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Current and emerging wireless systems require adaptive transmissions

to improve their throughput, to meet the QoS requirements or to maintain

robust performance. However finding the optimal transmit parameters is get-

ting more difficult due to the growing number of wireless devices that share the

wireless medium and the increasing dimensions of transmit parameters, e.g.,

frequency, time and spatial domain. The performance of adaptive transmis-

sion policies derived from given measurements degrade when the environment

changes. The policies need to either build up protection against those changes

or tune themselves accordingly. Also, an adaptation for systems that take

advantages of transmit diversity with finer granularity of resource allocation

is hard to come up with due to the prohibitively large number of explicit and

implicit environmental variables to take into account. The solutions to the

simplified problems often fail due to incorrect assumptions and approxima-

tions. In this dissertation, we suggest two tools for adaptive transmission in

vi



changing complex environments. We show that adjustable robust optimiza-

tion builds up protection upon the adaptive resource allocation in interference

limited cellular broadband systems, yet maintains the flexibility to tune it ac-

cording to temporally changing demand. Another tool we propose is based on

a data driven approach called Support Vectors. We develop adaptive transmis-

sion policies to select the right set of transmit parameters in MIMO-OFDM

wireless systems. While we don’t explicitly consider all the related parameters,

learning based algorithms implicitly take them all into account and result in

the adaptation policies that fit optimally to the given environment. We ex-

tend the result to multicast traffic and show that the distributed algorithm

combined with a data driven approach increases the system performance while

keeping the required overhead for information exchange bounded.

vii



Table of Contents

Acknowledgments v

Abstract vi

List of Tables xii

List of Figures xiii

Chapter 1. Introduction 1

1.1 Adjustable Robust Optimization . . . . . . . . . . . . . . . . . 5

1.1.1 Robust and Stochastic Optimization . . . . . . . . . . . 6

1.1.2 Two-Stage Optimization . . . . . . . . . . . . . . . . . . 7

1.2 Data Driven Approaches . . . . . . . . . . . . . . . . . . . . . 10

1.2.1 Support Vector Machines: Classification . . . . . . . . . 10

1.2.2 Support Vector Machines: Regression . . . . . . . . . . 12

Part I Adjustable Robust Optimization 14

Chapter 2. System Level Optimization
in Wireless Networks
with Uncertain Customer Arrival Rates 15

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2 System Model and Setup . . . . . . . . . . . . . . . . . . . . . 19

2.3 Uncertain Arrival Rates . . . . . . . . . . . . . . . . . . . . . . 23

2.3.1 Two-stage Optimization . . . . . . . . . . . . . . . . . . 23

2.3.2 Uncertain Arrival Rates Ratio Model with Fixed Total
Arrival Rate . . . . . . . . . . . . . . . . . . . . . . . . 29

2.3.2.1 Assumptions and an Adjustable Counterpart . . 29

2.3.2.2 Affinely Adjustable Robust Counterpart (AARC) 30

viii



2.3.2.3 Optimality of Projected AARC . . . . . . . . . 32

2.3.2.4 Simulations and Results . . . . . . . . . . . . . 34

2.3.3 Uncertain Total Arrival Rate Model with Fixed Arrival
Rates Ratio . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.3.3.1 Assumptions and an Adjustable Counterpart . . 36

2.3.3.2 Affinely Adjustable Stochastic Counterpart of Ob-
jective . . . . . . . . . . . . . . . . . . . . . . . 39

2.3.3.3 Affinely Adjustable Robust Counterpart of Con-
straints . . . . . . . . . . . . . . . . . . . . . . 41

2.3.3.4 Simulations and Results . . . . . . . . . . . . . 44

2.3.4 Revisiting the Uncertain Arrival Rates Ratio Model with
Fixed Total Arrival Rate . . . . . . . . . . . . . . . . . 48

2.3.4.1 Piecewise Linear Adaptability . . . . . . . . . . 50

2.3.4.2 Simulations and Results . . . . . . . . . . . . . 53

2.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

Part II Support Vector Machines 61

Chapter 3. Multiclass Support Vector Machines for Rate Adap-
tation in MIMO-OFDM Systems 62

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.2 MIMO-OFDM AMC Using Machine Learning . . . . . . . . . 65

3.2.1 System Model . . . . . . . . . . . . . . . . . . . . . . . 65

3.2.1.1 MIMO-OFDM Systems . . . . . . . . . . . . . . 65

3.2.1.2 Learning Model . . . . . . . . . . . . . . . . . . 65

3.2.2 Optimization as Classification: An Example . . . . . . . 67

3.3 Multi-class SVM with Asymmetric Weights . . . . . . . . . . . 69

3.3.1 Asymmetric Weights for Binary Classification Algorithms 69

3.3.2 Multi-class Support Vector Machines . . . . . . . . . . . 73

3.3.2.1 Multi-class SVM framework . . . . . . . . . . . 74

3.3.2.2 Consistent Classifiers . . . . . . . . . . . . . . . 75

3.4 Application to MIMO-OFDM Systems . . . . . . . . . . . . . 81

3.4.1 Spectral Efficiency . . . . . . . . . . . . . . . . . . . . . 82

ix



3.4.2 Memory Usage . . . . . . . . . . . . . . . . . . . . . . . 83

3.4.3 Testing Time Overhead . . . . . . . . . . . . . . . . . . 87

3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

Chapter 4. Reinforcement Learning for Link Adaptation
in MIMO-OFDM Wireless Systems 91

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.2 Online Link Adaptation in MIMO-OFDM . . . . . . . . . . . . 94

4.2.1 Learning Model . . . . . . . . . . . . . . . . . . . . . . 94

4.2.1.1 Update Rule . . . . . . . . . . . . . . . . . . . . 96

4.2.1.2 Sparsification Algorithm . . . . . . . . . . . . . 97

4.3 Computations . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.3.1 Online SVR vs. online k-NN . . . . . . . . . . . . . . . 99

4.3.2 Online SVR vs. online local k-NN . . . . . . . . . . . . 100

4.3.3 Exploration vs. exploitation . . . . . . . . . . . . . . . . 104

4.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

Chapter 5. Distributed Link Adaptation
for Multicast Traffic
in MIMO-OFDM Systems 108

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5.2 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

5.2.1 MIMO-OFDM Systems . . . . . . . . . . . . . . . . . . 113

5.2.2 Support Vector Regression for Link Adaptation . . . . . 115

5.3 Centralized Optimization . . . . . . . . . . . . . . . . . . . . . 115

5.3.1 Comparison with Fixed MCS policies . . . . . . . . . . 116

5.3.2 Per Receiver Optimization . . . . . . . . . . . . . . . . 117

5.4 Distributed Optimization . . . . . . . . . . . . . . . . . . . . . 119

5.4.1 Dual Decomposition . . . . . . . . . . . . . . . . . . . . 120

5.4.2 Distributed Optimization with Weighted Step Size . . . 126

5.4.3 Distributed Optimization with Local Message Passing . 127

5.4.4 Number of Receivers . . . . . . . . . . . . . . . . . . . . 129

5.4.5 Channel Variation . . . . . . . . . . . . . . . . . . . . . 130

5.5 Feedback Overhead . . . . . . . . . . . . . . . . . . . . . . . . 132

5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

x



Bibliography 135

Vita 152

xi



List of Tables

3.1 Rate performance for one spatial stream case . . . . . . . . . . 82

3.2 the upper bound of the number of effective SVs . . . . . . . . 87

5.1 Centralized Optimization . . . . . . . . . . . . . . . . . . . . . 116

5.2 IEEE 802.11n system model . . . . . . . . . . . . . . . . . . . 117

5.3 Distributed Optimization . . . . . . . . . . . . . . . . . . . . . 124

5.4 SVR estimated throughput for three users for different precoders125

5.5 Precoder choice of different optimization algorithms . . . . . . 125

5.6 Feedback amount . . . . . . . . . . . . . . . . . . . . . . . . . 132

xii



List of Figures

2.1 AARC with capacity optimizing and affine policy on fixed to-
tal arrival rate model : Number of unstable experiments out
of 1000 simulations against different actual uncertainty levels
ranging from 0% to 40%: the nominal solution . . . . . . . . . 37

2.2 AARC with capacity optimizing and affine policy on fixed to-
tal arrival rate model : Number of unstable experiments out
of 1000 simulations against different actual uncertainty levels
ranging from 0% to 40%: each AARC solution runs against its
predicted uncertainty level . . . . . . . . . . . . . . . . . . . . 38

2.3 AARC with capacity optimizing and affine policy on fixed total
arrival rate model : Average file transfer delay against different
actual uncertainty levels ranging from 0% to 40%: the nominal
solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.4 AARC with capacity optimizing and affine policy on fixed total
arrival rate model : Average file transfer delay against different
actual uncertainty levels ranging from 0% to 40%: each AARC
solution runs against its predicted uncertainty level . . . . . . 40

2.5 AARC with capacity optimizing and affine policies on the fixed
total arrival rate model: We plot the number of unstable exper-
iments out of 1,000 simulations against 20% uncertainty level
of offered loads . . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.6 AARC with capacity optimizing and affine policies on the fixed
total arrival rate model: We plot the number of unstable exper-
iments out of 1,000 simulations against 40% uncertainty level
of offered loads . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.7 AARC with capacity optimizing and affine policies on the fixed
total arrival rate model: Average delay at nominal level of of-
fered loads . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

2.8 AARC with capacity optimizing and affine policies on the fixed
total arrival rate model: Average delay against 20% uncertainty
level of offered loads . . . . . . . . . . . . . . . . . . . . . . . 44

2.9 AARC with capacity optimizing and affine policies on the fixed
total arrival rate model: Average delay against 40% uncertainty
level of offered loads . . . . . . . . . . . . . . . . . . . . . . . 45

xiii



2.10 AARC with capacity optimizing and affine policies on the fixed
total arrival rate model: Average delay of stable experiments
against 20% uncertainty level of offered loads . . . . . . . . . . 46

2.11 AARC with capacity optimizing and affine policies on the fixed
total arrival rate model: Average delay of stable experiments
against 40% uncertainty level of offered loads . . . . . . . . . . 47

2.12 Stochastic problem with delay minimizing and affine policy on
fixed arrival rates ratio model : Number of unstable experiments
out of 1000 simulations at the nominal arrival rates . . . . . . 48

2.13 Distribution of the uncertain arrival rate: Original distribution
of the Markov chain v.s. Truncated distributions under different
truncation errors . . . . . . . . . . . . . . . . . . . . . . . . . 49

2.14 Stochastic problem with delay minimizing and affine policy on
fixed arrival rates ratio model : against the Discrete Markov
chain uncertainty model of arrival rates with transition matrix
(2.12): Number of unstable experiments . . . . . . . . . . . . 50

2.15 Stochastic problem with delay minimizing and affine policy on
fixed arrival rates ratio model : against the Discrete Markov
chain uncertainty model of arrival rates with transition matrix
(2.12): Average file transfer delay . . . . . . . . . . . . . . . . 51

2.16 Fixed total arrival rate model: Average file transfer delay at
the nominal offered loads with nominal solutions of capacity
optimizing schedule and delay minimizing schedule . . . . . . 55

2.17 Fixed total arrival rate model: (b) Average file transfer delay
against 40% uncertainty level of offered loads with 40% protec-
tion level solutions of capacity optimizing schedule and delay
minimizing schedule. . . . . . . . . . . . . . . . . . . . . . . . 56

2.18 Stochastic problem with delay minimizing and bilinear policy
on fixed total arrival rate model: Average file transfer delay at
the nominal offered loads with different solutions (nominal, 20%
protection level solution and 40% protection level solution) . . 57

2.19 Stochastic problem with delay minimizing and bilinear policy on
fixed total arrival rate model: Average file transfer delay against
40% uncertainty level of offered loads with different solutions
(nominal, 20% protection level solution and 40% protection level
solution) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

2.20 Stochastic problem with delay minimizing and bilinear policy on
fixed total arrival rate model: Average file transfer delay against
40% uncertainty level of offered loads after reoptimization with
different solutions(nominal, 20% protection level solution and
40% protection level solution) . . . . . . . . . . . . . . . . . . 59

xiv



2.21 Stochastic problem with delay minimizing and bilinear policy on
fixed total arrival rate model: Average file transfer delay against
40% uncertainty level of offered loads with 40% protection level
solution with and without reoptimization . . . . . . . . . . . . 60

3.1 set R with hinge loss and squared hinge loss . . . . . . . . . . 73

3.2 SNR vs. Spectral Efficiency for different link adaptation algo-
rithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

3.3 SNR vs. Frame Error Rate for different link adaptation algorithms 85

3.4 SNR vs. Classification Accuracy for different link adaptation
algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

3.5 SNR vs. Spectral Efficiency for algorithms with different kernel
functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

3.6 The number of training samples vs. testing time for different
algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.1 throughput performance: online SVR vs. online k-NN . . . . . 100

4.2 time complexity: online SVR vs. online k-NN . . . . . . . . . 101

4.3 memory requirement: online SVR vs. online k-NN . . . . . . . 102

4.4 throughput performance: online SVR vs. online k-NN with
initial samples vs. online k-NN with recent samples over static
channel distribution . . . . . . . . . . . . . . . . . . . . . . . . 103

4.5 throughput performance: online SVR vs. online k-NN with
initial samples vs. online k-NN with recent samples over sudden
change of channel distribution . . . . . . . . . . . . . . . . . . 104

4.6 throughput performance: online SVR vs. online k-NN with
initial samples vs. online k-NN with recent samples over sudden
change of channel distribution with occasional random MCS
selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

4.7 throughput performance: online SVR with occasional random
MCS selection vs. online SVR with learning automata over
sudden change of channel distribution . . . . . . . . . . . . . . 107

5.1 Throughput comparison between Centralized Optimization and
without precoding vs. fixed rate MCSs . . . . . . . . . . . . . 118

5.2 Throughput comparison between Centralized Optimization and
Per Receiver Optimization . . . . . . . . . . . . . . . . . . . . 120

5.3 Throughput comparison between Centralized Optimization, Per
Receiver Optimization and Distributed Optimization . . . . . 126

xv



5.4 Throughput comparison between Centralized Optimization, Per
Receiver Optimization and Modified Distributed Optimizations 128

5.5 Relative throughput of Per Receiver Optimization and Modified
Distributed Optimizations to Centralized Optimization with vary-
ing number of receivers . . . . . . . . . . . . . . . . . . . . . . 130

5.6 Relative throughput of Per Receiver Optimization and Modified
Distributed Optimizations to Centralized Optimization with vary-
ing receiver velocity . . . . . . . . . . . . . . . . . . . . . . . . 131

5.7 Feedback amount of Centralized Optimization, Per Receiver
Optimization and Modified Distributed Optimizations . . . . . 133

xvi



Chapter 1

Introduction

Advanced wireless networking and communication technologies in re-

cent years have improved the performance of wireless systems significantly.

People watch streaming videos on their mobile devices due to greatly increased

throughput and check emails in a train thanks to the stable connectivity and

active hand-offs while moving fast. However the more technologies are in-

vented, the more knobs to control we have, which means choosing proper

transmit parameters to take full advantage of advanced technologies is getting

more difficult. Proper adaptive transmission in wireless systems optimizes re-

source allocation according to the demands and matches transmit parameters

to the conditions of links. In this dissertation, we identify two main reasons

why adaptive transmission in current wireless networking and communications

is difficult and propose modern tools to effectively tackle those challenges.

First challenge for the adaptive transmission is the ever growing num-

ber of wireless devices that share the medium. The density of devices is getting

higher, the requirements for different users are getting more complicated and

the mobility of devices is being more pronounced, which means all the devices

are getting more involved interfering each other requiring carefully scheduled
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transmissions. In turn, this means the increased overhead for backbone net-

works for exchanging data between base stations or access points and this

overhead gets bigger due to fast changing environment. To reduce the over-

head, infrequent backbone communication is desirable but the outdated and

inaccurate data can degrade the performance of systems significantly. Our

approach to address this challenge is using adjustable robust optimization.

Robust optimization builds up protection against variation of measurements.

Therefore the resulting solution is immune to the temporal change of environ-

ment up to a certain level, which reduces the need of frequent measurement

and optimization. On the other hand, the adjustability of the algorithm gives

us flexibility to tune results after we see the change of environment between

optimizations. The main application of this approach in this dissertation is

the system level scheduling of resource allocation. We consider an interference

management problem in a cellular broadband system operating in an inter-

ference limited and highly dynamic regime, as put forth in [75]. The central

challenge is to properly structure coordination decisions at the slow time scale,

as these subsequently restrict the actions of each base station until the next

coordination period. A further challenge comes from the fact that over longer

coordination intervals, the statistics of the arriving customers, e.g., the load,

may themselves vary or be only approximately known. We show that a two-

stage robust optimization framework is a natural way to model two-time-scale

decision problems. We provide tractable formulations for the base-station co-

ordination problem, and show that our formulation is robust to fluctuations
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in the arriving load.

Another difficulty of the adaptive transmissions comes from the high di-

mensions of transmission parameters, e.g., frequency, time and spatial domain.

Also finer granularity of resource allocation to take advantages of transmit di-

versity is being used; hence the number of variables to consider gets also larger.

This makes it extremely difficult to identify and take into account all the vari-

ables that may have impact on the performance of wireless systems, and makes

it almost impossible to come up with a closed form mapping function from the

environmental measurements to transmission parameters. Adaptation policies

assuming simplified environment often fail and show poor performance, when

their assumptions are not met. Our solution to this challenge is data driven

algorithms that implicitly take all the variables into account and model the

optimal input-output relationship under a given environment using only past

observations without any prior mathematical assumptions. We focus on the

link adaptation in MIMO-OFDM systems as an application of this approach

in this dissertation. In MIMO-OFDM systems, by matching transmitter pa-

rameters such as modulation order and coding scheme (MCS), link adapta-

tion can increase the throughput significantly. However, creating a tractable

mathematical mapping model from environmental variables to transmitter pa-

rameters that allows the latter to be optimized in any sense, presents serious

challenges due to the large number of variables involved and the inability to

accurately capture and explain all the factors that affect performance. To

address this problem, data driven algorithms have recently been explored for
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adaptation in MIMO-OFDM systems. In this dissertation, we first propose

a novel machine learning algorithm based on multi-class Support Vector Ma-

chines (SVMs). The algorithm learns from the training channel realizations

and results in a classifier that decides which MCS to use given a new channel

realization. We show that our algorithm is (asymptotically) consistent, in the

sense that as the number of training data increases, our algorithm obtains the

performance-optimal classifier. Then we develop an online algorithm based on

Support Vector Regressions (SVRs) that computes the adaptation policy in-

the-air, thus can be used more easily in real time applications. The mapping

functions from the channel to packet error rate for every MCS is computed

and tuned as more packets are received. We show that our online algorithm

reduces the complexity of offline algorithms and remove the need of time con-

suming training phase while still maintaining the comparable performance.

We also show that the algorithm requires minimal storage and time, which

makes it more practical. Moreover it adapts to the change of channel distribu-

tion quickly. Finally, we apply Support Vector techniques to link adaptation

for multicast traffic. We consider MCS selection as well as precoding matrix

selection. In this dissertation we develop a link adaptation for multicast traf-

fic and show that it outperforms any fixed rate transmissions at all the SNR

regimes. We also propose a distributed algorithm that reduces the overhead of

feedback from the receiver to the transmitter while keeping the performance

as closely to the optimal adaptation as possible.

In the following sections, we briefly introduce adjustable robust opti-
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mization and Support Vector based data driven approaches.

1.1 Adjustable Robust Optimization

Stochastic and Robust Optimization have recently found successful ap-

plication in select signal processing and communication problems ( [30, 94])

where they have been important in dealing with parameter uncertainty. One

of the main optimization-based contributions of this dissertation is to introduce

multi-stage robust and stochastic optimization as a useful and important mod-

eling methodology and a computational tool for problems in wireless networks.

In particular, we aim to illustrate its use in dealing with dynamic problems

affected with uncertainty, yet where coordination among agents occurs at a

slower time scale than the realization of the uncertainty.

The purpose of this section is to provide a brief review of robust and

stochastic optimization, and then to introduce multi-stage (particularly two-

stage) robust and stochastic optimization problems. We first review the single-

stage (non-adaptable) robust optimization paradigm. To make the connection

to our subsequent discussion on two-stage optimization clear, we write the

optimization variables as u and v. In the sequel, the former will denote first-

stage decisions to be implemented immediately, while the latter will denote

second-stage decisions, implemented at a later time.

5



1.1.1 Robust and Stochastic Optimization

Consider a, for now linear, optimization problem:

minu,v cu+ qv
s.t. Uu+ V v ≤ b

u ≥ 0
v ≥ 0.

(1.1)

Robust and Stochastic Optimization address the setting wherein the

parameters U and V are only partially known, or are noisy or corrupted.1

Stochastic optimization treats the uncertainty as driven by a distribution, and

requires the constraints to be satisfied in some probabilistic sense, either with

high probability, or by penalizing constraint violation and then minimizing the

expected penalty (e.g., [13, 71, 81]). Robust optimization, on the other hand,

assumes a deterministic, set-based uncertainty model.2 Using ω to denote

uncertainty, the robust optimization formulation of the nominal problem above

takes the following form:

minu,v cu+ qv
s.t. U(ω)u+ V (ω)v ≤ b ∀ω ∈ Ω

u ≥ 0
v ≥ 0

(1.2)

For a variety of uncertainty sets, Ω, the above problem is efficiently solvable

1The case of unknown c, q, or b can be treated similarly, through a simple transformation
of the problem.

2Numerous papers have shown that despite the worst-case formulation of Robust opti-
mization as opposed to the probabilistic nature of the uncertainty in stochastic optimization,
the performance of solutions to the former typically compares very favorably to that of the
latter. Indeed, the two formulations are often differentiated by suitability of the formula-
tion, and as we discuss at length in this chapter, tractability of the resulting optimization
problem.
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and in fact is again a linear program for polyhedral Ω. For further details, we

refer the reader to [8, 10] and the survey [9] and references therein.

Whether or not ω is treated as a stochastic or a deterministic (worst-

case) parameter, a key element of the formulation is that decisions u and v are

fixed before the realization of the uncertainty, ω. If, however, the second stage

decisions, v, are implemented only after the realization of the uncertainty, ω,

i.e., if the decision maker can observe ω before implementing v, then the above

formulation is potentially very conservative. It means that the decision-maker

is giving up any opportunity to adapt to the realized uncertainty. One may also

consider the so-called receding-horizon approach, wherein one solves the above

problem, and then reoptimizes once additional information about the uncer-

tainty becomes known. This approach has two disadvantages: first, it requires

potentially significantly increased computation since optimization problems

must be solved at the faster time scale, and second, the first-stage decisions

may still be suboptimal, since they are obtained by solving the above problem

that does not explicitly take into account any second-stage adaptability.

1.1.2 Two-Stage Optimization

The two-stage optimization paradigm addresses precisely these two

short-comings of the above model. It allows us to decide only the first stage,

non-adjustable variables u, and instead of optimizing over v, we can opti-

mize over policies for adaptability for the second stage solution. Moving the

objective function into the constraints, we can write this fully-adaptable opti-
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mization formulation as:

minu,γ γ
s.t. ∃u such that ∀ω ∈ Ω,

∃ vwith


γ ≥ cu+ qv(ω)
U(ω)u+ V (ω)v(ω) ≤ b
u ≥ 0
v(ω) ≥ 0


(1.3)

Equivalently, this can be written as:

minu,v(·) maxω cu+ qv(ω)
s.t. U(ω)u+ V (ω)v(ω) ≤ b ∀ω

u ≥ 0
v(ω) ≥ 0 ∀ω

(1.4)

The second formulation is an optimization over first stage decisions, and second

stage functions of uncertainty, or policies. Following [6, 7], we refer to these

equivalent formulations as the Adaptable Robust Counterpart (ARC).

Similarly, we may consider the two-stage model for stochastic optimiza-

tion, where the uncertainty, ω, is chosen according to some distribution. In

our setting, constraints correspond to stability of our system, and therefore

we must impose these constraints deterministically, obtaining a cross between

the robust and stochastic optimization viewpoints. The resulting multi-stage

optimization problem takes the form:

minu cu+ Eω[minv(ω) qv(ω)]
s.t. U(ω)u+ V v(ω) ≤ b ∀ω

u ≥ 0
v(ω) ≥ 0 ∀ω.

(1.5)

In general, for both robust and stochastic optimization formulations, obtaining

the optimal policy v(ω) exactly is intractable, and we must be content to look

8



for solutions in restricted classes of functions. In this dissertation, we consider

two techniques for accomplishing this in a computationally tractable manner.

First, following [7] and adapting techniques that have been used in inventory

management problems, we consider affine functions of the uncertainty, ω:

v(ω) = w +Wω.

While even this restriction may in general be NP-hard, we show in later sec-

tions that in our application, such an affine rule is (a) tractable, reducing to

a linear optimization, (b) easily implemented at the fast time-scale, requiring

only evaluation of an affine function, thus much more computationally efficient

than reoptimization required in the receding horizon approach, and (c) in one

important case we consider (see Section 2.3.2), affine policy can be used to get

the unrestricted adaptability, i.e., equivalent to the ARC.

We next consider an approach allowing for more general non-affine func-

tions of the uncertainty. Here, we essentially fit a piecewise bilinear function

to the optimal adaptability function. This approach is important for the case

where affine adaptability is not optimal, or the resulting optimization problem

for affine adaptability is not tractable. We show that our piecewise bilinear

approach can be computed via a tractable, convex optimization problem, and

further show that its performance is very close to that of optimal adaptability.

Like affine adaptability, this approach also has the implementation advantage

of not requiring reoptimization at the second stage, and hence at the fast

time scale, providing significant computational advantages over the receding

horizon approach.
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1.2 Data Driven Approaches

This section provides a brief review of the data driven algorithms we

have used in this dissertation. In the following subsection we start with Sup-

port Vector Machines for classification followed by Support Vector Machines

for regression.

1.2.1 Support Vector Machines: Classification

Support Vector Machines are supervised learning methods for classifi-

cation analysis invented by Vapnik . They construct hyperplanes in a feature

space to separate samples of different classes. We first start with the separable

and non-separable linear SVMs. Label the training data {xi, yi}, i = 1, · · · , `,

yi ∈ {−1, 1}, xi ∈ Rd and assume that there is a hyperplane which separates

the positive samples from the negative samples, w · x + b = 0. Then it is

known that the solution of the following optimization problem is the hyper-

plane which has the largest sum of distances from the closest positive sample

and the closest negative sample, i.e., it separates the positive samples from

the negative samples with the largest margin.

minw ‖w‖2

s.t. yi(xi ·w + b)− 1 ≥ 0 ∀i (1.6)

By introducing positive Lagrangian multipliers, αi, we get the following La-

grangian.

LP =
1

2
‖w‖2 −

∑̀
i=1

αiyi(xi ·w + b) +
∑̀
i=1

αi (1.7)
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Then, letting the gradient of the Lagrangian with respect to w to vanish we

get the following condition for w.

w =
∑̀
i=1

αiyixi (1.8)

Examining the Karush-Kuhn-Tucker (KKT) condition, we have αi(yi(xi·

w + b) − 1) = 0, ∀i. Notice that for i such that αi > 0, the equality,

yi(xi · w + b) = 1 holds. We call such samples Support Vectors, hence the

name Support Vector Machines. Therefore, to come up with the optimal hy-

perplane we only need Support Vectors not all the training samples.

Advancing to the non-separable case, we define positive penalties, ξi for

violating the separating conditions. Then minimizing the sum of the margin

and the penalties, we get the following optimization problem.

minw ‖w‖2 + C
∑`

i=1 ξi
s.t. yi(xi ·w + b)− 1 + ξi ≥ 0 ∀i

ξi ≥ 0 ∀i
(1.9)

The constant C > 0 prevents the solution from over-fitting by determine

the trade-off between the flatness of w and the classification accuracy of the

classifier on the training samples. Using duality, the problem becomes as

follows
maxα

∑`
i=1 αi −

1
2

∑`
i,j=1 αiαjyiyjxi · xj

s.t. 0 ≤ αi ≤ C ∀i∑`
i=0 αiyi = 0 ∀i

(1.10)

, and the solution is given by w =
∑NS

i=1 αiyixi, where NS is the number of

Support Vectors.
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Now we review the non-linear SVMs. First we map the data to higher

dimensional Euclidean space H with a mapping function Φ : Rd → H .

Notice that (1.10) is in the form of dot products, xi · xj. Therefore, if we

know a kernel function, K(xi,xj) = Φ(xi) · Φ(xj), then we only need to use

K in the training algorithm and never need to explicitly know the mapping

function, Φ. Well known examples of kernel functions include a Gaussian

radial basis function, K(xi,xj) = exp(−‖xi − xj‖2/2σ2), and a polynomial

function, K(xi,xj) = (xi · xj + 1)p. Also, the solution of the problem is

f(x) = w ·Φ(x)+b =
∑NS

i=1 αiyiK(xi,x)+b and doesn’t require the knowledge

of the mapping function, either.

1.2.2 Support Vector Machines: Regression

Similar to Support Vector Machines for classification (SVM), Support

Vector Machines for regression (in short, Support Vector Regression (SVR))

construct hyperplanes in a feature space, too. However, while the output of a

Support Vector machine is a discrete value to predict the class of a new sample,

the output of a Support Vector regression is a continuous value to approximate

the true value of a new sample. Introducing similar slack variables as the ones

in the case of non-separable SVMs, the optimization formulation for SVRs is

as follows.

minw
1
2
‖w‖2 + C

∑`
i=1(ξi + ξ∗i )

s.t. yi − xi ·w − b ≤ ε+ ξi ∀i
xi ·w + b− yi ≤ ε+ ξ∗i ∀i
ξi, ξ

∗
i ≥ 0 ∀i

(1.11)
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This formulation is called ε-insensitive loss, in which the deviations

smaller than ε are tolerated. Again, by duality, we get the following dual

optimization problem and the resulting hyperplane.

maxα,α∗
∑`

i=1 yi(αi − α∗i )− ε
∑`

i=1(αi + α∗i )

−1
2

∑`
i,j=1(αi − α∗i )(αj − α∗j )xi · xj

s.t. 0 ≤ αi, α
∗
i ≤ C ∀i∑`

i=1(αi − α∗i ) = 0

(1.12)

f(x) =
∑̀
i=1

(αi − α∗i )(xi · x) + b (1.13)

Notice that we only have cross product forms in both the dual opti-

mization problem and the hyperplane, which makes it easy to use kernels for

non-linear regression.
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Adjustable Robust Optimization
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Chapter 2

System Level Optimization

in Wireless Networks

with Uncertain Customer Arrival Rates

2.1 Introduction

In down-link cellular systems with small cells and full frequency re-use,

base station service rates are coupled by inter-cell interference. Minimizing the

effect of this inter-cell interference is paramount. Physical-level approaches

such as zero-forcing, require millisecond-scale inter-base-station coordination,

at the time-scale of channel fluctuations. Meanwhile, frequency partitioning

meant to avoid inter-cell interference altogether, is becoming increasingly un-

desirable as the number of base stations increases. Instead, we consider here a

system level algorithmic approach, that aims to determine an optimal schedul-

ing policy of the whole system, to minimize joint transmissions of base stations

to their mutual boundary. A naive implementation of such a scheme would

require base stations to communicate all information of any change in the spa-

tial load across the system, and to jointly optimize at the same fast time scale.

Any such approach has prohibitive communication and computational cost.

To overcome this difficulty, Rengarajan and de Veciana [75] propose a novel

framework in which customers are aggregated into classes, and then base sta-
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tions coordinate at this coarse level, jointly optimizing a transmission schedule

using only the statistics of customer (class) arrivals, and offered load, allowing

base-station coordination to occur at a much slower time scale than customer

arrival.

Assuming the future realization of the offered load (statistics) is known

exactly at the time of coordination, the techniques proposed in [75] have been

shown to increase the stability region and decrease file transfer delay signifi-

cantly at all load levels, while also increasing the uniformity in the coverage.

Yet a basic feature of the slow-time-scale coordination is that the offered load

may fluctuate from its expectation. As we demonstrate in the sequel, with-

out this advance exact knowledge of the offered load, performance quickly

degrades. Thus managing interference via system level optimization cannot

be separated from the problem of dealing with uncertainty.

We develop tools from multi-stage robust and stochastic optimization

to tackle this problem of load uncertainty. Most approaches to solve resource

allocation problems in wireless networks are based on exact knowledge of en-

vironment variables, e.g., channel state information, offered load, noise power,

etc. as in [32, 34, 39, 76, 82, 104]. Some use robust optimization paradigms

(e.g. [5, 11, 12, 45]) or stochastic optimization (e.g. [36, 57, 79, 98]) to handle

uncertain random variables. However, to the best of our knowledge, there have

been no attempts to model adaptability by using techniques from multi-stage

adjustable robust and stochastic optimization in wireless cellular systems.1

1There has been some work in network provisioning, although quite different from what
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Our first contribution is in showing that multi-stage (for our purposes

here, two-stage) robust and stochastic optimization provide the right optimiza-

tion framework for considering distributed decision-making with coordination

and uncertainty at different time scales in wireless cellular systems. We con-

sider uncertainty in the load, as well as uncertainty in its distribution among

base stations. We formulate tractable (in particular, convex) optimization for-

mulations for robust coordination considering both capacity-maximizing and

delay-minimizing formulations. In extensive simulation experiments, we show

that our robust and stochastic optimization formulations successfully immu-

nize our solutions to variations in the load, both in terms of the stability

region, and also in terms of average delay. At the same time, we investigate

the so-called price of robustness, or conservatism, by considering the degrada-

tion of the nominal performance (how well does the robust solution do when

there are no variations?). Our simulation results indicate that we can build

in robustness without significant degradation from the nominal performance

(i.e., when there is no deviation, the robust solution does not sacrifice much

in terms of performance).

Although we focus on two models for the variation in the customer

arrival process, the setting we describe paves the way for many different such

models to be considered. We focus on two in particular, as we believe they are

at the same time general, and well-motivated. In the first, we assume that the

we consider here, e.g., see [2] where a two-stage robust optimization approach is used to
solve a network flow problem.
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arrival rate to base station cells is fixed, while the distribution of customers

and their location within each cell varies. This models the scenario where

total traffic is unaffected, but traffic distribution patterns vary. The offered

load in each customer class is a stochastic process. As we consider smaller such

classes, the variance of the average load in each class will grow, hence actual

offered load is likely to vary from the long-term averages. Yet assuming the

variations in groups are neutral with respect to their mean, and independent

across classes, as we consider more classes, we would expect (by typical laws of

large numbers arguments) that on aggregate, the fluctuations are neutral, or

near-neutral, with high probability. This is precisely the setting we consider.

As we note below as well, modeling the case where aggregate fluctuations are

nearly neutral also easily falls within the framework we describe. Next, we

consider a largely complementary uncertainty structure: the case where the

fluctuation between classes is not uncorrelated, but rather varies in the same

direction. This might happen in the presence of, e.g., a traffic disruption,

or an event of mass interest, like a rally, a sporting event, or some kind of

catastrophic event. In this setting, one might expect the relative distribution

of customers among base station cells, and within cells to be essentially as

expected, but the aggregate level of traffic would vary. We consider both

these settings in detail.

The structure of this chapter is as follows. In Section 2.2 we provide

the basic system model and setup of our problem. In Section 2.3.1, we mo-

tivate the robust and stochastic optimization counterpart of the system-level

18



network optimization problem [75]. In Sections 2.3.2, 2.3.3 and 2.3.4, we con-

sider three different formulations, each designed for different models for the

uncertainty of the arrival process, and different objective functions, namely,

capacity maximization, and delay minimization. We provide simulations to

illustrate the performance of each. Finally, Section 2.4 concludes this chapter.

2.2 System Model and Setup

Rengarajan and de Veciana [75] propose a novel solution to enhance

wireless broadband capacity in the case where neighboring cell transmissions

are the limiting source of interference. To take advantage of the diversity in

users’ sensitivity to interference from the neighboring cells, they first group

customers in each base station into several classes according to their inter-

ference sensitivities and system loads. Then base stations jointly optimize a

transmission policy determining which class of customers each base station

should serve at each time. Their model is the starting place for our work here,

and therefore we use similar notation to theirs wherever possible.

Let N be the number of base stations that can potentially coordinate

power usage schedules through use of the backhaul, in order to minimize in-

terference. The exact nature of this coordination is the main subject of this

chapter, and is discussed in detail below. Each base station, b, serves cus-

tomers that are aggregated into Kb customer classes. We assume that each

customer is served by a single base station. The clustering of customers into a

smaller number of classes serves to reduce the complexity of the required com-
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munication and coordination, as well as the computational complexity of the

resulting optimization problems. We adopt the same aggregation model and

approach as in [75], and hence refer the reader there for the details. Arrivals

to class k of base station b are Poisson with rate λbk and mean file size F bk.

Thus the offered load is ρbk = λbkF bk.

The operating decisions at each base station consist of the transmit

power level, and the customer class served. The interference seen at a par-

ticular cell, depends only on the power level at which its neighboring base

stations are transmitting, and in particular does not depend on the customer

class being served.

This simple observation forms the basis for the low-overhead coordi-

nation schemes we propose: base stations use customer load statistics to co-

ordinate via slow-scale usage of the backhaul, deciding on a power schedule

(who will transmit at what power, at what time). This decouples the actions

of neighboring base stations, allowing each individual base station to serve its

customer classes optimally, subject to the agreed-upon power constraint, in or-

der to best serve the realization of customer load at each moment. Crucially,

no information about the realized customer load need to be communicated

to neighboring base stations, eliminating the need for high-bandwidth, low-

lattency backhaul usage.

This chapter is about optimally deciding upon the slow-scale power-

level schedule, when the offered load ~ρ = {ρbk} is not known exactly. We

define “optimality” with respect to two objectives: maximizing the stability
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of the system, i.e., the offered load at which delay remains bounded, and also

minimizing average customer delay at all loads. We approach these two tasks

by formulating optimization problems modeling capacity maximization and

delay minimization. While delay minimization is directly related to the quan-

tity we wish to control, capacity maximization is an indirect proxy that offers

computational advantages because it can be expressed as a linear function of

our decision variables. This linearity is particularly useful for our two-stage

optimization formulations.

We now give the single stage optimization formulation with no uncer-

tainty, using a generic objective function, to set the stage for the multi-stage

formulations in the following sections.

We assume that there are L total joint power profiles at which the base

stations can transmit, and we define decision variables ~α = {αl}Ll=1 to denote

the fraction of time the base stations spend broadcasting at each power profile.

The reason we require joint power profile variables, rather than individual

power profile variables for each base station, is that this will enable power

profile coordination across base stations. We define decision variables ~p =

{p l
bk} to denote the fraction of time base station b serves customer class k,

when joint power profile l ∈ {1, . . . , L} is being used. Since class profiles are

decoupled between base stations, the number of total different joint profiles

(power profiles × class profiles) is significantly smaller than [75]; the number

of joint profiles is PN ·
∏

bKb while that of ours is PN ·
∑

bKb.

As defined above, let ~λ denote the customer arrival rate, so that ~ρ is
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the vector of offered loads. In the formulation below, there is no uncertainty

in ~λ (and hence in the offered load). Let f(~α, ~p) denote the objective function.

The objective function f(~α, ~p) is at this point generic, but below we provide

two formulations, differing only in our choice of f , with one modeling capacity

maximization, the other delay minimization.

We obtain the following optimization problem:

min~α,~p f(~α, ~p)
s.t. ρbk ≤ Rbk(~α, ~p) ∀b, k∑Kb

k=1 p
l
bk ≤ αl ∀b, l∑L

l=1 αl ≤ 1
p l
bk ≥ 0 ∀b, k, l
αl ≥ 0 ∀l

. (2.1)

We use Rbk(~α, ~p) to denote the capacity allocated to class k in base station

b by schedule ~α, ~p. Therefore the constraints ρbk ≤ Rbk(~α, ~p) are the system

stability constraints. The remaining constraints merely say that the fractions

of time spent in each power profile cannot add to more than 100% of time,

and that amount of time each base station wishes to serve customers under

power profile l must not exceed the total amount of time allocated to power

profile l, namely, αl.

In this formulation, the schedule of power profiles (or power levels) is

determined simultaneously with the decisions of which class each base station

will serve. The novel optimization concept we propose here, is to separate

power-level decisions from serving-class decisions, into a two-stage design: the

former decisions (power profile) are our coordination decisions, taken before
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the uncertainty is realized, while the latter decisions (serving class) are made

only after the uncertainty is realized (i.e., after the base stations see their own

realized load in each customer class). This becomes particularly important as

we introduce uncertainty modeling, as these form our first and second stage

decisions, as discussed below.

2.3 Uncertain Arrival Rates

With exact and advance knowledge of the loads, simulations reveal that

the solution of [75] demonstrates remarkable improvements over a simple base-

line no-coordination solution. Yet as discussed, coordination at slower time

scales typically translates into absence of this advance knowledge. Moreover,

these promised gains deteriorate when the offered loads change over time at

a faster time scale than the base stations can coordinate and reoptimize. Us-

ing the ideas from robust and stochastic optimization outlined in the previous

section, we now propose an approach for system-level optimization even in the

face of inexact knowledge of the offered loads.

2.3.1 Two-stage Optimization

In [75], base stations coordinate, choosing joint power-and-class trans-

mission schedules. As discussed above and shown in (2.1) the simple but key

innovation that allows us to model decision-making over two time-scales, is

considering separately the two different elements of the transmission profile:

a power profile and a class profile. The power profile represents the transmit
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power level for each base station; the class profile represents the class that

each base station will serve. Since the interference level seen by a base station

depends only on the power level of its neighbors, and not which classes they

might be serving, fixing a power profile also fixes interference to each base sta-

tion. Therefore class scheduling decisions become decoupled as soon as power

profiles are fixed, and hence inter-base-station communication is not needed

beyond power profile scheduling. Hence, the two-stage optimization setting

becomes natural: before the actual offered loads for each class in each base

station become known, base stations coordinate and decide upon the power

profile schedule; next base stations decide on the class profile schedule after

the offered loads become known without further communication with other

base stations.

Thanks to this two-stage formulation, we can build in robustness to un-

certainty in the offered load. As discussed in the introduction, we consider two

different uncertainty models for the variation in the offered loads, exploiting

the strengths of robust and stochastic optimization, respectively.

The first model is a fixed total arrival rate model: while the actual

arrival rates of user classes fluctuate in each base station, the aggregate devi-

ation is neutral, i.e., the sum of fluctuations is zero. As the number of classes

increases, this model is natural. Unless there is a structural reason for an

aggregate increase or decrease in offered load across all the user classes, we

should expect local fluctuations to be independent and hence, on aggregate,

close to zero. Such a setting is also motivated by the case where there is a
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change in traffic pattern within the region we are considering, so that while

the same number of users are in the system, their spatial distribution, and

hence the distribution of users in each class, deviates from expectation. We

handle this type of uncertainty using the robust optimization paradigm: the

rates fluctuate arbitrarily in a given uncertainty set, and the solution must be

robust to all allowed variations. As noted previously, our model assumes that

the aggregate fluctuation is exactly zero. Our model can easily accommodate

the case where the aggregate fluctuations are simply close to zero.

The second model we consider is complementary to the first, where we

capture aggregate fluctations, i.e., the case where the fluctuations in each class

are completely correlated. We call this the fixed arrival rates ratio model.

The total arrival rate fluctuates, while the fraction of each arrival rate for

each base station and class is fixed. As with our first uncertainty model, our

framework is able to accommodate the setting where the arrival rate ratios

are nearly (not exactly) fixed. In this setup, we assume that the aggregate

arrival rate varies according to a stochastic process, and we use a stochastic

optimization approach. The solution minimizes the expected customer delay.

In both models, we deterministically enforce stability constraints. We believe

that many other models, and combinations of the ones we treat here, can be

approached using the methods we present in this chapter.

We illustrate the main two-stage optimization formulation using the

robust model. The stochastic model is considered in detail in Section 2.3.3.

Let ~λ denote the (unknown) offered load, varying in an uncertainty set Z. The
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decision variables {αl}Ll=1 represent the joint decisions on power profile coor-

dination, with each l = 1, . . . , L denoting a different joint power profile. The

second stage decisions are given by p l
bk(
~λ). Note that unlike the formulation in

(2.1), here these decisions depend on the realization of the uncertainty, ~λ. This

explicit dependence on ~λ indicates that they are second-stage decisions, made

after the uncertainty realization. The variables {αl}Ll=1, on the other hand,

have no dependence on ~λ, as they are made in the coordination phase, before

the realization of the uncertainty. We write the variables p l
bk(
~λ) as general

functions here for clarity of exposition. To solve the optimization, we must

restrict the class of functions, so as to maintain tractability (in particular,

convexity) of the problem. In the next two sections (for both stochastic and

robust formulations), we restrict to affine functions of the uncertainty. We

obtain the following robust optimization problem, which is the robust analog

to the optimization given in (2.1) above:

min~α,~p(~λ) f(~α, ~p(~λ))

s.t. ρbk ≤ Rbk(~α, ~p(~λ)) ∀b, k ∀~λ ∈ Z∑Kb
k=1 p

l
bk(
~λ) ≤ αl ∀b, l ∀~λ ∈ Z∑L

l=1 αl ≤ 1

p l
bk(
~λ) ≥ 0 ∀b, k, l ∀~λ ∈ Z

αl ≥ 0 ∀l

, (2.2)

where as in (2.1), Rbk(~α, ~p(~λ)) is the capacity allocated to class k in base station

b by schedule ~α, ~p(~λ)2. System stability is enforced in the first constraint. The

2If base stations use processor sharing to serve users within each class, Rbk is given by
a harmonic mean (see [75]). Optimizing using the harmonic mean may be difficult, as it is
nonconvex, and for this reason, we use an arithmetic mean approximation.
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second constraint enforces consistency of the class scheduling decisions with

respect to the first stage power profile schedule. The third constraint says that

the power profile schedule cannot take more than 100% of time, and the final

two nonnegativity constraints say that fractions of time must be nonnegative.

Note that with a singleton uncertainty set, we recover the original

single-stage formulation in (2.1), and the original formulation in [75].

As mentioned above, we use two different objectives for the optimiza-

tion problems following [75]. Minimizing f =
∑L

l=1 αl corresponds to a ca-

pacity optimizing schedule, while f =
∑N

b=1

∑Kb
k=1

ρbk
Rbk(~α,~p(~λ))

1− ρbk
Rbk(~α,~p(~λ))

minimizes the

total average delay. Because capacity maximization can be expressed as a

linear function of the decision variables, it offers computational advantages.

However, the resulting power profile schedule and class schedule has worse

average-delay performance than the schedule resulting from minimizing the

delay explicitly.

We use the formulation above, and both the capacity maximization and

delay minimization objective functions, combined with different optimization

paradigms in different uncertainty models, to explore tractability, effectiveness

and applicability of various approaches to our problem. As space limitations

prohibit an exhaustive exploration of all combinations of optimization model,

noise model, and objective function, we state why we choose one over the other

for each of the models we consider.

1. First, in Section 2.3.2 we consider the case of fixed total arrival rate.
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We use the robust optimization paradigm, modeling the uncertainty in

a deterministic way. We consider capacity maximization, and show that

in this case the optimal adaptable functions are in fact affine. Thus

we obtain the optimal adaptable functions, solving a (tractable) convex

optimization problem. This is largely made possible because capacity

maximization is a linear objective function.

2. Next, in Section 2.3.3, we consider the case of uncertain total arrival rate,

but fixed ratio across customer classes. We tackle the delay-minimization

formulation, using the stochastic optimization paradigm. Because the

uncertainty set is low-dimensional, we use a sampled approximation to

the distribution, which allows us to build a convex and easily solvable

optimization problem to minimize delay. Such approximations only make

sense when the uncertainty is low-dimensional, and hence are not always

appropriate.

3. Finally, in Section 2.3.4, we revisit the case of fixed total arrival rate,

this time minimizing delay rather than maximizing capacity. Because

of the form of the delay minimization objective, a robust optimization

formulation for the noise, along with an affine model for adaptability, is

no longer tractable. We use a stochastic model for the uncertainty, and

develop a new piecewise linear model for the adaptability.

28



2.3.2 Uncertain Arrival Rates Ratio Model with Fixed Total Ar-
rival Rate

2.3.2.1 Assumptions and an Adjustable Counterpart

In this section, we consider the fixed total arrival rate model. As dis-

cussed above, there are various motivations for considering such an uncertainty

model, including the basic fact that if load fluctuations are independent across

classes, by laws of large number-type results, we would expect fluctuations ad-

hereing to a (nearly) fixed total arrival rate model. While we do not address

it in this proposal, we note that one can treat the case where the sum of

fluctuations is small but not necessarily zero, in a precisely analogous manner.

As we use the robust optimization formulation, we define the uncer-

tainty set for the arrival rates, according to the fixed total arrival rate model.

To this end, we define an uncertainty set, Zb, for each base station b, that de-

fines the possible fluctuations of the arrival rates vector, ~λb = (λb1, . . . , λbKb),

to that base station:

Zb =

{
~λb = (λb1, · · · , λbKb)

∣∣∣∣∣ ∀k, λbk ∈ [(1− θ)λ∗bk, (1 + θ)λ∗bk],∑Kb
k=1 λbk =

∑Kb
k=1 λ

∗
bk ≡ λ∗b

}
, (2.3)

where λ∗bk is the nominal arrival rate of user class k in base station b. Thus

the true rates must satisfy two properties: individually they cannot deviate

by more than θ% of the nominal value; and moreover the aggregate deviation

must be rate neutral, that is, the sum of the realizations must equal the sum

of the nominal rates.

The possible deviation level is controlled by the parameter θ. Different

choices of θ give different solutions. Thus, this parameter is under the control
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of the system designer, who adjusts the parameter θ in order to balance the

conservatism and robustness of the solution. Since we enforce feasibility for all

realizations in the uncertainty set, a larger θ results in a more robust, but also

more conservative solution. For θ = 0, we recover the nominal optimal solu-

tion, which corresponds to knowing the exact rates to be {λ∗bk}. For each base

station b, ~p depends on the arrival rates in its cell. Thus second stage decision

variables tune themselves according to the offered loads, and no additional

communication overhead is required.

2.3.2.2 Affinely Adjustable Robust Counterpart (AARC)

Adaptability allows the second stage solutions to respond to the real-

ized uncertainty. Yet as discussed in Section 1.1.2, for computational reasons,

we must restrict the structure of the functions representing the second stage

decisions in (2.2), in order to be able to solve the resulting optimization prob-

lem. Restricting p l
bk to be an affine function of ~λb, as in [7, 17], we have

p l
bk(
~λb) = π l

bk0 +
∑Kb

m=1 π
l
bkmλbm. Using this formulation, and setting capacity

maximization as our objective function, we obtain a linear two-stage robust

optimization problem:

min~α,~π
∑L

l=1 αl
s.t. ρbk ≤

∑L
l=1(π l

bk0 +
∑Kb

m=1 π
l
bkmλbm)EI [R

l
I |b, k] ∀b, k ∀~λb ∈ Zb∑Kb

k=1(π l
bk0 +

∑Kb
m=1 π

l
bkmλbm) ≤ αl ∀b, l ∀~λb ∈ Zb∑L

l=1 αl ≤ 1

π l
bk0 +

∑Kb
m=1 π

l
bkmλbm ≥ 0 ∀b, k, l ∀~λb ∈ Zb

αl ≥ 0 ∀l
(2.4)
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Theorem 2.3.1. The AARC (2.4) is equivalent to the following linear opti-

mization problem.

min ~α,~π,~β,~ζ,~µ,~σ,~ν F

s.t. β l
bk0 − β l

bkm ≤ π l
bkm ≤ β l

bk0 + β l
bkm ∀b, k, l,m

ζbkm =
∑L

l=1 π
l
bkmE[Rl

I |b, k] ∀b, k,m, k 6= m

ζbkm =
∑L

l=1 π
l
bkmE[Rl

I |b, k]− F bk ∀b, k,m, k = m
µbk0 − µbkm ≤ ζbkm ≤ µbk0 + µbkm ∀b, k,m
σ l
bm =

∑Kb
k=1 π

l
bkm ∀b, l,m

ν l
b0 − ν l

bm ≤ σ l
bm ≤ ν l

b0 + ν l
bm ∀b, l,m∑L

l=1 π
l
bk0EI [R

l
I |b, k] +

∑Kb
m=1 ζbkmλ

∗
bm − θ

∑Kb
m=1 µbkmλ

∗
bm ≥ 0 ∀b, k∑Kb

k=1 π
l
bk0 +

∑Kb
m=1 σ

l
bmλ

∗
bm + θ

∑Kb
m=1 ν

l
bmλ

∗
bm ≤ αl ∀b, l

π l
bk0 +

∑Kb
m=1 π

l
bkmλ

∗
bm − θ

∑Kb
m=1 β

l
bkmλ

∗
bm ≥ 0 ∀b, k, l∑L

l=1 αl ≤ F ≤ 1
βlbkm, µbkm, ν

l
bm, αl ≥ 0 ∀b, k,m, l,m 6= 0

(2.5)

Proof. Consider the 4th constraint of (2.4) :

π l
bk0 +

Kb∑
m=1

π l
bkmλbm ≥ 0 ∀b, k, l, ∀~λb ∈ Zb.

This constraint holds if and only if the optimal value in the following problem

min~λb π l
bk0 +

∑Kb
m=1 π

l
bkmλbm

s.t. λbm ≥ (1− θ)λ∗bm ∀m ∈ [1, · · · , Kb]
λbm ≤ (1 + θ)λ∗bm ∀m ∈ [1, · · · , Kb]∑Kb

m=1 λbm = λ∗b

(2.6)

is nonnegative.

By the Duality Theorem of linear programming, the optimal value is

nonnegative if and only if the corresponding dual problem

max~γ,~δ,ξ
∑Kb

m=1(1− θ)λ∗bmγm −
∑Kb

m=1(1 + θ)λ∗bmδm + λ∗bξ + π l
bko

s.t. γm − δm + ξ = π l
bkm ∀m ∈ [1, · · · , Kb]

~γ ≥ 0
~δ ≥ 0

(2.7)
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has a nonnegative optimal value., i.e., ∃~γ, ~δ, and ξ s.t.∑Kb
m=1(1− θ)λ∗bmγm −

∑Kb
m=1(1 + θ)λ∗bmδm + λ∗bξ + π l

bko ≥ 0
γm − δm + ξ = π l

bkm ∀m ∈ [1, · · · , Kb]
~γ ≥ 0
~δ ≥ 0

(2.8)

Let β l
bkm = γm + δm and β l

bk0 = ξ. Then (2.8) is equivalent to∑Kb
m=1 λ

∗
bm(π l

bkm − β l
bk0)− θ

∑Kb
m=1 λ

∗
bmβ

l
bkm + λ∗bβ

l
bk0 + π l

bko ≥ 0
2γm = β l

bkm − β l
bk0 + π l

bkm ≥ 0
2δm = β l

bkm − β l
bk0 − π l

bkm ≥ 0
(2.9)

which is equivalent to

π l
bk0 +

∑Kb
m=1 π

l
bkmλ

∗
bm − θ

∑Kb
m=1 β

l
bkmλ

∗
bm ≥ 0

β l
bk0 − β l

bkm ≤ π l
bkm ≤ β l

bk0 − β l
bkm

β l
bkm ≥ 0

(2.10)

Similar arguments can be applied for the rest of the constraints in (2.4). �

Solving the resulting LP, we obtain an affine policy for determining the

class profile schedule for each base station, as a function of its local offered

load variation.

2.3.2.3 Optimality of Projected AARC

In this section, we show that although the AARC is more restrictive in

terms of adaptability than the ARC, in this specific application it can be used

to get the optimal solution, i.e., equivalent to that of ARC. More specifically,

we develop the following idea: we allow the solution to be affine with respect

to variables from a higher dimensional set, whose projection is equal to the

given uncertainty set. Thus, we are able with affine adaptability to recover
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optimality in instances far beyond what is possible with affine adaptability

in the original set. Indeed, because of this additional flexibility, our results

are stronger than what one can obtain with the AARC in the original space.

In [38], the authors show that for right-hand-side uncertainty (as we have in

our setting here), the AARC is suboptimal unless the uncertainty set is a

simplex. What allows us to recover optimality, is that while the uncertainty

set is not the simplex, it is the projection of a higher dimensional simplex.

This increased power of AARC in higher-dimensional settings is a technique

more broadly applicable, and we pursue the extent of its power elsewhere,

particularly in the setting of intermediate lifting where one does not represent

each extreme point as a vertex of a higher dimensional simplex. For now, we

focus only on the specific problem at hand.

First, we let ~z1, . . . , ~zM be the extreme points of the uncertainty set.

Then we can equivalently represent the uncertainty set (2.3) as follows.

Zb =

{
~λb =

M∑
i=1

ki · ~zi

∣∣∣∣∣
M∑
i=1

ki = 1, ki ≥ 0

}
. (2.11)

We then, construct an AARC so that the second stage solution depends not

on ~λb but on ~kb.

Proposition 2.3.2. In this model, the AARC in ~k space is equivalent to the

ARC in ~λ space, and is hence optimal.

Proof. The proof of this is immediate, and has appeared in different contexts

in various places, e.g., see [7]. �
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2.3.2.4 Simulations and Results

For purposes of comparison, we evaluate the performance of our affine

policy using the same simulation model of Rengarajan and de Veciana [75]. We

consider three base stations facing each other in a hexagonal layout with radius

250m. A carrier frequency of 1GHz and a bandwidth of 10MHz are assumed.

The base stations are assumed to be able to transmit at three different power

levels: 0W, 5W and 10W. The mean file size is 2MB.

We use different total arrival rates ranging from 0.5 to 2.2 per second,

and different protection levels, θ, restricting the uncertainty to an interval

ranging from 0% to 40% of the nominal value. We use 100,000 customer sam-

ples to estimate the harmonic formula capacities and the mean delay. For

each pair of total arrival rate and protection level, we sample λbk’s uniformly

at random within their bounds and compute the estimated delay 1, 000 times

to compute the average performance under the proposed uncertainties. Out

of 1,000 experiments, we count the number of cases that the system becomes

unstable and compute the average mean delay under the proposed uncertain-

ties. As shown in Figure 2.1, at higher loads and higher uncertainty levels

the number of unstable experiments is larger with the solution of the nominal

optimization problem, i.e., θ = 0. On the other hand, as shown in Figure 2.2,

with the solution of the AARC, the number of unstable experiments remains

at zero until very high load, 2.0/sec. Note that even without fluctuations of

arrival rates, the system is unstable around that point.

Figure 2.3 and Figure 2.4 show the average mean delay with the so-
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lution of the nominal optimization problem and the solution of the AARC

respectively, at each load and uncertainty level. Since we cannot compute the

mean delay of unstable systems, we let the delay of an unstable experiment

be as large as the maximum delay over all delays of stable experiments. At

lower loads, even with high uncertainty levels the nominal solutions slightly

outperform the AARC solutions. However, at higher loads, while the AARC

solutions give acceptable low average mean delays, the nominal solutions give

extremely high average mean delays even if the system is stable.

As we typically do not know precisely the uncertainty level in reality, we

must balance the tradeoff between building in protection to uncertainty, and

the loss of performance in the nominal setting, i.e., the cost of over-protection.

To compare these factors, we pick five protection levels, 0% (nominal), 10%,

20%, 30% and 40%, and we consider the performance of these five solutions

in different uncertainty regimes. Figures 2.5 and 2.6 show the load at which

stability breaks down for each solution, under medium (20%) uncertainty and

large (40%) uncertainty. Most solutions are stable over the whole range of

arrival rate under medium uncertainty but the nominal solution becomes un-

stable at a much lower average arrival rate than the other robust solutions

under large uncertainty. Interestingly, the 20%-protection solution remains

stable for very heavy loads with large uncertainty – essentially its stability

performance is comparable to the 40%-protection solution. Figure 2.7, Figure

2.8 and Figure 2.9 show the average mean delay (from simulation) of our five

solutions. Figure 2.7 shows the delay curves when there is no uncertainty in

35



arrival rates, i.e., the simulations are generated according to the nominal (and

known) offered load. This shows the price of robustness. Indeed, as expected,

the nominal solution outperforms robust solutions giving lower delay – but the

difference becomes pronounced only at very high loads. Meanwhile, Figures

2.8 and 2.9 illustrate the relatively quick deterioration of the nominal solu-

tion’s delay performance under 20% and 40% uncertainty in the offered load.

These results illustrate that the 20%-protection solution appears to have a

low price of robustness, i.e., performance comparable to the nominal solution

in the no-uncertainty regime, and yet captures most of the robustness prop-

erties of even the 40%-protection solution, outperforming the latter, except

when both the load and the uncertainty level are high. On the other hand,

we can consider the average delay performance only for stable experiments

while keeping the probability of being unstable under a certain threshold. For

example, the 20%-protection solution has lower than 10% probability of being

unstable even with large uncertainty and has almost the same average delay

performance as that of the 40% protection solution when the system is stable,

as shown in Figure 2.11.

2.3.3 Uncertain Total Arrival Rate Model with Fixed Arrival Rates
Ratio

2.3.3.1 Assumptions and an Adjustable Counterpart

In this section we consider a stochastic uncertainty model. We assume

the arrival process is Poisson with rate λ and users arrive uniformly over the

entire area. Thus for each class k and base station b, the fraction of arrival
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Figure 2.1: AARC with capacity optimizing and affine policy on fixed total
arrival rate model : Number of unstable experiments out of 1000 simulations
against different actual uncertainty levels ranging from 0% to 40%: the nomi-
nal solution

rate seen is fixed regardless of the change of the total arrival rate. We assume

the total arrival rate, λ, changes according to a Markov process with drift

towards the nominal rate. We discretize this process, approximating it via a

Discrete Markov chain. We show that using this approximation preserves the

convexity of the nominal problem.

We let ∆ represent the quantization level for the arrival rate process,

with probabilities p̄ and q̄ representing the drift away from and towards the

nominal rate, respectively. The following is the transition matrix of the Markov
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Figure 2.2: AARC with capacity optimizing and affine policy on fixed total
arrival rate model : Number of unstable experiments out of 1000 simulations
against different actual uncertainty levels ranging from 0% to 40%: each AARC
solution runs against its predicted uncertainty level

chain we use:

Pr(λ(t+ 1) = λ∗(1 + (i+ 1)∆)|λ(t) = λ∗(1 + i∆)) = p̄, i ≥ 0
Pr(λ(t+ 1) = λ∗(1 + i∆)|λ(t) = λ∗(1 + (i+ 1)∆)) = q̄, i ≥ 0
Pr(λ(t+ 1) = λ∗(1 + i∆)|λ(t) = λ∗(1 + (i− 1)∆)) = q̄, i ≤ 0
Pr(λ(t+ 1) = λ∗(1 + (i− 1)∆)|λ(t) = λ∗(1 + i∆)) = p̄, i ≤ 0,

(2.12)

Although we know the full distribution of the arrival rate, we accept some error

probability ε and truncate the distribution of the arrival rate into a finitely

supported distribution. We do this because stability needs to be enforced

deterministically, and hence must be enforced over the full support of the

distribution. Let n be a number s.t. Pr(λ ∈ [λ∗(1−n∆), λ∗(1+n∆)]) ≥ 1− ε.
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Figure 2.3: AARC with capacity optimizing and affine policy on fixed total
arrival rate model : Average file transfer delay against different actual uncer-
tainty levels ranging from 0% to 40%: the nominal solution

2.3.3.2 Affinely Adjustable Stochastic Counterpart of Objective

Computational experiments in [75] reveal that the delay minimizing

form yields improved delay performance over the capacity optimizing form. In

the stochastic formulation, the objective is an expected value over a discretely

supported distribution, and hence becomes a sum of weighted variations. If

the original objective is convex, then so is its expectation. Exploiting this fact

and taking advantage of the knowledge of the distribution, we use the delay-

minimizing objective rather than the capacity-optimizing objective we use in

the robust formulation.
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Figure 2.4: AARC with capacity optimizing and affine policy on fixed total
arrival rate model : Average file transfer delay against different actual uncer-
tainty levels ranging from 0% to 40%: each AARC solution runs against its
predicted uncertainty level

Then the objective of the stochastic optimization problem is as follows.

Eλ

[∑N
b=1

∑Kb
k=1

ρbk
Rbk(~pbk(λ))

1− ρbk
Rbk(~pbk(λ))

]

=
∑

i∈{−n,n} Pr(λ = λ∗(1 + i∆))×

(
1
λ

∑N
b=1

∑Kb
k=1

ρbk
Rbk(~pbk(λ))

1− ρbk
Rbk(~pbk(λ))

)
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Figure 2.5: AARC with capacity optimizing and affine policies on the fixed
total arrival rate model: We plot the number of unstable experiments out of
1,000 simulations against 20% uncertainty level of offered loads

2.3.3.3 Affinely Adjustable Robust Counterpart of Constraints

Although we use a sampling method for the objective to preserve the

convexity of the problem, we choose the similar robust optimization techniques

we used in Section 2.3.2 for the constraints. The stability constraints must be

enforced deterministically. That is, we want to make the solution feasible

for every realization of the arrival rate, hence the constraints must remain

feasible for all arrival rates in the support of the truncated distribution, not

only for the sample points on the discretized distribution. In the truncated

distribution, the support of the total arrival rate, λ, is [λ∗(1−n∆), λ∗(1+n∆)].
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Figure 2.6: AARC with capacity optimizing and affine policies on the fixed
total arrival rate model: We plot the number of unstable experiments out of
1,000 simulations against 40% uncertainty level of offered loads

Next, we restrict p l
bk to be an affine function of λ, i.e., p l

bk = π l
bk0 + π l

bk1λ. Let

θ = n∆ and Y = [λ∗(1 − θ), λ∗(1 + θ)]. Then as we discussed in Section

2.3.2.1, θ represents the conservatism of the solution and Y is the support

of the uncertainty set. We can control θ by adjusting the truncation error ε.

If we allow smaller truncation error, then the support of the uncertainty set

gets larger, i.e., n gets larger, hence the conservatism level θ becomes higher.

Let λ̃bk be the fraction of arrival rate of user class k in base station b. Then

λbk = λ̃bkλ, and the resulting optimization problem is as follows.
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Figure 2.7: AARC with capacity optimizing and affine policies on the fixed
total arrival rate model: Average delay at nominal level of offered loads

min ~α,~π

∑
i∈{−n,n} Pr(λ = λ∗(1 + i∆))×

(
1
λ

∑N
b=1

∑Kb
k=1

ρbk
Rbk(~pbk(λ))

1− ρbk
Rbk(~pbk(λ))

)
s.t. λ̃bkλF bk ≤

∑L
l=1(π l

bk0 + π l
bk1λ)EI [R

l
I |b, k] ∀b, k ∀λ ∈ Y∑Kb

k=1(π l
bk0 + π l

bk1λ) ≤ αl ∀b, l ∀λ ∈ Y∑L
l=1 αl ≤ 1

π l
bk0 + π l

bk1λ ≥ 0 ∀b, k, l ∀λ ∈ Y
αl ≥ 0 ∀l

,

(2.13)

Since we use an arithmetic mean approximation for Rbk, and since

~pbk(λ) is linear in ~π, Rbk is linear in ~π. The term
ρbk

Rbk(~pbk(λ))

1− ρbk
Rbk(~pbk(λ))

in the objective

function is convex in ~π if ρbk
Rbk(~pbk(λ))

≤ 1 ( [75]) and indeed, this is the stability
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Figure 2.8: AARC with capacity optimizing and affine policies on the fixed
total arrival rate model: Average delay against 20% uncertainty level of offered
loads

condition, and hence enforced for every λ in the support of its truncated dis-

tribution. Moreover, the infinite constraints (“∀λ ∈ Y ”) can be transformed

into a finite collection of linear constraints, again by employing a duality ar-

gument. Therefore this problem is a convex optimization problem with linear

constraints.

2.3.3.4 Simulations and Results

We evaluate the performance of our optimization using the same simu-

lation model of [75], and as before, using stability and delay as our evaluation
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Figure 2.9: AARC with capacity optimizing and affine policies on the fixed
total arrival rate model: Average delay against 40% uncertainty level of offered
loads

metrics. We use different nominal arrival rates ranging from 0.5 to 2.2 and

different truncation error, ε ranging from 1% to 20%. As we see in Section

2.3.3.3, lower truncation error means higher protection level. We use 100,000

customer samples to estimate the harmonic formula capacities and the mean

delay. At each simulation, we choose an arrival rate randomly from the sta-

tionary distribution of our Markov chain model. For each pair of nominal

arrival rate and error probability, we run 1,000 experiments. We count the

number of cases for which the system is unstable and compute the average

mean delay under the Markov chain model. We use the transition matrix

45



0.5 0.7 0.9 1.1 1.3 1.5 1.7 1.9
0

10

20

30

40

50

60

70

80

90

100

Arrival rate per second

A
ve

ra
ge

 d
el

ay

 

 

nominal
10% robust
20% robust
30% robust
40% robust

Figure 2.10: AARC with capacity optimizing and affine policies on the fixed
total arrival rate model: Average delay of stable experiments against 20%
uncertainty level of offered loads

(2.12) with p̄ = 1/3, q̄ = 2/3, and ∆ = 6%.

As shown in Figure 2.12, under nominal arrival rates, our uncertainty-

protected solutions perform comparably to the nominal solution, hence the

price of robustness is very low in this model.

Figure 2.14 shows the number of unstable experiments for each solu-

tion and Figure 2.15 shows the average delay under the uncertain arrival rates

process changing acording to the Markov process described earlier. At higher

loads, the number of unstable experiments is larger with the nominal solu-

tion. But, even the 20% truncation error model shows better results than

46



0.5 0.7 0.9 1.1 1.3 1.5 1.7 1.9
0

10

20

30

40

50

60

70

80

90

100

Arrival rate per second

A
ve

ra
ge

 d
el

ay

 

 

nominal
10% robust
20% robust
30% robust
40% robust

Figure 2.11: AARC with capacity optimizing and affine policies on the fixed
total arrival rate model: Average delay of stable experiments against 40%
uncertainty level of offered loads

the nominal solution in terms of stability and optimality. This is because the

distribution of the uncertainty is concentrated around its mean. Even the

truncated distribution with 20% error captures the original distribution well.

The original distribution of the Markov chain with transition matrix (2.12)

and the truncated distributions under different truncation errors are shown in

Figure 2.13. On the other hand, the constraints with less than 20% truncation

error models (i.e., bigger θ) are overly protective, and the conservativeness of

the solution results in infeasibility at higher loads.
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Figure 2.12: Stochastic problem with delay minimizing and affine policy on
fixed arrival rates ratio model : Number of unstable experiments out of 1000
simulations at the nominal arrival rates

2.3.4 Revisiting the Uncertain Arrival Rates Ratio Model with
Fixed Total Arrival Rate

Now we reconsider the fixed total arrival rate model of Section 2.3.2.

Recall that there, although minimizing delay directly is more effective than

maximizing capacity (as demonstrated by empirical results – see [75] for de-

tails), we have used the capacity maximization because the delay minimiza-

tion is non-linear, and thus its AARC is not computationally tractable [8].

Tractability requires either convexity in the uncertain variables, or concavity

along with an uncertainty set with a small set of extreme points. Neither of

these hold for our model. To overcome this difficulty, in this section we use
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Figure 2.13: Distribution of the uncertain arrival rate: Original distribution
of the Markov chain v.s. Truncated distributions under different truncation
errors

the stochastic optimization paradigm, following Section 2.3.3. First we briefly

state our method and formulate the optimization problem. Then we show

that the resulting problem is computationally tractable. Finally, we give some

computational results.

To the best of our knowledge, this type of approach is novel, and its

performance and complexity have not been explored more generally. We find

the promising performance exhibited here motivating for more focused study

of its general performance and applicability.
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Figure 2.14: Stochastic problem with delay minimizing and affine policy on
fixed arrival rates ratio model : against the Discrete Markov chain uncertainty
model of arrival rates with transition matrix (2.12): Number of unstable ex-
periments

2.3.4.1 Piecewise Linear Adaptability

In the AARC approach, we try to compute the optimal affine adaptable

solution, however, as discussed above, this approach is intractable in this set-

ting. Instead, we take advantage of the low dimensionality of the uncertainty

set, and choose a finite collection of representative points. For each point,

we choose the optimal value for the adaptable variables, and then extend to

the full uncertainty set by interpolating between these points using bilinear

functions.

The uncertainty set is determined by simple range constraints and one
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Figure 2.15: Stochastic problem with delay minimizing and affine policy on
fixed arrival rates ratio model : against the Discrete Markov chain uncertainty
model of arrival rates with transition matrix (2.12): Average file transfer delay

equality constraint, hence it is easy to find the extreme points of the uncer-

tainty set. We use points uniformly distributed on the grid whose end points

are those extreme points of the uncertainty set. This procedure is is similar

to the discretizing distribution method we use in Section 2.3.3. However, the

uncertainty set is not one dimensional as in the fixed ratio model, but rather

has dimension equal to the number of customer classes. The number of points

in the grid grows exponentially in the dimension. Therefore it is necessary to

use a sparse grid, and use bilinearity to interpolate between the grid points,

as explained below.

The grid effectively selects a finite number of representative uncertainty
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realizations from the uncertainty set. We enumerate the points on the grid as

{λ1, . . . , λM}. We select a single power profile variable ~α (first stage solution,

that cannot depend on the realization of the uncertainty) and M customer

profile variables, {~pλ1 , . . . , ~pλM}, corresponding to each of the M points on

the grid, i.e., each of the realizations of the uncertainty. Assuming a uniform

distribution over the M points {λ1, . . . , λM}, we choose ~α, {~pλ1 , . . . , ~pλM} in

order to minimize the mean delay over the points on the grid, and so that

the power-profile/customer-profile pair (~α, ~pλk) is feasible for the uncertainty

realization λk, for k = 1, . . . ,M , where feaibility again means stability.

The accomplish this by solving the following optimization problem.

min ~α,~pλ1
,~pλ1

,··· ,~pλM

∑M
j=1

∑B
b=1

∑K
k=1−1 + 1

/(
1− ρbk

Rbk(~pλj )

)
s.t. (λj)bkF bk ≤

∑L
l=1(pλj)

l
bkEI [R

l
I |b, k] ∀b, k ,∀j ∈ {1, · · · ,M}∑Kb

k=1(pλj)
l
bk ≤ αl ∀b, l ,∀j ∈ {1, · · · ,M}∑L

l=1 αl ≤ 1
~pλj ≥ 0 ∀b, k, l , ∀j ∈ {1, · · · ,M}
αl ≥ 0 ∀l

(2.14)

Now, if the realized uncertainty is some λk, we have already computed the

optimal adaptable policy, namely, ~pλk . For a realized point which is not on

the grid (as will typically be the case), we use bilinear interpolation using the

solutions of sample points on the grid. If the realized point is outside the

uncertainty set, we use the solution of nearest boundary sample point. This

way, we obtain an approximation of the optimal second stage policy of the

stochastic optimization problem, for the entire uncertainty. Since the optimal
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adaptable solution can be shown to be continuous, successively refining the grid

allows arbitrary approximation of the optimal solution, although this comes

at an increased computational cost, as M grows.

2.3.4.2 Simulations and Results

We use the same simulation model and uncertainty model of Section

2.3.2.4. In order to approximate the uncertainty set, we use 5 by 5 size grids.

Figures 2.16 and 2.17 show comparisons of the performances of the

AARC solution with capacity optimizing schedule we’ve obtained in Section

2.3.2 and the stochastic solution with delay minimizing schedule of this sec-

tion. One comparison without uncertainty in arrival rate (Figure 2.16) and

the other with high uncertainty (Figure 2.17). As shown in the figures, the

delay minimizing schedule outperforms the capacity optimizing schedule as we

expected. The performance gap increases as total arrival rate increases.

Next we compare the performances of the nominal problem solution and

the solutions of stochastic problems with 20% and 40% protection levels to see

the cost of over-protection. As shown in Figure 2.18, the cost is negligible.

Then we compare the performances of those three solutions under large (40%)

uncertainty to see the benefit of robustness. Figure 2.19 shows big performance

gap between original solution and the approximated stochastic solution with

40% protection level at higher loads.

Additionally, we consider receding-horizon approach we mentioned ear-

lier. Every time we see the realized arrival rate, we reoptimize the customer
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class profiles under the given power profile within each cells. This procedure

can be done only if every base station has enough ability to do the reoptimiza-

tion. Under this assumption, the most important thing is to get a good first

stage power profile solution. In Figure 2.20 we compare the performances of

the three solutions with reoptimization against large uncertainty. As we can

see the performance gap is minimal which means that if all the base stations

have enough power, it doesn’t matter whichever solution among the nominal

solution and the stochastic solutions we use.

However when comparing the performances of the stochastic solution

with and without reoptimization in Figure 2.21, we can see the performance

without reoptimization is almost close to that with reoptimization. There-

fore by using the stochastic solution we can get almost optimal performance

without increased computation for reoptimization.

2.4 Conclusions

We propose several different approaches that attempt to make the so-

lution of the system level coordination optimization problem robust to the

variations of offered loads under different models of uncertain data. In the

case that each offered load fluctuates individually but the sum of variations

is zero, we first used two-stage robust optimization with affine second-stage

decisions, obtaining tractable optimization formulations to obtain solutions ro-

bust to variations in the offered load. Later we used approximated stochastic

optimization with sample points and interpolation. We also considered varia-
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Figure 2.16: Fixed total arrival rate model: Average file transfer delay at the
nominal offered loads with nominal solutions of capacity optimizing schedule
and delay minimizing schedule

tion in the total arrival rate. There, we combined the stochastic optimization

and the robust optimization paradigms, again obtaining solutions that remain

stable under heavy loads, and get better average performance. In our sim-

ulation results, we have shown that nominal solutions are vulnerable to the

fluctuations of the offered loads while properly tuned robust solutions capture

the best of both worlds: resilience to uncertainty, with good performance even

under the nominal setting.
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Figure 2.17: Fixed total arrival rate model: (b) Average file transfer delay
against 40% uncertainty level of offered loads with 40% protection level solu-
tions of capacity optimizing schedule and delay minimizing schedule.
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Figure 2.18: Stochastic problem with delay minimizing and bilinear policy on
fixed total arrival rate model: Average file transfer delay at the nominal offered
loads with different solutions (nominal, 20% protection level solution and 40%
protection level solution)
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Figure 2.19: Stochastic problem with delay minimizing and bilinear policy on
fixed total arrival rate model: Average file transfer delay against 40% uncer-
tainty level of offered loads with different solutions (nominal, 20% protection
level solution and 40% protection level solution)
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Figure 2.20: Stochastic problem with delay minimizing and bilinear policy
on fixed total arrival rate model: Average file transfer delay against 40%
uncertainty level of offered loads after reoptimization with different solu-
tions(nominal, 20% protection level solution and 40% protection level solu-
tion)
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Figure 2.21: Stochastic problem with delay minimizing and bilinear policy
on fixed total arrival rate model: Average file transfer delay against 40% un-
certainty level of offered loads with 40% protection level solution with and
without reoptimization
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Chapter 3

Multiclass Support Vector Machines for Rate

Adaptation in MIMO-OFDM Systems

3.1 Introduction

Bandwidth limitation coupled with the demand for higher data rates,

require future wireless systems to provide significantly enhanced spectral effi-

ciency in order to increase link throughput and network capacity. Multiple-

input, multiple-output (MIMO) systems increase the throughput by simulta-

neously transmitting different streams of data on the different transmit an-

tennas [35, 74]. They can be used to achieve multiple-fold improvement in the

peak data rate, provided that the MIMO channel is well conditioned. And in-

deed, this is the case in rich-scattering environments. Frequency-selective fad-

ing caused by multipath scattering can be handled by Orthogonal Frequency

Division Multiplexing (OFDM) [22, 65]. The effects of frequency-selective fad-

ing can be considered as flat over an OFDM subcarrier if the subcarrier is

sufficiently narrow-banded. This makes equalization much simpler at the re-

ceiver in OFDM in comparison to conventional single-carrier modulation. As

a result, the combination of MIMO with OFDM is a promising technique to

enhance data traffic rate in the physical layer.
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However, maximizing network throughput in higher layers requires sys-

tems to meet reliability constraints to reduce overhead caused by retransmis-

sions. Hence, both high data rate and high reliability have to be achieved

simultaneously. By matching transmitting parameters such as symbol modu-

lation order, error control coding rate, and spatial multiplexing order to time

varying channel conditions, adaptive modulation and coding (AMC) can in-

crease the transmission rate considerably while meeting the reliability con-

straints at the same time [1, 21]. Unfortunately, the sheer number of environ-

mental parameters such as signal energy, noise variance, channel state infor-

mation for each subcarrier, time tap, and spatial stream, make it difficult to

tune the transmission parameters appropriately. Moreover, many other addi-

tional and potentially subtle factors such as quantization error, non-gaussian

noise effect, and non-linearity of systems make it almost impossible to obtain a

mathematical model which can be tractably optimized to find the optimal (or

even near-optimal) parameters to operate the system. Hence, link adaptation

to time-varying channel and environment conditions is challenging.

Recently, there have been new flexible approaches to use machine learn-

ing algorithms for effective link adaptation [26, 41, 61, 64]. The authors of [26]

have proposed a non-parametric supervised learning algorithm based on the

k-nearest neighbor (k-NN) algorithm. There, they show that a small subset

of ordered post-processing SNRs can explain the frame error rate (FER) well,

and hence serves as a good low dimensional representation of the channel.

Using this as a feature space, they further show that an adaptation of the
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k-NN algorithm provides accurate mapping from features to modulation and

coding schemes (MCSs) and significantly outperforms other link adaptation

algorithms in MIMO-OFDM systems.

In this chapter, we use the feature set extraction scheme shown in [26],

namely ordered post-processing SNR, and develop a new machine learning

algorithm based on multi-class support vector machines. The link-adaptation

problem, unlike traditional classification problems, is in fact an optimization

problem, in the sense that we seek to classify in order to optimize an objective

(e.g., expected rate) as opposed to simply aiming to maximizing the probability

of determining the “correct label.”

Our new algorithm allows the optimization of such objectives, and our

numerical results demonstrate that our algorithm outperforms algorithms that

focus on maximizing probability of correct classification. Indeed we show that

our algorithm is statistically consistent, in the sense that as the number of

training data increases, we asymptotically compute the performance-optimal

solution. In addition to performance improvement, our algorithm presents

significant advantages important in practice, including reducing time-overhead

and significantly reducing memory usage requirements.
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3.2 MIMO-OFDM AMC Using Machine Learning

3.2.1 System Model

3.2.1.1 MIMO-OFDM Systems

In MIMO-OFDM systems with Nt transmit antennas and Nr receive

antennas, data are transmitted over Ns ≤ min{Nt, Nr} spatial streams. In

the frequency domain, a baseband signal x[m,n] for the nth subcarrier of the

mth OFDM symbol, is multiplied by a pre-coding matrix F[n], then transmit-

ted over a wireless channel, H[n]. We assume that the channel adds complex

Gaussian noise, v[m,n] ∼ CN(0, σ2I). At the receiver, we use a linear equal-

izer, G[n] to recover the transmitted signal. Then, with transmit power Es,

N subcarriers and NOFDM OFDM symbols, the received signal has the form

y[m,n] =
√
EsG[n]H[n]F[n]x[m,n] + G[n]v[m,n], (3.1)

where n ∈ {0, · · · , N − 1} and m ∈ {0, · · · , NOFDM − 1}. We assume that all

the modulation orders and coding rates are the same for all spatial streams

and the wireless channel is constant for all OFDM symbols in a single packet.

3.2.1.2 Learning Model

With a feature set X, a label set Y and n training samples T =

((x1, y1), · · · , (xn, yn)) ∈ (X × Y )n, a machine learning algorithm creates a

mapping A : X 7→ Y from features to labels and predicts labels for new sam-

ples. Since the resulting mapping completely depends on training samples, it

is important to extract relevant features from the data available. The number

of features, however, should be limited, primarily for two reasons. First, a high
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dimensional feature set may allow overfitting of the data, and thus requires

larger training sets in order to obtain similar predictive performance, also

known as generalization performance. Second, the running time for training

grows quickly as the number of features, i.e., the dimensionality, gets larger.

The authors of [26] have proposed a low dimensional feature set, namely or-

dered post-processing SNR, that they have shown represents the frame error

rate (FER) performance metric very well. In MIMO-OFDM systems (3.1), the

post-processing SNR for spatial stream a and subcarrier n with zero forcing

(ZF) equalizer is defined as follows:

γZF [a, n] =
Es

σ2Ns[(F
∗[n]H∗[n]H[n]F[n])−1]a,a

. (3.2)

Following the notation of [26], we define γ(t) ∈ {γ[1, 0], · · · , γ[Ns, N − 1]} as

the tth smallest post-processing SNR for all subcarriers and spatial streams.

In IEEE 802.11n systems, there are N = 52 subcarriers. The selected feature

set we use is: {
x = [γ

(5)
ZF , γ

(10)
ZF , γ

(23)
ZF , γ

(40)
ZF ] , if Ns = 1

x = [γ
(6)
ZF , γ

(13)
ZF , γ

(24)
ZF , γ

(56)
ZF ] , if Ns = 2

. (3.3)

Hence we have a 4-dimensional feature set. The goal of a learning algorithm is

to map any point in the feature space to the “best” label. In our setting, the

set of modulation and coding schemes (MCS) of IEEE 802.11n form our set of

labels. For the setup described here we have 8 MCSs, which we denote MCS0

to MCS7 for 1 spatial stream, and additional 8 MCSs, MCS8 to MCS15, for

2 spatial streams. Given H, Es, σ
2 and target FER T, the “best” MCS is the

66



MCSi with highest rate Ri such that the target FER constraint is met, i.e.,

i = arg max
j
{Rj : FER(H, Es, σ

2,MCSj) ≤ T}. (3.4)

So far, we have defined a feature set and a label set for IEEE 802.11n MIMO-

OFDM systems. Given training samples, machine learning algorithms produce

mappings that will predict the best MCSs for future channel realizations.

3.2.2 Optimization as Classification: An Example

In the standard classification setup, machine learning algorithms such

as k nearest neighbor and support vector machines try to maximize the clas-

sification accuracy, i.e., they seek to maximize the probability that the next

point generated is classified correctly. If we think of this as a reward func-

tion, it means we obtain the same reward for correctly classifying a sample,

regardless of the label, and also that we gain nothing by wrongly classifying

samples. Yet in our link-adaptation setting, this assumption is not consistent

with actual system-performance, since the penalty for misclassification may

not be symmetric. We illustrate this point in the following simple example.

Example 1. A sample x has a 30% probability to be labeled A and a 70%

probability to be labeled B. When the correct label is A, we get reward 100

by correctly classifying the sample, while if we misclassify it as B we still get

reward 10. On the other hand, correctly classifying a sample with label B gives

reward 80 and misclassifying it as A gives only reward 50. In a classification

problem, we classify x as B to minimize the classification error. However in
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order to maximize the expected reward, we choose label A since by choosing

A, we expect 0.3 × 100 + 0.7 × 50 = 65 which is higher than what we expect

by choosing B: 0.3× 10 + 0.7× 80 = 59.

Because some of the MCSs are comparable, in the sense of maximum

rate and also FER (namely, for the same channel conditions, we may have that

the FER of one MCS is always at least as great as another’s FER) the above

example is precisely illustrative of the scenario in the MIMO-OFDM link-

adaptation problem. First, each correctly classified MCS results in different

performance, namely its own rate. Second, even when we misclassify it, we

may get some degraded performance if we classify it as a lower rate MCS. On

the other hand, by choosing a higher rate MCS we may violate the target FER

and observe zero performance due to the high layer overhead.

In Example 1, there is ambiguity about which label the sample x will

be labeled as. If there is no ambiguity, classification algorithms will do just

fine. Hence the situations mentioned above will occur mostly near the mutual

decision boundaries for different labels. Therefore we need a machine learn-

ing algorithm that compares every pair of labels instead of comparing them

altogether because we want to impose asymmetric weights on each pair of

labels.
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3.3 Multi-class SVM with Asymmetric Weights

In this section, we present a multi-class SVM-based algorithm. The key

idea is to introduce asymmetric penalties in order to “favor” making certain

classification mistakes over others. We show how the weights for these penal-

ties should be chosen, based on the objective we would like to maximize. Note

that if we are interested in simply maximizing the probability of correct classi-

fication, the weights should all be chosen equal to one another. Then we show

that if the weights are properly chosen, our algorithm is statistically consistent,

that is, as the number of training data grows, our classifier is asymptotically

optimal in the sense of the objective to be optimized.

3.3.1 Asymmetric Weights for Binary Classification Algorithms

In order to motivate the method of putting asymmetric weights in our

algorithm, let us begin with a simpler binary classification case. Given a

feature set X and a label set Y , we assume a probability distribution on

(X × Y ), i.e., (x, y) ∼ (X × Y ). The |Y | = 2, Y = {+1,−1} case is referred

to as binary classification. With a sample set, T = ((x1, y1), · · · , (xn, yn)) ∈

(X ×Y )n, and a loss function Ψy(f(x)), i.e., the loss of predicting the label as

f(x) when the true label is y, we would like to compute a real-valued function

f to minimize

E[Ψy(f(x))],

where the expectation is taken over the unknown distribution that generates

the sample points x and their labels y. Keeping to the standard PAC-learning
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setup, we assume we know nothing about the underlying generative distribu-

tion, but we do assume that the training data we see are all generated iid

according to the true distribution. In particular, we assume that the testing

data are also generated according to the same distribution that generates the

training data. One possibility is to attempt to find a function f that minimizes

the empirical loss rather than the true expected loss:

1

n

∑
i

Ψyi(f(xi)) (3.5)

For the standard classification problem, our objective is to minimize the prob-

ability of misclassification. Thus, the loss function of interest is Ψy(f(x)) =

I(y 6= sign(f(x))). This function is non-convex, however, and as a conse-

quence, one can show that the problem (3.5) becomes a combinatorial op-

timization problem, and in particular is NP-hard. As a result, alternate

tractable (and in particular, convex) loss functions such as Ψy(f(x)) = φ(yf(x)),

where φ(t) = (1− t)+ are typically used.

Thus there are two difficulties that must be overcome. First, we do not

have access to the underlying distribution against which performance is judged,

and thus must rely on the empirical distribution. Second, if the true objective

is non-convex and intractable, we must resort to training our algorithm using

a tractable loss function. Statistical consistency, which we revisit in the next

section below, requires showing that as the number of samples goes to infinity,

both of these problems are overcome. In the context of binary classification,

these problems are well-studied.
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Under suitable conditions, minimizing a regularized version of (3.5) over

a sequence of function classes, minimizes the Ψ-risk, RΨ(f) = EXY [Ψy(f(x))].

If our objective is classification correctness, we also want the probability of

misclassification R(f) of that minimizer to approach the optimal risk (Bayes

risk). It is shown in [3] and graphically explained in [89] that if we have a

convex loss function φ : R 7→ [0,∞) which is differentiable at 0 and φ′(0) < 0,

any minimizer f ∗ of Ψ-risk yields a Bayes consistent classifier, i.e.,{
f ∗(x) > 0, if P(Y = +1|X = x) > 1/2
f ∗(x) < 0, if P(Y = −1|X = x) > 1/2.

(3.6)

Now, moving away from the classification correctness problem, we con-

sider the expected reward maximization problem. Let us fix an x and the two

conditional probabilities P(Y = +1|X = x) and P(Y = −1|X = x) by p+ and

p−, respectively. Let rij be the reward obtained when we classify an i-labeled

sample as j. For example, we gain r+− when we misclassify a +1-labeled sam-

ple as −1. Then the expected reward by classifying x as +1 is p+r++ + p−r−+

and the expected reward by classifying it as −1 is p+r+− + p−r−−. Therefore,

the reward-optimizing classifier f ∗ is as follows:{
f ∗(x) > 0 , if p+ > r−−−r−+

(r+++r−−)−(r+−+r−+)

f ∗(x) < 0 , if p− >
r++−r+−

(r+++r−−)−(r+−+r−+)

. (3.7)

Note that in the standard classification problem, r++ = r−− = 1 and r+− =

r−+ = 0, hence (3.7) reduces to (3.6). Now given a sample point x, we define

asymmetric loss functions, φy(yf) = αyφ(yf) = αy(1 − yf)+ omitting the

argument in f(x). Then Minimizing Ψ-risk is equivalent to finding f that
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minimizes the following form.

p+φ+(f) + p−φ−(−f) (3.8)

These loss functions penalize f differently according to asymmetric weights

α+ and α−. If we define the set R ∈ R2 as

R = {(φ+(f), φ−(−f)) : f ∈ R}, (3.9)

then the above minimization can be written as

min
z∈R
〈p, z〉 (3.10)

where p = (p+, p−).

Lemma 3.3.1. If asymmetric weights, α+ and α−, are as follows,

α+

α−
=
r++ − r+−

r−− − r−+

, (3.11)

then the classifier f ∗ that minimizes (3.8) maximizes the expected reward, i.e.,

f ∗ follows (3.7).

Proof. The set R is shown in Figure 3.1 for the hinge loss function φ(t) =

(1− t)+ and the squared hinge loss function φ(t) = ((1− t)+)2 where α+ = 2

and α− = 1. Note that the slope of the line going through the transition area

from f > 0 to f < 0 is −α−
α+

. By taking a line 〈p, z〉 = c and sliding it until it

touches R, we obtain the solution to (3.10).

Suppose p+ > r−−−r−+

(r+++r−−)−(r+−+r−+)
. Then we have p+

p−
> r−−−r−+

r++−r+− = α−
α+

,

which means the line is inclined more towards the vertical axis and the point
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Figure 3.1: set R with hinge loss and squared hinge loss

of contact is in the area of f > 0, hence the first condition of (3.7) holds.

Similarly, it can be shown that the second condition holds, too. �

3.3.2 Multi-class Support Vector Machines

For multi-class classification problems, many generalizations of binary

SVM have been proposed [95], [14], [23], [102], [103], and [54]. Among those,

the one-against-one and the Weston/Watkins methods compare every pair of

labels unlike others that compare one label against the others altogether. As

discussed in the previous section, in order to maximize the expected reward,

we require asymmetric weights on the comparison of each pair of labels. There-

fore, for our purposes, these form an appropriate basis for our classification

algorithms. In this section we develop the framework for the algorithms with

asymmetric weights introduced in Section 3.3.1. We show that these algo-

rithms actually maximize the expected reward. That is, they are consistent.
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In order to do this, we show that the convexified objective asymptotically min-

imizes the actual objective (which we see is also non-convex), and moreover

minimizes this with respect to the unknown actual underlying distribution.

3.3.2.1 Multi-class SVM framework

The One-against-one method constructs K(K − 1)/2 binary SVMs

where K is the number of classes. Given a sample set T of size n, in order

to compare label i and j we construct a smaller sample set T ij = {(xt, yt) ∈

T : yt = i ∨ yt = j} and let nij = |T ij|. Then the corresponding binary SVM

problem is

minf ij∈H ,bij∈R
λn
2
‖f ij‖2

H + 1
nij

∑
t:(xt,yt)∈T ij α

ij
ytξ

ij
t

s.t. f ij(xt) + bij ≥ 1− ξijt yt = i

f ij(xt) + bij ≤ −1 + ξijt yt = j

ξijt ≥ 0

(3.12)

where H is a reproducing kernel Hilbert space (RKHS) and asymmetric

weights, αiji and αijj follow (3.11). In the testing phase, for a sample x, we vote

for either label i or j according to the classifier f ij. Then after K(K − 1)/2

votes, we predict that x is labeled as the one with the largest vote sum.

The Weston/Watkins method constructs a multi-dimensional classifier

f : X 7→ RK by solving one big optimization problem. The idea is that we

make the ith element of f , fi, to separate samples of label i from the others by

maximizing the sum of gaps between the samples of label i and the samples

of the other labels. The formulation without offsets is as follows.
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minf∈H K
λn
2

∑K
m=1 ‖fm‖2

H + 1
n

∑n
i=1 Ψyi(f(xi))

s.t. Ψy(f(x)) =
∑K

y′=1 ryy′Φy′(f(x))

Φy(f(x)) =
∑

y′ 6=y φ(fy(x)− fy′(x))

φ(t) = ((1− t)+)2

(3.13)

and the decision rule is

y∗ = arg max
y=1,··· ,K

fy(x). (3.14)

3.3.2.2 Consistent Classifiers

In Section 3.3.1, we have shown that minimizing Ψ-risk leads to the

expected reward maximization in binary classification problems. It is by now

well known that minimizing the empirical risk asymptotically minimizes the

true expected risk for the case where the loss function is the indicator of

misclassification. Putting these two together, we have the consistency result

for the case of binary classification for reward maximization. In this section,

we show that the consistency result of binary classification problems can be

generalized for multi-class classification problems.

Before we go further, let us define some notation. The empirical Ψ-risk

is defined as R̂Ψ(f) = 1
n

∑
i Ψyi(f(xi)) and the Ψ-risk isRΨ(f) = EXY [Ψy(f(x))].

To avoid overfitting we use a squared norm regularizer and the classifier f̂ ∗λ

minimizes the regularized empirical Ψ-risk, R̂reg
Ψ,λ(f) = λ

2

∑K
m=1 ‖fm‖2

H +R̂Ψ(f)

[33, 91]. Similarly, the classifier f ∗λ minimizes the regularized Ψ-risk, Rreg
Ψ,λ(f) =

λ
2

∑K
m=1 ‖fm‖2

H + RΨ(f). Let R(f) be the expected reward of a function f

over the underlying distribution of (X×Y ) and the largest achievable expected
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reward is defined as R∗ = sup{R(f)|f : X 7→ RKmeasurable}.

Theorem 3.3.2 shows that the classifier we compute by minimizing reg-

ularized empirical Ψ-risk also minimizes Ψ-risk, and Theorem 3.3.4 generalizes

the consistency result of Section 3.3.1 to multi-class classification problems.

Theorem 3.3.2. Given a RKHS H , let K : X ×X 7→ R be a corresponding

kernel. If K is universal and λn → 0 slowly enough as n → ∞, then the

classifier f̂ ∗λn from (3.13) holds the following condition in probability for all

distributions on (X × Y ).

lim
n→∞

RΨ(f̂ ∗λn) = inf{RΨ(f)|f : X 7→ RKmeasurable} , R∗Ψ (3.15)

We adapt the consistency proof for binary classification in [85]. The

proof consists of the following five steps.

RΨ(f̂ ∗λn) ≤ Rreg
Ψ (f̂ ∗λn) ≤ R̂reg

Ψ (f̂ ∗λn) + ε

≤ R̂reg
Ψ (f ∗λn) + ε ≤ Rreg

Ψ (f ∗λn) + 2ε
≤ R∗Ψ + 3ε

(3.16)

The first inequality is obvious since the regularizer is positive and the third

one is due to the definition of f̂ ∗λn . The second and fourth inequalities hold

by the so-called “concentration” theorem we will prove soon. Finally, the last

step holds as λn goes to 0.

Proof. Before we prove the theorem, we define the following notations and up-

per bound the norm of the solutions to (3.13) and the norm of Ψ-risk functions
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by Lemma 3.3.3.

r̄ = maxi,j ri,j , i, j ∈ {1, · · · , K}
M = supx

√
k(x, x) , x ∈ X

δλ = sup{‖t‖2|t ∈ RK ,
λ‖t‖22

2
≤ supy Ψy(0)}

‖Ψλ‖∞ = sup{|Ψy(t)||y ∈ {1, · · · , K}, ‖t‖2 ∈ [−δλM, δλM ]}

Lemma 3.3.3.

∑K
m=1 ‖f̂ ∗λ,m‖2

H ≤ δ2
λ,
∑K

m=1 ‖f ∗λ,m‖2
H ≤ δ2

λ (3.17)

Proof. Due to the definition of f̂ ∗λ , we have λ
2

∑K
m=1 ‖f̂ ∗λ,m‖2

H + 1
n

∑n
i=1 Ψyi(f̂

∗
λ(xi)) ≤

1
n

∑n
i=1 Ψyi(0) ≤ supy Ψy(0). Since the loss function is positive, λ

2

∑K
m=1 ‖f̂ ∗λ,m‖2

H ≤

supy Ψy(0), and by the definition of δλ, the first inequality of the lemma holds.

A similar argument can be formulated for the second one. �

If we define a space H K , ((H , ‖ · ‖H )K , ‖ · ‖2), then the lemma

implies that f̂ ∗λ , f
∗
λ ∈ δλBH K , where BH is the unit ball in H K centered at

the origin. Also by Hoeffding’s inequality, ∀f ∈ δλBH K ,

Pr(|R̂Ψ(f)−RΨ(f)| ≥ ε) ≤ 2e
2ε2n

‖Ψλ‖
2∞ . (3.18)

Next, we define the covering number of a RKHS H , ` = N((H , ‖ · ‖H ), ε),

i.e., there exist f1, · · · , f` such that the disks Di centered at fi with radius ε

cover H . Then we claim that the covering number of H K is at most `K with

radius ε
√
K. The proof is as follows.

∃f1, · · · , f` s.t. the disks Di(fi, ε) cover H
⇒ ∀f ∈H ,∃i ∈ {1, · · · , `} s.t. ‖f − fi‖H ≤ ε
⇒ ∀f ∈H K ,∀j ∈ {1, · · · , K},∃i ∈ {1, · · · , `} s.t. ‖fj − fi‖H ≤ ε

⇒ ∀f ∈H K ,∃f ′ ∈ {f1, · · · , f`}K .s.t. ‖f − f ′‖2 ≤ ε
√
K

⇒ N((H K , ‖ · ‖2), ε
√
K) ≤ `K

(3.19)
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Now, to verify the second and the fourth inequalities of (3.16) and prove the

theorem, we claim that

Pr

{
supf∈δλBH K

|R̂Ψ(f)−RΨ(f)| ≥ ε

}
≤ 2

(
N

(
δλBH , ε

4∆ΨM
√
K

))K

e
ε2n

2‖Ψλ‖
2∞ ,

(3.20)

where ∆Ψ = supf∈δλBH K
‖ 5f Ψy(f)‖2.

First, we upper bound the difference between risk functions of two classifiers.

∀f1, f2 ∈ δλBH K , we have

|Ψy(f2(x))−Ψy(f1(x))|
≤ supf∈δλBH K

| 5f Ψy(f)>(f2(x)− f1(x))|
≤ ∆Ψ‖f2 − f1‖2M.

(3.21)

By simply integrating it over the underlying distribution and the sample dis-

tribution the following two inequalities hold.

|RΨ(f2)−RΨ(f1)| ≤
∫
X×Y |Ψy(f2(x))−Ψy(f1(x))|

≤ ∆Ψ‖f2 − f1‖2M

|R̂Ψ(f2)− R̂Ψ(f1)| ≤ 1
n

∑n
i=1 |Ψyi(f2(xi))−Ψy(f1(xi))|

≤ ∆Ψ‖f2 − f1‖2M

(3.22)

Using triangular inequality, we have,

|(R̂Ψ(f2)−RΨ(f2))− (R̂Ψ(f1)−RΨ(f1))| ≤ 2∆Ψ‖f2 − f1‖2M. (3.23)

Let ` = N(δλBH , ε
4∆ΨM

√
K

). Then by (3.19), N(δλBH K , ε
4∆ΨM

) ≤ N((δλBH )K , ε
4∆ΨM

) ≤

`K . Defining fi, i ∈ {1, · · · , `K} to be the centers of the disks that cover the

space δλBH K , ∀f ∈ δλBH K we have

|(R̂Ψ(f)−RΨ(f))− (R̂Ψ(fi)−RΨ(fi))| ≤ 2∆Ψ‖f − fi‖2M ≤ ε
2
. (3.24)
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Therefore by (3.18)

Pr

{
supf∈Di |R̂Ψ(f)−RΨ(f)| ≥ ε

}
≤ Pr

{
‖R̂Ψ(fi)−RΨ(fi)| ≥ ε

2

}
≤ 2e

ε2n

2‖Ψλ‖
2∞ .

(3.25)

Finally, plugging the covering number we developed earlier into (3.25), we

conclude the proof.

Pr

{
supf∈δλBH K

|R̂Ψ(f)−RΨ(f)| ≥ ε

}

≤
∑`K

i=1 Pr

{
supf∈Di |R̂Ψ(f)−RΨ(f)| ≥ ε

}

≤ 2

(
N

(
δλBH , ε

4∆ΨM
√
K

))K

e
ε2n

2‖Ψλ‖
2∞ ,

(3.26)

�

In case of (3.13) equipped with the Gaussian RBF kernel, we have

δλ ≤ K
√

2
λ
, ∆Ψ ∼ 1√

λ
, and ‖Ψλ‖∞ ∼ 1

λ
. Using the upper bound for the

covering number shown in [105], the term “slowly enough” in Theorem 3.3.2

can be clarified as λn → 0 and nλ2
n| log λn|−d−1 →∞ where d is the dimension

of the feature space, X.

Theorem 3.3.4. Let Ψ(·) be a loss function of the Weston/Watkins method

equipped with the squared hinge loss as in (3.13).

Then,

RΨ(f̂ ∗λn)→ R∗Ψ ⇒ R(f̂ ∗λn)→ R∗ in probability
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Proof. This proof follows closely the proof of classification case in [89].

Let us rewrite the asymmetric Ψ-risk as

RΨ(f) = EX [EY |x[Ψy(f(x))]] (3.27)

Now let us fix an arbitrary x ∈ X. We write f instead of f(x) and let py be

the conditional probability of label y given a sample point x. Then the inner

expectation of (3.27) is
∑

y pyΨy(f). Since both py and Ψy(f) are nonnegative

in (3.13), we’re guaranteed to have the infimum of the inner expectation. If

we define the subsets R and S of RK
+ as

R = {(Φ1(f), · · · ,ΦK(f))> : f ∈ RK}
S = conv(R) = conv({(Φ1(f), · · · ,ΦK(f))> : f ∈ RK}) (3.28)

and a matrix R ∈ RK×K as

R =

 r11 r21 · · · rK1
...

...
. . .

...
r1K r2K · · · rKK

 (3.29)

then we have

inff∈RK
∑

y pyΨy(f) = inff∈RK
∑

y py(
∑K

y′=1 ryy′Φy′(f))

= inff∈RK
∑

y py(R
>~Φ(f))y

= infz∈R〈Rp, z〉 = infz∈S〈Rp, z〉
, (3.30)

where p = (p1, · · · , pK)>. The last equation holds because the inner product

is a linear function. It is shown that the Weston/Watkins method with a

squared hinge loss function is universally consistent [89], i.e., ∀p ∈ ∆K all

sequences {z(n)} ∈ S such that 〈p, z(n)〉 → infz∈S〈p, z〉, we have arg maxy py

as a predicted label when we use a decision rule that chooses a label y∗ =
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arg miny zy. Notice that this decision rule is equivalent to ours (3.14) since the

loss function Φ(·) is non-increasing. Moreover, one can easily see that p being

in RK
+ and bounded is enough for their proof instead of p ∈ ∆K . Therefore,

since Rp ∈ RK
+ and bounded, by solving (3.30) we get a predicted label y that

achieves

max
y

(Rp)y = max
y

∑
y′

py′ry′y (3.31)

, which means the expected reward is maximized by choosing the label y.

Hence our algorithm is consistent in the sense of maximizing the reward. �

These two theorems assure that with a sufficiently large number of

samples, the solution to (3.13) maximizes the expected reward.

3.4 Application to MIMO-OFDM Systems

As we have discussed earlier, Modulation and Coding Schemes for

MIMO-OFDM systems have asymmetric rate performance. and MCSs for

one spatial stream case are listed in TABLE 3.1. Aggressive MCS selection

can achieve high spectral efficiency but may have overall worse performance

because of unacceptably high FER. On the other hand conservative MCS selec-

tion can guarantee at least a fraction of the performance of the ideal selection,

but nevertheless performance is sacrificed. Our algorithm balances between

those two schemes and maximizes the expected throughput.

In this section, we evaluate the performance of our algorithm using

IEEE 802.11n based simulation study. We use the packet error rate simulation
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data of [25]. Under 2×2 MIMO-OFDM and 4 taps frequency selective fading,

2 sets of 28,000 channels are generated according to the zero-mean complex-

Gaussian distribution with SNR varying from 0 to 27. Then, packet error rate

is simulated for every pair of channel realization and MCS. We extract features

from channel state information and associate them to their ideal MCSs with a

target FER 0.1 as we discussed in Section 3.2.1.2. Also we use LIBSVM [16], a

library for support vector machines, to construct SVM classifiers. We evaluate

the rate performance of our algorithm as well as other practical advantages

such as reducing time overhead and memory usage.

Table 3.1: Rate performance for one spatial stream case

Ideal MCS
0 1 2 3 4 5 6 7

0 6.5 6.5 6.5 6.5 6.5 6.5 6.5 6.5
1 0 13.0 13.0 13.0 13.0 13.0 13.0 13.0
2 0 0 19.5 19.5 19.5 19.5 19.5 19.5
3 0 0 0 26.0 26.0 26.0 26.0 26.0
4 0 0 0 0 39.0 39.0 39.0 39.0
5 0 0 0 0 0 52.0 52.0 52.0
6 0 0 0 0 0 0 58.5 58.5
7 0 0 0 0 0 0 0 65.0

3.4.1 Spectral Efficiency

Spectral efficiency, frame error rate and classification accuracy for dif-

ferent link adaptation algorithms over varying SNR are shown in Figure 3.2,

Figure 3.3 and Figure 3.4 respectively. In this simulation, Gaussian RBF
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kernel, K(x1,x2) = e−‖x1−x2‖2/2σ2
is used and parameters for SVM and k-

NN algorithms such as the regularization coefficient, the kernel coefficient

and the number of neighbors are chosen by cross validation methods. Also,

a comparison of multi-class support vector machines of [43] shows that the

One-against-one method requires much shorter testing time than the We-

ston/Watkins method while their performances are just comparable. Thus,

we use the One-against-one method for all the simulations in this chapter. As

one can see, even though classification accuracy of our algorithm is worse than

the others, it outperforms them in terms of spectral efficiency performance.

(We have gained about 0.5 bps/Hz at higher SNR.) This verifies that maxi-

mizing the expected performance is a different problem from minimizing the

classification error rate in machine learning schemes. As shown in Figure 3.3,

frame error rate of our algorithm is high at lower SNR and low at higher SNR,

which means that our algorithm is aggressive at lower SNR and conservative

at higher SNR.

3.4.2 Memory Usage

Since the memory size for mobile devices is limited, small memory usage

is desirable. The k-NN algorithm, however, needs all the pre-observed data

to be stored. In our IEEE 802.11n AMC framework, we need to store 28,000

samples. Using a SVM algorithm with a kernel function, the resulting classifier

is expressed as follows.

f(x) =
Ns∑
i=1

αiΦ(si) · Φ(x) + b =
Ns∑
i=1

αiK(si,x) + b (3.32)

83



0 5 10 15 20 25
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

SNR(dB)

S
pe

ct
ra

l E
ffi

ci
en

cy
(b

ps
/H

z)

 

 
Ideal
k−Nearest Neighbor
SVM
SVM with asymmetric weights

Figure 3.2: SNR vs. Spectral Efficiency for different link adaptation algorithms

where Ns is the number of support vectors. Hence the memory size needed is

proportional to the number of support vectors. However it is not predictable

and can be as large as the number of samples, which means we may not

have a considerable memory reduction by using SVM over k-NN. Hence many

approximations to reduce the number of support vectors have been proposed,

and the authors in [29] have provided an exact simplification of support vector

solutions, in which the linearly dependent support vectors in kernel feature

space are merged into one support vector, and only effective support vectors
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Figure 3.3: SNR vs. Frame Error Rate for different link adaptation algorithms

remain without any approximation. Using this simplification method, we can

upper bound the number of effective support vectors.

Lemma 3.4.1. The number of effective support vectors is at most the dimen-

sion of the kernel feature space.

Proof. Finding effective support vectors, s1, · · · sNs , such that K(s1, ·),· · ·

,K(sNs , ·) determine a unique classifier, is equivalent to finding Φ(s1),· · ·

,Φ(sNs) that determine a unique subspace in the kernel feature space. Since
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Figure 3.4: SNR vs. Classification Accuracy for different link adaptation
algorithms

linearly independent d vectors can determine a unique subspace in d dimen-

sional space, the minimal number of effective support vectors is at most the

dimension of the kernel feature space. �

The dimensions of kernel feature space, i.e., the upper bound of the

number of effective support vectors, for well-known kernel functions such as

homogeneous polynomial, inhomogeneous polynomial and Gaussian RBF func-

tions are listed in TABLE 3.2. As one can see, even high degree polynomial
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kernel functions show much less memory usage than k-NN’s 28,000. Although

it is a common thought that the classifiers that lie in higher dimensional feature

space perform better, depending on problems simple kernels can be compara-

bly effective, too. To compare the two extremes, Figure 3.5 shows the spectral

efficiency performance of our algorithms with a Gaussian RBF kernel function

and a linear kernel function. As shown in the figure, two algorithms have

almost the same performance outperforming k-NN algorithm. Therefore, we

can reduce the memory usage significantly by using a linear kernel function.

Table 3.2: the upper bound of the number of effective SVs

p 1 2 3 4 5 6 7
(x1 · x2)p 4 10 20 35 56 84 120

(x1 · x2 + 1)p 5 15 35 70 126 210 330

e−‖x1−x2‖2/2σ2 ∞

3.4.3 Testing Time Overhead

MCS selection occurs in real time, hence the testing phase overhead for

learning algorithms should be minimized. Testing phase of k-NN algorithm

consists of computing distances between a new sample and the training sam-

ples and sorting the distances to find k nearest neighbors. Therefore it requires

O(n log n) time complexity where n is the number of training samples. On the

other hand, in the testing phase of SVM algorithm, we compute Ns kernel

functions, thus only O(Ns) time complexity is required where Ns is the num-

ber of support vectors. As we have seen in Section 3.4.2, the effective number
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Figure 3.5: SNR vs. Spectral Efficiency for algorithms with different kernel
functions

of support vectors can be reduced significantly depending on the kernel func-

tions. Figure 3.6 shows the actual testing time to choose MCSs for 28,000 new

channel realizations with different machine learning algorithms. Almost a 70%

reduction in testing overhead is achieved by using our algorithm with a linear

kernel function over the k-NN algorithm.
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3.5 Conclusions

In this chapter we have shown that machine learning algorithms with

appropriately weighted labels are suitable for AMC in MIMO-OFDM. We’ve

developed a consistent learning algorithm that does not minimizes the classi-

fication error but maximizes the expected reward. Asymmetric weights play

a key role to achieve high performance by balancing between aggressive and

conservative label selection. In addition to the performance improvement, our
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algorithm has practical advantages for implementation over other machine

learning algorithms.
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Chapter 4

Reinforcement Learning for Link Adaptation

in MIMO-OFDM Wireless Systems

4.1 Introduction

In this chapter, we introduce a new online learning framework for link

adaptation in MIMO-OFDM wireless systems. We continue the data-driven

approach proposed in Chapter 3 and show how the online learning improves

the usability in real time traffic and address challenges of offline learning al-

gorithms.

Online stochastic learning ( [46, 87]) is used in [41] to come up with

the best transmission rate for a given static channel. Although the algorithm

shows good throughput performance, more considerations are needed for this

algorithm to work in a rapidly changing channel. Rate adaptation in OFDM

systems is considered in [64] and the prediction output is the set of SNR thresh-

olds to switch modulation schemes. They have shown that using stochastic

learning automata, the rate adaptation scheme converges to the optimal one

among the predefined finite set of candidates. However, the convergence rate

is closely coupled with the number of candidates. In emerging technologies,

the number of SNR thresholds required to obtain good performance is rapidly
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growing. The problem is even more general, and hence difficult in [88] in the

sense that the switching SNR thresholds are now arbitrary and not restricted

to predefined discrete values. For a given modulation policy the performance

is measured and a variant of a steepest descent algorithm is used to evolve the

policy towards the optimum.

In all the literature mentioned above, either the channel is assumed to

be fixed or SNR is the only link quality metric for rate adaptation. However,

in a complex configuration such as MIMO-OFDM systems, a one-dimensional

link quality metric is not sufficient to capture the aspects of the channel that

ultimately govern the optimal choice for adaptation. Although the set of post

process SNRs for all subcarriers is known to be a good metric, the required

sample complexity for using such a high dimensional feature set is prohibitive,

both in terms of storage and computational power required. As described in

the previous chapter, this dimensionality problem is solved in [26] by post

process SNR ordering and subselecting a particular small subset. In the pre-

diction phase, the k nearest neighbor (k-NN) algorithm is used to determine

the Packet Error Rate (PER) of new channel realization and the MCS with the

highest rate meeting the PER threshold is chosen. As described in Chapter

3, we have improved this algorithm further by using multiclass support vector

machines (SVM) with asymmetric weights. This allows us to improve perfor-

mance, decrease memory requirements, and lower MCS prediction overhead.

The main two drawbacks of the two algorithms mentioned above are as

follows. First, PER has to be known for each training sample a priori which
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is often impossible since in order to measure PER we need a fixed channel

during several transmission tries. Second, the offline training phase requires

either large memory or long training time.

Online algorithms are useful in link adaptation since the receiver sees

the packets sequentially. Algorithms that do not need to relearn from scratch

when the channel model changes slightly, or when the data arrive to a slightly

modified arrival distribution, have a clear advantage in this setting. The au-

thors in [27] have provided an online learning framework for link adaptation.

They have used a modified k nearest neighbor (k-NN) algorithm to learn the

mappings from channel condition to PER for all the MCSs supported by the

system. Every time a new packet is delivered, each MCS reports the predicted

PER using k-NN and the best MCS is chosen. After the transmission of the

packet, the packet itself is also stored as observed data for the selected MCS

for future prediction. As more packets are delivered, each MCS stores more

data and due to classical consistency results for k-NN (e.g., [86]), the PER

prediction becomes more accurate. While statistically correct, there are algo-

rithmic issues that are very important in any practical implementation. The

biggest challenges of this algorithm are the resulting memory requirement and

computational complexity. The k-NN algorithm requires us to store all the

previous samples we’ve seen; this is too expensive (if not prohibitively so) for

a small wireless device. Simply discarding older or newer data to reduce the

storage requirement doesn’t help in changing channel environment as will be

shown in Section 4.3. Moreover, the time complexity for MCS prediction also
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grows, and this is not favorable behavior for a real time operation that requires

computational cost per operation to be bounded by a constant independent

of time. Another online algorithm is developed in [24]. The authors consider

one-versus-none Support Vector Machines to predict the optimal MCS. How-

ever the algorithm is not fully online in the sense that it does not update the

classifiers and the regression functions packet by packet and when it updates

them, it needs to re-compute them using the accumulated training data.

We introduce a new learning approach, that addresses these two prob-

lems. We propose a new effective online link adaptation algorithm using on-

line kernelized Support Vector Regression (SVR) that requires minimal size

of memory and bounded time complexity for computation, yet presents a

comparable performance to the existing algorithms. Moreover, our compu-

tations show that the algorithm adapts changes in the channel distribution

more quickly, and hence may be more appropriate in more dynamic environ-

ments.

4.2 Online Link Adaptation in MIMO-OFDM

4.2.1 Learning Model

We follow the system model of MIMO-OFDM wireless systems de-

scribed in Chapter 3.2.1. For every packet transmission, the receiver can col-

lect the following information: channel measurement, modulation and coding

scheme and whether the transmission is successful or not. Since the channel

measurement may not be available at the transmitter before packet trans-
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mission, the receiver determines the physical layer parameters for the next

transmission and feeds back this information to the transmitter. Using the

information the receiver has collected, it updates the mapping from (channel

measurement × MCS) to PER. We can approximate PER by the number of

successful transmissions divided by the total number of transmissions.

Let X denote the set of all values that the channel measurement can

take, and let Y = {0, 1}, where 1 represents a successful transmission. For a

given MCS, we would like to use the past sequence of observations to obtain

a prediction function of its future performance, i.e., its PER for some new

channel measurement. Such a predictive function obtained from past data

(i.e., from a sequence of observations Tt = {(x1, y1), · · · , (xt, yt)} that have

used the MCS) is called a regression function. We obtain a regression function,

f , that minimizes the following objective:∫
X×Y

(f(x)− y)2dρ, (4.1)

where ρ is a probability measure on X×Y . Note that this regression function

approximates the mapping from the channel measurement to success rate of

transmission for the given MCS. Then given regression functions for MCSs,

the receiver predicts which MCS will result in the highest throughput (success

rate×rate) with the current channel condition and feed back the resulting

information to the transmitter for the next transmission via an ACK or a

dedicated feedback message.
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4.2.1.1 Update Rule

We now describe how we use kernelized Support Vector Regression to

produce non-linear regression functions.

Let k : X × X → R be a Mercer kernel and Hk be the Reproducing

Kernel Hilbert Space (RKHS) associated with k (see [15] for details). We use

the following online SVR algorithm modified from [84]:

ft = ft−1 − γt(ft−1(xt)− yt)Kxt , f0 = 0, (4.2)

where ft ∈ Hk, Kxt = k(xt, ·), γt > 0 is a step size and t ∈ N is time.

Intuitively, this algorithm can be interpreted as driving the regression function

toward the actual value (yt) from the predicted value (ft−1(xt)). The Mercer

kernel has the important property that it can be expressed equivalently as an

inner product in a high dimensional RKHS, i.e., k(x,x′) = 〈φ(x), φ(x′)〉, where

φ(·) is a mapping from the sample space (X) to the feature space (Hk). Then

it can be easily shown that the resulting regression function f of (4.2) has the

form of ft = 〈Φtαt, ·〉, where Φt = (φ(x1), · · · , φ(xt)), α = (α1, · · · , αt)> ⊆ Rt.

Therefore, updating ft is essentially updating Φt and αt and the update rules

are as follows.

ft = Φt−1αt−1 − γt(α>t−1Φ>t−1φ(xt)− yt)φ(xt)
= Φt−1αt−1 − γt(α>t−1kt−1(xt)− yt)φ(xt)

, (4.3)

Φt = (Φt−1, φ(xt)), (4.4)

αt =

(
αt−1

−γt(α>t−1kt−1(xt)− yt)

)
, (4.5)

where [kt(x)]i = k(xi,x).
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4.2.1.2 Sparsification Algorithm

The biggest obstacle to using the update rules mentioned in the above

section is that the size of Φt and αt grow linearly in the number of packets,

thus requiring prohibitively large memory with continuous transmissions. To

overcome this, we decrease the number of samples used to represent ft, by em-

ploying a sparsification algorithm proposed in [31]. The idea of this algorithm

is that we only keep the linearly independent samples in Hk in our dictionary,

i.e., the set of samples to be stored, and discard the ones that can be approxi-

mately represented as linear sums of the samples in the dictionary. At time t,

we are given t− 1 past observations, Tt−1 = {(x1, y1), · · · , (xt−1, yt−1)}. Sup-

pose we have collected a subset of previous samples, Dt−1 = {x̃j}mt−1

j=1 where

by construction {φ(x̃j)}mt−1

j=1 are linearly independent feature vectors so that

all the samples up to time t−1 can be approximated as linear combinations of

the vectors in Dt−1. Now presented with a new sample xt, we test if φ(xt) can

be represented as a linear sum of feature vectors in Dt−1. To see that we first

check the following condition where ν is an accuracy parameter determining

the level of sparsity.

δt = min
a
‖
mt−1∑
j=1

ajφ(x̃j)− φ(xt)‖2 ≤ ν (4.6)

If condition (4.6) holds, φ(xt) can be approximated within a squared error ν.

Condition (4.6) can be rewritten as the following form.

δt = min
a
{a>K̃t−1a− 2a>k̃t−1(xt) + ktt}, (4.7)
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where [K̃t]i,j = k(x̃i, x̃j), [k̃t(x)]i = k(x̃i,x), and ktt = k(xt,xt). The solution

to the above minimization problem is as follows.

ãt = K̃−1
t−1k̃t−1(xt), δt = ktt − k̃t−1(xt)

>ãt ≤ ν (4.8)

If the sparsification condition holds, φ(xt) can be approximated as φ(xt) '∑mt
j=1 at,jφ(x̃j) and the regression function ft can be approximated as ft '

Φ̃tα̃t, where Φ̃t = (φ(x̃1), · · · , φ(x̃mt)), and α̃ = (α̃1, · · · , α̃mt)>. Since we do

not expand the dictionary, Φ̃t remains the same and the update rule for αt,

(4.5) becomes

α̃t = α̃t−1 − γt(α̃>t−1k̃t−1(xt)− yt)ãt. (4.9)

If the sparsification condition does not hold, we update the dictionary

as Dt = Dt−1∪{xt} and the update rules, (4.4,4.5) may be rewritten as follows.

Φ̃t = (Φ̃t−1, φ(xt)) (4.10)

α̃t =

(
α̃t−1

−γt(α̃>t−1k̃t−1(xt)− yt)

)
(4.11)

Also, by the following recursive procedure, we do not have to compute K̃−1
t

every time we expand our dictionary, Dt.

K̃t =

(
K̃t−1 k̃t−1(xt)

k̃t−1(xt)
> ktt

)
⇒

K̃−1
t =

1

δt

(
δtK̃

−1
t−1 + ãtã

>
t −ãt

ã>t 1

)
(4.12)
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4.3 Computations

In this section, we evaluate the performance of our algorithm using

IEEE 802.11n based simulation study. We use the packet error rate simulation

data of [25]. Under 2×2 MIMO-OFDM and 4 taps frequency selective fading,

56,000 channels are generated according to the zero-mean complex-Gaussian

distribution with SNR varying from 0 to 27 and PER is simulated for every pair

of channel realization and MCS. We use this PER data to generate random

transmissions with success probability of (1-PER). Following the feature set

extraction scheme shown in [26], we use four dimensional feature space of

ordered post process SNR. For all the performance figures throughout this

chapter, the x axis represents the sequential index of arriving packets and

the y axis represents the relative throuput performance of a given algorithm

versus the performance of an ideal algorithm that chooses MCS with the best

throuput (i.e. (1-PER)×rate).

4.3.1 Online SVR vs. online k-NN

As shown in Fig. 4.1 the performance of our algorithm is comparable to

that of online k-NN, but we can see in Fig. 4.2 and Fig. 4.3 that our algorithm

generally requires smaller memory and time overhead. More importantly, we

can see that memory usage and time consumption remain constant with our

algorithm whereas they increase monotonically with online k-NN which makes

our algorithm more favorable to real time applications such as link adaptation.
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Figure 4.1: throughput performance: online SVR vs. online k-NN

4.3.2 Online SVR vs. online local k-NN

What if we limit the memory usage of online k-NN to match it with that

of our algorithm? That is, instead of storing all the previous samples, we keep

only a small part of the sample set. We compare our algorithm with online

k-NN with initial samples (i.e., we store first certain number of samples and

discard all the samples after then), and online k-NN with most recent samples

(i.e., everytime we see a new sample, we drop the oldest sample and keep

the newest one.) Interestingly, we can see in Fig. 4.4 that online k-NN with

initial samples works well throughout the simulation but online k-NN with

100



0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
0

0.5

1

1.5

2

2.5

3
x 10

−3

packets

ti
m

e(
s)

 

 

kNN
SVR

Figure 4.2: time complexity: online SVR vs. online k-NN

most recent samples works very poorly after some point. This is because we

choose an MCS with best empirical performance every time we’re given a new

sample. At initial stage, since we don’t have enough data, the prediction is not

accurate, hence some samples are assigned to the wrong MCSs and the set of

initial samples for each MCS has variety of channel realizations by errornous

predictions and MCS assignments. However, after some point, samples for

each MCS are biased towards the ones that are appropriate for the MCS,

thus lose the diversity and the prediction for the channel realizations that are

far from those samples becomes very poor. This means if we want to limit
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Figure 4.3: memory requirement: online SVR vs. online k-NN

the number of data for online k-NN, we need to keep the diversity of sample

positions for every MCS, which can be achieved by choosing initial samples.

However, when the distribution of channel changes, keeping initial samples for

online k-NN may not be the best solution since it can’t capture that change

of distribution. To compare how different algorithms work in the presence of

the change of channel distribution, we conduct a simulation, in which we have

channel realizations with SNR from 0 to 13 at the first half and ones with

SNR from 14 to 27 at the second half. Fig. 4.5 shows that all the algorithms

including ours work poorly after the distribution change. This is because we
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use an aggressive exploitation policy (i.e., we choose the best MCS and never

look into the others). Until the time that the distribution changes, only the

MCSs with slower rates are properly updated since we have had channels with

lower SNRs and even when we’re getting higher SNR channels, the MCSs

with higher rates never get chances to update their regression functions since

they falsely report that success rates are low with them hence never be used.

Therefore we keep using the slower ones. In the next section, we try different

exploration/exploitation policies and compare the algorithms with them.

100 200 300 400 500 600 700 800 900 1000
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

packets

p
er

fo
rm

an
ce

 

 

random
kNN with initial samples
kNN with recent samples
SVR

Figure 4.4: throughput performance: online SVR vs. online k-NN with initial
samples vs. online k-NN with recent samples over static channel distribution
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Figure 4.5: throughput performance: online SVR vs. online k-NN with initial
samples vs. online k-NN with recent samples over sudden change of channel
distribution

4.3.3 Exploration vs. exploitation

We first apply a simple exploration policy that every several samples,

we choose random MCS regardless of channel realization. We compare our

algorithm with online k-NN with initial samples and online k-NN with most

recent samples. As shown in Fig. 4.6, only our algorithm quickly approaches

to the best throughput performance. The reasons are as follows. First, since

online k-NN with initial samples doesn’t update data, no exploration can help
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after the limited size of buffers are already filled with initial samples and the

algorithm can’t adapt to the change of channel distribution. Second, online

k-NN with most recent samples work poorly by the same reason in the case

of static channel distribution in the previous section. Lastly, since SVR accu-

mulates the effects of all the samples up to the current time (without actually

storing all the data), it takes the best of both: Random MCS explorations

using recent samples let our algorithm to properly update regression func-

tions for higher rate MCSs, yet the data set preserves the diversity of channel

samples by the effect of initial samples.

One possible drawback of this exploration policy is periodic perfor-

mance drop due to random MCS selection. Additionally we have implemented

another exploration policy so called stochastic learning automata [90]. It up-

dates the MCS selection probability vector by slowly increasing the chance to

choose the MCS with higher empirical performance yet still giving the chance

to the other MCSs. This policy is less aggressive than the one that always

chooses the MCS with the best performance and helps us to avoid losing the

chance to select the best MCS completely due to some successive unlucky

events at the initial stage. The computation results in Fig. 4.7 shows that

online SVR with learning automata results in smoother performance curve

without periodic performance drops. However, we haven’t noticed any in-

crease of average throughput performance, so in terms of performance this

exploration policy has no advantage over simple random MCS selection.
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Figure 4.6: throughput performance: online SVR vs. online k-NN with initial
samples vs. online k-NN with recent samples over sudden change of channel
distribution with occasional random MCS selection

4.4 Conclusions

In this chapter we have shown that online SVR with sparsification is

suitable for real time link adaptation in MIMO-OFDM wireless systems due to

its bounded memory usage and time complexity as opposed to other algorithms

that show monotonically increasing memory usage and time complexity as

the number transmissions increases. Also with proper exploration policy our

algorithm quickly adapts to a new environment. These advantages allow us

to use link adaptation in different situations without offline training from the
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Figure 4.7: throughput performance: online SVR with occasional random
MCS selection vs. online SVR with learning automata over sudden change of
channel distribution

scratch every time we encounter a new environment.
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Chapter 5

Distributed Link Adaptation

for Multicast Traffic

in MIMO-OFDM Systems

5.1 Introduction

Multicast transmission exploits the broadcast nature of the wireless

medium by providing the same copy of the data to multiple users, instead of

sending the same data separately to different users. Therefore, multicast im-

proves the bandwidth efficiency significantly when data need to be transmitted

to more than one receiver at the same time, e.g., television like broadcasting

services and newsflashes. Because the group of users viewing multicast traffic

in a given cell may be small, the bandwidth efficiency of multicast transmis-

sion can be improved further through link adaptation. Unfortunately, link

adaptation is challenging in multicast systems since there are multiple links

and the quality of service (QoS) of each receiver has to be met. This becomes

even more difficult when we consider MIMO-OFDM systems, due to the in-

creased number of control and environmental parameters that may impact the

performance of each link.Therefore, researches to improve the performance of

multicast communications have mostly focused on the routing algorithms in

network layer (e.g. [28, 44, 52, 53, 77, 80, 96]).
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Although there has been some progress on data driven approaches for

link adaptation in MIMO-OFDM systems [26, 27, 100, 101], as well as other

strategies for adaptation [18, 42, 47, 51, 70, 72, 73, 78], these approaches are tai-

lored to unicast traffic and cannot be directly extended to multicast traffic.

This is because the set of transmit parameters that is uniformly optimal over

all the links cannot be inferred from feedback information of the optimal trans-

mit parameter sets of individual links. Therefore, the conventional approach

to wireless multicasting is to transmit isotropically with a fixed basic rate.

This is a reasonable approach if there are a large number of users. If there

are a small number of users, however, the spectral efficiency can be further

improved through link adaptation [4, 69]. Because of the power of data driven

link adaptation techniques in unicast settings, it makes sense to develop data

driven adaptation algorithms that exploit features of multicast transmission.

In this chapter, we propose a novel link adaptation scheme for multicast

traffic in wireless MIMO-OFDM systems. We consider two important aspects

in adaptive transmission: modulation and coding scheme (MCS) selection and

precoding (or beamforming depending on the number of streams). Correctly

chosen MCS provides the best throughput while maintaining reliability and

helping meet QoS requirements. Proper precoding is required to provide the

highest performance in MIMO systems by adapting the number of streams

based in part on the number of significant eigenmodes in the channel. We pro-

pose a feedback-based link adaptation scheme in which the receivers compute

the best MCS and precoder and feed back the information to the transmitter
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for the following transmission. It is demonstrated in [37] that a lightweight

feedback-based scheme can offer substantial improvement in performance over

feedback-free schemes for multicast. However due to the larger number of re-

ceivers in multicast compared to unicast, feedback limitation requirements are

more demanding; hence we design the algorithm to work with as little feedback

as possible.

Limited feedback in MIMO systems is extensively studied in many lit-

eratures (see an overview paper [59] and references therein). One popular

approach is codebook based precoding [60], in which the best set of quantized

precoding matrices are computed and the index of the optimal precoder is

sent from the receiver to the transmitter. They have shown that good code-

books correspond to packings on the Grassmann manifold. We use codebook

based precoding with a different codebook for each number of data streams

implementing multi-mode limited feedback precoding [58]. Although given the

limited budget of feedback this provides the best precoder in single-carrier and

flat channel setting, it does not scale very well to OFDM systems. Ideally, one

needs to compute as many precoding matrices as the number of subcarriers;

hence the feedback required grows linearly in the number of subcarriers. An

alternative is to compute precoders for subsets of carriers and to use clustering

and/or interpolation, see e.g. [20] and [49].

A near optimal transmit beamforming vector for multicast is computed

in [83], [48]. The authors show that computing the optimal beamforming vec-

tor in the sense that it maximizes the smallest receiver SNR is an NP-hard
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problem. They show that near-optimal beamforming vector can be obtained

using an appropriate semi-definite relaxation (SDR) of the original optimiza-

tion problem. Authors in [50] compute the closed-form solution of the optimal

transmit beamforming vetor for the case of 2 users and propose a successive

algorithm for more users. While these approaches alleviate issues of compu-

tational complexity, issues of feedback complexity remain. These approaches

assume that the full channel state information required for all the intended

receivers is available at the transmitter side. We believe this is unrealistic,

especially when there are many such receivers.

The authors in [19, 56] address this issue by letting the receivers feed

back the quantized channel state information. The transmitter, then, com-

putes the beamforming vector, that maximizes the smallest average receiver

SNR, where the average is taken over the distribution of the channel direction

vectors that can be mapped to the same quantized channel direction vector.

Employing the similar SDR-randomization as in [83], the optimization prob-

lem can be solved in polynomial time. Also in [97], the optimal precoding

matrix is chosen from the precoding codebook. Each receiver feeds back the

index of its best precoding matrix. Assuming the transmitter knows the chan-

nel statistics, it computes the average packet drop rate of the receivers and the

precoding matrix that minimizes it is chosen. However these results are not

directly applicable to OFDM systems due to the increased feedback overhead.

Moreover, even with quantized channel state information for all the subcar-

riers at the transmitter side, MCS selection is difficult because of the effect
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of interleaving and forward error correction (FEC) when we consider systems

with a uniform MCS for all the subcarriers as in IEEE 802.11 WLANs.

Rate selection in multicast is considered in [40], [66], [63], [69] and [4].

The authors in [63] consider the layered source coding and Network Layer

adaptation for IP multicast. In [69], SNR is fed back from the receiver to

the transmitter and to avoid the collision due to the simultaneous feedback

transmissions, random back off favoring the receivers with low SNR is used.

At the transmitter side, the rate is decided according to the minimum receiver

SNR. In [4], a similar approach is proposed, except that instead of dedicated

SNR feedback, RTS and CTS are used to convey the rate information. CTS

packets are transmitted at the same time, but the longer duration of CTS

is used for the receiver with lower SNR and the rate is chosen depending on

the duration of CTS, which means the rate adaptation chooses the lowest

rate over the receivers conservatively to meet the QoS of the receiver with

the lowest SNR. In both lines of work, the authors consider neither MIMO

nor precoding. This makes the problem much simpler since in SISO without

precoding the rates are generally comparable, i.e., some rates result in higher

PER than the other rates uniformly across channel state. However, this is not

the case with MIMO and precoding as shown in Chapter 3. The authors in [55]

use retry limit adaptation for video traffic in WLAN to minimize the overall

packet losses. Layered video specific multicast link adaptation is considered

in [92, 93].

In this chapter, we first propose a data-driven approach to predict per-
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formances of MCSs and incorporate precoding to improve the throughput.

We show that simply using effective channel state information (channel ma-

trix multiplied by a precoding matrix) as an input to the mapping function

from the channel to PER results in good estimation on PER and this esti-

mation can be used to choose the right precoder and MCS. This solves the

problem of quantized precoding algorithms not being scalable to OFDM sys-

tems. Using this approach, we develop a frame work of limited feedback link

adaptation for multicast traffic. A centralized adaptation algorithm is pro-

posed which requires full performance information for each set of transmitting

parameters per receiver. We compare the algorithm with fixed MCS policies

and show that it works at least as well as the best fixed policy at each SNR

level confirming the validity of use of machine learning algorithms for mul-

ticast link adaptation. Then, we propose a distributed algorithm using dual

decomposition. We show that the required feedback amount is much smaller;

growing only logarithmically in the number of choices of MCSs and precoding

matrices, yet the performance is close to that of the centralized algorithm.

5.2 System Model

5.2.1 MIMO-OFDM Systems

In MIMO-OFDM systems with Nt transmit antennas and Nr receive

antennas, data are transmitted over Ns ≤ min{Nt, Nr} spatial streams. In

the frequency domain, a baseband signal x[m,n] for the nth subcarrier of the

mth OFDM symbol, is multiplied by a pre-coding matrix F[n], then transmit-
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ted over a wireless channel, H[n]. We assume that the channel adds complex

Gaussian noise, v[m,n] ∼ CN(0, σ2I). At the receiver, we use a linear equal-

izer, G[n] to recover the transmitted signal. Then, with transmit power Es,

Nsub subcarriers and NOFDM OFDM symbols, the received signal has the form

y[m,n] =
√
EsG[n]H[n]F[n]x[m,n] + G[n]v[m,n], (5.1)

where n ∈ {0, · · · , Nsub − 1} and m ∈ {0, · · · , NOFDM − 1}.

The optimal codebook of quantized precoding matrices is computed

in [60] to minimize the average distortion introduced by quantization. With

NMCS MCSs (MCS1 . . .MCSNMCS
) and NF quantized precoding matrices

(F1 . . .FNF
), we have NMCS ×NF pairs to choose from for each transmission.

We enumerate them as k ∈ {1 . . . NMCS}, l ∈ {1 . . . NF} and j = (k × l) ∈

{1 . . . N = NMCS ×NF} and call j a parameter set which is a pair of an MCS

and a precoding matrix. Assuming M receivers, we define the performance

metric uij, i ∈ {1 . . .M} and j ∈ {1 . . . N} as the utility of receiver i using

parameter set j. The utility can be defined depending on the QoS requirement

of interest. Throughout this chapter we use the following utility

uij =

{
(1− PERij)× rj if PERij < T

0 otherwise
, (5.2)

where rj is the rate of MCSj, Fl is the precoder l, PERij is the packet error

rate of user i using parameter set j and T is the packet error rate threshold.

One can imagine other application-specific utility functions. While we believe

our results are generally applicable, we do not pursue this here.
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5.2.2 Support Vector Regression for Link Adaptation

We use Support Vectors described in Chapter 1.2.2 to estimate the

regression functions mapping from the channel state information to the packet

error rates given an MCS: f(H,MCSi) → PER. We use the same ordered

post-processing SNR approach as in Chapter 3 and Chapter 4 that is developed

in [26]. Regression functions are generated offline using previously observed

training samples. In training phase, precoding may drive the channel samples

toward a certain direction. Therefore training is done with samples without

precoding to avoid the possible distributional bias of channel realizations and

achieve higher sample diversity for better prediction. To estimate a packet

error rate with precoding, we simply use the effective channel matrix, HF as

an input to the regression function.

5.3 Centralized Optimization

Given all the utility information for all the receivers and all the param-

eter sets, we can develop a centralized optimization to compute the optimal

parameter set. For each parameter set, we take the minimum utility over all

the receivers. This gives us conservatively guaranteed performance for all the

receivers for each parameter set. Among them we choose one with the high-

est minimum utility. Using the definitions from Section 5.2 we formulate the

following optimization for parameter set selection.
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Definition 5.3.1. Centralized Optimization

j∗ = arg max
j

(min
i
uij). (5.3)

Although in most wireless systems, ACK packets are not used in mul-

ticast traffic, since we consider feedback based link adaptation, we assume the

use of ACK packets throughout this chapter and also assume that the feedback

information is piggybacked on ACK packets. The algorithm is described in

Table 5.1. We emphasize that this simple algorithm is made possible by the

Support Vector Regression framework we have built.

Receiver Measure channel matrix H
Estimate PER for each pair of MCS and precoding matrix F
Compute utility according to PER estimation
Feedback the utility information

Trasmitter Compute the optimal parameter set using (5.3)

Table 5.1: Centralized Optimization

5.3.1 Comparison with Fixed MCS policies

To show the applicability of using SVR for PER estimation, we compare

Centralized Optimization with the policy of fixed MCSs and no precoding.

While naturally we would expect our algorithm to individually outperform

each of those fixed policies, our simulations show we outperform them collec-

tively, doing at least as well as the best fixed policy at each SNR level. Our

simulation model adopting IEEE 802.11n MIMO-OFDM Wireless LAN sys-

tems is described in Table 5.2. We also compare the Centralized Optimization
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Number of transmit antennas 2
Number of receive antennas 2
Number of taps 4
Message length 128 Bytes
Packet error rate threshold 10 %
Center frequency 2.4 GHz
Number of receivers 3 (or 5)

Receivers’ SNR 0 2̃7 dB
Receivers’ velocity 0 (,5 or 50) m/s
Number of packets 100
Number of iterations 100

Table 5.2: IEEE 802.11n system model

algorithm with and without precoding. In this chapter, throughput is always

based on the requirement that all packets are successfully transmitted to all

the receivers. Therefore, if one receiver misses a packet, the throughput for

the packet is zero.

As shown in Figure 5.1, Centralized Optimization without precoding

closely follows the best case of all fixed MCS policies. This demonstrates

the usefulness and advantages of using SVR for link adaptation. Also, it

is worth noting that Centralized Optimization with precoding almost always

outperforms Centralized Optimization without precoding by around 3 Mbps

on average.

5.3.2 Per Receiver Optimization

However, the biggest challenge to using Centralized Optimization is the

amount of feedback overhead required. As we discuss in more detail later, the
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Figure 5.1: Throughput comparison between Centralized Optimization and
without precoding vs. fixed rate MCSs

amount of feedback needed to convey all the utility information is too large

and grows linearly in the number of quantized precoding matrices. Therefore,

even though the precoding improves the performance, it’s not plausible to use

with Centralized Optimization.

One way to address this challenge of Centralized Optimization regard-

ing feedback overhead is a fully receiver-based optimization scheme, in which

the only feedback required is the index of each receiver’s optimal parameter

set. In this way, the amount of feedback would grow only logarithmically.

While in Centralized Optimization, we essentially take the parameter that

maximizes the minimum utility, in this algorithm that we call Per Receiver
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Optimization, we take the parameter set with the minimum MCS rate among

the receivers’ optimal parameter sets. When more than one parameter set has

the same MCS rate and differs only in precoding matrices, we break the tie

randomly.

Definition 5.3.2. Per Receiver Optimization

i∗ = arg mini(maxj uij)
j∗ = arg maxj ui∗j

. (5.4)

Although Per Receiver Optimization significantly reduces the amount

of feedback, it does not guarantee the globally optimal parameter set since the

parameter sets are not comparable with MIMO and precoding. A parameter

set with the lowest rate MCS may result in a higher PER for another user;

hence conservative choice does not guarantee the successful transmission to all

the receivers. As a result, the performance, while comparable, is significantly

degraded compared to Centralized Optimization as shown in Figure 5.2. We

see that the throughput difference is as large as 18 Mbps at 21dB SNR.

5.4 Distributed Optimization

In this section, we develop a distributed algorithm that aims to limit

the amount of feedback, yet maintain the performance of the full-feedback

Centralized Optimization. The basic idea is to have the main optimization

happening at the receiver side, as in Per Receiver Optimization in order to

minimize the feedback overhead, but the receiver side optimization being based

on the price information per parameter set controlled by the transmitter. The
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Figure 5.2: Throughput comparison between Centralized Optimization and
Per Receiver Optimization

transmitter updates these prices for parameter sets so that in a few iterations,

the receivers agree on a parameter set which performs close to Centralized

Optimization. Thus, we develop an approach based on tools from distributed

optimization [99].

5.4.1 Dual Decomposition

Distributed optimization using dual decomposition has been studied

extensively in the networking area, where it is used to control congestion in

routing problems (e.g., [99], [67], [62] and [68]). We first formulate the dual

decomposition of multicast link adaptation and describe the distributed algo-

rithm we propose.
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First we assume a time allocation profile ~t that divides time frames

continuously to have time frame tj dedicated to the parameter set j. Then

the average utility for the receiver i using the profile ~t is ~t · ~ui. The optimal

time profile is the one maximizes the minimum utility over all the intended

receivers:

arg max
~t≥0,‖~t‖1≤1

{min
i
~t · ~ui} (5.5)

To have a distributed algorithm, we assume a different time profiles, ~ti

for receivers. Introducing a new variable F to handle the minimum part, we get

the following optimization. The first constraint means we’re maximizing the

minimum, while the second constraint means all the time profiles of receivers

need to agree.
min~ti,F −F
s.t. F ≤ ~ti · ~ui ∀i

~ti = ~ti+1 ∀i∑
j tij ≤ 1 ∀i

~ti ≥ 0 ∀i

(5.6)

Lagrangian dual function of (5.6) is as follows.

g(λ, ξ) , inf∑
j tij≤1,~ti≥0

(
− F +

∑
i

λi(F − ~ti · ~ui) +
∑
i,j

ξij(tij − ti+1,j)
)

(5.7)

After grouping the terms according to the receivers and rearranging them we

get the following dual problem.

max
λ≥0,ξ,F

−

(
sup∑

j tij≤1,~ti≥0,F

(∑
i

(λi~ti · ~ui −
∑
j

ξijtij +
∑
j

ξi−1,jtij) + F −
∑
i

λiF
))

(5.8)
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Notice that the time profiles are decoupled and can be optimized at the receiver

side with given λ and ξ.

sup∑
j tij≤1,~ti≥0

f(~ti) , sup∑
j tij≤1,~ti≥0

∑
j

(λiuij − ξij + ξi−1,j)tij (5.9)

Then,

t∗ij =

{
1 j = arg maxk λiuik − ξik + ξi−1,k

0 otherwise
(5.10)

Note that even though we assumed a continuously dividable time frame, the

resulting time profile is a standard basis vector, which means only one optimal

parameter set is used for a packet transmission. Also, by letting
∂(1−

∑
i λi)F

∂F
=

0,
∑

i λi = 1.

With the solution above, the Lagrangian Dual problem becomes

max∑
i λi=1,λ≥0,ξ

∑
i

(−λi~t∗i · ~ui +
∑
j

ξijt
∗
ij −

∑
j

ξi−1,jt
∗
ij) (5.11)

We use the subgradient method to update the Lagrangian multipliers at the

transmitter side. Letting g(λ, ξ) ,
∑

i(−λi~t∗i ·~ui +
∑

j ξijt
∗
ij−

∑
j ξi−1,jt

∗
ij) and

take derivatives, we find the following.

∂λig = −~t∗i · ~ui = −uij∗
∂ξijg = t∗ij − t∗i+1,j

(5.12)

Therefore, with step size α the transmitter updates the lagrangian multipliers

as follows.

(λi)
t+1 = (λi)

t − αuij∗
(ξij)

t+1 = (ξij)
t + α(t∗ij − t∗i+1,j)

(5.13)

To meet the constraint of ~λ, we take the positive value of ~λ and normalize it

by picking the closest point to ~λ on the simplex:
∑

i λi = 1, λ ≥ 0.

Important remarks of the above dual decomposition are listed below.
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• Due to the structure of the solution, (5.10), the index of the optimal

parameter set is the only information to be conveyed instead of ~t∗i .

• Instead of feeding forward all the Lagrangian multipliers from the trans-

mitter, we first let the receivers agree on the initial multipliers and com-

pute them individually. From (5.10) and (5.13) we can see that the only

missing information while updating the multipliers at the receiver side

is other receivers’ optimal parameter sets and the corresponding utilities

for those parameter sets. Therefore, each receiver feeds back the index

of its optimal parameter set and the utility of that parameter set. The

transmitter accumulates all the feedback information from the receivers

and feeds forward it by piggy backing it on the next data transmission.

• The intuition behind (5.10) and (5.13) is that if a receiver’s current utility

is higher than the others, when choosing the next optimal parameter set,

the importance of utility is discounted by decreased λi and the impor-

tance of parameter set agreement among receivers is more pronounced.

The process of the algorithm, we call Distributed Optimization, is sum-

marized in Table 5.3

Before we proceed to the average throughput result of Distributed Op-

timization, we first analyze the result of Per Receiver Optimization in more

detail to see why it does not work well. Looking at Figure 5.2, we may notice

that the throughput is especially bad at around SNR of 15 dB and 21 dB.

Detailed analysis reveals that there is an important cases that Per Receiver
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Initialize:
Receiver Agree on the initial Lagrangian multipliers

For each transmission:
Receiver Update the Lagrangian multipliers according to (5.13)

Compute the optimal parameter set according to (5.10)
Feedback the index of the parameter set and the utility

Transmitter Feed forward the collected feedback information

Table 5.3: Distributed Optimization

Optimization suffers from. We describe the case and show how Distributed

Optimization handles it.

Case 1. Individual optimal parameter sets and the global optimal parameter set

from the Centralized Optimization have the same MCS, but different precoding

matrices

We give an example of Case 1. The following example is one of the 100

channel realizations with 21 dB SNR. In this example, all the individual opti-

mal parameter sets have MCS8 and differ in the choices of precoding matrices.

The expected throughput per each precoder is shown in Table 5.4. Centralized

Optimization chooses F4 as a precoder since its minimum utility over receivers

is largest. On the other hand, with Per Receiver Optimization, the receiver

1, 2 and 3 choose precoders F3 or F6, F5 and F1 respectively. Therefore no

matter which precoder the transmitter chooses among those, the resulted min-

imum utility is 0 Mbps. After thorough observation, we have found that this

pattern happens more at the transition points from an MCS to a higher MCS

at which Per Receiver Optimization suffers more.
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F1 F2 F3 F4 F5 F6 F7 F8 Max
Receiver 1 0.0 0.0 65.0 64.7 0.0 65.0 0.0 0.0 65.0
Receiver 2 64.9 64.6 64.9 64.8 65.0 64.8 64.7 60.6 65.0
Receiver 3 65.0 0.0 0.0 64.9 0.0 0.0 0.0 64.6 65.0
Min 0.0 0.0 0.0 64.7 0.0 0.0 0.0 0.0

Table 5.4: SVR estimated throughput for three users for different precoders

Table 5.5 shows which precoders different optimization algorithms have

chosen. As we can see in the table, with Distributed Optimization, the pre-

coder choice of each receiver converges to F4, which is the optimal precoder

of Central Optimization.

Packet Idx Centralized Opt. Per Receiver Opt. Distributed Opt.
1 4 3 3 5 1
2 4 3 6 1 4
...

...
...

...
...

...
33 4 3 4 4 1
34 4 3 4 4 4
...

...
...

...
...

...

Table 5.5: Precoder choice of different optimization algorithms

However, convergence rate is rather slow, thus the average throughput

does not improve much over Per Receiver Optimization as shown in Figure

5.3.

To further improve the throughput performance, in the following two

sections we make modifications in the Distributed Optimization.
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Figure 5.3: Throughput comparison between Centralized Optimization, Per
Receiver Optimization and Distributed Optimization

5.4.2 Distributed Optimization with Weighted Step Size

First we revisit the update rule for Lagrangian multipliers. In the pre-

vious update rule (5.13), the step size is uniform for Lagrangian multiplier ξij,

which corresponds to the price of parameter set j for receiver i. When updat-

ing, the importance of the current choice is discounted and more importance

is put on the next receiver’s choice. Suppose a receiver knows the utility of the

next receiver with its previous optimal parameter set. Then, it makes more

sense to discount more if the next one’s throughput performance is too bad

with that parameter set. On the other hand, if the next receiver’s throughput

is not too bad, it is not necessary to discount the previous choice. Following
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this reasoning, we put asymmetric weights on the step size for each update

rule for ξij as follows.

(ξij)
t+1 = (ξij)

t + α|uij∗ − ui+1,j∗|(t∗ij − t∗i+1,j) (5.14)

This update rule requires the knowledge of the next receiver’s utility. To

obtain this information, each receiver feeds back the utility for its previous

receiver’s optimal parameter set and the transmitter collects and broadcasts

this information.

5.4.3 Distributed Optimization with Local Message Passing

In addition to the modification to the update rule, we also change the

receiver side optimization (5.10) as follows.

t∗ij =

{
1 j = arg maxk λiuik − |uij∗ − ui+1,j∗|ξik + |ui−1,j∗ − uij∗|ξi−1,k

0 otherwise

(5.15)

The reasoning is similar to the update rule modification. If the next receiver’s

utility is bad for a certain parameter set, it puts higher price for the set and

avoids choosing it. However, this modified algorithm requires the knowledge of

utility for all the parameter sets of the previous and the next receivers and the

overall amount of information exchange is the same as that of Centralized Op-

timization. One advantage of this algorithm over Centralized Optimization is

that unlike Centralized Optimization, the receivers need their neighbors’ util-

ity information only. Therefore, if the receivers are far apart from each other,

they can broadcast their information to the neighbors using usual Distributed

127



Coordination Function (DCF) to exchange the information as much simulta-

neously as possible while avoiding collisions at the same time. This reduces

the airtime compared to Centralized Optimization in which all the receivers

have to take turns to feed back their utility information to the transmitter to

avoid collisions at the transmitter side.

The average throughput comparison is shown in Figure 5.4. As shown

in the figure, the performance of Distributed Optimization with local message

passing follows the performance of Centralized Optimization very closely and

Distributed Optimization with asymmetric weights improves the throughput

over the original Distributed Optimization by at most 8 Mbps.

Figure 5.4: Throughput comparison between Centralized Optimization, Per
Receiver Optimization and Modified Distributed Optimizations

128



In the example of Case 1, Distributed Optimization with asymmetric

weights converges to the optimal precoder after 7 packets and Distributed

Optimization with local message passing converges after 6 packets, while the

original Distributed Optimization converges after 33 packets.

5.4.4 Number of Receivers

As we have seen so far, the most important factor that affects the

performance of Distributed Optimization is the rate of convergence. In this

section, we will analyze the effect of the number of receivers, one of two factors

that can impact the rate of convergence. The other one is the rate of channel

variation which will be discussed in the following section. Since in (5.6), the

time profile agreement constraint is forced only between neighboring receivers

in the sense of indexing, more receivers will slow down the convergence. With

a given SNR 21 dB, relative performance of each algorithm to Centralized

Optimization is shown in Figure 5.5 with varying number of receivers. The

specific SNR level 21dB is chosen because in the previous result, it is the SNR

level at which all the algorithms but Centralized Optimization performs most

poorly. With the increased number of receivers up to 7, the relative through-

put of Distributed Optimization, Distributed Optimization with asymmetric

weights and Distributed Optimization with local message passing drop down

to 46%, 58% and 67% respectively compared to Centralized Optimization. We

can increase the convergence rate by having the time profile agreement con-

straints between all the pairs of receivers, but it will also increase the number
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of Lagrangian multipliers, thus the feedback amount and the computational

complexity.

Figure 5.5: Relative throughput of Per Receiver Optimization and Modified
Distributed Optimizations to Centralized Optimization with varying number
of receivers

5.4.5 Channel Variation

Another factor that impacts the convergence rate is the variation of

channel over time. If the convergence rate is slower than the channel variation,

the information acquired from the previous packet transmissions becomes less

useful and the improvement over Per Receiver Optimization will be decreased.

To see the impact of channel variation, the simulation result with varying

receivers’ moving speed is shown in Figure 5.6. Same as in Section 5.4.4,
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SNR is 21 dB and the relative throughput of each algorithm is plotted. At the

highest receivers’ velocity 50 m/s (∼ 110 mph), only Distributed Optimization

with local message passing sustains its relative performance at around 90% and

all the other algorithms show around 70% relative throughput performance.

However, Distributed Optimization with asymmetric weights performs well up

to 5 m/s maintaining its relative throughput performance above 80%, which

demonstrates its usefulness in indoor environment. We expect the delayed

feedback has the similar impact on the performance to channel variation since

it also degrades the timeliness of information acquired from the feedback.

Figure 5.6: Relative throughput of Per Receiver Optimization and Modified
Distributed Optimizations to Centralized Optimization with varying receiver
velocity
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Centralized Opt. NMCS ·NF ·Nbits

Per Receiver Opt. log2(NMCS ·NF)
Distributed Opt. 2(log2(NMCS ·NF) +Nbits)
with asymmetric weights 2(log2(NMCS ·NF) + 2Nbits)
with loca message passing NMCS ·NF ·Nbits + 2(log2(NMCS ·NF) +Nbits)

Table 5.6: Feedback amount

5.5 Feedback Overhead

In this section, we analyze the feedback overhead of each link adapta-

tion algorithm proposed in this chapter. The number of feedback bits required

for each receiver is computed in Table 5.6, where Nbits is the required number

of bits to represent a floating point number. Assuming mandatory 16 MCSs for

IEEE 802.11n and 64 bits for a floating point number, the feedback overhead

amount per receiver is shown in Figure 5.7 with varying number of quantized

precoding matrices. With 16 precoding matrices, the feedback amounts of Dis-

tributed Optimization and Distributed Optimization with asymmetric weights

are 18 bytes and 34 bytes respectively, while that of Centralized Optimization

is 2048 bytes. Considering the maximum size of data packets (∼ 1500 bytes)

and the size of control packets (∼ 20 bytes), additional feedback overhead of

Distributed Optimization is reasonable. Since the feedback overhead grows

only logarithmically we may increase the number of precoding matrices with-

out much additional overhead. However the increased number of precoding

matrices may incur additional computational overhead for packet error esti-

mation for each parameter set and slow down the convergence.
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Figure 5.7: Feedback amount of Centralized Optimization, Per Receiver Op-
timization and Modified Distributed Optimizations

5.6 Conclusion

In this chapter, we have proposed three link adaptation algorithms

based on SVR that enable adaptive selection of MCS and precoding matrix

for multicast traffic. Most of the times Centralized Optimization has outper-

formed the best fixed MCS policy, but the feedback overhead is so high that

we cannot use the algorithm in reality. Per Receiver Optimization reduces

the feedback amount significantly, but the throughput performance is poor

compared to Centralized Optimization. Lastly we have proposed Distributed

Optimization. The feedback overheads of Distributed Optimization and its

variation with asymmetric weights are much lower than Centralized Optimiza-
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tion and grow logarithmically as with Per Receiver Optimization. Although

the throughput performance of Distributed Optimization is not a big improve-

ment over Per Receiver Optimization, that of Distributed Optimization with

asymmetric weights is much higher and close to that of Centralized Optimiza-

tion. Another variation with local message passing improves the performance

even further and very closely matches Centralized Optimization. Although

the amount of required information exchange is similar to Centralized Opti-

mization, the actual airtime may be shorter since local message passing can

happen simultaneously depending on the locations of receivers.
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