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Abstract 

 

Integrating Topology into the  
Standard High School Geometry Curriculum 

 

William George Kiker III, MA 

The University of Texas at Austin, 2012 

 

Supervisor:  Edward Odell 

 

This report conveys some of the modern investigations surrounding the use of 

topology in a contextual setting.  Topics discussed include applications of topology 

relating to the modeling of biological structures and common objects like sunshades, 

elementary knot theory, and the connection between the fields of topology and algebra.  

A brief overview and discussion of the incorporation of elementary topology into the 

standard Geometry curriculum of secondary schools is also examined.   
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Chapter 1: An Introduction 

What is a circle?  This definition forms the basis for discussion of a common 

concept studied in geometry courses: the set of all points in a plane that are a fixed 

distance, defined as the radius, from a fixed point, defined as the center.  Figure 1 

illustrates circle X with a fixed center and radius containing the points A, B, C, and D.  

Note that circle X has two arcs that connect D and B, one is arc DAB and the other is arc 

DCB.  The only two points that the two arcs have in common are D and B [3, p. 267]. 

  
 

Figure 1.  Circle X [left] and rubber band Y [right], two topologically  
similar “simple closed curves”. 

 No high school Geometry student would consider an object like rubber band Y 

illustrated in Figure 1 to be a circle as it is not “round” nor does it have a radius or center; 

however, topologically, these two shapes are similar [3, p. 268].  Topology is the study of 

geometry from a completely different perspective [3, p. 267].  A topologist would 

identify both X and Y as simple closed curves based on a topological property known as a 

homeomorphism.  Every point of X can be mapped continuously one-to-one onto Y.  Any 

sets like Y which can be transformed from a set like X by means of a homeomorphism are 

all classified as simple closed curves in terms of the field of topology [3, p. 268].  

 Since some of the transformations allowed in topology are continuous point-to-

point transformations, plane topology is easiest to visualize when considering figures are 
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drawn on flat, stretchable paper.  Any particular property of a figure that is conserved is 

considered a topological property.  Therefore, in topological terms, a rectangle, circle, 

and a pentagon are all equivalent figures, but each object is distinctly different from a 

ring, for example, that is comprised of two concentric circles [2, p. 41].   

 The most common misconception about the field of geometry, and the one that 

many secondary school teachers hold, is that Euclidean geometry is the content that is 

being taught in high school Geometry.  The truth is that the course has devolved greatly 

since its original placement in the high school curriculum and it rarely brings in any 

conceptually new information based on recent discoveries in the field.  Much, if not most, 

of what is taught is fundamentally the same as what was taught in the 19th century, though 

the world has advanced significantly since then.  Many mathematics students enter the 

college level with a large disconnect between topics in courses like topology and linear 

algebra and their association with Euclidean geometry since there is no real attempt to 

make such connections in the high school course [6, p. 480].  It is no wonder that high 

school geometry courses are presented in a very uninspiring way since the courses begin 

with two major misconceptions, one that they are truly teaching geometry and the other 

regarding whether they actually encourage complex mathematical thinking  [6, p. 481]. 

 A true high school geometry course requires an exposure to various new and 

intriguing ideas; it should challenge the ingenuity of the student and should also widen 

most mathematical perspectives [6, p. 481].  Historically, the study of topology has 

trailed that of Euclidean geometry by 2,000 years and though most of its discoveries and 

investigations have occurred within the current century, it still remains one of the more 

difficult subjects and thus one of the more common to avoid studying [2, p. 39].  The 

main issue that arises in incorporating topology into a geometry course is actually the 

most fascinating.  It seems that things that are extremely obvious or instinctive become 
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quite difficult to make precise [10, p. 126].  Though many of the investigations that have 

occurred in topology may appear rather abstract, several of them hold a great amount of 

tangible context and can be applied to fields outside of mathematics.  In the following, 

some of these identified applications are expanded upon and further examined to expose 

a genuine rationale supporting the incorporation of topology into the standard high school 

geometry curriculum.
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Chapter 2: Topological Structures in Biology 

One of the more modern discoveries not likely to appear in the straitjacketed 

geometry curriculum of secondary schools is the connection that topology plays in the 

field of biology and understanding the structure of deoxyribonucleic acid, or DNA.  A 

landmark discovery in topological mathematics occurred when two mathematicians, 

Vaughan Jones of University of California at Berkeley and Joan Birman of Columbia 

University, collaborated on a theory regarding how DNA becomes linked, why particular 

knotting occurs during the replication and recombination processes, and how the knots 

and links form from the enzymes [7, p. 1506].  A knot is a particular embedding of a 

circle in three-dimensional space.  The field of knot theory contains a very crucial, 

underlying question: how can one discern whether two given knots are actually the same?  

The far from ideal solution of drawing tables of knots to exemplify which knots are 

unique has been practiced for the past century.  Figure 2 displays a “knot” that does not 

obviously appear as knotted or not.  There becomes a desire to be able to calculate an 

“invariant,” a property of a knot that does not change under isotopy (a movement of a 

space as opposed to the movement of objects within a space), that can be used to 

distinguish the uniqueness between two given knots [7, p. 1507]. 

 

 

 

 

Figure 2.  A genuine “knot” or not? 
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 In 1928, American mathematician John Alexander defined the Alexander 

polynomial, a polynomial such that if two knots have two distinct polynomials, then the 

two knots are unique.  The drawback was that two distinct knots could have the same 

polynomial representation [7, p. 1507].  Figure 3 illustrates the idea that surfaced in the 

1920s to obtain knots from braids, which are strings tangling between two sets of hooks. 

 

Figure 3.  The conversion of a braid into a knot. 

By looking at the connection between braids and knots, Jones discovered a number, the 

dimension, which is dependent on the knot and not the braid.   Thus, the function that 

emerged that was dependent only on the knot led to the development of a polynomial 

much different than the Alexander polynomial.  Jones computed the polynomial for a 

right-handed trefoil and then for a left-handed trefoil (which knot theorists know to be 

distinctly different) expecting them to be the same as was such when calculating the 

Alexander polynomial.  The polynomials were different.  It was soon determined that the 

Jones polynomial was significantly “more powerful” than the Alexander polynomial 

since it was more successful in determining that two knots were different when they 

actually were different [7, p. 1507].  The loose ends regarded tying up the unnecessarily 

complicated mathematics.  It was determined that the calculation could be computed 

directly from the knot instead of first converting it to a braid.  Several groups of 

mathematicians independently discovered a two-variable polynomial that made the 
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calculations quite simplistic.  Coincidentally, specifying a one-variable polynomial leads 

to the Alexander polynomial [7, p. 1508].   

 While the knot theorists worked on determining what the polynomials actually 

mean, the understanding between knotting in DNA was becoming prevalent.  In order for 

DNA to physically fit inside of a cell, it has to be linked and knotted, processes which 

occur during replication and recombination [7, p. 1508].  With the new Jones polynomial, 

it is now possible for a biologist to prove whether two DNA sets are the same.  

Furthermore, the two basic operations to change DNA structure, passage and exchange, 

are exactly the operations that the new Jones polynomial employs.  In biological terms, 

the mathematical equation essentially states that when a polynomial that describes a knot 

is added to a polynomial that describes the same knot after the passage process and the 

resulting sum is then added to the polynomial that describes the same knot after the 

exchange process, the total sum must equal zero.  The creation of the Jones polynomial 

allows biologists to calculate something that is essential to studying how DNA knots are 

constructed and deconstructed.  This interdisciplinary connection exemplifies the 

“unreasonable effectiveness of mathematics” to produce functional conclusions from the 

most mysterious of investigations [7, p. 1508].  Intriguing conclusions can even arise 

when examining the structure of an object much less complex than a strand of DNA.  In 

this regard, the topology of sunshades will be investigated in the subsequent chapter to 

further explore these conclusions.
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Chapter 3: Topology in Sunshades 

Many enlightening mathematical discoveries emerge from questioning the 

structure behind phenomena even as simplistic as a coiling sunshade such as those used 

for automobile windshields [1, p. 93].  Such questions would provide a high school 

geometry teacher with extensive opportunities for discussing the intriguing connections 

that an everyday object can present when examining the world from a geometric and 

topological perspective. 

Curtis Feist and Ramin Naimi modeled the structure of a “Magic Shade” by 

inquiring about the number of loops present in the wire within the sunshade that is in the 

standard closed position [1, p. 94].  A second, more mathematical question regarded 

knowing all possible positions of the closed shade in the context of the number of loops 

in the wire [1, p. 94].  Before investigating the two inquiries further, there is a need to 

define some terminology.  Figure 4 depicts the wire frame of the sunshade topologically 

known as a band with edges known as boundary circles and the midway circle known as 

the core.  When the shade is in its closed, coiled position, the core is in “braid position.” 

 

Figure 4.  An open sunshade’s wire frame [1, p. 94]. 

To generate a continuous loop of strings, which will be defined further as a component, 

from a braid, a closed braid is created by connecting the top ends to the bottom ends 
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where the horizontal lines are drawn such that between any consecutive two lines, there is 

only one crossing as depicted in Figure 5 [1, p. 95]. 

 

 

 

 
Figure 5.  A component in braid position [1, p. 95]. 

 When a link, or set of n continuous components, is twisted around, there exists a 

“linking number” by which to describe the orientation of crossings.  There is a clear 

statement that develops from this notion.  In its open position, the shade clearly has no 

crossings and thus has a linking number of zero.  Because the linking number is an 

invariant in topological terms, the linking number is the same even when the shade is in 

its folded position.  Thus, the linking number of the boundary circles must still be zero 

when the shade is in its closed position [1, p. 97].   

 To further analyze the Magic Shade, Feist and Naimi recall the first two 

statements posed and claim that if the band is coiled into m loops and the core of the band 

contains n crossings, then m and n have “opposite parity,” meaning that one is odd and 

the other is even [1, p. 97].  Figure 6 illustrates that the only boundary circle crossings 

that happen will occur with a core self-crossing [1, p. 98]. 
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Figure 6.  A core self-crossing containing four boundary circle crossings [1, p. 98]. 

Upon observing only the non-self-crossings that occur, a calculation of a total of 2n 

crossings is made and, upon assigning each boundary circle an arbitrary orientation, it 

follows that each n pair of crossings will have either two +1s or two -1s and thus never a 

linking number of zero.  If n odd numbers are added together, the result has the same 

parity as n, but since there is a linking number of zero, it follows that n must be even.  

Therefore, since n and m have opposite parity, m is an odd number [1, p. 98]. 

 The result of this investigation is that the wire frame of a sunshade in its closed, 

coiled position must coil into an odd number of loops [1, p. 98].  The other question that 

was posed can be easily answered by maneuvering a physical sunshade.  Another result 

that follows is that the sunshade can be further coiled into greater odd numbers by using 

special topological tricks.  This investigation and the one that follows provides evidence 

of the topological concepts that are present in even the most common of objects that are 

engaging and easily accessible to high school students.
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Chapter 4: Extensions of Topology 

 Consider a long extension cord that is looped around several times before storage.  

When unwinding it for use, it will be twisted in a certain way.  Why?  This mathematical 

phenomenon is similar to the example of a ball positioned in the middle of a room such 

that it is connected to the walls of a three-dimensional prism by three stretchable bands, 

b, m, and w.  The bands have fixed endpoints and, although are unable to be cut, can be 

moved anywhere [5, p. 757].  Can m be wrapped around w without touching the ball? 

 

Figure 7.  A ball is attached to the walls by three elastic bands [5, p. 756]. 

Upon inspection of Figure 8, it becomes obvious that only a few intermediate steps 

provides a method to wrap m around w any even amount of times.  The issue is more 

difficult if the desire is to wrap m around w an odd number of times [5, p. 758].   

 

Figure 8.  Intermediate steps to wrap m around w an even number of times [5, p. 758]. 
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 Define X and Y to be two-dimensional spheres each with a radius and a center at 

the origin of three-dimensional space.  Additionally, define Z to be the hollow space 

between X and Y where b, m, and w are line segments that Z will intersect at positive 

coordinate axes, x, y, and z [5, p. 758].  Is there an ambient isotopy of Z given that X and 

Y are fixed such that m wraps around w only once?  The answer requires the ability to 

rotate the plane and thus the twisting of the elastic bands [5, p. 760]. 

 The twisting number of a band is the sum of all crossing signs divided by two 

which will be the number of twists that occur through   

€ 

180° and the number of twists that 

occur through   

€ 

−180°.  Considering that the band is closed in three-dimensional space, a 

writhing number, the sum of all the signs at each crossing, can also be computed.  It 

follows that the twisting number added with the writhing number is equal to the linking 

number (otherwise known as J. H. White’s Conservation Law) [5, p. 762].   

 

Figure 9.  Wrapping M around W 2n times without touching the center ball [5, p. 766]. 

Consider, as in Figure 9, that B, M, and W are untwisted bands in Z along b, m, and w 

where there exists an ambient isotopy of Z that wraps m around w, k number of times 
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such that k is an integer.  If the bands are oriented as in Figure 9, then the twisting 

number of B is 2n such that n is an integer.  Thus, the twisting number of W is –2n.  Since 

M can be pulled straight through W without adding any new twists, that section of M will 

have –2n twists.  To pull M straight, the coils of M must first be smoothed by moving M 

through B exactly k times.  This produces an additional 2k twists in M making its twisting 

number –2n + 2k.  But, by a previous, similar statement regarding B, the twisting number 

of M must be 2n.  Therefore, k = 2n and thus there exists no ambient isotopy that wraps 

M an odd number of times around W [5, p. 766]. 

 Arrange the elastics from the starting position of Figure 8 to the position given in 

Figure 10.  Repeat the move made in Figure 8 for the two parallel parts of m and w in 

Figure 10 to wrap m around w twice.  The remaining task is to untangle b [5, p. 766]. 

 

Figure 10.  A parallel arrangement of m and w [5, p. 766]. 

Consider an extension cord is wrapped around a hook in the North direction along the 

equator.  It is common to not remember which direction is North after the extension cord 

has been stored and it can be unwound in the North or South direction.  If unwound in the 

North direction, the cord will unravel without any twists.  However, if unwound in the 

South direction, it is guaranteed to be twisted many times.  In actuality, when the cord is 

wrapped one complete cycle around the hook, the cord (band) has been twisted through 
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€ 

720° in the same direction.  This phenomena has been corrected by the use of the figure-

eight cord wrapping approach, used by many lawn mowers, and the invention of the 

rolling cylinder storage system for extension cords [5, p. 767].
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Chapter 5: The Algebra Behind Topology 

 As with the previous several applications of topology, there have been numerous 

connections between the subject and other areas of mathematics.  Most secondary 

students encounter two algebra courses at some point of their high school career, and in 

an attempt to provide further connections to topology, the following is brief discussion of 

the concepts an algebra student would encounter presented from a topological context.   

 As is true with adding two unknowns algebraically, two different knots can be 

“added” topologically.  This is known as a connected sum, where a “gluing 

homeomorphism” is used to unite the exiting end points and entering end points of two 

knots, and is typically denoted by “#” instead of the “+” symbol.  The opposite maneuver 

is factoring whereby the ideas of commutativity and associativity are defined.  Therefore, 

a nontrivial knot is deemed prime if the only factors that comprise it are the unknot and 

itself.  If a nontrivial knot is not prime, it will be called composite.  The unknot, like the 

number 1 in the real number system, is neither prime nor composite [9, p. 302].   

 The next goal is to provide proof of a major theorem regarding knot factoring: 

Torus knots are prime.  A torus knot is a nontrivial knot embedded in a torus.  Assume, 

by way of contradiction, that K is composite torus knot and thus has more factors than the 

unknot and itself.  Suppose a plane S, a “cutting sphere” for K, intersects T, a torus, such 

that it is a finite union of mutually exclusive circles.  Identify 

€ 

λ  to be a circular meridian 

or longitude and orient K so that K passes through S a minimum of two times [9, p. 303].   
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Figure 11.  The factor “inside” 

€ 

λ  is the unknot [9, p. 303]. 

Since this is physically impossible in the plane, it is assumed that 

€ 

λ  is not a meridian nor 

is it a longitude.  It follows that 

€ 

λ  is a trivial loop in the torus T since it bounds a disk in 

T.  Assuming that K meets 

€ 

λ  at some point, it becomes obvious that the factor “inside” of 

€ 

λ  is indeed the unknot as shown in Figure 11.  This forms a contradiction and completes 

the proof [9, p. 303].    

 This section has provided an example of the notion of a prime knot and the ability 

of a knot to factor into a product of prime knots mirrors the natural numbers [9, p. 297].  

Further application of these concepts has been investigated and provide meaning and 

rationale for expanding on the notion of an algebra from the perspective of topology.  

This expansion can very well occur on a very elementary level in secondary schools with 

the incorporation of the study of topology into the standardized geometry curriculum.  
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Chapter 6: A Conclusion 

 Although there is much debate about the content that comprises most of the 

geometry courses in secondary schools, there is much less concern with the inclusion of 

the topic of topology.  The subject should deserve inclusion only if it is able to prove its 

place by enhancing the engagement of the students and demonstrating its applicability to 

other fields [4, p. 436].  Geometry has proved its place in the application of algebra and 

the examples provided throughout this report provide sufficient evidence for the inclusion 

of topology as a meaningful application of geometry.  Much of what was discussed 

required the amount of thought capable of a high school geometry student.  Although 

there would be a need to convey proper terminologies, it might be considered worthwhile 

to engage in this experiment and discussion to further place geometry and topology in 

their prospective contexts so that the student can gain further understanding of the sheer 

usefulness of the topics.   

 Many undergraduate mathematics freshmen voice a common complaint that much 

of what the high school curriculum required was not consistent in what the higher 

education curriculum in mathematics would require [4, p. 438].  There is reason to 

support claims that the high school Geometry syllabus could become quite overcrowded, 

however the inclusion of some of the topological concepts can further bolster the 

geometrical concepts already present in the standard curriculum [4, p. 440].  The National 

Council of Teachers of Mathematics provides standards for Geometry students in grades 

9-12 that suggest students should be able to visualize three-dimensional objects from a 

different perspective and that students should be able to use a geometric models to 

provide insight on questions in other areas of mathematics, such as topology, and 

possibly answer some of those questions [8].  All of these concepts are necessary for an 
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in-depth understanding of the discussion presented in the above sections and would be 

meaningful to include in a high school geometry course to support the overall goal of 

bolstering student engagement and downright fascination. 
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