For reference, the data points of Fig. 5.20(b), with

A1,i(t) = 1.0, are shown as solid black circles. Figure 5.21 shows a strong positive
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correlation between the average band-limited power and SI(Iz(t)).

The analyses of this section show there exists a strong positive correlation

between the amplitude of the internal wave field and the acoustic scintillation

index of depth-integrated intensity. The presence of this correlation is independent

of the complicated details of the other compounding internal wave properties. One

caveat is that the specific data points and power-law fits given in this section

are for a particular source-receiver geometry and acoustic frequency. Predictions

for other geometries and frequencies could be obtained through further model

simulation.

5.8 Comparison of EPTS and PTS Model Results

Sections 5.2–5.4 investigated how well various acoustic quantities are pre-

dicted with the EPTS model. A question that remains to be addressed is how

important it is to capture the range-dependence of the water column sound speed

profile, including the evolution of the internal wave field in the EPTS model. Does

the EPTS model more accurately predict acoustic quantities than the PTS model?

This section addresses these questions.

Another set of acoustic computations were made with the EPTS oceano-

graphic model replaced by a PTS model. Specifically, only data from a single

mooring are used to create c̄(r, z, t) and η(r, z, t). Any of the four available moor-

ings could have been selected, but SW54 is chosen for this example. With T and

S data from a single mooring, c̄(r, z, t) is no longer range-dependent. In addition,

η(r, z, t) within the PTS model is implemented by changing the weighting scheme
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of Eqs. (4.5)–(4.8) to

wSW54(r) = 1, (5.9)

wSW03(r) = wSW29(r) = wSW47(r) = 0, (5.10)

for all r. Equations (5.9) and (5.10) dictate that the internal wave field present at

SW54 is propagated through the entire spatial domain without change. As was

discussed in Secs. 2.2.3 and 3.1.3, this is clearly an approximation for the SW06

region. However, making the approximation will be instructive because a single

thermistor string might be the only oceanographic instrumentation available for

some experiments. Snapshots of c(r, z, t) generated with the PTS model, taken

every 2 h during event 6, are shown in Fig. 5.22 (c.f. Fig. 4.5 for the EPTS model).

In Fig. 5.22 the underlying background sound speed profile is range-independent,

and the shape of the internal wave packet does not change as it propagates through

the domain.

Figure 5.23 shows Iz(t) for the measured data and Iz(t) for both the EPTS

and PTS model configurations. Figure 5.23(a) and (b) are reproduced from

Fig. 5.6(a) and (b) for convenience in comparison. In general, Iz(t) from the

PTS model is not as accurate as Iz(t) from the EPTS model for predicting the

measured data. The PTS model errors come in at least two types. The first

type of error is visible between 24 to 29 August, where Iz(t) for the PTS model

is 5 to 10 dB below the measured value. This particular error results from the

construction of a range-independent c̄(z, t) from only T̄SW54(z, t) and S̄SW54(z, t).

Between approximately 24 to 29 August the shelf-break front moved inshore of

the SW54 mooring (c.f. Figs. 3.2 and 3.3) bringing warmer, saltier water near

SW54. This oceanographic front was physically localized near SW54 and did not
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Figure 5.22: Evolution of c(r, z, t) shown every 2 h during internal wave event 6
from the PTS model with oceanographic data from mooring SW54. Compare to
Fig. 4.5 for the EPTS model.
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represent the background water column conditions for the entire track. However,

the PTS model has no information input about this range-dependent feature and

reconstructs the entire water column sound speed profile from very localized water

column conditions. The net result is acoustic predictions with large errors.

The second type of error in Iz(t) for the PTS model occurs in predictions

for shorter time scales. The details of the short-time fluctuations in Fig. 5.23(c)

do not reflect those appearing in Fig. 5.23(a). This type of error results from the

construction of the internal wave field from a single thermistor string. Thus, the

details of the internal wave field are not as accurate as they are for the EPTS

model. For example, an inspection of events 12 to 13 and 18 to 19 in Fig. 5.23

shows that the PTS model does not capture the approximately 10 dB fluctuations

that are present in the measured and ETPS generated Iz(t). Another example

of this type of error is visible for event 16 for which the PTS model produces

fluctuations that are approximately 10 dB too large.

Figure 5.24 is a reproduction of Fig. 5.12, except the PTS distributions for

Iz(t) are included. Consistent with the observations made from Fig. 5.23, the PTS

model generally struggles to produce accurate statistical distributions for many

of the internal wave events. Several of the PTS distributions have large errors in

the mean value (e.g. events 17 to 25) while other distributions have large errors in

their shape (e.g. events 7 to 12).

OVLEPTS and OVLPTS were computed from Eq. (5.3) with the measured

distribution as f1 and the EPTS or PTS distribution as f2. Figure 5.25(a) shows

the overlap coefficients for each oceanographic model as a function of internal wave

event number. The majority of the overlap coefficients (26 out of 31) were larger
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Figure 5.24: Received-level distributions for depth-integrated intensity for all
internal wave events. The event number is indicated to the left of the distribution.

for the EPTS model than the PTS model. From this figure, it again appears that

the EPTS model is more accurate than the PTS model for the majority of the

SW06 experiment. Therefore, including the range-dependence of the water column

and the spatio-temporal evolution of an internal wave packet are important for

accurate predictions of acoustic statistics for the SW06 experiment.
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Figure 5.25: Overlap coefficients for the EPTS and PTS oceanographic models as
a function of internal wave event.
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Chapter 6

Conclusion

6.1 Main Results and Conclusions

The main results and conclusions reached in this dissertation are summarized

by topic, which roughly parallels the chapter organization. There is some overlap in

the conclusions between topics. Where possible, relevant figures are parenthetically

listed for the convenience of the reader.

6.1.1 Analysis of Physical Oceanography

1. An analysis of the oceanographic climate, including mesoscale conditions,

the local internal tide, and local internal waves, showed evidence of a spatio-

temporally evolving internal wave field (Figs. 3.6 and 3.7). The observed

spatio-temporal dependence of the internal wave field provided the motivation

for developing the EPTS oceanographic model.

2. The majority of the internal wave energy occurred between 30 and 300 cpd

(Fig. 3.6).

3. Band-limited power Π1,i demonstrated the emergence of internal waves from

the internal tide between SW54 and SW03, the growth of internal waves

between SW03 and SW29, and the decay of internal waves between SW29

and SW47 (Figs. 3.9 and 3.10).
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6.1.2 Analysis of Measured Acoustic Data

1. The 25% duty cycle of the acoustic source provided a significant limitation

for analyzing the measured acoustic data (Fig. 3.13). The duty cycle masked

the temporal frequency of fluctuation in the measured data. The duty cycle

introduced a limitation on the information that could be derived from direct

comparisons of measured and modeled acoustic data (Fig. 5.8). Subsequently,

the question of how well acoustic data can be modeled on very short time

scales (on the order of minutes) in the presence of internal waves has not

been completely answered.

2. Vertical redistribution of energy occurs because of acoustic mode coupling

induced by internal waves and can induce large temporal fluctuations on

a single receiver. For example, at hydrophone 10 during event 6, I10(t)

fluctuated by 25 dB within a 7.5 min period and up to 30 dB within a 12 h

period (Figs. 3.13, 3.14, and 3.15).

3. The magnitude of the temporal fluctuations are reduced by integrating over

the vertical aperture. Fluctuations caused by vertical redistribution of energy

are effectively eliminated, and the remaining fluctuations are caused by

differences in net modal attenuation as the internal wave packet scatters

energy between acoustic modes (Figs. 3.13 and 3.14).

4. The position of the acoustic source deep in the water column primarily excites

low angle modes with low modal attenuation. Consequently, the majority of

mode coupling is from low angle modes into high angle modes with larger

modal attenuation. The resulting signal fluctuations at the receiving VLA
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consist mostly of reductions in signal level relative to the level that would

have been observed in the absence of internal waves (Figs. 3.14 and 4.9(a)).

5. The magnitude of the signal fluctuations grow as the internal wave packet

approaches the acoustic source. This is because it becomes more probable

that the acoustic energy is absorbed by the seabed as it propagates longer

distances (Fig. 3.13).

6.1.3 Model Space Processing

1. The RAM acoustic propagation model was shown to accurately predict the

acoustic field in the presence of large nonlinear internal waves (Fig. 4.8).

Benchmark comparisons were made against a fully two-way coupled mode

model (IECM). The computational efficiency of the RAM model (at least

relative to the IECM model) made this study feasible.

2. Average geoacoustic values reported near the main axis of the SW06 experi-

ment (Table 4.1) were not suitable effective parameters for the 30 km track

covered in this work. This sediment description produced acoustic levels

which were 3 to 4 dB higher than the measured acoustic data (Fig. 4.9). A

different set of effective parameters (Table 4.2) provided a better fit to the

measured acoustic data.

6.1.4 Comparing Measured and Modeled Acoustic Data

1. For the propagation track considered, acoustic mode coupling occurred

primarily between nearest-neighbor modes (Fig. 5.1).
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2. The details of the acoustic mode coupling, and consequently the received

acoustic level, were sensitive to the spatial position of the internal wave

packet in the waveguide (Figs. 5.2 and 5.3). For predictions of the acoustic

field as a function of time, packet positioning errors in the model are likely

to be a significant source of error in the modeled acoustic data.

3. It was possible to obtain good qualitative agreement between measured

and modeled acoustic intensity for single receivers (Fig. 5.4). However,

quantitative predictions of element level intensity will generally be inaccurate

because of vertical redistribution of energy.

4. It was possible to obtain good qualitative agreement between measured

and modeled depth-integrated intensity on both long (Fig. 5.6) and short

(Fig. 5.7) time scales. It may be possible to produce a quantitatively accurate

model of the depth-integrated intensity given a sufficient spatio-temporal

sampling of the oceanographic environment.

5. The EPTS oceanographic model could provide the necessary inputs to

produce element level RL PDFs in good agreement with measured PDFs

on several time scales. Agreement was very good for the 19 day time scale

(Fig. 5.9), as well as for much shorter time scales corresponding to the

duration of single internal wave events (Figs. 5.10, F.1–F.8). The largest

errors occurred in the predictions for the uppermost receivers, partially

because of background noise levels in the measured data.

6. The EPTS model produced depth-integrated acoustic data whose statistics

were in good agreement with measured data. This was observed for both long
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(Fig. 5.11) and short (Fig. 5.12) time scales. In general, the depth-integrated

statistics were more accurately modeled than element level statistics.

7. A stable temporal frequency of oscillation (with an average near 81 cpd)

was observed in the depth-integrated intensity for a variety of internal wave

profiles that exhibited substantial differences (Fig. 5.13). The frequency of

oscillation is directly related to the internal wave packet propagation speed

v and to the cycle distance between nearest neighbor acoustic modes Λmn

(Fig. 5.14) and was somewhat robust to intentional changes to the modeled

internal wave profile (Figs. 5.15 and 5.16). The oscillation frequency could

potentially be exploited to infer information about v or km or both.

8. Predictions of RL PDFs in the model space suggest there are practical range

limitations for deterministic processors which do not account for the effect

of the internal wave field. The practical range limit was on the order of a

few km for large internal wave events (Fig. 5.17), while it might be extended

to a few tens of km for smaller events (Fig. 5.18).

9. There was a positive correlation between Π̄1 and SI(Iz) at the 30 km

VLA. This observed relationship in the data space (Fig. 5.20(a)) was also

reproduced in the model space (Fig. 5.20(b)). Further exploration in the

model space, where Π̄1 was systematically adjusted, reinforced the existence

of the correlation. A power-law fit was found for the modeled data (Fig. 5.21).

10. The performance of the EPTS model relative to the PTS model was quan-

tified. A comparison of the overlap coefficient for various RL data and

model distributions produces the conclusion that the EPTS model offers an
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improvement in prediction accuracy (Fig. 5.25). The basic premise, that it

is important to include the range-dependence of the water column and the

evolutionary behavior of the internal wave field in the oceanographic model,

was supported.

6.2 Contributions

The significant contributions of this work to the field are:

1. The previous analysis of the SW06 data set were supplemented by (1)

investigating the spatio-temporal evolution of the internal wave field and (2)

analyzing over 19 days of acoustic data.

2. A new oceanographic model, the evolutionary propagated thermistor string

model or EPTS, was introduced to more accurately reproduce the spatio-

temporal water column sound speed profile. In addition, the EPTS model

captures the evolution of the internal tide, nonlinear internal waves, and

linear internal waves.

3. An evaluation of the EPTS model relative to the PTS model showed that

the EPTS model provides improved accuracy of the modeled acoustic field

relative to measured acoustic data.

4. The question of how well acoustic quantities can be predicted in the presence

of internal waves was addressed. Direct comparisons between measured and

modeled acoustic data were made for element level intensity, depth-integrated

intensity, element level RL distributions, depth-integrated RL distributions,

and scintillation index.
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5. A power-law relationship between Π̄1 and SI(Iz) in both the data and model

spaces was identified. A positive correlation was shown to exist between

these two quantities.

6. A method for predicting RL distributions in the range-depth plane from the

EPTS oceanographic model was demonstrated, and it was shown that the

distributions differed when internal waves were included and excluded.

6.3 Proposed Directions of Future Work

As future work in the model space:

• Investigate acoustic propagation in the model space at other frequencies.

• Investigate the effect of including additional internal wave modes in the EPTS

model, and determine the effect of the accuracy of acoustic predictions.

• Investigate the effect of source motion relative to the internal wave field on

the acoustic field (e.g. modeling of a towed-source of variable depth).

• Investigate whether the temporal frequency of oscillation in Iz(t) can be

exploited for information regarding the source or seabed.

The following list comprises recommendations for future experimental

deployments:

• Increase the duty cycle of the source to 100%, at least for several large

internal wave events. This would give modelers the opportunity to more

thoroughly answer the question of how well the acoustic field can be predicted

in the presence of internal waves.
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• Increase the spatial density of thermistor strings (for example, every 5 km)

to increase the accuracy of the internal wave model predictions.

• Deploy towed sources (similar to the source tow typical of geoacoustic inver-

sion) though large internal wave events. Researchers could then address the

impact of including or excluding the effect of internal waves on deterministic

processing for classical geoacoustic experiments.
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Appendix A

Maximum Length Sequence Generation

Maximum-length binary sequences, also know as m-sequences or MLS,

can be used to create pseudo-random signals. This appendix describes how the

m-sequence is generated for the WHOI 224 Hz source.

The m-sequence is generated using linear shift registers (LSRs). LSRs hold

a binary bit in memory during one iteration and pass that bit to the adjacent

downstream register on the next iteration. There is one register for each binary bit;

hence, a six bit encoding will use six LSRs. In addition to the LSRs, a sequence

law is prescribed which designates a specific feedback loop structure for the shift

register. The sequence law for the WHOI 224 Hz source was 103 (octal) or 1000011

(binary). A value of 1 indicates that a feedback line is included in the shift register

after the corresponding LSR. For example, the 1000011 (binary) sequence law

results in the shift register diagram shown in Fig. A.1 [103].

The shift register must be initialized with a six bit binary string. The

initial register load used for the WHOI 224 Hz source was 000001, with each bit

occupying one of the registers. Each time the shift register iterates, the value in

register 1 becomes the next bit in the MLS sequence, the bit value in register 2

moves to register 1, the bit value in register 3 moves to register 2, etc. The bit

value in register 5 becomes the binary addition of the bit values of registers 1 and

6. The bit value in register 6 becomes the bit value from register 1. A six bit MLS
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Figure A.1: Shift register showing a six bit 103 (octal) sequence law. The LSRs
are shown as triangles (and are numbered) and the small black arrows show the
direction of bit flow between the registers. The summation circle indicates binary
addition.

has a period of 26 − 1 = 63 bits. The generation of the first 12 MLS values are

shown in Table A.1 as an example.

To make the phase multiplier b(t), the MLS is first remapped from values of

(0,1) to values of (-1,1). b(t) is constant within a digit and then has the potential

to change between digits, depending on whether the MLS sequence changes value,

as shown in Fig. A.2 for the WHOI 224 Hz source.

Figure A.2: The phase multiplier b(t) for the WHOI 224 Hz source.
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Table A.1: The generation of the first 12
MLS values for the WHOI 224 Hz source.

Digit MLS Register values

number value (1 through 6)

Initial load 0 0 0 0 0 1

1 0 0 0 0 0 1 0

2 0 0 0 0 1 0 0

3 0 0 0 1 0 0 0

4 0 0 1 0 0 0 0

5 0 1 0 0 0 0 0

6 1 0 0 0 0 1 1

7 0 0 0 0 1 1 0

8 0 0 0 1 1 0 0

9 0 0 1 1 0 0 0

10 0 1 1 0 0 0 0

11 1 1 0 0 0 1 1

12 1 0 0 0 1 0 1
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Appendix B

Bathymetric and Sub-Bottom Interface Data

Figure B.1 shows the range-dependent depth of the bathymetry, T-horizon,

and R-horizon interfaces. Table B.1 lists the bathymetric points, Table B.2 lists

the T-horizon points, and Table B.3 lists the R-horizon points.

Figure B.1: Range-dependent bathymetry and sub-bottom interface depths.
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Table B.1: Bathymetric data points with range measured from SW47.

r [km] z [m] r [km] z [m] r [km] z [m] r [km] z [m] r [km] z [km]

0.0 58.33 6.0 62.86 12.0 67.40 18.0 72.54 24.0 70.45

0.3 58.39 6.3 62.62 12.3 68.23 18.3 73.00 24.3 71.60

0.6 58.54 6.6 62.11 12.6 68.28 18.6 72.85 24.6 72.88

0.9 58.75 6.9 61.23 12.9 67.62 18.9 72.18 24.9 74.19

1.2 58.68 7.2 60.23 13.2 66.82 19.2 71.46 25.2 75.65

1.5 59.02 7.5 59.82 13.5 66.33 19.5 71.41 25.5 77.47

1.8 59.69 7.8 60.43 13.8 66.54 19.8 71.78 25.8 79.55

2.1 59.98 8.1 61.24 14.1 67.27 20.1 72.41 26.1 81.24

2.4 59.95 8.4 61.90 14.4 68.13 20.4 72.70 26.4 82.41

2.7 59.69 8.7 62.33 14.7 68.85 20.7 72.18 26.7 83.12

3.0 59.44 9.0 62.58 15.0 69.26 21.0 71.17 27.0 83.32

3.3 59.35 9.3 62.90 15.3 69.51 21.3 70.08 27.3 83.42

3.6 59.49 9.6 63.67 15.6 70.05 21.6 69.11 27.6 83.67

3.9 59.90 9.9 64.66 15.9 70.87 21.9 68.69 27.9 84.02

4.2 60.56 10.2 65.55 16.2 71.18 22.2 68.64 28.2 84.24

4.5 61.33 10.5 66.14 16.5 70.74 22.5 68.69 28.5 84.32

4.8 62.07 10.8 66.33 16.8 70.26 22.8 68.92 28.8 83.90

5.1 62.70 11.1 66.15 17.1 70.20 23.1 69.28 29.1 83.21

5.4 63.04 11.4 66.39 17.4 70.78 23.4 69.54 29.4 82.08

5.7 63.02 11.7 66.75 17.7 71.71 23.7 69.77 29.7 80.64

30.0 79.29
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Table B.2: T-horizon data points with range measured from SW47.

r [km] z [m] r [km] z [m] r [km] z [m] r [km] z [m] r [km] z [km]

0.0 60.07 6.0 64.48 12.0 69.86 18.0 73.54 24.0 73.62

0.3 60.21 6.3 64.75 12.3 70.11 18.3 73.65 24.3 74.02

0.6 60.41 6.6 65.02 12.6 70.35 18.6 73.72 24.6 74.56

0.9 60.64 6.9 65.29 12.9 70.57 18.9 73.76 24.9 75.45

1.2 60.87 7.2 65.56 13.2 70.78 19.2 73.78 25.2 76.81

1.5 61.10 7.5 65.83 13.5 70.98 19.5 73.79 25.5 78.55

1.8 61.32 7.8 66.10 13.8 71.19 19.8 73.78 25.8 80.40

2.1 61.54 8.1 66.36 14.1 71.39 20.1 73.69 26.1 82.04

2.4 61.76 8.4 66.63 14.4 71.60 20.4 73.44 26.4 83.25

2.7 61.98 8.7 66.90 14.7 71.80 20.7 72.98 26.7 83.99

3.0 62.20 9.0 67.17 15.0 72.01 21.0 72.40 27.0 84.37

3.3 62.42 9.3 67.44 15.3 72.22 21.3 71.82 27.3 84.59

3.6 62.64 9.6 67.71 15.6 72.42 21.6 71.35 27.6 84.81

3.9 62.86 9.9 67.98 15.9 72.61 21.9 71.15 27.9 85.06

4.2 63.08 10.2 68.24 16.2 72.78 22.2 71.26 28.2 85.24

4.5 63.29 10.5 68.51 16.5 72.92 22.5 71.59 28.5 85.20

4.8 63.51 10.8 68.78 16.8 73.05 22.8 72.01 28.8 84.81

5.1 63.74 11.1 69.05 17.1 73.18 23.1 72.44 29.1 84.01

5.4 63.97 11.4 69.32 17.4 73.30 23.4 72.86 29.4 82.86

5.7 64.22 11.7 69.59 17.7 73.42 23.7 73.25 29.7 81.62

30.0 80.72
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Table B.3: R-horizon data points with range measured from SW47.

r [km] z [m] r [km] z [m] r [km] z [m] r [km] z [m] r [km] z [km]

0.0 68.04 6.0 70.75 12.0 73.49 18.0 76.24 24.0 89.48

0.3 68.13 6.3 70.88 12.3 73.63 18.3 76.38 24.3 90.02

0.6 68.26 6.6 71.02 12.6 73.77 18.6 76.51 24.6 90.47

0.9 68.40 6.9 71.16 12.9 73.90 18.9 76.65 24.9 90.81

1.2 68.54 7.2 71.30 13.2 74.04 19.2 76.79 25.2 91.01

1.5 68.69 7.5 71.43 13.5 74.18 19.5 76.93 25.5 91.16

1.8 68.82 7.8 71.57 13.8 74.32 19.8 77.07 25.8 91.32

2.1 68.96 8.1 71.71 14.1 74.45 20.1 77.19 26.1 91.45

2.4 69.10 8.4 71.84 14.4 74.59 20.4 77.28 26.4 91.50

2.7 69.24 8.7 71.98 14.7 74.73 20.7 77.35 26.7 91.50

3.0 69.37 9.0 72.12 15.0 74.86 21.0 77.44 27.0 91.50

3.3 69.51 9.3 72.26 15.3 75.00 21.3 77.70 27.3 91.54

3.6 69.65 9.6 72.39 15.6 75.14 21.6 78.43 27.6 91.77

3.9 69.78 9.9 72.53 15.9 75.28 21.9 79.98 27.9 92.28

4.2 69.92 10.2 72.67 16.2 75.41 22.2 82.18 28.2 92.97

4.5 70.06 10.5 72.81 16.5 75.55 22.5 84.36 28.5 93.56

4.8 70.20 10.8 72.94 16.8 75.69 22.8 86.08 28.8 93.96

5.1 70.33 11.1 73.08 17.1 75.83 23.1 87.30 29.1 94.32

5.4 70.47 11.4 73.22 17.4 75.96 23.4 88.18 29.4 94.64

5.7 70.61 11.7 73.35 17.7 76.10 23.7 88.87 29.7 94.81

30.0 94.87
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Appendix C

Mode Filtering

Mode filtering is the process whereby the complex acoustic pressure field

over some vertical aperture is decomposed by normal mode eigenfunctions to

find modal amplitudes. The mode filtering technique described here comes from

the least-squares solution used by Tindle [104]. Let pj be the complex acoustic

pressure at a discrete depth point j. Let Ψj,n be the complex amplitude of the

nth acoustic normal mode eigenfunction at depth point j. Further, let Rn be the

complex amplitude of the acoustic normal mode. The pressure at each point j can

be written as

pj =
N∑

n=1

Ψj,nRn. (C.1)

Equation C.1 can be written in matrix form as

p = ΨR, (C.2)

which is written explicitly as
p1

p2
...

pj

 =


Ψ1,1 Ψ1,2 · · · Ψ1,n

Ψ2,1 Ψ2,2 · · · Ψ2,n

...
...

. . .
...

Ψj,1 Ψj,2 · · · Ψj,n



R1

R2

...

Rn

 . (C.3)

If there are more acoustic modes than depth points, N > j, then a unique

solution for R cannot be found. If there are more depth points than modes, then
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the least squares best fit is obtained by

R =
(
Ψ†Ψ

)−1
Ψ†p, (C.4)

where † is a matrix transpose.

There are several mechanisms whereby errors are introduced into the

estimate of R [104–106]. Some of the mechanisms include noise on p, partial

coverage for Ψ (i.e., the receiving array does not span a large enough vertical

aperture), and under-sampling in depth (i.e, using a depth-discretization that is

too coarse). These errors are often encountered when mode filtering measured

acoustic data from a VLA.

An additional type of error can arise when trying to perform mode filtering

on complex pressure data produced by wide-angle PE models. This error is only

important when trying to perform mode filtering on numerically generated pressure

data. The error arises because the eigenvalues and eigenfunctions associated with

wide-angle PE are theoretically different from those of the Helmholtz equation

[96]. Using eigenfunctions from a typical normal-mode solver like ORCA [97, 98]

or KRAKEN [99, 100] to filter the complex pressure field from RAM can introduce

small errors into the modal amplitudes. To illustrate this type of error, a simple

test problem is presented. Consider a Pekeris waveguide with water depth 70 m.

Let the water column be isospeed at 1500 m/s, and let the sound speed, density,

and attenuation in the bottom halfspace be 1600 m/s, 1.8 g/cm3, and 0.4 dB/λ. Let

the source depth be 49 m and the acoustic frequency be 224 Hz. Acoustic normal

mode eigenvalues kn(r) and eigenvectors Ψn(z) were computed by the normal mode

code ORCA. The range-dependent modal amplitudes for the adiabatic normal
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Figure C.1: Comparison of mode amplitude coefficients for modes 1, 3, 5, 7, 10,
and 20. The thick black lines are computed from Eq. (C.5), and the thin gray lines
are computed from Eq. (C.4).

mode model were computed according to

Rn(r) = iπΨ(zs)H
(1,2)
0 (kn(r)r), (C.5)

where zs is the source depth and H
(1,2)
0 is the zeroth-order Hankel function of

the first or second kind (the use of the first or second kind depends on the e±iωt

convention used). The complex pressure field was computed with RAM and filtered

modal amplitudes were produced according to Eq. (C.4) with the Ψ produced by

ORCA. A comparison of Rn(r) for a few select modes is shown in Fig. C.1 The

mode amplitudes produced by Eq. (C.5) and Eq. (C.4) for modes 1 and 5 are

nearly identical while there is some disagreement for modes 3, 7, 10, and 20. The

errors tend to be the largest at very short ranges (where the wide-angle PE is least
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accurate at high angles) and when the modal amplitudes become very small. For

a qualitative description of the modal amplitudes, this level of disagreement is

generally acceptable.
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Appendix D

Additional Benchmark Results

Two additional comparisons between the RAM and IECM acoustic propa-

gation models are shown in this appendix. The figures are similar to Fig. 4.8.
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Figure D.1: (a) c(r, z, t); transmission loss at 224 Hz for (b) IECM and (c) RAM;
and (d) transmission loss comparison at a receiver depth of 49 m for 18 August
2006 06:48:45. In (a)–(c) the sediment layering is superimposed on the image.
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Figure D.2: (a) c(r, z, t); transmission loss at 224 Hz for (b) IECM and (c) RAM;
and (d) transmission loss comparison at a receiver depth of 49 m for 18 August
2006 06:52:30. In (a)–(c) the sediment layering is superimposed on the image.
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Appendix E

Derivation of Coupled Mode Equations in Three

Dimensions

E.1 Theory

Throughout the years, coupled-mode theory has been used to solve a variety

of waveguide problems involving inhomogeneous media and irregular interfaces.

Mode coupling was introduced into the field of acoustics in 1965 by Pierce [107].

Around 1980, Rutherford and Hawker discovered that the equations introduced

by Pierce were incorrect for problems involving sloping interfaces and proposed

correction terms to the coupling equations [108, 109]. In 1992, Fawcett derived the

coupling equations using proper boundary conditions at sloping interfaces [110].

The mode coupling matrices of Fawcett [110] are written in terms of depth

integrals involving horizontal gradients of φm. Although correct, the integrals

involving horizontal gradients of φm provide little intuitive feel for the physics that

causes the mode coupling and can be difficult to evaluate numerically. Rutherford

[108] showed how terms involving horizontal gradients of φm could be rewritten in

terms of horizontal gradients of environmental parameters, which are more intuitive

and easier to compute numerically. Rutherford rewrote the mode-coupling matrices

for a simplified environment. Koch [101] derived the form of the mode-coupling

equations for a fully three-dimensional (3D) environment. This appendix shows the

derivation of Koch, with some modifications made for brevity. Sagers developed
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a numerical code in MATLAB, named the IECM model, that implemented the

formalism of Koch for a cylindrically symmetric waveguide.

E.1.1 Basic Equations

The coupled mode equations for an acoustic wave propagating from a point

source in a 3D range-dependent fluid under a pressure release surface are developed.

The inhomogeneous Helmholtz equation for pressure p(z, ~r) due to a continuous

wave (CW) point source is

ρ(z, ~r)∇ ·
[

1

ρ(z, ~r)
∇p(z, ~r)

]
+ k2(z, ~r)p(z, ~r) = −4πδ(~r − ~rs)δ(z − zs), (E.1)

where z is the vertical coordinate, ~r is the horizontal coordinate, k = ω/c(z, ~r),

and the subscript s denotes the source position. The 3D dependence of fluid sound

speed and density are specified by c(z, ~r) and ρ(z, ~r). For clarity, the functional

dependence of all variables will be explicitly written the first time they appear but

will thereafter be suppressed for brevity.

Range-dependent sloping interfaces H(~r) are permitted inside the 3D do-

main and mark discontinuities in ρ, c, or both. Acoustic pressure is continuous

across interfaces, as is the particle velocity normal to the interface (∂p/∂n) /(iωρ).

Following the prior development of Fawcett[110] and of Rutherford and

Hawker[109], the solution to Eq. (E.1) is represented by the normal mode series

p =
∑
m

Rm(~r)φm(z, ~r), (E.2)

where φm(z, ~r) are horizontally varying acoustic normal mode depth functions,

Rm(~r) are horizontally dependent mode amplitudes, and the summation is over

modes m.
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E.1.2 Depth Equation

The depth functions φ are chosen for each horizontal position ~r to satisfy

ρ
∂

∂z

[
1

ρ

∂φm

∂z

]
+
[
k2 − k2m(~r)

]
φm = 0. (E.3)

The mode functions are orthonormal, namely∫
1

ρ
φmφn dz = δmn. (E.4)

The mode eigenvalues km(~r) satisfy a pressure release boundary condition at the

surface

φm(z = 0, ~r) = 0, (E.5)

and satisfy the continuity conditions

[φm]−+ = 0, (E.6)[
1

ρ

∂φm

∂z

]−
+

= 0, (E.7)

at all interfaces internal to the waveguide. The notation [·]−+ means to evaluate

the difference of the term [·] at the upper (-) and lower (+) sides of the interface.

The - and + symbols will also be placed on specific variables to indicate their

respective evaluation above or below the interface. In every instance that interface

terms arise, the interface terms should be summed over every interface in the local

depth-dependent environment.

E.1.3 Range Equation

The coupled mode equation for Rm in Eq. (E.2) is derived by multiplying

Eq. (E.1) by φn/ρ and integrating over depth. As noted by Fawcett[110], special
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care must be taken to evaluate all boundary terms containing p prior to substituting

the expansion of Eq. (E.2). The resulting coupled mode equation is

∇2
~rRn+k2nRn = − 4π

ρ(zs)
φn(zs)δ(~r−~rs)−

∑
m

~Bnm(~r)·∇~rRm−
∑
m

Cnm(~r)Rm, (E.8)

where ∇~r indicates the gradient operator in the horizontal coordinate and the

mode coupling matrices are defined as

~Bnm = ~Enm −
∫

1

ρ2
φnφm∇~rρ dz + φ−nφ

−
m

[
1

ρ−
− 1

ρ+

]
∇~rH, (E.9)

~Enm = 2

∫
1

ρ
φn∇~rφm dz, (E.10)

Cnm = Fnm + φ−n∇~rH ·
[

1

ρ
∇~rφm

]−
+

, (E.11)

Fnm =

∫
1

ρ
φn∇2

~rφm dz −
∫

1

ρ2
φn∇~rφm · ∇~rρ dz. (E.12)

The interface terms in Eqs. (E.9) and (E.11) are required to conserve energy [108–

110]. The ~Enm and Fnm terms of Eqs. (E.10) and (E.12) contain range gradients of

the depth functions ∇~rφm and ∇2
~rφm which involve some numerical complexity to

evaluate. The difficulty arises from the need to pre-compute and store φm over some

range aperture before the horizontal derivatives can be evaluated. For a simplified

2D environment, Rutherford[108] showed how to rewrite terms involving ∇~rφm

and ∇2
~rφm with terms involving horizontal gradients of environmental parameters.

This is a considerable computational simplification for the primary reason that

environmental parameters must always be prescribed prior to running the forward

acoustic propagation model.
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E.1.4 Evaluating the Mode Coupling Coefficients

Following Rutherford’s framework [108], the appropriate replacement terms

for ∇~rφm and ∇2
~rφm are here derived for a fully 3D environmental description.

The application of (φn/ρ)∇~r to Eq. (E.3) and an integration over depth yields∫
φn

ρ

[
ρ
∂

∂z
∇~r

(
1

ρ

∂φm

∂z

)
− ∇~rρ

ρ

(
k2 − k2m

)
φm (E.13)

+
(
∇~rk

2 −∇~rk
2
m

)
φm +

(
k2 − k2m

)
∇~rφm

]
dz = 0,

where the second term inside the brackets was rewritten using Eq. (E.3). The first

term inside the brackets of Eq. (E.13) is integrated by parts to give∫
φn

∂

∂z
∇~r

(
1

ρ

∂φm

∂z

)
dz =

[
φn∇~r

(
1

ρ

∂φm

∂z

)]−
+

(E.14)

−
∫
∂φn

∂z
∇~r

(
1

ρ

∂φm

∂z

)
dz.

For ρ, φ, and the interface position H depending on ~r, the range gradient of

the first term on the right hand side (RHS) of Eq. (E.14) and substitution from

Eqs. (E.3), (E.6), and (E.7) produce[
φn∇~r

(
1

ρ

∂φm

∂z

)]−
+

= φ−nφ
−
m∇~rH

[
k2−
ρ−
−
k2+
ρ+
− k2m

(
1

ρ−
− 1

ρ+

)]
. (E.15)

With an evaluation of the range gradient of the second term on the RHS of

Eq. (E.14) and an integration by parts,∫
∂φn

∂z
∇~r

(
1

ρ

∂φm

∂z

)
dz =−

∫
∂φn

∂z

∂φm

∂z

∇~rρ

ρ2
dz (E.16)

+

[
1

ρ

∂φn

∂z
∇~rφm

]−
+

+

∫
1

ρ

(
k2 − k2n

)
φn∇~rφm dz ,
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where Eq. (E.3) has been utilized in the last term on the RHS of Eq. (E.16).

Substituting Eqs. (E.15) and (E.16) into Eq. (E.14), then Eq. (E.14) into Eq. (E.13),

expanding and rearranging terms gives

1

2

(
k2m − k2n

)
~Enm + δnm∇~rk

2
m =

∫
1

ρ
φnφm

[
∇~rk

2 − k2∇~rρ

ρ

]
dz (E.17)

+ k2m

∫
1

ρ2
φnφm∇~rρ dz

+

∫
1

ρ2
∂φn

∂z

∂φm

∂z
∇~rρ dz

+ φ−nφ
−
m∇~rH

[
k2−
ρ−
−
k2+
ρ+
− k2m

(
1

ρ−
− 1

ρ+

)]
−
[

1

ρ−

∂φ−n
∂z

] [
∇~rφm

]−
+
.

The fifth term on the RHS of Eq. (E.17) still involves a range gradient of a depth

function. This term can be evaluated by applying ∇~r to Eq. (E.6), then using

Eq. (E.7) to yield

1

2

(
k2m − k2n

)
~Enm + δnm∇~rk

2
m =

∫
1

ρ
φnφm

[
∇~rk

2 − k2∇~rρ

ρ

]
dz (E.18)

+ k2m

∫
1

ρ2
φnφm∇~rρ dz

+

∫
1

ρ2
∂φn

∂z

∂φm

∂z
∇~rρ dz

+ φ−nφ
−
m

[
k2−
ρ−
−
k2+
ρ+
− k2m

(
1

ρ−
− 1

ρ+

)]
∇~rH

−
[

1

ρ−

∂φ−n
∂z

] [
ρ+
ρ−
− 1

]
∂φ−m
∂z
∇~rH .

For later convenience, the symmetric and anti-symmetric parts of ~Enm are defined

by

~Enm = ~ES
nm + ~EA

nm (E.19)

=
1

2

(
~Enm + ~Emn

)
+

1

2

(
~Enm − ~Emn

)
.
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From Eq. (E.18)

~ES
nm =

∫
1

ρ2
φnφm∇~rρ dz − φ−nφ−m

[
1

ρ−
− 1

ρ+

]
∇~rH , (E.20)

and

~EA
nm =

2

k2m − k2n

∫
1

ρ
φnφm

[
∇~rk

2 − k2∇~rρ

ρ

]
dz (E.21)

+
k2m + k2n
k2m − k2n

∫
1

ρ2
φnφm∇~rρ dz

+
2

k2m − k2n

∫
1

ρ2
∂φn

∂z

∂φm

∂z
∇~rρ dz

+
2

k2m − k2n
φ−nφ

−
m

[
k2−
ρ−

+
k2+
ρ+

]
∇~rH

− k2m + k2n
k2m − k2n

φ−nφ
−
m

[
1

ρ−
− 1

ρ+

]
∇~rH

− 2

k2m − k2n
1

ρ−

[
ρ+
ρ−
− 1

]
∂φ−n
∂z

∂φ−m
∂z
∇~rH .

Because ~ES
nm cancels the right two terms of Eq. (E.9),

~Bnm = ~EA
nm . (E.22)

The ∇~rρ terms in Eq. (E.21) have some ambiguity if the density is permitted to

have a gradient in the vertical direction. Here, the assumption is made that ρ is

piecewise constant in depth, therefore making ∇~rρ piecewise constant in depth.

The third term on the RHS of Eq. (E.21), after integrating by parts and using

Eq. (E.3) gives

2

k2m − k2n

∫
1

ρ2
∂φn

∂z

∂φm

∂z
∇~rρ dz =

2

k2m − k2n

∫
1

ρ2
(
k2 − k2m

)
φnφm∇~rρ dz (E.23)

+
2

k2m − k2n
φ−n
ρ−

φ−m
ρ−

[
1

ρ
∇~rρ

]−
+

.
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Keeping only the anti-symmetric parts of Eq. (E.23) leaves[
2

k2m − k2n

∫
1

ρ2
∂φn

∂z

∂φm

∂z
∇~rρ dz

]A
=

2

k2m − k2m

∫
k2

ρ2
φnφm∇~rρ dz (E.24)

− k2m + k2n
k2m − k2n

∫
1

ρ2
φnφm∇~rρ dz

+
1

k2m − k2n

{[
φ−n
ρ−

∂φ−m
∂z

+
φ−m
ρ−

∂φ−n
∂z

] [
1

ρ
∇~rρ

]−
+

}
.

The substitution of Eq. (E.24) into Eq. (E.21) produces the final form

~EA
nm =

2

k2m − k2n

∫
1

ρ
φnφm∇~rk

2 dz (E.25)

+
2

k2m − k2n
φ−nφ

−
m

[
k2−
ρ−

+
k2+
ρ+

]
∇~rH

− k2m + k2n
k2m − k2n

φ−nφ
−
m

[
1

ρ−
− 1

ρ+

]
∇~rH

− 2

k2m − k2n
1

ρ−

[
ρ+
ρ−
− 1

]
∂φ−n
∂z

∂φ−m
∂z
∇~rH

+
1

k2m − k2n

{[
φ−n
ρ−

∂φ−m
∂z

+
φ−m
ρ−

∂φ−n
∂z

] [
1

ρ
∇~rρ

]−
+

}
.

The recasting of Cnm in terms of horizontal gradients in environmental

parameters proceeds in a similar fashion. The resulting expression is

Cnm =
1

2
∇~r · ~Enm −

1

4

N∑
j=1

~Enj · ~Emj . (E.26)

In summary, the main equations required to solve the coupled mode problem

are Eqs. (E.2), (E.8), (E.19), (E.20), (E.22), (E.25), and (E.26). Solving Eq. (E.8) is

non-trivial, but solution techniques have been outlined in previous work [91, 92, 111].
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Appendix F

Received-Level Statistics

This appendix contains figures showing the comparison between measured

and modeled received-level statistics. Received-level distributions are shown at each

hydrophone for the 31 internal wave events listed in Table 3.1. Each distribution

is normalized as described in Sec. 5.4.1.
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