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Abstract: Significant research has been initiated recently to devise control 

strategies that could predict and compensate manufacturing errors using so called explicit 

Stream-of-Variation (SoV) models that relate process parameters in a Multistage 

Manufacturing Process (MMP) with product quality. This doctoral dissertation addresses 

several important scientific and engineering problems that will significantly advance the 

model-based, active control of quality in MMPs. 

First, we will formally introduce and study the new concept of compensability in 

MMPs, analogous to the concept of controllability in the traditional control theory. The 

compensability in an MMP is introduced as the property denoting one’s ability to 

compensate the errors in quality characteristics of the workpiece, given the allocation and 

character of measurements and controllable tooling. The notions of “within-station” and 

“between-station” compensability are also introduced to describe the ability to 

compensate upstream product errors within a given operation or between arbitrarily 

selected operations, respectively. 

The previous research also failed to concurrently utilize the historical and on-line 

measurements of product key characteristics for active model-based quality control. This 

dissertation will explore the possibilities of merging the well-known Run-to-Run (RtR) 
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quality control methods with the model-based feed-forward process control methods. The 

novel method is applied to the problem of control of multi-layer overlay errors in 

lithography processes in semiconductor manufacturing. In this work, we first devised a 

multi-layer overlay model to describe the introduction and flow of overlay errors from 

one layer to the next, which was then used to pursue a unified approach to RtR and 

feedforward compensation of overlay errors in the wafer.  

At last, we extended the existing methodologies by considering inaccurately 

indentified noise characteristics in the underlying error flow model. This is also a very 

common situation, since noise characteristics are rarely known with absolute accuracy. 

We formulated the uncertainty in process noise characteristics using Linear Fractional 

Transformation (LFT) representation and solved the problem by deriving a robust control 

law that guaranties the product quality even under the worst case scenario of parametric 

uncertainties. Theoretical results have been evaluated and demonstrated using a linear 

state-space model of an actual industrial process for automotive cylinder head machining. 
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Chapter 1: Introduction 

 

1.1 BACKGROUND: QUALITY CONTROL OF MULTISTAGE MANUFACTURING PROCESSES  

Multistage manufacturing processes (MMPs), such as automotive machining and 

assembly lines, electronic assembly and packaging processes or lithography overlay in 

semiconductor fabrication, are complex processes consisting of multiple manufacturing 

operations. Manufacturing quality errors in such systems are introduced into the 

workpiece in every operation, with errors accumulated from previous operations causing 

the occurrence of new errors. Such propagation and transformation of manufacturing 

errors results in complex dependencies between quality errors in the final product and the 

manufacturing process parameter errors that cause them (errors in fixture parameters, 

errors in parameters of tool axis paths, robotic positioning system errors, etc.).  

Quality control in MMPs evolved from a fairly rudimentary activity of only 

checking whether product characteristics were within specifications or not, towards a 

statistics based activity of assessing whether the underlying manufacturing process is 

healthy or not (DeVor, Chang and Sutherland, 2007). This science-based approach to 

quality control founded in numerous Statistical Process Control (SPC) methods 

(Montgomery, 2000) led to tremendous benefits in manufacturing during the 1970s and 

1980s (1960s in Japan), and is still the predominant paradigm in the industry today.  

During the late 1990s and 2000s, a new paradigm of quality control appeared. It is 

founded in the use of advanced estimation methods in conjunction with engineering 

models of the flow of quality errors in a MMP. Such synergy of statistics-based science 

and engineering knowledge of the product and underlying manufacturing process enabled 

detection and characterization of process-level parameters that cause variations in the 
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product characteristics (Hu, 1997). Thus, one could automatically diagnose the portions 

of the manufacturing system that caused abnormalities in the quality characteristics of the 

product. 

The next logical step is automatic compensation of errors in product quality. 

Advances in flexible tooling, such as, Computer Numerically Controlled (CNC) 

Machines (Crandell, 2003), flexible fixtures in machining and sheet metal assembly lines 

(Shen et al., 2003; Iverson, 2004) or modern lithography tools with a large number of 

controllable parameters (Mack 2010; Martinez, Finn and Edgar, 2003), spearheaded the 

Run-to-Run (RtR) process control paradigm. RtR improves the product quality in MMPs 

through automatic process parameter adaptations aimed at controlling manufacturing of 

the next product unit, based on the quality measured in the previously produced unit. RtR 

control is routinely practiced in semiconductor manufacturing, automotive assembly lines 

and many other areas (Moynee, Del Castillo and Hurwitz, 2001). Nevertheless, it still 

essentially represents a reaction to problems observed in measurements in the previous 

product unit, leading to improvements only in the next manufactured product.  

The opportunity to create a quality control strategy that is predictive in nature has 

been noticed by several researchers. Djurdjanovic and Zhu, (2005) and Izquierdo et al. 

(2007) presented deterministic methods for feed-forward adjustments of controllable 

process parameters, while Djurdjanovic and Ni (2007) introduced a method for stochastic 

quality control in MMPs with a single decision making point in terms of control 

adjustments.  These quality control methods use in-process measurements of the product 

and the model of the flow of quality errors to predict what will happen to that very 

product as it propagates through the MMP. The predicted errors are then compensated 

using controllable process parameters in the downstream operations. Even though the 

control laws mentioned above yield adaptations of the controllable process parameters 

that significantly improve the dimensional quality of the product, further analogies with 

the traditional control theory could be explored so that one could have a better 

interpretation of the role of the measurements and controllable process parameters in the 
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MMP. Moreover, the above mentioned control methods are all based on the assumption 

of perfect knowledge of the model parameters or the model itself, which in reality is not 

true, as these model parameters are normally estimated using historical data, thus are not 

accurate. Researchers (Zhong, Shi and Wu, 2010; Zhong, Liu and Shi, 2010) had tackled 

the problem of model uncertainties recently by denoting the model uncertainties as 

random Gaussian distributed variables. Nevertheless, the model uncertainties seldom 

present themselves as random terms with some known prior distribution. Instead, they are 

some constant or time-varying parameters which are not exactly known and need to be 

accounted for.  

In summary, one can tell that numerous restrictive assumptions associated with 

the form and tractability of the underlying error flow models still hamper the existing 

model-based active quality control methods. The aforementioned opportunities will be 

addressed in the dissertation. 

1.2 RESEARCH PURPOSE 

The main purpose of the research presented in this dissertation is to broaden the 

theory and improve practical applicability of active model-based quality control in 

MMPs.  

We will first introduce and explore the compensability properties of active quality 

control in MMPs that are analogous to the well-known controllability in the traditional 

control theory (Zhou, Doyle and Glover, 1995). This new concept will describe the 

ability to actively control errors in workpiece quality, given an allocation of measurement 

and actuation (programmable tooling) devices in a MMP. The need for such a concept is 

even more apparent given that prior research in the area of model-based quality control 

already led to the introduction of the diagnosability concept, analogous to the concept of 

observability, well-known in the control theory (Zhou, Doyle and Glover, 1995).  

Furthermore, we will explore possibilities of merging the well-known RtR quality 

control methods with the recently introduced model-based feed-forward process control 
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methods (Jiao and Djurdjanovic, 2010). The focus of this study will be on the control of 

multi-layer overlay errors in lithography processes in semiconductor manufacturing. 

Lithography is a typical MMP, since variations in the previously deposited reference 

layers also affect the overlay errors in the subsequently deposited layers. Thus, a multi-

layer overlay model is needed to model the propagation and flow of overlay errors from 

one layer to the next. After derivation of the aforementioned error flow model, we will 

introduce a new control strategy that uses the error flow model to unify the RtR and 

feedforward approaches to compensation of errors in the product quality. Such a united 

control strategy facilitates automatic adjustment of the controllable process parameters in 

the entire MMP to counteract the errors accumulated in the currently processed 

(feedforward control) as well as future products (RtR control).  

At last, we will extend the existing stochastic control method for MMPs by 

considering inaccurately indentified noise characteristics in the underlying error flow 

model. This is also a very common situation, since process noise characteristics are 

normally estimated using historical data and are rarely known with absolute accuracy. 

We will utilize the Linear Fractional Transformation (LFT) representation (Zhou, Doyle 

and Glover, 1995) of the uncertainty in process noise characteristics and formulate the 

problem of deriving a robust control law as a min-max optimization problem, which will 

be solved approximately using semidefinite programming. This newly derived robust 

control, which guarantees the product quality under the worst case scenario of parametric 

uncertainties, will also be evaluated and demonstrated using a linear state-space model of 

an actual industrial process for automotive cylinder head machining. 

1.3 OUTLINE OF THE DISSERTATION  

The rest of the doctoral dissertation is organized as follows. Chapter 2 offers a 

review of the previous work in modeling of the flow of errors in MMPs, as well as 

various applications of those models for process diagnostics, measurement scheme 

analysis and synthesis, manufacturing system design, tolerance allocation, and automatic 
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control. Chapter 3 introduces the novel concept of compensability to define the inherent 

effectiveness of model-based quality control, given an allocation of measurements and 

controllable process parameters. In conjunction with the previously introduced concept of 

diagnosability, this new concept is crucial for understanding and rapid optimization of the 

allocation of measurements and actuation capabilities in a MMP. Chapter 4 proposes a 

new stochastic method for active control of quality in MMPs that integrates the RtR and 

model-based feed-forward control methods. It is applied to a newly derived multi-layer 

lithography overlay model characterizing the stack-up effects of the errors in lithography 

overlay processes. Chapter 5 addresses the necessity for consideration of uncertain model 

parameters in the process noise characteristics. Such model parametric uncertainties 

could occur due to insufficient historical records of the process noises of the MMP, or 

because of significant non-linearities in the model. A robust control law is introduced to 

maintain the product quality under the worst case scenario of parametric uncertainties. 

Chapter 6 offers conclusions of the work presented in this dissertation, lists potential 

scientific contributions of the doctoral research and gives plans for possible future work.  
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Chapter 2:  Literature Review 

 

2.1 THE MODELING OF MULTISTAGE MANUFACTURING PROCESSES 

 A multistage manufacturing process (MMP) refers to a system consisting of 

multiple components, stations, or operations required to finish product or service (Shi and 

Zhou, 2009). Multistage systems are quite common in practice: automotive machining or 

assembly lines, electronic assembly or packaging process, semiconductor lithography 

process, or even construction of a skyscraper. Since the product in the MMP is 

manufactured stage after stage, the final product quality is determined not only by local 

variations at that stage, but also by the interactions among multiple stages. The 

complexity of the error propagation presents significant challenges to researchers for 

quantitatively characterizing this upstream-to-downstream influences.  

Explicit modeling of the flow of workpeice quality errors from one manufacturing 

station to another to formally predict and diagnose variations in an automotive body 

assembly system was first suggested by Hu (1997). This work effectively proposed a 

model in the state-space form in terms of the assembly errors (having the role of system 

states) and assembly station index (having the role of the time index) for a multi-leveled 

hierarchical automotive assembly system. Based on the proposed error propagation 

model for serial assembly and parallel assembly configurations, Hu (1997) analyzed and 

showed that the two assembly schemes have distinctively different variability and 

diagnosability characteristics. Moreover, based on the diagnosability, an integrated 

diagnostic strategy has been developed for automotive body assembly systems, which 

could pinpoint the location of the variation sources in the assembly system if, any quality 

problem in the final product is detected. 
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Jin and Shi (1999) proposed a state space approach for modeling the flow of 

dimensional errors in automotive sheet metal assembly based on the assumptions that 

only 3-2-1 fixtures are used throughout the assembly line and that every automotive body 

part is perfectly rigid. Through an analytical study of the geometric relationship between 

the tooling locator and part orientation, and the variation stack-up of the assembled parts, 

the linear state space model for the overall error propagation in the assembly process is 

obtained. The accumulative dimensional errors are defined as the state vector, the fixture 

tooling locating errors are introduced as control vector and the part dimensional 

variations are denoted as measurement vector in the well-known state space form. Even 

through it only characterized the error flow in a 2-D plane, the model represents the first 

analytical error flow model, which enabled the process design, monitoring and diagnosis 

for body assembly becomes possible.  

Camelio et al. (2003) expanded Jin and Shi’s (1999) work by taking work-piece 

compliance (non-rigidity) into consideration. The authors decomposed the basic assembly 

process of compliant parts into four operations: loading, holding, joining, and unloading. 

Given the physical model of the four operations considered in the paper, the authors 

obtained the re-location matrix, the deformation matrix and the sensitivity matrix for each 

station, and derived the state transition matrix with the consideration of three different 

sources of variation: part variation, fixture variation and welding gun variation. Finally, 

the authors developed a linear state space model similar in form to the one reported in Jin 

and Shi’s (1999), and used the model to prove that the additive theorem of variance 

accumulation widely assumed in variation simulation, is not valid for assembly processes 

with compliant parts.  

While the previous research mainly focuses on multistage assembly processes, 

Djurdjanovic and Ni (2001) derived a linear state space model to describe the flow of 

dimensional errors in multistage machining processes. This model captured the kinematic 

effects of the machine tool movement and errors in fixture parameters based on the 

assumption that the machine errors are small compared to the nominal dimensions. The 
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experimental results simulated using their newly devised model showed a good match 

with the measurements obtained from an actual cylinder head machining process.  

Zhou et al. (2003) also developed a linear state space model of dimensional errors 

in machining by using a differential motion vector representation of features, which is 

well known in robotics theory (Craig, 1988). The state vector in this new model was 

defined as the stack of differential motion vector that included three major error 

components: machining error, fixture error and datum error.  The authors first set up the 

physical model for each error type using homogeneous transformation matrices to 

characterize the connection between every error source and the feature deviation. Then 

they divided the variation propagation into six steps and applied the properties of 

differential motion vector to get the transition matrix in each step. These transition 

matrices were combined to obtain the explicit expressions for all the matrices of a state 

space model. Compared to Djurdjanovic and Ni (2001; 2003), model derivation is much 

more elegant and tractable. However, unlike Djurdjanovic and Ni (2001; 2003), the 

measurements were not expressed as a function of system states, which in Djurdjanovic 

and Ni (2003) was shown to be a non-trivial task. 

 

2.2 STATISTICAL MONITORING AND ROOT CAUSE IDENTIFICATION FOR MULTISTAGE 
MANUFACTURING PROCESSES 

2.2.1 Statistical Monitoring for Multistage Manufacturing Processes 

The linear state space form of the SoV models provides the foundation for 

application of achievements in modern control theory and multivariate statistics to 

detection of sources of product quality problems. These problems were traditionally 

solved using the Statistical Process Control methods to detect abnormalities (“out of 

control” situations), and involved a substantial amount of expert human intervention to 

identify the source (“root cause”) of that abnormality.  
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Hawkins (1993) studied multivariate quality control procedures for monitoring 

correlated quality characteristics in cascading processes, such as MMPs. He suggested to 

use a regression-adjusted charts for monitoring each quality characteristic, which is 

described by the corresponding component of the vector of regression-adjusted variables.  

The vectors of regression-adjusted variables are obtained by regressing the observed 

quality characteristics at the current stage, against the measurements of the quality 

characteristics from previous stages.  In such a way, the error propagation effect is 

removed from the measured characteristics and the regression residuals could be used to 

monitor the errors produced in an individual manufacturing stage.  

Indeed, Hawkins’s method greatly reduced the false alarm rates of statistical 

process monitoring in MMPs. However, the approach is purely statistical and does not 

include the engineering knowledge about the product design and the underlying 

manufacturing system. Zantek et al. (2002) first used a computer executable network 

representation of the statistical relationships between the product quality measurements. 

This network representation is capable of modeling more complex MMPs compared to 

Hawkin’s method, which is only able to handle cascading operations. The authors 

converted the network to a simultaneous-equations model and estimated the model 

parameters using the least squares approach. The parameter estimates were used to 

measure and rank the impact of each stage’s performance on the variability of in-process 

and final product quality. Furthermore, the authors presented an economic model, which 

used these results, to guide management in deciding on the amount of investment in 

process quality improvement for each stage. 

Furthermore, several advanced SPC techniques have been devised to incorporate 

the structure of MMPs for more accurate detection ability. Xiang and Tsung (2008) 

adopted the linear state space form of SoV models to describe the quality linkages, and 

based on that, proposed a monitoring method based on the use of Exponential Weighted 

Moving Average (EWMA) charts.  First, the authors provided an expectation-

maximization (EM) algorithm to obtain maximum likelihood estimates of the parameters 
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in the model. Next, similar to the principle of the regression adjustment approach in 

Hawkins (1993), the authors came up with a group EWMA chart of one-step ahead 

forecast errors of the model under normal (“in control”) conditions. These errors are 

independent and identically distributed, and thus the complex multi-stage monitoring 

problem is transformed to a simple multi-stream monitoring problem. Finally, this model 

based statistical monitoring method was applied on an automotive hood manufacturing 

process, and the efficiency of the monitoring method was evaluated through comparison 

of Average Run Length (ARL) of the new approach and other alternative charts.  

2.2.2 Root Cause Identification of Multistage Manufacturing System 

Once an abnormality in the MMPs is identified, the next step is to locate the root 

cause of the problem. However, the conventional SPC methods are only able to detect 

abnormalities if a process is out of control, while root cause diagnosis normally involves 

a substantial amount of expert human intervention. With the significant development of 

the modeling techniques for error propagation in MMPs, quantitative characterization of 

the relationship of the process errors and product quality measurements becomes 

possible. These methodologies for root cause diagnosis can be roughly classified into two 

categories (Shi and Zhou, 2009):  Pattern matching based methods and statistical 

estimation based methods.  

Pattern matching based methods were mostly applied to an assembly processes. 

Ding et al. (2002) adopted the Principle Component Analysis based pattern recognition 

method to isolate fixture faults in a side aperture assembly line. This paper proposed an 

approach using matrix perturbation theory for diagnosing fixture faults due to the 

correlated noise in a given MMP system. The proposed diagnostic method provided a 

better understanding of the process and created analytical foundation for optimization and 

control of MMP systems. Nevertheless, its limitation is that it is only able to diagnosis 

single simultaneous fault.  
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Li, Zhou and Ding (2007) extended Ding et al.’s (2002) work with consideration 

of sampling uncertainty. They developed a procedure to make the pattern matching 

method more robust under the perturbations due to unstructured noise and sampling 

uncertainties. The methodology was then demonstrated on a three stage V-6 cylinder 

head machining process.  

From reviews on pattern matching based fault identification methods, one can 

conclude that it basically involves three procedures to indentify the errors: (1) Obtaining 

signatures of potential errors based on the SoV model (2) Extracting key features of the 

observed errors from the measurement data (3) Comparing the patterns of observed errors 

to the established signatures of potential errors.  

Besides the pattern recognition method, statistical estimation method can also be 

applied to find the root cause of the dimensional errors. Huang et al. (2002) presented a 

fault identification method in multi-station machining systems based on a state space 

model. The proposed method is able to improve the quality even without historical 

measurement data, by utilizing a process model and prior knowledge about the statistical 

properties of manufacturing system parameters. However, the diagnostic methodology is 

limited to identifying the manufacturing stations that caused quality problems without the 

ability to further classify the deviation of the culprit manufacturing system parameters 

(tool axis motions and fixture parameters). 

Zhou et al. (2003a) also proposed a methodology to identify the operation-level 

root causes of quality problems using maximum likelihood estimation and hypothesis 

tests formulated through a SoV-based general linear model of a MMP. Either the process 

mean shift or a variance increase can be identified by this method. Moreover, multiple 

process faults can be estimated simultaneously using the point estimation algorithms for 

linear mixed models. 

According to Li, Zhou and Ding (2007), the pattern recognition methods can be 

considered as having the following advantages: 

• A clear geometric explanation of fault signatures or fault patterns; 
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• The results can be easily visualized and physically interpreted;  

• It is intuitive and easy for practitioners to implement and execute. 

On the other hand, the statistical estimation methods have the advantage the statistical 

rigor and confidence for the identified root causes (Shi and Zhou, 2009). Thus, this 

additional information on statistical confidence enables us to more accurately and reliably 

locate the error source. 

2.3 QUALITY-ORIENTED DESIGN OPTIMIZATION 

SoV models of error flow in MMPs can also be used to optimize process 

parameters for quality control and improvement. Given the SoV model, one can analyze 

the relationship between the key process characteristics (KCCs) and the key product 

characteristics (KPCs).  A sensitivity analysis of the measured KPCs to the KCCs was 

done by Ding, Ceglarek and Shi (2001b). The authors used hierarchical groups of 

sensitivity indices based on the SoV model to describe the multistage system’s response 

to the variation inputs in terms of the critical design parameters. The sensitivity-based 

design evaluation was conducted in three steps: (1) at the system level by evaluating and 

selecting assembly process configurations; (2) at the stage level by identifying the critical 

station in an assembly process; (3) at the fixture level by isolating the critical elements of 

fixtures. Based on the sensitivity evaluated through SoV models, the practitioners can 

identify process parameters that have large impact on the final product quality and 

concentrate on the key factors when designing the manufacturing process.  

Apley and Kim (2011) took the model uncertainty into account at the design stage 

and proposed a robust method which relies on empirical process models that relate an 

output response variables to a set of controllable input variables and uncontrollable noise 

variables. This cautious robust design approach tends to call for smaller input setting, 

which lessen the inflation of the mean square error due to model uncertainty. 
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 Based on Shi and Zhou (2009), the sensitivity of the KPCs to the KCCs has been 

used to improve the quality-oriented design via two approaches: (1) allocation of the 

tolerances for the key process parameters (process-oriented tolerance design); (2) 

optimization of the parameters of the process (quality driven fixture design) or the 

structure of the multistage process (process sequence design). Normally, both approaches 

can be formulated as constrained optimization problem with the objective of minimizing 

the Cost Related to Process Precision (CRPP). 

Ceglarek and Shi (1997) presented a tolerance analysis methodology for sheet 

metal assembly based on physical modeling of the fabrication errors. The beam-based 

modeling approach allows inclusion of the product fabrication errors affected by parts 

locating layouts, location of part-to-part joining elements and geometry of part-to-part 

joints. Shiu et al. (1999) proposed a tolerance allocation methodology for compliant 

beam structures in automotive and aerospace assembly processes. The method minimized 

manufacturing costs associated with tolerances of product functional requirements under 

the constraint of satisfying process requirements. However, Shiu’s (1999) beam-based 

model method focused on the effect of flexibility in compliant-parts without considering 

the effects from tooling elements. Huang et al. (2003) used the state space SoV model to 

describe the tolerance stack-up in multistage machining processes, based on which 

product and process tolerance selections were simultaneously made through a general 

two-step optimization procedure. The first step was a linear program that maximized the 

process tolerance while keeping the component tolerance under desired limits. The 

second step consisted of changing process design or setup geometry within the 

permissible ranges, which was then followed by repetition of the first step. Ding et al. 

(2005) also developed a tolerance synthesis method for process design in a multistage 

assembly system with different fixture setups. The authors first explicitly characterized 

the relationship between the tolerance and process variation based on pin-hole locating 

scheme. Moreover, the process degradation which is caused by a locator wear process 

was included intro this process-oriented tolerancing method. Thus, this tolerance design 
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provides the capability of optimizing the tolerance for the whole life-cycle of a 

production system. Finally, a reciprocal function was chosen as the cost-tolerance 

function and was solved using Sequential Quadratic Programming (SQP) method.  

The tolerance allocation methods addressed above are only able to ensure the final 

product quality. To improve the product quality, the entire MMP structure needs to be 

optimized using the error flow model. Camelio et al. (2004) suggested a fixture design 

methodology for sheet metal assembly processes based on utilization of SoV models. The 

optimized fixture layout enabled a significant reduction in assembly variation caused by 

part and tooling variation. Wang and Ceglarek (2005) developed a methodology for 

Quality-driven Sequence Planning, based on a multivariate process capability index 

calculated using the corresponding beam-based quality model. The developed quality-

driven sequence planning allowed one to obtain a robust assembly system that is less 

sensitive to part and tool variations. Liu, Shi and Hu (2009) proposed a setup-planning 

approach with the focus on datum scheme and fixture layout design. The authors used a 

SoV model to analytically characterize the variation stack-up for each candidate setup 

plans. Based on that, a dynamic program was formulated with the objective of 

minimizing the CRPP and under the constraints of the final product quality 

specifications.  This proposed approach can significantly improve the effectiveness of 

the setup planning for MMPs.  
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MANUFACTURING PROCESSES 

The analytical character of SoV models also led to formal characterization of 

measurements in multistage manufacturing systems based on the amount of information 

measurements carry about the process-level root causes of quality problems. 

Djurdjanovic and Ni (2001) provided a study on diagnosability of process faults given the 

allocation of in-process measurements.  This study revealed that one can determine the 

diagnostic capability of the measurements through checking the rank of the SoV model 
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based regression matrix connecting the measured dimensional errors and corresponding 

root causes.  

 A more thorough study on diagnosability of process faults in a MMP was 

provided by Ding et al. (2002), introducing the notions of within-station, between-station 

and overall process diagnosability (Ding et al., 2002). Moreover, the authors 

quantitatively characterize the information carried in the product measurements by the 

diagnosability index, which is defined as the percentage of independent equations 

describing the measurements versus the total number of possible faults in a MMP. This 

index is proposed as a metric to evaluate any measurement scheme and could be further 

used to guide the design of measurement strategies or locations in a MMP.    

Nevertheless, the rank-based criteria neglected the fact that there are infinitely many 

schemes that could have the same within-station and between station diagnosability, thus 

leading to the same diagnosability index for all those measurement schemes. Moreover, 

the rank-based measurement scheme characterization just conveys the message of one’s 

ability or inability to uniquely estimate the root causes of manufacturing errors using the 

error flow and the given set of measurements. In other words, the rank-based criteria are 

only able to signal the uniqueness or non-uniqueness of the root cause estimates based on 

a given set of measurements, but are not able to quantify how good or bad those estimates 

are.   

A more appropriate and more distinctive quantitative description of a 

measurement scheme can be based on its information content, which itself is mirrored in 

the amount of uncertainty related to the process-level root cause estimation based on that 

measurement scheme. This approach was adopted by Djurdjanovic and Ni (2003) , who 

suggested a Bayesian measurement scheme analysis method to formally and 

systematically evaluate the amount of information content a given combination of 

measurements carries about the process-level faults that cause quality problems in a 

MMP. The trace of the covariance matrix of root cause estimation error for the linear 

least square estimator (LLSE) of process level root causes of product quality is used to 
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quantitatively describe a measurement scheme. This Bayesian approach to measurement 

scheme analysis in MMPs allows the integration of a priori knowledge of statistical 

characteristics of machining error root causes and sensor readings into root cause 

identification and quantitative measurement scheme characterization. Nevertheless, the 

Bayesian approach also requires this a priori knowledge to exist in order for it to be 

applicable.  

Despite the fact that statistical properties of the root cause of dimensional 

machining errors can be obtained through analyzing the historical information, it is more 

likely unavailable during the ramp up and in the early stages of production. This need for 

measurement scheme analysis methods that are based on a non-Bayesian approach was 

addressed by Djurdjanovic and Ni (2006).   The authors first introduced the 

measurement scheme analysis methods when only statistical characteristics of the 

measurement noise are known. These methods are based on the well-known least square 

estimation technique and characterization of the Fischer information matrix (Casella and 

Berger, 2002). Then, the authors presented the measurement scheme analysis methods 

which deals with uncertain or possibly non-existent knowledge of the statistical 

characteristics of the sensor noise and root causes of dimensional machining errors, using 

the recently developed Worse Case Maximum Likelihood Estimation (Calafiore and El 

Ghaoui, 2000). 

Based on this ability to evaluate “informative-ness” of any set of measurements, 

an optimal measurement allocation could be pursued based on the maximization of the 

information contained in these measurements. Khan and Ceglarek (2000) developed a 

heuristic approach to sensor allocation that provides optimal pair wise distinction of 

individual fixture faults in a multi-fixture system with distributed sensing. Combinatorial 

complexity of the problem was circumvented by first optimizating the number of sensors 

allocated to each part of the assembly, and then optimizing sensor allocation within each 

station, given the optimal number of sensors for each station, provided by the previous 

step. There was no error flow model to support the procedure and the successive 
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optimization makes this approach not even close to finding the optimal solution. 

Furthermore, characterizing sensor allocation scheme based on the pair wise distinction 

of individual faults signatures is not appropriate for measurement scheme 

characterization in the presence of multiple faults. Ding et al. (2003b) investigated a 

strategy for sensor distribution in a multistage assembly station for diagnosis purpose. 

They utilized a rank-based measurement characterization from Ding et al. (2002b) to 

define a backward propagation strategy for the allocation of sensing stations along the 

process and the determination of the minimal number of sensors within each sensing 

station. Based on the proposed strategy, the authors could allocate the sensors to the 

assembly stations so that the both between-station and with-in station diagnosability is 

achieved. However, as mentioned earlier, rank-based measurement characterization does 

not depict the accuracy associated with the estimates of the root cause. This is addressed 

in Djurdjanovic et al. (2004), who defined the measurement scheme synthesis as an 

optimization process in which a tradeoff is achieved between the amount of information 

provided by the measurements regarding the root causes of the errors and the costs of the 

measurements. A genetic algorithm (Coley, 1999) based procedure was proposed to 

synthesize measurement schemes that carry the most information about the root causes of 

dimensional errors, under the constraints of the available measurement budget. The 

informativeness of a measurement scheme was expressed via the root cause estimation 

uncertainty associated with the corresponding measurements. Although the use of a 

genetic algorithm does not guarantee a global optimal solution, it offers a great 

improvement in measurement scheme allocation and allows the possibility of a designer 

intervention in choosing the most appropriate measurements. 
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2.5 CONTROL STRATEGIES FOR MULTISTAGE MANUFACTURING PROCESSES 

2.5.1 SoV model based product quality control methods 

With the recent development of inspection technology and controllable tooling, 

significant research has focused on the use of analytical models of the flow of 

manufacturing errors for facilitating automatic control of product quality. Wang et al 

(2007) proposed a run-to-run (part-to-part) control strategy based on the well-known 

dead-band adjustment concept from Automatic Process Control (APC), with the state-

space model being used to decompose the necessary process action onto a set of 

equivalent fixture parameters (Shen et al, 2005). Such run-to-run methods indeed could 

improve the product quality in MMPs through automatic process parameter adaptations, 

in the sense of controlling manufacturing of the next product unit run based on the quality 

measured in the previously produced unit run. Nevertheless, it still essentially represents 

a reaction to the problems observed in measurements in the previous product, leading to 

improvements only in the next manufactured product.  

Recent years have seen increased use of modern measurement devices for rapid 

and highly accurate in-process and end-of-line inspection of products, yielding detailed 

measurements of every product while it is still manufactured on-line and giving an 

immediate insight into the evolution of the underlying manufacturing process health 

(Djurdjanovic and Ni, 2007). Together with the linear state space form of SoV models, 

such on-line measurement information about the product that is being manufactured can 

be utilized to adjust process parameters and reduce the variation of that very product as it 

propagates through the MMP. The basic idea is to control the product quality through on-

line adjustment of controllable process parameters using the measurements of product 

features performed after the operations that has already been completed. Djurdjanovic 

and Zhu (2005) suggested a deterministic method for adjustments of controllable 

parameters in downstream operations based on the information obtained from the 

measurements in upstream operations. The adjustments were made to improve the overall 
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downstream dimensional product quality, as evaluated by the reduction in the form of the 

sensitivity matrix relating process parameters with the measurements of the workpiece. 

Djurdjanovic and Ni (2007) defined a stochastic control method for model-based quality 

control of multi-station manufacturing process with a single decision point in which 

adjustments of controllable process parameters are made based on the upstream in-

process measurements. The distributed actuation capabilities across the MMP as well as 

statistical characteristics of the actuation accuracy, modeling noise and sensor noise were 

taken into account by the proposed stochastic control law.  

The problem with the compensation methods proposed by Djurdjanovic and Zhu 

(2005) and Djurdjanovic and Ni (2007) is that it has only one decision making point. 

Thus it does not take into account the fact that as the product moves along a MMP, more  

in-process measurements of the product quality become available and one could use the 

newly obtained information to update the controllable process parameters each time the 

new measurements are taken. Izquierdo et al (2007) devised a deterministic model-based 

feed-forward process control method similar to the Djurdjanovic and Zhu (2005), but 

with distributed decision making points. More recently, Jiao and Djurdjanovic (2010) 

extended considerations from Djurdjanovic and Ni (2007) to enable distributed stochastic 

control of dimensional product quality in multistage manufacturing. The optimal control 

law obtained by Jiao and Djurdjaonvic (2010) was of a sequential nature, resembling in 

that trait to the well-known Kalman filter (Stengel, 1994). Table 1 illustrates the state of 

the art model-based feedforward control of quality in MMPs. 
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Table 1: Recent publications active model-based control of quality errors in multistage 
manufacturing process. 

 Deterministic Control Stochastic Control 

Single Decision Point Djurdjanovic and Ni, 2005 Djurdjanovic and Ni, 2007 

Distributed Decision Points Izquierdo et al., 2007 Jiao and Djurdjanovic, 2010 

 

However, most of the previous research assumed that the underlying model of the 

error flow in an MMP is perfectly known (both model parameters and noise 

characteristics, implying that there is no uncertainty in the associated model parameters. 

This is not true in real life. Physical models are normally obtained by discarding the high-

order terms or complicated effects. These omitted effects will cause uncertainty in the 

model parameters themselves. In addition, some of the models for MMP are obtained 

through data fitting,  and the resulting model parameters will be inherently uncertain. 

This means that there will be confident interval associated with the point estimation for 

model parameters. A few researchers have already addressed issue of uncertain model 

parameters in MMP. Zhong, Shi, & Wu (2010) treated the model uncertainties as random 

Gaussian distributed variables with zero mean and proposed a DoE-based Process 

Controller with the objective of  minimizing the variability of response variables. 

Zhong, Liu, & Shi (2010) designed a more advanced model predictive control which 

minimizes a cost function of quadratic form based on the same assumption of Gaussian 

distributed model uncertainty. Moreover, the limits of the control action was also 

considered in the work as well and the effectiveness of the proposed approach was 

demonstrated through a case study of a simulated assembly processes.  
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2.5.2 Joint allocation of measurements and controllable process parameters  

Since rapid measurement devices and flexible tooling with controllable 

parameters are usually expensive and could slow down the production cycle time, it is 

highly likely that only a limited number of such devices will be available in any given 

manufacturing system. It is therefore very beneficial to distribute these expensive devices 

across the manufacturing system in a way that one’s ability to perform on-line control of 

the product quality is maximized. Since the control law efficiency is always dependent on 

the given allocation of actuation and measurements of capabilities in a MMP (Izquierdo 

et al., 2007; Jiao and Djurdjanovic, 2010), the aforementioned optimization needs to be a 

joint optimization of measurements and controllable parameters. 

This optimization problem is actually similar to joint sensor and actuator 

placement problems, which have been studied by several researchers in different areas1

                                                 
1 One should note that the joint allocation of measurements and controllable process parameters is similar 
conceptually to the measurement scheme synthesis that has been reviewed. 

. 

Han and Lee (1999) used a genetic algorithm method to find efficient locations of 

piezoelectric sensors and actuators of a smart composite place. Locations of both sensors 

and actuators have been determined with consideration of controllability and 

observability.  Loncaric (1997) proposed a way to efficiently place sensors and actuators 

in a physical system described by partial differential equations. The author grouped the 

sensor and actuator positions into pairs, and then ranked the pairs in terms of 

effectiveness and versatility. Combinatorial growth of computational complexity is thus 

avoided by restricting attention only to candidate sensor and actuator pairs. In the context 

of maximizing one’s ability to control the dimensional errors in a MMP, the problem of 

jointly optimal allocation of measurements and actuator points (flexible tooling with 

controllable process parameters) was addressed by Jiao and Djurdjanovic (2010). They 

defined a metric to quantitatively characterize each allocation of measurement and 
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controllable parameters in a MMP based on the corresponding improvements of the 

product dimensional quality yield their newly proposed distributed stochastic control 

method. Then, they adapted a Reactive Tabu Search (Battiti and Tecchiolli, 1994) 

method to concurrently allocate the measurement and controllable tooling devices, with 

the objective of achieving the maximal improvements of the product quality.  

 

2.6 CONCLUDING REMARKS 

From the extensive literature review given above, one can conclude that the 

analytical models describing the flow of quality errors in MMPs were widely used for 

root cause identification, measurement scheme analysis and synthesis, process design and 

control purposes. However, several significant opportunities for further explorations 

remain.  

Although several prior works in the area of model-based quality control discussed 

the diagnosability concept, the property which can formally describe the ability of a 

MMP to actively control errors, in workpiece quality has not been described. The aim of 

this dissertation is to fill that void by formally introducing and studying the new concept 

of compensability, resembling the concept of controllability in the traditional control 

theory. Moreover, the current model-based feedforward control strategy for the quality 

control in MMPs does not incorporate the historical process information for product 

quality improvement. The focus of the dissertation will be on merging the well-known 

RtR quality control methods with the recently introduced model-based feed-forward 

process control methods (Jiao and Djurdjanovic, 2010) to fill that gap. Such a control 

strategy would facilitate automatic adjustment of the controllable process parameters in 

the entire MMP to counteract the errors accumulated in the currently processed 

(feedforward control) as well as future products (RtR control). Finally, analytical models 

of the flow of quality errors in MMPs are hard to obtain and usually contain significant 

inaccuracies. The inaccuracies were previously denoted by random Gaussian variables 
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(Zhong, Shi and Wu, 2010; Zhong, Liu and Shi, 2010), and again leads to a Bayesian 

control approach. This doesn’t comply with the facts. Since model inaccuracies are 

usually not random in their nature, and even if they are, one rarely  has a prior known 

distribution of those inaccuracies.  A more accurate description of model uncertainty is 

to use parameter perturbation. Djurdjanovic and Ni (2006) adopted Linear Fractional 

Transformation (LFT), which is a more general type of parameter perturbation, to derive 

a robust estimation method of the process-level parameters. In this dissertation, we will 

explore issues of active model based control in the presence of significant model-

parametric inaccuracies using LFT representation.   
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Chapter 3:  Theory of Compensability of Errors in Product Quality in 

Multistage Manufacturing Processes 

 

3.1 INTRODUCTION 

It can be seen from the previous chapter that since late 1990’s, significant 

research efforts focused toward devising and exploiting explicit models of the flow of 

errors in quality in multistage manufacturing processes (MMPs). The most recent 

research focused on the use of rapid in-process measurements and flexible tooling with 

controllable parameters (CNC machines and/or flexible fixtures) to facilitate automatic 

compensation of errors in MMPs. Izquierdo et al. (2007) and Djurdjanovic and Zhu 

(2005) presented deterministic methods for feed-forward adjustments of controllable 

process parameters, minimizing variations away from nominal, either in the product CAD 

parameters (Izquierdo et al., 2007), or in the measured product characteristics 

(Djurdjanovic and Zhu, 2005). In Jiao and Djurdjanovic (2010), a stochastic version of 

the feedforward control law with distributed decision points for control action was 

derived. Its quantitative efficacy was used for concurrent allocation of measurements and 

flexible, programmable tooling across the MMP that maximized the ability to actively 

control the quality. 

Even though the control law and characterization reported in Jiao and 

Djurdjanovic (2010) yielded analytical results in the shape of “Kalman filter – like” 

adaptations of controllable process parameters, further analogies with the traditional 

control theory can be explored. One of them is exploration of properties analogous to 

controllability in the traditional control theory that would formally describe the ability of 

a MMP to actively control errors in workpiece quality, given an allocation of 

measurement and actuation devices (tooling with controllable process parameters). The 
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need for development of such a concept is even more apparent given that prior research 

in the area of model-based quality control already led to the introduction of the 

diagnosability concept, analogous to the concept of observability, well-known in the 

control theory. The aim of this chapter is to fill that void by formally introducing the 

concept of compensability analogous to the concept of controllability in traditional 

control theory. 

 

3.2 STREAM OF VARIATIONS (SOV) MODEL BASED CONTROL OF QUALITY ERRORS IN 

MMPS 

The key to reducing product variations and improving quality in MMPs is to 

understand how errors are introduced, transformed and accumulated as the workpiece 

progresses through the system. For each operation 𝑘 in a MMP, let 𝒖𝒄(𝑘) denote the 

vector consisting of process parameters that can be automatically actuated by the 

operator, and let 𝒖𝑬(𝑘) denote the vector consisting of components that cannot be 

automatically actuated by the operator. In the case of machining, 𝒖𝒄(𝑘) would contain 

parameters of machine-tool axes at operation k that can be automatically controlled 

(parameters of controllable axes of a CNC machine, for example), while in the case of 

sheet metal assembly, 𝒖𝒄(𝑘)  would contain fixture parameters for the flexible, 

controllable fixture at operation 𝑘, if such a fixture is installed in that operation (see 

Izquierdo et al. (2007) and Shen et al. (2003) for examples of such fixtures for sheet 

metal assembly and machining, respectively). In machining, for example, the vector 

𝒖𝑬(𝑘)  would consist of dedicated machine-tool axes parameters and/or fixture 

parameters that cannot be automatically actuated by the operator at operation 𝑘 (process 

parameters corresponding to dedicated tooling in a MMP). Also, let 𝒙(𝑘) be the vector 

of errors in workpiece CAD parameters (consisting of deviations away from nomimal in 

the position and orientation of planar workpiece features, errors in the position, 

orientation and diameter of holes, etc.) and let 𝒚(𝑘)  be the vector of measured 
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dimensional errors after operation 𝑘. Under a small error assumption, error propagation 

in such a system can be described through the linear state space model of the form 

(Djurdjanovic and Ni, 2007; Jiao and Djurdjanovic, 2010): 

𝒙(𝑘) = 𝐀(𝑘)𝒙(𝑘 − 1) + 𝐁𝐜(𝑘)𝒖𝒄(k) + 𝐁𝐄(𝑘)𝑢𝐸(𝑘) + 𝑾(𝑘);      𝒙(0) = 0  

𝒚(𝑘) = 𝐂(𝑘)𝒙(𝑘) + 𝐃𝐜(𝑘)𝒖𝒄(𝑘) + 𝐃𝐄(𝑘)𝒖𝑬(𝑘) + 𝑽(𝑘);                (3.1) 

where 𝑨(𝑘) denotes the matrix describing the transformation of deviations of machined 

feature from operation 𝑘 − 1 to 𝑘, 𝐁𝐜(𝑘) and 𝐁𝐄(𝑘) are matrices denoting how new 

workpiece deviations at operation 𝑘 are introduced due to deviations of controllable and 

uncontrollable process parameters, respectively, matrix 𝐂(𝑘) describes how errors in 

workpiece CAD parameters are reflected in the measurements taken after operation 𝑘, 

while matrices 𝐃𝐜(𝑘) and 𝐃𝐄(𝑘) describe direct propagation of deviations of process 

parameters into the measurements after operation 𝑘 (for example, if measurements of a 

machined workpiece are taken while it is still fixture in the machine, i.e. in the case of 

“on-machine” measurements, the measured errors are due to errors in the workpiece 

parameters, as well as due to errors in the fixture parameters, i.e. due to direct 

propagation of errors in the process parameters). Matrices 𝐀(𝑘), 𝐁𝐜(𝑘), 𝐁𝐄(𝑘), 𝐂(𝑘), 

𝐃𝐜(𝑘) and 𝐃𝐄(𝑘) can be determined through linearized kinematic analysis, following 

the procedures described in Jin and Shi (1999) and Djurdjanovic and Ni (2001), with 

𝑾(𝑘) denoting the vector “plant” noise due to the linearization errors and non-modeled 

effects, and 𝑽(𝑘) denoting the noise term caused by the linearization and sensor noise 

Following Jiao and Djurdjanovic (2010), without any loss of generality one can 

assume that controllable tooling devices (actuation capabilities) are available in 

operations 2,3,⋯ ,𝑁, as well as that measurements are available after each operation 

1,2,⋯ ,𝑁. Then, after any operation 𝑘, in-process measurements taken after operations 1 

through 𝑘 (“upstream” operations) can be used to estimate what happened with process 

parameters in those operations, based on which controllable process parameters in the 

downstream operations can be adjusted to counteract the previously accumulated errors 
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in the workpiece, by minimizing the effects of the errors accumulated in the upstream 

operations on the workpiece quality measured in downstream operations.  

In Jiao and Djurdjanovic (2010), the aforementioned concept of model based 

active quality control in a MMP was fully formalized for the Bayesian stochastic set of 

assumptions of known model parameters and known statistical characteristics of the noise 

terms. However, since in this chapter we have the goal of defining and describing 

concepts similar to the concepts of observability and controllability in the traditional 

control theory and since the control theory defines these concepts within the framework 

of deterministic models, let us pursue the paradigm of distributed model-based active 

(feed-forward) control of quality in MMPs using the deterministic version of the model 

(3.1) that neglects the noise terms 𝑾(𝑘) and 𝑽(𝑘). 

If the product has been manufactured in operations 1 through 𝑘1 (𝑘1 ≥ 1) the 

relation of the measured product quality with controllable and uncontrollable process 

parameters in these operations can be described as 

𝒀1⋯𝑘1 = 𝐓1⋯𝑘1𝑼1⋯𝑘1 + 𝐌1⋯𝑘1𝑬1⋯𝑘1 

where for “upstream operations” operations 1 through 𝑘1 

𝒀1⋯𝑘1 = [𝒚𝐓(1) 𝒚𝐓(2) ⋯ 𝒚𝐓(𝑘1)]T 

is the vector of measurements taken after those operations 

𝑼1⋯𝑘1 = [𝒖𝑪𝐓(1) 𝒖𝑪𝐓(2) ⋯ 𝒖𝑪𝐓(𝑘1)]T 

is the vector of all controllable process parameters and 

𝑬1⋯𝑘1 = [𝒖𝑬𝐓(1) 𝒖𝑬𝐓(2) ⋯ 𝒖𝑬𝐓(𝑘1)]T 

is the vector of all uncontrollable process parameters in operations 1 through 𝑘1. Matrix 

𝐓1⋯𝑘1 describes the way controllable process parameters in operations 1 through 𝑘1 

(“upstream operations”) influence the in-process measurements from operations 1 

through 𝑘1, while matrix 𝐌1⋯𝑘1 describes the way uncontrollable process parameters in 

operations 1 through 𝑘1 influence the in-process measurements from those operations. 

Matrices 𝐓1⋯𝑘1 and 𝐌1⋯𝑘1 can easily be expressed using matrices in the model (3.1) as 
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𝐓1⋯𝑘1 =

⎣
⎢
⎢
⎡
𝐓1,1 0 ⋯ 0
𝐓2,1 𝐓2,2 ⋯ 0
⋮

𝐓𝑘1,1

⋮
𝐓𝑘1,2

⋱
⋯

⋮
𝐓𝑘1,𝑘1⎦

⎥
⎥
⎤
, 

and 

𝐌1⋯𝑘1 =

⎣
⎢
⎢
⎡
𝐌1,1 0 ⋯ 0
𝐌2,1 𝐌2,2 ⋯ 0
⋮

𝐌𝑘1,1

⋮
𝐌𝑘1,2

⋱
⋯

⋮
𝐌𝑘1,𝑘1⎦

⎥
⎥
⎤
, 

where 

𝐓𝑖,𝑗 = �𝐂
(𝑖)𝚽(𝑖, 𝑗)𝐁𝐜(𝑗) + 𝐃𝐜(𝑗),   𝑖 = 𝑗

𝐂(𝑖)𝚽(𝑖, 𝑗)𝐁𝐜(𝑗),                   𝑖 > 𝑗 
� 

𝐌𝑖,𝑗 = �𝐂
(𝑖)𝚽(𝑖, 𝑗)BE(𝑗) + 𝐃𝐄(𝑗),   𝑖 = 𝑗

𝐂(𝑖)𝚽(𝑖, 𝑗)𝐁𝐄(𝑗),                   𝑖 > 𝑗 
� 

and 𝚽(𝑖, 𝑗) is the well-known state transition matrix 

𝚽(𝑖, 𝑗) = � 𝐀(𝑖)⋯𝐀(𝑗 + 1)𝐀(𝑗),                𝑖 > 𝑗
      𝐈,                                                     𝑖 = 𝑗   .

� 

Continuation of manufacturing through operations 𝑘1 + 1 , 𝑘1 + 2 ,…,  𝑘2 

(“downstream operations”) would result in the measured quality errors 

𝒀𝑘1+1⋯𝑘2 = 𝐓𝑘1+1⋯𝑘2|1⋯𝑘1�𝑼1⋯𝑘1 + 𝐌𝑘1+1⋯𝑘2|1⋯𝑘1�𝑬1⋯𝑘1   

+𝐓𝑘1+1⋯𝑘2𝑼𝑘1+1⋯𝑘2 + 𝐌𝑘1+1⋯𝑘2𝑬𝑘1+1⋯𝑘2              (3.2) 

where  

𝐓𝑘1+1⋯𝑘2 =

⎣
⎢
⎢
⎡
𝐓𝑘1+1,𝑘1+1 0 ⋯ 0
𝐓𝑘1+2,𝑘1+1 𝐓𝑘1+2,𝑘1+2 ⋯ 0

⋮
𝐓𝑘2,𝑘1+1

⋮
𝐓𝑘2,𝑘1+2

⋱
⋯

⋮
𝐓𝑘2,𝑘2⎦

⎥
⎥
⎤
, 

𝐌𝑘1+1⋯𝑘2 =

⎣
⎢
⎢
⎡
𝐌𝑘1+1,𝑘1+1 0 ⋯ 0
𝐌𝑘1+2,𝑘1+1 𝐌𝑘1+2,𝑘1+2 ⋯ 0

⋮
𝐌𝑘2,𝑘1+1

⋮
𝐌𝑘2,𝑘1+2

⋱
⋯

⋮
𝐌𝑘2,𝑘2⎦

⎥
⎥
⎤
, 
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𝐓𝑘1+1⋯𝑘2|1⋯𝑘1� =

⎣
⎢
⎢
⎢
⎡𝐓𝑘1+1,1 𝐓𝑘1+1,2 ⋯ 𝐓𝑘1+1,𝑘1

𝐓𝑘1+2,1 𝐓𝑘1+2,2 ⋯ 𝐓𝑘1+2,𝑘1
⋮

𝐓𝑘2,1

⋮
𝐓𝑘2,2

⋱
⋯

⋮
𝐓𝑘2,𝑘1 ⎦

⎥
⎥
⎥
⎤
,   

and 

𝐌𝑘1+1⋯𝑘2|1⋯𝑘1� =

⎣
⎢
⎢
⎢
⎡𝐌𝑘1+1,1 𝐌𝑘1+1,2 ⋯ 𝐌𝑘1+1,𝑘1

𝐌𝑘1+2,1 𝐌𝑘1+2,2 ⋯ 𝐌𝑘1+2,𝑘1
⋮

𝐌𝑘2,1

⋮
𝐌𝑘2,2

⋱
⋯

⋮
𝐌𝑘2,𝑘1 ⎦

⎥
⎥
⎥
⎤
. 

Matrices 𝐓𝑘1+1⋯𝑘2 and 𝐌𝑘1+1⋯𝑘2 are respectively analogous to matrices 𝐓1⋯𝑘1  and 

𝐌1⋯𝑘1in the “upstream operations” 1 through 𝑘1. Matrix 𝐓𝑘1+1⋯𝑘2|1⋯𝑘1�describes the 

way controllable process parameters in operations 1  through 𝑘1  influence the in-

process measurements from operations 𝑘1 + 1  through 𝑘2 , while matrix 

𝐌𝑘1+1⋯𝑘2|1⋯𝑘1�describes the way uncontrollable process parameters in operations 1 

through 𝑘1 influence the in-process measurements from operations 𝑘1 + 1 through 𝑘2. 

Measured product quality 𝐘1…𝑘1 in the upstream operations can now be used to 

adjust controllable parameters 𝑼𝑘1+1⋯𝑘2 in the downstream operations in such a way 

that the quality errors 𝒀𝑘1+1⋯𝑘2 measured in the downstream operations are the least 

influenced by the errors in the upstream process parameters 𝑼1⋯𝑘1 and  𝑬1⋯𝑘1. 

Assuming that adjustments of the downstream controllable parameters are linear 

in terms of the measured part quality 𝒀1…𝑘1  and controllable parameters 𝑼1⋯𝑘1  in 

upstream operations2

𝑼𝑘1+1⋯𝑘2 = −𝐆𝑼
𝑘1+1⋯𝑘2|1⋯𝑘1𝑼1⋯𝑘1 − 𝐆𝒀

𝑘1+1⋯𝑘2|1⋯𝑘1𝒀1…𝑘1         (3.3) 

, we have that  

where gain matrices 𝐆𝑼
𝑘1+1⋯𝑘2|1⋯𝑘1 and 𝐆𝒀

𝑘1+1⋯𝑘2|1⋯𝑘1 need to be tuned to minimize 

the upstream operations effect on the measured manufacturing quality errors 𝒀𝑘1+1⋯𝑘2 

in the downstream operations. 

                                                 
2 The usual assumption of a linear control law 
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Combining (3.2)-(3.3) yields manufacturing errors 𝒀𝑘1+1⋯𝑘2  measured in 

downstream operations in the form 

𝒀𝑘1+1⋯𝑘2 = �𝚪𝑼
𝑘1+1⋯𝑘2|1⋯𝑘1 𝚪𝑬

𝑘1+1⋯𝑘2|1⋯𝑘1� ∙ �
𝑼1⋯𝑘1
𝑬1⋯𝑘1

� + 𝐌𝑘1+1⋯𝑘2𝑬𝑘1+1⋯𝑘2 

where 

𝚪𝑼
𝑘1+1⋯𝑘2|1⋯𝑘1 = 𝐓𝑘1+1⋯𝑘2|1⋯𝑘1� − 𝐓𝑘1+1⋯𝑘2 ∙ 𝐆𝑼

𝑘1+1⋯𝑘2|1⋯𝑘1 − 𝐓𝑘1+1⋯𝑘2

∙ 𝐆𝒀
𝑘1+1⋯𝑘2|1⋯𝑘1 ∙ 𝐓1⋯𝑘1 , 

𝚪𝑬
𝑘1+1⋯𝑘2|1⋯𝑘1 = 𝐌𝑘1+1⋯𝑘2|1⋯𝑘1� − 𝐓𝑘1+1⋯𝑘2 ∙ 𝐆𝒀

𝑘1+1⋯𝑘2|1⋯𝑘1 ∙ 𝐌1⋯𝑘1 

Obviously 𝚪𝑘1+1⋯𝑘2|1⋯𝑘1 = �𝚪𝑼
𝑘1+1⋯𝑘2|1⋯𝑘1 𝚪𝑬

𝑘1+1⋯𝑘2|1⋯𝑘1� is a matrix that can be 

affected by a proper choice of control gain matrices 𝐆𝒀
𝑘1+1⋯𝑘2|1⋯𝑘1 and 𝐆𝑼

𝑘1+1⋯𝑘2|1⋯𝑘1 

(i.e. can be affected by the control law), while the term 𝐌𝑘1+1⋯𝑘2𝑬𝑘1+1⋯𝑘2 represents 

the effect of uncontrollable process parameters in the downstream operations that cannot 

be affected by the control law.  

Gain matrices 𝐆𝒀
𝑘1+1⋯𝑘2|1⋯𝑘1  and 𝐆𝑼

𝑘1+1⋯𝑘2|1⋯𝑘1  can now be obtained by 

minimizing the Euclidean norm of matrices 𝚪𝑼
𝑘1+1⋯𝑘2|1⋯𝑘1  and 𝚪𝑬

𝑘1+1⋯𝑘2|1⋯𝑘1 

regarding matrices 𝐆𝒀
𝑘1+1⋯𝑘2|1⋯𝑘1  and 𝐆𝑼

𝑘1+1⋯𝑘2|1⋯𝑘1 . Simple (but tedious) algebra 

shows that the norm of 𝚪𝑬
𝑘1+1⋯𝑘2|1⋯𝑘1 is minimized for 

𝐆𝒀
𝑘1+1⋯𝑘2|1⋯𝑘1  = 𝐓𝑘1+1⋯𝑘2

+ ∙ 𝐌𝑘1+1⋯𝑘2|1⋯𝑘1� ∙ 𝐌1⋯𝑘1
+  

and 

𝐆𝑼
𝑘1+1⋯𝑘2|1⋯𝑘1 = 𝐓𝑘1+1⋯𝑘2

+ ∙ �𝐓𝑘1+1⋯𝑘2|1⋯𝑘1� − 𝐌𝑘1+1⋯𝑘2|1⋯𝑘1� ∙ 𝐌1⋯𝑘1
+ ∙ 𝐓1⋯𝑘1� 

where 𝐇+ denotes the More-Penrose pseudo-inverse of a matrix H (Campbell and 

Meyer, 1979). The corresponding matrices 𝚪𝑬
𝑘1+1⋯𝑘2|1⋯𝑘1  and 𝚪𝑼

𝑘1+1⋯𝑘2|1⋯𝑘1  now 

become 

𝚪�𝑬
𝑘1+1⋯𝑘2|1⋯𝑘1 � = 𝐌𝑘1+1⋯𝑘2|1⋯𝑘1� − 𝚷R(𝐓𝑘1+1⋯𝑘2) ∙ 𝐌𝑘1+1⋯𝑘2|1⋯𝑘1� ∙ 𝚷R(𝐌1⋯𝑘1

T ) 

and 
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𝚪�𝑼
𝑘1+1⋯𝑘2|1⋯𝑘1 � = 𝚷N(𝐓𝑘1+1⋯𝑘2

T ) ∙ 𝐓𝑘1+1⋯𝑘2|1⋯𝑘1� 

where 𝚷R(𝐇) and 𝚷N(𝐇), respectively, denote the orthogonal projections onto the 

range space and null space of matrix H. Now, the control law defined by (3.3) yields the 

measured downstream quality errors of the form 

𝒀𝑘1+1⋯𝑘2 = 𝚪�𝑘1+1⋯𝑘2|1⋯𝑘1 � ∙ �
𝑼1⋯𝑘1
𝑬1⋯𝑘1

� + 𝐌𝑘1+1⋯𝑘2𝑬𝑘1+1⋯𝑘2 , 

where 𝚪�𝑘1+1⋯𝑘2|1⋯𝑘1 � = �𝚪�𝑼
𝑘1+1⋯𝑘2|1⋯𝑘1 � 𝚪�𝑬

𝑘1+1⋯𝑘2|1⋯𝑘1 ��. 

 

3.3 DISCUSSION ON THE PROPERTIES OF THE NEW CONTROL LAW 

Let us first observe what happens when rank of matrix 𝐓𝑘1+1⋯𝑘2 is equal to the 

number of its rows (i.e. its rank is equal to the number of measured product quality 

characteristics in downstream operations 𝑘1 + 1,𝑘1 + 2, … , 𝑘2, which is equal to the 

number of components in the vector 𝒀𝑘1+1⋯𝑘2). Condition when 𝐓𝑘1+1⋯𝑘2 has a full 

row rank implies that one can utilize the controllable process parameters 𝑼𝑘1+1⋯𝑘2 to 

create any pattern of measured quality errors in the operations 𝑘1 + 1,𝑘1 + 2, … ,𝑘2. 

Hence, let us introduce the following definition: 

 

Definition 1: When matrix 𝐓𝑘1+1⋯𝑘2 has a full row rank (i.e. when its rank is 

equal to the number of product quality characteristics in the downstream 

operations 𝑘1 + 1,𝑘1 + 2, … ,𝑘2), then the MMP can be considered compensable 

between operations 𝑘1 and 𝑘2. In the special case when 𝑘2 = 𝑘1 + 1, the MMP 

can be considered compensable within operation 𝑘2. 

 

When a MMP is compensable between operations 𝑘1 and 𝑘2 , the errors of 

product quality characteristics measured in the downstream operations become 

𝐘𝑘1+1⋯𝑘2 = 𝐌𝑘1+1⋯𝑘2|1⋯𝑘1� ∙ 𝚷𝑁�𝐌1⋯𝑘1� ∙ 𝐄1⋯𝑘1 + 𝐌𝑘1+1⋯𝑘2𝐄𝑘1+1⋯𝑘2 (3.4)                               
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Eq. (3.4) shows that when a MMP is compensable between operations 𝑘1 and 𝑘2, the 

controllable process parameters in operations 𝑘1 + 1  through 𝑘2  (downstream 

operations) can be utilized to completely eliminate the influence of controllable 

parameters in operations 1 through 𝑘1 (upstream operations) from the product quality 

measured in the downstream operations 𝑘1 + 1,𝑘1 + 2, … ,𝑘2.   

Similarly to the “Diagnosability Index” introduced in Ding, Shi and Ceglarek 

(2002), let us also now define the Compensability Index to crudely describe the portion of 

quality errors that can be compensated. 

 

Definition 2: Compensability Index between operations 𝑘1 and 𝑘2, denoted as 

𝜆𝑘1+1⋯𝑘2, is defined as the ratio of the number of independent rows in 𝐓𝑘1+1⋯𝑘2 

and the number of  measured product quality characteristics in the downstream 

operations 

𝜆𝑘1+1⋯𝑘2 = row_rank(𝐓𝑘1+1⋯𝑘2)/dim(𝒀𝑘1+1⋯𝑘2), 

where row_rank(∙) denotes the row-rank of matrix, while dim(∙) is the number 

of elements in a vector. 

 

Index 𝜆𝑘1+1⋯𝑘2 has values between 0 and 1, with 𝜆𝑘1+1⋯𝑘2 = 0 indicating that 

no compensation of quality errors measured between operations 𝑘1 and 𝑘2 is possible, 

while 𝜆𝑘1+1⋯𝑘2 = 1 signals full compensability, i.e. that one can utilize the downstream 

controllable process parameters to create any pattern of measured quality errors between 

operations 𝑘1 and 𝑘2. When 𝑘2 = 𝑘1 + 1, the system is compensable within station 𝑘2 

and introduce the within station commensality index 

𝜆𝑘2 = row_rank(𝐓𝑘2,𝑘2)/dim(𝐲(𝑘2)), 

 

 

Let us now observe what happens when matrix 𝐌1⋯𝑘1 has a full column rank 

(i.e. when its rank is equal to the number of uncontrollable parameters in the upstream 
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operations, which is equal to the number of components in the vector 𝑬1⋯𝑘1). Then, the 

measured errors of quality characteristics in the downstream operations are 

𝒀𝑘1+1⋯𝑘2 = 𝐌𝑘1+1⋯𝑘2𝑬𝑘1+1⋯𝑘2  +   𝚷N�𝐓𝑘1+1⋯𝑘2
T � 

∙ [𝐓𝑘1+1⋯𝑘2|1⋯𝑘1� 𝐌𝑘1+1⋯𝑘2|1⋯𝑘1�] �
𝑼1⋯𝑘1
𝑬1⋯𝑘1

�      (3.5) 

Full column rank of 𝐌1⋯𝑘1 implies that uncontrollable parameters 𝑬1⋯𝑘1  in the 

upstream operations can be uniquely identified from Eq. (3.4). Hence the following 

definition: 

 

Definition 3: When matrix 𝐌1⋯𝑘1 has a full column rank (i.e. when its rank is 

equal to the number of uncontrollable parameters in operations 1 through 𝑘1), 

the manufacturing system can be considered diagnosable between operations 1 

and 𝑘1.  

 

Similar notions of diagnosability can be found in Djurdjanovic and Ni (2001) and 

Ding, Shi and Ceglarek (2002), only without explicit referencing to the controllable or 

uncontrollable character of process parameters.  

Once again, let us follow Ding, Shi and Ceglarek (2002), and redefine the 

Diagnosability Index in the context of differentiating between the controllable and 

uncontrollable process parameters. 

 

Definition 4: Diagnosability Index between operations 1 and 𝑘1, denoted as 

𝜇1 ⋯𝑘1, is defined as the ratio of the column rank of 𝐌1⋯𝑘1 over the number of 

uncontrollable process in upstream operations, that is, 

𝜇1 ⋯𝑘1 = col_rank(𝐌1⋯𝑘1)/dim(𝐄1⋯𝑘1) 

where col_rank(∙) denotes the column rank of a matrix.  

 



 

34 
 

Index 𝜇1 ⋯𝑘1 is a quantity between 0 and 1, with 𝜇1 ⋯𝑘1 = 0 indicating that 

errors in uncontrollable process parameters in operations 1 through 𝑘1 are completely 

unobservable in the measurements taken after those operations, while 𝜇1 ⋯𝑘1 = 1 

indicates that the measurements taken between operations 1 and 𝑘1 perfectly identify 

errors in all the upstream uncontrollable process parameters contained in the vector 

𝑬1⋯𝑘1. 

Eq. (3.5) reveals that if a MMP is diagnosable between operation 1 and 𝑘1, the 

control law derived in section 3.2 reduces the influence of process parameters in 

upstream operations only to a term which is a projection onto the null space of 𝐓𝑘1+1⋯𝑘2
T . 

Since  

𝚷N�𝐓𝑘1+1⋯𝑘2
T � = 𝐈 − 𝚷R�𝐓𝑘1+1⋯𝑘2�,  

this projection is determined by the compensability condition between operations 𝑘1 and 

𝑘2. Consequently, Eq. (3.5) readily yields the following theorem. 

 

Theorem 1: If a MMP is compensable between operations 𝑘1 and 𝑘2 and is 

diagnosable between operations 1 and 𝑘1, then the control law introduced in 

Section 3.2 results in 

𝒀𝑘1+1⋯𝑘2 = 𝐌𝑘1+1⋯𝑘2𝑬𝑘1+1⋯𝑘2 

 

Theorem 1 essentially states that if a MMP is compensable between operations 

𝑘1  and 𝑘2  and is diagnosable between operations 1 and 𝑘1 , then the control law 

introduced in Section 3.2 can completely remove the influence of upstream process 

parameters 𝑼1⋯𝑘1  and 𝑬1⋯𝑘1  on the errors in the product quality measured in the 

downstream operations 𝑘1 + 1 through 𝑘2. 

Following the analysis for the Bayesian stochastic case reported in Jiao and 

Djurdjanovic (2010), we can also evaluate the control law performance given the 

allocation of measurement and controllable tooling devices across the MMP. First, it is 
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easy to show that when no compensation of quality errors is performed in the MMP, the 

measured errors of workpiece features from all the operations can be expressed as 

𝒀1⋯𝑁 = [𝐓1⋯𝑁 𝐌1⋯𝑁] ∙ �𝑼1⋯𝑁
𝑬1⋯𝑁

� = 𝚿1⋯𝑁 ∙ �
𝑼1⋯𝑁
𝑬1⋯𝑁

�. 

Matrix 𝚿1⋯𝑁 = [𝐓1⋯𝑁 𝐌1⋯𝑁]  describes how the controllable and uncontrollable 

process parameters affect the measured product quality errors when no control law is 

applied. On the other hand, for the case when the control law introduced in section 3.2 is 

applied, the measured errors of workpiece quality can be expressed as   

𝒀1⋯𝑁 = [𝚪1⋯𝑁𝑼 𝚪1⋯𝑁𝑬 ] ∙ �𝑼1⋯𝑁
𝑬1⋯𝑁

�=𝚪1⋯𝑁 ∙ �
𝑼1⋯𝑁
𝑬1⋯𝑁

�, 

where 

𝚪1⋯𝑁𝑼 =

⎣
⎢
⎢
⎢
⎢
⎡

𝐓1,1 0 0       ⋯             0
𝚪�𝑼
2⋯2|1⋯1�

𝚪�𝑼
3⋯3|1⋯1�

𝐓2,2

𝚪�𝑼
3⋯3|2⋯2�

0       ⋯
𝐓3,3 ⋯

            0
            0

⋮
𝚪�𝑼
𝑁⋯𝑁|1⋯1� 𝚪�𝑼

𝑁⋯𝑁|2⋯2�
⋱

𝚪�𝑼
𝑁⋯𝑁|3⋯3�

⋮
⋯   𝐓𝑁,𝑁⎦

⎥
⎥
⎥
⎥
⎤

 

𝚪1⋯𝑁𝑬 =

⎣
⎢
⎢
⎢
⎢
⎡

𝐌1,1 0 0       ⋯             0
𝚪�𝑬
2⋯2|1⋯1�

𝚪�𝑬
3⋯3|1⋯1�

𝐌2,2

𝚪�𝑬
3⋯3|2⋯2�

0       ⋯
𝐌3,3 ⋯

            0
            0

⋮
𝚪�𝑬
𝑁⋯𝑁|1⋯1� 𝚪�𝑬

𝑁⋯𝑁|2⋯2�
⋱

𝚪�𝑬
𝑁⋯𝑁|3⋯3�

⋮
⋯   𝐌𝑁,𝑁⎦

⎥
⎥
⎥
⎥
⎤

 

It can be easily shown that ‖𝚿1⋯𝑁‖ ≥ ‖𝚪1⋯𝑁‖, which means that the newly 

introduced control law can only reduce the effect of process parameters on the product 

quality errors. Overall, the improvement is achieved through identification of the 

projection of uncontrollable parameter errors in upstream operations on the space 

orthogonal to the null-space of 𝐌𝑘1+1⋯𝑘2|1⋯𝑘1�  (identification of the “diagnosable” 

projection of errors in upstream uncontrollable parameters), followed by the 

compensation of the projection of errors in quality features measured in downstream 

operations (compensation of the “compensable” subspace of errors in quality features 

measured in downstream operations) at each decision making point.  
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It is hence plausible to characterize the deterministic control law derived in this 

chapter using 

𝜂 = (‖𝚿1⋯𝑁‖ − ‖𝚪1⋯𝑁‖)/‖𝚿1⋯𝑁‖.              (3.6) 

This quantity takes values between 0 and 1 and reflects the quality improvements yielded 

by the distributed control law described in section 3.2. It will be used as a performance 

index in the following section to compare the quality control law effectiveness 

corresponding to different allocations of the measurement and controllable tooling 

devices in a MMP. 

 

3.4 NUMERICAL STUDY 

The SoV model used to demonstrate theoretical findings of this paper describes 

the flow of dimensional errors in a MMP used by a US manufacturer to machine the 

automotive cylinder head shown in Figure 1. The machining datum setup and features 

machined in each operation are identified in Table 2. The SoV model describes 

dimensional errors flow in the machining of 24 critical features through seven machining 

operations and was derived using procedures described in Djurdjanovic and Ni (2001). 

More details about this process and the resulting SoV model can be found in Zhang, 

Djurdjanovic and Ni (2005). 
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Figure 1. Automotive Cylinder head whose machining process was modeled in the SoV 
form to demonstrate the theories introduced in this paper. 

Table 2: Description of the machining process analyzed in this dissertation. 

Oper. # Locating Datum Machined Features Measured Features 

1 Hole 1 & 2 + Surface A Hole 3 & 4 Hole 3 & 4 

2 3-2-1 Fixture of the Flat Plate Hole 5 - Hole 19 Hole 5 - Hole 19 

3 3-2-1 Fixture of the Flat Plate Hole 5 - Hole 8 Hole 5 - Hole 8 

4 3-2-1 Fixture of the Flat Plate Hole 21 - Hole 23 None 

5 3-2-1 Fixture of the Flat Plate Hole 1 & 2, Hole 

11-20 
None 
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Table 2: Description of the machining process analyzed in this dissertation (continued). 

Oper. # Locating Datum Machined Features Measured Features 

6 3-2-1 Fixture of the Flat Plate Surface A None 

7 3-2-1 Fixture of the Flat Plate Hole 5 - Hole 8 
Hole 1 & 2, Hole 5 - 

Hole 8, Hole 11 – 23, 

Surface A 
 

We considered 5 cases with different distributions of measurements and 

controllable tooling devices across the system In case 1, flexible controllable fixtures 

with 6 degrees of freedom (DOF), similar to those described in Shen et al. (2003), were 

assumed to be in operations 2-7, while measurements of features machined in all 

operations were conducted immediately after that operation (this is a very aggressive 

measurement and actuation scheme). In case 2, flexible controllable fixtures with 6 DOF 

were assumed to be in operations 2, 3, 5 and 7, while measurements were taken after 

operations 1, 4, 5 and 6. In case 3, flexible controllable fixtures with 6 DOF were 

assumed to be only in operations 2, 3 and 7 (the least aggressive actuation scheme), while 

measurements were taken after same operations as case 2. In case 4, flexible controllable 

fixtures with 6 DOF were assumed to be in same operations as case 2, while 

measurements were taken only after operations 1, 5, and 6 (the least aggressive 

measurement scheme). Finally, in case 5, flexible controllable fixtures with 6 DOF were 

assume to be only in operations 2, 3 and 7, while measurements of machined features 

were taken after operations 1, 5 and 6 (the least aggressive measurement and actuation 

scheme). As can be seen in Table 3, the controllability and diagnosability indices, as well 

as the control efficiency metric 𝜂  show how aggressiveness of measurements and 

actuation schemes diminish, leading to less pronounced control efficiency. 
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Table 3. Effects of the control law under different allocations of measurement points and 
controllable fixtures. 

Case 

No. 

Actuation in 

operations 

Measurements after 

operations 
𝜇1 ⋯6 𝜆2 ⋯7 𝜂 

1 2-7 1-6 0.6 0.13 0.51 

2 2,3,5,7 1,4,5,6 0.45 0.10 0.42 

3 2,3,7 1,4,5,6 0.45 0.065 0.34 

4 2,3,5,7 1,5,6, 0.37 0.10 0.30 

5 2,3,7 1,5,6 0.37 0.065 0.28 

 

Let us note that the full compensability condition from definition 1 was never 

achieved because in each operation there were only up to 6 controllable parameters (each 

controllable tooling device is associated with only 6 parameters), while the number of 

measured parameters in each operations was much larger. Thus, matrix 𝐓2⋯𝑁 could 

never have a full row rank. Moreover, the measurement schemes used in cases 1-5 are all 

ad hoc schemes obtained by modifying the original measurement scheme used by the 

manufacturer, which itself was never optimized. Hence, the full diagnosability condition 

was also never achieved.  Nevertheless, even through full controllability and 

diagnosability conditions were not met, it is obvious from Table 3 that the control law 

introduced in this paper can facilitate improvements in quality of features measured in 

operations downstream of the flexible fixture.  

Additional results are shown in Table 4 and 5 to illustrate how the allocation of 

measurement points or controllable fixtures affect the control law performance index  

𝜂 , respectively. In Table 4, one can clearly see that adding measurement devices 

increases the diagnosability index regardless of the allocation of controllable fixtures. 

However, the performance index is not always increased even when the diagnosability 

index is enlarged. The reason is that the diagnosability index is only affected by the 

matrix 𝐌𝑘0⋯𝑘1 determined by the allocation of measurements, while the performance 
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index 𝜂 defined by Eqn. (3.6) depends jointly on the allocation of measurements and 

controllable devices. Thus, a better measurement scheme alone, i.e., a measurement 

allocation with a larger diagnosability index, may not be able to yield improvement to the 

product quality if the controllable tooling allocation is such that it cannot utilize the 

additional measurement information. 

  

Table 4. Quality of the control law performance under different allocations of 
measurement points but same allocations of controllable fixtures. 

Actuation in operations 2-7 Actuation in operations 2,3,5,7 

Measurements after 

operations 
𝜇1 ⋯6 𝜆2 ⋯7 𝜂 

Measurements after 

operations 
𝜇1 ⋯6 𝜆2 ⋯7 𝜂 

1-6 0.6 0.13 0.51 1-6 0.6 0.10 0.44 

1,4,5,6 0.45 0.13 0.45 1,4,5,6 0.45 0.10 0.42 

1,5,6, 0.37 0.13 0.34 1,5,6, 0.37 0.10 0.30 

1,4,5 0.29 0.13 0.36 1,4,5 0.29 0.10 0.33 

4,6 0.24 0.13 0.27 4,6 0.24 0.10 0.22 

1,5 0.21 0.13 0.30 1,5 0.21 0.10 0.29 

Actuation in operations 2,3,7 Actuation in operations 3,7 

Measurements after 

operations 
𝜇1 ⋯6 𝜆2 ⋯7 𝜂 

Measurements after 

operations 
𝜇1 ⋯6 𝜆2 ⋯7 𝜂 

1-6 0.6 0.065 0.39 1-6 0.6 0.056 0.35 

1,4,5,6 0.45 0.065 0.34 1,4,5,6 0.45 0.056 0.32 

1,5,6, 0.37 0.065 0.27 1,5,6, 0.37 0.056 0.25 

1,4,5 0.29 0.065 0.30 1,4,5 0.29 0.056 0.26 

4,6 0.24 0.065 0.19 4,6 0.24 0.056 0.13 

1,5 0.21 0.065 0.23 1,5 0.21 0.056 0.21 
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Analysis of Table 5 shows that adding flexible fixtures increases the 

compensability index regardless of the allocation of the measurement devices. However, 

the performance index 𝜂 does not always increase, even when the compensability index 

is augmented. This is because the compensability index is only affected by the matrix 

𝐓𝑘0⋯𝑘1 which is determined by the allocation of controllable tooling in an MMP, while 

the performance index is determined jointly by the allocation of measurements and 

controllable devices. Therefore, if maximal improvement of the product quality is the 

ultimate goal, one should allocate the flexible fixtures and measurement devices 

concurrently to achieve the largest performance index 𝜂, which is exactly the concept 

followed in (Jiao and Djurdjanovic, 2010). 

 

Table 5. Quality of the control law performance under same allocations of measurement 
points but different allocations of controllable fixtures. 

Measurements after operations 1-6 
Measurements after operations 

1,4,5,6 

Actuation in 

operations  
𝜇1 ⋯6 𝜆2 ⋯7 𝜂 

Actuation in 

operations 
𝜇1 ⋯6 𝜆2 ⋯7 𝜂 

2-7 0.6 0.13 0.51 2-7 0.45 0.13 0.45 

2,3,5,7 0.6 0.10 0.44 2,3,5,7 0.45 0.10 0.42 

2,3,7, 0.6 0.091 0.39 2,3,7, 0.45 0.091 0.34 

3,5,7 0.6 0.065 0.38 3,5,7 0.45 0.065 0.36 

3,7 0.6 0.056 0.35 3,7 0.45 0.056 0.32 

2,5 0.6 0.044 0.32 2,5 0.45 0.044 0.28 
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Table 5. Quality of the control law performance under same allocations of measurement 
points but different allocations of controllable fixtures (continued). 

Measurements after operations 1,5,6 Measurements after operations 4,6 

Actuation in 

operations 
𝜇1 ⋯6 𝜆2 ⋯7 𝜂 

Actuation in 

operations 
𝜇1 ⋯6 𝜆2 ⋯7 𝜂 

2-7 0.37 0.13 0.34 2-7 0.26 0.13 0.27 

2,3,5,7 0.37 0.10 0.30 2,3,5,7 0.26 0.10 0.22 

2,3,7, 0.37 0.091 0.27 2,3,7, 0.26 0.091 0.19 

3,5,7 0.37 0.065 0.28 3,5,7 0.26 0.065 0.22 

3,7 0.37 0.056 0.25 3,7 0.26 0.056 0.13 

2,5 0.37 0.044 0.16 2,5 0.26 0.044 0.09 

 

3.5 CONCLUSIONS  

A distributed deterministic control law is derived in this chapter to facilitate 

model-based control of quality in MMPs. The method uses an explicit model of the flow 

of errors in a MMP to optimally adjust controllable process parameters based on the in-

process measurements of the workpiece distributed across the MMP. The concept of 

compensability was introduced as the property denoting one’s ability to compensate the 

errors in quality characteristics of the workpiece, given the allocation and character of 

measurements and controllable process parameters. Furthermore, a method is introduced 

to quantify effects of the control law through comparison of operator norms of matrices 

describing the influence of process parameters on the measured errors of product quality. 

The capabilities of the new control law algorithm are demonstrated using the SoV model 

of dimensional errors flow in an actual industrial MMP. 
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Chapter 4: Integrated Run-to-Run and Feed-Forward Model Based 

Multi-layer Overlay Control in Lithography Processes 

 

4.1.  INTRODUCTION 

Integrated electronic circuits are built through a sequence of patterning steps 

applied to a series of layers on the silicon wafer, resulting in a set of interconnected 

features, such as field insulation areas, gates, emitters, base transistor parts, and 

conducing holes through insulation layers. The patterns created at each layer should be 

placed with highest possible precision relative to other patterns on the wafer so that the 

aforementioned features can function properly as an integrated circuit. The alignment of 

the successive masked layers within the device is referred to as overlay (Levinson, 1999). 

It is defined as the difference between the position vector of the substrate geometry and 

the corresponding point of the next mask pattern. The overlay error is one of the key 

factors that limit the semiconductor device’s reliability and yield.  

Since photolithography is the process of transferring geometric shapes of a mask 

(or reticle) to the surface of a silicon wafer, it is responsible for the majority of overlay 

errors. During the fabrication process, the lithography is repeatedly utilized to ensure that 

each layer contains the correct circuits and is properly aligned with its adjoining layers to 

create a functional device. The steps in the lithography processes include numerous 

procedures, such as wafer cleaning, photoresist application, soft baking, mask alignment, 

exposure, development, and hard baking. Thus, a number of factors can cause overlay 

errors including system environment, stepper errors, mask accuracy, change in line width, 

and lens distortion (Shmidt and Charrache, 1991).  In terms of the stepper, the major 

sources for producing overlay errors include reticle distortion errors, exposure tool image 

field distortion, alignment error, tracking error, and wafer distortion from processing 
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(Armitage and Kirk, 1988). Since all these errors are of the order of magnitude of 

nanometers, they are strongly affected by the frequently changing process conditions, and 

thus overlay misalignment errors always exist in the patterns formed on a wafer. 

Moreover, as multiple layers are needed to produce integrated circuits and as wafer size 

increases, identifying the cause of the overlay errors and controlling those errors within a 

narrow margin have been among the most difficult problems in the semiconductor 

fabrication processes.  

In the mid 1980’s, significant research efforts were directed toward devising more 

accurate overlay models. Perloff (1978) used a six-parameter mathematical model to 

determine the mask superposition error, which he decomposed into the errors of 

translation, rotation, and expansion in a plane. MacMillen and Ryden (1982) proposed an 

image field placement deviations model which included the so-called trapezoid error of 

the lens and high order lens distortion. Brink et al. (1988) conducted a matching 

performance study by combining the work of Perloff (1978) and MacMillen and Ryden 

(1982). The author characterized the overlay errors through intrafield and interfield 

models, which became a widely used approach for describing the overlay errors in the 

subsequent publications.  Based on the work of Brink et al., Lin and Wu (1999) utilized 

a multiple linear regression method to analyze the overlay model in a more detailed 

manner, including sample number planning, numerical orders of error parameters in the 

model, and the effect of these differences in the overlay accuracy model. 

The overlay accuracy model has been used extensively in designing a metrology 

sampling strategy and alignment adjustment methods. Fink et al. (1994) found that the 

accuracy and uncertainty of the overlay distortions are highly dependent on the number 

and location of sample points. Subsequently, Chien and Chang (2001) used simulations 

based on an overlay model to derive an optimal sampling scheme. Several subsequent 

studies showed that with accurate overlay measurements and an exact overlay model, 

error compensation through alignment adjustments is possible (Choi et al., 2001; 

Miyashiro and Fukagawa, 2009; Cho and Lim, 1998). Choi et al. (2001) proposed a non-
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linear alignment method that could not only compensate for the linear portion of the 

overlay error, but also reduces their non-linear portion. Miyashiro and Fukagawa (2009) 

modeled the problem of finding an optimal high order alignment adjustment with the 

purpose of maximizing die yields. The problem was cast as an integer programming 

problem, which improved the yield compared to the conventional least-square approach.  

A systematic approach based on discrete event models was proposed by Cho and Lim 

(1998) for alignment of a wafer and a reticle to reduce the pattern errors caused by any 

misalignment. 

More recently, various process control schemes have been presented for the 

lithography processes, using the run-to-run (R2R) strategies aimed at utilizing product 

and process measurements to monitor for abnormalities in the process parameters and to 

counteract any process deviations away from the nominal (“in-control”) conditions. 

Flores et al. (1995a) proposed a multivariate monitoring scheme to reduce the frequency 

of false alarm signals when output variables are highly correlated, based on which the 

Exponentially Weighted Moving Average (EWMA) method was utilized to detect 

process shifts in a lithography process (Flores et al. 1995b). This method was improved 

by Patel and Jenkins (2000), who used a recursive algorithm for optimizing the weighting 

parameter in the EWMA method. Wang and He (2007) later presented a Bayesian 

enhanced EWMA method to minimize the disturbance detection and classification delay. 

In Flores et al. (1995a); Flores et al. (1995b); Patel and Jenkins (2000); Wang and He 

(2007), any drift in the process using the EWMA method was directly counteracted in the 

next product run (next wafer or next batch of wafers) using controllable process 

parameters. A more sophisticated approach can be found in Bode et al. (2004), who 

applied the model predictive control method to a linear model of the lithography process. 

Further advances are reported in Park et al. (2005), who utilized historical records and 

neural network models to design a control scheme to find the stepper inputs minimizing 

the misalignment errors. They demonstrated the ability to reduce the number of 

engagements of the send-ahead wafer process. 
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Recent years have also brought significant advances in the R2R process control 

methodologies for the multi-product multi-tool manufacturing environment (“high-mix”). 

Bode et al. (2007) utilized the concept of control threads to incorporate into the model the 

key factors that influence the performance of each process. Such an approach led to better 

predictability and improved control result. More recently, the Just-in-time Adaptive 

Disturbance Estimation (JADE) method was introduced by Firth et al. (2006) to identify 

the contributions to variation that are dependent upon manufacturing context.  The 

JADE method overcomes the data poverty issue of the control threads method and 

provides a more accurate estimation of the process variations. 

To the best of our knowledge, almost no research so far addressed the fact that 

overlay errors stack up in a complex manner as the lithography process progresses 

through the deposition of more and more layers on a wafer. Conway et al. (2003) stated 

that the perturbations of the reference level can impact overlay controllability at 

cascading levels and presented a 5-layer lithography process model to illustrate the 

propagation of overlay errors from one layer to the next. Yu and Qin (2009) proposed a 

multistage model of the lithography overlay processes in the so-called Stream of 

Variation (SoV) form (Shi, 2006) to indentify the root cause of misalignment errors in the 

multi-layer overlay lithography processes. However, their model does not merge overlay 

accuracy models of individual layers with the error propagation model. Consequently, it 

does not explicitly feature the controllable and uncontrollable process parameters, which 

is why its applicability was limited to diagnostic purposes only.   

In this chapter, we propose a multi-layer lithography processes model that 

combines overlay accuracy models of individual layers with the model of multistage 

overlay error propagation. Based on such a model, we derive a process control law that 

uses overlay measurements information from previously manufactured layers to constrain 

the stack-up overlay effect. The remainder of this chapter is organized as follows. Section 

4.2 describes the modeling of the flow of errors in the multi-layer overlay lithography 

processes and derives the control law that minimizes the objective function incorporating 
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the stack-up overlay errors on a single wafer, as well as the overlay errors measured on 

consecutive wafers. Such an objective function facilitates an integrated approach towards 

the problems of feed-forward and R2R control of lithography overlay. Section 4.3 

presents the results of the application of the newly introduced methodology to a 

simulated 5-layer lithography process. Section 4.4 offers conclusions of the work. 

 

4.2. MODELING OF MULTI-LAYER OVERLAY LITHOGRAPHY PROCESSES 

4.2.1 Overlay Accuracy Model 

In general, models of overlay accuracy often divide the sources of errors into two 

categories. One concerns the intrafield sources produced by the fitting problems between 

the light source filter lens and mask, while the other deals with the interfield sources 

resulting from the relative positions between the mask and wafer (Levinson, 1999).  

For a step-and-scan system, the primary sources of the intrafield errors come from 

the illuminant system of stepper exposure, which include variation in the stage 

positioning system and lens distortion. Considering only the primary factors of error 

sources, the intrafield overlay errors can be modeled as (Lin and Wu, 1999): 

𝐸𝑓𝑥(𝑥, 𝑦) = 𝑇𝑓𝑥 − 𝑅𝑓𝑥𝑦 + 𝑀𝑓𝑥𝑥 − 𝑇𝑥𝑥𝑥2 − 𝑇𝑦𝑥𝑥𝑦 + 𝑊𝑓𝑥𝑦2 + 𝐷3𝑥𝑥(𝑥2 + 𝑦2)

+ 𝐷5𝑥𝑥(𝑥2 + 𝑦2) 

𝐸𝑓𝑦(𝑥,𝑦) = 𝑇𝑓𝑦 + 𝑅𝑓𝑦𝑥 + 𝑀𝑓𝑦𝑦 − 𝑇𝑦𝑦𝑦2 − 𝑇𝑥𝑦𝑥𝑦 + 𝑊𝑓𝑦𝑥2 + 𝐷3𝑦𝑦(𝑥2 + 𝑦2)

+ 𝐷5𝑦𝑦(𝑥2 + 𝑦2), 

where  

• Coordinates (𝑥,𝑦) denote the sample location in the field coordinate system. 

• 𝑇𝑓𝑥 and 𝑇𝑓𝑦, denote the translation errors of the exposure field image in the 𝑥-

axis and 𝑦-axis directions. 

• 𝑅𝑓𝑥 and 𝑅𝑓𝑦 denote the errors in the rotation angles of the exposure field image. 

• 𝑀𝑓𝑥 and 𝑀𝑓𝑦 are the image magnification errors. 
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• 𝑇𝑥𝑥, 𝑇𝑥𝑦, 𝑇𝑦𝑥, and 𝑇𝑦𝑦 denote the trapezoidal error parameters of the reticle. 

• 𝑊𝑓𝑥 and 𝑊𝑓𝑦 denote the wedge distortion parameters. 

• 𝐷3𝑥, 𝐷3𝑦, 𝐷5𝑥, and 𝐷5𝑦 denote the high order distortion parameters of the filter 

lens. 

The primary sources of the interfield errors result from the alignment error of the 

wafer stage servo. The mathematical model of the interfield overlay errors can be 

modeled as (Lin and Wu, 1999):  

𝐸𝑤𝑥(𝑋,𝑌) = 𝑇𝑤𝑥 − 𝑅𝑤𝑥𝑌 + 𝑀𝑤𝑥𝑋 + 𝐵𝑤𝑥𝑌2 

𝐸𝑤𝑦(𝑋,𝑌) = 𝑇𝑤𝑦 + 𝑅𝑤𝑦𝑋 + 𝑀𝑤𝑦𝑌 + 𝐵𝑤𝑦𝑋2, 

where  

• (𝑋,𝑌) denotes the center location of the field image in the wafer coordinate 

system. 

• 𝑇𝑤𝑥 and 𝑇𝑤𝑦, denote the translation error of the wafer in the 𝑋-axis and 𝑌-axis 

directions. 

• 𝑅𝑤𝑥 and 𝑅𝑤𝑦 denote the rotation error of the wafer. 

• 𝑀𝑤𝑥 and 𝑀𝑤𝑦 denote the magnification errors of the interferometer scaling. 

• 𝐵𝑤𝑥 and 𝐵𝑤𝑦 denote the stage bow parameters which are primarily caused by 

block mirror imperfections. 

For any point on the wafer, the overlay error is the sum of the interfield errors, 

intrafield errors and random errors that come from unmodeled effects and measurement 

noise. If we denote these random errors in the 𝑥 and 𝑦 directions of the field coordinate 

system as residual terms 𝑟𝑥 and 𝑟𝑦, respectively, then the model of the overlay errors 

becomes 

𝑜𝑥(𝑋,𝑌, 𝑥, 𝑦) = 𝐸𝑓𝑥(𝑥, 𝑦) + 𝐸𝑤𝑥(𝑋,𝑌) + 𝑟𝑥 

𝑜𝑦(𝑋,𝑌, 𝑥,𝑦) = 𝐸𝑓𝑦(𝑥,𝑦) + 𝐸𝑤𝑦(𝑋,𝑌) + 𝑟𝑦.              (4.1) 

Parameters of this model can be fitted in to a set of overlay measurements by 

minimizing the sum of squares of residual terms 𝑟𝑥 and 𝑟𝑦. More specifically, sets of 
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overlay measurements and model (4.1) yield the parameters 𝑇𝑓𝑥, 𝑇𝑓𝑦, 𝑅𝑓𝑥, 𝑅𝑓𝑦, 𝑇𝑥𝑥, 

𝑇𝑥𝑦, 𝑇𝑦𝑥, 𝑇𝑦𝑦,𝑊𝑓𝑥, 𝑊𝑓𝑦, 𝐷3𝑥, 𝐷3𝑦, 𝐷5𝑥, 𝐷5𝑦  of the intrafield error sources and the 

parameters 𝑇𝑤𝑥 , 𝑇𝑤𝑦 , 𝑅𝑤𝑥 , 𝑅𝑤𝑦 , 𝑀𝑤𝑥 , 𝑀𝑤𝑦 , 𝐵𝑤𝑥 , 𝐵𝑤𝑦  of the interfield error 

sources. Based on the estimated values of the aforementioned error sources, one can try 

to compensate them using the adjustable (“controllable”) variables of the reticle or wafer 

stage servo. 

4.2.2 Run-to-run Control Structure 

The basic task of the run-to-run control is to estimate the state of the process 

based on the records of lithography overlay errors measured in previous wafers (runs of 

wafers), and adjust the process parameters to keep the process on target for the 

subsequent wafer (run of wafers).  

The traditional R2R control methods (Bode, Ko and Edgar, 2004; Park et al., 

2005; Bode, He and Edgar, 2007; Firth et al., 2006) treat the correctable source errors 

𝑇𝑓𝑥 , 𝑇𝑓𝑦 , 𝑅𝑓𝑥 , 𝑅𝑓𝑦 , 𝑇𝑥𝑥 , 𝑇𝑥𝑦 , 𝑇𝑦𝑥 , 𝑇𝑦𝑦 , 𝑇𝑤𝑥 , 𝑇𝑤𝑦 , 𝑅𝑤𝑥 , 𝑅𝑤𝑦 , 𝑀𝑤𝑥 , 𝑀𝑤𝑦  as 

independent outputs that are kept on target using a linear model to describe the 

deterministic disturbances in each process parameter.  The linear model used in Bode, 

Ko and Edgar, 2004; Park et al., 2005; Bode, He and Edgar, 2007; Firth et al., 2006 was 

of the form:  

𝑦𝑡 = 𝑏𝑢𝑡 + 𝑐𝑡,                          (4.2) 

where 𝑦𝑡 is the individual output at run 𝑡 corresponding to the controllable process 

parameter 𝑢𝑡, 𝑏 is referred to as the process gain, and 𝑐𝑡 is referred to as the process 

bias.  Due to changes in process characteristics (for example, process degradation), 

unmodeled process dynamics and external noise sources, process bias 𝑐𝑡 changes and 

the R2R controller recursively estimates it after each run. The estimate �̂�𝑡 for the process 

bias is then utilized by the control law to determine the controllable parameter 𝑢𝑡 as 

𝑢𝑡 = (𝑇 − �̂�𝑡)/𝑏,                        (4.3) 
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where 𝑇 represents the process target.  Though numerous methods could be adopted to 

obtain the estimation for the process bias (Flores et al., 1995; Park et al., 2005; Firth et 

al., 2006) the most widely referenced method is the Exponentially Weighted Moving 

Average (EWMA) method, which updates the biased term using: 

�̂�𝑡 = 𝛼(𝑦𝑡−1 − 𝑏𝑢𝑡−1) + (1 − 𝛼)�̂�𝑡−1,                 (4.4) 

where 0 < 𝛼 < 1 is a tunable filter parameter.  Another commonly used approach for 

estimating bias terms is Kalman filtering based estimation (Qin et al., 2006). 

Unfortunately, R2R control methods do not take into account the multistage character of 

the lithography process.  

In order to facilitate a truly multistage control of overlay lithography, we will 

devise a process model combining the overlay accuracy model (4.1) describing overlay 

errors in individual layers with the model of the multistage propagation of errors in 

overlay lithography. Then we will compare our new process control method with the well 

known EWMA and Kalman filtering based R2R process control methods. 

4.2.3 Definition of the Problem of Stochastic Control of Overlay Errors Based on the 

Multi-layer Overlay Model 

To obtain the multi-layer overlay model, let us write the overlay accuracy model 

(4.1) for each layer 𝑘, 1 ≤ 𝑘 ≤ 𝑁, in the form 

𝒐𝒙(𝑘) = 𝐃𝐜𝐱(𝑘)𝒛𝒕,𝒄𝒙(𝑘) + 𝐃𝐄𝐱(𝑘)𝒛𝒕,𝑬𝒙(𝑘) + 𝒓𝒙(𝑘), 

𝒐𝒚(𝑘) = 𝐃𝐜𝐲(𝑘)𝒛𝒕,𝒄𝒚(𝑘) + 𝐃𝐄𝐲(𝑘)𝒛𝒕,𝑬𝒚(𝑘) + 𝒓𝒚(𝑘),           (4.5) 

where 

𝐃𝐜𝐱(𝑘) =

⎣
⎢
⎢
⎡ 1 1 −𝑦1(𝑘) 𝑥1(𝑘) −𝑥12(𝑘) −𝑥1(𝑘)𝑦1(𝑘) −𝑌1(𝑘) 𝑋1(𝑘)

1 1 −𝑦2(𝑘) 𝑥2(𝑘) −𝑥22(𝑘) −𝑥2(𝑘)𝑦2(𝑘) −𝑌2(𝑘) 𝑋2(𝑘)
⋮

1 1 −𝑦𝑛(𝑘) 𝑥𝑛(𝑘) −𝑥𝑛2(𝑘) −𝑥𝑛(𝑘)𝑦𝑛(𝑘) −𝑌𝑛(𝑘) 𝑋𝑛(𝑘)⎦
⎥
⎥
⎤
 

, 
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𝐃𝐜𝐲(𝑘) =

⎣
⎢
⎢
⎡ 1 1 𝑥1(𝑘) 𝑦1(𝑘) −𝑦12(𝑘) −𝑥1(𝑘)𝑦1(𝑘) 𝑋1(𝑘) 𝑌1(𝑘)

1 1 𝑥2(𝑘) 𝑦2(𝑘) −𝑦22(𝑘) −𝑥2(𝑘)𝑦2(𝑘) 𝑋2(𝑘) 𝑌2(𝑘)
⋮

1 1 𝑥𝑛(𝑘) 𝑦𝑛(𝑘) −𝑦𝑛2(𝑘) −𝑥𝑛(𝑘)𝑦𝑛(𝑘) 𝑋𝑛(𝑘) 𝑌𝑛(𝑘)⎦
⎥
⎥
⎤
, 

𝐃𝐄𝐱(𝑘) =

⎣
⎢
⎢
⎡𝑦1

2(𝑘) 𝑥12(𝑘) + 𝑦12(𝑘) 𝑥1(𝑘)(𝑥12(𝑘) + 𝑦12(𝑘)) 𝑌12(𝑘)
𝑦22(𝑘) 𝑥22(𝑘) + 𝑦22(𝑘) 𝑥2(𝑘)(𝑥22(𝑘) + 𝑦22(𝑘)) 𝑌22(𝑘)

⋮
𝑦𝑛2(𝑘) 𝑥𝑛2(𝑘) + 𝑦𝑛2(𝑘) 𝑥𝑛(𝑘)(𝑥𝑛2(𝑘) + 𝑦𝑛2(𝑘)) 𝑌𝑛2(𝑘)⎦

⎥
⎥
⎤
, 

𝐃𝐄𝐲(𝑘) =

⎣
⎢
⎢
⎡𝑥1

2(𝑘) 𝑥12(𝑘) + 𝑦12(𝑘) 𝑦1(𝑘)(𝑥12(𝑘) + 𝑦12(𝑘)) 𝑋12(𝑘)
𝑥22(𝑘) 𝑥22(𝑘) + 𝑦22(𝑘) 𝑦2(𝑘)(𝑥22(𝑘) + 𝑦22(𝑘)) 𝑋22(𝑘)

⋮
𝑥𝑛2(𝑘) 𝑥𝑛2(𝑘) + 𝑦𝑛2(𝑘) 𝑦𝑛(𝑘)(𝑥𝑛2(𝑘) + 𝑦𝑛2(𝑘)) 𝑋𝑛2(𝑘)⎦

⎥
⎥
⎤
, 

𝒛𝒕,𝒄𝒙(𝑘) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑇𝑡,𝑤𝑥(𝑘)
𝑇𝑡,𝑓𝑥(𝑘)
𝑅𝑡,𝑓𝑥(𝑘)
𝑀𝑡,𝑓𝑥(𝑘)
𝑇𝑡,𝑥𝑥(𝑘)
𝑇𝑡,𝑦𝑥(𝑘)
𝑅𝑡,𝑤𝑥(𝑘)
𝑀𝑡,𝑤𝑥(𝑘)⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

, 𝒛𝒕,𝒄𝒚(𝑘) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑇𝑡,𝑤𝑦(𝑘)
𝑇𝑡,𝑓𝑦(𝑘)
𝑅𝑡,𝑓𝑦(𝑘)
𝑀𝑡,𝑓𝑦(𝑘)
𝑇𝑡,𝑦𝑥(𝑘)
𝑇𝑡,𝑦𝑦(𝑘)
𝑅𝑡,𝑤𝑥(𝑘)
𝑀𝑡,𝑤𝑥(𝑘)⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

, 

𝒛𝒕,𝑬𝒙(𝑘) =

⎣
⎢
⎢
⎢
⎡𝑊𝑡,𝑓𝑥(𝑘)
𝐷𝑡,3𝑥(𝑘)
𝐷𝑡,5𝑥(𝑘)
𝐵𝑡,𝑤𝑥(𝑘)⎦

⎥
⎥
⎥
⎤

, 𝒛𝒕,𝑬𝒚 =

⎣
⎢
⎢
⎢
⎡
𝑊𝑡,𝑓𝑦(𝑘)
𝐷𝑡,3𝑦(𝑘)
𝐷𝑡,5𝑦(𝑘)
𝐵𝑡,𝑤𝑦(𝑘)⎦

⎥
⎥
⎥
⎤
. 

Here the subscripts 1,2,⋯ ,𝑛 represent different measurement points on the wafer, while 

𝑘 denotes the order in which the layer is manufactured. The additional subscript 𝑡 

denotes the corresponding values of the parameters in the 𝑡th run, which is the same as 

the meaning of the subscript 𝑡 in Eqn. (4.2). The terms 𝒛𝒕,𝒄𝒙(𝑘), 𝒛𝒕,𝒄𝒚(𝑘) will be 

referred to as correctable outputs since usually they can be adjusted by the controllable 

process parameters related to the reticle or wafer stage servo. On the other hand, the 

terms 𝒛𝒕,𝑬𝒙(𝑘), 𝒛𝒕,𝑬𝒚(𝑘) will be referred to as uncorrectable outputs, since they are 

caused by the imperfections of the lens or the block mirror 𝒛𝒕,𝑬𝒙(𝑘) and 𝒛𝒕,𝑬𝒚(𝑘), which 
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usually cannot be reduced unless the lens or the block mirror are replaced with better 

ones. 

If we wrote out Eqn. (4.2) for every element in the vectors of correctable outputs 

𝒛𝒕,𝒄𝒙(𝑘) and 𝒛𝒕,𝒄𝒚(𝑘), we will obtain the vector form:  

𝒛𝒕,𝒄𝒙(𝑘) = 𝐛𝐱(𝑘) ∙ 𝒖𝒕,𝒄𝒙(𝑘) + 𝒄𝒕,𝒙(𝑘), 𝒛𝒕,𝒄𝒚(𝑘) = 𝐛𝐲(𝑘) ∙ 𝒖𝒕,𝒄𝒚(𝑘) + 𝒄𝒕,𝒚(𝑘),   (4.6) 

where 

𝐛𝐱(𝑘)

= 𝑑𝑖𝑎𝑔�𝑏𝑇𝑤𝑥(𝑘) 𝑏𝑇𝑓𝑥(𝑘) 𝑏𝑅𝑓𝑥(𝑘) 𝑏𝑀𝑓𝑥(𝑘) 𝑏𝑇𝑥𝑥(𝑘) 𝑏𝑇𝑦𝑥(𝑘) 𝑏𝑅𝑤𝑥(𝑘) 𝑏𝑀𝑤𝑥(𝑘)�, 

𝐛𝐲(𝑘)

= 𝑑𝑖𝑎𝑔�𝑏𝑇𝑤𝑦(𝑘) 𝑏𝑇𝑓𝑦(𝑘) 𝑏𝑅𝑓𝑦(𝑘) 𝑏𝑀𝑓𝑦(𝑘) 𝑏𝑇𝑦𝑦(𝑘) 𝑏𝑇𝑥𝑦(𝑘) 𝑏𝑅𝑤𝑦(𝑘) 𝑏𝑀𝑤𝑦(𝑘)�, 

 𝒖𝒕,𝒄𝒙(𝑘) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑢𝑡,𝑇𝑤𝑥(𝑘)
𝑢𝑡,𝑇𝑓𝑥(𝑘)
𝑢𝑡,𝑅𝑓𝑥(𝑘)
𝑢𝑡,𝑀𝑓𝑥(𝑘)
𝑢𝑡,𝑇𝑥𝑥(𝑘)
𝑢𝑡,𝑇𝑦𝑥(𝑘)
𝑢𝑡,𝑅𝑤𝑥(𝑘)
𝑢𝑡,𝑀𝑤𝑥(𝑘)⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

, 𝒄𝒕,𝒙(𝑘) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑐𝑡,𝑇𝑤𝑥(𝑘)
𝑐𝑡,𝑇𝑓𝑥(𝑘)
𝑐𝑡,𝑅𝑓𝑥(𝑘)
𝑐𝑡,𝑀𝑓𝑥(𝑘)
𝑐𝑡,𝑇𝑥𝑥(𝑘)
𝑐𝑡,𝑇𝑦𝑥(𝑘)
𝑐𝑡,𝑅𝑤𝑥(𝑘)
𝑐𝑡,𝑀𝑤𝑥(𝑘)⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

,𝒖𝒕,𝒄𝒚(𝑘) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑢𝑡,𝑇𝑤𝑦(𝑘)
𝑢𝑡,𝑇𝑓𝑦(𝑘)
𝑢𝑡,𝑅𝑓𝑦(𝑘)
𝑢𝑡,𝑀𝑓𝑦(𝑘)
𝑢𝑡,𝑇𝑦𝑦(𝑘)
𝑢𝑡,𝑇𝑥𝑦(𝑘)
𝑢𝑡,𝑅𝑤𝑦(𝑘)
𝑢𝑡,𝑀𝑤𝑦(𝑘)⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

, 𝒄𝒕,𝒚(𝑘) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑐𝑡,𝑇𝑤𝑦(𝑘)
𝑐𝑡,𝑇𝑓𝑦(𝑘)
𝑐𝑡,𝑅𝑓𝑦(𝑘)
𝑐𝑡,𝑀𝑓𝑦(𝑘)
𝑐𝑡,𝑇𝑦𝑦(𝑘)
𝑐𝑡,𝑇𝑥𝑦(𝑘)
𝑐𝑡,𝑅𝑤𝑦(𝑘)
𝑐𝑡,𝑀𝑤𝑦(𝑘)⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 . 

Vectors 𝒖𝒕,𝒄𝒙(𝑘) and 𝒖𝒕,𝒄𝒚(𝑘) consist of controllable process parameters that 

can be directly manipulated to achieve desired behavior of the process, while 𝒄𝒕,𝒙(𝑘) 

and 𝒄𝒕,𝒚(𝑘) are their associated process bias terms. Following standard R2R process 

control strategies (Flores et al., 1995; Park et al., 2005; Firth et al., 2006), estimation 

methods for the process bias terms are expressed in vector form: 

𝒄𝒕,𝒙(𝑘) = 𝒄�𝒕,𝒙(𝑘) + 𝚫𝒄𝒕,𝒙(𝑘), 𝒄𝒕,𝒚(𝒌) = 𝒄�𝒕,𝒚(𝑘) + 𝚫𝒄𝒕,𝒚(𝑘),          (4.7) 

where 
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𝒄�𝒕,𝒙(𝑘) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝑐�̅�,𝑇𝑤𝑥(𝑘)
𝑐�̅�,𝑇𝑓𝑥(𝑘)

𝑐�̅�,𝑅𝑓𝑥(𝑘)

𝑐�̅�,𝑀𝑓𝑥(𝑘)

𝑐�̅�,𝑇𝑥𝑥(𝑘)
𝑐�̅�,𝑇𝑦𝑥(𝑘)

𝑐�̅�,𝑅𝑤𝑥(𝑘)
𝑐�̅�,𝑀𝑤𝑥(𝑘)⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

, 𝒄�𝒕,𝒚(𝑘) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝑐�̅�,𝑇𝑤𝑦(𝑘)

𝑐�̅�,𝑇𝑓𝑦(𝑘)

𝑐�̅�,𝑅𝑓𝑦(𝑘)

𝑐�̅�,𝑀𝑓𝑦(𝑘)

𝑐�̅�,𝑇𝑦𝑦(𝑘)

𝑐�̅�,𝑇𝑥𝑦(𝑘)

𝑐�̅�,𝑅𝑤𝑦(𝑘)

𝑐�̅�,𝑀𝑤𝑦(𝑘)⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

, 

𝚫𝒄�𝒕,𝒙(𝑘) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡Δ𝑐𝑡,𝑇𝑤𝑥(𝑘)
Δ𝑐𝑡,𝑇𝑓𝑥(𝑘)

Δ𝑐𝑡,𝑅𝑓𝑥(𝑘)

Δ𝑐𝑡,𝑀𝑓𝑥(𝑘)

Δ𝑐𝑡,𝑇𝑥𝑥(𝑘)
Δ𝑐𝑡,𝑇𝑦𝑥(𝑘)

Δ𝑐𝑡,𝑅𝑤𝑥(𝑘)
Δ𝑐𝑡,𝑀𝑤𝑥(𝑘)⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

,𝚫𝒄�𝒕,𝒚(𝑘) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡Δ𝑐𝑡,𝑇𝑤𝑦(𝑘)

Δ𝑐𝑡,𝑇𝑓𝑦(𝑘)

Δ𝑐𝑡,𝑅𝑓𝑦(𝑘)

Δ𝑐𝑡,𝑀𝑓𝑦(𝑘)

Δ𝑐𝑡,𝑇𝑦𝑦(𝑘)

Δ𝑐𝑡,𝑇𝑥𝑦(𝑘)

Δ𝑐𝑡,𝑅𝑤𝑦(𝑘)

Δ𝑐𝑡,𝑀𝑤𝑦(𝑘)⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

 

𝒄�𝒕,𝒙(𝑘) and 𝒄�𝒕,𝒚(𝑘) are the estimates for the process bias terms 𝒄𝒕,𝒙(𝑘) and 𝒄𝒕,𝒚(𝑘), 

while 𝚫𝒄𝒕,𝒙(𝑘)  and 𝚫𝒄𝒕,𝒚(𝑘)are the estimation errors. Similarly, the uncorrectable 

outputs can be expressed as 

𝒛𝒕,𝑬𝒙(𝑘) = 𝒛�𝒕,𝑬𝒙(𝑘) + 𝚫𝒛𝒕,𝑬𝒙(𝑘), 𝒛𝒕,𝑬𝒚(𝑘) = 𝒛�𝒕,𝑬𝒚(𝑘) + 𝚫𝒛𝒕,𝑬𝒚(𝑘),      (4.8) 

where 

𝒛�𝒕,𝑬𝒙(𝑘) =

⎣
⎢
⎢
⎢
⎡𝑊�𝑡,𝑓𝑥(𝑘)
𝐷�𝑡,3𝑥(𝑘)
𝐷�𝑡,5𝑥(𝑘)
𝐵�𝑡,𝑤𝑥(𝑘)⎦

⎥
⎥
⎥
⎤

, 𝒛�𝒕,𝑬𝒚(𝑘) =

⎣
⎢
⎢
⎢
⎢
⎡𝑊�𝑡,𝑓𝑦(𝑘)
𝐷�𝑡,3𝑦(𝑘)
𝐷�𝑡,5𝑦(𝑘)
𝐵�𝑡,𝑤𝑦(𝑘)⎦

⎥
⎥
⎥
⎥
⎤
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𝚫𝒛𝒕,𝑬𝒙(𝑘) =

⎣
⎢
⎢
⎢
⎡Δ𝑊𝑡,𝑓𝑥(𝑘)
Δ𝐷𝑡,3𝑥(𝑘)
Δ𝐷𝑡,5𝑥(𝑘)
Δ𝐵𝑡,𝑤𝑥(𝑘)⎦

⎥
⎥
⎥
⎤

,𝚫𝒛𝒕,𝑬𝒚(𝑘) =

⎣
⎢
⎢
⎢
⎢
⎡Δ𝑊𝑡,𝑓𝑦(𝑘)
Δ𝐷𝑡,3𝑦(𝑘)
Δ𝐷𝑡,5𝑦(𝑘)
Δ𝐵𝑡,𝑤𝑦(𝑘)⎦

⎥
⎥
⎥
⎥
⎤

. 

𝒛�𝒕,𝑬𝒙(𝑘)  and 𝒛�𝒕,𝑬𝒚(𝑘)  are the estimated uncorrectable outputs, while 𝚫𝒛𝒕,𝑬𝒙(𝑘)and 

𝚫𝒛𝒕,𝑬𝒚(𝑘) are the estimation errors associated with the estimated uncorrectable outputs.  

Under the common assumption that the overlay of the current layer is measured 

with reference to the previous layer (Conway et al., 2003), stack-up overlay errors 

describing the overlay errors between the current layer and the align-to layer (Layer 0) 

can be written as (Yu and Qin, 2009) 

𝒔𝒙(𝑘) = 𝒔𝒙(𝑘 − 1) + 𝒐𝒙(𝑘), 𝒔𝒚(𝑘) = 𝒔𝒚(𝑘 − 1) + 𝒐𝒚(𝑘).         (4.9) 

Model (4.9) implicitly assumes that the positions of the measurement points in 

each layer are the same. This requirement is not restrictive because it could be satisfied 

by fitting the potentially arbitrarily positioned measurement points of the current layer to 

the overlay accuracy model (4.5) to obtain 𝒛𝒄𝒙(𝑘),𝒛𝒄𝒚(𝑘),𝒛𝑬𝒙(𝑘),𝒛𝑬𝒚(𝑘), which could 

then be used to recalculate the overlay errors 𝒐𝒙(𝑘),𝒐𝒚(𝑘) in the same positions as the 

previous layers.   

Now, the individual layer overlay accuracy model (4.5) and the layer to layer 

error propagation model (4.9) will be combined to define the control law that would keep 

overlay errors as small as possible. Since estimation methods for 𝒄�𝒕,𝒙(𝑘) and 𝒄�𝒕,𝒚(𝑘) 

are well documented in literature Bode, Ko and Edgar, 2004; Park et al., 2005; Bode, He 

and Edgar, 2007; Firth et al., 2006 (essentially dealt with in the R2R control), we will not 

explicitly discuss these methods in our paper. 

Let us make the following assumptions in order to postulate the control law for 

minimizing the overlay errors through the multi-layer lithography processes  

• Estimation error vectors of uncorrectable output parameters 𝚫𝒛𝒕,𝑬𝒙(𝑘) 

and 𝚫𝒛𝒕,𝑬𝒚(𝑘) follow Gaussian distributions with 0 mean and known covariance 

matrices 𝐊𝐭,𝐄𝐱(𝑘)  and 𝐊𝐭,𝐄𝐲(𝑘) , respectively. Please note that the covariance 
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matrices 𝐊𝐭,𝐄𝐱(𝑘), 𝐊𝐭,𝐄𝐲(𝑘) of the uncorrectable output estimation errors at layer 𝑘 

can be obtained from the history of R2R estimation errors. 

• Estimation error vectors of process bias terms 𝚫𝒄𝒕,𝒙(𝑘) and  𝚫𝒄𝒕,𝒚(𝑘)  follow 

Gaussian distributions with 0 mean and known covariance matrices 𝐊𝐭,𝐜𝐱(𝑘)and 

𝐊𝐭,𝐜𝐲(𝑘),  respectively. Once again, let us note that the covariance matrices 𝐊𝐭,𝐜𝐱(𝑘) 

and 𝐊𝐭,𝐜𝐲(𝑘) of the process bias estimation errors at layer 𝑘 can be obtained from 

the history of R2R estimation errors. 

• Estimation error vectors of uncorrectable output parameters 𝚫𝒛𝒕,𝑬𝒙(𝑘1)  and 

𝚫𝒛𝒕,𝑬𝒙(𝑘2) from different layers 𝑘1 and 𝑘2 are independent. Similarly, 𝚫𝒛𝒕,𝑬𝒚(𝑘2) 

and 𝚫𝒛𝒕,𝑬𝒚(𝑘1) are independent for 𝑘1 ≠ 𝑘2.  

• Estimation error vectors of uncorrectable output parameters 𝚫𝒄𝒕,𝒙(𝑘1)  and 

𝚫𝒄𝒕,𝒙(𝑘2) from different layers 𝑘1 and 𝑘2 are independent. Similarly, 𝚫𝒄𝒕,𝒚(𝑘1) 

and 𝚫𝒄𝒕,𝒚(𝑘2)  are independent for 𝑘1 ≠ 𝑘2.  

• Residual vectors 𝒓𝒙(𝑘) and 𝒓𝒚(𝑘) follow Gaussian distributions with 0 mean and 

known covariance matrices 𝐊𝐫𝐱(𝑘)  and 𝐊𝐫𝐲(𝑘) , respectively. The covariance 

matrices 𝐊𝐫𝐱(𝑘)and 𝐊𝐫𝐲(𝐤) of residual vectors at layer 𝑘, can be obtained from 

historical records of the R2R control. 

• Residual vectors 𝒓𝒙(𝑘1) and 𝒓𝒙(𝑘2)corresponding to different layers 𝑘1 and 𝑘2 

are independent. Similarly, 𝒓𝒚(𝑘1) and , 𝒓𝒚(𝑘2) are independent for 𝑘1 ≠ 𝑘2.  

• Estimation error vectors of uncorrectable output parameters 𝚫𝒛𝒕,𝑬𝒙(𝑘), estimation 

error vectors of process bias terms 𝚫𝒄𝒕,𝒙(𝑘)  and residual vectors 𝒓𝒙(𝑘)  are 

mutually independent. Similarly, 𝚫𝒛𝒕,𝑬𝒚(𝑘), 𝚫𝒄𝒕,𝒚(𝑘) and 𝒓𝒚(𝑘) are also mutually 

independent. 

Our objective is to minimize the consecutive overlay errors as well as the overlay 

stack-up effect. Therefore, the objective function was formulated as 

𝐸 ��(𝜆𝑥(𝑘) ∙ ‖𝒐𝒙(𝑘)‖2 + 𝜆𝑦(𝑘) ∙ �𝒐𝒚(𝑘)�
2

+ 𝛼𝑥(𝑘) ∙ ‖𝒔𝒙(𝑘)‖2 + 𝛼𝑦(𝑘) ∙ �𝒔𝒚(𝑘)�
2

)
𝑁

𝑘=1

�  
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where 𝑁 is the total number of layers, while {𝜆(𝑘),𝑘 = 1,2,⋯ ,𝑁} and {𝛼(𝑘),𝑘 =

1,2,⋯ ,𝑁} are the sets of tuning parameters that can be selected to express the relative 

importance of the overlay errors corresponding to different layers. The multi-layer 

overlay model is thus characterized as a stochastic optimization problem of finding a 

sequence of vectors of controllable process parameters 𝒖𝒕,𝒄𝒙(𝑘)  and 𝒖𝒕,𝒄𝒚(𝑘) , 

𝑘 = 1,2, … ,𝑁 that minimize: 

𝐽 = 𝐸[∑ (𝜆𝑥(𝑘) ∙ ‖𝒐𝒙(𝑘)‖2 + 𝜆𝑦(𝑘) ∙ �𝒐𝒚(𝑘)�
2

+ 𝛼𝑥(𝑘) ∙ ‖𝒔𝒙(𝑘)‖2 + 𝛼𝑦(𝑘) ∙𝑁
𝑘=1

𝒔𝒚𝑘2)]                                                         (4.10)                                       

subject to the constraints 

 𝒐𝒙(𝑘) = 𝐋𝐱(𝑘) ∙ 𝒖𝒕,𝒄𝒙(𝑘) + 𝝎𝒕,𝒙(𝑘),     𝒐𝒚(𝑘) = 𝐋𝐲(𝑘) ∙ 𝒖𝒕,𝒄𝒚(𝑘) + 𝝎𝒕,𝒚(𝑘),  

 𝒔𝒙(𝑘) = 𝒔𝒙(𝑘 − 1) + 𝒐𝒙(𝑘),           𝒔𝒚(𝑘) = 𝒔𝒚(𝑘 − 1) + 𝒐𝒚(𝑘), 

 𝒔𝒙(0) = 0,                          𝒔𝒚(0) = 0,                      (4.11) 

where for any  1 ≤ 𝑘 ≤ 𝑁      

   𝐋𝐱(𝑘) = 𝐃𝐜𝐱(𝑘) ∙ 𝐛𝐱(𝑘),                𝐋𝐲(𝑘) = 𝐃𝐜𝐲(𝑘) ∙ 𝐛𝐲(𝑘), 

𝝎𝒕,𝒙(𝑘) = 𝐃𝐜𝐱(𝑘)𝒄�𝒕,𝒙(𝑘) + 𝐃𝐄𝐱(𝑘)𝒛�𝒕,𝑬𝒙(𝑘) + 𝐃𝐜𝐱(𝑘)𝚫𝒄𝒕,𝒙(𝑘) + 𝐃𝐄𝐱(𝑘)𝚫𝒛𝒕,𝑬𝒙(𝑘)

+ 𝒓𝒙(𝑘), 

𝝎𝒕,𝒚(𝑘) = 𝐃𝐜𝐲(𝑘)𝒄�𝒕,𝒚(𝑘) + 𝐃𝐄𝐲(𝑘)𝒛�𝒕,𝑬𝒚(𝑘) + 𝐃𝐜𝐲(𝑘)𝚫𝒄𝒕,𝒚(𝑘) + 𝐃𝐄𝐲(𝑘)𝚫𝒛𝒕,𝑬𝒚(𝑘)

+ 𝒓𝒚(𝑘). 

 

4.3 SOLUTION OF THE PROBLEM OF STOCHASTIC CONTROL OF OVERLAY ERRORS 

BASED ON THE MULTI-LAYER OVERLAY MODEL 

Let us now express the solution to problem (4.10)-(4.11). First of all, it is easy to 

observe from (4.10)-(4.11) that the overlay errors along the 𝑥 axis and 𝑦 axis can be 

treated separately. Therefore, the following argument focuses on the 𝑥 axis without any 

loss of generality, because the same result could be obtained for overlay errors along the 

𝑦 axis.  
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The constraints (4.11) could be expressed as  

𝒔𝒙(𝑘) = 𝒔𝒙(𝑘 − 1) + 𝐋𝐱(𝑘)𝒖𝒕,𝒄𝒙(𝑘) + 𝝎𝒕,𝒙(𝑘), 1 ≤ 𝑘 ≤ 𝑁         (4.12)        

while the objective (4.10) can be reformulated as a minimization of the expectation 

function  

𝐽 = 𝐸�𝒔𝒙𝑻∑𝐬𝐱𝒔𝒙�,                        (4.13) 

regarding the controllable process parameters 𝒖𝒕,𝒄𝒙(𝑘) and 𝒖𝒕,𝒄𝒚(𝑘), 𝑘 = 1,2, … ,𝑁 , 

where 𝒔𝒙𝑻 = [𝒔𝒙(1)𝑇 𝒔𝒙(2)𝑇 ⋯ 𝒔𝒙(𝑁)𝑇]  and ∑𝐬𝐱  is a matrix whose diagonal 

elements at positions (𝑖, 𝑖), 1 ≤ 𝑖 ≤ 𝑁 − 1  satisfy 𝛼𝑥(𝑖) + 𝜆𝑥(𝑖) + 𝜆𝑥(𝑖 + 1) , the 

diagonal element at position (𝑁,𝑁)  is 𝛼𝑥(𝑁) + 𝜆𝑥(𝑁) , non-diagonal elements at 

positions (𝑖 + 1, 𝑖) and (𝑖, 𝑖 + 1) are −1 for 1 ≤ 𝑖 ≤ 𝑁 − 1, and all other elements 

are zero. 

Under the assumptions listed in section 4.2.3, one can easily show that each 

vector 𝝎𝒕,𝒙(𝑘) follows a Gaussian distribution with the mean vector 𝐃𝐜𝐱(𝑘)𝒄�𝒕,𝒙(𝑘) +

𝐃𝐄𝐱(𝑘)𝒛�𝒕,𝑬𝒙(𝑘)  and covariance matrix 

𝐃𝐜𝐱(𝑘)𝐊𝐭,𝐜𝐱(𝑘)𝐃𝐜𝐱(𝑘)𝑇 + 𝐃𝐄𝐱(𝑘)𝐊𝐭,𝐄𝐱(𝑘)𝐃𝐄𝐱(𝑘)𝑇 + 𝐊𝐫𝐱(𝑘) . In addition, one should 

also note that model (4.12) can be seen as a state space model with layer index playing 

the role of time and the state matrix always being the identity matrix. 

Let us now transform model (4.12) into: 

𝒐𝒙1⋯𝑁 = 𝐋𝐱1⋯N ∙ 𝒖𝒕,𝒄𝒙1⋯𝑁 + 𝝎𝒕,𝒙
1⋯𝑁 ,                   (4.14) 

where  

𝒐𝒙
𝑘1⋯𝑘2𝑇 = [𝒐𝒙(𝑘1)𝑇 𝒐𝒙(𝑘1 + 1)𝑇 ⋯ 𝒐𝒙(𝑘2)𝑇], 

𝐋𝐱k⋯N = 𝑑𝑖𝑎𝑔[𝐋𝐱(𝑘) 𝐋𝐱(𝑘 + 1) ⋯ 𝐋𝐱(𝑁)], 

𝒖𝒕,𝒄𝒙𝑘⋯𝑁𝑇 = �𝒖𝒕,𝒄𝒙(𝑘)𝑇 𝒖𝒕,𝒄𝒙(𝑘 + 1)𝑇 ⋯ 𝒖𝒕,𝒄𝒙(𝑁)𝑇�, 

𝝎𝒕,𝒙
𝑘⋯𝑁𝑇 = [𝝎𝒕,𝒙(𝑘)𝑇 𝝎𝒕,𝒙(𝑘 + 1)𝑇 ⋯ 𝝎𝒕,𝒙(𝑁)𝑇]. 

This leads to the formulation of the objective function (4.13) in the form 

𝐸 �𝒐𝒙1⋯𝑁
𝑇∑𝐨𝐱

1⋯N𝒐𝒙1⋯𝑁�,                       (4.15) 
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where ∑𝐨𝐱
1⋯N is a matrix whose diagonal elements at positions (𝑖, 𝑖) are  𝜆𝑥(𝑖) + 𝑁 −

𝑖 + 𝛼𝑥(𝑖)  for 1 ≤ 𝑖 ≤ 𝑁 ,  and non-diagonal elements at positions (𝑖, 𝑗)  are 𝑁 −

max (𝑖, 𝑗) + 𝛼𝑥(𝑖) for 1 ≤ 𝑖, 𝑗 ≤ 𝑁, 𝑖 ≠ 𝑗. It is easy to show that the matrix ∑𝐨𝐱
1⋯N is 

positive definite and thus the optimal solution can be obtained by differentiating the 

objective function with respect to the controllable variables contained in the vectors 

𝒖𝒕,𝒄𝒙(𝑘). 

  Solution to this problem is actually a sequential procedure, in the sense that the 

control needs to be adjusted after measurements of previous overlay errors become 

available. Indeed, suppose the kth layer is about to be deposited on the wafer and that the 

measurements of all the previous overlay errors  

𝒐𝒙1⋯𝑘−1
𝑇 = [𝒐𝒙(1)𝑇 𝒐𝒙(2)𝑇 ⋯ 𝒐𝒙(𝑘 − 1)𝑇] 

are available. The objective function can be expressed as 

𝐸 �𝒐𝒙1⋯𝑘−1
𝑻∑𝐨𝐱

1⋯k−1𝒐𝒙1⋯𝑘−1 + 𝟐𝒐𝒙𝑘⋯𝑁
𝑻∑𝐨𝐱

k⋯N,1⋯k−1𝒐𝒙1⋯𝑘−1 + 𝒐𝒙𝑘⋯𝑁
𝑇∑𝐨𝐱

k⋯N𝒐𝒙𝑘⋯𝑁�, 

 (4.16) 

where  ∑𝐨𝐱
1⋯k−1 is the upper-left (𝑘 − 1) × (𝑘 − 1)  diagonal block matrix of the matrix 

∑ox
1⋯N,  ∑𝐨𝐱

k⋯N is the lower-right (𝑁 − 𝑘 + 1) × (𝑁 − 𝑘 + 1)  diagonal block matrix of 

∑ox
1⋯N , and ∑𝐨𝐱

k⋯N,1⋯k−1  is the lower-left (𝑁 − 𝑘 + 1) × (𝑘 − 1)  off-diagonal block 

matrix of ∑ox
1⋯N (and, due to symmetricity of the matrix ∑ox

1⋯N, upper-right (𝑘 − 1) ×

(𝑁 − 𝑘 + 1) off-diagonal block matrix of ∑ox
1⋯N). In other words, in order to obtain 

(4.16), the weighting matrix ∑ox
1⋯N was partitioned into four block matrices as 

∑ox
1⋯N = �

∑𝐨𝐱
1⋯k−1 ∑𝐨𝐱

1⋯k−1,k⋯N

∑𝐨𝐱
k⋯N,1⋯k−1 ∑𝐨𝐱

k⋯N
�. 

Substituting 𝒐𝒙𝑘⋯𝑁  in (4.16) with 𝐋𝐱k⋯N ∙ 𝒖𝒕,𝒄𝒙𝑘⋯𝑁 + 𝝎𝒕,𝒙
𝑘⋯𝑁  and differentiating the 

objective function with respect to the controllable variables 𝒖𝒕,𝒄𝒙𝑘⋯𝑁 yields the solution to 

this non-linear optimization problem in the form (Bertekas, 1999): 

𝒖𝒕,𝒄𝒙𝑘⋯𝑁 = −(𝐋𝐱k⋯N
𝑇∑𝒐𝒙

k⋯N𝐋𝐱k⋯N)+ ∙ 𝐋𝐱k⋯N
𝑇(∑𝐨𝐱

k⋯N ∙ 𝑬�𝝎𝒕,𝒙
𝑘⋯𝑁� + ∑𝐨𝐱

k⋯N,1⋯k−1 ∙ 𝒐𝒙1⋯𝑘−1), 
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  (4.17) 

where 𝐇+ denotes the Moore-Penrose inverse of a matrix 𝐇. Finally, one can extract 

the vector 𝒖𝒕,𝒄𝒙(𝑘) of controllable process parameters for the kth layer from the vector 

𝒖𝒕,𝒄𝒙𝑘⋯𝑁 and use it as the set of controllable variables for the current layer k. After the 

current layer k is complete, measurements of the overlay errors of the kth layer become 

available and control law (4.17) can be repeated for the next layer k+1. This essentially 

amounts to now using the measurements of overlay errors in layers 1 through k to adjust 

the controllable parameters in the layer k+1. For a similar reason (updating of the control 

law using newly arrived measurements), the well-known Kalman filter also has a similar 

sequential nature. 

The sequential structure of the stochastic, multi-layer model based control process 

described above is illustrated in Fig.3. It depicts how the newly introduced overlay 

control law (4.17) works in conjunction with the regular R2R control, utilizing the 

estimated process bias from the R2R loop and the measurements of overlay errors in 

previous layers to adjust the controllable parameters in the subsequent layers. 

 

 

Figure 2: Structure of the multi-layer overlay control method introduced in this paper, in 

relation to the regular R2R control. 
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 4.4. NUMERICAL VERIFICATION 
In this section, the newly proposed control method is applied to a 5-layer overlay 

lithography process with 10 sample points per field and 4 sample fields per wafer. 

Positions of the overlay measurement points on each layer3

 

 are listed in Table 6. Process 

bias terms 𝒄𝒕,𝒙(𝑘), 𝒄𝒕,𝒚(𝑘) and uncorrectable outputs 𝒛𝒕,𝑬𝒙(𝑘),𝒛𝒕,𝑬𝒚(𝑘) are assumed to 

have Gaussian distributions with statistical characteristics described in Table 7 and Table 

8. The existence of the non-zero process parameter values in Table 7 is due to constant 

disturbances in the lithography processes, such as lens distortion and wafer stage defects, 

while the noise terms are caused by random errors, such as variations in temperature and 

pressure, which may vary with each run. Standard deviation of residual vectors 𝒓𝒙(𝑘) 

and 𝒓𝒚(𝑘), 𝑘 = 1,2,⋯ ,𝑁  are also listed in Table 8.  Different standard deviation 

values are adopted for different layers simply because various steppers or processes may 

be used for different layers, which would result in different overlay accuracy.   

Table 6. Positions of the measurement points on each layer. 

 
Wafer Coordinates (mm) 

Parameters x1 x2 x3 x4 y1 y2 y3 y4 

Positions -150 150 150 -150 150 150 -150 -150 

 
Field Coordinates (mm) 

Parameters x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 

Positions -69.5 69.5 -30.2 30.2 30.2 -30.2 -29.9 29.9 29.9 -29.9 

Parameters y1 y2 y3 y4 y5 y6 y7 y8 y9 y10 

Positions 0 0 51 51 -51 -51 50.8 50.8 -50.8 -50.8 

 

                                                 
3 Positions of measurement points in all 5 layers are assumed to be the same, though, as mentioned in 
Section 2.3, simple transformations can be used to reduce a case of arbitrary measurement points to the 
case when all layers have the same measurement points. 



 

61 
 

Please note that that most of the data in Table 6 and Table 7 are taken based on 

the model of single-layer overlay errors described in Levinson (1999). Parameters in 

Table 8 are not related to any overlay process model and are picked so that the overlay 

errors in each layer are reasonable. 

 

Table 7. Values of physical model parameters for simulation of a 10×4 overlay 

lithography processes. 

Interfield Errors 

Parameters 

𝑐�̅�,𝑅𝑤𝑥  

(μrads) 

𝑐�̅�,𝑅𝑤𝑦 

(μrads) 

𝑐�̅�,𝑀𝑤𝑥 

(ppm) 

𝑐�̅�,𝑀𝑤𝑦 

(ppm) 
𝑧�̅�,𝐵𝑤𝑥 𝑧�̅�,𝐵𝑤𝑦 

Layer 1 0.020 -0.140 -0.230 0.190 0 0 

Layer 2 0.017 -0.152 -0.222 0.215 0 0 

Layer 3 0.018 -0.153 -0.265 0.224 0 0 

Layer 4 0.020 -0.124 -0.218 0.175 0 0 

Layer 5 0.020 -0.162 -0.242 0.148 0 0 

Intrafield Errors 

Parameters 

𝑐�̅�,𝑇𝑓𝑥 

(nm) 

𝑐�̅�,𝑇𝑓𝑦 

(nm) 

𝑐�̅�,𝑅𝑓𝑥 

(μrads) 

𝑐�̅�,𝑅𝑓𝑦 

(μrads) 

𝑐�̅�,𝑀𝑓𝑥 

(ppm) 

𝑐�̅�,𝑀𝑓𝑦 

(ppm) 

𝑧�̅�,𝑊𝑓𝑥 

 

𝑧�̅�,𝑊𝑓𝑦 

 

Layer 1 10.60 -11.30 -0.329 0.459 0.963 0.023 0 0 

Layer 2 10.63 -10.31 -0.329 0.456 0.811 0.028 0 0 

Layer 3 12.17 -12.58 -0.260 0.452 1.119 0.024 0 0 

Layer 4 11.02 -11.05 -0.352 0.454 1.135 0.02 0 0 

Layer 5 10.76 -9.90 -0.361 0.464 1.130 0.026 0 0 
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Table 8. Standard deviation values for all the stochastic parameters in the simulation. 

Residues 

Parameters 𝐾𝑟𝑥 𝐾𝑟𝑦 

Layer 1 12 11 

Layer 2 13 10 

Layer 3 12.5 11 

Layer 4 12.8 11 

Layer 5 14 12 

 

Interfield 

Parameters Δ𝑐𝑡,𝑅𝑤𝑥 Δ𝑐𝑡,𝑅𝑤𝑦 Δ𝑐𝑡,𝑀𝑤𝑥 Δ𝑐𝑡,𝑀𝑤𝑦 Δ𝑧𝑡,𝐵𝑤𝑥 Δ𝑧𝑡,𝐵𝑤𝑦 

Layer 1 0.002 0.0140 0.0230 0.0190 0 0 

Layer 2 0.0017 0.0152 0.0222 0.0215 0 0 

Layer 3 0.0018 0.0153 0.0265 0.0224 0 0.00002 

Layer 4 0.0020 0.0124 0.0218 0.0175 0.00001 0 

Layer 5 0.0020 0.0162 0.0242 0.0148 0 0 

 

Intrafield 

Parameters Δ𝑐𝑡,𝑇𝑓𝑥 Δ𝑐𝑡,𝑇𝑓𝑦 Δ𝑐𝑡,𝑅𝑓𝑥 Δ𝑐𝑡,𝑅𝑓𝑦 Δ𝑐𝑡,𝑀𝑓𝑥 Δ𝑐𝑡,𝑀𝑓𝑦 Δ𝑧𝑡,𝑊𝑓𝑥 Δ𝑧𝑡,𝑊𝑓𝑦 

Layer 1 1.0 1.1 0.033 0.046 0.096 0.0023 0 0 

Layer 2 1.0 1.0 0.033 0.046 0.081 0.0028 0.0001 0 

Layer 3 1.2 1.3 0.026 0.045 0.112 0.0024 0 0.001 

Layer 4 1.1 1.1 0.035 0.045 0.114 0.0020 0 0 

Layer 5 1.1 1.0 0.036 0.047 0.113 0.0026 0 0 
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The multi-layer overlay control method introduced in this paper was applied to 

the multistage overlay lithography process described above, based on the optimization 

model (4.10)-(4.11) with the weighting parameters 𝜆𝑥(𝑘),  𝜆𝑦(𝑘),  𝛼𝑥(𝑘)  and  𝛼𝑦(𝑘)  

1 ≤ 𝑘 ≤ 𝑁 all set to 1. In an actual manufacturing application, these parameters could be 

determined based on how important the stack-up overlay errors of different layers are to 

the performance of the integrated circuits. The multi-layer overlay control method is 

imposed in the simulation by setting the controllable process parameters according to 

Eqn. (4.17), while the effectiveness of the control method is assessed by comparing the 

resulting objective function values with those obtained from the EWMA based and 

Kalman filtering based R2R control methods. 

Figure 3 shows the objective function values for 200 simulated runs obtained 

when the regular EWMA R2R control was used and when the newly proposed multi-

layer stochastic control was used. It is obvious from Figure 3 that the optimal multi-layer 

overlay control method reduced the objective value compared to the regular EWMA R2R 

control method. Intuitively this makes sense because, unlike the EWMA R2R control 

method, the stochastic optimal control method introduced in this paper makes 

adjustments of controllable process parameters using the extra information provided by 

the overlay error propagation model. 

The results shown in Figure 3 are obtained from the process simulations based on 

known model and noise parameters listed in Tables 7 and 8. However, the accurate values 

of the statistical characteristics of residual noise and estimation error characteristics are 

usually not available. Instead, only historical records of the overlay errors from previous 

runs are known and need to be used to get estimates of the aforementioned 

characteristics. 

In order to assess the performance of the newly proposed process control law 

when statistical characteristics of the noise and estimation errors are not known and are 

instead estimated from historical R2R records, the following simulations were conducted. 

First, 200 runs of overlay errors of each layer are generated based on the model 
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parameters in Tables 7 and 8. Then, the measured overlay errors from these 200 runs are 

fitted into the overlay accuracy model (4.5) and the sample estimates of the statistical 

characteristics listed in Tables 7 and 8 are obtained. Finally, another 200 runs are 

simulated with process control executed using EWMA R2R and the multi-layer 

stochastic overlay control method proposed in this paper. The only difference was that 

multi-layer control law utilized sample estimates of parameters from Tables 7 and 8, 

instead of their actual values. The objective function values for those 200 runs are given 

in Figure 4. 

 

 

Figure 3: Comparison of overlay control performance between the regular EWMA based 
R2R control method and the multi-layer stochastic control method 
introduced in this paper. 
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Figure 4: Comparison of overlay control performance between the EWMA based R2R 
control method and the multi-layer stochastic control method introduced in 
this paper. The information about stochastic parameters listed in Tables 7 
and 8 was not available and these parameters were estimated from the 
history of R2R estimation residuals. 

 

One can see that, the objective function values increase for both the EWMA R2R 

control method and the newly proposed control method. This increase is due to the 

incomplete information on the stochastic process parameters listed in Tables 7 and 8. 

Nevertheless, the newly introduced integrated control law still outperforms the pure R2R 

control.  

To further demonstrate that the newly proposed multi-layer overlay control 
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Figure 4 (i.e. the historical data of the overlay errors of each layer are used to estimate 

parameters from Tables 7 and 8), only this time the Kalman filtering based R2R control 

and the new multilayer control methods were employed.  

 

 

Figure 5: Comparison of overlay control performance between the Kalman filtering based 
R2R control method and the multi-layer stochastic control method 
introduced in this paper. The information about stochastic parameters listed 
in Tables 7 and 8 was not available and these parameters were estimated 
from the history of R2R estimation residuals. 
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essentially augments the R2R estimation results with the multistage model of error 

propagation introduced in section 4.2.3. 

The improvements of the newly proposed process control method can be more 

clearly demonstrated by analyzing Figure 6 and Figure 7.  Figure 6 shows the averages 

of overlay errors measured in 40 points on each layer, under the EWMA R2R and the 

newly introduced multi-layer process control methods. Similarly, Figure 7 shows the 

average overlay errors in different layers under the Kalman filtering R2R and the new 

multi-layer process control methods. In both figures, the dashed lines represent the 

overlay errors obtained using regular R2R control, while the solid lines represent those 

obtained using multi-layer stochastic control. The dotted lines in the plots show the 

corresponding means of the overlay errors in each layer. Obviously, the results under the 

two different methods are identical for the first layer, which is logical since no 

measurements of the overlay errors from previous layers are available for the very first 

layer. However, reductions of overlay errors when the new multilayer control method is 

used are increasingly apparent with subsequent layers, no matter which R2R method is 

used. Once again, this is because the multi-layer overlay control introduced in this paper 

merges the information obtained from the R2R control with the multistage process model 

and is thus able to use the measurements from previously manufactured layers on the 

wafer to further reduce overlays in subsequent layers.  
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Figure 6: Overlay errors of different layers obtained using the regular EWMA R2R 
control method and the newly introduced multi-layer stochastic control 
method. The information about stochastic parameters listed in Tables 7 and 
8 was not available and these parameters were estimated from the history of 
R2R estimation residuals. 
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Figure 7: Overlay errors of different layers obtained using the Kalman filtering based 
R2R control method and the newly introduced multi-layer stochastic control 
method. The information about stochastic parameters listed in Tables 7 and 
8 was not available and these parameters were estimated from the history of 
R2R estimation residuals. 
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the stack-up overlay errors accumulate gradually as the number of deposited layers 

grows. Conversely, the multi-layer control law consistently keeps the stack-up overlay 

errors within a fairly tight range. 

  

 

Figure 8: Average stack-up overlay errors of different layers relative to layer 0. The 
overlay errors are obtained using the regular EWMA R2R control method 
and the multi-layer stochastic control method introduced in this paper. The 
information about stochastic parameters listed in Tables 7 and 8 was not 
available and these parameters were estimated from the history of R2R 
estimation residuals. 
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Figure 9: Average stack-up overlay errors of different layers relative to layer 0. The 
overlay errors are obtained using the Kalman filtering based R2R control 
method and the multi-layer stochastic control method introduced in this 
paper. The information about stochastic parameters listed in Tables 7 and 8 
was not available and these parameters were estimated from the history of 
R2R estimation residuals. 
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and 𝛼𝑥(𝑘) = 𝛼𝑦(𝑘) = 1, 1 ≤ 𝑘 ≤ 5, while all other weighting parameters were set to 

zero. Even though we only include the stack-up overlay errors of the 4th layer into 

consideration, improvement is still visible, as shown in Figure 10 and Figure 11.   

Essentially, as long as some of the weighting parameters associated with the stack-up 

overlay errors are nonzero, the multi-layer overlay control will be able to utilize the 

information from the measurements of the overlay errors of the previous layers to reduce 

the stack-up effect, yielding a better performance in the overlay control. 

  

 

Figure 10: Comparison of the overlay control performance between the regular EWMA 
R2R method and the newly proposed multi-layer control method, with 
weighting parameters in the stochastic model (10)-(11) being zero, except 
that 𝜆𝑥(4) = 𝜆𝑦(4) = 1 and 𝛼𝑥(𝑘) = 𝛼𝑦(𝑘) = 1, 1 ≤ 𝑘 ≤ 5. 
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Figure 11: Comparison of the overlay control performance between the Kalman filtering 
based  R2R method and the newly proposed multi-layer control method, 
with weighting parameters in the stochastic model (10)-(11) being zero, 
except that 𝜆𝑥(4) = 𝜆𝑦(4) = 1 and 𝛼𝑥(𝑘) = 𝛼𝑦(𝑘) = 1, 1 ≤ 𝑘 ≤ 5. 
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demonstrate that the stack-up effects of multi-layer overlay could be greatly reduced 

compared to the traditional R2R control.  
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Chapter 5:  Robust Control Design for Multistage Manufacturing 
Processes with Uncertainty in Process Noise Characteristics  

 

5.1 INTRODUCTION 
Most recently, the state-space form of SoV models became the basis for 

formulation of methods for automatic adjustment of controllable MMP parameters that 

can improve outgoing product quality through strategic utilization of in-process 

measurements and actuation capabilities (controllable parameters) in an MMP. In (Wang, 

Huang, & Katz, 2005), the authors proposed a run-to-run (part-to-part) control strategy 

based on the well-known dead-band adjustment concept from Automatic Process Control 

(APC), with the state-space model being used to decompose the necessary process action 

onto a set of equivalent fixture parameters. In (Djurdjanovic & Zhu, 2005) and 

(Izquierdo, Shi, Hu, & Wampler, 2007), deterministic methods for feed-forward 

adjustments of controllable process parameters are presented. In (Djurdjanovic & Ni, 

2007), a method for stochastic dimensional quality control of a multistage manufacturing 

process with a single decision making point was introduced. At an arbitrary stage of the 

MMP, this method utilized upstream measurements of workpiece quality to make 

adjustments of the controllable parameters in downstream operations and thus counteract 

the quality errors accumulated in the product. In (Jiao & Djurdjanovic, 2010), the authors 

extended the consideration from (Djurdjanovic & Ni, 2007) to enable distributed feed 

forward stochastic control of dimensional product quality in multistage manufacturing 

systems. Additionally, the information about the resulting product quality yielded by the 

newly introduced control law was used to optimally allocate the measurement devices 

and tools with controllable process parameters in order to maximize the MMP’s 

capability of improving the product quality. 
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However, most of papers mentioned above assumed that the underlying model for 

MMP are perfectly known, implying that there is no uncertainty in the associated model 

parameters. This is not true in real life. Physical models are normally obtained by 

discarding the high-order terms or complicated effects. These omitted effects will cause 

uncertainty in the model parameters themselves. In addition, some of the models for 

MMP are obtained through data fitting, and the resulting model parameters will be 

inherently uncertain. This means that there will be confident interval associated with the 

point estimation for model parameters. A few researchers have considered the issue of 

uncertain model parameters in error flow models in an MMP. Zhong, Shi, & Wu (2010) 

treated the model uncertainties as random Gaussian distributed variables with zero mean 

and proposed a DoE-based Process Controller with the objective of  minimizing the 

variability of response variables. Zhong, Liu, & Shi (2010) designed a more advanced 

model predictive control based on the same assumption of Gaussian distributed model 

uncertainty. Nevertheless, the model uncertainties seldom present themselves as random 

terms and more often appear in the form of some constant or time-varying parameters 

that are not precisely known and thus control laws cannot be reliably formulated. Thus, it 

may be sometimes more desirable to describe the model uncertainty as an unknown 

perturbation in the parameters, which is a problem that is considerably explored in the 

robust control theory (Rugh, 1993). The problem of unknown but bounded inaccuracies 

in the parameters of the error flow model of an MMP was considered by Djurdjanovic & 

Ni (2006), who used Linear Fractional Transformation based representation of model 

imperfections to formulate a robust method for estimating the errors in the process 

parameters based on distributed, in-process measurements of the workpiece. 

Nevertheless, a robust method for automatic control of quality in an MMP with the 

capability to handle the inaccurate knowledge of error flow model parameters is still 

missing. The goal of this paper is to fill the gap. 

The remainder of this chapter is organized as follows. Section 5.2 briefly 

describes the concept of robust, model-based control of dimensional quality in MMPs. 
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Section 5.3 deals with formulation of the robust control law as a min-max problem and 

proposes a method for its approximate solution using semidefinite programming. Section 

5.4 presents results of the application of the newly introduced methodologies to an actual 

7-station machining process used in automotive manufacturing. Section 5.5 offers 

conclusions of the work presented in this chapter. 

5.2 MODEL BASED ROBUST CONTROL OF DIMENSIONAL ERRORS IN MULTISTAGE 
MANUFACTURING PROCESSES 

In a number of publications from the late 1990’s and early 2000’s, the 

propagation of dimensional errors in multistage manufacturing processes were described 

in the following linear state space form 

𝑥(𝑘) = A(𝑘)𝑥(𝑘 − 1) +  Bc(𝑘)𝑢𝑐(𝑘) + BE(𝑘)𝑢𝐸(𝑘) + 𝑊(𝑘), 𝑥(0) = 0 

𝑦(𝑘) = C(𝑘)𝑥(𝑘) + Dc(𝑘)𝑢𝑐(𝑘) + DE(𝑘)𝑢𝐸(𝑘) + 𝑉(𝑘),           𝑘 = 1,2⋯ ,𝑁 

             (5.1)                                    

where 𝑘 denotes the manufacturing operation index, 𝑁 denotes the total number of 

operations, 𝑥(𝑘)  denotes the vector of errors in the parameters that describe the 

workpiece after it is processed in operation 𝑘 , 𝑢𝑐(𝑘)  denotes errors in process 

parameters at operation 𝑘 which can be automatically actuated by the operator, 𝑢𝐸(𝑘) 

denotes errors in process parameters at operation 𝑘 which cannot be automatically 

actuated by the operator, 𝑦(𝑘) denotes the vector of errors in product quality measured 

after operation 𝑘, 𝑊(𝑘) is the “plant” noise representing linearization errors and un-

modeled effects, while 𝑉(𝑘) is the noise term expressing the linearization effects and 

sensor noise. 

One can observe that model (5.1) describes how errors in product quality are 

introduced, transformed and accumulated as the workpiece is processed in an MMP. It 

follows the linear state space form well-known in the control theory, with vector 𝑥(𝑘) of 

errors in workpiece parameters after operation 𝑘 playing the role of the state, while 

operation index 𝑘 plays the role of time. Various physical quantities enter into the state 
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vector in model (5.1), depending on what kind of the MMP is modeled. In the case of 

error flows in machining of prismatic parts, the state vector contains errors in orientations 

and positions of planar features of the workpiece, as well as orientations, positions and 

diameters of cylindrical features of the workpiece (Djurdjanovic and Ni, 2001). In the 

case of error flow models for sheet metal assembly processes, the state vector contains 

errors in the positions and orientations of subassemblies and components after assembly 

stage 𝑘 (Jin and Shi, 1999). In the case of overlay error flows in lithography, the state 

vector consists of misalignment errors in control points of the wafer corresponding to 

layer 𝑘 and the reference layer (Jiao and Djurdjanovic, 2011). 

For each operation 𝑘, the matrix A(𝑘) describes how errors accumulated up to 

and including operation 𝑘 − 1 are transformed and influence errors in operation 𝑘, 

while matrices Bc(k) and BE(k) describe how new errors are introduced into the 

workpiece at operation 𝑘. Matrix C(k) connects errors of the workpiece characteristics 

x(k)  to the measured errors y(k) , while matrix Dc(k)  and DE(k)  describes how 

manufacturing errors introduced in operation 𝑘 directly influence the measured errors 

y(k). These matrices can be derived using first principles and the information about the 

product physics and underlying manufacturing process, as was done in (Camelio, Hu and 

Ceglarek, 2003; Huang and Shi, 2004, Zhou, Huang and Shi, 2003), or using data-based 

approaches, as was done in (Zhou, Chen and Shi, 2004). In both cases, significant 

inaccuracies can exist in the aforementioned matrices of the model as well as in 

understanding of the characteristics of the noise terms 𝑊(𝑘) and 𝑉(𝑘). The goal of our 

paper is to utilize models of the form (1) to derive a control law that minimizes variations 

of product quality in an MMP, for the worst case of potential inaccuracies in the 

knowledge of variance characteristics of the noise vectors 𝑊(𝑘) and 𝑉(𝑘).                

In order to derive this robust control law, let us introduce the following 

assumptions: 

• Vectors of uncontrollable process parameters 𝑢𝐸(𝑘)  follow a Gaussian 

distribution with 0 mean and unknown covariance matrix 𝐊E
Δ(𝑘). Zero mean 
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implies that the process has been calibrated, while the matrix 𝐊E
Δ(𝑘), which 

represents the variances of process parameters at operation k, can be described in 

the Linear Fractional Transformation (LFT) form (K. Zhou, Doyle, & Glover, 

1995)  

𝐊E
Δ(𝑘) = 𝐊E(𝑘) + 𝐋E(𝑘)𝚫𝐊E(𝑘) �𝑰 − 𝐇E(𝑘)𝚫𝐊E(𝑘)�

−1
𝐑E(𝑘).    

             (2) 

Matrices 𝐊E(𝑘) , 𝐋E(𝑘) ,  𝐇E(𝑘)  and  𝐑E(𝑘)  are known matrices, while the 

perturbation matrix 𝚫𝐊E(𝑘) is unknown, but norm-bounded so that �𝚫𝐊E(𝑘)� ≤

1 in the spectral norm sense (largest singular value is less than or equal to 1). 

Equation (5.2) expresses the inaccurate knowledge of the covariance matrix of 

uncontrollable process parameters 𝐊E
Δ(𝑘) in the LFT form, frequently used in 

robust control theory (Hsu, Vincent, Wolodkin, Rangan, & Poolla, 2008; K. Zhou, 

Doyle, & Glover, 1995), with matrices 𝐋E(𝑘), 𝐇E(𝑘) and 𝐑E(𝑘) describing the 

structure of those inaccuracies. LFT representations are very general and are able 

to represent a wide range of uncertain perturbations, including the cases when 

each element of the uncertain matrices is perturbed in a polynomial or rational 

manner  (Dussy & El Ghaoui, 1998). Matrices 𝐊E(𝑘), 𝐋E(𝑘), 𝐇E(𝑘) and 𝐑E(𝑘) 

can be estimated using physical knowledge about the process and/or historical 

data and information from process capability studiey. 

• Vectors of uncontrollable process parameters 𝑢𝐸(𝑘1)  and 𝑢𝐸(𝑘2)  from 

different manufacturing operations 𝑘1 and 𝑘2 are independent. 

• Vectors of controllable process parameters can be described as  

𝑢𝑐(𝑘) = 𝑢�𝑐(𝑘) + 𝜉𝑐(𝑘) 

where 𝑢�𝑐(𝑘)  is the desired vector of controllable parameters and  𝜉𝑐(𝑘) is a 

noise vector term following a Gaussian distribution with zero mean and an 

imperfectly known covariance matrix  𝐊ξc
Δ (𝑘). Matrix 𝐊ξc

Δ (𝑘), which contains 
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the variances of controllable process parameters at operation k, is also assumed to 

be represented in the LFT form:  

𝐊ξc
Δ (𝑘) = 𝐊ξc

(𝑘) + 𝐋ξc(𝑘)𝚫ξc
(𝑘) �𝑰 − 𝐇ξc

(𝑘)𝚫ξc
(𝑘)�

−1
𝐑ξc

(𝑘). 

with known matrices 𝐊ξc
(𝑘) , 𝐋ξc(𝑘) , 𝐇ξc

(𝑘)  and 𝐑ξc
(𝑘) , while the 

perturbation matrix 𝚫𝐊ξc
(𝑘) is an unknown matrix satisfying�𝚫𝐊ξc

(𝑘)� ≤ 1. 

Matrices 𝐊ξc
(𝑘), 𝐋ξc(𝑘), 𝐇ξc

(𝑘) and 𝐑ξc
(𝑘) can be estimated using physical 

knowledge about the process and/or historical data and information from process 

capability studies. 

• Noise terms 𝜉𝑐(𝑘1)  and 𝜉𝑐(𝑘2)  associated respectively with vectors of 

controllable process parameters 𝑢𝑐(𝑘1)  and 𝑢𝑐(𝑘2)  from different 

manufacturing operations 𝑘1 and 𝑘2, are independent. 

• Noise 𝜉𝑐(𝑙)  associated with vectors of controllable process parameters 

𝑢𝑐(𝑙), 𝑙 = 1,2, … ,𝑁  are independent of all uncontrollable process parameters 

𝑢𝐸(𝑘), 𝑘 = 1,2, … ,𝑁. 

• The process noise vectors 𝑊(𝑘) and measurement noise vectors 𝑉(𝑘),𝑘 =

1,2, … ,𝑁 are independent Gaussian processes with zero mean and imperfectly 

known covariance matrices 𝐊𝑊
Δ (𝑘) and 𝐊𝑉

Δ(𝑘), respectively. It will be assumed 

that the covariance matrices can also be represented in the LFT 

𝐊𝑊
Δ (𝑘) = 𝐊𝑊(𝑘) + 𝐋𝑊(𝑘)𝚫𝑊(𝑘)�𝑰 − 𝐇𝑊(𝑘)𝚫𝑊(𝑘)�

−1
𝐑𝑊(𝑘),  

𝐊𝑉
Δ(𝑘) = 𝐊𝑉(𝑘) + +𝐋𝑉(𝑘)𝚫𝑉(𝑘)�𝑰 − 𝐇𝑉(𝑘)𝚫𝑉(𝑘)�

−1
𝐑𝑉(𝑘). 

Matrices 𝐊𝑊(𝑘) ,  𝐋𝑊(𝑘),𝐇𝑊(𝑘) , 𝐑𝑊(𝑘) , 𝐊𝑉(𝑘),𝐋𝑉(𝑘),𝐇𝑉(𝑘)  and 𝐑𝑉(𝑘) 

are assumed to be known, while matrices 𝚫𝑊(𝑘) and 𝚫𝑉(𝑘) are unknown and 

norm bounded as 

�𝚫𝐊𝑊(𝑘)� ≤ 1; �𝚫𝐊𝑉(𝑘)� ≤ 1 
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Matrices  𝐊𝑊(𝑘) ,  𝐋𝑊(𝑘),𝐇𝑊(𝑘) , 𝐑𝑊(𝑘) , 𝐊𝑉(𝑘),𝐋𝑉(𝑘),𝐇𝑉(𝑘)  and 𝐑𝑉(𝑘) 

can be estimated using physical knowledge about the process and/or historical 

data and information from process capability studies. 

• Process noise vectors 𝑊(𝑘1)  and 𝑊(𝑘2)  associated with different 

manufacturing operations 𝑘1  and  𝑘2 , respectively, are independent. Also, 

measurement noise vectors 𝑉(𝑘1)  and 𝑉(𝑘2)  associated with different 

manufacturing operations 𝑘1 and 𝑘2 , respectively, are independent. 

Without loss of generality, we can assume that in each operation in the MMP, we 

have some controllable parameters and that some measurements of the workpiece are 

taken after each operation (Jiao and Djurdjanovic, 2010). For an operation 𝑘1, let us 

group the desired controllable parameters 𝑢�𝑐(1),𝑢�𝑐(2)⋯ , 𝑢�𝑐(𝑘1), their associated noise 

terms 𝜉𝐶(1), 𝜉𝐶(2)⋯ , 𝜉𝐶(𝑘1)  and uncontrollable parameters 𝑢𝐸(1),𝑢𝐸(2)⋯ ,𝑢𝐸(𝑘1) 

respectively into vectors 𝑼1⋯𝑘1  ,  𝝃𝐶
1⋯𝑘1  and  𝑬1⋯𝑘1 . The measured quality 

characteristics of the workpiece after operation 𝑘1 can be expressed as: 

𝒀1⋯𝑘1 = 𝐓1⋯𝑘1𝑼�1⋯𝑘1 + 𝑻1⋯𝑘1𝝃𝐶
1⋯𝑘1 + 𝐌1⋯𝑘1𝑬1⋯𝑘1 + 𝐐1⋯𝑘1𝑾1⋯𝑘1 + 𝑽1⋯𝑘1 

                (5.3) 

where 

𝒀1⋯𝑘1 = �

𝑦(1)
𝑦(2)
⋮

𝑦(𝑘1)

� , 𝑼�1⋯𝑘1 = �

𝑢�𝑐(1)
𝑢�𝑐(2)
⋮

𝑢�𝑐(𝑘1)

� , 𝝃𝐶
1⋯𝑘1 = �

𝜉𝑐(1)
𝜉𝑐(2)
⋮

𝜉𝑐(𝑘1)

�,   

𝑬1⋯𝑘1 = �

𝑢𝐸(1)
𝑢𝐸(2)
⋮

𝑢𝐸(𝑘1)

� ,𝑾1⋯𝑘1 = �

𝑊(1)
𝑊(2)
⋮

𝑊(𝑘1)

� ,𝑽1⋯𝑘1 = �

𝑉(1)
𝑉(2)
⋮

𝑉(𝑘1)

� 

𝐓1⋯𝑘1 =

⎣
⎢
⎢
⎡
𝐓1,1 0 ⋯ 0
𝐓2,1 𝐓2,2 ⋯ 0
⋮

𝐓𝑘1,1

⋮
𝐓𝑘1,2

⋱
⋯

⋮
𝐓𝑘1,𝑘1⎦

⎥
⎥
⎤
, 

𝐓𝑖,𝑗 = �𝐂
(𝑖)𝚽(𝑖, 𝑗)𝐁𝑐(𝑗) + 𝐃𝑐(𝑗),   𝑖 = 𝑗

𝐂(𝑖)𝚽(𝑖, 𝑗)𝐁𝑐(𝑗),                   𝑖 > 𝑗 
� 
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𝐌1⋯𝑘1 =

⎣
⎢
⎢
⎡
𝐌1,1 0 ⋯ 0
𝐌2,1 𝐌2,2 ⋯ 0
⋮

𝐌𝑘1,1

⋮
𝐌𝑘,2

⋱
⋯

⋮
𝐌𝑘1,𝑘1⎦

⎥
⎥
⎤
, 

                     𝐌𝑖,𝑗 = �𝐂
(𝑖)𝚽(𝑖, 𝑗)𝐁𝐸(𝑗) + 𝐃𝐸(𝑗),   𝑖 = 𝑗

𝐂(𝑖)𝚽(𝑖, 𝑗)𝐁𝐸(𝑗),                   𝑖 > 𝑗 
�  

𝐐1⋯𝑘1 =

⎣
⎢
⎢
⎡
𝐐1,1 0 ⋯ 0
𝐐2,1 𝐐2,2 ⋯ 0
⋮

𝐐𝑘1,1

⋮
𝐐𝑘1,2

⋱
⋯

⋮
𝐐𝑘1,𝑘1⎦

⎥
⎥
⎤
 

𝐐𝑖,𝑗 = 𝐂(𝑖)𝚽(𝑖, 𝑗),                       𝑖 > 𝑗 

and 

𝚽(𝑖, 𝑗) = � 𝐀(𝑘2 − 1)𝐀(𝑘2 − 2)⋯𝐀(𝑘1),    𝑘2 > 𝑘1
     𝐈,                                                     𝑘2 = 𝑘1   .

� 

are the well-known discrete-time state transition matrices One can observe that the matrix 

𝐓1⋯𝑘1 describes the way the controllable process parameters in operations 1 through 𝑘1 

influence the in-process measurements from operations 1 through 𝑘1; the matrix 𝐌1⋯𝑘1 

describes the way the uncontrollable process parameters in operations 1 through 𝑘1 

influence the in-process measurements from operations 1 through 𝑘1; the matrix 𝐐1⋯𝑘1 

describes the way the process noise in operations 1 through 𝑘1 influence the in-process 

measurements from operations 1 through 𝑘1. To further simplify Equation (5.3), let us 

group vectors 𝝃𝐶
1⋯𝑘1 ,  𝑬1⋯𝑘1 ,  𝑾1⋯𝑘1  together into a new vector  𝒁1⋯𝑘1 , which 

transforms Equation (5.3) into   

𝒀1⋯𝑘1 = 𝐓1⋯𝑘1𝑼�1⋯𝑘1 + 𝐇1⋯𝑘1𝒁1⋯𝑘1 + 𝑽1⋯𝑘1            (5.4) 

where 

𝒁1⋯𝑘1 = �
𝝃𝐶
1⋯𝑘1

𝑬1⋯𝑘1
𝑾1⋯𝑘1

�,   𝐇1⋯𝑘1 = [𝐓1⋯𝑘1 𝐌1⋯𝑘1 𝐐1⋯𝑘1] 

The relationship between the product quality errors in the downstream operation 

𝑘1 + 1 to operation 𝑁 and the upstream operations 1 to 𝑘1 can be expressed as: 
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𝒀𝑘1+1⋯𝑁 = 𝐓𝑘1+1⋯𝑁|1⋯𝑘1�𝑼�1⋯𝑘1 + 𝐌𝑘1+1⋯𝑁|1⋯𝑘1�𝑬1⋯𝑘1 + 𝑻𝑘1+1⋯𝑁|1⋯𝑘1�𝝃𝐶
1⋯𝑘1 

+𝐐𝑘1+1⋯𝑁|1⋯𝑘1�𝑾1⋯𝑘1 + 𝐓𝑘1+1⋯𝑁𝑼�𝑘1+1⋯𝑁 + 𝐌𝑘1+1⋯𝑁𝑬𝑘1+1⋯𝑁 

+𝑻𝑘1+1⋯𝑁𝝃𝐶
𝑘1+1⋯𝑁 + 𝐐𝑘1+1⋯𝑁𝑾𝑘1+1⋯𝑁 + 𝑽𝑘1+1⋯𝑁 

             (5.5)     

where 

𝒀𝑘1+1⋯𝑁 = �

𝑦(𝑘1 + 1)
𝑦(𝑘1 + 2)

⋮
𝑦(𝑁)

� , 𝑼�𝑘1+1⋯𝑁 = �

𝑢�𝑐(𝑘1 + 1)
𝑢�𝑐(𝑘1 + 2)

⋮
𝑢�𝑐(𝑁)

� , 𝝃𝐶
𝑘1+1⋯𝑁 = �

𝜉𝑐(𝑘1 + 1)
𝜉𝑐(𝑘1 + 2)

⋮
𝜉𝑐(𝑁)

�,   

𝑬𝑘1+1⋯𝑁 = �

𝑢𝐸(𝑘1 + 1)
𝑢𝐸(𝑘1 + 2)

⋮
𝑢𝐸(𝑁)

� ,𝑾𝑘1+1⋯𝑁 = �

𝑊(𝑘1 + 1)
𝑊(𝑘1 + 2)

⋮
𝑊(𝑁)

� ,𝑽𝑘1+1⋯𝑁 = �

𝑉(𝑘1 + 1)
𝑉(𝑘1 + 2)

⋮
𝑉(𝑁)

�, 

𝐓𝑘1+1⋯𝑁 =

⎣
⎢
⎢
⎡
𝐓𝑘1+1,𝑘1+1 0 ⋯ 0
𝐓𝑘1+2,𝑘1+1 𝐓𝑘1+2,𝑘1+2 ⋯ 0

⋮
𝐓𝑁,𝑘1+1

⋮
𝐓𝑁,𝑘1+2

⋱
⋯

⋮
𝐓𝑁,𝑁⎦

⎥
⎥
⎤

, 

𝐌𝑘1+1⋯𝑁 =

⎣
⎢
⎢
⎡
𝐌𝑘1+1,𝑘1+1 0 ⋯ 0
𝐌𝑘1+2,𝑘1+1 𝐌𝑘1+2,𝑘1+2 ⋯ 0

⋮
𝐌𝑁,𝑘1+1

⋮
𝐌𝑁,𝑘1+2

⋱
⋯

⋮
𝐌𝑁,𝑁⎦

⎥
⎥
⎤
,                

𝐐𝑘1+1⋯𝑁 =

⎣
⎢
⎢
⎡
𝐐𝑘1+1,𝑘1+1 0 ⋯ 0
𝐐𝑘1+2,𝑘1+1 𝐐𝑘1+2,𝑘1+2 ⋯ 0

⋮
𝐐𝑁,𝑘1+1

⋮
𝐐𝑁,𝑘1+2

⋱
⋯

⋮
𝐐𝑁,𝑁⎦

⎥
⎥
⎤
, 

𝐓𝑘1+1⋯𝑁|1⋯𝑘1 =

⎣
⎢
⎢
⎢
⎡𝐓𝑘1+1,1 𝐓𝑘1+1,2 ⋯ 𝐓𝑘1+1,𝑘1

𝐓𝑘1+2,1 𝐓𝑘1+2,2 ⋯ 𝐓𝑘1+2,𝑘1
⋮

𝐓𝑁,1

⋮
𝐓𝑁,2

⋱
⋯

⋮
𝐓𝑁,𝑘1 ⎦

⎥
⎥
⎥
⎤
,                         

𝐌𝑘1+1⋯𝑁|1⋯𝑘1 =

⎣
⎢
⎢
⎢
⎡𝐌𝑘1+1,1 𝐌𝑘1+1,2 ⋯ 𝐌𝑘1+1,𝑘1

𝐌𝑘1+2,1 𝐌𝑘1+2,2 ⋯ 𝐌𝑘1+2,𝑘1
⋮

𝐌𝑁,1

⋮
𝐌𝑁,2

⋱
⋯

⋮
𝐌𝑁,𝑘1 ⎦

⎥
⎥
⎥
⎤
, 
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𝐐𝑘1+1⋯𝑁|1⋯𝑘1 =

⎣
⎢
⎢
⎢
⎡𝐐𝑘1+1,1 𝐐𝑘1+1,2 ⋯ 𝐐𝑘1+1,𝑘1

𝐐𝑘1+2,1 𝐐𝑘1+2,2 ⋯ 𝐐𝑘1+2,𝑘1
⋮

𝐐𝑁,1

⋮
𝐐𝑁,2

⋱
⋯

⋮
𝐐𝑁,𝑘1 ⎦

⎥
⎥
⎥
⎤
. 

Matrix 𝐓𝑘1+1⋯𝑁|1⋯𝑘1 describes the way the controllable process parameters in 

operations 1 through 𝑘1 influence the in-process measurements from operations 𝑘1 + 1 

through 𝑁 ; Matrix 𝐌𝑘1+1⋯𝑁|1⋯𝑘1  describes the way the uncontrollable process 

parameters in operations 1 through 𝑘1  influence the in-process measurements from 

operations 𝑘1 + 1 through 𝑁 ; Matrix 𝐐𝑘1+1⋯𝑁|1⋯𝑘1  describes the way the process 

noise in operations 1 through 𝑘1 influence the in-process measurements from operations 

𝑘1 + 1 through 𝑁. In the same way that we simplified Equation (5.3), we group vectors 

𝝃𝐶
𝑘1+1⋯𝑁, 𝑬𝑘1+1⋯𝑁, 𝑾𝑘1+1⋯𝑁 together as  𝒁𝑘1+1⋯𝑁, matrices 𝐓𝑘1+1⋯𝑁, 𝐌𝑘1+1⋯𝑁, and 

𝐐𝑘1+1⋯𝑁  are grouped together to form as a new matrix 𝐇𝑘1+1⋯𝑁 , and matrices 

𝐓𝑘1+1⋯𝑁|1⋯𝑘1 , 𝐌𝑘1+1⋯𝑁|1⋯𝑘1 , and 𝐐𝑘1+1⋯𝑁|1⋯𝑘1  collected in a new matrix 

𝐇𝑘1+1⋯𝑁|1⋯𝑘1. Then, Equation (5.5) can be rewritten as 

𝒀𝑘1+1⋯𝑁 = 𝐓𝑘1+1⋯𝑁|1⋯𝑘1�𝑼�1⋯𝑘1 + 𝐇𝑘1+1⋯𝑁|1⋯𝑘1�𝒁1⋯𝑘1 

+𝐓𝑘1+1⋯𝑁𝑼�𝑘1+1⋯𝑁 + 𝐇𝑘1+1⋯𝑁𝒁𝑘1+1⋯𝑁 + 𝑽𝑘1+1⋯𝑁              (5.6)  

 

where 

𝒁𝑘1+1⋯𝑁 = �
𝝃𝐶
𝑘1+1⋯𝑁

𝑬𝑘1+1⋯𝑁
𝑾𝑘1+1⋯𝑁

�,   𝐇𝑘1+1⋯𝑁 = [𝐓𝑘1+1⋯𝑁 𝐌𝑘1+1⋯𝑁 𝐐𝑘1+1⋯𝑁], 

 𝐇𝑘1+1⋯𝑁|1⋯𝑘1� = [𝐓𝑘1+1⋯𝑁|1⋯𝑘1� 𝐌𝑘1+1⋯𝑁|1⋯𝑘1� 𝐐𝑘1+1⋯𝑁|1⋯𝑘1�] 

The primary goal is to minimize the weighted measured errors in the product key 

characteristics which are denoted by  

𝐽 = 𝑬[𝒀1⋯𝑁
T𝐊𝒀

1⋯𝑁𝒀1⋯𝑁] 
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where 𝐊𝒀
1⋯𝑁 is a diagonal matrix which the elements in the diagonal reflect the relative 

importance of the influences of the errors in the product key characteristics on the 

functionality of the product itself.  

Since measurements are taken immediately after operation 𝑘1, 𝒀1⋯𝑘1 are known 

and thus the objective function 𝐽 can then be rewritten as  

𝐽 = 𝒀1⋯𝑘1
T 𝐊𝒀

1⋯𝑘1𝒀1⋯𝑘1 + 𝑬�𝒀𝑘1+1⋯𝑁
T𝐊𝒀

𝑘1+1⋯𝑁𝒀𝑘1+1⋯𝑁� 

                                     

= 𝒀1⋯𝑘1
T 𝐊𝒀

1⋯𝑘1𝒀1⋯𝑘1 + 𝑼�𝑘1+1⋯𝑁
T 𝐓𝑘1+1⋯𝑁

T 𝐊𝒀
𝑘1+1⋯𝑁𝐓𝑘1+1⋯𝑁𝑼�𝑘1+1⋯𝑁 +

𝑼�𝑘1+1⋯𝑁
T 𝐓𝑘1+1⋯𝑁

T 𝐊𝒀
𝑘1+1⋯𝑁𝐓𝑘1+1⋯𝑁|1⋯𝑘1�𝑼�1⋯𝑘1  +

𝑼�𝑘1+1⋯𝑁
T 𝐓𝑘1+1⋯𝑁

T 𝐊𝒀
𝑘1+1⋯𝑁𝐇𝑘1+1⋯𝑁|1⋯𝑘1�𝑬�𝒁1⋯𝑘1|𝒀1⋯𝑘1� +

𝑬�𝒁𝑘1+1⋯𝑁
T 𝐇𝑘1+1⋯𝑁

T 𝐊𝒀
𝑘1+1⋯𝑁𝐇𝑘1+1⋯𝑁𝒁𝑘1+1⋯𝑁� +

𝑬�𝑽𝑘1+1⋯𝑁
T 𝐊𝒀

𝑘1+1⋯𝑁𝑽𝑘1+1⋯𝑁� +

𝑼�1⋯𝑘1
T 𝐓𝑘1+1⋯𝑁|1⋯𝑘1�

T 𝐊𝒀
𝑘1+1⋯𝑁𝐓𝑘1+1⋯𝑁|1⋯𝑘1�𝑼�1⋯𝑘1 +

𝑼�1⋯𝑘1
T 𝐓𝑘1+1⋯𝑁|1⋯𝑘1�

T 𝐊𝒀
𝑘1+1⋯𝑁𝐓𝑘1+1⋯𝑁𝑼�𝑘1+1⋯𝑁 +

𝑼�1⋯𝑘1
T 𝐓𝑘1+1⋯𝑁|1⋯𝑘1�

T 𝐊𝒀
𝑘1+1⋯𝑁𝐇𝑘1+1⋯𝑁|1⋯𝑘1�𝑬�𝒁1⋯𝑘1|𝒀1⋯𝑘1� +

𝑬�𝒁1⋯𝑘1
T |𝒀1⋯𝑘1�𝐇𝑘1+1⋯𝑁|1⋯𝑘1�

T 𝐊𝒀
𝑘1+1⋯𝑁𝐓𝑘1+1⋯𝑁𝑼�𝑘1+1⋯𝑁 +

𝑬�𝒁1⋯𝑘1
T |𝒀1⋯𝑘1�𝐇𝑘1+1⋯𝑁|1⋯𝑘1�

T 𝐊𝒀
𝑘1+1⋯𝑁𝐓𝑘1+1⋯𝑁|1⋯𝑘1�𝑼�1⋯𝑘1 +

𝑬�𝒁1⋯𝑘1
T 𝐇𝑘1+1⋯𝑁|1⋯𝑘1�

T 𝐊𝒀
𝑘1+1⋯𝑁𝐇𝑘1+1⋯𝑁|1⋯𝑘1�𝒁1⋯𝑘1|𝒀1⋯𝑘1� 

(5.7) 

where 𝐊𝒀
1⋯𝑘1  is the upper-left 𝑘1 × 𝑘1  block matrix of the diagonal matrix 𝐊𝒀

1⋯𝑁 , 

while 𝐊𝒀
𝑘1+1⋯𝑁 is the lower-right 𝑁 − 𝑘1 × 𝑁 − 𝑘1 block matrix of 𝐊𝒀

1⋯𝑁. In other 

words, in order to obtain (5.7), the weighting matrix 𝐊𝒀
1⋯𝑁 is partitioned into four 

blocks as 

𝐊𝒀
1⋯𝑁 = �

𝐊𝒀
1⋯𝑘1 𝟎
𝟎 𝐊𝒀

𝑘1+1⋯𝑁
� 
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To simply the Equation (5.7), we denote  

𝐓�𝑘1+1⋯𝑁 = �𝐊𝒀
𝑘1+1⋯𝑁�

1
2𝐓𝑘1+1⋯𝑁 

𝒈𝑘1+1⋯𝑁 = 𝐓𝑘1+1⋯𝑁|1⋯𝑘1�𝑼�1⋯𝑘1 + 𝐇𝑘1+1⋯𝑁|1⋯𝑘1�𝑬�𝒁1⋯𝑘1|𝒀1⋯𝑘1� 

𝐊𝑱
𝑘1+1⋯𝑁 = 𝐊𝒀

𝑘1+1⋯𝑁𝐇𝑘1+1⋯𝑁
T 𝐊𝒁

𝑘1+1⋯𝑁𝐇𝑘1+1⋯𝑁 + 𝐊𝒀
𝑘1+1⋯𝑁𝐊𝑽

𝑘1+1⋯𝑁

+ 𝐊𝒀
𝑘1+1⋯𝑁𝐇𝑘1+1⋯𝑁|1⋯𝑘1�

T 𝐊𝒁1⋯𝑘1|𝒀1⋯𝑘1
1⋯𝑘1 𝐇𝑘1+1⋯𝑁|1⋯𝑘1� 

where 𝐊𝒁
𝑘1+1⋯𝑁 , 𝐊𝑽

𝑘1+1⋯𝑁 , 𝐊𝒁1⋯𝑘1|𝒀1⋯𝑘1
1⋯𝑘1  are the covariance matrices for random 

variables 𝒁𝑘1+1⋯𝑁 , 𝑽𝑘1+1⋯𝑁 , and 𝒁1⋯𝑘1|𝒀1⋯𝑘1  respectively. �𝐊𝒀
𝑘1+1⋯𝑁�

1
2  is the 

Cholesky factor of weighting matrix 𝐊𝒀
𝑘1+1⋯𝑁. It is clear that the objective function can 

be reformulated as  

𝐽 = 𝒀1⋯𝑘1
T 𝐊𝒀

1⋯𝑘1𝒀1⋯𝑘1 + �𝐓�𝑘1+1⋯𝑁𝑼�𝑘1+1⋯𝑁 + 𝒈𝑘1+1⋯𝑁�2
2

+ 𝒕𝒓�𝐊𝑱
𝑘1+1⋯𝑁�  (5.8) 

Thus, at operation 𝑘1 + 1, essentially we are using measured product quality 𝒀1⋯𝑘1  to 

adjust the controllable parameters 𝑼�𝑘1+1⋯𝑁 between operation 𝑘1 + 1 and operation 𝑁 

in such a way that the expected quality errors between the operation 𝑘1 + 1 and 𝑁 

characterized by �𝐓�𝑘1+1⋯𝑁𝑼�𝑘1+1⋯𝑁 + 𝒈𝑘1+1⋯𝑁�2
2

+ 𝒕𝒓�𝐊𝑱
𝑘1+1⋯𝑁�  are minimized. 

Before proceeding to the process of calculating 𝑼�𝑘1+1⋯𝑘2, mean 𝑬�𝒁1⋯𝑘1|𝒀1⋯𝑘1� and 

covariance  𝐊𝒁1⋯𝑘1|𝒀1⋯𝑘1
1⋯𝑘1  of the conditional random variable 𝒁1⋯𝑘1|𝒀1⋯𝑘1 should be 

derived first. 

According to the Gaussianity and independence assumptions we made on  

𝜉𝑐(𝑘), 𝑢𝐸(𝑘), 𝑊(𝑘), 𝑉(𝑘1), 𝒁1⋯𝑘1 and 𝑽1⋯𝑘1are both Multivariate Gaussian, with zero 

mean and covariance matrices 

𝐊𝑍
1⋯𝑘1(Δ) = �

𝐊ξc
1⋯𝑘1(Δ) 0 0

0 𝐊E
1⋯𝑘1(Δ) 0

0 0 𝐊𝑊
1⋯𝑘1(Δ)

�, 𝐊𝑉
1⋯𝑘1(Δ) = �

𝐊𝑉
Δ(1) ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝐊𝑉

Δ(𝑘1)
� 

where  
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𝐊ξc
1⋯𝑘1(Δ) = �

𝐊ξc
Δ (1) ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝐊ξc

Δ (𝑘1)
�, 𝐊E

1⋯𝑘1(Δ) = �
𝐊E
Δ(1) ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝐊E

Δ(𝑘1)
�, 

𝐊𝑊
1⋯𝑘1(Δ) = �

𝐊𝑊
Δ (1) ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝐊𝑊

Δ (𝑘1)
�. 

Using the common rules for LFT operations, we could obtain the LFT representation of   

𝐊𝑍
1⋯𝑘1(𝚫𝒁) = 𝐊𝑍

1⋯𝑘1 + 𝐋𝑍
1⋯𝑘1𝚫𝑍

1⋯𝑘1�𝑰 − 𝐇𝑍
1⋯𝑘1𝚫𝑍

1⋯𝑘1�
−1
𝐑𝑍
1⋯𝑘1, 

𝐊𝑉
1⋯𝑘1(𝚫𝐕) = 𝐊𝑉

1⋯𝑘1 + 𝐋𝑉
1⋯𝑘1𝚫𝑉

1⋯𝑘1�𝑰 − 𝐇𝑉
1⋯𝑘1𝚫𝑉

1⋯𝑘1�
−1
𝐑𝑉
1⋯𝑘1. 

Since 𝒀1⋯𝑘 is derived from linear transformation of 𝒁1⋯𝑘1  and summation of it and 

𝑽1⋯𝑘1, 𝒀1⋯𝑘 is also jointly Gaussian with mean 𝑬(𝒀1⋯𝑘1) and variance 𝐊𝒀
1⋯𝑘1, which 

are formulated as 

𝑬(𝒀1⋯𝑘1) = 𝐓1⋯𝑘1𝑼�1⋯𝑘1,     𝐊𝒀
1⋯𝑘1 = 𝐇1⋯𝑘1𝐊𝑍

1⋯𝑘1(𝚫𝒁)𝐇1⋯𝑘1
T + 𝐊𝑉

1⋯𝑘1(𝚫𝐕) 

Due to the Gaussianity of 𝒀1⋯𝑘  and 𝒁1⋯𝑘1 , the conditional random vector 

𝒁1⋯𝑘1|𝒀1⋯𝑘1 is also jointly Gaussian.  It is easy to calculate (Eaton, 2007) that 

𝑬�𝒁1⋯𝑘1|𝒀1⋯𝑘1�

= 𝐊𝒁
1⋯𝑘1(𝚫𝒁)𝐇1⋯𝑘1

T �𝐇1⋯𝑘1𝐊𝑍
1⋯𝑘1(𝚫𝒁)𝐇1⋯𝑘1

T + 𝐊𝑉
1⋯𝑘1(𝚫𝐕)�

−1

∙ �𝒀1⋯𝑘1 − 𝑻1⋯𝑘1𝑼�1⋯𝑘1�. 

𝐊𝒁1⋯𝑘1|𝒀1⋯𝑘1
1⋯𝑘1 = 𝐊𝒁

1⋯𝑘1(𝚫𝒁)

− 𝐊𝒁
1⋯𝑘1(𝚫𝒁)𝐇1⋯𝑘1

T �𝐇1⋯𝑘1𝐊𝑍
1⋯𝑘1(𝚫𝒁)𝐇1⋯𝑘1

T

+ 𝐊𝑉
1⋯𝑘1(𝚫𝐕)�

−1
𝐇1⋯𝑘1𝐊𝒁

1⋯𝑘1(𝚫𝒁) 

Since addition, multiplication, and inversion operations (Zhou et al., 1995) preserve the 

LFT form, we also have 𝑬�𝒁1⋯𝑘1|𝒀1⋯𝑘1� and 𝐊𝒁1⋯𝑘1|𝒀1⋯𝑘1
1⋯𝑘1  in the LFT form using the 

equations from (Zhou et al., 1995). Eventually, 𝒈𝑘1+1⋯𝑁  and 𝐊𝑱
𝑘1+1⋯𝑁  are also 

represented in the LFT form. 
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5.3 APPROXIMATE SOLUTION OF ROBUST CONTROL OF DIMENSIONAL ERRORS IN 
MULTISTAGE MANUFACTURING PROCESSES 

The objective function becomes  

min𝑼�𝑘1+1⋯𝑁 max‖𝚫‖≤𝟏(�𝐓�𝑘1+1⋯𝑁𝑼�𝑘1+1⋯𝑁 + 𝒈𝑘1+1⋯𝑁�2
2

+ 𝒕𝒓�𝐊𝑱
𝑘1+1⋯𝑁�)    (5.9) 

where 𝒈𝑘1+1⋯𝑁 and 𝐊𝑱
𝑘1+1⋯𝑁 are in LFT form. Due to the complexity of this nonlinear 

objective function, we used approximation method to obtain the robust control law. 

The objective function (5.9) can be broken into two parts �𝐓�𝑘1+1⋯𝑁𝑼�𝑘1+1⋯𝑁 +

𝒈𝑘1+1⋯𝑁�2
2 and 𝒕𝒓�𝐊𝑱

𝑘1+1⋯𝑁�. Our goal is to solve them separately and the summation 

of the two optimal objective values would be an upper bound on the original objective 

function. For the first part  

min
𝑼�𝑘1+1⋯𝑁

max
‖𝚫‖≤𝟏

�𝐓�𝑘1+1⋯𝑁𝑼�𝑘1+1⋯𝑁 + 𝒈𝑘1+1⋯𝑁�2
2

, 

one should noticed that 𝚫 is not only a real matrix with bound ‖𝚫‖ ≤ 𝟏 but also has to 

satisfy the following constraints, 

𝚫 = �
𝚫𝒁 𝟎 𝟎
𝟎 𝚫𝒁 𝟎
𝟎 𝟎 𝚫𝑽

�. 

This requirement resulted from the calculation of 𝒈𝑘1+1⋯𝑁  from 𝐊𝒁
1⋯𝑘1(𝚫𝒁)  and 

𝐊𝑉
1⋯𝑘1(𝚫𝐕) which were shown in the previous section. The constraint essentially means 

that 𝚫 also belongs to a linear subspace with zero off-diagonal block matrices and a 

constraint that the first diagonal block matrix equals to the second diagonal block matrix 

(𝚫𝒁 = 𝚫𝒁). Although 𝚫 has this structured uncertainty form, results from (Calafiore & 

El Ghaoui, 2000) can be applied here. In (Calafiore & El Ghaoui, 2000), the authors 

solved this optimization problem approximately using semidefinite programming and 

provided an upper bound for the first part. Moreover, a sub-optimal solution 𝑼�𝑘1+1⋯𝑁
∗  is 

also obtained efficiently using this method.  
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 The second part max‖𝚫‖≤𝟏 𝒕𝒓�𝐊𝑱
𝑘1+1⋯𝑁�  is itself a constrained non-linear 

optimization problem. Although we are able to formulate 𝐊𝑱
𝑘1+1⋯𝑁 in LFT form with 

structured uncertainty 

𝚫 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝚫𝒁 𝟎
𝟎 𝚫𝑽

𝟎 𝟎
𝟎 𝟎

𝟎 𝟎 𝟎
𝟎 𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

𝚫𝒁 𝟎
𝟎 𝚫𝒁

𝟎 𝟎 𝟎
𝟎 𝟎 𝟎

𝟎 𝟎
𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎
𝟎 𝟎

𝚫𝒛 𝟎 𝟎
𝟎 𝚫𝑽 𝟎
𝟎 𝟎 𝚫𝒁⎦

⎥
⎥
⎥
⎥
⎥
⎤

, 

it is difficult to write 𝒕𝒓�𝐊𝑱
𝑘1+1⋯𝑁� as a function of the elements of 𝚫 due to the 

component (𝑰 − 𝐇𝚫)−1 in the LFT form.  Here we resort to Tabu Search to obtain an 

approximate value for the second part.   

Tabu Search proposed by Glover (Glover, 1989, 1990), is a metaheuristic 

algorithm particularly suitable for solving large-scale combinatorial optimization 

problems. Tabu Search uses a local neighborhood search procedure to progressively 

move from one approximate solution to another in the neighborhood, until some stopping 

criterion has been satisfied to terminate further iterations. In order to explore regions of 

the search space that would be left unexplored by the local search procedure, the Tabu 

Search modifies the neighborhood structure of each solution as the search progresses. 

The solutions admitted to the new neighborhood are determined through the use of a so-

called tabu list. A tabu list is a short-term memory structure containing the solutions that 

have been visited in the past n iterations, where n is the length of tabu list. The solutions 

in the tabu list are excluded from the current neighborhood and are thus prevented from 

becoming the solution approximation in the next iteration. Moreover, the tabu list could 

also prohibit solutions that have certain attributes referred to as “tabu”. However, some of 

these solutions must be avoided because the tabu list could occasionally lead to better 

approximations of the optimum, and in order to access them, Aspiration Criteria are 
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introduced to override the solution's tabu state, thereby including the otherwise-excluded 

solution in the allowed set (Glover, 1989, 1990). 

In this dissertation, the initial solution in Tabu Search was generated randomly. 

The feasibility requirement is that the ‖𝚫‖ ≤ 𝟏 and 𝚫 is positive-definite. The method 

used here is to first randomly generate a upper triangle matrix 𝐂 (Cholesky factorization 

of a positive definite matrix) of the same dimension as 𝚫, and then calculate ‖𝐂𝐓𝐂‖. 

Finally we choose  

𝚫 =
𝐂𝐓𝐂

𝛒‖𝐂𝐓𝐂‖
      

as our initial point, where 𝝆 is chosen by a line search (between 1 and 100) which gives 

us the maximal objective value. The neighborhood is being defined as all the 𝚫’s whose 

corresponding 𝐂 has only one element in the upper triangle different from the 𝐂 which 

generates our current solution. The value of that different element is also determined 

concurrently with the searching for optimal 𝝆  using multivariable search method.  

Successive iterative moves were realized as moves to the optimal point which is not in 

the tabu list in the local neighborhood of the current solution.  

 We understand that the definition of the neighborhood we gave is quite general 

and exploration of such board neighborhood is time-consuming. The neighborhood could 

be further refined by restricting the neighborhood to the directions that could possibly 

improve the objective value. Such directions can be derived from the gradient of the 

objective function or some alterations of the gradient. By adopting the knowledge of the 

gradient direction, one may greatly reduce the size of the neighborhood and improve the 

speed of the tabu search. However, this dissertation focused on how to tackle the 

uncertainty in the process noise characteristics and how to derive a robust control law, the 

refinement of the tabu search for improving the algorithm speed and obtaining better 

approximation will be left to future work.  

The tabu list is maintained to prevent returning from the current solution back to 

the solutions visited in the last several iterations (thus preventing cycling back and forth 
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between several approximate solutions). This attribute is enforced by storing the position 

of the element in 𝐂 that we have changed in a tabu list. The First In First Out (FIFO) 

character of the list data-structure ensures that the elements in 𝐂 that have not been 

changed during the last n iterations, where n is the length of the tabu list, exit the list and 

stop being a tabu.  

The entire algorithm stops when a pre-determined maximum number of iterations 

is achieved or no better solution could be found after a certain number of iterations.  

 Using this divide-and-conquer approach, we eventually have a sub-optimal robust 

control 𝑼�𝑘1+1⋯𝑁
∗  strategy and an estimated upper bound for our objective function after 

operation 𝑘1 . Then the control commands 𝑼�𝑘1+1⋯𝑘2
∗  after operation 𝑘1  would be 

implemented until we took measurements in operation 𝑘2, 

Control law 𝑼�𝑘2+1⋯𝑁
∗  now needs to be recalculated, using the measured product 

quality and control commands in operations 1 through 𝑘2 (now those operations are 

upstream operations) to adjust the controllable parameters from operation 𝑘2 + 1 to 𝑁.  

One can note that this control strategy is of sequential nature, defining after each 

operation 𝑘  values for the control command vector 𝑼�𝑘+1⋯𝑁∗  in the afterward 

operations.  This control law ensures that at any operation 𝑘, the trace of the variance-

covariance matrix of the quality characteristics measured in operation 𝑘 + 1, … ,𝑁 

(downstream operations) is minimized given the measurements after operations 1,2, … ,𝑘 

(upstream operations). For a similar reason (updating of the control law using newly 

arrived measurements), the well-known Kalman Filter also has a similar sequential 

nature.  

5.4 NUMERICAL VERIFICATION AND SIMULATION RESULTS  

The results of this paper are demonstrated on the linear state space model that 

describes the flow of dimensional errors in an actual multistage machining process used 

by a domestic car manufacturer to machine the automotive cylinder head as shown in 

Figure 12. The machining datum setup and features machined in each operation are 
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identified in Table 9. The SoV model describes the flow of dimensional errors in the 

machining of 24 critical cylinder head features through seven machining operations. The 

system matrices 𝐴(𝑘), 𝐵(𝑘) and 𝐶(𝑘), k=1,2,…,7 of the error propagation model of 

the cylinder head machining process are derived in the linear state-space form (5.1), 

using procedures described in (Djurdjanovic & Ni, 2003a; Lawless & Mackay, 1999). 

More details about the process can be found in (Zhang et al., 2007). 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 12: V8 cylinder head whose machining process was modeled in the linear state 
space SoV form 

 

 

In order to prove the effects of the robust control law when it is applied to the 

aforementioned manufacturing process, we set up a Monte Carlo simulation procedure 

based on the corresponding state-space model of the flow of dimensional errors. The 

stochastic parameters associated with the simulated controllable and uncontrollable 
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process parameters, modeling and measurement noise terms, as well as the uncertainty 

terms in the noise characteristics are listed in Table 10. 

 

Table 9: Description of the machining process analyzed in this dissertation. 

Operation# Locating Datum Machined 
Features 

Measured 
Features 

1 Hole 1 & 2 + Surface A Hole 3 & 4 Hole 3 & 4 

2 3-2-1 Fixture of the Flat Plate Hole 5 - Hole 19 Hole 5 - Hole 19 

3 3-2-1 Fixture of the Flat Plate Hole 5 - Hole 8 Hole 5 - Hole 8 

4 3-2-1 Fixture of the Flat Plate Hole 21 - Hole 23 None 

5 3-2-1 Fixture of the Flat Plate Hole 1 & 2, Hole 
11-20 

None 

6 3-2-1 Fixture of the Flat Plate Surface A None 

7 3-2-1 Fixture of the Flat Plate Hole 5 - Hole 8 
Hole 1 & 2, Hole 5 - 
Hole 8, Hole 11 – 23, 

Surface A 

 

Table 10: Assumptions of the process parameters in the simulation.  

Parameters Assumptions of the process parameters 

𝑢𝐸(𝑘) 
a Gaussian distribution with 0 mean and an uncertain 

covariance matrix 𝐊E
Δ(𝑘) 

𝜉𝑐(𝑘) 
a Gaussian distribution with zero mean and an uncertain 

covariance matrix  𝐊𝜉𝑐
Δ (𝑘) 

𝑊(𝑘) 
a Gaussian distribution with zero mean and an uncertain 

covariance matrix  𝐊𝑤
Δ (𝑘) 

𝑉(𝑘) 
a Gaussian distribution with zero mean and an uncertain 

covariance matrix  𝐊𝑣
Δ(𝑘) 
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Table 10: Assumptions of the process parameters in the simulation (continued) 

Parameters Assumptions of the process parameters 

𝐊𝒀
1⋯𝑁 identity matrix 

𝐊E(𝑘),𝐊𝜉𝑐(𝑘),𝐊𝑤(𝑘),𝐊𝑣(𝑘) known covariance matrices from (Zhang et al., 2007) 

𝚫𝐊E(𝑘), 𝚫𝐊𝜉𝑐(𝑘), 𝚫w(𝑘), 

𝚫𝑣(𝑘) 

bounded random symmetric positive-definite matrices 

generated using the method described in previous section 

𝜆 
predetermined scalar,  we set it to 1%, 2%, 5%, 10%, 15%, 

20%, 25%, 30%, 40% respectively in the simulation 

𝐋E(𝑘), scalar, set to 𝜆‖𝐊E(𝑘)‖ 

𝐋𝐊𝜉𝑐(𝑘) scalar, set to 𝜆�𝐊𝜉𝑐(𝑘)� 

𝐋w(𝑘) scalar, set to 𝜆‖𝐊𝑤(𝑘)‖ 

𝐋v(𝑘) scalar, set to 𝜆‖𝐊𝑣(𝑘)‖ 

𝐇E(𝑘),𝐇𝜉𝑐(𝑘),𝐇𝑤(𝑘),𝐇𝑣(𝑘) zero  

𝐑E(𝑘),𝐑𝜉𝑐(𝑘),𝐑𝑤(𝑘),𝐑𝑣(𝑘) 
identity matrices with the same dimension of 

𝐊E(𝑘),𝐊𝜉𝑐(𝑘),𝐊𝑤(𝑘),𝐊𝑣(𝑘), respectively 

 

More specifically, since our robust control algorithm is solved approximately, it 

would be beneficial for us to know the bounds of difference between the performance of 

the sub-optimal method we applied and the theoretical optimal robust solution. Therefore, 

we will compare our algorithm to the optimal controller, where the process noise 

characteristics are known, which forms the lower bound on control performance. 

Furthermore, we will compare the simulated results from sub-optimal method to the 

theoretical upper bound of control performance, which is formed by use of the 

methodology proposed in section 5.3. 

We perform this comparison for the values of 𝜆 shown in Table 9. The results of 

the comparison are shown in Figure 13. For each value of 𝜆, the upper bound is 

deterministic and the results are shown with the squares in Figure 13. The proposed sub-
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optimal robust control algorithm and the traditional optimal controller are stochastic in 

nature so we performed experiments to characterize their performance.  

Specifically, for each value of 𝜆 , we generated 100 sets of process noise 

characteristics. For each set, we simulated both the model-based robust control of 

dimensional quality described in the section 5.3 as well as the stochastic optimal 

controller for 200 runs. The controllers were used to set the controllable parameters of the 

tooling devices. For each controller and for each value of 𝜆 as well as each set of 

process noise characteristics, the dimensional quality of the product was assessed by the 

objective function.  

The objective function is the average of sum of square errors in the measured 

product key characteristics over 200 runs. At last, we picked the set of the process noise 

characteristics resulting in the maximal objective value, or the “worst” case seen for all 

the experiments. The diamonds in Figure 13 denote the results for the model-based robust 

controller, and the triangles denote the results for the optimal control given that the 

process noise characteristics are known .  

As one can see, the upper bound is always larger than our estimated objective 

function from simulation, which confirms that our proposed procedure is able to provide 

us a valid bound. On the other hand, one should also notice that the difference between 

the upper bound and the estimated objective value grows when the extent of the 

uncertainty increases.  This means that the sub-optimal method applied here might be 

worse than what we observe out of the 100 sets of process noise characteristics we tested 

in the simulation. In order to have a more accurate estimation on the performance of the 

proposed robust control law when the uncertainty is relatively large  (𝜆 ≥ 25%), more 

sets of process noise characteristics should be included in the simulation.  

The results shown in the Figure 13 confirm that the lower bound we found is also 

valid as it is always less than the estimated objective function from simulation. However, 

the same trend of increasing difference between the sub-optimal and optimal controllers 

as uncertainty increases is readily seen. Again, this indicates that more sets of process 
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noise characteristics should be included to calculate the lower bound when the 

uncertainty is relatively large  (𝜆 ≥ 25%). 

 

 

Figure 13: Expectation of the objective function under the worst-case scenario (100 
scenarios simulated) using robust control method 

 

To better demonstrate the advantage of the proposed robust method over the 

traditional methods, we also plotted the average and 3-standard deviations of square of 

errors in one of the measured key product characteristics in 200 runs using three control 

strategies. Namely, these are the newly suggested robust controller, the stochastic optimal 

control method from (Jiao & Djurdjanovic, 2010), and no controller at all. The uncertain 

process noise characteristics were equal to those that provided us the lower bound in the 
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previous results. However, this time none of the control methods have any information on 

the values of the uncertain terms 𝚫𝐊E(𝑘), 𝚫𝐊𝜉𝑐(𝑘), 𝚫w(𝑘), and 𝚫𝑣(𝑘). In effect, the 

controllers only know the values of the known covariance matrices 

𝐊E(𝑘),𝐊𝜉𝑐(𝑘),𝐊𝑤(𝑘), and 𝐊𝑣(𝑘). The results are shown in Figure 14 given different 

levels of uncertainty determined by the scalar 𝜆. It is evident that, for this specific 

measured key product characteristic, the robust control method performs similarly to the 

stochastic optimal control law when 𝜆 is small. However, the robust control method 

significantly outperforms the stochastic optimal control law when 𝜆 is greater than 10%, 

which is indicated by the rejection of Null Hypothesis 2 in Table 11 when 𝜆 becomes 

larger than 10% . This result is expected since, when 𝜆 is small, the stochastic optimal 

control and our sub-optimal, robust control should both be fairly close to the optimal 

robust control resulting in the minimal average square of errors. As 𝜆 increases, the sub-

optimal, robust control remains close to the optimal robust control while the stochastic 

optimal control may deviate away depending on the true values of process noise 

characteristics. In this case, because of the way we set the values of process noise 

characteristics, the performance of stochastic optimal control deteriorates more quickly. 

As one can see, when 𝜆 reaches 20%, the stochastic optimal control is even worse than 

applying no control at all. This observation is confirmed by the rejection of Null 

Hypothesis 1 in Table 11 when 𝜆 gets larger than 10%.  

If we focus on the 3-standard deviations, our sub-optimal, robust control is about 

the same as or worse than the stochastic optimal control when 𝜆 is small. However, the 

sub-optimal, robust control law outperforms the stochastic optimal control for values of 

𝜆 greater than 10%. This finding is also validated by the rejection of the Null Hypothesis 

4 in Table 11. The results make sense because when the uncertainty in the process noise 

characteristics becomes larger, the stochastic control law calculated without considering 

the uncertainty terms is no longer valid for the current system. The improper stochastic 

optimal control may lead to poorer product quality rather than improving it. 
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Figure 14: Expectation (±3σ)  of the square of one of the 308 product key characteristics 
under different control methods.   

Table 11. Hypothesis tests based on the results shown in Figure 14. 

Null Hypothesis 1: stochastic optimal control has smaller objective 
value comparing to no control   

λ 1% 2% 5% 10% 20% 

h (t-test) 0 0 0 1 1 

p-value 1 1 0.9995 0 0 

Null Hypothesis 2: robust control has larger objective value 
comparing to stochastic control 

λ 1% 2% 5% 10% 20% 

h (t-test) 0 0 1 1 1 

p-value 1 0.99 0 0 0 
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Table 11. Hypothesis tests based on the results shown in Figure 14 (continued). 

Null Hypothesis 3: robust control has larger objective value 
comparing to no control 

λ 1% 2% 5% 10% 20% 

h (t-test) 1 1 1 1 1 

p-value 0 0 0 0 0 

Null Hypothesis 4: robust control has larger 3-standard deviation of 
the objective function comparing to stochastic optimal control 

λ 1% 2% 5% 10% 20% 

h (f-test) 0 0 0 1 1 

p-value 1 0.9954 0.9925 0 0 

h = 1 indicates a rejection of the null hypothesis at the 5% significance level. h = 0 
indicates a failure to reject the null hypothesis at the 5% significance level. 
 

However, the aforementioned observations represent only one of the measured 

key characteristics. It would be more convincing to see the objective function, which is 

the sum of square of all the measured key characteristics. Thus, we generated process 

noise characteristics similar to those that lead to the results shown in Figure 14. All other 

settings are exactly the same as the ones used for the single product key characteristic 

case, except that Figure 15 shows the sum of square of errors in all measured product key 

characteristics. The results are quite similar since we used the same set of uncertain 

process noise characteristics. Some of the observations are clearer in Figure 15. For 

example, the stochastic optimal control method is the best in terms of the average, 

indicated by the rejection of the Null Hypothesis 1 and acceptance of the Null Hypothesis 

2 in Table 12 when the percentage of uncertainty, 𝜆, is less than 5%.  However, it is 

also the most intolerant of increases in the uncertainty of the process noise characteristics. 

As the percentage of the uncertainty, 𝜆, increases, the objective function under the 

stochastic optimal control also grows faster than the other two methods. Based on our 

observation, it is better to apply the stochastic optimal control if either the parameters of 
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the model or the model itself is accurate. However, use of the robust control method is 

best if the model parameters have large uncertainty associated with them, which is the 

case for many data driven models.  

 

 

Figure 15: Expectation (±3σ) of the objective function under the worst scenario (one out 
of 100 sets of process noise characteristics) using different control methods   

Table 12. Hypothesis tests based on the results shown in Figure 15. 

Null Hypothesis 1: stochastic optimal control has smaller objective 
value comparing to no control   

λ 1% 2% 5% 10% 20% 

h (t-test) 0 0 0 1 1 

p-value 1 1 1 0 0 
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Table 12. Hypothesis tests based on the results shown in Figure 15 (continued). 

Null Hypothesis 1: stochastic optimal control has smaller objective 
value comparing to no control   

λ 1% 2% 5% 10% 20% 

h (t-test) 0 0 0 1 1 

p-value 1 1 1 0 0 

Null Hypothesis 2: robust control has larger objective value 
comparing to stochastic control 

λ 1% 2% 5% 10% 20% 

h (t-test) 0 0 0 1 1 

p-value 1 1 0.0025 0 0 

Null Hypothesis 3: robust control has larger objective value 
comparing to no control 

λ 1% 2% 5% 10% 20% 

h (t-test) 1 1 1 1 1 

p-value 0 0 0 0 0 

h = 1 indicates a rejection of the null hypothesis at the 5% significance level. h = 0 
indicates a failure to reject the null hypothesis at the 5% significance level. 
 

 We have shown the substantial benefits gained by applying the robust control 

method in the worst-case scenario. However, in reality, the process noise characteristics 

are unlikely to resemble the worse case but will lie somewhere between the nominal one 

and the worst one. Thus, this time we randomly chose one out of the 100 sets of process 

noise characteristics, repeated the simulation process we did for Figure 15, and plotted 

the results in Figure 16.  It is clear that since we picked a random set instead of the 

worst one, the objective functions obtained using different methods are all reduced 

compared to the results shown in Figure 15.  The control method with the most 

significant reduction is the stochastic optimal control method when the percentage of 

uncertainty 𝜆 is small. The cause of this is fairly obvious. Since we randomly picked the 

set of process noise characteristics, it is quite likely that the set chosen is close to the 
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nominal one given a small percentage of uncertainty, 𝜆. The fact that the stochastic 

optimal control method is much better than the introduced robust control when 𝜆 is less 

than 5%, indicated by the acceptance of the Null Hypothesis 2 in Table 13, confirms this 

inference. Besides the overall reduction of objective values, one should also notice the 

sudden jump of objective value using stochastic optimal control when 𝜆 increases from 

5% to 10%. This indicates that, even when the process noise characteristics are not the 

worst-case scenario, the traditional stochastic optimal control may still result in poor 

performance. This poor performance is even worse than applying no control when the 

assumed process noise characteristics deviate significantly from the true values. 

However, our proposed robust control results in similar performance to that seen under 

the worst-case scenario. The increase of the objective function is gradual as 𝜆 grows 

from 1% to 20%. This is because the robust control is minimizing the objective function 

under the worst-case scenario. For any random set of process noise characteristics we 

used, the objective value is only going to be better than the objective value obtained when 

the worst-case set is picked. Thus, if the robust control is tolerant to the uncertainty under 

the worst-case, it will perform equally well, if not better, with any random case as 𝜆 

increases. 

 In the previous simulations, given the percentage of uncertainty 𝜆, once we 

determined which set of process noise characteristics to use, we kept it unchanged during 

the 200 runs to obtain the average and 3-standard deviation of the objective function. 

However, in a real manufacturing process, the process noise characteristics might change 

over time due to various reasons. Examples of time varying uncertainty include chemical 

built up in the chamber in the semiconductor manufacturing or worn fixtures in CNC 

machines in automotive machining. Thus, for the following simulation, we changed the 

set of process noise characteristics in every 100 runs and used 20 sets in total in our 

simulation. We plotted the average of sum of squares errors in the measured product key 

characteristics in all the runs (100× 20), and the standard deviation of the 20 averages of 

objective functions obtained using each set for 100 runs. One can tell that, when 
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percentage of uncertainty, 𝜆, is small, the averages varies within a small range indicated 

by the standard deviation no matter what control method we use.  When 𝜆 gets bigger, 

the average of the objective functions could be quite different depending on which set of 

process noise characteristics is chosen. The standard deviation also indicates the 

consistency of the performance of the control laws. For the robust control law, the 

standard deviation is much smaller even when 𝜆 gets bigger, compared with the case 

when stochastic optimal control or no control policy is applied. This observation is 

confirmed by the rejection of Null Hypothesis 3 & 4 in Table 14. This means the robust 

control always performs consistently in terms of the average of the objective function no 

matter what the values of the uncertainty terms are. This property makes the robust 

control more suitable for the MMPs whose process noise characteristics change over 

time.   

 

 

Figure 16: Expectation (±3σ) of the objective function under one random scenario (one 
out of 100 sets of process noise characteristics) using different control 
methods   
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Table 13. Hypothesis tests based on the results shown in Figure 16. 

Null Hypothesis 1: stochastic optimal control has smaller objective 
value comparing to no control   

λ 1% 2% 5% 10% 20% 

h (t-test) 0 0 0 1 1 

p-value 1 1 1 0 0 

Null Hypothesis 2: robust control has larger objective value 
comparing to stochastic control 

λ 1% 2% 5% 10% 20% 

h (t-test) 0 0 0 1 1 

p-value 1 1 1 0 0 

Null Hypothesis 3: robust control has larger objective value 
comparing to no control 

λ 1% 2% 5% 10% 20% 

h (t-test) 1 1 1 1 1 

p-value 0 0 0 0 0 

h = 1 indicates a rejection of the null hypothesis at the 5% significance level. h = 0 
indicates a failure to reject the null hypothesis at the 5% significance level. 
 

 In summary, our newly proposed robust control outperforms the stochastic 

optimal control or no control method when the percentage of the uncertainty is relatively 

large (𝜆 ≥ 10%).  Although, when 𝜆 is small, the robust control is generally not as 

good as the stochastic optimal control, it is still much better than implementing no 

control. The optimal way of dealing with uncertainty is to use stochastic optimal control 

when one has an accurate model and use the proposed robust control when an 

approximated model or model with roughly estimated parameters is presented.  
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Figure 17: Mean and standard deviation of the expectation of the objective function under 
20 scenarios using different control methods   

 

Table 14. Hypothesis tests based on the results shown in Figure 17. 

Null Hypothesis 1: robust control has larger objective value 
comparing to stochastic control 

λ 1% 2% 5% 10% 20% 

h (t-test) 0 0 0 1 1 

p-value 1 1 0.9640 0 0 

Null Hypothesis 2: robust control has larger objective value 
comparing to no control 

λ 1% 2% 5% 10% 20% 

h (t-test) 1 1 1 1 1 

p-value 0 0 0 0 0 
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Table 14. Hypothesis tests based on the results shown in Figure 17 (continued). 

Null Hypothesis 3: robust control has larger standard deviation of the 
20 averages of the objective values comparing to stochastic optimal 

control 
λ 1% 2% 5% 10% 20% 

h (f-test) 0 0 1 1 1 

p-value 0.2819 0.3851 0 0 0 

Null Hypothesis 4: robust control has larger standard deviation of the 
20 averages of the objective values comparing to no control 

λ 1% 2% 5% 10% 20% 

h (f-test) 1 1 1 1 1 

p-value 0 0 0 0 0 

h = 1 indicates a rejection of the null hypothesis at the 5% significance level. h = 0 
indicates a failure to reject the null hypothesis at the 5% significance level. 

 

5.5 CONCLUSIONS  

A distributed robust control is derived in this paper to facilitate control of quality 

errors in multistage manufacturing systems with uncertain process noise characteristics. 

The method converts the problem of solving the robust control law into a constrained 

min-max optimization problem based on linear state space model of the flow of product 

errors and the Linear Fractional Transformation representation of the uncertainty in noise 

characteristics.  The optimization problem is then solved approximately using 

semidefinite programming. Both upper and lower bounds on the objective functions are 

also provided in this paper through simulation and Tabu Search method. The capabilities 

of the distributed robust control algorithm proposed in this paper are compared with the 

traditional stochastic optimal control method and demonstrated using the model of 

dimensional errors flow in an actual industrial process used for machining of automotive 

cylinder heads. 
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Chapter 6:  Conclusions and Possible Future Work 

 

6.1 CONCLUSION 

A distributed deterministic control law is derived in this dissertation to facilitate 

control of dimensional quality in MMP based on the linear state space models of the 

flowing quality errors in MMPs. The method uses a deterministic version of the 

aforementioned error flow model to optimally adjust controllable process parameters 

based on the in-process measurements of the workpiece distributed across the MMP. 

Using the distributed control law, the concept of compensability analogous to 

controllability in the traditional control theory is proposed. It is defined as the ability to 

compensate the errors in quality characteristics of the workpiece, given the allocation and 

character of measurements and controllable tooling. Furthermore, a metric is introduced 

to quantitatively characterize the effects of the control law by comparing operator norms 

of regression matrices relating the process parameters with the key product quality 

measurements when the new control law is used, versus the case when no control is 

implemented. The capabilities of the new deterministic control law are demonstrated 

using the SoV models of dimensional errors flow in an actual industrial MMP.  

This dissertation also integrates the traditional RtR model based control with 

approach the error flow model based control in MMPs, and applied it to a semiconductor 

lithography process.  A new model describing the introduction and flow of the multi-

layer overlay errors of the lithography processes in semiconductor manufacturing is 

derived and used to demonstrate the properties of the new integrated approach to quality 

control. Using this error flow model, the problem of controlling the stack-up of overlay 

errors is formulated as an optimization problem with the objective of minimizing the 
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expectation of the weighted sum of squares of consecutive overlay errors and stack-up 

overlay errors, which resulted in an analytically tractable optimal control solution. The 

effectiveness of this newly introduced method for active quality control was evaluated 

through a series of simulated examples using measurement data from a 5-layer overlay 

lithography process. The result show that the stack-up effects of multi-layer overlay 

could be greatly reduced compared to the traditional Run-to-Run control.  

At last, A distributed robust control is also derived in this dissertation to facilitate 

control of quality errors in multistage manufacturing systems in consideration of 

uncertain process noise characteristics. The method formulates the problem of designing 

the robust controller as a constrained min-max optimization problem based on linear state 

space model of the flow of product errors and the Linear Fractional Transformation 

representation of the uncertainty in noise characteristics.  The optimization problem is 

solved approximately using semidefinite programming. When the model uncertainty is 

significant, the control actions derived based on the proposed strategy will outperform  

the traditional stochastic control without considering the model uncertainty. The 

effectiveness of the approach is demonstrated using the model of dimensional errors flow 

in an actual industrial process used for machining of automotive cylinder heads.  

6.2 SCIENTIFIC CONTRIBUTIONS 

Scientific contributions of the doctoral research in this disseration can be 

summarized as follows. 

1. The concept of compensability, analogous to the controllability in the 

traditional control theory, is a new concept in the field of quality control in 

manufacturing.  This new concept allows one to quantitatively describe the ability of a 

MMP to actively control errors in workpiece quality, given an allocation of 

measurements and controllable process parameters. This concept can be used to advance 

allocation of sensors and actuating capabilities in any multistage system that can be 

modeled in the linear state space form. Potential application areas include numerous 
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manufacturing disciplines, as well as supply chains whose behaviors can be modeled in 

the SoV form (3.1). 

2. The newly developed, integrated view of the run-to-run and feed-forward 

control of quality in MMPs is another major contribution. The benefit of such an 

integrated approach is the capability of combining the information from both the 

historical records and the most recent on-line measurements of product key 

characteristics to achieve improvement of quality in a MMP. The resulting control law 

can subsequently be used for the redesign of the manufacturing system through 

appropriate allocation of measurements and actuation devices, as well as the design of the 

product that would be more conductive to active, model based control of quality (and 

thus easier to make).  

3. The proposed robust control method enables one to have the ability to deal with 

error flow models in MMPs with uncertain process noise characteristics. This approach 

could guarantee the product quality even under the worst case scenario of the uncertainty, 

which make this method desirable for the situation when the noise characteristics cannot 

be accurately estimated using process knowledge and historical data. Such non-restrictive 

and more realistic models could greatly generalize the utilization of the model-based 

process control methods and extend its application to broader areas, including 

manufacturing and supply chain management.  

6.3 POSSIBLE EXTENSIONS OF THIS DISSERTATION 

Potential extensions of the doctoral research in this dissertation may include 

1. Robust control design for MMPs in the linear form with uncertain model 

parameters. In the current research, we only considered the uncertainty in the process 

noise characteristics, this can be extended to also take the uncertainty in the model 

parameters into account and generalize this model-based quality control approach to 

more complex manufacturing systems. 
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2. Joint allocation of measurements and controllable process parameters for 

MMPs in which the error flow models are represented in the linear form with uncertain 

model parameters. This is a large optimization problem similar to the one considered in 

Jiao and Djurdjanovic (2010), with the added difficulty of potentially slow evaluation of 

each candidate solution (“optimization within optimization”). However, this is one of the 

most important issues in MMPs (Djurdjanovic and Ni, 2007; Izquierdo et al., 2007; Jiao 

and Djurdjanovic, 2010 ), and research in terms of accelerated search of the solution 

space is well worth the effort. 

3.   Modeling of the supply chains in the SoV form and their subsequent 

analysis, design and control using the advanced methodologies developed for MMPs. 

Problems such as abnormality detection and localization, or allocation of observation and 

actuation points in a supply chain can all be addressed using such an approach.  
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