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Abstract 

 

Modified Non-restoring Division Algorithm 

with Improved Delay Profile 

 

 

 

 

Kihwan Jun, M.S.E. 

The University of Texas at Austin, 2011 

 

Supervisor:  Earl E. Swartzlander, Jr. 

 

This thesis focuses on reducing the delay of non-restoring division.  Although 

the digit recurrence division is lower in complexity and occupies a smaller area than 

division by convergence, it has a drawback: slow division speed. To mitigate this 

problem, two modification ideas are proposed here for the non-restoring division, the 

fastest division algorithm of the digit recurrence division methods. 

For the first proposed approach, the delay of the multiplexer for selecting the 

quotient digit and determining the way to calculate the partial remainder can be reduced 

through inverting the order of its flowchart.  Second, one adder and one inverter can be 

removed by using a new quotient digit converter.  To prove these ideas are valid, the 

simulation results comparing the modified non-restoring division and the standard non-

restoring division are provided. 
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Chapter 1 

Introduction 

 

1.1  OVERVIEW 

Computers have evolved rapidly since their creation.  However, there is one 

thing that has not changed: The main purpose of computers is to do the arithmetic to run  

programs and applications.  Basically, computers handle lots of numbers based on the 

three basic arithmetic operations of addition, multiplication and division.  Compared to 

addition and multiplication, division is the least used operation.  However, computers 

will experience performance degradation if division is ignored [1]. 

There are two kinds of division methods devised by researchers: digit recurrent 

division and division by convergence.  Each method has its own advantages [1], 

however digit recurrence division is lower in complexity and occupies a smaller area than 

division by convergence [2].  Restoring, non-restoring and SRT dividers are 

representative algorithms for digit recurrence division.  This thesis focuses on reducing 

the delay of non-restoring division.  Before explaining the proposed research, each of 

the digit recurrence division algorithms is briefly described in Chapter 2 to provide the 

background for digit recurrence division.  An improved algorithm is presented in 

Chapter 3.  This is followed by a brief summary and a suggestion to extend the research 

scope to seek an efficient architecture for Quantum-dot cellular automata (QCA) as a 

future research topic. 
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Chapter 2 

 Background: Digit Recurrence Division 

 

In this chapter, the concept of digit recurrence division and algorithms for its 

implementation is explained.  There are three major algorithms for digit recurrence 

division: restoring, non-restoring and SRT division.  Throughout this thesis, the 

following notations is used for easy understanding. 

 

   Q: Quotient for the division 

   N: Numerator or Dividend 

   D: Denominator or Divisor 

   Pi: Partial remainder after i-th iterations 

   TPi: Temporary partial remainder after i-th iterations 

   i: Number of iterations 

   n: number of bits 

   q: quotient set for the algorithm 

 

It is assumed that all the numbers except i and n are binary numbers unless 

indicated otherwise.  Q, N and D should be greater than 0 and D should be greater than 

N.  As presented here, the division algorithms are for fractions, but they can be easily 

modified so that they can calculate the significands for IEEE-754 floating-point numbers 

[3].  Floating-point numbers will be addressed in the next section which also explains 

how these numbers are dealt with in the division process. 

 

 



 

 3 

2.1  FLOATING-POINT NUMBERS 

Assuming the use of 32-bit two's complement integer number system, the range of 

the number system is from -2,147,483,648 to 2,147,483,647.  Calculations can not be 

performed when the numbers are either above the positive limit or below the negative 

limit.  That means the range of numbers computers can handle are strictly limited.  In 

addition, two's complement integer can not perform any arithmetic calculation associated 

with fractions.  So, floating-point number systems are used to deal with a wider range of 

numbers for engineering and scientific computing. 
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Sign bit
( 1 bit )

Exponent bit
( 11 bit )

Fraction bit
( 52bit )

Total 64bits

0 1 ··· ··· 11 13 ··· ··· 63

Sign bit
( 1 bit )

Exponent bit
( bit )

Fraction bit
( 23bit )

Total 32bits

0 1 ··· ··· ··· ··· 318 9

Floating-point - Double Precision

Floating-point - Single Precision

 

Figure 2.1: IEEE Floating-point number 

 

Figure 2.1 shows the format of IEEE single and double precision floating-point 

numbers.  Floating-point numbers consist of three components.  First is the sign bit and 

it is always located in the most significant bit. (MSB)  The number is positive if the sign 

bit is 0 and the number is negative if the sign bit is 1.  Second, exponent bits are located 
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between the sign bit and the fraction bits and they represent the exponent of its number 

with a base of two.  For single precision, there are eight exponent bits and the bias is 

127.  For double precision, there are 11 exponent bits and the bias is 1023.  The last 

element is the fraction bits.  The first bit among the fraction bits has a value of 0.5.  

The second fraction bit has a value of 0.25, etc.  The fraction is converted to a 

significand by adding an integer one to the fraction bits.  The significand is a mixed 

number in the range 1  significand < 2.  To make it a fraction, the significand may be 

divided by two, so that it fits to perform division as either a numerator or a denominator.  

Figure 2.2 shows how to find the corresponding decimal number from the floating-point 

number. 

 

 

                       
 

                                                             

Figure 2.2: Floating-point decimal conversion 

 

Table 2.1 shows the minimum and maximum numbers that both single and double 

precision floating-point numbers can represent.  Since exponent values of 0 and 255 for 

single precision and 0 and 1024 for double precision are reserved for other uses, the  

minimum and maximum values for the exponent are 1 and 254 for single precision and 1 

and 1023 for double precision.  Therefore, the floating-point number systems can deal 

with a wider range of values than a conventional fixed point number system. 
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Table 2.1: The range of floating-point number system 

Precision 
Exp 

(Min) 

Exp 

(Max) 
Bias Minimum Number Maximum Number 

Single 1  254 127 21-127 (1.00...0) 2254-127 (1.11...1) 

Double 1  2046 1023 21-1023 (1.00...0) 22046-1023 (1.00...0) 

 

 

2.2  RESTORING DIVISION - PERFORMING 

 Restoring division is the simplest of the three digit recurrent division methods and 

is similar to what is done by people with pencil and paper.  A flowchart of the 

performing version of restoring division is shown on Figure 2.3.  Once the restoring 

divider receives N and D, then the register of the partial remainder will store the value of 

N as its value.  The next step is to calculate the temporary partial remainder, TP, which 

is obtained by subtracting D from 2P.  To obtain the quotient bit for this iteration, the 

temporary partial remainder is checked to see if it greater than 0.  If TP is greater than 0, 

the quotient digit is 1 and the value of P becomes the same as TP.  Otherwise, the 

quotient digit will be 0 and TP needs to be "restored" by adding D to TP to get the correct 

value of P [4].  This process requires one addition per bit if TP is greater than zero and 

two additions per bit if TP is less than zero.  Thus the average is 1.5 additions per bit 

with 2 additions per bit for the worst case.  In order to reduce the delay, a modified form 

of restoring division, which is called 'Non-performing', has been devised and is explained 

in the next section. 
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P0 = N

i  = 0

TPi+1 = 2Pi + D’

TPi+1 > 0

qn-(i+1) = 1

Pi+1 = TPi+1

restore

qn-(i+1) = 0

Pi+1 = TPi+1 + D

i ≥ n-1 i = i +1

Q = N / D

YES

NO

YES

NO

 

Figure 2.3: Flowchart of restoring division (performing version) 
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D:   0. 1  1  0  0  

P0 = N

N:   0. 1  0  1  0  

P0:   0. 1  0  1  0  

D:   0. 1  1  0  0  

2P0:   1. 0  1  0  0  

TP1:   0. 1  0  0  0  

TP1 = 2P0 – D

TP1 > 0 : q3 = 1

P1 = TP1P1:   0. 1  0  0  0  

D:   0. 1  1  0  0  

2P1:   1. 0  0  0  0  

TP2:   0. 0  1  0  0  

TP2 = 2P1 – D

TP2 > 0 : q2 = 1

P2 = TP2P2:   0. 0  1  0  0  

D:   0. 1  1  0  0  

2P2:   0. 1  0  0  0  

TP3:   1. 1  1  0  0  

TP3 = 2P2 – D

TP3 < 0 : q1 = 0

P3 = TP3 + DP3:   0. 1  0  0  0  

D:   0. 1  1  0  0  

D:   0. 1  1  0  0  

2P3:   1. 0  0  0  0  

TP4:   0. 0  1  0  0  

TP4 = 2P3 – D

TP4 > 0 : q0 = 1

P4 = TP4P4:   0. 1  0  0  0  

5/8

3/4

Binary Decimal

5/8

5/4

3/4

1/2

1/2

4/4

3/4

1/4

1/4

2/4

3/4

-1/4

3/4

2/4

4/4

3/4

1/4

2/4

Q = 0. 1  1  0  1  
 

Figure 2.4: Example of restoring division process (performing version) 
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Figure 2.4 is an example that shows how to find each quotient bit using the 

performing version of restoring division.  Once the numerator and the denominator 

enters into the divider, then numerator is multiplied by 2 and the denominator is 

subtracted.  These two processes will generate the temporary partial remainder.  The 

logic circuit that determines whether the temporary partial remainder is either positive or 

negative is followed.  If the temporary partial remainder is positive, the quotient is set to 

one and the temporary partial remainder becomes next partial remainder.  Otherwise the 

quotient is set to zero and the denominator is subtracted from the temporary partial 

remainder to generate the partial remainder for the next iteration. 

 

2.3  RESTORING DIVISION - NON-PERFORMING 

Even though restoring division is easy to understand and design, it is relatively 

slow due to the two additions that must be done when TP is negative.  To save the 

addition that is need to restore the temporary partial remainder, a register is attached to 

the restoring divider and it is used to store the partial remainder before calculating TP.  

Now P is obtained without the Pi+1 = TPi+1 + D process if TP is less than zero. This 

algorithm is called the 'non-performing' version since the addition to restore TP is not 

performed as shown in Figure 2.5. 

Figure 2.6 is an example that shows how to find each quotient bit using the non-

performing version of restoring division.  All procedures are exactly the same as the 

performing version of restoring division except for generating the partial remainder if the 

temporary partial remainder is less than zero.  Once the temporary partial remainder is 

found to be negative, the quotient bit is set to zero and the temporary partial remainder is 

used as the partial remainder for the next iteration. 



 

 9 

 

 

P0 = N

i  = 0

Temp = 2Pi

TPi+1 = 2Pi + D’

TPi+1 > 0

qn-(i+1) = 1

Pi+1 = TPi+1

qn-(i+1) = 0

Pi+1 = Temp

i ≥ n-1 i = i +1

Q = N / D

YES

NO

YES

NO

 

Figure 2.5: Flowchart of restoring division (non-performing version) 
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D:   0. 1  1  0  0  

P0 = N

N:   0. 1  0  1  0  

P0:   0. 1  0  1  0  

D:   0. 1  1  0  0  

2P0:   1. 0  1  0  0  

TP1:   0. 1  0  0  0  

TP1 = 2P0 – D

TP1 > 0 : q3 = 1

P1 = TP1P1:   0. 1  0  0  0  

D:   0. 1  1  0  0  

2P1:   1. 0  0  0  0  

TP2:   0. 0  1  0  0  

TP2 = 2P1 – D

TP2 > 0 : q2 = 1

P2 = TP2P2:   0. 0  1  0  0  

D:   0. 1  1  0  0  

2P2:   0. 1  0  0  0  

TP3:   1. 1  1  0  0  

TP3 = 2P2 – D

TP3 < 0 : q1 = 0

P3 = 2P2P3:   0. 1  0  0  0  

D:   0. 1  1  0  0  

2P3:   1. 0  0  0  0  

TP4:   0. 0  1  0  0  

TP4 = 2P3 – D

TP4 > 0 : q0 = 1

P4 = TP4P4:   0. 1  0  0  0  

Binary Decimal

5/8

3/4

5/8

5/4

3/4

1/2

1/2

4/4

3/4

1/4

1/4

2/4

3/4

-1/4

2/4

4/4

3/4

1/4

2/4

Q = 0. 1  1  0  1  
 

Figure 2.6: Example of restoring division process (non-performing version) 
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 Table 2.2 shows the complexity as the number of gates and worst case delay for 

the performing and non-performing restoring division algorithms for various bit widths.  

The non-performing version of the restoring division algorithm greatly reduces both the 

number of gates and the delay compared with the performing version of the restoring 

division.  Note that either a 2-input AND/ OR gate or an inverter is counted as 1 gate.  

From the delay perspective, either a 2-input AND/ OR gate or an inverter has 1 delay. 

 

Table 2.2: Complexity and worst case delay for each type of restoring division 

 

Performing Complexity Worst Case Delay 

8 bit 1525 357 

16 bit 5733 1221 

32 bit 22213 4485 

 

Non-Performing Complexity Worst Case Delay 

8 bit 917 205 

16 bit 3365 661 

32 bit 12869 2341 

 

The non-performing restoring divider is much less complex and has a lower delay 

than the performing version. 
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2.4  NON-RESTORING DIVISION 

Another approach is non-restoring division. [5]  For the performing version of 

restoring division, two additions are required for each iteration if the temporary partial 

remainder is less than zero and this results in making the worst case delay longer.  To 

decrease the delay during division, the non-restoring division algorithm was devised.  It 

is shown by the flowchart of Figure 2.7.  This algorithm does not use TPi+1 = 2Pi - D 

process from the restoring division anymore.  Instead, it only checks whether P is 

positive or negative based on the P-D plot shown Figure 2.8.  When P is positive, then 

the quotient digit is one and the partial remainder is calculated by subtracting D from 2P.  

Otherwise the quotient digit is negative and the partial remainder is increased by adding 

D to 2P. 

Compared to restoring division, non-restoring division has a different quotient set.  

While restoring division has zero and one as the quotient set, the quotient set of non-

restoring division is one and negative one.  Using the different quotient set reduces the 

delay of non-restoring division compared to the performing version of restoring division.  

In other words, it only performs one addition per iteration which improves its arithmetic 

performance.  However, non-restoring division needs to convert its +1 and -1 quotient 

bits to a conventional binary number using an adder and complement logic as shown in 

Figure 2.9.  This process requires three sub-steps the first is to separate the raw quotient 

word mixed both +1 and -1 bits into two quotient words.  One quotient word as a result 

of the first step should consist of only +1 bits with zeroes that replace -1 bits and the 

other word should have only -1 bits with zeros that replace +1 bits.  Then, the negative 

quotient word needs to be converted into two's complement to add to the positive 

quotient word.  The last step is to add two's complement of the negative quotient word 

to the positive quotient word and the signed binary number finally will be produced as a 
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result.  In this process, the leading bit can be ignored since the resulting number an 

unsigned binary number. 

Figure 2.10 shows an example that illustrates how to find each quotient bit using 

non- restoring division. 

 

Pi ≥ 0

qn-(i+1) = 1

Pi+1 = 2Pi + D’

i ≥ n-1

P0 = N

i  = 0

qn-(i+1) = -1

Pi+1 = 2Pi + D

i = i +1

Q = N / D

YES

NO

YES

NO

 

Figure 2.7: Flowchart of non-restoring division 
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2P

D

0.5 1

2

1

-1

-2

q = 1

q = -1

allowable range of D

Choose 1

Choose -1

 

Figure 2.8: P-D plot for non-restoring division 

 

1  1  1  1  1  1  1  1  

1  1  0  0  1  1  1  0  

0  0  1  1  0  0  0  1  

1  1  0  0  1  1  1  0  

1  1  0  0  1  1  1  0  

+                             1  

1  1  0  0  1  1  1  0  1   

take apart

2's 
complement

quotient

 

Figure 2.9: Example of converting a conventional unsigned binary number from       

the intermediate quotient result to a signed binary number 
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D:   0. 1  1  0  0  

P0 = N

P0 ≥ 0 : q4 = 1

N:   0. 1  0  1  0  

P0:   0. 1  0  1  0  

D:   0. 1  1  0  0  

2P0:   1. 0  1  0  0  

P1:   0. 1  0  0  0  

P1 = 2P0 – D

P1 ≥ 0 : q3 = 1P1:   0. 1  0  0  0  

D:   0. 1  1  0  0  

2P1:   1. 0  0  0  0  

P2:   0. 0  1  0  0  

P2 = 2P1 – D

P2 ≥ 0 : q2 = 1P2:   0. 0  1  0  0  

D:   0. 1  1  0  0  

2P2:   0. 1  0  0  0  

P3:   1. 1  1  0  0  

P3 = 2P2 – D

P3 < 0 : q1 = -1P3:   1. 1  1  0  0  

D:   0. 1  1  0  0  

2P3:   1. 1  0  0  0  

P4:   0. 0  1  0  0  

P4 = 2P3 + D

P4 ≥ 0 : q0 = 1P4:   0. 0  1  0  0  

Binary Decimal

5/8

3/4

5/8

5/4

3/4

1/2

1/2

4/4

3/4

1/4

1/4

2/4

3/4

-1/4

-2/4

3/4

1/4

1/4

Q = 0. 1  1  1  1  1 = 0. 1  1  0  1  1

-1/4

 

Figure 2.10: Example of non-restoring division process 
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Table 2.3 shows both the complexity and the worst case delay for non-restoring 

division with the logic that converts conventional unsigned binary number from a radix-2 

signed number as a quotient and it is slightly faster than non-performing version of 

restoring division, but its complexity (number of gates) is slightly greater than 

performing version of restoring division. 

 

Table 2.3: Complexity and worst case delay for non-restoring division 

Non-Restoring Complexity Worst Case Delay 

8 bit 1597 196 

16 bit 5877 644 

32 bit 22501 2308 

 

2.5  SRT DIVISION 

The last division method to explain is the SRT division algorithm named for its 

creators, Sweeney, Robertson, and Tocher.  In this thesis, only radix-2 SRT division is 

considered since higher radix forms of SRT division such as radix-4 and radix-8 require a 

carry save adder (CSA) or multiplier to generate denominator multiples and require large 

P-D plots [6].  Therefore, the quotient logic is more complex and occupies larger area 

than the previous algorithms.  In addition, they also need more energy than radix-2 SRT 

division algorithm [7].  The purpose of this thesis is to improve the performance for 

digit recurrence division using a relatively simple algorithm so that the arithmetic unit 

has simple structure, occupies small area and consumes low energy. 

The radix-2 SRT division (SRT-2 for short) algorithm is very similar to non-

restoring division except it adds zero as a possible quotient digit.  The quotient set of 
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SRT-2 division consists of three numbers - one, zero and negative one.  The quotient 

digit is selected by comparing the partial remainder to 1/2 and -1/2 as shown on the P-D 

plot of Figure 2.11.  SRT-2 is fast if the partial remainder is relatively small, -1/2 < 2P < 

1/2 since the quotient bit is zero and the partial remainder is only shifted 1 bit left without 

any addition or subtraction. [4] 

 

2P

D

0.5 1

2

1

-1

-2

q = 1

q = -1

q = 0

allowable range of D

Choose 1

Choose -1

Choose 0

0.5

0.5

 

Figure 2.11: P-D plot for radix-2 SRT division 

 

In SRT-2 division, the quotient digit is determined as shown on the flowchart of 

Figure 2.12.  The quotient digit is set to one if the partial remainder, 2P, exceeds or 

equals to the value of 1/2.  Then the next partial remainder is calculated using Pi+1 = 2Pi 

- qD.  The quotient digit is set to negative one if the partial remainder, 2Pi, is less than 

or equal to -1/2 and Pi+1 = 2Pi + qD is used to calculate the partial remainder for the next 

iteration.  Otherwise, the quotient digit is 0 and the partial remainder is doubled.  The 
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advantage of SRT-2 division over non-restoring division is fast calculation and this can 

be done by avoiding addition or subtraction when the partial remainder is relatively 

small. (i.e., -1/2 < 2P < 1/2) [4]  In this case, the quotient digit is set to zero and the 

partial remainder is shifted which will reduce the delay for SRT-2 division.  Figure 2.13 

is an example of calculating a quotient using SRT-2 division. 

 

P0 = N

i  = 0

Pi ≥ 0.5

qn-(i+1) = 1

Pi+1 = 2Pi - D

qn-(i+1) = 0

Pi+1 = 2Pi

i ≥ n-1 i = i +1

Q = N / D

YES

NO

YES

NO

Pi > -0.5

qn-(i+1) = -1

Pi+1 = 2Pi + D

YES

NO

 

Figure 2.12: Flowchart of radix-2 SRT division 
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D:   0. 1  1  0  0  

N:   0. 1  0  1  0  

P0:   0. 1  0  1  0  

D:   0. 1  1  0  0  

2P0:   1. 0  1  0  0  

P1:   0. 1  0  0  0  

P1 = 2P0 – D

P1:   0. 1  0  0  0  

D:   0. 1  1  0  0  

2P1:   1. 0  0  0  0  

P2:   0. 0  1  0  0  

P2 = 2P1 – D

P2:   0. 0  1  0  0  

2P2:   0. 1  0  0  0  

P3:   0. 1  0  0  0  

P3 ≥ 0.5 : q1 = 1P3:   0. 1  0  0  0  

D:   0. 1  1  0  0  

2P3:   1. 0  0  0  0  

P4:   0. 0  1  0  0  

P4 = 2P3 - D

P4:   0. 0  1  0  0  

Binary Decimal

5/8

3/4

5/8

5/4

3/4

1/2

1/2

4/4

3/4

1/4

1/4

2/4

2/4

2/4

4/4

3/4

1/4

1/4

Q = 0. 1  1  0  1  0

P0 = N

P0 ≥ 0.5 : q4 = 1

P1 ≥ 0.5 : q3 = 1

-0.5 < P2 ≤ 0.5 :

q2 = 0

P3 = 2P2

-0.5 < P4 ≤ 0.5 :

q0 = 0

 

Figure 2.13: Example of radix-2 SRT division 
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Table 2.4 shows that SRT-2 division is the second most complex among the four 

division algorithms, however it is also the second slowest algorithm.  Since it examines 

two bits at the same time to find each quotient bit, it needs more gates for the multiplexer 

selection logic.  So, it has more delay than non-restoring division. 

 

Table 2.4: Complexity and worst case delay for SRT-2 division 

SRT-2 Complexity Worst Case Delay 

8 bit 1821 208 

16 bit 6581 664 

32 bit 24933 2344 

 

2.6  PROBLEMS AND RESEARCH DIRECTIONS 

Although division by convergence has several advantages such as quadratic 

convergence for fast division, it also has some disadvantages including a complex 

structure, a large area due to including a multiplier and a look-up table and these 

characteristics result in spending more power.  So, digit recurrence division is useful if 

the system requires a simple structure and small area.  The restoring non-performing 

division algorithm is the least complex of the four digit recurrence methods, but the non-

restoring division algorithm is the fastest based on Table 2.5 and other research [7].  

However, there are a couple of ways to improve the performance of non-restoring 

division through structure and algorithm modification.  These are presented in the next 

chapter 

 

 



 

 21 

Table 2.5: Complexity and worst case delay comparison chart 

Complexity Restoring (P) Restoring (NP) Non-restoring SRT-2 

8 bit 1525 917 1597 1821 

16 bit 5733 3365 5877 6581 

32 bit 22213 12869 22501 24933 

 

Worst Case 

Delay 
Restoring (P) Restoring (NP) Non-restoring SRT-2 

8 bit 357 205 196 208 

16 bit 1221 661 644 664 

32 bit 4485 2341 2308 2344 
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Chapter 3 

 Improved Non-Restoring Division Algorithm 

 

3.1  OVERVIEW 

Although the non-restoring division algorithm is the fastest among the digit 

recurrence division methods (except for higher-radix SRT division), there are still a 

couple of things that can be modified to improve the calculation speed.  First, the delay 

of the multiplexer for selecting the quotient digit and determining the way to calculate the 

partial remainder can be reduced through rearranging the order of the computations.  If 

the adder for calculating the partial remainder and the multiplexer are performed at the 

same time, the multiplexer delay can be ignored since the adder delay is generally longer 

than the multiplexer delay.  Second, one adder and one inverter can be removed by 

using a new quotient digit converter.  So, the delay from one adder and one inverter 

connected in series will be eliminated.  The new algorithm is explained in Sections 3.2 

and 3.3.  Simulation results comparing the modified non-restoring division and the 

standard non-restoring division are provided in Section 3.4. 

 

3.2  ALGORITHM MODIFICATION 

Figure 3.1 shows the implementation of the standard non-restoring division 

algorithm for a 16-bit divider.  When the numerator and denominator enter the divider, 

both the numerator and denominator are changed from 16-bits wide to 17-bits wide for 

calculation.  Then the denominator is complemented to change its form to one's 

complement.  After this process, the determination logic checks the status of the 

numerator and  selects the quotient digit and the way to deal with the partial remainder. 
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Transforming
16 bit to 17 bit

Numerator (16 bit)

Determination

IF Numerator > 0 then quotient = 1 & use Complement for 
the addition

IF Numerator < 0 then quotient = -1 & use Denominator for 
the addition

Complement

Denominator (16 bit)

Complement 
result (17 bit)

Denominator (17 bit)

Multiplied by 2
Carry Lookahead 

Adder

Denominator or 
Complement

Quotient (1) for 
1st iteration

Quotient (-1) for 
1st iteration

Value for next 
iteration

Quotient calculation using
inverters & 1 CLA

Final quotient

Numerator (17 bit)

Numerator (17 bit)

 

Figure 3.1: Standard non-restoring division algorithm for a 16-bit divider 
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Then the addition is performed to find the partial remainder for the next iteration.  In 

this case, the worst delay comes from the path starting at the complement block via the 

determination block and ending at the carry lookahead adder.  However, the 

determination block only consists of a multiplexer including inverters, AND gates and 

OR gates and its maximum delay comes from the path 'Inverter - AND gate - OR gate' 

shown in Figure 3.2. 

 

a[2] a[1] a[0]b[2] b[1] b[0]

c[2] c[1] c[0]

Select

 

Figure 3.2: Logic structure for a 2:1 multiplexer 

 

 The delay of a multiplexer is relatively short compared to that of the 16-bit adder 

and it can be ignored if the multiplexer and the carry lookahead adder are performed at 

the same time.  To reduce this delay, the order of the determination block and the adder 
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block can be switched as shown in Figure 3.3.  For the modified algorithm, the 

numerator is at the determination block before the results of the adder reach it.  Then the 

determination block selects the quotient digit and the adder calculates its possible partial 

remainders.  So, the multiplexer delay for the determination block can be ignored and 

the worst case delay for the modified approach comes from the path starting at the 

complement block and ending at the carry lookahead adder.  Although the multiplexer 

delay is relatively small, n iterations means it can critically affect the overall delay 

profile.  Doubling the number of the adders is tradeoff for reducing the delay.  A 

similar approach is used for a carry select adder.  This adder generates two possible 

results in advance for final selection by the carry-in from its previous adder.  For the 

two results, one is based on a carry-in of one and the other is based on a carry-in of zero.  

Once the carry is known, then a multiplexer immediately selects the correct result 

between the two [4].  The delay is reduced. 

There is one additional step needed to convert the intermediate quotient with 

positive and negative one digits into a conventional binary number.  Since the 

intermediate quotient result consists of radix-2 signed digits {+1, -1}, a conversion step is 

necessary.  This step requires 2 sub process.  The first one is forming the two's 

complement of the negative quotient bits and the next one is adding the positive quotient 

bits and the two's complement of the negative quotient bits together.  This includes a 

complement and an addition sub-process as shown in Figure 3.4.  However, the one's 

complement of the negative portion of a quotient is exactly the same as its positive 

portion.  The result is the same if a 1-bit shift left of the positive portion of a quotient is 

used instead of adding these two numbers together using a carry lookahead adder.  A 

one is inserted at the LSB of the final quotient in all cases to convert the one's 

complement of the magnitude quotient bits to a two's complement.  By adopting this 
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scheme, the steps of computing the one's complement and the addition are removed from 

the non-restoring division algorithm and it allows the quotient to be calculated faster than 

the previous implementation. 

 

Transforming
16-bit to 17-bit

Complement

Numerator (16-bit) Denominator (16-bit)

Carry Lookahead 
Adder

Carry Lookahead 
Adder

Complement result (17-bit)

Sum result

Denominator (17-bit)

Determination

IF Numerator > 0 then quotient = 1 & use Sum result for 
next iteration

IF Numerator < 0 then quotient = 0 & use Recovered value 
for next iteration

Recovered value

Value for next 
iteration

Quotient for 1st 
iteration

Multiplied by 2

Numerator (17-bit)

Quotient calculation using shifter

Final quotient  

Figure 3.3: Modified non-restoring division algorithm for 16-bit divider 



 

 27 

   Conventional                          New method 

 

1  1  0  0  1  1  1  0  

1  1  0  0  1  1  1  0  1   quotient

1  1  1  1  1  1  1  1  

1  1  0  0  1  1  1  0  

0  0  1  1  0  0  0  1  

1  1  0  0  1  1  1  0  

1  1  0  0  1  1  1  0  

+                             1  

1  1  0  0  1  1  1  0  1   

take apart

2's 
complement

quotient

 

Figure 3.4: A new scheme for converting a radix-2 signed digit number to a 

conventional binary number 

 

3.3  SIMULATION 

In this section, simulations are performed for verification purpose.  Six different 

logic circuits are implemented using the Verilog Hardware Description Language 

(Verilog HDL).  First, 8, 16 and 32-bit dividers using the standard non-restoring 

division algorithm are implemented and simulated for calculating the delay and area.  

The FreePDK45nm version 1.0 is used as a library file for both area and delay.  Then, 

the modified non-restoring dividers with 8, 16 and 32-bits are also designed and 

simulated.  To find the delays, the Synopsys Verilog Compiler Simulator (VCS) 

program is used to run the simulation with various Verilog HDL files for the dividers.  

A hundred random vectors are generated as both the numerators and the denominators for 

each simulation and the delays in Table 3.1 are the average values of the hundred 

simulations.  A complete list of the simulations is presented in the Appendix. 



 

 28 

Table 3.1:  Average delays for each division circuit 

Delay 
Standard 

NRD 

Modified 

NRD 

Difference 

Algorithm Conversion Total 

8 bit 19.61 ns 15.88 ns 1.49 ns 2.24 ns 3.73 ns (-19%) 

16 bit 49.02 ns 39.36 ns 7.09 ns 2.57 ns 9.66 ns (-20%) 

32 bit 109.77 ns 86.90 ns 19.73 ns 3.14 ns 22.87 ns (-21%) 

 

Based on Table 3.1, the modified non-restoring division algorithm dramatically 

reduces the total delays compared to the standard non-restoring division.  For 8-bit 

comparison, the modified non-restoring divider has a delay of 15.88 nanoseconds which 

is almost 19% less than the standard.  For 16-bit and 32-bit dividers, the delays are 

reduced by 19.7% and 20.8% respectively.  The reduction in the total delays becomes 

slightly larger as the number of bits are increased.  However, upon close inspection for 

large word size, the delay difference is mainly due to modifying the algorithm.  For 8-

bit comparison, removing conversion logic contributes greatly to reducing the total delay 

and almost 60.1% of delay reduction is coming from it.  For 16-bit and 32-bit dividers, 

modifying algorithm has a greater effect on the total delay than removing the conversion 

logic since only 26.6% and 13.7% of the delay reduction comes from the conversion 

logic.  To sum up, modifying the algorithm is more effective to minimize the total delay 

in the larger dividers. 

Depending on the vectors, the delays vary over a fairly wide range.  Table 3.2 

shows both minimum and maximum delays for each divider.  The modified non-

restoring division algorithm has a narrower range than the standard non-restoring division 

and indicates the former is much stable than the latter.  That is the deviations from the 

average for the modified non-restoring division are smaller than for the standard non-
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restoring division.  The range of the delay for the modified non-restoring division 

reduces as the word size is increased.  Figure 3.5 also shows the overall trend of the 

delay range as the word size is increased. 

 

 

Table 3.2:  Delay ranges for each division circuit 

Delay 

Range 

Standard NRD Modified NRD 

Min Max Diff Min Max Diff 

8 bit 14 ns 24 ns 10 ns 11 ns 20 ns 9 ns 

16 bit 38 ns 59 ns 21 ns 30 ns 47 ns 17 ns 

32 bit 89 ns 128 ns 39 ns 75 ns 98 ns 23 ns 

 

 

 

0 20 40 60 80 100 120 140

8 bit Modified NRD

(nSec)

16 bit Modified NRD 32 bit Modified NRD

8 bit Standard NRD 16 bit Standard NRD 32 bit Standard NRD

15.88 39.36 86.90

19.61 49.02 109.77

11 20 30 47 75 98

14 24 38 59 89 128

 

Figure 3.5: Delay ranges for each division circuit 

 

 

.  Figures 3.6 and 3.7 show the delay and the difference in delay versus size for 

the two types of dividers. 
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Figure 3.6: Graph of the delays for each division circuit 

 

Figure 3.7: Graph of the delay differences between two algorithms 
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Since the modified non-restoring divider has twice as many adders as the standard 

non-restoring divider, it occupies more area than the standard divider even though the 

conversion logic is removed.  The 8-bit non-restoring divider has an area of 2015.64

m2 where as the modified one occupies 3549.32 m2 which is almost a 76% increase as 

shown in Table 3.3.  For 16-bit and 32-bit dividers, the areas are increased by 77.3% 

and 93.5%, respectively.  This is the tradeoff between speed and area.  In addition, just 

removing one carry lookahead adder does not have much of an effect on the total area 

since there are so many adders in a 32-bit modified non-restoring divider. 

 

Table 3.3:  Areas for each division circuit 

Area 
Standard 

NRD 

Modified 

NRD 

Difference 

Algorithm Conversion Total 

8 bit 
2015.64 

m2 

3549.32 

m2 

1762.26 

m2 

-229.02 

m2 

1533.67 m2 

(+76.0%) 

16 bit 
7823.70 

m2 

14671.73 

m2 

7335.16 

m2 

-487.13 

m2 

6848.03 m2 

(+77.3%) 

32 bit 
31381.15 

m2 

60770.12 

m2 

30417.68 

m2 

-1028.71 

m2 

29388.97 m2 

(+93.5%) 

 

Figures 3.8 and 3.9 show the area and difference in area for the two types of 

dividers. 
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Figure 3.8: Graph of the areas for each division circuit 

 

Figure 3.9: Graph of the area differences between two algorithms 
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3.4  CONCLUSION 

A modified algorithm for non-restoring division has been presented.  The 

modified algorithm increases its speed and reduces the delay time range as a result of two 

modifications.  It has been verified that the modified non-restoring division reduces the 

total delay by almost 20%.  The reduction increases as the word size increases.  The 

total area is increased by over 70% as a tradeoff.  This modified non-restoring division 

algorithm has been verified for a 45nm technology using Verilog models and simulations 

using Synopsys Verilog Compiler Simulator and Design Vision. 
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Chapter 4 

Summary and Future Work 

 

4.1  SUMMARY OF THE THESIS 

Although division by convergence has advantages over digit recurrence division, 

especially for speed, it is much more complex, harder to implement and occupies more 

area than digit recurrence dividers.  Compared to division by convergence, digit 

recurrence dividers have a simple structure, less area and low power consumption.  

Non-restoring division is the fastest algorithm among the three simple digit recurrence 

divisions including restoring, non-restoring and radix-2 SRT division [7].  This thesis 

focuses on further reducing the delay of non-restoring division.  In order to solve this 

problem, two approaches have been proposed in Chapter 3. 

The first approach changes the order of the flowchart, which hides the delay of 

the multiplexer.  Even though it is a relatively small change, it critically affects the total 

delay.  The second approach is a new conversion scheme, which removes a one's 

complement unit and an adder to reduce the total delay.  Since one's complement of the 

negative portion of the quotient is exactly the same as the positive portion of the quotient, 

the same result is produced by shifting the positive portion of the quotient 1 bit to the left. 

It has been verified that this modified non-restoring division reduces the total 

delay by almost 20% average for all 8, 16 and 32 bit model.  However, the total area is 

increased as a tradeoff.  The modified non-restoring division algorithm has been verified 

using Verilog models and checked via simulations using Synopsys Verilog Compiler 

Simulator and Design Vision. 
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4.2  FUTURE WORK 

In this thesis, only the non-restoring division algorithm is researched and a new 

algorithm is implemented to enhance the calculation speed.  The new algorithm will be 

implemented for the two other digit recurrence divisions as a future work.  In addition, 

this research will be extended to implement efficient dividers for the Quantum-dot 

Cellular Automata (QCA) technology. 

The continued scale down of feature sizes brings many challenges, such as 

increased leakage current due to quantum mechanical tunneling of electrons.  As a 

result, alternative technologies utilizing quantum mechanical effects actively are sought 

by researchers [8].  Quantum-dot Cellular Automata [9, 10] is one of the promising 

emerging nanotechnologies, which are expected to solve the problems due to the shrink 

of transistors. Although practical implementations are not available yet [11], the QCA 

technology needs to be fully explored, which may take a role of accelerating the 

development of the commercial fabrication technology.  As a future research topic, 

efficient divider architectures for the QCA technology will be explored. 
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Appendix - Simulation Result 

 

 The simulation results are shown as an Appendix.  8, 16 and 32-bit non-restoring 

dividers using both the general method and the new algorithm have been made as Verilog 

models.  Three hundred random vectors in the range from 0.5 to less than 1 are 

generated as the test vectors and a hundred vectors are used for each of the 8, 16 and 32-

bit non-restoring dividers.  The test result for the delays is based on active delays and 

they were found by close examination.  Once the value of the quotient bits do not 

change for a long time, then the quotient bits are regarded as the final quotient and the 

first time the quotient bits stays is regarded as the delay for each test vector. 
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# of 

simulation 

8bit 16bit 32bit 

Standard 

NRD 

Modified 

NRD 

Standard 

NRD 

Modified 

NRD 

Standard 

NRD 

Modified 

NRD 

1 24 18 59 43 128 94 

2 19 16 46 37 110 91 

3 15 16 55 43 97 86 

4 21 17 52 38 105 91 

5 21 18 47 40 98 86 

6 22 16 46 34 112 89 

7 21 14 46 35 109 80 

8 21 15 49 38 116 81 

9 20 16 50 40 117 87 

10 18 14 46 36 123 83 

11 21 17 45 40 107 86 

12 20 16 55 40 112 84 

13 16 18 48 38 113 75 

14 19 16 51 43 114 88 

15 24 19 51 40 112 97 

16 17 16 49 40 89 87 

17 22 15 51 40 114 80 

18 20 16 44 41 117 92 

19 20 17 48 40 105 85 

20 22 18 44 40 109 98 

21 22 17 52 43 108 94 

22 14 16 52 37 105 94 

23 23 18 49 36 104 85 

24 21 18 55 44 109 90 

25 18 16 42 35 108 89 
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# of 

simulation 

8bit 16bit 32bit 

Standard 

NRD 

Modified 

NRD 

Standard 

NRD 

Modified 

NRD 

Standard 

NRD 

Modified 

NRD 

26 21 17 45 38 123 87 

27 21 17 38 38 120 90 

28 20 12 52 36 108 95 

29 22 16 55 43 123 85 

30 19 15 44 38 100 81 

31 19 16 51 39 125 92 

32 21 15 51 39 107 91 

33 22 15 55 43 98 90 

34 17 16 47 37 94 89 

35 21 16 58 44 103 84 

36 19 16 44 37 119 88 

37 21 16 51 39 117 85 

38 24 17 49 42 108 84 

39 18 13 53 38 109 79 

40 18 14 45 39 92 84 

41 21 14 49 39 93 85 

42 17 16 42 38 107 83 

43 16 14 56 38 116 78 

44 21 20 48 34 107 84 

45 19 16 46 37 102 86 

46 19 18 41 37 115 96 

47 21 15 49 41 101 83 

48 17 14 52 44 104 90 

49 24 18 51 41 115 88 

50 21 14 51 39 100 81 
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# of 

simulation 

8bit 16bit 32bit 

Standard 

NRD 

Modified 

NRD 

Standard 

NRD 

Modified 

NRD 

Standard 

NRD 

Modified 

NRD 

51 21 16 43 38 106 90 

52 20 15 48 40 95 80 

53 15 16 43 44 109 89 

54 19 15 49 36 93 85 

55 19 18 52 43 108 82 

56 23 15 49 47 109 91 

57 21 17 47 42 109 91 

58 21 15 52 41 94 87 

59 18 15 52 40 117 76 

60 19 15 47 42 112 90 

61 17 17 45 36 114 83 

62 17 16 54 39 124 88 

63 20 11 57 42 111 81 

64 20 16 51 36 109 89 

65 22 16 49 42 115 90 

66 22 17 47 38 111 87 

67 20 16 46 36 115 87 

68 20 13 55 37 111 74 

69 20 16 44 40 113 85 

70 17 15 48 38 103 88 

71 16 16 43 40 107 84 

72 16 15 52 41 113 96 

73 20 18 48 39 93 88 

74 22 18 47 41 103 90 

75 17 14 47 40 110 85 
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# of 

simulation 

8bit 16bit 32bit 

Standard 

NRD 

Modified 

NRD 

Standard 

NRD 

Modified 

NRD 

Standard 

NRD 

Modified 

NRD 

76 21 15 42 38 120 88 

77 19 17 54 43 118 86 

78 21 16 52 41 116 93 

79 21 17 49 43 112 95 

80 19 13 52 38 105 78 

81 20 18 52 41 109 86 

82 18 17 46 40 98 92 

83 15 15 52 38 119 93 

84 20 18 47 36 104 90 

85 22 16 49 41 119 83 

86 22 17 44 38 113 93 

87 15 15 50 41 119 86 

88 19 15 50 37 104 88 

89 19 16 46 40 108 88 

90 19 15 44 38 115 79 

91 19 16 54 38 116 86 

92 17 15 59 41 111 82 

93 21 14 50 44 110 80 

94 19 17 48 40 109 84 

95 17 16 48 35 125 87 

96 22 15 43 30 104 92 

97 16 14 48 40 115 97 

98 19 14 53 45 114 87 

99 18 17 48 36 119 81 

100 21 16 52 37 124 90 

Average 19.61 15.88 49.02 39.36 109.77 86.9 
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