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The incompressible Navier-Stokes equations are among the most impor-

tant partial differential systems arising from classical physics. They are utilized to

model a wide range of fluids, from water moving around a naval vessel to blood

flowing through the arteries of the cardiovascular system. Furthermore, the secrets

of turbulence are widely believed to be locked within the Navier-Stokes equations.

Despite the enormous applicability of the Navier-Stokes equations, the underlying

behavior of solutions to the partial differential system remains little understood.

Indeed, one of the Clay Mathematics Institute’s famed Millenium Prize Problems

involves the establishment of existence and smoothness results for Navier-Stokes

solutions, and turbulence is considered, in the words of famous physicist Richard

Feynman, to be “the last great unsolved problem of classical physics.”

Numerical simulation has proven to be a very useful tool in the analysis of

the Navier-Stokes equations. Simulation of incompressible flows now plays a ma-

jor role in the industrial design of automobiles and naval ships, and simulation has

even been utilized to study the Navier-Stokes existence and smoothness problem. In

spite of these successes, state-of-the-art incompressible flow solvers are not without
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their drawbacks. For example, standard turbulence models which rely on the exis-

tence of an energy spectrum often fail in non-trivial settings such as rotating flows.

More concerning is the fact that most numerical methods do not respect the funda-

mental geometric properties of the Navier-Stokes equations. These methods only

satisfy the incompressibility constraint in an approximate sense. While this may

seem practically harmless, conservative semi-discretizations are typically guaran-

teed to balance energy if and only if incompressibility is satisfied pointwise. This

is especially alarming as both momentum conservation and energy balance play a

critical role in flow structure development. Moreover, energy balance is inherently

linked to the numerical stability of a method.

In this dissertation, novel B-spline discretizations for the generalized Stokes

and Navier-Stokes equations are developed. The cornerstone of this development

is the construction of smooth generalizations of Raviart-Thomas-Nédélec elements

based on the new theory of isogeometric discrete differential forms. The discretiza-

tions are (at least) patch-wise C0 and hence can be directly utilized in the Galerkin

solution of viscous flows for single-patch configurations. When applied to in-

compressible flows, the discretizations produce pointwise divergence-free velocity

fields. This results in methods which properly balance both momentum and en-

ergy at the semi-discrete level. In the presence of multi-patch geometries or no-slip

walls, the discontinuous Galerkin framework can be invoked to enforce tangential

continuity without upsetting the conservation and stability properties of the method

across patch boundaries. This also allows our method to default to a compatible

discretization of Darcy or Euler flow in the limit of vanishing viscosity. These at-

tributes in conjunction with the local stability properties and resolution power of

B-splines make these discretizations an attractive candidate for reliable numerical

simulation of viscous incompressible flows.
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Chapter 1

Introduction

1.1 Motivation

Many systems of differential equations exhibit important mathematical struc-

ture, often in the form of topological constraints, conservation or balance laws,

symmetries, positivity structures, and maximum principles. Compatible discretiza-

tions are defined as numerical methods which preserve such structure. The simplest

compatible discretizations appear in the field of Hamiltonian mechanics. These

discretizations, known as symplectic integrators, possess as a conserved quantity a

discrete Hamiltonian [60]. By virtue of this conservation property, symplectic in-

tegrators are well-behaved for long-term evolution of chaotic Hamiltonian systems

from the Kepler two-body problem to classical simulations in molecular dynamics.

Recently, compatible spatial discretizations have become popular for the

numerical solution of partial differential equations. Such discretizations are es-

pecially prevalent in computational electromagnetism. It is well-known that the

Maxwell’s equations are endowed with beautiful algebraic structure which is en-

compassed in the classical de Rham complex [70]. Coincidentally, preservation of

this structure is vital to the development of stable and convergent approximations

of Maxwell’s eigenvalue problem [28]. Compatible spatial discretizations are also

widely used in the analysis of Darcy flow [5], where it is known that conservation

of mass is critical to physically realistic simulation of transport, and in the anal-

ysis of convection-diffusion phenomena [76], where discrete approximations are

1



not always guaranteed to satisfy a very basic positivity principle. These discretiza-

tions have even been utilized in the analysis of compressible fluids and solids [112],

where satisfaction of the second law of thermodynamics is necessary for physically

relevant simulations.

Systems of partial differential equations describing the evolution of viscous

incompressible flow are also endowed with vast algebraic and geometric structure.

The generalized Stokes equations have a topological structure that can be succinctly

described through a cochain complex. The Navier-Stokes equations are infused

with even more structure, evidenced by a wide array of balance laws for momen-

tum, angular momentum, energy, vorticity, enstrophy, and helicity. These balance

laws are of prime importance in the evolution of laminar and turbulent flow struc-

tures [151], and they are even believed to play a role in the regularity of Navier-

Stokes solutions, widely considered to be one of the greatest unsolved problems in

mathematics.

The key to unlocking much of the structure of the generalized Stokes and

Navier-Stokes equations is precisely the volume-preserving nature of incompress-

ible flow, yet most numerical methods only satisfy the incompressibility constraint

in an approximate sense. Consequently, such methods do not obey many funda-

mental laws of physics. In particular, semi-discretizations which conserve momen-

tum are typically guaranteed to balance energy if and only if the incompressibility

constraint is satisfied pointwise. This is especially alarming considering the impor-

tance of both momentum conservation and energy balance in flow structure devel-

opment. Moreover, energy balance is inherently linked to the numerical stability of

a method [132].

In this dissertation, new B-spline discretizations for viscous incompressible

flows are introduced which exactly satisfy the incompressibility constraint. As in-
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compressibility is satisfied pointwise, these discretizations replicate the algebraic

and geometric structure of the generalized Stokes and Navier-Stokes equations.

These attributes in conjunction with the local stability properties and resolution

power of B-splines make these discretizations an attractive candidate for reliable

numerical simulation of viscous incompressible flows. It is hoped that these dis-

cretizations may become useful tools for both engineering analysis as well as the

mathematical study of the Navier-Stokes equations.

1.2 Accomplishments of the Dissertation

With the completion of this dissertation, we have accomplished the follow-

ing tasks.

1. We have constructed divergence-conforming B-spline discretizations for gen-

eral viscous incompressible flows. We have mapped these discretizations

to geometries of scientific and engineering interest using divergence- and

integral-preserving transformations, and we have extended our discretizations

to flows subject to no-slip boundary conditions as well as to so-called multi-

patch configurations by employing tools stemming from the discontinuous

Galerkin community.

2. We have successfully proven stability and convergence estimates for our dis-

cretization scheme as applied to the generalized Stokes equations, the steady

Navier-Stokes equations, the unsteady Stokes equations, and the unsteady

Navier-Stokes equations on single-patch configurations. Our convergence

estimates are optimal for the velocity field and suboptimal, by one order,

for the pressure field. Our theoretical analysis also covers singular solutions

typically seen in practice.

3



3. We have proven that our spatial discretization scheme for the unsteady Navier-

Stokes equations satisfies balance laws for momentum, energy, vorticity, en-

strophy, and helicity. Additionally, we have proven our scheme satisfies an

axial angular momentum balance law on cylindrical domains.

4. To verify our theoretical results, we have numerically simulated a number of

flow problems with known analytical solutions on rectilinear and cylindrical

domains. These simulations have confirmed our theoretical estimates and

further revealed that our discrete pressure fields converge at optimal order,

suggesting that our a priori estimates may be conservative. These simulations

have also indicated that our methodology is robust with respect to the ratio of

drag to viscosity in the context of generalized Stokes flow and with respect to

the Reynold’s number in the context of Navier-Stokes flow. This is in contrast

with many traditional finite element and finite difference technologies.

5. We have conducted a full spectrum analysis of our discretization technique as

applied to the Stokes eigen-problem. This analysis has revealed that the use

of our discretization technique results in dramatically improved accuracy in

spectral calculations over traditional finite element and finite difference tech-

nologies such as the Taylor-Hood element and the Marker-and-Cell scheme.

6. We have simulated a number of standard benchmark problems using our dis-

cretization scheme, including lid-driven cavity flow, creeping flow over a

backwards facing step, confined jet impingement, unsteady flow over a cylin-

der, and three-dimensional Taylor-Green vortex flow. The results of these

simulations have indicated the enhanced stability and accuracy properties of

our method. For example, the lid-driven cavity results we have obtained using

4



the lowest-order member of our discretization family are much more accurate

than comparative results we have seen in the literature.

In addition to the above, many other projects have been pursued during the

course of completing this dissertation, including (i) an analysis of the approxima-

tion properties of B-splines via the lens of Kolmogorov n-widths [73], (ii) the con-

struction of variational methods which automatically satisfy physical constraints

such as positivity or monotonicity [74, 76], (iii) the development of stable one-

point quadrature elements for the simulation of thin plates [36, 163], (iv) the con-

struction of novel stabilized methods for convection-reaction-diffusion equations,

and (v) a variety of projects related to the emerging field of isogeometric analy-

sis [17, 30, 75, 137]. For the sake of brevity, these projects will not be covered in

this written dissertation.

1.3 Structure of the Dissertation

This dissertation is organized in a hierarchical manner. The material in later

chapters relies heavily on material appearing in earlier chapters. Hence, it is recom-

mended that the dissertation be read in a linear fashion. That being said, we refer

back to preceding chapters whenever necessary. For reference, the most common

notational conventions are listed in Table 1.1.

An outline of the dissertation is as follows. In Chapter 2, the algebraic

structure of Stokes flow is examined and tools from algebraic topology are used to

establish existence and uniqueness results. In Chapter 3, the geometric structure of

Navier-Stokes flow is studied and balance laws for momentum, energy, vorticity,

enstrophy, and helicity are derived. In Chapter 4, we briefly review the construction

of B-splines which form the building blocks of our discretization technique. In
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Ω̂ Parametric domain
Ω Physical domain
∂Ω Boundary of the physical domain
Mh Parametric mesh
Kh Physical mesh
Γh Boundary mesh associated with the physical domain
Vh Space of discrete velocity fields
Qh Space of discrete pressure fields
V0,h Space of discrete velocity fields subject to no-penetration BCs
Q0,h Space of discrete pressure fields with zero average
u Exact velocity solution
p Exact pressure solution
uh Discrete velocity solution
ph Discrete pressure solution
h Mesh size
k′ Polynomial degree
α Regularity constant
F Parametric Mapping
σ Reaction coefficient
ν Viscosity coefficient
Cpen Nitsche’s penalty parameter

Table 1.1: Notational conventions used in this dissertation.

Chapter 5, we introduce the B-spline spaces which we later utilize to discretize

velocity and pressure fields. In Chapters 6, 7, 8, and 9, we develop and analyze

divergence-conforming discretizations for the generalized Stokes equations, steady

Navier-Stokes equations, unsteady Stokes equations, and unsteady Navier-Stokes

equations. Finally, in Chapter 10, we draw conclusions and discuss future work.
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Chapter 2

The Algebraic Structure of Generalized Stokes Flow

While generalized Stokes flow is often analyzed through the lens of partial

differential equations and functional analysis, tools from algebraic topology and

differential geometry can also be used to establish existence and uniqueness results

as well as aid in the development of stable discretization procedures. In Section

2.1, we examine generalized Stokes flow using Hilbert complexes, and in Section

2.2, we use differential geometry to define generalized Stokes solutions in terms of

vector potentials and harmonic forms.

2.1 Generalized Stokes Flow and Inf-Sup Stability

Let Ω be a bounded, simply connected open domain in R3. Let ∂Ω denote

the boundary of Ω and assume that ∂Ω is Lipschitz-continuous. We consider the

generalized Stokes problem subject to homogeneous Dirichlet boundary conditions:

(S)



Given σ : Ω → R, ν : Ω → R, and f : Ω → R3, find u : Ω̄ → R3 and
p : Ω→ R such that

σu−∇ · (2ν∇su) + gradp = f in Ω (2.1)
divu = 0 in Ω (2.2)

u = 0 on ∂Ω (2.3)

where
∇su =

1

2

(
∇u + (∇u)T

)
. (2.4)
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Above, u denotes the flow velocity of a fluid moving through the domain Ω, p

denotes the pressure acting on the fluid divided by the fluid density, ν denotes the

kinematic viscosity of the fluid, σ denotes a reaction coefficient which gives the

ratio of the viscosity to the permeability of the fluid, and f denotes a body force

divided by the density. To ensure that the generalized Stokes problem is well-posed,

we require that the viscosity be uniformly positive (i.e., ∃ν0 > 0 such that ν ≥ ν0)

and that the reaction coefficient be non-negative (i.e., σ ≥ 0). Before proceeding,

note that the pressure is only determined up to a constant.

We now define a weak formulation for the generalized Stokes problem. Let

L2(Ω) denote the space of square integrable functions on Ω endowed with the stan-

dard L2-norm ‖ ·‖L2(Ω), and let L2(Ω) = (L2(Ω))
3. Let us denote the Hilbert space

of L2 functions with zero average as

L2
0(Ω) =

{
q ∈ L2(Ω) :

∫
Ω

qdx = 0

}
. (2.5)

Let us further define the standard Sobolev spaces

H1(Ω) =
{
v ∈ L2(Ω) : gradv ∈

(
L2(Ω)

)3
}
, (2.6)

H1
0 (Ω) =

{
v ∈ H1(Ω) : v = 0 on ∂Ω

}
(2.7)

which are endowed with the standardH1-norm, and let us denote H1(Ω) = (H1(Ω))
3

and H1
0(Ω) = (H1

0 (Ω))
3. Assuming that σ, ν ∈ L∞(Ω) and f ∈ L2(Ω) , the weak

form for the generalized Stokes problem is then written as follows:

(W )



Find u ∈ H1
0(Ω) and p ∈ L2

0(Ω) such that

a(u, v)− b(p, v) + b(q,u) = (f, v)L2(Ω) (2.8)

for all v ∈ H1
0(Ω) and q ∈ L2

0(Ω) where

a(w, v) = (2ν∇sw,∇sv)(L2(Ω))3×3 + (σw, v)L2(Ω) , (2.9)

b(q, v) = (q, divv)L2(Ω) . (2.10)

8



The well-posedness of the above weak formulation is due to the celebrated inf-sup

condition. To prove this condition, we will use an algebraic topology result relating

the spaces H1
0(Ω) and L2

0(Ω). This result invokes the theory of Hilbert complexes,

which is elaborated in Chapter 3 of [7].

Theorem 2.1.1. The Hilbert complex

H1
0(Ω)

div−−−→ L2
0(Ω) (2.11)

is bounded and exact at L2
0(Ω). That is, the linear operator div : H1

0(Ω) → L2
0(Ω)

satisfies the following properties:

• The operator div is continuous.

• The image of div is equal to L2
0(Ω) (i.e., div is surjective).

Proof. The continuity of div follows by direct computation. The surjectivity of div

is a classical result (see pg. 24 of [86], for example).

We immediately have the following result implying the inf-sup stability con-

dition.

Theorem 2.1.2. For each q ∈ L2
0(Ω), there exists a v ∈ H1

0(Ω) such that

divv = q, (2.12)

‖v‖H1(Ω) ≤ C‖q‖L2(Ω) (2.13)

where C is a positive constant independent of q.

Proof. Let

V0 =
{

v ∈ H1
0(Ω) : divv = 0

}
. (2.14)
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We have that V0 and its orthogonal complement V⊥0 are proper closed linear sub-

spaces of H1
0(Ω) . Furthermore, as the operator div is a continuous linear surjection

by Theorem 2.1.1, the restriction of div to V⊥0 is a bounded linear bijection onto

L2
0(Ω). Hence, by Banach’s bounded inverse theorem, there exists a bounded linear

operator T : L2
0(Ω)→ V⊥0 such that

divTq = q, (2.15)

‖Tq‖H1(Ω) ≤ C‖q‖L2(Ω) (2.16)

for every q ∈ L2
0(Ω) where C > 0 is the continuity constant of T . The theorem

immediately follows.

Corollary 2.1.1. There exists a positive constant β > 0 such that

inf
q∈L2

0(Ω),q 6=0
sup

v∈H1
0(Ω)

b(q, v)

‖q‖L2(Ω)‖v‖H1(Ω)

≥ β. (2.17)

As a direct consequence of the above inf-sup condition, we can prove exis-

tence and uniqueness of weak solutions to the generalized Stokes problem.

Theorem 2.1.3. Problem (W ) has a unique weak solution (u, p) ∈ H1
0(Ω)×L2

0(Ω).

Proof. The result follows from Brezzi’s theorem [35], the continuity of the bilinear

operators a(·, ·) and b(·, ·), the coercivity of a(·, ·) provided by Korn’s inequality

[108], and the inf-sup condition given by Corollary 2.1.1.

The algebraic structure of the Hilbert complex presented in Theorem 2.1.1

hints as to how to construct stable finite-dimensional approximation spaces for the

generalized Stokes problem. Notably, if one could construct finite-dimensional

spaces V h ⊂ H1
0(Ω) , Qh ⊂ L2

0(Ω) and bounded projection operators Πh
V : H1

0(Ω) →

10



V h,Πh
Q : L2

0(Ω)→ Qh such that div maps V h onto Qh and the following diagram

commutes
H1

0(Ω)
div−−−→ L2

0(Ω)

ΠhV

y ΠhQ

y
V h div−−−→ Qh,

(2.18)

one would immediately obtain a discrete inf-sup condition by Theorem 2.1.2, the

commuting property Πh
Qdiv = divΠh

V , and the continuity of Πh
V and Πh

Q. Fur-

thermore, as div maps V h onto Qh, the discrete velocity field resulting from a

Galerkin discretization of generalized Stokes flow would be guaranteed pointwise

divergence-free. As we will see in the next chapter, this property will be especially

important for Navier-Stokes flows.

Let us finish here with one more algebraic result describing the structure

of the space H1
0(Ω) and the maximal inf-sup constant. The result, known as the

Velte decomposition, is the equivalent of the Helmholtz decomposition for vector

functions in L2(Ω) . The proof of the result may be found in [184].

Theorem 2.1.4 (The Velte Decomposition). The space H1
0(Ω) admits the orthogo-

nal decomposition

H1
0(Ω) = V0 ⊕ V1 ⊕ Vβ (2.19)

where

V0 =
{

v ∈ H1
0(Ω) : divv = 0

}
, (2.20)

V1 =
{

v ∈ H1
0(Ω) : curlv = 0

}
, (2.21)

and Vβ consists of solutions w = w(p) of the variational problem

a(w, v) = b(p, v), ∀v ∈ H1
0(Ω) (2.22)
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for harmonic p ∈ L2
0(Ω). Further, the maximal inf-sup constant

β0 = inf
p∈L2

0(Ω),p 6=0
sup

v∈H1
0(Ω)

b(p, v)

‖p‖L2(Ω)‖v‖H1(Ω)

(2.23)

is equal to λ−1/2
1 where λ1 is the largest eigenvalue of the variational eigenproblem:

find (w, λ) ∈ Vβ × R+ such that

a(w, v) = λ (divw, divv)L2(Ω) , ∀v ∈ Vβ. (2.24)

Remark 2.1.1. The results in this section apply to the two-dimensional setting.

Remark 2.1.2. As a corollary, Theorems 2.1.1 and 2.1.2 extend to the case when

H1
0(Ω) is replaced by the space

H1
n(Ω) =

{
v ∈ H1(Ω) : v · n = 0 on ∂Ω

}
(2.25)

where n denotes the outward pointing normal vector. Similar results also exist for

periodic Sobolev spaces, Sobolev spaces without boundary conditions, and Sobolev

spaces with boundary conditions along only a subset of the boundary.

Remark 2.1.3. We will later refer to incompressible Darcy flow as a special case

of generalized Stokes flow. In this setting, the viscosity coefficient vanishes but

the reaction coefficient is taken to be uniformly bounded from below by a positive

constant. In addition, the boundary conditions of the velocity field and the function

spaces of the variational formulation must be modified to guarantee well-posedness

(see, e.g., [142]).
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2.2 Vector Potentials and Harmonic Forms

Let us define the following Hilbert spaces:

H(curl; Ω) =
{

v ∈ L2(Ω) : curlv ∈ L2(Ω)
}
, (2.26)

H0(curl; Ω) = {v ∈ H(curl; Ω) : v× n = 0 on ∂Ω} , (2.27)

H(div; Ω) =
{

v ∈ L2(Ω) : divv ∈ L2(Ω)
}
, (2.28)

H0(div; Ω) = {v ∈ H(div; Ω) : v · n = 0 on ∂Ω} . (2.29)

Note that the spaces H(curl; Ω) and H0(curl; Ω) are equipped with the norm

‖v‖H(curl;Ω) =
(
‖v‖2

L2(Ω) + ‖curlv‖2
L2(Ω)

)1/2

(2.30)

and the spaces H(div; Ω) and H0(div; Ω) are equipped with the norm

‖v‖H(div;Ω) =
(
‖v‖2

L2(Ω) + ‖divv‖2
L2(Ω)

)1/2

. (2.31)

We have the following classical result concerning the de Rham complex with bound-

ary conditions.

Theorem 2.2.1 (The de Rham Complex). Suppose Ω ⊂ R3 is a bounded, simply

connected open domain with connected Lipschitz boundary. Then, the de Rham

complex

H1
0 (Ω)

grad−−−→ H0(curl; Ω)
curl−−−→ H0(div; Ω)

div−−−→ L2
0(Ω) (2.32)

is bounded and exact.

For the moment, let the assumptions of Theorem 2.2.1 hold true. Then,

as the de Rham complex given by (2.32) is exact at H0(div; Ω) , we can write
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any divergence-free function v ∈ H0(div; Ω) in terms of a vector potential ψ ∈
H0(curl; Ω) through the relationship:

v = curlψ. (2.33)

As the de Rham complex is also exact at H0(curl; Ω) , such a vector potential is

uniquely defined up to the gradient of a scalar potential z ∈ H1
0 (Ω). These extra

degrees of freedom may be specified by choosing a gauge. For example, a vector

potential may be uniquely specified by enforcing the vector potential to lie in the

orthogonal complement of the image of grad, i.e.,

(ψ, gradw)L2(Ω) = 0, ∀w ∈ H1
0 (Ω). (2.34)

This gauge, referred to as the Coloumb gauge, enforces the condition divψ ≡ 0.

Noting that the restriction of curl to the subspace ker(curl)⊥ = im(grad)⊥ is a

bounded linear isomorphism onto im(curl), we have the following inequality due

to the bounded inverse theorem:

‖φ‖H(curl;Ω) ≤ C‖curlφ‖L2(Ω), ∀φ ∈ im(grad)⊥ (2.35)

where C is a positive constant which does not depend on φ. Here we have used the

standard notation of im(·) as the image of an operator and ker(·) as the kernel of an

operator.

Note that the flow velocity solution of the generalized Stokes problem can

be written in terms of a sufficiently smooth vector potential. In fact, by employing a

vector potential, the pressure can be eliminated entirely from the generalized Stokes

problem. One is then left with a semi-coercive system instead of a mixed variational

problem. Proper coercivity can be recovered by restricting the space of admissible

vector potentials to the divergence-free Hilbert space

Φ0 =
{
φ ∈ H0(curl; Ω)) : curlφ ∈ H1

0(Ω) , divφ = 0
}

(2.36)
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which is equipped with the inner-product

(φ,ϕ)Φ0 = (curlφ, curlϕ)H1(Ω), ∀φ,ϕ ∈ Φ0 (2.37)

due to (2.35). Note that Φ0 is a smooth subspace of H0(curl; Ω) . If one additionally

has an exact de Rham complex at the discrete level, one can develop highly efficient

linear solvers by exploiting the existence of a discrete vector potential. This is

currently being explored in the context of divergence-free B-splines. For brevity,

however, this effort will not be covered in this written dissertation.

The differential structure of the de Rham complex inspires a geometric view

of incompressible flow. Notably, it suggests the interpretation of scalar potentials

as zero-forms evaluated at points in space, vector potentials as one-forms evaluated

along paths, flow velocities as two-forms evaluated on surfaces, and pressures as

three-forms evaluated in volumes. This bears obvious similarities to staggered-grid

approaches for incompressible flow [97] as well as to conforming finite element

discretizations of the mixed Laplacian [159].

Now, let us release the assumption that ∂Ω is connected, and let us further

allow Ω to be multiply connected. In this setting, the de Rham complex given

by (2.32) is no longer exact at H0(curl; Ω) or H0(div; Ω) , and hence a vector

potential for the flow velocity may no longer exist. We can, however, specify the

flow velocity using an alternative methodology. This methodology is motivated by

the diagram in Figure 2.1. Let us define the following spaces of harmonic forms:

h1
0 = ker(curl) ∩ im(grad)⊥, (2.38)

h2
0 = ker(div) ∩ im(curl)⊥. (2.39)

With the above notation defined, any divergence-free function v ∈ H0(div; Ω) can

be written as

v = curlψ + z (2.40)
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H1
0 (Ω) = ker(grad)⊥ygrad iso

ygrad

H0(curl; Ω) = im(grad) ⊕ h1
0 ⊕ ker(curl)⊥ycurl iso

ycurl

H0(div; Ω) = ker(div)⊥ ⊕ h2
0 ⊕ im(curl)ydiv iso

ydiv

L2
0(Ω) = im(div)

Figure 2.1: An alternative view of the de Rham complex with boundary conditions
in the general, multiply connected case. Here, we have performed a sum decompo-
sition of the spaces H1

0 (Ω), H0(curl; Ω) , H0(div; Ω) , and L2
0(Ω) into orthogonal

subspaces, and we have further illustrated how the mappings grad, curl, and div
can be viewed as isomorphisms by restricting their domains and codomains to se-
lected subspaces. Note the subspaces h1

0 and h2
0 are defined by (2.38) and (2.39)

respectively.
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where ψ ∈ H0(curl; Ω) and z ∈ h2
0 is a uniquely specified harmonic form. As

was the case before for simply connected domains and boundaries, ψ is not unique.

However, unlike before, the de Rham complex is not exact at H0(curl; Ω) , and the

Coloumb gauge is no longer enough to specify the extra degrees of freedom. If we

impose one additional set of constraints, we can obtain uniqueness. Specifically,

we constrain ψ to be orthogonal to the set of harmonic functions in h1
0. Similar to

(2.35), we have the following inequality for the newly defined gauged space:

‖φ‖H(curl;Ω) ≤ C‖curlφ‖L2(Ω), ∀φ ∈
(
im(grad)⊕ h1

0

)⊥ (2.41)

where C is a positive constant which does not depend on φ. We can, as before,

use the above construction to reduce the generalized Stokes problem to a coercive

system in a suitably chosen Sobolev space.

The structure of the spaces h1
0 and h2

0 is well understood (see [89] for ex-

ample). Notably, it is well-known that the dimensions of the spaces are finite-

dimensional and equal to

dim(h1
0) = β2 = number of three-dimensional voids in Ω, (2.42)

dim(h2
0) = β1 = number of loops or handles in Ω (2.43)

where βi is the ith Betti number associated with Ω. This structure also extends to

spaces satisfying a discrete de Rham complex.

We now summarize the main results of this section in the following theorem.

Theorem 2.2.2. Let Ω be a multiply connected domain with Lipschitz boundary.

Any divergence-free function v ∈ H0(div; Ω) has the unique representation

v = curlψ + z (2.44)
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where z ∈ h2
0 and ψ ∈ (im(grad)⊕ h1

0)
⊥. Furthermore,

‖ψ‖H(curl;Ω) ≤ C‖v− z‖L2(Ω). (2.45)

where C is a positive constant independent of v.

Remark 2.2.1. Many interesting results concerning the vector potential on general

domains are presented in the paper [3].

Remark 2.2.2. There exists a similar de Rham complex for spaces without bound-

ary conditions and an analogous counterpart to Theorem 2.2.2. The resulting

spaces of harmonic forms are, of course, different and their dimensionality also

differs. However, the cohomologies of the de Rham complexes with and without

boundary conditions are related. There also exists a de Rham complex for spaces

with periodic boundary conditions or boundary conditions specified only along a

subset of ∂Ω. For more information on these topics of discussion, see [7].

Remark 2.2.3. In two dimensions, the notion of a two-dimensional vector potential,

the so-called stream function, is utilized instead of a vector potential. The stream

function exists and is uniquely specified for simply connected domains. On more

complicated domains, an alternative construction may be utilized by invoking the

two-dimensional version of harmonic forms.
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Chapter 3

The Geometric Structure of Navier-Stokes Flow

An interesting and important aspect of unsteady Navier-Stokes flow is the

vast amount of geometry present. Such geometry is most obvious in the inviscid

case as incompressible Euler flow may be viewed as a geodesic flow in a suitable

infinite-dimensional space when formulated in Lagrangian coordinates. Specifi-

cally, Euler flow in a domain Ω is described by the geodesics on the group of

smooth volume-preserving diffeomorphisms of Ω [9]. By employing Lie Alge-

bra methods, it can be shown that Lagrangian formulations of Euler flow have a

symplectic structure [141] and various Hamiltonian formulations [10]. The usual

conservation properties follow (conservation of linear momentum, angular momen-

tum, vorticity, circulation, energy, enstrophy in R2, and helicity in R3) and infinite

families of symmetries and invariants can be derived [93]. It should be noted that

all of these results are largely a consequence of the volume-preserving nature of

incompressible Euler flow.

Conservation of enstrophy in two-dimensional Euler flow prevents the for-

mation of singularities in finite time, and global (in time) existence and uniqueness

results were proven as early as 1933 for smooth solutions in R2 [193]. On the

other hand, while local existence and regularity results were obtained in the 1970s

for three-dimensional Euler flow [72, 119, 176], global well-posedness remains an

open question. Current research is primarily dedicated to the development of non-

blowup conditions [23, 50, 126] and the use of computation to investigate possible
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Euler singularities [121]. Of particular interest are recently-developed non-blowup

conditions due to geometric properties of vortex filaments [62,63]. Such results at-

test to the benefit of utilizing a combination of functional analysis and geometry to

study the Euler singularity problem. Indeed, a famous result of Lions and DiPerna

(see pg. 150-153 of [136]) suggests that functional analysis estimates alone are not

enough to answer the three-dimensional well-posedness problem.

The convenient structure of Euler flow unfortunately breaks down when vis-

cosity is introduced. Namely, the symplectic structure is lost and with it the infinite

family of symmetries and invariants associated with Euler flow. For example, in a

viscous flow, energy is not conserved in the absence of body forces. Rather, it is dis-

sipated. Despite this lack of symplecticity, solutions to the Navier-Stokes equations

satisfy a number of important balance laws. These balance laws, in conjunction

with the incompressibility constraint, give the Navier-Stokes equations geometric

structure and play a vital role in the evolution of flow. In particular, proper balance

of momentum, kinetic energy, and helicity are believed to play a critical role in

the development of coherent laminar and turbulent flow structures [147–149, 151]

and in vortex breakdown [151] in R3. Additionally, if the large scales of a three-

dimensional homogeneous turbulent flow are helical, there is a joint cascade of both

energy and helicity from large scales down to the dissipative level where they are

then destroyed [128], and this joint cascade is dependent on the interaction of he-

licity and energy as well as the relative magnitude of helicity. In fact, homogeneous

flows with large mean-scale helicity have been shown to exhibit a much slower rate

of turbulence decay [151].

In light of the above discussion, one may expect a reasonable numerical dis-

cretization of the Navier-Stokes equations, in the absence of any turbulence mod-

els, to respect balance of momentum, energy, and helicity at least at a global level.
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However, semi-discrete formulations of the Navier-Stokes equations which con-

serve momentum are typically guaranteed to balance energy if and only if incom-

pressibility is satisfied pointwise. Unfortunately, most discretizations do not satisfy

this hard constraint.

To illustrate the geometric structure of Navier-Stokes flows, we formally

derive various global balance laws in this chapter. For simplicity, we consider

the Navier-Stokes equations for a constant-property Newtonian fluid posed on the

three-dimensional torus. Denoting our spatial domain as Ω = (0, 2π)3 and our

space-time domain as ΩT := Ω × (0,∞), our problem of interest is written in

conservation form as follows.

(S)



Given ν ∈ R+, f : ΩT → R3, and u0 : Ω → R3, find u : Ω̄T → R3 and
p : ΩT → R such that u(x, t) and p(x, t) are periodic in x and

∂u
∂t

+∇ · (u⊗ u)−∇ · (2ν∇su) + gradp = f in ΩT , (3.1)

divu = 0 in ΩT , (3.2)
u(·, 0) = u0(·) in Ω. (3.3)

Above, u denotes the flow velocity of a fluid moving through the domain Ω, p de-

notes the pressure acting on the fluid divided by the density, ν denotes the kinematic

viscosity of the fluid, f denotes an external body force acting on the fluid divided

by the density, and u0 denotes the initial velocity field. The density of the fluid,

denoted as ρ, is assumed to be constant. The above set of equations accounts for

unsteady acceleration, convective acceleration, viscous and normal stresses, and ex-

ternal body forces. Equation (3.1) is a differential statement of momentum balance,

and Equation (3.2) is a differential statement of mass conservation. We assume for

the remainder of this chapter that f is periodic and conservative. That is, we assume

there exists a periodic potential q : ΩT → R such that

f = ∇q.
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We also assume for the remainder of the chapter that u and f are smooth and that all

derivatives of u are periodic in x.

3.1 Balance of Momentum

Let us now derive a global momentum balance law. To do so, we first mul-

tiply (3.1) by ρ and integrate over Ω to obtain∫
Ω

ρ

(
∂u
∂t

+∇ · (u⊗ u)−∇ · (2ν∇su) + gradp− f
)
dx = 0.

Stoke’s theorem gives∫
Ω

ρ (∇ · (u⊗ u)−∇ · (2ν∇su) + gradp− f) dx = 0

since f is conservative. Hence, we arrive at the following statement dictating the

evolution of integrated momentum ρu over time.

Global balance of linear momentum:

d

dt

∫
Ω

ρudx = 0

The above balance law states that the global integral of momentum is conserved in

time.

3.2 Balance of Kinetic Energy

We now seek a balance law for kinetic energy. Begin by considering the

integral of the dot-product of (3.1) and the momentum ρu over our domain Ω:∫
Ω

(
∂u
∂t

+∇ · (u⊗ u)−∇ · (2ν∇su) + gradp− f
)
· ρudx = 0. (3.4)

22



We analyze the resulting expression term by term. To begin, we write∫
∂u
∂t
· ρudx =

d

dt

∫
Ω

edx (3.5)

where e = 1
2
ρ|u|2 is the kinetic energy of the fluid. A simple calculation gives the

following expression for the convection term in (3.4):∫
Ω

∇ · (u⊗ u) · ρudx =

∫
Ω

(div (ue) + edivu) dx.

Using Stoke’s theorem and incompressibility, we find∫
Ω

∇ · (u⊗ u) · ρudx = 0. (3.6)

We use integration by parts to obtain the following expression for the viscous stress,

pressure, and body force terms appearing in (3.4):∫
Ω

(−∇ · (2ν∇su) + gradp− f) · ρudx =

∫
Ω

(
2ρν|∇su|2 − ρ(p− q)divu

)
dx.

Invoking the incompressibility constraint again, we arrive at∫
Ω

(−∇ · (2ν∇su) + gradp− f) · ρudx =

∫
Ω

2ρν|∇su|2dx. (3.7)

Combining Equations (3.4), (3.5), (3.6), and (3.7) and letting µ = ρν denote the

kinematic viscosity, we obtain the following global balance law for kinetic energy.

Global balance of kinetic energy:

d

dt

∫
Ω

edx = −
∫

Ω

2µ|∇su|2dx

Hence, kinetic energy is globally dissipated in time.

As we saw, incompressibility had to be invoked on two occassions to de-

rive the kinetic energy balance law. This is the reason semi-discrete formulations
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which conserve momentum are typically not guaranteed to properly balance kinetic

energy unless incompressibility is satisfied pointwise. Worse yet, semi-discrete for-

mulations which conserve momentum are typically not even guaranteed to dissipate

kinetic energy. Alternatively, one can utilize skew-symmetric or rotation formula-

tions of the Navier-Stokes equations in conjunction with discretely divergence-free

discretizations to arrive at numerical methods automatically satisfying an energy

balance law [100, 194]. However, such formulations then lose the momentum con-

servation structure of the Navier-Stokes equations unless incompressibility is again

satisfied pointwise.

Kinetic energy is a very important quantity in incompressible flows and, as

stated earlier, proper balance of energy is believed to be important for flow structure

development both at large- and fine-scale levels. Kinetic energy holds yet another

meaning in the context of numerical methods. Kinetic energy is inherently related

to the stability of a numerical method. Namely, for unsteady viscous flows, a nu-

merical method is said to be stable if the kinetic energy remains bounded in time.

Semi-discrete formulations which do not dissipate kinetic energy are typically un-

stable. The Lax-Milgram theorem [132] suggests that solutions to such formula-

tions may not converge. Even more detrimental is the fact that such solutions may

experience catastrophic blowup of error.

3.3 Balance of Vorticity

Let ω = curlu denote the vorticity, a measure of the local angular rate of

rotation of the flow field. By taking the curl of the linear momentum equation and

invoking incompressibility, it can be shown that the vorticity satisfies the following
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conservation equation:

∂ω

∂t
+∇ · (u⊗ ω − ω ⊗ u) = ∇ · (2ν∇sω) . (3.8)

Furthermore, the vorticity satisfies a solenoidal constraint:

divω = 0. (3.9)

Integrating the differential balance law for vorticity over the entire domain and then

invoking Stoke’s theorem to handle all of the terms except the unsteady term, we

arrive at the following global balance law.

Global balance of vorticity:

d

dt

∫
Ω

ωdx = 0

Hence, the global integral of vorticity is conserved in time.

Before proceeding, let us write the differential balance law for vorticity in

another form. Let D
Dt

denote the material derivative and let D(u) = ∇su denote the

rate of strain or strain-rate tensor. Then, by virtue of divu = 0, divω = 0, and the

fact that
(
∇u−∇uT

)
ω = 0, we can write (3.8) as

Dω

Dt
= ∇ · (2ν∇sω) + D(u)ω. (3.10)

The above equation indicates that the change of vorticity at a material point is equal

to the vorticity diffusion plus a reaction term of the form D(u)ω. This reaction

term is responsible for the intensification (or the decrease) of vorticity depending

on the alignment of ω with eigenvectors corresponding to positive (or negative)

eigenvalues of the rate of strain tensor. Since tr (D(u)) = divu = 0, the rate of
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strain tensor has both positive and negative eigenvalues unless it is identically zero.

This results in vortex stretching, a phenomena believed to be of crucial importance

in turbulent flow dynamics [12, 67]. It should be noted that vortex stretching is

absent in two-dimensional Navier-Stokes flow.

In the discrete setting, it actually proves more natural to represent the vor-

ticity field in terms of a discrete solution of (3.8) rather than as the curl of a discrete

velocity field. This was the approach taken in [157]. We will later utilize this ap-

proach to show that our proposed divergence-free discretization technique satisfies

desired balance laws.

3.4 Balance of Enstrophy

We now seek a global balance law for enstrophy. Consider the integral of

the dot-product of Equation (3.10) and ω over Ω:∫
Ω

(
∂ω

∂t
+ (u · ∇)ω − D(u)ω −∇ · (2ν∇sω)

)
· ωdx = 0. (3.11)

Let us analyze the above expression term by term. To begin, we write∫
Ω

∂ω

∂t
· ωdx =

d

dt

∫
Ω

γdx (3.12)

where γ = 1
2
|ω|2 is the enstrophy density of the fluid. Next, invoking incompress-

ibility and Stoke’s theorem, we can write∫
Ω

((u · ∇)ω) · ωdx =

∫
Ω

div (uν) dx = 0, (3.13)

Finally, integration by parts results in

−
∫

Ω

∇ · (2ν∇sω) dx =

∫
Ω

2ν|∇sω|2dx. (3.14)

Combining Equations (3.11)-(3.14), we arrive at the following global balance law.
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Global balance of enstrophy:

d

dt

∫
Ω

γdx = −
∫

Ω

2ν|∇sω|2dx +

∫
Ω

ωTD(u)ωdx

As D(u) is indefinite, the above equation appears to give no real global (in time)

control over the behavior of enstrophy. This in turn means we appear to have no

global L2 control over the gradient of u or the strain-rate tensor since we have the

relationship ∫
Ω

γdx =

∫
Ω

1

2
|∇u|2dx =

∫
Ω

|D(u)|2dx (3.15)

due to periodicity and the incompressibility constraint. Global control of enstro-

phy is considered very important to the mathematical analysis of the Navier-Stokes

equations as it is known that a solution remains smooth as long as the enstrophy is

bounded. However, due to the presence of the enstrophy production term∫
Ω

ωTD(u)ωdx, (3.16)

elementary functional analysis estimates can only be used to establish local (in time)

existence of smooth solutions given a smooth initial velocity field [67]. It remains

unknown at this time if vorticity dissipation is enough to counterbalance enstrophy

production over finite times or if the inherent geometric features of vortex stretching

prohibit blowup.

The existence (or lack thereof) of smooth global-in-time Navier-Stokes so-

lutions is considered one of the premier unsolved problems in mathematics, and

the problem is even one of the Clay Mathematics Institute’s famed Millenium Prize

Problems. To date, the best general result in this direction is considered to be that of

Cafarelli, Kohn, and Nirenberg which characterizes the potential set of space-time

singularities for a space of “suitable weak solutions” [42]. Unfortunately, this re-

sult was obtained over 25 years ago, indicating a slow-down of progress. It should
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be noted that global existence of weak solutions was obtained as early as 1934 by

Leray [134], and global existence and uniqueness for two-dimensional smooth so-

lutions were obtained by Kiselev and Ladyzhenskaya in 1957 [124] by relying on

the fact that enstrophy production is absent in two-dimensional flows.

Not unrelated to the Navier-Stokes existence and smoothness problem is the

role of enstrophy production in three-dimensional turbulence. Enstrophy produc-

tion is a fundamental problem in fluid mechanics and has been a focus of attention

of the turbulence community for many years [65, 66, 82, 88, 115, 144, 150, 156]. In

fact, concentrated vortices characterized by high-enstrophy have been referred to as

the “sinews of turbulence” [150]. Formal asymptotics, one of the primary tools of

the analytic fluid mechanics community, are rather unreliable in the study of enstro-

phy production due to the inability to reasonably bound the strain-rate as mentioned

above. Numerical simulation [66, 88, 115, 156] and experimentation [66, 144] have

been utilized to study enstrophy production and its relationship with energy dissi-

pation rates in a more straight-forward manner.

3.5 Balance of Helicity

We finish this chapter by deriving a global balance law for helicity. Let us

begin by considering the integral of the dot-product of Equation (3.8) and u over Ω:∫
Ω

(
∂ω

∂t
+∇ · (u⊗ ω − ω ⊗ u)−∇ · (2ν∇sω)

)
· udx = 0

and the integral of the dot-product of Equation (3.1) and ω over Ω:∫
Ω

(
∂u
∂t

+∇ · (u⊗ u)−∇ · (2ν∇su) + gradp− f
)
· ωdx = 0.
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Adding the two integrals gives∫
Ω

(
∂ω

∂t
· u +

∂u
∂t
· ω +∇ · (u⊗ ω − ω ⊗ u) · u +∇ · (u⊗ u) · ω

)
dx

+

∫
Ω

(−∇ · (2ν∇sω) · u−∇ · (2ν∇su) · ω) dx

+

∫
Ω

(gradp · ω − f · ω) dx = 0.

(3.17)

We now analyze the above expression piece by piece. First, for the terms in (3.17)

involving time derivatives, we write∫
Ω

(
∂ω

∂t
· u +

∂u
∂t
· ω
)
dx =

d

dt

∫
Ω

%dx (3.18)

where % = ω · u is the helical density, a measure of the helical or corkscrew-

like motion of the flow field. Next, for the term in (3.17) involving the convective

acceleration of vorticity, we use integration by parts to write∫
Ω

∇ · (u⊗ ω) · udx = −
∫

Ω

(u⊗ ω) : (∇u) dx

= −
∫

Ω

((u · ∇) u) · ωdx.

We invoke incompressibility to obtain∫
Ω

∇ · (u⊗ ω) · udx = −
∫

Ω

∇ · (u⊗ u) · ωdx. (3.19)

Proceeding forward to the term in (3.17) involving vortex stretching, we use the

product rule to write ∫
Ω

∇ · (ω ⊗ u) · udx =

∫
Ω

∇ · (uν) dx.

Stoke’s theorem then gives ∫
Ω

∇ · (ω ⊗ u) · udx = 0. (3.20)
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We now proceed to the terms in (3.17) involving viscous and pressure terms. Simple

application of integration by parts and the condition divω = 0 results in∫
Ω

(−∇ · (2ν∇sω) · u−∇ · (2ν∇su) · ω + gradp · ω) dx =∫
Ω

4ν (∇su) : (∇sω) dx. (3.21)

Finally, the observation that f is conservative gives the following expression for the

term in (3.17) involving body forces after an application of integration by parts:∫
Ω

f · ωdx =

∫
Ω

qdivωdx = 0. (3.22)

Combining Equations (3.17), (3.18), (3.19), (3.20), (3.21), and (3.22), we obtain

the following global balance law.

Global balance of helicity:

d

dt

∫
Ω

%dx = −
∫

Ω

4ν (∇su) : (∇sω) dx

Note that in the absence of viscosity, global helicity is conserved. This is in oppo-

sition with the global enstrophy.

Helicity is a fundamental quantity in laminar and turbulent flow. It can be

interpreted topologically as the degree to which a flow’s vortex tubes are tangled

and intertwined (see Figure 3.1 above and the discussion in [160]). As mentioned

earlier, helicity cascades over the inertial range jointly with kinetic energy [128]

and may actually impede the energy cascade [2], and helicity is also believed to be

closely related to vortex breakdown [151]. Furthermore, results in mathematics in-

dicate a potential role of helicity for the regularity of Navier-Stokes solutions [26].

Strangely, the concept of helicity is relatively recent in fluid mechanics [146, 152],
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Figure 3.1: Tangling of vortex tubes, tubes with contours of axial vorticity.

but its roots date back to seminal contributions of Kelvin [120]. Kelvin recognized

that, in an inviscid flow, vortex lines behave like material lines. This implies the

inviscid invariance of helicity, giving helicity a status comparable to energy. As

such, one may expect a reasonable discretization of the Navier-Stokes equations

to respect helicity balance. However, for the same reasons as were discussed in

Section 3.2, conservative semi-discrete formulations are typically not guaranteed

to properly balance helicity unless incompressibility is satisfied exactly. Moreover,

even when incompressibility holds pointwise, discrete vorticity must be appropri-

ately defined to ensure helicity balance. This will be explored in more depth in

Chapter 9.

Remark 3.5.1. All of the balance laws derived here can be extended to general

choices of boundary conditions provided appropriate boundary terms are included.

It should be noted that such boundary terms are often non-trivial. For example, a

flow subject to traction boundary conditions will be characterized by energy, en-

strophy, and helicity production on the boundary of the domain. To avoid these

complications, we restricted our discussion here to that of an unphysical three-

dimensional closed manifold.
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Chapter 4

B-splines and Geometrical Mappings

B-splines were first introduced by Schoenberg in 1946 [166] in the attempt

to develop piecewise polynomials with prescribed smoothness properties. In his

1972 paper, de Boor [58] introduced a simple and stable recursion formula for eval-

uating them, and since then, B-splines have been a standard in the numerical analy-

sis and computer-aided geometric design communities. For an overview of splines,

their properties, and robust algorithms for evaluating their values and derivatives,

see de Boor [59] and Schumaker [169].

B-splines have been employed in the numerical analysis of differential equa-

tions for several decades. In 1972, de Boor introduced an orthogonal collocation

method using B-splines to solve arbitrary-order differential equations [58], and B-

spline collocation and Galerkin methods have since been utilized in a variety of

complex flow applications [129–131, 171] where it has been shown that the res-

olution power of B-splines of maximum continuity allows the representation of a

broad range of scales of turbulent flow. Of particular interest is the stable staggered

grid approach introduced by Botella [31] which bears some semblance to the dis-

cretization schemes introduced in this dissertation. Inspired by the prevalence of

Non-Uniform Rational B-Splines (NURBS) in computer aided design (CAD), iso-

geometric analysis was proposed in [109] by Hughes, Cottrell, and Bazilevs as a

means of uniting CAD and computer aided engineering. In isogeometric analysis,

the same basis for the geometry as defined in a CAD package is also utilized in finite
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element analysis. The original instantiation was based on NURBS, but other iso-

geometric analysis techniques have since been developed [17, 68]. NURBS-based

isogeometric analysis has been applied to a number of applications, including tur-

bulent flow simulation [1, 16, 18], fluid-structure interaction [19], and structural

analysis [53, 54, 137]. In many of these papers, it was shown that splines have

superior stability and approximation properties as compared to standard finite ele-

ments. For an introductory text on isogeometric analysis, see Cottrell, Hughes, and

Bazilevs [52].

In this chapter, we briefly review the construction of univariate and multi-

variate B-splines which form the building blocks of our discretization technique.

We also introduce parametric mappings which will allow us to map B-splines to

general geometries of interest, and we define various notation which will be uti-

lized throughout the remainder of this dissertation.

4.1 Univariate B-splines

For two positive integers k and n, representing degree and dimensionality

respectively, let us introduce the ordered knot vector

Ξ := {0 = ξ1, ξ2, . . . , ξn+k+1 = 1} (4.1)

where

ξ1 ≤ ξ2 ≤ . . . ξn+k+1.

Given Ξ and k, univariate B-spline basis functions are constructed recursively start-

ing with piecewise constants (k = 0):

B0
i (ξ) =

{
1 if ξi ≤ ξ < ξi+1

0 otherwise. (4.2)
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0 11/3 2/30

1

Figure 4.1: Cubic B-spline basis functions for open, non-uniform knot vector
Ξ = {0, 0, 0, 0, 1/3, 2/3, 1, 1, 1, 1}. Note the basis is C2 everywhere in the interval
(0, 1).

For k = 1, 2, 3, . . ., they are defined by

Bk
i (ξ) =

ξ − ξi
ξi+k − ξi

Bk−1
i (ξ) +

ξi+k+1 − ξ
ξi+k+1 − ξi+1

Bk−1
i+1 (ξ). (4.3)

When ξi+k−ξi = 0, ξ−ξi
ξi+k−ξi

is taken to be zero, and similarly, when ξi+k+1−ξi+1 =

0, ξi+k+1−ξ
ξi+k+1−ξi+1

is taken to be zero. B-spline basis functions are piecewise polynomials

of degree k, form a partition of unity, have local support, and are non-negative.

An example of a cubic B-spline basis is shown in Figure 4.1. Note the basis is

C2 everywhere in the interval (0, 1). Enhanced smoothness is one of the defining

features of B-splines. We refer to linear combinations of B-spline basis functions

as B-splines or simply splines.

Let us now introduce the vector ζ = {ζ1, . . . , ζm} of knots without repe-

titions and a corresponding vector {r1, . . . , rm} of knot multiplicities. That is, ri

is defined to be the multiplicity of the knot ζi in Ξ. By construction,
∑m

i=1 ri =
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n + k + 1. We assume that ri ≤ k + 1. Let us further assume throughout that

r1 = rm = k + 1, i.e, that Ξ is an open knot vector. This allows us to easily

prescribe Dirichlet boundary conditions. At the point ζi, B-spline basis functions

have αi := k − ri continuous derivatives. Therefore, −1 ≤ αi ≤ k − 1, and the

maximum multiplicity allowed, ri = k + 1, gives a discontinuity at ζi. We define

the regularity vector α by α := {α1, . . . , αm}. By construction, α1 = αm = −1.

In what follows, we utilize the notation

|α| = min{αi : 2 ≤ i ≤ m− 1} (4.4)

and α− 1 := {−1, α2 − 1, . . . , αm−1 − 1,−1} when αi ≥ 0 for 2 ≤ i ≤ m− 1.

We denote the space of B-splines spanned by the basis functions Bk
i as

Skα := span
{
Bk
i

}n
i=1

. (4.5)

When k ≥ 1 and αi ≥ 0 for 2 ≤ i ≤ m− 1, the derivatives of functions in Skα are

splines as well. In fact, we have the stronger relationship{
d

dx
v : v ∈ Skα

}
≡ Sk−1

α−1 . (4.6)

That is, the derivative operator ∂x : Skα → Sk−1
α−1 is surjective. One of the most

important properties of univariate B-splines is refinement and, perhaps more im-

portantly, nestedness of refinement. Notably, knot insertion and degree elevation

allow one to define a sequence of nested, refined B-spline spaces. Knot insertion

and degree elevation algorithms are described in detail in Chapter 2 of [52].

4.2 Multivariate B-splines

The definition of multivariate B-splines follows easily through a tensor-

product construction. For d a positive integer, let us consider the unit cube Ω̂ =
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(0, 1)d ⊂ Rd, which we will henceforth refer to as the parametric domain. Mim-

icking the one-dimensional case, given integers kl and nl for l = 1, . . . , d, let us

introduce open knot vectors Ξl = {ξ1,l, . . . , ξnl+kl+1,l} and the associated vectors

ζl = {ζ1,l, . . . , ζml,l}, {r1,l, . . . , rml,l}, and αl = {α1,l, . . . , αml,l}. There is a para-

metric Cartesian mesh Mh associated with these knot vectors partitioning the para-

metric domain into rectangular parallelepipeds. Visually,

Mh = {Q = ⊗l=1,...,d (ζil,l, ζil+1,l) , 1 ≤ il ≤ ml − 1} . (4.7)

For each element Q ∈Mh we associate a parametric mesh size hQ = diam(Q). We

also define a shape regularity constant λ which satisfies the inequality

λ−1 ≤ hQ,min

hQ
≤ λ, ∀Q ∈Mh, (4.8)

where hQ,min denotes the length of the smallest edge ofQ. A sequence of parametric

meshes that satisfy the above inequality for an identical shape regularity constant is

said to be locally quasi-uniform.

We associate with each knot vector Ξl (l = 1, . . . , d) univariate B-spline

basis functions Bkl
il,l

of degree kl for il = 1, . . . , nl. On the mesh Mh, we define the

tensor-product B-spline basis functions as

Bk1,...,kd
i1,...,id

:= Bk1
i1,1
⊗ . . .⊗Bkd

id,d
, i1 = 1, . . . , n1, . . . id = 1, . . . , nd. (4.9)

We then accordingly define the tensor-product B-spline space as

Sk1,...,kdα1,...,αd
≡ Sk1,...,kdα1,...,αd

(Mh) := span
{
Bk1,...,kd
i1,...,id

}n1,...,nd

i1=1,...,id=1
. (4.10)

The space is fully characterized by the mesh Mh, the degrees kl, and the regularity

vectors αl, as the notation reflects. Like their univariate counterparts, multivariate
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B-spline basis functions are piecewise polynomial, form a partition of unity, have

local support, and are non-negative. Defining the regularity constant

α := min
l=1,...,d

min
2≤il≤ml−1

{αil,l} (4.11)

we see that our B-splines are Cα-continuous throughout the domain Ω̂. Refinement

of multivariate B-spline bases is obtained by applying knot insertion and degree el-

evation in tensor-product fashion. In the remainder of the text, we consider a family

of nested meshes {Mh}h≤h0 and associated B-spline spaces
{
Sk1,...,kdα1,...,αd

(Mh)
}
h≤h0

that have been obtained by successive applications of knot refinement. Furthermore,

we assume throughout that the mesh family {Mh}h≤h0 is locally quasi-uniform.

Note that each element Q = ⊗l=1,...,d (ζil,l, ζil+1,l) has the equivalent rep-

resentation Q = ⊗l=1,...,d (ξjl,l, ξjl+1,l) for some index jl. With this in mind, we

associate with each element a support extension Q̃, defined as

Q̃ := ⊗l=1,...,d (ξjl−pl,l, ξjl+pl+1,l) . (4.12)

The support extension is the interior of the set formed by the union of the supports

of all B-spline basis functions whose support intersects Q. Note that each element

belongs to the support extension of at most Πl=1,...,d(2pl+1) elements. The support

extension is a natural object to consider when examining the local approximation

properties of a B-spline space.

4.3 Piecewise Smooth Functions, Geometrical Mappings, and
Physical Mesh Entities

On the parametric mesh Mh, we define the space of piecewise smooth func-

tions with interelement regularity given by the vectors α1, . . . ,αd as

C∞α1,...,αd
= C∞α1,...,αd

(Mh) . (4.13)
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Precisely, a function in C∞α1,...,αd
is a function whose restriction to an element

Q ∈ Mh admits a C∞ extension in the closure of that element and which has

αil,l continuous derivatives with respect to the lth coordinate along the internal

mesh faces {(x1, . . . , xd) : xl = ζil,l, ζjl′ ,l′ < xl′ < ζjl′+1,l
′ , l′ 6= l} for all

il = 2, . . . ,ml − 1 and jl′ = 1, . . . ,ml′ − 1. Note immediately that any function

lying in the B-spline space Sk1,...,kdα1,...,αd
also lies in C∞α1,...,αd

.

Unless specified otherwise, we assume throughout the rest of the disserta-

tion that the physical domain Ω ⊂ Rd can be exactly parametrized by a geometrical

mapping F : Ω̂ → Ω belonging to
(
C∞α1,...,αd

)d with piecewise smooth inverse.

We further assume that d = 2 or 3, the physical domain Ω is simply connected

with connected boundary ∂Ω, and the geometrical mapping is independent of the

mesh family index h. See, for example, the sequence of mapped meshes depicted in

Figure 4.2. A geometrical mapping meeting our criteria could be defined utilizing

B-splines or Non-Uniform Rational B-Splines (NURBS) on the coarsest mesh Mh0 .

NURBS mappings are especially useful as they can represent many geometries of

scientific and engineering interest and are the main tools employed in Computer

Aided Design (CAD) software. Later in this dissertation, we will additionally uti-

lize polar mappings to solve flow problems on cylindrical geometries in order to

preserve symmetries.

The geometrical mapping F naturally induces a mesh

Kh = {K : K = F(Q), Q ∈Mh} (4.14)

on the physical domain Ω. We define for each element K ∈ Kh a physical mesh

size

hK = ‖DF‖L∞(Q)hQ (4.15)
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Figure 4.2: Illustration in the two-dimensional setting of how the parametric map-
ping F is independent of the mesh family index h.
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where Q is the inverse image of K, and we also define the support extension K̃ =

F(Q̃). We define for a given mesh the global mesh size

h = max {hK , K ∈ Kh} .

Note that as the parametric mesh family {Mh}h≤h0 is locally quasi-uniform and the

geometrical mapping F is independent of the mesh family index h, the physical

mesh family {Kh}h≤h0 is also locally quasi-uniform. We refer to the physical do-

main Ω and its pre-image Ω̂ interchangeably as the patch. It should be noted that,

in general, the domain Ω cannot be represented using just a single patch. Instead,

multiple patches must be employed. We will discuss further the multi-patch setting

in Section 6.5.

We define on the parametric mesh a set of mesh faces F̂h = {F̂} where F̂

is a face of one or more elements in Mh. We define the physical set of mesh faces

as

Fh = {F = F(F̂ ) : F̂ ∈ F̂h}

and we define the boundary mesh to be

Γh = {F ∈ Fh : F ⊂ ∂Ω} .

By construction,

∂Ω = ∪F∈ΓhF .

Note that for each face F ∈ Γh there is a unique K ∈ Kh such that F is a “face” of

K (in the sense that F is the image of a face of Q, the pre-image of K). We hence

define for such a face the mesh size

hF := hK .
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One may also define hF to be the wall-normal mesh-size as is done in [21]. Such a

definition is more appropriate for stretched meshes.

Throughout the text, we will utilize the terminology “a constant independent

of h”. When we employ such terminology, we simply indicate that the constant will

not depend on the given mesh and, in particular, its size. The constant may, how-

ever, depend on the domain, the shape regularity of the parametric mesh family, the

polynomial degrees of the employed B-spline spaces, and mesh-invariant measures

of the parametric mapping.

41



Chapter 5

Discretization of Velocity and Pressure Fields

In this chapter, we define the B-spline spaces which we will later utilize to

discretize the velocity and pressure fields appearing in the generalized Stokes and

Navier-Stokes problems. These spaces are motivated by the recent theory of isoge-

ometric discrete differential forms [40, 41] and can be interpreted as smooth gener-

alizations of Raviart-Thomas-Nédélec elements [153,159]. We start this chapter by

establishing preliminary notation. Then, we recall the construction of compatible

B-spline discretizations which conform to a commuting de Rham diagram. Follow-

ing this effort, we reveal a new Hilbert complex for the study of Stokes flow, and

we demonstrate that compatible B-spline discretizations also conform to a com-

muting Stokes complex provided the discretizations are sufficiently smooth. This

conformity results in methods which automatically satisfy the inf-sup condition and

provide divergence-free velocity fields. We finish this chapter by presenting inter-

polation estimates, inverse inequalities, and trace inequalities.

5.1 Notation: Sobolev Spaces

Let us begin with some standard notation. Let D ⊂ Rd denote an arbitrary

bounded Lipschitz domain with boundary ∂D. As usual, letL2(D) denote the space

of square integrable functions on D and define L2(D) = (L2(D))
d. Let Hk(D)

denote the space of functions inL2(D) whose kth-order derivatives belong toL2(D)

and define Hk(D) =
(
Hk(D)

)d. We identify with Hk(D) the standard Sobolev

42



norm ‖ · ‖Hk(D) and semi-norm | · |Hk(D). We employ the convention H0(D) =

L2(D). Throughout, Sobolev spaces of fractional order are defined using function

space interpolation (see, e.g., Chapter 1 of [181]). As in Chapter 2, we define

H1
0 (D) ⊂ H1(D) to be the subspace of functions with homogeneous boundary

conditions, H1
0(D) to be the vectorial counterpart of H1

0 (D), and L2
0(D) ⊂ L2(D)

to be the space of square-integrable functions with zero average on D. We will

also utilize the more general Lebesgue spaces Lp(D) where 1 ≤ p ≤ ∞ and their

vectorial counterpart Lp(D).

ForD ⊂ R3, we define Hs(curl;D) to be the Sobolev space of all functions

in Hs(D) whose curl also belongs to Hs(D) and Hs(div;D) to be the Sobolev

space of all functions in Hs(Ω) whose divergence belongs to Hs(D). These two

spaces are equipped with the norms

‖v‖Hs(curl;D) =
(
‖v‖2

Hs(D) + ‖curlv‖2
Hs(D)

)1/2

and

‖v‖Hs(div;D) =
(
‖v‖2

Hs(D) + ‖divv‖2
Hs(D)

)1/2

respectively. When s = 0, we will drop the index. As in Chapter 2, we define

H0(curl;D) = {v ∈ H(curl;D) : v× n = 0 on ∂D}

H0(div;D) = {v ∈ H(div;D) : v · n = 0 on ∂D}

where n denotes the outward pointing unit normal. These definitions naturally

extend to the two-dimensional setting, with the vector curl operator being re-

placed with the scalar rotor operator rot u = ∂x2u1 − ∂x1u2. Furthermore, in two-

dimensions, the space H0(div;D) can be obtained by rotating the space H0(rot;D).

Recall that Ω̂ = (0, 1)d denotes the parametric domain. As discussed in

Section 4.3, we assume that the physical domain Ω is defined through a piece-

wise smooth parametrization with piecewise smooth inverse which we denote as
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F : Ω̂ → Ω. We further assume unless otherwise specified that Ω is simply con-

nected with connected boundary ∂Ω. From this point forward, we will utilize the

notation ĝrad , ĉurl , d̂iv to distinguish differentiation in parametric space from

differentiation in physical space. Since F and its inverse are piecewise smooth, we

can define the pullbacks relating these spaces as

ιS (φ) := φ ◦ F, φ ∈ H1(Ω)

ιN (u) := (DF)T (u ◦ F) , u ∈ H(curl; Ω)

ιRT (v) := det (DF) (DF)−1 (v ◦ F) , v ∈ H(div; Ω)
ιW (ψ) := det (DF) (ψ ◦ F) , ψ ∈ L2(Ω)

(5.1)

where DF is the Jacobian matrix of the parametric mapping F. We would like to

note at this point that ιRT is the classical Piola transform. Due to the curl and

divergence preserving properties of ιN and ιRT respectively, we have the following

commuting de Rham diagram for Ω ⊂ R3:

H1(Ω̂)
ĝrad−−−→ H(ĉurl; Ω̂)

ĉurl−−−→ H(d̂iv; Ω̂)
d̂iv−−−→ L2(Ω̂)

ιS

x ιN

x ιRT

x ιW

x
H1(Ω)

grad−−−→ H(curl; Ω)
curl−−−→ H(div; Ω)

div−−−→ L2(Ω) .

(5.2)

We also have the commuting diagram

H1
0 (Ω̂)

ĝrad−−−→ H0(curl; Ω̂)
ĉurl−−−→ H0(d̂iv; Ω̂)

d̂iv−−−→ L2
0(Ω̂)

ιS

x ιN

x ιRT

x ιW

x
H1

0 (Ω)
grad−−−→ H0(curl; Ω)

curl−−−→ H0(div; Ω)
div−−−→ L2

0(Ω)

(5.3)

which exploits the integral-preserving property of ιW . For Ω ⊂ R2, we have the

two commuting diagrams

H1(Ω̂)
ĉurl−−−→ H(d̂iv; Ω̂)

d̂iv−−−→ L2(Ω̂)

ιS

x ιRT

x ιW

x
H1(Ω)

curl−−−→ H(div; Ω)
div−−−→ L2(Ω) .

(5.4)
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and
H1

0 (Ω̂)
ĉurl−−−→ H0(d̂iv; Ω̂)

d̂iv−−−→ L2
0(Ω̂)

ιS

x ιRT

x ιW

x
H1

0 (Ω)
curl−−−→ H0(div; Ω)

div−−−→ L2
0(Ω)

(5.5)

where curl and ĉurl are the standard two-dimensional vector operators

curl = {∂/∂x2,−∂/∂x1}T

and

ĉurl = {∂/∂ξ2,−∂/∂ξ1}T .

5.2 B-spline Spaces Satisfying the de Rham Diagram

The de Rham complex was originally introduced to study the algebraic

topology of differential manifolds. The existence of a commuting de Rham dia-

gram [70] has since played a large role in the mathematical study of finite element

discretizations of the Maxwell’s equations and mixed methods for the Hodge Lapla-

cian. The de Rham complex has especially played a critical role in the study of

numerical methods for the Maxwell eigenproblem where it has been shown a com-

muting diagram is a necessary requirement for proper convergence [28]. B-splines

satisfying a discrete de Rham complex were first introduced by Buffa et al. [41]

in order to solve two-dimensional Maxwell’s problems using isogeometric analy-

sis. In [40], commuting projection operators were introduced in order to study the

three-dimensional Maxwell’s eigenproblem and spectral correctness of the B-spline

discretization technique was proven by exploiting these operators.

In this section, we briefly review the construction of B-splines satisfying a

discrete de Rham complex. Restricting first to the three-dimensional setting, let us
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introduce the following spaces of B-splines:

Ŝh := Sk1,k2,k3α1,α2,α3
(Mh)

N̂h := Sk1−1,k2,k3
α1−1,α2,α3

(Mh)× Sk1,k2−1,k3
α1,α2−1,α3

(Mh)× Sk1,k2,k3−1
α1,α2,α3−1(Mh)

R̂Th := Sk1,k2−1,k3−1
α1,α2−1,α3−1(Mh)× Sk1−1,k2,k3−1

α1−1,α2,α3−1(Mh)× Sk1−1,k2−1,k3
α1−1,α2−1,α3

(Mh)

Ŵh := Sk1−1,k2−1,k3−1
α1−1,α2−1,α3−1(Mh).

We refer to the above set of spaces as compatible B-spline spaces. The meaning

of this terminology will become more clear in a moment. It should be noted that

standard tensor-product Raviart-Thomas-Nédélec discretizations [153,159] can ac-

tually be written in terms of compatible B-spline spaces. In this sense, we inter-

pret compatible B-splines as generalizations of Raviart-Thomas-Nédélec elements.

Specifically, we refer to functions in N̂h as B-splines of Nédélec type and ones in

R̂Th as B-splines of Raviart-Thomas type. We also refer to functions in N̂h as curl-

conforming B-splines and functions in R̂Th as divergence-conforming B-splines.

In order for the spaces of compatible B-splines to be meaningful, we require

that α ≥ 0 where α is the continuity constant

α = min
l=1,...,d

min
2≤il≤ml−1

{αil,l} .

This means that the functions in Ŝh are at least continuous, the vector functions

in N̂h are at least tangential continuous, and the vector functions in R̂Th are at

least normal continuous. In order to deal with boundary conditions, we define the

following constrained spaces:

Ŝ0,h := Ŝh ∩H1
0 (Ω̂)

N̂0,h := N̂h ∩ H0(curl; Ω̂)

R̂T0,h := R̂Th ∩ H0(d̂iv; Ω̂)

Ŵ0,h := Ŵh ∩ L2
0(Ω̂).

Due to the special relationship given by (4.6), it is easily seen that the above spaces

satisfy the discrete de Rham complex

Ŝ0,h
ĝrad−−−→ N̂0,h

ĉurl−−−→ R̂T0,h
d̂iv−−−→ Ŵ0,h . (5.6)

46



In fact, we have a much stronger result which was proven in [40].

Proposition 5.2.1. For Ω ⊂ R3, there exist L2-stable projection operators Π̂0
Sh

:

L2(Ω̂) → Ŝ0,h , Π̂0
Nh

: L2(Ω̂) → N̂0,h , Π̂0
RTh

: L2(Ω̂) → R̂T0,h , and Π̂0
Wh

:

L2
0(Ω̂)→ Ŵ0,h such that the following diagram commutes:

H1
0 (Ω̂)

ĝrad−−−→ H0(curl; Ω̂)
ĉurl−−−→ H0(d̂iv; Ω̂)

d̂iv−−−→ L2
0(Ω̂)

Π̂0
Sh

y Π̂0
Nh

y Π̂0
RTh

y Π̂0
Wh

y
Ŝ0,h

ĝrad−−−→ N̂0,h
ĉurl−−−→ R̂T0,h

d̂iv−−−→ Ŵ0,h .

(5.7)

Furthermore, the continuity constants associated with the commuting projection

operators only depend on the polynomial degrees of the B-spline discretization and

the shape regularity of the mesh family {Mh}h≤h0 .

For spaces not subject to boundary conditions, we have the following result.

Proposition 5.2.2. For Ω ⊂ R3, there exist L2-stable projection operators such that

the following diagram holds:

H1(Ω̂)
ĝrad−−−→ H(ĉurl; Ω̂)

ĉurl−−−→ H(d̂iv; Ω̂)
d̂iv−−−→ L2(Ω̂)

Π̂Sh

y Π̂Nh

y Π̂RTh

y Π̂Wh

y
Ŝh

ĝrad−−−→ N̂h
ĉurl−−−→ R̂Th

d̂iv−−−→ Ŵh .

(5.8)

Furthermore, the continuity constants of the projection operators only depend on

polynomial degree and shape regularity.

Hence, the spaces of compatible B-splines, in conjunction with the com-

muting projection operators defined in the preceding two propositions, conform to

a commuting de Rham diagram. This is the reason we refer to the B-spline spaces

introduced in this section as being compatible. Due to this conformity, compati-

ble B-spline spaces mimic intrinsic properties of the continuous de Rham complex.
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This is especially important, say, for discretization of electromagnetic eigenprob-

lems. If compatible B-splines are utilized to approximate Maxwell’s eigenproblem,

one obtains a discretization procedure which inherits underlying properties of the

underlying partial differential eigensystem. The result is a method free of spurious

modes [28, 44].

Compatible B-spline spaces in the physical domain Ω are simply defined

through a push forward of the spaces in the parametric domain Ω̂. Recall the pull-

backs given by (5.1). The discrete spaces in the physical domain corresponding to

the de Rham complex with homogeneous boundary conditions are then defined as

S0,h :=
{
φh : ιS (φh) ∈ Ŝ0,h

}
N0,h :=

{
uh : ιN (uh) ∈ N̂0,h

}
RT0,h :=

{
vh : ιRT (vh) ∈ R̂T0,h

}
W0,h :=

{
ψh : ιW (ψh) ∈ Ŵ0,h

} (5.9)

while the discrete spaces Sh , Nh , RTh , and Wh are defined in an identical fashion.

Similarly, we define projection operators for the de Rham complex with homoge-

neous boundary conditions as

ιS (Π0
Sh
φ) := Π̂0

Sh
(ιS (φ)), ∀φ ∈ H1

0 (Ω) (5.10)

ιN (Π0
Nh

u) := Π̂0
Nh

(ιN (u)), ∀u ∈ H0(curl; Ω) (5.11)

ιRT (Π0
RTh

v) := Π̂0
RTh

(ιRT (v)), ∀v ∈ H0(div; Ω) (5.12)

ιW (Π0
Wh
ψ) := Π̂0

Wh
(ιW (ψ)), ∀ψ ∈ L2

0(Ω) . (5.13)

and projection operators ΠSh , ΠNh , ΠRTh , and ΠWh
using the same prescription.

Then, from the commuting and stability properties of the parametric projection op-

erators, the pullbacks, and the push forwards, we immediately have the following

proposition (see Proposition 4.5 of [40]).
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Proposition 5.2.3. For Ω ⊂ R3, we have the commuting de Rham diagrams

H1
0 (Ω)

grad−−−→ H0(curl; Ω)
curl−−−→ H0(div; Ω)

div−−−→ L2
0(Ω)

Π0
Sh

y Π0
Nh

y Π0
RTh

y Π0
Wh

y
S0,h

grad−−−→ N0,h
curl−−−→ RT0,h

div−−−→ W0,h

(5.14)

and

H1(Ω)
grad−−−→ H(curl; Ω)

curl−−−→ H(div; Ω)
div−−−→ L2(Ω)

ΠSh

y ΠNh

y ΠRTh

y ΠWh

y
Sh

grad−−−→ Nh
curl−−−→ RTh

div−−−→ Wh .

(5.15)

Furthermore, the continuity constants associated with the commuting projection

operators only depend on polynomial degree, shape regularity, and mesh-invariant

measures of the parametric mapping.

In previous works, compatible B-splines were mapped to physical space us-

ing NURBS and were referred to as isogeometric discrete differential forms [40,41].

However, other mappings such as the polar map can be employed. We believe polar

mappings are especially useful for cylindrical problems as they preserve important

symmetries.

We now introduce compatible B-splines for the two-dimensional setting.

Let us define the following spaces of B-splines:

Ŝh := Sk1,k2α1,α2
(Mh)

R̂Th := Sk1,k2−1
α1,α2−1(Mh)× Sk1−1,k2

α1−1,α2
(Mh)

Ŵh := Sk1−1,k2−1
α1−1,α2−1(Mh).

(5.16)

We have re-utilized the notation Ŝh , R̂Th , and Ŵh as the spaces above are simply

the two-dimensional counterparts of the three-dimensional spaces discussed previ-

ously. Again, in order for the spaces of compatible B-splines to be meaningful, we
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require that α ≥ 0, and we define

Ŝ0,h := Ŝh ∩H1
0 (Ω̂)

R̂T0,h := R̂Th ∩ H0(d̂iv; Ω̂)

Ŵ0,h := Ŵh ∩ L2
0(Ω̂).

(5.17)

Defining our two-dimensional compatible B-spline spaces in physical space as

S0,h :=
{
φh : ιS (φh) ∈ Ŝ0,h

}
RT0,h :=

{
vh : ιRT (vh) ∈ R̂T0,h

}
W0,h :=

{
ψh : ιW (ψh) ∈ Ŵ0,h

}
Sh :=

{
φh : ιS (φh) ∈ Ŝh

}
RTh :=

{
vh : ιRT (vh) ∈ R̂Th

}
Wh :=

{
ψh : ιW (ψh) ∈ Ŵh

}
,

(5.18)

we have the following proposition which results from generalizing in a straight-

forward manner the three-dimensional results of [40] to the two-dimensional set-

ting.

Proposition 5.2.4. For Ω ⊂ R2, there exist L2-stable projection operators such that

the following diagrams commute:

H1
0 (Ω)

curl−−−→ H0(div; Ω)
div−−−→ L2

0(Ω)

Π0
Sh

y Π0
RTh

y Π0
Wh

y
S0,h

curl−−−→ RT0,h
div−−−→ W0,h

(5.19)

and
H1(Ω)

curl−−−→ H(div; Ω)
div−−−→ L2(Ω)

ΠSh

y ΠRTh

y ΠWh

y
Sh

curl−−−→ RTh
div−−−→ Wh .

(5.20)

Furthermore, the continuity constants associated with the commuting projection

operators only depend on polynomial degree, shape regularity, and mesh-invariant

measures of the parametric mapping.
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We now visualize some of the basis functions associated with these com-

patible B-spline spaces. For ease of presentation, we confine ourselves to the two-

dimensional setting. Let k1 = k2 = 2, and let Ξ1 and Ξ2 be equal to

Ξ1 := Ξ2 := {0, 0, 0, 1/3, 2/3, 1, 1, 1} . (5.21)

These polynomial degrees and knot vectors define a parametric mesh Mh and B-

spline spaces Ŝh , R̂Th , and Ŵh over Mh. To define the physical domain, we

employ a biquadratic B-spline mapping. The control net defining this mapping

(see Chapter 2 of [52]) and the resulting physical mesh Kh are illustrated in Figure

5.1. In Figure 5.2, we have depicted a representative basis function of Sh in both

parametric and physical space. Note the basis function is C1-continuous. In Fig-

ure 5.3, we have depicted a “first-component” vector basis function of RTh . Note

that the basis function is C1-continuous along horizontal parametric lines and C0-

continuous along vertical parametric lines. Further note that the directionality of the

basis function is preserved under the map ιRT in the sense that the function is ori-

ented in the direction of horizontal parametric lines in both parametric and physical

space. In Figure 5.4, we have depicted a typical “second-component” vector basis

function of RTh . Note that the basis function is C0-continuous along horizontal

parametric lines and C1-continuous along vertical parametric lines, and the direc-

tionality of the basis function is preserved under the map ιRT in the sense that the

function is oriented in the direction of vertical parametric lines in both parametric

and physical space. Finally, in Figure 5.5, we have depicted a representative basis

function of Wh which is C0-continuous in both parametric and physical space. To

further highlight why we have mapped functions in R̂Th using the Piola transform,

we have illustrated a divergence-free member of R̂Th and its image under the Piola

transform in Figure 5.6. Note that the B-spline is divergence-free in both parametric

and physical space.
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Student Version of MATLAB

Control Mesh

Student Version of MATLAB

Physical Mesh

Figure 5.1: The control net and physical mesh for the biquadratic B-spline surface
with Ξ1 := Ξ2 := {0, 0, 0, 1/3, 2/3, 1, 1, 1}.
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Student Version of MATLAB

Parametric Space

Student Version of MATLAB

Physical Space

Figure 5.2: Contour plots of a representative basis function of Sh in both parametric
and physical space.
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Student Version of MATLAB

Parametric Space

Student Version of MATLAB

Physical Space

Figure 5.3: Vector plots of a representative first-component vector basis function of
RTh in both parametric and physical space.
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Student Version of MATLAB

Parametric Space

Student Version of MATLAB

Physical Space

Figure 5.4: Vector plots of a representative second-component vector basis function
of RTh in both parametric and physical space.
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Student Version of MATLAB

Parametric Space

Student Version of MATLAB

Physical Space

Figure 5.5: Contour plots of a representative basis function of Wh in both paramet-
ric and physical space.
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Compatible B-splines

Two-dimensional Compatible B-splines:

NURBS Mapped Domains

On NURBS mapped domains, the Piola transform is utilized

to map flow velocities.  Pressures are mapped using an

integral preserving transform.

Figure 5.6: The Piola transform maps divergence-free fields in parametric space to
divergence-free fields in physical space, as shown here for the case of a divergence-
free B-spline.

Remark 5.2.1. The results stated here can be extended to the case with mixed

boundary conditions assuming that each type of boundary condition is imposed

on a set formed by the union of faces of the cube Ω̂ as shown in [40]. The results

can also be extended to cases with periodicity.

Remark 5.2.2. It should be emphasized that, unlike the finite element setting, no

regularization (see, for example, [61]) was necessary in order to establish commut-

ing diagrams. In this sense, the projection operators introduced in [40] are similar

in nature to those presented in [87] for spectral mixed methods. This is not sur-

prising as B-spline discretizations may be interpreted as lying somewhere between

finite element and spectral techniques.

5.3 The Stokes Hilbert Complex

A Hilbert complex extends the notion of a cochain complex to the Hilbert

space setting. In fact, a bounded Hilbert complex is simply a cochain complex in the

category of Hilbert spaces. The most famous (and common) Hilbert complex is the
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de Rham complex that was the focus of the preceding section. However, the concept

of a Hilbert complex allows for much more generality. For example, there exists

a Hilbert complex for linear elasticity [6]. Here, we introduce Hilbert complexes

for Stokes flow comprising of Hilbert spaces for scalar potentials, vector potentials,

flow velocities, and pressures. They are a generalization of the Hilbert complex

introduced in Section 2.1. As we shall see, the Hilbert complex is a valuable tool for

the study of mixed discretizations of the Stokes equations. It should be mentioned

that the Hilbert complexes introduced here are not higher-order analogues of the

de Rham complex [177] and are characterized by a reduction in smoothness when

compared with such high-order complexes.

In [7], Arnold et al. presented an abstract framework through which one can

analyze the stability of discrete subcomplexes of Hilbert complexes. The frame-

work invokes the existence of bounded cochain projection operators which com-

mute with a given Hilbert complex. The work presented here can be thought of as a

specific application of this framework. However, the applicability of a discrete sub-

complex goes beyond just the design and analysis of stable discretizations. While

not covered in this written dissertation, we can actually use the discrete subcomplex

to develop optimal linear solvers. Likewise, Hiptmair developed optimal solvers

in [104] and [103] for H(curl; Ω)- and H(div; Ω)-elliptic problems respectively

using the Hodge decomposition associated with the de Rham cohomology.

Restricting initially to the three-dimensional setting, let us define the fol-

lowing Hilbert spaces:

H1
n(Ω) :=

{
v ∈ H1(Ω) : v · n = 0 on ∂Ω

}
Φ(Ω) :=

{
φ ∈ L2(Ω) : curlφ ∈ H1(Ω)

}
Φn(Ω) := Φ(Ω) ∩ H0(curl; Ω) .
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The space H1
n(Ω) is endowed with the standard H1-norm and the spaces Φ(Ω) and

Φn(Ω) are endowed with the inner-product

(·, ·)Φ(Ω) := (·, ·)L2(Ω) + (curl·, curl·)H1(Ω)

and induced norm ‖ · ‖Φ(Ω) = (·, ·)1/2
Φ(Ω) . By the exact sequence property of the de

Rham diagram

grad
(
H1

0 (Ω)
)

= {u ∈ H0(curl; Ω) : curlu = 0} .

It follows that

grad
(
H1

0 (Ω)
)

= {u ∈ Φn(Ω) : curlu = 0} .

It is easily shown that curl (Φn(Ω)) ⊂ H1
n(Ω) . Furthermore, we know div curl =

0. Now, suppose v ∈ H1
n(Ω) such that divv = 0. By the exact sequence property

of the de Rham diagram, we know that there exists a u ∈ H0(curl; Ω) such that

curlu = v. Furthermore, as v ∈ H1
n(Ω) , it follows that u ∈ Φn(Ω) . Thus, we

have:

curl (Φn(Ω)) =
{

v ∈ H1
n(Ω) : divv = 0

}
.

Finally, by the results of Section 2.1, we know that:

div
(

H1
n(Ω)

)
= L2

0(Ω).

Then, by coupling the above discussion with the trivial inequalities

‖gradφ‖Φ(Ω) ≤ ‖φ‖H1(Ω), ∀φ ∈ H1
0 (Ω) (5.22)

‖curlφ‖H1(Ω) ≤ ‖φ‖Φ(Ω), ∀φ ∈ Φn(Ω) (5.23)

‖divv‖L2(Ω) ≤ ‖v‖H1(Ω), ∀v ∈ H1
n(Ω) (5.24)

we obtain the following proposition.
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Proposition 5.3.1. For Ω ⊂ R3, the following

H1
0 (Ω)

grad−−−→ Φn(Ω)
curl−−−→ H1

n(Ω)
div−−−→ L2

0(Ω) (5.25)

is a bounded and exact Hilbert complex.

By utilizing a similar argument, we obtain an analagous proposition for

spaces without boundary conditions.

Proposition 5.3.2. For Ω ⊂ R3, the following

R −−−→ H1(Ω)
grad−−−→ Φ(Ω)

curl−−−→ H1(Ω)
div−−−→ L2(Ω) (5.26)

is a bounded and exact Hilbert complex.

Finally, if we define the space

Φ0(Ω) :=
{
φ ∈ H0(curl; Ω) : curlφ ∈ H1

0(Ω)
}

which is endowed with the Φ-norm, we have one more result.

Proposition 5.3.3. For Ω ⊂ R3, the following

H1
0 (Ω)

grad−−−→ Φ0(Ω)
curl−−−→ H1

0(Ω)
div−−−→ L2

0(Ω) (5.27)

is a bounded and exact Hilbert complex.

As illustrated in Section 2.1, the Hilbert complexes given by the above three

propositions provide a natural setting through which one can study Stokes flow.

Indeed, Proposition 5.3.3 applies to the most common case, that of normal and

tangential Dirichlet boundary conditions. Proposition 5.3.2 applies to the case of

traction boundary conditions, and, finally, Proposition 5.3.1 applies to the case of
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normal Dirichlet and tangential traction boundary conditions. The spaces appearing

in the Hilbert complexes correspond to those of (from left to right) scalar potentials,

vector potentials, flow velocities, and pressures.

The Stokes complex takes a much simpler form in the two-dimensional set-

ting. Defining

H2
n(Ω) := H2(Ω) ∩H1

0 (Ω),

we have the following proposition.

Proposition 5.3.4. For Ω ⊂ R2, the following

H2
n(Ω)

curl−−−→ H1
n(Ω)

div−−−→ L2
0(Ω) (5.28)

R −−−→ H2(Ω)
curl−−−→ H1(Ω)

div−−−→ L2(Ω) (5.29)

H2
0 (Ω)

curl−−−→ H1
0(Ω)

div−−−→ L2
0(Ω) (5.30)

are bounded and exact Hilbert complexes.

The spaces appearing in the two-dimensional Hilbert complexes above correspond

to those of (from left to right) stream functions, flow velocities, and pressures.

5.4 B-spline Spaces Satisfying the Stokes Diagram

While we presented the Hilbert complex given by Proposition 5.3.3 for the

sake of completeness, the development of a discrete subcomplex and correspond-

ing projection operators which commute with the Hilbert complex has proven to

be quite difficult and rather unsuccessful. On the other hand, using the compatible

B-spline spaces and projection operators introduced in the Section 5.2, the devel-

opment of subcomplexes and commuting diagrams for the other Hilbert complexes

appearing in the previous section is quite straight-forward. Key to this development

is the following proposition which was proven in [40].
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Proposition 5.4.1. The following inequalities hold for j ≤ α:

‖Π0
Sh
φ‖Hj+1(Ω) ≤ C‖φ‖Hj+1(Ω), ∀φ ∈ H1

0 (Ω) ∩Hj+1(Ω) (5.31)

‖Π0
Nh

u‖Hj(Ω) ≤ C‖u‖Hj(Ω), ∀u ∈ H0(curl; Ω) ∩Hj(Ω) (5.32)

‖Π0
RTh

v‖Hj(Ω) ≤ C‖v‖Hj(Ω), ∀v ∈ H0(div; Ω) ∩Hj(Ω) (5.33)

‖Π0
Wh
ψ‖Hj(Ω) ≤ C‖ψ‖Hj(Ω), ∀ψ ∈ L2

0(Ω) ∩Hj(Ω) (5.34)

‖ΠShφ‖Hj+1(Ω) ≤ C‖φ‖Hj+1(Ω), ∀φ ∈ Hj+1(Ω) (5.35)

‖ΠNh u‖Hj(Ω) ≤ C‖u‖Hj(Ω), ∀u ∈ Hj(Ω) (5.36)

‖ΠRTh v‖Hj(Ω) ≤ C‖v‖Hj(Ω), ∀v ∈ Hj(Ω) (5.37)

‖ΠWh
ψ‖Hj(Ω) ≤ C‖ψ‖Hj(Ω), ∀ψ ∈ Hj(Ω) (5.38)

where α is the regularity constant and C denotes a positive constant, possibly dif-

ferent at each appearance, which depends only on shape regularity, polynomial

degree, and mesh-invariant measures of the parametric mapping.

As a direct result of the above proposition, the projection operators intro-

duced in Section 5.2 are stable with respect to the norms of the spaces appearing

in the Stokes complex provided the smoothness condition α ≥ 1 is satisfied. This

stability result immediately yields the following theorem.

Theorem 5.4.1. Let α ≥ 1. Then the following commuting diagrams hold for

Ω ⊂ R3:
H1

0 (Ω)
grad−−−→ Φn(Ω)

curl−−−→ H1
n(Ω)

div−−−→ L2
0(Ω)

Π0
Sh

y Π0
Nh

y Π0
RTh

y Π0
Wh

y
S0,h

grad−−−→ N0,h
curl−−−→ RT0,h

div−−−→ W0,h

(5.39)

and
H1(Ω)

grad−−−→ Φ(Ω)
curl−−−→ H1(Ω)

div−−−→ L2(Ω)

ΠSh

y ΠNh

y ΠRTh

y ΠWh

y
Sh

grad−−−→ Nh
curl−−−→ RTh

div−−−→ Wh ,

(5.40)
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and the following diagrams hold for Ω ⊂ R2:

H2
n(Ω)

curl−−−→ H1
n(Ω)

div−−−→ L2
0(Ω)

Π0
Sh

y Π0
RTh

y Π0
Wh

y
S0,h

curl−−−→ RT0,h
div−−−→ W0,h

(5.41)

and
H2(Ω)

curl−−−→ H1(Ω)
div−−−→ L2(Ω)

ΠSh

y ΠRTh

y ΠWh

y
Sh

curl−−−→ RTh
div−−−→ Wh .

(5.42)

Furthermore, the continuity constants associated with the commuting projection

operators only depend on the polynomial degrees of the B-spline discretization, the

shape regularity of the mesh family {Mh}h≤h0 , and global, mesh-invariant mea-

sures of the parametrization F.

The above theorem suggests how we should choose our discrete velocity

and pressure spaces provided α ≥ 1. In the presence of homogeneous boundary

conditions, we should select our velocity and pressure spaces as

V0,h := RT0,h , Q0,h := W0,h .

In the absence of boundary conditions, we should select our velocity and pressure

spaces as

Vh := RTh , Qh := Wh .

In light of these selections, we will denote

Π0
Vh

:= Π0
RTh

, Π0
Qh

:= Π0
Wh
, ΠVh := ΠRTh , ΠQh := ΠWh

(5.43)

throughout the remainder of the dissertation. The following result shows that the

above velocity/pressure pairs are inf-sup stable.
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Theorem 5.4.2. There exist positive constant βh, β0,h only dependent on shape reg-

ularity, polynomial degree, and the parametric mapping such that the following

hold:

inf
ψh∈Q0,h

ψh 6=0

sup
vh∈V0,h

(divvh, ψh)
‖vh‖H1(Ω)‖ψh‖L2(Ω)

≥ β̃0,h (5.44)

inf
ψh∈Qh
ψh 6=0

sup
vh∈Vh

(divvh, ψh)
‖vh‖H1(Ω)‖ψh‖L2(Ω)

≥ β̃h. (5.45)

Proof. We prove only the first inequality, the proof of the second being identical.

Let ψh ∈ Q0,h be arbitrary. Then we know by Theorem 2.1.2 that there exists a

function v ∈ H1
n(Ω) (in fact, v ∈ H1

0(Ω)) such that divv = ψh and

‖v‖H1(Ω) ≤ β−1
0 ‖ψh‖L2(Ω) (5.46)

where β0 is independent of v. Let vh = Π0
Vh

v. Then, divvh = div Π0
Vh

v =

Π0
Qh

divv = ψh and, by Theorem 5.4.1, there exists a constant Cstab only dependent

on shape regularity, polynomial degree, and parametric mapping such that

‖vh‖H1(Ω) ≤ Cstab‖v‖H1(Ω) ≤ Cstabβ
−1
0 ‖ψh‖L2(Ω). (5.47)

Thus the theorem holds with β0,h = β
Cstab

.

Note that we did not need to apply any of the standard machinery in order to

prove inf-sup stability. We did not need to employ Fortin’s trick [80] or Verfürth’s

trick [185]. We did not need to apply any domain decomposition procedures [86]

or any macroelement techniques [174], although admittedly B-spline basis func-

tions do have larger supports than standard finite element basis functions. All that

was necessary was a discrete subcomplex with the same cohomology structure as

the infinite-dimensional Hilbert complex and bounded commuting projection op-

erators. We believe this is an elegant approach to an age-old problem. However,
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as we do not have a discrete subcomplex of the Hilbert complex given in Proposi-

tion 5.3.3, an alternative methodology must be utilized in the presence of tangential

Dirichlet boundary conditions. For example, in [39], a special discrete pressure

space was constructed in the two-dimensional setting by selectively reducing the

dimensionality of Q0,h using T-splines [17]. However, a proof of mesh-independent

discrete stability remains absent with this choice of pressure space, and the con-

venient tensor-product structure of B-splines is lost. Motivated by the appearance

of sharp boundary layers in high Reynolds number flows, we advocate weakly en-

forcing tangential Dirichlet boundary conditions. This will be illustrated in the next

chapter. Through the use of weak boundary conditions, we retain all of the stability

and cohomology properties discussed here. Furthermore, by weakly enforcing no-

slip boundary conditions, our proposed discretizations for the generalized Stokes

and Navier-Stokes equations default to proper discretizations of Darcy and Euler

flow in the limit of vanishing viscosity.

We also have the following result.

Proposition 5.4.2. If vh ∈ V0,h satisfies

(divvh, ψh) = 0, ∀ψh ∈ Q0,h, (5.48)

then divvh ≡ 0. Furthermore, if vh ∈ Vh satisfies

(divvh, ψh) = 0, ∀ψh ∈ Qh, (5.49)

then divvh ≡ 0.

Proof. The proof holds trivially as div maps V0,h onto Q0,h and Vh onto Qh.

Hence, by choosing V0,h and Q0,h (or Vh and Qh) as discrete velocity and

pressure spaces, we arrive at a discretization that automatically returns velocity
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fields that are pointwise divergence-free. Furthermore, corresponding to these ve-

locity and pressure spaces, we have discrete scalar and vector potential spaces. The

existence of these spaces is very useful in the development of optimal linear solvers

when coupled with the decompositions discussed in Section 2.2.

Remark 5.4.1. If the condition α ≥ 1 is not met, the interior penalty method can

be utilized to enforce tangential continuity of the flow velocity without upsetting the

inf-sup condition. This will also be the approach taken on multi-patch geometries.

5.5 Interpolation Estimates

Let us define

k′ = min
l=1,...,d

|kl − 1| . (5.50)

Note that the discrete velocity and pressure spaces V0,h and Q0,h (and Vh and

Qh) consist of mapped piecewise polynomials which are complete up to degree

k′. Hence, k′ may be thought of as the polynomial degree of our discretization

technique. The following result details the local approximation properties of our

discrete spaces. Its proof may be found in [40].

Proposition 5.5.1. Let K ∈ Kh and K̃ denote the support extension of K. For

0 ≤ j ≤ s ≤ k′ + 1, we have

|v− Π0
Vh

v|Hj(K) ≤ Chs−j‖v‖Hs(K̃), ∀v ∈ Hs(K̃) ∩ H0(div; Ω) (5.51)

|q − Π0
Qh
q|Hj(K) ≤ Chs−j‖q‖Hs(K̃), ∀q ∈ Hs(K̃) ∩ L2

0(Ω) (5.52)

|v− ΠVh v|Hj(K) ≤ Chs−j‖v‖Hs(K̃), ∀v ∈ Hs(K̃) ∩ H(div; Ω) (5.53)

|q − ΠQh q|Hj(K) ≤ Chs−j‖q‖Hs(K̃), ∀q ∈ Hs(K̃) ∩ L2(Ω) (5.54)

where C denotes a positive constant, possibly different at each appearance, inde-

pendent of h.
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Hence, our discrete spaces deliver optimal rates of convergence from an

approximation point of view. This being said, the results of Proposition 5.5.1 are

riddled with inconvenient interpolation constants C which depend on, among other

things, the polynomial degree and continuity of our approximation spaces. To at-

tack the question of degree and continuity directly, Beirão da Veiga et al. derived

interpolation estimates for B-splines with explicit dependence on degree and con-

tinuity in [56]. However, the derived estimates are only available for interpola-

tions of Hermite-type. All of this seems to indicate that function analytic estimates

have their limitations. Alternatively, one can use numerics to study the approx-

imation properties of discrete spaces using the theory of Kolmogorov n-widths.

This approach allows one to exactly compute the interpolation constants associated

with variational projection through the solution of a generalized eigenproblem. The

theory of Kolmogorov n-widths was used to study one-dimensional B-spline dis-

cretizations in [73]. This paper revealed that maximal continuity B-spline spaces

harbor nearly optimal resolution properties and admit smaller intepolation constants

than lower continuity spaces. Recently, the theory of Kolmogorov n-widths has

been used to study multi-dimensional and compatible B-spline discretizations. This

study has also revealed the advantage of employing B-splines of maximal continu-

ity in the multi-dimensional setting. The results of this study will be presented in a

forthcoming paper.

5.6 Inverse and Trace Inequalities

We finish this chapter with inverse and trace inequalities for our discrete

velocity spaces. These results will prove useful in our later analysis. The trace

inequality will prove particularly useful in the analysis of schemes for weak impo-

sition of boundary conditions. Let us begin with the following lemma.
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Lemma 5.6.1. Let K ∈ Kh. Then we have

|vh|H2(K) ≤ Cinverseh
−1
K ‖vh‖H1(K), ∀vh ∈ Vh (5.55)

where Cinverse is a positive constant independent of h.

Proof. Let vh ∈ Vh be arbitrary. By Lemma 5.2 of [40], we have

|vh|H2(K) ≤ Cpull‖ιRT (vh)‖H2(Q) (5.56)

where Q is the inverse image (under F) of K and Cpull is a positive constant which

only depends on shape regularity and the parametric mapping. Since ιRT (vh) is

a vector whose components are polynomial over Q, we have the usual inverse in-

equality

‖ιRT (vh)‖H2(Q) ≤ Cinvh
−1
Q ‖ιRT (vh)‖H1(Q). (5.57)

where Cinv > 0 is an inverse constant only dependent on polynomial degree and

parametric shape regularity. Finally, apply Lemma 5.2 of [40] again to obtain

‖ιRT (vh)‖H1(Q) ≤ Cpush‖vh‖H1(K) (5.58)

where Cpush is a positive constant with the same functional dependencies as Cpull.

The result follows by combining the observation that

h−1
Q ≤ ‖DF‖L∞(Ω̂)h

−1
K

with inequalities (5.56)-(5.58).

Using the above lemma, we can prove the following trace inequality.

Lemma 5.6.2. Let K ∈ Kh. Then, we have

‖ (∇svh) n‖2
(L2(∂K))3 ≤ Ctraceh

−1
K ‖vh‖

2
H1(K), ∀vh ∈ Vh (5.59)
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where

∇svh =
1

2

(
(∇vh) + (∇vh)T

)
and Ctrace is a positive constant independent of h.

Proof. Let vh ∈ Vh. By the continuous trace inequality (see Theorem 3.2 of [75])

there exists a positive constant Ctr independent of h (but dependent on shape regu-

larity and the parametric mapping) such that

‖ (∇svh) n‖2
(L2(∂K))d ≤ Ctr

(
h−1
K ‖∇

svh‖2
(L2(K))d + hK‖∇∇svh‖2

(L2(K))d×d

)
.

Then, applying Lemma 5.6.1, we obtain

‖ (∇svh) n‖2
(L2(∂K))3 ≤ (1 + C2

inverse)Ctrh
−1
K ‖vh‖

2
H1(K).

The result follows with Ctrace = (1 + C2
inverse)Ctr.

In [75], it was shown that Lemma 5.6.2 holds for B-splines and parametric

hexahedral finite elements with Ctrace ∼ (k′)2. However, our numerical experience

has indicated that the lemma also holds for Ctrace ∼ k′ if B-splines of maximal

continuity are utilized. This allows us to select a smaller penalty parameter when

employing Nitsche’s method. As we will see in the next chapter, our convergence

estimates for the generalized Stokes equations scale inversely with the square root

of Nitsche’s penalty parameter. Hence, we want to select Nitsche’s penalty pa-

rameter as small as possible. Finally, our numerical experience has also indicated

that Lemma 5.6.1 holds for Cinverse ∼ k′ if B-splines of maximal continuity are

employed.
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Chapter 6

Approximation of the Generalized Stokes Problem

The Stokes equations describe a wide variety of fluid flows where advective

inertial forces are so small when compared with viscous forces that they can be

neglected altogether. Such flows arise in a large number of applications in nature

and technology, from the flow of lava in the Earth’s mantle [173] to microfluidic

flow in micro-electromechanical devices [123]. The generalized Stokes equations

are a simple extension of the Stokes equations which account for Darcy drag forces

in highly porous media [37]. These equations, also referred to as the Brinkman or

Darcy-Stokes equations, have been used to model groundwater flow [57], heat and

mass transfer in pipes [118], and flow in biological tissues [122]. One also obtains

a generalized Stokes problem when nonlinear terms are treated explicitly during

semi-implicit time-integration of the unsteady Navier-Stokes equations.

Despite their simple appearance, the Stokes and generalized Stokes equa-

tions have presented considerable difficulty in their numerical approximation. At

the heart of the matter is the celebrated Babuška-Brezzi inf-sup condition [13, 35].

Simply put, the condition states that one must properly select discrete velocity and

pressure spaces in order to arrive at a stable and convergent discrete mixed for-

mulation. Since the inception of the Marker-and-Cell scheme in 1965 [97], a large

number of finite difference, finite volume, and finite element methods have been de-

vised to address the discrete inf-sup condition in the context of the Stokes equations.

For a review, see the treatise by Boffi, Brezzi, and Fortin [29]. Most methods for

70



Stokes flow only satisfy the incompressibility constraint in an approximate sense.

Some bypass the inf-sup condition entirely through the use of a stabilized Petrov-

Galerkin method [81]. However, methods which return discretely divergence-free

velocity fields are generally not robust in the limit of vanishing viscosity when ap-

plied to generalized Stokes flows [140]. Moreover, mass conservation is considered

to be of prime importance for coupled flow-transport [143], and it has been demon-

strated that methods which fail to exactly satisfy the incompressibility constraint

suffer from spurious velocity oscillations when applied to “high pressure, low flow”

problems [84, 135]. These issues have motivated the development of discretization

procedures which satisfy the incompressibility constraint exactly.

One of the simplest methods returning a divergence-free velocity field is the

Pk − P k−1 triangular element which approximates velocity fields using continuous

piecewise polynomials of degree k and pressure fields using discontinuous poly-

nomials of degree k − 1. This method satisfies the Babuška-Brezzi condition for

meshes containing no nearly-singular vertices provided k ≥ 4 [170] and for certain

macro-element configurations [8, 195]. Unfortunately, the method is not stable for

general meshes and polynomial degrees. Recently, the use of H(div; Ω) elements

has arisen as a new paradigm for the the simulation of generalized Stokes flows

[117,125,189]. As these approximations are typically not members of H1(Ω) , tech-

niques such as the interior penalty method [4,69,191] must be employed to enforce

tangential continuity across elements. Alternatively, one can modify divergence-

conforming elements to ensure they have some limited tangential continuity [177],

and some authors have elected to release continuity entirely in favor of hybridiza-

tion [46, 47]. In the same vein, divergence-free wavelets have been proposed for

the solution of Stokes flows [133, 175, 182, 183], though these discretizations have

a complicated construction and are limited to periodic and cuboid domains.
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In this chapter, we present divergence-conforming discretizations for the

generalized Stokes problem using the B-spline spaces introduced in the preceding

chapter. The discretizations are (at least) patch-wise C0 and hence can be directly

utilized in the Galerkin solution of generalized Stokes flow for single-patch config-

urations. We enforce no-slip boundary conditions weakly by means of Nitsche’s

method [154], allowing our method to default to a compatible discretization of

Darcy flow in the setting of vanishing viscosity. In the presence of multi-patch

geometries, we invoke the discontinuous Galerkin framework in order to enforce

tangential continuity without upsetting the conservation or stability properties of

the method across patch boundaries. For single-patch solutions, we are able to

prove a priori error estimates which are optimal for the discrete velocity field and

suboptimal, by one order, for the discrete pressure field. This is reminiscent of

error estimates for stabilized equal-order interpolations [81, 111]. Our derived es-

timates are also robust with respect to the parameters of generalized Stokes flow.

We utilize the methods of exact and manufactured solutions to verify our estimates,

and we find that pressure actually converges at optimal order. We further test the

effectiveness of our method using a selection of benchmark problems.

6.1 The Continuous Problem

Let us recall the generalized Stokes problem subject to homogeneous Dirich-

let boundary conditions:

(S)



Given σ : Ω → R+ ∪ {0}, ν : Ω → R+, and f : Ω → Rd, find u : Ω̄ → Rd

and p : Ω→ R such that

σu−∇ · (2ν∇su) + gradp = f in Ω (6.1)
divu = 0 in Ω (6.2)

u = 0 on ∂Ω. (6.3)
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As discussed in Section 4.3, Ω ⊂ Rd is a domain defined by some piecewise smooth

parametric mapping F : (0, 1)d → Rd. Note that the pressure p is only determined

up to an arbitrary constant.

Let us now make an assumption regarding the data of our problem. Notably,

let us assume that σ, ν ∈ L∞(Ω) and f ∈ L2(Ω) . The weak form for the generalized

Stokes problem is then written as follows:

(W )



Find u ∈ H1
0(Ω) and p ∈ L2

0(Ω) such that

a(u, v)− b(p, v) + b(q,u) = (f, v)L2(Ω) (6.4)

for all v ∈ H1
0(Ω) and q ∈ L2

0(Ω) where

a(w, v) = (2ν∇sw,∇sv)(L2(Ω))d×d + (σw, v)L2(Ω) , (6.5)

b(q, v) = (q, divv)L2(Ω) . (6.6)

We have the following theorem which was proven in Chapter 2 using tools from

algebraic topology.

Theorem 6.1.1. Problem (W ) has a unique weak solution (u, p) ∈ H1
0(Ω)×L2

0(Ω).

6.2 The Discretized Problem

We now present a discrete variational formulation for the generalized Stokes

problem using the spaces V0,h and Q0,h defined in Chapter 5. Since members of V0,h

do not satisfy homogeneous tangential Dirichlet boundary conditions, we resort

to Nitsche’s method [154] to weakly enforce no-slip boundary conditions. This

requires slightly more regularity on our problem data. Specifically, we assume

ν ∈ W 1,∞(Ω) := {w ∈ L∞(Ω) : ∇w ∈ L∞(Ω)} .
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This assumption ensures the trace of ν on the boundary ∂Ω is well-defined. Now,

let us define the following bilinear form:

ah(w, v) = a(w, v)−
∑
F∈Γh

∫
F

2ν

(
((∇sv) n) · w + ((∇sw) n) · v− Cpen

hF
w · v

)
ds.

(6.7)

In the above equation, Cpen ≥ 1 denotes a specially chosen positive penalty con-

stant which will be specified in the sequel. Our discrete formulation is written as

follows.

(G)


Find uh ∈ V0,h and ph ∈ Q0,h such that

ah(uh, vh)− b(ph, vh) + b(qh,uh) = (f, vh)L2(Ω) ,

∀vh ∈ V0,h, qh ∈ Q0,h. (6.8)

Note that the mesh-dependent bilinear form given by (6.7) has three additional

terms in comparison with the continuous bilinear form: a penalty term, a consis-

tency term, and a stability term. All three of these terms will prove important in our

proceeding mathematical analysis.

We have the following lemma detailing the consistency of our numerical

method provided the exact solution satisfies a reasonable regularity condition.

Lemma 6.2.1. Suppose that the unique weak solution (u, p) of (W ) satisfies the

regularity condition u ∈ H3/2+ε(Ω) for some ε > 0. Then:

ah(u, vh)− b(p, vh) + b(qh,u) = (f, vh)L2(Ω) (6.9)

for all vh ∈ V0,h and qh ∈ Q0,h.

Proof. We trivially have

b(qh,u) = 0, ∀qh ∈ Q0,h.
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Now let vh ∈ V0,h. By the trace theorem for fractional Sobolev spaces [181],

the assumption u ∈ H3/2+ε(Ω) guarantees that (∇su) n is well-defined along ∂Ω

and (∇su) n ∈ (L2(∂Ω))d. Furthermore, (∇svh) n is well-defined along ∂Ω and

(∇svh) n ∈ (L2(∂Ω))d. Hence, the quantity ah(u, vh) is well-defined. Utilizing

integration by parts and the fact that u satisfies homogeneous Dirichlet boundary

conditions and vh satisfies homogeneous normal Dirichlet boundary conditions, we

have

ah(u, vh)− b(p, vh) =

∫
Ω

(σu−∇ · (2ν∇su) + gradp) · vhdx

=

∫
Ω

f · vhdx

= (f, vh)L2(Ω)

where integration is to be understood in the sense of distributions. This completes

the proof of the lemma.

Consistency is the primary reason that we employed Nitsche’s method in-

stead of a naı̈ve penalty method. Nitsche’s method also admits adjoint consistency,

and this will allow us to prove optimal L2 estimates for our numerical method. This

is in contrast with some standard discontinuous Galerkin techniques such as the

Nonsymmetric Interior Penalty Galerkin (NIPG) method [161]. Furthermore, note

that our method is consistent for velocity fields satisfying u ∈ H3/2+ε(Ω) for arbi-

trary ε > 0. Thus, our method is consistent for such singular problems as flow over

a backward facing step. As a direct result of consistency, we have the following

orthogonality condition.

Corollary 6.2.1. Let (uh, ph) denote a solution of (G), and suppose that the unique

weak solution (u, p) of (W ) satisfies the regularity condition u ∈ H3/2+ε(Ω) for
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some ε > 0. Then:

ah(u− uh, vh)− b(p− ph, vh) + b(qh,u− uh) = 0 (6.10)

for all vh ∈ V0,h and qh ∈ Q0,h.

Our discretization also enjoys the following pointwise mass conservation

property which is a direct consequence of Proposition 5.4.2.

Corollary 6.2.2. Let (uh, ph) denote a solution of (G). Then:

divuh ≡ 0 (6.11)

We would like to note that in the event the viscosity ν vanishes for uni-

formly positive σ, Problem (G) reduces a compatible discretization of incompress-

ible Darcy flow subject to a no-penetration boundary condition. This reduction

is contingent upon the weak specification of the no-slip condition. In this sense,

weak boundary conditions are essential to the proper behavior of the discrete sys-

tem under vanishing viscosity. Our proceeding stability and error analysis extends

trivially to the case of vanishing viscosity. Furthermore, much like the solutions of

Navier-Stokes flows, the generalized Stokes solution is characterized by the pres-

ence of a sharp boundary layer for small ν. The weak no-slip condition alleviates

the necessity of highly-refined boundary layer meshes [20–22].

Remark 6.2.1. If we wish to impose non-homogeneous tangential Dirichlet (e.g.,

prescribed slip) boundary conditions, we add the following expression to the right

hand side of our discrete formulation:

fBC(vh) =
∑
F∈Γh

∫
F

2ν

(
− ((∇svh) n) · uBC +

Cpen
hF

uBC · vh
)
ds (6.12)

where uBC is a vector function living on ∂Ω with prescribed tangential boundary

value and zero normal boundary value. The imposition of non-homogeneous nor-

mal Dirichlet boundary conditions is executed strongly in the standard sense.
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6.3 Continuity and Stability

We now establish continuity and stability estimates for our discrete formu-

lation. Continuity and stability, in conjunction with consistency and regularity, will

guarantee convergence. To obtain the estimates in this section, we will need to call

upon standard tools from the discontinuous Galerkin community such as trace and

inverse estimates, and we will also rely on the results presented in Chapter 5.

Before proceeding, let us assume throughout the remainder of the next two

sections that the reaction rate σ and the kinematic viscosity ν are constant over Ω.

This will greatly simplify the presentation of our mathematical analysis. Nonethe-

less, our results extend to the more general setting of variable reaction and viscosity.

Let us define the following weighted mesh-dependent norm:

‖v‖2
V(h) := σ‖v‖2

H(div;Ω) + 2ν|v|2H1(Ω)

+ 2ν
∑
F∈Γh

hF‖ (∇sv) n‖2
(L2(F ))d + 2ν

∑
F∈Γh

Cpen
hF
‖v‖2

(L2(F ))d .

(6.13)

Note that this is a proper norm over our discrete velocity space due to the Poincaré

inequality

‖v‖H1(Ω) ≤ Cpoin|v|H1(Ω), ∀v ∈ H1(Ω) ∩ H0(div; Ω) (6.14)

where Cpoin is a positive constant which depends only on Ω. In fact, by Lemma

5.6.2 and the Poincaré inequality, there exists a positive constant Cinv independent

of h, σ, ν, and Cpen such that

‖vh‖2
V(h) ≤ Cinv

(
σ‖vh‖2

H(div;Ω) + 2ν|v|2H1(Ω) + 2ν
∑
F∈Γh

Cpen
hF
‖vh‖2

(L2(F ))d

)
(6.15)

77



for all vh ∈ V0,h. The above inequality dictates that our proposed norm acts as ex-

pected on the discrete subspace V0,h. That is, it is analogous to a weighted H1-norm

coupled with an appropriate penalty term to handle tangential boundary conditions.

The use of a mesh-dependent norm is fairly standard in the discontinuous Galerkin

community. It is also standard in the stabilized methods community. The use of a

weighted norm is motivated by our desire to extract error estimates with an explicit

dependence on the problem parameters σ and ν as well as the penalty constantCpen.

Let us define the following weighted L2-norm for the pressure space

‖q‖2
Q :=

1

σ + 2ν
‖q‖2

L2(Ω), ∀q ∈ L2
0(Ω). (6.16)

Note that when ν = 0, our norms reduce to σ-weighted H(div)- and L2-norms.

Hence, we recover the proper norms for Darcy flow in the limit of vanishing vis-

cosity.

We have the following continuity result.

Lemma 6.3.1. The following continuity statements hold:

ah(w, v) ≤ Ccont‖w‖V(h)‖v‖V(h), ∀w, v ∈ V0,h ⊕
(

H1
0(Ω) ∩H3/2+ε(Ω)

)
(6.17)

b(p, v) ≤ ‖p‖Q‖v‖V(h), ∀p ∈ L2
0(Ω), v ∈ V0,h ⊕

(
H1

0(Ω) ∩H3/2+ε(Ω)
)

(6.18)

where ε > 0 is an arbitrary positive number and Ccont is a positive constant inde-

pendent of h, σ, ν, Cpen, and ε.

Proof. To establish the first estimate, we write

ah(w, v) = a(w, v)−
∑
F∈Γh

∫
F

2ν

(
((∇sv) n) · w + ((∇sw) n) · v− Cpen

hF
w · v

)
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for some w, v ∈ V0,h⊕
(

H1
0(Ω) ∩H3/2+ε(Ω)

)
. We now bound ah(·, ·) term by term.

To begin, note immediately that

a(w, v) + 2ν
∑
F∈Γh

∫
F

Cpen
hF

w · v ≤ ‖w‖V(h)‖v‖V(h).

Next, we write∑
F∈Γh

∫
F

2ν ((∇sv) n) · w ≤ 2ν
∑
F∈Γh

(
‖w‖(L2(F ))d‖ (∇sv) n‖(L2(F ))d

)
≤ 2ν

√∑
F∈Γh

hF‖ (∇sv) n‖2
(L2(F ))d

√∑
F∈Γh

h−1
F ‖w‖2

(L2(F ))d

≤ ‖w‖V(h)‖v‖V(h).

Similarly, we have ∑
F∈Γh

∫
F

2ν ((∇sw) n) · v ≤ ‖w‖V(h)‖v‖V(h).

Collecting our bounds, we have

ah(w, v) ≤ Ccont‖w‖V(h)‖v‖V(h)

with Ccont = 3. To establish the second continuity result of the lemma, we first

write

b(p, v) ≤ ‖p‖L2(Ω)‖divv‖L2(Ω).

The result is then a consequence of

‖p‖L2(Ω) = (σ + 2ν)1/2 ‖p‖Q

and

‖divv‖L2(Ω) ≤ (σ + 2ν)−1/2 ‖v‖V(h).
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Now we seek a coercivity estimate for the bilinear form ah(·, ·). Note that

we cannot obtain a general estimate with respect to the V(h)-norm because the

bilinear form imposes no gradient control along ∂Ω. On the other hand, (6.15)

suggests that a coercivity estimate can be achieved if we restrict ourselves to the

discrete space V0,h. To develop estimates which are independent of the problem

parameters σ and ν, we further restrict ourselves to the divergence-free space

V̊0,h := {vh ∈ V0,h : divvh = 0} .

To proceed, we must make two assumptions regarding the size of Cpen. First, in

light of Lemma 5.6.2, we choose Cpen large enough such that

Cpen ≥ 4hKC
2
poinCKorn

‖ (∇svh) n‖2
(L2(∂K))d

‖vh‖2
H1(K)

, ∀K ∈ Kh, vh ∈ V0,h (6.19)

whereCpoin is the Poincaré constant associated with (6.14) andCKorn is the positive

constant associated with the following Korn’s inequality [34]:

|w|2H1(Ω) ≤ CKorn

(
‖∇sw‖2

(L2(Ω))d×d + |∂Ω|−1/(d−1)‖w‖2
(L2(∂Ω))d

)
, ∀w ∈ H1(Ω) .

Second, we assume that

Cpen ≥ 4h0|∂Ω|−1/(d−1) (6.20)

where h0 is the mesh size of the coarsest mesh K0 and |∂Ω| denotes the area of

∂Ω. This second assumption is necessary as rotation modes carry zero energy when

σ = 0. Hence, weak boundary conditions are needed to control these modes in

rotationally symmetric (or near rotationally symmetric) configurations. As such

configurations are of significant engineering interest, we believe that any analysis

results should cover these situations. Note that a constant Cpen satisfying the above

assumption need not depend on h, σ, or ν. Rather, it only needs to depend on
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the size of the domain, the polynomial degree of the discretization, the parametric

shape regularity, and global, mesh-invariant measures of the parametric mapping.

We have the following lemma governing the coercivity of our problem.

Lemma 6.3.2. Suppose (6.19) and (6.20) are satisfied. Then we have

ah(wh,wh) ≥ Ccoerc‖wh‖2
V(h), ∀wh ∈ V̊0,h (6.21)

where Ccoerc is a positive constant independent of h, σ, ν, and Cpen.

Proof. Let wh ∈ V̊0,h be arbitrary. We expand

ah(wh,wh) = a(wh,wh)

−
∑
F∈Γh

∫
F

2ν

(
((∇swh) n) · wh + ((∇swh) n) · wh −

Cpen
hF

wh · wh

)
= σ‖wh‖2

H(div;Ω) + 2ν‖∇swh‖2
(L(Ω))d×d + 2ν

∑
F∈Γh

Cpen
hF
‖wh‖2

(L2(F ))d

− 4ν
∑
F∈Γh

∫
F

((∇swh) n) · wh (6.22)

where we have used the divergence-free condition on wh to obtain ‖wh‖H(div;Ω) =

‖wh‖L2(Ω) . We now use Cauchy-Schwarz to write

4ν
∑
F∈Γh

∫
F

((∇swh) n) · wh ≤

2ν
∑
F∈Γh

(
2hF
Cpen
‖ (∇swh) n‖2

(L2(F ))d +
Cpen
2hF
‖wh‖2

(L2(F ))d

)
. (6.23)

Due to Assumption (6.19) and the Poincaré inequality, we have∑
F∈Γh

2hF
Cpen
‖ (∇swh) n‖2

(L2(F ))d ≤
∑
K∈Kh

1

2CKorn
|wh|2H1(Ω) (6.24)
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where CKorn is the positive constant (only dependent on the domain Ω) associated

with the Korn’s inequality

|w|2H1(Ω) ≤ CKorn

(
‖∇sw‖2

(L(Ω))d×d + |∂Ω|−1/(d−1)‖w‖2
(L2(∂Ω))d

)
, ∀w ∈ H1(Ω) .

(6.25)

Inserting (6.24) into (6.23) gives∑
F∈Γh

∫
F

4ν ((∇swh) n) · wh ≤ 2ν
∑
F∈Γh

(
1

2CKorn
|wh|2H1(Ω) +

Cpen
2hF
‖wh‖2

(L2(F ))d

)
,

and by inserting the above inequality into (6.22) and employing (6.25), we obtain

ah(wh,wh) ≥ σ‖wh‖2
H(div;Ω) +

ν

CKorn
|wh|2H1(Ω)

+
∑
F∈Γh

ν

(
Cpen
hF
− 2

|∂Ω|1/(d−1)

)
‖wh‖2

(L2(F ))d .

Invoking Assumption (6.20), we have

ah(wh,wh) ≥ σ‖wh‖2
H(div;Ω) +

ν

CKorn
|wh|2H1(Ω) +

∑
F∈Γh

νCpen
2hF

‖wh‖2
(L2(F ))d

as

hF ≤ h ≤ h0.

The lemma then follows with Ccoerc = C−1
inv min

{
0.25, 0.5 (CKorn)−1} where Cinv

is the constant associated with (6.15).

We need one more stability estimate. We need to satisfy the Babuška-Brezzi

inf-sup condition. Recall that we already proved an inf-sup condition for our dis-

crete spaces in Section 5.4. However, for that inf-sup condition, we utilized the

H1-norm for the velocity space. Here, we must employ the stronger V(h)-norm. To

arrive at an inf-sup condition for this stronger norm, we will proceed by employ-

ing three powerful tools: (1) commuting projectors, (2) trace inequalities, and (3)

approximation estimates.
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Lemma 6.3.3. There exists a positive constant β̃ independent of h, σ, and ν such

that the following holds: for every qh ∈ Q0,h, there exists a vh ∈ V0,h such that:

divvh = qh (6.26)

and

‖vh‖V(h) ≤
σ + 2ν

β̃
‖qh‖Q. (6.27)

Hence,

inf
qh∈Q0,h,qh 6=0

sup
vh∈V0,h

(divvh, qh)
‖vh‖V(h)‖qh‖Q

≥ β̃. (6.28)

Furthermore, the inf-sup constant β̃ asymptotically scales inversely with the square

root of Cpen.

Proof. Let qh ∈ Q0,h be arbitrary. Then we know there exists a function v ∈ H1
0(Ω)

such that divv = qh and

2ν‖v‖2
H1(Ω) ≤ 2νβ−2‖qh‖2

L2(Ω)

where β is a positive constant independent of v. Let vh = Π0
Vh

v. Then, by Theorem

5.4.1, divvh = div Π0
Vh

v = Π0
Qh

divv = qh and

2ν‖vh‖2
H1(Ω) ≤ 2νC2

u‖v‖2
H1(Ω) ≤ 2νC2

uβ
−2‖qh‖2

L2(Ω) (6.29)

where Cu > 0 is a positive constant independent of h, σ, η, and Cpen. Similarly, we

have

σ‖vh‖2
H(div;Ω) ≤ σC2

uβ
−2‖qh‖2

L2(Ω). (6.30)

As v satisfies homogeneous Dirichlet boundary conditions, we can apply the con-

tinuous trace inequality (see Theorem 3.2 of [75]) to obtain the expression∑
F∈Γh

h−1
F ‖vh‖

2
(L2(F ))d =

∑
F∈Γh

h−1
F ‖vh − v‖2

(L2(F ))d

≤ C2
tr

∑
K∈Kh

(
h−2
K ‖vh − v‖2

L2(K) + |vh − v|2H1(K)

)
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where Ctr is a positive constant only dependent on the shape regularity of the mesh

family {Mh}h≤h0 and global, mesh-invariant measures of the parametric mapping.

Proposition 5.5.1 gives∑
K∈Kh

(
h−2
K ‖vh − v‖2

L2(K) + |vh − v|2H1(K)

)
≤ C2

bound‖v‖2
H1(Ω)

where Cbound is a positive constant independent of h, σ, ν, and Cpen. Thus, we have

2ν
∑
F∈Γh

Cpen
hF
‖vh‖2

(L2(F ))d ≤ 2νC2
boundC

2
trCpenβ

−2‖qh‖2
L2(Ω). (6.31)

Combining (6.15), (6.29), (6.30), and (6.31), we have

‖vh‖2
V(h) ≤ Cinvβ

−2
(
C2
u + C2

boundC
2
trCpen

)
(σ + 2ν) ‖qh‖2

L2(Ω).

Hence, (6.27) holds with

β̃ = C
−1/2
inv

(
C2
u + C2

boundC
2
trCpen

)−1/2
β.

The inverse dependence of the inf-sup constant β̃ on the square root of the

penalty constant Cpen suggests that Cpen should be chosen as small as possible to

satisfy coercivity. Indeed, we have numerically computed the inf-sup constant β̃ for

a wide range of values of Cpen and found that the relationship β̃ . C
−1/2
pen is sharp

(for reference, see the results listed in Table 6.1). We would like to note that this

makes intuitive sense as we lose inf-sup stability entirely if we enforce the no-slip

condition strongly.

By Lemmata 6.3.1, 6.3.2, and 6.3.3 and Brezzi’s Theorem [35], we imme-

diately have the following theorem establishing well-posedness.
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Table 6.1: Dependence of the inf-sup constant β̃ on Nitsche’s penalty constant Cpen
for k′ = 1, h = 1/16, and Ω = (0, 1)2.

Cpen 1 2 4 8 16 32 64

β̃ 4.24e-1 3.89e-1 3.29e-1 2.50e-1 1.82e-1 1.30e-1 9.24e-2
order - -0.13 -0.24 -0.39 -0.46 -0.48 -0.49

Theorem 6.3.1. Suppose that the assumptions of Lemma 6.3.2 hold true. Then,

Problem (G) has a unique weak solution (uh, ph) ∈ V0,h × Q0,h. Furthermore,

‖uh‖V(h) ≤
1

Ccoerc

(
σ + 2νC−2

poin

)−1/2 ‖f‖L2(Ω), (6.32)

‖ph‖Q ≤
1

β̃

(
σ + 2νC−2

poin

)−1/2
(

1 +
Ccont
Ccoerc

)
‖f‖L2(Ω). (6.33)

We would like to note that all of the continuity and stability estimates here

hold when ν is identically zero and σ is positive. Hence, we have a unified stability

analysis of Stokes flow and incompressible Darcy flow.

Remark 6.3.1. Note that for the setting of constant viscosity, one has

∇ · (2ν∇su) = ν∆u. (6.34)

This inspires a different variational formulation than that presented here which is

often the basis for numerical discretization (see, for example, [49]). However, these

discretizations (and their accompanying mathematical analysis) are not extendable

to the more difficult and physically relevant setting of variable viscosity, and they

also cannot easily accommodate traction boundary conditions.

6.4 A Priori Error Estimates

We are now ready to derive a priori error estimates for our discrete formu-

lation. We begin with the following lemma.
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Lemma 6.4.1. Let (u, p) and (uh, ph) denote the unique solutions of Problems (W )

and (G) respectively. Furthermore, assume that u ∈ H3/2+ε(Ω) for some ε > 0 and

that the assumptions of Lemma 6.3.2 hold true. Then

‖u− uh‖V(h) ≤
(

1 +
Ccont
Ccoerc

)
inf

vh∈V̊0,h

‖u− vh‖V(h) (6.35)

and

‖p− ph‖Q ≤
(

1 +
1

β̃

)
inf

qh∈Q0,h

‖p− qh‖Q +
Ccont

β̃
‖u− uh‖V(h) (6.36)

whereCcont is the continuity constants given by Lemma 6.3.1,Ccoerc is the coercivity

constant given by Lemma 6.3.2, and β̃ is the inf-sup constant given by Lemma 6.3.3.

Proof. We first prove (6.35). We have that, for any vh ∈ V0,h such that divvh = 0,

‖vh − uh‖2
V(h) ≤

1

Ccoerc
a(vh − uh, vh − uh)

=
1

Ccoerc
a(vh − u, vh − uh)

≤ Ccont
Ccoerc

‖vh − u‖V(h)‖vh − uh‖V(h) (6.37)

where we employed the orthogonality given by Corollary 6.2.1 and the condition

div (uh − vh) = 0

in the second line of the (6.37). Hence, we can write

‖u− uh‖V(h) ≤ inf
vh∈V̊0,h

(
‖u− vh‖V(h) + ‖vh − uh‖V(h)

)
≤
(

1 +
Ccont
Ccoerc

)
inf

vh∈V̊0,h

‖u− vh‖V(h). (6.38)
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We now prove (6.36). We have that, for any qh ∈ Q0,h,

‖ph − qh‖Q ≤
1

β̃
sup

wh∈V0,h

b(ph − qh,wh)

‖wh‖V(h)

=
1

β̃
sup

wh∈V0,h

b(p− qh,wh)− a(u− uh,wh)

‖wh‖V(h)

≤ 1

β̃

(
‖p− qh‖Q + Ccont‖u− uh‖V(h)

)
(6.39)

where we again employed orthogonality in the second line above. Inequality (6.36)

then follows in the same manner as (6.38) by a splitting of the pressure error and a

usage of (6.39).

We have the following theorem giving us a priori convergence estimates

which are optimal for the discrete velocity field and suboptimal, by one order, for

the discrete pressure field.

Theorem 6.4.1. Let (u, p) and (uh, ph) denote the unique solutions of Problems

(W ) and (G) respectively. Furthermore, assume that (u, p) ∈ Hj+1(Ω) × Hj(Ω)

for some j > 1/2 and that the assumptions of Lemma 6.3.2 hold true. Then

‖u− uh‖V(h) ≤ Cu

(
1 +

Ccont
Ccoerc

)√
σh2s+2 + 2νh2s‖u‖Hs+1(Ω) (6.40)

and

‖p− ph‖Q ≤ Cp

(
1 +

1

β̃

)
(σ + 2ν)−1/2 hs‖p‖Hs(Ω) +

Ccont

β̃
‖u− uh‖V(h) (6.41)

for s = min {k′, j} where k′ is the polynomial degree of our discretization, Cu is a

positive constant independent of h, σ, and ν which asymptotically scales with the

square root of Cpen, and Cp is a positive constant independent of h, σ, ν, and Cpen.
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Proof. We first prove (6.40). Recall the error estimate given by (6.35):

‖u− uh‖V(h) ≤
(

1 +
Ccont
Ccoerc

)
inf

vh∈V̊0,h

‖u− vh‖V(h).

Noting div Π0
Vh

u = Π0
Qh

divu = 0, we can choose vh = Π0
Vh

u in the above expres-

sion to obtain

‖u− uh‖V(h) ≤
(

1 +
Ccont
Ccoerc

)
‖u− Π0

Vh
u‖V(h)

= Cco
√
T1 + T2 + T3 + T4 (6.42)

where we have assigned Cco =
(

1 + Ccont
Ccoerc

)
and

T1 = σ‖u− Π0
Vh

u‖2
H(div;Ω) = σ‖u− Π0

Vh
u‖2

L2(Ω) (6.43)

T2 = 2ν|u− Π0
Vh

u|2H1(Ω) (6.44)

T3 = 2ν
∑
F∈Γh

hF‖
(
∇s
(
u− Π0

Vh
u
))

n‖2
(L2(F ))d (6.45)

T4 = 2ν
∑
F∈Γh

Cpenh
−1
F ‖u− Π0

Vh
u‖2

(L2(F ))d . (6.46)

To handle the face integral in (6.45), we recruit the multiplicative trace inequality

for fractional Sobolev spaces [181] and Young’s inequality element-wise to obtain

the bound ∑
F∈Γh

CpenhF‖
(
∇s
(
u− Π0

Vh
u
))

n‖2
(L2(F ))d ≤

(Ctrc,1)2
∑
K∈Kh

(
|u− Π0

Vh
u|2H1(K) + h2q

K |u− Π0
Vh

u|2Hq+1(Ω)

)
where 1/2 < q ≤ s and Ctrc,1 is a positive constant independent of h, σ, ν, and

Cpen. To handle the face integral in (6.46), we recruit the standard continuous trace
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inequality element-wise to obtain the bound∑
F∈Γh

Cpenh
−1
F ‖u− Π0

Vh
u‖2

(L2(F ))d ≤

(Ctrc,2)2
∑
K∈Kh

(
h−2
K ‖u− Π0

Vh
u‖2

L2(K) + |u− Π0
Vh

u|2H1(K)

)
where Ctrc,2 is a positive constant independent of h, σ, and ν which varies linearly

with the square root of Cpen. It should be noted the two constants Ctrc,1 and Ctrc,2

necessarily depend on the shape regularity of the mesh family {Q}h≤h0 and the

parametric mapping which together give the shape regularity of the mesh family

{K}h≤h0 . See [75] for more details. Inserting the above two inequalities into (6.42)

and then applying Proposition 5.5.1, we immediately acquire the bound

‖u− Π0
Vh

u‖V(h) ≤ CuCco
√
σh2s+2 + 2νh2s‖u‖Hs+1(Ω)

for Cu a positive constant independent of h, σ, and ν with the same functional

dependency on the penalty parameter as Ctrc,2.

The proof for (6.41) is much more immediate. Choosing qh = Π0
Qh
p in the

error estimate given by (6.36), one obtains

‖p− ph‖Q ≤
(

1 +
1

β̃

)
‖p− Π0

Qh
p‖Q +

Ccont

β̃
‖u− uh‖V(h).

Inequality (6.41) follows by an application of Proposition 5.5.1 to bound the pres-

sure interpolation error.

Since we have the bound

2ν| · |H1(Ω) . ‖ · ‖V(h),

the above theorem also provides optimal convergence rates for the velocity field in

the H1-norm. If we assume slightly more regularity for the pressure space, we have

the following proposition.
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Proposition 6.4.1. Let (u, p) and (uh, ph) denote the unique solutions of Problems

(W ) and (G) respectively. Furthermore, assume that (u, p) ∈ Hj+1(Ω) ×Hj+1(Ω)

for some j > 1/2 and that the assumptions of Lemma 6.3.2 hold true. Then

‖p− ph‖Q ≤ Cp,e

(
1 +

1

β̃

)
(σ + 2ν)−1/2 hs+1‖p‖Hs+1(Ω) +

Ccont

β̃
‖u− uh‖V(h)

(6.47)

for s = min {k′, j} where Cp,e is a positive constant independent of h, σ, ν, and

Cpen.

Observe that the pressure error estimate given by the above proposition is

still suboptimal due to the presence of the velocity error, which converges with

order s for general viscous flows. Let us further note that the preceding theorem

and proposition are trivially extended to the setting of vanishing viscosity. In this

case, the velocity error actually converges with order s+ 1, giving optimal a priori

error estimates for both the discrete pressure field and discrete velocity field for

incompressible Darcy flow.

Under an elliptic regularity assumption, we can obtain optimal estimates for

the velocity field in the L2-norm by utilizing a standard duality argument. Given

the unique solutions (u, p) and (uh, ph) of Problems (W ) and (G), let us consider

the following ancillary problem, written in strong form.

(A)



Find (ψ, r) ∈ H1
0(Ω) × L2

0(Ω) such that

σψ −∇ · (2ν∇sψ) + gradr = u− uh in Ω (6.48)
divψ = 0 in Ω (6.49)
ψ = 0 on ∂Ω. (6.50)

The above problem has a unique weak solution (ψ, r). Before proceeding, note that

we can formally take the divergence of (6.48) to obtain

∆r = 0, in Ω. (6.51)
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Since r has zero average, it follows, at least from our formal argument, that r = 0.

This argument can be made rigorous by a suitable use of convolutions and passing

to the limit. Now suppose that ψ ∈ H2(Ω) . We can then multiply the left and right

hand sides of (6.48) by σψ +∇ · (2ν∇sψ) to acquire the result

‖σψ‖2
L2(Ω) + ‖∇ · (2ν∇sψ) ‖2

L2(Ω) = (u− uh, σψ +∇ · (2ν∇sψ))L2(Ω) . (6.52)

A simple application of Cauchy-Schwarz and the triangle inequality gives

‖σψ‖2
L2(Ω) + ‖∇ · (2ν∇sψ) ‖2

L2(Ω) =

‖u− uh‖L2(Ω)

(
‖σψ‖L2(Ω) + ‖∇ · (2ν∇sψ) ‖L2(Ω)

)
(6.53)

Since x2 + y2 ≥ 1
2
(x + y)2, we can divide both sides by ‖σψ‖L2(Ω) + ‖∇ ·

(2ν∇sψ) ‖L2(Ω) to obtain

1

2

(
‖σψ‖L2(Ω) + ‖∇ · (2ν∇sψ) ‖L2(Ω)

)
≤ ‖u− uh‖L2(Ω). (6.54)

As ψ satisfies normal and tangential homogeneous Dirichlet boundary conditions

and ν is assumed positive, we can employ a combination of Korn’s inequalities and

Poincaré inequalities to obtain a standard elliptic regularity result of the form

‖ψ‖H2(Ω) ≤ CAν
−1‖u− uh‖L2(Ω). (6.55)

where CA is a positive constant which only depends on the domain Ω. In view of

the above discussion, we have the following theorem.

Theorem 6.4.2. Let (u, p) and (uh, ph) denote the unique solutions of Problems

(W ) and (G) respectively, and let (ψ, r) denote the unique solution of Problem

(A). Furthermore, assume that (u, p) ∈ Hj+1(Ω) × Hj(Ω) for some j ≥ 1, that

ψ ∈ H2(Ω) , and that the assumptions of Lemma 6.3.2 hold true. Then

‖u− uh‖L2(Ω) ≤ Clh
s+1‖u‖Hs+1(Ω) (6.56)
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for s = min {k′, j} whereCl is a positive constant independent of h, σ, and ν which

asymptotically scales with the square root of Cpen.

Proof. Since by assumption (ψ, r) ∈ H2(Ω) ×H1(Ω), consistency and symmetry

give

ah(v,ψ)− b(r, v) = (u− uh, v)L2(Ω)

for all v ∈ Vh. Let us take v = u− uh. We then have

‖u− uh‖2
L2(Ω) = ah(u− uh,ψ).

as div (u− uh) = 0 (or r = 0 by our preceding discussion). By using the orthogo-

nality given by Corollary 6.2.1, we can write

‖u− uh‖2
L2(Ω) = ah(u− uh,ψ − Π0

Vh
ψ)

≤ Ccont‖u− uh‖V(h)‖ψ − Π0
Vh
ψ‖V(h). (6.57)

We bound the interpolation error by utilizing a similar argument to that used to

prove (6.47), obtaining

‖ψ − Π0
Vh
ψ‖V(h) ≤ Cinterp

(
σ1/2h2 + ν1/2h

)
‖ψ‖H2(Ω)

for Cinterp a positive constant independent of h, σ, and ν which asymptotically

scales with the the square root of Cpen. We can now employ the elliptic regularity

condition (6.55) to arrive at

‖ψ − Π0
Vh
ψ‖V(h) ≤ CACinterp

(
σ1/2ν−1h2 + ν−1/2h

)
‖u− uh‖L2(Ω). (6.58)

Inserting (6.58) into (6.57) results in

‖u− uh‖L2(Ω) ≤ CACinterpCcont
(
σ1/2ν−1h2 + ν−1/2h

)
‖u− uh‖V(h).
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Immediately invoking the error estimate given by Theorem 6.4.1, we obtain

‖u− uh‖L2(Ω) ≤ Ctemp

(
1 +

√
Dah

)2

hs+1‖u‖Hs+1(Ω) (6.59)

where Ctemp is a positive constant independent of h, σ, and ν which asymptotically

scales with the square root of Cpen and

Dah =
σh2

ν
.

However, we also have the following estimate due to Theorem 6.4.1:

‖u− uh‖L2(Ω) ≤ Cu

(
1 +

Ccont
Ccoerc

)(
1 + (Dah)

−1)1/2
hs+1‖u‖Hs+1(Ω). (6.60)

The desired result follows by taking the minimum of (6.59) and (6.60).

This concludes our a priori error analysis. Note that, for reasonably regular

exact solutions, we have obtained optimal estimates for the velocity field in both the

strong V(h)-norm as well as the weaker H1- and L2-norms. The estimates are addi-

tionally robust with respect to the fluid coefficients σ and ν. On the other hand, we

have obtained pressure error estimates which are suboptimal by one order. This is

reminiscent of error estimates for stabilized equal-order interpolations of the Stokes

equations and is not unexpected as both our discrete velocity and pressure spaces

consist of mapped piecewise polynomials which are only complete up to degree k′.

However, our later numerical studies suggest the conservative nature of these esti-

mates by revealing, for simple model problems, optimal convergence rates for the

pressure field. Ongoing work is being dedicated to the theoretical confirmation of

these convergence rates. Note that our analysis covers typical singular solutions of

the generalized Stokes equations. Later in this chapter, we will numerically study

the effectiveness of our method for a selection of singular Stokes problems. Finally,
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we would like to mention that our velocity error estimates are completely indepen-

dent of the pressure field. This property does not hold for discretizations which

preserve the incompressibility in only a discrete sense.

Remark 6.4.1. In opposition to standard Bubnov-Galerkin methods, the constant(
1 + Ccont (Ccoerc)

−1)
appearing in (6.35) cannot be reduced to just Ccont (Ccoerc)

−1.

Remark 6.4.2. At this point, suitable requirements guaranteeing elliptic regularity

for domains obtained by NURBS mappings are unknown. One anticipates that

such requirements should be less stringent than those associated with polyhedral

domains (namely, convexity) because of enhanced smoothness. In our view, this is

an interesting area of research.

6.5 Extension to Multi-Patch Domains

As was mentioned previously in Section 4.3, most geometries of scientific

and engineering interest cannot be represented by a single patch. Instead, the multi-

patch concept must be invoked. We assume that there exist np sufficiently smooth

parametric mappings Fi : (0, 1)d → Rd such that the subdomains

Ωi = Fi
(

Ω̂
)
, i = 1, . . . , np

are non-overlapping and

Ω = ∪npi=1Ωi.

We refer to each subdomain Ωi (and its inverse image) as a patch. For a visual

depiction of a multi-patch construction in R2, see Figure 6.1. We build discrete

velocity and pressure spaces over each patch Ωi, i = 1, . . . , np in the same manner
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Figure 6.1: Example multi-patch construction in R2.

as in Chapter 5 except that we do not yet enforce boundary conditions, and we

denote these spaces as Vh(Ωi) and Qh(Ωi).

To proceed further, we must make some assumptions. First of all, we as-

sume that if two disjoint patches Ωi and Ωj have the property that ∂Ωi ∩ ∂Ωj 6= ∅,

then this intersection consists strictly of patch faces, edges, and corners. More suc-

cinctly, two patches cannot intersect along an isolated portion of a face (or edge)

interior. Second, we assume that the mappings {Fi}npi=1 are compatible in the fol-

lowing sense: if two patches Ωi and Ωj share a face, then Fi and Fj parametrize that

face identically up to changes in orientation. Third, we assume that if two patches

Ωi and Ωj share a face, the B-spline meshes associated with the patches are identi-
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cal along that face. This guarantees our mesh is conforming. Finally, we assume for

simplicity that k1 = . . . = kd = k∗ for all patches. The mixed polynomial degree

case introduces additional complications that are beyond the scope of this work.

We would like to note that all four assumptions hold if we employ a conforming

NURBS multi-patch construction. See, for example, Chapter 2 of [52].

We define our global discrete velocity and pressure spaces as follows:

V0,h := {vh ∈ H0 (div; Ω) : vh|Ωi ∈ Vh(Ωi), ∀i = 1, . . . , np} , (6.61)

Q0,h :=
{
qh ∈ L2

0 (Ω) : qh|Ωi ∈ Qh(Ωi), ∀i = 1, . . . , np
}
. (6.62)

The space V0,h is easily constructed due to our preceding four assumptions and use

of open knot vectors. Specifically, we set to zero the coefficient of any basis func-

tion whose normal is nonzero along ∂Ω, and along shared faces between patches,

we (i) equivalence the coefficients of any basis functions whose normal values are

nonzero and equal in magnitude and direction and (ii) set opposite the coefficients

of any basis functions whose normal values are nonzero, equal in magnitude, and

opposite in direction. We note that this is precisely the same procedure as is used to

construct Raviart-Thomas spaces on conforming finite element meshes. We simply

have patches instead of elements. It is easily shown that the spaces V0,h and Q0,h,

along with the divergence operator, form the bounded discrete cochain complex

V0,h
div−−−→ Q0,h.

However, functions in V0,h do not necessarily lie in H1(Ω) as tangential continuity

is not enforced across patch interfaces. Hence, we need to account for this lack

of continuity when designing a discretization scheme for the generalized Stokes

equations. We employ the symmetric interior penalty method [4,69,191], a standard

technique in the discontinuous Galerkin community, to weakly enforce tangential

continuity between adjacent patches.
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We now establish some preliminary notation. Let Kh(Ωi) and Fh(Ωi) de-

note the sets of physical mesh elements and faces associated with patch Ωi. We

denote the global set of mesh elements as Kh and the global set of mesh faces as

Fh. As in the single patch setting, we define the boundary mesh to be

Γh = {F ∈ Fh(Ωi), i = 1, . . . , np : F ⊂ ∂Ω} , (6.63)

and we define the interface mesh to be

Ih = {F ∈ Fh(Ωi), i = 1, . . . , np : F ∈ Fh(Ωj), i 6= j and F /∈ Γh} . (6.64)

For each face F ∈ Ih belonging to the interface mesh, there exist two unique ad-

jacent elements K+, K− ∈ Kh such that F ∈ ∂K+ and F ∈ ∂K−. We define for

such a face the mesh size

hF :=
1

2
(hK+ + hK−) . (6.65)

Let φ be an arbitrary scalar-, vector-, or matrix-valued piecewise smooth function,

and let us denote by φ+ and φ− the traces of φ on F as taken from within the interior

of K+ and K− respectively. We define the mean value of φ at x ∈ F as

{{φ}} :=
1

2

(
φ+ + φ−

)
. (6.66)

Further, for a generic multiplication operator �, we define the jump of φ � n at

x ∈ F as

Jφ� nK := φ+ � nK+ + φ− � nK− (6.67)

where nK+/− denotes the outward facing normal on the boundary ∂K+/− of element

K+/−.
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With the above notation established, let us define the following bilinear

form:

a∗h(w, v) =

np∑
i=1

(
(2ν∇sw,∇sv)(L2(Ωi))d×d

+ (σw, v)L2(Ωi
)
)

−
∑
F∈Ih

∫
F

2ν ({{∇sv}} : Jw⊗ nK + {{∇sw}} : Jv⊗ nK) ds

+
∑
F∈Ih

∫
F

2ν

(
2Cpen
hF

Jw⊗ nK : Jv⊗ nK
)
ds

−
∑
F∈Γh

∫
F

2ν

(
((∇sv) n) · w + ((∇sw) n) · v− Cpen

hF
w · v

)
ds.

(6.68)

Above, Cpen > 0 denotes the same positive penalty constant as before. Our discrete

formulation over the multi-patch domain then reads as follows.

(MP )


Find uh ∈ V0,h and ph ∈ Q0,h such that

a∗h(uh, vh)− b(ph, vh) + b(qh,uh) = (f, vh)L2(Ω) (6.69)

for all vh ∈ V0,h and qh ∈ Q0,h.

As in the single patch setting, the discrete formulation detailed above returns a

pointwise divergence-free velocity field. However, we do not have a convergence

analysis available as we do not yet have a multi-patch analogue of Theorem 5.4.1.

We anticipate this will take new theoretical developments. Nonetheless, we have

utilized the above formulation in practice and observed it returns optimal conver-

gence rates for both velocity and pressure fields.

6.6 Numerical Verification of Convergence Estimates

In this section, we numerically verify our convergence estimates using a col-

lection of problems with exact solutions. Throughout, we choose Nitsche’s penalty
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constant as

Cpen = 5(k′ + 1)

where k′ is the polynomial degree of a given discretization. We have found that this

choice leads to stable numerical formulations for the generalized Stokes equations.

Furthermore, unless otherwise specified, we employ uniform parametric meshes,

linear parametric mappings, and B-spline spaces of maximal continuity.

6.6.1 Two-Dimensional Manufactured Solution

As a first numerical experiment, we consider a two-dimensional manufac-

tured solution that was originally presented in [39]. Let

Ω ≡ (0, 1)2

and

f ≡ σū−∇ · (2ν∇sū) +∇p̄

with

ū =

[
2ex(−1 + x)2x2(y2 − y)(−1 + 2y)

(−ex(−1 + x)x(−2 + x(3 + x))(−1 + y)2y2)

]
and

p̄ = (−424 + 156e+ (y2 − y)(−456 + ex(456 + x2(228− 5(y2 − y))+
2x(−228 + (y2 − y)) + 2x3(−36 + (y2 − y)) + x4(12 + (y2 − y))))).

Homogeneous boundary conditions are applied along the boundary ∂Ω, and the

pressure is enforced to satisfy
∫

Ω
pdx = 0. The unique solution to the generalized

Stokes equation with the prescribed forcing is then clearly (u, p) = (ū, p̄). The

streamlines and pressure contours associated with the exact solution are plotted in

Figure 6.2. Note from the streamline plot that the velocity solution has a simple

vortex structure.
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Figure 6.2: Generalized Stokes manufactured solution in 2-D: (a) Flow velocity
streamlines, (b) Pressure contours.
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Table 6.2: Generalized Stokes convergence rates in 2-D: Da = 0

Polynomial degree k′ = 1

h 1/4 1/8 1/16 1/32 1/64
‖u− uh‖V(h) 7.75e-2 3.96e-2 1.98e-2 9.90e-3 4.95e-3

order - 0.97 1.00 1.00 1.00
|u− uh|H1(Ω) 5.48e-2 2.80e-2 1.40e-2 7.00e-3 3.50e-3

order - 0.97 1.00 1.00 1.00
‖u− uh‖L2(Ω) 2.77e-3 8.16e-4 2.28e-4 6.10e-5 1.58e-5

order - 1.76 1.84 1.90 1.95
‖p− ph‖L2(Ω) 5.04e-3 1.38e-3 3.49e-4 8.72e-5 2.18e-5

order - 1.87 1.98 2.00 2.00

Polynomial degree k′ = 2

h 1/4 1/8 1/16 1/32 1/64
‖u− uh‖V(h) 1.37e-2 3.30e-3 8.03e-4 1.98e-4 4.92e-5

order - 2.06 2.04 2.02 2.01
|u− uh|H1(Ω) 9.70e-3 2.33e-3 5.68e-4 1.40e-4 3.48e-5

order - 2.06 2.04 2.02 2.01
‖u− uh‖L2(Ω) 2.94e-4 3.84e-5 5.03e-6 6.47e-7 8.21e-8

order - 2.94 2.93 2.96 2.98
‖p− ph‖L2(Ω) 1.18e-3 1.19e-4 1.17e-5 1.19e-6 1.27e-7

order - 3.31 3.35 3.30 3.23

Polynomial degree k′ = 3

h 1/4 1/8 1/16 1/32 1/64
‖u− uh‖V(h) 1.39e-3 1.81e-4 2.33e-5 3.01e-6 3.85e-7

order - 2.94 2.96 2.95 2.97
|u− uh|H1(Ω) 9.83e-4 1.28e-4 1.65e-5 2.10e-6 2.66e-7

order - 2.94 2.96 2.97 2.98
‖u− uh‖L2(Ω) 3.05e-5 2.34e-6 1.59e-7 1.03e-8 6.55e-10

order - 3.70 3.88 3.95 3.98
‖p− ph‖L2(Ω) 1.10e-4 5.64e-6 3.45e-7 2.19e-8 1.39e-9

order - 4.29 4.03 3.98 3.98
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Table 6.3: Generalized Stokes convergence rates in 2-D: Da = 1

Polynomial degree k′ = 1

h 1/4 1/8 1/16 1/32 1/64
‖u− uh‖V(h) 7.75e-2 3.96e-2 1.98e-2 9.90e-3 4.95e-3

order - 0.97 1.00 1.00 1.00
|u− uh|H1(Ω) 5.47e-2 2.80e-2 1.40e-2 7.00e-3 3.50e-3

order - 0.97 1.00 1.00 1.00
‖u− uh‖L2(Ω) 2.75e-3 8.09e-4 2.26e-4 6.05e-5 1.57e-5

order - 1.76 1.84 1.90 1.95
‖p− ph‖L2(Ω) 5.04e-3 1.37e-3 3.48e-4 8.72e-5 2.18e-5

order - 1.88 1.98 2.00 2.00

Polynomial degree k′ = 2

h 1/4 1/8 1/16 1/32 1/64
‖u− uh‖V(h) 1.37e-2 3.30e-3 8.03e-4 1.98e-4 4.92e-5

order - 2.06 2.04 2.02 2.01
|u− uh|H1(Ω) 9.70e-3 2.33e-3 5.68e-4 1.40e-4 3.48e-5

order - 2.06 2.04 2.02 2.01
‖u− uh‖L2(Ω) 2.94e-4 3.84e-5 5.03e-6 6.47e-7 8.21e-8

order - 2.94 2.93 2.96 2.98
‖p− ph‖L2(Ω) 1.18e-3 1.19e-4 1.17e-5 1.19e-6 1.27e-7

order - 3.31 3.35 3.30 3.23

Polynomial degree k′ = 3

h 1/4 1/8 1/16 1/32 1/64
‖u− uh‖V(h) 1.39e-3 1.81e-4 2.35e-5 3.01e-6 3.85e-7

order - 2.94 2.95 2.96 2.97
|u− uh|H1(Ω) 9.83e-4 1.28e-4 1.65e-5 2.10e-6 2.66e-7

order - 2.94 2.96 2.97 2.98
‖u− uh‖L2(Ω) 3.05e-5 2.34e-6 1.59e-7 1.03e-8 6.55e-10

order - 3.70 3.88 3.95 3.98
‖p− ph‖L2(Ω) 1.10e-4 5.64e-6 3.45e-7 2.19e-8 1.39e-9

order - 4.29 4.03 3.98 3.98
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Table 6.4: Generalized Stokes convergence rates in 2-D: Da = 1000

Polynomial degree k′ = 1

h 1/4 1/8 1/16 1/32 1/64
‖u− uh‖V(h) 3.13e-3 1.33e-3 6.36e-4 3.14e-4 1.57e-4

order - 1.23 1.06 1.02 1.00
|u− uh|H1(Ω) 5.50e-2 2.78e-2 1.39e-2 6.98e-3 3.49-3

order - 0.98 1.00 0.99 1.00
‖u− uh‖L2(Ω) 1.93e-3 4.79e-4 1.22e-4 3.20e-5 8.38e-6

order - 2.01 1.97 1.93 1.93
‖p− ph‖L2(Ω) 3.37e-3 7.97e-4 1.96e-4 4.89e-5 1.22e-5

order - 2.08 2.02 2.00 2.00

Polynomial degree k′ = 2

h 1/4 1/8 1/16 1/32 1/64
‖u− uh‖V(h) 5.24e-4 1.11e-4 2.58e-5 6.30e-6 1.55e-6

order - 2.24 2.11 2.03 2.02
|u− uh|H1(Ω) 9.85e-3 2.32e-3 5.67e-4 1.40e-4 3.48e-5

order - 2.08 2.03 2.02 2.01
‖u− uh‖L2(Ω) 2.83e-4 3.80e-5 5.01e-6 6.46e-7 8.21e-8

order - 2.90 2.92 2.96 2.98
‖p− ph‖L2(Ω) 4.69e-4 5.36e-5 6.42e-6 7.97e-7 9.98e-8

order - 3.13 3.06 3.01 3.00

Polynomial degree k′ = 3

h 1/4 1/8 1/16 1/32 1/64
‖u− uh‖V(h) 5.31e-5 6.12e-6 7.57e-7 9.56e-8 1.22e-8

order - 3.12 3.02 2.99 2.97
|u− uh|H1(Ω) 9.74e-4 1.26e-4 1.64e-5 2.10e-6 2.66e-7

order - 2.95 2.94 2.97 2.98
‖u− uh‖L2(Ω) 3.04e-5 2.33e-6 1.59e-7 1.03e-8 6.55e-10

order - 3.71 3.89 3.95 3.98
‖p− ph‖L2(Ω) 7.56e-5 4.60e-6 3.19e-7 2.12e-8 1.37e-9

order - 4.04 3.89 3.91 3.95
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For the above constructed solution, we have computed convergence rates

for divergence-conforming B-spline discretizations of varying mesh size and poly-

nomial degree. Furthermore, we have computed convergence rates for a variety of

Damköhler numbers

Da =
σL2

ν

where L is a length parameter which we henceforth specify as one. These conver-

gence rates are provided in Tables 6.2, 6.3, and 6.4. Note immediately from the

tables that our theoretically derived error estimates are confirmed. Second, note

that the L2-norm of the pressure error optimally converges like O(hk
′+1), which

is an improvement over our theoretically derived estimate. Third, note that our

methodology is robust with respect to the Damköhler number. That is, the errors

for our discretization are virtually independent of the Damköhler number. In fact,

our pressure error decreases with increasing Damköhler number. Finally, it should

be mentioned that (a) the H1 error of the velocity field approaches the H1 best

approximation error as k′ is increased, and (b) the L2 error of the pressure field

approaches the L2 best approximation error as k′ is increased.

6.6.2 Three-Dimensional Manufactured Solution

As a second numerical experiment, we consider a three-dimensional manu-

factured solution representing a vortical filament. Let

Ω ≡ (0, 1)3

and

f ≡ σū−∇ · (2ν∇sū) +∇p̄

with

ū = curlφ̄,
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Figure 6.3: Generalized Stokes manufactured solution in 3-D: Flow velocity
streamlines colored by velocity magnitude.

φ̄ =

 x(x− 1)y2(y − 1)2z2(z − 1)2

0
x2(x− 1)2y2(y − 1)2z(z − 1)

 ,
and

p̄ = sin(πx) sin(πy)− 4

π2
.

Again, homogeneous boundary conditions are applied along the boundary ∂Ω, and

the pressure is enforced to satisfy
∫

Ω
pdx = 0. The unique solution to the gener-

alized Stokes equation with the prescribed forcing is then (u, p) = (ū, p̄). Stream-

lines associated with the exact solution are plotted in Figure 6.3. Note that the the

streamlines wrap around a single diagonal vortex filament.

As in the two-dimensional setting, we have computed convergence rates for

a variety of divergence-conforming B-spline discretizations and Damköhler num-
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Table 6.5: Generalized Stokes convergence rates in 3-D: Da = 0

Polynomial degree k′ = 1

h 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 2.59e-2 1.27e-2 5.91e-3 2.81e-3 1.36e-3

order - 1.03 1.10 1.07 1.05
|u− uh|H1(Ω) 1.51e-2 7.64e-3 3.77e-3 1.87e-3 9.34e-4

order - 0.98 1.02 1.01 1.00
‖u− uh‖L2(Ω) 1.35e-3 3.68-4 1.03e-4 2.81e-5 7.40e-6

order - 1.88 1.84 1.87 1.93
‖p− ph‖L2(Ω) 5.41e-2 1.48e-2 3.58e-3 8.85e-4 2.26e-4

order - 1.87 2.05 2.02 1.97

Polynomial degree k′ = 2

h 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 6.50e-3 1.54e-3 4.10e-4 9.51e-5 2.15e-5

order - 2.08 1.91 2.11 2.15
|u− uh|H1(Ω) 3.71e-3 9.90e-4 2.79e-4 6.59e-5 1.50e-5

order - 1.91 1.83 2.08 2.14
‖u− uh‖L2(Ω) 1.97e-4 4.25e-5 7.38e-6 8.67e-7 9.18e-8

order - 2.21 2.53 3.09 3.23
‖p− ph‖L2(Ω) 1.50e-2 1.59e-3 2.00e-4 2.56e-5 3.26e-6

order - 3.24 2.99 2.97 2.97
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Table 6.6: Generalized Stokes convergence rates in 3-D: Da = 1

Polynomial degree k′ = 1

h 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 2.59e-2 1.28e-2 5.91e-3 2.81e-3 1.36e-3

order - 1.02 1.11 1.07 1.05
|u− uh|H1(Ω) 1.51e-2 7.64e-3 3.77e-3 1.87e-3 9.33e-4

order - 0.98 1.02 1.01 1.00
‖u− uh‖L2(Ω) 1.34e-3 3.66e-4 1.02e-4 2.79e-5 7.34e-6

order - 1.87 1.84 1.87 1.93
‖p− ph‖L2(Ω) 5.41e-2 1.48e-2 3.58e-3 8.85e-4 2.21e-4

order - 1.87 2.05 2.02 2.00

Polynomial degree k′ = 2

h 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 6.50e-3 1.54e-3 4.10e-4 9.50e-5 2.15e-5

order - 2.08 1.91 2.11 2.14
|u− uh|H1(Ω) 3.71e-3 9.89e-4 2.79e-4 6.59e-5 1.50e-5

order - 1.91 1.83 2.08 2.14
‖u− uh‖L2(Ω) 1.97e-4 4.24e-5 7.38e-6 8.64e-7 9.18e-8

order - 2.22 2.52 3.09 3.23
‖p− ph‖L2(Ω) 1.50e-2 1.59e-3 2.00e-4 2.56e-5 3.26e-6

order - 3.24 2.99 2.97 2.97
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Table 6.7: Generalized Stokes convergence rates in 3-D: Da = 1000

Polynomial degree k′ = 1

h 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 1.55e-3 5.16e-4 2.04e-4 9.07e-5 4.32e-5

order - 1.59 1.34 1.17 1.07
|u− uh|H1(Ω) 1.56e-2 7.57e-3 3.74e-3 1.86e-3 9.31e-4

order - 1.04 1.02 1.01 1.00
‖u− uh‖L2(Ω) 1.16e-3 2.58e-4 6.29e-5 1.59e-5 4.11e-6

order - 2.17 2.04 1.98 1.95
‖p− ph‖L2(Ω) 5.41e-2 1.48e-2 3.57e-3 8.84e-4 2.20e-4

order - 1.87 2.05 2.01 2.01

Polynomial degree k′ = 2

h 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 2.98e-4 5.25e-5 1.06e-5 2.42e-6 5.84e-7

order - 2.50 2.31 2.13 2.05
|u− uh|H1(Ω) 3.79e-3 8.56e-4 2.08e-4 5.14e-5 1.28e-5

order - 2.15 2.04 2.02 2.01
‖u− uh‖L2(Ω) 1.88e-4 2.84-5 3.74e-6 4.97e-7 6.06e-8

order - 2.73 2.93 2.91 3.04
‖p− ph‖L2(Ω) 1.50e-2 1.59e-3 2.00e-4 2.56e-5 3.26e-6

order - 3.24 2.99 2.97 2.97
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bers

Da =
σL2

ν

where L is a length parameter which we again specify as equal to one. These con-

vergence rates are summarized in Tables 6.5, 6.6, and 6.7. Note immediately from

the tables that our theoretically derived error estimates are confirmed. Second, note

that the L2-norm of the pressure error optimally converges like O(hk
′+1), which

is an improvement over our theoretically derived estimate. Third, note that our

method is robust with respect to the Damköhler number. Finally, let us remark the

exact velocity field is recovered for discretizations of degree k′ ≥ 3.

6.6.3 Two-Dimensional Problem with a Singular Solution

To examine how our discretization performs in the presence of singulari-

ties, we consider Stokes flow in the L-shaped domain Ω = (−1, 1)2)\([0, 1) ×

(−1, 0]). The flow problem in consideration is depicted in Figure 6.4(a). Ho-

mogeneous Dirichlet boundary conditions are applied along ΓD = {(0, y) : y ∈

(−1, 0)} ∪ {(x, 0) : x ∈ (0, 1)}, Neumann boundary conditions are applied along

ΓN = ∂Ω\ΓD, and we set σ = 0, ν = 1, and f = 0. As in [186], the Neumann

boundary conditions are chosen such that the exact solution is

u =

[
rλ((1 + λ) sin(θ)ψ(θ) + cos(θ)ψ′(θ)
rλ(−(1 + λ) cos(θ)ψ(θ) + sin(θ)ψ′(θ)

]
and

p = −rλ−1 ((1 + λ)2φ′(θ) + φ′′′(θ)) /(1− λ)

where (r, θ) are polar coordinates with respect to the origin (0, 0),

φ = sin((1 + λ)θ) cos(λω)/(1 + λ)− cos((1 + λ)θ)
− sin((1− λ)θ) cos(λω)/(1− λ) + cos((1− λ)θ),
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Figure 6.4: Singular Stokes solution in 2-D: (a) Problem setup, (b) Multi-patch
construction.
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Figure 6.5: Singular Stokes solution in 2-D: (a) Flow velocity streamlines, (b) Pres-
sure contours.
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Table 6.8: Singular Stokes convergence rates in 2-D

Polynomial degree k′ = 1

h 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 2.29e0 1.61e0 1.13e0 7.73e-1 5.33e-1

order - 0.51 0.51 0.55 0.54
‖p− ph‖L2(Ω) 1.30e0 9.40e-1 6.62e-1 4.66e-1 3.32e-1

order - 0.47 0.51 0.51 0.49

Polynomial degree k′ = 2

h 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 1.50e0 1.05e0 7.25e-1 5.00e-1 3.46e-1

order - 0.51 0.53 0.54 0.53
‖p− ph‖L2(Ω) 8.56e-1 6.39e-1 4.50e-1 3.20e-1 2.36e-1

order - 0.42 0.51 0.49 0.44

Polynomial degree k′ = 3

h 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 1.15e0 8.36e-1 5.79e-1 4.00e-1 2.78e-1

order - 0.46 0.53 0.53 0.52
‖p− ph‖L2(Ω) 6.05e-1 4.90e-1 3.54e-1 2.57e-1 1.91e-1

order - 0.30 0.47 0.46 0.43
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ω = 3
2
φ, and λ ≈ 0.54448373678246 is the smallest positive root of

sin(λω) + λ sin(ω) = 0.

This singular solution is illustrated in Figure 6.5. Note that (u, p) ∈ H1+λ(Ω) ×

Hλ(Ω). This is the strongest corner singularity for the Stokes operator in the L-

shaped domain, and, as such, this numerical example models typical singular be-

havior observed in the vicinity of reentrant corners.

To compute this flow example using our discretization technique, we must

resort to a multi-patch construction. We utilize the three-patch construction illus-

trated in Figure 6.4(b). Each patch is mapped from the parametric domain using

an affine parametrization. As discussed in Section 6.5, we impose normal continu-

ity strongly between patches and tangential continuity weakly using the symmet-

ric interior penalty method. We have computed convergence rates for a variety of

divergence-conforming B-spline discretizations and reported our results in Table

6.8. Note from the table that the energy norm of the velocity field and the L2-

norm of the pressure field are approaching the optimal convergence rates of O(hλ)

as h → 0. Furthermore, note the velocity and pressure errors improve with in-

creasing polynomial degree. This is somewhat counterintuitive as we also increase

smoothness with polynomial degree. This being said, such a property has also been

observed in the context of Maxwell’s equations [40]. While we only employed uni-

form meshes for the computations reported here, one could of course obtain more

satisfactory results with geometrically graded meshes [92, 94].

6.6.4 Cylindrical Couette Flow

Couette flow is often used as a “sanity check” for Stokes and Navier-Stokes

discretizations. Cylindrical Couette flow is a more realistic problem which de-
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scribes the flow between two concentric rotating cylinders. Here, we consider gen-

eralized Stokes flow between a fixed outer cylinder and a rotating inner cylinder.

The problem setup is illustrated in Figure 6.6. No external forcing is applied. In the

absence of Darcy drag forces (i.e., σ = 0), the velocity field for this flow assumes

the form

u =

[
uθ(r) sin(θ)
uθ(r) cos(θ)

]
where

uθ(r) = Ar +
B

r
,

(r, θ) are polar coordinates with respect to the center of the cylinders, and

A = −Ωin
δ2

1− δ2
, B = Ωin

r2
in

(1− δ2)
, Ωin =

U

rin
, δ =

rin
rout

.

We have depicted this velocity field in Figure 6.7(a). In the presence of Darcy drag

forces, the character of the flow field changes considerably. Notably, the motion of

the fluid is confined to a small boundary layer attached to the inner cylinder. This

motion explicitly takes the form

u =

[
uθ(r) sin(θ)
uθ(r) cos(θ)

]
where

uθ(r) = U
I1(γr)K1(γrout)− I1(γrout)K1(γr)

I1(γrin)K1(γrout)− I1(γrout)K1(γrin)
,

γ =
√
σ/ν, and I1 and K1 are modified Bessel functions of the first and second

kind respectively. Note that γ−1 acts as a length scale, and the width of the bound-

ary layer attached to the inner cylinder is proportional to γ−1. We have depicted

a velocity field corresponding to γ =
√

50 in Figure 6.7(b). Finally, under the

constraint that ∫
Ω

pdx = 0,
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Figure 6.6: Cylindrical Couette flow: Problem setup.
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Figure 6.7: Cylindrical Couette flow: (a) Flow velocity arrows for γ = 0, (b) Flow
velocity arrows for γ =

√
50.
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Figure 6.8: Cylindrical Couette flow: Sequence of polar meshes.
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the pressure field is identically zero for both the Stokes limit as well as the general-

ized Stokes setting. In what follows, we assume rin = 1, rout = 2, and U = 1.

We have computed convergence rates for a variety of divergence-conforming

B-spline discretizations and for γ = 0 and γ =
√

50. To represent the annular do-

main in our computations, we employed the polar mapping

F(ξ1, ξ2) =

[
((rout − rin)ξ2 + rin) sin(2πξ1)
((rout − rin)ξ2 + rin) cos(2πξ1)

]
,∀(ξ1, ξ2) ∈ (0, 1)2 (6.70)

and periodic B-splines of maximal continuity in the ξ1-direction (see Section 2 of

[73]). It should be emphasized that we do not use the polar form of the generalized

Stokes equations. Rather, we utilize the polar mapping to define our divergence-

conforming B-splines in physical space and then employ the Cartesian-based vari-

ational formulation discussed in this chapter. The results of our computations are

summarized in Tables 6.9 and 6.10. Note from the tables that all of our theoret-

ically derived error estimates are confirmed, though the results corresponding to

γ =
√

50 have a more substantial pre-asymptotic range due to the presence of a

boundary layer. Additionally, note that we obtain null pressure fields and axisym-

metric velocity fields with null radial component.

We repeated our computations using the multi-patch NURBS construction

illustrated in Figure 6.9. Each of the four patches are built through a sufficient

rotation of the canonical quadratic single-element NURBS patch described in Fig-

ure 6.10, and we have tabulated the location and weights of the control points of

the canonical quadratic patch in Figure 6.11. The resulting NURBS parametriza-

tion is identical to the polar parametrization in the radial direction and different in

the angular direction. We define our B-spline discretization scheme on the multi-

patch NURBS construction using the procedure outlined in Section 6.5 with normal

continuity being enforced strongly between patches and tangential continuity being
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Table 6.9: Cylindrical Couette flow convergence rates: γ = 0

Polynomial degree k′ = 1

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 5.42e-1 2.63e-1 1.26e-1 6.12e-2 2.99e-2

order - 1.04 1.06 1.04 1.03
|u− uh|H1(Ω) 4.48e-1 2.32e-1 1.17e-1 5.86e-2 2.93e-2

order - 0.95 0.99 1.00 1.00
‖u− uh‖L2(Ω) 5.00e-2 1.53-2 4.28e-3 1.14e-3 2.94e-4

order - 1.71 1.84 1.91 1.96
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0

Polynomial degree k′ = 2

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 9.77e-2 2.42e-2 5.64e-3 1.32e-3 3.14e-4

order - 2.01 2.10 2.10 2.07
|u− uh|H1(Ω) 7.68e-2 2.00e-2 4.92e-3 1.21e-3 2.99e-4

order - 1.94 2.02 2.02 2.02
‖u− uh‖L2(Ω) 4.43e-3 6.03e-4 8.13e-5 1.07e-5 1.38e-6

order - 2.88 2.89 2.93 2.95
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0

Polynomial degree k′ = 3

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 2.01e-2 2.67e-3 3.27e-4 4.01e-5 4.98e-6

order - 2.91 3.03 3.03 3.01
|u− uh|H1(Ω) 1.52e-2 2.13e-3 2.84e-4 3.72e-5 4.80e-6

order - 2.84 2.91 2.93 2.95
‖u− uh‖L2(Ω) 6.59e-4 5.69e-5 4.82e-6 3.50e-7 2.33e-8

order - 3.53 3.56 3.78 3.91
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0
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Table 6.10: Cylindrical Couette flow convergence rates: γ =
√

50

Polynomial degree k′ = 1

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 8.06e-1 4.59e-1 2.30e-1 1.10e-1 5.28e-2

order - 0.81 1.00 1.06 1.06
|u− uh|H1(Ω) 3.75e0 2.44e0 1.35e0 6.93e-1 3.49e-1

order - 0.62 0.85 0.96 0.99
‖u− uh‖L2(Ω) 2.43e-1 9.90e-2 3.16e-2 9.24e-3 2.56e-3

order - 1.30 1.65 1.77 1.85
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0

Polynomial degree k′ = 2

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 3.97e-1 1.30e-1 3.28e-2 7.56e-3 1.74e-3

order - 1.61 1.99 2.12 2.12
|u− uh|H1(Ω) 1.96e0 6.99e-1 1.86e-1 4.57e-2 1.12e-2

order - 1.49 1.91 2.03 2.03
‖u− uh‖L2(Ω) 9.86e-2 2.00e-2 2.73e-3 3.66e-4 4.86e-5

order - 2.30 2.87 2.90 2.91
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0

Polynomial degree k′ = 3

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 1.69e-1 3.15e-2 4.01e-3 4.80e-4 5.86e-5

order - 2.42 2.97 3.06 3.03
|u− uh|H1(Ω) 8.54e-1 1.67e-1 2.25e-2 2.95e-3 3.86e-4

order - 2.35 2.89 2.93 2.93
‖u− uh‖L2(Ω) 3.31e-2 3.56e-3 3.03e-4 2.55e-5 1.83e-6

order - 3.22 3.55 3.57 3.80
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0
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Figure 6.9: Cylindrical Couette flow: NURBS multi-patch construction
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Figure 6.10: Cylindrical Couette flow: Patch template control points
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Table 6.11: Cylindrical Couette flow: Patch template control points.

Control Point x y w
1 0 1 1
2 1 1 1/

√
2

3 1 0 1
4 0 3/2 1
5 3/2 3/2 1/

√
2

6 3/2 0 1
7 0 2 1
8 2 2 1/

√
2

9 2 0 1

enforced weakly. Surprisingly, we found we obtained exactly the same velocity and

pressure fields using the multi-patch NURBS construction as we did with the polar

mapping. This property is purely a consequence of the Piola transform. To shed

some light on this observation, let us consider a parametric velocity field of the form

v̂ = {v(ξ2), 0}T . Then, the image of this velocity field under the Piola transform,

denoted as v, has the property that

divv =
1

J
d̂iv v̂ = 0

where J is the determinant of the Jacobian matrix DF. Moreover, the vector v is

oriented in the direction of parametric lines defined by ξ2 = C where C is an ar-

bitrary constant. Hence, if ξ1 represents the angular direction and ξ2 represents the

radial direction, this implies that divergence-free lateral velocity fields in parametric

space are mapped to axisymmetric angular velocity fields in physical space regard-

less of the specification of F. Unfortunately, this argument applies only to angular

velocity fields and we are not generally able to obtain axisymmetric pressure and

radial velocity fields using the multi-patch NURBS construction.
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Figure 6.11: Annular Poiseuille flow: Problem setup.

6.6.5 Annular Poiseuille Flow

Poiseuille flow is another problem which is often utilized as a “sanity check”

for Stokes and Navier-Stokes discretizations. Here, we consider generalized Stokes

Poiseuille flow of a viscous fluid between two concentric cylinders. The problem

setup is illustrated in Figure 6.11. No-slip and no-penetration boundary conditions

are imposed along the cylinder surfaces, and periodic boundary conditons are im-

posed along the axial direction. An external axial pressure gradient is applied to

drive the fluid. In the absence of Darcy drag forces, the velocity field for annular
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Poiseuille flow assumes the form

u =

 0
0

uz(r)


where

uz(r) = − ∆p

4νL

(
r2
in − r2 +

r2
out − r2

in

ln(rout/rin)
ln(r/rin)

)
(r, θ) are polar coordinates with respect to the center of the cylinders, and −∆p/L

is the applied pressure gradient. In the presence of Darcy drag, the velocity field

takes the form

u =

 0
0

uz(r)


where

uz(r) =− ∆p

σL

(
K0(γr) (I0(γrout)− I0(γrin))− I0(γr) (K0(γrout)−K0(γrin))

K0(γrout)I0(γrin)−K0(γrin)I0(γrout)

)
− ∆p

σL
,

γ =
√
σ/ν, and I0 and K0 are modified Bessel functions of the first and second

kind respectively. We have illustrated velocity fields corresponding to γ = 0 and

γ =
√

50 in Figure 6.12. As was the case for cylindrical Couette flow, γ−1 acts as a

length scale, and there is a boundary layer attached to the inner cylinder with width

proportional to γ−1. Finally, under the constraint that∫
Ω

pdx = 0,

the pressure field is identically zero for both the Stokes limit as well as the gener-

alized Stokes setting. In what follows, we assume rin = 1, rout = 2, L = 1, and

∆p = −1.
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Figure 6.12: Annular Poiseuille flow: Axial velocity contours along an axial slice
for (a) γ = 0 and (b) γ =

√
50.

125



We have computed convergence rates for a variety of divergence-conforming

B-spline discretizations and for γ = 0 and γ =
√

50. We have employed both the

polar mapping and the NURBS multi-patch construction described in the previous

subsection to represent the annular domain in our computations with the axial di-

rection parametrized using a simple linear mapping. Periodic B-splines of maximal

continuity were employed in the axial direction. The results of our computations for

γ = 0 are summarized in Tables 6.12 and 6.13. Note immediately that all of our the-

oretically derived error estimates are confirmed. Additionally, note that we obtain

null pressure fields, radial velocity fields, and angular velocity fields for all cases

considered. This being said, observe that we obtain slightly smaller axial velocity

errors with the polar mapping than we do with the NURBS multi-patch construc-

tion. This is because we maintain exact axisymmetry with the polar mapping but

not with the NURBS multi-patch construction. The results of our computations for

γ =
√

50 are summarized in Tables 6.14 and 6.15. Again, note that our theoretically

derived error estimates are confirmed, and our results for the polar mapping induce

slightly smaller axial velocity errors than our results for the NURBS multi-patch

construction.

6.7 Benchmark Problems

In this section, we investigate the effectiveness of our methodology as ap-

plied to a collection of Stokes benchmark problems: two-dimensional lid-driven

cavity flow, three-dimensional lid-driven cavity flow, and flow over a backwards-

facing step. In addition, we investigate the effectiveness of our methodology for a

Darcy-dominated generalized Stokes flow problem characterized by sharp bound-

ary layers. As in the last subsection, we choose Nitsche’s penalty constant as

Cpen = 5(k′ + 1) in all of the following numerical tests, and we employ uniform
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Table 6.12: Annular Poiseuille flow convergence rates for γ = 0: Polar meshes

Polynomial degree k′ = 1

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 5.30e-1 2.47e-1 1.19e-1 5.80e-2 2.86e-2

order - 1.10 1.05 1.04 1.02
|u− uh|H1(Ω) 4.56e-1 2.28e-1 1.14e-1 5.67e-2 2.83e-2

order - 1.00 1.00 1.01 1.00
‖u− uh‖L2(Ω) 5.49e-2 1.62-2 4.34e-3 1.12e-3 2.84e-4

order - 1.76 1.90 1.95 1.98
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖uθ − (uθ)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0

Polynomial degree k′ = 2

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 5.67e-2 1.23e-2 2.83e-3 6.73e-4 1.64e-4

order - 2.20 2.12 2.07 2.04
|u− uh|H1(Ω) 4.49e-2 1.07e-2 2.61e-3 6.45e-4 1.60e-4

order - 2.07 2.04 2.02 2.01
‖u− uh‖L2(Ω) 2.41e-3 3.49e-4 4.64e-5 5.97e-6 7.58e-7

order - 2.79 2.91 2.96 2.98
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖uθ − (uθ)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0

Polynomial degree k′ = 3

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 1.86e-3 2.14e-4 2.54e-5 3.11e-6 3.87e-7

order - 3.12 3.07 3.03 3.01
|u− uh|H1(Ω) 1.37e-3 1.74e-4 2.26e-5 2.93e-6 3.75e-7

order - 2.98 2.94 2.95 2.97
‖u− uh‖L2(Ω) 5.38e-5 5.05e-6 4.03e-7 2.80e-8 1.83e-9

order - 3.41 3.65 3.85 3.94
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖uθ − (uθ)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0
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Table 6.13: Annular Poiseuille flow convergence rates for γ = 0: NURBS

Polynomial degree k′ = 1

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 5.30e-1 2.47e-1 1.19e-1 5.80e-2 2.86e-2

order - 1.10 1.05 1.04 1.02
|u− uh|H1(Kh) 4.57e-1 2.28e-1 1.14e-1 5.67e-2 2.83e-2

order - 1.00 1.00 1.01 1.00
‖u− uh‖L2(Ω) 5.51e-2 1.63-2 4.35e-3 1.12e-3 2.84e-4

order - 1.76 1.91 1.96 1.98
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖uθ − (uθ)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0

Polynomial degree k′ = 2

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 5.69e-2 1.23e-2 2.83e-3 6.75e-4 1.64e-4

order - 2.21 2.12 2.07 2.04
|u− uh|H1(Kh) 4.51e-2 1.07e-2 2.61e-3 6.46e-4 1.61e-4

order - 2.08 2.04 2.01 2.00
‖u− uh‖L2(Ω) 2.52e-3 3.55e-4 4.70e-5 6.04e-6 7.66e-7

order - 2.83 2.92 2.96 2.98
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖uθ − (uθ)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0

Polynomial degree k′ = 3

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 1.91e-3 2.38e-4 2.73e-5 3.33e-6 4.13e-7

order - 3.00 3.12 3.04 3.01
|u− uh|H1(Kh) 1.44e-3 2.03e-4 2.48e-5 3.16e-6 4.03e-7

order - 2.83 3.03 2.97 2.97
‖u− uh‖L2(Ω) 8.00e-5 1.21e-5 6.41e-7 4.00e-8 2.53e-9

order - 2.72 4.24 4.00 3.98
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖uθ − (uθ)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0
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Table 6.14: Annular Poiseuille flow convergence rates for γ =
√

50: Polar meshes

Polynomial degree k′ = 1

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 1.73e-1 9.88e-2 4.91e-2 2.35e-2 1.13e-2

order - 0.81 1.01 1.06 1.06
|u− uh|H1(Ω) 8.20e-1 5.29e-1 2.90e-1 1.48e-1 7.46e-2

order - 0.65 0.87 0.97 0.99
‖u− uh‖L2(Ω) 4.88e-2 2.12-2 6.69e-3 1.94e-3 5.37e-4

order - 1.20 1.66 1.79 1.85
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖uθ − (uθ)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0

Polynomial degree k′ = 2

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 8.77e-2 2.59e-2 6.37e-3 1.46e-3 3.37e-4

order - 1.76 2.02 2.13 2.12
|u− uh|H1(Ω) 4.34e-1 1.39e-1 3.63e-2 8.86e-3 2.16e-3

order - 1.64 1.94 2.03 2.04
‖u− uh‖L2(Ω) 2.32e-2 3.98e-3 5.33e-4 7.14e-5 9.46e-6

order - 2.54 2.90 2.90 2.92
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖uθ − (uθ)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0

Polynomial degree k′ = 3

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 2.95e-2 5.72e-3 7.10e-4 8.48e-5 1.04e-5

order - 2.37 3.01 3.07 3.03
|u− uh|H1(Ω) 1.48e-1 3.03e-2 4.02e-3 5.27e-4 6.88e-5

order - 2.29 2.91 2.93 2.94
‖u− uh‖L2(Ω) 5.23e-3 6.40e-4 5.59e-5 4.63e-6 3.27e-7

order - 3.03 3.52 3.59 3.82
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖uθ − (uθ)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0
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Table 6.15: Annular Poiseuille flow convergence rates for γ =
√

50: NURBS

Polynomial degree k′ = 1

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 1.73e-1 9.88e-2 4.91e-2 2.35e-2 1.13e-2

order - 0.81 1.01 1.06 1.06
|u− uh|H1(Ω) 8.20e-1 5.29e-1 2.90e-1 1.49e-1 7.46e-2

order - 0.65 0.87 0.96 1.00
‖u− uh‖L2(Ω) 4.89e-2 2.12-2 6.70e-3 1.95e-3 5.37e-4

order - 1.21 1.66 1.78 1.86
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖uθ − (uθ)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0

Polynomial degree k′ = 2

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 8.77e-2 2.59e-2 6.38e-3 1.46e-3 3.37e-4

order - 1.76 2.02 2.13 2.12
|u− uh|H1(Ω) 4.34e-1 1.39e-1 3.63e-2 8.86e-3 2.16e-3

order - 1.64 1.94 2.03 2.04
‖u− uh‖L2(Ω) 2.32e-2 3.98e-3 5.33e-4 7.14e-5 9.46e-6

order - 2.54 2.90 2.90 2.92
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖uθ − (uθ)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0

Polynomial degree k′ = 3

h/h0 1/2 1/4 1/8 1/16 1/32
‖u− uh‖V(h) 2.95e-2 5.72e-3 7.10e-4 8.48e-5 1.04e-5

order - 2.37 3.01 3.07 3.03
|u− uh|H1(Ω) 1.48e-1 3.03e-2 4.02e-3 5.27e-4 6.88e-5

order - 2.29 2.91 2.93 2.94
‖u− uh‖L2(Ω) 5.23e-3 6.40e-4 5.59e-5 4.63e-6 3.27e-7

order - 3.03 3.52 3.59 3.82
‖ur − (ur)h‖L2(Ω) 0 0 0 0 0
‖uθ − (uθ)h‖L2(Ω) 0 0 0 0 0
‖p− ph‖L2(Ω) 0 0 0 0 0
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parametric meshes, linear parametric mappings, and B-spline spaces of maximal

continuity.

6.7.1 Two-Dimensional Lid-Driven Cavity Flow

Two-dimensional lid-driven cavity flow is one of the classical verification

tests for numerical discretizations of incompressible flow. The setup for this flow

problem is elaborated in Figure 6.13. The reaction coefficient σ and the applied

forcing f are set to be zero. The left, right, and bottom sides of the cavity are fixed

no-slip walls while the top side of the cavity is a wall which slides to the right with

velocity magnitude U . For the computations here, H and U are set to be 1. The

pressure and stress fields associated with this flow experience corner singularities

which impede the convergence of numerical methods and expose unstable veloc-

ity/pressure pairs. In fact, the exact velocity solution does not even lie in H1(Ω) .

Instead, it lies in the Sobolev space W1,q(Ω) where 1 < q < 2. The velocity field

is additionally characterized by a primary vortex near the center of the cavity and

an infinite sequence of so-called Moffatt eddies of decreasing size and intensity

in the lower left and right corners of the cavity [145]. Of primary interest is how

well our discretization procedure approximates the smooth portions of the flow. Of

secondary interest is how well our discretization procedure resolves the corner sin-

gularities. We do not, however, employ any special techniques such as singular

finite elements to handle the singularities.

We have computed approximations of two-dimensional lid-driven cavity

flow using divergence-conforming B-spline discretizations of varying mesh size

and polynomial degrees k′ = 1, 2, 3. The computed streamlines for two of these

approximations are presented in Figure 6.14. The streamlines corresponding to the

approximation defined on the fine mesh (k′ = 1, h = 1/128) are virtually indis-
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Figure 6.13: Lid-driven Stokes flow in a two-dimensional cavity: Problem setup.

tinguishable from well-accepted benchmark solutions [168]. The streamlines cor-

responding to the approximation defined on the coarse mesh (k′ = 1, h = 1/16)

closely resemble the fine mesh streamlines in the interior of the domain. In the four

corners of the domain, the approximation on the coarse mesh exhibits visible nu-

merical error due to lack of resolution. These results indicate that our methodology

suffers from minimal pollution error [14]. It is hypothesized that this is due to the

local stability and approximation properties of B-splines. To further highlight how

well the approximation on the coarse mesh approximates the solution in the interior

of the domain, we have plotted the value of the first component of the velocity field

along the vertical center line in Figure 6.15(a) and the value of the second compo-

nent along the horizontal center line in Figure 6.15(b) for the both the coarse mesh
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Figure 6.14: Lid-driven Stokes flow in a two-dimensional cavity: (a) Computed
flow velocity streamlines for k′ = 1 and h = 1/16, (b) Computed flow velocity
streamlines for k′ = 1 and h = 1/128.
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Figure 6.15: Lid-driven Stokes flow in a two-dimensional cavity: (a) Value of the
first component of the velocity field along the vertical center line for k′ = 1, (b)
Value of the second component of the velocity field along the horizontal center line
for k′ = 1.
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and fine mesh solutions. It should be mentioned that we have captured the first

Moffatt eddy in the two lower corners with both meshes, and we have observed a

second Moffatt eddy for meshes of size h ≤ 1/256.

We finish our discussion of the two-dimensional lid-driven cavity problem

by analyzing how well our methodology resolves the corner singularities. To do so,

we compare the results of our methodology with the highly accurate pseudospectral

results given in [32]. These pseudospectral results were obtained using a subtrac-

tion of the leading terms of the asymptotic solution of the Stokes equations in the

vicinity of the corners in order to exactly represent the corner singularities. In Table

6.16, we compare the vorticity (ω = curlu) given by our numerical methodology

with the pseudospectral vorticity near the upper right corner of the cavity. We see

that the vorticity associated with our numerical methodology slowly converges to

the converged pseudospectral solution. We further compare our computed vortici-

ties with the vorticity obtained with a highly-refined finite difference solution [95].

We find that, for k′ = 1, our solutions are more accurate than the finite difference

solution for h ≤ 1/64, and for k′ = 2, our solutions are more accurate than the

finite difference solution for h ≤ 1/32. For k′ = 3, our solutions are more accurate

than the finite difference solution at all resolutions.

6.7.2 Three-Dimensional Lid-Driven Cavity Flow

While three-dimensional lid-driven cavity flow is encountered much less

often in the literature than its two-dimensional counterpart, we believe it is still an

interesting test case for numerical discretizations of incompressible flow. In the

three-dimensional setting, cavity flow is characterized by the presence of both edge

and corner singularities. The problem setup is illustrated in Figure 6.16. Again, for

the computations here, σ and f are set to be zero. Every side of the cavity except
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Table 6.16: Lid-driven Stokes flow in a two-dimensional cavity: Convergence of
vorticity at the point (x = (1, 0.95)).

Polynomial degree k′ = 1

Method ω
B-spline, h = 1/16 −0.80995
B-spline, h = 1/32 14.34482
B-spline, h = 1/64 19.04468
B-spline, h = 1/128 23.29179
B-spline, h = 1/256 25.32238

Pseudospectral (Ref. [32]) 27.27901
Finite Difference (Ref. [95]) 18.08

Polynomial degree k′ = 2

Method ω
B-spline, h = 1/16 11.06384
B-spline, h = 1/32 31.81761
B-spline, h = 1/64 32.81972
B-spline, h = 1/128 26.48645
B-spline, h = 1/256 27.34395

Pseudospectral (Ref. [32]) 27.27901
Finite Difference (Ref. [95]) 18.08

Polynomial degree k′ = 3

Method ω
B-spline, h = 1/16 29.86220
B-spline, h = 1/32 25.00897
B-spline, h = 1/64 29.92944
B-spline, h = 1/128 28.75895
B-spline, h = 1/256 27.52637

Pseudospectral (Ref. [32]) 27.27901
Finite Difference (Ref. [95]) 18.08
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Figure 6.16: Lid-driven Stokes flow in a three-dimensional cavity: Problem setup.
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Figure 6.17: Lid-driven Stokes flow in a three-dimensional cavity: Computed flow
velocity streamlines for k′ = 2 and h = 1/32 colored by velocity magnitude.

138



0.5 0 0.5 1
0

0.2

0.4

0.6

0.8

1

u/U

z/
H

 

 

h = 1/16
h = 1/64

(a)

0 0.2 0.4 0.6 0.8 1
0.2

0.15

0.1

0.05

0

0.05

0.1

0.15

0.2

x/H

w
/
U

 

 

h = 1/16
h = 1/64

(b)

Figure 6.18: Lid-driven Stokes flow in a three-dimensional cavity: (a) Value of
the first component of the velocity field along the line (x/H, y/H) = (1/2, 1/2)
for k′ = 1, (b) Value of the third component of the velocity field along the line
(y/H, z/H) = (1/2, 1/2) for k′ = 1.
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the top is assumed to be a stationary no-slip wall, and the top side of the cavity

is assumed to be a wall which slips to the right with velocity magnitude U . The

streamlines resulting from a simulation of three-dimensional lid-driven cavity flow

using divergence-conforming B-splines of degree k′ = 2 on a mesh with 32 × 32

elements are illustrated in Figure 6.17. Note that the three-dimensional streamlines

resemble the two-dimensional streamlines along the slice y/H = 1/2. To examine

how well our discretization technique performs on coarse meshes, we have com-

pared the centerline values of our velocity field along the slice y/H = 1/2 for both

a coarse and fine mesh approximation in Figure 6.18. From the figure, we see that

the coarse and fine mesh centerline velocity fields are nearly indistinguishable. This

indicates that our methodology suffers from minimal pollution error.

6.7.3 Flow Over a Backwards Facing Step

Flow over a backwards facing step is another benchmark problem that is of-

ten utilized to numerically validate Stokes and Navier-Stokes discretizations. This

flow problem is characterized by a collection of interesting properties, including

corner singularities, secondary flows, and flow separation. Furthermore, for many

flow configurations, flow over a backwards facing step becomes turbulent at a mod-

erate Reynolds number. We consider here two-dimensional Stokes flow over a

backwards facing step. The problem description is illustrated in Figure 6.19. No

external forcing is applied. The inlet and outlet lengths have been chosen to be

sufficiently long so that the flow in the direct vicinity of the step is not affected

by their placement. The expansion ratio is chosen to be 2:1. The top and bot-

tom walls are assumed fixed, and a no-slip boundary condition is applied. At the

outflow region located at the right hand side of the domain, a zero-traction or “do-

nothing” boundary condition is enforced. At the left hand side of the domain, a
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Figure 6.19: Stokes flow over a backward facing step: (a) Problem setup, (b) Multi-
patch construction.
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Table 6.17: Stokes flow over a backward facing step: Computed sizes of recircula-
tion region.

Polynomial degree k′ = 1

h 1/20 1/40 1/80 1/160
X 0.325 0.350 0.351 0.351
Y 0.625 0.600 0.597 0.597

parabolic inflow boundary condition is specified with maximum speed Umax. This

boundary condition is enforced numerically via L2-projection. For the computa-

tions presented here, the step height is chosen to be H = 1 and the maximum speed

of the inflow is chosen to be Umax = 3/2. Computed streamlines using highly-

refined divergence-conforming B-splines of order k′ = 1 are illustrated in Figure

6.20. These streamlines are visually indistinguishable from benchmark solutions in

the literature.

One of the quantites of interest for this flow problem is the size of the re-

circulation region illustrated in Figure 6.19(a). Accurate computation of this size is

hampered by pollution error introduced by stress singularities at the reentrant cor-

ner. To compute the size of the recirculation region, we have employed divergence-

conforming B-spline spaces defined via a three-patch construction. This construc-

tion is detailed in Figure 6.19(b). In Table 6.17, we have detailed recirculation

region sizes that are obtained using patch-wise continuous divergence-conforming

B-spline approximations of polynomial degree k′ = 1. Note that the computed

sizes quickly converge to X = 0.351, Y = 0.597. Hence, pollution error has not

greatly affected the solution away from the reentrant corner.
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Remark 6.7.1. While we enforced the quadratic inflow boundary condition using

L2 projection, there are a variety of other techniques that could be utilized. A local

technique would prove especially useful. One possible local technique would be to

utilize dual functionals on the boundary of the domain. This has proven to be a

satisfactory procedure for “gluing” together non-conforming finite element meshes

in a mortar method [192]. We also believe dual mortars is a promising procedure

for handling non-matching patches in general engineering geometries.

6.7.4 Darcy-Dominated Flow with Sharp Boundary Layers

As a final numerical example, we consider a reaction-dominated generalized

Stokes problem subject to sharp boundary layers. The problem is posed on the unit

square. Homogeneous no-slip and no-penetration boundary conditions are enforced

along the boundary of the square, and an external forcing of the form

f =

[
sin(πx) cos(πy)
− cos(πx) sin(πy)

]
is applied. The reaction term σ is set to be equal to 1 while the viscosity ν is set to

be equal to 10−6. With these choices, the resulting flow field has a vortical structure

in the interior of the domain and sharp boundary layers along the entire boundary

of the domain.

We have simulated this flow problem using both our discretization technique

as well as the Q2/Q1 Taylor-Hood velocity/pressure pair [106]. The Taylor-Hood

velocity/pressure pair is one of the most popular finite elements for generalized

Stokes flow, but it is known not to be robust in the Darcy limit. Specifically, the

accuracy of the Q2/Q1 Taylor-Hood velocity field reduces to first-order in the Darcy

limit [96]. This is due to a lack of strong coercivity (in the kernel) with respect to the

H(div; Ω)-norm. We have visualized the computed velocity vectors corresponding
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to divergence-free B-splines of degree k′ = 1 and the Q2/Q1 Taylor-Hood velocity-

pressure pair on a 16 × 16 element mesh in Figures 6.21(a) and (b). These two

quiver plots seem to indicate that the two discrete flow fields are nearly identical

except in a small region near the boundary of the domain. However, when we

view only the first-component of the velocity field as in Figures 6.22 and 6.23,

we see that the divergence-free B-spline solution is monotone while the Taylor-

Hood solution suffers from spurious oscillations. Finally, we have visualized the

divergence of the discrete flow field corresponding to the Taylor-Hood solution in

Figure 6.24. From this figure, we see that the Taylor-Hood solution is characterized

by strong expansion and compression in the four corners of the domain. When

coupled with a transport solver, this ultimately leads to methods with unphysical

species production [143]. On the other hand, the discrete flow field corresponding

to the B-spline solution is pointwise divergence-free.
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Figure 6.21: Darcy-dominated flow with boundary layers: Computed velocity
fields: (a) Divergence-free B-splines of degree k′ = 1, (b) Q2/Q1 Taylor-Hood
velocity/pressure pair.
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(a)

(b)

Figure 6.22: Darcy-dominated flow with boundary layers: First-component of the
velocity field: (a) Divergence-free B-splines of degree k′ = 1, (b) Q2/Q1 Taylor-
Hood velocity/pressure pair.
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(a)

(b)

Figure 6.23: Darcy-dominated flow with boundary layers: Cross-section view of
the first velocity component from the y = 1 line: (a) Divergence-free B-splines of
degree k′ = 1, (b) Q2/Q1 Taylor-Hood velocity/pressure pair.
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Figure 6.24: Darcy-dominated flow with boundary layers: Divergence of the dis-
crete flow field corresponding to the Q2/Q1 Taylor-Hood velocity/pressure pair.
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Chapter 7

Approximation of the Steady Navier-Stokes Problem

Steady Navier-Stokes flow is an important simplification of fully unsteady

Navier-Stokes flow. Many low speed, laminar fluid flows may be accurately de-

scribed by the steady Navier-Stokes equations. Additionally, one arrives at a steady

Navier-Stokes problem by conducting a Reynolds time-averaging of statistically

stationary Navier-Stokes flows (see Chapters 3 and 4 of [158]). Like the general-

ized Stokes problem, the steady Navier-Stokes problem has presented considerable

difficulty in its numerical approximation. It too is subject to the Babuška-Brezzi inf-

sup condition. In addition, convection provides a new world of trouble. Namely,

on the occasion that the incompressibility constraint is not met exactly, terms cor-

responding to convection can actually produce energy if written in conservation

form. This leads to unstable formulations. Due to this instability, alternative rep-

resentations of convection operators have been devised. The most popular of these

in the finite element community is the skew-symmetric representation [194]. Dis-

cretizations of the convection term using the skew-symmetric representation neither

produce nor dissipate energy and hence lead to stable numerical methods. Unfortu-

nately, one loses the momentum conservation structure of the Navier-Stokes equa-

tions by utilizing such a strategy. Alternatively, provably stable, convergent, and

locally-conservative discontinuous Galerkin discretizations have been devised for

the steady Navier-Stokes equations in [48,49], but these discretizations are plagued

with a proliferation of degrees of freedom and are thus largely limited to two spatial
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dimensions.

Another discretization procedure for the steady Navier-Stokes equations

arises through the intelligent choice of weighting function in a Petrov-Galerkin

method. Namely, a popular method of choice is the use of an advective formu-

lation in conjunction with the Streamline-Upwind Petrov-Galerkin (SUPG) method

[38] to handle convective instabilities and the Pressure-Stabilizing Petrov-Galerkin

(PSPG) method [111] to handle pressure instabilities. Unfortunately, the theoretical

analysis of this method in the steady regime has been entirely restricted to linearized

Oseen problems where the convection velocity is assumed fixed and divergence-

free. These linearized model problems are ultimately insufficient as the discrete

convection velocity is not, in general, divergence-free. To further control the diver-

gence term, so-called grad-div stabilization techniques [162] have been proposed

which add artificial dilatational stresses to the underlying variational formulation.

Using a combination of an advective formulation, SUPG, PSPG, and grad-div sta-

bilization, provably convergent numerical methods have been devised for the steady

Navier-Stokes equations (see Chapter 3 of [162]). Still, the search for a provably

convergent H1 finite element discretization of the three-dimensional steady Navier-

Stokes equations written in conservation form has largely been for naught.

In this chapter, we present divergence-conforming B-spline discretizations

for the steady Navier-Stokes problem using the B-spline spaces introduced in Chap-

ter 5. As our discretizations return pointwise divergence-free velocity fields, we can

utilize a variational formulation written in conservation form without being encum-

bered by instability. As was done for the generalized Stokes problem, we impose the

no-penetration condition strongly and the no-slip condition weakly using Nitsche’s

method. This allows our discretization to naturally default to a conforming approxi-

mation of Euler flow in the limit of vanishing viscosity. This also allows our method
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to capture boundary layers without resorting to stretched meshes [21,22]. We prove

stability and error estimates for single-patch discretizations under a smallness con-

dition. As was the case for the generalized Stokes problem, our error estimates are

optimal for the discrete velocity field and suboptimal, by one order, for the discrete

pressure field provided that that the exact solution is sufficiently regular. We utilize

the methods of exact and manufactured solutions to verify our error estimates and,

as in the last chapter, find our discrete pressure fields converge at optimal order in

contrast with our theoretical estimates. We finish this section by considering the

application of our discretization to the analysis of two benchmark problems: lid-

driven cavity flow and confined jet impingement. All of our estimates’ dependen-

cies on the viscosity and the penalty parameter of Nitsche’s method will be made

explicit in our analysis.

Before proceeding, note that one might say there is a fundamental issue con-

cerning the fact that our analysis only covers flows subject to “small data”. How-

ever, well-posedness of the continuous problem is subject to a similar constraint,

and we believe the small data assumption is natural as medium- and large-Reynolds

number flows are inherently unsteady in both laminar and turbulent regimes.

7.1 The Continuous Problem

Let us consider steady Navier-Stokes flow of a constant-property Newtonian

fluid subject to homogeneous Dirichlet boundary conditions:

(S)



Given ν ∈ R+ and f : Ω→ Rd, find u : Ω̄→ Rd and p : Ω→ R such that

∇ · (u⊗ u)−∇ · (2ν∇su) + gradp = f in Ω (7.1)
divu = 0 in Ω (7.2)

u = 0 on ∂Ω. (7.3)
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Above, as in the generalized Stokes problem, u denotes the flow velocity, p denotes

the pressure, ν denotes the kinematic viscosity, f denotes a body force, and Ω ⊂ Rd

is a domain defined by some piecewise smooth parametric mapping F : (0, 1)d →
Rd with d = 1, 2.

Assuming that f ∈ L2(Ω) , the weak form for the steady Navier-Stokes

problem is written as follows:

(W )



Find u ∈ H1
0(Ω) and p ∈ L2

0(Ω) such that

k(u, v) + c(u,u; v)− b(p, v) + b(q,u) = (f, v)L2(Ω) (7.4)

for all v ∈ H1
0(Ω) and q ∈ L2

0(Ω) where

k(w, v) = (2ν∇sw,∇sv)(L2(Ω))d×d , ∀w, v ∈ H1
0(Ω) , (7.5)

b(q, v) = (q, divv)L2(Ω) , ∀q ∈ L2
0(Ω), v ∈ H1

0(Ω) , (7.6)

c(w, x; v) = − (w⊗ x,∇v)(L2(Ω))d×d , ∀w, x, v ∈ H1
0(Ω) . (7.7)

Note that the trilinear form c(·, ·; ·) : H1
0(Ω) × H1

0(Ω) × H1
0(Ω) → R makes sense

due to the continuous Sobolev embedding

H1
0(Ω) ↪→ L4(Ω). (7.8)

In fact, as ∂Ω is Lipschitz, we have the stronger embedding H1(Ω) ↪→ L4(Ω). Ad-

ditionally note that the bilinear form k(·, ·) defined here is equivalent to the bilinear

form a(·, ·) defined in Section 6.2 with σ set to zero.

We have the following existence and uniqueness theorem for flows subject

to small data whose proof may be found in [86].

Theorem 7.1.1. Problem (W ) has a unique weak solution (u, p) ∈ H1
0(Ω)×L2

0(Ω)

provided the problem data satisfies an inequality of the form

CΩCpoin
ν2

‖f‖L2(Ω) < 1 (7.9)
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where CΩ is a constant which only depends on Ω and Cpoin is the Poincaré constant

appearing in (6.14). Furthermore, such a weak solution satisfies the inequality

|u|H1(Ω) ≤
Cpoin
ν
‖f‖L2(Ω). (7.10)

Remark 7.1.1. In general, we may replace the constant-property Newtonian stress

tensor given here, T = 2ν∇su, with more suitable choices of stress tensor. Our

analysis does not cover this general setting.

7.2 The Discretized Problem

We now present a discrete variational formulation for the steady Navier-

Stokes problem using the velocity and pressure spaces V0,h and Q0,h defined in

Chapter 5. As in the last chapter, we resort to Nitsche’s method to weakly enforce

no-slip boundary conditions. Defining the bilinear form

kh(w, v) = k(w, v)−
∑
F∈Γh

∫
F

2ν

(
((∇sv) n) · w + ((∇sw) n) · v− Cpen

hF
w · v

)
ds

(7.11)

where Cpen ≥ 1 is a chosen positive penalty constant, our discrete formulation is

written as follows.

(G)


Find uh ∈ V0,h and ph ∈ Q0,h such that

kh(uh, vh) + c(uh,uh; vh)− b(ph, vh) + b(qh,uh) = (f, vh)L2(Ω) (7.12)

for all vh ∈ V0,h, qh ∈ Q0,h.

We have the following lemma detailing the consistency of our numerical method.

Lemma 7.2.1. Suppose that (u, p) is a solution of (W ) satisfying the regularity

condition u ∈ H3/2+ε(Ω) for some ε > 0. Then:

kh(u, vh) + c(u,u; vh)− b(p, vh) + b(qh,u) = (f, vh)L2(Ω) (7.13)

for all vh ∈ V0,h and qh ∈ Q0,h.
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Proof. We trivially have

b(qh,u) = 0, ∀qh ∈ Q0,h.

Now let vh ∈ V0,h. By the Sobolev trace theorem, the assumption u ∈ H3/2+ε(Ω)

guarantees that (∇su) n is well-defined along ∂Ω and (∇su) n ∈ (L2(∂Ω))d. Hence,

the quantity ah(u, vh) is well-defined. Utilizing integration by parts and the fact

that u satisfies homogeneous Dirichlet boundary conditions and vh satisfies homo-

geneous normal Dirichlet boundary conditions, we have

kh(u, vh) + c(u,u; vh)− b(p, vh) =

∫
Ω

(∇ · (u⊗ u)−∇ · (2ν∇su) + gradp) · vh

=

∫
Ω

f · vh

= (f, vh)L2(Ω).

This completes the proof of the lemma.

In this nonlinear setting, we do not have an orthogonality condition. Instead,

we have the following relationship between the exact solution and a numerical so-

lution.

Corollary 7.2.1. Let (uh, ph) denote a solution of (G), and let (u, p) denote a so-

lution of (W ) satisfying the regularity condition u ∈ H3/2+ε(Ω) for some ε > 0.

Then:

kh(u− uh, vh) + c(u,u, vh)− c(uh,uh, vh)

−b(p− ph, vh) + b(qh,u− uh) = 0 (7.14)

for all vh ∈ V0,h and qh ∈ Q0,h.

Finally, by Proposition 5.4.2, we have the following lemma.
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Lemma 7.2.2. Let (uh, ph) denote a solution of (G). Then:

divuh ≡ 0 (7.15)

Weak imposition of no-slip boundary conditions allows our methodology

to default to a compatible discretization of Euler flow in the setting of vanishing

viscosity. Moreover, for large Reynold’s number flows, there is a sharp boundary

layer in the vicinity of walls. Utilzing Nitsche’s method allows us to account for

these layers in a stable and consistent manner without having to directly resolve

them [20–22]. In fact, Nitsche’s method can be interpreted as variationally consis-

tent wall model. To better see this interpretation, let us formally rewrite our discrete

variational equations as∫
Ω

T : ∇swhdx−
∑
F∈Γh

∫
F

Q·whds+c(uh,uh; vh)−b(ph, vh)+b(qh,uh) = (f, vh)L2(Ω)

(7.16)

where T is a symmetric tensor satisfying∫
Ω

T : Wdx =

∫
Ω

2ν∇suh : Wdx−
∑
F∈Γh

∫
F

2νuh · (Wn) ds

=

∫
Ω

2νuh · divWdx (in the sense of distributions) (7.17)

for symmetric tensors W with well-defined normal trace and Q is a vector satisfying

Q = 2ν

(
(∇suh) n− Cpen

h
uh
)
. (7.18)

Above, T is a weakly defined viscous stress tensor and Q is a prescribed normal

boundary condition for the viscous stress tensor. In the event that the no-slip bound-

ary condition is met exactly, we recover T ≡ 2ν∇suh and Q ≡ 2ν (∇suh) n. Oth-

erwise, the definitions of T and Q are changed accordingly.
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As the discrete velocity field satisfies the no-penetration boundary condition

strongly, the vector Q is equal to the discrete shear stress 2ν (∇suh) n plus an ad-

ditional wall shear stress term Q+ in the direction tangent to the wall. Specifically,

we have

Q+ = −u∗2 uh
‖uh‖

(7.19)

where

u∗2 =
2νCpen‖uh‖

h
. (7.20)

For under-resolved flow simulations, the magnitude of (∇suh) n in the direction

tangent to the wall is nearly zero and, as such, the tangential component of Q is

dominated by Q+. In this sense, Q+ becomes a model for the wall shear stress.

As the mesh is refined and the flow is resolved, Q+ → 0. The above interpreta-

tion allows us to design physically motivated penalty values for Nitsche’s penalty

parameter. Notably, u∗ may be interpreted as the friction velocity. By specifying

the value of u∗ using Spalding’s law of the wall [172], we recover a standard wall

model for under-resolved flow simulations. For more on this approach, see Section

3 of [21].

Remark 7.2.1. If we wish to impose non-homogeneous tangential Dirichlet (e.g.,

prescribed slip) boundary conditions, we must add the following expression to the

right hand side of our discrete formulation:

fN(vh) =
∑
F∈Γh

∫
F

2ν

(
− ((∇svh) n) · uBC +

Cpen
hF

uBC · vh
)
ds (7.21)

where uBC is a vector function living on ∂Ω with prescribed boundary values. If

we also wish to impose non-homogeneous normal Dirichlet (e.g., prescribed pene-

tration) boundary conditions, we must impose these strongly and add the following

expression to the left hand side of our discrete formulation:

cUW (uh, vh) =
∑
F∈Γh

∫
F

(uBC · n)+ uh · vhds (7.22)
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and the following expression to the right hand side of our discrete formulation:

fUW (vh) = −
∑
F∈Γh

∫
F

(uBC · n)− uBC · vhds (7.23)

where

(uBC · n)+ =

{
uBC · n if uBC · n > 0

0 otherwise
and

(uBC · n)− =

{
uBC · n if uBC · n ≤ 0

0 otherwise.
These additional terms correspond to upwinding.

7.3 Well-Posedness for Small Data

We now prove that our discrete formulation is well-posed under a smallness

condition. Our method of proof mimics that of the continuous problem (see Theo-

rem 10.1.1 of [86]). To begin, let us define the following mesh-dependent norm:

‖v‖2
h := |v|2H1(Ω) +

∑
F∈Γh

hF‖ (∇sv) n‖2
(L2(F ))d +

∑
F∈Γh

Cpen
hF
‖v‖2

(L2(F ))d . (7.24)

This norm is simply the unweighted counterpart to the weighted V(h)-norm appear-

ing in the previous chapter. We will also denote as in the previous chapter

V̊0,h := {vh ∈ V0,h : divvh = 0} = {vh ∈ V0,h : b(qh, vh) = 0, ∀qh ∈ Q0,h} .

To proceed, we will need to call upon stability and continuity results that

were proven in Section 6.3. We summarize these results in the following corollary.

Corollary 7.3.1. Assume (6.19) and (6.20) are satisfied. Then we have

kh(w, v) ≤ 2νCcont‖w‖h‖v‖h, ∀w, v ∈ V0,h ⊕
(

H1
0(Ω) ∩H3/2+ε(Ω)

)
(7.25)

b(p, v) ≤ ‖p‖L2(Ω)‖v‖h ∀p ∈ L2
0(Ω), v ∈ V0,h ⊕

(
H1

0(Ω) ∩H3/2+ε(Ω)
)

(7.26)

kh(wh,wh) ≥ 2νCcoerc‖wh‖2
h, ∀wh ∈ V̊0,h (7.27)
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where ε > 0 is an arbitrary positive number and Ccont and Ccoerc are positive

constants which are independent of h, ν, Cpen, and ε. Furthermore, we have

inf
qh∈Q0,h,qh 6=0

sup
vh∈V0,h

(divvh, qh)
‖vh‖V(h)‖qh‖Q

≥ β̃. (7.28)

where β̃ is a positive constant independent of h and ν which asymptotically scales

inversely with the square root of Cpen.

We will also need the following two lemmas. The first lemma gives a Lips-

chitz continuity result for the trilinear form c(·, ·; ·). This result hinges upon Sobolev

embeddings which exist because our domain is Lipschitz. The second lemma gives

a semi-coercivity result for the trilinear form c(·, ·; ·).

Lemma 7.3.1. There exists a constant C0 only dependent on Ω such that

c(w1, x; v)− c(w2, x; v) ≤ C0|w1 − w2|H1(Ω)|x|H1(Ω)|v|H1(Ω) (7.29)

for all w1,w2, x, v ∈ H1(Ω) ∩ H0(div; Ω) .

Proof. Let w1,w2, x, v ∈ H1(Ω) ∩ H0(div; Ω) be arbitrary. Note that since ∂Ω is

Lipschitz, we have the continuous embedding

H1(Ω) ↪→ L4(Ω).

By linearity and Hölder’s inequality, we can then write

c(w1, x; v)− c(w2, x; v) = − ((w1 − w2)⊗ x,∇v)(L2(Ω))d×d

≤ ‖w1 − w2‖L4(Ω)‖x‖L4(Ω)‖∇v‖(L2(Ω))d×d .

Let Cembed denote the positive embedding constant dependent only on the domain

Ω such that

‖y‖L4(Ω) ≤ Cembed‖y‖H1(Ω), ∀y ∈ H1(Ω) .
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Then we have

c(w1, x; v)− c(w2, x; v) ≤ C2
embed‖w1 − w2‖H1(Ω)‖x‖H1(Ω)‖∇v‖(L2(Ω))d×d .

The lemma follows with C0 = C2
embedC

2
poin where Cpoin is the Poincaré constant

appearing in (6.14).

Lemma 7.3.2. Suppose w, v ∈ H1(Ω) ∩ H0(div; Ω) such that divw = 0. Then

c(w, v; v) = 0. (7.30)

Proof. We write

c(w, v; v) = −
∫

Ω

(w⊗ v) : ∇vdx.

Since divw = 0, we have

c(w, v; v) = −1

2

∫
Ω

div
(
w|v|2

)
dx.

The lemma is then simply a result of Stoke’s theorem.

With Corollary 7.3.1 and Lemmata 7.3.1 and 7.3.2, we can prove the follow-

ing proposition which gives the well-posedness of the linearized Oseen problem.

Proposition 7.3.1. Let w ∈ H1(Ω) ∩ H0(div; Ω) such that divw = 0, and assume

(6.19) and (6.20) are satisfied. Then the following problem has a unique solution:

find (xh, rh) ∈ V0,h × Q0,h such that

kh(xh, vh) + c(w, xh; vh)− b(rh, vh) + b(qh, xh) = (f, vh)L2(Ω) (7.31)

for all vh ∈ V0,h, qh ∈ Q0,h. Furthermore, the unique solution of the linearized

Oseen problem satisfies divxh = 0 and the bound

‖xh‖h ≤
Cpoin

2νCcoerc
‖f‖L2(Ω) (7.32)

where Cpoin is the Poincaré constant appearing in (6.14) and Ccoerc is the coercivity

constant appearing in Corollary 7.3.1.
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Proof. Existence and uniqueness are a direct result of Brezzi’s theorem, Corollary

7.3.1, and Lemmata 7.3.1 and 7.3.2. Since divV0,h = Q0,h, we automatically have

divxh = 0. To prove the a priori bound, we write using (7.31) and the coercivity of

kh(·, ·)

‖xh‖2
h ≤

1

2νCcoerc
kh(xh, xh)

=
1

2νCcoerc

(
(f, xh)L2(Ω) − c(w, xh; xh)− b(rh, xh)

)
.

Using Lemma 7.3.2 to set c(w, xh; xh) = 0 and divxh = 0 to set b(rh, xh) = 0, we

can complete the proof:

‖xh‖2
h ≤

1

2νCcoerc
(f, xh)L2(Ω)

≤ 1

2νCcoerc
‖f‖L2(Ω)‖xh‖L2(Ω)

≤ Cpoin
2νCcoerc

‖f‖L2(Ω)|xh|H1(Ω).

We are now ready to establish well-posedness results for the full-blown

Navier-Stokes problem. To do so, we will attempt to obtain the solution to the

discrete Navier-Stokes problem through the iterative solution of a sequence of Os-

een problems. Notably, given u0 ∈ V̊0,h, we seek the limit of the following iterative

solution process: for i = 1, 2, 3, . . . find (ui, pi) ∈ V0,h × Q0,h such that

kh(ui, vh) + c(ui−1,ui; vh)− b(pi, vh) + b(qh,ui) = (f, vh)L2(Ω) (7.33)

for all vh ∈ V0,h, qh ∈ Q0,h. Well-posedness hinges upon the convergence of

this iterative solution process, and convergence of this process is further contingent

upon a small data constraint.
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Theorem 7.3.1. Assume (6.19) and (6.20) are satisfied, and further assume that

CoCpoin
(2ν)2C2

coerc

‖f‖L2(Ω) < 1 (7.34)

whereCo is the continuity constant appearing in Lemma 7.3.1, Cpoin is the Poincaré

constant appearing in (6.14), and Ccoerc is the coercivity constant appearing in

Corollary 7.3.1. Then Problem (G) has a unique solution (uh, ph) ∈ V0,h × Q0,h.

Furthermore, the unique solution satisfies

‖uh‖h ≤
Cpoin

2νCcoerc
‖f‖L2(Ω) (7.35)

‖ph‖L2(Ω) ≤ β̃−1

(
CoCpoin

(2ν)2C2
coerc

+
Ccont
Ccoerc

+ 1

)
Cpoin‖f‖L2(Ω) (7.36)

where β̃ and Ccont are the inf-sup and continuity constants appearing in Corollary

7.3.1.

Proof. Begin by defining S : V̊0,h → V̊0,h to be the nonlinear operator which re-

turns the divergence-free velocity solution of (7.31) given a divergence-free velocity

field wh ∈ V̊0,h. Note that by Proposition 7.3.1

‖S(wh)‖h ≤
Cpoin

2νCcoerc
‖f‖L2(Ω).

Therefore, the nonlinear operator S maps V̊0,h into

Bh :=

{
wh ∈ V̊0,h : ‖wh‖h ≤

Cpoin
2νCcoerc

‖f‖L2(Ω)

}
.

Now, let w1,w2 ∈ V̊0,h and w1 = S(w1), w2 = S(w2). By using the coercivity of

kh(·, ·) given by Corollary 7.3.1 we have

2νCcoerc‖w1 − w2‖2
h ≤ kh(w1 − w2,w1 − w2). (7.37)
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By (7.31), we have

kh(w1,w1 − w2) = −c(w1,w1,w1 − w2) + (f,w1 − w2)L2(Ω)

and

kh(w2,w1 − w2) = −c(w2,w2,w1 − w2) + (f,w1 − w2)L2(Ω)

since div (w1 − w2) = 0. Hence,

2νCcoerc‖w1 − w2‖2
h ≤ c(w2,w2,w1 − w2)− c(w1,w1,w1 − w2)

= −c(w2,w1 − w2,w1 − w2)

+ c(w2,w1,w1 − w2)− c(w1,w1,w1 − w2).

By the continuity and coercivity properties given in Lemmata 7.3.1 and 7.3.2, we

can write

2νCcoerc‖w1 − w2‖2
h ≤ Co‖w2 − w1‖h‖w1‖h‖w1 − w2‖h.

Since w1 ∈ Bh, we thus have

‖w1 − w2‖h ≤ µ‖w2 − w1‖h

where µ is precisely

µ =
CoCpoin

(2ν)2C2
coerc

‖f‖L2(Ω).

By assumption µ < 1, and we therefore have proved S is a contractive map. By the

Banach fixed point theorem, the nonlinear problem

uh = S(uh)

has a unique solution which lies in Bh and is precisely the discrete velocity solution

(now proven unique) of Problem (G). Given uh, uniqueness of the discrete pressure

solution ph is a direct result of the inf-sup condition.
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We now prove the stability bounds. The bound for uh is straight-forward

since uh ∈ Bh. To prove the bound for ph, we utilize the inf-sup condition, the

continuity of kh(·, ·), the continuity of c(·, ·; ·), and Poincaré’s inequality:

β̃‖ph‖L2(Ω) ≤ sup
vh∈V0,h

b(ph, vh)
‖vh‖h

= sup
vh∈V0,h

−(f, vh)L2(Ω) + kh(uh, vh) + c(uh,uh; vh)
‖vh‖h

≤ sup
vh∈V0,h

‖f‖L2(Ω)‖vh‖L2(Ω) + 2νCcont‖uh‖h‖vh‖h + Co‖uh‖2
h‖vh‖h

‖vh‖h

≤ sup
vh∈V0,h

Cpoin‖f‖L2(Ω)‖vh‖h + 2νCcont‖uh‖h‖vh‖h + Co‖uh‖2
h‖vh‖h

‖vh‖h
.

The result then follows by invoking the bound for uh.

To the best of our knowledge, the above theorem is the first of its kind

for H1 hexahedral-based finite element discretizations written in divergence-form.

Such a result also hypothetically exists for Scott-Vogelius discretizations on tetra-

hedra [195], but these discretizations are limited to an extremely restrictive class

of macro-element meshes. Well-posedness gives us the confidence that, at the very

least, our formulation gives a unique solution under a smallness condition not un-

like that for the continuous problem. In the next section, we will show that our

discrete solution converges to the exact solution under a slightly more restrictive

smallness condition.

It is interesting to note that the proof of Theorem 7.3.1 guarantees that the

fixed point iteration given by (7.33) converges to the exact solution for any initial

divergence-free velocity field. Furthermore, the iterates exhibit the linear conver-

gence rate

‖un+1 − un‖h ≤ µn‖u1 − u0‖h
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for

µ =
CoCpoin

(2ν)2C2
coerc

‖f‖L2(Ω) < 1.

This fixed-point scheme can be accelerated using a Newton-Raphson procedure.

7.4 A Priori Error Estimates for Small Data

We are now ready to show that our discrete solution fields converge to the

exact solution fields under a smallness and regularity condition. Our method of

proof largely mimics that of Theorem 4.8 in [48] for the two-dimensional Navier-

Stokes equations. However, our proof is more straight-forward, primarily due to

four facts: (1) we employ natively divergence-free discretizations, (2) we employ

smooth approximation spaces, (3) we have a simpler treatment of the convection

operator, and (4) we do not include stress as an auxiliary variable.

Our first error estimate reads as follows. Note that it is explicit in the mesh-

size h, the diffusivity ν, and the penalty parameter Cpen.

Theorem 7.4.1. Assume (6.19) and (6.20) are satisfied, and further assume that

max

{
CoCpoin

(2ν)2C2
coerc

,
CΩCpoin
ν2

,
CoCpoin
ν2Ccoerc

}
‖f‖L2(Ω) < 1 (7.38)

whereCo is the continuity constant appearing in Lemma 7.3.1, Cpoin is the Poincaré

constant appearing in (6.14), CΩ is the domain-dependent constant appearing in

Theorem 7.1.1, and Ccoerc is the coercivity constant appearing in Corollary 7.3.1.

Let (u, p) and (uh, ph) denote the solutions of Problems (W ) and (G) respectively.

Under the assumption that u ∈ H3/2+ε(Ω) for some ε > 0, we have

‖u− uh‖h ≤ (1 + 2κγ) inf
vh∈V̊0,h

‖u− vh‖h (7.39)
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and

‖p− ph‖L2(Ω) ≤
(

1 +
1

β̃

)
inf

qh∈Q0,h

‖p− qh‖L2(Ω) +
κ

β̃
‖u− uh‖h (7.40)

where

κ = 2νCcont +

(
1 +

1

2Ccoerc

)
CoCpoin

ν
‖f‖L2(Ω) < 2ν

(
Ccont + 2C2

coerc + Ccoerc
)
,

(7.41)

γ =
1

2νCcoerc
, (7.42)

and β̃ and Ccont are the inf-sup and continuity constants appearing in Corollary

7.3.1.

Proof. We begin by proving the estimate for the velocity error. Let vh ∈ V̊0,h such

that divvh = 0. By the coercivity of kh(·, ·) over V̊0,h, we have

2νCcoerc‖vh − uh‖2
h ≤ kh(vh − uh, vh − uh).

By the consistency given by Corollary 7.2.1 and the divergence-free condition div(vh−
uh) = 0, we have

kh(vh − uh, vh − uh) = kh(vh − u, vh − uh)

− c(u,u; vh − uh) + c(uh,uh; vh − uh).

Then, by using the continuity of kh(·, ·), we can write

2νCcoerc‖vh − uh‖2
h ≤ kh(vh − u, vh − uh)

− c(u,u; vh − uh) + c(uh,uh; vh − uh)

≤ 2νCcont‖vh − u‖h‖vh − uh‖h + T (7.43)

where

T := −c(u,u; vh − uh) + c(uh,uh; vh − uh).
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We now utilize a splitting. Let us decompose

T = T1 + T2 + T3 + T4 (7.44)

where

T1 = −c(vh,u; vh − uh) + c(uh,u; vh − uh)

T2 = −c(uh, vh − uh; vh − uh)

T3 = c(vh,u; vh − uh)− c(u,u; vh − uh)

T4 = c(uh, vh − u; vh − uh).

By Lemma 7.3.1, we can write

T1 ≤ Co|u|H1(Ω)‖vh − uh‖2
h

T3 ≤ Co|u|H1(Ω)‖vh − uh‖h‖vh − u‖h

T4 ≤ Co‖uh‖h‖vh − uh‖h‖vh − u‖h

and by Lemma 7.3.2, we have

T2 = 0. (7.45)

Theorems 7.1.1 and 7.3.1 immediately give the bounds

T1 ≤
CoCpoin

ν
‖f‖L2(Ω)‖vh − uh‖2

h. (7.46)

T3 ≤
CoCpoin

ν
‖f‖L2(Ω)‖vh − uh‖h‖vh − u‖h (7.47)

T4 ≤
CoCpoin
2νCcoerc

‖fh‖L2(Ω)‖vh − uh‖h‖vh − u‖h (7.48)

Plugging (7.44), (7.45), (7.46), (7.47), and (7.48) into (7.43), we obtain

(1− α) ‖vh − uh‖h ≤ κγ‖vh − u‖h
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where

α =
CoCpoin

2ν2Ccoerc
‖f‖L2(Ω),

γ =
1

2νCcoerc
,

and

κ = 2νCcont +

(
1 +

1

2Ccoerc

)
CoCpoin

ν
‖f‖L2(Ω).

By assumption, α < 1/2 and hence

‖vh − uh‖h ≤ 2κγ‖vh − u‖h.

To finish the proof for the velocity error, we perform a sum decomposition of the

true error as follows:

‖u− uh‖h ≤ inf
vh∈V̊0,h

(‖u− vh‖h + ‖vh − uh‖h)

≤ (1 + 2κγ) inf
vh∈V̊0,h

‖u− vh‖h.

We now proceed onto the estimate for the pressure error. Let qh ∈ Q0,h. By

the inf-sup condition, we have

‖qh − ph‖L2(Ω) ≤
1

β̃
sup

vh∈V0,h

b(qh − ph, vh)
‖vh‖h

. (7.49)

By the consistency given by Corollary 7.2.1, we have, for any vh ∈ V0,h,

b(qh − ph, vh) = b(qh − p, vh) + kh(u− uh, vh)

+ c(u,u; vh)− c(uh,uh; vh)

= b(qh − p, vh) + kh(u− uh, vh)

+ c(u,u− uh; vh) + c(u− uh,uh; vh).
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Our continuity estimates from Corollary 7.3.1 and Lemma 7.3.1 then give the bound

b(qh − ph, vh) ≤(
‖qh − p‖L2(Ω) +

(
2νCcont + C0

(
|u|H1(Ω) + ‖uh‖h

))
‖u− uh‖h

)
‖vh‖h.

Theorems 7.1.1 and 7.3.1 give

2νCcont + C0

(
|u|H1(Ω) + ‖uh‖h

)
≤ κ,

so we can write

b(qh − ph, vh) ≤
(
‖qh − p‖L2(Ω) + κ‖u− uh‖h

)
‖vh‖h.

Plugging the above expression into (7.49), we acquire the estimate

‖qh − ph‖L2(Ω) ≤
1

β̃
‖qh − p‖L2(Ω) +

κ

β̃
‖u− uh‖h.

To finish the proof for the pressure error, we again perform a sum decomposition of

the true error as follows:

‖p− ph‖L2(Ω) ≤ inf
qh∈Q0,h

(
‖p− qh‖L2(Ω) + ‖qh − ph‖L2(Ω)

)
≤
(

1 +
1

β̃

)
inf

qh∈Q0,h

‖p− qh‖L2(Ω) +
κ

β̃
‖u− uh‖h.

Utilizing the same methodology as that used to prove Theorem 6.4.1, we

arrive at our second error estimate.

Theorem 7.4.2. Let the assumptions of Theorem 7.4.1 hold true. Furthermore,

let (u, p) and (uh, ph) denote the solutions of Problems (W ) and (G) respectively.
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Under the assumption that u ∈ Hj+1(Ω) and p ∈ Hj(Ω) for some j > 1/2, we

have

‖u− uh‖h ≤ Cu (1 + 2κγ)hs‖u‖Hs+1(Ω) (7.50)

and

‖p− ph‖L2(Ω) ≤ Cp

(
1 +

1

β̃

)
hs‖p‖Hs(Ω) +

κ

β̃
‖u− uh‖h (7.51)

for s = min{k′, j} where κ is defined by (7.41), γ is defined by (7.42), β̃ is the

discrete inf-sup constant, Cu is a positive constant independent of h and ν which

asymptotically scales with the square root of Cpen, and Cp is a positive constant

independent of h, ν, and Cpen.

Again, to the best of our knowledge, Theorems 7.4.1 and 7.4.2 are the

first of their kind for H1 hexahedral-based finite element discretizations written

in divergence-form. Note that we have obtained error estimates which are optimal

for the velocity field and suboptimal, by one order, for the pressure field under a

smallness condition not unlike that of the continuous problem. In Section 7.6, we

will employ a selection of problems with known analytical solutions to confirm our

theoretical convergence rates. As was the case for the generalized Stokes prob-

lem, our numerical results will suggest our derived pressure error estimates may be

conservative. The analysis presented here also covers singular solutions typically

encountered in practice. We will later numerically study the effectiveness of our

method for a singular test problem, lid-driven cavity flow.

7.5 Extension to Multi-Patch Domains

To extend our discretization to multi-patch domains, we strongly enforce

normal continuity of our discrete velocity field between patches and weakly enforce
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tangential continuity using a combination of upwinding and the interior penalty

method. Invoking the notation set forth in Section 6.5, let us define the bilinear

form

k∗h(w, v) =

np∑
i=1

(2ν∇sw,∇sv)(L2(Ωi))d×d

−
∑
F∈Ih

∫
F

2ν ({{∇sv}} : Jw⊗ nK + {{∇sw}} : Jv⊗ nK) ds

+
∑
F∈Ih

∫
F

2ν

(
2Cpen
hF

Jw⊗ nK : Jv⊗ nK
)
ds

−
∑
F∈Γh

∫
F

2ν

(
((∇sv) n) · w + ((∇sw) n) · v− Cpen

hF
w · v

)
ds.

(7.52)

Now, for Ωi an arbitrary patch, let ni denote the outward-facing normal with respect

to ∂Ωi. We define the upwind form

c∗h(w, x; v) =

np∑
i=1

− (w⊗ x,∇v)(L2(Ωi))d×d

+

np∑
i=1

∫
∂Ωi\∂Ω

1

2
(w · ni + |w · ni|) u · vds

+

np∑
i=1

∫
∂Ωi\∂Ω

1

2
(w · ni − |w · ni|) ue · vds

for w, x, v ∈ H0(div; Ω) where ue is the trace of u taken from the exterior of Ωi. We

would like to remark that the above form is nonlinear in w. Furthermore, the form

satisfies the semi-coercivity result c∗h(w, v; v) ≥ 0, and c∗h(w, x; v) = 0 for constant

vector-valued functions v : Ω→ Rd. Hence, the upwind form is conservative.

With all the preceding terminology defined, our discrete multi-patch formu-
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lation reads as follows.

(MP )



Find uh ∈ V0,h and ph ∈ Q0,h such that

k∗h(uh, vh) + c∗(uh,uh; vh)− b(ph, vh) + b(qh,uh) = (f, vh)L2(Ω)

(7.53)

for all vh ∈ V0,h and qh ∈ Q0,h.

As in the single patch setting, the discrete formulation detailed above returns a

pointwise divergence-free velocity field. However, just as was the case for the gen-

eralized Stokes equations, we do not yet have a convergence analysis available.

This is a current topic of research.

7.6 Numerical Verification of Convergence Estimates

In this section, we numerically verify our convergence estimates using a col-

lection of problems with exact solutions. Throughout, we choose Nitsche’s penalty

constant as

Cpen = 5(k′ + 1)

as was done in the previous chapter. Additionally, we employ uniform parametric

meshes, linear parametric mappings, and B-spline spaces of maximal continuity.

7.6.1 Two-Dimensional Manufactured Solution

As a first numerical experiment, we consider the two-dimensional vortex

solution that was presented in Subsection 6.6.1. Let

Ω ≡ (0, 1)2

and

f ≡ ∇ · (ū⊗ ū)−∇ · (2ν∇sū) +∇p̄
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with

ū =

[
2ex(−1 + x)2x2(y2 − y)(−1 + 2y)

(−ex(−1 + x)x(−2 + x(3 + x))(−1 + y)2y2)

]
and

p̄ = (−424 + 156e+ (y2 − y)(−456 + ex(456 + x2(228− 5(y2 − y))+
2x(−228 + (y2 − y)) + 2x3(−36 + (y2 − y)) + x4(12 + (y2 − y))))).

Homogeneous boundary conditions are applied along the boundary ∂Ω, and the

condition
∫

Ω
pdx = 0 is enforced. A solution to the steady Navier-Stokes problem

with the prescribed forcing is then clearly (u, p) = (ū, p̄), and this solution is unique

provided a smallness condition is satisfied. The streamlines and pressure contours

associated with the solution are plotted in Figure 6.2.

To confirm our theoretically derived error estimates, we have computed con-

vergence rates for divergence-conforming B-spline discretizations of varying mesh

size and polynomial degree. Furthermore, we have computed rates for a variety of

Reynolds numbers

Re =
UL

ν

where U is a velocity scale parameter and L is a length scale parameter. We take

U = 1 and L = 1. In Table 7.1, we have plotted our numerically computed conver-

gence rates for Re = 1. For this Reynold’s number, the exact and discrete solutions

are unique. Note immediately that our theoretically derived error estimates are con-

firmed. Second, note that the L2-norm of the pressure error optimally converges

like O(hk
′+1), which is an improvement over our theoretically derived estimate.

Third, note that the results in Table 7.1 are identical to the Stokes results appearing

in Table 6.2. Hence, the introduction of convection has not affected our numerical

error.

While our theoretically derived error estimates only cover flows with “small

Reynolds number” (and indeed uniqueness is only guaranteed under a smallness
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Table 7.1: Steady vortex flow convergence rates in 2-D: Re = 1

Polynomial degree k′ = 1

h 1/4 1/8 1/16 1/32 1/64
‖u− uh‖h 5.48e-2 2.80e-2 1.40e-2 7.00e-3 3.50e-3

order - 0.97 1.00 1.00 1.00
|u− uh|H1(Ω) 5.48e-2 2.80e-2 1.40e-2 7.00e-3 3.50e-3

order - 0.97 1.00 1.00 1.00
‖u− uh‖L2(Ω) 2.77e-3 8.16e-4 2.28e-4 6.10e-5 1.58e-5

order - 1.76 1.84 1.90 1.95
‖p− ph‖L2(Ω) 5.04e-3 1.38e-3 3.49e-4 8.72e-5 2.18e-5

order - 1.87 1.98 2.00 2.00

Polynomial degree k′ = 2

h 1/4 1/8 1/16 1/32 1/64
‖u− uh‖h 9.71e-3 2.33e-3 5.68e-4 1.40e-4 3.48e-5

order - 2.06 2.04 2.02 2.01
|u− uh|H1(Ω) 9.70e-3 2.33e-3 5.68e-4 1.40e-4 3.48e-5

order - 2.06 2.04 2.02 2.01
‖u− uh‖L2(Ω) 2.94e-4 3.84e-5 5.03e-6 6.47e-7 8.21e-8

order - 2.94 2.93 2.96 2.98
‖p− ph‖L2(Ω) 1.08e-3 1.12e-4 1.17e-5 1.19e-6 1.27e-7

order - 3.40 3.26 3.30 3.23

Polynomial degree k′ = 3

h 1/4 1/8 1/16 1/32 1/64
‖u− uh‖h 9.86e-4 1.28e-4 1.66e-5 2.13e-6 2.72e-7

order - 2.95 2.95 2.96 2.97
|u− uh|H1(Ω) 9.83e-4 1.28e-4 1.65e-5 2.10e-6 2.66e-7

order - 2.94 2.96 2.97 2.98
‖u− uh‖L2(Ω) 3.05e-5 2.34e-6 1.59e-7 1.03e-8 6.55e-10

order - 3.70 3.88 3.95 3.98
‖p− ph‖L2(Ω) 1.10e-4 5.64e-6 3.45e-7 2.19e-8 1.39e-9

order - 4.29 4.03 3.98 3.98
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Table 7.2: Robustness of 2-D divergence-free B-spline discretizations as Re→∞

Polynomial degree k′ = 1, h = 1/16

Re 1 10 100 1000 10000
‖u− uh‖h 1.40e-2 1.40e-2 1.40e-2 1.40e-2 1.40e-2
|u− uh|H1(Ω) 1.40e-2 1.40e-2 1.40e-2 1.40e-2 1.40e-2
‖u− uh‖L2(Ω) 2.28e-4 2.28e-4 2.28e-4 2.28e-4 2.28e-4
‖p− ph‖L2(Ω) 3.49e-4 1.98e-4 1.96e-4 1.96e-4 1.96e-4

Polynomial degree k′ = 2, h = 1/16

Re 1 10 100 1000 10000
‖u− uh‖h 5.68e-4 5.68e-4 5.68e-4 5.68e-4 5.68e-4
|u− uh|H1(Ω) 5.68e-4 5.68e-4 5.68e-4 5.68e-4 5.68e-4
‖u− uh‖L2(Ω) 5.03e-6 5.03e-6 5.03e-6 5.03e-6 5.03e-6
‖p− ph‖L2(Ω) 1.17e-5 6.50e-6 6.42e-4 6.42e-6 6.42e-6

Polynomial degree k′ = 3, h = 1/16

Re 1 10 100 1000 10000
‖u− uh‖h 1.66e-5 1.66e-5 1.66e-5 1.66e-5 1.66e-5
|u− uh|H1(Ω) 1.66e-5 1.66e-5 1.66e-5 1.66e-5 1.66e-5
‖u− uh‖L2(Ω) 1.59e-7 1.59e-7 1.59e-7 1.59e-7 1.59e-7
‖p− ph‖L2(Ω) 3.45e-7 3.19e-7 3.19e-7 3.19e-7 3.19e-7

Table 7.3: Instability of conservative 2-D Taylor-Hood discretizations as Re→∞

Q2/Q1 velocity/pressure pair, h = 1/16

Re 1 10 100 1000 10000
|u− uh|H1(Ω) 6.77e-4 7.11e-4 2.26e-3 2.16e-2 ×
‖u− uh‖L2(Ω) 6.54e-6 6.79e-6 1.97e-5 1.86e-4 ×
‖p− ph‖L2(Ω) 1.96e-4 1.96e-4 1.96e-4 1.96e-4 ×
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condition), we have investigated the effectiveness of our discretization for larger

Reynolds number flows and the two-dimensional forcing prescribed above. To

compute these flow solutions, we used a Newton-Raphson nonlinear solver in con-

junction with continuation. The results of this investigation are included in Table

7.2 for meshes with 16 × 16 elements. Note that the velocity numerical errors in

the tables appear independent of the Reynolds number. Moreover, the pressure nu-

merical errors seem to improve with increasing Reynolds number. Hence, we are

able to recover the desired flow solution (u, p) for arbitrary Reynolds number. This

observation attests to the enhanced stability properties of our discretization for non-

linear flow problems even in the absence of any external stabilization mechanisms.

To contrast our methodology with standard mixed flow discretizations, we have re-

peated the above computations for conservative Taylor-Hood [106] finite element

approximations, using again a continuation method in conjunction with a Newton-

Raphson nonlinear solver. The results of these computations are included in Table

7.3. Note that the velocity error diverges with increasing Reynolds number. In

fact, we were unable to compute a steady solution for Re = 10000, even when

employing a damped Newton-Raphson method with line search. We believe that

this divergence is inherently tied to the fact the Taylor-Hood approximations only

satisfy the divergence-free constraint approximately.

7.6.2 Three-Dimensional Manufactured Solution

As a second numerical experiment, we consider the three-dimensional vor-

tical solution that was presented in Subsection 6.6.2. Let

Ω ≡ (0, 1)3

and

f ≡ σū−∇ · (2ν∇sū) +∇p̄
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with

ū = curlφ̄,

φ̄ =

 x(x− 1)y2(y − 1)2z2(z − 1)2

0
x2(x− 1)2y2(y − 1)2z(z − 1)

 ,
and

p̄ = sin(πx) sin(πy)− 4

π2
.

Again, homogeneous boundary conditions are applied along the boundary ∂Ω, and

the pressure is enforced to satisfy
∫

Ω
pdx = 0. A solution to the steady Navier-

Stokes equations with the prescribed forcing is then clearly (u, p) = (ū, p̄), and

for sufficiently small data, this solution is unique. Streamlines associated with the

exact solution are plotted in Figure 6.3.

For Re = 1 flow (with Re = 1/ν), we have computed convergence rates

for divergence-conforming B-spline discretizations of varying mesh size and poly-

nomial degree. In Table 7.4, we have listed our numerically computed conver-

gence rates. Note immediately that our theoretically derived error estimates are

confirmed. Second, note that the L2-norm of the pressure error optimally converges

like O(hk
′+1), which is an improvement over our theoretically derived estimate.

Third, note that, as in the two-dimensional setting, the results in Table 7.4 are

identical to the Stokes results appearing in Table 6.5. Hence, the introduction of

convection has not affected our numerical error.

Again, while our theoretically derived error estimates only cover flows with

“small Reynolds number”, we have investigated the effectiveness of our discretiza-

tion for larger Reynolds number flows and the three-dimensional forcing prescribed

above. We used a Newton-Raphson nonlinear solver in conjunction with continu-

ation. The results of this investigation are included in Table 7.5 for meshes with
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Table 7.4: Steady vortex flow convergence rates in 3-D: Re = 1.

Polynomial degree k′ = 1

h 1/2 1/4 1/8 1/16 1/32
‖u− uh‖h 1.83e-2 8.98e-3 4.18e-3 1.99e-3 9.62e-4

order - 1.03 1.10 1.07 1.05
|u− uh|H1(Ω) 1.51e-2 7.64e-3 3.77e-3 1.87e-3 9.34e-4

order - 0.98 1.02 1.01 1.00
‖u− uh‖L2(Ω) 1.35e-3 3.68-4 1.03e-4 2.81e-5 7.40e-6

order - 1.88 1.84 1.87 1.93
‖p− ph‖L2(Ω) 5.41e-2 1.48e-2 3.58e-3 8.85e-4 2.26e-4

order - 1.87 2.05 2.02 1.97

Polynomial degree k′ = 2

h 1/2 1/4 1/8 1/16 1/32
‖u− uh‖h 6.50e-3 1.54e-3 4.10e-4 9.51e-5 2.15e-5

order - 2.08 1.91 2.11 2.15
|u− uh|H1(Ω) 3.71e-3 9.90e-4 2.79e-4 6.59e-5 1.50e-5

order - 1.91 1.83 2.08 2.14
‖u− uh‖L2(Ω) 1.97e-4 4.25e-5 7.38e-6 8.67e-7 9.18e-8

order - 2.21 2.53 3.09 3.23
‖p− ph‖L2(Ω) 1.50e-2 1.59e-3 2.00e-4 2.56e-5 3.26e-6

order - 3.24 2.99 2.97 2.97
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Table 7.5: Robustness of 3-D divergence-free B-spline discretizations as Re→∞

Polynomial degree k′ = 1, h = 1/16

Re 1 10 100 1000 10000
‖u− uh‖h 1.99e-3 1.99e-3 1.99e-3 1.99e-3 1.99e-3
|u− uh|H1(Ω) 1.87e-3 1.87e-3 1.87e-3 1.87e-3 1.87e-3
‖u− uh‖L2(Ω) 2.81e-5 2.81e-5 2.81e-5 2.81e-5 2.81e-5
‖p− ph‖L2(Ω) 8.84e-4 8.84e-4 8.84e-4 8.84e-4 8.84e-4

Polynomial degree k′ = 2, h = 1/16

Re 1 10 100 1000 10000
‖u− uh‖h 9.51e-5 9.51e-5 9.51e-5 9.51e-5 9.51e-5
|u− uh|H1(Ω) 6.59e-5 6.59e-5 6.59e-5 6.59e-5 6.59e-5
‖u− uh‖L2(Ω) 8.67e-7 8.67e-7 8.67e-7 8.67e-7 8.67e-7
‖p− ph‖L2(Ω) 2.56e-5 2.56e-5 2.56e-5 2.56e-5 2.56e-5

16×16 elements. Note that the velocity and pressure numerical errors appearing in

the tables are independent of the Reynolds number. Hence, we are able to recover

the desired flow solution (u, p) for arbitrary Reynolds number.

7.6.3 Kovasznay Flow

As a final numerical experiment, we consider Kovasznay flow. Kovasznay

flow refers to the flow behind an infinite two-dimensional grid, and it is often uti-

lized as a convergence test for Navier-Stokes discretizations. The flow pattern is

periodic and can be analytically derived [127]. Indeed, denoting Re = 1
ν
, the flow

solution satisfies

u =

[
1− eλx cos(2πy)
λ
2π
eλx cos(2πy).

]
and

p = 1−e2λx
2

.
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where

λ =
Re
2
−
√

Re2

4
+ 4π2.

The streamlines and pressure contours associated with the Kovasznay flow solution

at Re = 40 are plotted in Figure 7.1. Note that the streamlines closely resemble the

streamlines associated with steady flow behind a cylinder.

To solve the Kovasznay flow problem numerically, we restrict ourselves to

the domain Ω = (0, 1) × (−1/2, 1/2). On the left, bottom, and top sides of the

domain, we enforce Dirichlet boundary conditions. On the right side of the domain,

we enforce a traction boundary condition. On the interior of the domain, we apply

the usual forcing

f ≡ ∇ · (u⊗ u)−∇ · (2ν∇su) +∇p.

We have computedRe = 40 flow convergence rates for a wide variety of divergence-

conforming B-spline discretizations. These rates are summarized in Table 7.6. Note

that the convergence rates are approaching the optimal rates as h → 0 for both the

velocity and pressure field. However, it is apparent that even for h = 1/64 our

computations still lie in the pre-asymptotic range.

7.7 Benchmark Problems

In this section, we investigate the effectiveness of our methodology as ap-

plied to two benchmark problems: two-dimensional lid-driven cavity flow and con-

fined jet impingement. As previously, we choose Nitsche’s penalty constant as

Cpen = 5(k′ + 1) for all of the following examples, and we employ uniform para-

metric meshes, linear parametric mappings, and B-spline spaces of maximal conti-

nuity.
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Figure 7.1: Steady Kovasznay flow: (a) Streamlines for Re = 40, (b) Pressure
contours for Re = 40.
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Table 7.6: Steady Kovasznay flow convergence rates: Re = 40

Polynomial degree k′ = 1

h 1/4 1/8 1/16 1/32 1/64
|u− uh|H1(Ω) 1.39e0 7.31e-1 3.69e-1 1.84e-1 9.19e-2

order - 0.93 0.99 1.00 1.00
‖u− uh‖L2(Ω) 5.31e-2 1.98e-2 6.78e-3 2.15e-3 6.34e-4

order - 1.43 1.54 1.66 1.76
‖p− ph‖L2(Ω) 3.98e-2 1.49e-2 4.73e-3 1.35e-3 3.75e-4

order - 1.42 1.65 1.81 1.85

Polynomial degree k′ = 2

h 1/4 1/8 1/16 1/32 1/64
|u− uh|H1(Ω) 4.59e-1 1.17e-1 2.78e-2 6.69e-3 1.64e-3

order - 1.97 2.08 2.05 2.03
‖u− uh‖L2(Ω) 1.44e-2 1.96e-3 2.41e-4 3.04e-5 2.83e-6

order - 2.88 3.02 2.99 2.99
‖p− ph‖L2(Ω) 1.65e-2 3.55e-3 5.14e-4 7.05e-5 9.56e-6

order - 2.22 2.79 2.87 2.88

Polynomial degree k′ = 3

h 1/4 1/8 1/16 1/32 1/64
|u− uh|H1(Ω) 1.29e-1 1.52e-2 1.94e-3 2.55e-4 3.31e-5

order - 3.08 2.98 2.92 2.95
‖u− uh‖L2(Ω) 2.95e-3 1.97e-4 1.64e-5 1.20e-6 8.51e-8

order - 3.91 3.59 3.77 3.81
‖p− ph‖L2(Ω) 5.59e-3 6.48e-4 5.75e-5 5.28e-6 4.00e-7

order - 3.11 3.49 3.45 3.72
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7.7.1 Two-Dimensional Lid-Driven Cavity Flow

As mentioned in the last chapter on generalized Stokes flow, two-dimensional

lid-driven cavity flow is widely considered to be one of the classical test problems

for the validation of numerical discretizations for incompressible flow simulation.

In the presence of increasing Reynolds number, lid-driven cavity flow loses its sym-

metry and eventually becomes unsteady. The problem setup for lid-driven cavity

flow is elaborated in Figure 6.13. For the computations here, H and U are defined

to be 1. The Reynolds number associated with the flow is defined to be

Re =
UH

ν
.

The left, right, and bottom sides of the cavity are fixed no-slip walls while the top

side of the cavity is a wall which slides to the right with velocity magnitude U . The

forcing f is defined to be zero.

We have numerically simulated lid-driven cavity flow at Re = 100, Re =

400, and Re = 1000 using a variety of divergence-conforming B-spline discretiza-

tions. Streamlines computed using a mesh of degree k′ = 1 and size h = 1/128 are

plotted in Figures 7.2, 7.3, and 7.4 forRe = 100,Re = 400, andRe = 1000 respec-

tively. These computed streamlines are visually indistinguishable from benchmark

streamlines appearing in the literature. Note that as the Reynolds number increases,

the solution loses symmetry.

We have compared our numerical results with the classical benchmarks re-

sults of Ghia et al. [85] for three different polynomial degrees (k′ = 1, k′ = 2,

k′ = 3), three different mesh sizes (h = 1/32, h = 1/64, and h = 1/128), and

the selected Reynolds numbers. The results of Ghia were obtained using a second-

order upwind finite difference method on a stretched mesh with 1292 grid points. In

Figures 7.5(a), 7.6(a), and 7.7(a), we have compared our k′ = 1, Re = 100 values
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Figure 7.2: Lid-driven cavity flow: Streamlines for Re = 100.

for the first component of the velocity field along the vertical center line with those

of Ghia, and in Figures 7.5(b), 7.6(b), and 7.7(b), we have compared our k′ = 1,

Re = 100 values for the second component of the velocity field along the horizontal

center line. Note that our centerline velocity results are roughly independent of the

mesh size. Second, note that while our results roughly match those of Ghia, there

are discernible differences between the two sets of results even for our finest mesh.

To investigate these differences further, we have invoked a set of converged pseu-

dospectral results that were obtained via a subtraction method to remove the leading

terms of the corner singularities [32]. In Table 7.7, we have compared our center-

line results with these converged results as well as the results of Ghia. Note that our

results are much more accurate than the results of Ghia for all mesh sizes and poly-
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Figure 7.3: Lid-driven cavity flow: Streamlines for Re = 400.

nomial degrees. Furthermore, our results for k′ = 2 and k′ = 3 on a 64×64 element

mesh are indistinguishable from the converged pseudospectral results. This attests

to the effectiveness of our discretization with increasing k′, even in the presence of

singularities. We should also again remark that these results were obtained with-

out stretched meshes and without stabilization. We believe that the combination

of exact mass conservation and weak enforcement of the no-slip condition plays a

pivotal role in the enhanced accuracy of our discretization scheme.

In Figures 7.8(a), 7.9(a), and 7.10(a), we have compared our k′ = 1, Re =

400 values for the first component of the velocity field along the vertical center line

with those of Ghia, and in Figures 7.8(b), 7.9(b), and 7.10(b), we have compared

our k′ = 1, Re = 400 values for the second component of the velocity field along
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Figure 7.4: Lid-driven cavity flow: Streamlines for Re = 1000.

the horizontal center line. Note that our Re = 400 results better match the results

of Ghia than the Re = 100 results. In fact, our Re = 400 results are nearly indistin-

guishable from the benchmark results on the finest mesh. This is encouraging as the

Ghia Re = 400 results match well with highly-accurate extrapolated results in the

literature [167]. Moreover, our results for the coarsest mesh better match the results

of Ghia than any comparable second-order results we have seen in the literature. In

Table 7.7, we have compared our centerline results with the results of Ghia along

with our results for k′ = 2 and k′ = 3 on a 64 × 64 element mesh. Note that our

results appear to converge quickly with increasing k′, despite the increased smooth-

ness of our discrete spaces. By using our k′ = 3 results as a benchmark, we see

our k′ = 1 results are considerably more accurate than Ghia’s results for h ≤ 1/64.
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Unfortunately, no pseudospectral results are available to use as comparison.

In Figures 7.11(a), 7.12(a), and 7.13(a), we have compared our k′ = 1,

Re = 1000 values for the first component of the velocity field along the vertical

center line with those of Ghia, and in Figures 7.11(b), 7.12(b), and 7.13(b), we

have compared our k′ = 1, Re = 1000 values for the second component of the

velocity field along the horizontal center line. This is a more challenging test case

than either the Re = 100 or Re = 400 flows, and the coarse 32× 32 element mesh

is not nearly fine enough to resolve the flow features. Nonetheless, our results for

this coarse mesh better match the results of Ghia than any comparable second-order

results we have seen in the literature. Our results for the 64× 64 and 128× 128 ele-

ment meshes match Ghia’s results even better. In Table 7.7, we have compared our

centerline results with the results of Ghia along with a set of converged pseudospec-

tral results with singularity subtraction [32]. As expected, the results of Ghia are

more accurate than our coarse mesh results, but our results for the 64× 64 element

mesh are comparable in accuracy and our results for the 128 × 128 element mesh

are considerably more accurate. We also computed results for the 64× 64 element

mesh for polynomial degrees k′ = 2 and k′ = 3 and found our results quickly im-

proved with increasing polynomial degree. Indeed, our results for k′ = 3 are nearly

indistinguishable from the converged pseudospectral results.

To compute all of these flow examples, we utilized the Newton-Raphson

method in conjunction with continuation. Specifically, for the Re = 100 simula-

tions, we employed Newton-Raphson using the results of a corresponding Stokes

simulation as an initial guess. For theRe = 400 simulations, we employed Newton-

Raphson using the results of the Re = 100 simulations as an initial guess, and so

on. We found a maximum of four Newton-Raphson steps were required to achieve

a sufficiently accurate solution for each nonlinear solve. Using this procedure, we

187



Table 7.7: Two-dimensional lid-driven cavity flow: Extrema of the velocity through
the centerlines of the cavity.

Re = 100

Method umin vmax vmin
B-spline, k′ = 1 and h = 1/32 −0.21551 0.18054 −0.25472
B-spline, k′ = 1 and h = 1/64 −0.21443 0.17991 −0.25409
B-spline, k′ = 1 and h = 1/128 −0.21414 0.17966 −0.25387
B-spline, k′ = 2 and h = 1/64 −0.21404 0.17957 −0.25379
B-spline, k′ = 3 and h = 1/64 −0.21404 0.17957 −0.25380

Pseudospectral (Ref. [32]) −0.21404 0.17957 −0.25380
Ghia et al. (Ref. [85]) −0.21090 0.17527 −0.24533

Re = 400

Method umin vmax vmin
B-spline, k′ = 1 and h = 1/32 −0.33651 0.31039 −0.45768
B-spline, k′ = 1 and h = 1/64 −0.33150 0.30605 −0.45659
B-spline, k′ = 1 and h = 1/128 −0.32989 0.30471 −0.45470
B-spline, k′ = 2 and h = 1/64 −0.32927 0.30415 −0.45406
B-spline, k′ = 3 and h = 1/64 −0.32925 0.30413 −0.45401

Ghia et al. (Ref. [85]) −0.32376 0.30203 −0.44993

Re = 1000

Method umin vmax vmin
B-spline, k′ = 1 and h = 1/32 −0.40140 0.39132 −0.54261
B-spline, k′ = 1 and h = 1/64 −0.39399 0.38229 −0.53353
B-spline, k′ = 1 and h = 1/128 −0.39021 0.37856 −0.52884
B-spline, k′ = 2 and h = 1/64 −0.38874 0.37715 −0.52726
B-spline, k′ = 3 and h = 1/64 −0.38857 0.37698 −0.52696

Pseudospectral (Ref. [32]) −0.38857 0.37694 −0.52707
Ghia et al. (Ref. [85]) −0.38289 0.37095 −0.51550
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Figure 7.5: Lid-driven cavity flow: Velocity field for k′ = 1, h = 1/32, and Re =
100. (a) Value of the first component of the velocity field along the vertical center
line, (b) Value of the second component of the velocity field along the horizontal
center line.
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Figure 7.6: Lid-driven cavity flow: Velocity field for k′ = 1, h = 1/64, and Re =
100. (a) Value of the first component of the velocity field along the vertical center
line, (b) Value of the second component of the velocity field along the horizontal
center line.
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Figure 7.7: Lid-driven cavity flow: Velocity field for k′ = 1, h = 1/128, and Re =
100. (a) Value of the first component of the velocity field along the vertical center
line, (b) Value of the second component of the velocity field along the horizontal
center line.
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Figure 7.8: Lid-driven cavity flow: Velocity field for k′ = 1, h = 1/32, and Re =
400. (a) Value of the first component of the velocity field along the vertical center
line, (b) Value of the second component of the velocity field along the horizontal
center line.
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Figure 7.9: Lid-driven cavity flow: Velocity field for k′ = 1, h = 1/64, and Re =
400. (a) Value of the first component of the velocity field along the vertical center
line, (b) Value of the second component of the velocity field along the horizontal
center line.
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Figure 7.10: Lid-driven cavity flow: Velocity field for k′ = 1, h = 1/128, andRe =
400. (a) Value of the first component of the velocity field along the vertical center
line, (b) Value of the second component of the velocity field along the horizontal
center line.
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Figure 7.11: Lid-driven cavity flow: Velocity field for k′ = 1, h = 1/32, and Re =
1000. (a) Value of the first component of the velocity field along the vertical center
line, (b) Value of the second component of the velocity field along the horizontal
center line.
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Figure 7.12: Lid-driven cavity flow: Velocity field for k′ = 1, h = 1/64, and Re =
1000. (a) Value of the first component of the velocity field along the vertical center
line, (b) Value of the second component of the velocity field along the horizontal
center line.
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Figure 7.13: Lid-driven cavity flow: Velocity field for k′ = 1, h = 1/128, andRe =
1000. (a) Value of the first component of the velocity field along the vertical center
line, (b) Value of the second component of the velocity field along the horizontal
center line.
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have been able to successfully simulate flows upwards of Re = 3200 on relatively

coarse meshes. We have also been able to reproduce all of the results presented

here via a more expensive dynamic approach in which the solution is evolved from

an initial condition via the unsteady Navier-Stokes equations.

7.7.2 Confined Jet Impingement

Impinging jets are commonly used in engineering applications due to their

enhanced heat and mass transfer characteristics. Impinging jets even occur in blood

vessels and are believed to play a role in atherogenesis [83]. Incompressible jet

impingement is considered a difficult numerical benchmark problem because most

discretizations return a velocity field with spurious nonzero divergence near the

stagnation region, even for flows with small or moderate Reynolds numbers. As

our proposed discretization satisfies the divergence-free constraint exactly, it does

not suffer from this spurious behavior.

The physical problem of confined jet impingement is illustrated in Figure

7.14. Fluid flows from one pipe into a second pipe lying perpendicular to the first.

To simulate this flow, we use a two-dimensional mathematical idealization which

is illustrated in Figure 7.15. Along the left hand side of the domain, a symmetry

condition is applied as we only model half of the jet system. Along the bottom

side of the domain, no-slip and no-penetration boundary conditions are enforced.

Along the top side of the domain, two different sets of boundary conditions are

applied. Along the first D/2 length of the top side, an inflow boundary condition is

applied. Along the remainder of the top side, no-slip and no-penetration boundary

conditions are enforced. Along the right hand side of the domain, a zero-traction

boundary condition is enforced. The height of the domain is set as H , and the

length of the domain, L, is chosen long enough such that the flow exiting the pipe
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Stagnation Region 

Flow Flow 

Flow 

Figure 7.14: Confined jet impingement: Physical setup.

is parallel to the outflow plane. For the computations here, H = 1 and L = 8. The

inflow flow speed is set to be U = 1. The Reynolds number for the flow is defined

as Re = UH/ν.

We have simulated Re = 50 confined jet impingement for two divergence-

conforming B-spline discretizations of polynomial degree k′ = 1 corresponding

to mesh lengths of h = 1/16 and h = 1/32. The resulting velocity fields are

plotted in Figures 7.16 and 7.17. First, note that the computed streamlines for the

two meshes are indistinguishable. Second, note that the velocity fields are smooth

and free from spurious oscillations. Finally, it should be noted we have conducted

numerical investigations of confined jet impingement at other Reynolds numbers

and obtained similar results.
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Figure 7.15: Confined jet impingement: Model problem description.
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Chapter 8

Approximation of the Unsteady Stokes Problem

Unsteady Stokes flow arises in a variety of microscale applications rang-

ing from the flow of blood through small arteries [43] to fluid flows generated by

oscillating microactuators [105]. More importantly, a fundamental understanding

of the unsteady Navier-Stokes problem requires first an understanding of the un-

steady Stokes problem. In this chapter, we present divergence-conforming semi-

discretizations of unsteady Stokes flow using the B-spline spaces introduced in

Chapter 5, and we prove a collection of stability and error estimates for single-patch

configurations. These stability and error estimates will turn out to be essential in

the development of error estimates for unsteady Navier-Stokes flows. We further

analyze the effectiveness of our semi-discretization technique via spectrum analy-

sis. This will allow us to analyze the approximation properties of all the scales of

our semi-discretization procedure for a given mesh size and polynomial degree. For

the sake of comparison, we additionally conduct a spectrum analysis for a selection

of classical discretization techniques.

To derive the results appearing in this chapter, we will need to continuously

refer back to the results provided in the preceding two chapters. As such, we assume

the reader is familiar with these chapters, and we will be rather terse with regards

to exposition of notation. Furthermore, as in the preceding two chapters, we will

highlight all of our estimates dependencies on the problem parameters as well as

the penalty constant appearing in Nitsche’s method.
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8.1 The Continuous Problem

Let us consider unsteady Stokes flow of a constant-property Newtonian fluid

subject to homogeneous Dirichlet boundary conditions:

(S)



Given ν ∈ R+, f : Ω × (0,∞) → Rd, and u0 : Ω → Rd, find u : Ω̄ ×
[0,∞)→ Rd and p : Ω× (0,∞)→ R such that

∂u
∂t
−∇ · (2ν∇su) + gradp = f in Ω× (0,∞) (8.1)

divu = 0 in Ω× (0,∞) (8.2)
u = 0 on ∂Ω× (0,∞) (8.3)

u(·, 0) = u0(·) in Ω. (8.4)

Above, u0 denotes the initial velocity field.

To define a weak solution for the unsteady Stokes equations, we must intro-

duce some terminology. ForX a real Banach space and S a positive real number, let

us define Lq(0, S;X) as the space consisting of all strongly measurable functions

φ : (0, S)→ X with

‖φ‖Lq(0,S;X) :=

(∫ S

0

‖φ(t)‖qXdt
)1/q

<∞ (8.5)

for 1 ≤ q <∞ and

‖φ‖L∞(0,S;X) := ess sup0<t<S‖φ(t)‖X <∞, (8.6)

and let us define C0([0, S];X) as the space of all continuous functions φ : [0, S]→
X . Given a fixed end-time T > 0, let us assume that f ∈ L∞(0, T ; L2(Ω)) and

u0 ∈
{

u ∈ H1
0(Ω) : divu = 0

}
.

Now let us define the space

VT :=

{
v ∈ L2(0, T ; H1

0(Ω)) :
∂v
∂t
∈ L2(0, T ; H−1(Ω))

}
(8.7)
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with norm

‖v‖VT :=

(∫ T

0

(
‖v(t)‖2

H1
0(Ω) + ‖∂tv(t)‖2

H−1(Ω)

)
dt

)1/2

(8.8)

where ∂t denotes time differentiation and H−1(Ω) denotes the dual space of H1
0(Ω) .

Let us also define the space

QT := L2(0, T ;L2
0(Ω)). (8.9)

A weak formulation for the unsteady Stokes equations then reads as follows.

(W )



Find u ∈ VT and p ∈ QT such that u(0) = u0 and, for almost every t ∈
(0, T ),

〈∂tu(t), v〉+ k(u(t), v)− b(p(t), v) + b(q,u(t)) = (f(t), v)L2(Ω) (8.10)

for all v ∈ H1
0(Ω) and q ∈ L2

0(Ω) where 〈·, ·〉 is a duality pairing and

k(w, v) = (2ν∇sw,∇sv)(L2(Ω))d×d , ∀w, v ∈ H1
0(Ω) , (8.11)

b(q, v) = (q, divv)L2(Ω) , ∀q ∈ L2
0(Ω), v ∈ H1

0(Ω) . (8.12)

The following is a standard result. It may be obtained by employing a Faedo-

Galerkin method to imply existence and a continuous energy inequality to imply

uniqueness (see Chapter 7 of [77]).

Theorem 8.1.1. Problem (W ) has a unique weak solution (u, p) ∈ VT × QT .

As the fixed end-time T is arbitrary in value, we thus have global existence and

uniqueness of the exact solution.
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8.2 The Semi-Discrete Problem

We now present a semi-discrete variational formulation for the unsteady

Stokes problem. As in the last chapter, let us define the bilinear form

kh(w, v) = k(w, v)−
∑
F∈Γh

∫
F

2ν

(
((∇sv) n) · w + ((∇sw) n) · v− Cpen

hF
w · v

)
ds

(8.13)

and the norm

‖v‖2
h := |v|2H1(Ω) +

∑
F∈Γh

hF‖ (∇sv) n‖2
(L2(F ))d +

∑
F∈Γh

Cpen
hF
‖v‖2

(L2(F ))d . (8.14)

The velocity space V0,h is a Banach space when endowed with the above norm,

and the pressure space Q0,h is a Banach space when endowed with the standard

L2-norm. Let us define our discrete space-time velocity space as

VhT :=
{

vh ∈ C0((0, T );V0,h) : ∂tvh ∈ L2((0, T );V0,h)
}
, (8.15)

and our discrete space-time pressure space as

QhT := L2((0, T );Q0,h). (8.16)

It remains to specify our discrete initial condition. To ease the presentation of our

mathematical theory, we choose u0,h = Π0
Vh

u0 where Π0
Vh

is the commuting pro-

jection operator defined in Chapter 5. Note that, by construction, divu0,h = 0.

We can alternatively specify our initial condition through H1-projection into the

B-spline space of divergence-free fields. This amounts to solving a steady Stokes

problem as a pre-processing step. Our semi-discrete formulation reads as follows.

(G)



Find uh ∈ VhT and ph ∈ QhT such that uh(0) = u0,h and, for almost every
t ∈ (0, T ),

(∂tuh(t), vh)L2(Ω) + kh(uh(t), vh)− b(ph(t), vh) + b(qh,uh(t))
= (f(t), vh)L2(Ω) (8.17)

for all vh ∈ V0,h, qh ∈ Q0,h.
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We immediately remark that the semi-discrete problem we have obtained is a set of

coupled first-order linear ordinary differential equations. As such, we can use stan-

dard approaches from the theory of ordinary differential equations to obtain exis-

tence, uniqueness, and regularity results. We may also use standard time-integration

schemes to obtain a fully-discrete formulation.

We have the following lemma detailing the consistency of our numerical

method for sufficiently regular exact solutions. This consistency will prove essential

for establishing a priori error estimates later in this chapter.

Lemma 8.2.1. Suppose that the unique weak solution (u, p) of (W ) satisfies the

regularity condition

u ∈ L2(0, T ; H3/2+ε(Ω))

where ε > 0. Then, for almost every t ∈ (0, T ):

〈∂tu(t), vh〉+ kh(u(t), vh)− b(p(t), vh) + b(qh,u(t)) = (f(t), vh)L2(Ω) (8.18)

for all vh ∈ V0,h and qh ∈ Q0,h.

Proof. We trivially have, for almost every t ∈ (0, T ),

b(qh,u(t)) = 0, ∀qh ∈ Q0,h. (8.19)

Now let vh ∈ V0,h. Our assumption guarantees that (∇su) n is well-defined along

∂Ω and lives in L2(0, T ; (L2(∂Ω))d). Hence, we can utilize integration by parts

and the fact that u(t) satisfies homogeneous Dirichlet boundary conditions and vh
satisfies homogeneous normal Dirichlet boundary conditions to write, for almost

every t ∈ (0, T ),

〈ut(t), vh〉+ kh(u(t), vh)− b(p(t), vh) =

∫
Ω

(ut(t)−∇ · (2ν∇su(t)) +∇p(t)) · vh

= (f(t), vh)L2(Ω) .

207



This completes the proof of the lemma.

As a direct result of consistency, we have the following Galerkin orthogo-

nality property, analogous to the orthogonality property for divergence-conforming

B-spline discretizations of generalized Stokes flows.

Corollary 8.2.1. Let (uh, ph) denote a solution of (G), and suppose that the unique

weak solution (u, p) of (W ) satisfies the regularity assumptions of Lemma 8.2.1.

Then, for almost every t ∈ (0, T ):

〈∂tu(t)− ∂tuh(t), vh〉+ kh(u(t)− uh(t), vh)

−b(p(t)− ph(t), vh) + b(qh,u(t)− uh(t)) = 0 (8.20)

for all vh ∈ V0,h and qh ∈ Q0,h.

Finally, our semi-discretization scheme returns a divergence-free velocity

field, as indicated in the following lemma.

Lemma 8.2.2. Let (uh, ph) denote a solution of (G). Then:

divuh ≡ 0 (8.21)

Proof. As divV0,h = Q0,h, we can choose (vh, qh) = (0, divuh(t)) in Equation

(8.17) for almost every t ∈ (0, T ) to obtain

‖divuh(t)‖2
L2(Ω) = 0.

Hence, divuh = 0 in the sense of L2(0, T ;L2(Ω)). The lemma follows.
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8.3 Global Existence and Uniqueness

In this section, we establish existence and uniqueness results for our semi-

discrete formulation. To begin, we derive a discrete energy balance law which is

satisfied provided the penalty constant Cpen ≥ 1 is sufficiently large.

Lemma 8.3.1. Suppose (uh, ph) ∈ VhT × QhT is a solution to (G). Furthermore, as-

sume the penalty constant Cpen is chosen large enough such that (6.19) and (6.20)

are satisfied. Then

1

2

d

dt
‖uh(t)‖2

L2(Ω) = −kh(uh(t),uh(t)) + (f(t),uh(t))L2(Ω) ≤ (f(t),uh(t))L2(Ω)

(8.22)

for almost every t ∈ (0, T ).

Proof. The proof of the lemma is straight-forward. Insert (vh, qh) = (uh(t), 0) into

(8.17) for almost every t ∈ (0, T ) and use the fact that divuh = 0 as a distribution

to obtain the expression

(∂tuh(t),uh(t))L2(Ω) = −kh(uh(t),uh(t)) + (f(t),uh(t))L2(Ω) .

The product rule then gives

(∂tuh(t),uh(t))L2(Ω) =
1

2

d

dt
‖uh(t)‖2

L2(Ω),

To complete the proof, note that kh(·, ·) is coercive due to Corollary 7.3.1.

Using the energy inequality provided in the above lemma and standard ap-

proaches from the theory of ordinary differential equations, we obtain the following

existence and uniqueness result.
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Theorem 8.3.1. Assume (6.19) and (6.20) are satisfied. Then Problem (G) has a

unique solution (uh, ph) ∈ VhT × QhT . Moreover,

‖uh‖L∞(0,T ;L2(Ω)) ≤ eT
(
‖u0,h‖L2(Ω) + ‖f‖L2(0,T ;L2(Ω))

)
(8.23)

and ∫ T

0

‖uh‖2
hdt ≤

1

4νCcoerc

(
‖uh‖2

L2(0,T ;L2(Ω)) + ‖f‖2
L2(0,T ;L2(Ω))

)
(8.24)

where Ccoerc is the coercivity constant appearing in Corollary 7.3.1.

Proof. We begin by establishing existence and uniqueness for the discrete velocity

solution. To do so, we restrict ourselves to the divergence-free space

V̊hT :=
{

vh ∈ VhT : divvh = 0
}
.

Each function vh ∈ V̊hT can be written uniquely as

vh(t) =
m∑
i=1

ei(t)wi

where {wi}mi=1 is a basis for the space

V̊0,h := {wh ∈ V0,h : divwh = 0} .

Representing our desired solution as

uh(t) =
m∑
i=1

di(t)wi,

the discrete problem in the kernel becomes a linear system of first-order ordinary

differential equations for the coefficients di(t) subject to appropriately defined ini-

tial conditions. The energy estimate in Lemma 8.3.1 can then be used in conjunction

with Gronwall’s inequality to show that there exists a unique absolutely continuous
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function d(t) = (d1(t), . . . , dm(t)) such that the initial conditions are satisfied and

the linear system of first-order ordinary differential equations is satisfied for almost

every time t ∈ (0, T ). Hence, a solution uh ∈ V̊hT exists and is unique. Existence

and uniqueness of ph ∈ QhT is an immediate consequence of the inf-sup condition

given by Corollary 7.3.1.

To obtain the L2 stability estimate, we write using Lemma 8.3.1

d

dt
‖uh(t)‖2

L2(Ω) ≤ 2 (f(t),uh(t))L2(Ω) ≤ ‖f(t)‖
2
L2(Ω) + ‖uh(t)‖2

L2(Ω)

for almost every t ∈ (0, T ). The desired estimate is then an immediate result of the

differential form of Gronwall’s inequality. To obtain our second stability bound,

again recall (8.22) and use Corollary 7.3.1 and Cauchy-Schwarz to establish

2νCcoerc‖uh(t)‖2
h ≤

1

2

(
‖f(t)‖2

L2(Ω) + ‖uh(t)‖2
L2(Ω)

)
.

Integrating over time we find∫ T

0

2νCcoerc‖uh(t)‖2
hdt ≤

1

2

(
‖uh‖2

L2(0,T ;L2(Ω)) + ‖f‖2
L2(0,T ;L2(Ω))

)
,

giving us the desired bound.

Note that the above theorem gives existence and uniqueness results for any

end-time T . Hence, we have proven a global-in-time existence and uniqueness

result for our semi-discrete formulation. Moreover, our method is well-posed in the

sense that it returns discrete solutions which depend continuously on the given data.

8.4 A Priori Error Estimates

We are now ready to show that our semi-discrete velocity and pressure fields

converge to the exact solution under a reasonable set of regularity conditions. Our
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method of proof roughly follows that of [4], which provides error estimates for

symmetric interior penalty discretizations of nonlinear parabolic boundary value

problems. We begin with the following theorem which gives an energy estimate for

the velocity error.

Theorem 8.4.1. Assume that (6.19) and (6.20) are satisfied, and let (u, p) and

(uh, ph) denote the unique weak solutions of (W ) and (G) respectively. If the regu-

larity conditions

u ∈ L∞(0, T ; Hj(Ω)), u ∈ L2(0, T ; Hj+1(Ω)), ∂tu ∈ L2(0, T ; Hj(Ω)) (8.25)

hold for j > 1/2, then we have

‖u− uh‖2
L∞(0,T ;L2(Ω)) + 2ν

∫ T

0

‖u− uh‖2
hdt ≤

Cenergyh
2s
(
‖u‖2

L∞(0,T ;Hs(Ω)) + 2ν‖u‖2
L2(0,T ;Hs+1(Ω)) + (2ν)−1‖∂tu‖2

L2(0,T ;Hs(Ω))

)
(8.26)

where s = min {k′, j} and Cenergy is a positive constant independent of h, ν, and

T that scales asymptotically with Cpen.

Proof. To begin, note that due to Corollary 8.2.1, we have, for almost every t ∈
(0, T ),

(∂tu(t)− ∂tuh(t), vh)L2(Ω) + kh(u(t)− uh(t), vh) = 0 (8.27)

for all vh ∈ V0,h satisfying divvh = 0. Let us decompose u(t) − uh(t) = eh(t) +

η(t) where

eh(t) = Π0
Vh

u(t)− uh(t) and η(t) = u(t)− Π0
Vh

u(t).

Plugging this decomposition into (8.27), we obtain

(∂teh(t), vh)L2(Ω) + kh(eh(t), vh) = −(∂tη(t), vh)L2(Ω) − kh(η(t), vh). (8.28)
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Now, choosing vh = eh(t), we have by Cauchy-Schwarz, Corollary 7.3.1, and

Young’s inequality

1

2

d

dt
‖eh(t)‖2

L2(Ω) + kh(eh(t), eh(t)) ≤
1

2ε1
‖∂tη(t)‖2

L2(Ω) +
νCcont
ε2
‖η(t)‖2

h

+
ε1
2
‖eh(t)‖2

L2(Ω) + νCcontε2‖eh(t)‖2
h

where Ccont is the continuity constant appearing in Corollary 7.3.1 and ε1, ε2 > 0

are arbitrary positive numbers. We again invoke Corollary 7.3.1 to write

1

2

d

dt
‖eh(t)‖2

L2(Ω) + 2νCcoerc‖eh(t)‖2
h ≤

1

2ε1
‖∂tη(t)‖2

L2(Ω) +
νCcont
ε2
‖η(t)‖2

h

+
ε1
2
‖eh(t)‖2

L2(Ω) + νCcontε2‖eh(t)‖2
h,

and we recruit Poincaré’s inequality to obtain

1

2

d

dt
‖eh(t)‖2

L2(Ω) + 2νCcoerc‖eh(t)‖2
h ≤

1

2ε1
‖∂tη(t)‖2

L2(Ω) +
νCcont
ε2
‖η(t)‖2

h

+
C2
poinε1

2
‖eh(t)‖2

h + νCcontε2‖eh(t)‖2
h

where Cpoin > 0 is the Poincaré constant associated with (6.14). Let us now choose

ε1 = νCcoerc
C2
poin

and ε2 = Ccoerc
2Ccont

. Then we have

d

dt
‖eh(t)‖2

L2(Ω) + 2νCcoerc‖eh(t)‖2
h ≤

C2
poin

νCcoerc
‖∂tη(t)‖2

L2(Ω) +
4νC2

cont

Ccoerc
‖η(t)‖2

h.

We can directly integrate in time to finally arrive at

‖eh‖2
L∞(0,T ;L2(Ω)) + 2νCcoerc

∫ T

0

‖eh(t)‖2
hdt ≤

C2
poin

νCcoerc
‖∂tη‖2

L2(0,T ;L2(Ω)) +
4νC2

cont

Ccoerc

∫ T

0

‖η(t)‖2
hdt (8.29)

where we have used the equality eh(0) = 0. We now estimate the right-hand-side

of the above expression. Noticing that the projection operator Π0
Vh

commutes with
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differentiation in time, we write

‖∂tη‖2
L2(0,T ;L2(Ω)) =

∫ T

0

‖∂tu− Π0
Vh
∂tu‖2

L2(Ω)dt.

Invoking our interpolation estimates for Π0
Vh

, we then have

‖∂tη‖2
L2(0,T ;L2(Ω)) ≤ Ctimeh

2s‖∂tu‖2
L2(0,T ;Hs(Ω)) (8.30)

for Ctime > 0 a positive constant independent of h, T , ν, and Cpen. To bound the

second term on the right-hand side of (8.29), we utilize the same methodology as

that used to prove Theorem 6.4.1 to arrive at∫ T

0

‖η(t)‖2
hdt ≤ Cspaceh

2s‖u‖2
L2(0,T ;Hs+1(Ω)) (8.31)

for Cspace > 0 a positive constant independent of h, T , and ν which scales asymp-

totically scales with Cpen. Thus, collecting the estimates given by (8.29)-(8.31), we

have

‖eh‖2
L∞(0,T ;L2(Ω)) + 2ν

∫ T

0

‖eh(t)‖2
hdt ≤

Cinterh
2s
(

(2ν)−1‖∂tu‖2
L2(0,T ;Hs(Ω)) + 2ν‖u‖2

L2(0,T ;Hs+1(Ω))

)
(8.32)

where

Cinter =
1

min {1, Ccoerc}
max

{
2C2

poinCtime

Ccoerc
,
2C2

contCspace
Ccoerc

}
.

To finish the proof, we write

‖u− uh‖2
L∞(0,T ;L2(Ω)) ≤ 2‖eh‖2

L∞(0,T ;L2(Ω)) + 2‖η‖2
L∞(0,T ;L2(Ω))

and ∫ T

0

‖u(t)− uh(t)‖2
hdt ≤ 2

∫ T

0

‖eh(t)‖2
hdt+ 2

∫ T

0

‖η(t)‖2
hdt.
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Coupling the above bounds with (8.31), (8.32), and the inequality

‖η‖2
L∞(0,T ;L2(Ω)) ≤ Csph

2s‖u‖2
L∞(0,T ;Hs(Ω))

(wherein Csp > 0 is a positive constant independent of h, T , ν, and Cpen) yields the

desired result.

Note that the above theorem provides suboptimal, by one order, convergence

rates in the L2-norm. We will later prove optimal L2 rates by utilizing a duality

argument. Note that we also lose control of the error estimate given by Theorem

8.4.1 in the limit ν → 0. In this setting, our set of partial differential equations

reduces to a set of ordinary differential equations at each point in Ω, indicating that

we should utilize a different approach in our error analysis. Specifically, we can

use the differential form of Gronwall’s inequality to obtain optimal error estimates

in the limit of vanishing viscosity. Unfortunately, such estimates depend on T .

We now present a theorem which gives an energy estimate for the gradient

of the velocity error. We alternatively call this estimate the entrosphy error estimate

given the relationship of the gradient of the velocity to the enstrophy.

Theorem 8.4.2. Assume that (6.19) and (6.20) are satisfied, and let (u, p) and

(uh, ph) denote the unique weak solutions of (W ) and (G) respectively. If the regu-

larity conditions

u ∈ L∞(0, T ; Hj+1(Ω)), ∂tu ∈ L2(0, T ; Hj+1(Ω)) (8.33)

hold for j > 1/2, then we have

‖∂tu− ∂tuh‖2
L2(0,T ;L2(Ω)) + 2ν ess sup0<t<T‖u(t)− uh(t)‖2

h ≤

Cgradh
2s
(
‖u‖2

L∞(0,T ;Hs(Ω)) + (1 + (2ν)−1)‖∂tu‖2
L2(0,T ;Hs(Ω))

)
+Cgradh

2s(2ν)
(
‖u‖2

L∞(0,T ;Hs+1(Ω)) + ‖∂tu‖2
L2(0,T ;Hs+1(Ω)) + ‖u‖2

L2(0,T ;Hs+1(Ω))

)
(8.34)
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where s = min {k′, j} and Cgrad is a positive constant independent of h, ν, and T

that scales asymptotically with Cpen.

Proof. We begin with the same decomposition as in the proof of the last theorem

and choose vh = ∂teh(t) in (8.28) to obtain

‖∂teh(t)‖2
L2(Ω)+

1

2

d

dt
kh (eh(t), eh(t)) = −(∂tη(t), ∂teh(t))L2(Ω)−kh(η(t), ∂teh(t)).

We immediately invoke the coercivity of kh(·, ·) and Young’s inequality to write

‖∂teh(t)‖2
L2(Ω) + 2νCcoerc

d

dt
‖eh(t)‖2

h ≤ ‖∂tη(t)‖2
L2(Ω) − 2kh(η(t), ∂teh(t)).

Integrating in time yields the expression

‖∂teh‖2
L2(0,T ;L2(Ω)) + 2νCcoerc ess sup0<t<T‖eh(t)‖h ≤

‖∂tη‖L2(0,T ;L2(Ω)) − 2

∫ T

0

kh(η(t), ∂teh(t))dt.

We now integrate by parts the last term of the above inequality:

‖∂teh‖2
L2(0,T ;L2(Ω)) + 2νCcoerc ess sup0<t<T‖eh(t)‖h ≤

‖∂tη‖L2(0,T ;L2(Ω)) + 2

∫ T

0

kh(∂tη(t), eh(t))dt

−2kh(η(T ), eh(T )).

Above, we have used the fact that eh(0) = 0. Finally, we invoke the continuity of

kh(·, ·) and Young’s inequality to obtain the expression

‖∂teh‖2
L2(0,T ;L2(Ω)) + νCcoerc ess sup0<t<T‖eh(t)‖h ≤

‖∂tη‖L2(0,T ;L2(Ω)) + 2νCcont

∫ T

0

‖∂tη(t)‖2
hdt+ 2νCcont

∫ T

0

‖eh(t)‖2
hdt

+
4νC2

cont

Ccoerc
‖η‖2

L∞(0,T ;H1(Ω)).

216



The remainder of the proof is clear, by employing interpolation bounds for η and

∂tη and Theorem 8.4.1 to bound the remaining terms on the right-hand-side involv-

ing eh.

As a direct result of consistency, the discrete inf-sup condition, and interpo-

lation estimates, we have the following estimate for the pressure error. We omit the

proof as it is straight-forward.

Theorem 8.4.3. Assume that (6.19) and (6.20) are satisfied, and let (u, p) and

(uh, ph) denote the unique weak solutions of (W ) and (G) respectively. If the regu-

larity condition

u ∈ L2(0, T ; H3/2+ε(Ω)) (8.35)

holds for ε > 0, then we have

‖p(t)− ph(t)‖L2(Ω) ≤(
1 +

1

β̃

)
inf

qh∈Q0,h

‖p(t)− qh‖L2(Ω)

+
2νCcont

β̃
‖u(t)− uh(t)‖h +

Cpoin

β̃
‖∂tu(t)− ∂tuh(t)‖L2(Ω) (8.36)

for almost every t ∈ (0, T ) where s = min {k′, j}, β̃ is the discrete inf-sup constant,

Ccont is the continuity constant of kh(·, ·), and Cpoin is the Poincaré constant.

Note that, due to the presence of the velocity error terms, the above theo-

rem gives suboptimal estimates, by one order, for the pressure error. This is the

same result as was obtained in the setting of steady Stokes flow. Nonetheless, our

numerical experiments have indicated this error estimate may be conservative.

Let us now return to our discussion of optimal convergence estimates for

the velocity field in the L2-norm. To prove such estimates, we utilize a technique
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originally introduced by Wheeler in [190]. Before proceeding, however, we must

make an assumption regarding the domain Ω. In particular, we must assume the

domain satisfies the following elliptic regularity condition.

The Elliptic Regularity Assumption. For all g ∈ L2(Ω) , the weak solution (w, r)

of the following Stokes problem lies in H2(Ω) × H1(Ω): find (w, r) ∈ H1
0(Ω) ×

L2
0(Ω) such that

(2ν∇sw,∇sv)(L2(Ω))d×d − (r, divv)L2(Ω) + (q, divw)L2(Ω) = (g, v)L2(Ω)

for all v ∈ H1
0(Ω) and q ∈ L2

0(Ω).

Now, let us recall the divergence-free B-spline space

V̊0,h := {vh ∈ V0,h : divvh = 0} . (8.37)

Given w ∈ Hj+1(Ω) for some j ≥ 1 and assuming that (6.19) and (6.20) hold, let

us denote Π0
Ew ∈ V̊0,h as the unique function satisfying

kh(Π
0
Ew, vh) = kh(w, vh), ∀vh ∈ V̊0,h. (8.38)

As a consequence of Theorem 6.4.2, we have the following result on domains sat-

isfying the elliptic regularity condition:

‖w− Π0
Ew‖L2(Ω) ≤ Clh

s+1‖w‖Hs+1(Ω) (8.39)

where s = min {k′, j} and Cl is a positive constant independent of h, ν, and T

which scales asymptotically with the square root of Cpen. The existence of this

elliptic projector allows us to prove the following optimal estimate for the L2-norm

of the velocity error.
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Theorem 8.4.4. Assume that (6.19) and (6.20) are satisfied and that the domain Ω

satisfies the elliptic regularity condition. Let (u, p) and (uh, ph) denote the unique

weak solutions of (W ) and (G) respectively. If the regularity conditions

u ∈ L∞(0, T ; Hj+1(Ω)), ∂tu ∈ L2(0, T ; Hj+1(Ω))

hold for j ≥ 1, then we have

‖u− uh‖2
L∞(0,T ;L2(Ω)) ≤ Copth

2(s+1)
(
‖u‖2

L∞(0,T ;Hs+1(Ω)) + (2ν)−1‖∂tu‖2
L2(0,T ;Hs+1(Ω))

)
(8.40)

where s = min {k′, j} and Copt is a positive constant independent of h, ν, and T

that scales asymptotically with Cpen.

Proof. To begin, we write, for almost every t ∈ (0, T ),

(∂tu(t)− ∂tuh(t), vh)L2(Ω) + kh(u(t)− uh(t), vh) = 0 (8.41)

for all vh ∈ V0,h satisfying divvh = 0. Now, consider the decomposition u(t) −

uh(t) = eh(t) + η(t) where

eh(t) = Π0
Eu(t)− uh(t) and η(t) = u(t)− Π0

Eu(t).

Note that we have utilized the elliptic projector Π0
E instead of the standard commut-

ing projector Π0
Vh

. Inserting the above decomposition into (8.41), we obtain

(∂teh(t), vh)L2(Ω) + kh(eh(t), vh) = −(∂tη(t), vh)L2(Ω) − kh(η(t), vh).

Due to the definition of Π0
E , we have that

kh(η(t), vh) = 0,
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and hence we can write

(∂teh(t), vh)L2(Ω) + kh(eh(t), vh) = −(∂tη(t), vh)L2(Ω). (8.42)

Choosing vh = eh(t) and invoking Cauchy-Schwarz and Young’s inequality yields

the expression

1

2

d

dt
‖eh(t)‖2

L2(Ω) + kh(eh(t), eh(t)) ≤
1

2ε
‖∂tη(t)‖2

L2(Ω) +
ε

2
‖eh(t)‖2

L2(Ω)

where ε > 0 is an arbitrary positive number. We recruit Corollary 7.3.1 to write

1

2

d

dt
‖eh(t)‖2

L2(Ω) + 2νCcoerc‖eh(t)‖2
h ≤

1

2ε
‖∂tη(t)‖2

L2(Ω) +
ε

2
‖eh(t)‖2

L2(Ω),

and we invoke Poincaré’s inequality to obtain

1

2

d

dt
‖eh(t)‖2

L2(Ω) + 2νCcoerc‖eh(t)‖2
h ≤

1

2ε
‖∂tη(t)‖2

L2(Ω) +
C2
poinε

2
‖eh(t)‖2

h.

Choosing ε = 2νCcoerc
C2
poin

yields the expression

d

dt
‖eh(t)‖2

L2(Ω) + 2νCcoerc‖eh(t)‖2
h ≤

C2
poin

2νCcoerc
‖∂tη(t)‖2

L2(Ω).

We can directly integrate in time to finally arrive at

‖eh‖2
L∞(0,T ;L2(Ω)) + 2νCcoerc

∫ T

0

‖eh(t)‖2
hdt ≤

‖eh(0)‖2
L2(Ω) +

C2
poin

2νCcoerc
‖∂tη‖2

L2(0,T ;L2(Ω)). (8.43)

We now estimate the right-hand side of the above expression. First, since our do-

main satisfies the elliptic regularity property, we can combine (8.39) with our B-

spline interpolation estimates to arrive at the expression

‖eh(0)‖2
L2(Ω) ≤ Cinith

2(s+1)‖u‖2
L∞(0,T ;Hs+1(Ω)) (8.44)
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where Cinit > 0 a positive constant independent of h, T , and ν which scales asymp-

totically with Cpen. Next, noticing that the projection operator Π0
E commutes with

differentiation in time, we have

‖∂tη‖2
L2(0,T ;L2(Ω)) =

∫ T

0

‖∂tu− Π0
E∂tu‖2

L2(Ω)dt.

Since our domain satisfies the elliptic regularity property, we can write

‖∂tη‖2
L2(0,T ;L2(Ω)) ≤ Ctimeh

2(s+1)‖∂tu‖2
L2(0,T ;Hs+1(Ω)) (8.45)

for Ctime > 0 a positive constant independent of h, T , and ν which scales asymp-

totically with Cpen. Collecting the estimates given by (8.43)-(8.45) yields the ex-

pression

‖eh‖2
L∞(0,T ;L2(Ω)) ≤ Cinterh

2(s+1)
(
‖u‖2

L∞(0,T ;Hs+1(Ω)) + (2ν)−1‖∂tu‖2
L2(0,T ;Hs+1(Ω))

)
(8.46)

where

Cinter = max

{
Cinit,

C2
poinCtime

Ccoerc

}
.

To finish the proof, we write

‖u− uh‖2
L∞(0,T ;L2(Ω)) ≤ 2‖eh‖2

L∞(0,T ;L2(Ω)) + 2‖η‖2
L∞(0,T ;L2(Ω)).

Coupling the above bound with (8.46) and the inequality

‖η‖2
L∞(0,T ;L2(Ω)) ≤ Csph

2(s+1)‖u‖2
L∞(0,T ;Hs+1(Ω))

(wherein Csp > 0 is a positive constant independent of h, T , and ν which scales

asymptotically with Cpen) yields the desired result.

We finish here with one more estimate. This estimate gives an a priori

bound for the supremum of the discrete velocity field. We will later need this esti-

mate to prove optimal error estimates for the unsteady Navier-Stokes equations.
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Theorem 8.4.5. Assume that (6.19) and (6.20) are satisfied and that the domain Ω

satisfies the elliptic regularity condition. Let (u, p) and (uh, ph) denote the unique

weak solutions of (W ) and (G) respectively. If the regularity conditions

u ∈ L∞(0, T ; H2(Ω)), ∂tu ∈ L2(0, T ; H2(Ω))

hold, then we have

‖uh‖L∞(0,T ;L∞(Ω)) ≤ ‖u‖L∞(0,T ;L∞(Ω))

+ C∞h
2−d/2

(
‖u‖2

L∞(0,T ;H2(Ω)) + (2ν)−1‖∂tu‖2
L2(0,T ;H2(Ω))

)1/2

(8.47)

where C∞ is a positive constant independent of h, ν, and T that scales asymptoti-

cally with the square root of Cpen.

Proof. Before proceeding, note by assumption and the Sobolev embedding theorem

that u(t) is a continuous function for every t ∈ (0, T ). Let us also assume for

simplicity our meshes are globally quasi-uniform. The locally quasi-uniform case

follows by invoking local estimates rather than global estimates. Let L̂h denote the

space of C0 bilinear or trilinear finite elements (in R2 and R3 respectively) defined

over the parametric mesh Qh, and let Lh denote the push-forward of L̂h onto the

physical domain. For every t ∈ (0, T ), let wh(t) ∈ Lh denote the nodal interpolant

of u(t). By construction,

‖wh(t)‖L∞(Ω) ≤ ‖uh(t)‖L∞(Ω), (8.48)

and standard finite element interpolation estimates give the bound

‖u(t)− wh(t)‖L2(Ω) ≤ Cwh
2‖uh(t)‖H2(Ω) (8.49)
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where Cw > 0 is a positive constant independent of h, ν, T , and Cpen. Now, the

triangle inequality yields

‖uh(t)‖L∞(Ω) ≤ ‖uh(t)− wh(t)‖L∞(Ω) + ‖wh(t)‖L∞(Ω).

Since both Vh and Lh are discrete spaces consisting of mapped polynomials over

each physical mesh element, a scaling argument gives

‖uh(t)‖L∞(Ω) ≤ Cscalingh
−d/2‖uh(t)− wh(t)‖L2(Ω) + ‖wh(t)‖L∞(Ω)

where Cscaling > 0 is a positive constant only dependent on mesh regularity, poly-

nomial degree, and the parametric mapping F . We split the term involving uh−wh

using the triangle inequality to obtain

‖uh(t)‖L∞(Ω) ≤ Cscalingh
−d/2 (‖u(t)− wh(t)‖L2(Ω) + ‖u(t)− uh(t)‖L2(Ω)

)
+ ‖wh(t)‖L∞(Ω). (8.50)

The theorem finally follows by combining (8.48)-(8.50) with the result of Theorem

8.4.4.

This concludes our a priori error analysis. We have obtained an optimal

pointwise (in time) error estimate for the gradient of the velocity field, and we

have obtained an optimal pointwise error estimate for the velocity field provided

an elliptic regularity condition is satisfied. Furthermore, we have obtained an L∞-

stability estimate for the velocity field, and we have obtained error estimates which

are suboptimal, by one order, for the pressure field. These estimates will prove

to be critical in deriving error estimates for the nonlinear unsteady Navier-Stokes

problem.

Before proceeding, we would like to say a few remarks regarding regularity.

It is known that solutions of the unsteady Stokes problem and parabolic problems
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in general may experience blow up at the initial time unless certain compatibility

conditions relating the initial condition and applied forcing are satisfied. To ad-

dress this issue, many authors have invoked the inherent smoothing properties of

parabolic evolution equations in order to derive optimal error estimates away from

the initial time [116,139,180]. These developments, however, are beyond the scope

of this written dissertation.

8.5 Spectrum Analysis

While the error estimates derived in the preceding section give insight into

the asymptotic convergence behavior of our method, it does not give much insight

as to our method’s pre-asymptotic characteristics. Alternatively, we may utilize

spectrum analysis in order to analyze the approximation properties of all the scales

of our discretization for a given mesh size and polynomial degree. In spectrum

analysis, we directly compare the spectrum of the discrete Stokes operator with

the spectrum of the continuous Stokes operator. For simplicity, let us consider

the unsteady Stokes problem on the two-dimensional torus subject to no applied

forcing. To this effect, we set Ω = (0, 2π)2 and introduce the Sobolev spaces

H1
per(Ω) :=

{
u ∈ H1(Ω) : u(·, 0) = u(·, 2π),u(0, ·) = u(2π, ·)

}
and

L2
per(Ω) := L2

0(Ω).

Furthermore, for a given end-time T > 0, we define the spaces

VT,per :=
{

v ∈ L2(0, T ; H1
per(Ω)) : ∂tv ∈ L2(0, T ; H∗per(Ω))

}
and

QT,per := L2(0, T ;L2
per(Ω))
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where H∗per(Ω) denotes the dual space of H1
per(Ω). Given u0 ∈ H1

per(Ω), the prob-

lem of interest then reads as follows.

(P )



Find u ∈ VT,per and p ∈ QT,per such that u(0) = u0 and, for almost every
t ∈ (0, T ),

〈∂tu(t), v〉+ k(u(t), v)− b(p(t), v) + b(q,u(t)) = 0

for all v ∈ H1
per(Ω) and q ∈ L2

per(Ω) where k(·, ·) is defined by (7.5).

The above is an evolutionary equation subject only to dissipation in time. Now,

defining the space of divergence-free functions as

H̊
1

per(Ω) :=
{

v ∈ H1
per(Ω) : divv = 0

}
,

let us consider the following eigen-problem.

(E)


Find û ∈ H̊

1

per(Ω) and λ ∈ R+ such that ‖û‖L2(Ω) = 1 and

k(û, v) = λ (û, v)L2(Ω)

for all v ∈ H̊
1

per(Ω).

The orthonormal eigenmodes corresponding to the above problem are explicitly

known and comprise the set{
û =

curlφ

‖curlφ‖L2(Ω)

: φ = exp (ik1x+ ik2y) , k1, k2 ∈ Z, k1 + k2 = 0

}
.

We enumerate these eigenmodes and their corresponding eigenvalues as {ûn, λn}∞n=1

where

λ1 ≤ λ2 ≤ · · · .

Finally, a direct calculation shows that the exact velocity solution of (P ) can be

written as

u(x, t) =
∞∑
n=1

Anûn(x) exp(−λnt) (8.51)
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Figure 8.1: Stokes spectrum for divergence-free B-splines.

where

An =

∫
Ω

u0(x) · ûn(x)dx. (8.52)

Hence, the velocity solution of (P ) depends only on the initial condition u0, the

eigenmodes {ûn}∞n=1, and the eigenvalues {λn}∞n=1. Furthermore, the eigenvalues

{λn}∞n=1 gives the dissipation rates of the individual eigenmodes. We may repeat

all of the above calculations at the discrete level to express our discrete velocity

solution entirely in terms of the discrete initial condtion u0,h, discrete eigenmodes{
ûhn
}N
n=1

, and discrete eigenvalues
{
λhn
}N
n=1

where N denotes the dimension of

the discrete space of (discretely) divergence-free functions. A natural question to

then ask is how well do the discrete eigenvalues approximate the first N continuous

eigenvalues.

In Figure 8.1, we have compared the discrete eigenvalues arising from a
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Figure 8.2: Stokes spectrum for Taylor-Hood elements.

divergence-free B-spline discretization of the Stokes eigen-problem with corre-

sponding exact eigenvalues for N = 4095 and polynomial degrees k′ = 1, 2, 3, 4, 5.

Note that the discrete spectrum is fairly well-resolved for all polynomial degrees

and that the entire discrete spectrum improves with increasing polynomial degree.

We should also mention that all of the discrete eigenvalues satisfy the relationship

λhn ≥ λn.

This property is a consequence of the fact that our method is an interior approxima-

tion technique. That is, it preserves the divergence-free constraint exactly.

In Figure 8.2, we have compared the discrete eigenvalues arising from a

Taylor-Hood Qk+1/Qk discretization [106] of the Stokes eigen-problem with cor-

responding exact eigenvalues for N ≈ 4000 and polynomial degrees k = 2, 3, 4, 5.

Note that, in contrast with divergence-free B-splines, the discrete spectrum does

227



0 0.2 0.4 0.6 0.8 1
0.8

1

1.2

1.4

1.6

1.8

2

n/N

!
h
/!

k = 2
k = 3
k = 4
k = 5

Figure 8.3: Stokes spectrum for Qk+1 − P k elements.

not improve with increasing polynomial degree. While the initial portion of the

discrete spectrum does improve with increasing polynomial degree, the top end of

the spectrum worsens. This indicates that the high modes of the discrete Stokes

system have no approximability. Furthermore, as Taylor-Hood discretizations do

not preserve the divergence-free constraint exactly, the discrete eigenvalues do not

satisfy the relationship λhn ≥ λn.

In Figure 8.3, we have compared the discrete eigenvalues arising from a

Qk+1/Pk discretization [25] of the Stokes eigen-problem with corresponding ex-

act eigenvalues for N ≈ 4000 and polynomial degrees k = 2, 3, 4, 5. In this dis-

cretization technique, the velocity field is approximated using continuous piecewise

tensor-product polynomials of degree k + 1 and the pressure field is approximated

using discontinuous piecewise polynomials of degree k. Note immediately that the

discrete spectra associated with these discretizations are somewhat erratic and un-
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Figure 8.4: Stokes spectrum for the MAC scheme.

predictable. Like the Taylor-Hood discretizations, the initial portion of the discrete

spectrum improves with increasing polynomial degree and the top end worsens.

Moreover, as the polynomial degree is increased, the middle portion of the spectrum

is driven to be smaller and smaller. This indicates that the discrete eigenmodes as-

sociated with these eigenvalues are not dissipating fast enough in comparison with

their continuous counterparts.

In Figure 8.4, we have compared the discrete eigenvalues arising from a

Marker-And-Cell (MAC) discretization [97] of the Stokes eigen-problem with cor-

responding exact eigenvalues for N = 4095. In this discretization technique, the

velocity field is defined on cell faces, the pressure field is defined on cell interiors,

and finite differences are utilized to discretize the momentum equation on cell faces

and the continuity equation on cell interiors. Note that all of the discrete eigen-

values are smaller than their continuous counterpart. This indicates that all of the
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discrete eigenmodes are not dissipating fast enough.

Finally, in Figure 8.5, we have compared the discrete eigenvalues arising

from a divergence-free Raviart-Thomas discretization [48, 49, 117] of the Stokes

eigen-problem with corresponding exact eigenvalues for N ≈ 4000 and polyno-

mial degrees k′ = 1, 2, 3, 4, 5. Since Raviart-Thomas elements are not tangentially

continuous across faces, the interior penalty method can be invoked to enforce this

continuity weakly. For the computations here, the interior penalty parameter was

chosen as 4(k′ + 1)2. Note from the figure that while the initial portion of the dis-

crete spectrum improves with increasing polynomial degree, the top end catastroph-

ically worsens. This indicates that the high modes of the discrete Stokes operator

have no approximability whatsoever, especially for high polynomial degrees. Fur-

thermore, we found the quality of the spectrum degraded with increasing interior

penalty parameter. This indicates that one should choose the interior penalty pa-

rameter intelligently not only for the purposes of numerical stability but also for

numerical accuracy. Unfortunately, this fact is not often elaborated in the literature.
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Figure 8.5: Stokes spectrum for divergence-free Raviart-Thomas elements: (a) Full
view, (b) Zoomed in view.
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Chapter 9

Approximation of the Unsteady Navier-Stokes
Problem

Alas, we finally arrive at unsteady Navier-Stokes flow. Unsteady Navier-

Stokes flow is simultaneously the most interesting and difficult flow regime studied

in this dissertation. Like steady Navier-Stokes flow, it is subject to the Babuška-

Brezzi condition and convective instabilities. Furthermore, vortex stretching, en-

strophy production, and turbulence are fundamental features of unsteady Navier-

Stokes flow in three-dimensional domains. In this chapter, we present divergence-

conforming semi-discretizations for the unsteady Navier-Stokes equations using the

B-spline spaces introduced in Chapter 5, and we prove a collection of stability and

error estimates for single-patch configurations. We also demonstrate that our semi-

discretizations satisfy discrete balance laws for momentum, energy, vorticity, en-

strophy, and helicity. We numerically verify our error estimates using two simple

model problems with exact solutions, and we finish this chapter by considering the

application of our method to two standard benchmark problems: two-dimensional

flow over a cylinder and three-dimensional Taylor-Green vortex flow.

The use of B-splines in the numerical anlysis of unsteady Navier-Stokes

flow has already been conducted with much success. The novelty of the method

presented here is simply the use of tensor-product B-splines which exactly sat-

isfy the incompressibility constraint. In the Direct Numerical Simulation (DNS)

community, a common method of choice in simulating wall-bounded flows is the
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use of Fourier spectral discretizations in periodic directions and B-splines in wall-

normal directions [129,130,138]. In this setting, B-splines are often preferred over

polynomial-based spectral discretizations due to their high resolving power, easy

implementation of boundary conditions, and ability to employ stretched grids. Re-

cently, Bazilevs et al. studied the turbulence problem in a series of papers using

NURBS-based isogeometric analysis in conjunction with a Variational Multiscale

(VMS) methodology. In these papers, it was found the increased continuity of

splines led to enhanced numerical results [1,16,18,21,22]. It is believed that much

of this success can be attributed to the spectral-like properties of B-splines. In Fig-

ure 9.1, we have plotted the phase errors associated with one-dimensional k-method

NURBS (which in this setting reduce to B-splines of maximal continuity) and C0

finite element discretizations of the first-order wave equation. Note that the phase

error associated with the quadratic NURBS solution is much smaller than that as-

sociated with the quadratic finite element solution. Indeed, it can be shown that

the phase error for Cp−1 NURBS solutions scales like O(h2p+2) while the phase

error for C0 finite element solutions scales like O(h2p). For more on this topic of

discussion, see Chapter 9 of [52].

As in the preceding chapter, we will need to continuously refer back to

results provided in previous parts of the dissertation in order to derive the results

appearing here. As such, we assume the reader is familiar with previous parts of

the dissertation, and we will be rather terse with regards to exposition of notation.

Additionally, it should be mentioned that we do not consider subgrid turbulence

models in this chapter. As such, the discretizations presented here should only be

utilized if the flow field is sufficiently resolved by the spatial mesh. That being

said, standard Large Eddy Simulation models can be utilized in conjunction with

the proposed discretizations to capture fine-scale turbulent effects on coarse meshes.
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Figure 9.1: The first-order wave equation. Phase errors versus non-dimensional
wave numbers. Comparison of linear and quadratic finite elements, C1 quadratic
NURBS, and C2 cubic NURBS. Image courtesy of Thomas J.R. Hughes.
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9.1 The Continuous Problem

Let us consider unsteady Navier-Stokes flow of a constant-property Newto-

nian fluid subject to homogeneous Dirichlet boundary conditions:

(S)



Given ν ∈ R+, f : Ω × (0,∞) → Rd, and u0 : Ω → Rd, find u : Ω̄ ×
[0,∞)→ Rd and p : Ω× (0,∞)→ R such that

∂u
∂t

+∇ · (u⊗ u) + gradp−∇ · (2ν∇su) = f (9.1)

divu = 0 (9.2)

in Ω× (0,∞) and

u = 0 on ∂Ω× (0,∞) (9.3)
u(·, 0) = u0(·) in Ω. (9.4)

An appropriate definition of weak solution is not entirely obvious in the context of

unsteady Navier-Stokes flows, especially for domains in R3. The most basic type

of weak solution is a so-called Leray-Hopf solution. Given a fixed end-time T > 0,

let us assume that f ∈ L∞(0, T ; L2(Ω)) and

u0 ∈ {u ∈ H0(div; Ω) : divu = 0} .

A Leray-Hopf solution over the time interval (0, T ) is then defined as a vector

function u ∈ L∞(0, T ; L2(Ω))∩L2(0, T ; H1
0(Ω)) satisfying u(·, 0) = u0, divu = 0

in the sense of distributions, the energy inequality

‖u(t)‖2
L2(Ω)+

∫ t

0

4ν‖∇su(s)‖2
(L2(Ω))d×dds ≤ ‖u(0)‖2

L2(Ω)+

∫ t

0

2 (f(s),u(s))L2(Ω) ds

(9.5)

for almost every t ∈ (0, T ), and∫ T

0

∫
Ω

(u · ∂tv + (u⊗ u) : ∇v + u · ∇ · (2ν∇sv) + f · v) dxdt+

∫
Ω

u0 · vdx = 0

(9.6)

235



for all smooth test functions v ∈ (C∞0 ((0, T ) × Ω))d such that divv = 0. In 1934,

Leray obtained the first three-dimensional existence results for the Navier-Stokes

equations by carefully constructing a Leray-Hopf weak solution for the Navier-

Stokes problem posed on all of R3 [134]. Seventeen years later, Hopf extended this

existence result to the Dirichlet problem by constructing a Leray-Hopf solution as

the limit of a sequence of Galerkin approximations [107].

While the question of existence was answered many decades ago for Leray-

Hopf solutions, the question of uniqueness remains unanswered for domains in R3.

This is primarily due to an intimate relationship between uniqueness and regular-

ity [64]. As was mentioned in Chapter 3, a priori estimates have not yet been able to

preclude the occurrence of so-called vorticity bursts reaching scales smaller than the

Kolmogorov scale due to the presence of enstrophy production. In his seminal 1977

paper, Scheffer introduced a systematic means of addressing the regularity question

by studying the Hausdorff measure of the singular set of weak solutions [164]. If

one can prove the measure of this set is zero, one will then have answered the

Navier-Stokes smoothness question in the affirmative. To systematically study the

Hausdorff measure, Scheffer introduced so-called suitable weak solutions which

satisfy a local space-time energy balance. Specifically, suitable weak solutions sat-

isfy the inequality

∂t

(
1

2
|u|2
)

+∇ ·
((

1

2
|u|2 + p

)
u
)
− ν∇2

(
1

2
|u|2
)

+ ν|∇u|2 − f · u ≤ 0 (9.7)

in a distributional sense. Such a local balance can be interpreted as an “entropy

condition” for incompressible flows. Suitable weak solutions are known to always

exist, and they may be obtained via a regularization of the Navier-Stokes equations

and passing to the limit. With the notion of a suitable weak solution, Scheffer was

able to derive a bound from above of some Hausdorff measure of the singular set.
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This bound was then improved upon in the famous 1982 paper of Caffarelli, Kohn,

and Nirenberg where it is proven that the one-dimensional Hausdorff measure of the

set of singularities for a suitable weak solution is zero [42]. That is, if singularities

exist, they cannot lie along a line in space-time. This is widely considered to be the

best general result in the direction of the Navier-Stokes Millenium Prize Problem.

All of the above machinery is not necessary in the derivation of a semi-

discrete variational formulation. As we will show in the next section, we are able

to obtain a well-posed discrete problem via a simple Galerkin methodology. That

being said, a recent paper of Guermond suggests that our semi-discrete formulation

converges to a suitable weak solution [90]. This is due to the local approxima-

tion properties of B-splines, the divergence-free property of our discrete velocity

field, the satisfaction of a discrete inf-sup condition, and the fact that Nitsche’s

method transforms the Laplacian into a discrete Laplacian. All that remains to prove

suitability is a certain nonstandard inf-sup condition. Convergence of divergence-

conforming B-splines to suitable weak solutions has been explored in some detail

but will not be covered here. It should be noted that it is not known whether or not

this convergence property holds for spectral discretizations which are the standard

in direct numerical simulation. It has been hypothesized that spectral discretiza-

tions may not converge to suitable weak solutions as they do not induce enough

numerical diffusion to counteract the Gibbs-Wilbraham phenomenon, preventing a

local energy balance from holding in the limit [91].

9.2 The Semi-Discrete Problem

We now present a semi-discrete variational formulation for the unsteady

Navier-Stokes equations. Employing precisely the same terminology as was used
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in the preceding chapter, our formulation reads as follows.

(G)



Find uh ∈ VhT and ph ∈ QhT such that uh(0) = u0,h and, for almost every
t ∈ (0, T ),

(∂tuh(t), vh)L2(Ω) + kh(uh(t), vh)
+c(uh(t),uh(t); vh)− b(ph(t), vh) + b(qh,uh(t)) = (f(t), vh)L2(Ω)

(9.8)

for all vh ∈ V0,h and qh ∈ Q0,h.
By assuming the exact solution satisfies

u ∈ L2
(
0, T ; H3/2+ε(Ω)

)
for some ε > 0, we can show the above semi-discrete problem is consistent up to

the prescription of initial conditions. We also have the following lemma.

Lemma 9.2.1 (Conservation of mass). Suppose (uh, ph) ∈ VhT × QhT is a solution

to (G). Then ∫ T

0

‖divuh(t)‖2
L2(Ω)dt = 0. (9.9)

That is, divuh = 0 as a distribution.

9.3 Energy Balance

As was the case for the unsteady Stokes equations, our semi-discrete for-

mulation satisfies a discrete energy balance law provided the constant in Nitsche’s

method is chosen large enough. This balance law is encompassed in the following

lemma.

Lemma 9.3.1 (Global balance law for energy). Suppose (uh, ph) ∈ VhT × QhT is a

solution to (G). Furthermore, assume (6.19) and (6.20) are satisfied. Then
1

2

d

dt
‖uh(t)‖2

L2(Ω) = −kh(uh(t),uh(t)) + (f(t),uh(t))L2(Ω) ≤ (f(t),uh(t))L2(Ω)

(9.10)
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for almost every t ∈ (0, T ).

Proof. The proof follows along the same lines as that of Lemma 8.3.1. Insert

(vh, qh) = (uh(t), 0) into (9.8) for almost every t ∈ (0, T ) and use Lemma 7.3.2, the

fact that divuh = 0 as a distribution, and the product rule to obtain the expression

(∂tuh(t),uh(t))L2(Ω) =
1

2

d

dt
‖uh(t)‖2

L2(Ω).

To complete the proof, note that kh(·, ·) is coercive due to Corollary 7.3.1.

The above energy balance law is analogous to the balance law satisfied by

Leray-Hopf weak solutions. However, while we have an equality in our discrete

balance law, the balance law for Leray-Hopf weak solutions is characterized by an

inequality. This inequality is an artifact of regularization and passing to the limit.

Note that when the applied forcing term is conservative (i.e., f = ∇q for some

scalar potential q : Ω→ R), we have

1

2

d

dt
‖uh(t)‖2

L2(Ω) ≤ 0

for almost every t ∈ (0, T ). Hence, our formulation properly dissipates energy.

Furthermore, when the viscosity is taken to vanish, we obtain

1

2

d

dt
‖uh(t)‖2

L2(Ω) = 0.

Thus, just as in the infinite-dimensional setting, energy is an inviscid invariant

for our semi-discrete formulation. Consequently, our formulation exhibits time-

reversibility.
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9.4 Global Existence and Uniqueness

Using standard approaches from the theory of ordinary differential equa-

tions, we obtain the following theorem.

Theorem 9.4.1. Assume (6.19) and (6.20) are satisfied. Then Problem (G) has a

unique solution (uh, ph) ∈ VhT × QhT . Moreover,

‖uh‖L∞(0,T ;L2(Ω)) ≤ eT
(
‖u0,h‖L2(Ω) + ‖f‖L2(0,T ;L2(Ω))

)
(9.11)

and ∫ T

0

‖uh‖2
hdt ≤

1

4νCcoerc

(
‖uh‖2

L2(0,T ;L2(Ω)) + ‖f‖2
L2(0,T ;L2(Ω))

)
(9.12)

where Ccoerc is the coercivity constant appearing in Corollary 7.3.1.

Proof. The proof follows in exactly the same manner as Theorem 8.3.1.

Note that the above theorem gives existence and uniqueness results for any

end-time T . Hence, we have global-in-time existence and uniqueness for our semi-

discrete problem. Moreover, our method is well-posed in the sense that it returns

discrete solutions which depend continuously on the given data. This gives our

methodology firm mathematical grounding.

9.5 A Priori Error Estimates

We are now ready to prove a priori error estimates for our semi-discrete

formulation. We restrict our attention to proving L2 estimates for the semi-discrete

velocity field. Of course, without uniqueness, one cannot hope to talk about error

estimates in any reasonable fashion. However, if we assume that a Leray-Hopf

solution is sufficiently smooth, we can prove that such a solution is unique, and one
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can use standard functional analysis techniques to prove our semi-discrete solution

converges to the Leray-Hopf solution.

Now, let u denote a Leray-Hopf solution of the unsteady Navier-Stokes

equations. Following Section 5 of [100], let us split the velocity error u − uh into

two parts, u− ũh, where ũh is the divergence-free B-spline approximation of a lin-

earized unsteady Stokes problem, and ũh − uh. The velocity field ũh specifically

satisfies ũh(·, 0) = u0,h and, for almost every t ∈ (0, T ),

(∂tũh(t), vh)L2(Ω) + kh(ũh(t), vh) = −c(u(t),u(t); vh) + (f(t), vh)L2(Ω) (9.13)

for all

vh ∈ V̊0,h := {wh ∈ V0,h : divwh = 0} .

Note that the results of the preceding chapter immediately provide a priori estimates

for u− ũh. Hence, it remains to obtain bounds for ũh− uh. The following theorem

gives such bounds.

Theorem 9.5.1. Assume that (6.19) and (6.20) are satisfied and that the domain

Ω satisfies the elliptic regularity condition. Let u denote a Leray-Hopf solution of

the unsteady Navier-Stokes equations, (uh, ph) denote the unique weak solution of

(G), and ũ denote the solution of the linearized Stokes problem given by (9.13). If

the regularity conditions

u ∈ L∞(0, T ; H2(Ω)), ∂tu ∈ L2(0, T ; H2(Ω))

hold, then we have

‖ũh − uh‖2
L∞(0,T ;L2(Ω)) ≤ Q exp {βT} ‖u− ũh‖2

L2(0,T ;L2(Ω)) (9.14)

with

Q =
1

νCcoerc

(
‖u‖L∞(0,T ;L∞(Ω)) + γ

)2
, β =

1

νCcoerc
γ2 − 2νCcoerc

C2
poin

(9.15)
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where

γ = ‖u‖L∞(0,T ;L∞(Ω)) + C∞h
2−d/2

(
‖u‖2

L∞(0,T ;H2(Ω)) + (2ν)−1‖∂tu‖2
L2(0,T ;H2(Ω))

)1/2

,

C∞ is the positive constant appearing in Theorem 8.4.5, Ccoerc is the coercivity

constant appearing in Corollary 7.3.1, andCpoin is the Poincaré constant appearing

in (6.14).

Proof. For the remainder of the proof, let us denote

eh = ũh − uh, η = u− ũh.

Subtracting (9.8) from (9.13), we obtain

(∂teh(t), vh)L2(Ω) + kh(eh(t), vh) = c(uh(t),uh(t); vh)− c(u(t),u(t); vh)

for every vh ∈ V̊0,h. Setting vh = eh(t) in the above expression yields

1

2

d

dt
‖eh(t)‖2

L2(Ω) + kh(eh(t), eh(t)) = c(uh(t),uh(t); eh(t))− c(u(t),u(t); eh(t)).
(9.16)

A simple algebraic manipulation gives

c(u(t),u(t); eh(t)) = c(u(t),η(t); eh(t)) + c(η(t), ũh(t); eh(t))

+ c(eh(t), ũh(t); eh(t)) + c(uh(t), eh(t); eh(t))

+ c(uh(t),uh(t); eh(t)).

By Lemma 7.3.2, we have

c(uh(t), eh(t); eh(t)) = 0.

Thus,

c(u(t),u(t); eh(t)) = c(u(t),η(t); eh(t)) + c(η(t), ũh(t); eh(t))

+ c(eh(t), ũh(t); eh(t)) + c(uh(t),uh(t); eh(t)).
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Now, plugging the above expression into (9.16), we obtain

1

2

d

dt
‖eh(t)‖2

L2(Ω) + kh(eh(t), eh(t)) = −c(η(t), ũh(t); eh(t))− c(eh(t), ũh(t); eh(t))

− c(u(t),η(t); eh(t)) (9.17)

Multiple applications of Hölder’s inequality gives the following three expressions:

c(η(t), ũh(t); eh(t)) ≤ ‖η(t)‖L2(Ω)‖ũh(t)‖L∞(Ω)|eh(t)|H1(Ω)

c(eh(t), ũh(t); eh(t)) ≤ ‖eh(t)‖L2(Ω)‖ũh(t)‖L∞(Ω)|eh(t)|H1(Ω)

c(u(t),η(t); eh(t)) ≤ ‖u(t)‖L∞‖η(t)‖L2(Ω)|eh(t)|H1(Ω).

Inserting the above expressions into (9.17) yields

1

2

d

dt
‖eh(t)‖2

L2(Ω) + kh(eh(t), eh(t)) ≤ Φ(t)|eh(t)|H1(Ω)

where

Φ(t) := ‖ũh(t)‖L∞(Ω)‖eh(t)‖L2(Ω) +
(
‖u(t)‖L∞ + ‖ũh(t)‖L∞(Ω)

)
‖η(t)‖L2(Ω).

Invoking Young’s inequality, we immediately obtain

d

dt
‖eh(t)‖2

L2(Ω) + kh(eh(t), eh(t)) ≤
1

2ε
Φ2(t) +

ε

2
|eh(t)|2H1(Ω)

where ε > 0 is an arbitrary positive constant. To proceed, we employ Corollary

7.3.1 to write

1

2

d

dt
‖eh(t)‖2

L2(Ω) + 2νCcoerc‖eh(t)‖2
h ≤

1

2ε
Φ2(t) +

ε

2
|eh(t)|2H1(Ω).

Selecting ε = 2νCcoerc and employing the Poincaré inequality finally yields the

expression

d

dt
‖eh(t)‖2

L2(Ω) ≤
1

2νCcoerc
Φ2(t)− 2νCcoerc

C2
poin

‖eh(t)‖2
L2(Ω)
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where Cpoin > 0 is the positive constant appearing in (6.14). Now, the triangle

inequality gives

d

dt
‖eh(t)‖2

L2(Ω) ≤ A(t)‖eh(t)‖2
L2(Ω) +B(t)

where

A(t) =
1

νCcoerc
‖ũh(t)‖2

L∞(Ω) −
2νCcoerc
C2
poin

and

B(t) =
1

νCcoerc

(
‖u(t)‖L∞ + ‖ũh(t)‖L∞(Ω)

)2 ‖η(t)‖2
L2(Ω).

We can immediately apply the differential form of Gronwall’s inequality to obtain

the expression

‖eh‖2
L∞(0,T ;L2(Ω)) ≤ exp

{∫ T

0

A(t)dt

}∫ T

0

B(t)dt (9.18)

where we have exploited the fact that eh(0) = 0. The theorem follows by using

Theorem 8.4.5 to bound ‖ũh(t)‖L∞(Ω).

Combining Theorems 8.4.4 and 9.5.1 immediately gives optimal error esti-

mates for the velocity field in the L2-norm, as encompassed in the following theo-

rem.

Theorem 9.5.2. Assume that (6.19) and (6.20) are satisfied and that the domain Ω

satisfies the elliptic regularity condition. Let u denote a Leray-Hopf solution of the

unsteady Navier-Stokes equations and (uh, ph) denote the unique weak solution of

(G). If the regularity conditions

u ∈ L∞(0, T ; Hj+1(Ω)), ∂tu ∈ L2(0, T ; Hj+1(Ω))
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hold for j ≥ 1, then we have

‖u− uh‖2
L∞(0,T ;L2(Ω)) ≤

CNS (1 +QT exp {βT})h2(s+1)
(
‖u‖2

L∞(0,T ;Hs+1(Ω)) + (2ν)−1‖∂tu‖2
L2(0,T ;Hs+1(Ω))

)
(9.19)

where s = min {k′, j}, Q and β are the constants appearing in Theorem 9.5.1, and

CNS is a positive constant independent of h, ν, and T that scales asymptotically

with Cpen.

We would like to mention that the above two theorems guarantee that if a

Leray-Hopf solution u satisfies the regularity conditions

u ∈ L∞(0, T ; H2(Ω)), ∂tu ∈ L2(0, T ; H2(Ω)),

then it is the only such solution satisfying the regularity conditions. This gives a

uniqueness result for sufficiently smooth solutions of the unsteady Navier-Stokes

equations. Let us further note that while Theorem 9.5.2 gives an optimal L2 error

bound for the velocity field in terms of the mesh size h, the bound grows expo-

nentially in time. Unfortunately, such a dependence is, in general, unavoidable.

However, if we assume an exact solution is stable in the sense that perturbations de-

cay exponentially in time, we can use standard techniques to prove error estimates

which are uniform in time [101]. Such a discussion is beyond the scope of this

written dissertation. Furthermore, as was the case for the unsteady Stokes problem,

it is known that solutions of the unsteady Navier-Stokes problem may experience

blow up at the initial time unless certain compatibility conditions relating the ini-

tial condition and applied forcing are satisfied. The inherent smoothing properties

of unsteady Navier-Stokes flow may be exploited in order to derive optimal error

estimates away from the initial time for higher-order spatial discretizations [102].
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Finally, we may utilize a similar procedure to that found in Section 5 of [100] to

derive suboptimal, by one order, L2 error bounds for the pressure field. However,

this procedure is rather involved, so we have elected not to include it here.

9.6 Conservation Properties on Rectilinear Domains

In these next three sections, we present a collection of balance laws for our

semi-discretization scheme. Before proceeding forth, we pose our semi-discrete

problem in a slightly different form. This form will more directly reveal the conser-

vation structure of our chosen semi-discretization. To this effect, let us introduce

the following discrete trace space:

Vtrace,h :=
{
q ∈ L2(∂Ω) : q = vh · n, vh ∈ Vh

}
. (9.20)

Note that, in the above expression, Vh denotes the space of discrete velocity fields

which are free of Dirichlet boundary conditions. Vtrace,h represents the natural trace

space associated with Vh, and it is a Hilbert space when endowed with the standard

L2 inner-product over ∂Ω. Introducing the space-time trace space

Vhtrace,T := L2(0, T ;Vtrace,h), (9.21)

let us consider the following semi-discrete problem.

(A)



Find uh ∈ VhT , ph ∈ QhT , and ptrace,h ∈ Vhtrace,T such that uh(0) = u0,h and,
for almost every t ∈ (0, T ),

(∂tuh(t), vh)L2(Ω) + kh(uh(t), vh) + c(uh(t),uh(t); vh)
−b(ph(t), vh) + (ptrace,h(t), vh · n)L2(∂Ω) + b(qh,uh(t)) = (f(t), vh)L2(Ω)

(9.22)

for all vh ∈ Vh and qh ∈ Q0,h.
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Here, we have introduced the auxiliary field ptrace,h and released the no-penetration

boundary condition on the discrete test space for the momentum equations. Note

that the solution of Problem (G) is also a solution to Problem (A) (modulo the

auxiliary field ptrace,h) since

(ptrace,h(t), vh · n)L2(∂Ω) = 0, ∀vh ∈ V0,h.

Furthermore, the auxiliary field ptrace,h is unique due to the obvious inf-sup condi-

tion

inf
qh∈Vtrace,h

qh 6=0

sup
vh∈Vh

(qh, vh · n)L2(∂Ω) = ‖qh‖2
L2(∂Ω).

By employing integration by parts, we observe the auxiliary field ptrace,h approx-

imates the trace of the pressure field. Hence, ptrace,hn gives the discrete normal

traction along ∂Ω due to pressure forces.

Now, suppose that Ω is a rectilinear domain that has been mapped from

parametric space using an affine transformation. Then, the unit vectors ei ∈ Rd

necessarily belong to the discrete space Vh. If we select vh = ei and qh = ph(t) in

(9.22) and sum over i = 1, . . . , d, we obtain the following discrete balance law for

linear momentum.

Global conservation of linear momentum on rectilinear domains. For rectilin-

ear domains, the discrete velocity field uh satisfies

d

dt

∫
Ω

uh(t)dx =

∫
∂Ω

(−ptrace,h(t)n + Q(t)) ds +

∫
Ω

f(t)dx (9.23)

for almost all t ∈ (0, T ) where

Q(t) = 2ν

(
(∇suh(t)) n− Cpen

hF
uh(t)

)
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for a given mesh face F ∈ Γh.

By interpreting Nitsche’s method as a variational wall model as was dis-

cussed in Section 7.2, we see that the above balance law dictates that linear mo-

mentum enters or leaves the system via either body forces or surface traction forces.

Hence, our semi-discrete formulation properly mimics the continuous problem. We

can derive similar balance laws when non-homogeneous Dirichlet, traction, or peri-

odic boundary conditions are specified instead of homogeneous Dirichlet boundary

conditions. Additionally, we can derive momentum balance laws over subdomains

by introducing auxiliary flux spaces on subdomain boundaries. For more on this

procedure, see [110].

9.7 Conservation Properties on Cylindrical Domains

When the domain Ω is not rectilinear, our semi-discrete formulation is no

longer guaranteed to globally conserve linear momentum. This is because the Pi-

ola transformation does not, in general, map constant vector fields in parametric

space to constant vector fields in physical space. However, the special structure of

the Piola transformation allows our formulation to admit more natural momentum

balance laws for general parametric domains. In this section, we demonstrate that

if Ω is a cylindrical domain defined via a polar mapping, our formulation globally

conserves axial angular momentum and axial linear momentum.

To proceed, let us introduce the mapping

F(ξ1, ξ2, ξ3) =

 ((rout − rin)ξ2 + rin) sin(2πξ1)
((rout − rin)ξ2 + rin) cos(2πξ1)

Hξ3

 ,∀(ξ1, ξ2, ξ3) ∈ (0, 1)3

from the parametric domain Ω̂ = (0, 1)3 to a physical domain Ω set between two
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concentric cylinders. The radius of the inner cylinder is taken to be rin, the radius

of the outer cylinder is taken to be rout, and the heights of the cylinders are taken to

be H . Periodicity is applied in the ξ1 direction. We have the following relationship

between our parametric coordinate system and the cylindrical coordinate system

(r, θ, z):

r = (rout − rin)ξ2 + rin

θ = 2πξ1

z = Hξ3.

Without loss of generality, let us assume that rin = 1, rout = 2, and H = 1. As dis-

cussed in Chapter 5, the discrete velocity functions vh ∈ Vh have the representation

vh(x(ξ)) :=
1

det (DF(ξ))
DF(ξ) v̂h(ξ)

where v̂h ∈ V̂h. A direct computation shows

vh(x(ξ)) :=

 cos(θ) sin(θ)
2πr

0

− sin(θ) cos(θ)
2πr

0
0 0 1

2πr

 v̂h(ξ).

Now, since the space V̂h contains all vector-valued functions which are constant in

ξ1 and ξ3 and linear in ξ2, we thus have proven the vector-valued functions

s =

 r cos(θ)
−r sin(θ)

0

 =

 y
−x
0

 , z =

 0
0
1


are members of Vh. Let us now select vh = s and qh = ph(t) in (9.22). Since ∇s is

an anti-symmetric matrix, we have∫
Ω

(2ν (∇suh(t)) : (∇ss)− (uh(t)⊗ uh(t)) : ∇s) dx

−
∫
∂Ω

2ν ((∇ss)n) · uh(t)ds = 0
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for almost every t ∈ (0, T ). Therefore,

d

dt

∫
Ω

uh(t) · sdx =

∫
∂Ω

(
−ptrace,h(t)n + 2ν

(
(∇suh(t)) n− Cpen

hF
uh(t)

))
· sds

+

∫
Ω

f(t) · sdx.

Furthermore, we have that

w · s = (w× r)z , ∀w ∈ R3

where (·)z denotes the z-component of a vector and

r =

 r sin(θ)
r cos(θ)

0

 .
Hence, we have proven the following balance law for axial angular momentum.

Global conservation of axial angular momentum on cylindrical domains. For

cylindrical domains, the discrete velocity field uh satisfies

d

dt

∫
Ω

(uh(t)× r)z dx =

∫
∂Ω

((−ptrace,h(t)n + Q(t))× r)z ds

+

∫
Ω

(f(t)× r)z dx (9.24)

for almost all t ∈ (0, T ) where

r =

 r sin(θ)
r cos(θ)

0


and

Q(t) = 2ν

(
(∇suh(t)) n− Cpen

hF
uh(t)

)
for a given mesh face F ∈ Γh.
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The above balance law dictates that axial angular momentum enters or leaves

the discrete system via either applied moments or torque. This balance law mimics

the corresponding continuous balance law for axial angular momentum. We would

like to mention that derivation of this balance law was contingent upon employing

the symmetrized gradient for the viscous stress term instead of the full gradient.

Selecting vh = z and qh = ph(t) in (9.22) yields the following balance law

for axial linear momentum. It states that axial momentum enters or leaves the sys-

tem via either axial body forces or axial traction forces.

Global conservation of axial linear momentum on cylindrical domains. For

cylindrical domains, the discrete velocity field uh satisfies

d

dt

∫
Ω

(uh(t))z dx =

∫
∂Ω

((−ptrace,h(t)n + Q(t)))z ds

+

∫
Ω

(f(t))z dx (9.25)

for almost all t ∈ (0, T ) where

Q(t) = 2ν

(
(∇suh(t)) n− Cpen

hF
uh(t)

)
for a given mesh face F ∈ Γh.

As a final note, we would like to state that if we had utilized a NURBS

mapping to represent the physical domain Ω as described in Subsection 6.6.4, we

would have arrived at a global conservation statement for axial angular momentum

but not for axial linear momentum. Hence, we believe polar mappings hold a dis-

tinct advantage over NURBS mappings when solving problems harboring important

symmetry and conservation properties. This being said, we would like to mention
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that one recovers both linear and angular momentum balance laws when employing

NURBS-based isogeometric analysis in conjunction with a residual-based Varia-

tional Multiscale method [16]. Such a discretization, however, does not exactly

replicate the incompressibility constraint and alternatively attempts to model the

effects of fine-scale solution features (including, in this case, compressibility) on

the resolved components of the flow.

9.8 Vorticity, Enstrophy, and Helicity

We continue this chapter by deriving discrete balance laws for vorticity,

enstrophy, and helicity when the applied forcing term is conservative (i.e., when the

forcing is derived through a potential). In order to do so, we must properly define

vorticity at the discrete level (see, for example, [157]). We restrict our discussion to

the three-dimensional setting for the remainder of this section. Recall from Chapter

3 that vorticity satisfies

∂ω

∂t
+∇ · (u⊗ ω − ω ⊗ u) = ∇ · (2ν∇sω) (9.26)

and

divω = 0. (9.27)

Furthermore, since u = 0 on ∂Ω,

ω · n = 0 (9.28)

and

((∇sω) n)× n = 0 (9.29)

on ∂Ω. In light of these conservation statements and boundary conditions, we define

discrete vorticity as the solution of the following semi-discrete problem: find ωh ∈
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V̊hT =
{

vh ∈ VhT : divvh = 0
}

such that ωh(0) = ω0,h and, for almost every t ∈

(0, T ),

(∂tωh(t), vh)L2(Ω) + k(ωh(t), vh) + c(uh(t),ωh(t); vh)− c(ωh(t),uh(t); vh) = 0

(9.30)

for all vh ∈ V̊0,h where ω0,h ∈ V̊0,h is a suitably defined initial condition and k(·, ·)

is defined by (7.5). Note that the above problem may not have a global-in-time

solution. This is due to the presence of reaction in the form of vortex stretching.

However, Picard’s existence theorem can be used to show the problem has a unique

local-in-time solution. Hence, let us assume for the remainder of this discussion

that the end-time T has been sufficiently chosen such that the discrete vorticity

equation has a unique solution. Beyond such T , the discrete vorticity may, in theory,

experience blow-up. Such a hypothetical blow-up lies at the heart of the Navier-

Stokes Millenium Problem.

We first present a discrete balance law for vorticity which holds for periodic

domains. It is a simple consequence of choosing vh = ei in (9.30) where ei is a

unit vector. Analogous balance laws can be proven for rectilinear domains subject

to no-penetration and no-slip boundary conditions.

Global balance law for discrete vorticity. Suppose Ω is the three-dimensional

torus. For conservative applied forces, the discrete vorticity field ωh satisfies

d

dt

∫
Ω

ωh(t)dx = 0 (9.31)

for almost all t ∈ (0, T ).
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We now derive a discrete balance law for enstrophy. To begin, we insert

vh = ωh(t) into (9.30) for almost every t ∈ (0, T ). By employing Lemma 7.3.2,

we obtain

(∂tωh(t),ωh(t))L2(Ω) + k(ωh(t),ωh(t))− c(ωh(t),uh(t);ωh(t)) = 0.

The product rule gives

(∂tωh(t),ωh(t))L2(Ω) =
d

dt

∫
Ω

γh(t)dx

where γh(t) = 1
2
|ωh(t)|2 is the discrete enstrophy density of the fluid. To handle

the term corresponding to vortex stretching, we employ integration by parts and the

fact that divωh = 0 to write

c(ωh(t),uh(t);ωh(t)) = −
∫

Ω

ωh(t)
T∇u(t)ωh(t)dx.

A direct calculation then gives

ωh(t)
T∇u(t)ωh(t) = ωh(t)

TD(uh(t))ωh(t)

where D(uh(t)) = ∇suh(t) is the discrete rate of strain tensor. Thus, we have ar-

rived at the following balance law.

Global balance law for discrete enstropy. For conservative applied forces, the

discrete vorticity field ωh satisfies

d

dt

∫
Ω

γh(t)dx = −
∫

Ω

2ν|∇sωh(t)|2dx +

∫
Ω

ωh(t)
TD(uh(t))ωh(t)dx (9.32)

for almost all t ∈ (0, T ).
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The above balance law dictates that our discrete formulation properly ac-

counts for enstrophy production. Note that since the divergence of uh is precisely

zero, D(uh(t)) has the same indefinite structure as its continuous counterpart. That

is, it has three real eigenvalues which sum to zero. Consequently, we have appropri-

ately captured the vortex stretching term with our semi-discrete formulation. The

same cannot be said for semi-discretizations which satisfy the incompressibility

constraint only approximately, even if the momentum and vorticity equations are

written in skew-symmetric form as in [157].

We finish here by deriving a discrete balance law for helicity. First insert

(vh, qh) = (ωh(t), ph(t)) into (9.8) and vh = uh(t) into (9.30) for almost every

t ∈ (0, T ). Adding the two resulting expressions and taking into consideration the

fact that f is conservative, we obtain

(∂tuh(t),ωh(t))L2(Ω) + kh(uh(t),ωh(t)) + c(uh(t),uh(t);ωh(t))

+(∂tωh(t),uh(t))L2(Ω) + k(ωh(t),uh(t)) + c(uh(t),ωh(t); uh(t))

−c(ωh(t),uh(t); uh(t)) = 0.

By the product rule, we have

(∂tuh(t),ωh(t))L2(Ω) + (∂tωh(t),uh(t))L2(Ω) =
d

dt

∫
Ω

%h(t)dx

where %h(t) = ωh(t) · uh(t) is the discrete helical density of the flow. Integration

by parts and the fact that our velocity field is divergence-free give

c(uh(t),uh(t);ωh(t)) = −c(uh(t),ωh(t); uh(t)).

Finally, by Lemma 7.3.2, we have

c(ωh(t),uh(t); uh(t)) = 0.
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Collecting our equations, we acquire the following balance law for helicity.

Global balance law for discrete helicity. For conservative applied forces, the

discrete solution satisfies

d

dt

∫
Ω

%h(t)dx =−
∫

Ω

4ν (∇sωh(t)) : (∇suh(t)) dx

+

∫
∂Ω

2ν ((∇sωh(t)) n) · uh(t)ds

+

∫
∂Ω

Q(t) · ωh(t)ds (9.33)

for almost all t ∈ (0, T ) where

Q(t) = 2ν

(
(∇suh(t)) n− Cpen

hF
uh(t)

)
for a given mesh face F ∈ Γh.

Note the above balance law accounts for boundary effects directly through

our weak boundary condition specification. By interpreting Nitsche’s method as

a variational wall model as was discussed in Section 7.2, we see these boundary

effects account for wall shear stress. Furthermore, note that in the limit of vanishing

viscosity our global helicity balance reduces to

d

dt

∫
Ω

%h(t)dx = 0.

Thus, just as in the infinite-dimensional setting, helicity is an inviscid invariant for

our semi-discrete formulation. We believe this is a very important property given

the pivotal role helicity plays in flow structure development. All of the discrete

balance laws presented here generalize to other sets of boundary conditions includ-

ing non-homogeneous Dirichlet boundary conditions, prescribed traction boundary

conditions, and periodic boundary conditions.
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9.9 Extension to Multi-Patch Domains

To extend our semi-discretization technique to multi-patch domains, we

strongly enforce normal continuity of our discrete velocity field between patches

and weakly enforce tangential continuity using a combination of upwinding and

the interior penalty method. Invoking the notation set forth in Section 7.5, our

multi-patch formulation reads as follows.

(MP )



Find uh ∈ VhT and ph ∈ QhT such that uh(0) = u0,h and, for almost every
t ∈ (0, T ),

(∂tuh(t), vh)L2(Ω) + k∗h(uh(t), vh)

+c∗(uh(t),uh(t); vh)− b(ph(t), vh) + b(qh,uh(t)) = (f(t), vh)L2(Ω)

(9.34)

for all vh ∈ V0,h and qh ∈ Q0,h.

As was the case for the generalized Stokes and steady Navier-Stokes equations, the

above formulation returns a pointwise divergence-free velocity field. One can fur-

ther show that the above set of equations satisfies a discrete energy balance law (pro-

vided Nitsche’s penalty constant is chosen large enough) and is hence well-posed

for all time T in the sense that it has a unique solution which depends continuously

on the problem data. However, an error analysis is not yet available for multi-patch

domains.

9.10 Numerical Verification of Convergence Estimates

In this section, we numerically verify our convergence estimates using a col-

lection of problems with exact solutions. Throughout, we choose Nitsche’s penalty

constant as

Cpen = 5(k′ + 1).
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Additionally, we employ uniform parametric meshes and B-spline spaces of maxi-

mal continuity.

9.10.1 Two-Dimensional Taylor-Green Vortex Flow

As a first numerical example, we consider two-dimensional Taylor-Green

vortex flow. Two-dimensional Taylor-Green vortex flow is a simple periodic (in

space) vortical flow subject to the initial condition

u0(x, y) =

[
sin(x) cos(y)
− cos(x) sin(y)

]
.

The exact solution for this flow exponentially decays in time and satisfies the rela-

tionships

u(x, y, t) =

[
sin(x) cos(y)
− cos(x) sin(y)

]
exp(−2νt),

p(x, y, t) =
1

4
(cos(2x) + cos(2y)) exp(−4νt).

It is easily seen that the nonlinear convection term is exactly balanced by the pres-

sure term and thus does not interfere with the evolution of the velocity flow field.

Hence, a question of practical interest is whether or not the nonlinear convection

term interferes with the evolution of the velocity field at the discrete level.

We have numerically simulated two-dimensional Taylor-Green vortex flow

using divergence-conforming B-spline discretizations of varying mesh size and

polynomial degree. We restricted our computations to the quarter plane Ω = (0, π)2

by employing symmetry conditions along ∂Ω. A linear parametric mapping was

utilized to describe the physical domain. The Crank-Nicolson method [55] was

employed to discretize in time, and the time-step size was chosen to be

∆t = min

{
h
k′+1

2 ,
h2

4ν

}
,
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Table 9.1: Two-dimensional Taylor-Green vortex flow: Convergence rates at t = 15

for Re = 100. Time-step size chosen as ∆t = min
{
h
k′+1

2 , h
2

4ν

}
.

Polynomial degree k′ = 1

h 1/8 1/16 1/32 1/64
|u− uh|H1(Ω) 1.87e-1 9.34e-2 4.67e-2 2.34e-2

order - 1.00 1.00 1.00
‖u− uh‖L2(Ω) 1.02e-2 2.51e-3 6.24e-4 1.56e-4

order - 2.02 2.01 2.00
‖p− ph‖L2(Ω) 1.09e-2 2.57e-3 6.32e-4 1.59e-4

order - 2.08 2.02 1.99

Polynomial degree k′ = 2

h 1/8 1/16 1/32 1/64
|u− uh|H1(Ω) 9.64e-3 2.38e-3 5.92e-4 1.48e-4

order - 2.02 2.01 2.00
‖u− uh‖L2(Ω) 5.96e-4 7.24e-5 8.98e-6 1.12e-6

order - 3.04 3.01 3.00
‖p− ph‖L2(Ω) 1.39e-3 1.56e-4 1.90e-5 2.36e-1

order - 3.16 3.04 3.01

Polynomial degree k′ = 3

h 1/8 1/16 1/32
|u− uh|H1(Ω) 5.39e-4 6.88e-5 8.76e-6

order - 3.00 2.97
‖u− uh‖L2(Ω) 3.42e-5 2.15e-6 1.36e-7

order - 3.99 3.98
‖p− ph‖L2(Ω) 1.69e-4 9.44e-6 5.77e-7

order - 4.16 4.03
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Figure 9.2: Two-dimensional Taylor-Green vortex flow: L2 error of velocity field
versus time at Re = 10, 20, 40, 80, 160, 320, 640, 1028,∞ for a k′ = 1 discretiza-
tion with 16× 16 elements. Time-step size chosen as ∆t = min

{
h, h

2

4ν

}
.

sufficiently small to ensure temporal discretization errors are of the same order as

spatial discretization errors. The initial condition was chosen using L2-projection

into the discrete space of divergence-free velocity fields. Convergence rates ob-

tained at time t = 15 for a flow of Reynold’s number Re = 1
ν

= 100 are provided

in Table 9.1. Note from the table that our theoretically derived estimate for the L2-

norm of the velocity error is verified. Furthermore, note that the H1-norm of the

velocity error and the L2-norm of the pressure error optimally converge in h. To

analyze the behavior of our method in time, we have plotted the L2-norm of the

velocity error versus time for a chosen spatial discretization and for a wide variety

of Reynold’s numbers in Figure 9.2. Note from the figure that our numerical error

is bounded in time. Moreover, the numerical error decays roughly at the same rate

as the exact solution. Indeed, we are able to reproduce a time-indepedent solution
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Figure 9.3: Two-dimensional Taylor-Green vortex flow: Blow-up of the L2 velocity
error for the conservative Q2/Q1 Taylor-Hood discretization at Re =∞ on a mesh
with 8× 8 elements. Time-step size chosen as ∆t = h

40
.

whenRe =∞. This indicates the nonlinear convection term has not interfered with

the flow evolution of our discrete velocity solution.

To contrast our methodology with standard mixed flow discretizations, we

repeated the above computations for conservative Taylor-Hood finite element ap-

proximations. Again, the Crank-Nicolson method was employed to discretize in

time. We found that the results obtained using this flow technology were in gen-

eral unstable. To illustrate this, we have plotted in Figure 9.3 the L2-norm of the

velocity error versus time for a Q2/Q1 Taylor-Hood discretization at Re =∞ on a

mesh with 8× 8 elements. Note the exponential blow-up of the error in time. This

blow-up is a direct result of unphysical energy growth stemming from the nonlinear

convection term. Indeed, we have been unable to stably compute the discrete flow

solution beyond a time of t = 5. These results are a testament to the benefits of em-
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ploying a conservative discretization which exactly preserves the divergence-free

constraint.

9.10.2 Alternating Cylindrical Couette Flow

As a second numerical experiment, we consider the flow of a constant-

property Newtonian fluid lying between a fixed inner cylinder and an oscillating

outer cylinder. This flow scenario is referred to as alternating cylindrical Couette

flow. The problem setup is illustrated in Figure 9.4. No external forcing is applied.

The fluid is assumed to be at rest at time t = 0. Then, the outer cylinder begins

to oscillate with angular velocity equal to Uθ = U sin (ωt), inducing the fluid to

slip along with the outer cylinder. As time evolves, the flow field throughout the

region between the two cylinders approaches a periodic (in time) steady state. The

flow velocity associated with this steady state can be explicitly derived (see, for

example, [187]) and is equivalent to

u =

[
uθ(r, t) sin(θ)
uθ(r, t) cos(θ)

]
with

uθ(r, t) = U Imag
(

I0(γr)K0(γrin)− I0(γrin)K0(γr)

I0(γrout)K0(γrin)− I0(γrin)K0(γrout)
exp {iωt}

)
where (r, θ) are polar coordinates with respect to the center of the cylinders, γ =
√
iων, and I0 and K0 are modified Bessel functions of the first and second kind

respectively. Unfortunately, no closed-form solution exists for the pressure field.

The Reynold’s number for this flow is taken to be

Re =
2Urin
ν

.

In what follows, we assume rin = 1, rout = 2, and U = 1.
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Figure 9.4: Alternating cylindrical Couette flow: Problem setup.

263



1 1.2 1.4 1.6 1.8 2
−1

−0.5

0

0.5

1

r

u !

1 1.2 1.4 1.6 1.8 2
−1

−0.5

0

0.5

1

r

u !

1 1.2 1.4 1.6 1.8 2
−1

−0.5

0

0.5

1

r

u !

1 1.2 1.4 1.6 1.8 2
−1

−0.5

0

0.5

1

r

u !

1 1.2 1.4 1.6 1.8 2
−1

−0.5

0

0.5

1

r

u !

1 1.2 1.4 1.6 1.8 2
−1

−0.5

0

0.5

1

r

u !

Figure 9.5: Alternating Couette flow: Plot of the angular velocity field at Re = 200
for t = 40.0, 40.2, 40.4, 40.6, 40.8, 41.0.
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In Figure 9.5, we have plotted at time instances t = 40.0, 40.2, 40.4, 40.6,

40.8, 41.0 the angular velocity field associated with a Re = 200 flow subject to

an oscillation frequency of ω = 5. At these particular time instances, the flow

has already reached the steady state. Note from the figure that there is a small

boundary layer attached to the outer cylinder. Further note that there is substantial

flow reversal in a region away from the outer cylinder.

We believe alternating cylindrical Couette flow is an interesting and chal-

lenging numerical test problem for a number of reasons. First of all, the problem

exhibits important symmetries which ideally should be preserved in a numerical

simulation. As a consequence of these symmetries, the nonlinear advection term

is exactly balanced by the pressure term. Second, the problem is characterized by

strong shifts in angular momentum in time. Consequently, a methodology which

admits angular momentum balance is preferred. Finally, the problem is character-

ized by the presence of boundary layers and flow reversal. Many flow technologies

exhibit spurious oscillations when applied to problems harboring such features.

We have numerically simulated alternating cylindrical Couette flow using

divergence-conforming B-spline discretizations of varying mesh size and polyno-

mial degree. We utilized a polar mapping to represent the annular domain, and

Nitsche’s method was invoked to enforce the slip condition along the cylinder sur-

faces. The resulting semi-discretizations satisfy an angular momentum balance law

as discussed in Section 9.7. As in the last verification test, the Crank-Nicolson

method was employed to discretize in time, and the time-step size was chosen to be

∆t = h
k′+1

2 ,

sufficiently small to ensure temporal discretization errors are of the same order as

spatial errors. Convergence rates obtained at t = 40 for a Re = 200 flow subject to
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Table 9.2: Alternating cylindrical Couette flow: Convergence rates at t = 40 for
Re = 200 and ω = 5. Time-step size chosen as ∆t = h

k′+1
2 .

Polynomial degree k′ = 1

h/h0 1/8 1/16 1/32 1/64
‖u− uh‖h 3.19e0 2.07e0 1.19e0 6.01e-1

order - 0.62 0.80 0.99
|u− uh|H1(Ω) 2.99e0 1.79e0 1.05e0 5.51e-1

order - 0.74 0.77 0.93
‖u− uh‖L2(Ω) 9.35e-2 2.95e-2 8.86e-3 2.40e-3

order - 1.66 1.74 1.88
‖ur − (ur)h‖L2(Ω) 0 0 0 0

Polynomial degree k′ = 2

h/h0 1/8 1/16 1/32 1/64
‖u− uh‖h 3.14e0 1.12e0 2.64e-1 5.94e-2

order - 1.49 2.09 2.15
|u− uh|H1(Ω) 2.24e0 8.72e-1 2.14e-1 5.15e-2

order - 1.36 2.03 2.06
‖u− uh‖L2(Ω) 3.23e-2 7.00e-3 9.56e-4 1.26e-4

order - 2.21 2.87 2.92
‖ur − (ur)h‖L2(Ω) 0 0 0 0

Polynomial degree k′ = 3

h/h0 1/8 1/16 1/32
‖u− uh‖h 1.98e0 2.37e-1 2.65e-2

order - 3.06 3.16
|u− uh|H1(Ω) 1.51e0 1.84e-1 2.32e-1

order - 3.04 2.99
‖u− uh‖L2(Ω) 2.13e-2 1.27e-3 7.94e-5

order - 4.07 4.00
‖ur − (ur)h‖L2(Ω) 0 0 0
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Figure 9.6: Alternating cylindrical Couette flow: L2 error of velocity field versus
time atRe = 200 for a k′ = 1 discretization with 128×32 elements. The oscillation
frequency for this simulation was chosen as ω = 5, and the time-step size was
chosen as ∆t = h.

an oscillation frequency of ω = 5 are provided in Table 9.2. Note from the table that

our theoretically derived estimate for the L2-norm of the velocity error is verified.

Further, note that the H1-norm of the velocity error optimally converges in h and

that we have obtained axisymmetric velocity fields with null radial component. To

analyze the behavior of our method in time, we have plotted in Figure 9.6 the L2-

norm of the velocity error versus time for a chosen spatial discretization. Note from

the figure that our numerical error is bounded and periodic in time. This indicates

that our numerical solution, like the exact solution, has reached a periodic steady-

state.
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9.11 Benchmark Problems

In this section, we investigate the effectiveness of our methodology as ap-

plied to two standard benchmark problems: two-dimensional flow over a cylin-

der and three-dimensional Taylor-Green vortex flow. As in the last subsection, we

choose Nitsche’s penalty constant as Cpen = 5(k′ + 1) in all of the following nu-

merical tests, and we employ uniform parametric meshes and B-spline spaces of

maximal continuity.

9.11.1 Two-Dimensional Flow Over a Cylinder

Two-dimensional flow past a circular cylinder is a widely utilized bench-

mark problem. It is a problem of basic engineering interest as flow past a blunt body

occurs in many engineering applications. By choosing a large enough Reynolds

number based on the cylinder diameter and the inflow velocity, a flow regime is

entered where the occurrence of the famous Karman vortex street may be expected.

This vortex shedding phenomenon consists of an alternate separation of a vortex at

both the upper and the lower side of the cylinder. This shedding occurs at a specific

fixed frequency which is related to the so-called Strouhal number

St =
fD

U

where f is the frequency of vortex shedding, D is the cylinder diameter, and U

is the freestream velocity of the fluid. A common means of validating a given

discretization is to compare its numerically computed Strouhal number with well-

accepted solutions.

The basic problem setup for flow past a circular cylinder is illustrated in

Figure 9.7. The Reynolds number for this setup is commonly taken to be

Re =
UD

ν
.
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Figure 9.7: Unsteady flow over a cylinder: Problem setup.

It is well-known that the computed Strouhal number depends on both the domain

height H and the downstream length Lout unless they are chosen to be sufficiently

large [24, 179]. Here, we select H = 32D and Lout = 48D. At the top and

bottom sides of the domain, no-penetration and zero tangential traction boundary

conditions are applied. At the right side of the domain, a zero-traction or “do-

nothing” boundary condition is applied.

To simulate flow past a cylinder, we have utilized divergence-conforming B-

splines of polynomial degree k′ = 1 to discretize in space and the time-discontinuous

Galerkin method [113] in conjunction with linear polynomials to discretize in time.

We have utilized a NURBS multi-patch construction to represent the geometry as

described in Figure 9.8. As NURBS are employed, the circle is represented ex-

actly in the multi-patch construction. We have enforced normal continuity strongly
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Figure 9.8: Unsteady flow over a cylinder: Multi-patch construction.

Figure 9.9: Unsteady flow over a cylinder: Mesh for Patches 1-4.
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Figure 9.10: Unsteady flow over a cylinder, Re = 100. Streamlines in the near
wake over a cycle.
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and tangential continuity weakly between patches in our numerical simulations.

We have further utilized a new stabilized method, the so-called Method of Subgrid

Vortices, which may be interpreted as a generalization of the multiscale discontinu-

ous Galerkin method to divergence-free discretizations of the Navier-Stokes equa-

tions [27, 51, 114]. The basis of the Method of Subgrid Vortices is simple - locally

enrich the solution space with divergence-free subscale functions whose supports

are confined to single elements, allow the subscales to “slip” along element bound-

aries, and weakly enforce no-slip boundary conditions element-wise on the subscale

solution using the discontinuous Galerkin method. By enriching the solution space

with such basis functions, we introduce a residual-based stabilization mechanism.

For the sake of brevity, the Method of Subgrid Vortices is not covered in detail in

this dissertation.

We have conducted a preliminary simulation of flow past a cylinder atRe =

100 using the boundary-fitted mesh illustrated in Figure 9.9 for Patches 1-4. The

cylinder diameter for this simulation was chosen as D = 2, and the time-step size

was chosen to be ∆t = 0.25. After a steady symmetric solution was obtained, the

solution was perturbed as to kick-start the shedding phenomena. Following, the

solution at 2000 time-steps was obtained, and a Strouhal number of St = 0.162 was

computed from the flow field during the final 1000 time-steps. This value is slightly

less than the commonly accepted value of St = 0.164 [155], but this is expected

as the flow is under-resolved in the wake and a stabilization scheme is employed.

Streamlines from the flow simulation over a single vortex shedding period are dis-

played in Figure 9.10. These streamlines closely resemble experimentally obtained

streamlines [71].
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9.11.2 Three-Dimensional Taylor-Green Vortex Flow

Three-dimensional Taylor-Green vortex flow is one of the simplest systems

in which one can study enstrophy production and the turbulence resulting from

vortex stretching. The initial conditions for this flow are

u0(x, y, z) =

 sin(x) cos(y) cos(z)
− cos(x) sin(y) cos(z)

0

 .
The flow is periodic in all three spatial directions in the domain Ω = (0, 2π)3 and

exhibits a 64-fold symmetry which can be exploited in numerical simulation [33].

The Reynolds number for this flow is commonly taken to be

Re =
1

ν
.

In Figure 9.11, we have reproduced time history plots of the dissipation rate

ε =
1

|Ω|

∫
Ω

2ν|∇su|2dx

that were obtained by Brachet et al. in [33] via Fourier-based Direct Numerical

Simulation (DNS) with 2563 resolved modes. Note that the flow exhibits signifi-

cant enstrophy production throughout the initial stages of flow evolution regardless

of Reynold’s number. At Re = 100, the time corresponding to the maximum dis-

sipation rate is approximately t ≈ 4.75. As the Reynolds number is increased,

the time corresponding to the maximum dissipation rate gradually increases until it

settles around a value of t ≈ 9.

To simulate three-dimensional Taylor-Green vortex flow, we have utilized

divergence-free B-spline discretizations of varying mesh size and polynomial de-

grees k′ = 1, 2, 3. We have exploited symmetry conditions in order to reduce the

dimensionality of our discrete system by a factor of 8. A linear parametric map-

ping was utilized to describe the physical domain. The Crank-Nicolson method
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Figure 9.11: 3-D Taylor-Green vortex flow: Time history plots of the dissipation
rate for various Reynold’s numbers. Image reproduced from Brachet et al. [33]
with permission from Cambridge University Press.
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was employed to discretize viscous terms while the Adams-Bashforth multi-step

method [15] was employed to discretize the nonlinear convective terms. A time-

step size of ∆t = 0.05h was employed in all of our simulations. The initial con-

dition was selected using L2-projection into the discrete space of divergence-free

velocity fields. At each time-step, we arrive at a discrete generalized Stokes sys-

tem, which we efficiently solved by exploiting the existence of a vector potential

to transform our mixed problem into a positive semi-definite problem of Maxwell

type (see Section 2.2). This positive semi-definite problem was then solved using

the Jacobi-preconditioned conjugate gradient method [99]. We found a maximum

of 25 iterations were required at each time-step to drive the relative error to a value

below 10−6 for meshes of size h ≥ 1/64. This indicates our solution scheme

is competitive when compared with projection methods which require a pressure

Laplace solve at every time-step [45, 178]. The software packages Epetra, Teuchos

and AztecOO within the Trilinos framework [98] were utilized in conjunction with

a home-grown C++ code to conduct all of the simulations discussed here. We were

able to successfully our simulations on a dual-core MacBook laptop with 2 GB of

memory. This suggests that we may be able to efficiently solve truly large prob-

lems by extending our framework to a massively parallel setting. This is currently

a primary thrust of research.

In Figure 9.12, we have depicted an enstrophy isosurface associated with the

initial condition, and in Figure 9.13, we have depicted an enstrophy isosurface that

was obtained at time t = 6 via a third-order B-spline simulation of Re = 200 flow

on a spatial mesh comprised of 32 × 32 elements. This time roughly corresponds

to the moment of maximum dissipation rate. Note from the figures that while the

initial solution is comprised of a single vortex on the restricted domain (0, π)3,

vortex stretching has separated the initial vortex into many vortical structures by
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time t = 6. Further note the vast amount of symmetry exhibited by the vortical

structures. We found that this symmetry was preserved in all of our numerical

experiments. In Figure 9.14(a), we have depicted the Re = 200 dissipation rate

time histories associated with a sequence of refined k′ = 1 discretizations. The

dissipation rate time history on the finest mesh is virtually indistinguishable from

the corresponding DNS time history depicted in Figure 9.11. The other dissipation

rate time histories quickly converge in h. It should be noted that we have been

able to stably compute arbitrary Reynold’s number flow on the coarse mesh (h =

1/16), though the results were wildly inaccurate at long times due to a fine-scale

pile-up of energy resulting from a lack of resolution. In Figure 9.14(b), we have

depicted the Re = 200 dissipation rate time histories associated with h = 1/32

discretizations of varying polynomial degree. Note that the dissipation rate time

histories quickly converge in k′. Furthermore, the k′ = 3 dissipation rate time

history nearly matches the corresponding DNS time history illustrated in Figure

9.11, though the k′ = 1, h = 1/64 results are slightly more accurate. We are

currently conducting simulations for larger Reynold’s number flows and for more

refined meshes.
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(a)

(b)

Figure 9.12: 3-D Taylor-Green vortex flow: Visualization of enstrophy isosurface
colored by vertical vorticity at t = 0 for Re = 200. (a) 3-D View, (b) Overhead
view. Visualization is restricted to the domain (0, π)3.
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(a)

(b)

Figure 9.13: 3-D Taylor-Green vortex flow: Visualization of enstrophy isosurface
colored by vertical vorticity at t = 6 for Re = 200. (a) 3-D View, (b) Overhead
view. Visualization is restricted to the domain (0, π)3.
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Figure 9.14: 3-D Taylor-Green vortex flow: Convergence of dissipation rate time
histories for Re = 200. (a) Convergence of k′ = 1 discretizations under mesh
refinement, (b) Convergence of h = 1/32 discretizations under degree elevation.
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Chapter 10

Conclusions and Future Work

In this dissertation, new divergence-conforming B-spline discretizations ha-

ve been presented for the generalized Stokes and Navier-Stokes equations. Since

these discretizations return a pointwise divergence-free velocity field, they replicate

the algebraic and geometric structure of incompressible flow. A collection of sta-

bility and error estimates have been derived, and these theoretical results have been

confirmed and supplemented by numerical simulations of problems with known an-

alytical solutions. The discretizations have also been applied to the simulation of

a number of benchmark problems where the advantages of the new methodology

over classical methods have been highlighted.

There are many promising research directions for this work. On the the-

oretical side, it remains to prove that higher-order B-spline discretizations of the

unsteady Navier-Stokes equations converge to weak solutions which satisfy a local

energy balance in space-time [90]. We have successfully proven that such a con-

vergence property holds for the lowest-order member of our discretization family,

and we are optimistic that our method of proof can be extended to higher-order

discretizations. It also remains to extend our stability and error estimates to the

multi-patch setting. Such a result will necessarily depend on the existence of a

multi-patch commuting diagram. On the practical side, we are in the process of

applying our discretization technique to the Direct Numerical Simulation (DNS)

of homogeneous isotropic turbulence, turbulent channel flow, and turbulent Taylor-
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Couette flow. Since our methodology has no need for either stabilization or de-

aliasing, we believe it holds certain advantages over spectral and finite element

methods as a DNS technology. We are also developing geometric multigrid solvers

for the generalized Oseen equations. By exploiting the existence of a discete vector

potential, we are able to transform the indefinite mixed problem resulting from a

discretization of the generalized Oseen equations into a positive semi-definite prob-

lem, allowing us to avoid the use of Schur complement methods such as Uzawa

iteration [11]. Finally, we are investigating local refinement within the context

of divergence-conforming B-splines in conjunction with Dominik Schillinger and

Ernst Rank of Technische Universität München. This effort is motivated by the

concept of hierarchical B-splines [78, 79, 165, 188]. We have already conducted

some preliminary simulations in two spatial dimensions (see Figure 10.1), and we

are currently extending our research code to the three-dimensional setting.
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(a)

(b)

Figure 10.1: Hierarchical B-spline simulation of two-dimensional lid-driven cavity
flow at Re = 800: (a) Refined mesh, (b) Streamlines. Image courtesy of Dominik
Schillinger.

282



Bibliography

[1] I Akkerman, Y Bazilevs, V M Calo, T J R Hughes, and S Hulshoff. The role

of continuity in residual-based variational multiscale modeling of turbulence.

Computational Mechanics, 41:371–378, 2008.

[2] J C Andre and M Lesieur. Influence of helicity on the evolution of isotropic

turbulence at high Reynolds number. Journal of Fluid Mechanics, 81:187–

207, 1977.

[3] C Armrouche, G Bernardi, M Dauge, and V Girault. Vector potentials

in three-dimensional non-smooth domains. Mathematical Methods in the

Applied Sciences, 21:823–864, 1998.

[4] D N Arnold. An interior penalty finite element method with discontinuous

elements. SIAM Journal on Numerical Analysis, 19:742–760, 1982.

[5] D N Arnold, D Boffi, and R S Falk. Quadrilateral H(div) finite elements.

SIAM Journal on Numerical Analysis, 42:2429–2451, 2005.

[6] D N Arnold, R S Falk, and R Winther. Mixed finite elements for linear

elasticity with weakly imposed symmetry. Mathematics of Computation,

76:1699–1723, 2007.

[7] D N Arnold, R S Falk, and R Winther. Finite element exterior calcu-

lus: From Hodge theory to numerical stability. Bulletins of the American

Mathematical Society, 47:281–354, 2010.

283



[8] D N Arnold and J Qin. Quadratic velocity/linear pressure Stokes elements.

In R Vichnevetsky and R S Steplemen, editors, Advances in Computer Methods

for Partial Differential Equations VII, 1992.
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[107] E Hopf. Über die Anfangswertaufgabe für die hydrodynamischen Grund-

gleichungen. Mathematische Nachrichten, 4:213–231, 1950/51.

[108] C O Horgan. Korn’s inequalities and their applications in continuum me-

chanics. SIAM Review, 37:491–511, 1995.

[109] T J R Hughes, J A Cottrell, and Y Bazilevs. Isogeometric analysis: CAD,

finite elements, NURBS, exact geometry, and mesh refinement. Computer

Methods in Applied Mechanics and Engineering, 194:4135–4195, 2005.

[110] T J R Hughes, G Engel, L Mazzei, and M G Larson. The continuous

Galerkin method is locally conservative. Journal of Computational Physics,

163:467–488, 2000.

[111] T J R Hughes, L P Franca, and M Balestra. A new finite element formulation

for computational fluid dynamics: V. Circumventing the Babuška-Brezzi
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