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Abstract 

 

FORMATION OF MINERALOGICAL ZONATIONS IN 

OPHIOLITES THROUGH REACTIVE POROUS FLOW: A 

MODELING STUDY 

 

 

 

 

Jennifer Lynn Cessna, MS GeoSci 

The University of Texas at Austin, 2011 

 

Supervisor:  Marc Hesse 

 

In the mantle section of many ophiolite sequences, dunite dikes are present. 

Around dunite dikes at the Josephine and Trinity ophiolite, a sequence of lithologies 

consisting of plagioclase lherzolite, lherzolite, and harzburgite is present. This sequence 

of rocks has been interpreted to be the result of reactive porous flow. From trace element 

data, the mafic melt has been interpreted to flow both into and out of the dunite dikes. 

Whether the melt emanates from the dunite bodies or is collected by them has 

implications for the mechanisms of melt extraction beneath ridge systems.  The 

determination of the flow direction based on tracer distributions is difficult and therefore 
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additional constraints are important. Reactive transport theory predicts that lithological 

zonations around dunite bodies can indicate the direction of flow.   

To date no reactive transport model has been developed to test these hypotheses, 

and therefore I have built a reactive transport model using COMSOL v. 4.1. I developed a 

model for an orthopyroxene dissolution front based on the model of Chadam et al. (1986, 

Reactive infiltration instabilities, IMA Journal of Applied Mathematics, v. 36, p.207-

221). This model includes the strong nonlinearity feedback that has been invoked to lead 

to the channelization of melt flow. The instability leads to the formation of elongated 

regions where orthopyroxene is depleted.  This model predicts that the melt is focused 

into the dunite bodies, most flow is parallel to the dunite boundaries, and exits the fingers 

at the tip of the column. 
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Chapter 1:  Introduction and Motivation 

 

Partial melting and melt migration has important consequences for planetary 

differentiation. The nature and source of melts and how they interact with the mantle as 

they flow towards the surface affect the composition of the newly-forming crust. Other 

impacts include the physical state of the mantle during melting, the amount of melt and 

how it changes mantle properties, and the physics of volcanism. 

In many ophiolite sequences such as the Trinity and Josephine ophiolites in 

northern California, scientists observe dunite channels. These channels have been 

interpreted to be zones of dissolution formed from focused melt flow in the mantle 

(Kelemen et al., 1995; Mazzucchelli, 2009; Braun and Kelemen, 2002; Morgan et al., 

2008; Nicolas, 1986). Melt flow into the channel dissolves minerals and forms lithologic 

sequences (Figure 1; Morgan et al., 2008; Braun and Kelemen, 2002). Morgan et al. 

(2008) propose that these sequences are caused by reactive flow as melt flowed both into 

and out of the dunite channels. However, reactive transport theory requires that the 

observed lithologic sequences change as the direction of flow across a lithological contact 

changes (Helfferich, 1989; Lake et al., 2002). 

Reactive transport modeling is an essential tool for modeling coupled physical, 

chemical, and biological processes (Steefel et al., 2005). These models can describe the 

interactions of these processes at a range of spatial and time scales and are important in 

determining the origin of lithologic sequences in ophiolites.  
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Figure 1. a) Mineralogical sequence interpreted to result from reactive melt flow. b) 

Mineralogical sequence observed in an outcrop in the Trinity Ophiolite, northern 

California. Figure from Morgan et al., 2008. 

b) 
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Lake et al. (2002) suggest that the direction of reactive flow is not reversible and 

the reversal of flow will affect the observed lithologic sequence. The theory of 

precipitation/dissolution waves developed by Helfferich (1989) suggests that reversing 

the flow direction will affect the lithologic sequence and the speed at which these fronts 

advance. This appears fundamentally at odds with the conclusion by Morgan et al. (2008) 

derived from trace element patterns such as MnO and NiO that suggest that melt could 

flow across the same lithological zonation in either direction. Therefore I developed 

numerical transport simulations for a boundary between a peridotite and dunite and 

observe its evolution to test the hypothesis that melt may flow both into and out of the 

dunite bodies put forward by Morgan et al. (2008). 

1.1 BACKGROUND 

1.1.1 Reaction Infiltration Instabilities 

As a fluid flows through a porous medium, it is affected by the porosity variations in the 

medium, which leads to channeling instabilities (Chadam et al., 1986). One illustration of 

this is the experiment by Kelemen et al. (1995). Kelemen et al. (1995) introduced fresh 

water into a porous medium comprised of salt grains. They observed that the flow 

became focused along dissolution channels. The fluid converged into the upstream end of 

the channel and flowed out of the channel tip (Figure 2; Kelemen et al., 1995). This 

shows the self-organizing nature of these instabilities. If there is an area where there is 

higher porosity, then the flow will be larger in this area (Chadam et al., 1986). This 

increase in flow may cause an increased rate of dissolution and thus an increase in the  
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Figure 2. The experiment on salt dissolution by Kelemen et al. 

(1995), where they flowed  fresh water into a porous medium 

comprised of salt grains. The arrows show the direction of 

flow and the shaded area highlights the dissolution channel. 
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porosity. Thus the fingering instabilities develop.  

1.1.2 Ophiolites and Mantle Dunites 

Ophiolites are interpreted to be slabs of oceanic crust and upper mantle that have 

been exposed at the surface, mainly during collisions at subduction zones. These 

structures have given scientists a view of the oceanic crust and upper mantle (Figure 3). 

The crustal section commonly consists of 1.5 kilometers of flows, pillow basalts, and 

basalt dikes, five kilometers of massive and layered gabbros, and layered wehrlites or 

dunites (Hopson, 2007). The mantle section consists of peridotites, mainly lherzolites or 

harzburgites (Figure 4). 

Many of the mantle sections contain dunite bodies. They may be large, elongate, 

lensoid bodies, tabular bodies, or small, irregular patches (Kelemen et al., 1995). The 

tabular dunite has been interpreted to be either replacive features or magma-filled 

fractures that have been filled by the precipitation and sinking of olivine (Kelemen et al., 

1995; Quick, 1981; Nicolas, 1986). My study focuses on the replacive dunites. The 

tabular morphology of these replacive dunites may be created during deformation or 

related to other planar structures, such as pyroxenite bands (Kelemen et al., 1995; 

Kelemen and Dick, 1995). They form an intersecting network of channels (Braun and 

Kelemen, 1992; Kelemen et al., 1995). 

Assuming reasonable grain sizes, diffusion rates, and porous flow in a partially 

molten mantle, the major elements in the melt should be in equilibrium with the mantle 

(Asimow and Stolper, 1999). However the most primitive oceanic basalts are olivine 

normative and therefore the parental melt is not in equilibrium with the lherzolite or  
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Figure 3. Schematic cross-section through the oceanic crust 

Figure from Hopson, 2007. 
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Figure 4. IUGS Ultramafic rock classification. Figure from Blatt and Tracy, 1996. 
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harzburgite, as expected from eutectic melts. Therefore, a mechanism to remove the melt 

rapidly from the mantle is required (Asimow and Stolper, 1999).  

 At the depth of partial melting beneath mid-ocean ridges, the hydro-fracturing of 

the solid matrix is unlikely and a different mechanism to separate the melts from the 

harzburgite residue is required. These dunite bodies have been interpreted to be the 

consequences of localized melt extraction (Kelemen et al., 1995; Mazzucchelli, 2009; 

Braun and Kelemen, 2002; Morgan et al., 2008; Nicolas, 1986). The dunites have sharp 

contacts with the surrounding peridotite (Figure 1b), which is interpreted as a reaction 

with the infiltrating melt and not by partial melting (Kelemen et al., 1995). Many have 

interpreted these dunites to be dissolution channels formed from reactive flow (Daines 

and Kohlsted, 1994; Kelemen et al., 1995; Morgan et al., 2008; Braun and Kelemen, 

2002). Daines and Kohlsted (1994) preformed high pressure experiments where they 

flowed an olivine-rich melt through a peridotite and found that a reaction zone developed 

which dissolved the pyroxene and increased the melt fraction and residual olivine grain 

size. They also found that front was unstable and fingers of higher melt content would 

develop (Daines and Kohlsted 1994). These fingers are thought to mark the transition 

from porous to channelized flow in the mantle (Daines and Kohlsted, 1994).  

Around the dunite channels, melt flow dissolves minerals and forms lithologic 

sequences of plagioclase lherzolite, lherzolite, harzburgite, then dunite (see Figure 1; 

Morgan et al., 2008; Braun and Kelemen, 2002). Morgan et al. (2008) propose that these 

sequences are caused by reactive melt flow, and from trace element data they infer that 

the melt may flow both into and out of the dunite channels. However, this explanation 
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does not take into account that reactive transport theory requires that the lithologic 

sequences change with flow direction (Helfferich, 1989; Lake et al., 2002). The 

experiments by Kelemen et al. (1995) could explain why melt appears to flow toward the 

dunite in some areas and out of the dunite in others (Kelemen et al., 1995). This 

experiment only dealt with the dissolution of one mineral, not several as required to form 

the lithologic sequence in Figure 1. I also do not know the location of these study areas 

with respect to the channel; they may or may not be located near the channel tip.  

1.2 OBJECTIVES OF THIS STUDY 

The objective of this study is to quantitatively test the theory of the formation of 

replacive dunite bodies by reactive melt flow. This requires the development of a 

numerical reactive transport model to simulate the development of the geochemical and 

lithological zonations that are observed in the mantle sections of ophiolite sequences. 

Such a model can address several fundamental questions: 

1. Can the observed geochemical and lithological zonations be reproduced? 

2. Do these zonations contain information about the direction of flow and 

does this confirm the flow direction inferred from trace element studies? 

3. Different reaction fronts advance at known and distinct rates relative to the 

cumulative melt flux. Therefore the observation of two or more reaction 

fronts should put constraints on the magnitude of the melt flux 

experienced by a dunite body. 

These overall objectives are ambitious and technically challenging. In this thesis, I will 

begin the development of this reactive transport code with the aim of simulating a single 

dissolution front in a porous medium. 
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1.3 THE STRUCTURE OF THIS THESIS 

I will begin by discussing the modeling program, COMSOL v.4, that I used to 

build the reactive transport model, as well as discuss the numerical approximation 

scheme it uses to model various problems. I then discuss the cases I used to validate 

COMSOL and conclude by discussing reactive infiltration instabilities. 
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Chapter 2:  Reactive Transport Modeling with COMSOL 

 

To simulate reactive melt migration I use a finite element formulation to 

discretize the spatial derivatives in the governing equations. To implement the finite 

element discretization I used COMSOL Multiphysics version 4.1. COMSOL is a 

computer simulation program designed to model different effects, such as heat transfer, 

electricity, or transport, which it refers to as “physics.” COMSOL also allows us to solve 

a specific partial differential equation or ordinary differential equation by using the 

Mathematics interface. 

I built my model using the “General Form PDE” under the “Mathematics” 

interface. Initially, I began building the model using the “Solute Transport” physics. 

However their notation for this model was different from the notation I am using. 

Therefore to be confident that I am modeling the correct problem I used the “General 

Form PDE” under the “Mathematics” interface. This interface also gives me more 

flexibility to modify the equation I am solving. It expects that the equations are in the 

following conservation mode: 

  
  

  
         (1) 

where    is the mass coefficient, Γ is the flux term, and f is the source term. A higher 

derivative can be obtained by adding “x” to the variable name. For example, the second 

derivative of u in the Γ term would be obtained by typing “ux” into the appropriate place 

in COMSOL. 
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2.1 BUILDING A MODEL IN COMSOL  

2.1.1 Model Problem  

 

To illustrate how to build a model in COMSOL, I will describe how a model for a 

simple one-dimensional advection-diffusion equation with Dirichlet boundary conditions 

is set up. In Chapter 3, I describe the advection-diffusion equation and the properties of 

the solution in great detail. For the purpose of illustration I will simply state the 

mathematical problem and show how it is implemented in COMSOL.  I consider the 

following problem: 

 
   

  
 
     

  
   

    

   
  ,           (2) 

      (   )             (2a) 

       (   )   ,         (2b) 

       (𝑥  )                (2c) 

where    is the concentration of the chemical species in the solution,   is the porosity,   

is the interstitial velocity,   is the diffusion coefficient determined from the Peclet 

number,     
  

  
, q is the Darcy velocity such that     , and   is the length of the 

domain. Γ in this case will be: 

                        
   

  
.   (3) 

To avoid numerical oscillations, we smooth the jump between the boundary conditions 

and initial condition with a smoothed step function for the initial condition in COMSOL. 

I can change the width to make it sharper or shallower. 
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2.1.2 Implementation in COMSOL 

I will now outline how to implement this problem in COMSOL. 

2.1.3 Model Wizard 

1. Go to Model Wizard window. 

2. Click the 1D button. (Figure 5a) 

3. Click Next. 

4. In the Add Physics tree, select Mathematics > PDE Interfaces > General 

Form PDE (g). (Figure 5b) 

5. Click Add Selected. 

6. Click Next. 

7. In the Studies tree, select Preset Studies for Selected Physics > Time 

Dependent. (Figure 5c) 

8. Click Finish. 

2.1.4 Global Definitions 

2.1.4.1 Parameters 

1. In the Model Builder window, right-click Global Definitions and choose 

Parameters. (Figure 6a) 

2. Go to the Settings window for Parameters. 

3. Locate the Parameters section. In the Parameters table enter the settings in 

Table 1.  

2.1.4.2 Initial Condition Function 

1. In the Model Builder window, right-click Global Definitions and choose 

Functions > Step. (Figure 6b) 

2. Go to the Settings window for the Step. 
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Table 1. Parameter values for example COMSOL problem. 

  

Name Expression Description 

L 1 [m] Length of Domain 

Dx 0.001 Size of elements 

Tmax 3600 [s] Maximum time iteration 

dT 600 [s] Change in time steps 

Ttol 1e-5 Time error tolerance 

w0 0.01 [m] Width of initial condition 

xL -w0 

Left end of domain, shifted 

to accommodate initial 

condition 

phi 0.2 Porosity 

u L/Tmax Interstitial velocity 

q phi*u Darcy flux 

Pe 1e4 Peclet number 

D (q*L)/(phi*Pe) Diffusion coefficient 

cb 1 [kg/m^3] Inflow concentration 

c0 0 [kg/m^3] Initial concentration 
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3. Locate the Function section. In the Function name edit field, type Cinit. 

4. Locate the Parameters section. In the From edit field, type cb.  

5. In the To edit field, type c0. 

6. Select Smoothing.  

7. In the Size of transition zone edit field, type w0. 

 

2.1.5 Model 1 

2.1.5.1 Geometry 1 

1. In the Model Builder window, right-click Model 1 > Geometry 1 and choose 

Interval. (Figure 7a) 

2. Go to the Settings window for Interval. 

3. Locate the Interval section. In the Left endpoint edit field, type xL. 

4. In the Right endpoint edit field, type L*2. 

5. Click the Build All button. 

 

2.1.5.2 PDE (g) 

1. In the Model Builder window, click PDE (g). 

2. Go to the Settings window for PDE (g). 

3. Locate the Dependent section. In the Dependent variables edit field, delete u 

and type cf. (Figure 8a) 

4. In the Model Builder window, expand the PDE (g) node, then click General 

Form PDE 1. (Figure 8b) 

5. Go to the Settings window for General Form PDE 1.  

6. Locate the Conservative Flux section. In the Γ edit field, type u*phi*cf-D*cfx. 

7. Locate the Source section. In the f edit field, type 0. 
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8. Locate the Damping or Mass Coefficient section. In the da edit field, type phi. 

2.1.5.3 Initial Values 

1. In the Model Builder window, click Initial Values 1. 

2. Go to the Settings window for Initial Values 1. 

3. Locate the Initial section. In the cf edit field, type Cinit(x). 

2.1.5.4 Boundary Conditions 

1. In the Model Builder window, right-click PDE (g) and choose Dirichlet 

Boundary Condition. (Figure 9a) 

2. In the Model Builder window, click Dirichlet Boundary Condition 1. 

3. Go to the Settings window for Dirichlet Boundary Condition 1. 

4. Select Boundary 1 only and add to selection. 

5. Locate the Dirichlet Boundary Condition section. In the r edit field, type cb. 

6. In the Model Builder window, right-click PDE (g) and choose Dirichlet 

Boundary Condition. 

7. In the Model Builder window, click Dirichlet Boundary Condition 2. 

8. Go to the Settings window for Dirichlet Boundary Condition 2. 

9. Select Boundary 2 only and add to selection. 

10. Locate the Dirichlet Boundary Condition section. In the r edit field, type c0. 

2.1.5.5 Mesh 1 

1. In the Model Builder window, click on Mesh 1. (Figure 7b) 

2. Go to the Settings window for Mesh 1. 

3. Locate the Mesh Settings section. In the Sequence type field, select User-

controlled mesh. 

4. In the Model Builder window, click Size. 



 17 

5. Go to the Settings window for Size. 

6. Locate the Element Size section. Select Custom. 

7. Locate the Element Size Parameters section. In the Maximum element size 

edit field, type Dx. 

8. In the Model Builder window, right-click Mesh 1 and choose Build All. 

2.1.6 Study 1 

1. In the Model Builder window, expand the Study 1 node, then click Step 1: 

Time Dependent. (Figure 9b) 

2. Go to the Settings window for Time Dependent. 

3. Locate the Study Settings section. In the Times edit field, type 

range(0,dT,Tmax). 

4. In the Model Builder window, right-click Study 1 and choose Compute. 

COMSOL then will automatically plot    as a function of x after it finishes computing the 

problem. 
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a) b)   c) 

 

 

 

 

 

 

 

Figure 5. Setting up the a) Space Dimension, b) Physics, and c) Study in COMSOL. 
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a) b) 

  

Figure 6. Inserting a) parameters and  b) a step function into 

COMSOL. 
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a)   b)  

Figure 7. Building a) the domain and b) the mesh. 
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a) b) 

 

 

 

 

  

Figure 8. a) PDE interface to change the number of dependent 

variables. b) Defining the problem. 
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a) b) 

 

 

  

Figure 9. a) Implementing Dirichlet boundary conditions. b) Setting 

the time interval and time tolerance. 
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2.2. FINITE ELEMENT METHODS 

 

COMSOL uses the finite element method to solve the partial differential 

equations. I will develop the following finite element method for a two-dimensional 

Poisson problem after Hughes (2000). This is how the pressure in two-dimensional 

porous flow is computed. The difficulty in a dissolution problem is that the coefficients 

evolve in time due to dissolution and thus the pressure field must be constantly updated. I 

define q as follows: 

𝒒   𝑲 u     𝐊  𝐊𝑇  (4) 

The strong form of the model problem is as follows: 

Given  :𝜴 → ℝ 𝑔: 𝜞𝑔 → ℝ, and ℎ: 𝜞ℎ → ℝ, find  :𝜴 → ℝ such that 

  𝒒    in Ω  (5) 

  𝑔 on 𝜞𝑔  (5a) 

 𝒒  𝒏  ℎ on 𝜞ℎ. (5b) 

 Equation (5a) defines a Dirichlet boundary condition, and equation (5b) defines a flux 

boundary condition. The next step is to define the weak form of the problem. Let S 

denote the space of trial solution and V is the space of test functions. Let functions in S 

satisfy equation (5a) and let 𝑤 ∈ 𝑉 be such that: 

𝑤    on 𝜞𝑔.  (6) 

The weak form of the problem is as follows: 

Given  :𝜴 → ℝ 𝑔: ∶ 𝜞𝑔 → ℝ, and ℎ:𝜞ℎ → ℝ, find  ∈ 𝑆  such that for all 𝑤 ∈ 𝑉 

 ∫  𝑤𝑇𝒒 𝜴
𝜴

 ∫ 𝑤  𝜴  ∫ 𝑤ℎ 𝜞
𝜞𝒉𝜴

. (7) 
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I can then simplify equation (7) using the following notation: 

𝑎(𝑤  )  ∫  𝑤𝑇𝑲 u 𝜴
𝜴

  (8) 

(𝑤  )  ∫ 𝑤  𝜴
𝜴

  (9) 

(𝑤 ℎ)𝛤  ∫ 𝑤ℎ 𝜞
𝜞𝒉

.  (10) 

I can then write equation (7) as follows: 

𝑎(𝑤  )  (𝑤  )  (𝑤 ℎ)𝛤. (11) 

Next I can determine the Galerkin formulation of this problem. Let 𝑆 ℎ and 𝑉ℎ be 

finite-dimension approximations to S and V, respectively. Assume all 𝑣ℎ ∈ 𝑉ℎ vanish on 

𝜞𝑔 and all  ℎ ∈ 𝑆 ℎ can be represented by: 

 ℎ  𝑣ℎ  𝑔ℎ  (12) 

where 𝑣ℎ ∈ 𝑉ℎ and 𝑔ℎsatisfy equation (5a). This gives the following formulation of the 

model problem: 

Given   𝑔 and ℎ, find  ℎ  𝑣ℎ  𝑔ℎ ∈ 𝑆 ℎ such that for all 𝑤ℎ ∈ 𝑉ℎ: 

𝑎(𝑤ℎ  𝑣ℎ)  (𝑤ℎ   )  (𝑤ℎ  ℎ)𝛤  𝑎(𝑤
ℎ  𝑔ℎ). (13) 

I can next discretize the domain into elements Ω
e
,  <  < 𝑛𝑒𝑙, either triangles or 

quadrilaterals, and determine the locations of the nodal points. Next let a function in 𝑉ℎ 

be of the form: 

𝑤ℎ(𝒙)  ∑ 𝑁𝑖(𝒙) 𝑖𝑖∈𝑛𝑒𝑞  (14) 

where 𝑛𝑒  is the number of equations, 𝑁𝑖 is the shape function associated with node i and 

 𝑖 is a constant. In the same way, 
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𝑣ℎ(𝒙)  ∑ 𝑁𝑖(𝒙) 𝑖𝑖∈𝑛𝑒𝑞  (15) 

where  𝑖 is the unknown at node i and  

𝑔ℎ(𝒙)  ∑ 𝑁𝑖(𝒙)𝑔𝑖𝑖∈𝑛𝑒𝑞  𝑔𝑖  𝑔(𝒙𝑖) . (16) 

By substituting equations (14), (15), and (16) into equation (13), I obtain the 

following: 

∑ 𝑎(𝑁𝑖 𝑁𝑗) 𝑗𝑗∈𝑛𝑒𝑞  (𝑁𝑖  )  (𝑁𝑖 ℎ)𝛤  ∑ 𝑎(𝑁𝑖 𝑁𝑗)𝑔𝑗𝑗∈𝑛𝑒𝑞  𝑖 ∈ 𝑛𝑒 . (17) 

I can then give the matrix equivalent of equation (17) as: 

𝑲𝒅  𝑭  (18) 

𝑲  [𝑎(𝑁𝑖 𝑁𝑗)] (19) 

𝒅  { 𝑗}  < 𝑗 < 𝑛𝑒  (20) 

𝑭  (𝑁𝑖  )  (𝑁𝑖 ℎ)𝛤  ∑ 𝑎(𝑁𝑖 𝑁𝑗)𝑔𝑗𝑗∈𝑛𝑒𝑞   (21) 

where 𝑲 is symmetric and positive definite. The discrete problem given by equation (18) 

can be solved for d numerically using a number of techniques such a Gaussian 

elimination for small problems or the conjugate gradient algorithm for large problems 

(Chen and Ma, 2006). 
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Chapter 3:  Validation Cases 

 

Reactive transport in porous media is a highly nonlinear due to the coupling 

between physical and chemical processes.  Careful benchmarking of numerical solutions 

against known analytical or semi-analytical soluetions is essential to ensure that the 

numerical solutions are correct. In this chapter, I present a sequence of one-dimensional 

models of increasing complexity; starting with a simple tracer front moving through a 

porous medium that is described by the advection-diffusion equation and ending with a 

traveling wave solution for a reactive flow with dissolution or precipitation. 

Rubin et al. (1999) distinguish two fundamentally different types of 

heterogeneous reactions, i.e. reactions between the fluid and the solid.  Classical reactions 

involve dissolution and precipitation and surface reactions that include adsorption, 

absorption, ion-exchange and surface complexation. The melt-rock reactions that 

motivate this study are classical reactions, however no analytical solutions to truly non-

linear problems are known. Therefore, I include benchmark problems with surface 

reactions in the form of adsorption where analytical solutions are available. 

3.1 THE ADVECTION-DIFFUSION EQUATION 

3.1.1 One-Dimension 

The first step in developing the model was to simulate the simple one-dimensional 

advection and diffusion of a single species through a porous medium. I assume that the 
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porosity is constant and that the fluid is incompressible, In this case, mass conservation 

requires that the fluid velocity is constant. The governing equation in the problem is: 

 
   

  
 
     

  
   

    

   
  ,           (1) 

       (   )                                 (1a) 

         (   )                (1b) 

        (𝑥  )                 (1c) 

where    is the concentration of the chemical species in the solution,   is the porosity,   

is the interstitial velocity, and   is the diffusion coefficient.  

As written above the problem has five independent parameters,   , D, u,   ,   , 

which make it difficult to explore the full behavior of the solution. However, these 

parameters are not really independent and properly chosen scales for the variable can 

reduce the required parameters significantly (Buckingham, 1914). The advection 

diffusion equation can be non-dimensionalized choosing the following characteristic 

scales: 

           
  

  
   (2) 

           
 

 
   (3) 

                        
     

     
            (4) 

so that I obtain the dimensionless advection diffusion equation: 
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 𝑒

  

  
            (5) 

  (   )                                   (5a) 

               (   )             (5b) 

              (𝑥  )                      (5c) 

(Orr, 2007). Non-dimensionalization shows that four parameters in the dimensional 

model can be reduced to a single parameter called the Peclet number defined as: 

                       
  

  
   (6) 

where   is the Darcy velocity such that      and   is the length of the domain. The 

Peclet number gives the balance between the advective flux and the diffusive flux of the 

species. As    increases, the diffusion decreases relative to advection, and in the limit 

  →   equation (1) reduces to the advection equation. The analytical solution is as 

follows: 

               
 

 
    (

√ 𝑒(   )

 √ 
) (7) 

(Orr, 2007). As    increases, the effect of diffusion on the front is less and the front 

becomes steeper and develops into a shock (Figure 10). In the limit of no diffusion the 

discontinuous initial profile is advected without change in shape. 

Although this problem is linear, the standard settings of the COMSOL solver lead 

to strong oscillations in the solution even for moderate Pe numbers. To eliminate these 

oscillations, I had to reduce the tolerance for the temporal integration and refine the 

mesh. Detecting such numerical artifacts in a simple linear problem is important, because 

they could be confused with physical phenomena in non-linear problems. To avoid such  
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Figure 10. Effect of Pe on the steepness of the fluid front. As 𝑃𝑒 increases, the front 

becomes steeper. 
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Table 2. Maximum values for the grid size, time step size, and width of the initial 

condition is related to the implementation of the step function in COMSOL. If the width 

of the step function is too small, the step won’t be resolved by the grid size and time 

tolerance, and there will be oscillations. 

  

   Grid Size Time Step Size Time Tolerance Width of Initial Condition 

        6 6             

          6              

          6              
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Figure 11. Advection and diffusion of a solute through a porous medium in one-

dimension. The solution in blue is the analytical solution to the advection-diffusion 

equation. The different-colored solution is the numerical solution obtained from 

COMSOL.      778      ,      ,       ,    ,     ,   =0. 
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problems we have established the COMSOL setting necessary to avoid oscillations in 

Table 2.  

Figure 11 shows the evolution of a solution front as it moves through the porous 

medium for the analytic and numerical solutions. There is a fairly good match between 

the analytical and numerical solutions. There is a slight deviation in the numerical 

solution from the analytical solution at the corners of the front as   increases. 

3.1.2 Two-dimensions 

 

I next developed a simulation of the advection and diffusion of a species in two-

dimensions. The governing equation then becomes: 

 
   

  
   (          )    .      (8) 

In two dimensions the fluid velocity,    is unknown and must be computed from the 

pressure field using Darcy’s Law. This adds a second unknown, the pressure, p, to the 

problem.  Darcy’s Law states that: 

                              𝒒     p,  (9) 

where   is the ratio of permeability to viscosity. The incompressibility condition states 

that the changes in density of the fluid will be negligible and thus: 

                                        ,  (10) 

The solution to equation (9) will give me the pressure gradient I will need to solve for  , 

such that: 

                                       
 

 
  .                (11) 
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Figure 2. Advection and diffusion of a solute through a porous medium in two-

dimensions. The white lines in the upper plots are the pressure gradient. The 

lower plot is a one-dimensional view of the pressure along the a) upper 

boundary and b) upper boundary (lower line) and lower boundary (upper line). 

a) Dirichlet boundary conditions. b) Flux boundary conditions imposed from 

y=0 to y=.5 on the left boundary. 𝜙     , 𝑃𝑒     , 𝐿    𝐷   , 𝜆   .  

  

t=0 

t=1 

t=0.5 
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Figure 12 shows the evolution of a solution front in a two-dimensional system 

with both Dirichlet (Figure 12a) and flux boundary conditions (Figure 12b) imposed on 

the pressure equation. Dirichlet boundary conditions set values for   directly at a 

specified boundary, while flux boundary conditions set the derivative of   equal to a 

certain value at a specified boundary. This changes how the pressure equation is 

calculated and thus how fluid velocity is calculated. In Figure 12b I also only imposed the 

left flux boundary condition from y=0 to y=0.5. This makes the initial pressure gradient 

on the upper boundary smaller than the pressure gradient on the lower boundary. The 

pressure gradient does not stay perturbed for very long and the flow becomes stable. 

 

3.2 ADSORPTION 

 

The next step in developing my model is to add adsorption to the initial model. 

This allows me to test the numerical solution given by COMSOL against one of the few 

analytical solutions that are available in reactive transport. The conservation of    in the 

fluid and    in the solid gives: 

 
 

  
(    (   )  )  

 

  
(    )   

    

   
   . (12) 

I defined    by the nonlinear Langmuir isotherm, which is defined by: 

                                    
     

       
                             (13) 

                    and       𝑘   
   

   
  

   

(       )
 ,                (14) 
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where    is the concentration of the chemical species in the solid,    is the Langmuir 

constant, and   is the Langmuir adsorption maximum. Figure 13 shows how    changes 

with respect to   . As    increases,    increases as well, up to a limit determined by    

and  . 

The governing equation becomes: 

(   (   )𝑘 )
   

  
 
    

  
   

    

   
  ,     (15) 

       (   )                                    (15a) 

      (   )                (15b) 

     (𝑥  )                      (15c) 

where    is the bulk density.  

Figure 14a shows how varying    will affect the position of the solution front at 

time t=3600. As    increases the front will slow down and become sharper. Nonlinear 

adsorption introduces self-sharpening that counteracts the diffusive spreading of the front 

and leads to fronts of constant shape. This is unlike the solutions of the advection 

dispersion equation which become wider over time. Figure 14b compares the velocity of 

the solution front for the numerical solution obtained visually from COMSOL to the 

theoretical solution. The theoretical solution is obtained from the concentration of the 

solid   , which is found by evaluating Langmuir isotherm (equation 12), at the 

concentrations at the left and right boundaries of the domain and from the retardation of 

the shock   . The retardation of the shock is obtained from: 

     
  

 

  (  )   (  )

     
,  (16) 
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Figure 13. Langmuir Isotherm with a) varying 𝐾𝐿 and b) varying s. The initial 

concentration in the solid increases as 𝐾𝐿 increases. 

a) 

b) 
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Figure 14. a) Advection, diffusion and sorption through a porous medium in one-

dimension for different values of 𝐾𝐿 at t=3600. 𝜙     , 𝑃𝑒     ,𝑢    778  
    , 𝜌𝑏   4  , 𝑠      . b) Velocity of the front for the numerical and 

theoretical solution at t=3600 for varying 𝐾𝐿.  

a) 

b) 
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Figure 15. Calculated velocity of the front, 𝑉 , normalized by the tracer velocity u as a 

function of    and  . As    and   increase, the velocity of the front slows and becomes 

“retarded.” 
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where    and    are the concentrations in the fluid at the left and right boundaries of the 

domain, respectively, and    is the bulk density (Rhee et al., 1971). The velocity of the 

shock is then given by: 

   𝑉  
 

  
    (17) 

(Rhee et al., 1971). The numerical solution corresponds well to the theoretical solution. 

Figure 15 shows how the velocity of the front will change with respect to    and  . 

Initially the velocity of the front will decrease sharply as of    and   increases. These 

changes in the velocity of the front eventually become less pronounced. 

3.3 CLASSICAL DISSOLUTION-PRECIPITATION REACTIONS 

 

Classical reactions lead to a significant complication compared to surface 

reactions because the porosity of the porous medium evolves during the flow. In some 

cases, the induced porosity change is small and can be neglected, a case explored in 

section 3.3.1. The reaction between the species in the fluid and the solid leads to the 

following system of equations: 

  (
    

  
 
     

  
   

     

   
)     𝑘 (  

𝑒 
    )      (18) 

                       (   )                                          (18a) 

                          (   )                  (18b) 

                        (𝑥  )                      (18c) 

                
 (   )  

  
     𝑘(  

𝑒 
    ),                   (19) 
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Figure 16. Effect of 𝐾 and 𝑘 on 𝑐𝑓 and 𝑐𝑠 at time t=1. 𝜌𝑓       𝑘𝑔/𝑚
 , 𝜌𝑠  

3    𝑘𝑔/𝑚  𝒖    𝑚/𝑠, 𝜙     , 𝑃𝑒  5𝑒3, 𝑁   , 𝑐𝑠   . 
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                                   (   )                         (19a) 

                           (𝑥  )                      (19b) 

where    and    are the densities of the fluid and solid, respectively, k controls the rate of 

the reaction.   
𝑒 

 is given by thermodynamic equilibrium calculations and is assumed to 

be a free parameter in the model and depends on the amount,  , that can be reacted in the 

solid and liquid.  

Figure 16 shows how   and 𝑘 affect the position of the solution front at time t=1. 

The front becomes slower with increasing   and steeper with increasing𝑘. 

3.4 TRAVELLING WAVES 

 

One dimensional reactive flows that involve only a single reacting species lead to 

reaction fronts of constant shape and speed, so-called travelling waves or travelling wave 

fronts. By changing to a coordinate frame moving with the velocity of the front, the 

problem can be reduced to a system of differential equations for the steady solution 

profiles. If the velocity of the front is given by, V, the travelling wave coordinate,  , is 

defined as 

  𝑥  𝑉   

The front velocity is determined purely by mass conservation considerations, but 

the structure of the fronts is sensitive to the reaction kinetics and dispersion.  These 

travelling wave profiles provide benchmarks for the numerical solution obtained by 

COMSOL.  Below, I present simulations of traveling waves, first without changes in 

porosity then with porosity changes.  
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3.4.1 No Change in Porosity 

Neglecting porosity changes significantly simplifies the problem by eliminating 

the main nonlinear feedback in a precipitation dissolution flow. However, it allows for an 

analytical solution and hence provides an excellent benchmark for the numerical 

simulations. Hinch and Bhatt (1990) model the instabilities that develop during the flow  

of an acid through a porous medium. They define the governing equations as: 

 
   

  
                               (20) 

     (   )
   

  
        ,          (21) 

where    is the concentration of soluble minerals per unit volume of the solid, k is the 

reaction rate constant, and   is the stoichiometric constant for the reaction, and   is the 

fluid velocity determined by Darcy’s Law as follows: 

                              
 

 
                     (22) 

where   is the permeability and   is the viscosity (Hinch and Bhatt, 1990). Upstream    

is equal to its input value while    is equal to zero while downstream    is zero and none 

of the minerals have dissolved, giving us the following initial conditions: 

  →   
  and   →   as 𝑥 →    

  →   
  and   →   as 𝑥 →   

(Hinch and Bhatt, 1990). If I let   be the travelling wave coordinate such that: 

                          𝑥  𝑉 ,  (23) 

where 𝑉 is the velocity of the front, the governing equations then become: 
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      𝑉
   

  
  

   

  
  𝑘     (24) 

       (   )𝑉
   

  
  𝑘     (25) 

(Hinch and Bhatt, 1990). Note this is now a system of ordinary differential equations. 

After integrating equations (24) and (25) and applying the boundary conditions, they  

 

obtain: 

(   𝑉)  
   (   )𝑉  

 ,  (26) 

which gives the velocity of the front as: 

                 𝑉  
 

     
,   (27) 

where 

                        
  
 

 (   )  
     (28) 

(Hinch and Bhatt, 1990).   is the ratio of the input concentration to the concentration 

required to completely dissolve the minerals (Hinch and Bhatt, 1990). The following 

analytical solution is obtained by substituting 𝑉 into equations (24) and (25): 

                           
  

  𝑒     
  (29) 

                           
 𝑒     

  𝑒     
,  (30) 

where   is the thickness of the front given by: 

                        
 

𝑘  
  

   (31) 

(Hinch and Bhatt, 1990). 
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Figure 17. Travelling wave solution to the model by Hinch and Bhatt (1990) in one 

dimension. a) Evolution of the solid and fluid concentration. b) Evolution of the 

reaction front. 
𝜿

𝝁
  , 𝐷      ,    e , 𝜙     , 𝜈   . 

a) 

a) 

b) 
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a) b) 

 

 

 

 

 

 

Figure18. Traveling wave solution without changes in porosity in two-dimensions. a) 

Evolution of the fluid concentration with time. b) Evolution of the solid concentration 

with time. 
 

 
  ,       ,    e ,      ,    . 

  

t=1 

t=0.6 

t=0.3 

t=0 
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Figure 17 and 18 show how the solution will evolve in one-dimension and two-

dimensions, respectively, through time. The solid will dissolve and increase the 

concentration in the fluid and the reaction front will move through the porous medium as 

a travelling wave (Figure 17b). 

3.4.2 With Changes in Porosity 

 

To model the traveling wave with changes in porosity, the governing equations 

are as follows (modified from Chadam et al., 1986): 

    

  
   

 

  
 (   ( )

 

  
       )         (32) 

                  
 

  
 (  ( )

 

  
 )                      (33) 

                                
  

  
   𝑛 .                  (34) 

The diffusion coefficient  ( ) is dependent on   and is defined as: 

                               ( )      .                      (35) 

The fluid velocity   is defined as  

                                 ( ) p                      (36) 

where  ( ) is defined as   

                           ( )     ,           (37) 

(Chadam et al., 1986). The reaction term   is defined as 

                        𝑛             (38) 
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where   is the stoichiometric coefficient,   is the molar density of the soluble component, 

𝑛 is the density of the soluble grains, and   is the rate of grain-volume change caused by 

the reaction such that: 

                   𝑘 (
    

𝑛
) (  

   𝑒 ),               (39) 

                                  𝑛,                          (40) 

 𝑛 is the volume fraction of insoluble grains and thus    is the final porosity, 𝑘 is a rate 

coefficient and  𝑒  is the equilibrium constant (Chadam et al., 1986). The boundary 

conditions for this problem are: 

                           (   )       (   )       (41a) 

                         (   )      (   )       (41b) 

while the porosity does not require boundary conditions. The initial condition for the 

concentration and porosity are: 

                                             (𝑥  )       (42a)  

                                           (𝑥  )    .   (42b) 

Figure 19 and 20 show how the fluid concentration, porosity, pressure, and 

reaction term will evolve with time in one-dimension. Figure 19 uses Dirichlet boundary 

conditions for both boundaries of the pressure equation (equation 32); whereas Figure 20 

uses a flux boundary condition for the left end point and a Dirichlet boundary condition 

for the right end point. This changes how the pressure equation will evolve with time. In 

both cases the reaction will travel as a wave (Figure 19d and 20d). With constant pressure 
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the wave will speed up as the average permeability in the domain increases. With flux 

conditions the velocity of the wave remains constant. 
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Figure 19. Traveling wave solution with changes in porosity in one-dimension and 

Dirichlet boundary conditions on both endpoints. a) Concentration. b) Porosity. c) 

Pressure. d) Reaction term. 𝜙𝑛    4, 𝐷   𝑒   , ν   , 𝐾𝑒𝑞      𝑘𝑔, ρ  
      g/𝑚 ,  𝑛  3     g/𝑚 , 𝑘  5𝑒   . 

a) 

b) 

d) 

c) 

b) 

a) 
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Figure 20. Traveling wave solution with changes in porosity in one-dimension and a 

flux boundary condition of -0.45 on the left endpoint and a Dirichlet boundary 

condition on the right endpoint. a) Concentration. b) Porosity. c) Pressure. d) 

Reaction term. 𝜙𝑛    4, 𝐷   𝑒  , ν   , 𝐾𝑒𝑞      𝑘𝑔, ρ        g/𝑚 ,  

𝑛  3     g/𝑚 , 𝑘  5𝑒   . 

 

d) 

c) 

b) 

a) 
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Chapter 4:  Reactive Infiltration Instabilities 

 

4.1 FIELD OBSERVATIONS 

 

In the lithosphere, heat is transported by conduction and, in the asthenosphere, by 

convection. Thus two different geothermal gradients are present in the lithosphere and 

asthenosphere (Figure 21a). As the crust is thinned at divergent plate boundaries, the 

conductive geotherm becomes shallower. This leads to the intersection of the geotherm 

and the solidus (Figure 21b). Thus there is a small zone where melt is formed. 

Experiments and theory suggest that melt collects in “tubes” at the corners of 

grains (Figure 22). Thus melt connects at very low melt fractions. Melt can then percolate 

by porous flow, even at melt fractions as low as one to two percent. Then buoyancy and 

compaction will drive melt upward from the zone of initial melting until it collects 

beneath the lithosphere (Figure 23). 

However, field observations at ophiolites, where the upper mantle is exposed, 

show compositional heterogeneity, such as tabular dunite bodies (Figure 24). The phase 

equilibrium of mid-ocean ridge basalts suggest that the last equilibration of the melt with 

mantle rocks was at about 10 kbar pressure, or 30 km depth (Figure 25; Braun and 

Kelemen, 2002). These dunite bodies are interpreted to be the means by which melt is 

collected and transported to mid-ocean ridges. According to the fractal tree model, the 

dunites then form a network of channels which look like tree roots (Figure 26). This  
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Figure 21. Cross section of the lithosphere and asthenosphere and associated 

geothermal gradient. a) Normal crust and geothermal gradient. b) Thinned crust 

at a divergent plate boundary and associated geothermal gradient. Figure from 

Holmes, 1993. 
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Figure 22. Melt distribution in a mantle peridotite at a melt fraction of a) 2% and b) 5%. 

Figure from Zhu et al., 2011. 
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Figure 23. Melt percolates from the zone of initial melting to collect beneath the 

lithosphere. Figure from Hesse et al., 2011. 
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Figure 24. Tabular dunite bodies in Oman. The light-colored rocks are the dunites, while 

the darker rocks are the peridotites. Figure from Braun and Kelemen, 2002. 
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Figure 25. Mid-ocean ridge basalt phase equilibria. The last equilibration of the melt with 

the mantle rocks was at 10 kbar pressure, or 30 km depth. Figure from Braun and 

Kelemen, 2002. 
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Figure 26. Fractal tree model of melt migration to mid-ocean ridge. Melt is produced 

by decompression melting the focuses into high porosity dissolution channels. 

Figure from Kelemen, 2009. 
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model suggests that: 

 Melt is produced pervasively by decompression melting. 

 The melt network connects at low melt fractions. 

 There is upward porous flow and localization of melt flow into high 

porosity dissolution channels. 

These channels are formed as the melt reacts with the harzburgite, dissolves 

orthopyroxene, and leaves olivine, forming a dunite.  

Morgan et al. (2008) looked at the concentration of trace elements across a 

boundary between a dunite and harzburgite (Figure 27a). They found an asymmetric 

transition zone across this boundary (Figure 27b; Morgan et al., 2008). From this gradient 

they infer that the melt may flow both into and out of the dunite (Morgan et al., 2008). 

This questions the fractal tree model, where melt only flows into the dunite. 

In Chapter 1, I have introduced the models for the formation of replacive dunites 

through reactive melt percolation (Kelemen et al. 1995).  In its simplest form, the dunite 

forms by dissolving orthopyroxene from a harzburgite to produce a dunite (Figure 21a).  

For illustrative purposes I may choose the MgO-SiO2 system in which case the total 

reaction could simply be written as  

Mg2Si2O6  = Mg2SiO4 + SiO2 

where Mg2Si2O6 is the Mg-endmember of orthopyroxene solid-solution called enstatite, 

Mg2SiO4 is the Mg-endmember of the olivine solid-solution called forsterite and SiO2 is 

added to the melt. This overall reaction where orthopyroxene dissolves and olivine 

precipitates leads to a net increase of porosity and is therefore dynamically similar to the  
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Figure 27. a) Outcrop of the Josephine Ophiolite showing the sharp contact between 

the dunite and harzburgite. b) Concentration gradient across the boundary between 

a dunite and harzburgite. Figures from Morgan et al., 2008. 

b) 
a) 
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simple dissolution reaction discussed in Chapter 3.  The field observations discussed in 

Chapter 1 show example of this simple reaction but also a more complicated reaction 

pattern with lherzolite lithologies.  Although the latter are the most interesting, here I 

limit myself to the simple case of orthopyroxene dissolution. 

4.2 REACTIVE INFILTRATION INSTABILITY 

 

Dissolution fronts lead to a net increase in porosity and therefore the permeability 

of the porous medium. In Chapter 3 I have shown that one-dimensional dissolution fronts 

have a simple structure shown in Figures 19 and 20. However, if a planar dissolution 

front is perturbed by a slight heterogeneity in the porous medium it may become unstable 

and develop finger shaped regions where the front advances much faster.  

This fundamental instability was first described and analyzed by Chadam et al. 

(1986).  This reaction infiltration instability is due to a positive feedback between 

reaction and the flow: the amount of reaction increases with the amount of flow and the 

flow increases with the porosity (Aharov et al., 1995). In a dissolution front where the 

reaction generates porosity, the feedback is positive, while a precipitation reaction 

decreases the porosity and provides a negative feedback. The strength of the feedback 

depends on the kinetics of the reaction and the relationship between permeability and 

porosity. If the kinetics are slow enough, even a dissolution front may be stable. 

However, during reactive melt percolation the temperatures are very high and the 

porosities are very small so that local chemical equilibrium is maintained. 
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4.3 MODEL FOR THE DISSOLUTION OF ORTHOPYROXENE 

To model the dissolution of orthopyroxene, I consider the following two-

dimensional version of the Chadam (1986) model discussed in Section 3.4.2 on the 

domain (x,y) in [0,L]x[0,H]: 

    

  
     (   ( )        )         (1) 

                    (  ( )  )                          (2) 

                                
  

  
   𝑛 .                       (3) 

The diffusion coefficient  ( ) is dependent on   and is defined as: 

                                    ( )      .                         (4) 

The fluid velocity   is defined as   

                                           ( ) p                      (5) 

where  ( ) is defined as   

                                       ( )     ,           (6) 

(Chadam et al., 1986). The reaction term   is defined as 

                                             𝑛          (7) 

where   is the stoichiometric coefficient,   is the molar density of the soluble component, 

𝑛 is the density of the soluble grains, and   is the rate of grain-volume change caused by 

the reaction such that: 

                                 𝑘 (
    

𝑛
) (  

   𝑒 ),          (8) 

                                           𝑛 ,                         (9) 
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 𝑛 is the volume fraction of insoluble grains and thus    is the final porosity, 𝑘 is a rate 

coefficient and  𝑒  is the equilibrium constant (Chadam et al., 1986). The boundary 

conditions for this problem are: 

                           (  𝑦  )       (  𝑦  )      (10a) 
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      (11b) 

while the porosity does not require boundary conditions. The initial condition for the 

concentration and porosity are: 

                                             (𝑥 𝑦  )        (12a)  

                                           (𝑥 𝑦  )    .   (12b) 

This sets up a one-dimensional flow field analogous to the travelling wave solution 

discussed in Section 3.4.2 (see Figure 19). 

4.4 CHAOTIC BEHAVIOR AND DEPENDENCE ON PERTURBATION 

 

In a perfectly homogeneous medium the one-dimensional solutions presented in 

Chapter 3 are realized and the numerical accuracy of our COMSOL simulations is high 

enough that I can simulate the propagation of a two dimensional planar front. However, 

these solutions are unstable to infinitesimal perturbations and evolve into the complex 

heterogeneous patterns shown in Figure 28. The pattern that forms is very sensitive to the 
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type of perturbation that causes the instability. In particular, infinitesimal changes in the 

perturbations can lead to completely different patterns as shown in Figure 29.   

This strong sensitivity to small perturbations is a hall mark of chaotic systems and 

is commonly known as the “butterfly effect” after a seminal paper Edward Lorenz titled 

“Predictability: Does the Flap of a Butterfly’s Wings in Brazil set off a Tornado in 

Texas?” (Lorenz 1972)  

All natural porous media are heterogeneous and this will cause the fluid to begin 

to dissolve along preferential paths, or fingers. The instability must be triggered and the 

shape of these fingers that evolve will depend on the trigger. In that sense it is a classical 

chaotic system in which small changes in the initial condition lead to very different 

evolutions, known as the butterfly effect. In Figure 28 I implemented the Dirichlet 

boundary condition on the left boundary only between y=0 and y=0.25. Instabilities also 

form by changing the mesh from a “mapped” mesh to a “free triangular” mesh and 

adding points under the “Geometry” tab. For locations of these points see Table 3. These 

points could represent heterogeneities in a porous medium. Figure 29 shows the effect of 

the triangular mesh and different configurations of the points in the geometry on the 

shape of the evolving fingers. The different mesh configurations have drastic effects on 

the shape of the shape of the fingers that develop. This example models the reaction 

between harzburgite and a melt. The melt reacts with the orthopyroxene in the 

harzburgite, leaving a dunite. Heterogeneities in the harzburgite cause fingers to develop 

in the reaction front. These fingers may be the dunite channels that are observed in the 

mantle section of ophiolite sequences.  
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Figure 28. Traveling wave solution in two-dimensions with changes in porosity and Dirichlet boundary 

conditions on one boundary from y=0 to y=0,.25. a) Concentration. b) Porosity. c) Reaction term. The 

white lines are streamlines. 𝜙𝑛    4, 𝜙    4, 𝜙𝑓    6, 𝐷   𝑒   , ν   , 𝐾𝑒𝑞      𝑘𝑔/𝑚 , 

ρ        g/𝑚 ,  𝑛  3     g/𝑚 , 𝑘  5𝑒   , 𝑐      𝑘𝑔/𝑚
 , 𝑐𝐿     𝑘𝑔/𝑚

 , pL=100, pR=0. 

  

a) b) c) 
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Figure 29. The effect of different meshes on the shapes of the evolving fingers. 

a) Mapped mesh and no added points. b) Three points added to a triangular 

mesh. c) Six points added a triangular mesh. 𝜙𝑛    4, 𝜙    4, 𝜙𝑔    6, 

𝐷   𝑒   , ν   , 𝐾𝑒𝑞      𝑘𝑔/𝑚 , ρ        g/𝑚 ,  𝑛  3     g/𝑚 , 

𝑘  5𝑒   , 𝑐      𝑘𝑔/𝑚
 , 𝑐𝐿     𝑘𝑔/𝑚

 , pL=100, pR=0. 

b) a) c) 
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Table 3. Position of points in the mesh configurations in Figure 29b and 29c. 

  

Points for mesh in Figure 29b Points for mesh in Figure 29c 

(0.1,0.8) (0.1,0.8) 

(0.01,0.5) (0.01,0.7) 

(0.07,0.2) (0.2,0.55) 

 (0.01,0.4) 

 (0.05,0.25) 

 (0.01,01) 
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The next steps in modeling this problem are to develop the simulation of 

multiple components. The reaction of each component in the rock with the melt will form 

a separate reaction front that moves with a different velocity. I can then model the 

dissolution of plagioclase, clinopyroxene, and orthopyroxene and the remaining olivine, 

which will hopefully recreate the observed sequence of lithologies in the Trinity and 

Josephine ophiolites. 

4.5 COMPARISON WITH EXPERIMENTS OF DAINES & KOHLSTED 1994 

Figure 30 shows a comparison between experimentally observed dissolution 

fingers as an orthopyroxene undersaturated fluid invades a harzburgite and our simulation 

results. The morphology of the unstable fingers is very similar in both cases, where the 

fingers are separated by a relatively flat front. The experimental reaction front is much 

sharper than the front in the numerical simulation, indicating that the reaction rate in the 

simulation must be increased and the diffusion reduced. This would require an even finer 

mesh than is shown in Figure 29 and increase the computation time significantly. An 

interesting observation is that the contact between the dunite and the surrounding 

harzburgite is sharpest along the sides of the finger while the transition at the tip of the 

finger is much smoother. 

An advantage of the numerical simulation is that the direction of flow can be 

visualized in the form of streamlines. These streamlines show that the finger collects melt 

from a region much larger than its width and that flow is mostly parallel to the sides of 

the finger where the lithological contact is the sharpest. The only region where flow is 
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clearly from the dunite into the harzburgite is at the tip of the finger. My simulation does 

not show a clear case of flow from the harzburgite into the dunite, although some such 

flow cannot be excluded along the sides of the finger where the streamlines are 

essentially parallel to the lithological contact. 
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Figure 30. a) Experiments of Daines and 

Kohlstedt (1994), where they flowed an 

olivine-saturated melt into a harzburgite. 

The front is unstable, forming the fingers 

of dunite as seen above. 

b) My simulation results show fingering 

similar to that of a). The blue is where the 

orthopyroxene has dissolved, leaving 

dunite. The red is where orthopyroxene has 

dissolved, i.e. the harzburgite. The white 

lines are streamlines. 
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Appendix A: List of Symbols and Parameters 

Section first 

appeared in Symbol Meaning 

Ch. 2 PDE Partial Differential Equation  

 da Mass coefficient in COMSOL 

 Γ Flux term in COMSOL 

 f Source term in COMSOL 

 t Time 

 x Distance 

Ch. 2.1 ϕ Porosity 

 cf Concentration of component in the fluid 

 D Diffusion coefficient 

 u Interstitial velocity 

 q Darcy velocity, q=ϕu 

 L Length of the domain 

 Pe Peclet number  e  
  

  
 

Ch. 3.1.1 τ Nondimensionalized time scale 

 ξ Nondimensionalized distance 

 c Nondimensionalized concentration 

    Inflow concentration of the fluid 

    Initial fluid concentration 

Ch. 3.1.2 λ Ratio of permeability to viscocity 

 p Pressure 

Ch. 3.2 KL Langmuir constant 

 s Langmuir sorption maximum 

    Concentration of component in the solid 

    Bulk density 

 Rs Retardation of the shock 

 Vs Velocity of the shock 

Ch. 3.3    Density of the fluid 

    Density of the solid 

     Initial solid concentration 

     Concentration of the solid after reaction 

 k Controls rate of reaction 

   
𝑒 

 Equilibrium concentration of the fluid 

 K Amount reacted in the solid and fluid 

Ch. 3.4.1 ς Travelling wave coordinated 

 V Velocity of the front 

 ν Stoichiometric constant 

 κ Permeability 
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Section first 

appeared in Symbol Meaning 

Ch. 3.4.1 μ Viscosity 

Ch. 3.4.2 ρ Molar density of soluble component 

 n Density of soluble grains 

 G Rate of grain-volume change caused by reaction 

     Equilibrium constant 

    Volume fraction of insoluble grains 

    Initial porosity 

    Final porosity 

 p  Pressure condition for left boundary 

 p  Pressure condition for right boundary 
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