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Abstract 

 

The Effect of Grid Scale on the Calibration of Two-Dimensional River 

Models Through the Drag Coefficient 

 

 

 

 

Rachel Elizabeth Chisolm, MSE 

The University of Texas at Austin, 2011 

 

Supervisor:  Ben R. Hodges 

 

New survey technologies are able to provide detailed data on the form and 

topography of riverbeds.  With this increased data resolution, the required computational 

time rather than data availability has become the limiting factor for river models.  

Detailed bathymetric data can be used to provide better empirical representation of drag 

and roughness at fine scales, allowing a priori selection of roughness using known 

physics rather than a posteriori calibration.  However, we do not have sufficient guidance 

or understanding from the literature to represent known heterogeneities smaller than our 

practical grid scale.  The problem is what to do with known subgrid-scale bathymetric 

features and roughness when our models must use a coarser computational grid.  In this 

project, we simplify this complex problem to analyzing flow in a simple open channel 
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with a single patch of relatively high roughness against an otherwise uniform background 

of low roughness.  We model this open channel with a two-dimensional, depth-averaged 

river model.  By running multiple simulations using different grid sizes we gain insight 

into how the relationship between the grid cell size and the patch size affects the 

appropriate physical selection of roughness parameter. 

As the primary focus, the present work proposes and investigates several methods 

for upscaling known fine-scale drag coefficient data to a coarser grid resolution for a 

model.  For the tested conditions, it appears that a simple area-weighted linear average is 

simple to apply and creates a flow field very similar to the best results achieved by 

calibration.  !

As a secondary issue, the present work examines grid-dependent behaviors when 

using model calibration.  Although recalibration of models for different grid scales is a 

common practice among modelers, we could find relatively little documentation or 

analysis.  In our work, we examine both single-cell calibration (i.e. changing roughness 

in only the cell containing the rough patch) and multiple-grid cell calibration involving 

neighbor cells.  With either method, improving calibration required multiple model 

simulations and comparative analysis for each tested grid size and was inefficient 

compared to the upscaling approach.  As expected, the calibration at a given grid size was 

always inappropriate for a different grid size.   
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Chapter 1:  Introduction 

1.1 Overview 

The work presented here focuses on the effect that grid size has on the 

representation of a spatially-nonuniform drag coefficient in a depth-averaged river model.  

A two-dimensional model is applied to a stream reach with a streamwise flow.  This 

project is limited to a study of the relative size and roughness of the subgrid 

heterogeneity and does not take into account the shape, orientation, or location of the 

heterogeneity within the stram reach.  We examine several methods for determining the 

drag coefficient by upscaling fine-scale data to a coarse model grid. A linear area-

weighted average is used as the initial method for determining the drag coefficient.  The 

results from other methods of upscaling data to the coarse grid are compared to the linear 

average method to quantify relative performance.   

This project also examines model calibration grid-dependency for flow with 

spatially-distributed roughness.  It has generally been understood that a calibration is only 

valid for a particular grid size and that a model must be recalibrated when the grid size is 

changed, but this has never been proven.  We look at various calibrations of coarse grid 

models and quantify the grid-dependent results.   

1.2 Coarse and Fine Grid 2D River Models 

The field of two-dimensional (2D) river modeling has come a long way in recent 

years.  River models can be used for a variety of purposes, including modeling of 
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floodplains (e.g. Hunter et al., 2008; Horritt, 2006), predicting habitat conditions for 

wildlife living in rivers (e.g. Crowder and Diplas, 2000; Clifford et al., 2010), and 

predicting the impact of changes related to human activity (e.g. Gregory, 2006).  Some 

common issues for 2D river models include representing resistance due to drag and 

roughness, accurate representation of boundary conditions, and choice of grid scale.  

Historically, the choice of grid size has been restricted by the resolution of 

available topographic data.  Generally, modeling at finer scales than topographic 

resolution is undesirable because the results are influenced by the bathymetric 

interpolation technique (Nicholas, 2001) rather than being a function solely of the fluid 

mechanics and model discretization.  However, technology now allows bathymetric data 

collection on scales ranging from millimeters to decimeters (e.g. Alho et al., 2009). 

Furthermore, detailed land cover or riverbed data can be used to directly estimate the 

spatially-distributed roughness parameters.  We now have methods for translating field 

data to roughness parameters either from land cover data (e.g. Hossain et al., 2009), 

detailed topography (e.g. Casas et al., 2010), or measurements of sub-grid roughness 

heights (e.g. Strickler, 1923).  Roughness heights can even be adjusted with a scaling 

factor to account for micro-scale roughness (Bray, 1982).  Thus, we can say that 

obtaining adequate fine resolution channel bed data for a 2D river model is a solvable (if 

not solved) problem. 

With such fine resolution, models of larger reaches are now limited by 

computational requirements.  Using finer model grid cells increases the computational 

requirements in two ways: most obviously by increasing memory and CPU cycles for a 
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single model time step; but perhaps less obvious is that finer grid cells require a smaller 

model time step to maintain model accuracy and stability.  The combination of these 

effects can be dramatic.  For example in a 2D river model, reducing the grid cell length 

by 50% in each direction requires the number of grid cells to quadruple and the time step 

to be cut in half, so the overall computational time increases by a factor of 8.  Taken to an 

extreme, changing from 10 m to 0.1 m grid resolution in a 2D river model increases 

computational time by a multiplier of 106.  

As useful jargon for the present work, we define a “fine grid” model as having 

sufficiently fine grid cells to resolve spatial heterogeneity of roughness features. 

Correspondingly a “coarse grid” model has roughness heterogeneity below the grid scale 

represented by some “equivalent” roughness (i.e. the roughness that creates the same 

effective local drag as the net effect of heterogeneous features).  The key modeling 

challenge is making a coarse-grid model perform as closely as possible to an equivalent 

fine-grid model.  Ideally, the use of empirical data to determine the roughness should 

reduce the need for model calibration, but we presently have no way to apply fine scale 

data to a coarse grid model. 

1.3 Motivation 

The present work is a precursor to developing new modeling techniques that can take 

into account flow behavior driven by roughness, turbulence and topgraphy at finer scales 

than are practically modeled.  Our motivation is simple: a good model should make use 

of all available data, but we presently have no rigorous methods applying available fine 
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scale topographic and roughness data at coarse-grid scales. Thus, practical coarse-grid 

models are invariably neglecting data that could be used to improve results.  We seek 

ways of rigorously applying fine-scale roughness data within a coarse grid model to 

reduce the calibration effort and improve model results. 

1.4 Treatment of Drag and Roughness in Literature 

Drag and roughness are typically represented in 2D river models through a 

friction parameter.  Most 2D models express the bottom friction parameter in terms of a 

drag coefficient or Manning’s n value.  The relationship between the drag coefficient, CD, 

and Manning’s n is given by equation (1.1), where h is the water depth (see Appendix C 

for further discussion of the drag coefficient and Manning’s n).   

 CD =
2gn

2

h
1
3

 (1.1) 

There are many different ways to estimate the value of a friction parameter.  

Models either use a global value that is calibrated for the entire river reach or a spatially-

distributed friction parameter determined from local riverbed characteristics.  Some 

studies do not discuss their reasons for selecting friction parameters (e.g. Pasternack et 

al., 2006; Alho and Makinen, 2010).  Some claim their models are relatively insensitive 

to friction parameters (e.g. Bray, 1979; Nicholas, 2003), but others claim that roughness 

values significantly affect their model results (e.g. Lane and Richards, 1998; Lane et al., 

1999; Alho and Makinen, 2010).  The existing literature indicates there is ambiguity 

regarding the significance of the friction parameter and its impact on model results.   
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Friction parameters are most commonly based on a qualitative comparison of the 

riverbed to stated literature values (e.g. Chow, 1959; Henderson, 1966; Hicks and Mason, 

1991) or based on the Strickler equation (1923) using a roughness height that is 

representative of the size of sub-grid roughness.  When the former approach is used, 

typically a single value of the friction parameter is applied to the whole domain; 

however, some studies adjust the friction parameter in different regions when calibrating 

(e.g. Hsu et al., 1999; Papanicolaou et al., 2011).  A friction parameter based on a 

qualitative comparison with the literature is simple and used in many studies (e.g. 

Connell, et al., 1998; Nicholas and Mitchell, 2003).   

A roughness height is commonly used for more quantitative estimates of the 

friction parameter, as spatial changes in the local roughness height can be measured (or 

estimated) and the relationship from measured roughness to the friction parameter can be 

based directly on experiments (e.g. Land and Richard, 1998; Lane et al., 1999; Byrd and 

Furbish, 2000).  

Some studies use the literature friction parameter as a starting benchmark and 

then calibrate up or down to produce better results (e.g. Hsu, et al., 1999; Nicholas, 

2003).  Others use a relatively arbitrary starting point and determine the friction 

parameter purely through calibration (e.g. Horritt and Bates, 2002). Mason et al., 2003 

argued that pure calibration of friction parameters should be discouraged because the 

results that best match limited field data may be essentially unphysical.  Indeed, Lane et 

al. (1999) show that better calibrated results for their model were achieved using a 

friction parameter higher than the value directly measured in the field. Alho and Makinen 
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(2010) also state that their model results can be improved by using unreasonably high 

friction parameters.  Sahoo et al. (2006) stress the importance of keeping values within 

ranges that are physically realistic when using optimization to calibrate their hydrologic 

model.  In the opposite vein, Ding et al. (2004) propose an approach that uses an 

algorithm to optimize Manning’s n values to give the best results.  However, this type of 

optimization approach may entirely neglect the physical basis of the friction parameter.  

Crowder and Diplas (2000) argue that the roughness coefficient should be based entirely 

on physical data, and thus did not calibrate their model.  If one takes the viewpoint that 

80% of the accuracy of an environmental model depends on good bathymetric data, 

choice of mesh, and boundary conditions (USACE, 2006), then calibrating the model via 

an unphysical friction parameter is trying to make the model give the right answer for the 

wrong reason.  

The qualitative methods that determine a Manning’s n value based on the type of 

riverbed (eg. Chow, 1959) do not account for the interaction between model grid size and 

flow effects of either a spatially-uniform or spatially-distributed friction parameter 

applied over uneven bathymetry.  Models that use such qualitative methods to determine 

the friction parameter generally rely on calibration to produce good model results, and we 

do not know of any studies that look into the effect of grid size on calibration.   

Neglect or improper estimation of spatial-nonuniformity in the friction parameter 

can lead to large errors in modeled velocity (Lane and Richards, 1998).  Thus, good 

model results require accurate representation of a spatially-distributed friction parameter.  

When heterogeneous values of the friction parameter are used, model calibration is even 
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less practical for two reasons.  Firstly, the number of possible spatial permutations of the 

friction parameter may be simply impractical for calibration. Although multivariate 

parameter estimation methods exist and are used in hydrological modeling, such 

approaches have not been shown to be practical and reliable for flow over complex river 

bathymetry modeled with the 2D hydrostatic Navier-Stokes equations.  The second 

reason why spatial heterogeneity impedes calibration is that spatially-limited field data 

combined with spatially-distributed calibration leads to an over-parameterized model, 

which has implications discussed by Beven (1989).  Briefly, when multiple parameters 

are optimized toward achieving a single reference value, many possible combinations 

may give the same result;  thus eliminating the physical basis or justification for the 

parameter choices.  When a parameter assumes a different value at each grid cell, as is 

often the case with the drag coefficient, it is best to estimate a priori values of that 

parameter (Beven, 1989) and look to means other than calibration to improve model 

results.   

1.5 Objectives 

The objectives of this research are twofold:   

1. Determine the viability of simple approaches for upscaling fine-scale roughness 

data to a coarse grid model.  

2. Demonstrate that calibration of heterogeneous roughness in a coarse grid model 

is necessarily grid-dependent.   
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1.6 Hypotheses 

Our objectives generate two hypotheses: 

1.  We hypothesize that a linear area-weighted average is a reasonable way to upscale 

a drag coefficient from fine-scale data for a coarse grid cell.  We expect that the linear 

average is the method that combines simplicity and ease of use with reasonable coarse-

grid representation of the flow field. 

2.  We hypothesize that calibration of a heterogeneous drag coefficient is grid-

dependent.  
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Chapter 2:  Methodology 

2.1 Overview of the Methodology 

This project is a study of several methods for upscaling the drag coefficient (CD) 

from fine-scale data to a coarse grid cell as well as the study of model calibration for 2D 

river models.  A simple stream reach that contains a small rough patch is modeled at five 

different grid scales, constituting a fine grid and four coarser grids.  The experimental 

setup is described in Section 2.3.  The methods for upscaling the CD in the cells 

containing the rough patch are presented in Section 2.4, and the procedure for calibrating 

the coarse grid models is presented in Section 2.6.  The results from each model run are 

evaluated based on the error (compared to the fine grid results) and the area influenced by 

the rough patch.  The method for analyzing the results is presented in detail in Section 

2.5.  Both the upscaling methods and model calibrations are analyzed according to the 

methods presented in Section 2.5 to determine how effective each method or calibration 

is.  The upscaling methods are compared to each other to determine which method gives 

the best results, and model calibrations are compared to the best of the upscaling methods 

to determine if there is any advantage gained through calibration.   

2.2 Limitations of the Methodology 

Two-dimensional river models are typically calibrated through the drag 

coefficient and/or eddy viscosity (with or without a turbulence model). But several 

studies have shown that the drag coefficient has a greater impact on the model results 
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than the turbulence model (e.g. Nicholas, 2001; Lane and Richards, 1998).  In this project 

we focus on the drag coefficient and apply a constant horizontal eddy viscosity without 

any turbulence closure scheme.  Use of more complicated turbulence models requires 

computation of the velocity shear to find a spatially-varying eddy viscosity.  The 

additional model complexity would add another set of variables to model results, which 

we decide is inappropriate with the present state of knowledge.  Thus, the present work is 

really only a building block towards future study of the effect that turbulence models 

have on upscaling of subgrid heterogeneity.   

2.3 Experimental Setup 

The model for the present work is the PC2 Matlab model (based on numerical 

methods developed in Hodges and Rueda 2008), a 2D predictor-corrector numerical 

solution of the depth-integrated hydrostatic Navier-Stokes equations. The model 

equations are presented in more detail in Appendix A, and a more detailed description of 

the PC2 model is given in Appendix B.   

We use a simple representation of a small stream reach that is shown in Figure 

2.1.  The characteristics of the stream reach along with the model parameters are given in 

Table 2.1.  The channel has a uniform background drag coefficient (CD), and small rough 

patch with a higher CD is introduced to represent obstructions we would see in a natural 

river flow.  The background CD is represents a smooth surface, but the CD of the patch is 

high enough that the flow should be fully turbulent for the given flow conditions (see 

Appendix C for further discussion).  Each model was run until steady state was reached, 
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giving a final depth (H) of 0.71 m and a final background U velocity (streamwise  

velocity away from the rough patch) of 0.84 m/s.  See Appendix D for further discussion 

on how the time to reach steady state was determined.  The background U velocity (UB) 

is used as the characteristic velocity, and the characteristic length is the diameter of the 

patch (D).  The Reynolds number of the flow based on the eddy viscosity (ReT) and the 

fluid viscosity (ReF) as well as the Froude number (Fr) are given in Table 2.2.   

 

Figure 2.1 – Plan view of the stream reach. Characteristics of the reach are given in Table 

2.1.   

 

Table 2.1- Model parameters that are consistent for all grid sizes 

Channel Length (L)! 200 m!

Channel Width (W)! 10 m!

Channel slope! 0.0001!

Inflow! 6.0 m
3
/s!

Background CD! 0.002!

CD of rough patch! 0.2!

x, y coordinates of center of rough patch, 

point P!

y = 6.5 m !

x = 33.17 m!

Patch diameter (D) 1/3 m 

Initial velocity (U velocity)! 0.71 m/s!

Initial free surface elevation! 0.6 m!

Eddy viscosity (!
T

) 10
-2

 m
2
/s 

Fluid viscosity (!
F

) 10
-6

 m
2
/s 

Background velocity (UB) 0.84 m/s 

Final depth (H) 0.71 m 
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Table 2.2 – Reynolds number (based on eddy viscosity, !
T

, and the fluid viscosity, !
F

) 

and Froude number of the flow. 

Re
T
=
U

B
D

!
T

 

27.9 

Re
F
=
U

B
D

!
F

 
2.79 x 105 

Fr =
U

B

gH
 

0.32 

 

Models were run at five different grid sizes.  The parameters used for each grid 

size are given in Table 2.3.  Square grid cells are used in this study so that !x=!y.  The 

number of grid cells across the channel width, Ny, is given by equation (2.1), and the 

number of grid cells in the streamwise direction, Nx, is given by equation (2.2).  The 

coarsest grid was a 1 m grid, resulting in 10 grid cells across the width of the channel and 

200 grid cells across the length of the channel.  The grid was refined until a fine grid was 

reached that could be used as a baseline for comparison of the coarse grid models.   

 N
y
=
W

!y
 (2.1) 

 N
x
=
L

!x
 (2.2) 

A uniform bathymetry is used in this study so that the CD is the only parameter 

affecting the spatial variability of the flow.  The purpose of the patch of higher drag is to 

provide a spatial heterogeneity that affects the flow in a limited region.  The CD in the 

rough patch is two orders of magnitude higher than the background CD to give a sharp 

change that significantly influences the velocity.   A circular shape for the rough patch 
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was chosen so that as the grid is refined, the rough patch will be better represented but 

will never be perfect.  When the patch is smaller than the coarse grid cell, the shape of the 

patch is only relevant in developing an upscaling method to represent the effective CD at 

the coarse grid scale.  However, for grid sizes smaller than the patch, refinement of the 

grid yields improved representation of the circular rough patch.  Figure 2.2 illustrates 

how a 1/9 m grid represents the rough patch better than coarser grids by showing the 

outline of the patch relative to the coarse grid cells.  The patch was sized so that it would 

fit entirely within a 1/3 m grid cell.  For this study, we chose a relatively small patch 

compared to the overall model domain so that boundary conditions do not influence the 

rough patch’s effect.  The rough patch is a circle with a radius of 1/6 m represented by 

equation (2.3), and the center of the patch is at the point where y= 6.5 m and x=33.17 m.   

 x !199
6( )

2

+ y !13
2( )

2

= 1
6( )

2

 (2.3) 
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Figure 2.2 - Circular rough patch relative to the different grid cell sizes.  The green circle 

is the rough patch, and the figure is bounded by the 1 m grid cell containing 

the patch.   

 

Table 2.3- Model parameters used for each grid size 

Cell width 

(!x=!y)!

Ny! Nx ! Ntot =Nx !Ny
! Time step 

(!t)!

Time to 

Steady State!

1 m! 10! 200! 2,000! 1 s! 3,000 s!

2/3 m 15 300 4,500 0.6 s 3,000 s 

1/3 m! 30! 600! 18,000! 0.3 s! 2,700 s!

1/9 m! 90! 1800! 162,000! 0.08 s! 2,400 s!

1/27 m! 270! 5400! 1,458,000! 0.015 s ! 525 s*!

                                                
* To reduce the computation time for the 1/27 m model, the results from the 1/9 m model were used as 

input for the 1/27 m model, thus reducing the time to reach steady state. 
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The fine grid (FG) is defined as the grid that is small enough to reasonably 

represent the shape of the circular rough patch with square grid cells.  A coarse grid (CG) 

is any grid that cannot reasonably resolve the patch.  We consider the representation of 

the circular rough patch reasonable when the outline of the cells that contain the patch 

(either partially or fully) is no longer square.  When this happens, even the pixilated 

representation of the patch indicates that the patch is not square, and it gives a better idea 

of the shape of the patch.  A 1/27 m grid is used as the FG, and representation of the CD 

in the rough patch can be seen in Figure 2.3.   

 

 

Figure 2.3- Grey-scale image of the values used for the CD in the rough patch at the FG 

(1/27 m) 
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2.4 Upscaling the Drag Coefficient to the Coarse Grid 

Cells that do not contain any part of the rough patch have the background CD 

value of 0.002.  Cells that are entirely contained within the rough patch can be 

represented with a CD of 0.2, i.e. the CD of the rough patch.  The difficulty in representing 

the drag coefficient arises when only a portion of the grid cell contains the rough patch 

and the rest of the cell contains the background CD.    

The simplest approach to upscaling the drag coefficient is direct injection of the 

highest value of CD within a coarse grid cell.  We will call this method M0.  To some 

degree, this method mimics field studies where roughness data is available based on point 

measurements without knowledge of the spatial extent over which the roughness is 

characteristic.  A single measurement may be used to determine the CD for a single model 

grid cell, providing a drag coefficient that may not represent the actual spatial 

heterogeneity.  

A general approach for upscaling the drag coefficient for known heterogeneity 

below the grid scale is proposed as  

 C
D M( ) =

A
P( )

a

C
D P( )( )

b

+ A
T
! A

P( )
a

C
D B( )( )

b

A
T( )

a

"

#

$
$
$

%

&

'
'
'

1/b

 (2.4) 

where AP is the area of the rough patch contained in the cell, AT is the total area of the cell 

(cell length times cell width), C
D P( )  is the drag coefficient of the rough patch, and C

D B( )  

is the background drag coefficient.  Although we present this general approach for only 

two drag coefficients, CD(P) and CD(B), the extension to a wider discrete distribution of CD 
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requires only simple summation over areas in the numerator. In the present work, we 

focus on evaluating the exponents in equation (2.4) rather than more complex 

distributions of CD. 

In equation (2.4), if we use (a,b) = (1,1) we obtain a simple area-weighted linear 

average of the drag coefficients.  For (a,b) = (1,2) we obtain an area-weighted Root-

Mean-Square (RMS) average.  Along with these two obvious candidates for upscaling, 

we test two additional candidates, as shown in Table 2.4.   

Table 2.4 - Methods for upscaling the CD from FG data.  The values for exponents a and 

b used in equation (2.4) are given for each method. 

Method a value b value 

M0 n/a n/a 

M1 1 1 

M2 1 2 

M3 2 2 

M4 1 1/2  

 

The area-weighted linear average will henceforth be referred to as M1 and is used 

for the uncalibrated model at each grid size.  As M1 is the obvious simple approach to 

upscaling the drag coefficient, this method is used as a baseline for comparison of other 

methods of averaging and model calibrations.  Furthermore, we assume that M1 is 

appropriate for the grey FG cells around the edges of the highly-resolved patch shown in 

Figure 2.2.  This use of M1 in the FG model is unlikely to significantly impact the results 

of the present work because the grey FG cells are a relatively small portion of the overall 

patch of higher drag.  This assumption is verified through our analysis of the RMS error 
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in Section 3.3.4.  The drag coefficients used for the FG in the area containing the rough 

patch are given in Table E.2 (Appendix E).  

M3 is not a recognized statistical average but is a variation of the RMS average 

(M2).  M3 squares the areas as well as the drag coefficient before taking the square root, 

thus making it closer to a linear average.  M4 is the area-weighted power mean with 

exponent ! (whereas the RMS is the power mean with exponent 2).  While the RMS 

average (M2) tends to give a higher value of the drag coefficient than M1, M4 should 

give a lower drag coefficient than M1.  Although other forms of averaging could be used 

for upscaling (e.g. harmonic mean, geometric mean) we have confined our focus to the 

simplest set of power means.   

There are a total of five different methods to upscale the drag coefficient in cells 

partially containing the rough patch: the four different averages and a maximum CD for 

the cell.  The drag coefficients for the cell containing the rough patch from each of these 

methods are given in Table 2.5 for each of the coarser grid sizes.  The drag coefficients 

for the 1/9 m M1 model are given in Table E.1 (Appendix E).   

Table 2.5 - Upscaled CD in the cell containing the rough patch for each coarse grid size 

 !x = 1 m  !x = 2/3 m !x = 1/3 m  

M0 2 x 10
-1

 2 x 10
-1

 2 x 10
-1

 

M1 1.928 x 10
-2

 4.088 x 10
-2

 1.575 x 10
-1 

M2 5.911 x 10
-2

 8.864 x 10
-2

 1.7725 x 10
-1

 

M3 1.755 x 10
-2

 3.930 x 10
-2

 1.5708 x 10
-1

 

M4 6.38 x 10
-3

 1.531 x 10
-2

 1.3020 x 10
-1
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2.5 Method for Analyzing Results 

2.5.1 Overview 

The results obtained for each model run are the steady-state U velocity (along the 

channel in the streamwise direction), V velocity (in the cross-stream direction) and depth.  

Values for each of these variables are given at every grid cell.  The results for the FG 

model are shown as a 2D color plots in Figure 2.4.   

 

Figure 2.4 – Steady-state spatial distribution of velocity and depth for the FG model.  

Velocities are normalized with UB and depth is normalized with the patch diameter, D.   
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The range of depths for each of the models is small, indicating depth is little 

influenced by the rough patch for the selected flow conditions.  The values for the U 

velocity are generally between two and three orders of magnitude higher than the values 

for the V velocity.  Thus, the magnitude of the velocity vector is almost entirely 

determined by the streamwise velocity, so our analysis task is simplified but not 

significantly degraded by focusing only on the U velocity.   

2.5.2 Error analysis 

The results from the well-resolved FG model are used as the baseline for our 

model comparison, and the error for all coarse grid models is calculated relative to these 

FG results.  We will look at the overall error for each model run through the RMS 

difference between the FG and coarse grid model results.  Since M1 is the simplest 

approach to upscaling from known spatial heterogeneity, the results from all other models 

are compared to the M1 results through a percent difference (E).   

The error in a coarse grid model is calculated as the difference from the value in 

the corresponding cell on the FG.  Because there are multiple FG cells corresponding to 

each coarse grid cell (e.g. the area in each 1 m grid cell has 729 corresponding FG cells), 

we employ a method of direct injection of the coarse grid values to the FG for analysis.  

This means that each coarse grid cell is converted to the number of FG cells 

corresponding to the area of the coarse grid cell, and each injected FG cell takes on the 

value of the coarse grid cell.  For example, take the 1 m cell with index (1, 1) that has a U 

velocity value of 0.839 m/s.  That 1 m cell would be converted to 729 FG cells, each with 
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a value of 0.839 m/s.  The error, e
i
, is the difference between the FG velocity and the 

coarse grid velocity injected onto the fine grid, given in equation (2.5) where U
i( )
FG

 is 

the FG velocity for the ith cell and U
i( )
CG

 is the coarse grid velocity.  This results in an 

error matrix on the fine grid scale for each coarse grid model.   

 e
i
= U

i( )
FG

! U
i( )
CG

 (2.5) 

An error value for each grid cell is not particularly helpful if we want to look at 

the overall effect of any changes in drag coefficient to the model.  For this purpose, we 

can look at the RMS error for the whole domain or for a particular region.  The RMS 

error has been used as an indicator of how good overall model results are in other studies 

of two-dimensional river models (e.g. Papanicolaou, 2011).  The RMS error is given in 

equation (2.6) where N is the total number of grid cells in the area for which the RMS 

error is being calculated, U
i( )
FG

 is the fine grid velocity for the ith cell and U
i( )
CG

 is the 

coarse grid velocity. The Matlab script used to calculate the RMS error is given in 

Appendix J.   

 RMS
error

=

U
i( )
FG

! U
i( )
CG

{ }
2"

#$
%
&'

i=1

N

(
N

=

e
i

2"# %&
i=1

N

(
N

 (2.6) 

The RMS error for any coarse grid model using upscaling method 

 M! : ! "[0,2,3,4]  is compared to the RMS error for the same coarse grid using M1 as a 

percent difference (E) calculated according to equation (2.7).   
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 E
M!

=
RMS

M!
" RMS

M1( )
RMS

M1

#100%  (2.7) 

A negative E indicates an improvement in the upscaling method (or a decrease in RMS 

error), and a positive E indicates that results are worse than the results from the M1 

method.   

The RMS error is the primary metric by which we assess the error of any model. 

We judge the effectiveness of any calibration or upscaling method by E.   

2.5.3 Defining the Area of Influence 

The second metric of comparison for coarse grid models is the area influenced by 

the rough patch (AI).  It can be seen in the plot of U velocity on the FG (Figure 2.4) that 

the effects of the rough patch extend for a limited area around the patch, beyond which a 

background value is seen.  To quantitatively define the AI, we compare our results to 

those of a model run with a uniform CD (CD=0.002, giving the background velocity, UB) 

by taking the difference in velocity.  If this difference is greater than a predetermined 

threshold, then the corresponding grid cell is part of the AI.  An area of influence from the 

FG model (AI(FG)) is used as the region for calculating the RMS error.  Additionally, a 

coarse grid area of influence (AI(CG)) is calculated for each coarse grid model to determine 

how well the coarse grid model approximates the AI(FG).  The difference in area between 

AI(CG) and AI(FG) is quantified through a ratio of the overlap area to the total area included 

in AI(CG) and AI(FG).   
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2.5.4 Fine Grid Area of Influence 

The AI(FG) is determined using the difference in U velocity from the model with the 

rough patch and UB.  The average velocity difference ( µ
FG

) and standard deviation (!
FG

) 

are calculated according to equations (2.8) and (2.9) respectively, where U
i FG( )  is the U 

velocity in the ith cell from the fine grid model with the rough patch, U
B

 is the 

background velocity, 0.83798 m/s, and N
FG

 is the total number of FG cells.  

 µ
FG

=

U
i FG( ) !UB( )"

#
$
%

i=1

NFG

&
N

FG

 (2.8) 

 

 !
FG

=

U
i FG( ) "UB( ) " µ

FG
#
$

%
&

2

i=1

NFG

'
N

FG

 (2.9) 

We characterize the AI(FG) as the area over which the local velocity difference, 

equation (2.10), is greater than 2"FG.  The AI(FG) is shown in Figure 2.5.  The Matlab script 

for calculating the AI(FG) is given in Appendix K.  The AI(FG) is used as the standard area of 

influence for calculating the RMS error at all grid sizes.  The AI(FG) is used so that we 

have a consistent region for calculating the RMS error, allowing us to easily compare 

errors from different models.   

 d U
i( )
FG

=U
i FG( ) !UB

 (2.10) 
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Figure 2.5 - U velocity in the AI(FG).  Anything not included in the area of influence has a 

value of 0 (shown as blue on the plot) 

 

2.5.5 Coarse Grid Area of Influence 

In addition to the AI(FG), an area of influence is determined from the results for 

each coarse grid model run (AI(CG)).  We identify two simple approaches to define the 

threshold for determining the AI(CG).  This threshold can be defined using the coarse grid 

standard deviation (!
CG

, defined in equation (5.14), Appendix G) or the fine grid 

standard deviation (!
FG

).  Due to arguments outlined in Appendix G, we chose 2!
FG

 as 

the threshold for determining the AI(CG).  Thus, AI(CG) is characterized as the area where 

the local coarse grid velocity difference (given in equation (2.11)) is greater than 2!
FG

.   

 d U
i( )
CG

=U
i CG( ) !UB

 (2.11) 

The size of the AI(CG) is an indicator of how good the model results are because it 

gives us an idea of how far the effects of the rough patch extend and the regions where 

the flow has a given Froude number.  Figure 2.6 illustrates the difference between the 

AI(FG) and the AI(CG) for the 1 m model using M1 upscaling.   
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Figure 2.6 - Comparison of AI(FG) and the 1 m AI(CG).  The AI(FG) has a greater extent in the 

cross-stream direction, but the AI(CG) extends farther in the streamwise 

direction.   

The coarse grid models will generally have a larger area of influence than the FG, 

but there are areas where the AI(FG) extends beyond the AI(CG).  To account for the area 

mismatch, a total area of influence (Atot) is determined that includes both the AI(CG) and 

the AI(FG).  The area where the AI(CG) coincides with the AI(FG) is considered to be the 

overlap area (Ao).  Figure 2.7 shows the Atot and the Ao for the 1 m grid.  The ratio of the 

Ao and the Atot, given in equation (2.12), is used as the measure of how well the coarse 

grid approximates the AI(FG).  As the coarse grid model better approximates the fine grid, 

the Ao will increase, and the Atot will be closer to the AI(FG).  Both of these influences will 

bring the ratio closer to one, and as the ratio approaches one, the coarse grid is better 

approximating the AI(FG).   

 ratio =
A
O

A
tot

 (2.12) 
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Figure 2.7 - Outline of the Atot and Ao for the 1 m grid 

 

2.6 Calibration Procedure 

One of the objectives of this project is to determine what the most effective 

calibrations are for each grid size and whether or not the calibration is grid-dependent.   

Because this project does not have a field component, calibration is done relative to the 

FG results.  The three coarsest model grids, 1 m, 2/3 m and 1/3 m, are calibrated 

according to the procedure outlined in this section.  Because the 1/9 m grid is already a 

reasonable approximation of the FG and because of the computation time required, the 

1/9 m model was not calibrated.  The goal of model calibration is to lower the RMS error 

for the AI(FG), and the best calibrations are those that give the greatest reduction in RMS 

error compared to the M1 model, similar to E in equation (2.7).  In this project, we look 

at single-cell calibrations that involve changing the drag coefficient only in the cell 

containing the patch as well as multiple grid cell calibrations.   

For single-cell calibrations, the initial CD (from M1) is used as a baseline, and we 

increase and decrease the CD in the cell containing the patch by increments of 10% of M1.  
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The RMS error from each of these runs is calculated, and the result with the lowest RMS 

error is used as base point for further refining the calibration using the same process of 

incrementally increasing and decreasing the CD but with smaller increments of change.  

This process is repeated with progressively smaller increments of change to the CD until 

we determine the drag coefficient that gives the lowest RMS error to four decimal places.  

This value of the CD is determined for each grid size, and it is considered to be the 

optimum single-cell calibration.   

The motivation for using multiple grid cells for calibration is that we observe that 

the coarse grid models do not propagate the effects of the rough patch in the cross-stream 

direction and tend to smooth out the effects of the rough patch and extend the area of 

influence in the streamwise direction.  For example, the 1 m model tends to overestimate 

the U velocity in the area around the patch and to underestimate the velocity further 

downstream, extending the AI(CG) further than the AI(FG).  Much of the reason for the 

smoothing of the effects of the rough patch is that we do not have the same sharp 

discontinuity of CD that appears at the FG scale.  We attempt to mimic this abrupt change 

in CD by slightly raising the CD in the cell with the patch and lowering the CD in the cells 

immediately before and after in the streamwise direction.  For each of the coarse grid 

scales, we look at the difference in velocity between the FG and coarse grid to determine 

the regions where the coarse grid model tends to underestimate the velocity and where 

the coarse grid tends to overestimate it.  The CD in different places can be raised or 

lowered accordingly.   
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Calibration with grid cells in the area surrounding the rough patch is done through 

a process of making changes to the CD, analyzing the error and using that information to 

make additional changes.  We start with the changes made based on the regions where the 

velocity was previously being underestimated or overestimated.  We make changes to the 

cells surrounding the patch both in the streamwise and cross-stream directions, only 

making one change for each run so that we can see the effect each change has on the 

error.  We continue this process of changing the CD and analyzing the error until we 

determine that additional changes made to the CD do not yield any significant 

improvement to the RMS error.  This process does not guarantee that we have optimized 

the multiple grid cell calibration, but it does tell us what changes in calibration are most 

effective and how much of an improvement we can expect through calibration.  The 

calibrations using multiple grid cells that give the most significant improvements are 

presented in Section 3.5.   
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Chapter 3:  Results and Discussion 

3.1 Overview 

In this chapter, we look at the effect of grid size on the results from the M1 

models (Section 3.2), performing a qualitative analysis through observations of the 

results (Section 3.2.3) and a quantitative analysis through the RMS error (Section 3.2.4) 

and the ratio of Ao/Atot (Section 3.2.5).  The focus of our analysis is on the methods for 

upscaling the CD (Section 3.3) and the model calibrations (Sections 3.4 and 3.5).  We 

assess how effective each of the upscaling methods is compared to M1 and how grid size 

affects the results of each method.  For the calibrated models, we look at calibration using 

just one grid cell (Section 3.4) and multiple grid cell calibrations (Section 3.5).  We look 

for trends in the calibration to determine whether calibration depends on the grid size, 

and we look at how much of a reduction in error we can achieve to determine how 

effective calibration can be.   

3.2 Model Results With M1 Upscaling and Without Calibration 

3.2.1 Overview 

This section focuses on the effect that the grid size has on the model results.  All 

of the data analysis in this section is based on the results from the M1 uspcaling method 

applied to models at each grid size.   
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3.2.2 Results 

The initial results for U velocity, V velocity, and depth for each grid size are 

shown as 2D color plots in Figure 3.1, Figure 3.2, and Figure 3.3.  The RMS error for 

each of the coarse grids (the 1/9, 1/3, 2/3, and 1 m grids) is shown in Figure 3.4.  The 

RMS error decreases as the grid is refined with the exception of the 2/3 m grid, which has 

a slightly higher RMS error than the 1 m model.  The ratio of the overlap area to the total 

area of influence (given in Figure 3.8) follows a similar trend.   
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Figure 3.1 - U velocity normalized by UB for the M1 model at each grid scale.  The 

results are shown as a 2D color plot and one value of U velocity is given for 

each grid cell.   All distances are normalized by the patch diameter, D.   
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Figure 3.2 - V velocity normalized by UB for the M1 model at each grid scale 



 33 

 

Figure 3.3 – Depth normalized by D for the M1 model at each grid scale 
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Figure 3.4 - RMS error for the M1 model at each coarse grid size 

 

3.2.3 Qualitative Analysis 

In Figure 3.1, Figure 3.2, and Figure 3.3, we can see that as the grid is refined, the 

results more closely match the fine grid, both in the magnitude of the effects of the rough 

patch and in the area in which those changes occur.  Based on a visual analysis, the grid 

size seems to significantly influence how much the effect of the rough patch is 

propagated in the cross-stream direction.  In the 1/3 m grid, the area directly adjacent to 

the patch in the cross-stream direction tends to overestimate the velocity, and it is only on 

the 1/9 m grid that the decrease in velocity in the cross-stream direction seems to be 

adequately represented.   
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One of the major influences of grid size on model results is that the coarser grids 

tend to smooth out the effect of the rough patch.  For coarser grids, the drag coefficient in 

the patch is averaged over a larger area, so the CD in the cell containing the patch ends up 

with a lower CD than fine grid.  The result is a reduction in the velocity decrease in the 

area directly surrounding the patch.  The effect of coarser grids smoothing the influence 

of the rough patch can be seen in cross-sections of the U velocity taken through the center 

of the patch.  The streamwise cross-section of U is shown in Figure 3.5, and the 

corresponding cross-section in the cross-stream direction is shown in Figure 3.6.  For the 

1 m grid, the minimum velocity is greater than the minimum velocity at smaller grid 

sizes.  For finer grids, the minimum velocity is lower; thus, the finer the grid, the sharper 

the decrease in velocity around the patch.   

 
Figure 3.5 – Cross-section of normalized U velocity (U/UB) through the center of the 

rough patch (y = 6.5 m) in the streamwise direction 
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Figure 3.6 – Cross-section of normalized U velocity (U/UB) through the center of the 

rough patch (x = 33.17 m) in the cross-stream direction 

 

3.2.4 Root Mean Square Error 

In this section, we perform a quantitative analysis of the grid size effect on model 

results through the RMS error, equation (2.6), section 2.4.2, as shown in Figure 3.4 

(Section 3.2.2).  There is a significant decrease in RMS error from the 1 m and 2/3 m 

grids to the 1/3 m grid.  The patch covers 1/9 of a 1 m grid cell and one-quarter of a 2/3 

m grid cell, whereas the patch is approximately the same size as the 1/3 m grid cell.  The 

error begins decreasing with the 1/3 m grid and continues to improve as the grid is 

refined indicates that the error is much less when the size of the grid is on the order of the 

size of the patch.    

We expect a decrease in RMS error as the grid is refined, but a slight deviation 

from this trend occurs when looking at the RMS errors for the 1 m and 2/3 m grids.  The 
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RMS error for the 2/3 m grid is the highest of all grid sizes even though the 1 m grid is 

the coarsest grid spacing used.  The most probable explanation for this is due to the 

location of the patch relative to the each of the coarse grid cells (Figure 2.2 in Section 

2.3).  The rough patch is centered in the cross-stream direction in the 1 m grid cell but not 

in the 2/3 m grid cell.  Because the 2/3 m patch does not extend as far in the y-direction 

as the 1 m patch, the velocities in the region adjacent to the 2/3 m patch in the cross-

stream direction are overestimated relative to both the fine grid and the 1 m grid.  We 

speculate that increased velocities in the cross-stream direction for the 2/3 m model is the 

primary reason that we see a higher RMS error for the 2/3 m grid than we do with the 1 m 

grid.  For the purposes of this study, the fact that the RMS error for the 2/3 m model is 

higher than the error for the 1 m model does not affect our analysis because all changes 

made to the drag coefficient are compared to the results of the M1 model at the same grid 

size through the value of E.   

An extensive study of the effect of the location of an object within a coarse grid 

cell is not within the scope of this project, but this issue merits further study since the 

choice of grid size could be influenced by the location of key features that need to be 

resolved.   

3.2.5 Area of Influence  

There are two effects that grid size has on the AI; on the coarser grids, the AI(CG) in 

the cross-stream direction is smaller, and the AI(CG) in the streamwise direction is greater.  

This can be seen in the comparison AI(CG) for each grid size and AI(FG) shown in Figure 3.7.   
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Figure 3.7 - Outline of the AI for the M1 model at each grid size 

 

As the grid is refined, the AI(CG) approaches the AI(FG) in both the x and y 

directions.  This effect is shown quantitatively through the ratio of Ao/Atot calculated 

according to equation (2.12) (Section 2.5.5).  The plot of this ratio as a function of grid 

size is shown in Figure 3.8.   The ratio of Ao/Atot approaches one as the grid is refined, 

indicating that as the grid becomes finer, the model more closely approximates the AI(FG).   
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Figure 3.8 - Ratio of Ao/Atot for the M1 model at each coarse grid size 

 

3.3 Comparison of Different Upscaling Methods 

3.3.1 Overview 

Four different methods for upscaling the drag coefficient to the coarse grid are 

used in addition to the maximum drag coefficient (M0).  The details of each method are 

outlined in Section 2.4, and the drag coefficients are given in Table 2.4.   
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3.3.2 Comparative RMS Error of Upscaling Methods 

The RMS error for each upscaling method is shown as a function of grid size in 

Figure 3.9.  M3 errors are very close to M1, but all other upscaling methods do not 

perform as well.    

 
Figure 3.9 - RMS error for each upscaling method  

 

The difference of any method M# from M1, defined as E, is calculated according 

to equation (2.7) in Section 2.5.2 and shown in Figure 3.10.  A negative value indicates 

an improvement in RMS error.  All of the values of E are positive except for M3.  The E 

from M3 is negative for all grid sizes, ranging from about -3% for the 1 m grid to about   

-0.5% for the 1/3 m grid, indicating the method performs slightly better. 
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Figure 3.10 - E for each of the alternative upscaling methods 

 

3.3.3 Comparative Area of Influence for Upscaling Methods 

The outlines of the AI(CG) for all five upscaling methods as well as the AI(FG) are 

shown for the 1/3 m grid in Figure 3.11.  The ratio of Ao/Atot is given for each upscaling 

method as a function of grid size in Figure 3.12.  The ratio is lowest for M3 and M1, 

which are both similar estimates of the area of influence. 
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Figure 3.11 - Outline of the AI(FG) and the AI(CG) for each upscaling method at the 1/3 m 

grid 

 
Figure 3.12 - Ratio of Ao/Atot as a function of grid size for each upscaling method 
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3.3.4 Discussion of M1 through M4 

M3 is the only method that actually decreases the RMS error.  The RMS errors 

from M2 and M4 are all higher than the M1 RMS errors, indicating that M1 is a better 

estimate of the drag coefficient than either M2 or M4.  Since the value of the drag 

coefficient from M2 is greater than M1 for all grid sizes, it can be said that it is an 

overestimate the drag coefficient.  For the same reason, it can be said that M4 

underestimates the drag coefficient.  Since the RMS error is lowest for M1 and M3, a 

reasonable conclusion is that a linear average is the best representation of drag coefficient 

when empirical subgrid-scale data are available.   

Although there is an improvement in RMS error with M3 for all grid sizes, the 

difference is relatively small.  The M3 value of E is less than 3% for all grid sizes, and 

the difference is only a fraction of a percent for the 1/3 m grid.  M1 has the advantage of 

being a recognized statistical measure and simpler to calculate than M3.  Because the 

difference in error is very small, there is not a compelling reason to choose the square 

area weighted M3 over the linear area weighted M1.  The AI(CG) from M1 and M3 also 

indicate that M1 and M3 produce similar results, and there does not seem to be a 

significant advantage to using M3.  The ratio of Ao/ Atot is higher for M3 at the 1 m grid, 

but M1 gives a higher ratio at the 2/3 m grid.  The results from both the error and the 

AI(CG) support our original hypothesis: that M1 is a reasonable way to determine the drag 

coefficient based on empirical data at the sub-grid scale.  However, results of M3 are 

encouraging enough to indicate that performance of M1, M3 and possibly other upscaling 
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methods should be examined for more complicated bathymetry and roughness 

heterogeneities.  

For all of the averaging techniques, the magnitude of E (Figure 3.10) decreases as 

the grid is refined.  This indicates that the upscaling method becomes less significant as 

the grid is refined and gives further justification of the assumption originally made in 

Section 2.4 that the averaging technique at the FG has little impact on the fine grid 

results.   

3.3.5 Discussion Maximum CD (M0) 

The M0 models give the highest RMS error (see Figure 3.9 and Figure 3.10) and 

worst approximation of the AI (see Figure 3.12) of all the methods for upscaling the CD.  

This is expected since the injection of the patch maximum CD at the coarse grid scale 

does not represent the heterogeneity of the CD on the fine grid.  In Figure 3.9 (RMS error 

vs. grid size) we can see that the RMS error is much higher for the M0 case than for any 

of the other upscaling methods.  Also, EM0 increases significantly with grid size.  These 

results indicate that the erroneous assumption that a measurement of higher drag made at 

one point applies to the whole grid cell can have more drastic consequences for coarser 

grids.  As the grid is refined, the impact of using M0 becomes less significant. That is, for 

a sufficiently well-resolved grid, direct injection of the empirical CD to the model grid 

may be sufficiently accurate.   

While M0 greatly increases the RMS error, perhaps the most significant impact is 

on the area of influence.  The outline of the AI(CG) for M0 is shown for the 1/3 m grid in 
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Figure 3.11, and it is much larger than both the AI(FG) and the original (M1) 1/3 m AI(CG).  

The impact on the AI(CG) for the 1 m grid (not shown) is much more significant.  The 

AI(CG) for M0 on the 1 m grid covers the entire domain, so the M0 method is almost 

useless for approximating the AI at the 1 m grid.  Although the results improve with 

refinement of the grid, if area of influence is a concern, using M0 may not give very 

useful results.   

3.4 Single-cell Calibration 

3.4.1 Overview 

The grid sizes used for calibration are the 1 m, 2/3 m and 1/3 m grids. The 

objective of calibration is to minimize the RMS error.   

3.4.2 RMS Error Results 

Increasing CD above the M1 upscaling value in the coarse grid patch cell increases 

the RMS error for all coarse grid models.  Decreasing the CD from the M1 value by small 

amounts somewhat decreases the RMS error, but larger decreases lead to increasing error.  

The effect of altering the drag coefficient in the cell with the patch in the 1 m grid is 

shown in Figure 3.13.  The point where the RMS error is the lowest is the optimum 

single-cell calibration for the 1 m grid.  Altering the CD in the single grid cell follows a 

similar pattern for the 2/3 m and 1/3 m grids.  The CD for optimum single-cell calibration 

is also lower than that of M3 for all grid sizes.  The CD for M1, M3, and the optimum 
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single-cell calibration and the value of E for the optimum calibration are given in Table 

3.1.   

 
Figure 3.13 - RMS error as a function of drag coefficient for the 1 m grid.  The optimum 

single-cell calibration is the point where CD = 0.0172.   

 

Table 3.1 – CD for the cell containing the patch at each coarse grid size, for M1, M3, and 

the optimum single-cell calibration.  The reduction in RMS error (E) is 

given for each single-cell calibration.  

 M1 CD M3 CD Calibrated CD Ecalibration (%) 

1 m 1.928 x 10
-2 1.755 x 10

-2 
1.72 x 10

-2 -4.06 
2/3 m 4.088 x 10

-2 3.930 x 10
-2

 3.62 x 10
-2 -3.71 

1/3 m 1.5751 x 10
-1 1.5708 x 10

-1
 1.461 x 10

-1 -4.42 
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3.4.3 Discussion 

The optimum single-cell calibration CD is somewhat lower than the M1 and M3 

CD at all grid sizes, indicating that M1 upscaling overestimates the drag coefficient.  

However, the E improvements for the optimum calibrations are relatively small (on the 

order of 5% or less), showing that there is little improvement gained through calibration 

relative to the M1 and M3 upscaling methods.  In addition, the value of the CD for single-

cell calibration is different for each grid size, indicating that single-cell calibration is 

grid-dependent.  The M1 method for upscaling the CD holds up very well compared to the 

single-cell calibration.   

The only way to find the best calibration is through trial-and-error, and the 

process must be repeated every time the grid size is changed.  There is very little 

improvement in RMS error for the models calibrated using a single grid cell.  In addition, 

the wrong calibration can easily increase the RMS error.  There is little justification for 

using a single-cell calibration when the potential advantage is small and we have a good 

upscaling method from empirical data in M1.   

3.5 Calibration Using Multiple Grid Cells 

3.5.1 Overview 

In this section, we identify a few key multiple grid cell calibrations that reduce the 

error.  The 1 m and 1/3 m models were calibrated more extensively than the 2/3 m model.   
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3.5.2 Calibration Results for the 1 m Model 

For the 1 m model, all changes were made in the cells extending from the patch in 

the streamwise direction.  Since the cell width for the 1 m model is roughly equivalent to 

the span of the fine grid area of influence in the cross-stream direction, it is not useful to 

adjust the drag coefficient in any cells in the cross-stream direction.  The most effective 1 

m calibrations are presented in Table 3.2, and the values of the CD used in each grid cell 

are given Table F.1 (Appendix F).  The results from the best 1 m calibrations are shown 

in Figure 3.14.  Over 40 different combinations of CD were used when determining the 

best multiple grid cell calibration for the 1 m grid.  The number of grid cells used and the 

RMS error for those calibrations are given in Appendix H.  Since any additional changes 

beyond the calibrations presented here did not yield any significant improvement in RMS 

error, we can be reasonably confident that calibrations presented in Table 3.2 and Figure 

3.14 are the best possible calibrations for the 1 m grid.   

 

Table 3.2 - Best calibrations for the 1 m grid and the number of grid cells used for each 

calibration (the values of CD given in Table F.1) 

 Number of 

Grid Cells 
C1 1 
C2 3 
C3 5 
C4 7 
C5 7 
C6 7 
C7 8 
C8 7 
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Figure 3.14 - Results from the best 1 m calibrations 

 

3.5.3 Discussion of Calibration for the 1 m Model 

The RMS error is lowest for the 1 m calibrations using more grid cells, and there 

is also a slight improvement in the AI(CG) for those calibrations.  The improvement in 

RMS error for the 1 m calibrations arises mostly through limiting how far the effect of 

the rough patch extends in the streamwise direction as illustrated in Figure 3.15.  In 

Figure 3.15, the RMS error is calculated over each coarse grid cell (instead of the AI(FG)) 

according to equation (2.6) (Section 2.5.2).   
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Figure 3.15 - RMS error calculated over for each 1 m coarse grid cell extending from the 

patch in the streamwise direction  

Most of the local impact for the rough patch (i.e. the area with the lowest 

velocity) happens within the 1 m grid cell containing the patch.  Because there can only 

be one velocity value for each coarse grid cell, the range of velocities on the FG within 

the 1 m coarse grid cell cannot possibly be represented in a coarse grid model.  For that 

reason, there is a limit to the minimum RMS error for the coarse grid cell containing the 

patch and the few cells surrounding the patch.  The only region where we can lower the 

RMS error at the 1 m grid is the area downstream of the patch.  In Figure 3.15 we can see 

that the RMS error for the best 1 m calibrations is lower than the error of the M1 

upscaling method downstream of the patch.  This reduction of the RMS error in the area 

downstream from the patch is the reason for the overall reduction in RMS error in the 

area of influence for the 1 m calibrations.   
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However, we also need to consider how significant the overall reduction in RMS 

error is for the 1 m calibrations.  The improvement in RMS error for each of the 

calibrations presented in Table 3.2 is less than 10%.  This is not much of an 

improvement, especially considering the lack of realism in using so many grid cells for 

coarse grid calibration.  The area of the rough patch is 0.087 m2, and for calibrations C4-

C8, the total area used to calibrate the model is 7-8 m2.  It does not seem physically 

realistic to modify the CD for an area that is O(100) times larger than the area of the patch 

itself.  In addition, there is little measurable improvement gained by using this large area, 

so there does not seem to be sufficient justification for using additional grid cells for 

calibration when the calibration has very little physical basis at the coarse grid level.   

The 1 m model calibrations do give a better representation of the AI (seen in the 

ratio of Ao/Atot in Figure 3.14), but the single-grid cell calibration gives almost as good of 

a ratio as the best of the multiple grid cell calibrations (0.69 vs. 0.73).  Given that at least 

six additional 1 m grid cells are required for the calibration that achieves this slight 

improvement in area of influence, the loss of a basis in the physical reality does not seem 

to be worth the gain in representation of the AI.   

3.5.4 Calibration Results for the 1/3 m Model 

The effect of multiple grid cell calibration at the 1/3 m grid is slightly different 

than for the 1 m grid.  The drag coefficients used for each of the best 1/3 m grid 

calibrations are given in Table F.2 (Appendix F).  The best 1/3 m calibrations are 

summarized in Table 3.3, and the results are presented in Figure 3.16.  The change that 
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has the greatest impact on the RMS error for the 1/3 m grid, C2, is decreasing the CD 

slightly in the cell with the patch (from a value of 0.1575 to a value of around 0.125) and 

increasing the CD for one cell on either side of the patch in the cross-stream direction 

(from the background CD of 0.002 to a value of about 0.015).  This change attempts to 

mitigate the influence observed at coarser grids wherein the effects of the rough patch are 

poorly propagated in the cross-stream direction (see Section 3.2.3 for a discussion).  

Increasing the drag coefficient in adjacent cells in the cross-stream direction reduces the 

RMS error by about 20%, which is more than twice the improvement seen from any 

calibrations for the 1 m grid.  Any changes beyond that made in C2 do not significantly 

affect the RMS error or the AI(CG).  More than 40 multiple grid cell calibrations (presented 

in Appendix I) were run for the 1/3 m grid that looked at changes in the streamwise and 

cross-stream directions, so we can be reasonably confident that the calibrations presented 

in Table 3.3 have optimized the results for the 1/3 m grid.   

 

Table 3.3 - The best 1/3 m calibrations and the number of grid cells used for each 

calibration (the values of CD are given in Table F.2) 

 Number of 

Grid Cells 
C1 1 
C2 3 
C3 3 
C4 5 
C5 6 
C6 6 
C7 7 
C8 9 



 53 

 
Figure 3.16 - Results from the best 1/3 m calibrations 

 

3.5.5 Discussion of Calibration for the 1/3 m Model 

Using multiple grid cells for calibration has a much greater impact in the 1/3 m 

model than in the 1 m model.  The improvement in RMS error achieved by using more 

than one grid cell for calibration is more than four times greater than the reduction in 

RMS error from the best single-cell calibration.  This implies that there may be an 

advantage to using more than one grid cell to calibrate the 1/3 m model.  Since it is really 

only necessary to use two additional grid cells to gain the desired improvement, multiple 

grid cell calibration of the 1/3 m model is also not as great an aberration from the 

physical reality as the 1 m model.  Calibration C2 uses three grid cells for calibration that 
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cover a total area of approximately 0.33 m2.  This area is much closer to the area of the 

patch (0.087 m2) and is much more reasonable than the difference of about two orders of 

magnitude in the area used for C4-C8 for the 1 m grid (Table F.1, Appendix F).  As the 

1/3 model has the entire rough patch covering almost an entire single grid cell, it can be 

argued that calibrating adjacent cells has a reasonable physical basis when the subgrid-

scale heterogeneity has length scales on the same order as the grid scale.  

3.5.6 Calibration of the 2/3 m Model 

The 2/3 m model was not calibrated as extensively as the 1 m and 1/3 m models, 

but a few calibrations indicate that using one additional grid cell in the cross-stream 

direction can reduce the RMS error.  Like the 1/3 m grid, use of the cell in the cross-

stream direction is attempting to counteract the effect discussed in Section 3.2.3 by 

propagating the effect of the rough patch further in the cross-stream direction to more 

closely match the AI(FG).  Decreasing the drag coefficient in the cell with the patch to 

0.027 and increasing the CD in the adjacent cell to 0.008 reduces the RMS error by 9.3%.  

It is possible that further refinement of the 2/3 m calibration can further reduce the error.   

3.5.7 Discussion of all Multiple Grid Cell Calibrations 

The best calibrations for the 2/3 m and 1/3 m models are attempting to mitigate 

the fact that the effects of the rough patch are poorly propagated in the cross-stream 

direction at coarser grids.  The extent of this effect differs depending on the grid size.  

We can argue that there is only a certain range of grid sizes where calibration in the 
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cross-stream direction is an advantage.  Finer grids seem to be able to more effectively 

propagate the effect of the rough patch in the cross-stream direction, so calibration in the 

adjacent cells in the cross-stream direction becomes less necessary for finer grids.  For 

example, the 1/9 m model is a much better approximation than the 1/3 m model.  At the 

same time, there is also a point where the grid is coarse enough (i.e. the grid size is large 

enough compared to the AI(FG)) that calibration in the cross-stream direction is no longer 

necessary but for a very different reason.  When the size of the grid is on the order of or 

larger than the width of the AI(FG), cross-stream effects simply cannot be resolved, and 

there is no value to such calibration.  We have not conducted enough calibrations at 

different grid sizes to completely demonstrate this argument, but our analysis shows it is 

reasonable to expect sufficiently large grid cells (relative to AI(FG)) to require only single-

cell calibration, and some range of smaller grid cells benefiting from coupled calibration 

of adjacent cells.  If this argument holds true, then any calibration that uses grid cells in 

the cross-stream direction is inherently grid-dependent.  As it stands with the results from 

the 1 m and 1/3 m models, the cells used for calibration that give the most improvement 

in RMS error are very different for the two different grid sizes.  That alone demonstrates 

that multiple grid cell calibration depends on the size of the model grid.    
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Chapter 4:  Conclusion and Future Work 

4.1 Overview 

In this project, we created models at five grid resolutions using five different 

methods for upscaling the CD from subgrid-scale heterogeneous spatial distributions.  We 

applied two different types of calibration to determine if calibration could significantly 

improve the upscaling methods.  We looked at the effect of grid scale on the M1 model 

results.  We also considered how the results of each of the methods for upscaling the CD 

compare across grid sizes and how they hold up against the original method, M1.   

4.2 Effect of Grid Size for the M1 Model 

Unsurprisingly, finer model grids produce better results.  There is one exception 

to this conclusion; the results from the 2/3 m and 1 m grids may indicate that the location 

of the rough patch within a coarse grid cell may significantly affect the results.  

4.3 Methods for Upscaling the Drag Coefficient 

The upscaling methods used in this study depend on the grid because the actual 

value of the average is different for each grid size.  However, the method for determining 

the CD is consistent for all grid sizes.  This leaves the modeler little room for doubt as to 

whether or not the choice of drag coefficient is done properly.  The hypothesis was made 

that the first averaging technique, the linear average, is a reasonable method to upscale 

the CD from the FG and gives good results.  This hypothesis holds up well against all of 

the other upscaling methods.   
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4.4 Grid-dependence of Model Calibration 

Considering model calibration, we have two major questions to address.  First, is 

the calibration grid-dependent?  Secondly, is there an advantage to calibration over the 

other upscaling methods?  For all of the models in this study, a decrease in CD for the cell 

with the patch is required to reduce the error, which provides some consistency.  

However, the amount by which we need to decrease the drag coefficient is not consistent 

across grid sizes, making the calibration grid-dependent.   

Use of multiple grid cells around the patch to calibrate the models requires more 

effort than the single-cell calibration.  Very small changes in the number of cells used and 

the value of the CD in those cells can be the difference between a reduction in the error 

and an increase in the error of the calibrated model over the M1 error.  From the three 

cases that we used in this study, we can conclude that use of multiple grid cells for 

calibration is grid-dependent because even the location of the cells used for calibration is 

different for each of the three models.   

4.5 Effectiveness of Model Calibration 

In this section, we look at how useful calibration can be to determine whether or 

not it is worth the effort.  The single-cell calibrations give a reduction in error of 5% or 

less for all grid sizes.  This is a small improvement, and when the time and effort are 

taken into account, there does not seem to be any advantage to using a single-cell 

calibration.  In addition, there is also the possibility of increasing the error if the wrong 

calibration is used.  In models based on field studies where there are only a few data 
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points available for comparison, the risk of increasing the error through calibration is a 

very real one.  It is possible that a calibration could reduce the error at a few points while 

increasing the error in many other places.  With only a few data points for comparison, 

the modeler may not know what calibrations are actually improving the results.   

The multiple grid cell calibrations done in this study only yielded significant 

improvement in the RMS error for the 1/3 m grid.  Multiple grid cell calibration only 

seems to be effective for finer grids where the grid size is small enough that the 

heterogeneity of the flow is not confined to a single cell.  The greater reduction in error 

may be enough to justify the effort required for calibration for the 1/3 m grid.  There is 

still the issue of uncertainty in whether or not the calibrated model is actually 

representing the flow better when there are only a few data points available for 

comparison, but if the error can reduced by much more than 10% (as is the case with the 

1/3 m model), we can argue that the improvement gained through calibration is worth the 

risk that the error could be increased in other places.  The calibration, though, is still grid-

dependent.  We believe it would be a mistake to use this idea as a justification for 

calibrating with global parameter optimization.  Instead, any multi-cell calibration should 

be based on calibrating to a local measured value that is physically related to the limited 

calibration region.  

Another issue to consider when evaluating our calibrations is how physically 

realistic the calibration is and whether or not it makes sense in the physical environment.   

It was mentioned in the discussion in Section 3.5.3 that the areas used to calibrate the 1 m 

model are on the order of 100 times larger than the area of the patch, and it does not make 
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much sense to use such a large area for calibration, particularly when the reduction in 

error is less than 10%.  Calibration can easily get to the point where we are making 

arbitrary changes or we are fitting values to achieve a desired result and are breaking 

away from the physical reality (eg. Beven, 1989).   

One further point to consider with calibration is whether the error of the model is 

coming from the way the empirical roughness coefficients are used in the model or 

whether the error is in the empirical values themselves.  It is beyond the scope of this 

project to look into this issue further, and we have decided to focus on the error that 

arises from the former problem.  Because all coarser models are compared with the fine 

grid results, we eliminate the effect that any error in the empirical value of the drag 

coefficient would induce.   

4.6 Issues for Further Investigation 

There are many of other issues that could affect model but are beyond the scope 

of this project.  Varying parameters such as flow rate, slope and bathymetric complexity 

potentially affect calibration and the influence area of fine-scale heterogeneity, but have 

not been investigated herein.  The present work represented turbulence only through the 

bottom drag and a constant horizontal eddy viscosity, leaving open the question of how 

different turbulence models might either positively or negatively affect the proposed 

upscaling methods.  We also do not know how the calibration is affected when there is an 

object that is within the area of influence of another object.  However, we have already 

determined that model calibration is grid-dependent, and any complications in the setup 
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of the model (ie. the introduction of more rough patches or barriers) are not likely to 

make the calibration any less dependent on the grid size.   

4.7 Broader Impacts 

Our ideas of upscaling roughness data from fine-scale to coarse grids may provide 

a new approach for analyzing subgrid-scale heterogeneity and implications for ecological 

applications of river models.  In such models, ecologists are often concerned with the 

fine-scale processes in certain areas such as around boulders or woody debris, which 

provide a range of habitat in the surrounding area (Biggs et al., 1997).  It is often 

impractical to model the hydrodynamics at the fine-scale of ecological interest; however, 

our approach of upscaling fine-scale bathymetric information to a coarse grid may be 

reversible - i.e. given the hydrodynamic solution on the coarse grid, can we use the fine-

scale information to reverse engineer the flow conditions at the fine scale?  The question 

is intriguing.   

4.8 Summary 

We have shown that there are effective methods for upscaling the CD to the coarse 

grid when information that can aid in determining the CD is available at a fine scale.  Of 

the methods that we studied, the linear average seems to be the most effective.  We have 

also shown that model calibration is grid-dependent, and there does not seem to be much 

advantage to calibration over the upscaling methods except when a spatially-varying CD is 

used for the finer grids (ie. the grid sizes where the heterogeneity of the flow occurs in 
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multiple grid cells).  The most important contribution of this project may be the method  

for upscaling the CD because it provides a reasonable approach to taking fine-scale data 

and upscaling it to the coarse grid.  This could potentially be a building block for taking 

other forms of fine grid heterogeneity and upscaling them to coarser grids that could 

improve coarse grid models without increasing the computational cost.   
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Appendix A: Model Equations 

The model equations given below are based on the hydrostatic Navier-Stokes 

equations.  We employ a two-dimensional model with depth-averaged velocities, and the 

free-surface elevation in each cell is updated based on the change in volume for the cell 

so that volume is conserved (equation (5.4)).  The governing equations given below are 

the momentum equations, (5.1) and (5.2), continuity, (5.3) and (5.4), and density 

transport, (5.5).  
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At present, a simple eddy viscosity model is employed to model turbulence, with 

the terms !
x
 and ! y  representing the combined viscous and turbulent shear stresses in 

the x and y directions respectively.  The drag forces per unit volume, fDx  and fDy , are 

represented by the drag coefficient, CD, density, !
0

, the u and v velocities, and the water 
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depth, h, so that the drag terms in the x and y directions (equations (5.6) and (5.7)) 

become:  
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The x and/or y axes can be tilted by an angle, #, to employ a bottom slope that 

forces the flow with a gravitational force.  When a bottom slope is applied to the model, 

an additional term, gsin! , is added to the momentum equations.  If the bottom slope is 

applied in the x-direction, this term is added to equation (5.1), and if the bottom slope is 

in the x-direction, it is added to equation (5.2).  The experimental setup for this project 

employs a bottom slope in the y-direction, which is the direction of flow.  With the eddy 

viscosity, drag coefficient, and bottom slope added to the modified momentum equations, 

equation (5.1) becomes:  
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Appendix B:  PC2 Model Description 

The computational model used for this project is the PC2 Model: the details are 

given in Hodges and Rueda (2008).  The PC2 Model is a second order predictor-corrector 

method based on the concepts of the semi-implicit scheme used in the TRIM method 

(Casulli and Cheng, 1992).  It is currently being written and employed in Matlab.   

Spatial discretization is done through a central difference scheme, meaning that the 

model is second-order accurate in space.  For the temporal discretization, a predictor step 

is used that makes the PC2 method second-order accurate in time. Because the 

implementation of the PC2 model in Matlab is still being developed, it is now being used 

without a corrector step.  Without the corrector step, the scheme is first-order accurate in 

time and is conditionally-stable.  The momentum Courant-Friedrich Lewy (CFL) number 

must be less than one, but the barotropic CFL can be much higher.   
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Appendix C:  Drag Coefficient and Manning’s n 

Many two-dimensional river models use a Manning’s n value for the drag term 

rather than a drag coefficient.  There are a number of studies that have been done to 

determine appropriate Manning’s n values for various types of riverbeds (eg. Chow, 

1959).  A method for conversion from Manning’s n to a drag coefficient is outlined in 

this section so that Manning’s n values taken from field data can be used.   

The equations used in Ding et al. (2004) are used as a basis for comparison, and in 

the momentum equation the bottom stress term is given as  

 !
" B

#h
 (5.9) 

The bed friction stress, ! B , is defined as  

 ! B
=
"gn2 u

h
1
3

u  (5.10) 

Where u is the velocity vector, ! is the density, and h is the water depth.  If we look at the 

drag term for the momentum equation in the x-direction and take the magnitude of the 

velocity vector to be u
2
+ v

2 , then we can compare the bottom stress term to equation 

(5.7).  For this comparison, equation (5.9) becomes  

 !
"gn2u u

2
+ v

2

"h #h
1
3

 (5.11) 

Setting equations (5.7) and (5.11) equal to each other and simplifying gives the 

relationship between the drag coefficient, CD, and Manning’s n:  
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 CD =
2gn

2

h
1
3

 (5.12) 

The value of the CD for the patch is 0.2, which translates to a Manning’s n value 

of 0.085 for the flow conditions in this study.  This falls on the fully turbulent portion of 

the Moody diagram for open channel flow shown in Figure C.1.  The background CD is 

0.002, translating to a Manning’s n of 0.0085 for the given flow conditions.  Without the 

rough patch, the flow would be in the combined region for laminar and turbulent flow 

where the friction factor is dependent on Reynold’s number, but the assumption is made 

that the roughness of the patch is enough to induce fully turbulent flow.   

 

Figure C.1 – Moody diagram with the relative locations of the patch and background 

roughness.  Adapted from Applied Hydrology (p.37) by Chow, V.T., D.R. 

Maidment, and L.W. Mays, 1988, New York: McGraw-Hill. Copyright 

1988 by McGraw-Hill. Adapted with permission.   



 67 

Appendix D: Reaching Steady State 

Models for all grid sizes were run until they reached steady state.  A steady state 

model is used in this study to allow for consistency when comparing results from models 

of different grid sizes.  Since the primary objective is to study the effect of changing the 

drag coefficient at different grid sizes, we attempt to reduce the number of other 

variables, including the variability that an unsteady model would bring.   

To determine when a model has reached steady state, the change in each of the 

variables given in the model results (ie. U velocity, V velocity, and depth) is calculated 

between time steps for each grid cell (eg. !U
!t

 for each grid cell).  The maximum 

change in each of the variables for the whole domain can be found for each time step.  

This maximum change is plotted as a function of the number of time steps (shown for the 

1 m grid in Figure D.1).   
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Figure D.1 - Convergence to steady state for the 1 m grid.  The model converges at about 

2400 time steps.   

When the graph reaches a steady level, the model is considered to be at steady 

state (ie. when the change in each of the parameters from one time step to the next 

reaches its minimum value).  The 1 m model shown in Figure D.1 converges at about 

2400 time steps, and all subsequent models at the 1 m grid area run for 3000 time steps.  

Once we have determined the approximate number of time steps to reach steady state for 

each grid size using the original model (M1), a few more time steps are added to account 

for any effect that a change in drag coefficient might have on the time to reach steady 

state.  Then, all subsequent models for each grid size are run for the same number of time 

steps.   
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Appendix E:  Drag Coefficients for Original Models 

The CD for the original model at each grid size is calculated according to M1 

(presented in Section 2.4).  The values of CD used for the 1 m, 2/3 m, and 1/3 m grids are 

given in Table 2.4 (Section 2.4).  The rough patch covers multiple grid cells in the 1/9 m 

and 1/27 m grids, and those values are given in Table E.1 and E.2 respectively.  For the 

1/9 m grid, the patch occurs in i,j cell indices (298-301, 31-33), and the center of the 

patch (point P) occurs in cell (32, 300).  In Table E.1, the columns correspond to i cell 

indices 298-301, and the rows correspond to j indices 31-33.  For the 1/27 m grid, the 

patch is located in i,j cell indices (892-900, 101-109).  The columns in Table E.2 

correspond to i cell indices 298-301, and the rows correspond to j indices 892-901. 

Table E.1 - CD in the rough patch for the 1/9 m model 

0.11 0.1944 0.11 

0.1944 0.2 0.1944 

0.11 0.1944 0.11 

 

Table E.2 - CD in the rough patch for the FG (1/27 m) model 

0.002 0.0101 0.1046 0.1757 0.1982 0.1757 0.1046 0.0101 0.002 

0.0101 0.1585 0.2 0.2 0.2 0.2 0.2 0.1585 0.0101 

0.1046 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.1046 

0.1757 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.1757 

0.1982 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.1982 

0.1757 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.1757 

0.1046 0.2 0.2 0.2 0.2 0.2 0.2 0.2 0.1046 

0.0101 0.1585 0.2 0.2 0.2 0.2 0.2 0.1585 0.0101 

0.002 0.0101 0.1046 0.1757 0.1982 0.1757 0.1046 0.0101 0.002 
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Appendix F:  Drag Coefficients for Calibrated Models 

The drag coefficients for the best 1 m calibrations are given in Table F.1.  The 

results are presented in Section 3.5.2.  All cells for the 1 m calibrations are located at y = 

4 and extend from the patch in the streamwise direction.  The i index for each cell is 

given in the first row of Table F.1.  Blank cells are assumed to have the background drag 

coefficient, CD=0.002.  C1 is the optimum single-cell calibration.   

 

Table F.1 - CD for each grid cell in the most effective 1 m calibrations  

Cell i index 

(x value): 32 33 34 35 36 37 38 39 

M1 Model     0.01928           

C1     0.01645           

C2   0.0002 0.02 0.0002         

C3 0.001 0.00025 0.025 0.00025 0.00025       

C4 0.001 0.00026 0.026 0.00026 0.00026 0.0005 0.001   

C5 0.001 0.00024 0.024 0.00024 0.0005 0.001 0.001   

C6 0.001 0.00025 0.025 0.00025 0.00025 0.0005 0.001   

C7 0.001 0.0001 0.026 0.0001 0.0001 0.0005 0.001 0.0015 

C8   0.0001 0.025 0.0001 0.0001 0.0005 0.001 0.0015 
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The drag coefficients for the most effective 1/3 m calibrations are given in Table 

F.2.  The drag coefficient is shown as a table for each calibration, with the columns 

corresponding to the i indices and rows corresponding to the j indices.  Blank cells are 

assumed to have background drag coefficient, CD=0.002.  C1 is the optimum single-cell 

calibration.   

 

Table F.2 - CD for the best 1/3 m calibrations  

M1 model!   i=100 

j=11 0.1575  

C1!   i=100 

j=11 0.1446 !

C2!   i=99 i=100 i=101 

j=10   0.015   

j=11   0.125   

j=12   0.015   !

C3!   i=99 i=100 i=101 

j=10     0.015 

j=11   0.125   

j=12     0.015 !

C4!   i=99 i=100 i=101 

j=10     0.015 

j=11 0.001 0.125 0.005 

j=12     0.015 !

C5!   i=99 i=100 i=101 i=102 

j=10     0.015   

j=11 0.001 0.125 0.005 0.003  

j=12     0.015   !

C6!   i=99 i=100 i=101 i=102 

j=10     0.015   

j=11 0.0005 0.125 0.005  0.003 

j=12     0.015   !

C7!   i=99 i=100 i=101 i=102 

j=10   0.005 0.01 0.005 

j=11   0.13     

j=12   0.005 0.01 0.005 !

C8!   i=99 i=100 i=101 i=102 

j=10   0.005 0.01 0.005 

j=11 0.001 0.125 0.005   

j=12   0.005 0.01 0.005 !
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Appendix G: Threshold for the Coarse Grid Area of Influence 

The fine grid standard deviation ("FG, defined in equation (2.9), Section 2.5.4) is 

used to determine the threshold for the AI(CG).  Use of the coarse grid standard deviation 

(equation (5.14)), calculated by taking the average velocity difference from the coarse 

grid model (equation (5.13)), can result in an unrealistically large AI(CG).   

 µCG =

u
i CG( ) ! u uniform( )( )"

#
$
%

i=1

n

&
nCG

 (5.13) 

 !CG =

u
i CG( ) " u uniform( )( ) " µCG

#
$

%
&

2

i=1

n

'
nCG

 (5.14) 

One of the effects of the upscaling methods used in this study is that we do not 

see the same sharp local decrease in velocity around the rough patch that we see on the 

FG.  Therefore, the decrease in velocity for the coarser grids near the patch is 

significantly less.  Because of this, the range of velocities present on the coarse grid 

models is much narrower than that of the FG, so the value of "CG (equation (5.14)) is 

significantly lower than the "FG.  Consequently, if the threshold to determine the AI(CG) is 

defined as 2"CG, a much larger portion of the domain would be included in the AI(CG).  

This does not seem reasonable because many of the cells that would be included in the 

AI(CG) do not differ significantly from the background velocity (UB).   
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To illustrate this principle, we look at the 1 m model.  The average velocity 

difference (µ
CG

) for the 1 m grid is -2.32x10-5 m/s, and the "CG is 3.96x10-5.  This means 

that threshold of 2"CG is a difference of 7.92x10-5 m/s from UB.  When this is compared to 

UB (0.84 m/s), the threshold is only 0.009% of UB (see Table G.1 for a comparison of the 

thresholds and the resulting areas for AI(CG)).  Because only a very small deviation from 

UB would place a 1 m grid cell in the AI(CG), almost the entire domain would be included 

in the 1 m area of influence if it were determined in this way.  We have identified two 

possible ways around this problem: increase the number of coarse grid standard 

deviations used to define the threshold for the AI(CG) or take the threshold to be the same 

velocity difference used to define the AI(FG) (2"FG).  The first solution, increasing the 

number of "CG used to define the coarse grid threshold, relies on a value judgment to 

determine what a reasonable cutoff would be, and that cutoff would be different for each 

grid size.  The latter solution, defining the threshold for the AI(CG) as 2"FG leaves less 

ambiguity and provides a consistent criterion for all grid sizes.  So, a cutoff of 2"FG (or a 

velocity difference of 0.00207 m/s or greater) was set as the threshold for determining all 

coarse grid areas of influence. 

Table G.1 – Comparison of two possible thresholds to determine AI(CG) for the 1 m grid.  

The total area for the AI(FG) is 68 m2, and the area in the model domain is 

2000 m2 

 2"FG 2"FG 

Value of threshold 2.07 x 10-3 m/s 7.92 x 10-5 m/s 

Total area for AI(CG) 69 m2 1886 m2 
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Appendix H: Additional 1 m Calibrations 

The number of grid cells and difference from M1 (E) are given for all of the 1 m 

multiple grid cell calibrations in Table H.1.  The RMS error was calculated over a larger 

area than the AI(FG), so the errors cannot be compared to those given in Section 3.5.2.  The 

values of E for the best calibrations (C1-C8) are given as a reference for comparison.   

 

Table H.1 – Additional 1 m calibrations 

Calibration 

Number of 

Grid Cells E (%) 
C1 1 -9.27 

C2 3 -9.49 

C3 5 -3.56 

C4 7 -9.96 

C5 7 -9.76 

C6 7 -11.16 

C7 8 -11.32 

C8 7 -11.16 

9 1 1075.53 

10 1 395.32 

11 1 4.92 

12 2 -1.80 

13 1 119.13 

14 2 105.89 

15 7 45.51 

16 2 94.14 

17 7 0.19 

18 7 45.62 

19 7 -1.49 

20 6 -9.02 

21 8 -5.07 

22 7 -9.99 

Calibration 

Number of 

Grid Cells E (%) 
23 7 15.53 

24 8 -10.21 

25 7 -6.67 

26 7 -9.94 

27 8 -11.02 

28 7 -10.87 

29 8 -10.17 

30 7 -11.16 

31 6 -9.83 

32 7 -9.20 

33 7 -10.85 

34 6 -8.26 

35 7 -10.68 

36 7 -10.95 

37 7 -9.99 

38 5 36.03 

39 5 13.30 

40 5 1.16 

41 3 17.55 

42 3 14.85 

43 3 26.47 

44 3 -2.78 
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Appendix I: Additional 1/3 m Calibrations 

The number of grid cells and difference from M1 (E) are given for all of the 1/3 m 

multiple grid cell calibrations in Table I.1.  The RMS error was calculated over a larger 

area than the AI(FG), so the errors cannot be compared to those given in Section 3.5.4.  The 

values of E for the best calibrations (C1-C8) are given as a reference for comparison.   

 

Table I.1 – Additional 1 m calibrations 

Calibration 

Number of 

Grid Cells E (%) 
C1 1 -6.02 

C2 3 -17.99 

C3 3 -18.45 

C4 5 -18.68 

C5 6 -18.60 

C6 6 -18.63 

C7 7 -18.45 

C8 9 -17.57 

9 3 -5.73 

10 3 1.78 

11 3 -10.02 

12 3 -9.24 

13 3 -5.74 

14 3 -14.51 

15 3 5.42 

16 3 -7.34 

17 3 -17.90 

18 3 -11.87 

19 3 -15.09 

20 3 -15.65 

21 6 -13.75 

22 8 -18.36 

23 3 -5.56 

Calibration 

Number of 

Grid Cells E (%) 
24 3 0.62 

25 5 -10.13 

26 5 -17.52 

27 5 -12.85 

28 5 -17.52 

29 8 -16.44 

30 6 -18.18 

31 5 -17.65 

32 6 -15.85 

33 9 -17.31 

34 10 -10.63 

35 5 -17.72 

36 7 -15.05 

37 11 -9.94 

38 13 -11.92 

39 13 -7.93 

40 11 -5.83 

41 12 -10.28 

42 5 -17.85 

43 9 -16.24 

44 7 -14.91 

45 16 -13.03 
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Appendix J: Matlab Script for Calculating the RMS Error 

% Computes the rms error for whole domain 
  
% rms error is the rms difference between CG and FG results 
% Also computes maximum and minimum differece (CG-FG) and average  
% velocity difference for the whole domain 
  
n = 270; % number of x grid cells for FG (1/27 m grid) 
m = 5400; % # y grid cells for FG  
c = 9; % CG cell width/FG cell width (or # FG cells across in 1 
direction of CG cell) 
% c=9 for 30x600 (1/3 m grid); c=27 for (1 m grid); c=3 for (1/9 m 
% grid); c=18 for (2/3 m grid) 
x = 30; % # CG cells in x 
y = 600; % # CG cells in y 
 
 
load '30x600_plot2' % 1/3 m grid 
% 'filename_plot2' is a .mat file that has the u velocity, v velocity,  
% and depth saved for the last time step without the NaN's  
% The variables in 'filename_plot2' are uvel_patch, vvel_patch, and  
% depth 
uvel1 = uvel_patch; 
vvel1 = vvel_patch; 
depth1 = depth; 
 
 
load '270x5400_rs10_plot2' % 1/27 m grid (fine grid results) 
 
 
% Taking CG velocity and injecting on FG (same values, more cells) 
vvel_CG = zeros(n,m); 
for a = 1:n 
    for b = 1:m 
        vvel_CG(a,b) = vvel1((ceil(a/c)),ceil(b/c)); 
    end 
end 
  
  
% Calculate difference between FG & CG 
vvel_diff = vvel_CG - vvel_patch; 
 
 
 
% Compute rms of difference for whole domain 
  
% rms = sqrt{(x1^2+x2^2+...+xn^2)/N} 
% x1, x2,..., xn are the differences btwn CG & FG for each cell 
% N is total # FG cells in AI 
  
% Squares of difference 
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vdiff_sq = vvel_diff.^2; 
  
% Sum of the differences squared 
sum_vdiff = sum(sum(vdiff_sq,1)); 
svd = size(vvel_diff); % size of domain (# cells) 
num1 = svd(1)*svd(2); % # cells in domain 
  
% Compute rms of difference 
format shortE 
rms_vvel = sqrt(sum_vdiff/(num1)) 
  
  
  
% Compute maximum and minimum differences (for whole domain) 
row_max = max(vvel_diff,[],1); 
max = max(row_max,[],2) 
  
row_min = min(vvel_diff,[],1); 
min = min(row_min,[],2) 
  
  
  
% Compute average velocity for the whole domain 
sum_vvel = sum(sum(vvel1,1)); 
avg = sum_vvel/(x*y) 
  
 !
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Appendix K: Matlab Script for Calculating the Area of Influence 

%% Computes fine grid and coarse grid area of influence 
  
% Also computes: coarse grid AI based on 2 CG standard deviations, 
% total AI (CG and FG), overlap area, ratio of Ao to AItot, and rms for  
% FG area of influence 
  
close all; clear all; fclose all; 
  
n = 270; % number of x grid cells for FG (1/27 m grid) 
m = 5400; % # y grid cells for FG  
x = 30; % # CG x cells 
y = 600; % # CG y cells 
c = 9; % CG cell width/FG cell width (or # FG cells in 1 row of CG  
% cell) 
% c=9 for 30x600 (1/3 m grid); c=27 for (1 m grid);c = 18 for (2/3 m) 
thresh = 2; % # of standard deviations for AI cutoff 
num = n*m; 
  
load '30x600_plot2' % CG results for the last time step 
% The variables in 'filename_plot2' are uvel_patch, vvel_patch, and  
% depth 
vvel1 = vvel_patch; 
vvel2 = 0.83798; % v velocity for uniform drag 
  
load '270x5400_rs10_plot2' % File for FG data 
  
 
 
%% Area of Influence for FG (FG - uniform drag) 
  
% Calculate difference between FG & CG 
vvel_diff_FG = vvel_patch - vvel2; % difference of FG-uniform drag 
vvel_diff_abs_FG = abs(vvel_diff_FG); % absolute value of velocity  
% difference 
  
  
% Compute average velocity difference (FG - uniform drag) 
sum_vdiff_FG = sum(sum(vvel_diff_FG,1)); 
avg_vdiff_FG = sum_vdiff_FG/num; 
 
 
% Standard Deviation of velocity difference  
mean_diff_sq_FG = (vvel_diff_FG - avg_vdiff_FG).^2; % difference  
% between the velocity difference for each cell and the average  
% velocity difference 
sum_mean_diff_FG = sum(sum(mean_diff_sq_FG,1));  
std_vdiff_FG = sqrt(sum_mean_diff_FG/num)  
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% Velocity difference in terms of # of standard deviations 
vdiff_std_FG = vvel_diff_abs_FG./std_vdiff_FG; 
  
  
vdiff_thresFG = (vdiff_std_FG > thresh); % matrix size of n x m that  
% gives a 1 if vvel_diff is greater than threshold and 0 if less 
% Cells with a value of 1 are in the FG area of influence 
 
% Total # cells in area of influence 
sum_ai = sum(sum(vdiff_thresFG,1)) 
  
  
  
%% Coarse Grid Area of influence (diff btwn CG & uniform drag) 
 
vvel_diff1 = vvel1 - vvel2; % velocity difference (CG - uniform drag) 
vvel_diff_abs1 = abs(vvel_diff1); %absolute value of vdiff 
vdiff_std1_ai1 = vvel_diff_abs1./0.0010372; % 1.0372E-03 is std for FG  
vdiff_thresCG_ai1 = (vdiff_std1_ai1 > thresh);  
% ai1 is area of influence from FG standard deviation 
 
% Compute average velocity difference (CG - uniform drag) 
sum_vvel1 = sum(sum(vvel_diff1,1)); 
avg_vdiff_CG = sum_vvel1/(x*y);  
   
% Standard Deviation of velocity difference (CG)  
mean_vel_sq1 = (vvel_diff1 - avg_vdiff_CG).^2;  
sum_mean_vel1 = sum(sum(mean_vel_sq1,1));  
std_vdiff_CG = sqrt(sum_mean_vel1/num);  
  
% Velocity difference in terms of # of CG standard deviations 
vdiff_std1 = vvel_diff_abs1./std_vdiff_CG; 
vdiff_thresCG_ai2 = (vdiff_std1 > thresh); 
% ai2 is area of influence from 2 CG standard deviations 
  
% convert threshold matrix (0's and 1's) to FG 
thres_CGtoFG1 = zeros(n,m); 
thres_CGtoFG2 = zeros(n,m); 
for a = 1:n 
    for b = 1:m 
        thres_CGtoFG1(a,b) = vdiff_thresCG_ai1((ceil(a/c)),ceil(b/c)); 
        thres_CGtoFG2(a,b) = vdiff_thresCG_ai2((ceil(a/c)),ceil(b/c)); 
    end 
end 
  
 
%% Total Area of Influence (combined CG & FG) 
  
sum_thresholds = thres_CGtoFG1 + vdiff_thresFG; %value of 1 if just in  
% CG or FG AI, 2 if in both, 0 if none 
ai_tot = (sum_thresholds > 0); % total AI: value of 1 if in either CG  
% or FG AI, 0 if none 
ai_over = (sum_thresholds > 1); % overlap area: value of 1 if in both  
% CG and FG AI, 0 if none 
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% Ratio of overlap area to total AI 
num_tot = sum(sum(ai_tot,1)); % # cells FG in AItot 
num_over = sum(sum(ai_over,1)); % # cells FG in overlap area 
ratio_area = num_over/num_tot % ratio of overlap area to total AI 
  
  
%% rms Error (CG velocity) for fine grid area of influence 
  
% Converts coarse grid velocity to FG matrix 
vvel_CG = zeros(n,m); 
for a = 1:n 
    for b = 1:m 
        vvel_CG(a,b) = vvel1((ceil(a/c)),ceil(b/c)); 
    end 
end 
  
% Velocity difference (CG-FG) 
vvel_diff = vvel_CG - vvel_patch;  
 
% Compute rms of difference For area of influence 
  
% rms = sqrt{(x1^2+x2^2+...+xn^2)/N} 
% x1, x2,..., xn are the differences btwn CG & FG for each cell 
% N is total # FG cells in AI 
 
% Only take velocity difference in area of influence 
vdiff_ai_FG = vvel_diff.*vdiff_thresFG;  
 
% Squares of difference 
vdiff_sq_FG = vdiff_ai_FG.^2; 
  
% Sum of the differences squared 
sum_vdiff_FG = sum(sum(vdiff_sq_FG,1)); 
  
numFG = sum(sum(vdiff_thresFG,1)); % # cells in AIFG 
  
  
% Compute rms in FG AI 
format shortE 
rmsFG = sqrt(sum_vdiff_FG/numFG) 
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Appendix L: Matlab Script for Calculating Time to Reach Steady State!

% Code to show how velocities change with time (to find steady state) 
% Plots the maximum difference in u velocity, v velocity, and free  
% surface (for the whole domain) between time steps on a log scale 
close all; clear all; fclose all; 
  
ts = 3000; % # of time steps saved 
t = ts-1; % t-1 
dt = 1; % interval over which data is saved 
x=10; 
y=200; 
  
load '10x200' % Name of file where data is saved; this is a .mat file 
 
 
du = zeros(x,y,1,t); 
du = OutData3D.uuCC(2:end-1,2:end-1,1,2:end) - ...  

OutData3D.uuCC(2:end-1,2:end-1,1,1:end-1); 
dup = abs(du); 
  
row_maxu = max(dup,[],1); 
maxu = max(row_maxu,[],2); 
  
maxdu = zeros(1,t); 
for n=1:t 
    maxdu(n) = maxu(1,1,1,n); 
end 
  
du_dt = maxdu./dt; 
  
 
dv = zeros(x,y,1,t); 
dv = OutData3D.vvCC(2:end-1,2:end-1,1,2:end) - ... 

OutData3D.vvCC(2:end-1,2:end-1,1,1:end-1); 
dvp = abs(dv); 
  
row_maxv = max(dvp,[],1); 
maxv = max(row_maxv,[],2); 
  
maxdv = zeros(1,t); 
for n=1:t 
    maxdv(n) = maxv(1,1,1,n); 
end 
  
dv_dt = maxdv./dt; 
  
  
dd = zeros(x,y,t); 
dd = OutData2D.depth(2:end-1,2:end-1,2:end) - ... 

OutData2D.depth(2:end-1,2:end-1,1:end-1); 
ddp = abs(dd); 
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row_maxd = max(ddp,[],1); 
maxd = max(row_maxd,[],2); 
  
maxdd = zeros(1,t); 
for n=1:t 
    maxdd(n) = maxd(1,1,n); 
end 
  
dd_dt = maxdd./dt; 
  
  
time = [dt:dt:t*dt]; 
  
  
  
figure(1) 
semilogy(time,maxdv,'g',time,maxdu,'b',time,maxdd,'r') 
title('Convergence for 1 m Model') 
xlabel('# time steps') 
ylabel('maximum change') 
legend('u velocity','v velocity','depth') 
 
 
% This figure plots the slope of the change (change per time step) if  
% the variables are saved over any interval > 1 
figure(2) 
semilogy(time,dv_dt,'g',time,du_dt,'b',time,dd_dt,'r') 
xlabel('# time steps') 
ylabel('maximum change (slope)') 
legend('u velocity','v velocity','depth') 
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