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Abstract 

 

Parametric Equations: An Investigation into Ladder Applications 

 

 

 

 

Stephanie Ann Foster, M. A.  

The University of Texas at Austin, 2011 

 

Supervisor:  Efraim Armendariz 

 

Parametric equations are used to represent the pathway of an object in terms of 

time or another changing variable.  This allows, for example, for equations that are 

written using two variables to be examined in terms of the passage of time. In this paper 

the author examines two traditional application problems whose solutions can be 

enriched through the use of parametric equations.  In the first, the falling ladder problem, 

a ladder is leaned against a wall then pulled away with a constant velocity. Deriving 

parametric equations for this scenario permits the pathway of the ladder to be plotted.  

Parametric equations also make it possible for the horizontal and vertical velocities of the 

ladder to be examined separately.  The second problem is that of maximizing the length 

of a ladder that can fit around a hallway corner.   In this problem an envelope algorithm is 

first developed, then parametrized to further investigate this scenario.  Using these two 
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situations, this report ultimately shows how parametric equations can be used to give a 

more thorough approach to some of today’s most classic calculus problems.  



 viii 

Table of Contents 

	  

List of Figures ........................................................................................................ ix	  

Chapter 1.  An Introduction .....................................................................................1	  

Chapter 2.  The Falling Ladder Problem .................................................................4 

Chapter 3.  Ladders Around Corners .....................................................................17 

Chapter 4.  A Conclusion ......................................................................................24 

References..............................................................................................................26	  

Vita   ......................................................................................................................27	  



 ix 

  

List of Figures 

Figure 1:	   Illustration of the ladder's falling motion............................................5	  

Figure 2:	   Ladder using right triangle identities ..................................................8 

Figrue 3:  The path of the ladder's tip................................................................10 

Figure 4:  Line segment sliding up y-axis .........................................................18 

Figure 5: Swept out area...................................................................................18 

Figure 6: The astroid as envelope of a family of curves ..................................19	  



 1 

Chapter 1: An Introduction 

  Imagine a hiker walking through the freshly falling snow.  As he walks his 

footprints represent his position as seen over a period of time.  The observer can see how 

the hiker steps around obstacles, how quickly the hiker moves down a hill versus 

struggling to climb up one. When the hiker has left the area all that remains is the 

pathway of the footprints.  Boyles uses this scenario to introduce the notion of parametric 

equations [3, p. 371]. Parametric equations are used to define a relationship within a 

specific set of parameters. The parametric form of an equation gives information that 

two-variable equations do not. In a parametric equation x and y are independently defined 

in terms of another variable, usually time, whereas in other types of equations the 

dependent variable is defined in terms of the independent and only two variables are 

used. This allows for an equation that is normally defined implicitly to be written in terms 

of three changing variables.  Parametric equations represent the pathway of an object in 

terms of time or another changing variable. In the case of the hiker mentioned previously 

the independent variable is time and the position of his footprints in an x, y plane 

represents the pathway made by the hiker.    

Parametric equations have been used to solve real world application problems for 

centuries. One example of this is seen in Galileo’s work on using cycloids and 

parametrics to design bridges [2, p. 608]. Parametric equations are especially useful when 

comparing horizontal and vertical motion coupled with time. Another famous 

mathematician and physicist, Huygens, used the concept of parametric equations to 

propose his theory on pendulums, stating that it takes the same time to make a complete 

oscillation whether the pendulum swings through a wide or a small arc [6, p. 242]. A 

parametric equation can either be in scalar or vector form. In this paper the author will 
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examine two application problems that involve uses of parametric equations that can be 

approached differently.   

 The first problem under discussion is the Sliding Ladder Problem.  Most students 

of advanced mathematics are familiar with this problem, involving a ladder leaning 

against a wall, which is then pulled out horizontally from the bottom at a constant rate.  

This problem is commonly used in Calculus classes to illustrate the concept of related 

rates.  In this problem the student is asked to calculate the speed of the ladder when it hits 

the ground.    Applying simple calculus, one can derive that the speed of the ladder as it 

hits the ground approaches infinity.  Performing real world experiments, however, shows 

this conclusion is false.  So, where does the mathematics break down?  Can a more 

accurate formula be used?  Is there a point where applying physics gives the tools needed 

to develop a better model? All of these questions are addressed in Chapter 2, in which the 

author shows how parametric equations can be used to help formulate a better 

mathematical model to answer these questions. 

Another problem similar to the falling ladder is that of a ladder being moved 

around a ninety degree bend or the corner of a hallway.  The process of how best to 

optimize the length of the ladder that can fit around that bend is quantified using 

parametric equations to further analyze what happens in this scenario. Rather than 

examining this problem directly, it is often analyzed from the opposite viewpoint, that is, 

what is the smallest length of a ladder or couch that gets stuck when being moved around 

a confined corner? Using parametric equations in this approach allows the author to find 

the equation of the boundary line of the area where the shortest length of ladder will fit 

around a hallway corner.  In this paper the author solves and addresses these two 

scenarios -- the falling ladder problem, and the problem of trying to optimize the length 
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of ladder carried horizontally around a corner and the use of parametric equations to 

solve those problems.   
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Chapter 2: The Falling Ladder Problem 

As a graduate student in Applied Calculus the author of this paper was asked the 

question, “When a ladder slides down a wall, what causes the ladder to fall off the wall 

instead of landing perfectly in the corner [7]?”  The author has since done some research 

and discovered two main approaches to this problem.   Scholten and Simoson along with 

the author’s Applied Calculus instructor, McAdams, use a calculus intensive approach, as 

compared to Kapranidis and Koo who use a more physics based approach. Both of these 

approaches have one thing in common: they use parametric equations to help analyze the 

motion of the ladder falling down the wall.  This section will first begin with Scholten 

and Simoson’s approach.   

  Scholten and Simoson have examined the falling ladder as a related rate problem 

[8, p. 49].  This classic problem is given to beginning calculus and physics students to 

test their understanding of related rates, forces, and motion. This problem presents itself 

as a typical related rate with respect to time. The students are then asked to find the speed 

of the ladder when it hits the ground, assuming it never loses contact with the wall.  

However, upon further analysis after conducting experiments, it is observed that the 

ladder does not fall directly along the wall but instead slides away from the wall. The 

problem, therefore, is no longer considered a related rate problem and consequently the 

result, that the speed at the top of the ladder approaches infinity, is invalid. Parametric 

equations allow a closer examination as to what the speed at the top of the ladder really is 

and what happens as the ladder falls down the wall.    

Physical experimentation on this theory reveals that the falling object’s tip does 

indeed leave the surface at a transitional point.  This point is mathematically deduced as a 
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change in the physical motion of a falling object which behaves like a pendulum.  At 

equilibrium the object, in this case the ladder, lands some distance from the wall.  In the 

related rate problem given to the students it is assumed that the ladder would have fallen 

directly down the wall. This can be explained mathematically by foregoing forces and 

numerically plotting the path of the ladder’s tip between the time that it leaves the wall 

and when it hits the ground [8, p. 49]. 

In order to understand what parametric equations add to such a problem the 

mechanics of when and how the ladder leaves the wall must be established. But before 

considering what causes the ladder to leave the wall, the mathematics involved while the 

ladder is in contact with the wall should be considered.  

 

 

Figure 1.  Illustration of the falling ladder’s motion [7] 

 

In Figure 1 note that L is the length of the ladder, y is the vertical height of the 

ladder on the wall, and x represents the horizontal length of the ladder on the floor,  

v = ′x =
dx
dt    
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when v is the velocity or the constant rate at which the ladder is sliding away from the 

wall.  

The speed at the top of the ladder as it falls down the wall is expressed as 

′y =
dy
dt .

 

′y  can be found by starting with the Pythagorean Theorem  

L2 = x2 + y2   

then differentiating implicitly,  

2x ′x + 2y ′y = 0 . 

Solving for ′y  gives the following equation for the speed of the ladder falling down the 

wall:   

′y =
−x ′x
y . 

Substituting v ,  the constant rate at which the ladder is being pulled away from the wall, 

for  gives  

′y =
−xv
y .

 

 

As x gets larger y gets smaller and v ultimately approaches astronomical speeds, which is 

unrealistic since nothing can go faster than the speed of light [7]. 

Scholten and Simoson first begin analyzing this problem by determining the 

critical height where the ladder leaves the wall.  The easiest way to approach this problem 

is in two different sections, one where the ladder is attached to the wall, explained 

previously, and another when the ladder falls off the wall and behaves as a pendulum [8, 

p. 50].  

!x

(1) 
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In order to explain the pendulum motion of the ladder, total torque must be 

considered.  Torque is the rotational force around an object.  Newton’s Second Law states 

the following equation for total torque,   

τ net = I ′′θ  

where τ  = total torque, I = inertia, the natural resistance an object has to motion, and  ′′θ  

= angular acceleration[8, p. 50].  The torque used in this case is a force of magnitude 

acting on the center of mass of the ladder.   

Consider the torque of the system, using a trigonometric identity  

 

τ = mg L cosθ
2

 

      

where m = mass, g = gravity, L = length of the ladder and the standard physics formula 

for inertia as  

I = x2 m
L
dx = 1

3
mL2

0

L

∫
, 

where m = mass and L = length.  

Substituting equations (2) into (4) and knowing that acceleration is the second derivative 

yeilds a new equation for total torque, 

τ net =
1
3
mL2 (− ′′θ )

  .
 

The angular acceleration in this case is negative since the angle that the ladder is falling is 

clockwise.  Thus the angle is calculated by π −θ , the distance between the ground and 

the ladder.  

Setting equation (2) equal to equation (5) and solving for ′′θ  produces 

′′θ = −
3g
2L
cosθ

.
 

(2) 

(3) 

(4) 

(5) 

(6) 
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Unlike equation (1), this is a valid equation for the speed of the ladder when it leaves the 

wall where the problem is treated as a related rate [8, p. 50].   

Now consider when the ladder is in contact with the wall. First use the following 

trigonometric identities to give the side lengths in terms of trig functions: 

 

 

 

 

 

 

 

 

Figure 2.  Ladder using trigonometric definitions 

The length of the ladder’s position on the wall is  
y = L sinθ . 

Differentiating with respect to θ finds the speed of the top of the ladder falling down the 

wall while it is in contact with the wall: 
′y = L cosθ ′θ = x ′θ . 

Substituting the previously found values for x and y into equation (1) results in  

′θ =
−v

L sinθ .
 

A second differentiation yeilds the formula for the angular acceleration: 

′′θ = −
v2 cosθ
L2 sin3θ .

 

Looking at the intersection point of when the ladder falls straight down the wall 

(7) 

(8) 

(9) 
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and the moment its motion becomes pendulum like can be used to find the point at which 

the ladder falls off the wall [8, p. 51].  

Setting equations (6) and (9) equal to one another and solving for sin3θ  gives the 

relationship to find the value for θ  when the ladder falls off the wall:     

sin3θ =
2v2

3gL .
 

  
 

If 
2v2

3gL
≥ 1,  which makes

 
v ≥ 3

2
gL ,  the equation is impossible since no values 

of sine or cosine can be greater than 1. This proves “that the tip of the ladder pulls away 

from the wall immediately when the bottom begins to move away with speed v” [8, p. 

51]. Applying simple algebra to (10) and substituting (7) into the equation finds the 

formula for the height of the ladder when it begins to pulls away from the wall.  Again 

noting that L and v are known values [7]:   

y = 2v2L2

3g
3

.
 

 Another extension of this problem is to find the acceleration of the ladder at the 

“critical height” where the ladder leaves the wall [8, p. 52]. Taking the second derivative 

of equation (11) finds the acceleration at the moment the ladder separates from the wall:    

′′y = −
3
2
g

.
 

Deriving parametric equations at this point shows the pathway of the ladder after it leaves 

the wall and demonstrates its motion while falling toward the ground. First notice that at 

the moment of separation the horizontal length of the base is  
xc = L cosθc . 

(10) 

(11) 
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The base is moving away at the constant speed of v , making its distance from the wall 
xc + vt , t  being the number of seconds the base has been pulled away from the wall. The 

distance from the wall to the upper end of the ladder is  

d = xc + vt − L cosθ . 

This allows us to find the parametric equations showing the pathway of the ladder [8, p. 

52]: 
d(t) = xc + vt − L cosθ(t)
y(t) = L sinθ(t)  

Scholten and Simoson chose to use lengths of L = 41 ft, v = 10 ft/s, and g = 32 

ft/s2 [8, p. 52].  Using these values and substituting into (11) and solving for θ  gives 

θ ≈ 21.7396° , the angle at which the ladder falls off the wall.  Replacing this into (8) 

yeilds the rate at which the angle is changing at the moment the ladder falls off the wall, 

′θ ≈ −0.658503  [8, p. 52]. Substituting in concrete values into the derived parametric 

equation finds the actual pathway of a ladder given a specific length and constant rate v at 

which the ladder is being pulled away from the wall.  This allows for a plot of the 

ladder’s tip to be created for this scenario.   

 
Figure 3. The path of the ladder’s tip [8, p. 52] 

For comparison the author chose a more applicable length of a ladder. This time L 

= 20 ft., given that v and g remain the same.  The author found that the θ  value for when 

the ladder falls off the wall by plugging into equation (11) and solving is θ ≈ 28.0679°  

It is interesting to find ÿ the acceleration of the tip of the ladder at the critical height.
Differentiating (1) and simplifying yields ÿ which is valid while the
ladder stays in contact with the wall. By (6), then, the acceleration at the moment of
separation is

(7)

To find the path of the ladder’s tip after it leaves the wall, first observe that at the
moment of separation the base is at Since the base moves away at
constant speed k, its distance from the wall t seconds later will be so the
distance from the wall to the upper end of the ladder will be 
at this time. Thus, if we solve the differential equation (2) to find the path of the
ladder’s tip will be given by the parametric equations

(8)

Figure 4 shows the trajectory generated by Mathematica, which numerically solves (2)
and plots the parametric curve, with  ft, The initial
values are

arcsin from (5), and

from (3).

Figure 4. The path of the ladder’s tip.

Note that sin ft in this example. The solution is computed as long as
which turns out to be about 0.42 second, and at this moment of impact the

distance of the tip of the ladder from the wall is ft.

To contrast these results with a typical textbook solution, consider the problem in [1],
where the student is asked to find at the instant when 9 ft, with L and k as before.
Since the ladder separates from the wall when ft, we can use
Mathematica’s numerically generated solution of the differential equation (2) to find 
the correct value when , rather than the value of as
given by (1).

!44.44y " 9! !35.49 ft"sy#

y " yc ! 15.19
y "y#

d ! 1.32
$#t$ ! 0,

$c ! 15.19yc " L

$# #0$ "$#c "!
k

L sin $c
! !0.658503,

3% 2k2

3gL ! 0.379428,$#0$ " $c "

g " 32 ft"s2.k " 10 ft"s,L " 41

 y(t) " L sin $#t$.
 d(t) " xc % kt ! L cos $#t$,

$#t$,
d " xc % kt ! L cos $

xc % kt,
xc " L cos $c.

y##c " !
3
2g.

" !#k2L2$"y3,
c,

4
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and finding the rate at which the angle is changing by plugging in θ  into (8) gives 

′θ ≈ −1.06266 .   

Comparing these two examples shows that with increasing length of the ladder 

there is an increase in the amount of time it takes the ladder to fall off the wall as well as 

a slower rate of change of θ .  The larger the length of ladder, the smaller the angle at 

which the ladder falls off the wall.   

Kapranidis and Koo also use parametric equations to closely examine the vertical 

component when the ladder falls off the wall [5, p. 377].   This approach allows for the 

vertical speed of the ladder to be further analyzed as it falls down the wall.  This 

approach begins by admitting that the ladder does not meet infinite speed, as predicted 

when the problem is solved using simple calculus.  

Before the details of the falling ladder can be examined one must review some 

basic physics equations that will be used. The first is  

F = maG  

Where F is the force, m is the mass of the ladder, and aG is the acceleration of the 

center of mass G or the acceleration due to gravity [5, p. 375].   

Equation (12) is used to find the acceleration of the center of mass and equation 

(2) is used for finding the angular acceleration of the ladder, which was done similarly in 

the previous approach [5, p. 375].   

 The equation for conservation of energy, T + V equals a total energy, T being the 

kinetic energy and V being the potential energy.  Conservation of energy is needed since 

gravity is the only force that is doing work when the ladder is in free-fall. The kinetic 

energy of the problem is  

T =
1
2
mvG

2 +
1
2
IG ( ′θ )2  

(12) 

(13) 
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and  

V = mgh  

is the gravitational potential energy. For simplicity Kaprinidis and Koo model the ladder 

length using a rod of length 2l [5, p. 375].  

 
Let θ = θ(t) , the angle at the top of the ladder with respect to time.  Using trigonometric 

identities gives  

x = L sinθ  

for the horizontal length and  

y = L cosθ  

for the vertical length while the ladder is in contact with the wall.   Knowing the 

equation for velocity vector is  

 vG = ′x i + ′y j  (17) 

  

differentiating and substituting (15) and (16) into (17) yields  

v = (L cosθ ′θ )i − (L sinθ ′θ ) j,  

simplified as 

 

Substituting equation (4) and (19) into equation (13) gives the following formula for 

kinetic energy at θ : 

T =
1
2
mL2 ( ′θ )2 + 1

6
mL2 ( ′θ )2 = 2

3
mL2 ( ′θ )2

.
 

Setting kinetic energy, T = 0 and substituting the height of the ladder, equation (16) into 

(14) gives mgl cosθ  for potential energy, V, at θ  making the initial potential energy 

mgl cosα [5, p. 376].  Note that α  is the initial angle made by the ladder and the wall.  

(14) 

(15) 

(16) 

(19) v = L ′θ .

(18) 
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Because the ladder is still attached to the wall no work is done; therefore energy is 

conserved.  Then by substituting the expressions found for T and V a new formula for the 

conservation of energy is derived: 
2
3
mL2 ( ′θ )2 + mgL cosθ = mgL cosα

.
 

Solving for ( ′θ )2  finds, 

( ′θ )2 = 3g
2l
(cosα − cosθ)  

then differentiating with respect to time obtains 

′′θ =
3g
4L
sinθ . 

Using equation (12) gives the equation to find the formula for the force at the top of the 

ladder, R:  
m ′′xG = ml(cosθ ′′θ − sinθ( ′θ )2 ) . 

Then substituting (20) and (21) into the previous equations,  

R =
3
4
mgsinθ(3cosθ − 2cosα )

.
 

Now setting (22) equal to 0 when cosθ =
2
3
cosα  shows “that the upper end of the ladder 

will lose contact with the wall when it has fallen one third the original height” [5, p. 376].  

After the ladder falls off the wall the only motion on the ladder is that of gravity, 

and the force of the ladder on the floor. Finding the following velocity vector shown by 

plugging in the newfound value for ′θ , by taking the square root of (22) and substituting 

into (19): 
2
9
gL cos3α i − 2

3
gL(9cosα − cos3α ) j. 

This vector allows us to calculate the magnitude, which finds formula for the speed of the 

top of the ladder [5, p. 376]: 

(22) 

(20) 

(21) 
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gL(6cosα −
4
9
cos3α ). 

Since this is a finite value it proves that the speed of the top of the ladder will not 

reach infinite speeds as predicted using related rates in calculus.   

Another perspective of this problem is where the ladder is constrained to the wall 

and no longer permitted to leave the wall.  The angle value found in equation (20) 

between the ladder and the wall remains the same where g is the force of gravity, L is the 

length of the ladder and θ  is the angle between the top of the ladder and the wall.   

This allows the author to examine the position vectors, or parametric equations 

for the horizontal and vertical components.  Looking at this problem parametrically 

permits the author to focus strictly on the vertical component where the ladder is in 

contact with the wall without having to consider the horizontal component.   

 

x = (2L cosθ)

j

y = (2L sinθ)

i

 

Differentiating finds the parametric equations of the velocity at each end of the ladder:  
v(x) = (−2L sinθ ′θ ) j
v(y) = (2L cosθ ′θ )i

 

Substituting ′θ  from (20) into (23) yields the resulting parametric equations of 

the velocity: 
v(x) = sinθ 6gL(cosα − cosθ)

v(y) = cosθ 6gL(cosα − cosθ)
 

 

Looking at the v(y)  equation infers several facts about the ladder’s motion.  First 

if the derivative of the y equation is taken it shows that the equation is initially positive.  

Then it equals zero when θ = cos−1(2
3
cosα )  and then ultimately becomes negative [5, p. 

377].  Applying the first derivative test infers that the velocity reaches a maximum when 

(23) 
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θ = cos−1(2
3
cosα ) , which is the same height where the ladder leaves the wall found in the 

previous scenario. As the rod or ladder is falling in the air towards the ground it reaches a 

velocity of 
2
3
2gl cos3α  before decreasing back to zero when it reaches the floor [5, p. 

377].   

The v(x)  equation gives the speed for the top of the ladder as it lands on the floor.  

Setting v(x) = 0  finds the speed to be 6gl cosα . Given values for α  and l  the speed 

of the top of any ladder can be calculated.  This proves that the initial mathematical 

results are false and the speed of the top of the ladder cannot approach infinity.   

The derivative of the vertical parametric equation also tells us about the normal 

force, R on the top of the ladder that is in contact with the wall.  Taking the x component 

and substituting it into equation (12) produces 

 

R =
1
2
m dv(y)

dt . 

            

Applying the chain rule results in a more detailed look at the variables,  

 

R =
1
2
m dv(y)

dθ
dθ
dt . 

 

Since 
dθ
dt

 is positive, it makes R positive. R will eventually become zero when 

θ = cos−1(2
3
cosα ) , and therefore negative.  It becomes negative in order to keep the 

ladder in contact with the wall. R cannot become negative; thus, the ladder must 

ultimately fall off of the wall.   If R does become negative the ladder will either fall 

through the wall or float in the air, neither of which is physically possible.   
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 The next problem examined is similar to the falling ladder problem in its uses of 

parametric equations and similar geometric movements.  However, it is best illustrated 

using an envelope of a family of curves, specifically an astroid.  This scenario makes an 

excellent optimization problem typically used in a Calculus class.  
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Chapter 3:  Optimizing Lengths of Ladders 

What is the greatest length a line segment can possess and still be able to fit 

around a ninety degree corner with a given width? This problem occurs in many different 

situations such as moving furniture, erecting ladders, and building tents.  This situation is 

in fact a calculus problem and is a function of the corridor’s width.  

The earliest documented appearance of this problem is in 1917, presented in a 

book called Recreations in Mathematics written by H. E. Licks [4, p. 163]. Today it 

appears in multiple formats as an optimization problem.  Typically, it is approached from 

the opposite view point.  Instead of trying to find the largest ladder that will go around 

the corner, the objective is to find the smallest one that will get stuck in the constrained 

space.  This minimizes the area in question while simultaneously quantifying the 

mathematics involved. This begs the question: is there a more direct approach to this 

problem? Yes, there is.  Kalman uses envelopes of a family of curves as a more 

straightforward approach [4, p. 164]. Envelopes are a boundary line that is made by a 

family of tangent lines or curves, for example a parabola or ellipse [1, p. 131]. Envelopes 

are used in Kalman’s method to solve the ladder problem directly [4, p. 164]. Also 

deriving parametric equations from the envelope algorithm results in an alternate 

equation of the boundary curve of the maximum region that the line segment can fit 

around the corner.  Before examining what parametric equations add to this problem one 

must first show how the envelope algorithm for this scenario is developed.   

 When Kalman applies the direct geometric approach to this problem he does this 

by moving a line segment around a corner, while carefully trying to use as little space as 
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possible [4, p. 164]. The solution begins by laying a segment along the wall, which 

represents the x-axis, nudged in the corner, or origin.  

 

 

 

Figure 4. (a) Line segment nudged in the corner. (b) Line segment sliding up the y-axis 

  

 Now imagine sliding the point in the corner up the y-axis while the other end 

moves along the x-axis.  Naturally this maneuver keeps the line as far away from the 

opposite corner point as possible [4, p. 164]. Note that, obviously, if a segment will not 

go around a corner using this method, then it cannot fit around that particular corner.  

Figure 5 illustrates the region labeled Ω  that is swept out by the previously mentioned 

maneuver. 

 

 

 

 

 

Figure 5. Swept out area [4, p. 165]. 

(b)(a)
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 This outer boundary represents the first quadrant of an astroid. An astroid is a 

special curve of a hypocycloid with four cusps, with the given equation [4, p.168], 

 

x
2
3 + y

2
3 = L

2
3

. 

 

 

  

 

 

 

 

 

 

 

Figure 6. The astroid as envelope of a family of ellipses [4, p.168] 

 

In Figure 5, the line segment, L, will successfully turn the corner when Ω stays within the 

constrained hallways and the corner point (a,b)  is outside of Ω . The longest line 

segment that can go around the corner occurs in the extreme case when the corner point 

(a,b)  lies on the boundary curve [4, p. 165] making a new equation,  

 

a
2
3 + b

2
3 = L

2
3

. 

Solving for L finds the formula for the longest segment,  

envelope
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L = (a
2
3 + b

2
3 )

3
2 .  

 This solution strictly depends on knowing Ω ’s boundary curve and that it is the 

envelope of a family of curves [4, p. 165]. Let the angle between the x-axis and line 

segment be α , making the x and y intercepts of the segment, L , L sinα , and L cosα  

respectively; this results in the new equation for the line segment L below.  Refer to 

Figure 2 replacing θ  with α  
x

cosα
+

y
sinα

= L.  

 Differentiating (24) with respect to α  results in a new equation for the envelope 

[4, p. 165]: 
x sinα
cos2α

−
ycosα
sin2α

= 0
.
 

Rearranging yeilds 

x sin3α = ycos3α.  

Dividing by cos3α  on one side and x on the other, then taking the cube root gives the 

equation for tanα : 

tanα =
y
1
3

x
1
3 .

 

Combining tanα with equation (24) in order to eliminate α  gives individual sine and 

cosine ratios for the situation:  

cosα =
x
1
3

x
2
3 + y

2
3

sinα =
y
1
3

x
2
3 + y

2
3

.

 

(24) 

(25) 
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Substituting into equation (24) and applying algebra yields 

L = x
2
3 x

2
3 + y

2
3 + y

2
3 x

2
3 + y

2
3

, 

simplifying results to 

L = (x
2
3 + y

2
3 )

3
2

. 

The formula allows the length of the ladder given and the x and y values on the envelope 

curve to be found. Deriving a parametrization of the envelope allows for a more simple 

look at the envelope curve. In equation (25) replacing x
2
3 + y

2
3  with L

1
3  and solving for 

x and y yeilds the parametrization of the envelope:   

         
x(α ) = L cos3α
y(α ) = L sin3α.

 

These points, made from the parametric equations, (x(α ), y(α )),  lie on the boundary of 

the envelope, which defines the corresponding angle, α .  This functional proportion is a 

ratio and gives a clear physical understanding of what the maximums can be.  

 Viewing the envelope as a parametrized curve extends the algorithm to derive an 

envelope.  One can assume, that locally the envelope is a smoothly parametrized curve by 

α .  By definition each point of the envelope is tangent to some member of the family of 

curves and each member of the family is tangent to the envelope at any point.  This point, 

P, can be defined as a function of α .  In this scenario, it is possible to choose a P(α )  to 

obtain a smooth parametrization of the envelope giving,  

P(α ) = (x(α ), y(α )),  

such that P(α )  is the point of tangency between the envelope and curve [4, p. 169].   

 Applying this assumption, observe that the general equation  

F(x(α ), y(α ),α ) = 0  
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holds identically, so the derivative with respect to α  is zero.  Viewing F as a function of 

three variables, and applying the chain rule gives  
∂F
∂x

dx
dα

+
∂F
∂y

dy
dα

+
∂F
∂α

= 0
.
 

The parametrization of the envelope provides a tangent vector ( dxdα ,
dy
dα )  at each point of 

that curve [4, p. 169].   

This is the basis for the envelope algorithm. It shows that at each point (x, y)  of the 

envelope there is a value of α  where  

F(x, y,α ) = 0  

and  
∂
∂α

F(x, y,α ) = 0
.
 

This condition is necessary because (26) defines a family of plane curves with the 

parameter α  with its own x and y values.  Combining (26) and (27) eliminates α  to 

produce an equation in x and y, known as the envelope algorithm [4, p 166]. 

Note that s(α )  is any differentiable function from (0, π2 )  onto itself.  Then  
x

cos(s(α ))
+

y
sin(s(α ))

= L  

parametrizes the same family of lines, and logically, has the same envelope [4, p.169].  

Applying the envelope algorithm and computing the partial derivatives with respect to α

results in 
x sin(s(α )) ′s (α )
cos2 (s(α ))

−
ycos(s(α )) ′s (α )
sin2 (s(α ))

= 0 . 

This equation will be satisfied for any value of α  where ′s (α ) = 0 .  If α *  is ever such a 

point, then on every point of the corresponding line, 
x

cos(s(α*))
+

y
sin(s(α*))

= L
.
 

(26) 

(27) 

(28) 
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When plotted the whole line segment corresponding to α *  will be produced by the 

envelope algorithm. No such line found is included in the boundary of Ω and therefore 

cannot be tangent to all the lines in the family. This illustrates that combining the concept 

of parametrics to the family of lines and using the envelope algorithm can further extend 

the problem to produce extraneous results [4, p. 170]. To sum up, parametric equations, 

envelopes and basic calculus can all be used to solve the problem of finding the longest 

length of ladder that can be moved around a corner and to prove that with a given 

hallway width we can predict the largest length of ladder possible.   
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Chapter 4: Conclusion 

Throughout this paper the author has shown how parametric equations can be 

applied to enrich and develop our understanding of mathematical problems. In the falling 

ladder problem, Scholten and Simoson use parametric equations to plot the pathway of 

the ladder as it falls down the wall, while Kapranidis and Koo use parametrics to examine 

the velocity as the ladder is falling down the wall.  In Chapter 3, parametrics are used to 

help develop an envelope algorithm to find the boundary curve where the ladder can 

move around a corner.   

The falling ladder paradox presents a useful opportunity to link parametrics to 

everyday physics and calculus.  While it is regularly used as a related rate problem in 

differential calculus the author strongly suggests that instructors’ use of this problem be 

aware of its limitations and state the assumptions needed to be made to cover all 

approaches to the solution.  

The straight line segment around a corner problem, as examined, provides another 

excellent scenario to revisit parametric equations.  In this situation the boundary curve 

found by the envelope algorithm is in fact a parametrized curve.   This illustrates a 

perfect example of how calculus can be combined into parametric equations, which will 

be able to solve any variation of that given problem using similar methods. These 

parametric equations allow for a functional formula to be drawn and applied to all cases 

of this problem.  

The understanding of parametrics and equation building as shown in the previous 

examples proves that a wider understanding of mathematics can be encompassed into 

everyday occurrences and can be applied to various disciplines, not just teaching. As a 

teacher it is essential to have a full understanding of what goes into each specific type of 
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problem and only then will it be possible to transfer such knowledge effectively to 

students. Building on previous ideas and combining new ones enables teachers to 

efficiently transfer such knowledge and is the directive of all teachers. Students taking 

Precalculus as high school seniors, juniors, or freshman in college only briefly broach the 

subject of parametric equations despite its usefulness in problem solving. Showing 

students the multiple ways to represent equations, through function notation, standard 

form and through parametric form will surely deepen their understanding of mathematics. 

Parametric equations allow for graphs of conics to be shown in a way standard form 

cannot represent, especially when using a graphing utility. Precalculus teachers can use 

the applications of parametric equations as a way to reframe old problems in fresh and 

insightful ways.    
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