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ABSTRACT 

 
Comparison of Four Growth Curve Models in Angus Cow —  

An Application of Bayesian Nonlinear Mixed Model  

 

Qing Qin, M.S. Stat 

The University of Texas at Austin, 2012 

 

Supervisor:  Claus Wilke 

 
The purpose of this study was to compare 4 growth curve functions (Brody, Logistic, 

Gompertz, and Von Bertalanffy) in describing the weight change across age in Angus 

cow.  A total of 1,705 weight-age records from birth to at least 3-year of age from 171 

cows were collected. All the growth models were fitted as a nonlinear mixed model using 

NLMIXED procedure in SAS9.2 (REML Approach) and MCMC method through 

WinBUGS (Bayesian Approach). The goodness of fit of these four models was compared 

in terms of AIC, BIC, and DIC. The results show that the Gompertz model fitted the data 

best under REML Approach while the Brody model appeared to be the best model under 

Bayesian Approach. The Bayesian Approach provided more flexibility in setting up the 

mixed model and more reasonable estimates for all the growth models compared to the 

REML Approach. These results show some advantages of Bayesian nonlinear mixed 

modeling.   
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1. INTRODUCTION 

 

1.1 Brief history of Growth Models 

Growth models (growth curves) are often used to fit longitudinal data. In biology, 

researchers may be interested in fitting such models to describe the growth trend of an 

organism. The application of growth model is not limited to the change in weight, size, or 

height of an individual; it could also be used in describing an index change in a 

population. In animal science study, growth model are widely used for lactation and 

secretion data. One of the oldest growth curves dates back to 1825 when Gompertz 

discussed the nature of the function expressive of the law of human mortality, and a new 

model of determining the value of life contingencies. Gompertz’s function was 

mentioned again by Winsor in 1932 as a growth curve (Winsor, 1932). Six years later, 

Von Bertalanffy proposed a growth curve describing organic growth (Von Bertalanffy, 

1938).  A foundation for growth curves was established by Brody in 1945. In his book 

Bioenergetics and Growth, Brody derived a growth model using mathematical deduction. 

Theory and details of the mathematical derivation can be found in Chapters 15 and 16 (p 

484 - 642) of his book. The Logistic function is another important growth curve that was 

first developed by Verhulst in 1838 after he had read Thomas Malthus' An Essay on the 

Principle of Population. Verhulst derived his logistic equation to describe the self-

limiting growth of a biological population. The equation was also sometimes called the 

Verhulst-Pearl equation following its rediscovery in 1920. Alfred J. Lotka derived the 
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equation again in 1925, calling it the law of population growth. A generalization of the 

Logistic function was further discussed by Nelder (1961).  

 

1.2 Equations of Selected Growth Models 

Equations of the four growth models mentioned in last section are listed in Table 

1. In these equations, Wt is the weight of animal at age t; Wt and t are observed weight-

age data. There are three parameters, A, B, and K, for all these models. A is the 

asymptotic weight when age t approaches infinity, which is the estimate of mature 

weight. Note that A is not the maximum weight an animal can attain, but indicates the 

average mature weight regardless of temporary fluctuation. B is a coefficient that adjusts 

the weight at t=0. K is a function of the ratio of maximum growth rate to mature weight, 

normally referred to as maturing rate. It is related to postnatal rate of maturing and serves 

both as a measure of growth rate and rate of change in growth rate (Brody, 1945; 

Gbangboche et al., 2008).  

 

Table 1. Four growth curves and their equations used in this study 

Growth Model Model Equation Source 
Brody Wt = A*(1-Be-kt) Brody, 1945 

Gompertz Wt = A*exp(-Be-kt) Winsor, 1932 
Logistic Wt = A/(1+Be-kt) Nelder, 1961 

Von Bertalanffy Wt = A*(1-Be-kt)3 Von Bertalanffy, 1938 
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1.3 Fitting a Mixed Model 

A mixed model is a statistical model containing both fixed effects and random 

effects so the effects are considered as “mixed”. The independent variable has a fixed 

effect when it can be well-controlled by experimental design. Typically it is the factor of 

interest (treatment) in a study. In an animal nutrition study, a fixed effect would be 

different levels of feed. An independent variable has a random effect when its influence 

is not controlled by any means and is considered random. In this way the animal could 

has random effect in the animal nutrition study if we have multiple measurements on 

every animal. This random effect is well-known as subject effect. Another typical source 

of random effect is hierarchy. When a statistical model has hierarchy in its nature, which 

is usually referred as hierarchical linear model, the effect of hierarchy level is usually 

considered as random. For example, in a study of student performance, students are 

nested within classes, and the classes are nested within schools. The effect of school and 

class is considered as random unless specific attention is paid to some selected schools 

and classes (Davidian and Gallant, 1993 & 1995). 

A mixed model could be written in a matrix form as follows: 

y = Xβ + Zu + ε 

where y is a vector of observations, β is a vector of fixed effects, u is a vector of random 

effect, ε is the error term, and X and Z are matrices of regression coefficients relating y to 

β and u. There are several approaches to estimate the random effect in a mixed model. A 

general method called best linear unbiased estimator (BLUE) is applicable when 

appropriate variance components (fixed and random) are known. When the variance 

components are considered as unknown, the restricted maximum likelihood (REML) 

procedure can be applied as this procedure will iterate to estimate those components. For 

http://en.wikipedia.org/wiki/Fixed_effect
http://en.wikipedia.org/wiki/Random_effect
http://en.wikipedia.org/wiki/Random_effect
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a general mixed model listed above, denote R as a covariance matrix for the vector ε of 

residual errors and G as a convriance matrix for the vector u of random effect, then the 

covariance matrix for vector y is  

V=ZGZT + R 

In the mixed model, y, X and Z are observed, while β, u, R and G are to be estimated. 

The BLUE of β is 

; 
 

 And the BLUE of u is 

. 

A compact method for jointly obtaining β and u in a form of mixed-model equations 

(MME) is given below: 

 

. 
 
The equation for estimating standard errors of the fixed and random effects is given 

below: 

; 
 
where C11, C12 and C22 are sub-matrices and C11 is the sampling covariance matrix for the 

BLUE of β, C22 is the sampling covariance matrix for the prediction errors and C12 is the 

sampling covariance of β and prediction errors. All these equations can be easily 

extended to multiple random effects or repeated measures. 
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In order to use the equations above, REML is often used to estimate variance 

components. The REML approach is a particular form of maximum likelihood estimation 

that can produce unbiased estimates of variance and covariance parameters. During its 

estimation process, the original data set is replaced by a set of contrasts calculated from 

the data, and the likelihood function is calculated from the probability distribution of 

these contrasts, according to the model for the complete data set. The idea of REML is 

that it partitions the likelihood into two components. The first component is a likelihood 

of one or more statistics and involves all fixed parameters. The second component is a 

residual likelihood and involves only the variance parameters of the random effects. Then 

it maximizes each component separately until converge criteria is met. For instance, 

considering a sample from a normal population, then the likelihood of the sample could 

be partitioned as follows: 

; 

where the first component only involves population mean µ and the second component 

only involves population standard deviation σ. Three general types of algorithms are used 

to maximize the restricted maximum likelihood function; they are Expectation-

Maximization (NR), Fisher scoring (FS) and Newton-Raphson (NR). The Newton-

Raphson algorithm works with the Hessian matrix (H) which contains the second 

derivatives of the likelihood function. The Fisher scoring algorithm works with expected 

negative Hessian or information matrix, I. The Expectation-Maximization algorithm 

updates the variance parameter using two approximate formulas (Demidenko, 2004). 
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To evaluate mixed models, several indexes such as AIC and BIC are used as a 

measurement of goodness of fit. AIC is a function of log-likelihood values and the 

number of free parameters estimated by a model to determine the goodness-of-fit of the 

model and the effectiveness of adding extra parameters. The formula to calculate AIC is 

given below: 

AIC = 2k-2ln(L); 

where k is the number of parameters in the statistical model, and L is the maximized 

value of the likelihood function for the estimated model. 

 Similarly, BIC is defined as: 

BIC = k·ln(n)-2ln(L); 

where n is the number of observations. 

Mixed model is implemented in many statistical software packages such as SAS 

and R. In SAS, procedures such as MIXED, GLMMIXED, NLMIXED could handle 

mixed models. The NLMIXED procedure is designed for nonlinear mixed model which 

was chosen to fit the data in the current study. Although PROC NLMIXED offers a 

flexible and powerful environment for fitting nonlinear mixed models, it is best suited for 

models with a single random effect (Wolfinger, 1997).  

   

1.4 Bayesian Growth Models 

Compared to Frequentist statistics, Bayesian statistics makes inference of a 

parameter, say θ, in terms of probability statements. There probability statements are 
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conditional on the observed data, notated as y. The Bayesian statistics is based on the 

Bayes’ theorem, developed by Thomas Bayes in 1812. It can be written in the format as 

follows: 

p(θ|y) = 𝑝(θ,y)
𝑝(𝑦)

 = 𝑝(θ)p(y|θ)
𝑝(𝑦)

 

where p(y) = ∫ 𝑝(θ)p(y|θ)dθ or ∑ 𝑝(θ)p(y|θ)θ . Since p(y) is independent of θ, we can 

treat it as a constant regarding to θ and thus the Bayes’ rule could be written as an 

unnormalized form as follows: 

p(θ|y)∝ p(θ)p(y|θ) 

In this form, p(θ) is referred as prior distribution of θ, p(y|θ) is referred as likelihood 

function, and p(θ|y) is referred as posterior distribution of θ. The Bayes’ rule mentioned 

above can be easily extended to multi-parameter models as follows:                   

p(θ1, θ2|y)∝ p(θ1, θ2)p(y|θ1, θ2) 

and the posterior distribution of θ1 can expressed as  

𝑝(θ1|y) = �𝑝(θ1, θ2|y)dθ2. 

Similarly, the posterior distribution of θ2 can expressed as 

𝑝(θ2|y) = �𝑝(θ1, θ2|y)dθ1. 

The Bayesian inference is then base on the posterior distribution of θ and the 

posterior distribution can be regarded as a compromise between data information and 

prior information. The steps for Bayesian modeling is first setting up prior p(θ) and 

likelihood function p(y|θ), then by multiplying the p(θ) and p(y|θ) and finding the 
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normalizing constant, we can derive the posterior distribution of θ. Often times it is not 

feasible to derive the posterior analytically or using numerical integration. In this case 

simulation based inference is introduced to handle this analytical difficulty. The idea of 

simulation is that although it is difficult to derive the exact form of the posterior density, 

we can learn the posterior distribution of θ using samples drawn from p(θ|y) through 

some algorithm such as Metropolis-Hasting and Gibbs Sampler.  

 MCMC methods are a class of algorithms for sampling from probability 

distributions based on constructing a Markov chain that has the desired distribution as its 

equilibrium distribution, and in the Bayesian setting, it is the posterior joint distribution 

p(θ1, θ2,…, θi|y). It is based on drawing values of θ from approximate distributions and 

then correcting these draws to better approximate the equilibrium distribution. The state 

of the chain after a large number of steps is then used as a sample of the desired 

distribution. The quality of the sample improves as a function of the number of steps 

(Gelman et al., 2003). One important Markov chain algorithm is called Gibbs Sampler. 

For a parameter vector θ, if we divide it into d components as θ = (θ1,…,θd), then each 

iteration of the Gibbs Sampler cycles through the components of θ, draws each subset 

conditional on the value of all the others. Thus there are d steps of in iteration t. The 

mathematical form of Gibbs sampler can be written as below: 

Step I.  
 
Step II. 
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  The Metropolis-Hasting algorithm is an adaptation of a random walk that uses an 

acceptance/rejection rule to converge to the target distribution. The general mathematical 

form of Metropolis algorithm is given below: 

Step I.  

Step II.  
Step III. 

        
  

When fitting a growth curve, sometimes it is necessary to include a subject effect 

(such as animal effect), which relates to nonlinear mixed modeling. Since nonlinear 

model is usually more complex than linear model, traditional maximum likelihood 

algorithm may not work very well or have difficulty to converge. Such modeling under 

Bayesian framework, however, may provide more flexibility and feasibility. Take 

Logistic model for instance, suppose we write the growth model in the form below:  
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where yit is the weight of animal i at age t; a, b and k are parameters considered to be 

fixed effects. αi is animal random effect with αi ~N(µ; σ2
α). εit is sampling error with 

εit ~ N(0; σ2
ε). And we specify priors as follows: 

 

 
 
Then we can derive the likelihood function as 

 

 
 
and further derive the full joint posterior distribution (in log form) as below 

 

 
            

- log(σ2
α) - log(σ2

 ε) 
 
After deriving the full joint posterior distribution, a Metropolis-Hasting algorithm could 

be set up to draw samples from this distribution and make inferences. An R code of 

Metropolis-Hasting algorithm for this model is given in Appendix 3. 

This model could also be easily set up in WinBUGS. WinBUGS is the 

abbreviation for “Windows version of Bayesian inference Using Gibbs Sampling”. It is a 
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Windows-based software implementing MCMC through Gibbs Sampler. It could work in 

conjunction of R using a package called “R2WinBUGS”. A sample code for this model 

in WinBUGS is given in Appendix 4. Metropolis-Hastings algorithms are generally used 

for sampling from multi-dimensional distributions, especially when the number of 

dimensions is high while Gibbs sampling is a special case of the Metropolis-Hastings 

algorithm which is usually faster and easier to use but is less generally applicable. 

Specifically, Gibbs sampling is most appropriate when the joint distribution is not known 

explicitly or is difficult to sample from directly, but the conditional distribution of each 

variable is known and is easy (or at least, easier) to sample from. 

To evaluate a Bayesian model, some indexes such as deviance, pD, and DIC are 

commonly used. In this study, DIC is used as a major index for model comparison. The 

deviance is defined as D(y, θ) = -2Log(y|θ). The deviance is proportional to the mean 

squared error if the model I normal with constant variance. The pD is a measure of the 

effective number of a Bayesian model. To introduce the mathematical formula for pD, we 

need to first define Dθ(y)=D(y, θ(y)) which measures the discrepancy between data and 

model, and Davg(y)=E(D(y,θ)|y) which is a point estimate of such discrepancy. Based on 

Kullback-Leibler information measure theory, pD is defined as:   

pD = Davg(y) - Dθ(y). 

For a normal linear model with unconstrained parameters, pD equals to the number 

of parameter in this model. DIC (deviance information criterion) is an approximate 

measure of expected predictive deviance and is defined as: 

DIC= 2Davg(y) - Dθ(y). 
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2. STATISTICAL METHODS 

 

2.1 Data Structure 

In this study, four classic growth models mentioned previously (Brody, Logistic, 

Gompertz, and Von Bertalanffy) were chosen to fit a weight-age data of Angus cows 

using both maximum likelihood and MCMC method. The data of this study was obtained 

from a divergent selection experiment in Angus beef cattle initiated in 1989 (Davis and 

Simmen, 2006). It has three variables: animal ID, weight (kg), and age (day).  There are 

a total of 1,705 valid weight-age records from 171 animals. Note that the number of 

records is different for different animals. One animal may have maximum of 13 records 

and minimum of 8 records. Table 2 gives the descriptive statistics of weight per age 

group. 

Table 2. Summary Statistics of Weight (kg) Grouped by Age (day) 

Age (d) N Mean (kg) Std Dev Min Max N Missing CV 
0 171 32.66 3.68 24.95 45.36 0 11.28 
14 171 201.23 24.44 138.34 250.38 0 12.14 
28 171 235.04 26.06 172.36 317.51 0 11.09 
42 171 242.35 26.75 185.97 317.51 0 11.04 
56 171 256.27 26.10 197.31 331.12 0 10.19 
84 171 276.47 27.21 217.72 347.00 0 9.84 

112 171 298.76 28.43 235.87 376.48 0 9.52 
1440 100 1135.75 158.82 725.00 1470.00 71 13.98 
1800 97 1084.32 138.64 758.00 1495.00 74 12.79 
2160 98 1012.12 135.64 692.00 1430.00 73 13.40 
3240 86 1054.47 133.01 806.00 1350.00 85 12.61 
3600 68 1167.03 123.32 916.00 1395.00 103 10.57 
3960 59 1100.42 107.67 830.00 1290.00 112 9.78 
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2.2 Statistical model for SAS9.2 (REML Approach) 

The statistical model built on SAS9.2 can be written in a general hierarchical form 

as follows: 

Weightij=f(ageij, A, B, K)+ui+eij 

ui~Normal(0,Su
2) 

eij~Normal(0,Se
2) 

where Weightij are the observed weight records, f(ageij, A, B, K) stands for one of the 

selected growth models, ui is the random effect for animal I, and eij is the residual. This 

model was set to put animal effect on the observed weight. The NLMIXED procedure in 

SAS9.2 was used to fit these models. This procedure is based on maximum likelihood 

approach; and in this study the Dual Quasi-Newton was chosen as optimization technique 

and Adaptive Gaussian Quadrature was chosen as integration method (Lindstrom and 

Bates, 1990; Pinheiro and Bates, 1995). Pilot analysis showed that this procedure was not 

able to fit more than one random component for the current data. Detailed discussion of 

this issue was given in the Results and Discussion section. The SAS code for fitting such 

model was given in the Appendix 1. 

 

2.3 Statistical model for WinBUGS (Bayesian Approach) 

The statistical model built on WinBUGS can be written in a general hierarchical 

form as follows: 

Weightij=f(ageij, Ai, Bi, Ki)+eij 
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Ai ~ Normal(µ1i,SA
2) 

Bi ~ Normal(µ2i,SB
2) 

Ki ~ Normal(µ3i,SK
2) 

The prior distributions for parameters (hyperparameters) in the model above are listed 

below: 

µ1i ~ Normal(0, 10000) 

µ2i ~ Normal(0, 10000) 

µ3i ~ Normal(0, 10000) 

SA
2

 ~ Gamma(0.001, 0.001) 

SB
2

 ~ Gamma(0.001, 0.001) 

SK
2

 ~ Gamma(0.001, 0.001) 

eij ~ Gamma(0.001, 0.001) 

where Ai, Bi and Ki are growth curve parameters for ith animal. This model was set to put 

animal effect on each parameter. The “R2WinBUGS” package in R was used to fit these 

models. After constructing data matrix and initials in R, this package will call WinBUGS 

(version 1.4.3) to read the model from designated directory and run the MCMC 

simulation (Spiegelhalter et al., 2003). The code for setting up this model in WinBUGS 

was given in the Appendix 2. 
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3. RESULTS AND DISCUSSION 

 

3.1 Comparison of 4 growth functions 

The estimates of growth model parameters from the REML Approach were listed 

in Table 3. The estimates for parameter A from all the models were close except for the 

one from Van Bertalanffy. Remind that A can be interpreted as the asymptotic mature 

weight, such consistency in estimates of parameter A shows that all these well-founded 

growth models are competent to fit the weight-age data in this study. Estimates for 

parameter B and K were divergent across models. This is not surprising since these 

growth models have different mathematical functions although the interpretations of B 

and K are consistent. The estimates for variance components also showed a considerable 

divergence across the 4 models. The variance estimates for residuals ranged from 6956 to 

10906 while the variance estimates for animals ranged from 3766 to 15579. Since the 

estimation of variance component is much harder than point estimate of a parameter, it is 

possible that such divergence in variance estimation is due to the mathematical 

complexity of each growth model.  
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Table 3. Growth Model Estimates from SAS 

 A (SE) B (SE) K (SE) Se
2 Su

2 

Gompertz 
1091.20 

(6.0720) 

2.0004 

(0.03433) 

0.004725 

(0.000182) 
7226.35 3766.10 

Brody 
1098.03 

(7.5746) 

0.8888 

(0.006167) 

0.002301 

(0.000074) 
6955.58 6703.81 

Logistic 
1104.16  

(9.828) 

5.5780 

(0.3036) 

0.008354 

(0.000385) 
7152.58 15579 

Von Bertalanffy 
905.64  

(6.1313) 

1.5249 

(0.01253) 

0.01093 

(0.000204) 
10906 8890.99 

 

Model diagnosis indexes for these 4 models were listed in Table 4. Based on AIC, 

BIC and -2 Log Likelihood, the Gompertz model appeared to be the model (has the least 

AIC, BIC and -2 Log Likelihood), followed by the Brody and Logistic model. The Von 

Bertalanffy model showed least fitness and the A estimate from this model was much 

lower compared to others. Figure 1 gives the 4 fitted growth curves from the REML 

Approach.        

Table 4. Model Diagnoses from SAS 

 Gompertz Brody Logistic Von Bertalanffy 

AIC 20307 20337 20512 21085 

BIC 20322 20352 20527 21100 

-2 Log Likelihood 20297 20327 20502 21075 
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Figure 1. Fitted Growth Curves from the REML Approach 

 

The growth model estimates from Bayesian Approach and diagnoses were listed 

in Table 5. The estimates for A, B, and K from the Bayesian and REML Approach were 

close within each growth model. Only exception was the Von Bertalanffy model while the 
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estimate for A (1101) from the Bayesian Approach was more reasonable compared to that 

(906) from the REML Approach. The estimates for variance components from Bayesian 

Approach were much more consistent compared to that from REML Approach. The 

variance estimates for residuals ranged from 4627 to 5347 (Recall that such range from 

REML Approach was from 6956 to 10906). Such inconsistency could be either explained 

by different animal-effect models or by different estimation method (Bayesian Posterior 

vs. Maximum Likelihood) between the REML and Bayesian Approach. Based on DIC 

index, the Brody model appeared to be the best model, followed by the Von Bertalanffy, 

Gompertz, and Logistic model. Figure 2 gives the fitted 4 growth curves from the 

Bayesian Approach.       

 

Table 5. Growth Model Estimates and Diagnoses from WinBUGS 

 A (SE) B (SE) K (SE) Se
2 

Gompertz 
1095.0 

(10.55) 

2.0001 

(0.01709) 

0.004383 

(3.472E-4) 
5070.994 

Brody 
1116.0 

(11.97) 

0.8862 

(0.002989) 

0.002164 

(0.000289) 
4627.487 

Logistic 
1087.0 

(9.892) 

6.056 

(0.08514) 

0.008102 

(4.458E-4) 
5347.594 

Von Bertalanffy 
1101.0 

(11.2) 

0.4931 

(0.003654) 

0.003486 

(3.184E-4) 
4906.771 
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Table 5. Continued 

 SA
2 SB

2 SK
2 Davg(y) Dθ(y) DIC 

Gompertz 14592.15 0.001287 1.4859e-05 19387.0 19199.6 19574.5 

Brody 18412.82 0.0002924 1.2534e-05 19230.7 18988.7 19472.8 

Logistic 13071.9 0.001653 1.9724e-05 19477.5 19304.0 19650.9 

Von Bertalanffy 15313.94 0.0002992 1.3887e-05 19330.0 19141.4 19518.5 

 

 

Figure 2. Fitted Growth Curves from the Bayesian Approach 
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3.2 Comparison of 2 Approaches 

Figure 3 gives the comparison of the REML and Bayesian Approach within each 

growth model. The fitted growth curves from the REML and Bayesian Approach were 

nearly overlapped for each model expect for the Von Bertalanffy model. For the Von 

Bertalanffy model, the growth curve fitted using the Bayesian Approach was clearly 

superior to that from the REML Approach. In the Bayesian Approach, the mixed model 

assumed animal effect on each parameter in the growth curve function; whereas in the 

REML Approach, the mixed model assumed animal effect on the overall growth curve 

function. In the Bayesian Approach, the mixed model was fitted by achieving posterior 

distribution for each parameter to be estimated through MCMC simulation using Gibbs 

Sampler, while in the REML Approach, the mixed model was fitted by maximizing 

likelihood function. As mentioned in Section 1.3, it is difficult to fit more than one 

random component for nonlinear model in the NLMIXED procedure in SAS as it 

requires constructing variance-covariance matrix for random components which is hard 

to stabilize when the nonlinear function is complex. Such difficulty places limitation on 

the REML Approach and it probably contributes to the lack of fitness of Von Bertalanffy 

model as this model is more complex than others (it involves cube of exponentials). In 

the Bayesian Approach, however, there is no such a limitation as the variance-covariance 

matrix is not required for multiple random component estimation. This may explain the 

improvement in goodness of fit of Von Bertalanffy model using this approach. However, 

it would result in a significant change in the Bayesian Approach if the variance-

covariance matrix is to be included in the mixed model. Generally, it takes longer to 
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converge to the final results using the Bayesian Approach than using the REML 

Approach. For nonlinear mixed modeling in WinBUGS, it is expected to have more than 

20,000 simulations in order to achieve stable estimates (Spiegelhalter et al., 2002; Vonesh, 

1992).   

 

 

Figure 3. Comparison of 2 approaches within each growth model 
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4. CONCLUSION 

  

This study compared two approaches (Bayesian vs. REML) in fitting a weight-age 

data from Angus cows. From the REML Approach, the Gompertz model fitted the data 

best with least AIC, BIC and -2Log Likelihood. From the Bayesian Approach, the Brody 

model appeared to be the best model in terms of DIC value. In comparison of the two 

approaches, the Bayesian Approach was able to fit a more complex mixed model 

compared to the REML Approach. All of the fitted growth curves using the Bayesian 

Approach gave a reasonable shape while one of the fitted growth curves using the REML 

Approach underestimated the mature weights of animals. However, the Bayesian 

Approach required more time to converge and would require a significant change in order 

to build a variance-covariance matrix for random components which was included in the 

REML Approach. This study applied a Bayesian nonlinear mixed model approach to fit 

the growth data and showed some advantages of this approach over the traditional 

restricted maximum likelihood approach.  
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Appendices 

 

Appendix 1. Sample SAS code for REML approach 

 

proc nlmixed data=cow.pooled;                         /* Gompertz Model */ 

      parms A=1000 B=0.1 k=0.1 s2u=25 s2e=15; 

      brody=A*exp(-B*exp(-k*t))+u1; 

      model wt ~ normal(brody, s2u);  

      bounds 600<=A<=1800; 

      bounds B>0; 

      bounds k>0; 

      random u1~normal(0,s2e) subject=calfid; 

run; 
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Appendix 2. Sample WinBUGS code for Bayesian approach 

 

## Model Specfication (Gompertz Model) ## 

model { 

for (i in 1:N){ 

y[i] ~ dnorm(eta[i], tauC) 

eta[i] <- A[ID[i]] * exp(-B[ID[i]] * exp(-K[ID[i]] * x[i]))} 

for (j in 1:M){ 

A[j] ~ dnorm(muA, tauA) 

B[j] ~ dnorm(muB, tauB) 

K[j] ~ dnorm(muK, tauK) 

} 

## Prior Specification ## 

tauC~ dgamma(1.0E-3, 1.0E-3) 

tauA~ dgamma(1.0E-3, 1.0E-3) 

tauB~ dgamma(1.0E-3, 1.0E-3) 

tauK~ dgamma(1.0E-3, 1.0E-3) 

muA ~ dnorm(0, 1.0E-4) 

muB ~ dnorm(0, 1.0E-4) 

muK ~ dnorm(0, 1.0E-4) 

} 
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Appendix 3. Metropolis-Hasting algorithms in R 

 

for (j in 2:loop) { 

a.new <- rnorm(1,a.mcmc[j-1],2) 

num <- loglike.abk(a.new,b.mcmc[j-1],k.mcmc[j-1]) 

den <- loglike.abk(a.mcmc[j-1],b.mcmc[j-1],k.mcmc[j-1]) 

if ((num-den)>log(runif(1))) { a.mcmc[j] <- a.new } else { a.mcmc[j] <- a.mcmc[j-1] } 

data[,4] <- a.mcmc[j] 

     

b.new <- rnorm(1,b.mcmc[j-1],0.5) 

num <- loglike.abk(a.mcmc[j],b.new,k.mcmc[j-1]) 

den <- loglike.abk(a.mcmc[j],b.mcmc[j-1],k.mcmc[j-1]) 

if ((num-den)>log(runif(1))) { b.mcmc[j] <- b.new } else { b.mcmc[j] <- b.mcmc[j-1] } 

data[,5] <- b.mcmc[j] 

     

k.new <- exp(rnorm(1,log(k.mcmc[j-1]),0.01)) 

num <- loglike.abk(a.mcmc[j],b.mcmc[j], k.new) 

den <- loglike.abk(a.mcmc[j],b.mcmc[j], k.mcmc[j-1]) 

if ((num-den)>log(runif(1))) { k.mcmc[j] <- k.new } else { k.mcmc[j] <- k.mcmc[j-1] } 

} 
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Appendix 4. An Example of Model Setup in WinBUGS 
 
model{ 

for(i in 1:N){ 

y[i] ~ dnorm(muy[i],taue) 

muy[i] <- A/(B + exp(k*x[i])) + animal[ID[i]] 

} 

for(i in 1:K) 

{ 

animal[i] ~ dnorm(alpha,taualpha) 

} 

A ~ dnorm(1000.0, 1.0E-6) 

B ~ dnorm(1.0, 1.0E-6) 

k ~ dunif(0,1) 

alpha ~ dnorm(0.0,1.0E-6) 

taualpha ~dgamma(0.1,0.01) 

taue ~dgamma(0.1,0.01) 

} 
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