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This report explores the historical development of three areas of study regarding 

prime numbers. The attempt to find an efficient and useful function to generate primes 

could be a helpful tool in the improvement of encryption. The difficulty of factoring large 

numbers allows the Rivest, Shamir and Adleman algorithm to be effective for public key 

cryptography. The distribution of primes is examined through discussion of the prime 

number theorem and the Riemann hypothesis. A brief case for integrating elementary 

number theory in secondary curriculum is also included. 
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Chapter 1: Introduction 

 

A prime number is defined as a positive integer that has exactly one positive 

integer divisor other than 1. Prime numbers will be referred to as primes. Positive 

integers that are not primes will be referred to as composites. Primes are important 

because their existence lays the groundwork for the Fundamental Theorem of Arithmetic, 

which states that every positive integer greater than one can be expressed as a product of 

primes. In essence, primes are the building blocks of the integers. 

Students in any secondary mathematics class have at least been exposed to 

primes. The National Council of Teachers in Mathematics recommends that students in 

grades nine through twelve should “understand numbers, ways of representing numbers, 

relationships among numbers, and number systems” [9]. High school students in any 

mathematics class should be able to engage with primes and investigate their properties. 

Explorations into a variety of theorems, propositions, and conjectures concerning primes 

such as Euclid‟s theory that there are infinitely many primes or Goldbach‟s conjecture 

that every even integer greater than two is a sum of two primes, would enchance 

students‟ understanding of number. Such activities would encourage an appreciation for 

the history of primes and the general search for mathematical truth.  

The study of primes goes back thousands of years. The ancient Greeks are often 

credited as the first to study primes. The Greek mathematician Euclid wrote Elements, 

which still influences mathematicians to this day. In Elements, Euclid wrote mostly about 
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Geometry, but in Book VII he provides definitions, postulates, and proof concerning 

elementary number theory [4]. 

 Euclid proved that infinitely many primes exist using a reductio ad absurdum 

(proof by contradiction) method of argument. 

Proof that infinitely many primes exist. Assume the sequence of primes is 

finite. Then, one of the primes must be the largest prime. Let P be the largest 

prime. Multiply all of the primes in this finite set together and add one to 

construct a number  

              . 

Since P is the largest prime and    ,   cannot be prime. Since   is not prime, 

it must be composite. As a consequence of being composite,   must be divisible 

by at least one prime. However, dividing   by any of the primes in the sequence 

          will always leave remainder 1. Thus,   must be a prime such that 

   . This contradicts the assumption that P is the largest prime. Therefore 

there is no largest prime and infinitely many primes must exist [6, p. 268]. 

 

Also of great importance, Euclid proved the Fundamental Theorem of Arithmetic, 

or that each integer m > 1 has a unique expression as a product of primes [6, p. 236]. To 

prove that the expression exists, both inductive and reductio ad absurdum arguments may 

be used.  

Proof of the Fundamental Theorem of Arithmetic. When m = 2, m is prime 

and therefore a product of primes. The rest of this argument assumes that m >2 

and every number less than m can be factored into a product of primes. If m is 

prime then m is a product of primes, so suppose that m is not prime. If m is not 

prime, it is composite and can subsequently be written as     where a and b are 

integers such that        . Under the assumption, since      , a and b 

can be factored into a product of primes. If     can be factored into a product of 

primes, so can m because     . 

 

A proof that the expression is unique also utilizes contradiction.  

Proof of the Fundamental Theorem of Arithmetic, continued. Suppose m has 

two prime factorizations:           and           where the sequence 

of primes are written in ascending order and i < k. If     , then m is prime,  

i = k = 1, and       because a prime cannot be a product of two or more primes. 

Assume that m is a composite. Euclid‟s proposition 30 of Book VII, which states 



 

3 

that if p is prime and p divides xy, then p divides x and/or p divides y. This 

statement is known as Euclid‟s Lemma. Let      . Since              
  ,    must divide         and    equals some   . It follows that      . 

Similarly,    must divide         and      . Thus,      . Dividing both 

factorizations by this value yields                . This process can be 

repeated to show that      ,      , …      . By previous assumption, 

either i < k or i = k. If i < k,                 , which is impossible. So, i = k. 

Thus,            , …, and       . Therefore, the prime factorization is 

unique. 

 
Studying primes is often done in the abstract and tends to attract students who 

enjoy thinking about mathematics. Those and other students may be enticed into 

engaging with primes to investigate some of their real life applications. To do so, it may 

be worthwhile to first examine primes as a set. Secondary mathematics courses are 

usually taught through the lens of functions, so students may be interested in trying to 

find a function whose range is the set of primes. 
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Chapter 2: Finding a Function 

 

There have been extensive attempts to define the sequence of primes as a 

function. The function would ideally generate the list of primes in order. This ideal 

function will be referred to as   where   is a function of   that generates the  th
 prime. 

More specifically, a function   is desired such that      is a prime number for all   [7, p. 

352]. From the outset, this task is admittedly much more difficult than it might seem. 

Table 1. The first 50 primes. 

                                       

1 2  11 31  21 73  31 127  41 179 

2 3  12 37  22 79  32 131  42 181 

3 5  13 41  23 83  33 137  43 191 

4 7  14 43  24 89  34 139  44 193 

5 11  15 47  25 97  35 149  45 197 

6 13  16 53  26 101  36 151  46 199 

7 17  17 59  27 103  37 157  47 211 

8 19  18 61  28 107  38 163  48 223 

9 23  19 67  29 109  39 167  49 227 

10 29  20 71  30 113  40 173  50 229 

 

Many algorithms have been developed to generate primes with varying degrees of 

efficiency. The simplest algorithm would go through each positive integer and test 

whether or not the number is a prime. This procedure calls for the number to be divided 

by each number that precedes it. If no divisors other than one exist, the number is 

classified as prime. This method is not very useful because of the number of values 

required to check for divisibility. As the number being checked becomes very large, the 

number of divisibility checks becomes too numerous to be efficient. Wells states, “The 
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problems of primality testing and factorization are indeed extraordinarily tricky and 

subtle. Fortunately, testing for primality is the easier of the two” [8, p. 178]. 

More efficient ways of generating primes and testing numbers for their primality 

have been developed.  A prime sieve is an algorithm that filters out every composite 

number. The most famous is the sieve of Eratosthenes, developed circa 230 BC. This 

particular sieve will find all of the primes up to any given limit by iteratively throwing 

out the multiples of each prime, starting with 2. This has been one of the most efficient 

ways of finding small primes [8, p. 58]. Using computers, the sieve of Eratosthenes has 

become efficient for numbers less than 1010 . During the eighteenth century, Wilson 

developed a theorem which states that n is prime if and only if  n divides ( 1)! 1n  .  

Table 2. Wilson‟s theorem as a test for primality. 

N (n1)!+1 observations 

2 2 2 divides 2; 2 is prime 

3 3 3 divides 3; 3 is prime 

4 7 4 does not divide 7; 4 is composite 

5 25 5 divides 25; 5 is prime 

6 121 6 does not divide 121; 6 is composite 

7 721 7 divides 721; 7 is prime 

11 3,628,801 11 divides 3,628,801; 11 is prime 

 

Unfortunately, as the table shows, using Wilson‟s theorem as a test for primality is also 

not very efficient for large numbers, even on modern computers. 

In the twentieth century, John Conway devised an unusual algorithm for 

generating primes [5, p. 26]. Starting with an input value of 2, through multiplication by a 

specific list of fourteen fractions, an integer is eventually found. That integer becomes the 
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new seed value and the multiplication begins back at the beginning until another integer 

is found. This process continues until a power of 2 is found. When the power of 2 is 

reached, the value of the power is prime. These powers of 2 are outputted and generate an 

ordinal list of all of the primes. The algorithm has been titled Conway‟s Prime Producing 

Machine and the fourteen fractions are 

  
17 78 19 23 29 77 95 77 1 11 13 15 15 55

, , , , , , , , , , , , ,  and .
91 85 51 38 33 29 23 19 17 13 11 14 2 1

  

Unfortunately, Conway‟s Prime Producing Machine suffers similarly to the sieve of 

Eratosthenes due to its inefficacy.  

In 1997, Ribenboim investigated whether there is a function that will have a range 

equivalent to the set of primes [7, p. 352]. First, Ribenboim attempted to generate primes 

in the correct order by introducing a statement that is true for all primes and false for 

composites. To do this, he constructed the piecewise function 

   (1) 1F  ; 2 ( 1)! 1
( ) cos

j
F j

j

  

  
 

  

where x   is defined as the integer part of  . Citing Wilson,     is a prime number if 

and only if 

                     .    

From this result,      will output one if   = 1 or if   is a prime number and will output 

zero for all other inputs.  
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Another solution to the problem of employing a function to find primes was given 

by Willians in 1964: 

   
2

1

1
1 ( )

n

n
n

m

n
p

m

 


      

where      is defined as the number of primes less than or equal to  . In 1971, J.M. 

Gandhi developed a completely different solution to the same problem:  

|

1 1 ( )
1 ln

ln(2) 2 2 1
n d

d P

d
p

 
    

 
  

where   is a divisor of  ,   is the product of all of the primes up to     , and   is the 

Möbius piecewise function 

          ( )d 

1

( 1)

0

m








if  = 1

if  is squarefree and has  different prime factors

otherwise

d

d m

  

. 

A squarefree number is an integer divisible by no perfect square, other than 1. A perfect 

square is an integer that is the square of an integer. Both of these functions are quite 

complicated and according to Rebinboim, “has so far not led to interesting consequences, 

and perhaps never will” [7, p. 354]. 

Even though formulas exist which can generate the primes in order (for example, 

an input of 3 produces an output of the 3
rd

 prime, 5), their complexity seems to outweigh 

their practicality. Since polynomials are simpler to evaluate than the functions stated 
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above, Ribenboim suggested trying to find a polynomial in one variable that always 

outputs a prime when positive integers are inputted, but ended up proving such a 

polynomial did not exist. Instead, he shifted his goal to find a polynomial that will 

produce many primes. In the 1700s, Euler found various polynomials that generated a set 

of primes for a large number of inputs. One of these was               which 

generated primes for 1 40x   when x is an integer. Legendre found a polynomial, now 

known as Euler‟s polynomial, which produces prime values for all integers 0 39x  is   

                .            

Euler could not find a   in the equation             that generated a longer list of 

consecutive primes than 41.  

There is a reason why 2( ) 41f x x x     should be expected to produce a large 

number of primes. Consider the general equation            . Since 2x x is 

always even,   must be odd for        to be prime. In other words,   must be 

congruent to 1 modulo 2. Note that 0,1,  or 2 (mod3)x   and 2 0 or 2 (mod3)x x  . 

For         to be prime, it may not be divisible by any other prime number, which 

includes 3. So,  2 (mod3)q   will ensure that        is not divisible by 3. The two 

conditions for q,  1 (mod 2)q   and  2 (mod3)q   yields  5 (mod6)q  . As long as 

 5 (mod6)q  ,        will never be divisible by 2 or 3. By continuing similarly 

with 5 and 7, if  11, 17, 41, 101, 137, or 167 (mod210)q  ,        is not divisible 

by 2, 3, 5 or 7 [8, pp. 77-78]. 
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Table 3. The number of primes of the form x
2
 + x + q for 0 < x < 1000. 

q prime values of x
2
 + x + q 

11 288 

17 366 

41 582 

101 453 

137 339 

167 285 

 

Many quadratic expressions exist that produce primes when several consecutive integers 

starting with 0 are inputted. Ribenboim states, “the „maximal‟ one among these 

polynomials is the one that produces the greatest consecutive number of prime values” [7, 

pp. 355-356]. In 1801, Gauss proposed that the “maximal” imaginary quadratic field 

which corresponded to              . It wasn‟t until 1952 that Heegner, Baker, 

and Stark proved Gauss‟ conjecture using the theory of elliptic modular forms [7, p. 356]. 

In the 1970s, Matisevich eventually found that the set of primes is the set of positive 

values of a polynomial function of degree 25 in 26 unknowns. This polynomial can be 

written explicitly, and as long as the unknowns are replaced by positive integers, will 

produce primes when the result is positive. Remarkably, every prime can be generated 

using this polynomial [7, p. 358]. 

There have been quite a number of algorithms that make it possible to generate 

primes in different ways. Primality tests, which check to see if a number is prime, have 

and continue to be developed. Such algorithms have proven to be very useful in public-

key cryptography. Fermat‟s Little Theorem, which can be used as a test for primality, 

proves to be particularly helpful in advancing encryption methods.  
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Chapter 3: Public-Key Cryptography 

 

 Coding algorithms have existed for thousands of years. Ancient Egyptian 

hieroglyphics have been found to contain substitution ciphers [8, p. 193]. Julias Caesar 

created what is now known as a Caesar Cipher, where each letter is substituted for 

another [1, pp. 66-67]. This is a very weak method of encryption because it is easy to 

decode. A better method of encoding messages uses primes in a crucial way. Finding the 

factors of a very large number which is a product of two primes is extraordinarily time 

consuming, even with modern powerful computers. The RSA algorithm is currently the 

best method of public key cryptography [8, p. 212]. RSA stands for Rivest, Shamir and 

Adleman, the algorithm‟s creators. Even though this method was discovered in 1977, the 

roots of the RSA algorithm date back to the 1600s. 

 Fermat is widely regarded as one of the greatest mathematicians of the 

seventeenth century and one of the first modern number theorists. One of his most 

important conclusions as documented in Observations on Diophantus was the basis of 

Fermat‟s Little Theorem.  

Fermat’s Little Theorem. If p is prime, then for any integer a, pa a  will be 

divisible by p  and can be stated as (mod )pa a p . 

 

Euler proved Fermat‟s Little Theorem about a century later [8, pp. 90-91]. 

Fermat‟s Little Theorem can also be described in terms of congruence classes. Let 

0 1a p   . Since a and p are relatively prime, it suffices to show that 1 1 (mod )pa p   

or 1 1 0 (mod )pa p   . [ ]pa  is the congruence class modulo p which contains a. In other 
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words, [ ]pa
 
represents all integers congruent to (mod ).a p  ℤ/pℤ is the set of all 

congruence classes modulo p. A unit of ℤ/pℤ is an element [ ]pa for which there is some 

element [ ]pb with [ ] [ ] [1]p p pa b  . [ ]pa  and [ ]pb  are considered multiplicative inverses. 

The order of a modulo p is defined as the smallest positive integer e such that 

1 (mod )ea p .  

Fermat’s Little Theorem, restated. If p is prime and [ ]pa is a unit of ℤ/pℤ, then 

1[ ] [1]p

p pa   . 

 

It follows from Fermat’s Little Theorem that if p is prime and a is not divisible by p, then 

the order of a modulo p divides 1p  . This helps to describe the inverse of an invertible 

element of ℤ/pℤ. If the greatest common divisor of a and p is 1, then 1[ ] 1p

pa   , so 

1[ ] [ ] [1]p

p p pa a   . Therefore, 2[ ]p

pa   and [ ]pa  are inverses.   For example, the inverse of 

[6] in ℤ/11ℤ is 11

9

11[6] [10,077,696]  since 10,077,696 6 1 (mod11)   [2, pp. 78, 88, 135, 

138, 140].  

Euler proved and improved upon Fermat‟s Little Theorem during the eighteenth 

century. Euler‟s totient function ( )n  calculates the number of positive integers less than 

or equal to n which are relatively prime to n. By convention, (1) 1  [8, p. 74]. Euler‟s 

work led to what is now commonly known as Euler‟s Theorem [2, p. 142].  

Euler’s Theorem. If ( )m  is the number of units in ℤ/mℤ, then for any unit [ ]a  

of  ℤ/mℤ, ( )[ ] 1m

ma   .  

 

Euler‟s work led directly to the RSA algorithm. The RSA algorithm works by 

choosing a very large number which is the product of two large distinct primes. These 
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prime factors have hundreds of digits. Another large value is chosen to be the public key. 

Both the chosen product of two primes and the key are published publicly. The two 

distinct prime factors are kept secret. The only way to decode a message encrypted using 

the RSA algorithm is to know the two prime factors. The actual algorithm has three 

stages: generating the key, encrypting the message, and decoding the message. 

The first step is to choose two primes, 1p  and 2p . Ideally, these large numbers 

should be as random as possible and should have approximately the same number of 

binary digits. Multiplying 1p  and 2p  will produce a product of the two primes, m. This 

value must also be larger than the message being encrypted. Using Euler‟s totient 

function, compute  

1 2( ) ( 1)( 1)m p p      

and choose an integer e to be relatively prime to ( )m  and 1 ( )e m  . e is to be 

released publicly as the exponent of the message to be encrypted. To determine the 

decoding exponent, d, find the multiplicative inverse of (mod ( )).e m  This can be found 

by solving 1(mod ( ))ed m  for d. Along with the prime factors, d is also kept secret. 

 The public information is m and e. The private information is d, 1p  and 2p . To 

encode a message, each letter is assigned a distinct positive integer x such that x < m. 

Then, x is encrypted using a cipher which is a little more effective than Caesar‟s. If z is 

the encrypted number, it is computed using (mod )ez x m  using the extended Euclidean 

algorithm. The encrypted values can be public. To decrypt the message, one only requires 

knowledge of the decryption exponent d. Calculating (mod )dz m  will yield x. By using 



 

13 

the letter-numbering system that was originally used to assign each letter a number, the 

message can be easily decoded. 

 For example, to encode the message “H”, let the letter be represented by a two-

digit number corresponding to it (A = 01, B = 02, etc). The message “H” can be 

translated to “08”. This number is x. To keep the calculations simple, m will be 33 (where 

and 1p = 3 and 2p =11). ( )m =20 and 3 will be used for e. Since 38 (mod33)  equals 17, 

the encoded message is 17. This number is z. Since 3 was used for e, 7 will be used for d. 

Note that 1 (mod20)ed  . Finally, calculating 717 (mod33) produces “8”, which has 

been previously defined as “H”. 

This particular case of the RSA algorithm uses numbers too small to be very 

useful. The prime factors of 33 are very easy to find. Choosing 1p , 2p , e, and d depends 

on the factoring ability of modern computers [2, pp. 71-72]. Today, encryption is used in 

the daily business of most people whether they realize it or not. It is commonly applied in 

banking transactions and securing digital data. For now, even with computers there is no 

known method for quickly factoring sufficiently large numbers. The RSA algorithm 

continues to be useful to businesses and the military.  

  



 

14 

Chapter 4: Distribution of Primes 

 

The distribution of primes has attracted some of the greatest minds in 

mathematics. Primes seem to be distributed randomly, but they are determinate [8, p. 2]. 

As stated in Chapter 2, the number of primes less than or equal to n is defined as ( )n . 

The prime number theorem states that as n increases, ( )n  asymptotically approaches 

ln

n

n
, or  

( )
lim 1

ln

n

n

n

n






 
 
 

. 

 This assertion is commonly notated as ( ) ~
ln

n
n

n
  [3, p. 45]. The first significant 

conjecture regarding the size of ( )n was made in 1798 by Legendre, who claimed that 

( ) ~
ln 1.08366

x
x

x



 . Around the same time, Gauss made a similar claim that ( )n  

would asymptotically approach the logarithmic integral function 

2

1
( ) ~ Li( )

ln

x

x x dt
t

   . 

Currently, the logarithmic integral is expressed as
0

1
Li( )

ln

x

x dt
t

  . In 1851, Tchebycheff  

proved  that if 
( )

ln

n

n

n



 
 
 

 has a limit, the limit must be 1 [8, p. 182].  
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Many mathematicians have attempted to find patterns amongst the primes, but 

few have been as successful as Riemann. In 1859, Riemann presented his only paper on 

number theory, “On the Number of Prime Numbers Less Than a Given Quantity” [8, p. 

206]. In the paper, Riemann made a conjecture regarding the distribution of primes. 

Riemann also discussed what is now referred to as the Riemann zeta function which 

equals the sum over all positive integers n of the reciprocal of n to the power of s, or 

1 1 1
( ) ...

1 2 3

s

s s s
n

s n


                       

where s is a complex number. ( )s  diverges when 1s  and converges for 1s   [3, pp. 

77-79].   

The concept behind the sieve of Eratosthenes happens to be helpful in rewriting 

( )s . Let  

1 1 1 1 1 1 1 1 1
( ) 1 ...

2 3 4 5 6 7 8 9 10s s s s s s s s s
s            . 

Multiplying both sides of the equation by 
1

2s
 yields 

1 1 1 1 1 1 1 1 1 1 1
( ) ...

2 2 4 6 8 10 12 14 16 18 20s s s s s s s s s s s
s            . 

Subtracting the second expressions from the first gives 

1 1 1 1 1 1 1 1 1 1
1 ( ) 1 ...

2 3 7 9 11 13 15 16 17 19s s s s s s s s s s
s

 
            

   

By using the sieve of Eratosthenes, this process can be repeated by multiplying both sides 

of the equation by 
1

3s
 and subtracting the resulting expressions from the previous ones. 
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The same steps can be carried out for  
1

5s
, 

1

7s
, 

1

11s
, etc. to ensure that the right side of 

the equation approaches 1.  One way to put this is 

1 1 1 1
... 1 1 1 1 ( ) 1

7 5 3 2s s s s
s

    
        

    
.  

A bit of algebraic manipulation will produce  

1
( )

1 1 1 1
1 1 1 1 ...

2 3 5 7s s s s

s 
    
       

    

 

which can finally be written as 1 1 1 1( ) (1 2 ) (1 3 ) (1 5 ) (1 7 ) ...s s s ss              or  

1( ) (1 )s

p
s p    .             

1( ) (1 )s

p
s p     is referred to as the Euler product formula [3, pp. 102-106].  

Riemann‟s hypothesis states that all non-trivial zeros of ( )s  have a real part 

equal to one-half. This is relevant to ( )n  because the error in the approximation of 

( ) ~
ln

x
x

x
   is dependent on the region of the Riemann zeta function which is zero-free 

inside the “critical strip” within which the real part of x is between 0 and 1” [8, p. 182]. 

Riemann‟s zeta function has trivial zeros at -2, -4, -6, -8, … [8, p. 207].  An 

equation that is satisfied by ( )s  is known as Riemann‟s functional equation and can be 

used to verify that the opposite of every even integer is a zero. It is 

1( ) 2 sin (1 ) (1 )
2

s s s
s s s
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where ( )s is the gamma function 

( ) ( 1)!s s   . 

Whenever -2n is substituted for s, Reimann‟s functional equation equals  

2 2 1 ( 2 )
2 sin (1 2 ) (1 2 )

2

n n n
n n


     

   
 

. 

Since  sin 0n  for all n, the opposite of every even integer is a “trivial” zero.  

For the rest of the zeros, the real part of s is in between 0 and 1, inclusive. 

Additionally, they are symmetrical about s = 
1

2
. Riemann‟s hypothesis was that ( )s  has 

infinitely many zeros with real part between 0 and 1, inclusive and all the non-trivial 

zeros have real part 
1

2
 and thought its validity “very likely”. The Riemann hypothesis is 

regarded as one of the most important unsolved problems in mathematics [8, p. 207].  

The prime number theorem was proved by Hadamard and de la Vallee Poussin in 

1896 [2, pp. 59-60]. Mathematicians continue to find more precise results. In 1962, 

Rosser and Schoenfeld proved that for all 17x  ,  

1 ( ) 1
(1 )

ln ln

x

x x x


    

where .10555   and   approaches 0 as x  goes to infinity. The size of the error term, 

,  in the prime number theorem depends on the distribution of the zeros of ( )s  

[8, p. 207]. The Riemann hypothesis is one of the most famous problems in mathematics 

today. In 2000, The Clay Mathematics Institute offered a one million dollar prize for a 
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proof of the Riemann hypothesis. To date, there still has been no comprehensive, 

recognized proof. 
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Chapter 5: Conclusion 

This report directly ties together the algrebraic nature and abstract theory behind 

primes to a modern application of primes.   A brief history of three key areas of study 

regarding primes included functions that generate primes through primality testing, 

encryption using the RSA algorithm, and the density of prime numbers along the number 

line. More focus on number theory in historical and modern contexts could help to 

encourage secondary students to become more motivated to study mathematics. Students 

tend to think that all mathematical questions have been answered and there isn‟t any 

room for discovery. If topics such as factoring were taught in conjunction with the idea 

that mathematicians haven‟t found a great method of factoring large numbers, students 

may be more likely to invest time and energy into studying mathematics for curiosity‟s 

sake. Statements like the Goldbach conjecture (every even number greater than two is the 

sum of two primes) and the Twin Prime conjecture (there are infinitely many pairs of 

primes that have a difference of two) are ideas that should be within reach of high school 

students‟ understanding, but so difficult to prove or refute that not even the greatest 

mathematicians have done so yet. 
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