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Abstract 

 

Modeling Fracture Propagation in Poorly Consolidated Sands 

 

Karn Agarwal, M.S.E 

The University of Texas at Austin, 2011 

 

Supervisor:  Mukul M. Sharma 

 

Frac-pack design is still done on conventional hydraulic fracturing models that 

employ linear elastic fracture mechanics. However it has become evident that the 

traditional models of fracture growth are not applicable to soft rocks/unconsolidated 

formations due to elastoplastic material behavior and strong coupling between flow and 

stress model. Conventional hydraulic fracture models do not explain the very high net 

fracturing pressures reported in field and experiments and predict smaller fracture widths 

than expected. The key observations from past experimental work are that the fracture 

propagation in poorly consolidated sands is a strong function of fluid rheology and leak 

off and is accompanied by large inelastic deformation and shear failure leading to higher 

net fracturing pressures. In this thesis a numerical model is formulated to better 

understand the mechanisms governing fracture propagation in poorly consolidated sands 

under different conditions. The key issues to be accounted for are the low shear strength 

of soft rocks/unconsolidated sands making them susceptible to shear failure and the high 

permeabilities and subsequently high leakoff in these formations causing substantial pore 

pressure changes in the near wellbore region. The pore pressure changes cause 
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poroelastic stress changes resulting in a strong fluid/solid coupling. Also, the formation 

of internal and external filtercakes due to plugging by particles present in the injected 

fluids can have a major impact on the failure mechanism and observed fracturing 

pressures. 

In the presented model the fracture propagation mechanism is different from the 

linear elastic fracture mechanics approach. Elastoplastic material behavior and 

poroelastic stress effects are accounted for. Shear failure takes place at the tip due to fluid 

invasion and pore pressure increase. Subsequently the tip may fail in tension and the 

fracture propagates. The model also accounts for reduction in porosity and permeability 

due to plugging by particles in the injected fluids. The key influence of pore pressure 

gradients, fluid leakoff and the elastic and strength properties of rock on the failure 

mechanisms in sands have been demonstrated and found to be consistent with 

experimental observations. 
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Chapter 1: Introduction 

Most of the offshore and deepwater fields such as in the Gulf of Mexico, West 

Africa and Brazil are unconsolidated or poorly consolidated reservoirs. Sand production 

and near wellbore permeability damage are the major issues faced in wells drilled in these 

environments. Frac-pack operations are preferred for completing wells in moderate to 

high permeability unconsolidated formations since they combine well stimulation and 

sand control in one completion (Hainey and Troncoso 1992). Since the formation 

permeability is high the main aim is to get a thick fracture of high conductivity to bypass 

the near wellbore damage while the fracture length is of secondary importance (Mathur et 

al. 1995). A frac-pack operation consists of two stages (Roodhart et al. 1994): fracture 

creation and arresting fracture growth by a tip screenout followed by inflation and 

packing by injection of high concentration proppant slurry. The inflation and ‘packing’ 

stage is to obtain a thick and highly conductive fracture while providing effective sand 

control through the proppant pack.  

Frac-pack design is still done on conventional hydraulic fracturing models that 

employ linear elastic fracture mechanics. However it has become evident that the 

traditional models of fracture growth are not applicable to soft rocks/unconsolidated 

formations due to elastoplastic material behavior and strong coupling between flow and 

stress model. Conventional hydraulic fracture models do not explain the very high net 

fracturing pressures reported in field and experimental observations and predict smaller 

fracture widths than expected.  

A related problem is of disposal of solid waste into unconsolidated formations. 

Given the large amount of solid waste slurry that can be injected, conventional fracture 

models yield unrealistic fracture dimensions (Chin and Montgomery 2004) suggesting 
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that most of the solid waste is stored in the pore space through plastic deformation of the 

surrounding formation.  

In this thesis a numerical model is formulated to better understand the 

mechanisms governing fracture propagation in poorly consolidated sands. The key issues 

to be accounted for are the low shear strength of soft rocks/unconsolidated sands making 

them susceptible to shear failure and subsequent plastic deformation in shear that can 

have a huge impact on the resulting stress distribution. The other issue relates to the high 

permeabilities and subsequently high leakoff in these formations causing substantial pore 

pressure changes in the near wellbore region. These pore pressure changes cause 

poroelastic stress changes resulting in a strong fluid/solid coupling. Apart from that, 

formation of internal and external filtercakes due to plugging by particles present in the 

injected fluids can have a major impact on the type of failure and observed fracturing 

pressures. 

Chapter 2 provides a background on the relevant processes governing the 

mechanics of fracture propagation in poorly consolidated sands. The governing equations 

of the theory of poroelasticity are presented. Past experimental observations regarding 

fracturing in sands are reviewed and the different approaches to modeling fracture 

propagation in the literature are discussed. In Chapter 3 we attempt to explicitly model 

fracture propagation in an elastoplastic material by coupling the fluid flow inside the 

fracture with a continuum mechanics model via the displacements and pressures at the 

fracture boundary. In Chapter 4 an implicit approach to modeling fracture propagation is 

presented. A sensitivity study with regard to various parameters is done demonstrating 

the behavior observed in experiments. Finally conclusions and recommendations for 

future work are presented in Chapter 5. 
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Chapter 2: Background 

POROELASTICITY THEORY 

The high permeability and porosity and low drained bulk modulus of 

unconsolidated sand result in a stronger coupling between the mechanical deformation 

and the pore pressure than is the case for consolidated rocks. Hence, the process of fluid 

flow needs to be coupled with the mechanical response in order to study the failure 

mechanisms in sands. In addition, the mechanical constitutive model must be elasto-

plastic to model the post failure plastic yielding. The theory of poroelasticity developed 

by Biot (1941) is the basis for coupling the fluid flow with mechanics. A brief review of 

the linear quasi-static poroelastic theory is given below. More detailed treatment can be 

found in Detournay and Cheng (1993) and Jaeger et al. (2007).  

The poroelasticity theory is a macroscopic continuum mechanics approach with 

the stress strain relations defined over a uniform and homogenized region which is large 

enough to include a large number of grains and pores. The length scale of the continuum 

model has to be large (at least by a factor of 100) with respect to the length scale of the 

microstructure i.e. the pore structure of the rock (Detournay and Cheng 1993). Hence it is 

not a pore scale model. The primary degrees of freedom involved in describing the 

process of isothermal single phase flow in a deformable porous medium are the 

displacement vector u  and the pore pressure p as a function of space and time. The 

governing equations are the equations of equilibrium, the constitutive equations for the 

porous skeleton with pore pressure as the coupling term, the constitutive equation for the 

pore fluid with volumetric strain as the coupling term, the equation of continuity for the 

fluid and Darcy’s law for fluid transport. 
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Using the convention that a positive stress implies tension and positive strain 

implies extension, and denoting the total stress tensor by σ and the strain tensor by ε , the 

constitutive relations for an isotropic solid are (Jaeger et al 2007) 

 
2

2 ( ) ,
1 2

G
p G trace





  


σ I ε ε I  (2.1) 

where   

G  = the shear modulus, 

   = the drained Poisson’s ratio, 

1

m

K

K
   , is the Biot’s effective stress coefficient, 

K = drained bulk modulus, 

m
K = bulk modulus of solid matrix, 

( )
xx yy zz

trace     ε  is the bulk volumetric strain, and 

I = identity matrix. 

The strains are related to the displacements according to the compatibility 

relations (Jaeger et al 2007) 

  
1

( ) .
2

T
   ε u u  (2.2) 

The equilibrium equations are (Jaeger et al 2007) 

 ,  .σ F  (2.3) 

where F  is the body force vector per unit volume of the bulk material. 

The constitutive equation for the pore fluid is (Jaeger et al 2007) 

 ( ),
b

p M     (2.4) 

where 

 =variation of fluid volume per unit volume of the porous material 

(dimensionless parameter), 
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2

u
K K

M



  is the Biot modulus, 

u
K = undrained bulk modulus, 

b
 = bulk volumetric strain. 

The continuity equation for the fluid phase is (Jaeger et al 2007) 

 0,
t


  


.q  (2.5) 

where q  is the fluid flux vector. 

Finally Darcy’s law states (Jaeger et al 2007) 

 ( ),
f

p 


   
k

q g.x  (2.6) 

where  

k = permeability tensor, 

 = viscosity of fluid, 

g  = gravitational acceleration vector, 

x  = position vector. 

The above equations can be reduced by substitution and elimination into a Navier 

type equation for the displacements and a diffusion type equation for the pore pressure, 

both containing a coupling term. The Navier-type equation for the displacements is 

(Detournay and Cheng 1993)  

 2
( ) .

1 2

G
G p


      


u .u F  (2.7) 

The coupling term p  in the above equation may be seen as an additional body 

force proportional to the gradient of the pore pressure. The diffusion equation for p for a 

uniform homogenous porous material is (Detournay and Cheng 1993) 
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Here again the coupling term proportional to the rate of change of volumetric 

strain b
M

t




 
 

 
 can be seen as an additional external force or a source term driving 

the pressure distribution. Given appropriate initial and boundary conditions over the 

domain of interest, the coupled equations (2.7) and (2.8) can be solved for the 

displacement vector u and the pressure field p in space and time.  

EXPERIMENTAL OBSERVATIONS OF FRACTURING IN UNCONSOLIDATED SANDS 

Past experiments on fracturing in sands have provided valuable insight and 

understanding into the mechanisms governing failure and fracture propagation in sands. 

The key observations have been the dependence of failure mechanisms on the plastic 

material behavior, fracturing fluid rheology and its leakoff properties, higher net 

fracturing pressures due to leakoff and poroelastic backstress development, and short and 

wider fractures. 

Khodaverdian and McElfresh (2000) showed in their experiments that fracture 

propagation in unconsolidated sands is a strong function of fluid leakoff and rheology 

and is accompanied by large inelastic deformation and shear failure. They conducted 

injection tests on unconsolidated sands in a radial flow cell 3-ft in radius and 1-ft thick 

using a variety of fracturing fluids. Based on their experiments they suggested fracture 

propagation due to fluid invasion in the process zone ahead of the tip which results in 

shear failure and dilation. In case of low efficiency fluids no single prominent fracture 

was obtained (Figure 2.1). Fig. 2.1 shows multiple sub-parallel fractures (interfaces along 

which shear failure has taken place) in the zone invaded by fluid. Due to large leakoff, 

pore pressure increase and shear failure zone was observed. Also the observed net 

fracturing pressures increased with decreasing fluid efficiency in order to reach the 

required differential pressures (across the fracture face) needed to part the formation. On 
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the other hand, high efficiency fluids resulted in a single prominent fracture with lower 

net fracturing pressures (Fig. 2.2). Due to filtercake build up leakoff is reduced resulting 

in larger differential pressures across the fracture face and higher stress concentrations at 

the tip. 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.1: Multiple sub-parallel fractures due to injection of a low efficiency fluid 

(Khodaverdian and McElfresh 2000) 
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Figure 2.2: Single prominent fracture due to injection of high efficiency fluid 

(Khodaverdian and McElfresh 2000) 

Similar observations have been reported by Bohloli and de Pater (2006) and de 

Pater and Dong (2007) in their experiments. Injection of high leakoff fluids was found to 

cause borehole expansion accompanied by shear bands without the formation of a 

fracture in addition to very high injection pressures (Fig. 2.3). But injecting a very high 

efficiency fluid (cross-linked gel plus quartz powder) yielded clear fractures similar to 

those observed in low permeability rocks (Fig. 2.4).  
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Figure 2.3: Cavity expansion and shear bands due to injection of low efficiency fluids 

(Bohloli and de Pater 2006) 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.4: Fractures obtained with cross linked gel plus quartz powder (Bohloli and de 

Pater 2006) 
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Lullo et al. (2004) suggest an alternative mechanism for fracture propagation in sands. 

They favor the sand oil squeeze theory wherein the fluid leakoff into the matrix 

pressurizes and fluidizes the viscoplastic formation matrix. This results in shear failure 

and deformation forming a channel allowing the sand-laden slurry to penetrate and 

propagate. A more complete review of similar experimental observations is given in Zhai 

(2006). 

In summary, plastic deformation due to shear failure and fluid leakoff seems to be 

the dominant factor controlling the failure in soft rocks and unconsolidated sands. 

Deformation due to yielding in shear directly affects the effective stress distribution, 

while fluid rheology and leak off properties indirectly affect the effective stress 

distribution around the fracture through modified pore pressure gradients. Experiments 

Khodaverdian and McElfresh 2000; Bohloli and de Pater 2006; de Pater and Dong 2007; 

Zhai 2006) have consistently reported higher net fracturing pressures in soft and plastic 

materials. Moreover the net fracturing pressures increase with decreasing fluid efficiency. 

This is because, unlike very high stress concentrations which develop at the crack tip in a 

brittle linearly elastic material, the stress concentrations at the crack tip in a plastic 

material are much lower owing to ductile yielding at the tip, which relieves and 

redistributes the high stresses in the vicinity of the tip. Thus plastic yielding at the crack 

tip effectively shields it from the influence of pressures acting at the fracture faces 

(Papanastasiou 1999; Dong and de Pater 2008). Therefore higher net fracturing pressures 

are required to cause high enough stress concentrations at the tip to split the formation 

(due to tensile failure). Moreover the created fracture in an elastoplastic material is 

shorter and wider compared to that in an elastic material. Low efficiency fluids result in 

higher leakoff rates causing higher poroelastic backstress development (changes in total 

stresses corresponding to changes in pore pressure) which reduces the differential 
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pressures across the fracture face resulting in lower stress concentrations at the tip. Also 

the pore pressure increase in the process zone ahead of the tip suppresses tensile failure in 

favor of shear failure. 

 In case of high efficiency fluids, the pore pressure in the process zone ahead of 

the tip would remain virtually unchanged (Khodaverdian and McElfresh 2000). The high 

pressure gradients across the fracture face in this case would result in relatively lower net 

fracturing pressures compared to the low efficiency fluids. Conceptual schematics of 

failure mechanisms (Khodaverdian et al. 2010) in case of low efficiency and high 

efficiency fluids are shown in Fig. 2.5 and Fig. 2.6. 

Figure 2.5: Schematic of failure mechanism due to injection of low efficiency fluid in 

unconsolidated sand 

Figure 2.6: Schematic of failure mechanism due to injection of high efficiency fluid in 

unconsolidated sand 
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MODELING PLASTICITY 

The elastoplastic material behavior is modeled by writing the constitutive 

equations in incremental form. The elastic behavior is governed by incremental form of 

Eq. (2.1) for an isotropic material while the plastic behavior is given by incremental flow 

theory of plasticity. The constitutive equations written in incremental form permit 

nonlinear constitutive behavior as well as large strain calculations. The Mohr-Coulomb 

failure criterion for shear adequately describes the failure in shear for unconsolidated 

sands. It defines the stress combination for which plastic flow in shear takes place and is 

given by 0
s

f  (FLAC3D User’s manual), where  

 
1 3

2 ,
s

f N c N
 

     (2.9) 

where
 1
  and 

3
  are the major and minor effective principal stresses respectively, c  is 

the cohesion,   is the friction angle and  

 
1 sin

.
1 sin

N










 (2.10) 

 The tensile stress cannot exceed the uniaxial strength of the material and tensile failure is 

given by the criterion 0
t

f  , where  

 
3

,
t t

f     (2.11) 

where t
  is the tensile strength. The total strain increment is decomposed into elastic and 

plastic parts, with only the elastic part contributing to the stress increment by means of an 

elastic law as in Eq. (2.1).  

 e p
d d d ε ε ε  (2.12) 

The plastic strain increments are given by a non-associated plastic flow rule in case of 

shear failure and an associated flow rule in case of tensile failure. The flow rule specifies 

the direction of the plastic strain increment vector as that normal to the potential surface 

( )g σ constant, i.e. 
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where   is a constant and g is the plastic potential function. The plastic potential 

function in case of shear failure is  

 
1 3

,
s

g N


    (2.14) 

where   is the dilation angle and    1 sin / 1 sinN


    . The dilation angle is a 

measure of the ratio of rate of plastic volumetric strain to the rate of plastic shear 

distortion (Vermeer and deBorst 1984), as given by  
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p
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where 
1 2 3

p p p p

V
d d d d      is the plastic volumetric strain increment. The denominator 

in Eq. (2.15) is a measure of plastic shear distortion. Thus the dilation angle characterizes 

the shear dilatancy of the material. The potential function in case of tensile failure is  

 
3

t
g    (2.16) 

A final condition to evaluate the magnitude of plastic strain increments is that the new 

stress state lies on the yield envelope 0
s

f  or 0
t

f  . 

MODELING FRACTURE PROPAGATION 

To model fluid driven fracture propagation in its most basic form requires 

coupling of at least three processes: (i) the mechanical deformation arising due to fluid 

pressure inside the fracture acting on the fracture faces; (ii) fluid flow inside the fracture; 

and (iii) fracture propagation. Another important process is that of fluid leakoff. Fluid 

leakoff into the porous matrix can further cause changes in stress distribution around the 

fracture. Thus for a permeable rock in which significant leakoff takes place, it may be 

essential to consider the coupled flow deformation response of the rock. The solution to 

the fracture propagation problem involves determining the fluid pressure and fracture 
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width distributions at any given time as well as the fracture propagation rate. 

Conventional linear elastic fracture mechanics models the material deformation using the 

theory of linear elasticity whereby the fracture width is related to fluid pressure 

distribution inside the fracture via an integral equation using the Green’s function 

approach. Thus the problem of computing deformation inside the rock in order to 

compute the fracture widths is reduced to one at the fracture boundary without the need 

to compute the deformation field inside the rock. As an example, in the case of a plane 

strain fracture (KGD type fracture geometry) the fracture width distribution is given as 

(Lecampion and Detournay 2007) 

 
 2

min

0

4 1
( ) ( , )( ) ,

fx

f h
w x G x P S d

E


 




   (2.17) 

where 
f

P = fluid pressure inside the fracture and the kernel ( , )G x  is given by 

 
2 2 2 2

2 2 2 2
( , ) ln

l x l
G x

l x l






  


  

 (2.18) 

Thus the numerical implementation by the boundary element method is very 

computationally efficient compared to the finite element or finite difference methods 

which require discretization of a domain surrounding the fracture. However, the kernel 

function employed in boundary integral schemes is only known for linearly elastic 

materials and hence, for an elastoplastic material, it becomes necessary to discretize the 

equations using finite element or finite difference schemes. Moreover, the poroelastic 

influence of the leakoff on the stress distribution is not taken into account in linear elastic 

fracture mechanics. It should be noted that the mechanical response of the rock to 

changes in fluid pressures inside the fracture is essentially instantaneous compared to the 

time scales at which the changes in fluid pressures occur (Barr 1991). Fracture 

propagation is assumed to occur quasi-statically with the rock in a state of mechanical 
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equilibrium at any given time.  The fluid flow inside the fracture is dominated by viscous 

forces and can be taken to be steady and fully developed (Barr 1991) given by the 

lubrication theory. Combining the local continuity equation with the lubrication equations 

will give the governing differential equation for fluid flow inside the fracture as will be 

shown in Chapter 3. Finally, fracture propagation as modeled in linear elastic fracture 

mechanics is based on the conventional energy-release rate approach wherein the fracture 

propagates if the stress intensity factor at the tip matches the fracture toughness (Adachi 

et al. 2007). 

The conventional hydraulic fracture modeling approach therefore explicitly 

accounts for the fracture geometry by modeling the discontinuity at the fracture plane by 

means of appropriate boundary conditions and the fluid flow inside the fracture but 

decouples reservoir flow by the use of analytical leakoff models (Bachman et al. 2003). 

By modifying the propagation criterion to be based on tensile strength instead of the 

stress intensity factor, and using finite difference or finite element methods, the fracture 

width distribution, pressure inside the fracture, and the stress distribution around the 

fracture in case of an elastoplastic rock may be modeled with this approach as long as the 

coupling of leakoff with the reservoir flow is weak.  Hence the above approach is 

applicable in case of unconsolidated sands only in the case of high efficiency fluids 

where fluid leakoff is low and a prominent fracture is obtained. In case of high leakoff 

fluids, fracture geometry is not well defined and the fluid leakoff significantly affects the 

stress distribution around the fracture.  

The alternative approach is to model the fracture propagation implicitly in a 

coupled reservoir geomechanics model by way of increasing the porosities and 

permeabilities, calculated from the fracture widths which are estimated using an 

uncoupled fracture mechanics model (Bachman et al. 2003). Thus the fluid flow inside 
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the fracture and the leakoff are treated implicitly in this approach. Fracture geometry 

details are not captured since the fracture width is not used as a displacement boundary 

condition in the fracture plane for the geomechanics module and hence the stress 

distribution as computed by the geomechanics module around the fracture (region of high 

permeability) will also not be accurate. However the poroelastic response of the rock in 

case of high leakoff can be accurately modeled. Also since the fracture geometry is not 

modeled this approach is expected to be grid dependent i.e. unless the grid blocks used to 

model flow in fracture are sufficiently small, the desired pressure and stress gradients in 

the vicinity of the fracture might not be captured. In case of dilation due to shear failure, 

the porosities and permeabilities can be made a function of the resulting volumetric strain 

as computed by the stress module. Thus porosity and permeability are the coupling 

parameters for incorporating the effects of both tensile and shear failure in the coupled 

reservoir geomechanics model. 

Zhai and Sharma (2005) used this alternate approach to model fracture growth in 

unconsolidated sands. They developed an analytical model for coupling geomechanics 

with fluid flow for analyzing the stress state and flow around an injection well. Material 

behavior was considered linear elastic but porosity was made a function of the bulk 

volumetric strain and permeability was a function of effective stress based on empirical 

models. The Mohr Coulomb failure criterion was used to detect shear or tensile failure at 

any point and in case shear failure was detected, the permeability tensor was modified 

according to an empirical correlation. Zones of shear failure result in high permeability 

zones and fracture propagation were thus represented by growth of these high 

permeability zones in a preferred direction, with the orientation being primarily 

determined by the in-situ stress state. 
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A BRIEF INTRODUCTION TO FLAC3D 

Fast Lagrangian Analysis of Continua in 3 Dimensions (FLAC3D) is an explicit 

finite difference program to simulate the mechanical behavior of a continuous three-

dimensional medium as it reaches equilibrium or steady plastic flow. It is particularly 

useful for solving elastoplastic material behavior or large strain problems (grid can 

deform). Modeling of elastoplastic behavior is based on the incremental flow theory of 

plasticity briefly described before. FLAC3D provides capabilities for modeling single 

phase Darcy flow through porous media along with performing coupled flow/deformation 

analysis. The formulation of coupled flow/deformation processes in FLAC3D is done 

within the framework of the quasi-static Biot theory described earlier in this Chapter. 

However the full dynamic equations of motion instead of Eq. (2.3) are used to model the 

approach to mechanical equilibrium so as to be able to control the sequence of the 

loading process. The final equilibrium state does not depend on the sequence of the 

loading for an elastic material but it does in the case of an elastoplastic material that 

undergoes yielding. Reference should be made to FLAC3D User’s manual for detailed 

description. 

Coupling Methodology in FLAC3D 

    While solving any coupled problem, the relative timescales of the processes 

being coupled should be appreciated. In case of coupled flow/deformation processes, the 

mechanical effects occur almost instantaneously compared to pore pressure diffusion 

because the speed of propagation of mechanical disturbances is much higher than the 

speed of propagation of the pressure diffusion wave. Thus FLAC3D does a quasi-static 

analysis whereby no time is associated with any of the mechanical steps taken together 

with the fluid flow steps. Numerically FLAC3D follows the explicitly coupled approach 

wherein no iterations are performed between the flow and mechanical processes within a 
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time step. Starting from a state of mechanical equilibrium, a fluid flow time step is 

followed by a number of mechanical steps (not time steps) to reach quasi-static 

equilibrium at the new time step. In the default mode for a coupled flow/mechanical 

analysis one mechanical step is taken for each fluid flow step. Here, fluid flow steps are 

assumed to be so small that one mechanical step is enough to re-equilibrate the system 

mechanically after each fluid-flow step is taken. The governing equation for fluid flow 

has the volumetric strain contribution as the source term. In a fluid flow time step 

FLAC3D solves for the pressure distribution by freezing the solid skeleton i.e. with the 

zero volumetric strain contribution to pressure. The contribution of volumetric straining 

(pressure changes due to deformation) is evaluated subsequently during the mechanical 

steps when FLAC3D does an undrained calculation (no fluid flow is allowed to take 

place but fluid pressure can change). These pressure changes are then added to the 

pressure field from the fluid calculation to obtain the resultant pressure field at the new 

time step by the principle of superposition (the PDE for pressure is linear without the 

coupling term). 
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Chapter 3: Explicit Modeling of Fracture Propagation 

As stated in Chapter 2, prominent fractures are obtained in case of high efficiency 

fracturing fluids. The fractures created using such fluids in poorly consolidated sands and 

soft rocks have been observed to be shorter and wider with higher net fracturing pressures 

compared to what would be predicted by a conventional linear elastic fracture mechanics 

simulator. Thus to accurately model the fracture geometry and the inelastic stress 

distribution around the fracture, we explicitly model the fluid flow inside the fracture and 

couple it to the geomechanics model by imposing pressures as the normal stress boundary 

conditions on the fracture plane for the geomechanics model. In return, the displacements 

on the fracture plane calculated by the geomechanics model are the fracture widths used 

in the fluid flow process in the fracture. The leakoff from the fracture faces is modeled 

using the Carter’s leakoff model. Finally the propagation of the fracture is constrained by 

the global mass balance on the fluid and the propagation criteria. The primary unknowns 

to be determined are the pressure distribution, fracture width distribution and the fracture 

tip position as a function of time. Below we develop the algorithm for iteratively 

coupling the above processes in an elastoplastic rock for a 2D fracture model (PKN or 

KGD type geometry). Different numerical schemes were tried to make the model self-

consistent and numerically stable. However all of the tried computational schemes 

exhibited rather strong instabilities, and produced oscillatory results in both position and 

time. We believe that this is due to inadequate grid refinement near the fracture tip where 

the very high pressure gradients and crack opening rates require very fine discretization 

in space. As will be seen, the solution is very sensitive in the near tip region due to strong 

nonlinear fluid-solid coupling near the tip (Garagash and Detournay 2000). Ideally one 

should use a very fine mesh near the tip and coarsen it out away from the tip with 
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remeshing done in order to move the fine mesh along with the tip. However, the 

geomechanics simulator employed in this work (FLAC3D) did not have practical 

remeshing capabilities. Thus, uniform mesh spacing had to be employed for the entire 

fracture. This inadequate grid refinement near the tip resulted in wide fluctuations in the 

resulting crack opening rate and the pressure distributions during the iteration process. 

Thus the presented algorithm is incomplete and needs further development. 

GOVERNING EQUATIONS 

Stress deformation model 

For an elastoplastic material, boundary element techniques cannot be applied to 

solve for the resulting deformation at the fracture plane. Instead finite difference or finite 

element techniques are used, requiring the discretization of a volume of region around the 

fracture. A commercial finite difference simulator FLAC3D was employed to solve the 

stress deformation equations inside the porous matrix for an elastoplastic material. 

Fluid flow inside the fracture 

The governing one dimensional fluid flow equations for a 2D fracture model are 

obtained by combining the lubrication equation with the local continuity equation. For 

PKN type fracture geometry and a Newtonian fluid the lubrication equation is (Schechter 

1992)  
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where 

   q = the fluid flow rate, 

max
w = the maximum width at any given position as shown in Fig. 3.1, 

P = fluid pressure, 
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 = fracturing fluid viscosity, 

h = fracture height (equal to pay zone thickness for PKN geometry). 

Figure 3.1: PKN type fracture geometry 

In terms of the average width at any vertical cross section, the average width, w , 

is 
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Using this expression, (3.1) can be written as 
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The pressure gradient is inversely proportional to the cube of the fracture width. 

Therefore, nearly all the pressure drop occurs near the tip where the fracture width goes 

to zero. This region of pressure drop near the tip is small relative to the fracture length 

 

h 

xf 

Wmax(x) 

Well bore 
X, Shmax 

Y, Shmin 

Z, Sv 



 22 

e.g. 1% (Barr 1991). Due to the strong gradients in pressure and stresses at the tip, there 

exists strong coupling between the flow and mechanical deformation in the tip vicinity. 

This results in the solution being highly sensitive to small changes in the coupling 

parameters while coupling the processes iteratively. Hence sufficiently fine mesh is 

needed to accurately resolve the solution in the tip region, since the pressure in the rest of 

the fracture is dependent on the near tip solution (Barr 1991). 

The local continuity equation is (Schechter 1992) 

 2 0,
l

q w
q h h

x t

 
  

 
 (3.4) 

 ,
( )

l

C
q

t x



 (3.5) 

where 

l
q = the leakoff rate per unit area in say m/sec, 

C = Carter leak-off coefficient, 

 = initiation time for leakoff (the time at which the fracture front first reaches the            

                   position at x). 

The boundary conditions for equations (3.3) and (3.4) are the specified injection 

rate at the wellbore and a pressure boundary condition at the tip 
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Substitution of (3.3) in (3.4) gives 
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The above equation is a nonlinear equation in the coupled parameters pressure and width. 

The corresponding equations for the KGD type geometry can be written similar to the 

above equations (Valko and Economides 1995; Economides and Nolte 2000).  
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Fracture propagation 

The fracture propagation is controlled by the propagation criteria and the global 

mass balance on the fracturing fluid. The global mass balance on the fracturing fluid can 

be written as 
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The propagation criteria used in case of classical linear elastic fracture mechanics is the 

stress intensity factor approach. The stress intensity factor K

 is the strength of the stress 

singularity at the tip of a crack in a linearly elastic material, expressible in terms of a 

weighted integral of the pressure distribution inside the fracture (Barr 1991). The fracture 

is assumed to propagate if K

=

c
K


, where 

c
K


 is the fracture toughness, a material 

property. Sometimes this propagation criterion is enforced using special ‘tip elements’ 

which prescribe the asymptotic behavior of the width profile near the tip according to the 

classical square-root shape (Adachi et al. 2007). For elastoplastic material, the stresses at 

the tip will be finite due to plastic deformation and the stress intensity factor approach 

becomes inapplicable. Plastic effects at the tip have been modeled using a cohesive zone 

at the tip (Papanastasiou 1999). However we use the tensile failure at the crack tip as the 

propagation criteria. The fracture is propagated if tensile failure is detected ahead of the 

tip. 
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Initial conditions 

The numerical solution of the problem requires initial conditions to be specified at 

time t = 0, for the initial fracture half length (0)
f

x , width profile ( , 0)w x and the pressure 

profile ( , 0)P x . However these conditions are not known a priori. Therefore an arbitrary 

initial fracture length is assumed at time t = 0, and an initial pressure profile derived for a 

PKN type geometry for a Newtonian fluid with constant flow rate along the length of the 

fracture (Perkins and Kern 1961) is used, 
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NUMERICAL IMPLEMENTATION 

The numerical solution of the above system is a challenging one despite the 

apparent simple form of the equations (Bunger et al. 2007), mainly due to (i) the non-

local mechanical response of the fracture (i.e. the width at any given point depends on the 

pressure distribution inside the fracture and not just on the pressure at that point), (ii) 

strong nonlinear coupling between the fluid flow and mechanical response, and (iii) the 

moving boundary problem associated with the propagation of the fracture. Moreover, as 

mentioned before the tip region is particularly challenging due to presence of high 

pressure and stress gradients. One problem arises from the fact that if the fluid is assumed 

to reach all the way up to the tip where the width is zero, the pressure solution as given 

by equations (3.3) and (3.4) is singular (Desroches et al. 1993, 1994). To get around this 

non physical result, a fluid lag is introduced wherein the fluid does not reach the tip and 

there exists a region between the fluid interface and the tip called fluid lag. However the 

fluid lag size itself becomes an unknown to be solved for. Another alternative to the 

explicit computation of the fluid lag is to use special ‘tip elements’ which incorporate the 

exact asymptotic behavior of the width and pressure distribution near the tip for the 
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fracture propagation regime of interest to enforce the propagation criterion (Adachi et al. 

2007). In this study, however, both the deformation at the fracture boundary as well as 

the fracture propagation based on tensile failure ahead of the tip are handled by FLAC3D 

making the use of tip elements impractical. Therefore a constant arbitrary fluid lag was 

assumed.  

Since the stress deformation relations are solved using FLAC3D, the fluid flow 

inside the fracture is solved using a code written in FISH (the programming language 

inbuilt in FLAC3D) and coupled to FLAC3D iteratively. The nonlinearities in the 

relationships necessitate iteration in the numerical solution process. The algorithm given 

below is based on iteratively coupling the processes of fluid flow, mechanical 

deformation and fracture propagation within a given time step in order to achieve 

consistency among the coupled processes. 

Algorithm 

Uniform mesh spacing along the fracture boundary was chosen due to lack of 

practical remeshing capabilities in FLAC3D. For a given time step, the fluid pressure 

inside the fracture can be solved by either finite differencing equation (3.8) in x  or by 

successively integrating, first equation (3.4) along with the boundary condition (3.6) to 

get the flow distribution inside the fracture, and then integrating equation (3.3) using the 

boundary condition (3.7) to get the pressure distribution. The time derivative of width in 

(3.4) or (3.8) is approximated by backward difference scheme given the width 

distribution at the current time step and at the previous time step. While iterating a good 

initial guess of width and the time derivative of width distribution is needed to start with. 

This can be estimated using self-similarity. Also since the region between the previous 
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and the current fracture tip positions has only the current width distribution available, the 

time derivative of width in this region is obtained using self similarity.  

Self-Similarity 

Assuming a self similar width distribution means that the relative shape of the 

width profile is independent of time. This can be represented by the following relation 

(Barr 1991) 
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where  

0
( )w t = width at the wellbore as a function of time, 
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= the shape function in space independent of time, 
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x t = fracture half length as a function of time. 

So the self similar time derivative of width is given as (Barr 1991) 
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, thus (3.12) becomes 
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The above equation gives the time derivative of width according to the self-similar 

assumption. The algorithm using the method of successive integrations is as below: 

1. Starting with the pressure distribution ( )
n

P x , the width distribution ( )
n

w x  and 

fracture half length 
n

f
x  at time 

n
t , we proceed to time 

1n
t


 by increasing the 
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fracture half length by one element i.e. 
1n n

f f
x x x


    where x is the element 

size. 

2. In order to start the iteration process to determine 1
( )

n
P x

 , 1
( )

n
w x

  and the time 

step size 1n n
t t t


   , an initial guess of one of the above must be estimated. If 

t is assumed, 1
( )

n
w x

  can be estimated from self-similarity corresponding to 

which 1
( )

n
P x

  can be found and the iteration process started. The other 

alternative is to start with an estimated 1
( )

n
P x

  corresponding to which 1
( )

n
w x

  

can be found, and 1n n
t t t


    can be found using equation (3.9) to get the 

process started. 

3. Given ( )w x  at 1n
t

  we can compute the volume of the fracture using the 

trapezoidal rule as  
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where m is the number of nodes, the first node being at the wellbore and the m
th 

node at the fluid front. 

4. Similarly the leak off volume between time n
t  and 1n

t
  is given by  
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where 
1n n

li i i
Q t t 


     and 

i
  is the opening time of the i

th
 node. 

5. The time step size 1n n
t t t


    can thus be found as  
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6. Estimating the time step as above, 
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7. Starting from the wellbore, (3.4) can be integrated using the trapezoidal rule up to 

the fluid front to get the flow rate distribution at 1n
t

  

At 1i  (at the wellbore), 
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8. Once the flow rate distribution is known, starting at the fluid front, (3.3) can be 

integrated backwards using the trapezoidal rule up to the wellbore to get the 

pressure distribution at time 1
.
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9. The pressure distribution computed above is used by FLAC3D to calculate a new 

estimate of width distribution at 1n
t

 . 

10. Steps (3) to (9) are iterated, until the value of time step 1n n
t t t


    calculated in 

(3.16) is attained within a specified tolerance. If convergence is achieved, we 

proceed to the next time step.  

FLAC3D MODEL 

 Due to symmetry considerations only a quarter of the well drainage area is 

selected for modeling. Fig. 3.2 shows the modeled domain in FLAC3D: a layer of 

payzone bound by an overburden and an underburden. The fracture is assumed to be fully 

contained within the payzone, its height equal to payzone thickness resulting in PKN type 

geometry.  The fracture plane is modeled as the boundary plane perpendicular to the 

minor principal stress direction on the FLAC3D grid as shown in Fig. 3.3. Initially the 
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boundary condition on all vertical boundaries (symmetry as well as truncation) is zero 

displacement normal to the face. A constant in-situ vertical stress is applied at the top 

while the bottom face is fixed in the z-direction. Fracture propagation is simulated by 

removing the displacement constraints on the grid points once the tensile stress exceeds 

the tensile strength of the material. The gridpoint displacement then becomes the 

simulated fracture half width used in solving for the pressure distribution inside the 

fracture, which is then applied by updating the stress boundary conditions on the fracture 

plane in FLAC3D.  

Figure 3.2: Modeled domain in FLAC3D 
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Figure 3.3: Close up view of the fracture face showing the release of gridpoint constraints 

and application of pressure loads as boundary condition for the stress 

deformation model 
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Chapter 4: Implicit Modeling of Fracture Propagation 

As mentioned in Chapter 2, fracture propagation in sands can be modeled using 

the approach in Chapter 3 when fluid leakoff is low and a prominent fracture is obtained. 

In case of high leakoff fluids fracture geometry is not well defined and the fluid leakoff 

significantly affects the stress distribution around the fracture due to development of 

poroelastic backstress. In addition high leakoff and subsequent pore pressure increase in 

the vicinity of fracture causes shear failure and plastic deformation in poorly consolidated 

sands. In this Chapter modeling fracture propagation implicitly is described whereby the 

flow and stress distribution around the fracture are obtained using a coupled flow/stress 

model and the fracture is represented implicitly in the model by way of increasing the 

permeabilities and porosities of the gridblocks. Both shear and tensile failure are modeled 

with tensile failure at the tip controlling the fracture growth. This approach allows 

accurate description of the poroelastic response of the rock but fracture geometry details 

are not captured (however an approximate way of estimating fracture widths is 

discussed). The fracturing fluid will in general have a different viscosity than the in-situ 

reservoir fluid. The displacement of the in-situ fluid by the fracturing fluid is modeled 

assuming piston like displacement. An empirical permeability damage model due to 

plugging by particles in the injected fluid is also implemented to see the effects on failure 

mechanisms. The governing equations for the coupled flow/stress model are given in 

Chapter 2 for the case of linear poroelasticity. Shear failure is modeled using the Mohr-

Coulomb yield criteria with a tension cutoff to determine the tensile failure. Elastoplastic 

material behavior is modeled using the incremental flow theory of plasticity as described 

in Chapter 2. The main parameters governing the failure mechanisms in poorly 

consolidated sands can be identified from the governing equations as under. The shear 
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yield function and the tensile yield function given in equations (2.9) and (2.11) are 

repeated here for convenience  
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As can be seen both shear and tensile failure are governed by the effective stress 

distribution in addition to the strength properties of the material. If we scale the effective 

stresses by the minimum horizontal in-situ effective stress  min 0h
S P , we get 

dimensionless shear and tensile failure criteria. The effective stress distribution is 

obtained in case of linear poroelasticity from equations (2.1), (2.2) and (2.7).To get a feel 

for the parameters affecting the effective stress distribution, we can non-dimensionalize 

these equations. Let the characteristic displacement be 
c

u and the characteristic length 
c

l . 

Since the pore pressure gradient is the driving term for mechanical deformation in the 

absence of gravity forces in (2.7), the dimensionless group arising out of it can be 

expected to be most important. The other dimensionless groups will characterize the 

elasticity of the rock and the strength of fluid/solid coupling. The pressure is made 

dimensionless as follows, 
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where P  is the dimensionless pressure, 
0

P  is the initial reservoir pressure, q is the 

injection rate,   is viscosity of injected fluid and k the permeability of the formation. 

Then making the substitutions 
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in equations (2.1), (2.2) and (2.7), neglecting gravity and dividing by  min 0h
S P  we get  
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An appropriate choice for the characteristic length could be the fracture half length 

f
x which would appear in the boundary condition to (4.5). However due to fracture 

propagation, the fracture half length and hence the characteristic length (and also the 

characteristic displacement) would be a function of time. The time dependence of the 

problem enters due to the fact that the fracture half length and the pore pressure field is 

changing with time for the quasi-static mechanical analysis considered here. Thus the 

actual form of the dimensionless groups will be complicated due to the dependence of 

characteristic length and displacement on time. Nevertheless, we can get a qualitative 

understanding of the dominant parameters affecting the failure mechanisms. The scaled 

shear failure criterion can be written approximately as a function of the following main 

parameters 
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and similarly for tensile failure. The second dimensionless group in the R.H.S of (4.8)

characterizes the elasticity of the material as well as the strength of fluid/solid coupling. 

The characteristic displacement itself is expected to be a function of these parameters. 

For poorly consolidated sands the elastic moduli are low and the fluid/solid coupling is 

strong resulting in higher poroelastic backstress and thus higher net fracturing pressures. 

The third dimensionless group appearing with the dimensionless pore pressure gradient in 
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(4.8) characterizes the pore pressure gradients which are determined by the fracturing 

fluid rheology and the leakoff characteristics. As can be seen an increase in the injection 

rate or increase in the viscosity of fracturing fluid or a decrease in the formation 

permeability will increase the pore pressure gradients and lower the leakoff. These 

conditions favor tensile failure. On the other hand low pore pressure gradients and high 

leakoff will favor shear failure and increase the poroelastic backstress. It should be 

remembered that the first three dimensionless parameters in the R.H.S of (4.8) will be a 

function of time because 
c

u ,
c

l  and P  will be time dependent. The last parameter 

characterizes the shear strength of the material. Poorly consolidated sands have low 

cohesion and thus easily fail in shear. The elastoplastic constitutive model will determine 

the subsequent plastic deformation once the material has failed. 

The permeability damage model due to particle transport and retention follows the 

approach given in (Pang and Sharma 1997; Saripalli et al. 1999; Sharma et al. 2000). For 

a dilute suspension of particles flowing through a porous media, the rate of deposition of 

particles at any point is assumed proportional to the particle concentration and the Darcy 

velocity at that point, 

 ,uc
t








 (4.9) 

where   is the specific deposit (volume of deposited particles per unit bulk volume),   

is the filtration coefficient, u is the Darcy velocity and c is the particle concentration 

(volume of particles per unit fluid volume). If Eq. (4.9) is combined with the mass 

balance for the solids and solved in one dimension for steady incompressible flow 

neglecting diffusion (Pang and Sharma 1997), the particle concentration c  is given as 
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where 
in

c is the injected particle concentration. Equation (4.9) can then be integrated in 

time to get the specific deposit at any given point. The corresponding decrease in porosity 

at the point is 

 
0

( , ) ( , ),x t x t     (4.11) 

where 
0

 is the original porosity. If the reduction in permeability is based on the Kozeny-

Carman equation (Sharma et al. 2000), the reduced permeability is given as 
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where 
0

k is the original permeability, 
dp

k is the reduction in permeability due to reduced 

porosity given as  
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and 
ds

k the reduction due to increased surface area given as  
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An external filtercake starts to form if the porosity at the fracture face reaches a critical 

porosity 
c

 . 

NUMERICAL IMPLEMENTATION 

The model is implemented using the commercial code FLAC3D which is an 

explicit finite difference simulator that can handle coupled fluid/mechanical analysis in a 

continuum. The inbuilt programming language FISH was used to write the required 

routines for tracking the injected fluid front, particle plugging model and the fracture 

propagation criterion. An important consideration in numerical modeling of implicit 

fracture growth is the realization of appropriate length scale and time scale to capture the 

desired physical phenomena. This is because the fracture widths are typically much 

smaller than the fracture lengths and to model the fracture implicitly requires that the 

high permeability gridblocks representing the fracture should have widths of the same 
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order as fracture width in order to capture the pore pressure and stress gradients which 

control the fracture propagation. Moreover there is a huge permeability contrast between 

the fracture gridblocks and the rest of the grid. This means the time step required for the 

fluid flow in the fracture gridblocks is very small compared to the time step required for 

fluid flow in the rest of the grid. Also for a given meshing the permeability contrast has to 

be limited so that the grid can capture the pore pressure gradients else there will be large 

step changes in pressure between grid blocks and consequently large step changes in 

effective stresses causing convergence problems for mechanical equilibrium. This 

requirement of fine meshing near the fracture and high permeability of fracture 

gridblocks may lead to very small time steps for the fluid flow calculation making the 

simulation unfeasible. Thus one needs to determine by trial and error the right mesh 

which is fine enough to simulate the physics desired as well as is feasible in terms of 

runtime. 

Model Description 

 Due to symmetry only a quarter of the physical domain is modeled with the 

injection well at one corner of the quadrant. Initially a 2-D plane strain model was used to 

simulate a horizontal layer of the payzone to save simulation time. However it was found 

that plane strain boundary conditions are not appropriate for soft rocks and 

unconsolidated sands though they work as good approximation for hard consolidated 

rocks. This is because once soft rocks fail in shear they undergo large plastic deformation 

due to changes in pore pressure. But since plane strain boundary conditions provide 

perfect vertical confinement, they result in increase in total stresses corresponding to 

increase in pore pressures (poroelastic backstress). This non-physical confinement in the 

vertical direction leads to unrealistically high injection pressures because the vertical 
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stress keeps increasing with the injection pressure. In fact this may be one of the reasons 

for the very high injection pressures (greater than the initial vertical stress) in 

unconsolidated sands reported in some of the laboratory experiments. In case of hard 

brittle rocks, tensile failure occurs at much lower injection pressures with little pore 

pressure increase in the matrix due to low leakoff. Hence plane strain conditions in the 

vertical direction work as reasonably good approximation. Therefore the fluid flow is 2-D 

(single layer of payzone) in the horizontal plane while the stress model was made 3-D by 

adding an impermeable overburden and an underburden to the payzone. Figure 4.1 

schematically shows the modeled domain along with the boundary conditions. All the 

three layers have the same mechanical properties but fluid flow occurs only in the middle 

payzone. 

Figure 4.1: Schematic of modeled domain with boundary conditions 
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The model is subjected to stresses in the normal faulting regime with in-situ 

vertical stress being the highest followed by major and minor horizontal stresses and 

initial pore pressure. The boundary conditions correspond to zero normal displacement at 

the bottom and vertical walls of the grid and a constant vertical stress at the top 

corresponding to the in-situ vertical stress. For fluid flow, the injection rate at the 

wellbore is increased gradually from zero to a constant value in a time interval short 

compared to the total flow time. This is done to avoid sudden large changes in pore 

pressure at the wellbore resulting in a mechanical ‘shock’ to the system. The planes of 

symmetry are no flow boundaries while the far field pore pressures are held fixed. 

Simulation Procedure 

As mentioned before, the injected fracturing fluid will have in general different 

viscosity from the in-situ reservoir fluid. FLAC3D can model only single phase flow. To 

model the displacement of in-situ fluid by the injected fluid we assume piston like 

displacement and the shape of the front will be approximated by an ellipse that is 

confocal with the fracture at any given time. The size of the ellipse is determined from a 

mass balance on the injected fluid i.e. the total amount of fluid injected since the start of 

injection should equal the amount of fluid in the pore space contained within the elliptical 

front. At given time t , let 
f

x be the half length of the fracture, h be the thickness of the 

payzone, 
i

W be the volume of fluid injected since the start of the injection and 
0

a and 

0
b be the major and minor semi-axes of the elliptical front which has its foci at the 

fracture tip as shown in Figure 4.2. 
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Figure 4.2: Plan view of the elliptical flow geometry and injected fluid front 

 Then the volume of the flooded region 
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V is given by  /
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Once the dimensions of the ellipse were found as above, the injected fluid viscosity is 

assigned to the fluid within the ellipse. Doing a fully coupled fluid/mechanical analysis to 

model fracture propagation implicitly is numerically challenging due to the reasons 

mentioned before. The fluid flow time step in FLAC3D was found to be too small for the 

small mesh size and high permeability of the fracture gridblocks. Usually in pore pressure 

driven coupled fluid/mechanical system the volumetric strains will not significantly affect 

the pore pressure field i.e. the pore pressure field will be largely independent of stress 

model. But the stress distribution will be affected by pore pressure changes and it can be 
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determined by running the stress model to equilibrium for a given pore pressure field. 

Moreover in case of large leakoff and high fluid mobility the pressure transients will die 

out quickly and the steady state pore pressure distribution can be taken to be a good 

approximation to the actual pore pressure field at any given fracture half length. This was 

then the approach followed whereby an analytical solution for the steady state pore 

pressure distribution for a given fracture half length was supplied to FLAC3D which was 

subsequently run to mechanical equilibrium to determine the stress distribution. In 

general both shear failure and tensile failure can occur due to pore pressure changes; 

however fracture propagation occurred when tensile failure was detected at the tip. For a 

given fracture half length, the steady state pore pressure field assuming an infinitely 

conducting fracture can be obtained by solving the Laplace’s equation for pressure in 

elliptic-cylindrical coordinate system. This gives the equi-potential lines as ellipses 

confocal with the fracture. At any given point the major semi-axis a and minor semi-axis 

b  of an ellipse passing through that point and confocal with the fracture are found. The 

pore pressure at that point is then given by (Suri and Sharma 2010),   
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if the point lies outside the injected fluid front, and  
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if the point lies within the ellipse of injected fluid front. Here 
i

 and 
j

 are the viscosities 

of the in-situ fluid and injected fluid respectively, k is absolute permeability of the 

formation, 
0

P  is the far field or in-situ pore pressure and 
e

r is the far field boundary of 

constant pore pressure. For modeling formation damage due to particle plugging, it is 

assumed that all the injection has occurred through the fracture at its current half length 

and thus the particle deposition is uniform in the form of elliptical shells around the 
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fracture within the region invaded by the injected fluid. The solution (4.10) for the one-

dimensional particle transport equation is used by replacing the linear coordinate x by the 

elliptic coordinate . The region invaded by the injected fluid is then divided in a series 

of n elliptical shells and the pressure at any given point is obtained by summing the 

pressure drops over each elliptical shell starting from the point up to the far field 

boundary. If the fracture face porosity reaches a critical porosity, external filtercake starts 

to form uniformly over the fracture face. The pressure drop across the external filtercake 

will then cause the pressure inside the fracture to rise. 

RESULTS AND DISCUSSION 

The key results from the model are the pressure response at the wellbore, the 

growth of fracture half length as a function of time and stress state diagrams showing the 

extent of shear failure and tensile failure. A base case with no particle plugging is 

considered relative to which sensitivity with respect to various parameters is performed. 

The model properties for the base case are given in Table 4.1. In all cases the model is 

run for an injection duration of 5000 sec (~83 min). Fig. 4.3 shows the bottom hole 

pressure and injection rate as a function of time. As can be seen the net fracturing 

pressures are very high (the injection pressure is close to the in-situ vertical stress). The 

failure state diagram is shown in Fig. 4.4 which shows a plastic zone of shear failure 

around the fracture (region of tensile failure) and ahead of the fracture tip. The failure 

states in Fig. 4.4 are: shear-n denotes a gridblock at shear failure now, shear-p denotes a 

gridblock which has previously failed in shear, tension-n denotes a gridblock at tensile 

failure now and tension-p denotes tensile failure in the past. A gridblock can have a 

combination of these states. It is observed that ahead of the tip the zone fails in shear first 

and subsequently in tension if sufficient pore pressure increase and stress concentrations 
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develop at the tip. This behavior is consistent with experimental observations 

(Khodaverdian and McElfresh 2000).  Figs. 4.5 and 4.6 show the distributions of plastic 

shear strain and plastic tensile strain respectively. The plastic tensile strain is confined to 

the fractured gridblocks. Fig. 4.7 shows the pore pressure distribution at the end of 

injection duration. Fig. 4.8 shows the distribution of total normal stress in the y direction 

yy
S  at the end of injection duration. The poroelastic backstress which is the change in 

total stress due to change in pore pressure is evident in this plot. In the region of pore 

pressure increase around the fracture, the total stress has increased above the far field or 

in-situ value. This leads to higher net fracturing pressures.  Fig. 4.9 shows the stress path 

that a typical zone ahead of the fracture tip undergoes. 

Table 4.1: Model properties and conditions 

Parameter Value 

Young’s modulus 1 GPa 

Poisson’s ratio 0.25 

Biot’s Constant ( 1 

Cohesion 0.6 MPa 

Friction angle 27° 

Tensile strength 0.35 MPa 

Dilation angle 10° 

Permeability 1×10
-12

 m
2
 (~1 Darcy) 

Porosity 0.25 

In-situ fluid viscosity 10
-3

 Pa-sec (1 cP) 

Injected fluid viscosity 50×10
-3

 Pa-sec (50 cP) 

Wellbore radius 12 cm 

Fixed PP boundary, re 100 m 

Injection rate 6.4×10
-3

 m
3
/s/m 

Vertical stress, Sv 65 MPa 

Major horizontal stress, Shmax 60 MPa 

Minor horizontal stress, Shmin 55 MPa 

In-situ pore pressure, P0 45 MPa 
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Figure 4.3: Bottomhole pressure and injection rate for the base case. The injection 

duration was 83 min 

Figure 4.4: Close up of plan view of failure state diagram of the payzone for the base case 

for fluid flow time of 83 min 
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Figure 4.5: Plastic shear strain distribution for the base case 

Figure 4.6: Plastic tensile strain distribution for the base case 
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Figure 4.7: Contour diagram of the pore pressure (in Pa) distribution at the end of 

injection duration 

Figure 4.8: Contour diagram of the total normal stress in the y-direction for base case 
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Figure 4.9: Stress path undergone by a gridblock initially lying ahead of the fracture tip 

As mentioned before fracture geometry is not explicitly modeled when modeling 

fracture propagation implicitly. The discontinuity at the fracture plane is not modeled and 

displacements at the fracture plane are not obtained. However we can get an estimate of 

the fracture widths when modeling fractures implicitly by looking at the displacement 

field. Though the displacements right at the fracture plane will be zero (the fracture plane 

is a boundary with zero normal displacement boundary condition), once the gridblocks 

along the fracture plane fail in tensile mode, they will subsequently deform plastically at 

almost zero effective stress (because of very little or negligible residual tensile strength) 

due to the high pore pressures inside the fractured gridblocks. Since the fractured 

gridblocks can deform easily, the gridblocks away from the fracture plane will not ‘see’ 

the fixed boundary conditions at the fracture plane. In other words the stiffness of 

fractured gridblocks in tension is almost zero and the adjoining gridblocks can be 
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displaced easily due to the high pore pressures in the fractured gridblocks which act as 

pressure loads on the adjoining gridblocks. Thus if the grid meshing is fine enough 

around the fracture plane, the displacement field around the fracture should be a good 

estimate to the one if the pressure loads were directly applied at the fracture face with the 

fracture boundary free to deform. This was tested by running the model for a brittle 

elastic rock of Young’s modulus E=6 GPa and Poisson’s ratio =0.15 under plane strain 

conditions. The other parameters are the same as in Table 4.1. In one case the boundary 

gridpoints lying on the fracture plane are released as soon as the fracture propagates (the 

propagation criterion is based on tensile failure at the tip). The fracture boundary is then 

free to deform and a uniform fracture pressure as given by Eq. (4.19) for a point lying on 

the fracture plane is applied on the fracture faces. Thus in this case fracture propagation is 

modeled explicitly assuming no pressure drop inside the fracture. This is then compared 

with the implicit fracture propagation case keeping all the parameters same. In this case 

the tensile strength of material is made zero after tensile failure occurs so that the 

fractured gridblocks can deform plastically at zero tensile stress. The pressure response in 

the two cases shown in Fig. 4.10 agrees reasonably well. The final fracture half length 

obtained in both cases was found to be 15.1 m. Fig 4.11 shows the y-displacement 

contours for the explicit fracture case. The displacements in the y-direction at the fracture 

boundary correspond to the fracture half widths in this case. Fig. 4.12 shows the y-

displacement contours for the implicit fracture case. As can be seen at the fracture 

boundary the y-displacements are exactly zero due to the boundary conditions. But just 

next to the boundary the y-displacements are very close to what is obtained in Fig.4.11. 

Thus the fracture half widths may be estimated from the gridpoint displacements near the 

fracture boundary in case the fracture is not modeled explicitly. It should be noted that 

explicit modeling of fracture propagation assuming an infinitely conducting fracture was 
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found to be unstable in case of unconsolidated sands or soft rocks due to the irreversible 

plastic deformation taking place after shear failure. Thus in all further cases fracture 

widths are estimated from the y-displacement contour diagrams while modeling the 

fracture implicitly.  

Figure 4.10: Bottomhole pressure response when modeling fracture propagation 

explicitly and implicitly 
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Figure 4.11: y-displacement contours when the fracture propagation is modeled 

explicitly. The maximum fracture half width is around 4.6 mm 

Figure 4.12: y-displacement contours when the fracture propagation is modeled 

implicitly. The maximum gridpoint displacement is around 4.7 mm which is 

very close to the maximum fracture half width of 4.6 mm in Fig. 4.11 

The y-displacement contour plot for the base case is shown in Fig. 4.13. In this 

case the maximum gridpoint displacements are around 1.3 cm. Therefore fracture half 

widths of 1.3 cm can be expected in this case. Thus very thick (wide) fractures are 
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obtained in case of an elastoplastic material as has been observed in experiments. This 

will be compared to the case of a consolidated hard rock later where maximum gridpoint 

displacements and thus the expected fracture half widths are only about 0.3 mm. 

Figure 4.13: y-displacement contours for base case of Table 4.1 

Effect of pore pressure gradients 

The pore pressure gradients are determined by the injection rate, injected fluid 

viscosity and permeability of the formation as shown in equation (4.8). Permeability 

reduction due to particle plugging reduces leak-off and results in higher pressure 

gradients at the fracture face. Both fluid rheology and leakoff thus determine the pore 

pressure gradients. In general higher pore pressure gradients result in longer tensile 

fractures and smaller zones of shear failure. The effect of injection rate was studied by 

running the model for injection rates of 11.3 m
3
/hr/m and 43 m

3
/hr/m (with rest of the 

parameters as in Table 4.1). Fig. 4.14 shows the growth of fracture half length versus 

time for different injection rates. As expected, for a given injection duration longer 

tensile fractures are obtained for higher injection rates. Although increasing the injection 
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rates did increase the length of fractures, there was an increase in the extent of shear 

failure zones and fracture widths estimated from the y-displacement contour plots. 

Figure 4.14: Fracture growth as a function of time for 3 different injection rates. The   

initially increasing slopes are due to increasing injection rate. 

The effect of injected fluid viscosity was studied by making model runs at 100 cP, 150 cP 

and 200 cP keeping all other parameters the same. Increasing the fluid viscosity increases 

the injection pressures slightly but longer tensile fractures with smaller shear failure 

zones are obtained. Fig. 4.15 shows the bottomhole injection pressures versus time and 

Fig. 4.16 shows the fracture half length versus time for different injection fluid 

viscosities. The injection pressure does not change much because the fracture propagation 

rate increases with an increase in the injected fluid viscosity. Fig. 4.17 shows the pore 
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pressure distribution and Fig. 4.18 shows the distribution of total normal stress in the y-

direction 
yy

S . Here the region of poroelastic backstress (the region where total stresses 

are changed due to changes in pore pressures) is reduced to higher pore pressure 

gradients. Fig. 4.19 shows the failure state diagram for the case of 200 cP injected fluid 

viscosity. Comparing Fig. 4.19 with Fig. 4.4 for the base case, it can be seen that the 

fracture length has doubled while the shear failure zone has been reduced for the same 

injection duration due to higher pore pressure gradients. Fig. 4.20 shows the y-

displacement contour plot for the case of 200 cP injected fluid viscosity. Although the 

fracture half length has doubled the expected fracture half widths are about the same as 

for the base case. 

Figure 4.15: Bottomhole injection pressure for different injection fluid viscosities 
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Figure 4.16: Fracture growth as a function of time for different injection fluid viscosities. 

The initially increasing slopes are due to increasing injection rate. 

Figure 4.17: Contour diagram of the pore pressure (in Pa) distribution for injection fluid 

viscosity of 200 cP and fluid flow time of 83 min. 
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Figure 4.18: Contour diagram of the total normal stress in the y-direction for injected 

fluid viscosity of 200 cP. 

Figure 4.19: Close up of plan view of failure state diagram for injection fluid viscosity of 

200 cP and fluid flow time of 83 min 
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Figure 4.20: y-displacement contour for injection fluid viscosity of 200 cP 

Finally the effect of particle plugging on fracture propagation is studied for the 

base case of Table 4.1 using the input data for the filtration model given in Table 4.2. Fig. 

4.21 shows the failure state diagram obtained in this case. As can be clearly seen the 

reduction in leakoff caused due to particle plugging has led to a longer fracture with 

reduced shear failure zone. 

Table 4.2: Input data for the filtration model 

Parameter Value 

Filtration coefficient,  2 m
-1

 

Injected particle diameter, dp 20 m 

Grain diameter, dg 130 m 

Filtercake permeability, kc 1×10
-15

 m
2
 (~1 md) 

Critical porosity, c 0.20 

Injected particle concentration, cin 0.05 
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Figure 4.21: Close up of plan view of failure state diagram for the particle plugging case 

of Table 4.2 and fluid flow time of 83 min 

In the above case an external filtercake was not formed since no gridblock reached the 

critical porosity for the given injection duration. Fig. 4.22 shows the failure state diagram 

and Fig. 4.23 shows the y-displacement contour plot when the injected solid 

concentration is 0.075. In this case external filtercake formation takes place and much 

longer fracture is obtained with little shear failure around it. Also the expected fracture 

half widths are reduced although the fracture half length is twice that in the base case.  

Fig. 4.24 shows the porosity distribution at the end of simulation for the case of injected 

solids concentration of 0.075. On the other hand keeping the injected solid concentration 

at 0.05 but reducing the leakoff by increasing the filtration coefficient to 3 m
-1

 has a 

similar effect. Fig. 4.25 shows the failure state diagram in this case. Fig. 4.26 shows the 

growth of external filtercake as a function of time for the above cases. This is completely 

consistent with the experimental observation that low leak-off fluids create fractures that 

grow primarily by tensile failure. Fig. 4.27 shows the bottomhole pressure response for 

different injected particle concentrations. No significant change in injection pressures is 

observed. 
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Figure 4.22: Close up of plan view of failure state diagram for injected particle 

concentration 0.075 and fluid flow time of 83 min 

 

 

Figure 4.23: y-displacement contours when the injected particle concentration is 0.075. 

Although longer fractures are obtained due to particle plugging, the 

estimated fracture half widths from the above diagram are lower compared 

to the base case 
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Figure 4.24: Porosity distribution showing the effect of particle plugging for a fluid flow 

time of 83 min when the injected particle concentration is 0.075. Note that 

the fracture face is at the critical porosity of 0.2. Hence external filtercake 

has formed in this case. 

Figure 4.25: Close up of plan view of failure state diagram for injected particle 

concentration 0.05, filtration coefficient 3 m
-1

 and fluid flow time of 83 min 
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Figure 4.26: Growth of external filtercake versus time 

 



 60 

Figure 4.27: Bottom hole pressure response in case of particle plugging at 2 different 

injected particle concentrations. The filtration coefficient in both cases was 

2 m
-1

. 

Effect of strength parameters 

The cohesion and the friction angle characterize the yield strength in shear of a 

Mohr-Coulomb material. It is the cohesion that differentiates a strong rock from a weak 

rock since the friction angles are usually similar for both. Cohesion values of 0.3 MPa, 

0.6 MPa, 1.5 MPa and 3 MPa were considered to observe the effect on the failure 

mechanism. Fig. 4.28 shows the bottomhole pressure response at different cohesion 

values. The injection pressure decreases with an increase in cohesion value because shear 

failure and plastic deformation are reduced. For the case of cohesion values of 0.3 MPa 

and 0.6 MPa the pressure response is identical suggesting that the effect of cohesion 

decreases as it approached very low values. Plasticity thus leads to higher fracturing 

pressures as consistently reported in experiments. Fig. 4.29 shows the effect of cohesion 

on the stress path that a typical gridblock ahead of the fracture tip undergoes. An increase 
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in cohesion raises the yield envelope so that plastic deformation in shear is reduced.  The 

fracture half length obtained in all the cases was similar. However the y-displacement 

contour diagrams show that the expected fracture half widths in the case of higher 

cohesion is much less than in case of low cohesion rock due to reduction in plastic 

deformation. Figs 4.30 and 4.31 show the y-displacement contours in case of 0.3 MPa 

cohesion and 3 MPa cohesion respectively. As can be seen although similar fracture half 

lengths were obtained in both cases, the displacements differ by almost an order of 

magnitude.  

Figure 4.28: Bottomhole pressure response for different cohesion values 
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Figure 4.29: Effect of cohesion on the stress path 

Figure 4.30: y-displacement contours when cohesion is 0.3 MPa. Compare with Fig. 4.31 
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Figure 4.31: y-displacement contours when cohesion is 3 MPa. Comparing with Fig. 

4.30, it can be seen that the displacements are smaller by almost an order of 

magnitude. 

The model was also run for the case of a consolidated brittle rock (hard rock) to 

compare the failure mechanism with a poorly consolidated rock. Due to the assumptions 

stated the model is truly applicable to high permeability formations due to the high 

leakoff assumption. So the flow properties for the hard rock case are assumed to be the 

same as for the base case given in Table 4.1. The mechanical properties for the hard rock 

case are given in Table 4.3 

Table 4.3: Mechanical properties for the hard rock case 

Parameter Value 

Young’s Modulus, E 6 GPa 

Poisson’s ratio 0.15 

Cohesion 6.67 MPa 

Friction angle 30 

Tensile strength 0.5 MPa 

Fig. 4.32 shows the bottomhole pressure response comparing the base case and the hard 

rock case. As can be seen due to absence of plasticity in the hard rock case the injection 
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pressure is lower. However, it is still much greater than the minimum horizontal stress. 

This is due to lateral confinement provided by the shear stresses acting at the interfaces 

between the overburden and the underburden. This will be discussed further when 

considering the effect of payzone thickness. Figs. 4.33 and 4.34 show the distribution of 

pore pressure and total normal stress in the y-direction 
yy

S respectively for the hard rock 

case. It can be seen that the poroelastic backstress in the hard rock case is low compared 

to the base case due to weak fluid/solid coupling in case of hard rock. Fig. 4.35 shows the 

y-displacement contours for the hard rock case. Although the fracture half length 

obtained is slightly longer compared to the base case, but the gridpoint displacements and 

hence the expected fracture half lengths are less by almost two orders of magnitude. 

Figure 4.32: Comparison of bottomhole pressure response of poorly consolidated sand to 

a hard rock 
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Figure 4.33: Contour diagram of the pore pressure (in Pa) distribution for hard rock case 

Figure 4.34: Contour diagram of the total normal stress in the y-direction for hard rock 

case 
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Figure 4.35: y-displacement contours for the hard rock case. Comparing with Fig. 4.13, it 

can be seen that the displacements are lower by almost two orders of 

magnitude. 

Effect of dilation angle 

Post failure the plastic deformation is governed by the dilation angle as was 

shown in Eq. (2.13) and (2.14). Higher dilation angle will result in higher plastic 

volumetric deformation on shear failure. The effect of dilation angle was studied by 

running extreme cases for dilation angle of 0° and 25° in addition to the base case of 10°. 

Fig. 4.36 shows the bottomhole pressure response in the three cases. Figs. 4.37 and 4.38 

show the y displacement contours when the dilation angle is 0° and 25° respectively. It 

can be seen that dilation causes an increase in plastic deformation leading to thicker 

fractures and higher injection pressures.   
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  Figure 4.36: Bottomhole pressure response showing the effect of dilation angle 

Figure 4.37: y-displacement contours for the case of dilation angle=0° 
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Figure 4.38: y-displacement contours for the case of dilation angle=25° 

Effect of payzone thickness 

In all of the above cases the payzone was simulated by a single layer of 

gridblocks in the horizontal XY plane of uniform thickness 0.5m in the vertical Z 

direction with an overburden and an underburden which are impermeable but have the 

same mechanical properties as the payzone. The intent was to simulate a thin section in 

the middle of a thick payzone while trying to achieve realistic stress boundary conditions 

in the vertical direction with minimum computational effort. However we ran cases in 

which a relatively thicker payzone was divided into a number of gridblocks in the vertical 

direction and is overlaid and underlain by impermeable layers of rock having different 

mechanical properties from the payzone. We consider payzone thickness of 2.5m, 5m and 

10m. For the case of 2.5m and 5m thickness the payzone is divided into 5 gridblocks in 

the vertical direction while in case of payzone thickness of 10m it is divided into 8 

gridblocks in the vertical direction. The overburden and the underburden are made stiffer 

to simulate shale layers. The mechanical properties of the shale are: Young’s modulus 

E=6 GPa, Poisson’s ratio 0.25, cohesion c=6.67 MPa, friction angle of 30° and tensile 
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strength 0.5 MPa. All other model parameters are as in Table 4.1. Fig. 4.39 shows the 

bottomhole pressure response at the center of the payzone for the above cases. Clearly 

thicker payzones have lower fracturing pressures. This is because as the thickness 

increases, the lateral confinement in the horizontal plane at the center of the payzone 

provided by the overlying and underlying layers decreases. In case of plane strain or 

plane stress models the shear stresses on horizontal planes are zero. However due to 

presence of bounding layers above and below shear stresses will be generated at the 

interfaces due to differing deformation in different layers. These shear stresses generated 

at the interface provide lateral confinement and result in increase of required fracturing 

pressures. This lateral confinement will be greatest in the regions adjacent to the stiffer 

overburden or the underburden and will decrease away from the interfaces i.e. towards 

the center of the payzone. Thus for very thick payzones lateral confinement will be 

negligible at the center and the required fracturing pressures will be low. Also the 

pressure distribution from the PKN model max

2

( , )
( , )

2(1 )
net

w x tE
P x t

h

 
 

 

 in reference 

to Fig. 3.1 shows that the required net fracturing pressure required to prop open a fracture 

for a given width varies inversely as the height of the fracture. 
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Figure 4.39: Bottomhole pressure response showing the effect of payzone thickness. 

Figs. 4.40 and 4.41 show the failure state diagram for the case of h=5 m and h=10 

m respectively. Note that the overburden and underburden are not shown and the highest 

amount of shear failure occurs in the top and bottom layers which are adjacent to the 

stiffer overburden and underburden. Fig. 4.42 shows the y-displacement contour plot for 

h=5m. The displacements are comparable to those for the base case in Fig. 4.13. The 

displacements are the same order of magnitude irrespective of the payzone height.  
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Figure 4.40: Failure state diagram for the case of payzone height h=5m. The overburden 

and underburden are not shown. Note that most of the shear failure occurs in 

the top and bottom layers which are connected to the overburden and 

underburden. 

Figure 4.41: Failure state diagram for the case of payzone height h=10m. The overburden 

and the underburden are not shown. 
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Figure 4.42: y-displacement contours for h=5m. The y=0 plane is not shown since due to 

the boundary conditions the y-displacements at y=0 plane are zero. 
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Chapter 5: Conclusions and Recommendations 

A numerical model for fracture growth in poorly consolidated sands has been 

presented. Two approaches were considered: explicit and implicit modeling of the 

fracture. In the first approach the fluid flow inside the fracture and the fracture geometry 

were explicitly modeled and coupled to each other. However the numerical algorithm 

was found to be unstable and did not converge. In the second approach the fracture was 

modeled implicitly with emphasis on high leakoff cases.  

The fracture propagation mechanism is different from the linear elastic fracture 

mechanics approach. Shear failure takes place at the tip due to fluid invasion and pore 

pressure increase. Subsequently the tip may fail in tension and the fracture propagates. 

The key influence of pore pressure gradients, fluid leakoff and the elastic and strength 

properties of rock on the failure mechanisms in sands have been demonstrated and found 

to be consistent with experimental observations. In particular pore pressure gradients 

were found to be the dominant factor controlling the fracture half length and extent of 

shear failure while the mechanical properties of the formation had a dominant effect on 

the fracturing pressures, expected fracture widths and the type of failure mechanism 

(shear vs. tensile). High pore pressure gradients either due to injection of a high viscosity 

fluid or due to permeability reduction by particle plugging result in longer tensile 

fractures with smaller shear failure zones. Poroelastic backstress and plasticity both 

contribute to higher net fracturing pressures. Poroelastic backstress is governed by the 

amount of leakoff and the strength of fluid/solid coupling. High leakoff also leads to 

larger zones of material in a state of plastic shear due to pore pressure increase in the 

matrix. Plasticity causes lower stress concentration at the tip shielding it from the 

pressures acting at the fracture faces. The fracturing pressures reduced as the shear 
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strength of material is increased due to reduced plastic deformation in shear. Plane strain 

boundary conditions were found to be inadequate for modeling soft rocks and may be the 

cause of very high injection pressures reported in some of the lab experiments. 

The presented model is truly applicable only to high leakoff cases as mentioned 

before. To model low leakoff cases the approach given in Chapter 3 might be more valid. 

Hence further work needs to be done on other alternatives to make the nonlinear coupling 

of fluid flow within the fracture and the deformation of the surrounding material more 

robust and stable. Also in the case of implicit modeling of fracture, pressure transients 

were neglected to reduce the runtime required in case of fully coupled flow/stress 

analysis. This was because of the very small time step due to high permeability and small 

size of the fractured gridblocks. The restriction to small time step is due to the explicit 

formulation in FLAC. Software employing implicit time stepping techniques may be 

more suitable for doing a fully coupled flow/stress analysis while modeling the fracture 

implicitly. The particle plugging model is simplified with regard to assumptions of 

uniform deposition around the fracture and formation of external filtercake of uniform 

thickness all along the fracture length. The effect of deviations from these simplifications 

can be studied further. 
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