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Toward a Predictive Model of Tumor Growth

Andrea Jeanine Hawkins-Daarud, Ph.D.
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Supervisor: J. Tinsley Oden

In this work, an attempt is made to lay out a framework in which models of
tumor growth can be built, calibrated, validated, and differentiated in their level of
goodness in such a manner that all the uncertainties associated with each step of the
modeling process can be accounted for in the final model prediction.
The study can be divided into four basic parts. The first involves the development of a general family of mathematical models of interacting species representing
the various constituents of living tissue, which generalizes those previously available
in the literature. In this theory, surface effects are introduced by incorporating in
the Helmholtz free ‘ gradients of the volume fractions of the interacting species, thus
providing a generalization of the Cahn-Hilliard theory of phase change in binary media and leading to fourth-order, coupled systems of nonlinear evolution equations.
A subset of these governing equations is selected as the primary class of models of
tumor growth considered in this work.
The second component of this study focuses on the emerging and fundamenvi

tally important issue of predictive modeling, the study of model calibration, validation, and quantification of uncertainty in predictions of target outputs of models.
The Bayesian framework suggested by Babuska, Nobile, and Tempone is employed to
embed the calibration and validation processes within the framework of statistical inverse theory. Extensions of the theory are developed which are regarded as necessary
for certain scenarios in these methods to models of tumor growth.
The third part of the study focuses on the numerical approximation of the
diffuse-interface models of tumor growth and on the numerical implementations of the
statistical inverse methods at the core of the validation process. A class of mixed finite
element models is developed for the considered mass-conservation models of tumor
growth. A family of time marching schemes is developed and applied to representative
problems of tumor evolution.
Finally, in the fourth component of this investigation, a collection of synthetic
examples, mostly in two-dimensions, is considered to provide a proof-of-concept of
the theory and methods developed in this work.
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Chapter 1
Introduction
1.1

Introductory Comments

From its primitive beginnings in the early years of digital computing over a halfcentury ago, computational science has emerged as a powerful and enormously important new discipline that has enriched and extended all areas of science and engineering. However, until relatively recently, computer modeling and simulation were
expected to provide largely qualitative information of the behavior of physical systems
and were rarely called on for reliable predictions of events important in life-and-death
decisions. This situation has dramatically changed over the last decade due to two
major developments: 1) the recent advent of petascale computing, with exascale computing not far away, that makes possible the creation of computational models with
a fidelity and a resolution of scale unimaginable only a year ago; and 2) the rapid
development of theories, methods, and algorithms that address head-on the issues of
predictability of complex models and simulations.
The latter subject is referred to as the science of verification and validation (V
and V) and uncertainty quantification (UQ). Verification is concerned with the accuracy with which a computer code or model represents the mathematical theory upon
which a simulation is based and validation is concerned with the adequacy of the
approximations of the model as an abstraction of particular physical events, while
uncertainty quantification aims at developing measures of the degree of confidence
with which a computer model predicts particular quantities of interest. These developments have brought computational science to the threshold of a new era that has
the potential to impact some of the most important problems facing human kind. Of
1

particular interest in this work is the possible impact of computer modeling and simulation on the understanding of the growth of cancerous tumors and the control and
eradication of cancer through a diverse array of medical procedures. If these emerging computational tools can be interfaced with medical data-gathering procedures,
such as medical imaging, in vivo or in vitro experiments, for model calibrations, a
necessary step can be made toward predictive medicine and, in particular, toward
predictive control of cancer therapy.

1.2

The Six Hallmarks of Cancer

While mathematical models of tumor growth have been in the literature since the
1960s [41], it is only recently that such models have shifted focus from mimicking
growth rates from nutrient diffusion to monitoring changes in tumor behavior resulting
from more complex phenomena. This is perhaps unexpected, but despite the fact
this disease has affected a significant portion of the population throughout history,
it has only been in the last fifty years that researchers have discovered the biological
mechanisms critical for sustaining cancer cells such as cell mutations, angiogenesis,
and cell movement. The level of understanding has increased exponentially over
the last few decades due to the development of gene mapping, DNA sequencing,
and protein imaging techniques. These methods have revealed specific differences in
mutation patterns between the many types of cancer arising from various tissues and
cell types, but they have also revealed that all cancers have a common set of acquired
capabilities as laid out by Hanahan and Weinburg in [98]:
• Self-sufficiency in growth signals - the ability to forgo signals standardly needed
from the environment for cell growth;
• Insensitivity to anti-growth signals - the ability to ignore environmental signals
meant to inhibit cell growth;
• Evasion of apoptosis - the ability to disregard signals leading to the natural
self-destruction of the cell;
• Infinite proliferation potential - the ability to continue dividing indefinitely;
• Sustained angiogenesis - the ability for cells low on nutrients to recruit vasculature;
2

Figure 1.1: Example eukaryotic cell c 2002 From Molecular Biology of the Cell by
B. Alberts et. al.. Reproduced by permission of Garland Science/Taylor & Francis
LLC.
• Tissue invasion - the ability to migrate away from the primary tumor and continue growth in a foreign location.
These six hallmarks of cancer are general behaviors seen in almost all deadly
cancers and are the result of complex phenomena at the molecular level. To provide a
better appreciation, a brief description of each hallmark is given here. For a detailed
explanation see [98].
Eukaryotic cells, cells with a nucleus, are extremely intricate. As seen in Figure 1.1, a single cell contains many different organelles, or specialized subunits, each
responsible for a specific function vital to cell survival. Due to their level of sophistication, cells in a multicellular organism must communicate with each other for proper
functioning. Intercellular communication is required for regulation of cell differentiation, division, migration, and survival. These signals must be relayed from receptors
on the cell surface membrane to the cytoplasm and throughout the cell by intracellular signals for the cell to act on the information in the signal. Such signals can come in
many forms, i.e. small molecules, traveling by diffusion or through the blood stream,
or changes in ion concentration. A signal interaction at the cell membrane will often
result in the activation of receptors through a conformational change or the opening
3

of an ion channel each triggering a chain of events. The specific chain of events for
a given signal is referred to as a signaling pathway. Illustrations of these types of
signaling can be seen in Figures 1.2 and 1.3. Mutations affecting such pathways can
severely alter cell behavior and are the root of the first three hallmarks of cancer.

1.2.1

Self-sufficiency in growth signals

The progression a cell goes through from
one division to the next is referred to as
the cell cycle and is composed of four distinct phases: Gap 1 (G1), Synthesis (S),
Gap 2 (G2), and Mitosis (M). The G1 and
G2 phases provide time for the cell to grow
in size and double their organelles. A second copy of the genetic material, the DNA,
is made specifically during the S phase so
that each daughter can have a copy of the
entire genome. The M phase is the shortest of the phases, but is the phase where the
cell actually divides into two daughter cells.
An additional resting state, G0, exists outside of this active cycle in which cells will
enter from G1 when they are not going to
divide. It is possible for the cell to remain
in this state for weeks, years, or until the
death of the organism. For cells to exit G0 Figure 1.2: An example signaling
and return to the active cycle, it must re- pathway within a cell c 2002 From
ceive appropriate mitogenic growth signals. Molecular Biology of the Cell by B. AlSuch signals are normally transmitted by berts et. al.. Reproduced by permissurface receptors binding small molecules, sion of Garland Science/Taylor & Franextracellular proteins, or receptors on other cis LLC.
cell surface membranes. Self-sufficiency in
growth signals implies these tumor cells have either acquired the capability to release
their own growth signals and continually stimulate themselves to remain in the active
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Figure 1.3: Intercellular types of signaling c 2002 From Molecular Biology of the
Cell by B. Alberts et. al.. Reproduced by permission of Garland Science/Taylor &
Francis LLC.
cycle or their receptors have been mutated such that they remain active even in the
absence of a signaling molecule.

1.2.2

Insensitivity to anti-growth signals

A cell intending to divide is always in one of the active cycle phases, but progression
to the next phase is not guaranteed. Checkpoints have evolved to ensure critical
processes have been completed before a cell can exit a phase and to check if there is
enough room and nutrients to continue division. For example, if there is an unfavorable extracellular environment for cell division, signals will be sent blocking growth
and the cell will enter the G0 phase, or if there is DNA damage detected during the
G1 phase, the cell will not be able to enter the S phase until it is repaired. A cell
which has become insensitive to these anti-growth signals will progress through the
cell cycle even when it is not appropriate. This can lead to numerous genetic and
chromosomal mutations of the genome in the daughter cells. When such mutations
occur, there are different possible outcomes. One possibility is that the mutations are
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Figure 1.4: Illustration of cell cycle and checkpoints c 2002 From Molecular
Biology of the Cell by B. Alberts et. al.. Reproduced by permission of Garland
Science/Taylor & Francis LLC.
so severe the cell will not be able to survive, another possibility is that the mutations
are in regions of non-coding DNA and thus do not affect the cells behavior. However,
it is possible for a non-lethal mutation in coding regions to occur which can drastically
alter cellular behavior; these are ultimately the root cause of cancerous behavior.

1.2.3

Evasion of apoptosis

Apoptosis is a type of programmed cell death which can be thought of as a cell
suicide. It is a naturally occurring phenomena allowing for organismal shape changes
and general housekeeping. For example, it is through apoptosis a tadpole loses its tail
to become a frog and how fingers and toes are shaped in development. Apoptosis is
also initiated when a there are too many cells in a given region or if a cell is somehow
damaged beyond repair. In these cases, either the surrounding cells or the cell itself
can start the apoptoic pathway through cell signaling. Mutations to key proteins in
these pathways result in the cell being unable to undergo apoptosis. By evading this
mechanism a cell is able to proliferate and continue to survive even when it is harmful
to the multicellular organism.
6

(a)

(b)
Figure 1.5: Illustration of healthy apoptosis: A tadpole loses its tail and a
mouse paw forms digits through apoptosis. c 2002 Molecular Biology of the Cell by
B. Alberts et. al.. Reproduced by permission of Garland Science/Taylor & Francis
LLC.

1.2.4

Infinite Proliferation Potential

In the 1960s, it was discovered that there is a limit to the number of times a normal
cell would divide [102]. A decade later, it was also discovered that, under most
circumstances, the process of DNA replication resulted in shorter chromosomes with
each copy [130]. Putting these results together, it was deduced that the chromosomes
had caps on their ends called telomeres that were noncoding and acted as a buffer so
that coding DNA would not be lost with replication. The limit, therefore, came from
the length of the telomere. By looking at cells without a proliferation limit, such
as stem cells, an enzyme was found, telomerase, which extends the telomere back
to its original length after duplication. When a mutation occurs in a normal cell to
turn telomerase on, this cell can gain infinite proliferation potential. It is important
to note that while a cell may gain infinite proliferation potential, the cell will not
continually divide unless the cell has already achieved the first three hallmarks.

1.2.5

Sustained angiogenesis

Many nutrients required for cell survival are brought to cells throughout the body
via the blood stream. Upon exiting the blood vessels, these nutrients must travel
by diffusion. Experimentally, it has been seen that closely packed cells must be
within 100µm of a blood vessel to receive enough nutrients for survival. Wherever a
tumor might develop, initial growth will be diffusion limited. For tumors to develop
beyond this small, generally non-lethal, size they must recruit their own vasculature
7

(a)

(b)

Figure 1.6: Telomeres: The length of a chromosome is shortened after replication.
The telomeres are non-coding caps on the ends of chromosomes. (a) c 2007 From
The Biology of Cancer by R. Weinberg. Reproduced by permission of Garland Science/Taylor & Francis LLC. (b) used with permission by J. Karlseder and T. de
Lange
through angiogenesis. The exact mechanisms through which this occurs are still
poorly understood, but the basic understanding is that small molecules are released
from the nutrient deprived cells acting as a signal to endothelial cells of the nearby
blood vessels stimulating the development of a branch and subsequent growth of a
new blood vessel. Not all tumors will initiate angiogenesis, however, and it is unclear
at this time what causes the difference.

1.2.6

Tissue invasion

It is generally accepted that tumors are not a lethal threat until they begin invading the surrounding tissue or metastasizing to new locations. Unfortunately, this
phenomena is perhaps the least well understood process of cancer progression. Invasion is often linked with an alteration in the expression of adhesion proteins such
as cadherins and integrins. It has also been noted that invasive cells appear to have
undergone an epithelial to mesenchymal transition (EMT) where they lose their level
of differentiation and revert back to a mesenchymal type cell. Such cells are normally present during embryo development and are capable of actively migrating far
distances. There is also strong evidence that cells travel to new locations in the body
by entering blood vessels or the lymph system.

8

Figure 1.7: Illustrated overview of invasion process. Used with permission from
I.J Fidler, Nat. Rev. Cancer 3:453-458,203
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1.3

Modeling of the Six Hallmarks

The relationship between the first four hallmarks and current cellular and continuum
tumor growth models primarily lies within parameters representing growth rates and
death rates. The fifth hallmark is generally accounted for either by a simplifying
assumption that the tumor will always have enough nutrient to divide or through a
second, coupled model for the growing vasculature serving as a source term for the
growth model. Finally, tissue invasion is commonly integrated into models through a
mobility or diffusion coefficient. Ostensibly, these methods mathematically account
for the six hallmarks, but they ignore the complexity of the underlying systems resulting in the observed behaviors. On a continuum level these approaches have, in
some cases, been able to produce qualitatively similar behaviors to those of real tumors [11, 86, 155, 166]. It is likely that the creation of a quantitatively predictive
model will require a deeper integration of these multiscale processes in either the
constitutive equations for the models or for better results in parameter estimation.
As these processes are sub-cellular, it should be expected their integration
into a continuum mathematical model will be through some combination of linear
or nonlinear parameters. A single parameter in most tumor growth models will often account for many sub-cellular phenomena; initialization of the model parameters
is thus quite difficult, especially since a majority of the models are not even tumor
specific. Mitosis rates might initially be estimated from cell culture doubling times
or by staining cells for key proteins involved in the progression of the cell cycle and
somehow extrapolating. Cell death rates can also be estimated through similar stainings. Obtaining values for parameters related to the other hallmarks is more difficult
as experiments estimating these behaviors are more dependent on the in vivo threedimensional environment from which a tumor originates. Promising work is currently
being done to develop more realistic three-dimensional cell cultures, but the design
of experiments to mimic and interpret cell behavior as seen in vivo is still a topic of
active research.
Of course, ideally, one would utilize data from the individual patient for calibration in order to make the model patient-specific. Under current practices, patient
cells are often obtained via biopsies; however, culturing these cells while retaining the
cells’ original characteristics remains a significant challenge. A more viable avenue for
obtaining patient specific data is through various patient imaging modalities, such as
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magnetic resonance imaging (MRI), functional MRI (fMRI), and positron emission
tomography paired with computed tomography (PET/CT). Each of these imaging
modalities would provide a different insight into the current tumor kinetics. MRI
images provide snap shots of the tumor and its surrounding geometry, fMRIs allow
insight into blood oxygenation levels, and PET/CT monitor tissue metabolic activity.
There is naturally some level of error associated with each of these types of images,
but they are certainly still able to provide much information for calibration purposes.
As is often the case, even if ideal experiments are performed to determine
model parameters, the method of obtaining the data and then projecting it into the
parameter value is by no means exact. Error is inherent in each step. One major
source of error arises in a frequently invoked assumption that in vitro experiments,
where data is usually generated, somehow reflect in vivo behavior. Thus, cell doubling
times observed in in vitro experiments for mitosis rates could be a gross over (or under)
estimate of the actual rates. Further, cell staining is not always clear, i.e. the stains
could be blurry, and the projection of cell counts from a few samples of cell cultures
to the parameter value is not a well-defined operation. The quantification of such
error is necessary for any predictive tool, but the error coming from the issues just
described is difficult to determine and quantify as it arises from more than just an
imprecise measuring device.
In this work, we propose to account for such error using Bayesian inference
by characterizing the parameters with probability density functions representing the
level of uncertainty. Ultimately, this framework allows one to calibrate the model
parameters, subject the model to a validation process, and quantify the uncertainty
in the model predictions. Each of these issues is discussed at length later. Before
presenting the framework for the specific model used in this work, a brief history of
mathematical models of tumor growth is provided for context.

1.4

Brief History of Tumor Growth Models

Work directed at mathematical modeling of tumor growth can be found in the literature throughout the last century, but only recently have the models shifted focus
from mimicking growth rates from nutrient diffusion in avascular tumors to monitoring changes in tumor behavior resulting from more complex phenomena. That
is, while tumor growth is now understood to be a multi-scale modeling phenomena,
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early experiments were only able to capture and interpret events happening on a single
macroscale. Results from in vitro experiments performed during the 1920’s and 1930’s
were interpreted in terms of hypothetical spherical tumor growth rates, the rate being
exponential for a time until reaching a critical radius at which time it became linear. Accordingly, the primary goal of mathematical models prevailing throughout the
1950’s and 1960’s was to mimic these qualitative behaviors, e.g. Burton in 1966 [41].
In the 1970’s, experimental evidence supported oxygen as a limiting factor in growth
rates, causing a differentiation in modeling regimes between vascular and avascular
tumor growth [92,96,160]. Adam and Maggelakis published many papers throughout
the 1980’s exploring cell regulated growth with a non-uniform growth inhibition [1–5].
Their model allowed for a stable spherical tumor to exhibit linear growth on its rim
while having a necrotic core, something that had not yet been achieved at that time.
Due to the many advances in experimental techniques and methods developed
in the early 1980’s through today, i.e polymerase chain reaction [25], enabling the
many discoveries concerning mechanisms now known to be critical to tumor growth,
the six hallmarks of cancer have been found and to some extent understood: angiogenesis, cell movement, cell mutations, etc. In turn, the number of mathematical
models of tumor growth has dramatically increased along with the general level of
complexity. A comprehensive history has been compiled by Araujo and McElwain [14]
in 2004 and several surveys of models have also appeared in more recent years, i.e.
those compiled in Wodarz and Komarova [191], Bellomo, Chaplain, and De Angelis [30], Preziosi [142], Bellomo, Li, and Maini [31], Lowengrub et. al [120], and many
others [13, 45, 62, 65, 78, 88, 95, 100, 101, 145, 157, 159, 179]. These indicate that the
majority of models can be placed into one of three categories: discrete models, also
known as cellular automata models, continuum models, and hybrid models utilizing
elements of both discrete and continuum models.
Discrete models have been developed to specifically investigate metastasis [158,
175], cell-cell adhesion and motility [63, 64, 115], angiogenesis [12], and growth [108,
109]. Such models have the advantage of capturing individual cell behavior, but are
clearly limited in the size of tumor they can simulate. Despite recent developments in
high performance computing, it is unlikely that such models will be able to capture
a realistic tumor, as a small visible tumor will have on the order of 1010 cells. In
contrast, continuum models are able to capture the evolution and growth of large
tumors but must average over individual cell behaviors. Governing equations for such
12

models have been developed based on empirical laws [44,49,167] and by first principles
through continuum mechanics [14,39,40,57]. The hybrid models attempt to capitalize
on both the benefits of the discrete models and the continuum models by creating
models where the cells are treated in a discrete manner and the microenvironment and
nutrients are characterized through a continuum [11, 147]. See [148, 152] for reviews
of this specific type of model
Of particular interest relative to the present work is the work done on multiphase models. Prior to the 1990’s, models focused primarily on capturing a single
phase: the tumor [96]. It became clear, however, that such models were inadequate
and that, at a minimum, a second phase was needed, a fluid, to capture a tumors
interactions with its environment.
The continuum theory of mixtures, which is discussed at length in chapters 2
and 3, provides a mathematical framework for incorporating multiple phases within
a single model. The framework for the continuum theory of mixtures was pioneered
in the 1960’s and 1970’s by Truesdell and Toupin [174] and Bowen [36] and by the
mid-1990’s was regarded as a fairly mature theory for describing non-biologically
growing media. It was not until the late 1990’s that applications to biological growth
began to appear in the literature. The first such model was presented by Please et al.
in 1998 [140] exploring, in one-dimension, the possible formation of a necrotic core
due to stress within the tumor in the context of two phases: tumor cells, assumed
inviscid, and extracellular water. Shortly afterward, this model was extended to
three dimensions and included surface tension [141]. A different approach was used
by Breward et al. [39], who assumed the existence of an inviscid aqueous phase,
but allowed the viscosity of the tumor cells to vary as a function of their level of
differentiation, higher differentiation corresponding to higher viscosity. This approach
was an attempt to simulate the cell-cell interactions that form between cells. Two
other models were proposed by Preziosi and Farina [143] and Araujo and McElwain
[16] in which a solid matrix was considered to be present amongst the other two
phases, in the spirit of porous media. These models have been extended to include the
host tissue as a third phase [10, 51, 146] and to begin considering multiscale adhesion
effects resulting from surface molecules attaching to the extracellular matrix [170].
A one-dimensional three phase model investigating vascular tumor growth has also
been considered in this framework by Breward et al. [40] including blood vessels
as a third phase. Other models have studied residual stress and interstitial fluid
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pressure aspects of the tumor tissue especially in regard to vascular collapse [15, 52,
156, 161]. These models were influenced by many experiments showing that pressure
and stress values were different in tumorous and healthy tissue and that vascular
collapse was non-uniformly present throughout the tumor, implying the presence of
residual stresses [35, 105, 164]. Recently, there has been a four-phase model proposed
by Wise et. al., the derivation of which is discussed at length in the papers [28, 86,
87, 189, 190]. This model considers tumor live cells, tumor dead cells, host cells, and
an extracellular fluid. In contrast to the other mixture models under the influence of
a convective velocity. The form of the free energy they consider leads to a diffuseinterface model of Cahn-Hilliard type. The simulations resulting from these equations
have shown impressive qualitative agreement with brain tumor images. This group
has also developed a two-phase diffuse-interface model of tumor growth including a
chemotaxis term in the free energy [57].
There has also been work on multi-species models that do not employ the
standard mixture theory [182–185]. Work has also been done to depict non-necrotic
tumor growth with particular interest in the diffusion of nutrients and growth inhibitor
factors from blood vessels [43], and to model treatment response to angiogenic growth
factor and inhibitor control [99].
Since tumors often become lethal only after invading their surrounding tissue
and metastasizing, one of the hallmarks of cancer, the development of accurate models
capturing these phenomena has become a major focus of recent tumor growth models.
Since 1990, models have been put forth specifically looking at cell migration due to
gradients of the pressure caused by the necrotic core, gradients of the extra-cellular
matrix concentration, gradients of the oxygen concentration, and what the effects of
adhesion molecules are [32,33,57,90,121,122,138,151]. Orme and Chaplain [131] considered cell motility to be driven by gradients of capillaries to investigate the resulting
tumor and vascular collapse due to the high density of cells. Other researchers were
influenced by experiments showing that invasion is influenced by proteolytic activity
and haptotaxis [50, 134–137].
Apoptosis, programmed cell death, is another phenomenon recently generating
much interest. Experiments have shown that normal cells in an environment overly
saturated with cells begin certain signaling events causing various cells to undergo
apoptosis apparently to create enough room for proper maintenance. A noted hallmark of cancer is the evasion of these signals. In response to these findings, models
14

have been created incorporating and differentiating the two mechanisms of death:
apoptosis and necrosis. The goal of such models is to represent and quantify a relationship between proliferation and apoptosis [44].
To date, the published work on tumor growth is primarily devoted to qualitative theories and methods which fall short of providing a quantifiable predictive
approach. Recently however, references for quantitative approaches to modeling tumor therapy, in particular laser treatment of prostate cancer, have been published
with encouraging results [83, 128]. These are based on bioheat transfer and cell damage models with nonlinear coefficients and are highly specific to laser treatment.

1.5

Present Study

Following this Introduction, in Chapter 2 the full system of equations governing the
motion and thermomechanical behavior of a multiple species mixture based on continuum mixture theory is developed. This theory applies to all mixtures constitutive
equations specific to a given mixture must be supplied to close the system of equations. Chapter 3 is devoted to the discussion of deriving thermodynamically consistent
constitutive equations. Following this general discussion, Chapter 4 goes through a
few specific examples of closed systems of equations for various types of particular
mixtures. Some of these fall into the category of the so-called phase-field or diffuseinterface models, of which the Cahn-Hilliard equation is the canonical example. As
the focus of this work involves such diffuse-interface models, Chapter 5 takes a closer
look at the basic Cahn-Hilliard model and questions of existence and uniqueness of
solution are considered. A mixed finite element approximation of the Cahn-Hilliard
equation similar to that studied by Elliot et al. [67] coupled with a gradient stable
time discretization scheme for the system analagous to those in [77] is taken up in this
chapter. Verification problems are discussed and preliminary numerical results are
given which are in agreement with those in [163]. Additional analysis is described in
this chapter on the adjoint problem associated with the Cahn-Hilliard equation and
what error estimates can be gleaned from this system of equations. The discussion
regarding the adjoint problem covers the work done by van der Zee et al. in [176].
The idea of building and analyzing thermodynamically consistent gradient flow models is extended from the basic Cahn-Hilliard model to a special four-species model
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of tumor growth in Chapter 6 where a time stepping algorithm is introduced which
is shown to be gradient stable, mass conserving, and first order accurate. In Chapter 7, a departure from existing approaches is presented which further incorporates
methods of uncertainty quantification, inverse analysis, and optimal control. These
three related aspects of modeling are each necessary to bring quantitative predictive
tools to modeling tumor growth and cancer treatment to the medical practice. A
review of Bayesian computing, sampling methods and methods for solving stochastic
systems is given in Chapter 8. These ideas are employed in examples in Chapter 9
using virtual data to show a proof of concept. The simulations run in this section
are built on discretization schemes similar to those discussed in Chapter 5 and are
attained using a finite element program that employs libraries and algorithms available in libMesh [112] and PETSc [19]. A discussion of model selection methods based
on these Bayesian estimates in Chapter 10.1 then follows. Concluding remarks are
collected in Chapter 11.
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Chapter 2
Preliminaries
2.1

General Models for the Evolution and Interaction of Continuum Constituents

The development of general classes of phenomenological models begins by considering
a continuous body B of deforming living tissue that, at some reference time t = 0
occupies a region Ω in R3 described by a fixed coordinate system x = (x1 , x2 , x3 ).
This system will be referred to as the spatial coordinate system and is defined by
the collection of orthonormal vectors ei , i = 1, 2, 3. Later, we may identify B as
a particular gland or organ such as the prostate or the liver and Ω will denote its
initial fixed configuration, but the formulation at this point is general and could apply
to any mass of tissue, cells, vascular components, etc. Following the usual practice
in continuum mechanics, a label X is assigned to material particles of B based on
their spatial coordinates in the reference configuration. Then the collection of labels
X = (X1 , X2 , X3 ) will be referred to as the material coordinates. The body B will
move throughout R3 and occupy Ωt , the current configuration, at time t, with the
spatial positions of particles X at time t given by the motion,
x = χ (X, t) ,

(2.1)

χ being a differentiable, invertible, orientation-preserving map of Ω onto the current
configuration Ωt of B. Standard conventions and notations of continuum mechanics

17

are invoked, so that
F (X, t) = GRAD χ (X, t)

(2.2)

is the deformation gradient tensor, “GRAD” denotes the gradient with respect to
material coordinates, and
C (X, t) = FT (X, t) F (X, t) ,

(2.3)

L (x, t) = grad ẋ (x, t) ,

(2.4)

etc. Here C is the right Cauchy-Green deformation tensor, L is the velocity gradient,
“grad” denotes the gradient with respect to the spatial coordinates and ẋ = ∂x/∂t.
For other notations and definitions relevant to continuum mechanics, see [36].
The thermomechanical behavior of the body is governed by five fundamental
laws:
• Conservation of Mass

d
dt

Z
ρ dx = 0,

(2.5)

Ωt

• Conservation of Linear Momentum
Z
Z
Z
d
ρv dx =
ρb dx +
σ (n) da,
dt Ωt
Ωt
∂Ωt

(2.6)

• Conservation of Angular Momentum
d
dt

Z

Z

Z

x × ρv dx =
Ωt

x × ρb dx +
Ωt

x × σ (n) da,

(2.7)

∂Ωt

• Conservation of Energy
d
dt

Z
Ωt

1
ρv · v dx +
2



Z
ρ dx
Ωt

Z

Z

ρb · v dx +
v · σ (n) da
∂Ωt
Z
Z
+
ρr dx +
q · n da,
=

Ωt

Ωt

(2.8)

∂Ωt

• Second Law of Thermodynamics
d
dt

Z

Z

r
ρη dx −
ρ dx +
Ωt
Ωt θ
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Z
∂Ωt

q
da ≥ 0.
θ

(2.9)

In each of these integrals, integration over the current configuration Ωt is indicated,
but these axioms hold for any subdomain ωt ∈ Ωt . In equations (2.5 - 2.9), ρ is the
mass density at position x at time t, v = ẋ is the spatial velocity field, dx = dx1 dx2 dx3
is the volume element, da a surface element, b is the body force per unit mass, σ (n)
is the Cauchy stress vector,  the internal energy density per unit mass, r the heat
supplied per unit mass per unit time from internal sources, q the heat flux, η the
entropy per unit mass, and θ is the absolute temperature.
The usual arguments that these global balances must hold on any arbitrary
subdomain of Ωt lead to the local equations,
∂ρ
+ ∇ · (ρv) = 0,
∂t
ρ

dv
− ∇ · T = ρb,
dt
T − TT = 0,

ρ

ρ

∂
= T : ∇v + ρr − ∇ · q,
∂t

q
dη
r
−ρ +∇·
≥ 0.
dt
θ
θ

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

Here and hereafter, ∇ = “grad00 and the Cauchy stress principle is invoked: σ (n) =
Tn, where T is the Cauchy stress tensor. In equations (2.5-2.9) it is understood that
d/dt is the material time derivative, e.g.
d(·)
∂(·)
=
+ v · ∇(·).
dt
dt

2.2

(2.15)

The Continuum Theory of Mixtures

Within the framework of classical continuum mechanics embodied in section 2.1, a
theory of mixtures can be formulated under additional assumptions. The literature
on this subject is very rich, dating back to the early work on simple mixtures of
Fick [84] and Darcy [58] and progressing to the general continuum theories advanced
by Truesdell [171,172], Truesdell and Toupin [174], Müller [123], Eringen and Ingram
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[75], and others. The important and comprehensive review article of Bowen [36] and
the monograph of Rajagopal and Tao [149] provide detailed accounts of the theory
and a fuller review of the relevant literature on the subject as it stood in the mid1990’s. Parallel developments of theories of porous media share many aspects of
mixture theory for two- or three-phase materials, as can be seen in works such as
those by de Boer [60, 61], Coussy [56], Pinder and Gray [139], Bowen [37, 38], and
Papatzacos [132].
It can be said that few applications of mixture theory rest on a single mathematical model, as most are based on approximations brought about through many
simplifying assumptions, the validities of which are rarely addressed in a systematic
way. The development of diffuse-interface models based on mixture theory involve an
additional level of complexity as is discussed below. Next, the basic equations governing the behavior of a general continuum mixture of N constituents are recorded
from which a general diffuse-interface version is developed in Chapter 3 by closing
the system through a special choice of constitutive equations.
The fundamental idea underlying mixture theory is that a material body B can
be composed of N constituent species B1 , B2 , . . . , BN that occupy a common portion
of physical space at the same time. Analogous to classical continuum mechanics,
a fixed reference configuration must be established so that the spatial position of a
material point is defined by the motion
x = χα (Xα , t)

(2.16)

where Xα is the position of a particle in the αth constituent in its reference configuration, and x is the spatial position occupied by the particle at time t. The deformation
gradient is defined by
Fα = GRAD χα (Xα , t)
(2.17)
where GRAD denotes the material gradient. Each spatial position is occupied by N
such particles, and each constituent is assigned a mass density ρ̂α , which is regarded
as a function of (x, t), and represents the mass of the αth constituent per unit volume
of the mixture. It follows that the mass density of the mixture is
ρ(x, t) =

N
X
α=1
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ρ̂α (x, t).

(2.18)

For a differential volume dv containing a point (x, t), let dvα be the proportion occupied by constituent α. The quantity ϕα (x, t) = dvα /dv is the volume fraction of the
αth constituent at that point. The assumption of saturation implies
N
X

ϕα = 1.

(2.19)

α=1

The densities, ρα , defined so that
ρ̂α (x, t) = ρα (x, t)ϕα (x, t),

(2.20)

represent the mass of the αth constituent per unit volume of the constituent. It is
further assumed that each constituent moves with velocity
vα =

 ∂χα −1

∂χα
Xα , t =
χα (xα , t), t = vα (x, t)
∂t
∂t

(2.21)

and that the mixture velocity v is the mass-averaged velocity,
N

1X
v=
ρα ϕα vα .
ρ α=1

(2.22)

The diffusion velocity is defined by
uα = vα − v.

(2.23)

Simple algebra shows that
N
X

ρα ϕα uα = 0.

(2.24)

α=1

It is important to distinguish between two types of material-time derivatives
when describing the response relative to the spatial frame of reference, one relative
to the motion of the mixture, denoted d(·)/dt, and the other relative to the motion
of each constituent, denoted dα (·)/dt. Thus, if φ is any differentiable function of x
and t, we write
dφ
∂φ
=
+ v · ∇φ
dt
∂t

and

with ∇ being the spatial gradient.
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dα φ
∂φ
=
+ vα · ∇φ,
dt
∂t

(2.25)

2.2.1

The Global Conservation Laws for a Mixture

The balance laws for the N constituents differ from those for the continuum due to the
presence of interaction terms representing the exchange of mass, energy, or momentum
between constituents. Here an arbitrary fixed subdomain ω of R3 is considered. 1 The
form of the conservation laws for the constituent, in relation to those of the continuum,
contain additional source terms representing the mass, momentum, energy, or entropy
possibly supplied by other constituents and flux terms representing the flux of these
quantities through the boundary ∂ω of ω. Thus, for the αth constituent, one has
• Constituent Conservation of Mass
Z
Z
Z
Z
∂
ρα ϕα dx = −
ρα ϕα vα · n da + γα dx −
jα · n da,
∂t ω
∂ω
ω
∂ω
• Constituent Conservation of Linear Momentum
Z
Z
Z
∂
σ α (n) da + Aα ,
(ρα ϕα bα + pα ) dx +
ρα ϕα vα dx =
∂t ω
∂ω
ω

(2.26)

(2.27)

• Constituent Conservation of Angular Momentum
∂
∂t

Z

Z

Z

x × ρα ϕα vα dx =
ω

x × (ρα ϕα bα + pα ) dx +
ω

x × σ α (n) da + Bα ,
∂ω

(2.28)
• Constituent Conservation of Energy
∂
∂t

Z
ω

ρα ϕα tot
α

Z
dx =

Z

vα · (ρα ϕα bα + pα ) + ˆα dx +
vα · σ α (n) da
∂ω
Z
+ γα tot
ρα ϕα rα dx
α dx +
ω
Zω

−
ρα ϕα tot
(2.29)
α vα · n + qα · n da + Υα ,
ωZ

∂ω
1

It is noted that this formulation is different than that used in 2.1. Since integration is being
done over a fixed subdomain of R3 , functions mapping (x (t) , t) to R in 2.1 are understood here to
map (x, t) to R. Thus, the total time derivative is equivalent to the partial derivative. Despite this
difference, the local forms resulting from these two ideas are equivalent. The formulation used here
is in [36].
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• Constituent Second Law of Thermodynamics
∂
∂t

Z X
N

ρα ϕα ηα dx ≥ −

ω α=1

N Z
X

[ρα ϕα ηα vα · n + (hα /θα ) · n] da

∂ω

α=1

(2.30)


ρα ϕα rα /θα dx .

Z
−
ω

In these equations, γα represents the mass supplied to the αth constituent
per unit volume from other constituents that occupy position x at time t, jα is the
mass supplied due to other constituents crossing ∂ω into ω and converting into the αth
constituent, σ α (n) is the Cauchy stress vector for constituent α characterized contact
of the surface ∂ω with unit normal n with the material exterior to ω, bα is the body
force per unit mass, pα is the momentum supply (the force per unit volume) due to
exchange of momentum with other constituents (in analogy to γα ), Aα is defined as
Z

Z
γα vα dx −

ω

∂ω

1
ρα ϕα vα (vα · n) da,
2

(2.31)

which represents the momentum change due to mass exchange γα and momentum
flow, Bα is defined as
γα vα × x dx,

ρα ϕα x × vα (vα · n) da +

mα dx −
ω

Z

Z

Z

(2.32)

ω

∂ω

and represents the angular momentum change due to a moment of momentum supplied mα , analogous to pα and the moment of momentum flow. The symbol tot
α
represents the total energy of the constituent per unit mass which is the sum of the
constituent kinetic energy, vα · vα /2 and internal energy per unit mass α and can
be written as 1/2ρα ϕα vα · vα + α , ˆα is the energy supplied due to interactions with
other constituents, rα is the external heat supplied per unit mass, qα is the heat flux
per unit surface area for the αth constituent, Υα is generalized reaction energy which
will be discussed at length in the following section, ηα is the entropy per unit mass
of the αth constituent, θα is the absolute temperature of the αth constituent, and
finally hα is an influx vector we shall define as qα + ρα ϕα ηα θα (vα − v).
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2.2.2

Reduction to Local Forms

Following standard procedures, it can be argued that since the above conservation
laws must hold for arbitrary ω, the integrands must vanish (in L1 (Ωt )) after eliminating surface integrals by using the divergence theorem.
Balance of Mass It can be easily verified that such arguments applied to (2.26)
yield the local mass balance condition
1
∂ϕα
+ ∇ · (ϕα vα ) =
(γα − ∇ · jα ) .
∂t
ρα

(2.33)

The mass flux jα is generally not present in classical formulations of mixture theory,
such as that developed in Bowen [36], Rajagopal and Tao [149], and others, but
similar terms are present in the formulations proposed by Cristini, Li, Lowengrub,
and Wise [57]. The balance law (2.33) shows that in the absence of mass supplied
and mass fluxes from other constituents into constituent α, the concentrations of each
constituent is constant.
Balance of Linear Momentum To obtain the local form for the balance of momentum, the Cauchy principle for stress is introduced which reads for the αth constituent as
σ α (n) = Tα n.
(2.34)
Here Tα is the partial Cauchy stress tensor of the αth constituent. Introducing this
into (2.27) and assuming (2.33) holds, the local momentum equation for the αth
constituent is obtained:
ρα ϕα

dvα
= ∇ · Tα + ρα ϕα bα + pα .
dt

(2.35)

Balance of Angular Momentum A similar process, but a lengthy calculation,
leads to local equations governing the balance of angular momentum,
Mα = Tα − TTα ;
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(2.36)

Mα,11 = Mα,22 = Mα,33 = 0,
Mα,23 = mα,1 ,
(2.37)

Mα,31 = mα,2 ,
Mα,12 = mα,3 ,
Mα,ij = −Mα,ji .

One should note that the partial stress is not necessarily symmetric due to the presence of the intrinsic moment mα (or equivalently, Mα ). The symmetric Cauchy stress
T of the mixture is given by
T=

N
X

(Tα + ρα ϕα uα ⊗ uα ) ,

(2.38)

α=1

where uα is the diffusion velocity (2.23). It is understood that these various fields
are functions of position x and time t. Since T is symmetric and ρα ϕα uα ⊗ uα is
P
symmetric for all α, the sum N
α=1 Tα is also symmetric, even though the partial
stress tensors Tα may not be symmetric.
Balance of Energy Turning now to the conservation of energy (2.29), one obtains
after some algebraic manipulations,
ρα ϕα

dα
= tr TTα Lα − ∇ · qα + ρα ϕα rα + ˆα + Υα ,
dt

(2.39)

where Lα is the velocity gradient,
Lα = ∇ vα .

(2.40)

It is standard practice to write Lα as the sum of symmetric and anti-symmetric parts:
Lα = Dα + Wα ,
Dα =


1
∇ vα + ∇ vαT ,
2

Wα =

25

(2.41)

1
∇ vα − ∇ vαT ,
2

(2.42)

Dα being the deformation rate and Wα the spin. The remaining term,
N
X

dα ϕβ
Υα =
∇ · σ αβ
dt
β=1



+

L
X
β=1

ζαβ

dα mβ
,
dt

(2.43)

is critical in making the connection between mixture theory and phase-field or diffuseinterface models. The quantity σ αβ is a generalized surface traction that is conjugate to time-changes in species volume fractions on constituent interfaces. It was
introduced in a slightly different form in the paper of Kim and Lowengrub [111]
and Lowengrub and Truskinovsky [119] and a different version appears in the tumor
growth models of Wise et al. [190] and Cristini, Lowengrub, and Wise [57]. It represents a simplification of models of surface traction and interface relations encountered
in the study of the evolution of phase boundaries, as discussed, for example, by Gurtin
and McFadden [97]; see also the paper by Joseph and Renardy [106] for a description of surface stresses on interfaces between viscous fluids. This term represents the
contribution to the change in energy due to actions of surface tensions or adhesion
between cell concentrations due to time-rates-of-change of each mass concentration on
the surface of the full mixture, and results from a surface power defined by a surface
integral,

Z 
P
dα ϕβ
· n ds,
β σ αβ
dt
∂ω
n being a unit outward normal to the boundary ∂ω of ω, an arbitrary subdomain of
Ω. In the remaining term in (2.43), mβ denotes a concentration of a nutrient species
so that mβ ϕα defines the reaction between various nutrients in the mixture (such as
oxygen) and the constituent ϕα , and ζαβ denotes the chemical or biological forces
conjugate to changes in nutrient concentrations. According to Ref. [57], this term
in the energy balance provides a means to account for the diffusion of chemical or
biological constituents due to chemo- or bio-taxis. These effects were introduced in
the tumor growth models of Cristini et al. [57] and Wise et al. [190].
Several other equivalent forms of the energy equation can be derived (see section 1.5 in [36]). Perhaps one of the more common forms is written in terms of the
Helmholtz free energy, ψα
ψα = α − ηα θα .
(2.44)
This is a more intuitive quantity to consider since it represents the amount of energy
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available to do work. This relation can be introduced into 2.39 to write the constituent
balance of energy in the form
ρα ϕα

d (ηα θα )
dψα
= −ρα ϕα
+ tr TTα Lα − ∇ · qα + ρα ϕα rα + ˆα .
dt
dt

(2.45)

Second Law of Thermodynamics Finally, turning to the second law of thermodynamics in (2.30), it is possible to establish that
N 
X
α=1


dα η α
1
ρα ϕα
− ρα ϕα rα + Γα ηα + ∇ · (Hα − ρα ϕα ηα uα ) ≥ 0.
dt
θα

(2.46)

Here ηα is the entropy per unit mass, Γα is the total mass supplied, Γα = γα − ∇ · jα ,
Hα is the entropy flux in the αth constituent, and θα is its absolute temperature. If
the Helmholtz free energy ψα for constituent α is introduced, defined by (2.44), into
(2.46) the result can be written,

N 
X
1
dα ψα
dα θα
− ρα ϕα ηα
+ tr TTα Lα − ∇ · qα
− ρα ϕα
θ
dt
dt
α
α=1

 X

N
L
X
dα ϕβ
dα mβ
+ ε̂α +
∇ · σ αβ
+
ζαβ
dt
dt
β=1
β=1

+ Γα ηα + ∇ · (Hα − ρα ϕα ηα uα ) ≥ 0.
In summary, the local forms of balance laws can be written as
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(2.47)

Balance of mass:

∂ρα ϕα
+ ∇ · (ρα ϕα vα ) = γα − ∇ · jα
∂t

(2.48a)

Balance of linear momentum:

ρα ϕα

dα vα
= ∇ · Tα + ρα ϕα bα + p̂α
dt

(2.48b)

Balance of angular momentum:

Mα = Tα − TTα

Balance of energy:

ρα ϕα

dα eα
= tr TTα Lα − ∇ · qα
dt
+ ρα ϕα rα + ε̂α + Υα

(2.48c)

(2.48d)

Equations (2.48a)-(2.48d), and inequality (2.47) describe the balance laws and
the second law of thermodynamics (the entropy inequality with entropy rates replaced
by rates of change of the Helmholtz free energy), for a constituent α in a mixture
of N constituents. This system is closed by the addition of appropriate constitutive
equations, which put constraints on the physical processes that can be performed on
the mixture. But there are other constraints imposed by the requirements that the
above axioms of balance and entropy for the constituents must be consistent with
those for the mixture as a whole. Some of these constraints are recorded in the next
section.

2.2.3

Governing Equations

In the theory of mixtures, it is necessary for each constituent to satisfy their individual
balance laws. Additionally, however, the mixture as a whole must simultaneously also
satisfy the balance laws given in Section 2.1. To ensure this latter condition is met,
each balance law for the constituents is summed over α. By forcing this sum to
be equivalent to the global balance law given in Section 2.1, further constraints are
imposed on the constituents which are included in the governing equations.
Considering first the balance of mass, a sum over α of equation (2.48a) gives
N 
X
α=1

 X
N
∂ϕα
+ ρα ∇ · (ϕα vα ) =
(γα − ∇ · jα ) .
ρα
∂t
α=1
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(2.49)

which simplifies to
N

X
∂ρ
+ ∇ · (ρv) =
(γα − ∇ · jα ) .
∂t
α=1

(2.50)

Then a comparison to the global balance law (2.10) results in the constraint
N
X

(γα − ∇ · jα ) = 0.

(2.51)

α=1

A similar constraint for the balance of momentum is obtained by working with an
equivalent form of equation (2.48b):
∂ρα ϕα vα
+ ∇ · (ρα ϕα vα ⊗ vα ) = ∇ · Tα + ρα ϕα bα + pα + γα vα .
∂t

(2.52)

One can see this form reduces to (2.35) by using the constituent balance of mass
equation. The summation of (2.52) yields
N 
X
∂ρα ϕα vα
α=1

∂t


+ ∇ · (ρα ϕα vα ⊗ vα )

=

N
X

(∇ · Tα + ρα ϕα bα + pα + γα vα ) ,

α=1

(2.53)
which, after some algebraic manipulation, can be simplified to
ρ

N
X
dv
(pα + γα vα ) .
= −∇ · T + ρb +
dt
α=1

(2.54)

For this to be equivalent to equation (2.11), it must hold that
N
X

(pα + γα vα ) = 0.

(2.55)

α=1

Turning now to the balance of angular momentum, the sum of equation (2.48c)
yields
N
X
α=1

Mα =

N
X

Tα −

TTα

α=1



⇒

N
X

Mα = 0,

(2.56)

α=1

due to the global balance law that T is symmetric. This further implies TI =
PN
α=1 Tα is symmetric.
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Finally, the balance of energy is considered. To continue, the following definitions are stated, as given in section 1.5 in [36], relating the global variables to the
respective constituent variables.
P
• External Heat Supply Density:
r = 1/ρ N
α=1 ρα ϕα rα ;
P
• Internal Energy Density:
 = I + 1/(2ρ) N
(I =
α=1 ρα ϕα uα · uα
PN
1/ρ α=1 ρα ϕα α );
P
• Heat Flux Vector:
q = qI + 1/2 N
α=1 ρα ϕα (uα · uα ) uα ,

P
T
(qI = N
q
−
T
u
+
ρ
ϕ
u
).
α
α
α
α
α
α=1
With these definitions and many algebraic manipulations, the global balance law
(2.13) can be written as
N
X
∂I
=tr
TTα Lα − ∇ ·
ρ
∂t
α=1

qI +

!

N
X

TTα uα

−

N
X

uα · pα

α=1

α=1

N

(2.57)

1X
−
γα uα · uα + ρr.
2 α=1
A summation of equation (2.48d) over α results in
N
N
N
X
X
dα X
T
ˆα .
qα + ρr +
tr Tα Lα − ∇ ·
=
ρα ϕα
dt
α=1
α=1
α=1
α=1

N
X

(2.58)

Further algebra shows that
N
X

N
N
X
dα
dI X
ρα ϕα
=ρ
+
∇ · (ρα ϕα α uα ) −
γα α .
dt
dt
α=1
α=1
α=1

(2.59)

Introducing this into (2.58), the sum of the constituent balance of energy becomes
N

dI X
ρ
=
tr TTα Lα − ∇ ·
dt
α=1
+

N
X
α=1

γα α + ρr +

qI

N
X

!
TTα uα

α=1
N
X

−

N
X

∇ · (ρα ϕα α uα )

α=1

ˆα .

α=1

The comparison of this equation with equation (2.57) gives the final result,
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(2.60)

N 
X


ˆα + uα · pα + γα

α=1

1
α + uα · uα
2


= 0.

(2.61)

It is also observed that by taking (2.51) and (2.55) into account, the sum in (2.61)
can be written,
N 
X
α=1



1
ε̂α + p̂α · vα + Γα eα + vα · vα
= 0.
2

(2.62)

In summary, these results combine to give the system of governing equations, collected
in the accompanying table, Table 2.1.
Single Temperature Case. It is often reasonable to assume that all N constituents experience the same temperature θ = θ(x, t) at a point x in the mixture at
time t:
θ = θ1 = θ2 = . . . = θN .
(2.63)
Hereafter, it will be assumed that this constraint on the temperature holds.
An alternate form of (2.47) is obtained if, in addition to (2.63), the Helmholtz
free energy per unit volume Ψα is employed instead of ψα :
Ψα = ρα ϕα ψα .

(2.64)

One can show that (see Ref. [36], p.32):
ρα ϕα

dΨα
dα ψα
=
− Γα ψα + Ψα tr Lα .
dt
dt

(2.65)

Returning to (2.47), the entropy flux can be taken to be of the form:
Hα =

qα
+ ρα ϕα ηα uα + Jα .
θ

(2.66)

Here qα /θ is the standard entropy flux due to the influx of heat at an absolute
temperature θ, ρα ϕα ηα uα is the entropy flux due to the relative motion of the mixture
to constituent α, and Jα is the entropy flux due to chemical reactions, adhesion,
and surface gradients in concentrations of volume fraction and will be defined more
precisely below.
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Governing Equations of Continuum Mixtures
For α = 1, . . . , N
Balance of Mass
∂ϕα
1
+ ∇ · (ϕα vα ) =
(γα − ∇ · jα )
∂t
ρα
N
X

(γα − ∇ · jα ) = 0

α=1

Balance of Linear Momentum
ρα ϕα

dvα
= ∇ · Tα + bα + pα
dt

N
X

(pα + γα vα ) = 0

α=1

Balance of Angular Momentum
M α = Tα −

N
X

TTα

Mα = 0

α=1

Balance of Energy
ρα ϕα

d (ηα θα )
dΨα
= −ρα ϕα
+ tr TTα Lα − ∇ · qα + ρα ϕα rα + ˆα
dt
dt


N 
X
1
ˆα + uα · pα + γα α + uα · uα
=0
2
α=1

Table 2.1: Governing Equations of Continuum Mixtures: A list of the derived
system of governing equations under a general setting of continuum mixture theory.
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With (2.63)–(2.66) in force, and eliminating the energy supply ε̂α using (2.62),
the entropy (Clausius-Duhem) inequality (2.47) assumes the form
N  
X
1
α=1

L
X
dα Ψα
dα θ
dα mβ
T
−
− ρα ϕα ηα
+ tr (Tα − Ψα I)Lα +
ζαβ
θ
dt
dt
dt
β=1
 



N
X
dα ϕβ
1
+
− p̂α + Γα vα · vα
∇ · σ αβ
dt
2
β=1

1
− 2 qα · g + ∇ · Jα ≥ 0.
θ

(2.67)

This inequality will be revisited after introducing general assumptions on the forms
of the constitutive equations.
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Chapter 3
General Forms of Constitutive
Equations
The system of balance laws for the mixture must be closed by introducing constitutive
equations for the dependent variables: free energy, Cauchy stress, internal energy or
entropy, heat flux, and the momentum. Since from the outset, we have ignored electromagnetic effects, we confine our attention hereafter to nonpolar materials, so that
Mα = 0 and the partial stress tensors Tα are symmetric. Throughout, it is demanded
that the constitutive equations obey the restrictions imposed by the classical axiom
of material frame indifference (as in Ref. [174]).
Symbolically, the goal is to supply frame indifferent constitutive equations for
the thermomechanical fields
(Ψα , Tα , ηα , qα , p̂α ),

1 ≤ α ≤ N,

(3.1)

in terms of an array Λα of independent state variables, with equations for other
quantities, such as σ αβ , ζαβ , jα , Jα determined by requiring consistency with the
second law of thermodynamics for the mixture.
It is assumed that the mixture consists of M solid constituents and N −M fluid
components, each of which may be heterogeneous, but which are pointwise isotropic.
The M solid constituents are assumed to be heterogeneous isotropic hyperelastic materials, capable of undergoing large deformations, but extensions to anisotropic cases
and even inelastic materials are readily handled. The partial stresses for the fluid
phases are assumed to consist of the sum of an equilibrium stress Teα , which is char34

acterized as that of a simple fluid (see Truesdell and Noll [173]) and a non-equilibrium
thermoviscous stress Tvα , the form of which must be consistent with the principle of
material frame indifference and the entropy inequality. Thus, is it meaningful to take

 (X α , θ, g, Cα , ϕ, ∇ϕ, m̂α )
Λα =
 (x , θ, g, F , ϕ, ∇ϕ, m̂ )
α

α

α

for α ≤ M,

(3.2)

for M < α ≤ N,

where
g = ∇θ
C α = FTα Fα
ϕ = (ϕ1 , ϕ2 , . . . , ϕN )












(3.3)





∇ϕ = (∇ϕ1 , ∇ϕ2 , . . . , ∇ϕN )




m̂α = (m1 ϕα , m2 ϕα , . . . , mL ϕα ),
Cα being the right Cauchy-Green deformation tensor. Due to (2.19), the ϕα ’s are not
independent, so, in general,
N
−1
X
ϕN = 1 −
ϕα .
(3.4)
α=1

In (3.2)2 , the dependence on Fα is understood in a special way: for a simple fluid, Teα
and qα can depend on Fα only through det Fα or through the mass density ρ̂α (see,
e.g. Batra [26]). Under these conventions,










Ψα = Ψα (Λα ),

1≤α≤N

Tα = Teα + Tvα ,

1≤α≤N

Teα


1≤α≤N 





M <α≤N 

=

Te∗
α (Λα ),

Tvα = Tv∗
α (Λα ),
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.

(3.5)

˙ it follows that
Using for simplicity the notation dα (·)/dt = (·),
∂Ψα
∂Ψα
∂Ψα
dα Ψα
=
θ̇ +
· ġ +
: Dα
dt
∂θ
∂g
∂(Cα , Fα )
N
L
X
X
∂Ψα
+
ϕα ṁγ
(µαβ ϕ̇β + ∇ · σ αβ ϕ̇β ) +
∂(m
γ ϕα )
γ=1
β=1

(3.6)

N
X
∂Ψα
+
⊗ (∇ϕ̇β − ∇vα · ∇ϕβ )
∂∇ϕβ
β=1

with




∂Ψα
∂Ψα


: Ċα = 2FTα
Fα : Dα , α ≤ M

∂Ψα
∂Cα
∂Cα
: Dα =
,

∂(Cα , Fα )


∂Ψα T
∂Ψα


: Ḟα =
F : Dα ,
M <α≤N

∂Fα
∂Fα α

(3.7)

where the following identities are employed:

Ċα = 2FTα Dα Fα ,





1
T
Dα = (∇vα + ∇vα ) ,

2



˙
∇ϕα = ∇ϕ̇α − ∇ϕα · ∇vα ,

(3.8)

and µαβ is the chemical potential,
L

µαβ =

X ∂Ψα
∂Ψα
+ δαβ
mγ − ∇ · σ αβ .
∂ϕβ
∂(m
ϕ
)
γ
α
γ=1

(3.9)

Using another identity,


dα ϕβ
1
dα ρβ
= ϕ̇β =
(γβ − ∇ · jβ ) − ϕβ
+ (vα − vβ ) · ∇(ρβ ϕβ ) − ρβ ϕβ tr Lβ , (3.10)
dt
ρβ
dt
where (2.25) and (2.48a) have been introduced, one can replace ϕ̇β in the term
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P

β

µαβ ϕ̇β by (3.10). Introducing this result into (2.67) one obtains

N  
X
1





N
X
∂Ψα
∂Ψα
−
+ ρα ϕα ηα θ̇ −
· ġ + tr Tα − Ψα −
ϕα µβα I
θ
∂θ
∂g
α=1
β=1


N
N 
X
X
∂Ψα
∂Ψα
∂Ψα
+
⊗ ∇ϕβ Lα +
σ αβ −
∇ϕ̇β
−
∂(Cα , Fα ) β=1 ∂∇ϕβ
∂∇ϕ
β
β=1



N
N 
X
X
∂Ψα
1
1
+
ζ αβ −
ϕα ṁβ − pα + Γα vα −
µαβ ∇(ρβ ϕβ )
∂(mβ ϕα )
2
ρβ
β=1
β=1





N
X
1
1
µαβ
· vα + Rα − 2 g · qα −
· jβ ≥ 0,
− µβα ∇ (ρα ϕα )
∇
ρα
θ
ρ
β
β=1


where
Rα = −


N
X
µαβ
β=1

ρβ

and we have taken
Jα = −

dα ρβ
γβ − ϕβ
dt

N
X
µαβ
β=1

ρβ

(3.11)


(3.12)

jβ .

(3.13)

Invoking the classical Coleman and Noll [53] argument, since the rates in (3.11) can
be varied arbitrarily, for (3.11) to hold it is sufficient that:
∂Ψα
= −ρα ϕα ηα ,
∂θ
∂Ψα
= 0,
∂g
∂Ψα
σ αβ =
,
∂∇ϕβ
∂Ψα
ζαβ =
ϕα ,
∂(mβ ϕα )


N
X
e
Tα = Ψα −
µβα ϕα I +
β=1






























N

X

∂Ψα
∂Ψα

−
⊗ ∇ϕβ ,


∂(Cα , Fα ) β=1 ∂∇ϕβ
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(3.14)

and



N 
N
X
X
1
1
µβα
v∗
Tα (Λα ) : Dα + Rα −
∇
· jα − pα + Γα vα
ρα
θ
2
α=1
β=1


N 
X
1
1
−
µαβ ∇(ρβ ϕβ ) − µβα ∇ (ρα ϕα )
· vα ≥ 0.
ρβ
ρα
β=1

(3.15)

The first term on the left-hand side of inequality (3.15) can always be made nonnegative by placing appropriate restrictions on the form of the constitutive equations
for the viscous or dissipative part of the partial stress, as is shown below. For the
bracketed term in (3.15) to be non-negative, it is sufficient to take

N 
X
1
1
1
pα = − Γα vα +
µαβ ∇(ρβ ϕβ ) − µβα ∇ (ρα ϕα ) − λα vα ,
2
ρβ
ρα
β=1

(3.16)

with λα > 0. But there are infinitely many choices of such relations. Bowen [36] (p.
39), for example, has suggested as a typical constitutive equation for the momentum
supply
N
X

pα = −
λαβ ∇(ρβ ϕβ ) + Aαβ vβ − Bα g ,
(3.17)
β=1

where λαβ , Aαβ , Bα are functions of (θ, ρ1 ϕ1 , . . . , ρN ϕN ). In the paper by Cristini et
al. [86], pα is chosen to be of a form similar to (3.16) so as to reduce the momentumsupply term (in square brackets in (3.15)) to a non-negative contribution (in our case,
to θ−1 λα vα · vα ). See also Araujo and McElwain [14].
Additionally, one should require the mass-supply-rate Rα in (3.12) to be nonnegative, i.e.
Rα ≥ 0.
(3.18)
This constraint should be interpreted as a constraint on the rate at which the constituent mass densities ρβ can change for given thermodynamic potential µαβ , given
mass supply γβ , and volume fraction φβ .
Returning to the last term on the right-hand side of inequality (3.15), it is
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rendered non-negative by introducing the constitutive equation for total mass flux,
jα = −

N
X

Mβα (ϕ, mα )∇(µβα /ρα ),

(3.19)

β=1

where Mβα is a symmetric positive-semi definite matrix, possibly dependent on the
volume fractions ϕ = (ϕ1 , ϕ2 , . . . , ϕN ) and the taxis factors m1 ϕα , m2 ϕα , . . . , mL ϕα ,
called the mobility of the mixture. The last term on the left-hand side of (3.15) is
then always non-negative. Reviewing the derivation of (3.15) and assuming that p̂α
is given by (3.16), one can argue that the mobility Mβα can conceivably be negative
definite if we demand that
N X
N
X


ρβ−1 µαβ γβ − ∇ (µαβ /ρβ ) · jβ ≥ 0.

(3.20)

α=1 β=1

However, the question of existence of solutions of the governing balance equations
may then become an issue.
Partial stress and heat flux. Returning to (3.14) and recalling the notation
introduced in (3.3), it is observed that the mechanical part of the equilibrium partial
stress T̂eα (that in response to deformation and flow) can be written as
T̂eα = 2FTα

1
∂Ψα
Fα =
Fα Sα FTα ,
∂Cα
det Fα

α≤M

∂Ψα ∂ ρ̂α
∂Ψα T
Fα =
= −πα ,
T̂eα =
∂Fα
∂ ρ̂α FTα








,

(3.21)




M <α≤N 


where ρ0α ϕ0α = ρ̂0α is the mass density of the αth constituent in the reference configuration, Sα is the partial second Piola-Kirchhoff stress tensor,
−T
Sα = det Fα F−1
α T̂α Fα = 2

∂Wα
,
∂Cα

α≤M

(3.22)

M < α ≤ N.

(3.23)

with Wα = ρ̂0α ψα , and πα is the thermodynamic pressure,
πα (θ, ρ̂α , ϕ, mα ) = −ρ̂2α

∂ψα
,
∂ ρ̂α
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In (3.21), Wα represents the stored energy function for the αth constituent, α ≤ M .
Hereafter, the M solid constituents of the mixture are assumed to be isotropic
and hyperelastic so that Wα represents a stored energy function for the αth constituent. To comply with the requirement of frame indifference, Wα is taken to be a
differentiable function of the principal invariants IαCα , IIαCα , IIIαCα of Cα . Then
Sα =

∂Wα
∂Wα
∂Wα
−1
−T
Cof Cα ,
α I+
α (tr Cα I − Cα Cof Cα ) +
∂ICα
∂IICα
∂IIIαCα

(3.24)

where Cof Cα is the cofactor tensor of Cα . Let wα denote the displacement of particle
Xα from the reference configuration of the αth constituent: wα = χα (Xα , t) − Xα .
Then Cα can be expressed as a function of the displacement gradients,
Ĥα = GRAD wα ,

Cα = I + Ĥα ,

(3.25)

and (3.24) can, in general, be expressed as a function of Ĥα . If ρ̂0α = ρ0α ϕ0α is the
mass density of the αth constituent in the reference configuration, then the momentum
balance for the M solid constituents can be written
∂ 2 wα
= Div (det Fα Tα F−T
ρ0α ϕ0α
α ) + ρ0α ϕ0α b0α + P0α ,
2
∂t

α ≤ M,

(3.26)

b0α being the body force and P0α the momentum supplied in the reference configuration and Tα is now given by (3.14) for α ≤ M .
It is assumed hereafter that the dissipative partial stress is representable as
a general isotropic second-order tensor function of the deformation rate Dα and the
temperature gradient g,
v∗
Tv∗
α (Λα ) = Tα (θ, Dα , g, ϕ, mα )

= A1α Dα + A2α D2α + A3α g ⊗ g

(3.27)

+ A4α (g ⊗ Dα g) + A5α (g ⊗ D2α g),
and that the heat flux likewise is an isotropic vector-valued function,
qα = q∗α (θ, Dα , g, ϕ, mα )
= −k1α g − k2α Dα g − k3α D2α g
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(3.28)

where the viscosities Aiα , i = 1, 2, . . . , 5, are functions of position x and of possibly
θ, ρ̂α , tr D2α , tr D3α , g, Dα g, ϕ, mα , and g · D2α g, and the thermal conductivities
kjα , j = 1, 2, 3, may likewise be functions of these variables. The material functions
A1α , i = 1, 2, . . . , 5, are chosen so that tr Tv∗
α (Λα )Dα ≥ 0 in (3.15) and likewise
k1α , k2α , and k3α must be such that −θ2 g · qα ≥ 0 in (3.15). It is also understood
that for α ≤ M , we replace g by Gα = FTα g, the material temperature gradient for
constituent α.
Introducing (3.21)-(3.24) into (3.5)2 , the constitutive equations for partial
stress are obtained:
 

N
X



µβα ϕα I + (det Fα )−1 Fα Sα FTα
Ψα −




β=1



N

X

∂Ψα


−
⊗ ∇ϕβ ,
α≤M


∂∇ϕβ
β=1
(3.29)
Tα =


N
X


v∗
 Ψα −

µβα ϕα − πα I + Tα (Dα , g)



β=1



N

X

∂Ψα


⊗ ∇ϕβ ,
M < α ≤ N.
−


∂∇ϕβ
β=1

Here Sα is given by (3.24) and Tv∗
α (Dα , g) by (3.27). The relations (3.29) generalize
those in the study of Araujo and McElwain [14] involving a single linearly elastic
isotropic solid and a viscous fluid.
Further simplifications in choosing forms of the constitutive equations are possible if the “Principle of Phase Separation”, advocated by Passman, Nunziato, and
Walsh [133] and employed by Araujo and McElwain [16], is invoked. According to this
principle, material-specific dependent variables of a given phase (e.g. stress, free energy, etc.) depend only the independent variables of that phase while the interaction
variables (e.g. mass flux, momentum supply) depend on all independent variables.
Rajagopal and Tao [149] attribute this idea to Adkins [7] and argue that a careful
study would cast doubt on the status of this hypothesis as a principle since “the
internal state of the one mathematical continuum unlike the associated state of its
physical phase depends upon the state of another mathematical concentration.”
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Growth effects. The inclusion of growth effects due to mass exchange and deformation has been considered in tumor growth models by several authors; see in particular the works of Ambrosi and Mollica [8, 9], Araujo and McElwain [14], Preziosi
and Farina [143], and Byrne and Preziosi [42] and the book edited by Preziosi [142].
In Araujo and McElwain [14], growth in the volume fractions of the solid phases
(α ≤ M ) takes the form of the change in gradients ∂ϕα /∂Fα due to mass exchange.
In our model, this is characterized by


dα
(ρα ϕα det Fα ) = det Fα (γα − ∇ · jα ) + ρα ϕα tr Lα − ρα ϕα trLα
dt

(3.30)

= Γα det Fα .
Thus,
ρα ϕα det Fα = Uα ,
where

Z
Uα = ρ0α φ0α +

(3.31)

t

Γα (Xα , s) det Fα (Xα , s)ds.

(3.32)

0

Then

∂ρα ϕα
∂Uα
= (det Fα )−1
− ρα ϕα Cof Fα ,
∂Fα
∂Fα

(3.33)

where Cof Fα is the cofactor tensor of Fα (= det Fα F−T
α ), and


∂Ψα
∂Ψα
−1
−1 ∂Uα
= Fα ρα ϕα
+ Ψα (det Fα )
− ρα ϕα Cof Fα .
Sα = 2
∂Cα
∂Fα
∂Fα

(3.34)

Similar growth effects can be derived for the fluid constituents. Hereafter, we assume
such effects are implicit in the terms involving Sα and πα .
Summary Principal results derived up to this point are collected in Table 3.1. Note
that since the constraint that constituent temperatures be equal has been assumed,
θ1 = θ2 = · · · = θN = θ, it makes sense to formulate an energy equation for the entire
mixture as the sum of the individual constituent balance laws to acquire a single
equation for a single temperature.
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Constitutive Equations for a Continuum Mixture
∂Ψα
∂Ψα
∂Ψα
= −ρα ϕα ηα
σ αβ =
ζαβ =
ϕα
∂θ
∂∇ϕβ
∂(mβ ϕα )


N
N
X
X
∂Ψα
Tα = Ψα −
µβα ϕα − Xα I + Yα −
⊗ ∇ϕβ
∂∇ϕ
β
β=1
β=1





α≤M
 Xα = 0 Yα = (det Fα )−1 Fα Sα FTα
where




 Xα = πα Yα = Tv∗
M <α≤N
α (Λα )
2
2
Tv∗
α (Λα ) = A1α Dα + A2α Dα + A3α g ⊗ g + A4α g ⊗ Dα g + A5α g ⊗ Dα g

q∗α (Λα ) = −k1α g − k2α Dα g − k3α D2α g
Sα =

F−1
α



∂Ψα
−1 ∂Uα
ρα ϕ α
+ Ψα (det Fα )
− ρα ϕα Cof Fα
∂Fα
∂Fα

Uα = ρ0α φ0α +
pα =

− 21 Γα vα

jα = −

PN

β=1

Rt
0

+

(γα − ∇ · jα )(Xα , s) det Fα (Xα , s)ds


−1
−1
β=1 ρβ µαβ ∇(ρβ ϕβ ) − ρα µβα ∇(ρα ϕα ) − λα vα

PN

Mβα (ϕ, mα )∇(µβα /ρα )
L

µαβ =

X
∂Ψα
+ δαβ
mγ ζαβ /ϕα − ∇ · σ αβ
∂ϕβ
γ=1

Table 3.1: Constitutive Equations for a Continuum Mixture: General governing equations for a mixture composed of N constituents of which M are solids and
N − M are fluids.

43

3.1

Diffuse-Interface Models

An important class of diffuse-interface or phase-field models of materials of the CahnHilliard type is characterized by a Helmholtz free energy for each constituent of the
form,
L
N
X
X
εαβ
0
Ψα = Ψ0α (Λα ) + ϕα
aαβ mβ +
|∇ϕβ |2 ,
(3.35)
2
β=1
β=1
where
Λ0α =



 (Xα ; θ, Cα , ϕ),

α≤M


 (xα = χ (Xα , t); θ, Fα , ϕ),
α

M < α ≤ N.

(3.36)

The addition of the second term in (3.35) is inspired by the work of Cristini et al. [86]
and describes a linear dependence of the free energy on the “concentrations (mβ ) of
taxis-inducing chemical and molecular species”. The aαβ are taxis coefficients. The
last term in (3.35) represents the effects of large gradients in concentrations that occur
at interface regions between different constituents. The quantites εαβ are assumed to
be constants. Papatzacos [132] refers to these parameters as the Landau-Ginzburg
constants.
With (3.35) in force yields, via (3.14)
σ αβ = εαβ ∇ϕβ ,
ζαβ = aαβ ϕβ ,
µαβ = fαβ − εαβ ∆ϕβ ,






(3.37)





where

L

fαβ =

fαβ (Λ0α , m)

X
∂Ψ0α
=
+ δαβ
aαγ mγ
∂ϕβ
γ=1

(3.38)

and ∆ denotes the spatial Laplacian operator (∆ = ∇ · ∇). Assuming (3.19) holds,
the equations describing the evolution of mass concentrations (recall (2.33)) become
∂ρα ϕα
=∇·
∂t

X
N


Mαβ (ϕ, mα )∇(fαβ − εαβ ∆ϕβ )/ρβ

+ γα − ∇ · (ρα ϕα vα ). (3.39)

β=1

This represents a system of N fourth-order-in-space, parabolic partial differential
equations of the Cahn-Hilliard type. For α ≤ M , the momentum equations for this
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case become


 
N
X
∂ 2 wα
−1
ρ0α ϕ0α
= DivFα det Fα Fα
Ψα −
(fβα − εαβ ∆ϕβ )ϕα I
∂t2
β=1
X


N
−T
+ Sα − det Fα Fα
εαβ ∇ϕβ ⊗ ∇ϕβ Fα

(3.40)

β=1

+ ρ0α ϕ0α b0α + P̂0α ,
and for M < α ≤ N
d α vα
=∇·
ρα ϕα
dt



N
X
(fβα − εαβ ∆ϕβ )ϕα I
Ψα − ρ̂α πα −
β=1

+ Tv∗
α (Dα , g) −

N
X

(3.41)


εαβ ∇ϕβ ⊗ ∇ϕβ + ρα ϕα bα + p̂α .

β=1

For the momentum supply, (3.16) reduces to
N 
X
1
1
pα = − Γα vα +
(fαβ − εαβ ∆ϕβ )∇(ρβ ϕβ )
2
ρβ
β=1

1
− (fβα − εβα ∆ϕα )∇(ρα ϕα ) − λα vα .
ρα

(3.42)

In (3.40), Sα is given in (3.24), and P̂0α is the momentum supplied to the αth constituent referred to in the reference configuration. In (3.41), Tv∗
α (Dα , g) is given
by (3.27). Finally, the energy balance equation now takes the specific form

 X


N
N 
X
∂Ψα
d
1
−1
v∗
−ρθ
ρ
=
tr Tα (Λα ) Dα − p̂α + Γα vα · vα
dt
∂θ
2
α=1
α=1

N
X
−1
∗
− ∇ · qα (Λα ) +
ρβ (fαβ − εαβ ∆ϕβ ) ∇ · jα
β=1
α

d ρβ
+ ∇ (ρβ ϕβ ) · vα − γβ + ϕβ
dt

− θ∇ · (ρα ϕα ηα uα ) + ρr,
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(3.43)

where q∗α (Λα ) is defined by (3.28), ψα = Ψα /ρα ϕα , and fαβ is defined in (3.38). In
view of (2.62), a sufficient condition for this constraint to be satisfied is that


1
ε̂α = −p̂α · vα − Γα eα + vα · vα .
2

(3.44)

Since jα is determined by (3.19) for given thermodynamic potentials µαβ , the remaining quantities that need to be defined are the mass supply γα and the energy supply
εα . These quantities must, in general, be determined through a separate relation that
characterizes the mass supply and energy supply as functions of the concentration of
nutrients.
Equations (3.39)-(3.43), together with appropriate boundary- and initial conditions, characterize a general diffuse-interface, continuum mixture model of the thermomechanical behavior of a complex media consisting of multiple solid and fluid
constituents. The constituents can be compressible, the fluid species non-Newtonian,
and effects of taxis-inducing chemical and molecular species and surface effects due
to gradients in concentrations are taken into account.
To apply such general models in meaningful simulations, several additional
developments are needed. First, more specific forms of the constitutive equations
must be defined and, in general, the system must be considerably simplified to make
it tractable. This involves simplifying assumptions. But with each such assumption, a
possible loss in predictability of the model arises. Ultimately, the predictability of the
model will depend upon three things: the validity of the theory itself and its ability
to yield meaningful abstractions of actual physical events, the availability of data on
model parameters, including their uncertainty, and the availability of observational
data through experiments, tests, and imaging, and appropriate characterizations of
their uncertainties. All of these components form the basis of Bayesian methods for
calibration and validation, which are taken up in Chapter 7. Ultimately, the equations
governing the model must be solved. This, of course, is a formidable challenge.
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Chapter 4
Examples of Closed Systems of
Equations
As illustrated in Table 3.1, the particular form of the Helmholtz Free Energy ultimately can be used to define many of the constitutive equations. Thus, different
forms of the free energy define different specialized models. Various specialized models can be found in the literature which can be deduced from our general theory
through a sequence of simplifying assumptions. We describe here a few such special
cases, although many others could be cited. We note that it is often assumed that
the constituents are incompressible and that the mixture is isothermal. This first
assumption renders ρα constant for all α while the second assumption eliminates the
need to solve the energy equation and thus implies no specific form for q∗α is needed.
These assumptions are in force in the remainder of this work.

4.1

A Reduced Model of Isothermal, Newtonian
or Stokesian Fluids

As an example, the special case of a model of a mixture of four incompressible viscous
fluids is considered with ρ1 = ρ2 = ρ3 = ρ4 = ρ and with mass supplied in proportion to the respective volume fractions ϕα : γα = aα φα , aα = constant. Isothermal
processes are assumed for which the free energy per unit volume is given by
Ψα =

ε
cα 2
ϕα (ϕα − 1)2 + |∇ϕα |2 , 1 ≤ α ≤ 4,
8
2
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(4.1)

with cα > 0 and it is understood that φ4 = 1 − φ1 − φ2 − φ3 . In this case,

cα
2ϕ3α − 3ϕ2α + ϕα − ε∆ϕα .
4

µαβ = µα =

(4.2)

Assuming the same constant mobility M for each constituent, leads to
jα = −M ∇µα = −M

c

α

4

∇

2ϕ3α

−

3ϕ2α





+ ϕα + ε∇∆ϕα .

(4.3)

Thus, the mass balance equations are
ρ


cα
∂ϕα
= aϕα + M ∆ 2ϕα − 3ϕ2α + ϕα − εM ∆2 ϕα − ρ∇ · (ϕα vα ) .
∂t
4

(4.4)

The equilibrium Cauchy partial stress is
Teα (ϕα ) = Feα (ϕα ) − pα I,
with
Feα = −

c

α

(4.5)



2ϕ3α − 3ϕ2α + ϕα − ε∆ϕα I − ε∇ϕα ⊗ ∇ϕα

(4.6)
4
where pα is the hydrostatic pressure (pα = πα − Ψα in (3.29)2 ). For the viscous part
of the partial stress, an isotropic Newtonian fluid is considered with
Tv∗
α = 2να (ϕα ) Dα ,

(4.7)

where να (ϕα ) is the viscosity and tr Dα = 0. Thus, the balance of momentum
equations are
ρα ϕα

d α vα
=να (ϕα ) ∆vα − ∇pα + p̂α
dt
h c

i

α
−∇·
2ϕ3α − 3ϕ2α + ϕα − ε∆ϕα I − ε∇ϕα ⊗ ∇ϕα .
4

(4.8)

Now other special cases of interest can be deduced from (4.8). First, the
momentum supply can be equated with a vector proportional to the difference between
vα and the velocities of other constituents,

p̂α = dα vα −

N
X
β=1
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vβ ,

(4.9)

where dα is a “drag” coefficient (see Rajagopal [150]). Next, assuming slow motions
of a mixture of fluid constituents, ignoring inertial effects and setting the left-hand
side of (4.8) to zero, leads to a Stokesian (or Brinkman)-type model:


4
X
−ν (ϕα ) ∆vα + ∇pα + dα vα −
vβ − ∇ · Feα (ϕα ) = 0.

(4.10)

β=1

Finally, if the fluids are inviscid, the following generalized form of Darcy’s law
is obtained,
4
X
dα vα = −∇pα + dα
(4.11)
vβ + ∇ · Feα (ϕα ) .
β=1

The pressure pα can be characterized by a collection of Poisson problems obtained by
taking the divergence of terms in (4.11):
"

#


4
X
−∆pα = ∇ · dα vα −
vβ − ∇ · Feα (ϕα )

(4.12)

β=1

Thus, in this case the three volume fractions, four velocities and four pressures are
governed by the system of equations (4.4), (4.8), and (4.12).
A term involving a nutrient supply, such as mα = bα mϕα , bα = constant and
m = m (x, t) can be added to (4.1). Then the chemical potential takes the form
µ α = bα m +


cα
2ϕ3α − 3ϕ2α + ϕα − ε∆ϕα ,
4

(4.13)

and (4.4), (4.5), (4.8), (4.10), and (4.11) are modified accordingly to depend now on
m. The system must be appended to include an additional equation describing the
evolution of m, such as the diffusion equation
4
X
∂m
= −∇ · D∇m −
σmϕα ,
∂t
α=1

(4.14)

where D is a diffusion coefficient and σ is a reaction coefficient, possibly dependent
on the ϕα .
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4.2

N Phase Navier-Stokes-Cahn-Hilliard Model

For the next example in this section, the model proposed by Kim and Lowengrub
in [111] is considered. In this formulation, one writes the mass and momentum
balance equations in terms of the mass concentrations rather than volume fractions.
The development also deviates from that in Section 3.1 in that it is assumed that
all the constituents are incompressible, the mixture is isothermal, body forces are
negligible, and γα = 0 for all α. Note that these assumptions should imply that πα
as defined in equation (3.23), is such that
πα (θ, ρ̂α , ϕ, mα ) = πα (ϕ, mα ).

(4.15)

Then πα becomes a multiplier associated with the incompressibility constraint and is
analogous to the classical hydrostatic pressure. In the development in [111], formulations of balance laws for the full mixture are considered as opposed to constituents.
These include the specification of forms of the constitutive equations, such quantities as the free energy, i.e. Ψα in all equations in Table 3.1 is replaced with Ψ, and
similarly with the velocity v, the symmetric part of the velocity gradient D, and
the mixture thermodynamic pressure π. The form of the Helmholtz free energy in
Ref. [111] is taken to be of the form
Ψ (c1 , . . . , cN , ∇c1 , . . . , ∇cN ) = F (c1 , . . . , cN ) +

N
X
ε2β
β=1

4

|∇cβ |2 .

(4.16)

Further, for Tv∗
α (Dα , c) the constitutive equation for an isotropic Newtonian fluid
with mass concentration-dependent viscosity is considered:
Tv∗
α


2
(Dα , c) = −η (c) D − (∇ · v) I
3


(4.17)

where the viscosity is now a function of the concentration c of a species: ρcα = ρα ϕα ,
c = (c1 , . . . , cN ).
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This set of assumptions results in the following governing equations





!

N


ρX 2
v∗ 
εα ∇cα ⊗ ∇cα − ∇ · Tα ,



2 α=1


ρċα = ∇ · (M ∇µα ) ,
ρv̇ = −∇π − ∇ ·
∇·v =

N
X

aα ∇ · (M ∇µα ) ,

α=1

∂Ψ
1
µα =
+ aα π − ∇ ·
∂cα
ρ




ρε2α
∇cα ,
2

(4.18)















where (·) = ∂ (·) /∂t + v · ∇ (·). Numerical solutions of this system restricted to three
constituents for two and three dimensional domains are discussed in [111].

4.3

Two Phase Tumor Model: Elastic Solid with
Inviscid Fluid

The third case to be considered is that presented by Araujo and McElwain in [16]
which specifically looks at modeling the growth of tumors with a mixture consisting
of an elastic solid and an inviscid fluid, denoted by φs and φf respectively. These
authors also make the assumption that the constituents are incompressible and that
the mixture is isothermal.
This model does not fall into the category of a diffuse-interface model as it does
not include as an independent variable the gradients of the volume fractions for the
Helmholtz free energy. Instead they use the Principle of Phase Separation discussed
earlier, and take as their constitutive assumption
Ψα = f (θ, Fs , Grad Fs , vf − vs ) .

(4.19)

Before writing the form of the free energy, the strain tensor for the solid is considered
as decomposed into two parts, one part due to growth, EG , and the other part due
to stress ES . That is
Es = EsS + EsG .
(4.20)
With this in mind, the form of the free energy density is written with the following
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linearized elastic form
1
ψs (ES ) = ψs (I) + σ0 (trEsS ) + λ0 (trEsS )2 + µ0 tr (EsS EsS ) .
2

(4.21)

EsG is expressed as


EsG = gA


γ1 0 0


A :=  0 γ2 0  .
0 0 γ3

(4.22)

This formulation leads to the following set of constitutive equations:

Ts = −φs P I + λtr Es I − gA





Tf = −φf P I
ps = P ∇φs + κ (vf − vs )
pf = P ∇φf + κ (vf − vs )

,

(4.23)








where P = π − ρψf . It is noted that the form of the momentum supply postulated
here is not equivalent with that in Table 3.1, but in [16] it is shown that this form
is also thermodynamically consistent. Finally, it is assumed that the mass exchange
term is of the form
γs = βρφs m,
(4.24)
where β is a constant and m is a nutrient concentration.
By further ignoring inertia and body forces, these constitutive equations lead
to the following closed system of equations:
φs ρ∇ · vs = βρφs c
∇ · Ts = −κ (vf − vs )
(1 − φs ) ∇P = −κ (vf − vs )






.

(4.25)





Note that this model has reduced the momentum equation for the fluid to a form of
Darcy’s law.
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4.4

Two-Phase Tumor Growth Model with Newtonian Fluid in a Porous Media

Next, the model presented by Byrne and Preziosi in [42] is considered. The mixture
they are modeling is composed of a porous solid, the cells, and a Newtonian fluid, the
extracellular fluid. Throughout this section, a subscript of T or l will denote values
pertaining to the solid tumor phase and the fluid phase respectively; a subscript of
m will denote values of the entire mixture. Due to the assumptions listed above,
negligible body forces and an isothermal mixture, constitutive equations are only
needed for γα , Ψα , Tα , and pα . They assume that each free energy is dependent
upon quantities relating to its phase only using the assumption of constituent phase
separation. The free energies Ψα and all the constitutive quantities are dependent on
φα , Fα , Ḟα , and vl − vT only. It is argued that the dependence for TT is reduced to
TT = TT (φT , LT )

(4.26)

by arguing that the stress state will not change due to positional changes which
are locally volume preserving. Here LT is the velocity gradient. By using Wang’s
representation theorem, [180, 181] and then linearizing, it is deduced
TT = −φT P I + (−Σ + λT ∇ · vT ) I + 2µT DT

(4.27)

where Σ, λT and µT are possibly functions of φT , P is a Lagrange multiplier arising
from the saturation assumption, and dependence on the velocity gradient is through
its symmetric part DT . Tl is then assumed to be
Tl = −φl P I.

(4.28)

They consider pα to be linearly dependent on the growth terms and relative velocity,
vl − vT . Ensuring consistency with the governing equations, they postulate the

53

following relations for pT , and pl :

γT 
pT = P ∇φT + ΛT +
(vl − vT ) ,
2
(4.29)
γT 
pl = P ∇φl − ΛT +
(vl − vT ) .
2


Preziosi and Farina [144] claim these constitutive equations can be shown to
be thermodynamically consistent. Finally, an equation for the cell growth rate is
assumed. Its form comes from the following phenomenological observations: proliferation is a function of some nutrient concentration, proliferation is affected by the
presence of other cells, cell apoptosis occurs proportionally to the volume ratio of
cells, and cell necrosis occurs when the nutrient levels fall below a critical threshold,
characterized by

γT =


n−n
ρT σφT


− φT


 1 + δΣ (φT ) 1 + νn

if n ≥ n



1 + µn


 −ρT
φT
1 + µn

if n < n

(4.30)

where σ, δ, , and µ are positive constants, n is the concentration of the vital nutrient, and n is the positive constant representing the critical threshold of nutrient
concentration required for cell growth.
As the mass exchange term for this model depends upon a nutrient concentration, n, an equation is added to the system governing the evolution of the nutrient,
∂n
+ ∇ · (nvl ) = ∇ · (kn ∇n) − δn φT n,
∂t

(4.31)

where kn > 0 is the diffusion coefficient and δn > 0 is the rate of nutrient uptake by
the tumor cells.
The derived constitutive equation for pl is used to eliminate vl through
vl = vT −

K
∇P
1 − φT

where K is the permeability constant.
Collecting these relations, the closed model can be stated as follows:
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(4.32)

Find φT , vT , P , and n such that
1
∂φT
+ ∇ · (φT vT ) =
γT ,
∂t
ρ
T

1
1
∇ · (vT − K∇P ) =
−
γT ,
ρT
ρl
h

0



∇P = ∇ · TT = −Σ ∇φT +∇ (λT ∇ · vT ) + ∇ · µT ∇vT + (∇vT )


∂n
nK
+ ∇ · nvT −
∇P = ∇ · (kn ∇n) − δn φT n.
∂t
1 − φT

4.5

T

i

,

Two-phase Diffuse-Interface Tumor Model

In the paper by Cristini et al. [57], the specific mixture being modeled consists of
one solid, ϕT , and one fluid, ϕW , representative of the tumor tissue and extracellular
fluid respectively. In many respects, this model can be viewed as an extension of
that proposed by Kim and Lowengrub in [111], as many assumptions are the same,
but to include important biophysical effects, the free energy functional is expanded
to include effects of a representative nutrient, such as oxygen. In this case, equation
(3.35) is assumed to be of the form
ΨT = c0 ϕ2T (ϕT − 1)2 + aT ϕT m +

εT
|∇ϕT |2 ,
2

(4.33)

where c0 = 9/200 = 0.18/4.
Another key difference is that Cristini et al. do not assume that γα = 0. Instead, empirical equations are employed to characterize the mass exchange. Further,
the system of governing equations is augmented by an equation describing the evolution of the nutrient m. Finally, as a simplifying assumption, convective velocities are
neglected. These assumptions lead to the following system of governing equations:


∂ϕT
2


= ∇ · M ϕT ∇µ + γT


∂t




2
3
2
µ = c0 2ϕT − 3ϕT + ϕT − aT m − ε ∆ϕT 
∂m



= 0 = ∇ · (D (ϕT ) ∇m) − mϕT


∂t



γT = λP mϕT − λA ϕT
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(4.34)

where M , χ, and ε are constants and λP and λA are constants representing the
proliferation and apoptosis (cell death) rates respectively.
Numerical simulations of this system for problems set on two- and threedimensional domains are presented in [57].

4.6

Four-Phase Tumor Growth Model

As a final example, the work done by Wise et al. in [190] is considered. The derivation
of the constitutive equations assumes an isothermal four-phase mixture where the
first phase, α = 1, corresponds to an inviscid liquid, while the others are cell species
behaving as viscous fluids. Note that this is the only example considered which
includes the variable jα .
The derivation begins with the principal assumption that the free energy is
a function of only the volume fractions, their gradients, and the products of L key
nutrient concentrations, each represented by cl , with the volume fraction:
Ψα = Ψα (φ1 , φ2 , φ3 , φ4 , ∇φ1 , ∇φ2 , ∇φ3 , ∇φ4 , c1 φα , . . . , cL φα ) .

(4.35)

By going through very similar arguments as in Chapter 3, it is claimed that
thermodynamic consistency is ensured by taking as constitutive equations:
Tα =

Ψα − φα

4
X

!
µβα − ρα φα p I −

β=1

pα = pρ1 ∇φα +

4
X

∇φβ ⊗

β=1
4
X


∂Ψα
+ Lα ∇vα + ∇vαT , (4.36)
∂∇φβ

(µβα ∇φα − µαβ ∇φβ ) − βα (vα − v1 ) α 6= 1,

(4.37)

β=1

p0 = −

N
X

pα ,

(4.38)

Mβα ∇µβα /ρα α 6= 1,

(4.39)

α=2

jα = −

4
X
β=1

j1 = −

N
X
α=2
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jα ,

(4.40)

∂Ψα
,
∂∇φβ

(4.41)

∂Ψα
φα ,
∂ (cl φα )

(4.42)

∂Ψβ
.
∂φα

(4.43)

σ αβ =
ζαl =
where
µβα =

Finally, the mass exchange terms for the four species are
L
L
Y
Y

cl
N
φ
−
λ
φ
−
λ
−
c
φV ,
γV = λM
H
c
V
A
V
N
l
l
c∞
l=1
l=1 l

γD = λA φV + λN

L
Y


H cN
l − cl φV − λL φD ,

(4.44)

(4.45)

l=1

γH = 0,

(4.46)

γW = − (γV + γD + γH ) ,

(4.47)

where λM is the rate of mitosis, c∞
l is the far-field nutrient concentration of nutrient
l, λA is the rate of apoptosis, λN is the rate of necrosis, H is the Heaviside function,
cN
l is the critical concentration of nutrient l required for cell survival, and λL is the
rate of cell lysis.
The constitutive equations presented here were first derived for a general nphase model in the paper by Cristini et al. [57]. The paper by Wise et al. then
incorporated these equations into a four-phase model including a water phase and
three cell phases: host cells, tumor viable cells, and tumor dead cells. These will be
denoted with the subscripts W , H, V , and D respectively. They further define the
tumor volume fraction φT = φV + φD and the cell fraction φS = φH + φT . Before
giving the closed system of equations, these authors introduce additional simplifying
assumptions:
• the volume fraction of water remains constant, φW = C,
• the densities of all constituents are equal, ρ = ρW = ρV = ρD = ρH ,
• the cell advection velocities are all equal to the mass average velocity, vH =
vV = vD = vS ,
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• jW = 0.
Beyond these, other substantial assumptions are also made regarding the cell
velocities and the form of the free energy. In regard to the cell velocities, the authors
pose a generalized Darcy’s Law for both vS and vW given by


∂Ψ
∇φT ,
vS = −κ ∇p −
∂φT

vW = −κW ∇q,

(4.48)

where q is the water pressure, p is the solid pressure, κW > 0 and κ > 0 are motility
constants. For the form of the total free energy, Ψ = ΨW + ΨV + ΨD + ΨH , is then
Z
Ψ=
Ω

E
4



φT
φS

2 

φT
1−
φS

2

2
+ |∇φT |2 dx
2

(4.49)

where  and E are positive weighting parameters.
This model also follows the diffusion of only a single nutrient, oxygen, using
the following equation
φV
∂c
+ ∇ · (vW c) = ∇ · (D (φT ) ∇c) + Tc − νU c
∂t
φS

(4.50)

where νU is the rate of uptake by the tumor viable cells, Tc is a source of nutrient coming from the existing vasculature, and D is a function giving the diffusion coefficient
by
D (φT ) = DH · (1 − Q (φT )) + DT · Q (φT )
(4.51)
where DH and DT are positive constants and Q (φT ) is an interpolation function given
by
 3
 2
φT
φT
−2
.
(4.52)
Q (φT ) = 3
φS
φS
P
It is finally noted that due to the saturation assumption, 4α=1 φα = 1, and
φW = C, it is enough to solve for only φT and φD . Thus, the final closed model can
be stated as:
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Find φT , φD , p, and c such that


∂φT
∂Ψ
= M ∇ · φT ∇
+ γT − ∇ · (vS φT ) ,
∂t
∂φT


∂Ψ
∂φD
= M ∇ · φD ∇
+ γD − ∇ · (vS φD ) ,
∂t
∂φT
"  
2  2   
#
∂Ψ
E
φT
φT
φT
1
φT
=
1−
−
1−
− 2 ∇2 φT ,
∂φT
2
φS
φS
φS
φS
φS
γT = c (φT − φD ) − λL φD ,

γD = λA + λN H cN − c (φT − φD ) − λL φD ,


∂Ψ
vS = −κ ∇p −
∇φT
∂φT


∂φD
−∇ · (κ∇p) = γT − ∇ · κ
∇φT ,
∂t
φV
0 = ∇ · (D (φT ) ∇c) + Tc − νU c ,
φS
Tc = [νH (1 − Q (φT )) + νT Q (φT )] (ccap − c) .
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Chapter 5
Analysis of a Simplified
Two-Species Case: The
Cahn-Hilliard Equation
5.1

Background

Mathematical models of physical systems with multiple material phases can generally
be divided into two basic categories: those that treat the individual phase domains
as separate materials interacting at boundary interfaces and those modeled as mixtures in which interactions between constituents is manifested by smooth interfaces
representing changes in concentrations of constituents. The former class of models
includes Stefan problems, free boundary problems, and level-set models. The later
is typified by such models as the Cahn-Hilliard model for spinodal decomposition of
a binary alloy [47]. Today such models are referred to as diffuse-interface models to
denote that they are capable of depicting the evolution of phase changes confined to
thin and smooth boundaries separating different phase concentrations in the solution
domain. The theory developed in Chapter 3 and many of the examples in Chapter
4 fall into this latter category. Continuing with the strategy advanced in Chapter 4,
forms of the Helmholtz free energy, Ψ are introduced from which constitutive equations are derived that effectively close the system. The fundamental assumption used
in deriving the Cahn-Hilliard equation in [47] is that Ψ depends not only upon the
concentration u of some chemical species, but also its spatial gradient ∇u.
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In this chapter, a closer look is taken at the celebrated Cahn-Hilliard model of
binary phase transition which is a key component of many tumor growth models in
the literature [57, 87, 190] as well as to the four-species model presented in Chapter 6
within this document. Since its inception over a half century ago [47], much effort has
been put forth in the mathematical analysis of this model along with many various
discretization techniques. The Cahn-Hilliard equation is a fourth-order, nonlinear,
parabolic partial differential equation which corresponds to a conservative gradient
flow. The well-posedness of this equation has been studied extensively in the papers
by Elliot and Zheng [73], Elliot [69], Blowey and Elliot [34], Elliot and Luckhaus [72],
Elliot and Garke [71], and Barret and Blowey [22] to mention a few.
The semi-discrete formulations (discrete in space, continuous in time) of this
equation result in very stiff ordinary differential equations. Most implicit time marching algorithms have great difficulty in solving these equations, and explicit methods
suffer even more with severe time-stepping restrictions of ∆t ≤ Ch4 . To combat
these issues and of particular interest to this work, the development of semi-implicit
time stepping algorithms is an ongoing area of research; see the papers by Eyre [77],
He, Liu and Tang [104], He and Liu [103] (cf. Feng and Prohl [79]), and Gomez
and Hughes [94] as well as algorithms developed for related equations in [188, 195].
Extensive analysis of finite element approximations of this equation have also been
contributed to the literature by Elliott and French [70], Elliot, French and Milner [67],
Copetti and Elliott [55], Barrett and Blowey [21, 22] and Feng and Prohl [81] where
the formulations considered were primarily of mixed form requiring C 0 conforming
meshes. In recent work, discontinuous Galerkin methods [80, 110, 186] have been
considered and C 1 methods have also been explored with more traditional finite elements [163] and with isogeometric methods [93]. In recent work by Feng and Wu [82],
Bartels and Müller [23], and van der Zee, Oden, Prudhomme and Hawkins [176] the
subject of a posteriori error estimates and goal-oriented adaptive methods for finite
element approximations of the Cahn-Hilliard equation have been considered.
Following this brief discussion, the original derivation of this equation is explored followed by the derivation of the weak form and a proof of existence and
uniqueness reproduced from [68]. The weak form is based on a mixed formulation,
replacing the fourth order equation with a system of second order partial differential
equations. A few numerical examples are then presented along with a brief discussion
of the chosen semi-implicit time-stepping algorithm. The chapter is then concluded
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with a short section regarding the dual problem; a proof of well-posedness is reproduced from [176] and error estimates are discussed.

5.2

Original Derivation

The Cahn-Hilliard equation for a binary mixture with mass exchange is of the general
form,

du
(5.1)
− ∇ · M (u) ∇ Ψ00 (u) − 2 ∆u − γu = 0
dt
where u represents the mass concentration of a species of interest and M (u) is the
possibly nonlinear mobility function. The functional Ψ00 (u) represents the free energy
in a homogeneous system, to be discussed later,  is a weighting parameter controlling
the degree of separation between the two species, and γu is the mass exchange term.
The derivation of this equation begins with the statement of the balance of mass, as
was seen in earlier chapters:
du
= −∇ · J + γu .
(5.2)
dt
Here J is the flux and γu is the mass exchange term. Following the thermodynamical
argument that species will migrate to regions of the domain with a lower chemical
potential, µ = ∂Ψ/∂u, it makes sense to take
J = −M (u) ∇µ.

(5.3)

where the mobility functional M (u) quantifies the ability of the species u to move
about in the domain. Generally, this should depend on u; however, throughout the
literature considering this equation, for reasons of simplicity it is often taken to be
constant.
In the original paper by Cahn and Hilliard in 1958 [47], the critical first assumption is made that Ψ is an analytic function of the species concentration. Thus,
it can be expanded in an n-dimensional Taylor series about a free energy state Ψ0 of
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a homogeneous composition u,
n
n
n
X

∂u X X 1 ∂ 2 u
Ψ u, ∇u, ∇2 u, . . . = Ψ0 (u) +
Li
+
κij
∂x
∂xi ∂xj
i
i=1
i=1 j=1
n

n

1 X X 2 ∂u ∂u
+ ··· ,
+
κ
2 i=1 j=1 ij ∂xi ∂xj

(5.4)

where



∂Ψ
Li =
,
∂ (∂u/∂xi ) 0


∂Ψ
1
κij =
,
∂ (∂ 2 u/∂xi ∂xj ) 0


∂Ψ
2
κij =
.
∂ (∂u/∂xi ) ∂ (∂u/∂xj ) 0

(5.5)

The argument is then made that the free energy density must have cubic symmetry.
This implies
Li = 0 ∀ i,


∂Ψ
1
κij = κ1 =
∂∇2 u 0

i = j,

κ1ij = 0 i 6= j,


∂ 2Ψ
2
κij = κ2 =
(∂ |∇u|)2 0

(5.6)
i = j,

κ2ij = 0 i 6= j.
Thus, equation (5.4) reduces to

Ψ u, ∇u, ∇2 u, . . . = Ψ0 (u) + κ1 ∇2 u + κ2 (∇u)2 + · · ·

(5.7)

If the higher-orders terms are neglected, it follows that the total free energy of
the system is of the form
2

Z



Ψ u, ∇u, ∇ u =
ZV
=


Ψ u, ∇u, ∇2 u dV
(5.8)
Ψ0 (u) + κ1 ∇2 u + κ2 (∇u)2 dV,

V
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where V is the volume of the domain of interest. Consider now that
Z
Z
Z
2
κ1 ∇ u dV = −
∇κ1 · ∇u dV +
κ1 ∇u · n ds
V
V
∂V
Z
Z
dκ1
∇u · ∇u dV +
κ1 ∇u · n ds.
=−
V du
∂V

(5.9)

As a simplifying assumption, cases in which the flux κ1 ∇u · n is zero on the boundary
∂V are considered. Then introducing (5.9) into (5.8) yields
2


Ψ u, ∇u, ∇ u =

Z

Ψ0 (u) + κ (∇u)2 dV,

(5.10)

V

where κ = κ2 − dκ1 /du. Using this result, one can calculate the chemical potential
as the Gateaux derivative of Ψ with respect to u, DΨ (u),
Ψ (u + hv) − Ψ (u)
h→0
hZ

hDΨ (u) , vi = lim

= hΨ00 (u) , vi −

(5.11)

2κv∇2 u dV.

V

Thus, the chemical potential takes the form
µ = Ψ00 (u) − 2κ∇2 u.

(5.12)

Returning to (5.1), introducing (5.12) into (5.3), incorporating the result into (5.1)
and noting that in the absence of flow convection, du/dt = ∂u/∂t yields

∂u
= ∇ M (u) ∇ Ψ00 (u) − κ∇2 u + γu ,
∂t

(5.13)

which is referred to as the Cahn-Hilliard equation for mass balance.

5.3

Computational Framework

The appearance of fourth order derivatives in this equation presents many computational challenges. To use finite elements directly, C 1 conforming elements must be
used, of which there are relatively few in common use for two or three dimensions.
A more natural approach is to employ a mixed formulation obtained by splitting the
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fourth-order equation into two second order equations:
ut = ∇ · (M (u) ∇µ)

(5.14)

µ = Ψ00 (u) − 2 ∆u

with ut = ∂u/∂t. A weak form for this system is obtained by formally multiplying
by a pair of test functions (v, w) and integrating by parts:
Z

Z

ZΩ

Z

ut v dx = − M (u) ∇µ∇v dx +
M (u) ∇µ · nv ds
∂Ω
Z Ω
Z
Z
0
2
µw dx =
Ψ0 (u) w dx +  ∇u∇w dx −
2 ∇u · nw ds,

Ω

Ω

Ω

(5.15)

∂Ω

where this must hold for all admissible test functions (v, w). By defining the semilinear forms
Z
1
1
1
M (u) ∇µ∇v dx,
(5.16)
a : H (Ω) × H (Ω) × H (Ω) → R a (u; µ, v) =
Ω

and
1

1

b : H (Ω) × H (Ω) → R

Z
b (u; w) =

Ψ00

Z
(u) w dx +

Ω

the semi-discrete variational problem can be stated
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Ω

2 ∇u∇w dx,

(5.17)

Find (u (t) , µ (t)) ∈ H 1 (Ω) × H 1 (Ω) such that
B ((u (t) , µ (t)) ; (v, w)) = F ((v, w)) ∀ (v, w) ∈ H 1 (Ω) × H 1 (Ω) (5.18)
holds for a.e. t ∈ [0, T ] where
(u (·, 0) , v)Ω = (u0 , v)Ω

∀v ∈ L2 (Ω)

(µ (·, 0) , w)Ω = (µ0 , w)Ω

∀w ∈ L2 (Ω)

B ((u (t) , µ (t)) ; (v, w)) = (ut (t) , v)Ω + a (u (t) ; µ (t) , v)
+ (µ (t) , w)Ω − b (u (t) ; w)
and

Z
F ((v, w)) =

Z
f v dx +

Ω

(5.19)

(5.20)

Z
g1 v ds +

∂Ω

g2 w ds.

(5.21)

∂Ω

Here (·, ·)Ω denotes the L2 (Ω) inner product, u0 , µ0 ∈ L2 (Ω) denote initial
data, and g1 and g2 are prescribed boundary data satisfying the conditions
M (u) ∇µ · n = g1 on ∂Ω × [0, T ]
2 ∇u · n = g2 on ∂Ω × [0, T ]

(5.22)

Other boundary and initial conditions could of course be considered. The paper
by Elliott and Songmu [68] specifically addresses the issues of solution existence and
uniqueness for equation (5.13) in the case γu = 0, M (u) = 1,
Ψ00 (u) = −u + γ1 u2 + γ2 u3 ,
and with initial and boundary conditions
u (0, x) = u0

∂u
∂∆u
=
= 0.
∂ν
∂ν

(5.23)

A straight forward calculation shows that these boundary conditions are equivalent
to (5.22).
An existence theorem for the one-dimensional case is reproduced here from [68]
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with the following definition:
HE2


(Ω) =


∂v
v ∈ H (Ω) :
= 0 on ∂Ω .
∂ν
2

This proof is based on the ideas in Picard’s Lemma with the sequence uk (t) generated
by solutions to
 k+1

k
2 k+1
0
u
+
∆
u
=
∆Ψ
u

0
t




k+1

 u (0) = u0
∂∆uk+1
∂uk+1


=
=0


∂ν
∂ν



2
3
 0 k
Ψ0 u = −uk + γ1 uk + γ2 uk
Lemma 5.3.1. Picard’s Lemma Let η k (t), k = 0, 1, . . . , denote a sequence of
nonnegative continuous functions which satisfy the inequality:
η

k+1

Z
≤a+b

t

η k (t) dτ,

0 ≤ t ≤ T,

0

with nonnegative constants a and b. Then
k

η ≤a

k−1 ν ν
X
b t
ν=0

bk tk
+
max η 0 (τ ) ,
0≤τ
≤t
ν!
k!

for 0 ≤ t ≤ T and k = 0, 1, . . . In particular, the sequence η k (t), 0 ≤ t ≤ T , is
uniformly bounded. If a = 0, then the sequence converges uniformly to zero.
Proof of Picard’s Lemma can be found in [114].
By showing the sequence v k = uk+1 − uk converges to zero, one ultimately
shows there exists a solution to the nonlinear partial differential equation. Further,
if the solution is uniformly bounded by a constant independent of T , the solution is
global.
Theorem 5.3.2. If γ2 > 0, then for any initial data u0 ∈ HE2 (Ω) and T > 0
there exists a unique global solution in L2 (0, T ; H 4 (Ω)) to the initial boundary value
problem:
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ut = ∇ ∇ Ψ00 (u) − κ∇2 u
∂u
∂∆u
u (0, x) = u0
=
=0

∂ν
∂ν


 0
Ψ0 (u) = −u + γ1 u2 + γ2 u3


(5.24)

Proof: (This proof is reproduced from [68].) It is sufficient to apply the
standard Picard iteration scheme to obtain local in time existence and uniqueness
results. Therefore, in order to obtain existence on [0, T ] for any T > 0 we need a
priori estimates on u.
By multiplying equation (5.1) (with γu = 0) by u and integrating with respect
to x we obtain
1d
kuk2L2 (Ω) + 2 D2 u
2 dt

Z

2
L2 (Ω)

+

L

Ψ00 (u) (Du)2 dx = 0

(5.25)

0

where Du = ∂u/∂x . The operator k·k will henceforth refer to the L2 (Ω) norm unless
otherwise stated. Since γ2 > 0, a simple calculation shows that
Ψ00 (u) = 3γ2 u2 + 2γ1 u − 1 ≥ −c0 = −

γ12
− 1, c0 > 0
3γ2

(5.26)

Thus, it follows from (5.25) that
1d
kuk2 + 2 D2 u
2 dt

2

≤ c0 kDuk2
≤ c0 D2 u kuk
2


D2 u
2

≤

2

+

(5.27)
c20
2

kuk2 ,

where we have used the inequality
|v|21 ≤ kvk k∆vk ∀v ∈ HE2 (Ω)

(5.28)

which follows from the equality
Z

Z
∇ (u∇u) dx =

0=
Ω

Ω
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|∇u|2 + u∆u

dx.

The Gronwall inequality implies that
2

2

ku (t)k2 ≤ ku0 k2 ec0 T / , 0 ≤ t ≤ T,
Z

t
2

D u

2

0

(5.29)

ku0 k2 c20 T /2
dτ ≤
e
, 0 ≤ t ≤ T.
2

(5.30)

In the following we use CT generically to denote constants depending on T but independent of the solution u.
Defining
Z u
γ2
γ1
1
Ψ00 (s) ds = u4 + u3 − u2
(5.31)
H (u) =
4
3
2
0
and

L



2
2
H (u) + (Du)
dx
2

(5.32)



∂u
0 ∂u
2
0
+  DuD
(Ψ0 (u))
dx
∂t
∂t

(5.33)

Z
F (t) =
0

we have
dF
=
dt

Z

L

0

Integrations by parts and equations (5.1) and (5.23) yield
dF
=
dt

L

Z
Z



0
L



Ψ00 (u) −2 D4 u + D2 Ψ00 − 2 D2 u −2 D4 + D2 Ψ00 dx

h
i
2
4
3
2 3
0
0 2
 D u − 2 D uDΨ0 + (DΨ0 )

−

(5.34)

0

Z
=−

L

2 3
2
 D u − DΨ00 dx ≤ 0

0

and
Z

L



F (t) ≤ F (0) =
0

2
H (u0 ) + (Du0 )2
2


dx

(5.35)

By Young’s inequality,
u2 ≤ αu4 + C1α, ,

u3 ≤ αu4 + C2α

(5.36)

and we have from (5.29, 5.32, 5.35) that
2
4
kDuk2 +
2
2

Z

L
4

Z

u dx +
0

0
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L


u dx ≤ C3 + F (0) = C
2

(5.37)

By Sobolev’s imbedding theorem, it follows from (5.29,5.37) that
ku (t)k ≤ C 0 , ∀t ∈ [0, T ] .

(5.38)

Next we multiply equation (5.1) by D4 u and integrate with respect to x obtaining
Z L
1d
2
4 2
2 2
D2 Ψ00 (u) D4 u dx
(5.39)
=
+ D
D
2 dt
0
Note that
2
D2 Ψ00 (u) = Ψ000 (u) D2 u + Ψ000
0 (Du)

3γ2 u2 + 2γ1 u − 1 D2 u + (6γ2 u + 2γ1 ) (Du)2 .

(5.40)

By the Nirenberg inequality
kDuk∞ ≤ C



3/8

D4 u


kuk5/8 + kuk ,

(5.41)

we obtain, using (5.37 and 5.38), the inequality
Z

L
2
4
4
Ψ000
0 (u) (Du) D u dx ≤ CT kDuk∞ kDuk D


3/8
≤ CT D 4 u
+ 1 D4 u

0

2
D4 u
4

2

(5.42)

+ CT .

It follows from (5.38,5.39,5.40,5.42) that
1d
D2 u
2 dt

2

2

+

4

D u

2

Z

L

≤

Ψ000

2

Z

4

(u) D uD u dx +

0

2
D4 u
2

L
2
4
Ψ000
0 (u) (Du) D u dx

0
2

+ CT D 2 u

2

(5.43)
and by Gronwalls inequality,
D2 u (t)
Z

t

D4 u

2

2

≤ CT ∀t ∈ [0, T ] ,
(5.44)

dτ ≤ CT ∀t ∈ [0, T ] .

0
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The a priori estimates (5.29, 5.37, 5.38, 5.44) complete the proof of global
existence of a u ∈ L2 (0, T ; H 4 (Ω)).


5.4

Discretization

Consider a finite dimensional subspace, Vh ⊂ H 1 (Ω). The Galerkin approximation
of (5.18) is
Find (uh (t) , µh (t)) ∈ Vh × Vh such that ∀ (vh , wh ) ∈ Vh × Vh
B ((uh , µh ) ; (vh , wh )) = F ((vh , wh )) ,

(u (·, 0) , v)Ω = (u0 , v)Ω ,

(5.45)

(5.46)

(µ (·, 0) , w)Ω = (z0 , w)Ω ,
holds for a.e. t ∈ [0, T ].
Similarly the finite dimensional dual problem can be stated as
Find (ph (t) , qh (t)) ∈ Vh × Vh such that ∀ (vh , wh ) ∈ Vh × Vh
B 0 ((uh , µh ) ; (vh , wh ) , (ph , qh )) = Q0 ((uh , µh ) ; (vh , wh )) ,

(5.47)

holds for a.e. t ∈ [0, T ].
In the paper by Elliot et. al. [67], a priori error estimates were found for a
linear finite element approximation for which,


Vh = w ∈ C Ω : w|τ ∈ P1 τ ∈ Th ,
for P1 the space of linear polynomials and Th the family of polygonal decompositions
of Ω. The scheme is shown to be O (h2 ) accurate in [67]. Their estimates were based
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on a mixed formulation as in (5.45) with lumped-mass integration. Their lemma is

stated here and utilizes the following projections ũh , µ̃h : [0, T ] → Vh × Vh

h
∇µ̃h , ∇w = −∆µ + δ1h , w
∀w ∈ Vh

h
µ̃h − µ, 1 = 0, −∆µ + δ1h , 1 = 0

(5.48)


h
2 ∇ũh , ∇w = µ̃h − Ψ00 (u) − δ2h , w
∀w ∈ Vh ,

h
ũh − u, 1 = 0, µ̃h − Ψ00 (u) − δ2h , 1 = 0,

(5.49)

where (·, ·) indicates the L2 inner product and (·, ·)h indicates the L2 inner product
with lumped-mass integration.
Consider the following decomposition for the error:


uh − u = θu + ρu = uh − ũh + ũh − u


µh − µ = θµ + ρµ = µh − µ̃h + µ̃h − µ .

(5.50)

The following Lemma is given in [67]:
Lemma 5.4.1. For Dtj = (∂/∂t)j , if (u, z) are sufficiently smooth, then for Ω ∈ R,
for t ∈ [0, T ]
Dtj ρu 0 + h Dtj ρu
Dtj ρz

+ h Dtj ρz
0

1

≤ Ch2 j = 0, 1, 2 . . .

1

≤ Ch2 j = 0, 1, 2 . . .

(5.51)

and for Ω ∈ Rn , n ≥ 2,
Dtj ρu
Dtj ρz

0,∞

≤ Ch2 (log 1/h)n−1

j = 0, 1, 2 . . .

0,∞

≤ Ch2 (log 1/h)n−1

j = 0, 1, 2 . . .

(5.52)

The proof is omitted for brevity.

5.5

Preliminary Numerical Results

It is easily seen that this is a nonlinear system of equations, and so requires a nonlinear
solver, such as the one provided by PETSc. This solver performs a Newton type
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algorithm, solving for (u, µ) by satisfying
F (u, µ) = 0
where F is the computed as the equivalent of what would be the mass matrix acting
upon the vector of dof’s. Newton steps are made according to the following algorithm


ul , µl = ul−1 , µl−1 − J −1 F

(5.53)

where J is the Jacobian of F .
Letting {ϕi (x)} i = 1, . . . , n denote a set of piecewise polynomials forming a
basis for V h and assuming the same approximation for each variable u and µ, the
general spatial approximations can be taken to be of the form,
un =

n
X

ai (t) ϕi (x) ,

i=1

vn =

n
X

ci ϕi (x) ,

i=1

µn =

n
X

bi ϕi (x) ,

wn =

i=1

n
X

di ϕi (x)

i=1

(5.54)
An attractive class of robust schemes for time-integration of Cahn–Hilliardtype problems are semi-implicit schemes [77, 187, 188]. Semi-implicit schemes are
preferred for their superior stability properties allowing large time-steps to be taken.
That is, under these algorithms, the free energy decreases with every time step independent of the step size. The key to these schemes is to split the free energy f
into a contractive and expansive part, f (u) = fc (u) − fe (u), and accordingly treat fc
implicitly and fe explicitly. The splitting is such that fc and fe are both convex
functions, at least in the domain of interest (for u ∈ [0, 1]).
Let ∆t denote the time step and tn = n∆t, for n = 0, . . . , N := T /∆t corresponding discrete times. We denote the approximation to uh (tn ) by un . Then, the
fully discrete approximation un := (un , µn ) ∈ V h × V h is defined recursively by




un − un−1 h
, ϕ + M ∇µn , ∇ϕh = 0 ∀ϕh ∈ V h ,
∆t


µn − fc0 (un ) + fe0 (un−1 ), η h − 2 ∇un , ∇η h = 0 ∀η h ∈ V h ,

(5.55a)
(5.55b)
(5.55c)

for n = 1, . . . , N . The scheme is initialized using the initial condition u0 = uh (0) =
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I h u0 .
These algorithms were implemented using the finite element library libMesh
[112] to solve the the two dimensional Cahn-Hilliard equation (5.18), derived with
the free energy
Z
2
1 2
u (1 − u)2 + |∇u|2 dx.
(5.56)
Ψ (u, ∇u) =
2
Ω 4
The chosen splitting of the free energy was as follows: fc (u) = 23 u2 and fe (u) :=
fc (u) − f (u). This splitting results in a linear contractive part fc0 (u); thus, the above
scheme requires the solution of a linear system of equations at each time step.
As verification tests, two simulations with a zero source term are considered.
The first test involves an initial condition of a cross shape, that is u takes on the value
1 inside the cross and 0 outside. The computation is done on the domain Ω = [−1, 1]2
on a uniform 128x128 mesh of linear quadrilateral elements. As the nature of this
equation is to drive the domain to regions of 1 and 0 while minimizing the surface
area between the two regions, it is expected that the cross will evolve into a circle.
This was indeed the behavior which was observed. Snapshots of this simulation at t
= 0.1, 0.5, 1.0, and 2.0 are shown in Figure 5.1. The evolution of the energy value,
(5.56), is shown in Figure 5.2.
As a second verification test, initial conditions were taken randomly, that is
each node was given an initial value between 0.2 and 0.8 using a random number
generator. This initial condition sets up a simulation typical of spinodal decomposition, where again we expect the solution to be driven to regions of 1 and 0. The
computational domain is Ω = [0, 1]2 and a uniform 64 × 64 mesh of linear elements
is utilized. While most time stepping algorithms impose a severe restriction on the
time step during phase separation, the method used here, namely a gradient-stable
semi-implicit algorithm, allows for a time step size of dt = 0.01 throughout the entire
simulation. Snapshots of this simulation at t = 0, 0.5, 1, and 4 are given in Figure 5.3
and the evolution of the energy is seen in Figure 5.4. In both simulations 2 = 0.001
and natural Neumann boundary conditions are imposed.
These results give confidence that the code can provide good approximations
to solutions of benchmark problems. The code described is designed to solve the
forward problem. Additions and modifications must be made to solve the inverse
problem for parameter calibration, a subject discussed in a subsequent chapter.

74

Figure 5.1: Verification Simulation with Cross Shape. Snapshots at t=0.1, 0.5,
1.0, 2.0. Uniform time steps of t = 1e − 2 were taken throughout the simulation.
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Figure 5.2: Cross Energy Evolution: Evolution of the energy value throughout
the simulation of the cross example. As expected, the value is non-increasing in time.

5.6

The Dual Cahn-Hilliard Problem

It is often of interest to consider the dual of this problem, which relates the Fréchet
derivative of B ((u, µ) , (v, w)) to some quantity of interest Q ((u, µ)). The Fréchet
derivative of our semi-linear functional B ((u, µ) , (v, w)) is defined as
1
[B ((u, µ) +θ (v, w) ; (p, q))
θ→0 θ
−B ((u, µ) ; (p, q))] .

B 0 ((u, µ) ; (v, w) , (p, q)) = lim

(5.57)

The variables (p, q) act as Lagrange multipliers and are referred to as the
adjoint variables. In this section, following the work done by van der Zee et al.
in [176], a slightly altered form of the free energy is considered with quadratic tails:



(u + 1)2


Ψ0 (u) := 14 (u2 − 1)2



(u − 1)2

u < −1 ,
u ∈ [−1, 1] ,

(5.58)

u>1.

Given an arbitrary pair (û, µ̂) ∈ W × V approximating the solution (u, µ)
of (5.20) but with equation (5.58), there is particular interest in the error in certain
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Figure 5.3: Verification Simulation of Spinodal Decomposition, starting with
random initial conditions varying between .2 and .8. Snapshots taken at time t=0.0,
0.006, 0.961.
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Figure 5.4: Spinodal Decomposition Energy Evolution: Evolution of the energy
value throughout the simulation of spinodal decomposition. As expected, the value
is non-increasing in time.
quantities of interest. It is assumed that quantities of interest can be expressed
as functionals Q : W × V → R of the solution. For the sake of simplicity, linear
functionals are considered of the form

Q(u, µ) = Q̄(u) + Q̃(u, µ) := q̄, u(T ) +

Z

T




hq1 , ui + (q2 , µ) dt ,

(5.59)

0

where q̄ ∈ H 1 (Ω), q1 ∈ L2 (0, T ; H 1 (Ω)0 ), q2 ∈ L2 (0, T ; H 1 (Ω)).The first part, Q̄,
represents a quantity of interest totally defined on u at the final time T , and the
other part, Q̃, represents a space-time quantity of interest in u and µ. Because of
linearity, the error in Q can be written as
Q(u, µ) − Q(û, µ̂) = Q(eu , eµ ) .

5.6.1

Well posedness of dual Cahn–Hilliard problems

Duals of nonlinear problems have mostly been analyzed in the context of error estimation for weaker norms (Aubin-Nitsche trick) or quantities of interest. Examples of
time-independent nonlinear problems include quasi-linear elliptic problems [20] and
free-boundary problems [177, 178]. Examples of time-dependent nonlinear problems
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include nonlinear conservation laws [165] and nonlinear parabolic problems [74, 126].
In this section, the following dual Cahn–Hilliard problem is analyzed, written
as a forward problem after the change of variable t 7→ T − t:
Find (p, χ) ∈ Wq̄ × V :



pt (t), v − φ(t) χ(t), v − 2 ∇χ(t), ∇v = q1 (t), v



χ(t), η + ∇p(t), ∇η = q2 (t), η

∀v ∈ H 1 (Ω) ,

(5.60a)

∀η ∈ H 1 (Ω) , .

(5.60b)

a.e. 0 ≤ t ≤ T ,

where φ ∈ L∞ (0, T ; L∞ (Ω)) is a given coefficient satisfying for some Cφ > 0,
−Cφ ≤ φ(t, x) ≤ Cφ ,

a.e. (t, x) ∈ [0, T ] × Ω .

It should be noted that φ (t) should be thought of as Ψ000 (û). The difficulty is that φ
can be smaller than 0. The well posedness of this system is now briefly explored.
Theorem 5.6.1 (dual well-posedness). The dual Cahn–Hilliard problem (5.60) has
a unique weak solution (p, χ) ∈ Wq̄ × V. Moreover, the solution satisfies the a priori
estimate
1 + T /2

−1



sup kp(t)k2H 1 (Ω) + 2 kpt k2V 0 + kχk2V

t∈[0,T ]
T /2

≤Ce




kq̄k2H 1 (Ω) + −2 kq1 k2V 0 + kq2 k2V .

(5.61)

The Faedo–Galerkin technique is used to establish the existence of a solution
to (5.60); see, e.g., [59, 76, 116, 196]. That is, a sequence of approximations (pm , χm ),
m = 0, 1, 2, . . . , is considered for which we show a priori bounds, implying a weakly
convergent subsequence, the limit of which satisfies the weak formulation (5.60). For
brevity, only an outline of this proof, which is reproduced from the paper by van der
Zee et al. [176], is provided.

5.6.2

Faedo–Galerkin approximations

1
2
Let {wk }∞
k=0 denote the H (Ω)-orthogonal and L (Ω)-orthonormal basis given by
the eigenfunctions of the Laplace operator: −∆wk = λk wk in Ω, with boundary
conditions ∂n wk = 0 on ∂Ω (ordered as 0 = λ0 ≤ λ1 ≤ · · · ). Consider the following
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semi-discrete approximation with respect to S m := span{w0 , . . . , wm } ⊂ H 1 (Ω):
m

p (t) :=

m
X

cm
k (t) wk

m

,

χ (t) :=

k=0

m
X

dm
k (t) wk ,

k=0

such that for a.e. 0 < t ≤ T :




∂t pm (t), v − φ(t) χm (t), v − 2 ∇χm (t), ∇v = q1 (t), v



χm (t), η + ∇pm (t), ∇η = q2 (t), η

pm (0) − q̄, ξ = 0

∀v ∈ S m , (5.62a)
∀η ∈ S m , (5.62b)
∀ξ ∈ S m . (5.62c)

This reduces to the following initial value problem for the coefficients (cm , dm ) =
m
m
m
((cm
0 , . . . , cm ), (d0 , . . . , dm )):
d m
c − Dk (t)dm − 2 λk dm
k = q1,k
dt k
m
dm
k + λk ck = q2,k
cm
k (0) = q̄k

∀k = 0, . . . , m ,

(5.63a)

∀k = 0, . . . , m ,

(5.63b)

∀k = 0, . . . , m .

(5.63c)

where q1,k := (q1 , wk ), q2,k := (q2 , wk ), q̄k := (q̄, wk ) and
m

Dk (t)d :=

m
X


φ(t)wj , wk dm
j .

j=1

Eliminating dm from (5.63a) using (5.63b), we obtain
d m
c + λk Ck (t)cm = q1,k + Ck (t)q2,k
dt k

∀k ,

(5.63a0 )

where Ck (t)(·) := 2 λk (·)k + Dk (t)(·). Eqs. (5.63a0 ) and (5.63c) now form a system of linear ordinary differential equations for cm , which has a unique absolute
continuous solution owing to standard existence theory. Accordingly, since dm is defined via (5.63b), there is a unique pair (pm , χm ) ∈ C([0, T ]; S m ) × L2 (0, T ; S m ) with
∂t pm ∈ L2 (0, T ; S m ) which satisfies (5.62).
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5.6.3

A priori estimates

Before presenting the a priori estimates for the dual (5.62), the main idea behind
obtaining them is explained. Contrary to the nonlinear Cahn–Hilliard equation, there
is no Lyapunov energy functional for its dual (5.62). However, analogous to the Cahn–
Hilliard equation, one can still obtain a fundamental energy estimate for (5.62) by
substituting v = −χm and η = ∂t pm in (5.62a) and (5.62b), respectively, and adding
both equations. In that case, noting that the (∂t pm , χm ) terms cancel, we get
1d
k∇pm k2 + 2 k∇χm k2 = −
2 dt

Z

φ|χm |2 dx ≤ Cφ kχm k2 ,

(5.64)

Ω

where for the sake of the argument, the q1 and q2 -terms have been omitted.Since
there is only minor (2 ) control of k∇χm k2 on the left-hand side, the key element
now is to bound kχm k2 on the right-hand side in terms of both k∇χm k and k∇pm k.
Such a Poincaré-type inequality is readily obtained by substituting η = χm in (5.62b)
(omitting q2 ):
kχm k2 = −(∇pm , ∇χm ) ≤ k∇pm kk∇χm k ≤

Cφ
2
m 2
k∇p
k
+
k∇χm k2 .
22
2Cφ

Inserting this result in (5.64) and invoking a Gronwall inequality results in the desired
a priori bound. Of course, if q1 and q2 are present, these have to be taken care of
appropriately. To complete the proof of well-posedness the following lemmas are
required. The proofs are omitted here, but the interested reader is referred to [176]
for additional details.
Lemma 5.6.1. There is a constant C, depending on Ω, but independent of m, T and
, such that
kpm (0)kH 1 (Ω) ≤ kq̄kH 1 (Ω) ,
Z T


2
2
2
2
2
2
sup k∇pm (t)k + 2
k∇χm k dt ≤ C eT / kq̄kH 1 (Ω) + −2 kq1 kV 0 L2 (0, T ; H 1 (Ω)0 ) + kq2 kV .

t∈[0,T ]

0

Lemma 5.6.2. There is a constant C, depending on Ω, but independent of m, T and
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, such that
Z

m

χ (t) dx

2

=

Z

sup

Ω

t∈[0,T ]

a.e. t ∈ [0, T ] ,

Ω

Ω

Z

2
q2 (t) dx



 2
T
2
pm (t) − q̄ dx ≤ C 2 eT / kq̄k2H 1 (Ω) + −2 kq1 k2V 0 L2 (0, T ; H 1 (Ω)0 ) + kq2 k2V .


Corollary 5.6.3. There is a constant C, depending on Ω, but independent of m, T
and , such that
2



5.6.4

k∂t pm k2V 0

≤Ce

T /2



kq̄k2H 1 (Ω)

−2

+

kq1 k2V L2 (0, T ; H 1 (Ω)0 )

+

kq2 k2V 0



.

Proof of Theorem 5.6.1

To finish the proof of existence, the classical weak compactness argument is utilized:
The above a priori estimates imply the existence of a subsequence {(pml , χml )}∞
l=1
that converges weakly to a pair (p, χ) ∈ W × V, i.e.
weakly in L∞ (0, T ; H 1 (Ω)) ⊂ W

pm l * p
∂t pml * ∂t p
χml * χ

weakly in V 0






as l → ∞ .





weakly in V

It can be shown, by passing to the limit in (5.62), that the pair (p, χ) satisfies the
weak formulation (5.60). This completes the proof of existence. Since the a priori
estimates are independent of ml , they hold for (p, χ) as well. The total estimate (5.61)
is obtained by combining the estimates in Lemmas 5.6.1 and 5.6.2, and Corollary 5.6.3.
To establish uniqueness, let (p1 , χ1 ) and (p2 , χ2 ) denote two solutions to (5.60).
Their difference (dp , dχ ) := (p1 − p2 , χ1 − χ2 ) satisfies (5.60) with q̄ = q1 = q2 = 0.
Taking v = dp (t) and η = 2 dχ (t) in (5.60a) and (5.60b), respectively, and adding
both equations gives
1d p 2
kd k + 2 kdχ k2 = (φ dχ , dp ) ≤ Cφ kdχ kkdp k ,
2 dt
or, after applying a Young inequality,
d p
kd (t)k2 + 2 kdχ k2 ≤ Cφ −2 kdp k2 .
dt
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Since dp (0) = 0, the application of a Gronwall inequality yields kdp (t)k2 = 0 for
RT
a.e. t ∈ [0, T ] and subsequently 0 kdχ k2 dt = 0. This completes the proof of Theorem 5.6.1.
It can be shown that the solution to the dual problem can be used in producing
a representation of the error in the quantity of interest as stated in the following
theorem (again taken from [176]).
Theorem 5.6.2 (error representation with remainder). Let (u, µ) ∈ Wu0 × V denote
the solution to (5.20) and (û, µ̂) ∈ W × V denote any approximation. Let (p, χ) ∈
W q̄ × V denote the solution of the dual problem (5.60). Then the following error
representation holds:
Z
Q(u, µ) − Q(û, µ̂) =

T





R̂1 (p) + R̂2 (χ) dt + R̂IC p(0) + r ,

(5.65)

0

where


R̂1 (v) := R1 (û(t), µ̂(t)); v := − ût (t), v − ∇µ̂(t), ∇v ,



R̂2 (η) := R2 (û(t), µ̂(t)); η := − µ̂(t) − ψ 0 (û(t)), η + 2 ∇û(t), ∇η ,

R̂IC (w) := RIC (û(0); w)
:= u0 − û(0), w ,

(5.66a)
(5.66b)
(5.66c)

and r is a higher-order remainder
Z

T

Z

Z

r :=
0

Ω

1


(1 − s)ψ 000 su + (1 − s)û ds (eu )2 χ dx dt .

0

For û ∈ Ŵ ⊂ L∞ (0, T ; H 1 (Ω)), r can be bounded as follows:
|r| ≤ 3keu k2L4 (0,T ;L4 (Ω)) kχkL2 (0,T ;L2 (Ω)) .
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(5.67)

Chapter 6
Thermodynamically Consistent
Tumor Growth Model with
Chemotaxis
In the previous chapter, examples of models were given that are special cases of the
general continuum theory of mixtures of tumor growth that include those proposed
in the contemporary literature. Each of the models described the effects of some
form of nutrient, say oxygen, to drive the tumor growth. However, this species was
never considered as a component in the mixture subject to the constraints given
by the mixture framework. Rather, it was always dealt with using an auxiliary
reaction-diffusion type equation. In this chapter, a model is put forth which actually
incorporates the nutrient within the mixture. This has several advantages. Firstly,
it provides a more consistent approach as all of the equations are considered when
deriving constraints from the second-law of thermodynamics. Secondly, this model
can be categorized as a dissipative gradient flow, meaning that the total free energy
decreases with every time step. This fact leads to the development of a gradient
stable, first-order accurate, linear time stepping scheme. All these advantages are
discussed more thoroughly throughout this chapter. The gradient flow properties are
discussed and an analysis of the time stepping algorithm is given.
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6.1

Four Species Mixture

Following the ideas presented in Chapter 4, a four-species model is extracted from the
general framework with a species representing the tumor cell concentration and the
healthy cell concentration along with two species identified with extracellular water.
A departure from the previous derivations is that the extracellular water is divided
into two species, one which is nutrient rich and the other which is nutrient poor. In
this way the nutrient is assumed to evolve within the extracellular water but may have
different concentrations throughout. Thus, the mixture is composed of the following
four species:
• ϕ1 = u := tumor cell volume fraction,
• ϕ2 = h := healthy cell volume fraction,
• ϕ3 = n := nutrient-rich extracellular water volume fraction,
• ϕ4 = w := nutrient-poor extracellular water volume fraction.
Such a mixture is illustrated in Figure 6.1.
As before, the mixture is assumed to be saturated, that is, u + h + n + w = 1
everywhere. However, two additional constraints are imposed: the total concentration
of cells remains constant throughout the domain, i.e. u + h = C everywhere, and,
due to the first saturation constraint, the total concentration of extracellular water
remains constant, i.e. n + w = 1 − C everywhere. The constants C and 1 − C can be
rescaled to be one so that the values of u and h as well as n and w are normalized so
as to take on values between 0 and 1.
Next, the Helmholtz free energy must be specified for the system. In general,
the tumor cells remain segregated from the healthy cells, so that the two species are
similar to the species of the classical Cahn-Hilliard free energy. However, such a stark
separation between the two water species is not anticipated and thus neither a surface
energy nor a double well potential with respect to the nutrient rich extracellular
water terms are included in the free energy. We do assume that the presence of the
nutrient-rich extracellular water increases the amount of energy which is ultimately in
the system, characterized with a term n2 in the free energy. In this manner, without
interaction, the dynamics of the nutrient species is simply governed by diffusion.
Finally, a term is included in the energy form which attains a minimum when there
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Nutrient Rich
Extracellular Fluid

Nutrient Poor
Extracellular Fluid
Tumor Cells

Healthy Cells

Figure 6.1: Four-Species Model: Illustration of the four species mixture. The
tumor and healthy cell populations are assumed to have a diffuse-interface, while
the nutrient-rich and nutrient-poor extracellular water are not assumed to be so
segregated.
is a full interaction between the tumor species and the nutrient-rich extracellular
water, i.e. this term will be minimized when both u = 1 and n = 1. This term
ultimately drives the tumor cells to move toward the oxygen supply, as expected for
such biological systems. From all these considerations, the total free energy of the
system can be written as:
Z
E=

f (u) +
Ω

1
2
|∇u|2 + χ (u, n) + n2 dx.
2
2δ

(6.1)

From Chapter 3, it is known that the forms of the equations for balance of
mass for each constituent are as follows:
ut = ∇ · (Mu ∇µu ) + γu ,
ht = ∇ · (Mh ∇µh ) + γh ,
nt = ∇ · (Mn ∇µn ) + γn ,
wt = ∇ · (Mw ∇µw ) + γw .
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(6.2)

Here, µi = Dφi E, where Dφi denotes the Gateaux derivative with respect to the
variable φi . Constraints on the constitutive relations, as were derived in Chapters 2
and 3, provide guidance as to how to appropriately close this system of equations. As
was seen in Chapter 2, eq. (2.51), the following relations must be satisfied:
γu + γh + ∇ · (Mu ∇µu ) + ∇ · (Mh ∇µh ) = 0
γn + γw + ∇ · (Mu ∇µn ) + ∇ · (Mh ∇µw ) = 0.

(6.3)

Additionally, as was seen in Chapter 3 eq. (3.18), it must hold that
X

µi γi ≤ 0.

(6.4)

i

For the given form of the free energy, the forms of µi are as follows
µu = f 0 (u) − 2 ∆u + χu (u, n) ,
µh = −f 0 (C − h) + 2 ∆(C − h) − χu ((C − h), n) ,
µn = χn (u, n) + δ −1 n,

(6.5)

µw = −χn (u, (1 − C) − w) − δ −1 ((1 − C) − w),
P
and it is easily verified that i µi = 0. In particular, for Mu = Mh and Mn = Mw ,
this means ∇ (Mu ∇µu ) + ∇ (Mh ∇µh ) = 0 and ∇ (Mn ∇µn ) + ∇ (Mw ∇µw ) = 0, which
reduces the constraints in (6.3) to merely γu + γh = 0 and γn + γw = 0. One should
note, if these constraints hold and Mu = Mh and Mn = Mw , equations (6.2)a and
(6.2)b are not independent nor are equations (6.2)c and (6.2)d as ut + ht = 0 and
nt + wt = 0. This is expected as ut + ht = (u + h)t = 1t = 0 and similarly for nt + wt ,
nt + wt = (n + w)t = 1t = 0. Thus, attention can be restricted to solving only two
equations: the equations for u and for n. Explicitly written out, these are
ut = ∇ Mu ∇ f 0 (u) − 2 ∆u + χu (u, n)

nt = ∇ Mn ∇ χn (u, n) + δ −1 n + γn



+ γu

(6.6)

Given these governing equations (6.6), one can show that the solution to these
equations with Mu = Mn = 1 and with the given constraints satisfies the condition
that the total energy is always non-increasing. Consider
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d
E=
dt

Z

Z
(Du E ut + Dn E nt ) dx =

ZΩ

=

(µu ut + µn nt ) dx
Ω

(µu (∆µu + γu ) + µn (∆µn + γn )) dx
ZΩ

(6.7)

(−∇µu · ∇µu − ∇µn · ∇µn + µu γu + µn γn ) dx
Z
2
2
= − k∇µu kL2 − k∇µn kL2 + (µu γu + µn γn ) dx.

=

Ω

Ω

Thus, if γu and γn are chosen such that (6.4) holds, the energy is non-increasing.
Note that this result would still hold for any semi-positive definite form for Mu and
Mn . This is a natural result as the system is isothermal and thus having a thermodynamically consistent model is equivalent to having a system in which the energy is
non-increasing.

6.2

Constitutive Equations

It remains to specify specific forms for γu and γn as well as for χ (u, n) and f (u).
For the mass exchange terms, it is anticipated that there will only be growth when
there is some level of nutrient available. Further, the form should prevent growth if,
due to numerical discretization, the solution takes on negative values. The following
phenomenological constitutive equations fulfill these requirements:
γu = P (u) (µn − µu )
γn = −γu ,
where

(
P (u) =

P0 u u ≥ 0
0
elsewhere

(6.8)

(6.9)

Regarding the terms in the free energy, the homogeneous free energy function
f (u) is chosen to be a double well with a quartic polynomial form,
f (u) = γu2 (1 − u)2 .

(6.10)

This term provides the mechanism for phase separation favoring the states u = 0 and
u = 1. The form of χ should be chosen such that for values of u ∈ [0, 1] and n ∈ [0, 1]
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Figure 6.2: Graph of homogeneous free energy: f (u) + χ (u, n). (γ = χ0 = 0.25)
the preferred energy state, i.e. the lowest energy value, is when both u = 1 and n = 1.
While there are many forms that can satisfy these conditions, for simplicity, the form
chosen here is the linear product
χ (u, n) = −χ0 un.

(6.11)

The sum of f (u) and χ (u, c) can now be viewed as the homogeneous free energy.
The plot of this summation on the domain u ∈ [0, 1] and n ∈ [0, 1] is shown in Figure
6.2. One can see that the lowest energy state is indeed where u = 1 and n = 1.
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6.3

Weak Form

Before writing out the weak form, the boundary conditions are specified to be of the
homogeneous Neumann form. Additionally, for ease of implementation, it is chosen
here to split the fourth-order differential equation into two second-order differential
equations:

ut = ∇ (Mu ∇µu ) + γu

for (x, t) ∈ Ω × (0, T ]

µu = f 0 (u) − 2 ∆u + χu (u, n)

for (x, t) ∈ Ω × (0, T ]

nt = ∇ (Mn ∇µn ) + γn

for (x, t) ∈ Ω × (0, T ]

µn = χn (u, n) + δ −1 n

for (x, t) ∈ Ω × (0, T ]

(6.12)

∇u · n = ∇n · n = ∇µu · n = ∇µn · n = 0 for (x, t) ∈ ∂Ω × (0, T ]
u (x, 0) = u0 ,

for x ∈ Ω.

n (x, 0) = n0

Proceeding formally by multiplying by a test function and integrating by parts,
the following weak form of (6.12) is obtained:

Find (u, µu , n, µn ) ∈ U such that
B ((u, µu , n, µn ) ; (w, µw , z, µz )) = 0

∀ (w, µw , z, µz ) ∈ V,

(6.13)

where
Z

Z
(ut − γu ) w dx +

B ((u, µu , n, µn ) ; (w, µw , z, µz )) =

Mu ∇µu ∇w dx
Ω

ΩZ

(µu − f 0 (u) − χu (u, n)) µw dx
ZΩ
Z
2
−  ∇u∇µw dx + (nt + γn ) z dx
Ω
ZΩ
+ Mn ∇µn ∇z dx
ZΩ

+
µn − χn (u, n) − δ −1 n µz dx.
+

(6.14)

Ω

The well-posedness of the above weak formulation (6.14) is not considered here.
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6.4

Discrete-Time, Continuous-Space Schemes

In this section, a semi-implicit time-discretization scheme is proposed based on the
concept that the free energy may be decomposed into the difference of two convex
energies, i.e.
E (u, n) = Ec (u, n) − Ee (u, n) ,
(6.15)
where both Ec and Ee are convex. That is, the energy can be seen as being composed
of an expanding part and a contracting part. The fundamental idea is to treat the
contracting, more stable, part implicitly and the expanding part explicitly. Schemes
based on this fundamental idea form an attractive class of robust schemes for timeintegration for gradient flow systems, such as Cahn-Hilliard type problems. This
general concept is not new, as it was first discussed by Eyre in [77], and has been
utilized in many other papers such as [187, 188], but it must be reconsidered and
reformulated for each new form of the energy functional. While such a splitting
always exists, it is by no means unique and the different forms may provide alternate
benefits. For example, in this analysis, the splitting is done in such a way that
the resulting system of equations is linear. In particular, the functions are taken as
follows:
n2
2
|∇u|2 + χc (u, n) +
dx
2
2δ
Ω
Z
3γ 2 2
α
n2
=
u + |∇u|2 − χ0 un + n2 +
dx
2
2
2δ
Ω 2
Z
−Ee (u, n) =
fe (u) + χe (u, n) dx
Ω

Z 
1 2
α
4
3
=
γ u − 2u + u − n2 dx
2
2
Ω
Z

Ec (u, n) =

fc (u) +

(6.16)

(6.17)

where α is a constant chosen larger than χ20 /(3γ) to guarantee that for all χ0 and γ the
convexity will not be violated. In the later numerical examples, α = χ20 /(3γ) + 0.1. It
should also be noted that the splitting of f (u) will only maintain the proper convexity
for values of u in approximately [−0.55, 1.14]. This is generally satisfied so long as χ0
is not too much larger than γ. A few examples are discussed later.
Lemma 6.4.1. Fundamental Splitting Inequality: Suppose that Ω = (0, Lx ) ×
(0, Ly ) and (φ, ψ) , (π, σ) : Ω2 → R are such that ∇φ·n = ∇ψ ·n = ∇π ·n = ∇σ ·n = 0
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on ∂Ω. Consider the splitting of the energy E in (6.1) as E = Ec − Ee as defined in
(6.16) and (6.17) respectively. Then
E (φ, ψ) − E (π, σ) ≤ (Dφ Ec (φ, ψ) − Dφ Ee (π, σ) , φ − π)L2

(6.18)

+ (Dψ Ec (φ, ψ) − Dψ Ee (π, σ) , ψ − σ)L2
where D· denotes the variational derivative.

R
Proof. Let Ec (φ, ψ) = Ω ec (φ, ∂x φ, ∂y φ, ψ) dx. Since ec (α), where α = (φ, ∂x φ, ∂y φ, ψ),
is convex in all of its arguments, we the following statement holds
ec (β) − ec (α) ≥ ∇α ec (α) · (β − α)

(6.19)

for any α and β ∈ R4 . Setting α = (φ, ∂x φ, ∂y φ, ψ) and β = (π, ∂x π, ∂y π, σ) and
integrating (6.19) it follows that
Z

Z

Ec (π, σ) − Ec (φ, ψ) =

ec (β) dx −
ZΩ

ec (α) dx
Ω

∇α ec (α) · (β − α) dx

≥

(6.20)

ZΩ
{∂φ ec (α) (π − φ) + ∂∂x φ ec (α) (∂x ψ − ∂x φ)

=
Ω

+∂∂y φ ec (α) (∂y ψ − ∂y φ) + ∂ψ ec (α) (σ − ψ)

dx

Integration by parts leads to inequality
Ec (π, σ) − Ec (φ, ψ) ≥ (Dφ Ec (φ, ψ) , π − φ)L2
+ (Dψ Ec (φ, ψ) , σ − ψ)L2

(6.21)

A similar analysis on Ee , but reversing the roles of α and β results in
Ee (φ, ψ) − Ee (π, σ) ≥ (Dφ Ee (π, σ) , φ − π)L2
+ (Dψ Ee (π, σ) , ψ − σ)L2
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(6.22)

Adding (6.21) and (6.22) yields
E (π, σ) − E (φ, ψ) = Ec (π, σ) − Ee (π, σ) − (Ec (φ, ψ) − Ee (φ, ψ))
≥ (Dφ Ec (φ, ψ) , π − φ)L2
+ (Dψ Ec (φ, ψ) , σ − ψ)L2
+ (Dφ Ee (π, σ) , φ − π)L2

(6.23)

+ (Dψ Ee (π, σ) , ψ − σ)L2
= (Dφ Ec (φ, ψ) − Dφ Ee (π, σ) , π − φ)L2
+ (Dψ Ec (φ, ψ) − Dψ Ee (π, σ) , σ − ψ)L2

In the spirit of the preceding theorem, the following semi-implicit scheme is
proposed where s denotes the time step size:



s
P uk+1 + P uk (µ̃n − µ̃u ) ,
2


s
k+1
k
P uk+1 + P uk (µ̃n − µ̃u ) ,
n
− n = s∇ · (Mn ∇µ̃n ) −
2
uk+1 − uk = s∇ · (Mu ∇µ̃u ) +

(6.24)

where µ̃u and µ̃n are defined as


µ̃u = µu,c − µu,e = Du Ec uk+1 , nk+1 − Du Ee uk , nk ,


µ̃n = µn,c − µn,e = Dn Ec uk+1 , nk+1 − Dn Ee uk , nk .

(6.25)

Written in weak form this is equivalent to


 k+1

1
k+1
k
k+1
P u
+P u
µ̃n − µ̃u
, w = 0,
u
− u ,w + s
−s
2




k+1
µ̃k+1
, nk+1 − Du Ee uk , nk , µw = 0,
u , µw − Du Ec u





 k+1

1
k+1
k
k+1
k+1
k
k+1
n
− n , z + s Mn ∇µ̃n , ∇z + s
P u
+P u
µ̃n − µ̃u
, z = 0,
2




k+1
k+1
k
k
µ̃k+1
,
µ
−
D
E
u
,
n
−
D
E
u
,
n
,
µ
= 0.
z
n
c
n
e
z
n
(6.26)
k+1

k



Mu ∇µ̃k+1
u , ∇w





Theorem 6.4.2. Discrete Gradient Stability: If the mobility functions Mu and
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Mn are non-negative for all values of u and n, and the quantities u, n, µu , and µn
are each continuous and differentiable, the time stepping scheme as defined by (6.24)
and (6.25) has the following properties:
1. unconditionally gradient stable,
2. first order accurate
3. mass conserving in the sense of

R

uk+1 + nk+1 dx =
Ω

R
Ω

uk + nk dx.

Proof.
1. Using the fact that Mu , Mn and P (u) are non-negative for all u and n,it
follows from Theorem 6.4.1 that



 





E uk+1 , nk+1 − E uk , nk ≤ Dφ Ec uk+1 , nk+1 − Dφ Ee uk , nk , uk+1 − uk 2
L






k+1
k
k
k+1 k+1
− nk
− Dψ Ee u , n , n
+ Dψ Ec u , n


= s µ̃u , ∇ · (Mu ∇µ̃u )

 
1   k+1 
k
+
P u
+P u
(µ̃n − µ̃u )
2

+ s µ̃n , ∇ · (Mn ∇µ̃n )

 
1   k+1 
k
−
(µ̃n − µ̃u )
+P u
P u
2

= −s (∇µ̃u , Mu ∇µ̃u ) − s (∇µ̃n , Mn ∇µ̃n )
  


 
1
k
k+1
−s
(µ̃n − µ̃u ) , µ̃n − µ̃u
P u
+P u
2

≤ 0.
(6.27)

Thus,


E uk+1 , nk+1 ≤ E uk , nk ,

(6.28)

implying that the scheme is unconditionally energy gradient stable. That is,
the energy will decrease at every time step independent of the step size.
2. Under sufficient smoothness, the following standard Taylor series expansions
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L2

apply
u (tk+1 ) = u tk+1/2





s du tk+1/2
+ O s2
+
2
dt


= u tk+1/2




s
+
Mu ∆µu tk+1/2 + P u tk+1/2
µn tk+1/2 − µu tk+1/2
2

+ O s2
(6.29)


 s du tk+1/2
+ O s2
u (tk ) = u tk+1/2 −
2
dt

= u tk+1/2




s
−
Mu ∆µu tk+1/2 + P u tk+1/2
µn tk+1/2 − µu tk+1/2
2

+ O s2
(6.30)
Taking the difference of these two equations gives

u (tk+1 ) − u (tk ) =s Mu ∆µu tk+1/2




+P u tk+1/2
µn tk+1/2 − µu tk+1/2
+ O s2 .
(6.31)
Further,


s dµu,c tk+1/2
+ O s2 ,
µu,c (tk+1 ) = µu,c tk+1/2 +
2
dt


 s dµu,e tk+1/2
+ O s2 .
µu,e (tk ) = µu,e tk+1/2 −
2
dt
Taking the difference these last two equations gives


µ̃u = µu,c (tk+1 ) − µu,e (tk ) = µu tk+1/2





s dµu tk+1/2
+
+ O s2
2
dt

(6.32)

(6.33)

A similar result holds for µ̃n . So, rearranging terms and inserting these estimates


for µu tk+1/2 and µn tk+1/2 into (6.31),
u (tk+1 ) − u (tk ) = s Mu ∆µ̃u + P u tk+1/2
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(µ̃n − µ̃u ) + O s2

(6.34)

Finally, it can be shown in a similar manner that


1
(P (u (tk+1 )) + P (u (tk ))) = P u tk+1/2 + O s2 .
2

(6.35)

Inserting this into (6.34) completes the proof.
3. Adding (6.26)a and (6.26)c and testing against the test functions w = 1 and
z = 1 gives
Z


uk+1 + nk+1 − uk + nk dx = 0.
(6.36)
Ω

6.5

Fully-discrete finite element approximations

The construction of semi-discrete conforming finite element approximations of the
system (6.14) is now discussed. Such a formulation involves a discretization of the
spatial variations of (u, µ1 , n, µ2 ) keeping, for the moment, the time variations continuous in time.
Let T h denote a member of a family of partitions of domain Ω into meshes of
SN (h)
non-overlapping convex finite elements Ωk such that Ω = k=1 Ωk and Ωk ∩ Ωj =
∅ , k 6= j. Each Ωk is the image of a master element Ω̃ under an invertible (generally
affine) map Fk . Define the finite-dimensional subspaces of H 1 (Ω) and H01 (Ω) by
n
o
S h := v h ∈ H 1 (Ω) : v h |Ωk = v̂ ◦ Fk−1 , 1 ≤ k ≤ N (h) , v̂ ∈ PK Ω̃
,

(6.37)

and S0h := S h ∩ H01 (Ω), respectively. Here PK (Ω̃) is either the space of polynomials of
degree ≤ K defined on the closure of Ω̃ or the space of tensor products of polynomials
of degree K on the closure of Ω̃. With these notations and conventions in place, the
semi-discrete approximation uh := (uh , µh1 , nh , µh2 ) : [0, T ] → S h × S h × S h × S h is
defined as follows:


uht (t), ϕh + nht (t), ζ h + B(uh (t); wh ) = 0 ∀wh := (ϕh , η h , ζ h , ξ h ) ∈ S h × S h × S h × S h ,
(6.38)

for a.e. t ∈ (0, T ). The initial conditions for uh and nh are set by uh (0) = I h u0 , and
nh (0) = I h n0 where I h : H 1 (Ω) → S h is a suitable interpolation or projection.
h
h
Denote by {ϕi (x)}N
i=1 a set of basis functions of S generated on a partition T
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by the finite element approximations: S h = span {ϕi }. Then each of the component
approximations is of the form
uh (t, x) =
nh (t, x) =

N
X
i=1
N
X

µh1 (t, x) =

ui (t) ϕi (x) ,

µh2 (t, x) =

ni (t) ϕi (x) ,

i=1

N
X
i=1
N
X

µ1,i (t) ϕi (x) ,
(6.39)
µ2,i (t) ϕi (x) .

i=1

Here ui (t), µ1,i (t), ni (t) and µ2,i (t) are continuous functions in time. Upon introducing these into (6.38), we obtain a system of nonlinear ordinary differential equations
(ODE’s) in the unknown discrete variables, ui (t), µ1,i (t), ni (t) and µ2,i (t). The fully
discrete system is thus created by the combination of the semi-implicit time stepping
algorithm (6.24) with the mixed finite element approximation 6.38.

6.6

Numerical Examples

In the preceding sections analysis has been done on a parabolic system of equations
involving two unknowns with homogeneous Neumann boundary conditions. However, in the spirit of tumor growth modeling, for the numerical examples, two small
modifications are made to this system regarding the nutrient-rich extracellular water.
Namely, this variable will be taken as quasi-steady, i.e. nt = 0 and Dirichlet boundary
conditions will be imposed. These are reflective of the facts that the diffusion of nutrient within the domain happens on a much faster time scale than that of the tumor
growth and movement and that the nutrient concentration will be at normal levels
far from the tumor due to a continuous external supply. One should note that the
assumed quasi-steady behavior of the nutrient-rich extracellular water corresponds to
the limiting behavior of the fully unsteady system. Additionally, the mobilities are
taken as follows: Mu = M̂ u2 and Mn = δ D̂ where M̂ and D̂ are positive constants.
The strong form of the system is thus written as
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Find u and n such that


ut = ∇ M̂ u2 ∇ f 0 (u) − 2 ∆u − χ0 n + γu


−1
0 = ∇ δ D̂∇ δ n − χ0 u + γn
∇u · n = 0,

for (x, t) ∈ Ω × (0, T ]
for (x, t) ∈ Ω × (0, T ]

(6.40)

for (x, t) ∈ ∂Ω × (0, T ]

n=1

for x ∈ Ω.

u (x, 0) = u0

Due to the added Dirichlet source of nutrients, one can no longer expect dissipation of
the free energy as it is no longer an isolated system. However, it is not unreasonable to
expect that a gradient-stable scheme, developed for an isolated system, will perform
well in the Dirichlet case as well. Naturally, the Dirichlet boundary conditions are
also expected to alter the mass conservation property.
As a first example a two-dimensional simulation is considered on the domain
Ω = [0, 25.6]2 with a tumor growing in a moderately oxygenated region, D̂ = 1, with
a low proliferation rate P = 0.1. As the initial condition, the tumor is taken to

occupy the ellipsoidal domain (x, y) : (x − 12.8)2 /2.1 + (y − 12.8) /1.9 ≤ 1 . Key
to all examples are the parameters used in the free energy, these are taken to be as
follows: γ = 0.045,  = 0.005, and χ0 = 0.05. Rectangular mesh with C 0 bilinear
shape functions are used.
Due to the need to resolve the interface while retaining the ability to perform
computations in a timely manner, the patch-recovery algorithm is used for adaptive
mesh refinement [197, 198]. This method utilizes patches of elements to estimate,
via a L2 projection, the value of the derivative of the solution at the nodal points
σ ∗ . This patch-recovery provides a more accurate approximation to the derivative
at the nodes than the finite element solution’s derivative σ. Thus, it can be used in
calculating the error indicators e = σ ∗ − σ to be used in mesh refinement. It is seen
that this algorithm performs well at adapting appropriately around the interface as
seen in Figure 6.6. The coarsest level of resolution on the mesh has h = 25.6/64 and
the finest level has h = 25.6/2048. It should also be noted that there is at most one
hanging node per element side.
Figure 6.4 shows the evolution of the tumor concentration at times t = 20,
40, 60, and 80 having been calculated with a time step size s = 0.01. The tumor
starts growing increasingly more ellipsoidal at first, and eventually begins forming
buds growing towards the higher levels of nutrient. The energy value, (6.1), as a
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function of time step is also shown in Figure 6.5.
Also considered in this section is
the order of accuracy of the time stepping algorithm. The simulation was run
for many different time step values, s =
0.01, 0.005, 0.0025, 0.00125, 0.000625,
and 0.0003125. The solution at t = 1
was then compared with a reference solution calculated with s = 0.000078125
to obtain the L2 error. As the scheme
was shown to have a local truncation error of O (s2 ), the global error is expected
to be proportional to the time step size
s. The indicated convergence order from
the points evaluated is about 1, as expected. Spatial accuracy is also consid2
ered by solving the same problem with Figure 6.3: L Error in the Solution at
2
s = 0.01, but on a finer mesh. While the t = 1: Plot of L error against a reference
mesh adaptivity is still used, the coarsest solution obtained with s = 0.000078125.
level on the finer mesh is h = 128/25.6. The line with the expected slope of 1 is
The solution at t = 20 is shown in Fig- shown above the points.
ure along with the final mesh. While the
qualitative similarity between these two solutions is not a proof of accuracy, they do
provide support for the hypothesis.

6.6.1

Parameter Study

As can be seen in the derivation of this model, it is ultimately the form of the free
energy that drives the dynamics of the model. When looking at the chosen form, one
can deduce that there are three terms of interest all in competition. The quartic,
double well term rendering the solution to prefer values of u = 0 and u = 1, the
surface tension term involving gradients of u penalizing the length of the interface,
and the chemotaxis term involving the interaction between the two species u and n
which drives the tumor concentration towards the regions of higher nutrient levels.
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Figure 6.4: Example Simulation: Snapshots are shown at t=20,40,60, and 80 of a
simulation with γ = 0.045,  = 0.005, χ = 0.05, δ = 0.01, P0 = 0.1, M = 200, and
D = 1.
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Figure 6.5: Simulation Energy Profile: Shown here is the evolution of the energy
value for the simulation shown in Figure 6.4 corresponding to (6.1) as a function of
time step.
Throughout this section, the time step used is s = 0.01 and the tumor is taken to

occupy the ellipsoidal domain (x, y) : (x − 12.8)2 /2.1 + (y − 12.8) /1.9 ≤ 1 as the
initial condition.
Figure 6.8 demonstrates the effect of holding  = 0.005 and γ = 0.045 constant,
and letting χ vary over different values, specifically χ = 0.005, 0.05, 0.5. As the
parameter δ is varying the degree of dependence the nutrient species has on the
parameter χ, we also show the simulation outcomes for δ = 0.01 and 0.01. The
images seen in Figure 6.8 are all at t = 12.
One can see that when the ratio of χ to γ is small, the tumor remains circular
and values of u remain very close to 0 and 1. However, when χ and γ are of approximately equal magnitude, while the tumor still takes on values of about 0 and 1, it is
now starting to go into a stronger ellipse. Finally, when χ is much larger than γ and
, one can see that u no longer takes on values close to 0 and 1. Rather, the tumor
immediately breaks apart and begins moving quickly towards the regions with higher
nutrients. Further, it is only when χ has this very strong affect that the value of δ
seems to make a difference in the simulation outcome.
Also studied here are the effects of different values of P , M̂ , D̂ and χ0 . Figure
101

Figure 6.6: Adaptive Meshing: Illustration of the mesh adaptivity for the simulation shown in Figure 6.4. The patch recovery method is used for the adaptive
algorithm [197, 198].
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Figure 6.7: Evidence for Spatial Accuracy: On the top row, the solution at t = 20
is shown for the same set of parameters and initial conditions as in Figure 6.4, but
with one mesh at a finer resolution than the other. The corresponding final meshes
are shown below the solutions.
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Figure 6.8: Effects of Parameter χ0 : Illustrated here are the effects of different
values of χ0 when γ = 0.045 and  = 0.005 are held constant. In the first row,
χ0 = 0.005, the second χ0 = 0.05, and in the third χ0 = 0.5. In the first column
δ = 0.1 and in the second δ = 0.01.
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6.9 illustrates different behaviors seen for a few sets of parameter values. In this
figure, the rows correspond to different parameter values and the columns correspond
to snapshots at t = 3, t = 6, and t = 9. In the first row, the proliferation parameter
and the nutrient diffusion parameter are relatively large; this combination acts as a
stabilizing force keeping the tumor compact. In the second row, the nutrient diffusion
coefficient is small resulting in lower levels of nutrient within the tumor region. This
causes the tumor to form skinny protrusions moving towards the higher levels of
oxygen. In the third row, the domination parameter is χ0 . Thus, even though there
is a relatively large amount of oxygen within the tumor, (D̂ = 1.1) all the tumor
cells move quickly towards the regions with higher nutrient levels. In the fourth row,
despite the fact D̂ = 1.1 and thus there is a relatively high concentration of nutrient
in the tumor, the mobility is also large, effectively allowing the tumor cells to move
more quickly towards to nutrient. The evolution of the energy value is also shown for
each of these simulations in Figure 6.10. It is observed that in each simulation, the
energy is non-increasing except for a few locations where the simulation was restarted.
Thus, these apparent blips can be attributed to numerical artifacts.
Cristini et al. performed a linear stability analysis on a similar set of equations
in [57] predicting similar results. While these equations, which were discussed in
Chapter 4.5, did not interpret the nutrient as a component of the mixture within the
framework of mixture theory, it is expected that the same type of analysis on this
current set of equations would result in very similar conclusions. The results seen in
Figure 6.9 support this hypothesis.

6.6.2

Three-Dimensional Example

The choice to use the finite element method was made so that computations could be
done on more realistic biological domains, such as the prostate. While this capability
is not utilized throughout the rest of this document, the fact is illustrated in this
section. As the three-dimensional case is even more computaitonally demanding, the
same adaptivity regime is used as in the two dimensional examples. A computational
domain resembling a prostate is considered and is shown in Figure 6.11. A tumor is
seeded, not quite centered, within the prostate and is allowed to grow under moderate
oxygenation conditions. The time step size is taken as s = 0.01. The parameters are
taken as follows: M = 10, P0 = 0.1, D = 1, χ0 = 0.4,  = 0.01, and γ = 0.25. The
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(a)

(b)

(c)

(d)
Figure 6.9: Effects of Parameter Combinations: In all simulations  = 0.005 and
γ = 0.045. Snapshots in the first column are at t = 3, the second t = 6, and in the
third t = 9. (a) M̂ = 50, D̂ = 1.1, P = 0.85, χ = 0.067 (b) M̂ = 86.6, D̂ = 0.2,
P = 0.5, χ = 0.067, (c) M̂ = 175, D̂ = 1.1, P = 0.14, χ = 0.135 (d) M̂ = 290,
D̂ = 1.1, P = 0.5, χ = 0.067
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Figure 6.10: Energy profiles for parameter study: Each plot shows the evolution
of the energy value as a function of time step for the different simulations shown in
Figure 6.9. The energy appears to always be non-increasing except for a few locations
where simulation restarts occurred, causing a numerical artifact.
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Figure 6.11: Three-dimensional Computational Domain

Figure 6.12: Three dimensional Isosurfaces: Three dimensional simulation of a
tumor with initial conditions shown on the right and solution at t = 1.6 on the left.
The isosurface of u = 0.5 is plotted.
initial conditions are shown on the left in Figure 6.12 and a snapshot at t = 1.6 is
shown on the right where the isosurface of u = 0.5 is plotted. Figure 6.13 shows a
cutplane of the three-dimensional domain with an illustration of the mesh.
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Figure 6.13: Cutplane of Three-dimensional Mesh: The three dimensional mesh
around the tumor is illustrated on the left, where the same cutplane is shown with
the u = 0.5 isosurface plotted on top of it is shown on the right.
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Chapter 7
Calibration, Validation, and
Uncertainty Quantification
7.1

Predictive Models

The idea that one can possibly develop computational models that predict the emergence, growth, or decline of tumors in living tissue is enormously intriguing as such
predictions could revolutionize medicine and bring a new paradigm into the treatment
and prevention of a class of the deadliest maladies affecting humankind. In principle,
there is nothing about the classical scientific method that suggests this is an impossible goal, and the growing literature on tumor modeling over the past decade attests
that significant progress has been made in this direction.
But at the heart of this subject is the notion of predictability itself, the ambiguity involved in selecting and implementing effective models, and the acquisition of
relevant data, all factors that contribute to the difficulty of predicting such complex
events as tumor growth with quantifiable uncertainty. What is meant by a predictive
model? Can models be validated as predictive tools? And, if not, can legitimate validation processes be defined that can increase our confidence in the predictive power
of the given model classes? In addition, can specific model outputs, the quantities of
interest (the “QoI’s”, such as tumor volume at the end of a given time interval) be
predicted with quantifiable uncertainty? Which model is “best”? That is, can the
predictive power of members of a class of models be quantified in a meaningful way
for specific quantities of interest? Finally, if it is possible to determine that a model

110

is inadequate (invalid), how can it be improved or replaced by a better model? These
issues are prevalent in many fields and have been the concern of many research efforts
in computational science and engineering (see [54, 127, 153] and references therein).
To the best of the authors knowledge, such questions have not been considered as
related to tumor growth models. However, for such models to be accepted within the
medical community for decision making, such questions must be carefully addressed.
The successful use of computational models to predict physical events depends
upon several fundamental concepts and processes. Firstly, there is the mathematical
model itself: the manifestation of a scientific theory cast in mathematical structures
that are intended to provide a meaningful abstraction of reality. For a given theoretical framework, such as the framework of mixture theory discussed earlier, there
are infinitely many models, each differentiated from another by the specific parameters that define the model: the coefficients, solution domains, boundary- and initial
conditions.
Secondly, the particular features of the physical event of interest that are targets of the prediction must be clearly specified in advance. These are the quantities of
interest, the “QoI’s”. A model suitable for predicting one QoI with sufficient accuracy
may be completely unsuitable for another. The notion of QoI’s thus recognizes that
it is not simply the global solution of a system of partial differential equations that
is the goal of a computation, but particular features or functions of the solution that
are key to decision making or discovery and understanding of physical events.
Thirdly, there is the fact that for predictability, experimental observations
must be made for two fundamental purposes: 1) to determine (or, at least, to reduce
uncertainty in) the parameters of the model for the specific physical environment in
which the events of interest take place and 2) to determine, if only subjectively, if
the model is capable of faithfully predicting the quantities of interest with sufficient
accuracy. The first of these is called the process of calibration. In general, it involves
solving an inverse problem as it determines model parameters indirectly by correlating
model predictions with quantities measured in laboratory tests. The second process
is the process of validation. In general, validation also involves a comparison of
model predictions with experimental observations, but the observations are usually
conducted on more complex problem domains than those for the calibration process,
and are designed to depict as clearly as possible features similar to the target QoI’s to
be predicted. The comparison of validation experiments with model predictions can
111

Qp
Scenarios

Observations

Sp
Sv

dv

dc

Sc

Figure 7.1: The prediction pyramid of complexity.
never actually validate the model as new experiments may lead to results in conflict
with validation predictions. Thus, we can only hope to proceed with a prediction if
the validation process does not lead to results which invalidate the model. A model
that is “not invalidated” by virtue of validation experiments is often referred to as
a “valid” model, clearly an abuse of language and a designation based on purely
subjective decisions on the correlation of predictions and observations.
One should note that often calibration, validation, and the ultimate prediction
are done on different solution domains using different boundary and initial conditions, generally in a hierarchy of ascending complexity from calibration to validation
to prediction. This is depicted in the prediction pyramid shown in Figure 7.1. This
hierarchy suggests that the model parameters can be separated into two categories:
the scenario parameters (SC , SV , SP ) which include the solution domain, boundary
and initial conditions and possibly other parameters, and then the basic model parameters m which include coefficients, moduli, etc which parameterize the various
models within the set characterized by the theoretical framework. Thus, the calibration process is performed with a simple set of scenario parameters SC defining for
instance a simple domain characteristic of laboratory tests, where an initial (prior) set
of parameters m0 are re-adjusted (calibrated) through inverse analysis that employs
observational data d (or dC for calibration). The validation process is conducted using scenario SV which defines a more complex case in which a new set of experiments
related to the QoI’s are performed involving observational data dV , and finally, the
calibrated and not-invalidated model is used to make the prediction QoI using the full
prediction scenario parameters SP . There may be several validation scenarios each
designed to study the validity of different features of the model.
Returning to the list of processes essential to meaningful computer predictions,
we add the verification process, the process of determining if the mathematical models
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are faithfully approximated by the discrete computational model. This process has
two components: code verification and solution verification. Discussions of these
processes are postponed until later.
Finally, with a calibrated, non-invalidated, verified computational model, one
can, in principle, calculate the QoI’s for the full prediction model scenario SP . Unfortunately, the actual process of producing a meaningful prediction that is based on
all of the knowledge we have is much more complex. Every step in this process encounters uncertainties, the model parameters m, the observational data d, the choice
of a theoretical model, and the design of the validation process itself. The problem
of overriding importance is to characterize in a meaningful way all of these uncertainties, to trace their propagation through the various solution processes, and to
ultimately determine and quantify the uncertainty in the target QoI’s. This complicated and daunting process is the modern problem of computational prediction. It is
called uncertainty quantification. Its solution will bring together many disciplines in
mathematics, experimental science, and computational science.

7.2

The Bayesian Framework

A powerful framework for studying all of the processes of predictive modeling discussed above and for simultaneously fully addressing the inherent uncertainties is
provided by the Bayesian approach to statistical inference or its extension to statistical inverse problems as discussed in books such as [169] and [107]. The main premise
of the Bayesian theory is that of subjective probability; the model parameters m, the
observational data d, the theoretical model, and the QoI’s are not deterministic, they
are random variables characterized by probability density functions (pdf’s) and the
model is a stochastic model with solutions which are also random variables.

7.3

Bayesian Calibration of Mathematical Models

In this exposition, a mathematical model is understood to be a collection of mathematical constructions designed to represent one’s complete knowledge of a physical
system. Traditionally, knowledge is acquired via the two avenues of the scientific
method: theory, which involves hypotheses about realities and which provides mathematical abstractions of the physical universe, and observations, which attempt to
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gain knowledge through perception of reality gained through the senses or with instruments. The application of a mathematical representation of a theory usually involves
two fundamental attributes: the set m of parameters defining the specific environment in which the system is expected to operate (the moduli, coefficients, rates, . . . ,
etc.), and the scenario S in which the particular instantiation of the model is considered (the domains of the solution, be it one- two- or three-dimensional, boundary
and initial conditions, and data source terms, etc.). In the deterministic case, we can
express the model in the abstract form,
A (m, S, u (m, S)) = 0,

(7.1)

where A (·) is the collection of operators, constraints, and conditions defining the
model, S is a particular scenario, and u (m, S) is a solution for the particular parameter set m and the scenario S. Once u (m, S) is known (assuming solutions to (7.1)
exist), we compute the quantities of interest (the QoI’s) defined by functionals Q on
the space of possible solutions:
Q (u (m, S)) ∈ R.

(7.2)

Before making the calculation (7.2), the model should be calibrated by considering calibration scenarios SC and performing experiments that lead to observational
data dobs
C . There is generally a tradeoff that must be considered in deciding which
calibration data to use. If possible, it is best to use data from scenarios representing
the predictive scenario as closely as possible. However, it is probable that gathering
such data is very expensive or the data is not accessible. Traditionally, one wishes to
use the simplest data that will provide adequate information. So, calibration experiments are thought of as coming from simple scenarios such as in vitro experiments,
one-dimensional domains, etc. Classical inverse analysis backs out corrected parameters, m for which the model best agrees with the given measurements. While it may
provide some useful information, this classical process is often very inadequate, and
frequently meaningless for it neither takes into account the uncertainty in the parameters m nor in the observational data dobs
C . In Bayesian inverse analysis, this issue is
addressed by representing m and the data each with a probability density function
(pdf) characterizing the uncertainty in these values. The fundamental idea is then
that, instead of a single set of model parameters, the solution to the statistical inverse
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problem is now a probability density function characterizing how certain one is in the
value of the parameters depending on how certain one is about the observational data
and prior information about the model parameters.
We introduce the notation M to denote the random variable characterizing
the model parameters and D to denote the random variable characterizing the measurement with m and d representing specific realizations of these random variables
respectively. It is assumed that these random variables are related through the general relation D = G (M, E) where E is the random variable characterizing the noise
in the measurement. The function G can be thought of as the process of solving the
model (7.1) and deriving from the solution u predicted values of the measurement
values d. Prior to any actual observation being made, there is some prior information
available on the model parameters which we assume can be represented through a
probability density function, i.e. we assume m 7→ ρM (m) which is the prior probability density distribution. In practice, this change in representation results in (7.1)
becoming a stochastic forward problem, denoted
A (ρM (m) , S, u (ρM (m) , S)) = 0,

(7.3)

and thus, the solution is also a random field u (ρM (m, S)) for any particular scenario
S, and the QoI’s are random functions of m, Q (u (ρM (m) , S)) = qS (m), where
qS (m) is written to indicate that the QoI can be thought of directly as a random
function of m for scenario S.
It is further assumed that given a specific value of m, the information on the
measurement random variable D can be updated to reflect what would be expected
as the measurement given m. That is, it is assumed that the form of the conditional
probability θ (d|m) representing the pdf of error in the measurement given the parameter m is known. Traditionally, this is reflective of the random variable E and
ultimately characterizes the error coming from the measurement device or human
error (meaning the difference between measured observables and the values delivered
by the model). Additionally, we denote the pdf containing the information regarding
R
the measurements d as ρD (d) = θ (d|m) ρM (m) dm.
With this notation in place, Bayes’ theorem is used to define the solution to
the statistical inverse problem (calibration) of the stochastic model (7.3). The pdf of
the model parameters given the specific observed data dobs , or the solution, is given
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as the Bayesian update



σM m|dobs = θ dobs |m ρM (m) /ρD dobs

∝ θ dobs |m ρM (m) .

(7.4)


Note that ρD dobs is effectively a constant for the given value dobs and can be thought

of as the reciprocal of the normalization constant. The conditional pdf σM m|dobs

is the posterior. For simplicity, this is written as σM (m) := σM m|dobs . With
the updated information regarding the model parameters from the posterior, the
statistically calibrated model and corresponding random field of the QoI’s is written
as
A (σM (m) , S, u (σM (m) , S)) = 0,
(7.5)
Q (u (σM (m) , S)) = qSC (m) .
where qSC (m) is the random field for the QoI for scenario S based on the calibrated
pdf σM .
While the examples presented in this paper will not directly address such issues,
in general, it is by no means a trivial task to evaluate the posterior pdf in (7.4) or
equivalently to solve the stochastic system (7.5) when the dimension of m is high.
The visualization of (7.4) often involves the use of sophisticated statistical sampling
algorithms, such as Latin hypercube sampling [118], a Markov Chain Monte Carlo
method, i.e. Metropolis-Hastings or Gibbs sampling, or other approaches, some of
which are implemented in the codes QUESO [66] and DAKOTA [6]. A number of
effective methods for solving stochastic systems characterizing the forward problem
represented in (7.5), have appeared including occasionally traditional Monte Carlo
methods, but often more powerful techniques such as polynomial chaos [91], stochastic
collocation [17], or stochastic Galerkin [113, 117] methods are employed. For more
information on statistical calibration under a Bayesian framework, works such as
those by Tarantola [169] or Kaipio and Somersalo [107] can be consulted.

7.4

Model Validation Process

Recalling that validation is the process of investigating whether a mathematical model
is capable of reproducing with sufficient accuracy specific physical events, it must be
also recognized that there is a need for multiple validation checks. When the data for
calibration and validation are not of the exact same form as the ultimate quantity
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of interest, it is important to verify that the model is capable of reproducing these
sets of data. If the model fails in this respect, then the information produced via the
calibration and/or validation processes may be inaccurate and it should be concluded
that either the data is inadequate or the model does not capture enough of the physics
to make a reliable prediction. A method of validation against the observed data is
first presented and followed by a second describing validation with respect to the
quantity of interest.

7.4.1

Data Misfit Check

In the specification of the likelihood function, and thus of the error E, the assumption
is often implicitly (and necessarily) made that the model is capable of reproducing
such data and that the error is attributable to imprecise measurements only. The
first step in validation is to check check this assumption, that is one must verify the
adequacy of assumptions underlying the construction of the model by analyzing E,
the data misfit. Assuming for simplicity that the misfit is an additive error, one has
D = G (M) + E ⇒ E = D − G (M) .

(7.6)

Since the models considered later in this work are initially deterministic, if m is
specified G (m) will take on exactly one value and E may be regarded as the error
between G (m) and the data that should be observed. From a practical point of view,
it should be verified that there exists at least one set of model parameters m such
that the observed noise eobs (m) = dobs − G (m) is “likely” in some meaningful sense.
That is, one must check that there exists m such that the specific realization of eobs
corresponding to the realization dobs is in some sense probable. For this reason, the
likelihood is written in terms of the error e rather than d. This is done by first noting
Z
θ (d|m) =

θ (d|m, e) θnoise (e|m) de,

(7.7)

where θnoise (e|m) denotes the probability of noise level e given parameter m. When
both m and e are specified, d is completely specified from (7.6), and thus θ (d|m, e) =
δ (d − G (m) − e). Substituting this into the previous formula (7.7), it simplifies to
θ (d|m) = θnoise (d − G (m) |m) = θnoise (e (d, m) |m). Thus, Bayes’ formula may be
rewritten as


σM m|eobs ∝ θnoise eobs |m ρM (m) .
(7.8)
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Figure 7.2: Example data misfit
p check for a likelihood pdf distributed
as a half-normal distribution
 HN( π/2). Left: Likelihood pdf (–); example
T eobs = dobs − G (m) = 2.5 indicated with a circle (◦). Right: Likelihood
 cdf with
obs
obs
example e = 2.5 indicated with a circle. In this example, T  |m = 0.9875,
up
thus if γcdf
≤ 0.9875, the model would fail for this m.

Here eobs = eobs dobs , m = dobs − G (m). With these considerations in mind, define Tnoise (e|m) as the likelihood cumulative distribution function (cdf); this allows

the investigation of the level of error by finding the value of Tnoise eobs (m) |m .
Within this framework, the concept of highly probable corresponds to the value of

T eobs (m) |m not falling in the tails of the distribution. Thus, setting some tolup
down
erances γcdf
and γcdf
indicative of the upper and lower tail cutoffs, the validation
check amounts to verifying that there is at least some m such that the following is
satisfied

up
down
γcdf
≤ T eobs |m ≤ γcdf
.
(7.9)
A pictorial example is shown in Figure 7.2. Throughout this work, this process is
referred to as the data misfit check.

7.4.2

Validation of Prediction

If a model passes both the data misfit checks for the calibration data and the validation data, one must check the validity with respect to the quantity of interest.
The validation experiments generally involve the generation of a new set of validation
observables dobs
V for a validation scenario SV that is believed to depict as closely as
possible the environment in which the final predicted QoI exists. Ideally, the val-
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idation experiments/observations are designed to check the acceptability of various
assumptions made in developing the model for scenarios as close as feasible to that
for which the prediction is to be made. As we also want to see if the information
gained from the new experiments is different from the calibration experiments, the
prior can be chosen to be the same as in the calibration process. It follows that the
validation pdf σV (m) is the posterior computed using the Bayesian relation,


obs
σV (m) := σV m|dobs
∝
ρ
(m)
θ
e
|m
(7.10)
M
noise
V
V
Thus a prediction pyramid of escalating complexity must be envisioned, beginning with possibly several different component-level calibration experiments at the
lowest level for one or more calibration scenarios, SC , generating the posterior pdf
σM (m), and leading to one or more full system level validation experiments at the
validation scenario level, SV (see Figure 7.3). The target output, the goal of the
simulation, is on the prediction scenario SP on which the ultimate prediction of the

obs
may be
principal QoI is made. Along the way, the various observations dobs
C , dV
regarded as intermediate QoI’s at various levels of the pyramid.
The calibration predicted QoI and the validation predicted QoI for the full
prediction scenario SP can now be considered, with
Q (u (σM (m) , SP )) = qPC (m)

and

Q (u (σV (m) , SP )) = qPV (m) .

(7.11)

These equations have employed everything we know about the model and the QoI.
This includes prior information on the parameters, the theory and measurement error
as embodied in likelihood pdfs, and the predictions of the so-called forward problems,
and their predictions of the random fields qPC and qPV representing the target output.
Thus, one can now address the fundamental question: is the original calibrated model
(7.11a) valid for this particular QoI?
Alas, it is not possible to validate a model; the best that can be said is that
the model is not invalid if qPC and qPV are close enough together with respect to some
appropriate metric. Of many possible metrics, one is

(7.12)
M qPC , qPV = sup FC−1 (y) − FV−1 (y)
y∈[α1 ,α2 ]

where FC and FV are the cumulative probability distributions associated with
the pdf’s of the random fields qPC and qPV , respectively, and α1 and α2 are chosen so
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Figure 7.3: Validation Flowchart: flow chart describing the proposed statistical
validation process (inspired by [18]).
as to exclude comparison of the tails of the distributions. A tolerance γtol can thus

be specified and the model can be declared not invalid if M qPC , qPV < γtol .
If this criterion is passed, it still remains to quantify the uncertainty in the QoI,
namely the random field qPC . But this is now an exercise in elementary probability:
if qPC (m) is known, one may compute the mean, variance, and other moments of
its corresponding pdf and, thereby, quantify the uncertainty in the prediction. A
schematic diagram describing the entire validation process is given in Figure 7.3.
The various processes described in this chapter are summarized in the tables
on the following pages.
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The Prediction Landscape
The Mathematical Model
A (m, S, u (m, S)) = 0 u ∈ Um
QS (u (m, S)) = qS (m)

↓
The Computational Model

h
Ah m, S, uh (m, S) = 0 uh ∈ Um

QS uh (m, S) = qSh (m)

↓
Verification
• Does the code solve the problem of
classes covered by (7.13) correctly?
• Is qSh (m) close to qS (m)?

↓
Assume that the computational model passes a suite of verification tests (the
verification processes) for a reasonable set Mver of parameters m and that qSh (m)
is close to qS (m) for a representative problem class. We then turn to calibration,
validation, and uncertainty quantification. For the moment, we do not distinguish
between the mathematical and the computational model.

Table 7.1: Overview of the Prediction Landscape
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Calibration
Model Manifold

Data Manifold

Scenario

M, ρM (m)

SC

D, ρD (d)

&

↓

.

The Uncalibrated Stochastic Model
A (ρM (m) , Sc , u (ρM (m) , Sc )) = 0
g (ρM (m)) ≈ dc

↓
Calibration Data Misfit Check
Check there exists msuch that
γ̂down ≤ T dobs |m ≤ γ̂up
Yes: Continue;
No: Model invalid

↓
The Calibrated Parameters
σM (m) = kρM (m) θ dobs |m



↓
The Calibrated Model
A (σM (m) , S, u (σM (m) , S)) = 0
QS (u (σM (m) , S)) = qS (m)

Table 7.2: Calibration Flowchart
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Validation
Validation Manifold
V, ρV (v)

↓
The Validation Model
A (ρV (m) , Sv , u (ρV (m) , Sv )) = 0
g (ρV (m)) = dv

↓
Validation Data Misfit Check
Check there exists msuch that
γ̂down ≤ T vobs |m ≤ γ̂up
Yes: Continue;
No: Model invalid

↓
The Validation Parameter PDF
σV (m) = kρV (m) θ vobs |m



↓
Compute and Compare QoI’s
for Prediction Scenario
QSP (u (σM (m) , SP ))
d qSc P , qSv P

and

QSP (u (σV (m) , SP ))

 ≤ γtol model passes validation test
> γtol invalid

Table 7.3: Validation Flowchart
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Prediction
Consider a verified, calibrated, and not-invalidated stochastic
model (the stochastic model must also be verified):
A (σM (m) , SP , u (σM (m) , SP )) = 0
QSP (u (σM (m) , SP )) = qSP (m)

Given qSP compute mean, variances, covariances, etc.
Z
0
qSP (m) = hqSP (m)i =
qSP (m) σ (m) dm
M

qSr P (m) =

Z

(qSP (m) − hqSP (m)i)r σ (m) dm

M

Table 7.4: Prediction and Quantification of Uncertainty
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Chapter 8
Bayesian Computing
Since the essay of Bayes in 1763 [27], the Bayesian approach to statistical inference
has had a significant impact on mathematical statistics. Its role in computational
science, however, and even in scientific philosophy, is a rather recent occurrence,
only entering thinking on the subjective approach to inverse analysis and computer
modeling in relatively recent times. The books of Tarantola [169], Kaipio and Somersalo [107], Calvetti and Somersalo [48], Tan and Colin [168], and by Cacuci [46] give
fresh accounts of Bayesian approaches to computing and on subjective probability
and scientific philosophy. These works advance the view that the Bayesian method
provides a general and very attractive framework for quantifying uncertainty in model
predictions. However, the framework, as presented in chapter 7, is deceptively simple. In general, due to high dimensionality, the process of visualizing and analyzing
the posterior pdf (7.4) is quite involved and often computational intensive. Also,
while there are many well established methods available and commonly used to solve
deterministic PDE’s, solving stochastic PDE systems remains a daunting challenge.
This chapter discusses both of these issues, describing key sampling methods used
to evaluate stochastic integrals and a few of the prominently used methods to solve
stochastic PDE’s.
Prior to a detailed discussion of these matters, a brief exploration of forms of
σM based on choices of θ (d|m) is presented. Recall that θ (d|m) is a conditional
probability representing the odds of the model producing d for a given m. In other
words, if the model is given the specific model parameters m, θ (d|m) characterizes the
confidence one can have in the observing the measurements d based on the accuracy
of the measurement device and the accuracy of the model.
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For reasons related to the Central Limit Theorem, it is often assumed that the
measurement uncertainties can be characterized by a Gaussian distribution:


1
T
−1
θ (d|m) = Cexp − (d − g (m)) CT (d − g (m))
2

(8.1)

where C is a normalization constant and CT is the covariance matrix for the pdf. This
assumption is convenient in that if the pdf’s characterizing the model parameters and
the observables are also assumed to be Gaussian, i.e.

1
T
−1
ρM (m) = Cm exp − (m − m̂) CM (m − m̂)
2


(8.2)

for m̂ the original deterministic value given to the parameters and CM the covariance
matrix, then the resulting calibrated pdf σM (m) takes the form
σM (m) := σM (m|dobs ) = k exp (−S (m))

(8.3)

where S (m) is called the misfit function and is defined by

S (m) =

1
1
(g (m) − dobs )T C−1
(m − m̂)T C−1
T (g (m) − dobs ) +
M (m − m̂) . (8.4)
2
2

In this case, if the function g (m) is linear,i.e. g (m) = Gm, that is if both the
PDE and the corresponding mapping to the observables are linear, then the resulting
calibrated pdf, σM is also Gaussian. This greatly simplifies calibration calculations in
that a Gaussian pdf is completely characterized by its mean and variance, and, thus,
explicit calculation of the σM is not necessary. Rather, as the mean of a Gaussian
is its maximum, a minimization of S (m) through a least squares method can be
performed to find the mean, and the covariance matrix is characterized by the inverse
of the Hessian matrix of the least squares objective function, namely
−1
Cpost = GT C−1
t G + CM

−1

.

(8.5)

As a first pass, it may seem reasonable to make such assumptions of Gaussian
distributions based upon the Law of Large Numbers. The intuition of this law is that
multiple samplings of independent identically distributed distributions will converge
asymptotically to a Gaussian distribution. This may be reasonable in most situations,
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however, issues sometimes arise due to the fact that a Gaussian does not have compact
support, and thus might allow unphysical parameters, i.e. a negative value for a
diffusion coefficient. Additionally, assuming a Gaussian for the prior pdf might input
too much information. That is, if the only information known regarding the parameter
is the range, assuming a Gaussian may influence the calibration process more than
would be desired. Thus, while such assumptions admittedly make the calculations
more straightforward for linear models, in general, a broader class of distributions
should be considered. In the case of nonlinear models, similar simplifications do not
necessarily exist, and thus require sophisticated methods for sampling σM such that
it can be visualized and better interpreted and understood for use in characterizing
and solving the forward problem.

8.1

Sampling Methods

As numerous random number generators exist for sampling uniform and Gaussian
distributions, it is assumed throughout that a source of random (or pseudo-random)
numbers generated from these distributions is readily accessible. The focus will thus
be on sampling methods for non-Gaussian distributions. This discussion follows the
developments by Calvetti and Somersalo [48] and by Kaipio and Somersalo [107].
In general, the sampling methods currently available fall into the following two
categories:
• Direct sampling of the distribution
• Approximate the distribution by one easily sampled, and then correct the sample in some way.

8.1.1

Direct Sampling

The first approach is perhaps the more intuitive method, but is often very expensive
and, thus, impractical. The success of the second method depends heavily on the
quality of the approximation, commonly referred to as the proposal distribution.
Let ρ (x) denote the one-dimensional probability density function to be sampled. Consider then its cumulative distribution function
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Z

t

ρ (x) dx.

Φ (t) =

(8.6)

−∞

R∞
By definition, ρ (x) is a nonnegative function and satisfy −∞ ρ (x) dx = 1. It
follows that Φ (t) must be a non-decreasing function with Φ (t) ∈ [0, 1]. Following
the outline in [48], it can be shown that the random variable, T = Φ (X) follows a
uniform distribution.
Lemma 8.1.1. Let X be a random variable on the probability space (Ω, U, P) with
probability distribution function Φ (X). Then the random variable T defined as T =
Φ (X) is uniformly distributed on [0, 1].
Proof. Since Φ (X) is a monotonic function for any a ∈ [0, 1], it holds

P {T < a} = P {Φ (X) < a} = P X < Φ−1 (a) .

(8.7)

By definition, though,

P X < Φ−1 (a) =

Φ−1 (a)

Z

Φ−1 (a)

Z

Φ0 (x) dx

ρ (x) dx =

(8.8)

−∞

−∞

Using the change of variables
dt = Φ0 (x) dx

t = Φ (x)

(8.9)

these statements can be combined to give
Z

Φ−1 (a)

P {T < a} =

0

Z

−∞

a

dt = a

Φ (x) dx =

(8.10)

0

But this is exactly the definition of a uniformly distributed random variable on [0, 1].

This result is important in that it immediately suggests an algorithm for sampling the probability density function ρ (x).
1. Use a random number generator to generate t from a uniform distribution on
[0, 1].
2. Calculate x = Φ−1 (t).
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Figure 8.1: Direct Sampling: Illustration of algorithm for sampling a distribution
directly.
Intuitively, this algorithm should work since regions of high probability correspond to regions where Φ (x) has a steep slope. Thus, a greater percentage of t values
will be mapped into that region. When considering this algorithm, while very simple,
there is a clear setback: an invertible form of the distribution function is required.
Further complications arise if there are cutoff bounds on the distribution, as might
be physically necessary for positive parameters.

8.1.2

Markov Chain Monte Carlo (MCMC)

The second category of sampling methods, sampling an approximate distribution
and later correcting is now considered. A large subcategory of these methods is
called Markov Chain Monte Carlo (MCMC) methods. Among these the MetropolisHastings algorithm is one of the more common methods and forms the basis of many
others. Before directly describing the method, it is instructive to discuss random
walks and transition kernels as applied to probability.
A random walk in Rn is defined as the process of taking random steps to
move about Rn . Random walks are often done according to a Gaussian distribution
following the simple algorithm below:
1. Start at any point x0 ∈ Rn .
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2. Choose a random vector w1 through one sample of a Gaussian distribution
N (0, 1)
3. Set x1 = x0 + σw1 ,

σ ∈ R.

4. Repeat process: xk+1 = xk + σwk+1 .
In this algorithm, the Gaussian distribution is seen as giving the probability of moving
from the current position to any other. This basic idea can easily be generalized by
sampling other distributions describing probabilities of moving from one position to
another. Such functions are called probability transition kernels.
Definition: Probability Transition Kernel Let B = B (Rn ) denote the
Borel sets over Rn . A mapping P : Rn × B → [0, 1] is called a probability transition
kernel, if
1. for each B ∈ B, the mapping Rn → [0, 1] of x 7→ P (x, B) is a measurable
function;
2. for each x ∈ Rn , the mapping B → [0, 1], of B 7→ P (x, B) is a probability
distribution.

In other words, the value of a probability transition kernel at the point (x, B) gives the
probability of moving from point x ∈ Rn to the open domain B ∈ Rn . Such kernels
are often associated with stochastic processes, that is, in the discrete case, with an
n
ordered set {Xj }∞
j=1 of the random variables Xj ∈ R . In particular, a stochastic
process {Xj }j is said to be a time-homogeneous Markov chain with transition kernel
P if the conditional pdf satisfies
ρXj+1 (Bj+1 |x1 , . . . , xj ) = ρXj+1 (Bj+1 |xj ) = P (xj , Bj+1 ) .

(8.11)

Often, the first equality is said to express the idea that “the future depends on the
past only through the present”; the second implies the probability of moving from
xj to Bj+1 does not change in time. Applying transition kernels consecutively, the
transition kernel that propagates k ≥ 2 steps forward through (i.e. the probability of
moving from xj to Bj+k in k steps) can be defined as
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P

(k)

Z

P (xj+k−1 , Bj+k ) P (k−1) (xj , dxj+k−1 ) . (8.12)

(xj , Bj+k ) = ρXj+k (Bj+k |xj ) =
Rn

In particular,
Z
ρXj+1 (Bj+1 ) =

P (xj , Bj+1 ) ρXj (dxj ) .

(8.13)

Rn

If the measure ρ is such that
ρP = ρ,

(8.14)

it is said to be invariant with respect to P . In words, this means the distribution of
Xj at xj is the same as Xj+1 at xj+1 .
Before discussing the Metropolis-Hastings algorithm, two additional concepts
regarding transition kernels are needed: irreducibility and periodicity. A transition
kernel is said to be irreducible for a given measure ρ, if for each x ∈ Rn and B ∈ B
such that ρ (B) > 0, there exists k with P (k) (x, B) > 0. That is, every region with
positive probability, no matter the starting point x, the Markov chain generated by P
will visit with positive probability. Further, a transition kernel is said to be periodic if
there exists an integer m ≥ 2, and a set of disjoint nonempty sets {E1 , . . . , Em } ⊂ Rn

such that for all j = 1, . . . , m and x ∈ Ej , P x, Ej+1(modm) = 1. That is, a periodic
transition kernel will generate a Markov chain remaining in a periodic loop. The
following proposition is a key result for MCMC methods, as they are all based on
some transition kernel. For brevity, the proof is omitted.
Theorem 8.1.2. Let ρ be a probability measure in Rn and {Xj } a time homogeneous
Markov chain with a transition kernel P . Assume further that ρ is an invariant
measure of the transition kernel P , and that P is irreducible and aperiodic. Then, for
all X ∈ Rn ,
lim P ( N ) (x, B) = ρ (B) for all B ∈ B

(8.15)

Z
N
1 X
f (Xj ) =
f (x) µ (dx)
lim
N →∞ N
n
R
j=1

(8.16)

N →∞

and for f ∈ L1 (ρ (dx)),
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almost certainly.

8.1.3

Metropolis-Hastings Transition Kernel Construction

Let ρ be the target probability distribution to be sampled and assuming ρ (dx) =
σ (x) dx. The goal is to find a transition kernel P (x, B) such that ρ is an invariant
measure with respect to P .
Consider now the following general Markov process starting at point x:
1. Stay at point x with probability r (x), 0 ≤ r (x) < 1, or
2. Move from x as determined by a transition kernel P (x, y).
R
Note that Rn P (x, y) dy = 1. Denoting by A the event of moving away from x
and Â the event of staying at x, the probability density of the random variable Y,
denoting the next location after the move, can be written as

  
P (Y ∈ B|X = x) = P (Y ∈ B|X = x, A) P (A) + P Y ∈ B|X = x, Â P Â .
(8.17)
This decomposition reflects the two possibilities for ending up in the open
domain B; either one gets there by moving or by staying. The probability of moving
to B is given, by definition, through the transition kernel
Z
P (Y ∈ B|X = x, A) =

P (x, y) dy

(8.18)

B

Staying put would imply that x ∈ B; thus if χB is the characteristic function of B,
then


 
P Y ∈ B|X = x, Â = χB Â .

(8.19)

By marginalizing equation (8.17) over x, the probability density of Y can be
calculated later regardless of the initial position:
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Z
P (Y ∈ B)

P (Y ∈ B|X = x) p (x) dx
Z

Z
Z
p (x)
(1 − r (x)) P (x, y) dy dx +
χB (x) r (x) p (x) ; dx
=
Rn
B
Rn

Z Z
p (x) (1 − r (x)) P (x, y) dx + r (y) p (y) dy
=
Rn

B

Rn

(8.20)
By definition, P (Y ∈ B) =

R
B

π (y) dy, so it must be

Z
p (x) (1 − r (x)) P (x, y) dx + r (y) p (y) .

π (y) =

(8.21)

Rn

Thus, finding the invariant measure means finding p such that
Z
p (x) (1 − r (x)) P (x, y) dx + r (y) p (y) .

p (y) =

(8.22)

Rn

If we denote by K (x, y) = (1 − r (x)) P (x, y), this can be rewritten as
Z

Z
K (y, x) dx = (1 − r (x))

Rn

P (x, y) dx = (1 − r (x)) .

(8.23)

Rn

Thus, equation (8.22) can be stated in the form called the balance equation
Z

Z

p (x) K (x, y) dx

p (y) K (y, x) dx =

(8.24)

Rn

Rn

Clearly, this condition is satisfied if the integrands are equal:
p (y) K (y, x) = p (x) K (x, y)

(8.25)

which is called the detailed balance equation. Equations (8.24) and (8.25) are the
basis of constructing the transition kernels used for the MCMC sampling methods.
In particular, the goal of the Metropolis-Hastings algorithm is to produce a transition
kernel satisfying equation (8.25).
In general, users of the Metropolis-Hastings algorithm do not know the appropriate transition kernel for their measure. Thus, to use the Metropolis-Hastings
algorithm, the user must first provide a proposal transition kernel q (x, y), generally
taken to be one which is easy to sample, such as a Gaussian. If this transition ker133

nel satisfies equation (8.25), then K (x, y) = q (x, y) and it can be used directly for
the random walk. Often this is not the case, and so a correction must be made. A
function α (x, y) is then chosen such that
p (y) α (y, x) q (y, x) = p (x) α (x, y) q (x, y)

(8.26)

As α is not required to be symmetric, it can be seen that


p (y) q (y, x)
α (x, y) = min 1,
p (x) q (x, y)

(8.27)

will ensure equation (8.26) is satisfied. The Metropolis-Hastings algorithm follows
exactly this logic:
1. Pick an initial value x0 ∈ Rn
2. Draw y ∈ Rn from the proposal transition kernel q (xk , y)
3. Calculate the acceptance ratio


p (y) q (y, x)
α (xk , y) = min 1,
p (x) q (x, y)

(8.28)

4. Draw t ∈ [0, 1] with uniform probability.
5. If α (xk , y) ≥ t set xk+1 = y. If not, xk+1 = xk .
6. Repeat until satisfactory number of samples is achieved.

8.2

Methods for Solving Stochastic Differential Equations

After properly sampling the calibrated probability distribution function, the stochastic calibrated model must still be solved. While methods for solving deterministic
systems of equations are well established, methods for solving stochastic equations
have only recently become a major topic of interest. One is no longer searching for
a solution u (x) : D → Rn ; rather, for a solution u (x, ω) : D × Ω → Rn , where D
is a subdomain of Rn , Ω is the sample space over which the random parameters are
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defined, and ω is a sample point from Ω. Note that the dimension of Ω is equal to
the number of parameters being represented with probability density functions and
thus can be quite large. We see then that for numerical computation, some type
of discretization of both the real space, Rn and the random space Ω must be done.
This section will describe in brief detail a few of the methods currently being used to
solve these types of systems: sampling based methods, perturbation methods, generalized polynomial chaos, and stochastic collocation. Key references for this discussion
include [193] and [91].

8.2.1

Sampling Based Methods

This is perhaps the most intuitive and the most commonly used method. The fundamental idea is to generate independent realizations ω according to the pdf characterizing the parameters through methods such as those described in the previous
section. With this realization fixed, the system is now deterministic and can be
solved with a deterministic solver. When accumulated, these solutions form a histogram approximating the random field solution to the stochastic equation. While
simple, this method is not always optimal as the mean of the approximation converges
√
to the true mean at the rate of 1/ N where N is the number of realizations [85].
This implies that large samples are generally needed to represent the true solution
with decent accuracy. Beyond the MCMC sampling methods discussed earlier, other
forms of sampling have been explored such as Latin Hypercube [118] and quasi Monte
Carlo [125].

8.2.2

Stochastic Galerkin with Generalized Polynomial Chaos

The method of generalized polynomial chaos (gPC), a relatively recent development
[91], seeks to create a finite dimensional representation, Γ, of the infinite dimensional
random space with orthogonal polynomials of random variables. For the 1-D case,
the orthogonal polynomial space with respect to the measure ρ (y) dy is defined as
n
o
W d = v : Γ → R : v ∈ span {φM (y)}dm=0
where {φm (y)} is the set of orthogonal polynomials of degree d or less satisfying
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Z

φm (y) φn (y) ρ (y) dy = c2m δmn .

Γ

Here δmn is the Kronecker delta function and c2m is a normalization factor. For certain
well known distributions ρ (y) the resulting polynomials are well known.
Distribution Basis Polynomials
Gaussian
Gamma
Beta
Uniform

Support
(−∞, ∞)
[0, ∞)
[a, b]
[a, b]

Hermite
Laguerre
Jacobi
Legendre

Generally, more than one dimension in the random space must be considered.
For the N dimensional random space with random variable y = (y1 , . . . , yN ), the
orthogonal polynomials with degree m ≤ P are defined as
Φm (y) = φm1 (y1 ) φm2 (y2 ) · · · φmN (yN ) m1 + · · · + mN ≤ P
with mi being the degree of the the ith univariate polynomial φi (yi ) in the yi direction.
If WNP is the space spanned by these N -variate polynomials, the dimension grows with
the degree approximation like

P

dim WN =

N +P
N

!
=M

The solution u can be projected onto this finite dimensional space through
uPN

(x, y) =

M
X

ûm (x) Φm (y)

(8.29)

m=1

where
Z
ûm (x) =

u (x, y) Φm (y) ρ (y) dy.

A common approach to obtain a solution through the generalized polynomial
chaos (gPC) method is via a stochastic Galerkin method. By separating the operator
A (y, u (y)) from equation (7.3) into its parts in the domain, L (y, u (y)), and on the
boundary B (y, u (y)), the coefficients in equation (8.29) are solved for by satisfying
the weak form
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Z
L (y, u (y)) w (y) ρ (y) dy in D
Z
B (y, u (y)) w (y) ρ (y) dy in ∂D
for all w (y) ∈ WNP . The resulting system of equations is deterministic, though often
coupled, and can thus be solved using a standard solver.

8.2.3

Stochastic Collocation

Stochastic collocation (SC) methods, also known as probabilistic collocation methods
(PCM), require that the error on a set of nodes, the collocation points, be zero. That
is, a set of collocation points of the parameter values is chosen for which the deterministic solution to the governing equations (7.3) with this values is found. Thus,
the method is non-intrusive in nature due to the fact that if a code is working for the
deterministic set of equations, it can simply be run multiple times to evaluate the solution at the collocation points. This is in contrast with the stochastic Galerkin method,
where the resulting system of equations is no longer the same as the deterministic
system. It should be noted that the general sampling methods described earlier are
also collocation methods; however, the term stochastic collocation is usually reserved
for methods which result in mean-square convergence to the true solution. Usually
this is done by choosing the nodal points in a deliberate way using polynomial approximation theory to increase interpolation accuracy. To date there are two primary
approaches to high-order SC: the interpolation approach and the discrete projection
approach. In this section, only the interpolation approach is discussed and the interested reader is refered to [192, 194] for more details regarding the discrete projection
approach.
Under the interpolation approach, the problem of solving the stochastic forward
problem is posed as follows: given the nodal set {yj }Q
j=1 and the solution of the
deterministic problem at each of these nodes {uj = u (x, yj )}Q
j=1 , find a polynomial
w (Y ) in a proper polynomial space P (Y ) such that w (yj ) = uj for all j = 1, . . . , Q.
Such a goal can, conceptually, be easily obtained. For instance, one could use the
Lagrangian interpolation approach.
Under this Lagrangian approach, for Q sample nodes, the solution uQ (x, y) of
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(7.3) is written as
uQ (x, y) =

Q
X

ûk (x) Lk (y)

k=1

where Lk (y) are the Lagrangian polynomials satisfying

Lk y j = δkj 1 ≤ k, j ≤ Q,
thus,

ûj (x) = u x, y j .
Conceptually, this approach is straight forward. However, in high dimensions with
many nodes the evaluation of the Lagrangian polynomials becomes nontrivial.
While this general approach guarantees the error to be zero at the nodes, the
error between the nodes may be quite large. As one is often interested in quantities
related to the integration of the function uQ , i.e. the mean or variance, it is advantageous to choose the nodes such that the integration of uQ can be done as accurately
as possible.
In one dimension, such combinations of nodes are understood to be the zeros of sets of orthogonal polynomials {Tk (Y )}, such as the Chebyshev or Legendre
polynomials. The extension to multivariate cases is, at first glance, straight forward.

Given the set Y1m = yjm of m optimal nodes for the univariate case, take the tensor
product of these nodes for the d-dimensional setting:
YM = Y1m1 × · · · × Y1md ,

(8.30)

where M = m1 × · · · × md is the total number of nodes.
While a simple approach, providing simple extensions of univariate error estimates, the total number of nodes grows exponentially with the dimension. As a
forward solve is required at each nodal point, this can become a severe numerical
challenge.
An alternative choice would be to use sparse grids, the construction of which
was first presented by Smolyak in 1963 [162]. For brevity, a detailed presentation is
not considered here. For the purposes of this work, it is sufficient to say that the
nodal set of such sparse grids is a subset of the grid generated by the tensor product,
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namely
YM =

[


Y1i1 × · · · × Y1id ,

(8.31)

N −d+1≤|i|≤N

where N ≥ d is an integer and denotes the level of construction. For many reasons, i.e.
adaptivity or simply the generation of the reduced tensor product, it is convenient for
the one-dimensional nodal sets to be nested, i.e. Y1i ⊂ Y1j , i < j. As it is uncommon
for the zeros of orthogonal polynomial sets to be nested, a popular choice, which
is nested, is the Clenshaw-Curtis nodes, defined as the extrema of the Chebyshev
polynomials:
π (j − 1)
yij = − cos k
(8.32)
j = 1, . . . , mki .
mi − 1
The additional index k is used to indicated the point sets instead of the number
of points m − i. The point sets are chosen to double with increasing k > 1, i.e.
mki = 2k−1 + 1, and thus satisfy the nesting property. This index k is often refered to
as the level of the the grid. An example of a two-dimensional tensor product grid and
the corresponding sparse grid is shownnin Figure 8.2. With this choice of nodes, it ois
possible to show for functions in Fdl = f : [−1, 1]d → R|∂ |i| f continuous, ij ≤ l, ∀j ,
see [24], that the error in the interpolation operator QM based on these nodes is
bounded as follows:
kI − QM k∞ ≤ Cd,l M −l (log M )(l+2)(d−1)+1 ,

(8.33)

where M is the total number of nodes.

The discussion presented here is not meant to be an exhaustive review of all
methods for solving stochastic differential equations. Its purpose is to illustrate that
solving such systems of equations is a non-trivial matter. In the following chapters,
methods of stochastic collocation are used for their ease of implementation. For the
examples where the parameter space is one or two dimensional, tensor grids are used.
However, as the equations are fairly complex and require a few hours to perform a
forward solve, a sparse grid is used for the higher dimensional problems.
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Figure 8.2: Two-Dimensional Example Sparse Grid: An example tensor product
grid is shown (left) based on the nodes from the Chebyshev polynomials along with
the corresponding sparse grid for k = 6 (right). The number of nodes has been
reduced from 4225 to 321.
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Chapter 9
Application of Bayesian Methods
of Statistical Calibration and
Validation to Tumor Growth
Models
In the previous chapters, many varying topics have been discussed ranging from the
hallmarks of cancer, to using the theory of mixtures for modeling tumor growth, to
a framework for assessing the validity of a model with uncertain coefficients. This
chapter brings all these topics together to explore, in a proof of concept, the use of the
validation techniques discussed in Chapter 7 on various models of tumor growth based
on the continuum theory of mixtures discussed in Chapters 2-6. These examples are
done utilizing synthetic data, that is data generated from a model with one particular
set of assumptions and is used to assess the validity of a model derived with a different
set of assumptions.
Following this brief introduction, a class of tumor growth models composed of
four models, each derived on diffuse-interface assumptions in the continuum theory of
mixtures is presented. The models in this class are utilized in the following examples
as either the “truth” model generating the data, or as the model being assessed.
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9.1

A Class of Tumor Growth Models

Appealing to the continuum theory of mixtures discussed at length in Chapters 2
and 3, the following class M of four tumor growth models, M = {A1 , A2 , A3 , A4 }
differing in the choice for the mobility, the mass exchange term, method of integrating
oxygen c into the mixture, and time dependent parameters is considered. Specific
assumptions are discussed briefly below. These models are defined by the following
initial-boundary value problems for concentrations u and c :
A1 : Simple Proliferation Model
ut
µ
∇u · n
u (0, x)
f 0 (u)

= ∇ · (M ∇µ) + P u
= f 0 (u) − 2 ∆u
= ∇µ · n = 0
= u0
= γ (4u3 − 6u2 + 2u)

in (0, T ) × Ω,
in (0, T ) × Ω,
on (0, T ) × ∂Ω,
in {0} × Ω

(9.1)

A2 : Proliferation/Apoptosis Model with Degenerate Mobility and
Oxygen Dependence
ut
µ
0
∇u · n
u (0, x)
f 0 (u)

= ∇ · (M u2 ∇µ) + P cu − Au
= f 0 (u) − 2 ∆u − χc
= ∇ · (D∇c) − cu
= ∇µ · n = 0 c = 1
= u0
= γ (4u3 − 6u2 + 2u)

in (0, T ) × Ω,
in (0, T ) × Ω,
in (0, T ) × Ω,
on (0, T ) × ∂Ω,
in {0} × Ω

(9.2)

A3 : Proliferation/Apoptosis Model with Degenerate Mobility, Oxygen Dependence and Time Dependent Parameters
ut
µ
0
∇u · n
u (0, x)
f 0 (u)

= ∇ · (M u2 ∇µ) + P cu − Au
= f 0 (u) − 2 ∆u − χ (t) c
= ∇ · (D (t) ∇c) − cu
= ∇µ · n = 0 c = 1
= u0
= γ (4u3 − 6u2 + 2u)
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in (0, T ) × Ω,
in (0, T ) × Ω,
in (0, T ) × Ω,
on (0, T ) × ∂Ω,
in {0} × Ω

(9.3)

A4 : Four Species Proliferation Model Including Nutrient Rich Extracellular Water
ut
µ1
0
µ2
∇u · n
u (0, x)
f 0 (u)
χ (u, c)

= ∇ · (M ∇µ1 ) + δP (u) (µ2 − µ1 )
= f 0 (u) − 2 ∆u + χ,u (u, c)
= ∇ · (δD∇µ2 ) − δP (u) (µ2 − µ1 )
= 1δ c + χ,c (u, c)
= ∇µ1 · n = ∇µ2 · n = 0 c = 1
= u0
= γ (4u3 − 6u2 + 2u)
= −χ
( 0 uc

P (u) =

in (0, T ) × Ω,
in (0, T ) × Ω,
in (0, T ) × Ω,
in (0, T ) × Ω
on (0, T ) × ∂Ω,
in {0} × Ω

(9.4)

P0 u u ≥ 0
0
u<0

In deriving model A1 , it is assumed that there are only two species, u and n.
Convective velocity is ignored, the term χ (u, c) in the free energy is assumed zero
and γu is taken as a simple, linear proliferation wherever there is species u.
There is also assumed to be only two species, u and n, in model A2 , but
the effects of oxygen, c, are now considered. Specifically, χ (u, c) = −χuc and the
oxygen concentration is modeled via a separate reaction diffusion-reaction equation.
Additionally, the mass exchange term γu also includes effects of oxygen, that is the
tumor will only proliferate significantly if there is enough oxygen present.
Model A3 is built using all the same assumptions as in model A2 , except that
the parameters for chemotaxis, χ, and the nutrient diffusion, D, are assumed to be
time dependent. This change is reflective of a tumors capability to change its behavior
over time due to genetic mutations.
Finally, model A4 is the four species model discussed at length in Chapter 6.
Briefly summarizing, this model differs from the other three in that the oxygen is
included within the mixture. The four species are tumor cells, u, healthy cells n,
nutrient-rich extracellular water c, and nutrient-poor extracellular water, w. Additional saturation constraints are placed on this model, in particular, 1) u + n = C
and 2) c + w = 1 − C. Again, equations can be renormalized such that u + n = 1 and
then c + w = 1, and still only u and c need be considered as unknowns to determine
the entire system. The term χ (u, c) is taken as the polynomial given in (9.4). The
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mass exchange terms are also chosen such that the equations are guaranteed to be
thermodynamically consistent.
Remark 9.1.1. Before one begins pursuing the validation of a model, a conceptualization phase should be considered. That is, before putting a model through this
rigorous process of Bayesian calibration and validation for purposes of uncertainty
quantification, one must define what the ultimate quantity of interest is and consider
the available models carefully to possibly eliminate models from consideration if it can
a priori be determined that they will be insufficient. As an extreme example, if one is
interested in specifics of a spatially varying three-dimensional quantity, it is extremely
unlikely that a one-dimensional ordinary differential equation will be adequate. In
this chapter, the interest is in the shape of the tumor. In closely examining model
A1 , one can determine that it will only be able to produce circular tumors, thus it
could be eliminated before going through this framework. However, it is included for
illustration purposes.

9.2

Synthetic Data

In this chapter, three examples of the processes of statistical model calibration and
validation are described for the scenarios portrayed in the sequences of (virtual) MRI
images given in Figures 9.1 and 9.7 generated through models A2 and A3 respectively.
In both figures, a two-phase characterization of the growth of a well-defined solid
tumor mass is captured by (for instance) MRI imaging, that evolves from an initial
shape at t = 0, which is taken, for simplicity, to be elliptical (see Figure 9.1). The
synthetic images are thought to be decomposed into “pixels,” analogous to an MRI
image, as illustrated in Figure 9.2. Thus, while all simulations are done on adaptive
grids, each solution is projected onto a uniform grid to be used for comparison against
the data. Snapshot images are taken at t = t1 = 3 and later at t = t2 = 6, that
represent the calibration and validation scenarios. The physical “reality” of the tumor
at t = t3 = 9 for both scenarios is shown in the bottom right image in Figures 9.1 and
9.7. The goal is to predict the tumor volume at this time, based on the calibration data
taken at t = t1 . For illustration purposes, the processes of calibration and validation
are carried out three times, once for model A1 using virtual data generated from
model A2 , once for model A2 based on data from model A3 , and once for model A4
based on data from model A3 . Thus, the following types of questions are addressed:
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Figure 9.1: First Scenario for Validation Test: Sequential two-dimensional images of the progressive growth of a tumor at time t = 0, 3, 6, 9, originating from
an elliptical shape, (x/2)2 + (y/1.85)2 = 1 at t = 0, with a quarter of the domain
Ω = (−12.8, 12.8)2 shown and two-plane symmetry assumed. Images generated using
A2 with parameters given in Table 9.1. These (virtual) images are to be used for
calibration (t = 3) and validation (t = 6) for A1 .
based on the data observed in Figure 9.1 at times t = 3 and t = 6, is model A1
invalid for predicting a particular quantity of interest such as Q (u) =(tumor volume
at t = 9)?
Remark 9.2.1. The scenarios described here represent a set of virtual experiments
and images designed only to demonstrate the validation process. The observed structures shown are generated using models A2 and A3 for a deterministic calculation
using the parameter values given in Table 9.1a and in Equation (9.12), and geometric
symmetry is assumed to further simplify the presentation. But the process itself is
general and is applicable to much more complex situations. For instance, the actual
sequence of MRI images of the evolution of a tumor seeded in a laboratory mouse
model, as shown in Figure 9.3, could conceivably be used as a basis for similar calibration and validation processes.
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Figure 9.2: Illustration of Synthetic Data: The synthetic images of the tissue
under consideration are thought to be broken down into a union of square pixels, as
illustrated here. In the computations, the images were broken down into 70x70 pixels.
The values used for data were the L2 norm of the solution per pixel along with the
centroid of the pixels on which the solution was equal to 0.5, i.e. the pixels on which
the interface is located.

Parameter
M
P
χ
D

Value
200
0.1
10
1

Parameter
A

γ

Value
0
0.005
0.045

Table 9.1: Simulation Parameter values: Values of parameters used for the simulation generating the virtual data.
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(a)

(b)

(c)

(d)

Figure 9.3: Example Data: (a) Spatial series of MRI images of a tumor implanted on
a mouse’s back. (b) Two-dimensional cross-slice containing the largest area of tumor.
(c) Segmentation of (b) into tumor and non-tumor regions. (d) Mesh generated by
images in (a).

9.3

Assessment of A1 against data from A2

To begin the process of model calibration and validation, one must begin by defining
the model parameters of interest for calibration, the form of the prior, the data
which will be used for the calibration, and the form of the likelihood function (which
will depend on the data). For model A1 , the proliferation parameter is chosen as
the key model parameter to calibrate, (m = P ) recall (9.1). It is assumed that
prior knowledge of this quantity suggests that it belongs to the bounded interval
0 ≤ P ≤ 0.3. The values of M ,  and γ will be taken from Table 9.1. Due to
“prior knowledge”, the prior probability density function is chosen to be the uniform
distribution
ρM (P ) = U (0, 0.3) .
(9.5)
The nonlinear system of partial differential equations characterizing each model
are solved numerically using mixed finite element methods. Details on the discretized
models and their solutions are given in Chapter 6. The finite element mesh provides
an analogue of a pixel array typical of an MRI image, but generally somewhat coarser.
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Thus, for data, it is assumed that an entire MRI “image” is available at t = 3 and
t = 6 (for calibration and validation respectively). So for both the calibration and
validation steps, observational data are given by the array of pixels recovered from
the image with each pixel output defined by the L2 norm of the observed solution
per pixel/element. Additionally, the shape of the interface is of interest, so also
selected as data is the position of the elements on which the interface lies. The
conditional probability denoted by θnoise (e|m) is used as the likelihood rather than
the equivalent θ (d|m) (recall (7.7)), and, thus, it is necessary to define the relation
e = Md (G (P ) , d), i.e. one needs to specify the method of comparing model output
against observed data. Due to the nature of the data, the comparison between the
data and simulation will not be a linear operation, and thus simple subtraction will
not be an appropriate operation for Md . Rather, Md can be regarded as a metric
returning a two-dimensional vector. Assuming for simplicity that the distribution of e
is independent of P , yields θnoise (e) = θnoise (Md (G (P ) , d)). Since Md (G (P ) , d) >
0 for all d, it is anticipated that the pdf θnoise (e) will have the shape of a bivariate,
uncorrelated, half-normal distribution, i.e.
θnoise (e) =



θ1 θ2
2 2
2 2
exp
−M
θ
/π
exp
−M
θ
/π
,
d,1
1
d,2
2
π2

(9.6)

where θ1 and θ2 are the parameters of the half normal distributions related to the

standard deviation of the distribution and Md,i = Md,i G (P ) , dobs denotes the ith
component of Md . Before defining θ1 and θ2 , the evaluation of Md is first considered.
Evaluating Md : As briefly mentioned earlier, the nature of the data implies the
subtraction operation for comparison between model output and data is inadequate.
In particular, one element of the data being considered is the set of pixels on which
the interface lies. Comparison between sets of pixels, in general, cannot be done
with simple subtraction. Without loss of generality, let the L2 norm of the solution
per element be the first component of the data and the location of the interface the
second. The first component of Md (G (P ) , d) is evaluated as follows:

Md,1 =

X Z
k

Z

2

u (x, 3) dx −

k

k
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2 !1/2
udata (x) dx
.
2

(9.7)

Here the symbol k indicates the subdomains corresponding to the pixels in the data
images. For the evaluation of the second component, the set of interface elements
I (u) is defined as follows:
I (u) = {k : ∃ x ∈ k where u (x) = 0.5} .

(9.8)

Further, let C (k) denote the centroid of a pixel k. Then, the difference in the second
component is evaluated like a Hausdorff measure,
Md,2

1
=
2




max

min

k̂∈I(udata )

k∈I(u(x,3))

+

 
d C (k) , C k̂

max

min

k̂∈I(u(x,3))

k∈I(udata )



!
  
d C (k) , C k̂
,

(9.9)



where d (·, ·) is the traditional Euclidean distance.
To determine θ1 and θ2 , note that these parameters are related to the standard
deviation, σi , of the corresponding full normal distribution N (0, σi ), i.e.
p
π/2
θi =
.
σi

(9.10)

The parameters θ1 and θ2 are chosen to correspond to a σ equivalent to 10% relative
error. For the first data misfit value corresponding to the L2 pixel data, the error is
defined to be relative to the maximum possible error, i.e. if the simulation solution
is equal to the unit constant function and the data is zero everywhere. For the case
p
considered here, this value is 2.304. From this, it is determined θ1 = π/2/.2304 =
5.439. For the interface data, the error is taken relative to the distance equivalent
to a four element distance, i.e. for a 71x71 mesh, 4 × h = 0.7211. Thus, θ2 =
p
π/2/0.7211 = 1.738.
Given the data from the image in Figure 9.1b and having defined the form of
the likelihood, the next step is to perform the data misfit check. A uniform sample
from the prior distribution for P and calculate u (x, 3) using discretization techniques
as described in Chapter 6. The marginal of the likelihood function for each data
variable is calculated and the cumulative distribution, T (e) is determined so as to

down
define T eobs (P ) = dobs − G (P ) for each P sampled. The tolerances γcdf
is taken
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Figure 9.4: Calibration Data Misfit Check for Example 1: Plots of the calibration likelihood function marginal corresponding to the L2 pixel data (left) and
interface data (right) CDF. Circles marks eobs for all m tested. Line corresponding
up
to γcdf
= 0.7 is shown.
up
to be 0 (due to the half-normal distribution) and γcdf
as 0.7. The plots of the marginal
cdfs with the cutoff level indicated in red are seen in Figure 9.4. Since the likelihood
function is assumed to be independent of P , one need only to check that the minimum


up
L2
inter
value of Tnoise
eobs and Tnoise
eobs over all P is below the cutoff γcdf
= 0.7. It is


2
inter
L
eobs = 0.683. As these both meet
eobs = 0.402 and min Tnoise
found that min Tnoise
the requirements, we continue with the calibration.
Introducing (9.5) and (9.6) into (7.4) the following calibrated posterior pdf, to
within a constant, is obtained




5.439 × 1.738
2
2
2
2
exp
−D
(5.439)
/π
exp
−D
(1.738)
/π
(9.11)
σM P |dobs
=
k
1
2
c
π2
where D1 and D2 are defined in equations (9.7) and (9.9) and evaluated with dobs
c .
Note that the constant from the prior uniform distribution is included in the normalization constant k.
Figure 9.5 shows a visualization of the posterior pdf. For the particular set
of points tested, the most likely a posteriori estimator (MAP) is at the point P =
0.03375. The t = 3 snapshot of this simulation is also shown in Figure 9.5. Examining
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this image, it is observed that the model A1 is unable to capture the initiating bump
in the calibration data.
Generation of Posterior PDF: While many different methods of sampling are
discussed in the previous chapter, due to computational complexity, none of these
techniques would be very efficient for generating an approximation to the posterior

pdf σM P |dobs
. As each sample would require a forward solve and each forward
c
solve to t = 3 took about 12 hours on four processors, it was not feasible to draw the
thousands of samples required for the convergence of Monte Carlo methods. Instead,
the domain of σM , i.e. P = [0, 0.3], is broken up into 80 uniform intervals. σM
is then evaluated for each of the nodes of these intervals, by performing a forward
solve of the model with that value of P , obtaining G (P ) and then evaluating Md .
The continuous approximation was then generated by linearly interpolating between
the evaluated points. This technique is clearly extremely cumbersome if one must
deal with a high dimensional parameter spaces, and in fact suffers from the classical
problem of dimensionality in that the number of points required grows exponentially
with the dimension of the parameter space. However, for the first two examples the
dimension is low, and thus makes this technique viable.
Method of Solving Stochastic Forward Problem: Because the model is deterministic for the given value of P , and because the deterministic forward model has
been solved for many values of P to obtain an approximation to the posterior PDF,
the chosen technique for solving the stochastic forward problem is a simple stochastic
collocation method. That is, the solution u is assumed to be written as
uQ (x, t, P ) =

Q
X

ûi (x, t) Li (P )

i

where û (x, t) = u (x, t, Pi ) and the functions Li (P ) are the so called “hat” functions,
or the piecewise linear functions which are interpolatory over the nodes.
The chosen validation scenario encompasses the image of the tumor at time
t = 6. The set up for the validation Bayesian update is the same as for the calibration
update, i.e. we determine the prior, the data to be used, and the likelihood. The
prior used is the same as that used in the calibration stage. Further, since the use of
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Figure 9.5: Example 1 Calibration PDF and MAP Output: Left:Calibrated
posterior pdf σM P |dobs . Right: Result of simulation using A1 with the most likely
estimator for P = 0.03375 at t = 3 with the data values as mapped through Gc (P ).
the same types of data from the tumor image at t = 6 as at t = 3 is considered, θnoise
and u (x, 6)
takes the same form as (9.6) but with D1 and D2 calculated using dobs
v
instead of u (x, 3). To perform the data misfit check, a uniform sample of P must
again be taken, G (P ) is calculated for each value, and the CDFs of the marginals are

up
down
L2
considered with γcdf
= 0 and γcdf
= 0.7. For this set of data, min Tnoise
eobs = 0.726

inter
and min Tnoise
eobs = 0.998. Thus, with respect to the given tolerances, the model
fails with respect to both distances and must be rejected. This data misfit check is
visualized in Figure 9.6.

9.4

Assessment of A2 against data from A3

As a second example, model A2 is calibrated with respect to the parameters χ and
D. The data used for this case will be analogous to that of the previous example,
i.e. the L2 norm per element and the location of the interface, but the data are now
generated with A3 , shown in Figure 9.7, using the following time dependent values of
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Figure 9.6: Validation Data Misfit Check for Example 1: Plots of the marginals
of the likelihood function under the validation scenario. Circle marks eobs for all m
up
tested. Line corresponding to γcdf
= 0.7 is shown.
χ and D:


7.27





10.91





8.30



 9.33
χ=
 11.11





12.08




 7.76



 12.52



1.18 t ∈ [0, 1.705)





1.98 t ∈ [1.705, 3.038)





1.87 t ∈ [3.038, 4.965)



 1.43 t ∈ [4.965, 6.96)
D=
.
 1.36 t ∈ [6.96, 7.1)





1.45 t ∈ [7.1, 7.648)




 1.05 t ∈ [7.6848, 8.246)



 1.58 t ∈ [8.246, 9]
(9.12)
The idea that data comes from a scenario in which parameters change over time is
analogous to thinking of data coming from a tumor which is continually evolving
and is thus phenotypically changing over time. The parameters which are not time
dependent in model A3 are taken from Table 9.1.
Once again, it is necessary to define what the form of the prior probability density function is for the parameters of interest, χ and D, and what form the likelihood,
θnoise (e|χ, D), takes. For these steps, a process is followed which is similar to that
t ∈ [0, 1.705)
t ∈ [1.705, 3.038)
t ∈ [3.038, 4.965)
t ∈ [4.965, 6.96)
t ∈ [6.96, 7.1)
t ∈ [7.1, 7.648)
t ∈ [7.6848, 8.246)
t ∈ [8.246, 9]
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Figure 9.7: Second Scenario for Validation Test: A sequence of two-dimensional
images of the progressive growth of a tumor at time t = 0, 3, 6, 9, originating from an
elliptical shape, (x/2)2 + (y/1.85)2 = 1 at t = 0, with a quarter of the domain Ω =
(−12.8, 12.8)2 shown and two-plane symmetry assumed. Images generated with model
A3 with parameters in (9.12). These (virtual) images are to be used for calibration
(image at t = 3) and validation (image at t = 6) for A2 .
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Figure 9.8: Calibration Data Misfit Check for Example 2: Plots of the
marginals of the likelihood function with calibration data from A3 for A2 (9.6). Circle
marks values of eobs for all tested values of (χ, D). The cutoff level is marked with a
red line.
of the previous example. Due to our prior knowledge, a uniform prior probability
density function is again considered:
ρ (χ, D) = U (0, 24) × U (0.2, 2)

(9.13)

with U once again indicating a uniform distribution. Since the data is of the same
type as that used earlier, the same likelihood function (9.6) is used with D1 and D2
evaluated as in equations (9.7) and (9.9), but with data from the image in Figure
9.7b.
The model is first subjected to the data misfit check against the calibration
data. Again taking a uniform sample of the prior distribution for χ and D, and com
l2
puting G (χ, D), it is seen that the model passes this check with min Tnoise
eobs =

inter
0.001 and min Tnoise
eobs = 0.0 against the tolerances given in the previous section.
The marginal CDFs and evaluated points are shown in Figure 9.8. Thus, there certainly exists (χ, D) such that our data misfit check criterion is satisfied, and one can
continue with the calibration process.
Since a uniform prior and the likelihood function has been assumed as in (9.6),
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Figure 9.9: Example 2 Calibration
PDF and MAP Output: Left: Calibrated

posterior pdf σM χ, D|dobs
.
Right:
Result
of simulation using A2 with the most
c
likely estimator of (χ, D) = (8.0, 0.95) at t = 3.
the posterior pdf is given by



5.439 × 1.738
exp −D12 (5.439)2 /π exp −D22 (1.738)2 /π ,
σM χ, D|dobs
=k
c
2
π
(9.14)
the shape of which is shown in Figure 9.9. Of the points tested, the most likely
estimator is at the point (χ, D) = (9.0, 1.95), the snapshot at t = 3 of this simulation
is also shown in Figure 9.9.
Due to computational complexity, as in the previous example, MCMC methods
are not a good choice for generating the surface of the posterior. Instead this surface is
generated with a simple stochastic collocation method by evaluating equation (9.14)
at many specific values of χ and D, using the discretization methods as described
in Chapter 6, calculating what σM (χ, D) is given the solution u, and then linearly
interpolating between the points.
One may now continue on to the validation stage, which is defined to be the
stage of the tumor at t = 6 (shown in Figure 9.7c). Proceeding as before, the data

L2
misfit check is performed and it is found that the model passes with min Tnoise
eobs =

inter
0.003 and min Tnoise
eobs = 0.083. These plots are shown in Figure 9.10.
To create the validation posterior pdf, the same likelihood function is consid156
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Figure 9.10: Validation Data Misfit Check for Example 2: Plots of the
marginals of the likelihood function with validation data from A3 for A2 (9.6). Circle
marks values of eobs for all tested values of (χ, D). The cutoff level is marked with a
red line.
ered and thus the posterior has the same analytic form, but is evaluated with the
validation data. This pdf is shown in Figure 9.11. From the points tested, the point
(χ, D) = (9, 1.95) is again seen to be the most likely a posterior estimator. The
snapshot at t = 6 of this simulation is also shown in Figure 9.11. It is observed that
while there are slight differences, there is, in fact, high agreement with the data.
Finally, to check the validity of model A2 , the prediction, the quantity of
interest Q (u) at t = 9, chosen to be the tumor volume as calculated through via
R
u (x, 9) dx, must now be calculated. Since the model is deterministic, the problem
Ω
of finding the pdf for the QoI can be viewed as a change of variables in both σM and
σV from (χ, D) to q = (tumor volume at t = 9), i.e. q = Q (χ, D), (see [89] pg. 25)
i.e.

p (q) = k σM Q−1 (q) |dobs
.
(9.15)
c
To determine q, each pair of values of (χ, D) for which σM and σV were originally
calculated are used to extend the calculation to compute the QoI, Q (χ, D), and

associate the value σM χ, D|dobs
(or σV ) with p (q) = Q (χ, D), and renormalize.
c
Both of these QoI cdfs (P (qc ) and P (qv )) in Figure 9.12. Both σM and σV had the
same MLE; the prediction of the simulation using these values is also shown in Figure
157

Figure 9.11: Example 2 Validation
PDF and MAP Output: Left: Validation

posterior pdf σV χ, D|dobs
.
Right:
Result
of simulation using A2 with the most
v
likely estimator of (χ, D) = (8.0, 0.95) at t = 6.
9.12. The targeted outputs delivered by this model appear to be in good agreement
with the data.
What remains is the central question: “Is A2 a valid (a non-invalid) model for
this QoI?” The tolerance used is γtol = 10% × Q (8.0, 0.95) = 10% × 3.71 = 0.371.
Using (7.12), it is found that

M qpC , qpV = 0.3392 ≤ γtol

(9.16)

meaning that the model has not been found to be invalid.
While the model has now been declared not invalid, one still must determine
how to answer the question “What will the volume of the tumor be at t = 9?” There
are, in fact, various ways to answer this. One answer may be given in terms of the
volume associated with the most likely estimator ± the standard deviation, in this
case, 4.06 ± 0.2203. Another answer may be stated with regard to the mean of the QoI
pdf ± the standard deviation, namely, 3.7443 ± 0.2203. (Note that the calibrated
pdf must be used, since the one used for the validation of the calibration pdf has
not yet been validated itself.) Alternatively, a confidence interval can be provided,
say the 90% confidence interval associated with our QoI pdf. For the present case,
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Figure 9.12: Prediction Cumulative Distributions for Example 2: Left: Cumulative distribution functions for the tumor volume at t = 9 as determined with both
the calibration (solid line) and the validation (dashed line) posterior pdfs. Right:
Prediction using the MLE.
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this corresponds approximately to the interval [3.43, 4.1]. However answered, the
proposed framework offers an avenue to answer the question with a quantified level of
uncertainty (confidence) associated with it. The issue of making decisions based on
these types of answers is addressed by the field of decision theory, a subject outside
the scope of this study.

9.5

Assessment of A4 against data from A2

As a final example for this chapter, data is once again generated using model A2 with
the same model parameters, but with a slightly more ellipsoidal initial condition. The
calibration and validation images are shown in Figure 9.13. The model parameters
chosen for calibration are m = (M, D, P, χ0 ), and the prior is once again chosen to
be a uniform distribution,
ρM (M, D, P χ0 ) = U (50, 300) × U (0.2, 2) × U (0, 1) × U (1, 0.135)

(9.17)

The type of data, and thus the likelihood function, are chosen the same as in the
previous two examples. As the parameter space is now four dimensional, the evaluation of the forward problem on a tensor grid is quite a bit more difficult. Thus,
for this example, the method of stochastic collocation on a Clenshaw-Curtis grid,
as discussed in Chapter 8.2.3, is used, with the grid level k = 4. This requires the
forward problem to be solved 401 times and the integrals for calculating the mean
and standard deviation are calculated with the corresponding Chebyshev polynomial
weights. It is noted that while this sample size may not be enough to accurately
determine the various moments or the most likely estimator, it is enough to get an
idea of what is happening and to illustrate how this framework behaves for cases with
a large number of parameters.
Once again, the model is first subjected to the data misfit check against the
calibration data. The sample points chosen for (M, D, P, χ0 ) are those chosen from
the sparse grid; the value G (M, D, P, χ) is evaluated for each of the 401 values

l2
and, it is seen that the model passes this check with min Tnoise
eobs = 0.234 and

inter
min Tnoise
eobs = 0.200 against the tolerances given in the previous sections. The
marginal CDFs and evaluated points are shown in Figure 9.14. Thus, there exists
(M, D, P, χ) such that the data misfit check criterion is satisfied, and one can continue
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with the calibration process.
Due to the high dimension of the parameter space, the entire posterior pdf
cannot be easily visualized. Thus, this image is not shown. From the Chebyshev
quadrature rule, the approximate mean is found to be
E (M, D, P, χ) = (171.9, 1.064, 0.4676, 0.0648) .

(9.18)

Also, from the points tested, the most likely estimator can be determined to be
(M, D, P, χ) = (175, 0.2, 0.03806, 0.0675). The snapshot of this simulation at t = 3
is shown on the left in Figure 9.15. Within this snapshot, one can see hints of the
strong features seen within the data; however, it is likely that if the solution were
computed at more sample points, there would be a set of parameters which would
produce a closer fit to the data.
Continuing now to the validation stage, the data misfit check must once again
be performed. Proceeding as before with the same cutoffs, the model is found to pass


l2
inter
with min Tnoise
eobs = 0.593 and min Tnoise
eobs = 0.540. The marginal CDFs and
evaluated points are shown in Figure 9.16. Thus, there still exists (M, D, P, χ) such
that the data misfit check criterion is satisfied.
Again, the validation posterior pdf is not shown due to the difficulty of viewing
four dimensional objects. While the the approximate mean is now calculated as
E (M, D, P, χ) = (169.3, 1.052, 0.4658, 0.0654) ,

(9.19)

the most likely a posterior point remains (M, D, P, χ) = (175, 0.2, 0.03806, 0.0675).
The snapshot of this simulation at t = 6 is shown on the right in Figure 9.15.
Thus, all that remains is to answer the central question: “Is A4 a valid
(a non-invalid) model for this QoI?” The tolerance used is again γtol = 10% ×
Q (175, 0.2, 0.03806, 0.0675) = 10% × 3.78 = 0.378. Using (7.12), it is found that

M qpC , qpV = 9.4177 > γtol
meaning that the model has been found to be invalid and should not be used.
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(9.20)

Figure 9.13: Third Scenario for Validation Test: A sequence of two-dimensional
images of the progressive growth of a tumor at time t = 0, 3, 6, 9, originating from an
elliptical shape, (x/2.1)2 + (y/1.9)2 = 1 at t = 0, with a quarter of the domain Ω =
(−12.8, 12.8)2 shown and two-plane symmetry assumed. Images generated with model
A2 with parameters in (9.12). These (virtual) images are to be used for calibration
(image at t = 3) and validation (image at t = 6) for A4 .
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Figure 9.14: Calibration Data Misfit Check for Example 3: Plots of the
marginals of the likelihood function with validation data from A2 for A4 (9.6). Circle
marks values of eobs for all tested values of (χ, D). The cutoff level is marked with a
red line.

Figure 9.15: Example 3 MAP: The snapshot of the most likely a posterior estimator, (M, D, P, χ) = (175, 0.2, 0.03806, 0.0675), simulation at t = 3 (left) and t = 6
(right).
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Figure 9.16: Validation Data Misfit Check for Example 3: Plots of the
marginals of the likelihood function with validation data from A2 for A4 (9.6). Circle
marks values of eobs for all tested values of (χ, D). The cutoff level is marked with a
red line.

Calibration
Mean:
14.3104
Std. Dev.
12.0571

Validation
Mean:
Std. Dev.

10.7426
7.4834

Figure 9.17: Prediction Cumulative Distributions for Example 3: Left: Cumulative distribution functions for the tumor volume at t = 9 as determined with both
the calibration (solid line) and the validation (dashed line) posterior pdfs. Right:
Prediction using the MLE.
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Chapter 10
Bayesian Methods for Model
Selection for Tumor Growth
Predictions
Occam’s Razor, in its original form, is the principle, pluralities non est poneda sine
neccesitate (plurality should not be posited without necessity) put forth by the 14th
century Franciscan friar, William of Occam. It has since been advocated, reworded,
and reinvented by numerous scientific giants over the intervening years. Newton
stated, “We are to admit no more causes of natural things than such as are both true
and sufficient to explain their appearances.” Einstein’s famous quote, “Everything
should be as simple as possible, but not simpler,” is regarded as another form of the
Razor. Basically, the prevailing version of the principle is: use the simplest model
(or theory) to make predictions among models that are, in Newton’s terms, sufficient
to explain observed phenomena. The principle is thus based on very subjective concepts: what does “simplest” mean? How does one know that a model (or theory) is
“sufficient”? And what precisely is a “prediction” of a physical event? Certainly, by
itself, it is not a principle that can guide scientific discovery or predictions.
Today, computational scientists face a related but somewhat larger and more
challenging set of issues sharpened by the demand for measurable predictability:
Among a set of possible models of a physical event, which is the best? How does
one measure the sufficiency of a model (or a prediction)? How does one determine
that one model is better or even simpler than another?
Many questions such as these can be addressed within the framework of sub165

jective probability provided by the Bayesian approach of statistical inference. As
presented throughout this document, this framework has been employed in many
instances to develop approaches to statistical calibration and validation of models
and to the quantification of uncertainty in predictions enabled by computer simulations. [18,129] At a higher level, a Bayesian-like framework may also lead to methods
for comparing models and, therefore, may provide a means for model selection. The
subject of model classes and model selection has come to the attention of statisticians
in recent years (see, e.g. [154]) and a Bayesian framework for model selection has been
developed by Beck and co-workers [29,124] for model classes in structural mechanics.
A version of the Beck theory is reviewed and implemented in the present work.
As explored in Chapter 4, large families of models can be derived from the
general theory of diffuse-interface mixture theory. There is, unfortunately, a dearth
of basic data on model parameters and on validation scenarios critical to model validation. Similar to the previous chapter, the model selection process is explored using
virtual data generated for a family of models that describe mass exchange between
various species in a domain occupied by several constituents in a mass of living tissue.
Following this introduction, the extended Bayesian framework is introduced
that admits the inclusion of model classes. Here, following [29, 124], the idea of
prior and posterior plausibility is introduced, the latter providing a basis for model
comparisons. Section 10.2 is devoted to numerical examples describing details of the
model selection algorithm.

10.1

Bayesian Methods for Model Comparison

Within this section, the Bayesian framework as laid out in Chapter 7.3 is extended to a
higher-level Bayesian framework for model comparisons following the ideas in [29,124].
Let us suppose that there exists a class M of n different mathematical models put
forward to model a specific physical event and to predict the same quantity of interest
(QoI). These mathematical models are written in the following abstract form
Aj (mj , S, u (mj , S)) = 0

1 ≤ j ≤ n.

(10.1)

Here Aj is the collection of operators, constraints and conditions defining the model,
mj is the set of model parameters associated with model Aj , S the particular scenario
166

which, without loss of generality, is taken to be the same for all models, and u is the
particular solution to the model for given mj and S. All the initial information known
about the parameters is represented by the prior pdfs, ρAj (mj ). Returning to the
familiar Bayes’ theorem, if the observable data dobs is known with some known probabilistic error characterized via a conditional probability density function θAj (d|mj ),
the uncertainty in the model parameters can be updated as follows:
σAj mj |d

obs




ρAj (mj ) θAj dobs |mj
.
=
ρAj (dobs )

(10.2)

It should be noted, that the idea of calibration is to determine the model parameters
under which the model is best able to reproduce the observed data. Thus, it still
remains to determine which model was able to reproduce the observed data the most
efficiently, where efficiency implies accuracy with as few parameters as possible.
Conceptually, the prior ρAj (mj ) should not be viewed as completely independent of the theoretical model Aj , so they are augmented to recognize that the choice
of parameters must be conditioned on prior knowledge of the model to which they
make sense. Thus, ρAj (mj ) is replaced with ρAj (mj |Aj ). This notational change
leads to the restatement of Bayes’ theorem as
σ mj |dobs , Aj




ρ (mj |Aj ) θ dobs |mj , Aj
,
=
ρ (dobs |Aj )

(10.3)

where subscripts have been removed as the dependence on Aj is now seen in the
arguments of the pdfs. The quantity,
ρ d

obs



Z


θ dobs |mj , Aj ρ (mj |Aj ) dmj

|Aj =

(10.4)

Domain of mj

is called the evidence; it defines the probability of obtaining the observed data dobs
given the model Aj and its underlying hypotheses. The prior plausibility, denoted
θ (Aj |M ) is the subjective probability that model Aj is the most likely to be plau
sible among a class M . The collection of n numbers σ Aj |Dobs , M is the posterior
plausibility and is defined by

obs
ρ
d
|A
θ (Aj |M )
j
σ Aj |dobs , M =
.
obs
ρ (d |M )
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(10.5)

The posterior plausibilities are such that
n
X


σ Aj |dobs , M = 1.

(10.6)

j=1

This allows for a way to compare models for the given set of observational data and to
pick the one which is most likely. That is, model Ak is deemed “better” than model


Aj if σ Ak |dobs , M is closer to one than σ Aj |dobs , M . Despite one model being
better than another in this sense, all of the models in the class M may be invalid for
that particular data dobs . The superiority of one model over another clearly depends
upon the particular outputs (the QoI’s or observations) and the observational data
dobs .

10.2

Computational Examples

In this section, examples of how to determine the most plausible model for a given
set of data are explored. The chosen model class consists of a subset of the class
M described in Chapter 9.1, namely, M̂ = {A1 , A2 , A4 } where these have each been
defined in some detail in Chapter 9.1. Based on the framework laid out in the previous
chapter, different sets of synthetic data, also analogous to the synthetic data used in
Chapter 9, are used to show how results can be computed and interpreted. It should
be noted that m1 = P , m2 = (χ, D), and m4 = (M, P, χ, D).
Consider the three images in Figure 10.1 as different possible observed data of
tumor growth obtained from an MRI image whose coloring indicates the density of
the tumor, red being tumor saturated and blue being tumor deplete tissue. The first
of these virtual images is generated using A1 , and the second and third are generated
using model A3 , also defined in Chapter 9.1. Thus, the situation is investigated when
the “true” model is within the model class and when it is not.
Possible synthetic tomographic images of the tissue under consideration are
shown in the square domains depicted in Figure 10.1. This image, (analogous to
images from MRI machines, for example), is broken down into a rectangular network
of pixels (or unions of pixels), as earlier illustrated in Figure 9.2. For the purposes
of this chapter, the images are considered to be made up of 70x70 pixels. One set of
observation data at a given time instant is taken to be the L2 norm of the solution
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dobs
1 : Snapshot of t = 3.
Image generated with A1
with P = 0.03.

dobs
2 : Snapshot of t = 3.
Image generated with
A3 .

dobs
3 : Snapshot of t = 6.
Image generated with
A3 .

Figure 10.1: Synthetic MRI Images: Three sets of virtual observed data to be
used for computational examples of model selection. Color represents the density of
present tumor cells, red being tumor saturation and blue of being tumor deplete.
per pixel. Additionally, there is interest in the shape of the tumor, so as a second
set of observational data the centroid of the pixels on which the solution is equal to
0.5,s selected i.e the pixels on which the interface is located. For model selection, the
models must first be statistically calibrated. Thus it is necessary to also define the
prior probabilities of the model parameters of interest in each model as well as the
likelihood function associated with each model. For each example, the priors of the
model parameters are taken to be uniform distributions, given by
ρ (P |A1 ) = U (0, 0.3) ,

ρ (χ, D|A2 ) = U (3, 19.5) × U (0.3, 1.95) .

(10.7)

To appropriately choose the form of the likelihood, it is necessary to understand the
error e, or the noise, defined through a relation e = Md (G(mi ), d), where G is representative of the operator mapping model parameters in model predicted observables,
i.e. the error present in comparing model output against observed data. Note, due
to this relationship it is possible to utilize θnoise (e|m) rather than θ (d|m). Due to
the nature of the data in use, particularly the location of the interface pixels, the
comparison between data and simulation output is nonlinear, and thus simple subtraction will not be an appropriate operation. Rather, Md is thought of as a metric
returning a two-dimensional vector. An additional simplifying assumption is made
that the distribution of e is independent of the model parameters mi for i = 1, 2, thus
θnoise (e|m) = θnoise (e). Since Md will thus always be greater than 0, the likelihood
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will be a bivariate, uncorrelated, half-normal distribution for each of the models, i.e.




θ1 θ2
2 2
2 2
θ dobs |P, A1 = θ dobs |χ, D, A2 = θnoise (e) = 2 exp −Md,1
θ1 /π exp −Md,2
θ2 /π ,
π
(10.8)
2
where Md,1 indicates the difference between the model output and the L pixel data
and Md,2 the difference between the model output and the interface data, taken as a
Hausdorff type measure between the sets of interface elements.
While the prior θ (Aj |M ) should be chosen to reflect previous experience, for
simplicity equal probabilities of 0.25 for each model are chosen.

To actually evaluate values σ Ai |dobs , one must be able to evaluate θ(dobs |Ai )
as seen in equation (10.5). It can be recognized, however, that the evidence
ρ d

obs



|Aj =

Z
θ (d|mj , Aj ) ρ (mj |Aj ) dmj ,

(10.9)

is equivalent to the normalization constant from Bayes Theorem for the calibration
step of Aj . Finding this explicitly and exactly is nontrivial; however, it can be approximated by using the normalization constant to the calculated discretized posterior.
obs
Model Selection Using dobs
is used as the
1 . In this first example, the image d1
data and ask the question, “Given dobs
1 , is model A1 or A2 the better choice to model
the phenomena?” As indicated throughout this paper, the first step is to statistically
calibrate both models A1 and A2 with the given data. That, is one must determine
σ(mi |dobs
1 , A1 ) from (10.2) for i = 1, 2, 3, 4.
For this purpose, consider a uniform sample of the prior probability distribution
for the model parameters, and run both simulations for each sample until t = 3. At
this point, one can evaluate Md (G(mi ), d) and determine the value of σAi (mi |dobs
1 , Ai )
for the given set of model parameters. Linearly interpolating between these values,
one can obtain the images of the posterior pdf’s in Figure 10.2.
From these calibrated models, the evidence for each model is calculated as
shown in Table 10.1. We see that A1 has a higher evidence value, which in this case
results in a higher posterior plausibility as well. Thus, for this example, model A1
would be selected as the best model.
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Figure 10.2: Posterior pdf ’s after calibrating models A1 and A2 with the observational data dobs
1 .

A1
A2

Prior θ(Ai |d1 ) Evidence ρ(d1 |Ai ) Posterior Plausibility
0.5
2.5172
0.5324
0.5
2.110
0.4676

Table 10.1: Prior and Calculated Evidence: Values used for calculating posterior
plausibility for each model A1 and A2 when using dobs
1
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Figure 10.3: Posterior pdf ’s after calibrating models A1 and A2 with the observational data dobs
2 .
A1
A2

Prior θ(Ai |d2 ) Evidence ρ(d2 |Ai ) Posterior Plausibility
0.5
2.4121
0.5042
0.5
2.3714
0.4957

Table 10.2: Prior and Calculated Evidence: Values used for calculating posterior
plausibility for each model A1 and A2 when using dobs
2
Model Selection Using dobs
2 . This example goes through the exact same procedure
obs
as the previous example, but now substitute dobs
2 for d1 . The posterior pdf’s for each
model after calibration are shown in Figure 10.3 and evidence values are shown in
Table 10.2. In this case, the evidence is still higher for A1 . As the data came from
a model more closely resembling model A2 , this may be surprising. But the image
seen in dobs
2 is simple enough that A1 can approximate it relatively well, and uses one
less model parameter. So, for this data, model A1 would again be chosen as the best
model.
Model Selection Using dobs
3 . For the final example, the process is exactly the same
obs
but now utilizing data d3 . Posterior pdf’s are shown in Figure 10.4 and approximate
evidence values are given in Table 10.3. In this case, the data is complex enough that
model A1 is not able to reproduce the data with sufficient accuracy. Thus, despite
the fact that model A2 requires more parameters, A2 would be selected as the best
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Figure 10.4: Posterior pdf ’s after calibrating models A1 and A2 with the observational data dobs
3 .
A1
A2

Prior θ(Ai |d3 ) Evidence ρ(d3 |Ai ) Posterior Plausibility
0.5
0.9878
0.3803
0.5
1.6096
0.6198

Table 10.3: Prior and Calculated Evidence: Values used for calculating posterior
plausibility for each model A1 and A2 when using dobs
3
model.

10.3

Conclusions

In developing models to predict physical events, one cannot escape subjective decisions on such things as model parameters, the characterization of their uncertainties,
the metrics for comparing random outputs, or the tolerances that determine the invalidity, or lack there of, of particular models for predicting specific QoI’s. The Bayesian
approach, with its connection to subjective probability, provides a natural framework
for considering such issues.
Returning to Occam’s Razor, one can now assert that the “sufficiency” of a
model may well be judged by quantifying, in a statistical sense, the uncertainty in its
predictions of key QoI’s, again a subjective consideration. By selecting a tolerance for
173

evaluating the statistics of output quantities of interest, the sufficiency, and indeed,
the level of sufficiency can be judged against these tolerances.
Ignoring computational costs and complexity, one measure of “simplicity” of a
model could be the relative number of parameters and the level of uncertainty needed
to make predictions of QoI’s within a preset tolerance. For example, if a model with
a few parameters with small variances can predict a QoI within a given statistical
bound, then (modulo computing costs) adding more parameters may not only fail to
improve results but could substantially degrade them. To further reduce the number
of critical parameters, could also invalidate the model. It can then be argued that the
simplest model (among a class) is sufficient for certain predictions where no simpler
model would suffice.
Finally, the methodology for model comparison described in Section 10.1 does
provide a basis for determining, again subjectively, which model in a class of models
is the most plausible. As noted earlier, it does not determine if any models in that
class are “not invalid.”
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Chapter 11
Concluding Remarks
The first mathematical models of tumor growth were introduced around a century
ago and while the complexity of these types of models has increased dramatically over
the last two decades, existing models continue to provide only qualitative results and
are far removed from a predictive tool. With the advent of petascale computing and
the emergence of the ideas of predictive simulation, the expectation for computational
models to produce predictive quantitative results is gradually becoming a reality. In
this work, a mathematical and computational framework is presented which could
provide a general and powerful framework for modeling tumor growth. Specifically,
an attempt is made to lay out a framework in which models of tumor growth could
be built, calibrated, validated, and differentiated in their level of goodness in such a
manner that all the uncertainties associated with each step of the modeling process
could be accounted for in the final model prediction.
The discussion is divided into four basic parts. Initially, the development of
a general family of mathematical models of interacting species representing the various constituents of living tissue, including tumor cells is explored. Here the general
governing equations along with the constitutive equations are presented for a general continuum theory of diffuse-interface models of mixtures. This generalizes those
previously available in the literature. In this mixture theory, surface effects are introduced by incorporating in the Helmholtz free energy gradients of the volume fractions
of the interacting species, thus providing a generalization of the Cahn-Hilliard theory
of phase change in binary media and leading to coupled systems of nonlinear evolution
equations of fourth order in the spatial variations. A small subset of these governing
equations, depicting mass transfer among species, is selected as the primary class of
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models of tumor growth considered in this work. Within this theory, a particular
four-species model of tumor growth is derived which included the nutrient within the
mixture, a departure from traditional methods. It was then shown to be completely
thermodynamically consistent for the chosen constitutive equation for mass exchange.
The second component of this study focused on the emerging and fundamentally important issue of predictive modeling, the study of model calibration, validation, and quantification of uncertainty in predictions of target outputs of models,
the quantities of interest. The Bayesian framework suggested by Babuška, Nobile,
and Tempone in [18] provided the inspiration for the proposed calibration and validation processes within the framework of statistical inverse theory. Within their general
framework, specific methods of implementation of the theory are developed, in particular, the data misfit checks, which have been seen to be necessary for certain scenarios
in applying statistical inverse methods to mixture theories of tumor growth. In this
part of the study, several fundamental issues on computer modeling and simulation
are addressed, including the concepts and methods for model validation, the meaning
of uncertainty quantification, and methods for comparing the relative effectiveness of
models within a class of models regarded as relevant for simulating specific physical
events.
The numerical approximation of the diffuse-interface models of tumor growth
and on the numerical implementations of the statistical inverse methods at the core of
the validation process comprised the third part of this study. A class of mixed finite
element models were developed for the full class of mass-conservation models of tumor
growth. Inspired by the work of Eyre and others [77,188], a time-marching algorithm
is introduced to solve these equations in an energy-gradient stable manner, that is, so
long as the values of the tumor concentration remained physical, the time-marching
algorithm guaranteed that the energy would be non-increasing. A mathematical
analysis of a class of these schemes for a four-constituent model of interacting tissue
is given which includes proofs of well-posedness and stability of the time-marching
algorithm.
Finally, in the fourth component of this investigation, a collection of synthetic
examples, mostly in two-dimensions, was considered to provide a proof-of-concept of
the theory and methods developed in this work.
The principal developments in this dissertation address all of the components
of the Computational Science Engineering and Mathematics program. Area A, ap176

plicable mathematics, is addressed in the mathematical analysis of well-posedness
and stability of integration schemes for the equations governing the discrete models of tumor growth and the development and implementation of statistical methods
of validation and uncertainty quantification. Area B, numerical analysis and scientific computing, is covered in the mixed finite element formulation, the development
and implementation of time-marching algorithms, the development of solvers for the
stochastic systems generated in the simulations, and the overall development of a
substantial parallel-computer code to carry out the analysis. Area C, mathematical modeling and applications, is amply covered by the development of a new and
general family of diffuse-interface mixture models for interacting continua, and its
applications to modeling tumor growth.
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[17] I. Babuška, F. Nobile, and R. Tempone. A stochastic collocation method for
elliptic partial differential equations with random input data. SIAM J. Num.
Anal., 45(3):1005–1034, 2007.
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