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One consequence of a quantum theory in which resonances are math-

ematically unified with decaying states is an asymmetry in time evolution,

even for closed quantum mechanical systems. This time asymmetry is different

from the environmentally induced, dynamical irreversibility that is experienced

only by open quantum systems and that is quantified by an increase in en-

tropy. To investigate the connection between time asymmetry and dynamical

irreversibility, we study open systems within a time asymmetric theory.

We find that, when using a time asymmetric theory for open systems,

one must relax the assumption that measurements are perfectly repeatable.

To treat this problem, we develop a framework in which one can incorporate

the interference from multiple environmental systems affecting a single experi-

ment. We also study a kinematic effect of indistinguishability that affects only

open systems, and we show how it leads to a monotonic increase in entropy

without requiring an active measurement. Finally, within our framework we

vi



develop two models that reproduce for open systems the expected and ob-

served phenomena. One is a model of photons scattering inefficiently from a

beam splitter. The other is a model of systems undergoing Rabi oscillations

and suffering environmental interference. We find that the kinematic effect of

indistinguishability can explain for such systems the generally measured Ex-

citation Induced Dephasing, which has previously been treated dynamically.
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Chapter 1

Introduction

With a phenomenologically motivated choice of constraints on quan-

tum mechanical state vectors, one can mathematically unite resonances with

exponentially decaying, quantum mechanical states. One consequence is that

the resulting time evolution is asymmetric in the time evolution parameter,

even for closed systems. This time asymmetry is therefore different from the

dynamical irreversibility induced by environmental interference, which appears

only for open quantum systems. We will use a time asymmetric theory to study

open quantum systems and thereby investigate possible connections between

time asymmetry and irreversibility.

In Chapter 2 we outline the derivation of the time asymmetric the-

ory and introduce the Gamow vectors, which have Breit-Wigner energy wave

functions and exponential decay in time. In Section 2.5 we illustrate the dif-

ferences between time asymmetric and time symmetric quantum theory by

using both to analyze the experimental results from the well-known quantum

jumps experiments first suggested by Dehmelt [21]. The predictions of the

time asymmetric theory differ from the predictions of the theory that is sym-

metric in time. Both predictions are verified by experiment, however, because

1



one must treat the same data differently for the different approaches.

As explained in Section 2.2, another consequence of the time asym-

metric theory is that one must identify the time evolution parameter with

durations in time rather than with time coordinate values, as one does for

standard quantum theory. In Section 3.1 we use the invariance of physical

laws under time translation to demonstrate that, because of interference from

an uncontrolled environment, with a time asymmetric theory one must relax

the assumption that measurements are repeatable for open quantum systems.

For the remainder of Chapter 3 we develop a framework in which one uses

multiple quantum environmental systems to treat this lack of repeatability.

In Section 3.4 we discuss a kinematic effect of indistinguishability that

affects only open quantum systems. The indistinguishability of quantum phys-

ical objects greatly complicates the partitioning that our framework requires,

and it seems to preclude the use of a typical reduced dynamics [11] to mimic

dynamically the presence of multiple environmental systems.

In Chapter 4 we connect time asymmetry to irreversibility by demon-

strating a monotonic increase in entropy for models developed within our

framework. The physical interpretation is mixing that, because of the in-

distinguishability of quantum physical objects, cannot in principle be undone,

even before one performs an active measurement. This arrow of time can also

be developed within a time symmetric theory if one equates the asymmetric

time evolution parameter, which represents durations, with durations between

time coordinates. It is therefore not unique to the time asymmetric theory.
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The strongest connection we can claim is that predictions of quantum dynam-

ical irreversibility for open systems follow from the use of a time asymmetric

theory. We expect that the converse is not true, because irreversibility applies

only to open systems while time asymmetry applies to both open and closed

systems.

To demonstrate the use of our framework, in Chapter 5 we develop two

simple models for open systems. First we calculate correlation functions for

photons scattered at a beam splitter, with and without losses. Though the

dynamics is trivial, this model leads to a simplifying assumption by which

we can treat the kinematics of indistinguishability. Then we create a model

for systems undergoing Rabi oscillations and suffering decoherence, which are

dynamically more complicated. The model reproduces well the decoherence

generally observed, and for one Rabi oscillations experiment [37], we find un-

precedented quantitative agreement with measurement results. We also show

that the kinematic effect of indistinguishability can explain the generally mea-

sured Excitation Induced Dephasing that has previously required different dy-

namical explanations for different experiments.
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Chapter 2

Time Asymmetry in Theory and Experiment

To have a quantum theory in which one can mathematically unify reso-

nances with decaying states, one predicts asymmetric time evolution for solu-

tions of the dynamical equations [6, 7]. The theory is asymmetric in the time

evolution parameter itself, and not in the dynamics of quantum systems. Time

asymmetry is therefore different from the dynamical irreversibility of open

quantum systems, which results even from a symmetric time evolution when

it describes irreversible interference from an uncontrolled environment [11].

One consequence of the time asymmetric theory is that the time evo-

lution parameter must correspond to a duration in time rather than to a

time coordinate value [13]. Another consequence is that one can represent

decaying states with state vectors having exactly exponential time evolu-

tion, which is not possible in the time symmetric theory [8]. As an illus-

tration of time asymmetry, we discuss the well-known quantum jumps experi-

ments [21, 40, 61, 48, 3, 29, 36, 56, 42, 46, 2]. For these experiments, the time

asymmetric theory leads to predictions different from the predictions resulting

from a theory symmetric in time. Both theories are validated by experimen-

tal results, because one treats the experimental data differently for the two
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different theories.

2.1 Time Asymmetry

The theoretical image of any closed, quantum mechanical system is an

operator algebra defined in a linear scalar-product space, Φ [4]. The state

vectors φn span Φ and fulfill the Schrödinger equation. Every linear combina-

tion of the φn ∈ Φ can represent a pure state, ϕ, of the system. Based on a

measurement or preparation procedure one constructs the density operator,

ρ(t) =
∑
i

wi|ϕi(t)〉〈ϕi(t)|, (2.1)

which represents the possibly mixed state of a closed experimental system.

The time evolution of a state vector, φ(t), follows from solving the

Schrödinger equation,

i~
∂φ(t)

∂t
= Hφ(t). (2.2)

The density operator, ρ(t), of the state must fulfill the von Neumann equation,

i~
∂ρ(t)

∂t
= [H, ρ(t)]. (2.3)

In (2.2) and (2.3), H is the time-independent, self-adjoint Hamiltonian for

the closed system. Differential equations have to be solved under boundary

conditions, and one has historically chosen for these boundary conditions that

φ ∈ H, where H is the Hilbert space. For this boundary condition, it fol-

lows from the Stone and von Neumann theorem [55, 57] that (2.2) and (2.3)

integrate to

φ(t) = U(t)φ, −∞ < t <∞, (2.4)
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and

ρ(t) = U(t) ρU †(t), −∞ < t <∞, (2.5)

respectively. With (2.4), the space of states, {φ(t)}, is the Hilbert space, and

energy wave functions, φ(E), are Lebesgue square-integrable functions.

Under the Hilbert space boundary conditions, U(t) is the one-parameter

group of unitary operators,

U(t) = e−
iHt
~ , −∞ < t <∞. (2.6)

The group product is U(t1)U(t2) = U(t1 + t2), and the inverse exists and is

given by (
U(t)

)−1
= U(−t) = e+

iHt
~ . (2.7)

Though it is usually not stated explicitly, physicists often choose, in-

stead of the Hilbert space, the Schwartz space boundary condition, φ ∈ S,

where S is the abstract Schwartz space. With this choice, the wave functions

are infinitely differentiable, rapidly decreasing, Riemann-integrable functions.

Under this Schwartz space boundary condition the dynamical equations (2.2)

and (2.3) also integrate to a group evolution with an inverse operator, U(−t),

as in (2.7) [9]. To every solution, ρ(t), of (2.3), there corresponds another

possible solution, ρ(−t). The evolution in S or H is therefore symmetric in

time.

In scattering theory, however, one often must choose different con-

straints on the solutions of the dynamical equations [5]. One uses the Lippmann-

Schwinger in- and out- plane wave “states” |E+〉 and |E−〉, which fulfill the
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Lippmann-Schwinger equation [34, 26]:

|E±〉 = |E ± iε〉 = |E〉+ 1

E −H ± iε
V |E±〉, ε→ +0, (2.8)

where |E〉 is an eigenket of the interaction-free Hamiltonian. And as is sug-

gested by the analytic S-matrix theory, resonances are defined by first order

poles (and perhaps also by other singularities) in the second sheet of the S-

matrix element, Sj(E), of angular momentum j.

To accommodate a mathematical description of resonance and decay

phenomena, the energy wave functions, φ+(E) ≡ 〈+E|φ+〉, must not only be

smooth functions of energy, but they must also be analytic functions in the

lower complex energy plane, C−, that diminish rapidly when approaching the

infinite semicircle. For the energy wave functions of the state vectors one

therefore postulates

φ+(E) = 〈+E|φ+〉 ∈
(
H2

− ∩ S
)
R+
, (2.9)

where H2
− denotes the space of Hardy-class functions of the lower complex

semiplane, and S denotes the Schwartz space of smooth, rapidly decreasing

functions. These requirements define for the state vectors, φ+, the elements of

an abstract Hardy space, Φ−, dense in H: Φ− ⊂ H. Considering also the dual

(i.e. the space of continuous antilinear functionals Φ×
− ⊃ H×) and making use

of H× = H, one obtains the triplet

φ+ ∈ Φ− ⊂ H ⊂ Φ×
−. (2.10)
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This triplet of spaces constitutes a Gel’fand Triplet, or Rigged Hilbert

Space.1 For mathematical details, see [9], and for a discussion of the physical

motivation, see [6, 7].

Because of the mathematical properties endowed by the choices (2.10)

with (2.9), one is able to use the kets |E+〉 of (2.8) as basis kets for a Dirac

basis vector expansion of state vectors,

φ+ =

∫ ∞

0

dE|E+〉〈+E|φ+〉. (2.11)

One can also define a Gamow ket as an element of Φ×
+,

|φG〉 =
∫ ∞

−∞
dE |E−〉

i
√

Γ
2π

E − zR
, (2.12)

where zR = ER− iΓ
2
is the position of a resonance pole of the scattering matrix.

The ket |φG〉 has a Breit-Wigner energy wave function, 〈E|φG〉 ∼ 1
E−zR

, for

−∞ < E < +∞. One can show that |φG〉 is a generalized eigenvector of the

Hamiltonian, H, with a discrete complex eigenvalue:

〈ψ−|H|φG〉 = 〈ψ−|H|ER − iΓ/2−〉
√
2πΓ

= (ER − iΓ/2) 〈ψ−|ER − iΓ/2−〉
√
2πΓ, (2.13)

for all ψ− ∈ Φ+. In ket notation,

H|φG〉 = H|ER − iΓ/2−〉
√
2πΓ

= (ER − iΓ/2) |ER − iΓ/2−〉
√
2πΓ. (2.14)

1One needs for the observables, which are represented by the vectors ψ−, another Rigged
Hilbert Space, ψ− ∈ Φ+ ⊂ H ⊂ Φ×

+. Here Φ+ is the abstract scalar-product space analogous
to Φ− but defined on the upper complex energy plane, C+.
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With an observable represented by ψ− ∈ Φ+, the time evolution of the prob-

ability amplitude to observe ψ− in the Gamow state, φG, is calculated as

〈ψ−|U(t)φG〉 = 〈ψ−|e−iHt/~|ER − iΓ/2−〉
√
2πΓ

= e−iERt/~e−(Γ/2)t/~〈ψ−|U(0)φG〉, (2.15)

for every ψ− ∈ Φ+. Thus, one has an exponentially decaying probability:

|〈ψ−|U(t)φG〉|2 = e−Γt/~|〈ψ−|U(0)φG〉|2. (2.16)

For a Gamow ket defined by (2.12) as a resonance state of width Γ, one obtains

that it is also a decaying state with lifetime τ = ~
Γ
, thereby unifying them in

the theory. If one restricts state vectors to elements of the Hilbert space or of

the Schwartz space, then one cannot obtain states that have exponential time

evolution [8].

If φ+(t) is a state vector φ+ ∈ Φ− obeying the Schrödinger equation,

then by the Paley-Wiener theorem [41] for Hardy spaces, it follows that the

dynamical equations (2.2) and (2.3) integrate under the Hardy boundary con-

ditions (2.10) to the semigroup [6]

φ+(t) = U(t)φ+, 0 ≤ t <∞, (2.17)

and

ρ(t) = U(t) ρU †(t), 0 ≤ t <∞, (2.18)

where

U(t) = e−
iHt
~ , 0 ≤ t <∞. (2.19)

9



The U(t) in (2.19) form a semigroup and not a group of operators. This

means that one still has the definition for the product,

U(t1)U(t2) = U(t1 + t2), (2.20)

but because of the lower bound on the time parameter, 0 ≤ t < ∞, there

does not exist for every U(t) an element U−1(t) such that U(t)U−1(t) = 1.

The inverse of U(t) with t > 0 does not exist, and consequently there does

not exist a density operator at negative time, ρ(−t). Such an evolution is

asymmetric in time. The simplest and clearest example of this time asymme-

try found in nature is the exponential decay of unstable systems, for which

quantum mechanical survival probabilities take the form of (2.16) with t ≥ 0

and exponential lifetime, τ = ~
Γ
.

This time asymmetric evolution (2.19) is derived from the Hardy space

boundary condition, which can be phenomenologically motivated by the uni-

fication of exponential decay (2.16) with the Breit-Wigner energy distribu-

tion (2.12). Because there is an asymmetry in the time parameter (2.19), it

applies also to closed systems and is thus different from quantum mechani-

cal irreversibility, which appears only in the dynamics of open quantum sys-

tems [11]. The classical analogue to this time asymmetry is the Sommerfeld

Radiation Condition [53], which mandates that sources have no incoming ra-

diation, and which is also enforced in the theory by a choice of boundary

conditions.

We will distinguish

10



• time asymmetry, which even for closed systems is an asymmetry in

the available values of the time parameter, t, as shown in (2.19),

from

• quantum mechanical irreversibility, which is an asymmetry in the

dynamics only of open systems. In Section 3.1, we discuss the typi-

cal treatment of open systems. For a full review, see [11]. Quantum

mechanical irreversibility is often characterized by environment-induced

decoherence or dephasing [50]. It can be quantified by an increase in

entropy (see Chapter 4).

It is the purpose of this research to connect quantum mechanical time asym-

metry to quantum mechanical irreversibility.

2.2 Duration in Time

Let us now use the notation t̃ to represent the time evolution parameter

for the unitary evolution group (2.6). We will continue to use t for the time

evolution parameter of the semigroup (2.19). One must distinguish the two

because the range of possible values of t is different from the range of possible

values of t̃:

t ∈ [0,∞) and t̃ ∈ (−∞,∞). (2.21)

semigroup group

11



The duration in time between any two causally linked events cannot be

negative. Because t satisfies t ≥ 0, the semigroup time parameter in (2.19) is

naturally identified with a duration in time.

The group parameter, t̃, can be negative and therefore cannot represent

durations in a causal theory. For non-relativistic quantum mechanics, one

identifies the time parameter, t̃ from (2.6), with time coordinate values, or

“Newton’s absolute” time [62]. Time coordinates are marked by the clocks on

laboratory walls, and they are generally not dynamically linked to quantum

mechanical systems of interest.

For a review of some physical consequences of the distinction between

t̃ and t, see [16], in which t̃ is called “external” time, and t is called “internal”

time. Another important physical distinction is explained in Section 4.1, where

we show that the entropy of a quantum mechanical system increases with t̃

but not with t.

To sharpen this distinction, let us also introduce the time translation

operator, Tδ, which affects coordinates:

Tδ t̃→ t̃+ δ. (2.22)

A duration is invariant under time translation, so

Tδt→ t. (2.23)

While the laws of physics are translationally invariant in time, the initial con-

ditions of physical systems are not. In the next two sections, we will use Tδ

12



to explain how t and t̃ from the theory correspond to initial conditions and to

the preparation of experimental systems.

2.3 Measurements and the Experimental Ensemble

Let λ label the value of an observable in a quantum mechanical exper-

iment. For simplicity, we will consider observables for which λ takes discrete

values. Because quantum theory makes probabilistic predictions, all quantita-

tively useful experiments require multiple measurements performed on identi-

cally prepared, physical objects. Assume that one performs N measurements

of the observable, and that the value λ registers nλ times. In a dynamical

measurement, nλ is often a function of the duration in time, t̃− t̃0, from when

physical objects are prepared at t̃0. The results of dynamical measurements

are the counting ratios, which are functions of time:

nλ

N
(t̃− t̃0). (2.24)

We have written the argument in (2.24) not as t, but as a duration between

coordinate values, t̃ − t̃0, because active measurements are performed in the

laboratory where clocks mark coordinate time.2

Because physical laws are translationally invariant in coordinate time,

t̃, one can apply the translation operator, Tδ from (2.22), to the counting ratio

2Depending on the type of experiment, N , may be a function of t̃− t̃0. For example, the
measured results in [37, 40] are both in the form of (2.24). In [37] N does depend on time,

and in [40] it does not. Therefore we write nλ

N (t̃− t̃0) instead of nλ(t̃−t̃0)
N .

13



of (2.24),

Tδ
nλ

N
(t̃− t̃0) →

nλ

N
(t̃+ δ − t̃0 − δ) =

nλ

N
(t̃− t̃0), (2.25)

to illustrate that experimental results depend on the duration in time and

not on t̃ itself. When detecting the value of an observable in an ensemble

member labeled i, one may record the value of the laboratory time, t̃i, as a

“time-stamp,” but its value alone is meaningless. While valid for any exper-

iment, the statement in (2.25) is especially significant whenever members of

the experimental ensemble are not all present simultaneously in the labora-

tory. This is the case in many modern experiments, such as but not limited

to [40, 3, 48, 42, 37, 12, 43], as well as in scattering experiments.

The N measurements in (2.24) are performed on what we will call the

experimental ensemble of N identically prepared, quantum physical ob-

jects. Because individual measurements are always assumed to be independent

of each other, the individual members of the experimental ensemble are as-

sumed not to interact with each other. Thus the experimental ensemble must

not be confused with a many-particle state having interacting components, for

which useful measurements require an experimental ensemble of many-particle

objects. One subject of this research is whether or not the ensemble members

for open systems can be considered also statistically independent in terms of

exchange symmetry or other correlations. This will be discussed in detail later.

The predictions of quantum theory are calculated in the form of Born

probabilities,

PΛ

(
ρ(t)

)
= Tr

(
Λ ρ(t)

)
, (2.26)
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where the operator Λ represents the observable with eigenvalues labeled by λ.

The explicit comparison between experiment and theory is then

counting ratio ≡ nλ

N
(t̃− t̃0)

?
= PΛ

(
ρ(t)

)
≡ Born probability. (2.27)

Experiment Theory

When comparing experimental results to theoretical predictions (2.27),

increasing N leads to stronger statistical conclusions regarding an inferred

outcome, but increasing N does not change the outcome itself. In other words,

the predictions on the right hand side of (2.27) are always independent of

the number of members in an ensemble, N , because no theoretical prediction

should depend on the number of times one performs an experiment to verify

it. A criterion for the correct identification of the experimental ensemble is

that PΛ

(
ρ(t)

)
must be independent of N .

2.4 The System at Preparation

Because of the correspondence between theory and experiment (2.27),

the Born probabilities, PΛ

(
ρ(t)

)
, must behave under the action of the time

translation operator, Tδ, the same as the counting ratios behave (2.25). The

operator Tδ acts on the time argument of the density operator in PΛ

(
ρ(t)

)
.

With the distinction (2.21) between the time coordinate, t̃ ∈ (−∞,∞), and

the parameter from the time asymmetric theory, t ∈ [0,∞), representing du-

rations, we rewrite the equations (2.5) and (2.18) for the time evolution of

the density operator. In a time asymmetric theory the time evolution of the
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density operator is

ρ(t) = U(t) ρU †(t), (2.28)

where ρ is shorthand for ρ(t = 0). In a time symmetric theory one has

ρ(t̃− t̃0) = U(t̃− t̃0) ρ(t̃0)U
†(t̃− t̃0) = ρ(t̃). (2.29)

To get the right hand side of (2.29), we have used ρ(t̃0) = U(t̃0) ρU
†(t̃0) along

with the group product and the inverse (2.7). We have not assumed that

t̃0 = 0, and (2.29) is true for any t̃0. Having ρ(t̃ − t̃0) = ρ(t̃) is a notational

ambiguity related to the fact that in ρ(t̃0) = U(t̃0) ρU
†(t̃0), ρ apparently stands

for ρ(t̃ = 0), and there is no clear, physical meaning of a time coordinate value

of t̃ = 0. To avoid any confusion, we will continue to write ρ(t̃− t̃0).

In a time asymmetric theory, where the time parameter corresponds to

a duration in time, invariance under time translation is clear. From (2.23),

TδPΛ

(
ρ(t)

)
→ PΛ

(
ρ(t)

)
. (2.30)

The correspondence (2.27) between theory and experiment is satisfied. Com-

paring (2.28) and (2.30) with (2.27), the semigroup parameter value t = 0 (a

duration of zero) of the theory corresponds in the laboratory to the moment

of preparation of every ensemble member, regardless of how many ensemble

members are simultaneously present.3

3We have identified the duration t = 0 with the preparation time, but there is noth-
ing in the theory that requires a duration to be measured from an experimenter’s active
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The correspondence is not so simply determined for theories that are

symmetric in time. From (2.22), one has

TδPΛ

(
ρ(t̃− t̃0)

)
→ Tr

(
ΛU(t̃− t̃0) ρ(t̃0 + δ)U †(t̃− t̃0)

)
6= PΛ

(
ρ(t̃− t̃0)

)
. (2.31)

To enforce the correspondence (2.27) between theory and experiment for gen-

eral Λ, one requires additionally that

PΛ

(
ρ(t̃)

)
= PΛ

(
ρ(t̃+ δ)

)
, (2.32)

where we have not taken t̃0 = 0. Equation (2.32) is valid for any t̃0.

For general δ, the requirement in (2.32) cannot be satisfied, except with

trivial dynamics. One must therefore consider only specific values of δ, labeled,

for example, by the integer i: δ → δi. One then assumes that, for some range

of i,

ρ(t̃0) = ρ(t̃0 + δi), (2.33)

which for any t̃0 satisfies (2.32) at these specific δi.

Comparing (2.29) and (2.33) with (2.27), the coordinate values t̃0 + δi

must correspond to the preparation times of the members of the experimental

preparation. Given the product (2.20), one can write

ρ(t) = U(t2)U(t1) ρU
†(t1)U

†(t2), t1 + t2 = t.

This means that a system evolves unitarily for a duration labeled t1 and then for another
duration labeled t2. The duration t2 = 0 does not generally correspond to a preparation or
any physical event. Unless the dynamics is trivial, however, the duration between prepara-
tion and the registration of an observable is important, and preparation will occur at ti = 0
for one value of i.
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ensemble. To make this explicit in (2.27), one can rewrite (2.25) with the δi

included:

Tδi
nλ

N
(t̃− t̃0) →

nλ

N

(
(t̃+ δi)− (t̃0 + δi)

)
. (2.34)

Equation (2.33) simply requires that the N experimental ensemble members

are all actively prepared to be in the same initial state. This is exactly the

requirement for experimental ensembles, to ensure that measurements are re-

peatable and that counting ratios (2.24) make sense. When one identifies the

time evolution parameter, t̃, with time coordinates (Section 2.2), the repeata-

bility of measurements requires in the state of a system a discrete translational

symmetry in t̃ (2.33).

At the moment the ith experimental ensemble member is prepared, its

state is represented by ρ(0) in a time asymmetric theory or by ρ(t̃0 + δi) in a

time symmetric theory. As discussed in [13] and in Chapter 3, the difference

between ρ(t) and ρ(t̃) may have consequences for understanding open systems

and environmental interference. The data analyses we describe in the next

section also should be understood in the context of what we have described in

this section.

2.5 Two Treatments of Exponential Decay

The exponential decay from excited energy levels to lower energy levels

is an example of a natural phenomenon for which time asymmetry in quan-

tum physics can be directly displayed. As discussed in Section 2.1, this time

asymmetry is addressed in the theory not with the dynamical equations but
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instead by the boundary conditions for these equations. Modern decay exper-

iments performed on single ions allow experimenters to monitor in time the

state of a single ion individually. With a record of a single ion’s state, one has

the flexibility to assemble different experimental ensembles and to compare

experimental results with different theoretical predictions.

In this section we will demonstrate how one can use the data from such

modern decay experiments in two different ways:

1. In Section 2.5.1 we will choose the experimental ensemble such that the

measured result is compared to a time asymmetric prediction.

2. In Section 2.5.2 we will choose the experimental ensemble differently, and

the measured result will instead match a prediction that is symmetric in

time.

Examples of decay experiments with single ions have been performed

in [40, 61, 48, 3, 29, 36, 56, 42, 46, 2]. Detecting the state of the single ion is pos-

sible using Dehmelt’s idea [21] of shelving the single ion on a metastable level

where it cannot participate in a monitored interaction. Experiments of this

kind require an ion with energy levels similar to those shown in Figure 2.1(a),

which is the level diagram for the experiment in [40]. For this experiment,

the excited states, including the metastable state, |m〉, are radiatively coupled

to the same ground state, |g〉, but |m〉 has a transition (decay) rate to |g〉

vastly smaller than the transition rates of the others. The thick lines indicate
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stimulated transitions driven by lasers, and the intensity of the fluorescence

from the transition |e〉 → |g〉 is monitored.

After one prepares the single ion and the monitored |e〉 → |g〉 fluores-

cence appears, one turns on a lamp tuned to the transition shown with a thin

line. Occasionally the lamp drives this transition to the highest excited state,

where the single ion “lives” for a relatively short time (≈ 6 ns) before decaying

by an allowed transition (dotted line) to the metastable level, |m〉. The level

|m〉 has a lifetime of about 30 s.

Because there is only one ion present in the trap, while the ion is

“shelved” at |m〉 it cannot participate in the |e〉 ↔ |g〉 transitions. Only when

it decays from |m〉 to the ground state, |g〉, can it again participate in these

monitored interactions. The duration of the shelf-time spent in the level |m〉

is therefore observed as a dark period in the monitored fluorescence. One

sees repeatedly the sudden onset of a period of no fluorescence followed some

time later by a sudden return of the original fluorescence intensity. This time

history of a single ion is often called a “telegraph signal.”

In Figure 2.1(b) is the result of a Monte Carlo simulation of the observed

signal of alternating light and dark periods in the monitored fluorescence. For

the simulation, the average duration for light periods, τ`, is 40 s. The average

duration for dark periods, τd, is 30 s, and there are four dark periods shown in

Figure 2.1(b). On the horizontal axis of Figure 2.1(b) is the duration between

the time coordinate, t̃, and the moment at t̃0 when the experimenter turned

on the lamp. The coordinate, t̃, is measured by clocks in the laboratory, which
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(a) Energy level diagram for the experi-
ment from [40]. Thick lines show laser-
driven transitions; the thin line is a tran-
sition driven by a lamp; and the dashed
line represents a spontaneous decay into the
metastable level, |m〉. When the ion is ex-
cited by the lamp and then decays to the
level |m〉, it cannot emit the monitored fluo-
rescence until it decays to the ground level.
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(b) Simulation of the telegraph signal,
which reveals if the single ion is in the
metastable state (low fluorescence) or not
in the metastable state (high fluorescence).
The average duration for dark periods, τd,
is 30 s. The average duration for light pe-
riods, τ`, is 40 s. The horizontal axis is the
time coordinate, t̃, measured by clocks in
the laboratory.

Figure 2.1: Energy level diagram and a Monte Carlo simulation of the moni-
tored fluorescence.
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are not coupled to the ion in the trap.

2.5.1 Ensemble for the Time Asymmetric Prediction

In this section we will explain how one assembles an experimental en-

semble such that the measurement results are compared with time asymmetric

predictions. To create this experimental ensemble, one associates the ith en-

semble member with the ith dark period in the telegraph signal. The onset

of the ith dark period indicates that interaction with the radiation from the

lamp has shelved, or prepared, the ion in the metastable state, |m〉. According

to clocks in the laboratory, the ith ensemble member is prepared at the time

coordinate t̃0 + δi. The ion “lives” in the metastable level for the duration of

the length of the dark period,

τi = (t̃0 + δi + τi)− (t̃0 + δi). (2.35)

The return of the monitored fluorescence |e〉 → |g〉 at the later time t̃0+δi+τi

indicates that the single ion is no longer in the level |m〉 but has transitioned

to the ground state, |g〉, and has begun the monitored transition.

Figure 2.1(b) is a picture of four ensemble members, all produced by

manipulating the same ion. This approach is correct because different ensem-

ble members are physically identical at preparation. In other words, there

is no physically meaningful label distinguishing the ith member, prepared at

t̃0 + δi, from the (i+ 1)th member, prepared at t̃0 + δi+1.

One experimentally determines the duration of the ith dark period, τi
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of (2.35), by reading from the time axis in Figure 2.1(b) the length, or dwell

time, of the ith dark period. The result for an experimental ensemble of size

N is an ensemble of N dwell times. In the experiment of [40], there were

N = 203 such dark periods.

The survival probability of an ion in a metastable state, |m〉, is the

probability that, at a given duration in time from when it was initially prepared

to be in |m〉, the ion remains in |m〉 (it has not decayed). From the ensemble

of N dwell times, one determines the experimental survival probability as

a function of the duration in time from when the ion system was initially

prepared. We denote by

n|m〉(t̃− t̃0) = n|m〉(t) ≡ n|m〉(t : τi > t) (2.36)

the number of dwell times of duration longer than t.

One compares the τi to a duration in time, so the t in (2.36) satisfies

t ≥ 0. For n|m〉(t̃ − t̃0) we replace the time argument with the semigroup

parameter, t of (2.19). Phenomenologically, the time, t̃0 + δi, at which the

ith ion is prepared to be in the metastable state always precedes the time,

t̃0 + δi + τi, at which the ion spontaneously returns to the ground state. The

measured τi therefore also satisfy τi ≥ 0, and these exponentially decaying

ions are an example from nature of a time asymmetric system.

Figure 2.2, which was created from the histogram published in [40], is

a plot of the natural logarithm of n|m〉(t) for an ion prepared initially in the
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Figure 2.2: Logarithmic plot of the experimentally determined number of dwell
times of duration greater than the time parameter, t [7]. It is created from
results in [40], but we have not calculated error bars. This is not a survival
probability because it is not normalized. It does, however, demonstrate the
exponential character of decay. The lifetime, τ , of the metastable level, |m〉,
is equal to the negative inverse of the slope of the line overlaid on the data.

metastable level, |m〉.4 The t in (2.36) and in Figure 2.2 is not to be confused

with the horizontal axis of Figure 2.1(b), which is the time coordinate, t̃. When

properly normalized as
n|m〉
N

(t), Figure 2.2 is the experimental survival proba-

bility to be compared (2.27) to the theoretical survival probability, P|m〉
(
ρ(t)

)
.

According to experimental results [40, 29, 36, 56, 42, 46, 2]5, P|m〉
(
ρ(t)

)
has

the exponential (2.16) and time asymmetric form (2.18), which one can derive

from a quantum theory only if one replaces the Hilbert space axiom with the

4Because of the finite number of dwell times measured in the experiment, n|m〉(t) in
Figure 2.2 was only determined for the time parameter in ten-second increments: t =
0, 10, 20, . . . s [40].

5In some experiments, instead of the survival probability, the distribution of dwell times
is measured and found to be exponential. An exponential distribution of dwell times leads
to an exponential survival probability.
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Hardy space axiom (2.9).

2.5.2 Ensemble for the Time Symmetric Prediction

In Section 2.5.1, we assembled an experimental ensemble of ions in the

metastable state, |m〉. To each member was associated a single dark period,

and one can say that Figure 2.1(b) is a picture of four ensemble members. In

this section, from the simulated data we will assemble a different experimental

ensemble that leads to experimental results to be compared to a prediction

that is symmetric in time.

To assemble the new ensemble, for the ith ensemble member we will

choose the preparation time, t̃0 + δi, to be the instant the lamp is turned on

for the ith time. For this ensemble, one associates an entire telegraph signal

to each ensemble member. As seen in the telegraph signals, after the lamp has

turned on and the ion is prepared, every ensemble member undergoes a series

of level changes as the time coordinate of the laboratory, t̃, increases.

With this approach, ensemble members are not always in the metastable

state, |m〉, so in the theory one must represent their state with a superposi-

tion of |g〉, |e〉, |m〉, and the kets representing the other two levels [30, 32, 28].

To describe the experiment in Figure 2.1, the ion is also coupled to the three

radiation fields, which are assumed to have constant intensity.

The lasers coherently drive atomic dynamics, but at the experimental

timescales, one ignores the coherent evolution [32, 18] and describes the system

as a rate process between two levels [20]. Corresponding to a measurement
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basis, the ket |`〉 represents the state of the ion when it is on the right side

of Figure 2.1(a), and the monitored fluorescence is observed. The ket |d〉

represents the state of the ion when it is on the left side Figure 2.1(a), and

the monitored fluorescence is not observed. This means that the ion’s state is

represented by |`〉 during the light periods of the telegraph signal and by |d〉

during the dark periods.

With such a model, one finds [32] that the probability, Pd

(
ρ(t̃ − t̃0)

)
,

to find the ion in a dark period is, in the steady state,

Pd

(
ρ(t̃− t̃0)

)
=

τd
τd + τ`

≡ Pd, (2.37)

where τd and τ` are the average durations of dark periods and light periods, re-

spectively.6 The calculation predicts a transient behavior that depends on the

initial state of the experimental ensemble members at t̃0+δi (see Figure 2.3(a)

below). This transient is an experimental artifact, however, because it can be

removed by choosing the δi randomly. Contrast this with the time asymmetric

prediction in Section 2.5.1, where t̃0 + δi marks the beginning of the ith dark

period, and one cannot randomly choose the δi.

Before the experiments were ever performed, it was apparently not

clear [49, 1] if the time history of a single ion would look like the telegraph sig-

nal of Figure 2.1(b), or if the single ion would continuously emit the monitored

6As done in Section 2.5.1, one ignores the relatively very small lifetime of the excited
state from which the atom decays into |m〉, so that τd = τ , the lifetime of the metastable
level. The lifetime of the light periods, τ`, is a function of various things such as the lamp
intensity.
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fluorescence at a reduced rate, as suggested by (2.37).

After measuring a different telegraph signal for each of the N ensemble

members, one makes the following comparison (2.27) between experiment and

theory:

nd(t̃− t̃0)

N
?
= Pd =

τd
τd + τ`

, (2.38)

where nd(t̃ − t̃0)/N is the fraction of experimental ensemble members found

at the duration t̃ − t̃0 to be in the dark state. In Figure 2.3(a) is a plot of

n
d
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−
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N
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(a) Comparison to the theoretical expecta-
tion (2.38) for N = 5000 ensemble members.
Each ensemble member has a time history
similar to the telegraph signal shown in Fig-
ure 2.1(b).
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(b) Second order correlation for the Monte
Carlo simulation of N = 5000 ensemble
members. The dots are g2(T ), and the solid
line is the function 1− e−T/τd e−T/τ` , which
is the theoretical expectation (2.42).

Figure 2.3: Results of a Monte Carlo simulation of the single ion system,
showing how data is analyzed when the single ion is modeled as a superposition
of energy levels in the time coordinate, t̃, of the laboratory.

the counting ratio, nd(t̃ − t̃0)/N , divided by the theoretical expectation, Pd.

For nd(t̃ − t̃0)/N we averaged over the computed results of a Monte Carlo

simulation of N = 5000 ensemble members, where each ensemble member
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has a telegraph signal such as the one in Figure 2.1(b). Again τd = 30 s and

τ` = 40 s.

Note the transient exponential behavior beginning at t̃ − t̃0 = 0 in

Figure 2.3(a). As mentioned above, this feature appears because we have

chosen to prepare all ensemble members in the light state, |`〉, at every t̃0+ δi.

Our choice to associate t̃0+δi with the “lamp on” moment has broken the time

translation invariance implied by the theoretical prediction (2.37). The shape

of the transient is related to the photon anti-bunching phenomenon discussed

below.

When the the single ion is modeled in the time symmetric theory as

a function of the time coordinate of the laboratory, t̃, other than the experi-

mental transient the model predicts no dynamical behavior for the occupation

probability of the dark state, Pd. To characterize the jumping from level to

level, as shown in Figure 2.1(b), instead of quantum mechanics one has used

the statistics of stochastic processes [20, 32, 49, 18]. Typically measured is the

distribution of dark (and sometimes light) periods [40, 29, 36, 56, 42, 46, 2].

As discussed in Section 2.5.1, the dark periods are exponentially distributed.

The intermittent jumping from the light state, |`〉, to the dark state, |d〉, is

an example of a Poisson process, so the durations of the light periods are

exponentially distributed as well.

Also of interest is the second order intensity correlation function [2, 3],

g2(T ) =
〈n(t̃)n(t̃+ T )〉

〈n〉〈n〉
, (2.39)
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where n(t̃) denotes the number of photons emitted during the |m〉 → |g〉 decay

that are detected at t̃. One initializes n(t̃) to coincide with the arrival of a

photon of interest, so n(t̃) = 1.

In Figure 2.3(b) is a plot of g2(T ) calculated from the Monte Carlo re-

sults for N = 5000 ensemble members. The second order correlation, g2(T ), is

zero at T = 0, which is a signature of the phenomenon of photon anti-bunching.

The interpretation is that a photon from the |m〉 → |g〉 decay cannot be fol-

lowed immediately by another photon from the same decay, because the first

photon signals that the ion is in the ground state. It takes a finite time for

the lamp to re-excite the ion to the metastable level, from which it can again

decay. This is a quantum mechanical effect, and it also explains the transient

behavior at t̃− t̃0 = 0 in Figure 2.3(a).

With the understanding of the anti-bunching phenomenon for a single

ion, one can use classical statistics to calculate the theoretical expectation for

g2(T ). After the first decay photon arrives at t̃, one must wait for two expo-

nentially distributed events to occur: the ion is re-excited to the metastable

level, |m〉, and then it spontaneously decays. Averaged over many ensemble

members, this is equivalent to exponential decay via two processes with differ-

ent decay rates, 1/τd and 1/τ`. The rate equation for the survival probability,

p(T ), is

dp(T )

dT
= −

(
1

τd
+

1

τ`

)
p(T ), (2.40)
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and with p(0) = 1 the solution is

p(T ) = e−T/τd e−T/τ` . (2.41)

Then g2(T ) is simply 1− p(T ), or

g2(T ) = 1− e−T/τd e−T/τ` . (2.42)

The solid line in Figure 2.3(b) is the function from (2.42). This theoretical

expectation for g2(T ) has also been verified experimentally [2].

Interestingly, for the same experiment, the time asymmetric theory can

lead to predictions different from those made using time symmetric boundary

conditions. Though the predictions are different, both predictions are verified

by experimental results, because one chooses for the time asymmetric theory

an experimental ensemble different from the ensemble corresponding to the

time symmetric prediction.
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Chapter 3

Open Systems and Multiple Quantum

Environments

In Chapter 2, we introduced the time asymmetric theory, and we con-

sidered its application to closed quantum systems. We also distinguished time

asymmetry from quantum mechanical irreversibility, which affects only open

quantum systems [11]. In this chapter we will discuss the treatment of open

quantum systems within the time asymmetric theory and thereby study the

connection between time asymmetry and quantum mechanical irreversibility.

We will show that the quantum mechanical states of open systems do

not have the discrete time translational symmetry (2.33), which is required

for the comparison between theory and experiment (2.27). The reason is that

open systems suffer interference from uncontrolled environmental systems, and

one cannot ensure that all members of the experimental ensemble suffer envi-

ronmental interference identically. To treat the possibility that they do not,

we develop a framework in which a single experiment suffers environmental

interference from multiple quantum mechanical systems.
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3.1 Time Asymmetry and Reduced Dynamics

One cannot perfectly isolate experimental systems, and actual measure-

ments reveal the effects of uncontrolled environmental interference. Quantum

mechanical systems are called open systems if they suffer interference from

their environment. One treats open systems using a reduced dynamics, in

which one models also the quantum state of an environmental system, and

before calculating Born probabilities traces over the environmental degrees of

freedom. With a reduced dynamics, one can predict the experimental signa-

tures of irreversibility, such as decoherence, dephasing, and entropy increase.

Though an arrow of time for time asymmetric quantum theory is independent

of irreversibility, one can ask if the framework of a reduced dynamics makes

sense within the time asymmetric theory [13].

Let us begin with a sketch of the reduced dynamics framework. For

details, see [11]. Let ρS represent the state of the system of interest, S, and ρE

represent the state of the uncontrolled environment, E. When the state of the

experimental system, S, is initially prepared, one assumes that it is sufficiently

isolated from E to write the density operator of the combined system, S ⊗E,

as an outer product, ρS ⊗ ρE. The time evolution operator, U(t), acts in the

combined space, S ⊗ E, and is a function of the total Hamiltonian operator,

which contains terms for the interaction of S with E.

For a reduced dynamics in a time asymmetric theory, the time evolution
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of ρS is given in terms of the semigroup parameter, t ∈ [0,∞), by

ρS(t) = TrE
(
U(t) ρS ⊗ ρE U

†(t)
)
. (3.1)

Here TrE denotes the trace over the environmental degrees of freedom. The

trace is necessary because for t > 0, one generally cannot factor the density

operator as ρS(t) ⊗ ρE(t). After calculating ρS(t) (3.1), one calculates (2.26)

the Born probability, PΛ

(
ρS(t)

)
, for the system of interest, S.

In a theory that is symmetric in time, one writes the time evolution as

a function of the time coordinate, t̃ ∈ (−∞,∞):

ρS(t̃− t̃0) = TrE
(
U(t̃− t̃0) ρS(t̃0)⊗ ρE(t̃0)U

†(t̃− t̃0)
)
. (3.2)

The Born probability in terms of t̃ is then PΛ

(
ρS(t̃− t̃0)

)
.

As we did in Section 2.4, let us consider the action of the time trans-

lation operator, Tδ, on the density operators for open systems. One still has

the discrete time translational symmetry (2.25) for counting ratios, so the

Born probabilities must exhibit the same discrete translational symmetry in

the time coordinate, t̃, of the laboratory.

For a time asymmetric theory, the theoretical analogue to the experi-

mental requirement for repeatability (2.25) is again satisfied:

TδPΛ

(
ρS(t)

)
→ PΛ

(
ρS(t)

)
. (3.3)

Before judging if one can meet the requirement of (3.3) in an experiment, let

us look at the action of Tδ on PΛ

(
ρS(t̃)

)
. In a theory symmetric in time, for
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general Λ one again requires

PΛ

(
ρS(t̃)

)
= PΛ

(
ρS(t̃+ δ)

)
, (3.4)

where the TrE from (3.2) is performed after the application of any time evolu-

tion operator, U(t̃− t̃0) or U(δ). To satisfy (3.4) and have the required discrete

translational symmetry, one must again assume at preparation

ρS(t̃0)⊗ ρE(t̃0) = ρS(t̃0 + δi)⊗ ρE(t̃0 + δi), (3.5)

where i = 1, 2, . . . N , and N is the size of the experimental ensemble.

Equation (3.5) is two separate requirements:

ρS(t̃0) = ρS(t̃0 + δi), ∀i, (3.6)

ρE(t̃0) = ρE(t̃0 + δi), ∀i. (3.7)

As discussed above, to meet the repeatability criterion for experimental re-

sults (2.34), experimenters prepare every ensemble member to be in an iden-

tical state at the ensemble of preparation times, t̃0 + δi. While experimenters

actively enforce (3.6), they have no control over the uncontrolled environment,

E, and its state, ρE(t̃). Therefore, (3.7) and thus (3.5) generally cannot be

satisfied.1

1The analogous statement in the time asymmetric theory is that the state of the un-
controlled environment must always be described by the same density operator, ρE(0),
whenever experimental ensemble members are prepared.
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3.2 Multiple Quantum Environments for a Single Ex-
periment

If (3.5) cannot be exactly satisfied, there are two ways to proceed.

Either one must restrict the available types of environmental dynamics, or one

must to some degree relax the assumption that measurements are repeatable.

For open systems, one has typically chosen the former option. Instead of

satisfying (3.5) exactly, one assumes that any difference between ρE(t̃0) and

ρE(t̃0 + δi) is negligible for all i, as would be the case when E is a reservoir,

or is negligible in the aggregate.

Ultimately, the division of a system into S and E is arbitrary, and to

be general we prefer a theory without restrictions on environmental systems.

We will therefore study how one must treat the members of the experimental

ensemble when measurements are not assumed perfectly repeatable.2 In the

rest of this chapter, we develop a framework in which one calculates ρS(t̃) but

allows for the environment at preparation

ρE(t̃0) 6= ρE(t̃0 + δi), ∀i, (3.8)

and after preparation,

ρE(t̃) 6= ρE(t̃+ δi), ∀i. (3.9)

We will require multiple quantum environments to treat the possibility

2This is not a new idea. One often assumes while analyzing data that any deviation
from (2.34) can be explained and corrected. In the present study, however, we will in-
stead treat these deviations as an additional type of quantum mechanical, environmental
interference.
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that different ensemble members suffer interference from different environmen-

tal systems or from different uncontrolled fluctuations in the same environmen-

tal system.

3.2.1 Combining Environments

To incorporate multiple quantum environments, we begin simply by

adding an index to label the different E. From (3.8) one may be tempted to

move the index i from δi to the density operator, resulting in ρEi
. The index

i, i = 1, 2, . . . N , labels the different ensemble members, so to the ith ensem-

ble member would be associated ρEi
. As discussed in Section 2.3, however,

quantum mechanical theories cannot depend on N . In a quantum mechanical

treatment of environmental interference, one cannot have ρEi
.

Note that, despite superficial similarities (see Appendix B), we cannot

gain any insight from the theory of Quantum Trajectories [44]. In the theory

of Quantum Trajectories, one recreates the stochastically evolving histories of

individual ensemble members, such as the telegraph signal of Figure 2.1(b). In

this way, different ensemble members have different histories, or trajectories,

which may seem similar to our approach. Though the physical significance of

individual trajectories is a matter of debate [60], in our notation one would

label different trajectories with i, resulting again in an unphysical theory.

Instead, we will introduce a new index, m = 1, 2, . . . ,M , counting the

number of different states of environmental systems one needs when modeling

an experiment. We must label different states because we will treat not only
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different environmental systems but also fluctuations, which are different states

within the same environmental system. Of course, different states require

different density operators. In Section 3.3, we will discuss in more detail the

spaces in which different environmental systems are defined.

In practice, the result is then M uncontrolled environments, Em. We

must also determine how one counts different environments. If one can write

as a superposition the states of two sources of interference, then it is natural

that those two sources are in actuality part of the same quantum environment.

We will therefore define the environments such that their states are combined

as statistical mixtures. The state of the environment Em is thus represented

by ρEm and is independent of the states of all other environments.

With this definition of an environment, such that all Em are indepen-

dent, we note that combining environments is similar to combining experi-

mental results. Consider the situation where one performs an experiment to

detect in a quantum system the observable λ at a duration t after prepara-

tion. Assume that there were N1 measurements, resulting in the counting ratio

(nλ)1
N1

(t). Then assume that the same experiment was repeated with a differ-

ent apparatus, resulting in the counting ratio (nλ)2
N2

(t). Ignoring experimental

uncertainties and detector inefficiencies, one combines the results very simply:

N1

N1 +N2

(nλ)1
N1

(t) +
N2

N1 +N2

(nλ)2
N2

(t) =
(nλ)1 + (nλ)2
N1 +N2

(t). (3.10)

Using the correspondence between theory and experiment (2.27), we write for
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the theory

N1

N1 +N2

PΛ

(
ρ1(t)

)
+

N2

N1 +N2

PΛ

(
ρ2(t)

)
. (3.11)

Note that, if (3.11) is to be a purely theoretical expression, it is not physical

because it depends on N1 and N2. For an idealized, closed system, however,

PΛ

(
ρ1(t)

)
= PΛ

(
ρ2(t)

)
≡ PΛ

(
ρ(t)

)
, (3.12)

and (3.11) reduces to

N1

N1 +N2

PΛ

(
ρ(t)

)
+

N2

N1 +N2

PΛ

(
ρ(t)

)
= PΛ

(
ρ(t)

)
. (3.13)

Because the experimental equipment is different for the two counting

ratios, for open systems one cannot assume the equivalence in (3.12). One

cannot have (3.11) because it depends on N1 and N2. The only option for

a physically allowable, theoretical description of the combination of the two

experiments is then

a1 PΛ

(
ρ1(t)

)
+ a2PΛ

(
ρ2(t)

)
. (3.14)

Comparing (3.14) with (3.11), a1 and a2 are real, positive, and satisfy a1+a2 =

1. Instead of the number of experimental ensemble members, one can only

address the relative sizes of the different subsets of the experimental ensemble.

This is intuitive because, in an actual experiment, interference is uncontrolled

and not directly observed. One cannot know the sizes of subsets, Ni, and our

analogy with the combination of experiments is no longer valid.

From (3.14) it is straightforward to deduce a generalization to M envi-

ronmental systems. The state of the ensemble members suffering interference
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from the environmental system Em must be represented by ρm. One must

also label the time evolution operator, Um(t), acting in the combined space,

S⊗Em, so that the time evolution of the composite of system and environment

is

Um(t) ρm ⊗ ρEm U
†
m(t). (3.15)

For a measurement performed at the duration t, the states of the ensemble

members are represented by the density operators

ρm(t) = TrEm

(
Um(t) ρm ⊗ ρEm U

†
m(t)

)
, (3.16)

where TrEm denotes a partial trace over the degrees of freedom of the mth

environmental system, Em, as in (3.1). This is the typical reduced dynamics

for open systems [11] described in Section 3.1, but we have added the index m

to label the dynamics corresponding to the different environmental systems.

The density operator, ρ(t), to be used in comparison with experimental

data (2.27) is then

ρ(t) =
M∑

m=0

am ρm(t). (3.17)

Generalizing from (3.14), the real coefficients am satisfy

am ≥ 0 and
M∑

m=0

am = 1. (3.18)

These are convexity requirements and ensure that the left hand side of (3.17)

is a valid density operator.
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3.2.2 Interference Events

One needs the density operator in (3.17) because an experimenter can-

not control the state of the uncontrolled environment when the ensemble mem-

bers are prepared at the times, t̃0 + δi (3.5). To be general, one must also

consider the inconsistency of the uncontrolled environments at all times, t̃,

during the experiment.

For example, consider the single ion experiment described in Section 2.5.2

and [40]. Imagine that for the ith ensemble member, one does not activate

the lamp at the time t̃0 + δi, and instead leaves the lamp off. As a result, the

lasers coherently drive the transitions in Figure 3.1(a), and the ion will not

get shelved in the metastable state, |m〉. The monitored fluorescence level will

therefore remain roughly constant.

Let S be this experimental system when the lamp is off. The density

operator for the ith ensemble member is ρS(t̃). The monitored fluorescence

level for such a system can be seen at the beginning of the telegraph signal

published in [40], for which the “lamp-on” moment is marked in the data. It

is indeed roughly constant, and without dark periods.

If one then activates the lamp at the time t̃ = t̃0 + δi + δlamp, the dark

periods begin to appear in the monitored fluorescence of the ith ensemble mem-

ber. If one activates the lamp for every member, there is a decrease in the

level of monitored fluorescence, as suggested by the calculation of Pd (2.37).

One cannot describe this experimental behavior using the system S from Fig-
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|g〉

|e〉

monitored

fluorescence

(a) Energy level diagram for the system
S. Thick lines show laser-driven transitions.
The lamp is off.

|g〉

|m〉

|e〉

monitored

fluorescence

(b) Energy level diagram for the system
S ⊗ Elamp. The lamp is on, and it drives
the transition marked by the thin line. The
dashed line represents a spontaneous decay
into the metastable level, |m〉.

Figure 3.1: Schematics of the system before and after the interference event
caused by the lamp turning on.

ure 3.1(a). Instead, one requires a new system, S ⊗ Elamp, which includes the

old system, S, as well as two more energy levels and the radiation from the

lamp. The schematic of system S⊗Elamp is shown in Figure 3.1(b). One needs

a new space of states, a new Hamiltonian, and a new algebra of observables.

One also needs a new density operator, ρS⊗Elamp
(t̃), because the state of the

ith ensemble member can no longer be represented by ρS(t̃).

In this example, the environmental system is controlled by an experi-

menter with access to the lamp, but a physical theory should not distinguish

controlled interference from uncontrolled interference. A general framework

should describe all observable phenomena, and what one calls S or E is ulti-

mately arbitrary. We will use the term interference event to describe such
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a change in the state of experimental ensemble members.

Physically, interference events are simply events in which, because of the

presence of the environment, the ensemble members are prepared passively to

be in a different state.3 Interference events could describe something as simple

as a loss of homogeneity of a magnetic field. Another possibility is the actual

passive measurement of an observable in the state of an ensemble member.

In the context of decoherence, Leggett has called this passive measurement

process “garbling” [33].4

We need a framework that can treat not only multiple quantum envi-

ronments present from preparation, as in (3.17), but also interference events.

To begin, let us write the density operator, ρ(t̃), for our example of changing

the system from S to S ⊗ Elamp by activating the lamp a duration δlamp from

the preparation of only a subset of ensemble members:

ρ(t̃) =

{
ρS(t̃) t̃0 + δi ≤ t̃ < t̃0 + δi + δlamp

a0 ρS(t̃) +̈ a1 ρS⊗Elamp
(t̃) t̃0 + δi + δlamp ≤ t̃.

(3.19)

Again, the real coefficients ai are non-negative and satisfy a0 + a1 = 1. In the

second line of (3.19), ρS(t̃) and ρS⊗Elamp
(t̃) cannot be added because they are

3This also happens to closed systems. The time evolution of closed systems is only
generally valid between the preparation of ensemble members and the active registration of
observables by a measurement apparatus. After registration, ensemble members are often
left in a state that is not represented within the theoretical representation of the system of
interest. For examples, see Section 2.5.1 or Section 5.1.

4Dirac has described the act of measurement as causing “a jump in the state of the
dynamical system” [24]. While other interpretations exist, in active measurements ensemble
members are never observed to be in superpositions. If nature does not distinguish between
active and passive measurements (garbling), it is precisely this “jump in the state” that
requires a new density operator.
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defined in different spaces. We introduce the symbol +̈ to indicate addition

that is desired phenomenologically but prohibited mathematically. We will

discuss how to define the operation +̈ mathematically in Section 3.3.

Let us now generalize (3.19). Again let t̃ ∈ (−∞,∞) represent time

coordinates and t ∈ [0,∞) represent durations. For notational simplicity, we

will no longer use the δi explicitly to note preparation times. We imagine the

following sequence of events:

1. A physicist actively prepares the initial state of all experimental ensemble

members such that they are represented by a density operator labeled

ρ0(t). At a fixed duration, t∗1, there occurs an interference event that,

by definition, cannot be described by the closed-system dynamics. If we

ignore for now any finite duration of the event and any other source of

environmental interference, then before the interference event (0 ≤ t <

t∗1) all ensemble members are represented by ρ0(t).

2. At t = t∗1 the interference event affects some subset of the experimental

ensemble. Because the closed-system dynamics cannot describe the in-

terference, the affected members can no longer be represented by ρ0(t).

Thus, to represent the state of the affected subset, one requires a new

density operator: ρ1(t − t∗1). The unaffected members will continue to

be in a state represented by ρ0(t).

3. If there is another interference event occurring at a duration t∗2, then

another density operator, ρ2(t− t∗2), will be required.
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The density operator as a function of the time coordinate of the labo-

ratory, ρ(t̃− t̃0), will thus exhibit a branching behavior as time progresses:

ρ(t̃− t̃0) =


ρ0(t0) 0 ≤ t̃− t̃0 < t∗1
a0 ρ0(t0) +̈ a1 ρ1(t1) t∗1 ≤ t̃− t̃0 < t∗2
a0 ρ0(t0) +̈ a1 ρ1(t1) +̈ a2 ρ2(t2) t∗2 ≤ t̃− t̃0.

(3.20)

If there is a sequence of such events, say at t∗j , then the number of branches

will grow with t̃ − t̃0. The density operators on the right hand side, ρj, are

written in terms of the durations, tj, measured from the events at which the

branches became necessary. The time coordinate on the left hand side, t̃, is

therefore related to the tj by

tj = (t̃− t̃0)− t∗j ≥ 0. (3.21)

The density operator on the left hand side of (3.20) is a function of

the time coordinates, t̃ − t̃0. Its characteristics would therefore be deduced

via (2.27) from the results of measurements performed in the coordinate time

of the laboratory. One does not calculate it directly from theory. Instead, one

calculates from quantum theory the ρj(tj) on the right hand side of (3.20).

Note that branching does not occur for the calculated density operators

on the right, that are functions of the durations, tj. Nothing new has been

introduced to standard quantum mechanics, and we have not assumed any

new microphysical phenomena.5 In the absence of environmental interference,

5Even if the interference event is a passive measurement (garbling), the state vector
collapse or wave function collapse [54] mechanism cannot describe the branching process
because it changes the density operator in (3.20) in ways that depend on the ensemble size,
N .
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these approaches reduce to the theory for closed systems. In the limit that

all members suffer external interference identically, one traces over the envi-

ronment and is left with the typical formalism for open systems. All we have

done differently is apply the standard theory to open systems in such a way

that one can address different ensemble members suffering environmental in-

terference differently. Because the calculated ρj do not branch one should not

read (3.20) to mean that the density operator undergoes a particular, dynam-

ical change. Rather, this expression means that subsets of ensemble members

suffer differently and therefore require different density operators to represent

their states.

For actual models, of course, one must deduce the nature of environ-

mental interference. Two examples of this are found in the models of Sec-

tions 5.1 and 5.2.

3.3 The Branching Process

To represent the possibility that between t̃ and t̃+∆t̃ and before active

measurement, some subset of the experimental ensemble suffers interference

and afterward must be described by a new density operator, ρ1, let us write

ρ0(t̃) −→ a0 ρ0(t̃+∆t̃) +̈ a1 ρ1(t̃+∆t̃). (3.22)

This corresponds to moving from the first line to the second line on the right

hand side of (3.20). For illustration, we have written (3.22) in terms of coor-

dinate time, t̃, which is continuous throughout the branching.
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As discussed above, we use the symbol +̈ in (3.22) because the expres-

sion is not mathematically well defined. The operator ρj is constructed from

vectors in the space Φj. In Φj is defined the operator algebra representing

the system’s dynamics following one particular type of environmental interfer-

ence, which generally will not be defined in the space of the system of interest.

The dynamics of environmental interference is uncontrolled and may be un-

known. In general, Φj 6= Φk 6=j, and one cannot perform the sum in (3.22).

Instead, (3.22) is a phenomenological statement that is required because one

can neither perfectly isolate experimental systems nor ensure that all ensemble

members suffer interference identically.

While (3.22) might not make mathematical sense, it will have a sensible

physical interpretation if the calculated probabilities are real numbers between

0 and 1. The corresponding expression for the Born probability is

Tr
(
Λ0ρ0(t̃)

)
−→ a0 Tr

(
Λ0ρ0(t̃+∆t̃)

)
+ a1 Tr

(
Λ1ρ1(t̃+∆t̃)

)
. (3.23)

In (3.23) one can replace +̈ with + because Born probabilities are numbers

and can be added. To calculate Born probabilities one must decide how the

operators Λj or ρj might be extended or limited to other spaces such that this

requirement is fulfilled. For the remainder of this study, we will assume that

this can be done.6 The +̈ sign will remind us that it must be done before an

equation has any meaning.

6One possibility of interest is that Λj is the zero operator in Φj . In the beam splitter
application of Section 5.1 we will demonstrate that this corresponds to inefficiencies in
measurement or to dissipative effects.
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Until now we have ignored any dynamics hidden by the arrow in (3.22).

If a physical process occurs, such as passive measurement (garbling), then one

must understand the timescale of the interference process. If the timescale

associated with the interference event, ∆t̃ in (3.22), is very small compared to

the dynamical timescales of the experiment, then one can safely ignore it. If

it is not, then in models one must include interference dynamics along with

the regular system dynamics.

3.4 Partitioning and Indistinguishability

Finally, let us consider the weights, aj, in (3.17) and (3.20). The aj

express the relative sizes of the ensemble’s different subsets, which are in states

represented by the different ρj. To determine the relative sizes of these subsets,

one must partition an ensemble of arbitrary size, N .

To complicate matters, there is a kinematic requirement that affects

partitioning by limiting one’s knowledge of which members suffer interference

from which environments. To find the space of states for N simultaneously

present ensemble members, one begins with the direct product of the N spaces,

Φtotal = Φ1 ⊗ Φ2 ⊗ · · ·ΦN , where Φi is the space of states of the ith ensemble

member. But only a subspace of this direct product space contains physical

states. Physical states of the N ensemble members can only be represented

by the one-dimensional subspaces, Λ, of Φtotal that satisfy

Λ = PΛP†, (3.24)
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where P is an operator from a unitary representation of the permutation group

of order (N !). Physically, (3.24) means that different ensemble members are

indistinguishable, and it limits the number of physical partitions allowed.

Because physical theories cannot depend on the ensemble size, N , one

cannot explicitly address the kinematical requirements (3.24) of indistinguisha-

bility when partitioning the ensemble to determine the aj. In Chapter 5 we

will deduce a way to handle this complication. For now we simply note that

some members of the experimental ensemble are indistinguishable and cannot

be given physically meaningful labels.

Furthermore, even if the non-interacting ensemble members are suffi-

ciently spaced that particle statistics can be ignored, when an external sys-

tem cannot distinguish them, interactions still must respect a permutation

symmetry. It is this condition that leads to the well-known phenomenon of

super-radiance [23]. This phenomenon has previously been investigated in the

context of open systems [31] and called collective decoherence, in which a bath

(environment) cannot distinguish between N qubits. Here we have generalized

to allow multiple baths, and we will attempt to treat the case that N varies

and is not known.

We conclude with a set of restrictions on partitioning:

1. ρ represents the state of an arbitrary number, N , of ensemble members

(see Section 2.3).

2. Subsets are therefore also of arbitrary size.
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3. One cannot explicitly address the number of ensemble members simul-

taneously affected by a single, uncontrolled environment.

4. One cannot give individual ensemble members a physically meaningful

label.

These restrictions seem to prevent one from avoiding partitioning by defining

within a standard reduced dynamics any single, “effective” environment or any

interaction operator that dynamically mimics the kinematic effects of indis-

tinguishability for the average ensemble member. In Chapter 5, we will treat

two different physical systems using the framework developed in this chapter.

To isolate the effects of the kinematics of indistinguishability, in Section 5.1

we create a model with trivial dynamics, and in Section 5.2 we create a model

with simple dynamics.

3.5 Branching Operator

To characterize different types of branching, let us introduce the branch-

ing operator, Bk,ν
j , which acts on density operators and returns the initial

operator and an operator representing a new branch, as in (3.22):

Bk,ν
j=1ρ0 −→ a0 ρ0 +̈ a1 ρ1. (3.25)

The indices j and k label the different spaces one uses when modeling a branch-

ing event. The index j labels the system of interest corresponding to the new

branch. The system’s density operators, ρj, are constructed from vectors in
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the space Φj, so j also labels the space Φ as well as the algebra of observables

characterizing the dynamics of the system. Similarly, the index k labels for

the new branch the environmental systems. We have included the third index,

ν, to label distinguishable ensemble members when allowed. Here we are only

interested in treating indistinguishable ensemble members, so we will drop ν.

The upper and lower locations of the indices is for clarity only and has no

significance.

In many cases, one may not need both k and j. For example:

• Bk
j → Bj. A branching operator without the upper index corresponds

to branching induced always by the same environmental system, though

it may be in different states. Physically, this can represent fluctuations

within a single environmental system.

• Bk
j → Bk. A branching operator without the lower index corresponds

to the case when the experimental ensemble members are always in a

state defined in the same space. Physically, this corresponds to lossless

systems.

• Bk
j → B. If the branching operator has no indices, throughout the

branching process both the environmental system and the system of

interest remain the same for all ensemble members. This is the case

for environmental fluctuations that leave ensemble members in the same

system. A possible result is pure mixing.
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In the beam splitter example of Section 5.1, with trivial dynamics, the

branching operator is Bj. In the application to Rabi oscillations of Section 5.2,

the dynamics is more difficult. To keep the model as simple as possible, we

assume branching described by B.

Bk,ν
j characterizes the kinematics of a branching event. For physical

reasons listed above, the branching operator cannot depend on the ensemble

size, N . We are also only interested in Bk
j , which does not carry an index

to label indistinguishable ensemble members. Without labels for ensemble

members, the inverse of Bk
j cannot represent a physical change, because one

cannot know upon which ensemble members to act to reverse the branching.

To remain general, we will not deduce the allowable dynamical processes to

be effected by Bk
j . One can imagine completely unitary dynamics or some

discontinuous process for garbling models. The physical process corresponding

to measurement is simply not understood at this time, so we will not discuss

it further.
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Chapter 4

Branching Density Operators and Entropy

Increase

The time asymmetry described in Section 2.1 is an asymmetry in the

time evolution parameters, 0 ≤ t < ∞. It exists even for idealized, closed

quantum mechanical systems. Quantum mechanical irreversibility does not

appear for closed systems but rather manifests as a preferred direction in the

dynamics of open systems. One signature of the irreversibility measured for

quantum systems is the increase in time of a system’s calculated entropy.

In this section we will use entropy to study how time asymmetry and the

branching operators, Bk
j , relate to irreversibility.

4.1 Entropy Increases in Coordinate Time

Entropy is not an observable, and it is not represented by a Hermitian

operator acting in the space of states, Φ. Rather than measuring entropy, one

calculates it from a system’s density operator:

S
(
ρ(t)

)
≡ −Tr

(
ρ(t) ln ρ(t)

)
, (4.1)

where we have set Boltzmann’s constant, kB, equal to 1. For idealized, closed

systems, the time evolution of ρ(t) is unitary (2.28), and the system’s entropy
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calculated from (4.1) is constant in time. Actual experimental systems cannot

be perfectly isolated, however, and measurements reveal that the calculated

entropy always increases in time. This increase seen in experiments is usually

considered to be the signature of a quantum mechanical arrow of time.

Because entropy is not directly observed, entropy increase can only be

inferred from measurements by using (2.27) to deduce the state of an experi-

mental system and thereby the density operator, ρ(t̃− t̃0), used in (4.1). One

can therefore verify experimentally the increase with t̃ − t̃0 of S
(
ρ(t̃ − t̃0)

)
.

Because measurements are made in the coordinate time of the laboratory,

one cannot make a similar verification for S
(
ρ(t)

)
. In other words, entropy

increases with the time coordinate, t̃, which marks time on clocks, and not

necessarily with the time evolution parameter, t (see Section 2.1). This is

another important, physical difference between the time coordinate, t̃, of the

group (2.6) and the time duration represented by the parameter, t, of the

semigroup (2.19).

For an idealized, closed system, t̃ − t̃0 ⇒ t, and ρ(t̃ − t̃0) = ρ(t).

As stated above, entropy for closed systems remains constant in time, which

cannot be experimentally verified but which satisfies our intuition.

4.2 How Branching Affects Entropy

Branching, described by the different Bk
j , affects the entropy (4.1) cal-

culated for quantum mechanical systems. Recall that the branching does not

reflect any sort of dynamical change in a density operator. It is merely how one
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represents the possibility that different members of the experimental ensemble

may suffer environmental interference differently.

4.2.1 Constant System of Interest

When the branching operator has the form Bk or B, members of the

experimental ensemble remain for the entirety of the experiment in the same

system, and the density operators for all branches, ρj, are all constructed from

vectors in the same space. In that case, to study the change in entropy during

a branch, we can use the strict concavity [11] of the entropy functional (4.1),

S
(∑

j

aj ρj

)
≥

∑
j

aj S
(
ρj
)
, (4.2)

where equality holds if and only if all ρj for aj 6= 0 are equal. Though all ρj are

defined in the same space, we have retained the index j simply to distinguish

the initial density operator, ρ1, from all additional branches. We have removed

the time argument for clarity.

For entropy to increase or remain constant over the appearance of a

single branch or the appearance of any number of branches, then the entropy

must satisfy

S
(∑

j

aj ρj

)
= S

(
a1 ρ1 +

∑
j 6=1

aj ρj

)
≥ S

(
ρ1
)
. (4.3)

Here we use + rather than +̈ because density operators are defined in the

same space and can be added. Using (4.2) to rewrite the condition in (4.3),

S
(
a1 ρ1 +

∑
j 6=1

aj ρj

)
≥ a1 S

(
ρ1
)
+
∑
j 6=1

aj S
(
ρj
)
≥ S

(
ρ1
)
, (4.4)
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and rearranging the inequality on the right, the requirement is

∑
j 6=1

aj S
(
ρj
)

≥ (1− a1)S
(
ρ1
)
=

(∑
j 6=1

aj

)
S
(
ρ1
)

∑
j 6=1

aj S
(
ρj
)

≥
∑
j 6=1

aj S
(
ρ1
)
. (4.5)

If the branching operator is Bk or B and one starts with a density oper-

ator ρ1, upon the appearance of a single branch or of any number of branches

labeled by j, entropy increases (or remains constant for trivial branching) if

for all j

S
(
ρ1
)
≤ S

(
ρj
)
. (4.6)

If (4.6) is true, then a branch or a sequence of branches will result in an increase

in entropy. If an interference event is a fair measurement, or projection into

any one-dimensional subspace of Φ (see Section 5.2.2), then (4.6) will be satis-

fied. That is because, with a fair measurement, one cannot prepare from any

state another state with smaller entropy without some sort of post-selection of

ensemble members, which is a chosen redefinition of the experimental ensemble

and therefore cannot correspond to anything physical.

One can also imagine special environments that act like filters and favor

the preparation of certain states of the system. In that case, (4.6) need not

be satisfied, and a detailed calculation is needed to determine the change in

entropy.
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4.2.2 Varying the System of Interest

One can also have a branching operator of the form Bk
j or Bj, in which

case the system of interest is different for different subsets of ensemble mem-

bers. Because the different branches are composed of density operators, ρj,

that are not all defined in the same space, one cannot proceed as before using

the strict concavity property (4.2).1 In fact, changing the system of interest

upon the action of Bk
j or Bj is effectively a redefinition of the system, and

one should not expect to draw physically meaningful conclusions regarding

entropy.

As a simple example, consider the Rabi oscillation system described

in Section 5.2. Assume that the ensemble members are prepared in a mixed

state, so that S
(
ρ1
)
> 0. Eventually the laser causing stimulated emission

and absorption is turned off, and all members thereby suffer from a branching

effected by B2, where the second system is a two-level atom with no radiation

field:

B2 ρ1 → a1 ρ1 +̈ a2 ρ2, with a1 = 0 and a2 = 1. (4.7)

After enough time, nearly all of the ensemble members, which are all described

by ρ2, will be in the ground state, and one can have S
(
ρ1
)
> S

(
ρ2
)
. By turning

off the laser, the ensemble members will have gone from a mixed state to a

nearly pure state.

1One option is to try to expand the spaces, Φj , in which the different ρj are defined,
such that they are all defined in one large space. One does not have the same algebra of
observables describing the different systems’ dynamics, however, so while (4.5) still holds,
one cannot assume that (4.6) is true.
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In conclusion, one cannot and should not expect to draw a general con-

clusion regarding entropy following the branching caused by Bk
j or Bj. Fur-

thermore, because of the +̈ in (4.7), the entropy in (4.1) is not well defined.

4.3 Indistinguishability Leads to an Arrow of Time

To determine if the branching of density operators can indicate an arrow

of time, we study the reversibility of the increase of entropy caused by a single,

non-trivial branching. Take the simple example of a temporary fluctuation in

the environmental system affecting only a subset of ensemble members. After

the fluctuation, the ensemble members remain in the physical system. This

corresponds to branching caused by B and occurring between the times t̃∗ and

t̃∗ +∆t̃:

Bρ1(t̃∗) → a1 ρ1(t̃
∗ +∆t̃) + a2 ρ2(t̃

∗ +∆t̃), (4.8)

where ρ1(t̃
∗ +∆t̃) 6= ρ2(t̃

∗ +∆t̃). Because the branching operator is B, all ρj

are defined in the same space, but we have retained the index for clarity. We

can also use the standard symbol for addition, +. If (4.6) is satisfied for j = 2,

then the entropy of the right hand side will be greater than the entropy of the

left hand side. If there is only a single branching, following the environmental

fluctuation the system is again closed. Both branches again evolve unitarily,

and the entropy of the right hand side remains constant.

One has two options to reverse the increase in entropy that results

from (4.8). At some t̃ ≥ t̃∗ +∆t̃ one must have one or both of:
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1. ρ1(t̃) = ρ2(t̃),

2. a2 → 0.

Let us rewrite the first option as

ρ1(t̃)− ρ2(t̃) = 0, (4.9)

which cannot be satisfied for any t̃. This follows from the linearity of the time

evolution operator. If

0 = ρ1(t̃)− ρ2(t̃) = U(t̃)ρ1U
†(t̃)− U(t̃)ρ2U

†(t̃)

= U(t̃)
(
ρ1 − ρ2

)
U †(t̃), (4.10)

then ρ1 = ρ2 at all times, which contradicts the requirement, ρ1(t̃
∗ + ∆t̃) 6=

ρ2(t̃
∗ +∆t̃), for a non-trivial branch to have formed.

With indistinguishable ensemble members, the second option does not

correspond to a physically possible process. The values of ai only change upon

the action of B, when a branch is formed. As mentioned in Section 3.5, without

a label, ν, for indistinguishable ensemble members, the inverse of the branching

operator, B, cannot exist. Even if the reverse of a branching process could be

engineered, one cannot in principle determine to which ensemble members it

must be applied. We have not assumed any branching dynamics, and our

logic holds for smooth processes as well as for any discontinuous jump that

one might imagine.

We have identified a quantum mechanical arrow of time for open sys-

tems, that is independent of a reduced dynamics or active measurement by a
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classical apparatus. It requires only that ensemble members are indistinguish-

able. Physically, it is best described as mixing that cannot, in principle, be

undone. As more such branches form, entropy increases monotonically in the

time coordinate, t̃.

4.4 Discussion

This arrow of time applies to indistinguishable ensemble members and

arises naturally for open systems. If one chooses a time asymmetric theory,

then this arrow of time appears automatically because state vectors cannot

reference absolute time coordinate values. One cannot find a label for ρ(t) to

distinguish one ensemble member prepared at t̃0 + δ1 from another member

prepared at t̃0 + δ2. Density operators therefore represent arbitrary numbers

of physical objects, and the results of this chapter follow. We have thus con-

nected an asymmetry in the time parameter to the irreversibility of quantum

mechanical dynamics inferred from measurements. Note also that if one iden-

tifies the ensemble of preparation times, t̃0 + δi, described in Section 3.1, and

works only with durations of the form t̃− (t̃0+ δi), then this arrow of time will

appear also within a theory that is symmetric in time.

We conclude that time asymmetry leads to predictions of irreversibility

for open systems and indistinguishable ensemble members. The connection is

only possible because the time asymmetric theory applies both to open and to

closed systems. The notion of irreversibility, which affects only open systems,

does not lead to predictions of time asymmetry.
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Note also that this arrow of time is different from the increase in entropy

one calculates within the typical reduced dynamics [11]. While measurements

destroy correlations between S and E, between preparation and measurement

the composite system, S ⊗ E, evolves unitarily in time and has constant en-

tropy. Before active measurement, therefore, one can in principle reverse the

interaction by reversing the dynamics for the closed S ⊗ E via the inverse

time evolution operator U−1(t̃) = U(−t̃).2 The predicted increase in entropy

discussed in Section 4.3 is different because, even before measurement, one

cannot reverse the increase of entropy caused by the mixing in (4.8). It does

not require the presence of a classical measurement apparatus.

2If one uses a time asymmetric theory, then for the model there must exist a time
evolution operator, U(t), that reverses the action of U(t̃), which is not guaranteed for a
semigroup evolution. Our analysis here is independent of its existence.
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Chapter 5

Two Applications

In this chapter we will build two models within the framework for mul-

tiple quantum environments. To isolate the kinematics of indistinguishability,

we have chosen systems with trivial or very simple dynamics. In Section 5.1

we develop a model for photons scattering from a beam splitter, both with and

without losses. In Section 5.2 is a model for the dephasing suffered during Rabi

oscillations. Interestingly, we find for Rabi oscillations that indistinguishabil-

ity may explain the previously puzzling yet general phenomenon of Excitation

Induced Dephasing [45].

5.1 Beam Splitter

Consider the simple system of a photon, γ, incident on a beam splitter,

being either transmitted into one phototube or else reflected into a different

phototube. Figure 5.1 is a schematic of the experiment. One typically uses

second quantization to calculate correlations between photons in the trans-

mitted and reflected branches. We will sketch this approach and compare the

results to what we find when we treat the scattering as an open system. We

will also demonstrate the flexibility of our framework by introducing losses to
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1

2
Incident γ

System A

Transmitted γ

System B

Reflected γ

System B

Figure 5.1: Schematic of the photon scattering experiment. It will be di-
vided into System A, the incident photons, and System B, the reflected and
transmitted photons. Reflected photons are registered by phototube 1, and
transmitted photons are registered by phototube 2. Not shown is an imagined
source incident from the top.

the scattering system.

5.1.1 Second Quantization Calculation

We are not interested in the microscopic scattering dynamics for a

photon incident on a beam splitter, so following [35] for this simple case we will

deal only with asymptotic in and out states at fixed energy, and ignore other

quantum numbers. Because the scattering operator, Ŝ, does not change the

space of asymptotic states, one requires another input channel in Figure 5.1,

corresponding to photons incident from the top. Such photons, were they

present, would transmit into phototube 1 and reflect into phototube 2. This

imagined photon source is not present in the actual experiment, however, so

one fixes its input as the vacuum state.
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To preserve the symmetry implied by the theoretical approach, let us

temporarily change the input to include this imagined source. The creation

and annihilation operators for incoming photons will be â†i and âi, where i =

1, 2, and

[âi, â
†
j] = δij. (5.1)

The actual source, seen in Figure 5.1, will correspond to i = 1, and the imag-

ined source will correspond to i = 2.

For photons in the reflected and transmitted currents, one defines the

creation and annihilation operators, b̂†i and b̂i, with i = 1, 2 corresponding to

the label on the phototubes in Figure 5.1, and also satisfying (5.1).

The reflection or transmission at the beam splitter is then treated as a

scattering event, and one can relate the incoming photons to the transmitted

and reflected photons by [17],(
b̂1
b̂2

)
=

(
r1 1 t1 2
t2 1 r2 2

)(
â1
â2

)
. (5.2)

The unitary scattering matrix is written in terms of the complex reflection

coefficient, r, and the complex transmission coefficient, t, which satisfy |r|2 +

|t|2 = 1. The vacuum state for the input photons is |0〉1|0〉2 ≡ |0〉. We will

consider an input state, |n〉, containing n photons emitted by the actual source,

i = 1, so that

|n〉 = (â†1)
n

√
n!

|0〉. (5.3)

Following [17], we let |r11|2 ≡ R and |t21|2 ≡ T , and we assume unit efficiencies

for measurement. The operator representing the occupation number in the
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reflected channel of Figure 5.1 is n̂R = b̂†1b̂1, and the the operator representing

the occupation number in the transmitted channel of Figure 5.1 is n̂T = b̂†2b̂2.

Using (5.2) and (5.3), one calculates for the correlations between occupation

numbers:

〈n̂Rn̂T 〉 = 〈n|b̂†1b̂1b̂
†
2b̂2|n〉 = RTn(n− 1)

〈n̂R〉 = nR

〈n̂T 〉 = nT (5.4)

〈(∆n̂R)
2〉 = 〈(∆n̂T )

2〉 = nRT

〈∆n̂R∆n̂T 〉 = −nRT

5.1.2 Scattering as an Interference Event

We will now use the framework for multiple quantum environments to

model the scattering from a beam splitter. As discussed in Chapter 3, the

division for an open system into S and E is arbitrary, and a framework for

open systems should be general enough to apply to the scattering system from

Figure 5.1, which can be naturally divided into two subsystems:

1. System A, which includes the incident photons:

The density operator ρA(t) represents the state of the incident photons.

It is defined in the linear scalar-product space ΦA, which is spanned by

the ket |i〉. In this basis, ρA = |i〉〈i| for single photons. The Hamiltonian

operator is HA, and System B is external, so we assume trivial dynamics

with [ρA, HA] = 0.
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2. System B, which includes the reflected and transmitted pho-

tons:

The density operator for a single photon, ρB(t), is defined in the space

ΦB, which is spanned by the orthogonal kets |r〉, representing the state of

reflected photons, and |t〉, representing the state of transmitted photons.

The Hamiltonian operator is HB, and the dynamics is again trivial, with

[ρB, HB] = 0.

To measure the expectation values in (5.4), one actively prepares n pho-

tons simultaneously in the incident channel. The n photons then scatter from

the beam splitter, and one measures the state of the n photons by counting the

numbers registered in phototubes 1 and 2. If one performs N measurements,

then one has identically prepared the state of n photons a total of N times.

Every incident photon is actively prepared in a state represented by

ρA = |i〉〈i|. Eventually every photon reaches the beam splitter and is scattered,

which is the interference event during which the uncontrolled environment

passively prepares every photon such that its state must be described by ρB.

In terms of the branching operators introduced in Section 3.5, the density

operator undergoes the change

BBρA → aA ρA +̈ aB ρB. (5.5)

All dynamics for in and out states is trivial, so we have dropped the time

dependence from equations in this section. There is no upper index for B
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because the environmental system is the beam splitter, which we assume is

the same for all members of the experimental ensemble.

The scattering matrix in (5.2) preserves photon number [35]. From this

we deduce for (5.5) that aA + aB = 1. For the simple scattering experiment

in which one assumes unit efficiencies, all photons are eventually scattered

into states in System B. We can therefore deduce further that aA = 0, fixing

aB = 1.

If one knows the scattering theory (5.2) for the passive preparation of

photons by the beam splitter, then one can write for n = 1

BBρA → ρB = R |r〉〈r|+ T |t〉〈t|+ r1 1t
∗
2 1 |r〉〈t|+ t2 1r

∗
1 1 |t〉〈r|. (5.6)

Without the full scattering theory, one can still assume the most general form

for ρB and arrive at (5.6) up to the coefficients. For this example with trivial

dynamics, the framework simply reproduces an expression (5.6) commonly

used in the study of quantum optics [27]. The only difference for our framework

is that (5.6) represents the state of only the n = 1 subset of the experimental

ensemble.

One represents the photon counters with the projection operators ΛR =

|r〉〈r| for the reflected photon and ΛT = |t〉〈t| for the transmitted photon.

After an incident photon is scattered, the probability to find it in the reflected

channel is

PR(ρB) = Tr (|r〉〈r| ρB) = R. (5.7)
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Similarly, the probability to find the photon in the transmitted channel is

PT (ρB) = Tr (|t〉〈t| ρB) = T. (5.8)

The photon counters do not detect the off-diagonal terms of (5.6). Without

more scattering from another beam splitter, the experiment in Figure 5.1 is

insensitive to entanglement. We will therefore drop the entanglement terms,

resulting in the model

BBρA → ρB = R |r〉〈r|+ T |t〉〈t|, (5.9)

for the n = 1 subset of the experimental ensemble. We will demonstrate

that this approach suffices to reproduce the kinematical dependence of the

correlations (5.4) on n.

To calculate the correlation functions in (5.4), we must generalize (5.9)

for any number, n, of simultaneously incident photons. One way is to write the

analogue of (5.9) for n incident photons. This is demonstrated in Appendix A

for n = 3. Here we will show for general n that by counting indistinguishable

reflection events and indistinguishable transmission events, one can instead

partition the experimental ensemble represented by ρB in (5.9) into an en-

semble of n-photon objects while respecting permutation symmetry and the

requirements of Section 3.4.

Each of the single photons is passively prepared with probability R to

be in the state |r〉 and with probability T to be in the state |t〉. The ensemble

members are otherwise indistinguishable, so to partition the ensemble we will
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use the binomial distribution, (
n

k

)
RkT n−k,

to average over the partitions containing combinations of k indistinguishable

photons reflected with probability R and (n − k) indistinguishable photons

transmitted with probability T .

The expectation values 〈n̂R〉 and 〈n̂T 〉 are then related to the first

moment of the binomial distribution. We calculate

〈n̂R〉 =
n∑

k=0

(
n

k

)
RkT n−kk = nR, (5.10)

and

〈n̂T 〉 =
n∑

k=0

(
n

k

)
RkT n−k(n− k) = nT. (5.11)

In this method, we put k inside the summation to represent the number

of photons reflected. We put (n − k) inside the summation to represent the

number of photons transmitted. Therefore 〈n̂Rn̂T 〉 is

〈n̂Rn̂T 〉 =
n∑

k=0

(
n

k

)
RkT n−kk(n− k) = RTn(n− 1). (5.12)

For the remaining relations, we find

〈(∆n̂R)
2〉 =

n∑
k=0

(
n

k

)
RkT n−k(k − nR)2 = nRT (5.13)

〈(∆n̂T )
2〉 =

n∑
k=0

(
n

k

)
RkT n−k

(
(n− k)− nT

)2
= nRT (5.14)

〈∆n̂R∆n̂T 〉 =
n∑

k=0

(
n

k

)
RkT n−k(k − nR)

(
(n− k)− nT

)
= −nRT (5.15)
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as expected from (5.4).

Though we have not yet introduced losses or dynamics, by treating the

scattering event as an interference event, we can model as an open quantum

system the scattering of photons at a beam splitter. To do so, we have parti-

tioned an experimental ensemble into arbitrary numbers of n-photon subsets,

while respecting the kinematics of indistinguishability. After scattering during

the interference event, the state of n simultaneously present photons is repre-

sented by density operators defined in the space Φ⊗n
B , which we will abbreviate

as B⊗n. See Appendix A for the density operator, ρB⊗n , defined in B⊗n for

n = 3. Branching for n photons simultaneously present is described by

BnρA → aA ρA +̈ an ρB⊗n = an ρB⊗n , (5.16)

because aA = 0 when all photons scatter.

The model for photon scattering, treated as an open system, is then

∞∑
n

BnρA → a1 ρB +̈ a2 ρB⊗2 +̈ . . . (5.17)

where
∞∑
n

an = 1, and an ≥ 0. (5.18)

The values of an in (5.17) are specific to an experiment and generally not

interesting. For example, if one always prepares n = 3 photons simultaneously,

then a3 = 1.
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5.1.3 Open Systems and Inefficiencies

With the generalization of the theory of open systems and the parti-

tioning method of Section 5.1.2, it is straightforward to introduce losses into

the photon scattering system. We will consider two sources of inefficiency. The

first occurs if photons are scattered toward the phototubes of Figure 5.1 but

the phototubes fail to register the photons. Unless one models the detector

quantum mechanically, detector inefficiency does not require an open system

treatment. Let Λ′
R be the operator representing observation of reflected pho-

tons, and let Λ′
T represent observation of transmitted photons. If there is some

probability of a failed registration, then one has

Λ′
R ⇒ (1− εR)|r〉〈r| and Λ′

T ⇒ (1− εT )|t〉〈t|, (5.19)

where εR is the probability that a photon fails to register in phototube 1,

and εT is the probability that a photon fails to register in phototube 2. The

probability to measure a reflected photon is

PR

(
ρB

)
= (1− εR)R, (5.20)

and the probability to measure a transmitted photon is

PT

(
ρB

)
= (1− εT )T. (5.21)

The second type of inefficiency occurs when the beam splitter scatters

photons into such directions that they will not hit either phototube. Then one

introduces another system, System C, that includes these photons. System

70



B is the system of interest, and System C corresponds an the environmental

system of the typical framework [11]. Unmeasurable photons are in a state

represented by a density operator, ρC , constructed from vectors in the space

ΦC , which does not contain |r〉 or |t〉. Instead of (5.9), for n = 1 one uses

B(B⊕C)ρA → aB ρB +̈ aC ρC

= aB
(
R|r〉〈r|+ T |t〉〈t|

)
+̈ aC ρC (5.22)

to represent passive preparation at the beam splitter (again ignoring entan-

glement).

The probability after scattering to register the observable represented

by Λ is

PΛB

(
aBρB

)
+ PΛC

(
aCρC

)
= aBPΛB

(
ρB

)
+ aCPΛC

(
ρC

)
, (5.23)

where aB + aC = 1, and ΛC is the appropriate operator in the space ΦC .

Because System C contains photons that are not measured, ΛC is the zero

operator in ΦC . The probability to register a reflected photon is

PR

(
aBρB

)
= aBR, (5.24)

and the probability to register a transmitted photon is

PT

(
aBρB

)
= aBT. (5.25)

In real experiments, both sources of measurement inefficiency will ap-

pear, and one will have for the probabilities

PR

(
ρB

)
= aB(1− εR)R (5.26)
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and

PT

(
ρB

)
= aB(1− εT )T. (5.27)

Now we can check the results in (5.4), for the case that one does not

have unit efficiencies. Let R′ be the probability that a reflected photon is

registered and T ′ be the probability that a transmitted photon is registered.

Let η be the probability that an ensemble member is not measured, such that

R′ + T ′ + η = 1. (5.28)

If the experimental ensemble contains all photons actively prepared in the

incident channel, then

R′ = aB(1− εR)R

T ′ = aB(1− εT )T (5.29)

η = 1− aB(1− εRR− εTT ).

If, instead, the experimental ensemble contains only those photons scat-

tered into System B, then aB = 1, and

R′ = (1− εR)R

T ′ = (1− εT )T (5.30)

η = εRR + εTT.

In general, one will not know if a photon remains unmeasured because

of inefficiencies in scattering or because of inefficiencies in the phototubes. In
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other words, one can measure R′ and T ′, but one will not know which of (5.29)

or (5.30) is appropriate.

In (5.22) we have the theory for the state of any single photon before

and after an interference event. To calculate correlation functions for differ-

ent n, again we partition the experimental ensemble. Now we must use the

multinomial distribution:

〈n̂R〉 =
n∑

j=0

n∑
k=0

n∑
`=0

n!

j!k!`!
R′jT ′kη′` δn,j+k+` j

= nR′(R′ + T ′ + η)n−1 (5.31)

〈n̂T 〉 =
n∑

j=0

n∑
k=0

n∑
`=0

n!

j!k!`!
R′jT ′kη′` δn,j+k+` k

= nT ′(R′ + T ′ + η)n−1 (5.32)

〈n̂Rn̂T 〉 =
n∑

j=0

n∑
k=0

n∑
`=0

n!

j!k!`!
R′jT ′kη′` δn,j+k+` jk

= R′T ′n(n− 1)(R′ + T ′ + η)n−2 (5.33)

where δn,j+k+` is the Kronecker delta. Because of (5.28), we have 〈n̂R〉 = nR′,

〈n̂T 〉 = nT ′, and 〈n̂Rn̂T 〉 = R′T ′n(n− 1).

Using (5.28), the other expectation values are

〈(∆n̂R)
2〉 =

n∑
j=0

n∑
k=0

n∑
`=0

n!

j!k!`!
R′jT ′kη′` δn,j+k+` (j − nR′)2

= nR′(T ′ + η) (5.34)

〈(∆n̂T )
2〉 =

n∑
j=0

n∑
k=0

n∑
`=0

n!

j!k!`!
R′jT ′kη′` δn,j+k+` (k − nT ′)2

= nT ′(R′ + η) (5.35)
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〈∆n̂R∆n̂T 〉 =
n∑

j=0

n∑
k=0

n∑
`=0

n!

j!k!`!
R′jT ′kη′` δn,j+k+` (j − nR′)(k − nT ′)

= −nR′T ′ (5.36)

Comparing (5.31)–(5.36), where R′ + T ′ + η = 1, one can see how

to generalize to imperfect measurements the results (5.4) of Section 5.1.1,

where R + T = 1 and inefficiencies were ignored. The main difference is that

〈(∆n̂R)
2〉 6= 〈(∆n̂T )

2〉 when η 6= 0. If one writes from (5.4) that 〈(∆n̂R)
2〉 =

nR(1 − R) and 〈(∆n̂T )
2〉 = nT (1 − T ), however, then one can correctly take

R → R′ and T → T ′.

In the language of the theory of open systems [11], the system of interest

includes measurable photons in states described by ρB⊗n , which is constructed

from vectors in Φ⊗n
B . The environment contains unmeasurable photons in

states described by ρC , which is constructed from vectors in ΦC . All scattered

photons are represented by vectors in Φ = Φ⊗n
B ⊕ ΦC , which is the space of

states of the combined “system plus environment,” when entanglement with

the environment is ignored.

In scattering experiments, one does not measure a dynamical dissipa-

tion in currents. In (5.9) and (5.22) we therefore have models without dy-

namics. Inefficiencies appear as a measurement event rate smaller than the

incidence rate per area of incoming objects, for a given cross section. While

an experimenter continues to supply photons, the losses appear only as mea-

surement inefficiencies, which are treated by normalizing measured data to the
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total number of photons registered in the phototubes over the course of the

experiment.

5.2 Rabi Oscillations Experiments

As an application with simple dynamics, we will create a toy model

for systems undergoing Rabi oscillations. Here we must deduce a form for

environmental interactions, and time cannot be ignored. We will again use t

to represent durations within a time asymmetric theory and t̃ to represent the

time coordinate marked by clocks on laboratory walls. We will also implement

the technique used in the previous section to partition the ensemble of single

photons represented by (5.9) into an ensemble of n-photon objects.

5.2.1 Rabi Oscillations

The theory of Rabi oscillations is well established [25]. It describes

a two level system, with levels described by the projection operators |g〉〈g|

representing the ground state and |e〉〈e| representing the excited state. When

the system is prepared at t = 0 to be in the excited state, |e〉, and it is coupled

to a correctly tuned radiation field, the probability at a duration t to find the

system in the ground state, |g〉, is

P|g〉〈g|
(
ρ(t)

)
= sin2(Ωt) =

1

2

(
1− cos(2Ωt)

)
, (5.37)

where Ω is called the Rabi frequency. (The probability to find the system in

the same state in which it was prepared is cos2(Ωt).) These expressions are
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calculated using the dynamics for closed systems undergoing Rabi oscillations.

The probability in (5.37) is to be compared with experimental results (2.27).

In actual experiments, because of environmental interference one never

measures the result in (5.37). Here we wish to consider several very different

but very clean and well-controlled experiments [37, 12, 43, 19, 63, 58, 45].

In one experiment [37], also discussed in Section 2.3, internal levels of

a 9Be+ ion couple to the harmonic binding potential. Rabi oscillations occur

between two of the coupled internal and vibrational levels, and the oscillations

between different sets of levels are measured. In another experiment [12],

Rabi oscillations are observed between the circular states of a Rydberg atom

coupled to a field stored in a high Q cavity. In [43], the Rabi oscillations are

between the spin states of two electrons in a double quantum dot. In [19], Rabi

oscillations occur between motional states of electrons bound to shallow donors

in semiconductors. These motional states mimic the levels of a hydrogen atom.

In three experiments [63, 58, 45], oscillations occur between excitation levels

of electrons confined in quantum dots.

The measured results in [37, 12, 43], do not match the prediction

in (5.37). Instead, the measured probability is fit by an appropriately damped

sinusoid that is a function of the time duration in the lab, t̃ − t̃0, measured

from active preparation,

P|g〉〈g|
(
ρ(t̃− t̃0)

)
=

1

2

(
1− e−γ(t̃−t̃0) cos

(
2Ω(t̃− t̃0)

))
, (5.38)

where γ is an experimentally determined damping factor.
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In [43], amplitude, offset, and phase are fit as well, because the oscilla-

tions are measured also as a function of a swept detuning voltage. In [58, 45],

photocurrent is measured, and from it the dephasing of the Rabi oscillations is

inferred. Numerically solving the models they fit to their data, the subsystems

undergoing Rabi oscillations fit (5.38).

5.2.2 Dynamics for the Toy Model

Already having the kinematic requirements for open systems and in-

distinguishable ensemble members, our next task is to deduce the proper dy-

namics for the experimental system in question. This means we must identify

the spaces Φj and the corresponding algebras of observables, which will help

specify the branching operators Bk
j . Starting with the branched density oper-

ator from (3.20), we calculate the probability at a duration t̃− t̃0 from active

preparation:

PΛ

(
ρ(t̃− t̃0)

)
= Tr

(
Λ0 a0 ρ0(t0)

)
+ Tr

(
Λ1 a1 ρ1(t1)

)
+ . . .

= a0 PΛ0

(
ρ0(t0)

)
+ a1 PΛ1

(
ρ1(t1)

)
+ . . . (5.39)

where, as before, ρj is constructed from vectors in Φj. Note that the time

parameters on the right hand side, tj, are durations from when the branches

labeled by j became necessary.

For the long-time behavior of the measured result in (5.38), one has

lim
t̃−t̃0→∞

P|g〉〈g|
(
ρ(t̃− t̃0)

)
=

1

2
. (5.40)
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From this we deduce that there is no dissipation for the experimental system,

and that the terms PΛj

(
ρj(tj)

)
in (5.39) ought not to introduce the type of

losses considered for the beam splitter in Section 5.1.3. For these experiments,

we then hypothesize that immediately after the interference event, Φ0 = Φ1 =

Φj for all j, so we can take Φj → Φ. The algebra of observables will therefore

be the typical algebra for the closed system, so we will take Λj → Λ = |g〉〈g|.

These assumptions fix our branching operators to have the form Bk.

Because we do not have detailed knowledge of the experiments, and

to keep our toy model simple, we will not consider different environmental

systems. We will restrict our branching operators to have the form B:

Bρ0(t0) → a0 ρ0(t0) + a1 ρ1(t1), (5.41)

where for all j, ρj is constructed from vectors in Φ. At the interference event,

t1 = 0. The most general form of the density operator immediately following

passive preparation is

ρ1(t1 = 0) = b1|g〉〈g|+ b2|e〉〈e|+ b3|g〉〈e|+ b4|e〉〈g|. (5.42)

A simpler possibility for environmental interference is that the environment

always prepares the system to be in energy eigenstates, |g〉 and |e〉. In this

case, our toy model is again (5.41), but instead of (5.42) we use

ρ1(t1 = 0) = b1|g〉〈g|+ b2|e〉〈e|, (5.43)

with b1 + b2 = 1. In (5.43), b1 is a weight appropriate for ensemble members

prepared passively to be in the ground state, and b2 is a weight for ensemble

members prepared in the excited state.
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Note that this type of environmental interference is not a new idea.

Leggett has suggested [33] that decoherence “is exactly the result of a ‘mea-

surement’ whose result is uninspected,” and he has called this process “gar-

bling.” With this toy model, developed within our framework, we will treat

the effects of garbling. We ignore the dynamics of the measurement process it-

self because it is simply not understood and apparently occurs over very small

durations in time.

5.2.3 Born Probability

When modeling experiments or using more sophisticated models for

environmental interaction, one would probably use a full simulation. To main-

tain transparency, however, we will search for an analytical formula for our

toy model, (5.41) with (5.43), assuming that branching occurs in a sequence

of events such as those described in Section 3.2.2. Because the damping of the

oscillations in (5.38) is exponential, the decay rate, γ, is constant, and we can

deduce that there should be a single timescale, ∆t̃, for regularly spaced inter-

ference events. The Born probability when there may have been n interference

events is therefore P|g〉〈g|
(
ρ(n∆t̃)

)
.

As discussed in Section 3.4, physical models cannot depend on the

ensemble size or on the number of members simultaneously affected by inter-

ference. Intuitively, one would like a model that does depend on the number

of interference events that have occurred. Note from our treatment of photon

scattering in Section 5.1.2 that counting indistinguishable ensemble members
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is equivalent to counting as indistinguishable the events in which they are pre-

pared. We will consequently partition interference events rather than ensemble

members.

We are led to a model with two parameters. ∆t̃ is the timescale for

interference. β represents the probability that a randomly chosen time interval

will have preceded an interference event, with 0 ≤ β ≤ 1 and β = 1 for

a perfectly isolated system. This can be better understood after equation

(5.49). We will again use the binomial distribution,

b(n, k, β) ≡
(
n

k

)
βk(1− β)n−k, (5.44)

and the normalization

n∑
k=0

(
n

k

)
βk(1− β)n−k = 1. (5.45)

To illustrate the model, let us write (5.39) for the case that the average

ensemble member will have suffered only one interference event before an active

measurement occurs. This will truncate our formula at a reasonable size, and

we will generalize to multiple events below. The probability at 4∆t̃ to find in
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|g〉 members that have been initially prepared at t̃− t̃0 = 0 to be in |e〉 is

P|g〉〈g|
(
ρ(4∆t̃)

)
=

b(4, 4, β)
(
sin2(Ω 4∆t̃) cos2(Ω 0∆t̃) + cos2(Ω 4∆t̃) sin2(Ω 0∆t̃)

)
+

b(4, 3, β)
(
sin2(Ω 3∆t̃) cos2(Ω 1∆t̃) + cos2(Ω 3∆t̃) sin2(Ω 1∆t̃)

)
+

b(4, 2, β)
(
sin2(Ω 2∆t̃) cos2(Ω 2∆t̃) + cos2(Ω 2∆t̃) sin2(Ω 2∆t̃)

)
+

b(4, 1, β)
(
sin2(Ω 1∆t̃) cos2(Ω 3∆t̃) + cos2(Ω 1∆t̃) sin2(Ω 3∆t̃)

)
+

b(4, 0, β)
(
sin2(Ω 0∆t̃) cos2(Ω 4∆t̃) + cos2(Ω 0∆t̃) sin2(Ω 4∆t̃)

)
. (5.46)

The explanation of (5.46) is straightforward. It is in the form of the

probability in (5.39), and each line corresponds to a branch of the density

operator in (3.20). From partitioning the ensemble for the beam splitter (Sec-

tion 5.1), we know that the size of a subset is proportional to the number

of events in which ensemble members are appropriately prepared, if we count

the events themselves as indistinguishable. We must relate the binomial dis-

tribution to the passage of time, so at every step k, with 0 ≤ k ≤ n = 4,

we count the (normalized) number of combinations for arranging the n time

intervals between possible event times, such that k of them came before the

single interference event. This number is given by b(n, k, β), and is called aj

in (5.39) and (3.20).

Because possible interference events occur at increments of the time

scale, ∆t̃, the weight b(n, k, β) is attached to any passive preparation occur-

ring at k∆t̃. Consider the second line, where k = 3, and compare to the
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notation in the model (5.43). The weight b1 = sin2(Ω 3∆t̃), and the weight

b2 = cos2(Ω 3∆t̃). We have assumed that the passive measurements are fair

measurements, though this would not generally be required. The duration

from passive preparation to 4∆t̃ is then (4 − 3)∆t̃ = 1∆t̃, so the functions

with argument 1∆t̃ contain the time dependence of the Born probability of

the mixed state.

Let us introduce the notation P(i)
|g〉〈g|

(
ρ(n∆t̃)

)
to represent the Born

probability under the assumption that members on average will have suffered

i interference events before active measurement. Then for general n,

P(1)
|g〉〈g|

(
ρ(n∆t̃)

)
=

n∑
k=0

b(n, k, β)
(
sin2(Ω k∆t̃) cos2(Ω(n− k)∆t̃)

+ cos2(Ω k∆t̃) sin2(Ω(n− k)∆t̃)
)
. (5.47)

By simply exchanging cos2(Ω k∆t̃) and sin2(Ω k∆t̃), we calculate P(1)
|e〉〈e|

(
ρ(n∆t̃)

)
,

which is the probability to find the ensemble members in the excited state.

In (5.47), we have assumed that ensemble members will have suffered

one interference event. To allow for the possibility of multiple events, the

terms sin2(Ω k∆t̃) and cos2(Ω k∆t̃) must be replaced with new functions of

k∆t̃, that predict the effects of interference events prior to the single event

assumed in (5.47). For general i, we get the recursive expression

P(i)
|g〉〈g|

(
ρ(n∆t̃)

)
=

n∑
k=0

b(n, k, β)
(
P(i−1)

|g〉〈g|
(
ρ(k∆t̃)

)
cos2(Ω(n− k)∆t̃)

+P(i−1)
|e〉〈e|

(
ρ(k∆t̃)

)
sin2(Ω(n− k)∆t̃)

)
. (5.48)
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We have written the Born probability as a function of n∆t̃. The final

step is to scale our result back to the continuous t̃. The first moment of the

binomial distribution is

〈k〉 =
n∑

k=0

(
n

k

)
βk(1− β)n−k k = β n. (5.49)

After stepping through time to n∆t̃, on average β n of the intervals will have

preceded the interference event number i. This provides us a physical interpre-

tation of our two parameters. To ensure that the time scales with something

physical, as indicated by the exponential nature of the damping, and scales as

well with the recursive index i, we will need to use 〈k〉∆t̃ = β n∆t̃ = t̃ − t̃0.

After a calculation of the probability as a function of n∆t̃, we make the re-

placement

n→ (t̃− t̃0)

β∆t̃
. (5.50)

This restricts us to non-zero values of β and ∆t̃. We have also simply inter-

polated between the discrete values of n at which (5.48) is actually defined.

Because our time scale is understood to be an average value, it would be

inappropriate to assume for our model anything more complicated.

The probability at the duration t̃ − t̃0 from active preparation and

assuming on average i interference events, is therefore

P(i)
|g〉〈g|

(
ρ(t̃− t̃0)

)
= P(i)

|g〉〈g|
(
ρ(n∆t̃)

)
, n→ (t̃− t̃0)

β∆t̃
. (5.51)

In Figure 5.2 we have plotted P(5)
|g〉〈g|

(
ρ(t̃−t̃0)

)
. For clean experiments we expect

a good approximation for i = 5. The agreement with the experimentally

measured damped sinusoid is very good.
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Figure 5.2: Plot of the Born probability, P(5)
|g〉〈g|

(
ρ(t̃− t̃0)

)
, for indistinguishable

ensemble members. For the dots we have used equations (5.48) and (5.51).
The solid line is a plot of the damped sinusoid (5.38) that fits the experimental
data. We have used Ω∆t̃ ≈ 0.7 and β = 0.995, and we have fit γ/Ω = 0.039.

5.2.4 Measurable Consequence of Indistinguishability

Experiments reveal that the damping factor, γ, seems to depend gen-

erally on the Rabi frequency, Ω, regardless of the nature of the experiment. In

the experiment with 9Be+ ions [37], the different levels are described by the

kets | ↓, n〉 and | ↑, n+1〉, where | ↓〉 and | ↑〉 are internal states of the Be ion,

and |n〉 represents vibrational Fock states. Rabi oscillations are measured for

the frequencies [59, 37]

Ωn,n+1 = Ω
0.202 e−0.2022/2

√
n+ 1

L1
n(0.202

2), (5.52)
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where L1
n is the generalized Laguerre polynomial. The corresponding damping

factor, γn, is measured to increase with n according to

γn
γ0

≈ (1 + n)0.7. (Measured) (5.53)

In the experiment [43] with spin states of two electrons in a double

quantum dot, the damping factor, γ, is stated to be proportional to the Rabi

frequency, Ω, though no mathematical relation is given.

For [19, 63, 58, 45], this dependence has been called Excitation Induced

Dephasing (EID), and its cause has remained an open question. In [58, 45],

the dependence of the damping factor on the Rabi frequency has been found

to be γ ∝ Ω2.

These results for such different experiments suggest that some depen-

dence of γ on Ω may be due to a general, kinematic effect rather than any

dynamics specific to an experimental system or its uncontrolled environment.

When we include the kinematics of indistinguishability in our toy model,

we find that the damping factor, γ, does in general depend on the Rabi fre-

quency, Ω, in agreement with measurements and the phenomenon called Ex-

citation Induced Dephasing. For β close to 1, the probability is dominated by

the terms proportional to b(n, k = n, β). Solving the truncated form1

P|g〉〈g|
(
ρ(n∆t̃)

)
≈

n∑
k=0

b(n, k, β)sin2(Ω k∆t̃) (5.54)

1This would correspond also to a model for passive preparations always into the ground
state.
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and using (5.51), we get

P|g〉〈g|
(
ρ(t̃− t̃0)

)
≈ 1

4

(
2−

(
1− β(1− e−2i∆t̃Ω)

) t̃−t̃0
β∆t̃ −

(
1− β(1− e+2i∆t̃Ω)

) t̃−t̃0
β∆t̃

)
.

(5.55)

For small ∆t̃, (5.55) is

P|g〉〈g|
(
ρ(t̃− t̃0)

)
=

1

2

(
1− e−γ(t̃−t̃0)

(
cos

(
2Ω(t̃− t̃0)

)
+O(∆t̃ 2)

))
, (5.56)

where

γ = 2 (1− β) Ω2 ∆t̃+O(∆t̃ 3). (5.57)

For β ≈ 1 and Ω∆t̃ � 1, γ is quadratic in Ω. This matches the results

in [58, 45].

Because we made no assumption regarding the dynamics of environ-

mental interference, the same model is general enough to apply also to the

system in [37], and with it we fit the measured relation (5.53) between γ and

Ω. Figure 5.3 is the result of fitting the damping factor, γn, to P(5)
|g〉〈g|

(
ρ(t̃− t̃0)

)
,

calculated with the sequence of frequencies in (5.52) and with Ω0∆t̃ ≈ 0.2.

(The exponent can be shifted by choosing different time scales.) Unfortu-

nately, we are limited by computational resources to n ≤ 6, and for n = 6 we

were only able to use the first few oscillations when fitting.

Figure 5.3 shows a very good quantitative agreement with experiment

(5.53). Our study indicates that the decoherence measured in [37] is explained

simply by the environmental interference characterized in Section 5.2.2 and

having a characteristic frequency of ≈ 5Ω0.
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Figure 5.3: Matching the experimental results for the ratio of damping factors,
γn
γ0
. The large dots result from our theoretical calculation of the Born proba-

bility using (5.48) and (5.51). The solid line is the experimentally measured
relation, (1 + n)0.7. To indicate a scale for the exponent, the thin dashed line
is a plot of (1 + n)0.8, and the thin dotted line is a plot of (1 + n)0.6.

In the standard decoherence program, one typically treats these exper-

iments using the decoherence master equation, and ignores the possibility that

different ensemble members may suffer environmental interference differently.

The generic solution of the master equation describing a system undergoing

Rabi oscillations [11] predicts a constant γ, with no dependence on Ω. This is

one reason why the measured results have been puzzling.

When assuming that all ensemble members suffer interference identi-

cally, one has not needed to consider the kinematics associated with indistin-

guishability. As a consequence, one has searched for dynamical explanations

for the measured dependence of γ on Ω. For example, for the experiment

on Be ions [37], one has required models with detailed interaction terms ex-
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clusive to the experiment itself. Among other things [39, 10, 22], one has

assumed laser amplitude noise [51], decay from intermediate levels and, simul-

taneously, charge-coupling of the ion with the trap’s electrodes [14, 15], or

feedback damping from polarized background gas polarized by the oscillating

ions themselves [52]. While plausible, none of these studies has resulted in an

agreement as quantitatively good as that in Figure 5.3.

Because they contain dynamics exclusive to experiments on ions in a

Paul trap, many of these models have in effect been tuned to that experi-

ment. They are thus not applicable to the other types of experiments [43,

19, 63, 58, 45]. The models [47, 58, 45, 38] used to explain the EID mea-

sured in experiments with shallow donors and quantum dots have typically

assumed a feedback dynamics from, for example, excitation induced phonons

in substrates, and these models have often been quantitatively successful.

When one invokes dynamics to explain a kinematic effect, of course, one

risks overly tuning models and misdiagnosing the underlying physics. We have

demonstrated that none of these dynamical mechanisms is necessary to explain

Excitation Induced Dephasing. As shown in Appendix B, an analogous model

for distinguishable ensemble members predicts no dependence of γ on Ω. We

therefore conclude that a dependence of γ on Ω, or EID, may indeed be general,

as suggested by experiment, and that it may be a kinematic effect of the

indistinguishability of separate, uncontrolled interactions between quantum

systems and their environment.
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Chapter 6

Conclusion

We studied the possible connection between asymmetric time evolution,

which characterizes the exponential decay of unstable states, and dynamical

irreversibility, which for open systems manifests as a loss of coherence and

an increase of entropy. The time asymmetry outlined in Chapter 2 results

from the unification in quantum theory of scattering resonances with decaying

states. The time asymmetric theory provides the Gamow vectors, which have

exponential survival probabilities (2.16). When one chooses the Hardy spaces

as boundary conditions (2.9) for the Schrödinger equation, Gamow vectors

become legitimate mathematical entities, similarly to how the Dirac kets are

mathematically legitimate when one chooses the Schwartz space as boundary

conditions.

To demonstrate the use of time asymmetric quantum theory, in Sec-

tions 2.5.1 and 2.5.2 we compared time asymmetric predictions to the exper-

imental results from the well-known quantum jumps experiments first sug-

gested by Dehmelt [21]. The time asymmetric predictions are different from

predictions resulting from a theory that is symmetric in time. Both predic-

tions are verified by experiment, however, because they correspond to different
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experimental ensembles constructed from the same measurement results.

We also explained that with the time asymmetric theory comes a dif-

ferent understanding of how the theoretical time evolution parameter (2.18)

corresponds to time in experiments (2.21). Because the time evolution param-

eter, t, represents durations and not time coordinate values, t̃, one does not

differentiate between ensemble members prepared at different times t̃0 + δi in

the laboratory to be in the same pure state, ϕ(t). For open systems this is

problematic, however, because one cannot control the state of the quantum

mechanical environment at the different preparation times, t̃0 + δi. As a con-

sequence, one must relax somewhat the assumption that measurements are

repeatable.

In Chapter 3 we developed a framework in which one incorporates mul-

tiple quantum environmental systems to treat this lack of repeatability. While

the framework is initially motivated by experiments in which ensemble mem-

bers are not all present simultaneously, we expect it to be generally valid.

To understand environmental interference, one needs not only a reduced dy-

namics [11], but one must also faithfully represent the physics involved in the

preparation, evolution, and measurement of all members of the experimental

ensemble. If one does not, one implicitly assumes that the uncontrolled en-

vironment treats identically all members of an arbitrarily large experimental

ensemble.

While developing our framework, we were led in Section 3.4 to a kine-

matic effect of indistinguishability that affects only open quantum systems.
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The indistinguishability of experimental ensemble members greatly compli-

cates the partitioning that our approaches require. Later, in Sections 5.1

and 5.2, we made the simplifying but equivalent hypothesis that environmen-

tal interference occurs in events that are themselves indistinguishable. In

Section 3.5 we introduced the branching operator, Bk,ν
j , which characterizes

interference events between quantum mechanical systems and their environ-

ments.

In Chapter 4 we showed that entropy increases monotonically for some

types of branching. The physical interpretation is mixing that, because of the

indistinguishability of experimental ensemble members, cannot in principle be

undone. We also noted that entropy increases in the time coordinate of the

laboratory, t̃, but not in the time evolution parameter, t, which represents

durations. This prediction for the monotonic increase of entropy follows from

the use of a time asymmetric theory to model open quantum systems, and it

thereby connects time asymmetry to dynamical irreversibility. The connec-

tion is possible because the time asymmetry applies to both open and closed

quantum systems. Because irreversibility only appears for open systems, it

presumably cannot lead to predictions of asymmetry in the time evolution

parameter.

To demonstrate the use of our framework, in Chapter 5 we applied the

formalism to simple systems. In Section 5.1 we calculated correlation func-

tions for photons scattered at a beam splitter, with and without losses. In

Section 5.2 we created decoherence models for systems undergoing Rabi oscil-
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lations. In one case [37], we found unprecedented quantitative agreement with

measurements. We also discovered that the kinematic effect of indistinguisha-

bility can explain the generally measured Excitation Induced Dephasing that

has previously required different dynamical explanations for different experi-

ments. Full treatment of experiments will likely require more detailed models

addressing multiple sources of environmental interference, dressed states, re-

duced dynamics, etc. But the qualitative and quantitative success of our single,

general model for different types of Rabi oscillations experiments is promising.
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Appendices
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Appendix A

Including Kinematics Directly for the Model

of Photon Scattering

Here we treat photon scattering as an open system and directly include

the kinematics of indistinguishability for a fixed value of n. The density op-

erator ρA⊗n represents the state of the n actively prepared, incident photons.

ρA⊗n is defined in the tensor product space Φ⊗n
A , which is spanned by the ket

|i〉1|i〉2 . . . |i〉n ≡ |i1i2 . . . in〉.

The beam splitter passively prepares every member of the experimen-

tal ensemble to be in a state represented by ρB⊗n , which is defined in the

tensor product space Φ⊗n
B . As in Section 5.1.2, we will ignore entanglement.

The operator ρB⊗n is therefore a sum of projection operators into each of the

2n one-dimensional subspaces of Φ⊗n
B . Each projection operator is weighted

by RnRT nT , where nR and nT are the numbers of reflected and transmitted

photons, respectively, represented by the associated one-dimensional subspace.

Consider, for example, the case where n = 3. One writes the properly

symmetrized density operator, ρB⊗3 , to be used on the right hand side of (5.5),

94



as

ρB⊗3 = R3|rrr〉〈rrr|

+R2T
(
|rrt〉〈rrt|+ |rtr〉〈rtr|+ |trr〉〈trr|

)
+RT 2

(
|rtt〉〈rtt|+ |trt〉〈trt|+ |ttr〉〈ttr|

)
+T 3|ttt〉〈ttt|. (A.1)

If R + T = 1, then TrρB⊗n = 1 for all n.

In the same basis, it is straightforward to construct operators corre-

sponding to the correlation functions calculated in Section 5.1.1. For example,

n̂R = 3 |rrr〉〈rrr|

+2
(
|rrt〉〈rrt|+ |rtr〉〈rtr|+ |trr〉〈trr|

)
+1

(
|rtt〉〈rtt|+ |trt〉〈trt|+ |ttr〉〈ttr|

)
. (A.2)

Proceeding in this fashion, one can reproduce (5.4) for n = 3.
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Appendix B

The Rabi Oscillations Model for

Distinguishable Objects

Here we develop a model based on (3.20) but for distinguishable en-

semble members and interference events. Our scenario is as follows:

1. The members of the ensemble can again suffer environmental interactions

at the times n∆t̃, where n = 1, 2, 3 . . .

2. At every n∆t̃, there is some probability, (1− η), for a member to suffer

interference and thereby to be prepared passively.

We have again used ∆t̃ for the timescale of interference. But now we have used

the parameter, η, with 0 ≤ η ≤ 1, to represent the susceptibility of ensemble

members to environmental interference. The parameter η is the probability

for any given member of the ensemble not to suffer interference at one of the

times n∆t̃. For a perfectly isolated system, η = 1.

With distinguishable ensemble members, branching is of the form

Bνρ0(t0) → aν0 ρ0(t0) + aν1 ρ1(t1), (B.1)

and we will again use (5.43) as the model for ρ1(t1 = 0). The upper index, ν, on

aνj indicates that ensemble members can be labeled, and one can distinguish
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two simultaneously present ensemble members. One still cannot address N

in a model, and explicitly labeling members will not generally be possible.

Instead, we will assume that partitions are fixed and that one can know to

which partition an ensemble member belongs.

We will again assume that passive measurements are fair measurements,

and we will not assume any reduced dynamics. We can then write a general

formula for the Born probability as more and more branches form:

P|g〉〈g|
(
ρ(t̃)

)
=


p0(t̃) 0 ≤ t̃ < 1∆t̃

p1(t̃) 1∆t̃ ≤ t̃ < 2∆t̃
...

...

pn(t̃) n∆t̃ ≤ t̃ < (n+ 1)∆t̃

(B.2)

If members are actively prepared to be in the excited state, and because

none will have suffered environmental interference before t̃ = 1∆t̃, we have for

the initial value p0(t̃) = sin2(Ωt̃). After the first interference event, a fraction

(1− η) of the experimental ensemble is passively prepared to be in |g〉 or |e〉.

It is straightforward to find from the theory of Rabi oscillations

p1(t̃) = η p0(t̃) + (1− η)
(
p0(1∆t̃) cos

2
(
Ω (t̃− 1∆t̃)

)
+
(
1− p0(1∆t̃)

)
sin2

(
Ω (t̃− 1∆t̃)

))
. (B.3)

Because one knows which members have suffered interference, for general n,

we have

pn(t̃) = η pn−1(t̃) + (1− η)
(
pn−1(n∆t̃) cos

2
(
Ω (t̃− n∆t̃)

)
+
(
1− pn−1(n∆t̃)

)
sin2

(
Ω (t̃− n∆t̃)

))
. (B.4)
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Note the reappearance of a recursive structure similar to that of (5.48). Re-

cursively partitioning the experimental ensemble in this way (B.4), however,

requires that one can at any time label different ensemble members and know

to which partition they belong. Because the recursion index, n, is also the

index counting time in functions of n∆t̃, there is no need to rescale the time

parameter, as was done in (5.50).

Figure B.1 shows the results of two sample calculations using (B.2)

with (B.4). The dots are calculated from our model. The solid lines are plots
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(a) With η = 0.99, we fit γ/Ω = 0.05.
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(b) With η = 0.997, we fit γ/Ω = 0.015.

Figure B.1: The Born probability, P|g〉〈g|
(
ρ(t̃)

)
, when members of the ensemble

are distinguishable. For both plots, Ω∆t̃ ≈ 0.08. The dots are the results of
recursive calculations using (B.4) and (B.2). The solid lines are plots of the
damped sinusoid (5.38) that fits the experimental data. Recall that η is the
probability that members will not suffer a perturbation at the times n∆t̃.
Values of η and ∆t̃ were chosen for aesthetics only.

of the decaying sinusoid in (5.38), which fits the experimental measurements.

For both figures we have used Ω∆t̃ ≈ 0.08. The results in Figure B.1(a) were

calculated using η = 0.99 and resulted in a fitted value for the damping factor
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of γ/Ω = 0.05. The results in Figure B.1(b) were calculated using η = 0.997

and resulted in a fitted value for the damping factor of γ/Ω = 0.015. Recall

that η = 1 for a perfectly isolated system.

This calculation for distinguishable ensemble members results in a fitted

damping factor, γ, that is independent of Ω.
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