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An outcome is ambiguous if it is an incomplete description of the proba-

bility distribution over consequences. An ‘incomplete description’ is identified

with the set of probabilities that satisfy the incomplete description. A choice

problem is uncertain if the decision maker is choosing between distributions,

and is ambiguous if the decision maker is choosing between sets of probabili-

ties. The von Neumann/Morgenstern approach to uncertain choice problems

uses a continuous linear function on probabilities. This paper develops the the-

ory of ambiguous choice problems as a continuous, linear functions on closed

convex sets of probabilities. This delivers: a framework encompassing most

of the extant ambiguity averse preferences; a complete separation of attitudes

towards risk and attitudes toward ambiguity; and generalizations of first and

second order stochastic dominance rankings to ambiguous decision problem.

Quasi-concave preferences on sets that satisfy a restricted betweenness prop-

erty capture variational preferences.
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Chapter 1

Theory

Roughly, risk refers to situations where the likelihood of relevant

events can be represented by a probability measure, while ambi-

guity refers to situations where there is insufficient information

available for the decision maker to assign probabilities to events.

(Epstein and Zhang [17])

1.1 Introduction

This paper takes Epstein and Zhang’s rough distinction as the defining

difference between risky choice problems and ambiguous choice problems, and

takes the “relevant events” to be sets of consequences. A risky decision problem

is one in which the decision maker (DM) knows the probability distributions

associated with their choices, an ambiguous decision problem is one in which

the DM knows only the sets of probability distributions associated with their

choices. Under study are ambiguous decision problems in which the DM’s

preferences are continuous linear functions on the class of sets of distributions

over consequences.
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1.1.1 Change of Variables in Risky Decision Problems

Savage [36] provides an axiomatic study of preferences over random

variables, f , g, mapping a state space, Ω, to consequences, X. Preferences

satisfying his axioms can be represented by f � g iff
∫

Ω
u(X(ω)) dP (ω) >∫

Ω
u(g(ω)) dP (ω) for a probability P on Ω and a (usually) continuous utility

function u : X → R. The change of variable involves defining p = f(P ) by

p(E) = P (f−1(E)) and q = g(P ) by q(E) = P (g−1(E)) for E ⊂ X. The

change of variable theorem implies that we have p � q iff
∫
X
u(x) dp(x) >∫

X
u(x) dq(x). This delivers preferences over ∆X, distributions on conse-

quences, which is the von Neumann-Morgenstern (vNM) framework.

Savage’s axioms on preferences over random variables must deliver both

the probability P and the utility function u. Because it does not need to do

this double duty, the axiomatic treatment of vNM preferences is much simpler

than Savage’s treatment, reducing to assumptions of continuity and linearity

on ∆X. This paper performs the same change of variable for the theory of

choice under ambiguity delivering the parallel simplification.

1.1.2 Change of Variables in Ambiguous Decision Problems

The first and most widely known model of ambiguous decision problems

is due to Gilboa and Schmeidler [24]. Preferences satisfying their weakening

Savage’s axioms can be represented by f � g iff minP∈S
∫

Ω
u(f(ω)) dP (ω) >

minP∈S
∫

Ω
u(g(ω)) dP (ω) for S a weakly closed, convex set of probabilities on

Ω. More generally, Ghirardato, Maccheroni, and Marinacci [22] axiomatize
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“biseparable” preferences representable by f � g iff

α ·min
P∈S

∫
Ω

u(f(ω)) dP (ω) + (1− α) ·max
Q∈S

∫
Ω

u(f(ω)) dQ(ω) > (1.1)

α ·min
P∈S

∫
Ω

u(g(ω)) dP (ω) + (1− α) ·max
Q∈S

∫
Ω

u(g(ω)) dQ(ω)

where S is again a weakly closed, convex set of probabilities on Ω.

The change of variable delivers A � B iff

α ·min
p∈A

∫
X

u(x) dp(x) + (1− α) ·max
q∈A

∫
X

u(x) dq(a) > (1.2)

α ·min
p∈B

∫
X

u(x) dp(x) + (1− α) ·max
q∈B

∫
X

u(x) dq(a).

Note that A 7→ α ·minp∈A
∫
X
u(x) dp(x) + (1 − α) ·maxq∈A

∫
X
u(x) dq(a) is a

continuous linear function on K∆X
, the set of convex subsets of ∆X.

1.1.3 Continuous, Linear Functions on ∆X and K∆X

The vNM weak∗ continuous linear functions on ∆X have an integral rep-

resentation, delivering the utility function u. From properties of u, one derives

properties of preferences, e.g. monotonicity and respect for first order domi-

nance, monotonicity and concavity and respect for second order dominance.

We develop the parallel integral representation result for weak∗ continuous

linear functions on K∆X
. Properties of this representation deliver a complete

treatment of first and second order stochastic dominance in ambiguous deci-

sion problems as well as a complete separation between attitudes toward risk

and attitudes toward ambiguity.
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This separation result is somewhat surprising — it allows for the com-

bination of any attitude toward risk to be combined with any attitude toward

ambiguity. By contrast, in the preferences over random variables setting, com-

parisons between attitudes toward ambiguity are limited to comparisons be-

tween decision makers with the same attitude toward risk. The explanation

lies in a comparison of how much is given and how much derived in the two

approaches.

If one works with preferences over random variables to study ambiguous

decision problems, from preferences on must not only derive which events are

ambiguous, i.e. which events have multiple probabilities in the set S above,

and which are risky, and to simultaneously identify attitudes toward both

ambiguity and risk. By contrast, in the vNM approach one starts with sets

of probabilities, including the singleton sets, and preferences over these sets

of probabilities. From linear functions on ses, one needs only separate how

the preferences act on the singleton sets, which gives the attitude toward risk,

from how they act on the non-singleton sets, which gives the attitude toward

ambiguity.

1.1.4 Domain Equivalence

In the random variable approach to ambiguous choice, preferences are

typically taken to be state independent, that is, they only depend on the set

of distributions over the consequences X. This means that in modeling a

decision maker facing any specific choice problem, one has many choices for
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the model of the state space Ω and for the set of random variables over which

the decision maker is picking. For risky problems, one will typically take the

probability P on space Ω to be non-atomic. This yields a universality property

for the model — all distributions, p, on any space of consequences, X, in a

wide class, e.g. any complete separable metric space, are of the form f(P ) for

some random variable f . Modeling with random variables and modeling with

induced distributions give the same domain for risky choice problems, the set

of problems that can be modeled with the two approaches is the same.

We prove a parallel domain equivalence result for ambiguous choice

problems: if the state space, Ω, supports a countably additive non-atomic

distribution, then there is a universal closed convex set S of probabilities on

Ω with the property that any (non-empty) closed convex set A ⊂ ∆X is of the

form X(S) for some random variable X.

The domain equivalence result has an additional implication — for

state independent preferences in the random variable approach to ambiguous

decision problems, there is no loss in assuming that there is only one set S of

probabilities, and that set can only be identified up to having the universality

property.

1.1.5 Nonlinear Theories

Machina [29] extended the range of vNM preferences from linear-in-

probabilities to locally linear preferences, e.g. Dekel’s [11] betweenness prefer-

ences. Some recently studied preferences for choice under ambiguity are not
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linear-in-sets but locally linear. For example the variational preferences are

quasi-concave, hence locally linear at most points.

1.1.6 Outline

The next section covers the main results of the paper in the case that

there are just two consequences, #X = 2. The subsequent section covers

the basic theory for the case of compact metric spaces of consequences: the

representation theorem; domain equivalence; and stochastic dominance. The

following section specializes to finite spaces, where the general results often

have a more intuitive form. The penultimate section covers two extensions

of the theory: the non-linear extensions; and the extension to more general

spaces of consequences. The last section concludes and sketches applications

that may be simpler with the vNM approach than with the random variable

approach.

1.2 Two Consequences

Urn problems are a particularly clear and compelling way to explain

the intuitions for preferences in the presence of ambiguity, and that is where

we begin.

1.2.1 Urns and Interval Sets of Probabilities

An urn is known to contain 90 balls, 30 of which are known to be Red,

each of the remaining 60 can be either Green or Blue. The DM is faced with

6



the urn, the description just given, and two pairs of choice situations.

1. Choices between single tickets:

(a) The choice between the Red ticket or the Green ticket.

(b) The choice between the Red ticket or the Blue ticket.

2. Choices between pairs of tickets:

(a) The choice of the R&B or the G&B pair.

(b) The choice of the R&G or the B&G pair.

In each situation, after the DM makes her choice, one of the 90 balls

will be picked at random. If the ball’s color matches the color of one of the

chosen ticket(s), the DM gets $1, 000, otherwise they get nothing, a two-point

set of consequences. Modal preferences in experiments are

R � G and R � B, as well as

R&B ≺ G&B and R&G ≺ B&G.

If people like higher probabilities of better outcomes and assigned probabilities

to these events, then we have

P (R) > P (G) and P (R) > P (B), as well as

P (R) + P (B) < P (G) + P (B) and P (R) + P (G) < P (B) + P (G).
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The probability that the Red ticket wins is 1
3
. That is, the action

“choose Red” is risky, with the known probability 1
3
. The actions “choose Blue”

and “choose Green” are ambiguous, leading to the interval of probabilities

[0, 2
3
]. Choosing the B&G pair is risky, 2

3
, choosing the other two pairs is

ambiguous, [1
3
, 1]. The preferences R � G and R � B correspond to {1

3
} �

[0, 2
3
], while the preferences R&B ≺ G&B and R&G ≺ B&G correspond to

[1
3
, 1] ≺ {2

3
}. In these terms, a summary of the Ellsberg paradox is that people

prefer knowing a probability p determines the chance that they win to knowing

that the probability belongs to an interval with p at its center.

1.2.2 Representation, Separation, and Dominance

In this urn problem as in all two consequence problems, we take X =

{0, 1}, and ∆X ⊂ R{0,1} can be represented by [0, 1] where q ∈ [0, 1] corre-

sponds to a probability q of receiving 1, the better outcome. Let K be the

class of non-empty closed, convex subsets of the probabilities [0, 1], that is,

K = {[a, b] : 0 ≤ q ≤ s ≤ 1}. In this case, our general representation theorem

for continuous linear functions on convex sets of probabilities reduces to being

of the form U([a, b]) = u1a+ u2b for u1, u2 ∈ R.

An interval [a, b] first order stochastically dominates another one, [a′, b′]

if a ≥ a′ and b ≥ b′. For the utility function U(·) to respect first order

dominance,1 we must have U([a, b]) ≥ U([a′, b′]) for all a ≥ a′ and b ≥ b′. This

is equivalent to u1, u2 ≥ 0, and non-triviality of the preferences requires at

1With only two consequences, we cannot treat second order dominance here.
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least one inequality strict, which we normalize with u1 + u2 = 1.

Restricted to singleton sets of probabilities, U is a vNM utility function

on {0, 1}. Since intervals with no width correspond to risky choices, the nor-

malization gives U([p, p]) = u1p+u2p = p, e.g. U([0, 0]) = 0 and U([1, 1]) = 1.

From this, the vNM utility function on X = {0, 1} is u(0) = 0 and u(1) = 1,

which leads to the connection to Ghirardato, Maccheroni, and Marinacci’s

[22] α-minmaxEU preferences (see eqn. (1.1) above). These are preferences

over sets of probabilities given by U(A) = α ·
(
minp∈A

∫
u dp

)
+ (1 − α) ·(

maxq∈A
∫
u dq

)
. In the present context, the utility of an interval [a, b] is

U([a, b]) = u1 ·
(

min
p∈[a,b]

∫
X

u(x) dp(x)

)
+ u2 ·

(
max
q∈[a,b]

∫
X

u(x) dq(x)

)
,

where X = {0, 1} and u1 plays the role of α.

In the α-minmaxEU preferences, α > 1
2
, here u1 > u2, corresponds

to ambiguity aversion, and a change of basis in K(∆({0, 1})) allows us to see

why this should be so. A set [a, b] can be viewed as [p − r, p + r] where

p = (a + b)/2 and r = (b− a)/2. With the normalization, U([p− r, p + r]) =

(u1 + u2)p− (u1 − u2)r, conveniently re-written as U([p− r, p+ r]) = p− vr.

Here, v = (u1 − u2) > 0 corresponds to disliking expansions of the set of

probabilities about the center p, corresponding to ambiguity aversion, and we

say that the preferences are ambiguity averse if v > 0, ambiguity neutral

if v = 0, and ambiguity loving if v < 0.

It is notable that by working with preferences over K(∆({0, 1})), we

have completely separated the attitude toward risk, the p part of the util-
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ity function, and the attitude toward ambiguity, the vr part of the utility

function.2 Given the extraordinary lengths to which one must go to achieve

even partial separation between attitudes towards risk and ambiguity in the

preferences over random variables framework, it is perhaps puzzling that the

separation is so immediate. The reason is that the question is simpler here: in

the vNM approach, one distinguishes between attitudes toward singleton sets

of probabilities and given larger sets of probabilities; in the Savage approach,

one must, from preferences over random variables, deduce both which random

variables are ambiguous and compare risk and ambiguity.

After the normalization, the property that |v| ≤ 1 corresponds to pref-

erences that respect first order stochastic dominance, which also has an in-

formative alternate interpretation in the ambiguous choice situations under

study here. The tradeoff between risk and ambiguity seems unbalanced if

knowing that one faces the worst risky option in a set is preferred to facing

the set, {p − r} � [p − r, p + r], or if the set is preferred to the best risky

option in the set [p − r, p + r] � {p + r}. In the two consequence case, the

risk-ambiguity tradeoff is balanced iff |v| ≤ 1, i.e. iff the preferences respect

first order stochastic dominance.

2The parameter v measures the tradeoff between risk and ambiguity. It can be elicited
by giving people a choice between risky and ambiguous urns.
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1.2.3 Domain Equivalence

For most modeling of random variables, one can take the probability

space to be the unit interval with the uniform distribution, λ. This is because

every probability distribution, p, on a wide class of spaces (including every

complete separable metric space) is the image measure, Xp(λ), for an appro-

priately chosen random variable, Xp. This is a domain equivalence result, it

means that one can study random phenomena by studying distributions or

by studying random variables, the choice is a matter of convenience. Further,

the unit interval can be replaced by any probability space that supports a

countably additive non-atomic distribution.

In the case that the consequence space is X = {0, 1}, one can explicitly

give a closed convex set S of probability distributions on [0, 1] with the property

that for every A ∈ K(∆({0, 1})), there is a random variable XA such that

XA(S) = A. This is a domain equivalence result that says that for modeling

choice problems under ambiguity, one can either work with random variables or

with sets of distributions. The set S can be taken to be the set of distributions

having density (with respect to λ) equal to 2 − x on [0, 1
2
] and equal to x on

(1
2
, 1], 0 ≤ x ≤ 2. A random variable X(ω) = 1[0,r)(ω) + 1[ 1

2
, 1
2

+s)(ω), r, s ≤ 1
2
,

has the property that Px(X = 1) = r · (2 − x) + s · x = 2r + (s − r)x. For

r ≥ s, this gives the interval [2s, 2r], for r < s, the interval [2r, 2s].

11



1.2.4 Nonlinearities

One can consider non-linearities in preferences over all closed convex

subsets of ∆X or over all closed subsets of ∆X.

1.2.4.1 All closed sets

Continuity and linearity of preferences means that there is no loss in

restricting preferences to the closed convex subsets of ∆({0, 1}). Continuity

means that if the (Hausdorff) distance between two sets is 0, then they are

indifferent, and the distance between a set and its closure is 0. Linearity

means that, taking A to be any closed subset of ∆({0, 1}), U(1
2
A + 1

2
A) =

U(A) = U(
∑

i≤n
1
n
A). Since

∑
i≤n

1
n
A) → co(A) where co(A) is the convex

hull of A, we have U(A) = U(co(A)). By contrast, quasi-concavity, as in

variational preferences over random variables, would lead to the conclusion

that co(A) �� A,

1.2.4.2 All closed convex sets

Preferences over K(∆(X)) are quasi-concave if [A ∼ B] ⇒ [αA + (1 −

α)B] � A. In the special case that X = {0, 1}, the corresponds to being less

sensitive to ambiguity as the center of the interval increases.

1.3 Representations of vNM Preferences

We develop the theory when the space of consequences, X is a com-

pact metric space. Generalizations to more general spaces of consequences are

12



indicated in the appendix.

1.3.1 Notation and Definitions

X is a compact metric space of consequences, with metric d(·, ·), open

balls Bε(x) = {y ∈ X : d(x, y) < ε}. The Borel σ-field, X, is the smallest

σ-field of subsets of X containing all of the open balls Bε(x). CX(= Cb(X)) is

the set of continuous (necessarily bounded) R-valued functions on X with the

sup norm and the associated Borel σ-field.

∆X is the set of countably additive probabilities on X with the weak∗

topology. Letting K be a compact, convex, balanced subset of the unit ball

in CX with the property that EK := {λf : f ∈ K,λ ≥ 0} is dense in CX, the

weak∗ topology can be metrized by

ρK(p, q) = sup
f∈K
|〈f, r〉 − 〈f, s〉|. (1.3)

With the metric ρK , ∆X is also a compact metric space.

We will often regard ∆X as a subset of ca (X), the set of finite, signed,

countably additive measures on X. The Riesz representation theorem tells us

that CX is the predual of ca (X), i.e. ca (X) = C∗X. This implies that a linear

` : ∆→ R is ρK-continuous (i.e. weak∗-continuous) iff it has a representation

as `(p) =
∫
X
u(x) dp(x) for some u ∈ CX, and the u is unique. Properties of `

are therefore determined by the simpler object u.

K∆X
denotes the set of non-empty closed convex subsets of ∆X with

13



the weak∗ Hausdorff metric,

dH(A,B) = inf{ε > 0 : A ⊂ Bε, B ⊂ Aε}.

With the metric dH , K∆X
is also a compact metric space. As needed, we regard

∆X as a closed convex subset of ca (X), the set of finite, signed, countably

additive measures on X with the weak∗ topology. For x ∈ X, point mass on x

is the element of ∆X defined and by denoted δx(E) = 1E(x).

For p, q ∈ ca (X) and α, β ∈ R, αp + βq ∈ ca (X) is defined by (αp +

βq)(E) = αp(E)+βq(E), and (Minkowski) addition is defined by αA+βB :=

{αp+βq : p ∈ A, q ∈ B}. If β = 1−α and A,B ∈ K∆X
, then αA+βB ∈ K(∆).

For each A ∈ K∆X
and f ∈ CX, define µA(f) = maxp∈A〈f, p〉 and

µ
A

(f) = minp∈A〈f, p〉. The functions µA(·) and µ
A

(·) have Lipschitz consant

1, and since K is compact and the µA are concave, the lattice version of the

Stone-Weierstrass theorem tells us that span({µA, µA : A ∈ K(ca (X))}) is

dense in C(K). Further, maxf∈K |µA(f) − µB(f)| = dH(A,B), so that the

mapping A ↔ µA is a linear isometry between K∆X
and C(K) with the sup

norm.

∂UX denotes the boundary of the unit ball in CX. With the sup norm

metric, it is a complete separable metric space. It also has useful geometric

properties.

Definition 1. A subset E of a vector space X is radial if for all x ∈ E, x 6= 0,

r · x ∈ E iff r = 1. A function ψ : X→ R is radial iff for x ∈ X and all r ≥ 0,

ψ(r · x) = r · ψ(x).

14



Note that subsets of ∂UX are radial sets, for all A ∈ K∆X
, the functions

µA and µ
A

are radial, and that all radial functions satisfy ψ(0) = 0.

The functions µA and µ
A

have Lipschitz constant 1, and Lipschitz

functions play a large role in the development. Let Lip(∂UX) denote the

bounded Lipschitz functions on ∂UX with the bounded Lipschitz norm given

by ‖ψ‖BL := max{‖ψ‖∞, supf 6=g
|ψ(f)−ψ(g)|
‖f−g‖∞ . With the supnorm, ∂UX is a met-

ric space with diameter 2, adjoining the 0 function gives us a “pointed” met-

ric space, (∂UX ∪ {0}) with the supnorm. There is a canonical identifica-

tion of bounded Lipschitz functions on ∂UX and the Lipschitz functions on

(∂UX ∪ {0}): for ψ ∈ Lip(∂UX), define ψ̂ : ∂UX ∪ {0} → R by ψ̂(f) = ψ(f)

if f 6= 0 and ψ̂(0) = 0. Let Lip0(∂UX) = {ψ̂ : ψ ∈ Lip(∂UX) with the

norm ‖ψ̂‖Lip0
= supf 6=g

|ψ̂(f)−ψ̂(g)|
‖f−g‖∞ . The mapping ψ ↔ ψ̂ is an isometric iso-

morphism, and it identifies the two Banach spaces (Lip(∂UX), ‖ · ‖BL) and

(Lip0(∂UX), ‖ · ‖Lip0
).

1.3.2 Representations and Properties of vNM Preferences

A weak∗ continuous rational preference relation on K∆X
is a complete,

transitive relation, �, on K∆X
such that for all B ∈ K∆X

, the sets {A : A � B}

and {A : B � A} are open. We will always assume that preferences are

continuous, and except when discussing deviations from linearity, we will also

assume that the following holds.

Axiom 1 (Independence). For all A,B,C ∈ K∆X
and all α ∈ (0, 1), A � B if

and only if αA+ (1− α)C � αB + (1− α)C.
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The proof of the following is an easy adaptation of standard arguments.

Theorem 1.3.1. A continuous rational preference relation on K∆X
satisfies

the Independence Axiom if and only if it can be represented by a continuous

linear function.

We now turn to an integral representation of continuous linear functions

on K∆X
.

Theorem 1.3.2. For every η ∈ ca (∂UX), the functional Lη : Lip(∂UX)→ R

defined by Lη(ψ) =
∫
∂UX

ψ(f) dη(f) is in the predual of Lip(∂UX). Further, if

η′ 6= η′′ in ca (∂UX), then for some A ∈ K∆X
, Lη′(µA) 6= Lη′′(µA).

Some comments are appropriate.

1. The proof of Theorem 1.3.2 proceeds by noting that the µA are Lipschitz

functions on ∂UX, that the Lη belong to the closure of a predual of

Lip(∂UX), and that the µA and µ
A

are a determining class of Lipschitz

functions for the Lη’s. According to Weaver [42, §2.2, p. 40], whether or

not the predual of Lip (or Lip0) is unique up to isometric isomorphism

is not known. Thus, it is possible that there are additional continuous

linear functionals not contained of the form Lη.

1. µA(f) := maxp∈A〈p, f〉 defines the support function for A ∈ K∆X
, so this

result is a direct generalization of the representation theorem for the case

that X is a finite space.
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2. We believe that the class of Lη’s exhausts the set of continuous linear

functions, but have been unable to prove this.

3. The measure η has a Hahn-Jordan decomposition η = η+− η− where η+

and η− are non-negative measures with disjoint carriers. Since maxp∈A〈p, f〉 =

−minp∈A〈p,−f〉 for all f ∈ ∂U , Lη can be re-written as

Lη(A) =

∫
∂U

min
p∈A
〈p, f〉 dηmin(f) +

∫
∂U

max
q∈A
〈p, g〉 dηmax(g) (1.4)

where ηmin = η− and ηmax = η+.

4. Since ηmin and ηmax are both non-negative and at least one of them is non-

null when L is non-trivial, the normalization ηmin(∂U) + ηmax(∂U) = 1

is harmless, and maintained from now on.

5. Taking ηmin = α · δu and ηmax = (1 − α) · δu delivers the α-minmaxEU

preferences as a special case.

Proof of Theorem 1.3.2. Let FinSupp denote the set of finitely supported mea-

sures on ∂UX, i.e. FinSupp = {
∑n

i=1 βiδfi : n ∈ N, βi ∈ R, fi ∈ ∂UX, δfi(E) =

1E(fi)}. From Weaver [42, Theorem 2.2.2 and Corollary 2.2.3(a), p. 39-40],

Lip(∂UX is isometrically isomorphic to FinSupp∗, the dual of FinSupp when

FinSupp has the dual norm ‖η‖Lip∗ := sup{|〈ψ, η〉| : ‖ψ‖Lip ≤ 1}. As a Banach

space, the predual of Lip(∂UX) is a closed, hence complete, vector subspace

of its second dual, Lip(∂UX)∗. Therefore, the predual of Lip(∂UX) is the com-

pletion of FinSupp in the norm ‖ · ‖Lip∗ . Standard weak∗ approximation of

17



measures by finitely supported measures immediately imply that FinSupp is

‖ · ‖Lip∗-dense in ca (∂UX), showing that every Lη belongs to the predual.

The uniqueness proof is somewhat more involved. Suppose that for

some η′ 6= η′′, Lη′−η′′(µA) ≡ 0. Let η = η′− η′′. We will show, through a series

of Lemmas, that Lη(µA) ≡ 0 implies that η = 0, contradicting η′ 6= η′′.

Lemma 1.3.3. If η ∈ ca (∂UX), then there exists a countable sequence of dis-

joint compact sets Kn with the property that
∑

n |η|(Kn) = |η|(∂UX), |η|(K1) >

1
2
|η|(∂UX), and |η|(Kn+1) > 1

2
|η|(∂UX \ (∪ni=1Ki)).

Proof. Since ∂UX is a complete separable metric space, |η| is tight, that is, for

every ε > 0, there exists a compact Kε such that |η|(Kε) ≥ (1 − ε)|η(∂UX)|.

Pick K1 for ε = 1
2
, pick K2 ⊂ (∂UX \K1) using the tightness of |η| restricted

to (∂UX \K1), and proceed inductively.

Lemma 1.3.4. If Kn is a sequence of disjoint, compact subsets of ∂UX and

rn ↓ 0 a strictly decreasing sequence, then F := cl(∪nrn ·Kn) = ∪nrn ·Kn∪{0},

and F is compact and radial.

Proof. The disjointness of the Kn imply that F is radial. To prove that

cl(∪nrn ·Kn) = ∪nrn ·Kn ∪ {0}, it is sufficient to show that ∪nrn ·Kn ∪ {0}

is compact, which completes the proof. If fk is a sequence in ∪nrn ·Kn ∪ {0},

then either each rn · Kn contains at most finitely many fk, or for some n′,

infinitely many fk belong to rn′ ·Kn′ . In the first case, fk → 0, in the second,

fk has a convergent subsequence in rn′Kn′ .
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Lemma 1.3.5. For any η ∈ ca (∂UX) there exists a compact radial set F

and an η′ ∈ ca (F ) such that
∫
∂UX

ψ(f) dη(f) =
∫
F
ψ(f) dη′(f) for all radial

functions ψ. Further, η′ = 0 iff η = 0, and F can be chosen so that the span

of {µA, µA : A ∈ Kdx} is dense in C0, the set of continuous functions on F

satisfying ψ(0) = 0.

Proof. If |η| = 0, there is nothing to prove. Otherwise, we normalize η by

dividing it by |η|(∂UX) so that |η| is a probability. From Lemma 1.3.3, we can

pick a disjoint sequenceKn such that |η|(Kn) < 1/2n. DefineK ′n = 1
log(n+1)

·Kn.

By Lemma 1.3.4, F := ∪nK ′n is compact and radial. For E ⊂ F , define

η′(E) =
∑

n η(log(n+1)·(E∩K ′n) so that |η′|(F ) =
∑

n
log(n+1)

2n
<∞, implying

that η′ ∈ ca (F ). By construction, η′ = 0 iff η = 0. If ψ is a radial function

on CX, then the equality
∫
∂UX

ψ(f) dη(f) =
∫
F
ψ(f) dη′(f) is immediate any

ψ which is a simple function on ∂UX, and dominated convergence completes

the argument.

For the second part of the proof, we appeal to the following well-known

Corollary of the Stone-Weierstrass Theorem:

If F is a compact Hausdorff space with at least two points and L is

a lattice in C(F ), then a function ψ in C(F ) belongs to the closure

of L iff for each pair of distinct points x and y in F and for each

ε > 0, there exists some f in L for which |f(x) − ψ(x)| < ε and

|f(y)− ψ(y)| < ε.
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The span of {µA, µA : A ∈ K∆X
} is a vector subspace of C0 and is a

lattice. Let ψ be an arbitrary element of C0, and let f and g be arbitrary

points in F . If one of them, say f , is equal to 0, then for any A ∈ K∆X
and

some β = ψ(g)/µA(g) ∈ R, βµA(f) = ψ(f) = 0 and βµA(g) = ψ(g). If neither

f nor g is 0, then they belong to K ′nf and K ′ng respectively. Restricted to the

compact K ′nf ∪K
′
ng , the regular vector lattice version of the Stone-Weierstrass

theorem implies that there exists f in the span with |f(x) − ψ(x)| < ε and

|f(y)− ψ(y)| < ε.

Lemma 1.3.6. If M is a metric space, x a point in M , Gx is a sup norm

dense subset of Cx := {f ∈ Cb(M) : f(x) = 0}, and η ∈ ca (M) has the

property that |η|({x}) = 0, then η = 0 iff for all g ∈ Gx, 〈g, η〉 = 0.

Proof. If η = 0, then for all f ∈ Cb(M),
∫
f dη = 0 and Gx ⊂ Cb(M).

Now suppose that for all g ∈ Gx,
∫
g dη = 0 but that η 6= 0. Pick

an arbitrary ε > 0. We will show that there exists a δ′ > 0 such that for

all δ ∈ (0, δ′), |η|(M \ Bδ(x)) < ε where Bδ(x) is the δ-ball around x. By

countable additivity, this implies that for all ε > 0, |η|(M \ {x}) ≤ ε. Since ε

was arbitrary, this in turn implies that |η|(M \ {x}) = 0. Since |η|({x}) = 0,

we have a contradiction.

Since |η|({x}) = 0, countable additivity implies that |η|(Bδ(x)) ↓ 0 as

δ ↓ 0. Pick δ′ such that |η|(Bδ′(x)) < ε/3. Pick arbitrary δ ∈ (0, δ′). The basic

extension theorems for continuous functions on closed sets tell us that for any

f ∈ Cb(M), not necessarily in Cx, with ‖f‖∞ = 1, there exists f̂ ∈ Cx that
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agrees with f on the closed set M \ Bδ(x) and has ‖f̂‖∞ ≤ 1. Pick g ∈ Gx

such that ‖g − f̂‖∞ < ε/3|η|(M). By choice of δ′ and g,∣∣∣∣∫ g dη −
∫
M\Bδ(x)

f dη

∣∣∣∣ ≤ (1.5)∣∣∣∣∫ f dη −
∫
M\Bδ(x)

f dη

∣∣∣∣+

∣∣∣∣∫ f̂ dη −
∫
f dη

∣∣∣∣ ∣∣∣∣∫ g dη −
∫
f̂ dη

∣∣∣∣ <
ε/3 + ε/3 + ε/3. (1.6)

Since
∫
g dη = 0, we know that for all f ∈ Cb(M) with ‖f‖∞ ≤ 1,∣∣∣∫M\Bδ(x)

f dη
∣∣∣ < ε. This directly implies that |η|(M \Bδ(x)) < ε.

Returning now to the proof of uniqueness, suppose that Lη(µA) ≡ 0.

We must show that η = 0. By Lemmas 1.3.3, Lemma 1.3.4, and the first part of

Lemma 1.3.5, we know that there is an η′ on a compact, radial set F such that∫
F
µA(f ′) dη′(f ′) =

∫
∂UX

µA(f) dη(f) and
∫
F
µ
A

(f ′) dη′(f ′) =
∫
∂UX

µ
A

(f) dη(f)

for all A ∈ K∆X
. By the second part of Lemma 1.3.5 and Lemma 1.3.6, we

know that this implies that η′ = 0. But Lemma 1.3.5 tells us that η′ = 0 iff

η = 0.

Recall from (1.3) that we let K be a compact, convex, balanced subset

of the closed unit ball in CX with the property that span(K) = CX. For

r, s ∈ ca (X), we define the metric ρK(r, s) = supf∈K |〈f, r〉 − 〈f, s〉| and the

corresponding open balls BK(r, ε) = {s : ρK(r, s) < ε}. Because span(K) =

CX, ρK is a metric, and it is easy to establish that for a norm bounded sequence

rn, ρK(rn, r)→ 0 iff rn weak∗ converges to r, and this implies that (∆X, ρK) is

compact. The corresponding (Hausdorff) metric on K(ca (X)) is dH(A,B) =
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inf{ε > 0 : A ⊂ Bε, B ⊂ Aε} where Cε := ∪r∈CBK(r, ε) is the open ball around

C ⊂ ca (X).

Every continuous function on the compact set K∆X
is uniformly contin-

uous. Further, K(ca (X)) = R+ ·K∆X
−R+ ·K∆X

. Therefore, every continuous

linear function on K∆X
has a uniformly continuous extension to K(ca (X)).

Since span({µA : A ∈ K(ca (X))}) is dense in C(K), the continuous linear

functions on K∆X
and the continuous linear functions on C(K) are identical.

This prepares us for the basic representation theorem.

Let L denote the set of continuous linear functions on K∆X
, let extr(K)

denote the set of extreme points in K, and for η ∈ ca (extr(K)), define the

function Lη : K∆X
→ R by

Lη(A) =

∫
extr(K)

max
p∈A
〈p, f〉 dη(f) =

∫
extr(K)

µA(f) dη(f). (1.7)

1.3.3 Separation of Risk and Ambiguity Attitudes

There are two ways to understand how continuous linear preferences

on sets delivers a complete separation of attitudes towards risk and attitudes

toward ambiguity. The first expresses sets as sum of their center plus a set

centered at 0, the second works through the representation theorem just given.

1.3.3.1 Centers plus sets centered at 0

As noted above in the two outcome case, a set [a, b] can be expressed

as {p} + [−r,+r] where p = (a + b)/2, r = (b − a)/2. This expresses every
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element of K(∆({0, 1})) in terms of a singleton set and a set centered at 0.

The continuous linear L can be expressed as its action on the singleton sets

plus its action on the sets centered at 0. The action of L on singleton sets

is continuous and linear, hence is a vNM utility function, u, for risky choice

situations. The function u can be replaced by any function v and added back

to the action of L on the sets centered at 0. A detailed look at this approach

can be found in the section on finite consequence spaces.

1.3.3.2 Via the representation theorem

Restricting L to the singleton sets gives a particular vNM utility func-

tion. Specifically, L({p}) =
∫
∂UX
〈p, f〉 dηmin(f) +

∫
∂UX
〈p, g〉 dηmax(g) for all p.

This immediately implies that L({p}) =
∫
X
u(x) dp(x) where u =

∫
∂UX

f dη(f),

η := ηmin+ηmax. In other words, the vNM part of L corresponds to the average

of the functions distributed according to η.

By shifting the distributions ηmin and ηmax by v − u, we arrive at con-

tinuous linear preferences with vNM preferences given by v, but the rest of

the properties of the preferences have not changed.3 In this way, any attitude

toward risk can be combined with any attitude toward ambiguity.

3”Shifting the distributions ηmin and ηmax by v−u” means “convoluting the distributions
with a point mass on the function v − u.”
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1.3.4 First and Second Order Dominance

In expected utility analysis with the consequence space being an interval

subset of R, e.g. X = [0,M ], first and second order stochastic dominance play a

central role. For p, q ∈ ∆([0,M ]): p first order dominates q, written p �F q,

if for all non-decreasing u ∈ C([0,M ]), 〈u, p〉 ≥ 〈u, q〉; and p second order

dominates q, written p �S q, if p �F q and for all non-decreasing concave

u ∈ C([0,M ]), 〈u, p〉 ≥ 〈u, q〉. Thus p �F q iff every expected utility maximizer

with monotonic preferences prefers p to q, and p �S q if in addition, every risk-

averse expected utility maximizer with monotonic preferences prefers p to q.

Expected utility (vNM) preferences on ∆ respect first order dominance if

[p �F q] ⇒ [p � q], and this is equivalent to the expected utility function, u,

being non-decreasing.

Definition 1. For sets A,B ∈ K(∆([0,M ])), we say that A first (resp. sec-

ond) order dominates B, written A �F B (resp. A �S B), if for all non-

decreasing (resp. non-decreasing and concave) u ∈ C([0,M ]),

max
p∈A
〈u, p〉 ≥ max

q∈B
〈u, q〉, and min

p∈A
〈u, p〉 ≥ min

q∈B
〈u, q〉. (1.8)

vNM preferences on K(∆([0,M ])) respect first (resp. second) order dom-

inance if [A �F B]⇒ [L(A) ≥ L(B)] (resp. [A �S B]⇒ [L(A) ≥ L(B)]).

Theorem 1.3.7. A continuous linear preference relation on K(∆([0,M ])) re-

spects first order stochastic dominance iff ηmin and ηmax are supported on the

non-decreasing elements of ∂UX, and supports second order stochastic domi-
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nance iff ηmin and ηmax are supported on the non-decreasing concave elements

of ∂UX,

1.3.5 Domain Equivalence

We now show that one can study either sets of distributions on a state

space and random variables or sets of distributions on spaces of consequences.

Let (Ω,F) be a measure space, and let ∆(F) denote the set of countably

additive probabilities on F.

Definition 2. A set S ⊂ ∆(F) is universal if for all complete separable metric

spaces (M,d) with Borel σ-field M, and all closed convex A ∈ K(∆(M)), there

exists a measurable XA : Ω→M such that XA(S) = A.

Theorem 1.3.8. If ∆(F) contains a countably additive non-atomic probability,

then there exists a universal S ⊂ ∆(F).

There are two implications of this result provided that the state space

supports a countably additive non-atomic probability: first, for any of the

common spaces of consequences, M , preferences over K(∆(M)) are equiva-

lent to probabilistically sophisticated preferences over (measurable) functions

f : Ω → M ; second, when preferences are probabilistically sophisticated and

depend on the image measures f(T ) for some T ⊂ ∆(F), we can replace T by

a universal S and suffer no loss of situations that can be modeled.

Proof. We will first prove the result in the special case that (Ω,F) is ([0, 1]N,BN),

the countable product of the unit interval with the product topology and the
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corresponding Borel (product) σ-field, and (M,M) is ([0, 1],B), the unit in-

terval with the (usual) Borel σ-field. The general case will follow easily from

this. The typical element of Ω is denoted ω = (ω1, ω2, . . .) = (ωn)n∈N.

The proof of the special case has two steps: (A) produces a set S ⊂

∆(F) with K(S) := {X(S) : such that X : Ω → M is measurable } dense in

K(∆(M)), and (B) shows that K(S) is closed.

(A) Let λ denote the uniform distribution on [0, 1] and let λ∞ = ∗n∈Nλ in

∆(F) be the countable convolution of λ with itself, i.e. the distribu-

tion on (Ω,F) defined by the property that the canonical projections,

(projectionn)n∈N, are i.i.d. uniformly distributed random variables. Let

{An : n ∈ N} be a dense subset of K(∆(M)) with each An being the con-

vex hull of finitely many distributions having continuous densities with

respect to λ ∈ ∆(M).

Our first step is to specify a set S and a set of Xn : Ω → M such that

Xn(S) = An for each m ∈ N. We begin with the Xn and use them to

define S.

(a) Specifying the Xn: For each m, define Xn : Ω→M by Xn(ω) = ωn

(these are the canonical projection maps).

(b) Specifying S: Let Fn denote the minimal sub-σ-field of F making

Xn measurable. For a sequence νn ∈ ∆(Fn), define the convolution

∗n∈Nνn ∈ ∆(F) to be the probability agreeing with νn on each Fn

and having the random variables {Xn : n ∈ N} independent. For
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each sequence µ = (µn)n∈N ∈ ×nAn, define the sequence (νn)n∈N

by νn(µn) = X−1
n (µn) ∈ ∆(Fn), and define ν(µ) as ∗n∈Nνn(µn). Let

S ′ = {ν(µ) : µ ∈ ×nAn} and let S = co(S ′) denote its closed convex

hull.4

It is immediate that for each n ∈ N, Xn(S) = An, which implies that

K(S) := {X(S) : such that X : Ω → M is measurable } is dense in

K(∆(M)). Using this observation, we now show that K(S) = K(∆(M)).

(B) Pick arbitrary A ∈ K(∆(M)) and let An = Xn(S) be a sequence con-

verging to A. It is sufficient to show that there exists a measurable

X : Ω → M such that for all ν ∈ S, Xn′(ν) → X(ν), for some subse-

quence n′, and this is what we now do.

Each measurable X : Ω→ [0, 1] a fortiori belongs to L2 := L2(Ω,F, λ∞),

and the set of [0, 1]-valued measurable X is sequentially compact in the

weak topology on L2 (Alaoglu’s theorem). Therefore we can pick a sub-

sequence Xn′ and a [0, 1]-valued measurable X such that for all Y ∈ L2,∫
Ω
Xn′Y dν →

∫
Ω
XY dν. By the choice of the An, each ν ∈ S has

a continuous density, ψν , with respect to λ∞. Since [0, 1]∞ is com-

pact, ψν is bounded, hence belongs to L2. Therefore, for all E ∈ F,∫
Xnψν1E dλ

∞ →
∫
Xψν1E dλ

∞ =
∫
E
X dν. Taking E’s of the form

X−1([a, b)), 0 ≤ a ≤ b ≤ 1, shows that Xn(ν)→ X(ν).

4As we are closing a convex set, the closure can be taken in the weak∗ topology, the norm
topology, or any intermediate topology, e.g. the weak topology.
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We now turn to deducing the general case from the special case. We

first show that (C), we can replace [0, 1] by an arbitrary complete separable

metric space (M,d), then (D) turn to showing that we can replace ([0, 1]∞,B)

by

(C) If M = {xn : n ∈ N} is countably infinite, partition [0, 1) into non-

degenerate intervals {[an, bn) : n ∈ N} and define ϕ : [an, bn) = xn. ϕ is

onto and constant on the intervals. For any µ ∈ ∆(M), define p(µ) ∈

∆([0, 1]) by p({an}) = mu({xn}) for all n ∈ N. For any A ∈ K(∆(M)),

p(A) ∈ K(∆([0, 1])). By the special case, (ϕ ◦Xp(A))(S) = A. The case

of finite M is entirely similar. Finally, suppose that M is a complete

separable metric space. By the Borel isomorphism theorem, there exists

a ϕ : [0, 1] ↔ M which is one-to-one, onto, and bi-measurable, i.e.

which has both ϕ and ϕ−1 measurable. For each µ ∈ ∆(M), define

p(µ) = ϕ−1(µ). By the special case, (ϕ ◦Xp(A))(S) = A.

(D) Now suppose that (Ω,F) is a measure space and that P is a countably

additive, non-atomic element of ∆(F). Because [0, 1] and [0, 1]N are

both uncountable, complete separable metric spaces, there exists ϕ :

[0, 1] ↔ [0, 1]N which is one-to-one, onto, and bi-measurable. Let q be

the countably additive non-atomic probability ϕ−1(λ∞). It is easy to

construct a measurable Ψ : Ω→ [0, 1] such that Ψ(P ) = q. Let T denote

the set of countably additive, extensions of {Ψ−1(ν) : ν ∈ S}. For any

A ∈ K(∆(M)), (XA ◦Ψ)(T ) = A.
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One implication of Theorem 1.3.8 is that all of the modeling of am-

biguous choice situations can be done using a single set S of probability dis-

tributions. A further consequence is that for any universal S, the set of S-

unambiguous events contains a σ-field on which each ν ∈ S is non-atomic. To

see why, let M = [0, 1] and A = {λ}, and pick an XA : Ω → M such that

XA(S) = A. On the σ-field X−1
A (B), every ν ∈ S must agree, and since λ is

non-atomic, so is each ν.

1.4 Finite Consequence Spaces

Suppose that X has ` elements, so that ∆(X) is `− 1-dimensional. As

in the two consequence case, we translate by a p ∈ ∆ so that ∆(X) is a subset

of the ` − 1 dimensional vector subspace perpendicular to the vector of 1’s,

also denoted R`−1. K(R`−1) is the cone of non-empty, compact, convex subsets

of R`−1. K(∆) ⊂ K(R`−1) is the set of non-empty, compact, convex subsets of

∆, with typical elements A,B,C,D.

1.4.1 The Steiner Basis

In the two outcome case, we made a change of basis to give a direct

sum decomposition of every [q, s] ∈ K(R1) as {p}+ [−r,+r] where p = 1
2
q+ 1

2
s

is the center and r = 1
2
(s−q) is the radius. This expresses every set as a center

plus a set centered at 0. The key to giving a similar direct sum decomposition

with larger consequence spaces is a continuous linear definition of the center

of a set.
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Let S`−1 = {v ∈ R`−1 : v · v = 1} be the unit sphere, and let λ be

the uniform (probability) distribution on S`−1. The support function of A ∈

K(R`−1) is defined by µA(v) = maxa∈A v · a for v ∈ S`−1. The corresponding

argmax function as argA(v) := {a ∈ A : v · a = µA(v)}. For all but a λ null

set of S`−1, argA is a singleton set.

Definition 2. The Steiner point of A ∈ K(R`−1) is the vector-valued integral

St(A) =

∫
S`−1

argA(v) dλ(v).

For example, if the distances between point masses on distinct conse-

quences are equal, then St(∆) is the distribution putting equal mass on all

elements of X because each vertex of ∆ is arg∆(u) for 1/#X of the surface of

S`−1.

Since A is convex and the mass of λ is 1, the St(A) is in (the relative

interior of) A so that A 7→ St(A) is a selection. An easy application of the

Theorem of the Maximum delivers the continuity and linearity of A 7→ St(A).

For a proof of the following, see e.g. [38, Theorem 3.4.2, p. 167].

Theorem 1.4.1 (Steiner). The mapping A 7→ St(A) is the unique continuous

linear selection that commutes with rigid motions.5

The barycenter/center-of-gravity is not continuous when dimensionality

changes.

5Replacing λ with any full support probability, ν, on S`−1 would give a continuous linear
selection. However, combining continuity and linearity with the rotation invariance of λ
shows that Steiner point commutes with rigid motions, that is, if R : Rn → Rn is a rigid
motion, then R(St(A)) = St(R(A)).
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Example 1. Suppose there are three consequences, X = {a, b, c}. Consider the

set A described by “a and b are close to equally likely.” Interpreting “close

to” as “the ratio of the probabilities is within ε of 1
2
, in the simplex, the

set Aε is the convex hull of the points (1
2

+ ε, 1
2
− ε, 0), (1

2
− ε, 1

2
+ ε, 0), and

(0, 0, 1). As ε ↓ 0, the two dimensional Aε converge to A0, the one dimensional

convex hull of (1
2
, 1

2
, 0) and (0, 0, 1). The center of gravity of each Aε is (1

2
(1−

x), 1
2
(1 − x), x) where x = 1 − 1/

√
2 < 1

2
, while the center of gravity of A0

is (1
2
(1 − y), 1

2
(1 − y), y) where y = 1

2
. On the other hand, St(Aε) → St(A0)

because St(Aε) = (1
2
(1− (y− δ)), 1

2
(1− (y− δ)), (y− δ)) where y = 1

2
and δ ↓ 0

as ε ↓ 0.

Note that St(A−St(A)) = 0 so that every A ∈ K(R`−1) is the translate

of a set having 0 for its Steiner point. Further, St−1(0) is a cone within the

cone K(R`−1), and every A ∈ K(R`−1) is a translate of an element of this cone.

Put another way,

Lemma 1.4.2. St−1(0) ⊕ R`−1 is a direct sum decomposition of the cone

K(R`−1) into a cone and a vector space.

For a set A of distributions over consequences, the direct sum de-

composition gives a representation of the risk, St(A), and of the ambiguity,

(A− St(A)).
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1.4.2 Separating Risk and Ambiguity Attitudes

The direct sum decomposition allows us to isolate the action of a linear

U on risk from its action on ambiguity. The function u in the following is

a vNM utility function. This shows that linear preferences are the linear

extension of expected utility preferences.

Theorem 1.4.3. If U : K(∆) → R is linear if and only if it is of the form

U(A) = U0(A − St(A)) + u · St(A) for some linear U0 on the cone St−1(0)

and some u ∈ R`−1.

The function U0 will typically pay attention to both the shape and

the orientation of the set A − St(A). For example, even if d(r, s) = d(r′, s′)

and c := 1
2
(r + s) = 1

2
(r′ + s′), one expects that U0([r, s]) 6= U0([r′, s′]) if the

orientation of the two line segments [r, s] and [r′, s′] differ.

Proof. If U is the restriction of a linear U : K(R`−1)→ R, then U0 := U|St−1(0)

and u defined by u · p = U({p}) delivers the equivalence. It is therefore

sufficient to show that U is linear on K(∆) iff it is the restriction of a linear

U on K(R`−1). This follows from the observation that every A ∈ K(R`−1) is of

the form A = r · (B − St(B)) + St(A) for some B ∈ K(∆) and r ≥ 0.

One implication of this result is that any linear U0 can be combined with

any vNM u. This allows complete separation of attitudes towards ambiguity,

encoded in U0, and attitudes toward risk, encoded in u. Attitudes towards

ambiguity are reflected in attitudes toward expansions and contractions of a

set around its center.
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Definition 3. Preferences on K(∆) represented by a continuous linear U =

(U0, u) are

1. ambiguity averse if U0(St−1(0)) = R−,

2. ambiguity neutral if U0(St−1(0)) = {0}, and

3. ambiguity loving if U0(St−1(0)) = R+.

Continuous linear U1 = (U0
1 , u1) is more ambiguity averse than U2 = (U0

2 , u2)

if, after normalizing both so that U1(K(∆(X)) = U2(K(∆(X)) = [0, 1], U0
1 (A−

St(A)) ≤ U0
2 (A− St(A)) for all A.

Preferences over random variables are probabilistically sophisticated if

they depend only on the distribution(s) over consequences that they induce.

The present consequentialist approach starts from this assumption. As a re-

sult, Epstein’s [16] and Ghirardato and Marinacci’s [21] definitions of ambigu-

ity aversion agree. As we will see later, both definitions of ambiguity aversion

match the present one in the consequentialist setting, but either definition of

comparative ambiguity aversion requires identical attitudes toward risk.

1.4.3 Extreme Set Representations

A vNM utility function maps ∆(X) to R. Being continuous and linear,

it is determined by its values on the extreme points of ∆(X), i.e. by its values on

the point masses δc, c ∈ X. So starting from a continuous linear u : ∆(X)→ R,

we abuse notation slightly by defining the vNM utility function u : X→ R by
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setting u(c) equal to u(δc). In the same fashion, a continuous linear function on

K(∆(X)) is determined by its value on the extreme sets in K(∆(X)), providing

an alternative to the Steiner direct sum decomposition. For A,B ∈ K(∆(X)),

we denote the set {αA+ (1− α)B : α ∈ [0, 1]} as a line segment, ‖A,B‖.

Definition 4. A ∈ K(∆(X)) is an extreme set if for all line segments ‖B,C‖

containing A, either A = B or A = C. The class of extreme sets is denoted

extr(K).

The vNM part of a continuous linear U is given by the value of U on

the extreme sets {δc}, c ∈ X. The “rest” of the utility function is specified by

its value on the remaining extreme sets. In the two consequence case, there

is only one other extreme set, [0, 1], and its value, −v is what appears in the

representation U([p− r, p+ r]) = p− vr. In the three outcome case, there are

infinitely many other extreme sets, and one can represent U as the sum of its

vNM part and how it behaves on the other sets.

Example 2 (Three consequences). In the case X = {a, b, c}, ∆(X) is 2-dimensional,

K(∆(X)) is infinite dimensional, hence the class of extreme sets must be in-

finite. They are either of the form {δa}, {δb}, {δc}, or are the closed convex

hull of either two or three points, specifically co (p, q, r), where p, q, r ∈ ∆(X)

are of the form

p = (p′, (1− p′), 0),

q = (0, q′, (1− q′)), and

r = ((1− r′), 0, r′),
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where p′, q′, r′ ∈ [0, 1], and a triple (x, y, z) denotes xδa + yδb + zδc. Special

cases include:

1. (a) if p′ = q′ = r′ = 1, then co (p, q, r) = ∆(X);

2. if q′ = r′ = 0, then for all p, co (p, q, r) = ∆({a, b});

3. if p′ = q′ = r′ = 1
2
, then co (p, q, r) is the triangle joining the mid-points

of the faces of ∆(X);

4. if p′ = 0 and q′ = 1, then co (p, q, r) is the line joining δb and r.

The vNM part of U gives the value of U({δa}), U({δb}), and U({δc}).

The rest of U can be specified by a function (p′, q′, r′) 7→ f(p′, q′, r′) that has

U(co (p, q, r)) = f(p′, q′, r′) Hausdorff continuous. This requires continuity

plus: the value of p′ not mattering much if q′ and r′ are close to 0; the value

of q′ not mattering much if p′ and r′ are close to 1; and the value of r′ not

mattering much of 1 − p′ and q′ are close to 0. Further, if a ≺ b ≺ c, then

one would expect f(·, q′, r′) to be decreasing while f(p′, ·, r′) and f(p′, q′, ·) are

increasing.

Let α be the interior angle of triangle co (p, q, r) at the vertex p, β the

interior angle at q, and γ the interior angle at r. The cosine law delivers α, β,

and γ from ‖p−q‖, ‖p−r‖, and ‖q−r‖. Letting α′, β′, γ′ be the complementary

angles (i.e. α+α′ = 180), the Steiner point of co (p, q, r) is 1
360

[α′p+β′q+γ′r].
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1.4.4 The Choice of a Center

There are many continuous linear selections that can be used as the def-

inition of the center of a compact convex set (e.g. by changing λ to some full

support ν on S`−1 in the Steiner point). Calculations using linear preferences

on K(∆(X)) cannot be affected by such a change in basis, except perhaps in

their ease or difficulty. However, each different center gives rise to a different

direct sum decomposition, hence labels different sets of linear preferences as

ambiguity averse/neutral/seeking. In this sense, the decomposition of atti-

tudes toward risk and attitudes toward ambiguity is dependent on the choice

of the Steiner basis for the direct sum decomposition of K(∆(X)).

Interest therefore centers on finding cases in which the choice of the

Steiner point as the center has a more solid claim to special status. For

example, when it agrees with the barycenter, then it commutes with linear

homeomorphisms T : ∆(X)→ H with H a Hilbert space. A rich class of sets

that will often appear in the applications below have this property.

1. The Steiner point of any line [p, q] ⊂ ∆(X) is 1
2
p + 1

2
q, and the Steiner

point of T ([p, q]) is T (1
2
p+ 1

2
q) = 1

2
T (p) + 1

2
T (q).

2. If A = {p ∈ ∆ : (p− q0)TM(p− q0) = c}, M a positive definite matrix,

the Steiner point is q0, and the Steiner point of T (A) is T (q0).

3. By linearity, if A =
∑

i≤I αi[pi, qi], the αi a convex set of weights, then

A is a parallelipiped, its Steiner point is
∑

i αici where ci = 1
2
pi + 1

2
qi,

and the Steiner point of T (A) is T (
∑

i αici).
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4. In a similar fashion, if A is the convex sum of ellipses and parallelipipeds,

the Steiner point of T (A) is T (St(A)).

This points to a variety of possible alternatives to the definition of

ambiguity aversion given in Definition 3.

1. (a) One can define preferences to be ambiguity averse relative to a class

of sets A ⊂ K(∆(X)) if expansions around the Steiner points of these

sets reduce utility. In this case one might focus on the class A of sets for

which the barycenter and the Steiner point agree.

2. One can change basis in K(∆(X)) by choosing a different center and ask

for ambiguity aversion relative to expansions around that center.

3. One can combine different centers with different classes of sets.

Implicitly, the first of these approaches is being followed in the applica-

tions for which the barycenter and the Steiner point agree. The applications

have not, as of yet, provided a compelling reason to pursue either the second

or third approach.

1.5 Separating Risk and Ambiguity

Generalizing the finite consequence separation of attitudes toward risk

and ambiguity requires picking a continuous linear center. In the infinite-

dimensional context of ∆(X) when X is an infinite set, there can be no rotation

invariant continuous selection of a center [41].
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Let ν be any Gaussian probability distribution with support equal to

∂U ⊂ Cb(X). For A ∈ K(∆(X)), define the ν-center of A as

Cν(A) =

∫
∂U

argmax
p∈A

〈p, f〉 dν(f). (1.9)

Since the function f 7→ maxp∈A〈p, f〉 is concave and bounded, its non-differentiability

points are a Gauss null set (see Benyamini and Lindenstrauss for this). Thus

for only a ν-null set does the argmax contain more than 1 point, hence the

integral is well-defined. Since A is closed and convex and ν is a probabil-

ity, Cν(A) ∈ A. The continuity of Cν(·) follows from dominated convergence,

linearity is immediate.

Every A ∈ K(∆(X)) has a unique expression as A = (A − Cν(A)) +

{Cν(A)}, and Cν(A− Cν(A)) = 0. Therefore

L(A) = L((A− Cν(A))) + L({Cν(A)}), andCν(A− Cν(A)) = 0. (1.10)

Restricted to singelton sets, L is an expected utility function, call it `. For

any expected utility function, `′, we can define

L′(A) = L((A− Cν(A))) + `′({Cν(A)}). (1.11)

The attitude toward risk is contained in either ` or `′, and is independent of

the attitude toward ambiguity, contained in the restriction of L to the sets

having ν-center equal to 0.

1.6 First and Second Order Stochastic Dominance

Suppose now that X is a compact interval, [0,M ].
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Definition 3. For sets A,B ∈ K(∆(X)), we say that A first order dominates

B, written A �F B, if for all non-decreasing u ∈ C(X),

max
p∈A
〈u, p〉 ≥ max

q∈B
〈u, q〉, and min

p∈A
〈u, p〉 ≥ min

q∈B
〈u, q〉. (1.12)

For second order dominance, we require that the inequalities in (1.12) also

hold for non-decreasing concave u.

A �F B iff every expected utility maximizer with monotonic prefer-

ences prefers their favorite element of A to their favorite element of B and

simultaneously prefers their least favorite element of A to their least favorite

element of B.

Definition 4. Preferences � on K(∆) respect first order dominance if [A �F

B]⇒ [L(A) ≥ L(B)].

Theorem 1.6.1. If ηmin and ηmax are non-negative and supported on the non-

decreasing elements of ∂U , then the associated L respects first order domi-

nance. If L respects first order dominance, then it can be represented by a

pair of non-negative ηmin and ηmax that are supported on the non-decreasing

elements of ∂U .

Proof. The first part follows from the monotonicity of integrals. The second

part follows (open problem here) from generalizing examples in the finite

case.
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Chapter 2

Applications

2.1 Applications

This section covers the beginnings of portfolio choice theory for am-

biguity, giving the ambiguous versions of first and second order stochastic

dominance.

2.1.1 First and Second Order Dominance, Diversification

First is a function form that makes clearer some of the basics: first and

second order dominance, comparative ambiguity aversion, and risk equivalents.

2.1.1.1 A Functional Form

To get at the intuition for what respecting first and second order

stochastic dominance with sets of probabilities entails, we will use a partic-

ular class of functions. This will also give intuition about relative ambiguity

aversion.

For a, b ∈ [0,M ], a ≤ b, linearity implies that specifying the function

f(a, b) := U(‖δa, δb‖) specifies U for all parallelipeds spanned by intervals of

point masses. We normalize so that f(0, 0) = 0 and f(M,M) = 1.
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For a vNM utility function u : [0,M ] → [0, 1] with u(0) = 0 and

u(M) = 1, and a function v : [0,M ] → R, the following class of functions

f(·, ·) is useful:

f(a, b) = 1
2
u(a) + 1

2
u(b)− r

2
|v(b)− v(a)|h, with h ∈ [1,∞). (2.1)

The 1
2
u(a) + 1

2
u(b) part arises because the Steiner point of ‖δa, δb‖ is 1

2
δa+ 1

2
δb,

and 1
2
u(a) + 1

2
u(b) is the corresponding expected utility of the Steiner point.

For B = {αδa + (1− α)δb : α ∈ [s− t, s+ t]}, the corresponding Steiner point

is sδa + (1− s)δb, and the corresponding linear utility is U(B) = su(a) + (1−

s)u(b) − rt|v(b) − v(a)|h. If r > 0 and v is increasing, we have ambiguity

aversion, if r < 0, ambiguity seeking. If r 6= 0 and v has regions of increase

and regions of decrease, we have both.

Within this class, the following special cases represent risk and ambi-

guity averse preferences that satisfy set monotonicity, respecting first order

stochastic dominance, horizontal concavity, respecting second order stochas-

tic dominance. For the given range of values of r, the preferences also have

bounded risk-ambiguity tradeoffs, a condition that will guarantee, for an am-

biguous set A, the existence of a risk equivalent lottery over the best and the

worst outcome. In these examples, we take u to be concave and r ≥ 0, giving

risk and ambiguity averse preferences.

1. f(a, b) = 1
2
u(a) + 1

2
u(b)− r

2
|b− a|, 0 ≤ r ≤ u′(M);

2. f(a, b) = 1
2
u(a) + 1

2
u(b)− r

2
|u(b)− u(a)|, 0 ≤ r ≤ 1;
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3. f(a, b) = 1
2
u(a) + 1

2
u(b)− r

2
|b− a|2, 0 ≤ r ≤ 1

2M
u′(M); and

4. f(a, b) = 1
2
u(a) + 1

2
u(b)− r

2
|u(b)− u(a)|2, 0 ≤ r ≤ 1

2
.

Supposing that u is smooth, we find that the first two cases have kinked

indifference curves at the diagonal in that a, b-plane, while the second two will

accept small fair bets. One sees this by calculating the gradients and checking

whether or not the slopes of the indifference curves match as the (a, b) pair

approach equality as in the following table. The α-MMEU preferences have

kinks, and it is the presence of these kinks that leads e.g. to Dow and Werlang’s

[13] results that there are ranges of prices at which DM’s will neither buy nor

sell a stock.

Gradient if a < b Gradient if a > b

(1) Df =

(
1
2
(u′(a) + r)

1
2
(u′(b)− r)

)
Df =

(
1
2
(u′(a)− r)

1
2
(u′(b) + r)

)
(2) Df =

(
1
2
u′(a)(1 + r)

1
2
u′(b)(1− r)

)
Df =

(
1
2
u′(a)(1− r)

1
2
u′(b)(1 + r)

)
(3) Df =

(
1
2
u′(a) + r(b− a)

1
2
u′(b)− r(b− a)

)
Df =

(
1
2
u′(a)− r(a− b)

1
2
u′(b) + r(a− b)

)
(4) Df =

(
1
2
u′(a) + r(u(b)− u(a))

1
2
u′(b)− r(u(b)− u(a))

)
Df =

(
1
2
u′(a)− r(u(a)− u(b))

1
2
u′(b) + r(u(a)− u(b))

)

2.1.1.2 First Order Stochastic Dominance

For F1 and F2 closed subsets of [0,M ], F1 dominates F2, written

F1 �D F2, if for all x1 ∈ F1, there exists an x2 ∈ F2 with x2 ≤ x1, and for all
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x2 ∈ F2, there exists an x1 ∈ F1 with x2 ≤ x1. If F1 and F2 are the two point

sets {a, b} and {c, d}, a ≤ b, c ≤ d, F1 �D F2 requires a ≥ c and b ≥ d.

Definition 5. A linear U on K(∆) is set monotonic if [F1 �D F2]⇒ [U(AF1) ≥

U(AF2)],

When F1 and F2 are singleton sets, set monotonicity is equivalent to

the monotonicity of the vNM part of the utility function. When F1 and F2

are two point sets, set monotonicity is equivalent to the monotonicity of the

function f(a, b) := U(‖δa, δb‖).

A probability p ∈ ∆ first order stochastically dominates q, written

p �FOSD q, if for all consequences c ∈ [0,M ], p(c,M ] ≥ q(c,M ], equivalently,

if Fp(c) ≤ Fq(c) for all c.

Definition 6. For A,B ∈ K(∆), A dominates B, A �D B, if for all p ∈ A,

there is a q in B such that p �FOSD q and for all q ∈ B, there is a p ∈ A such

that p �FOSD q.

Note that this is not the lattice ordering for sets inherited from the lat-

tice (∆[0,M ],�FOSD), which would define s = p∨ q as having the cdf Fs(x) =

min{Fp(x), Fq(x)}, s = p ∧ q as having the cdf Fs(x) = max{Fp(x), Fq(x)},

and define strong dominance by A �SD B if for all (p, q) ∈ A×B, p∨q ∈ A

and p ∧ q ∈ B.

Example 3. Strong dominance implies dominance, but the reverse is not true.

If A ∈ K(∆) is not a lattice subset of ∆, then it is not the case that A �SD

A while A �D A as a triviality since every p satisfies p �FOSD p. More
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substantively, let A = {p ∈ ∆ : p[M/3,M ] = 1, p has a density w.r.t. Lebesgue

measure} and B = {q ∈ ∆ : q[0, 2M/3] = 1}. A �D B because all p ∈ A

stochastically dominate δM/3 ∈ B and all q ∈ B are stochastically dominated

by p = U [2M/3,M ], the uniform distribution on the interval [2M/3,M ].

It is not the case that A �SD B — if p = U [2M/3,M ] ∈ A so that

Fp(M/2) = 1
4

and q = 1
4
δM/2 + 3

4
δ2M/3 ∈ B, then p ∨ q 6∈ A.

Lemma 2.1.1. For closed F1, F2 ⊂ [0,M ], F1 �D F2 iff AF1 �D AF2.

Proof. Consider the points masses in AF1 and AF2 .

Definition 7. A function U on K(∆) respects dominance if [A �D B] ⇒

[U(A) ≥ U(B)].

Theorem 2.1.2. If a linear U respects dominance, then it is set monotonic.

Proof. If F1 �D F2, then AF1 �D AF2 , so that respecting dominance yields

U(AF1) ≥ U(AF2), that is, U is set monotonic.

At this point, the theory of linear preferences on K(∆) becomes signif-

icantly richer than the theory of linear preferences on ∆. This means that it

is correspondingly more difficult to work with in full generality.

Values of a linear L on ∆ are determined by the easily identifiable

extreme points, {δx : x ∈ [0,M ]}. Values of a linear U : K(∆) → R are

determined by its values on the extreme points in the space of sets K(∆).

However, not all extreme sets are of the form AF , F a closed subset of [0,M ].
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Lemma 2.1.3. AF := {AF : F ⊂ [0,M ], F closed, non-empty } does not

exhaust the class of extreme sets of K(∆).

Proof. Suppose first that we replace the consequence space [0,M ] by a three

point set, X = {a, b, c}. Here, {AF : ∅ 6= F ⊂ {a, b, c}} has seven elements,

A{a}, A{b}, A{c}, A{a,b}, and so on. K(X) is an infinite dimensional compact

set, hence, by the Krein-Milman Theorem, must have infinitely many extreme

points. More specifically, all elements in the span of S(X) have at most six

sides, and all of them are parallel to the outer boundaries of ∆. Such figures

stay a strictly positive distance away from B when B is any circular subset of

∆({a, b, c}). All that remains is to show that B is not the limit of any sequence

of sets Bn which are in the span of AF .

For closed sets, Fn, F , [d(Fn, F ) → 0] ⇒ [AFn → AF ]. Since the finite

subsets of [0,M ] are dense in the closed sets, this shows that any limit of finite

convex combinations
∑

F αFAF is a limit of finite convex combinations where

the F are restricted to be finite.

Suppose now that Bn is a sequence of finite convex combinations of

sets of the form
∑

k αk,nAFk,n , Fk,n finite, and that Bn → B for the circular

B ⊂ ∆({a, b, c}) described above.

For δ > 0 let Cδ ⊂ [0,M ] be the δ-ball around {a, b, c}. For any δ > 0,

for large n,
∑
{k,n:Fk,n⊂Cδ} αk,n > 1− δ. By taking δ smaller than the minimum

distance between a, b, and c, we see that Bn can only converge to something

in the span of S({a, b, c}), that is, it cannot converge to B.
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2.1.1.3 Second Order Stochastic Dominance

A continuous linear utility on probabilities respects second order stochas-

tic dominance iff the associated vNM utility function is concave. The parallel

concept for a linear U on K(∆) is a set version of ‘horizontal’ concavity.

Treating probabilities as functions from classes of sets to [0, 1], the

usual way to take convex combinations of probabilities yields ‘vertical’ combi-

nations of their cdfs, Fαp+(1−α)q(x) = αFp(x)+(1−α)Fq(x). Since the domain,

[0,M ], is convex, one could also take combinations of the cdfs by shifting them

horizontally.

Example 4. For p = U [a, b] and q = U [c, d] being uniform distributions on

the indicated intervals, define αp⊕hz(1 − α)q to be the uniform distribution

U [αa + (1 − α)c, αb + (1 − α)d]. Here, for any height s ∈ (0, 1), we identify

the points xp with Fp(xp) = s and xq with Fq(xq) = s and define the cdf of

αp⊕hz(1− α)q to take the value s at the point αxp + (1− α)xq.

To generalize the example to probabilities with point masses and flat

regions at different heights requires a bit of notation. For a given cdf F , define

the correspondence F̂ (x) = [F (x−), F (x)] (which is equal to {F (x)} when

p(x) = 0). For each s ∈ [0, 1], the lower inverse of F̂ at s is F̂−(s) = {x ∈

[0,M ] : s ∈ F̂ (x)} is a non-empty, closed interval subset of [0,M ]. A cdf F is

uniquely identified by the values of the correspondence F̂−(s) for s ∈ (0, 1).

Definition 8. The horizontal convex combination of p and q is the dis-

tribution r = αp⊕hz(1 − α)q with the cdf identified by the correspondence
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s 7→ αF̂−p (s)+(1−α)F̂−q (s), s ∈ [0, 1]. For A,B ∈ K(∆), the horizontal con-

vex combination of A and B is the set αA⊕hz(1−α)B = {αp⊕hz(1−α)q :

p ∈ A, q ∈ B}.

Vertical and horizontal convex combinations are quite different:

1. 1
2
δ0⊕hz 1

2
δ1 = δ 1

2
, a point mass, while 1

2
δ0 + 1

2
δ1 is the distribution of a

Bernoulli(1
2
) random variable;

2. with p = 1
2
δ0 + 1

2
δ1 and q = U [1, 2], 1

2
p⊕hz 1

2
q = 1

2
U [0, 3

4
]+ 1

2
U [11

4
, 2] while

the cdf of 1
2
p + 1

2
q has jumps of size 1

4
at 0 and 1 and is a straight line

on the interval [1, 2];

3. αAF1⊕hz(1−α)AF2 = {p : p(αF1 + (1−α)F2) = 1} = AαF1+(1−α)F2 is an

extreme set while αAF1 + (1−α)AF2 = {p : p(F1) = α, p(F2) = (1−α)}

is not an extreme set.

Definition 9. A linear U on K(∆) is horizontally concave if for all A,B ∈

K(∆), U(αA⊕hz(1− α)B) ≥ αU(A) + (1− α)U(B).

If F = {x} is a singleton set, then AF contains only δx, point mass on x.

Restricted to the singleton sets F1 = {x1} and F2 = {x2}, the vNM part of a

horizontally concave U has satisfies u(αx1+(1−α)x2) ≥ αu(x1)+(1−α)u(x2).

Slightly more generally, oncavity of u(·) and v(·) in f(a, b) = 1
2
u(a) + 1

2
u(b)−

r
2
|v(b) − v(a)|h from eqn. (2.1) gives horizontal concavity on the class of sets

of the form AF , F finite. Continuity and linearity extend this to the span of
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the class {AF : F closed}, which includes the parallelipipeds based on point

masses.

It would be nice to know if horizontal concavity has implications for

yet broader classes of A,B ∈ K(∆) that are comparable using second order

stochastic dominance. In some special cases they are, but general results seem

difficult to find. However, horizontal concavity is the essential ingredient for

addressing portfolio problems because it requires that convexifying the set of

values that a set of probabilities takes on is better than having a lottery over

the sets.
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