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Abstract 

 

Visualizing Complex Solutions of Polynomials 

 

Alicia Monique Perez, MA 

The University of Texas at Austin, 2012 

 

Supervisor:  Edward Odell 

 

This report discusses two methods of visualizing complex solutions of 

polynomials: modulus surfaces and vector fields.  Both provide valuable information 

about the location of complex solutions and their multiplicity.  A sketch of a proof of The 

Fundamental Theorem of Algebra utilizing modulus surfaces and complex analysis is 

also included. 
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Chapter 1: Introduction 

 

 A significant amount of time in high school mathematics is spent finding roots of 

quadratics and other polynomial functions.  When students are first introduced to the idea 

of roots they are taught to locate the intersection of the function’s graph with the  -axis, 

but this method fails when the polynomial does not intersect the  -axis.  In this case, the 

Fundamental Theorem of Algebra guarantees that at least one complex solution exists 

since any non-constant single-variable polynomial of degree   factors into a product of   

linear factors and the number of roots is equal to the polynomial’s degree (including 

multiplicities).  The consequence for high school students is that if a polynomial does not 

have real roots, then the roots must be complex non-real.  However, due to the difficulty 

of graphing complex functions (since it would require four dimensions) students have a 

shallow understanding of complex numbers and the role they play as solutions to 

quadratics and other equations.   

 A solution to this problem is to find a way for students to visualize complex roots 

just as they would real solutions.  Fortunately, mathematicians have recently suggested 

creative ways one might picture the graphs of complex functions which highlight the 

location of roots.  Long and Hern use modulus surfaces to track exactly where complex 

roots exist and the pathways traveled as the polynomial changes [1].  Braden explores the 

option of creating a vector field using computer graphing programs and even suggests 

that it would be useful for high school students “to make complex roots of polynomials 
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seem ‘real’ to students” [2, p. 64].  Vest focuses solely on quadratic polynomials of a 

complex variable and demonstrates how they can be easily pictured in three-dimensional 

space [3].  All of these approaches are highly visual and simplified versions would be 

extremely useful for high school students who require a visual component to support their 

understanding of complex solutions of polynomials.   
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Chapter 2: Finding Roots Using Modulus Surfaces 

 

Because four dimensions are required to graph a function from the set of complex 

numbers to the same set, it is difficult to visualize complex roots of polynomials.  Among 

the different ways of combating this problem is the use of modulus surfaces which will 

subsequently be defined.  It is true that modulus surfaces only provide part of the picture 

of a complex function, but they are highly useful when one is particularly interested in 

studying roots of polynomials.  To begin, Long and Hern provide a reminder of the 

definition of the modulus of a complex number [1].  If   is the complex number   

     such that   and   are real numbers, then the modulus of   is given by 

            . 

On their own, complex numbers cannot be ordered, but the modulus provides a means of 

doing so since the outputs of the modulus function are real numbers (in fact, they are 

nonnegative) and can be thought of as the distance from the origin to that point.  This 

allows for the construction of three dimensional graphs called modulus surfaces such that 

the inputs are complex numbers (two dimensions) and the outputs are real numbers (one 

dimension).  Because the topic of interest is roots of polynomials, one must consider what 

it means to find the modulus of a polynomial.  The polynomial 

         
         

with real numbers   ,   , and   , is a complex function of       .  The modulus of 

this polynomial can be found by substituting      for  , regrouping the real and 

imaginary parts, and then using the modulus function on the resulting complex number.   
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The result is a function,       , of   and   whose range is nonnegative real numbers.  

When graphed, these three variables define the modulus surface.  The  -axis will 

represent the real part of   while the  -axis represents the imaginary part of  , and the 

resulting values of        are graphed on the  -axis.   

 The modulus function has an interesting effect on graphs of polynomials which 

makes them incredibly useful for locating roots.  For example, compare the graphs of 

            and                in Figures 1 and 2.  

 

Figure 1.  Graph of             with roots that cross the  -axis [1, p. 99]. 
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Figure 2.  Graph of                with low points as roots [1, p. 99]. 

Figure 1 shows a parabola intersecting the  -axis at its zeros while Figure 2 displays the 

effect of the modulus function on the parabola—all outputs become nonnegative, creating 

low points on the graph which correspond to the roots.  These low points will also be 

found on the associated modulus surface.  Since the complex number   is zero if and 

only if its modulus is zero, the zeros of a complex-valued function are the points on its 

modulus surface that come in contact with the complex plane [1, p. 99].  The modulus 

surface                is shown in Figure 3.   

 

Figure 3.  Modulus surface                with low points as roots [1, p. 100]. 

 



 6 

Notice that Figure 2 shows the intersection of the modulus surface in Figure 3 with the 

real plane,    .  Therefore, the low points of the modulus surface correspond to the 

low points of                as well as the  -intercepts of            , 

but this will not be the case when the constant term becomes positive and solutions are no 

longer real.   

 If the constant term of the polynomial             is changed to 1, the 

appearance of the modulus surface is not so obvious.  Using the quadratic formula to find 

the zeros of            , one can imagine what the corresponding modulus 

surface                must look like. 

  
       

 
  (1.1) 

  
      

 
    (1.2) 

  
  

 
 

  

 
    (1.3) 

The modulus surface will have low points touching the complex plane at the two points 

given by (1.3) as shown in Figure 4. 

 

Figure 4.  Modulus surface                with low points as roots [1, p. 100]. 
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Notice again that the intersection of this modulus surface with the real plane is the two 

dimensional graph of the real valued quadratic,            .   

 Now that it has been established how modulus surfaces are created and how they 

are used to locate zeros of polynomials, one can study the pathway of these zeros as 

parameters are changed.  Long and Hern use the quadratic polynomial           

        to demonstrate the effect of changing one coefficient while keeping the others 

at a constant value of 1 [1, pp. 101-104].  As    changes from -1 to 1, the low points on 

the modulus surface come closer together until they converge at a double zero when 

   
 

 
 and then split apart in a perpendicular direction.  The path of these zeros, as 

illustrated in Figure 5, is easily justified.  For the polynomial              , the 

roots are given by 

  
         

 
  (2.1) 

Using the fact that these roots remain real as long as the discriminant is greater than or 

equal to zero, one can find the values of    which guarantee real solutions. 

          (2.2) 

         (2.3) 

   
 

 
    (2.4) 

Therefore, as long as    
 

 
  the roots will be real.  Refer to (2.1) and notice when 

   
 

 
, the discriminant is equal to zero causing a double root at    

 

 
.  In fact, when 
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the discriminant is negative all of the roots lie on the line    
 

 
 since the real part of 

the solution is always equal to  
 

 
 . 

 

Figure 5.  Pathway of the zeros of               [1, p. 102]. 

 

 As the other coefficients,    and   , vary independently the zeros of       

   
        travel along the circular paths shown in Figure 6.     indicates the path 

as    varies,    indicates the path as    varies, and    indicates the path as    varies. 
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Figure 6.  Paths of zeros of         
          [1,  p. 103]. 

 With the pathways of zeros mapped out, Long and Hern finally discuss a theorem 

which explains the shift in direction as the zeros converge upon a multiple zero and then 

continue outward at a new angle.   

Theorem.  If     is a zero of multiplicity   of the polynomial     , and if 

   is a zero of       , where   is real and positive, and     is a zero of 

      , then as     the angle between the vectors       and 

      will approach an odd multiple of 
 

 
 [1, p. 103].   

 

To prove this theorem note that since    is a zero of multiplicity  ,      can be rewritten 

as 

                 , 

such that         is a polynomial.  Since    is a zero of        the following must 

be true, 

                          

Solving for       yields 
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 . 

Since   is a positive real number, the polar angle    (or the argument) of the complex 

number  
 

     
 is the same as the angle of  

 

     
 .  Then by DeMoirve’s Theorem, 

            
      

 
 for some            . 

If   represents the polar angle of  
 

     
, then as   approaches 0,    approaches    and 

           approaches 
     

 
 for some            .  A similar argument shows 

that             approaches     
 

     
   which is equal to    .   And            

approaches 
       

 
  for some           .  Therefore, the angle between the two 

vectors       and       approaches 

 
     

 
 

       

 
         

 

 
  , where       [1, p. 103].   

An example of this theorem at work is provided by the polynomial             in 

Figure 7 as    varies from        to the triple root at     and finally to      . 
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Figure 7.  Path of the zeros of             [1, p. 104]. 

Using a computer graphing system such as the free web applet found at [4] assists 

in the process of visualizing the modulus surfaces corresponding to the traveling zeros 

described in this chapter. 
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Chapter 3: Finding Roots Using Vector Fields 

 

 The idea of using vector fields to create an image of complex functions was 

originally suggested by Polya and Latta [5].  Braden explores their approach by pointing 

out the useful geometrical features of vector fields which identify both real and complex 

roots as well as their multiplicity [2].  A vector field is created by associating each point   

of the domain on the complex plane with a vector representing the output of the complex 

function     .  If  

      , 

then      can be written as the decomposition of its real and imaginary parts 

                           . 

Now        is a real valued function of   and   representing the real portion of the 

complex number      while        is also a real valued function of   and   but 

representing the imaginary portion.  The vector field to be drawn is defined by the 

complex conjugate of     , 

                          (3.1) 

such that the first component is the real part of the output of the function      and the 

second component is the negative of the imaginary part.  As an example of this process, 

the vector field       for the complex function            can be found by first 

substituting   with      and grouping the resulting real and imaginary parts. 

               (4.1) 

                      (4.2) 
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                         (4.3) 

                              (4.4) 

Using definition (3.1) to create the vector field, one has 

                       .  (4.5) 

For each point   on the complex plane, a computer draws the corresponding vector given 

by (4.5).  The vectors are then scaled to create a clearer picture.  The vector field 

                 for            is shown in Figure 8. 

 

Figure 8.  Vector field                      for            [2, p. 64]. 
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There are two useful characteristics of the vector field that are immediately 

obvious from the picture.  First, since the length of each vector is given by the modulus 

of the complex number      at that point, one can clearly see how the modulus varies 

depending on a change in  .  Second, since the angle (or argument) associated with each 

vector is the negative of the polar angle of     , the variation of the argument with 

respect to   becomes clearly visible as well.  These two properties become clues to 

locating roots and their multiplicity.   

One might wonder why the vector field is defined by the complex conjugate 

instead of directly from the output of the complex function.  The advantages to using the 

complex conjugate are related to complex differentiability.       is considered to be 

analytic at a point    if the complex derivative exists at each point   in a neighborhood of 

  .  In order for the derivative       to exist, two properties must hold.  First, the 

mapping 

                       

of        must be differentiable at        .  Second, the Cauchy-Riemann equations 

  

  
 

  

  
  

and 

  

  
  

  

  
  

must hold true at the point        .  Using these equations along with the definition of 

the vector field       in (3.1) one can define the divergence and curl of the vector field as 

follows: 
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   .  

Since the Cauchy-Riemann equations hold at        , this is equivalent to saying  

         

and 

         . 

Therefore, a complex function      is analytic in a region only if its associated vector 

field is “differentiable, divergence-free and curl-free throughout the region” [2, p. 65]. 

 There are a few more preliminaries before one can begin discussing roots and 

where they are to be found on the graphs of vector fields.  A point    is called a singular 

point of a vector field       if either          or         is not differentiable at 

       .  Furthermore, a singular point    of       is referred to as being isolated if there 

exists a neighborhood around    containing no other singular points of      .  Finally, 

one can say that the roots of an analytic function      are isolated singularities of the 

Polya vector field defined by      .  In the case where      is a polynomial, the 

multiplicity of the root is given by the index of the vector field—the number of full 

revolutions turned by the vectors surrounding a root.  

 With this information, one can now refer back to Figure 8 and locate the roots at 

     and      .  Since the length of the vectors approach zero at these points, they 

are by definition singular points.  It is clear by the graph that      and       are also 

isolated.  Now that it has been verified that these two points are the roots of         
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 , one can take a closer look at the index of the vector field at these points.  The vectors 

surrounding each root make one full rotation.  Thus one can conclude that each root has 

multiplicity (or order) 1.   

 An additional example demonstrates that vector fields help locate real solutions 

just as well as complex solutions, and they do this all in the same graph.  Figure 9 shows 

the vector field associated with the function 

                 .  

After substituting      for  , one finds the decomposed real and imaginary parts to be 

given by 

                                 

and 

                        . 
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Figure 9.  Vector field       for                   [2, p. 67]. 

One can see from the graph that the roots are near     ,       , and        

(see Figure 10 for better clarity).  A closer look at the vectors around these points tells us 

that this polynomial has a root of multiplicity 2 near      (since the surrounding 

vectors make two revolutions) and multiplicity 1 at the other roots (since the surrounding 

vectors make one revolution).  The graphs provided by Braden can be recreated for better 

clarity using a free web applet such as [6], [7], or [8].  Figure 10 shows the same vector 

field in Figure 9 created using Mehall’s free Vector Fields applet [6].  The image is 
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zoomed in on the root at      to verify that the surrounding vectors do indeed make 

two revolutions. 

 

Figure 10.  Vector field       for                   [6]. 

Free web applets such as these do have their limitations.  In this case, the root at      

is depicted by a downward facing arrow with no length.  This might be better represented 

by a rounded point.  Notice also that this applet does a poor job of scaling the lengths of 

the vectors surrounding the root.  However, because this applet uses clearly visible 

arrows at the end of each vector it is preferable to [7] and [8] for the purpose of 

determining multiplicity.    
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Chapter 4: Proving the Fundamental Theorem of Algebra 

 

 Among the many different approaches to proving the Fundamental Theorem of 

Algebra is the use of modulus surfaces as described in Chapter 2.  Delone begins with a 

review of complex arithmetic including two statements that later become essential to his 

proof [9].  The first is the triangle inequality—the modulus of the sum of several complex 

numbers is always less than or equal to the sum of the moduli of the same numbers.  The 

second, as previously mentioned, is that a complex number is equal to zero if and only if 

its modulus is also equal to zero [9, p. 285].  Delone applies the theory of complex 

numbers along with some ideas from complex analysis to prove the following statement 

of the Fundamental Theorem of Algebra: 

Theorem.  Any polynomial              
               

whose coefficients                 are any given real or complex 

numbers, has at least one real or complex root. [9, p. 286]  

 

 Delone assumes that the above polynomial is of degree   such that   is an integer 

greater than or equal to 1 and the leading coefficient is not equal to zero.  The basis of his 

proof rests in demonstrating that the modulus surface corresponding to the above 

polynomial (as described in Chapter 2) touches the complex plane in at least one point.  

This fact is largely due to a lemma by D’Alembert stating that if a point on the modulus 

surface is a minimum, then it must extend all the way down to the complex plane.       

 The proof begins with a discussion of the growth of the modulus of a polynomial 

as the distance from the origin increases and is followed by a demonstration of the 

existence of a minimum value on the modulus surface.  Delone asserts that given any 
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large positive number  , one can find a radius   such that for all points   on the complex 

plane lying outside the circle with radius  , the altitude of points on the modulus surface 

is greater   [9, p. 287].  This is proven using the following manipulation of the 

polynomial     . 

        
     

               

        
     

  

   
 

  

    
   

  

    
   

The modulus of the expression in parenthesis is less than or equal to the sum of the 

modulus of the individual addends, and as the modulus of   increases each of the addends 

decreases.  Of course, this means that the sum in parenthesis also decreases.  On the other 

hand, the modulus of the leading term     
   increases as the modulus of   increases.  

Therefore, there exists a radius,  , such that for all complex numbers outside of the 

circle, the altitude of the modulus surface is greater than some positive number  —no 

matter how large.   

 Delone next shows the existence of minima on the modulus surface and invokes 

the following axiom of continuity of the set of real numbers and extends it to the complex 

plane.  If one is given two sequences of real numbers such that, 

             

and 

             

where       for all  , and         as    , then there exists only one real 

number   such that  
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           [9, p. 288]. 

A way of visualizing this property is to imagine a sequence of intervals         on a 

number line such that each interval is contained in the previous interval.  Then the lengths 

of the intervals become arbitrarily small until they “shrink” to a point  , and not to “an 

empty place” [9, p. 288].  This property of the number line is then extended to the plane 

to prove the Bolzano-Weierstrass Theorem using a similar argument with embedded 

rectangles.   

 Finally, Delone proves D’Alembert’s Lemma by again using the fact that the 

modulus of a sum is not greater than the sum of the moduli.   

D’Alembert’s Lemma.  If   is a given complex number such that 

      , then a complex number   can always be found with arbitrarily 

small modulus, such that                   [9, p. 290] 

 

The conclusion is that if a point on the modulus surface is a minimum then it extends all 

the way down to the complex plane and must be a zero.  Thus proving the Fundamental 

Theorem of Algebra since a minimum must be a root.  
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Chapter 5: Conclusion 

 

 Modulus surfaces and vector fields provide two seemingly different approaches to 

visualizing properties of complex-valued functions.  Both methods are able to provide 

information about the location of roots and multiplicity because these techniques offer a 

way of condensing the requisite four dimensions into two (vector fields) or three 

dimensions (modulus surfaces) while preserving the useful information.  Using vector 

fields, one is able to graph a two-dimensional input with a two-dimensional output by 

overlaying the resulting vectors directly on the plane of input values.  Modulus surfaces 

utilize the complex plane as the input as well, but use the modulus function to condense 

the required two-dimensional output into just one dimension while still preserving 

valuable information about zeros.  As shown in Chapter 4, modulus surfaces are also 

useful for proving the Fundamental Theorem of Algebra.   

According to the National Council of Teachers of Mathematics, students should 

“learn that some quadratic equations do not have real roots and that this characteristic 

corresponds to the fact that their graphs do not cross the  -axis.  And they should be able 

to identify the complex roots of such quadratics” [10, p. 299].  When students are shown 

a graph of a quadratic with complex solutions they notice that the parabola no longer 

intersects the  -axis.  Students begin to feel as though real solutions to quadratics really 

are “real” since they are easy to identify on a graph, while solutions that are complex 

seem entirely “fake” since there seems to be no correspondence between the strange 

complex solution and the quadratic’s graph.  A teacher might mention in passing that the 
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Fundamental Theorem of Algebra ensures that in the event a polynomial does not have a 

real solution a complex solution will take its place, but students are ultimately left with a 

shallow understanding of where these complex solutions come from.   

Long and Hern’s modulus surfaces and Braden’s vector fields provide teachers 

with a means of helping their students visualize complex roots.  A vector field displaying 

real roots alongside complex roots would be especially convincing for students to see that 

complex roots are just as “real.”  There is an advantage to using vector fields instead of 

modulus surfaces for high school students, and that is a vector field is graphed in the two-

dimensional plane while modulus surfaces require three dimensions.  Algebra students 

tend to be much more familiar with two-dimensional graphs and would probably feel 

more comfortable working with vector fields.  However, students can utilize computer 

graphing systems of either graphing technique to check their solutions and aid with 

conceptual understanding.  A discussion about the challenge of graphing complex-valued 

functions due to the need for four dimensions would also remind students that real-valued 

functions are only a limited view of all that is possible in mathematics. 
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