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The observation of solar and atmospheric neutrino oscillations place
bounds on the mass differences. However, these probes are insensitive to the
absolute mass. To date, cosmology has provided the best bounds on the total
neutrino mass. These bounds are based on a degenerate mass model. With
the increasing precision of cosmological data, we investigate the effect of the
neutrino mass hierarchy. The precision of the parameter estimates stems from
precise observations of the cosmic microwave background. However, the effect
of neutrino mass hierarchy on this observation is smaller than the cosmic
variance. Therefore, we rely on the measurement of the matter power spectrum
for hierarchy effects. We propose the use of importance sampling rather than
the commonly used Markov chain Monte Carlo. Importance sampling takes
advantage of the microwave background’s statistical insensitivity to hierarchy.
We present forecasted bounds due to Planck and the proposed CMBPol. We
also discuss the needed precision for future galaxy surveys in detecting the
effect of neutrino mass hierarchy.
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Chapter 1
Introduction

Neutrinos have been of high interest in particle physics for the past
few decades. The experimental evidence that neutrinos are massive provides
a window to physics beyond the standard model. Measurements of the mixing
angles have been done through observations of solar and atmospheric oscillations as well as reactor and accelerator experiments. These experiments are
sensitive to mass squared differences only. To date, there have been no particle
experiments sensitive enough to measure the absolute mass.
Cosmology offers an alternative route. The past couple of decades have
brought cosmology from a qualitative field to a quantitative one. The precision
of the data has allowed cosmologist to place bounds, sometimes stringent, on
their model parameters. The collection of data has lead to a standard model
of cosmology where only 20% of the total matter is Baryonic and the majority
of universal expansion is due to the mysterious Dark Energy. In these models,
neutrinos were treated as massless and whose behavior was completely tied to
photons. When neutrinos are treated massive, they act as hot dark matter (to
differentiate from cold dark matter).
Currently, cosmology offers better bounds on the absolute mass. The

1

WMAP measurement of the cosmic microwave background (CMB) has a bound
P
of
mν < 1.3 eV [5][6]. Including other linear data, the WMAP team found
P
P
a bound of
mν < 0.58 eV [6]. A bound of
mν < 0.28 was found by combining this data with the Mega-z [4]. These upper bounds change according
which data sets are chosen. Seemingly as more and more data is included,
the smaller the inferred upper bounds become. The above examples demonstrate this. This statement is important if we understand how neutrinos are
treated in cosmology models. Massive neutrinos are treated as degenerate.
By degenerate, we mean that all the mass eigenstates have the same mass.
Therefore, there is no neutrino hierarchy. This assumption is valid as long as
the total mass is large enough where the known mass differences are small.
However, as cosmologists push this limit downwards, it may be time to revisit
this assumption.
Another reason for the assumption of degeneracy is the computational
cost. As stated before, massive neutrinos would act like hot dark matter.
Where as the behavior of cold dark matter and baryons can be approximated
well by fluid equations, hot dark matter can not. Hot dark matter acts closer
to radiation in the earlier universe. The majority of the computational cost
in current cosmological codes involve solving the photon Boltzmann equation.
Each additional radiation species would roughly double the time. In addition,
the effect of neutrino hierarchy are small. The accuracy of current cosmology
Boltzmann solvers may need to be improved.
The current practice of cosmic inferencing is to employ a Markov chain
2

Monte Carlo (MCMC) in a Bayesian framework. In Bayesian statistics, the
parameters of a model are treated as random variables rather than having some
true value. MCMC is a method to sample from the probability distribution of
the parameters. MCMC has some advantages over traditional grid methods
such as better scaling with respect to the number of parameters and ease in
including new data. A practical issue of MCMC is the number of samples.
The algorithm is shown to converge to the correct distribution. However,
no rigorous methods have shown how fast this convergence is. Researchers
have developed several “convergence tests” to determine if enough samples
have been made. For a flat-ΛCDM model, the WMAP team used 500,000
iterations. This number is expected to increase as more complex models are
tested. In the case of massive neutrinos, this could mean a large increase in
time needed for statistical inference.
In this work, we focus on the effects of neutrino hierarchy. We begin by
reviewing the theoretical framework of cosmology in chapter 2. This review
pays particular attention to the source of the radiation hierarchy. In chapter 3
we discuss three cosmological observables: Hubble constant, CMB, and large
scale structure (LSS). Chapter 3 connects theory with observation and reviews
the error analysis of cosmic observables. In chapter 4 we review the qualitative
effects of massive neutrinos on these observables. We check the quantitative
effects of the neutrino hierarchy on the CMB and LSS. These effects are small
that in chapter 5 we examined the needed precision. In both chapter 4 and
5, we used the CAMB[7] code to integrate the perturbation equations. The

3

effects of neutrino hierarchy are so small that the CMB can not statistically
differentiate between degenerate neutrinos or hierarchy neutrinos. In chapter
6 we discuss the importance sampling technique which takes advantage of this
property. This technique is used instead of an MCMC brute-force approach.
Chapter 7 applies this technique on current and forecasted data. Chapter 8
summarizes our work. Factors of ~ and c are set to 1 unless specifically stated.
We adopt the {−, +, +, +} metric convention.

4

Chapter 2
Cosmic Equations

In this section we review some of the basic principles of cosmology. This
discussion begins with the cosmological principle and the Freidman-RobertsonWalker (FRW) metric. In this base model or zero order model, the universe
is treated as homogeneous and isotropic. The universe depends on only one
parameter: time. Some fundamental observables such as light element abundance and supernova luminosity distances only require knowledge of the zero
order model. However, the universe is not perfectly homogeneous. Therefore,
perturbations to this FRW universe need to be studied. We review the first
order perturbations and their connection to observables such as the cosmic
microwave background (CMB) and the large scale structure (LSS).

2.1

The FRW Universe
We begin with the description of space-time geometry through the met-

ric. Note that the choice of the metric is independent of any gravitational law.
In order to choose an appropriate metric we need to decide on some basic
principles about our universe. This is termed the Copernican Principle by
Bondi[8]. It states that no position in the universe is special.

5

Copernican Principle - The Earth is not at a special point in the
universe.
The cosmological principle is a more testable version of the Copernican principle.
Cosmological Principle - Our universe is homogeneous and isotropic
Therefore, a metric should describe a universe that is homogeneous and isotropic.
This principle is not based solely on simplicity but also on observation. At
large scales, the structure of galaxies appears homogeneous[9]. We want a
metric that describes this observation as a starting point. Friedman[10][11]
formulated this metric as a solution to the Einstein equations for an expanding
universe. Lemaitre[12] independently came to the same conclusion. Robertson[13] [14] [15] and Walker [16] showed that this metric was the only solution
to the cosmological principle.
The FRW metric is defined within the line element as
ds2 = −dt2 + a2 (t)γij dxi dxj
in rectangular coordinates where γij is the spatial metric and dxi = {dx, dy, dz},
or in polar coordinates
2

2

2

ds = −dt + a (t)




dr2
2
2
2
2
2
+ r dθ + r sin θdφ .
1 − kr2

For this paper, we restrict our discussion to a flat universe: k = 0. This choice
is not only convenient but also matches observations of the CMB[17][18][19].
6

The only dynamical variable in the metric is the scale factor: a(t). The scale
factor describes the expansion or size of the universe. In rectangular coordinates, a flat universe leads to γij → δij where δij is the Kronecker delta.
We can now apply this metric to the Einstein equations. In particular,
we can solve for the Ricci tensor and scalar.
R = Rαα = g αβ Rαβ
α
Rµν = Rµαν
α
where Rβγδ
is the Riemann tensor defined as
α
Rβγδ
= ∂γ Γαδβ − ∂δ Γαγβ + Γαγµ Γµδβ − Γαδµ Γµγβ

The Christofel symbol, Γαβγ , is defined as
1
Γαβγ = (∂γ gαβ + ∂β gαγ − ∂α gβγ ).
2
For the FRW metric, it is easier to work in rectangular coordinates. The
non-zero Γαβγ ’s are
Γ0ij = δij aȧ
Γi0j = δij

ȧ
a

where the over-dot denotes the time derivative. This notation differs from
the convention found in literature[20] where the over-dot is the derivate with
R
respect to conformal time: τ = a(t)dt. The Ricci tensor components are


ä
ä
2
R00 = 0 − 3
− H + 0 − 3(H 2 ) = −3
a
a
7


Rij = aä + 2ȧ2 δij ,
and the Ricci scalar is
µν



R = g Rµν

ä
= (−1) −3
a




+3

1
a2


aä + 2ȧ

2





ä
2
.
δij = 6 H +
a

The Einstein equation from general relativity is
1
Rµν + gµν R = 8πGTµν
2
where Tµν is the stress energy tensor. For now, we assume that the stressenergy tensor has the perfect fluid form

−ρ 0 0 0

0 P 0 0
Tνµ = 
 0 0 P 0
0 0 0 P






where ρ is the energy density and P is the pressure. Applying the FRW
metric to the 00 component of the Einstein equation results in the Friedmann
equation, namely
3H 2 = 8πGρ

(2.1)

where H = ȧ/a is the Hubble rate. The spatial components of the left-hand
side of the Einstein equation yield
aä + 2ȧ

2



 

 2

1 2
ä
ȧ
2
− a 6 H +
= −2
+ aä
2
a
2

The resulting equation is
ä 1 2
+ H = −4πGP
a 2
8

(2.2)

In the FRW universe, equations 2.1 and 2.2 govern the dynamics of the scale
factor. This dynamic depends on the energy density and pressure of matter.
Now we need to understand the dynamics of the energy density and
pressure. To this end, we relate the stress energy tensor to the phase space
distribution, f . The phase space distribution is the number density at a given
time, location, and momentum. When integrated over the entire phase-space,
the result is the number of particles.
Z

d3 xd3 pf (x, p, t)

N=

In cosmology, we are more interested in densities such as the number density.
Z
n=

d3 pf (x, p, t)

(2.3)

In general, the components of the stress energy tensor are related to the phase
space distribution by
Tνµ

Z
=g

P µ Pν
1
d3 P
√
f (x, p, t)
(2π)3 −detg P 0

(2.4)

where g is the number of degeneracies (e.g. number of spin states), P µ =

dxµ
,
dλ

d3 P = dP1 dP2 dP3 , and λ is an affine parameter. We call P µ the comoving
momentum. However, it is more convenient to work with p2 = g ij Pi Pj where
p is termed the physical momentum. With the relation dP i = a dpi , equation
2.4 becomes
Tνµ
where the energy E =

Z
=g

d3 p gνα P µ P α
f (x, p, t)
E
(2π)3

dt
.
dλ

9

(2.5)

To proceed, we need to understand the relationship between the energy,
E, and the comoving momentum P . This relationship is simply Pµ P µ =
−E + p2 = −m2 . For a very non-relativistic species, E ≈ m while for a very
relativistic species, E ≈ p. In general the trace of equation 2.5 becomes
d3 p −E 2 + p2
f (x, p, t)
E
(2π)3

Z
−ρ + 3P = g
or

d3 p −m2
f (x, p, t).
(2π)3 E

Z
=g

For a very relativistic species, m → 0 so the trace of the stress energy tensor
approaches 0 as well. Thus,
1
Pr → ρ r .
3
For a non-relativistic particle, p → 0 and so
Pm → 0.
In general, the energy density and pressure are related to energy and momentum by
Z
ρ=g

d3 p
Ef (x, p, t)
(2π)3

(2.6)

and
Z
P =g

d3 p p2
f (x, p, t).
(2π)3 3E

So far, we have dynamical equations for the scale factor. Also, we know
the relationship between the phase space density and ρ & P . We have yet to
discuss the evolutionary behavior of ρ and P . To this end, we examine the

10

Boltzmann equation which is the dynamical equation for f . We denote the
FRW phase space density as f0 . The general Boltzmann equation is
df
= C[f ]
dt
where C[f ] is called the collision term and describes all the non-gravity interactions. This term is particular important for the coupling of Baryons and
photons in the early times of the universe. Ultimately, we are only interested
in neutrinos which are weakly interacting. Therefore, we ignore this term in
this paper. The full time derivative can be expanded into partial derivatives:
∂f
∂f dxi
∂f dpµ
df
=
+ i
+ µ
.
dt
∂t
∂x dt
∂p dt

(2.7)

At this point it is useful to separate the momentum terms into magnitude and
direction
∂f dp ∂f dp̂i
∂f dpµ
→
+
∂pµ dt
∂p dt ∂ p̂i dt
where pi = pp̂i .
To proceed further, we need to discuss the form of f0 . Rather than depend on a specific form such as the Fermi-Dirac or Bose-Einstein distribution,
we rely only the cosmological principle. In general, the phase space distribution depends on time, space, and momentum. For a homogeneous universe, we
would not expect f0 to depend on position. An isotropic universe also should
not depend on direction. Therefore, f0 = f0 (t, p), and the Boltzmann equation
in an FRW universe should be
df0
∂f0 ∂f0 dp
=
+
= 0.
dt
∂t
∂p dt
11

To solve for dp/dt, we resort to the geodesic equation. The geodesic equation
describes the path of a particle through a curved space with a given metric.
α
β
d2 xµ
µ dx dx
=
−Γ
αβ
dλ2
dλ dλ

or
dP µ
= −Γµαβ P α P β
dλ
First, from the definition of the mass invariance, we have
E

dE
dp
=p .
dt
dt

Second, the geodesic leads to
E

dE
= −p2 H.
dt

(2.8)

Therefore, the Boltzmann equation becomes
∂f0
∂f0
= pH
∂t
∂p
Based on equation 2.6, we can integrate the above equation by g

R

d3 p
E.
(2π)3

This

step will result in a dynamical equation for ρ.
Z
ρ̇ = Hg

d3 p
∂f0
pE
3
(2π)
∂p

The right hand side can be solved utilizing integration by parts and noting
that f0 approaches zero when p goes to zero or infinity. This step is often
repeated in this chapter. The final result is
ρ˙r = −4Hρr → ρr ∝ a−4
12

ρ˙m = −3Hρm → ρm ∝ a−3 .
The dynamical behavior of ρ is linked to the dynamics of the scale factor.
In summary, we have taken the FRW metric and applied it to Einstein’s
equation. The result is a set of two dynamical equations for the scale factor.
The evolution of a depends on the type of matter-energy content, namely ρ
and P . The next step is to understand the dynamics of ρ and P . To this
end, we use the relationship of ρ and P to the phase space density f . The
Boltzmann equation describes the evolution of f . Applying the metric, we
are able to determine the behavior of ρ with respect to a. Note that ρ and
P in equations 2.1 and 2.2 are the sum of the energies and pressures for all
the species in the universe, respectively. In addition, each species has its own
Boltzmann equation to follow.

2.2

Perturbations to the Metric
The previous section developed the dynamics for a smooth, homoge-

neous universe. As stated before, this metric is applicable at very large scales.
At small scales, the universe is clumpy and inhomogeneous. To describe the
inhomogeneous universe, we perturb around the FRW metric. We also require
perturbations to the phase-space distributions of each particle species. For
our purposes, we only discuss scalar perturbations; both tensor and vector
perturbations are possible. There also exists a gauge freedom on how to perturb around the metric. Throughout this paper, we work in the Newtonian
gauge[21]. See [22] for a complete treatment including vector and tensor per13

turbations and other gauge choices. The perturbations in this gauge have the
form
g00 = −(1 + 2ψ(x, t))
gij = a2 (1 + 2φ(x, t))δij .
For linear perturbation theory to be valid, we assume ψ and φ are small. This
statement may be troubling since galaxies and clusters of galaxies exist. Do
small perturbations have anything to do with the actual universe? Observations of the CMB show that very small perturbations did exist during earlier
periods of the universe [23]. The evolutionary model for structure formation
is that the perturbations were small in the early periods and grew over time
to form the galaxies we see today. At large scales, the perturbations should
still be small enough for linear theory to be accurate.
In the FRW universe, we only had to worry about derivatives with
respect to time. Here our perturbations ψ and φ depend on space too. It
is more convenient to Fourier transform the equations to remove the spatial
derivatives. The Fourier transform is
Z
˜
f (~q) ∝ d~x f (x)e−ı~q·~x
with the inverse transform
Z

d~qf˜(~q)eı~q·~x .

Z

d~q ıqi f˜(~q)eı~q·~x .

f (~x) ∝
The derivative with respect to x is
∂f (~x)
∝
∂xi
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Therefore, spatial derivatives in the Fourier space disappear.
∂f (~x)
→ ıqi f˜(~q)
∂xi
For this paper, we remove the tilde for the Fourier transformed functions.
As was done in section 2.1, we begin with the Christofel terms up to
first order. The non-zero terms are:
Γ000 = ψ̇
Γ00i = ıqi ψ


0
2
Γij = δij a H + 2H(φ − ψ) + φ̇
ıqi
Γi00 = 2 ψ
a


Γi0j = δij H + φ̇
Γijk = δij ıqk φ + δik ıqj φ − δjk ıqi φ
The Ricci tensor to first order becomes
ä q 2
R00 = −3 − 2 ψ − 3φ̈ + 3H(ψ̇ − 2φ̇)
a a
h


Rij =qi qj (ψ + φ) + δij q 2 φ + a2 −H ψ̇ + 6H φ̇ + a2 φ̈
i
2
2 2
+ 2a H + äa + 4H a (φ − ψ) + 2äa (φ − ψ)
and the Ricci scalar becomes

R=6

ä
+ H2
a


+



2 2
q
(ψ
+
2φ)
+
6
φ̈
−
6H
ψ̇
−
4
φ̇
− 12ψä/a − 12H 2 ψ
a2
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The Einstein equations result in 4 equations. For the stress-energy
tensor, we assume perturbations around a perfect fluid. Let ρ → ρ0 (1 + δ).
Then the 00 component of the Einstein equations results in
q2
φ + 3H(φ̇ + Hψ) = −4πGρ0 δ
a2

(2.9)

for the first order perturbations. The spatial component of the Einstein equation results in
h q2


ψ+φ
qi qj 2 +δij − 2 (ψ + φ) 2H ψ̇ − 3φ̇ − 2φ̈ + 2H 2 (2φ + ψ)
a
a
q2 i
2ä
+ (φ + 2ψ) − 2 = 8πGδTji
a
a
The above equation contains two parts: a diagonal part and an off-diagonal
part. Therefore, we can break up the stress energy tensor perturbation into
δTji = δP δij + Σij where Σii = 0. δP is the perturbation to the zero order
pressure while Σij is the anisotropic perturbations. The off-diagonal part is
somewhat easier to deal with. First, we apply the traceless projection operator
1 i j
qq
q2

− 13 δij to the above equation. Then, we define the anisotropic stress to

be
1
σ=−
ρ0 + P 0




1 i j 1
q q − δij δTji
2
q
3

The result is
1 2
q (ψ + φ) = −12πG(ρ0 + P0 )σ
a2

(2.10)

The other two equations can be derived from the trace component of Tji and
the perturbed part of Ti0 . However, only two of the four equations are needed
to evolve ψ and φ.
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2.3

Perturbations to the Boltzmann Equations
In section 2.1, f0 only depended on the magnitude of the momentum

and time. Now, with the introduction of the perturbations, f = f (t, x, p). We
examine equation 2.7 and only keep those in first order. Note that both
and

dp̂i
dt

∂f
∂ p̂i

are first order terms. Therefore, these two terms multiplied form a

second order term; we should then drop this term altogether. After a Fourier
transformation, we are left with
∂f
d~x
∂f dp
df
=
+ ı~q · f +
= 0.
dt
∂t
dt
∂p dt
Note that the second term is first order only. f in this part has no zero order
component. We first start with the massless case and then move onto the
massive case. The massive case is done both for a non-relativistic particle and
in a general way. This discussion leads to the radiation hierarchy.
2.3.1

Massless Case
We examine the effect of the perturbed metric for the massless case in

this subsection. The massless case provides some simplification which allows
some of the algebraic steps to be a little more clean as compared to the massive
Pi
P0

case. First, by definition,

=

dxi
.
dt

For a massless particle, gµν P µ P ν = 0. We

can expand this out such that
−(1 + 2ψ) P 0

2

+ a2 (1 + 2φ)δij P i P j = −E 2 + p2 = 0.

Thus,
P0 = √

p
≈ p(1 − ψ)
1 + 2ψ
17

where the approximation comes from Taylor expansion of the square root.
We see that energy is lost as the particle pulls out of a potential well. An
overdensity is a negative ψ value so E becomes smaller as the overdensity
becomes less. Similarly, P i can be written in terms of p.
p
1
p
√
p̂i ≈ (1 − φ)p̂i
a 1 + 2φ
a

Pi =

Returning to the Boltzmann equation, we can write out the

dxi
dt

term.

Pi
p1
dxi
= 0 ≈
(1 − φ)(1 + ψ)p̂i
dt
P
ap
To first order we are left with
dxi
1
≈ (1 − φ + ψ)p̂i
dt
a
Now we see that this term multiplies ıf ~q which is a first order term itself.
Therefore, we keep only the zero order of

dxi
.
dt

The resulting Boltzmann equa-

tion is
∂f
1
∂f dp
+ ı ~q · p̂f +
= 0.
∂t
a
∂p dt
Next, we work on

dp
.
dt

dp
1 dp
1 + ψ dP 0
dψ
= 0
=
+ P0
0
dt
P dλ
P
dλ
dt
The

dψ
dt

term can be expanded by partial derivatives.
dψ
1
= ψ̇ + ıψ ~q · p̂.
dt
a

For

(2.11)

(2.12)

dP 0
,
dλ

the geodesic equation is used.


dP 0
ψ ~
0
α β
2
= −Γαβ P P = −p ψ̇ + 2ı ~q · p̂ + H + φ̇ − 2Hψ
dλ
a
18

(2.13)

Combining equations 2.12 and 2.13 into equation 2.11 yields


dp
1
= −p ı ψ~q · p̂ + H + φ̇ .
dt
a

(2.14)

Our Boltzmann equation now looks like


∂f
1
∂f 1
df
=
+ ı ~q · p̂f − p
ı ~q · p̂ψ + H + φ̇ .
dt
∂t
a
∂p a
This equation is the collisionless Boltzmann equation for a massless particle.
The first two terms are analogous to the continuity and Euler equations. The
third term takes into account the expansion of the universe along with the
gravitational perturbations.
We are now ready to start looking at the perturbation of the phase
space distribution f. For this paper, we perturb f in two ways. The first way
is to perturb the temperature T (t, x, p) = T (1 + ∆) where T is the average or
zero order temperature. T only depends on time while ∆ = ∆(t, x, p̂). This
convention is useful when we are comparing the observed CMB anisotropies
to theoretical predictions. ∆ can be observed directly. The phase-space distribution is
f (t, x, p) =

1
ep/T (1+∆)

±1

≈ f0 − p

∂f0
∆
∂p

where the approximation is derived by Taylor expansion and f0 is the zero
order phase space distribution as in section 2.1. By plugging this form into
the Boltzmann equation, we can separate the zero order terms and the first
order perturbation terms. The zero order terms for the collisionless Boltzmann
yield

df
dt

=

∂f0
∂t

0
− pH ∂f
= 0. This is the same result as in section 2.1.
∂p
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We now move onto the first order terms. Collecting these terms results
in
∂f0
−p
∂p





1
1
∂ 2 f0
∂
∂f0
˙
∆ + ı ~q · p̂∆ + ı ~q · p̂ψ + φ̇ − p∆
+ p∆H
p
=0
a
a
∂p∂t
∂p
∂p

The last two terms cancel since

∂f0
∂t

0
≈ pH ∂f
. The resultant dynamic equation
∂p

of the phase space perturbation ∆ is
˙ + ı 1 ~q · p̂∆ = −φ̇ − ı 1 ~q · p̂ψ
∆
a
a

(2.15)

The second way to perturb f is to set
f (t, x, p) = f0 (1 + Ψ)
Again, the zero order Boltzmann yields

∂f0
∂t

(2.16)

0
= pH ∂f
which is exactly the same
∂p

result as before. To yield an observable result, we can multiply this equation
R d3 p
with g (2π)
3 . The resulting equation is
Z
n˙0 − Hg
where n0 ≡ g

R

d3 p
f.
(2π)3 0

d3 p ∂f0
p
=0
(2π)3 ∂p

The second term can be rewritten in terms of n0 using

integration by parts.
Z
Z
dp 2
dp 3 ∂f0
p
= 0 − 3g
p f0 = −3n0 .
g
2
(2π ) ∂p
(2π 2 )
This results in
n˙0 + 3Hn0 = 0
or n0 ∝ a−3 . This same result can be found in the FRW universe. It simply
states that, in the absence of interactions that change the number of particles,
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the number density decreases as space increases. In other words N remains
constant as the volume increases. These steps are repeated often in the next
section.
The first order equation for Ψ is
1
∂f0
∂f0
+ f0 Ψ̇ + ı ~q · p̂f0 Ψ − p
Ψ
∂t
a
∂p



1
∂
ı ~q · p̂ψ + φ̇ − pH
(f0 Ψ) = 0.
a
∂p

The first and last terms cancel each other since

∂f0
∂t

0
= pH ∂f
as before and
∂p

noting that Ψ does not depend on p as long as interactions are elastic. This is
the same assumption made when ∆ depended on p̂ but not p. The end result
is
1
p ∂f0
Ψ̇ + ı ~q · p̂Ψ =
a
f0 ∂p




1
ı ~q · p̂ψ + φ̇
a

(2.17)

The two perturbation schemes are linked by equation 83 in Ma and Bertschinger[20].
The first method is convenient for calculation of the photons and the CMB.
The second method is more general and easier to relate to observations of
matter perturbations as seen in the next subsection.
2.3.2

Massive Case
For the massive, non-relativistic case, we can approach the Boltzmann

equation in two ways. The first way is to assume a fluid approximation. We
expect massive particles to behave like pressure-less perfect fluids. In this case
we would only need two equations: continuity equation and Euler’s equation.
As long as a particle has a very small velocity then the pressure and anisotropic
stress can be ignored.
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Alternatively, one can find this approximation with the Boltzmann
equation. We proceed in this way in order to understand the fluid approximation. Again, we begin with the collisionless Boltzmann seen in equation
2.7. Of course the main difference between the massive case and the massless
case is
P µ Pµ = −m2 = −E 2 + p2
where the above equation defines E and p. Unlike the massless case, we can
not interchange E with p. P µ can be written in terms of E and p such that
o
n
p
P µ ≈ E(1 − ψ), (1 − φ)p̂ .
a
The algebraic work to write equation 2.7 in terms of E and p is similar to
the massless case. Working through the same steps as the massless case, we
obtain
dxi
p
=
p̂
dt
aE


dE
p
p2 
= − ıψ ~q · p̂ +
H + φ̇ .
dt
a
E
The resulting Boltzmann equation is

 ∂f
df
∂f
p
p
p2 
=
+
~q · p̂f − ıψ ~q · p +
H + φ̇
.
dt
∂t
aE
a
E
∂E

(2.18)

Setting the perturbation the same as equation 2.16 and working through the
same algebraic steps results in
1p
∂ log f0
Ψ̇ + ı
~q · p̂Ψ = −
aE
∂ log p

22




1E
ı
~q · p̂ψ + φ̇
ap

(2.19)

where

∂ log f0
∂ log p

=

that factors of

p ∂f0
f0 ∂p
p
E

=

p2 1
.
E f0

The form is identical to equation 2.17 except

appear. Note that we have yet to say whether the particle

is non-relativistic or relativistic. Equation 2.19 can be applied to any type of
massive particle.
We would now like to connect equation 2.19 to the observed large scale
structure. Unlike the CMB, we do not observe the temperature perturbations
but rather density perturbations. In other words we are more concerned with
quantities like number density. Therefore, we proceed as in the massless case
and find the dynamic equation for n. First, we go back to the relationship
between f and Tνµ . In section 2.2, we defined the perturbations to the stress
energy tensor such that
δT00
δTji

Z
=g

Z
=g

d3 p
Ef0 Ψ = ρ0 δ
(2π)3

d3 p p2 p̂i p̂j
f0 Ψ = δP δij + Σij
(2π)3 E

In addition, we define ~v such that
δTi0

Z
=g

d3 p
pp̂i f0 Ψ = (ρ0 + P0 ) v i .
3
(2π)

(2.20)

Note that v i is a perturbation with no analogous term in an FRW universe.
It is related to the energy flux or momentum density.
The observed large scale structure is the power spectrum of δ. To find
a dynamical equation for δ = δρ/ρ0 , we work with

1 ˙
δ̇ =
δρ − ρ˙0 δ .
ρ0
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(2.21)

For the second term, section 2.1 showed that ρ˙0 = −4Hρ0 for the massless
case and ρ˙0 = −3Hρ0 for the non-relativistic case. For the first term,
˙ =g
δρ

Z


d3 p  ˙
E
f
Ψ
+
f
Ψ̇
.
0
0
(2π)3

0
˙ cancels with ρ˙0 δ, and we are left with
, the first part of δρ
Since f˙0 = pH ∂f
∂p

1
δ̇ =
ρ0


d3 p
Ef0 Ψ̇
(2π)3

 Z
g

If we now apply equation 2.19 for Ψ̇, the resulting equation is
1
δ̇ + ı ~q · ~v = −3φ̇
a
The evolution of δ depends on the metric perturbations and ~v . Therefore, we
also need to find the time derivative of ~v .
The time derivative of equation 2.20 yields
∂
[~v (ρ0 + P0 )] = g
∂t

Z



d3 p
˙0 Ψ + f0 Ψ̇
f
pp̂
(2π)3

First, let us assume we are dealing with non-relativistic particles: P0 = 0.
We have already encountered ρ˙0 and f˙0 in dealing with δ̇. These two terms
combine into H~v following the same steps as before. Also, we can plug in the
Boltzmann equation for Ψ̇ as before which yields
Z
g

d3 p
pp̂f0 Ψ̇ = g
(2π)3

Z




d3 p
1p
p ∂f0 1 E
pp̂f0 −ı
~q · p̂Ψ +
ı
~q · p̂ψ + φ̇ .
(2π)3
aE
f0 ∂p
ap

The first term on the right hand side can be ignored for the non-relativistic
case since p << E. The last term with φ̇ disappears since integrals of p̂ over

24

the entire phase space are zero. The remaining term, using integration by
parts, becomes −ı a1 ~qρ0 ψ. The resulting dynamical equation for ~v is
1
~v˙ + H~v = −ı ~qψ.
a
Rather than deal with a vector, we define θ = ı~q · ~v . Finally, the equations
describing the evolution of non-relativistic particles are
1
δ̇ + θ = −3φ̇
a
1
θ̇ + Hθ = q 2 ψ
a
These are the fluid equations for non-relativistic collisionless particles.
2.3.3

Radiation Hierarchy
Section 2.3.2 connected the Boltzmann equation for Ψ to the observable

δ. This step is also important since the evolution equations of φ and ψ depend
on δ, θ, and σ. In section 2.3.1, this step was avoided since for photons we
can observe ∆. However, in the case of massless neutrinos or any other type
of non-standard radiation, it is unlikely that we can observe ∆ directly. In
addition, we still need to connect ∆ to equations 2.9 and 2.10 through δ and
σ.
To this end, we apply the steps of section 2.3.2 to the massless case.
For δ̇ we begin with equation 2.21.
δ̇ =


1 ˙
δρ − ρ˙0 δ
ρ0
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The steps taken here are identical to the massive case except that ρ˙0 = −4Hρ0
and E = p. This results in a similar equation for δ.
δ̇ + ı

41
θ = −4φ̇
3a

The only difference here between the massive and massless case are the coefficients. This result should not be too surprising since this equation is the
analog of the continuity equation in fluid mechanics.
The dynamical equation for θ follows the same steps as in the massive
case but with a few important differences. First, in section 2.3.2 one term was
ignored assuming p << E; this term can not be ignored here. Second, the
Hθ term is canceled since ρ˙0 = −4Hρ0 instead of −3Hρ0 . Lastly, we use the
relation δP = 13 δρ. The dynamical equation for θ is
1
θ̇ = q 2
a




1
δ−σ+ψ .
4

Instead of θ̇ depending on θ, it depends on δ and σ. While we already have a
dynamical equation for δ, we do not have one for σ. It turns out, these steps are
infinitely repeated. For example, σ̇ depends on θ and a higher moment. This
higher moment’s time derivative depends on σ and the next higher moment.
This infinite set of equations is termed the radiation hierarchy.
The dynamical equation for each moment depends on the neighboring
moments. This behavior can be seen by taking the Legendre moments of
R1
equation 2.17. Let Ψ` = (ı)` −1 (dµ/2)P` (µ)Ψ where µ = (1/q)~q · p̂ and P`
denotes the Legendre polynomials. Two properties of Legendre polynomials
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are important. One, they are orthogonal:

1
2

R

dµP` P`0 = δ``0 /(2` + 1). Two,

there exists a recursion relation: (2` + 1)µP` = (` + 1)P`+1 − `P`−1 . The
Legendre moment of equation 2.17 is
1
Ψ̇` + ı (−ı)`
a

Z

dµ
P` (µ)µΨ = (−ı)`
2

Z

dµ
1
P` (µ)(ı µψ + φ̇).
2
a

For the right hand side, the φ̇ term is only non-zero when ` = 0 since P0 = 1.
For the same reason, the ψ term is only non-zero when ` = 1. For ` ≥ 2,
the right hand side vanishes. The second term on the left hand side contains
µP` (µ). This term can be expanded based on the recursion relation and is the
source of the neighboring moments characteristic. In the end
Ψ̇` = −

1 q
[(` + 1)Ψ`+1 − `Ψ`−1 ] ` ≥ 2
a 2` + 1

(2.22)

For ` = 0, 1, additional terms appear from the metric perturbations.
For the massive case, the fact that p << E led to a truncation after
the first moment. However, for the massless case, a full solution would be an
infinite amount of equations where each moment’s dynamic equation depends
on the neighboring moments. Of course for practicality, this infinite set is
truncated. Rather than an abrupt cutoff, Ma & Bertschinger[20] proposed
Ψ`−max →

2` − max + 1
Ψ`−max − Ψ`−max−1
qτ

where details on the reasoning behind this cutoff can be found.
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2.4

Summary
Without thorough derivation we present the Boltzmann equations and

metric perturbations. For neutrinos and CDM, we only require the collisionless
Boltzmann equation which we have derived. The extra terms in the Baryon
and photon equations come from the collision term based on Compton scattering. As stated before the metric perturbations evolve based on 4 equations
but only 2 are necessary. Equations 2.9 and 2.10 were derived in section 2.2.
q2
φ + 3H(φ̇ + Hψ) = −4πGρ0 δ
a2
1 2
q (ψ + φ) = −12πG(ρ0 + P0 )σ
a2
One alternative is the δTi0 component. This terms results in


1
2
q
φ̇ + Hψ = 4πG(ρ0 + P0 )θ.
a2
The equation for σ resulted from examining the off-diagonal terms of the
stress energy tensor. The last alternative can be derived from the diagonal
components and relating them to δP . However, the resultant equation is
much more complicated than the other three. Also, ρ0 , P0 , δ, σ, and θ are
summed over all the species. CDM follows the fluid equations:
1
δ˙c + θc = −3φ̇
a
1
θ˙c + Hθc = q 2 ψ.
a
The Baryons follow the fluid equations also but contain corrections for Compton scattering. We do not explicitly state these terms since our focus is on
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neutrinos. The details of the collision terms can be found in [20] with a textbook explanation in [24]. We denote the collision terms simply as C.
1
δ˙b + θb = −3φ̇
a
1
θ˙b + Hθb = q 2 ψ + C
a
Photons follow the radiation hierarchy with additional collision terms. The
first two moments are:
41
δ̇γ + ı θγ = −4φ̇
3a


1 2 1
θ̇γ = q
δγ − σ + ψ + C.
a
4
The higher moments can be found with the recursion relation from section
2.3.3.
1 q
[(` + 1)Ψ`+1 − `Ψ`−1 ]
a 2` + 1
R d3 p p2 p̂i p̂j
For σ̇, one may integrate the above equation by g (2π)
f0 and then apply
3
E
Ψ̇` = −

the traceless projection operator. The collision terms are dependent on the
polarization. Therefore, additional equations are needed to track the photon
polarization. We do not present them here. The massless neutrinos follow
the same radiation hierarchy with no scattering. The equations for massive
neutrinos are discussed in section 4.1.
At this point, one may wonder why we bother with the radiation hierarchy. After all, equation 2.17 can be integrated like any other differential
equation. Instead of an infinite set of equations, we would have one equation per species and the two equations for the metric perturbations. However,
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there are a few reasons one needs the radiation hierarchy. First, the radiation
hierarchy bypasses the need to know µ. This dependence is removed once we
take the Legendre moment. Second, the collision terms, which we have not
expressed in full detail, depend on specific Legendre moments, namely the zero
moment of the photon and the first moment of the baryons. Lastly, we need
to integrate Ψ to obtain δ, θ, σ, and δP which are required for metric perturbations. These integrals are not analytic in general and maybe cumbersome
since they are over the entire phase-space. The relationships in the radiation
hierarchy are much simpler. The price of simplicity is the radiation hierarchy.
Full, detailed treatments are shown in various works. Lifshitz[25] was
the first to develop the perturbations around the FRW metric. Peebles and
Yu[26] applied these perturbations to photons and baryons. Bond and Efstathiou[27] included the effects of dark matter. A useful reference is Ma and
Bertschinger[20] which develops the perturbation in 2 common gauges. Seljak
and Zaldarriaga [28] develop the line of sight integration. For textbook treatments see Weinberg[22], Dodelson[24], Padmanhaban[29], Kolb and Turner
[30], and Mukhanov[31].
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Chapter 3
Observables

This section summarizes how we compare theory to observations. For
this work, we discuss the measurements of the Hubble constant, CMB angular
spectrum, and LSS power spectrum. The Hubble constant, H0 , is a geometric
probe and intrinsically tied to the concept of a standard candle. Therefore,
we begin by discussing the use of supernovae type Ia as standard candles as
an example before we discuss the measurements of H0 . Geometric probes
are insensitive to the perturbations. The CMB and LSS, on the other hand,
give us observables of the perturbations today. The power of the CMB is
its linearity and its ability to be directly measured. Precision cosmology is
dependent on the precision of CMB measurements. The tightest bounds on
model parameters stem from CMB measurements such as the WMAP satellite.
For massive neutrinos, the largest effects occur in the matter power spectrum.
However, except for weak lensing, we can not observe this directly since we can
not measure the distribution of CDM directly. We do not utilize current weak
lensing observations because of their current precision level and error analysis.
Galaxy power spectrum are currently used to estimate the matter spectrum.
However, it appears that normal matter only accounts for a fifth of the total
matter in the universe. Also, the distribution of Baryons is not expected
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to coincide with CDM. The final subsection discusses these difficulties and
how cosmologists connect galaxy surveys with the theoretical matter power
spectrum.

3.1

Geometric Probes
Geometric probes measure the expansion rate of the universe, namely

the behavior of a(t). They have the advantage of being independent of the
perturbations, and therefore, they can also probe cosmology outside of any
particular gravitational theory. Measuring the expansion of the universe over
time is akin to basic kinematics. We want to know the velocity of the expansion over time. From this, we can easily tell if something is speeding up or
slowing down. Alternatively, we could look at velocity versus distance. In cosmology, velocity is measured by the Doppler shift or red shift. The term red
shift is used because our observations show that the vast majority of galaxies
are moving away from us, starting with Hubble’s observations[32]. This is the
qualitative evidence that the universe is expanding. What we want is quantitative information. However, both time and distance are extremely difficult
to measure directly at large scales.
For objects near the Earth, direct distance measurements are made
through radar. For measurements within our galaxy, parallax measurements
are done. Parallax measurements are based on geometry: when an observer
shifts in position, the apparent velocity of an object decreases with distance.
The Hipparcos satellite[33] measured the distances of 100, 000 stars up to 1
32

kpc using parallax. A successor mission, the Gaia satellite, is scheduled to
launch in 2012. However, the apparent motion for objects beyond these scales
is too small to observe. Standard candles are used to determine distances
at most astrophysical and cosmological scales. Standard candle measurements
are based on the difference between the observed and intrinsic brightness of an
object. However, these are not direct measurements and require calibrations
with direct measurements. The next subsections discuss standard candles and
a few important examples. Afterward, we discuss how measurements on the
Hubble constant are made with the concept of cosmic distance ladders. An
alternative measurement is based on standard rulers. Rather than measuring
the brightness of an object, we could compare the observed size of an object
versus its intrinsic size. The crucial point is to find an object with a uniform
or known intrinsic size. Recently, the Baryon acoustic oscillation(BAO) has
come up as a potential standard ruler. However, the BAO measurements are
a subset of the galaxy power spectrum so we do not delve into the details. See
[34] for a review.
3.1.1

Standard Candles
Standard candles work in the following way. We have some object with

some intrinsic luminosity L. L is the amount of radiative energy the object
emits per time; it is a measurement of power. We call it intrinsic to distinguish
from our observed luminosity ` which is the power per square area. ` is the
flux of radiative energy. To begin with, we assume a Euclidean space. If some
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object has luminosity L and we observed it from distance d away, we should
measure ` to be
`=

L
.
4πd2

(3.1)

This assumes that energy is emitted isotropically. From equation 3.1, we see
that a measurement of flux is a measurement of d if L is known. As long as we
can find some object where L is constant regardless of its environment, then
this kind of inference works.
However, we do not live in a Euclidean space; in cosmology we need to
work with the FRW metric. The ` we observe should be
`=

dE
|
L|to
dt to
=
2
2
4πd (to )
4πd (to )

where t0 denotes the time today. For this section on geometric probes, it is
useful to write out a(t0 ) even though we have set it equal to 1 in prior sections.
There are 3 main modifications we need to make to equation 3.1.
1. The surface area of the sphere surrounding the emitting object is larger
when we observed it then when the light was emitted. We have moved
further away from it. Therefore the surface area should be
4πd2 → 4πa(to )2 x2
where x is the co-moving coordinate distance between us and the object.
Note that we assume that x is roughly constant. In other words we
assume that we are not moving with respect to the object except for the
universal expansion (no peculiar velocity).
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2. The energy of the radiation decreases as the universe expands. A simplistic way to view this is that the wavelength stretches as the space
stretches. Therefore frequency decreases. This energy decrease is proportional to a−1 . The same result can be more formally shown by examining the geodesic equation 2.8. The energy of the radiation we observe
is less than its original energy at the time of emission. Since energy is
inversely proportional to a, we have
E(to ) =

a(te )
E(te )
a(to )

where te refers to the time of emission. The luminosity term in equation
3.1 is modified by
L→L

a(te )
a(to )

where L is now the original luminosity at time of emission.
3. The last modification deals with time. This is why the luminosity in
equation 3.1 was written as a derivative of energy over time. The power
or rate at which we observe the energy differs than when it was originally
emitted. One way to see this is to look at the metric. For light ds = 0.
Therefore, dt = adx. We can see that dt is smaller in the past. Therefore,
the observed luminosity or rate is slower than when it was originally
emitted.
dt|to
a(to )
.
=
dt|te
a(te )
The luminosity needs to be shifted lower.
L→L
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a(te )
a(to )

Before we add all these modifications, note that
a(te )
1
=
a(to )
1+z
where z is the redshift. Finally, our modified flux or observed luminosity is

2
a(te )
L a(t
L
L
o)
`=
(3.2)
=
=
2
2
2
2
2
4πa(to ) x
4πa(to ) (1 + z) x
4πd2L
where we have defined the luminosity distance:
d2L = a2 (to )(1 + z)2 x2 .

(3.3)

The luminosity distance is something we can observe by measuring the observed luminosity or flux from an object with known intrinsic luminosity.
Again, the important thing is to find something close to a standard candle
such that L is consistent. Then, observations of ` are identical to observations
of dL . dL is also a value that can be calculated from theory easily. It is just a
matter of calculating the co-moving distance x
Z
x=

Z
dx =

dt
=
a

Z

da
=
a ȧ

Z

da
a2 H(a)

for a given redshift. H(a) is just the Hubble parameter that can be calculated
by knowing the energy density from equation 2.1. In summary, equation 3.2
defines the observation, and equation 3.3 defines the theory. We can plot the
observed dL against z and fit the theory.
One systematic effect that all standard candles must deal with is dust
redenning or extinction. As light propagates through the universe from the
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source to us, it can travel through non-vacuum mediums. This medium is usually dust of the interstellar medium which causes a reduction in brightness.
Corrections to this extinction involve either the use of multi-wavelength observations or the use of small frequency observations. Redenning is empirically
known to affect the longest wavelengths the least[35][36].
3.1.2

Supernovae Type Ia
The use of supernovae as standard candles is an important cosmological

observable. Riess et. al.[37] and Perlmutter et. al.[38] used supernovae data
to show that the universe was accelerating. Supernovae allow us to measure
the expansion of the universe to high redshifts. In particular, supernovae type
Ia have roughly constant luminosity. Although Sne Ia are not as common
as other standard candles, their brightness makes it possible to observe them
even to redshifts beyond z = 1. For this reason, Sne Ia have been a pivotal
piece of information.
In general, supernovae are categorized as type I or II based on their
spectroscopy. Type I have no hydrogen lines in their optical spectra whereas
Sne II do. Sne I are further categorized into subtypes a, b, and c. Sne Ia
have a strong absorption line near 6150 Angstroms. This line is believed to
come from Si II. Sne Ib have no Si II line but a strong He I line. Sne Ic
have neither absorption lines[39]. Sne Ia are believed to come from C-O white
dwarf stars accruing mass from a companion star. This model is opposed to
the model for type II which are core collapses of massive supergiant stars. In
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the Sne Ia model, the white dwarf is in a binary system with a companion
star. White dwarfs are the stable final state of main sequence stars. However,
as the white dwarf collects mass, it ultimately reaches a critical stage in which
the electron degeneracy pressure can not maintain the additional mass[40][41].
This limit is the Chandrasekhar limit[42] and is about 1.4 solar masses. Sne
Ia are powered by the decay of Ni56 for the early peak brightness and Co56
after a few weeks[43]. Uncertainties of this model still exist, although there
is a consensus on the general framework. One example of an observed Sne Ia
which can not be explained is the so called “champagne” supernova (SNLS03D3bb)[44]. Investigations into the ejecta spectrum such as in [45] show that
we do not fully understand the exact ignition mechanisms.
It turns out that Sne Ia are close but not exactly standard candles.
However, Phillips[46] found an empirical correlation between the peak brightness and the rate of luminosity decline. With this correction, Sne Ia are almost
perfect standard candles. The methods to make Sne Ia standard candles are
called light curve fitting. Two leading methods are SALT[47] and MLCS2k2[48].
In addition, the Carnegie Supernova Project has introduced a new method for
their purposes[49]. These methods are based on empirically fitting the brightness profiles with multiple wavelength observations. It has been observed that
for higher frequencies, larger corrections are needed. In fact, [50] show that in
the near infrared, the absolute magnitude of luminosity has the same spread
as the corrected optical light curves. Enough Sne type Ia have been observed
such that statistical errors are smaller than the systematic errors. These sys-
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tematic errors stem from the differences in the light curve fitting and handling
of redenning effects[51]. A review of Sne Ia and its general application to cosmology can be found by Filippenko[52]. The strength of Sne Ia as standard
candles is not only the large magnitude of brightness but also the small spread
in the apparent brightness. In other words measurements of ` are done with
great precision. However, the intrinsic brightness is still a source of systematic
error. In fact, the intrinsic brightness is usually calibrated to another standard
candle: cepheids.
3.1.3

Cepheids
Cepheids are a class of pulsating variable star. Within this class are

population I and II stars. Cepheids are distinguished from other pulsating
variable star by their short periods, usually around days to months. A similar type of star, RR Lyrae variables, are sometimes referred to as cluster
cepheids. However, the current consensus is that RR Lyrae are a distinct
class from cepheids due to a few factors: spectral class, population II stars,
shorter period (< 1 day), and smaller magnitude[53]. Population I Cepheids
are younger stars and are more massive than Population II. Both are brighter
than RR Lyrae. The mechanism behind the pulsating stems from dynamics
of helium ionization. As helium is heated, singly ionized atoms can be doubly
ionized. These double ionized helium allow more radiation to escape and cooling resumes. This mechanism causes the periodic expansion and contraction
of the star. The model is sometimes referred to as the Eddington valve[54].
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For a reference, see Percy[55].
Cepheids are standard candles based on the pulsating period-luminosity
relation (P-L). The longer the period, the brighter the star. This relation was
discovered by Leavitt[56][57] and is sometimes referred to as Leavitt’s law. In
Sne Ia, the physics of the supernova explosion was the source the standard
brightness. In the case of Cepheids, the absolute luminosity is not constant
but is known empirically.
Just as Sne Ia are not perfect candles, Cepheids require corrections
beyond redenning effects. The main systematic issue with Cepheids is their
metallicity. Improper or lack of classification of Cepheids within their subclasses caused large discrepancies in reported H0 .
3.1.4

Determining the Hubble Constant
The measurement of H0 is intrinsically tied to the concept of cosmic

distance ladders. Standard candles are necessary to measure large distances.
However, they are not direct measurements and there will always be some
uncertainty to their intrinsic brightness. Therefore, the intrinsic brightness
is calibrated with other distance measures. This is the concept of a cosmic
distance ladder. The first rung of the ladder is the calibration of standard
candles of a few kpc with some direct measurements such as parallax. Therefore, the first standard candles usually need to be part of our local group.
Standard candles themselves usually have a range mostly dependent on how
bright they are. Standard candles based on stars like cepheids or RR Lyrae
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are not bright enough to be seen beyond the 5 − 10 Mpc scale i.e. the closest
galaxies. This rung calibrates the standard candles for beyond the 10 Mpc
scale such as Sne Ia and velocity-size relationships in elliptical galaxies. Each
new standard candle in the next rung is calibrated with the previous rung of
the ladder. Historically, there have been large discrepancies of the measured
H0 based on systematic errors stemming from absolute distance calibration.
Naturally, a systematic error on the first rung of the ladder propagates to the
higher distance measures.
The dynamics of the recent universe expansion simplifies greatly. In
fact it is model independent. The proper distance is the comoving distance
multiplied by the scale factor.
s = a(t)x
The derivative of s has two components: one due to the expansion of the
universe and one due to the motion in comoving coordinates. These two
terms are sometimes referred to as the Hubble flow and the peculiar velocity,
respectively. If we assume the peculiar velocity is small compared to the
Hubble flow, then the velocity v = ds/dt is the Hubble law[32].
v = H(t)s,

ẋ
<< H(t)
x

(3.4)

We have left the Hubble rate to be a function of t as it generally is. For the
Hubble constant, we want to observe v and s closer to our present time i.e. at
small redshifts. Taylor expansion of the scale factor results in
a(t) ≈ a(t0 )(1 + H0 (t − t0 )).
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Since 1/(1 + z) = a(t)/a(t0 ), the above equation becomes
z ≈ H0 (t0 − t) = H0 d

(3.5)

with c = 1. Note that H0 is a constant number which can be measured independent of any particular cosmological theory. Therefore, these measurements
of H0 are direct. Equation 3.5 did not use equation 3.4 explicitly. However,
equation 3.5 does assume that the redshift is completely due to the Hubble
flow. We presented equation 3.4 to illustrate that this is not always true. In
fact for objects very close to us, the local expansion rate is small compared to
the peculiar velocities. The trick to measuring the Hubble constant is to find
a large amount of standard candles within a perfect range. If they are too far
away, then equation 3.5 is no longer valid. If they are too close, then v and
z are dominated by the peculiar velocities. It turns out that enough objects
have been observed such that the statistical errors associated with this limited
range are growing smaller with respect to the systematic errors of distance
calibration.
For our purposes, we discuss one particular ladder using cepheids and
Sne Ia. This ladder was used by the Hubble space telescope key project. In this
ladder, cepheids are calibrated using the distance to the Large Magellanic cloud
(LMC). The cepheids were then used to calibrate Sne Ia and other distance
measures such as the Tully-Fisher relation[58] and surface-brightness fluctuations[59] to push the observed distances. At the time, the largest uncertainties
stemmed from the absolute distance to LMC and the effect of metallicity on
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the cephied P-L relation. The resultant measure of the Hubble constant was
72 ± 3(stat) ± 7(sys)[60]. This result is obtained by weighting the several distance ladders used; all of which were calibrated by cepheids. Since the HST
key project measurement, other groups have attempted to reduce the errors
with the same type of distance ladder. [61] calibrate the cepheids using NGC
4258 rather than the LMC. While NGC 4258 is further away, its distance measure seems more stable and precise. These measures come from the motion
of its water masers[62]. The new calibration leads to H0 = 74.2 ± 3.6. [63]
used the same distance ladder but with a new calibration of the cepheid absolute magnitude with galactic parallax[64] and additional supernovae data[65].
They found an H0 = 73 ± 2(stat) ± 4(sys). In the future, errors on the H0
could be as low as 2% with additional data and reduction of uncertainties[63].
Other types of cosmic distance ladders use RR Lyrae stars which exist
in older population II containing galaxies. These stars can be used instead
of cepheids for the first rung of the ladder. They are more abundant but
less luminous than cepheids[66]. RR Lyrae can then calibrate the next rung
in the ladder such as the use of elliptical galaxy diameter-velocity dispersion
relations[67]. There are also indirect measurements of H0 . These include the
use of x-ray data[68] and gravitational lensing data[69].

3.2

Cosmic Microwave Background
The CMB is a result of the acoustic oscillations in the primordial

plasma. In the early universe, baryons and photons are tightly coupled due
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to Compton scattering. The CDM drag the baryons into their gravitational
potential. Thus, the photons also feel this gravitational effect due to the tight
coupling. In turn, the photon’s radiative pressure pulls the baryons-photons
out of the potential. These opposing forces cause the oscillation. This behavior
continues until the Hubble rate is large enough such that Compton scattering
is not fast enough to keep photons and baryons together. This event is determined by recombination physics. Since the early universe is very dense, neutral
atoms can not form; they are continuously ionized by the background photons.
However, as the universe expands, the density diminishes as seen in section
2.1. At some point, the electrons can combine to form neutral atoms. The
photons that were once coupled now freely propagate through the universe.
The small perturbations in the uniformity of photon energy are indicative of
the gravitation perturbations at this time of last scattering.
Our observations of the CMB are a snap shot of the gravitational perturbations at this early stage of the universe, roughly 400, 000 years after the
big bang. The measured CMB is dominated by these early universe physics;
these anisotropies are called primary. Secondary anisotropies exist due to
more recent events. The reionization of the recent universe starts with the
formation of the first stars and galaxies. The radiation from these objects ionizes the neutral medium which in turn scatters with the CMB. Reionization
dampens the level of anisotropies at smaller scales and polarizes the CMB. Another effect is the Sunyaev-Zeldovich effect due to inverse Compton scattering.
The CMB photons scatter off the hot electrons surrounding galaxy clusters.
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The Sunyaev-Zeldovich effect occurs at even smaller scales than reionization
since it is tied to galaxy clusters. This effect can be further divided into two
categories: kinetic and thermal. Lastly, an effect known as the integrated
Saches-Wolfe(ISW) effect alters the anisotropies at large scales. ISW is due to
a non-constant gravitational potential. It is seen in equation 2.14 and is due to
photons climbing out of potential well. This causes a red or blue shift. However, if the gravitational potential is constant, then this effect is non-existent.
This is the case where there is no Dark Energy.
The CMB was first predicted as a consequence of the Big Bang by
Gamow[70][71] and Alpher & Herman[72]. The first detection was made by
Penzias and Wilson[73]. Their work resulted in half of the Nobel prize in
1978. The NASA probe COBE verified the black-body nature of the CMB
and made the first detection of anisotropies[23][74]. This work resulted in the
Nobel Prize for Smoot and Mather in 2006. The successor of COBE, WMAP,
observed the anisotropies up to the first 2 acoustic peaks[75]. It helped usher
in the era of precision cosmology. An important measurement is the level of
the perturbations. COBE found temperature differences only at a level of
0.001%[74]. Therefore, we can assume that the gravitational perturbations
were small, verifying the validity of linear perturbation theory. Because of the
linearity of the theory, high precision inference can be obtained by analyzing
the CMB. In this section, we utilize several statistical properties without proof.
Appendix A lists these theorems.
For this section, we use the following notation.
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• ∆(xµ , n̂) is the theoretical temperature anisotropy observed at xµ in
direction n̂ where T (xµ , n̂) = T (1 + ∆(xµ , n̂)).
µ
• am
` (x ) are the coefficients of ∆ in the spherical harmonics expansion.

They depend on xµ .
• Am
` are the coefficients of the observed anisotropies in the spherical harmonics expansion. They do NOT depend on xµ .
µ
• C` are the theoretical variances for the distribution of am
` (x ).

• C`sky is the unbiased estimator of C` based on our observations.
• Si (xµ ) is the theoretical temperature anisotropy at pixel i. It is dependent on the theoretical ∆ and the instrument beam design.
• ∆i is the observed temperature anisotropy at pixel i.
• CS,ij is the covariance of S between pixel i and pixel j.
3.2.1

Theoretical Angular Power Spectrum
First, what does theory predict? Theory does not predict an exact

∆(xµ , n̂). That would be quite bold. What theory does predict is a probability
distribution for ∆. First, we expand ∆ into the spherical harmonics.
∆(xµ , n̂) =

X

µ
m
am
` (x )Y` (n̂)

`,m
µ
am
` (x )

Z
=

dΩ∆(xµ )Y`m (n̂)
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(3.6)

The simplest inflation theories predict that the coefficients will follow a normal
distribution
am
` ∼ norm(0, C` )
or, in other words
m
< am
` >= E[a` ] = 0
0

∗ m
m
< am
`0 a` >= Var[a` ] = C` δ`0 ` δmm0 .

(3.7)

The averaging is done over the entire support/domain of am
` which is the entire
space of the universe. Note that since the am
` ’s are normal distributed then ∆
P m2
is also normally distributed with mean 0 and variance =
|Y` | C` .
The C` ’s are found by theory. We have a set of differential equations
modeling the physics. The physics here being the evolution of perturbations to
the FRW metric, perturbations to the homogeneous phase space distribution
of the matter/energy components, and the interactions. We integrate these
differential equations until today. What we have is an initial value problem.
Chapter 2 discussed only the differential equations, not the initial conditions.
The initial conditions are stochastic in nature and come from models of inflation. Inflation is a theoretical period of accelerated expansion in the very
beginning of the universe. Inflation is a desired addition to current cosmological models for several reasons: it explains the homogeneity of the observed
CMB, it explains the observed flatness of our universe without fine-tuning, and
it provides an explanation to the origin of the perturbations. For an introductory treatment of inflation, see [76]. For this work, we assume adiabatic initial
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conditions. This condition is based on the simplest of single-field inflation
models and seems the best fit to current observations.
We now begin the mathematical formalism for calculating C` . From
equations 3.6 and 3.7,
Z
C` =

dΩdΩ0 Y`m (n̂0 )Y`m (n̂) < ∆(xµ , n̂0 )∆(xµ , n̂) >

(3.8)

In section 2.3.1, the dynamical equation for ∆ was in the Fourier space. Therefore, we transform the above equation. The dynamical equations in section
2.3.1 were completely deterministic. To take into account the stochastic initial
conditions, we let the Fourier transformed ∆ to be
∆(t, ~q, p̂) → R(q̂)∆(t, q, µ).

(3.9)

The initial conditions are encoded in R which is a random variable and only
depends on the direction of ~q. The ∆ on the right hand side of equation 3.9 is
still a completely deterministic variable. It depends only on the magnitude of
~q and the inner product µ ≡ q̂ · p̂. The initial conditions state that R comes
from a standard Gaussian distribution with variance
< R∗ (~q0 )R(~q) >∝ δ 3 (~q0 − ~q)Pp (q)
where Pp (q) is the primordial power spectrum. In the simplest model, the
primordial power spectrum is parameterized as

Pp (q) = As
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q
q∗

1−ns
.

There are two parameters: As is the amplitude and ns is the spectral index
or tilt. q∗ is an arbitrary value. These two parameters encode the initial
conditions or the physics of inflation.
Returning to equation 3.8, we now work in the Fourier space and with
the parameterization of the initial conditions in equation 3.9. The equation
for the C` ’s becomes
Z
C` ∝ d3 qdΩdΩ0 Y`m (n̂0 )Y`m (n̂)Pp (q) |∆(t, q, µ)|2
To solve for C` , we need to integrated the differential equation of ∆ to the
present. We saw in section 2.3.3 that solving for ∆ would require the integration of the radiation hierarchy. Therefore, we take the inverse Legendre
moment of ∆. The inverse moment is
X
(2` + 1)P` (µ)∆` (t, q).
∆(t, q, µ) =
`

Further reduction can be made by taking the properties of Legendre polynomials and spherical harmonics. The final result is
Z ∞
dq q 2 Pp (q) |∆` (t, q)|2
C` ∝

(3.10)

0

where t should be today if we want to compare with observation. The steps
to calculate the theoretical C` are now clear. We integrate ∆` based on the
radiation hierarchy equation in section 2.3.3 along with the other differential
equations. These need to be done for an appropriate number of q’s such that
the integral in equation 3.10 can be done. The actual number of q’s and for
that matter ` depends on the desired accuracy as will be discussed in chapter
5.
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3.2.2

Estimation of the Angular Power Spectrum
From theory, the angular power spectrum is based on the variance of

some distribution. First, we look at a simplistic statistical example which outlines the basic concepts. Say we have made n measurements: X1 , X2 , · · · , Xn .
Now assume that these measurements were made from a normal/Gaussian distribution denoted Xi ∼ norm(µ, σ 2 ) where µ and σ 2 are the population mean
and variance. The unbiased estimators for µ and σ 2 are the sample mean and
the sample standard deviation.
µ̂ = x̄
P
(xi − x̄)2
2
2
ˆ
σ =s =
n−1
We divide by n − 1 because we have to estimate µ. In a case closer to the
CMB, we let µ be known and estimate σ 2 . Without loss of generality, we set
µ = 0. In this case, the estimator of σ 2 loses the n − 1 term and becomes
P 2
xi
2
ˆ
σ =
.
n
We now apply this example to the CMB. From theory and observation,
we know that ∆ is very close to normal. Therefore, the coefficients, a`m , also
follow a normal distribution (see appendix). C` is defined as the variance of
the distribution of the am
` ’s.
a`m ∼ norm(0, C` )
Theory gives us C` . Our estimate of this is then
P
A2
sky
Ĉ` = C` = m `m
n
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In this case, n is known. For each `, there are 2` + 1 m’s. This statement is
just the property of the spherical harmonics. Therefore we have
1 X 2
A .
C`sky =
2` + 1 m `m
The only differences between the CMB and our simple example are the number
of measurements and the variance. The N and variance in the CMB case is
dependent on `. We can think of our measurements as coming from a mixture
of normal distributions. One caveat is that the a`m ’s are complex numbers but
this is a trivial change to the analysis.
We mentioned the cosmic variance before. The cosmic variance is just
the variance of our estimator, C`sky . For the normal distribution, if both the
mean and variance are unknown, we would use s2 to estimate σ 2 . The variance
of this estimator is known since
(n − 1)s2
∼ χ2n−1 .
2
σ
The variance of a χ2 distribution is two times the degrees of freedom; in this
case, it is equal to n − 1. Therefore the variance of s2 is
Var[s2 ] =

2σ 4
.
n−1

In our case, the mean is known so n − 1 becomes n. Therefore the variance of
our estimator is
Var[C`sky ] =

2C`2
2` + 1

This expression is the cosmic variance. Note that the higher ` is, the smaller
the variance is. We have a fundamental limit on the certainty of our estimate
C`sky . At low ` this cosmic variance becomes an issue.
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3.2.3

’Theoretical’ Pixeled Sky
The next step to realism is to know that we can not observe ∆ at an

exact direction. There is some thickness to our instrumentation. What we
want to know is the “theoretical” anisotropy, Si (xµ ), at pixel i. We do not go
into detail into how we determine pixel shape or distribution. It is sufficient
to know that we must pixelize the sky and that the size is dependent on how
good our instrumentation is. Si depends both on the theoretical ∆’s and on the
instrument design or beam design. For neatness, we envelope the stochastic
initial conditions into ∆. Note that Si (xµ ) does depend on the position in
space-time and is probabilistic. Si is
µ

Z

Si (x ) =

dn̂∆(xµ )Bi (n̂)

where Bi is the beam profile for pixel i in direction n̂. Since E[∆] = 0,
E[Si ] = 0, too. We define
CS,ij ≡< si sj >
as the covariance between pixel i and pixel j.
What we want is to relate the theoretical C` to CS,ij .
Z
CS,ij =

dΩdΩ0 Bi (n̂)Bj (n̂) < ∆(xµ , n̂)∆(xµ , n̂0 ) >

Note that the variance term is equal to

P

`,m

C` Y`m (n̂)Y`m ∗ (n̂0 ) based on spher-

ical harmonic decomposition. Also, a property of the spherical harmonics is
P
P` (n̂ · n̂0 ) where P` are the Legendre polynothat m Y`m (n̂)Y`m ∗ (n̂0 ) = (2`+1)
4π

52

mials. Then
CS,ij =

X 2` + 1
`

4π

Z
C`

dn̂dn̂0 Bi (n̂)Bj (n̂0 )P` (n̂ · n̂0 ).

Note that the integral term has nothing to do with the theory. It depends
only on the instrument’s beam profile. This integral is termed the window
function, W`,ij . Then the relationships between the theoretical variance, C` ,
and the pixel variance, CS,ij is
CS,ij =

X 2` + 1
`

4π

C` W`,ij

From this section, we see that
~ µ ) ∼ norm(0, CS )
S(x
~ is the set of all the pixel anisotropies and CS is the entire covariance
where S
~
matrix with elements defined by CS,ij . The probability density function of S
is
~
f (S|B,
C` ) =



1
2πdetCS

M/2

1

~ T C −1 S
~

e− 2 S

S

(3.11)

where M is the number of pixels. B and C` are not explicitly in the PDF but
CS depends on these two.
3.2.4

Observed Anisotropy and Noise
In the previous section, we related C` ’s to CS,ij by taken into account

the finite shape of our instrumental beam. However, this is still theoretical in
the sense that Si is some random variable whose distribution is related to the
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true ∆ distribution. In this section, we want to relate our observed anisotropy,
∆i , to Si (xµ ). In other words, we want to estimate CS,ij using our observed
anisotropy, ∆i . In the language of Bayesian statistics, we want to know the
posterior distribution of CS,ij conditioned on the data ∆i
f (CS,ij |∆i ) ∝ f (∆i |CS,ij )
where we have assumed no prior information on CS . First we need to work
out the above equation by including noise and equation 3.11. Then, we can
find the form of the posterior distribution.
The noise is modeled as a Gaussian distribution. In other words
∆i ∼ norm(Si , CN )
where CN contains all the information about the noise. For our purposes, we
assume that CN is known. Equation 3.11 shows that Si comes from a Gaussian
distribution as well.
Si ∼ norm(0, CS,ij )
In statistics, this is a specific case of a hierarchy model or mixture model. We
refer the reader to chapter 4.4 in [77] for a statistical treatment of hierarchy
models. A statistical hierarchy model is when the data is taken from a distribution whose parameters also come from a distribution. The hierarchy model
in the CMB case is as so.
• Data: ∆i from distribution norm(Si , CN )
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• Parameter: Si from distribution norm(0, CS,ij )
• Hyper-parameter: CS,ij assumed to be constant
We assume a non-informative hyper-prior on CS,ij . In general, Bayesian inference looks at the joint posterior.
f (Si , CS,ij |∆i , CN )
However we are only concerned with the marginal posterior distribution of
CS,ij .
f (CS,ij |∆i , CN )
As shown in equation 2.9 and 2.10 in [78], the marginalization of two normals
also results in a normal distribution. Based on equation 5.18 in [78], the
resulting distribution is
1
1
−1
f (CS,ij |∆i , CN ) ∝ p
e− 2 ∆i (CS +CN ) ∆i
Det(CS + CN )

(3.12)

In other words, the distribution of CS has the same functional form as ∆i ∼
norm(0, C) where C = CS + CN . In this discussion, we have assumed a known
CN . CN comes from the mapmaking process which we do not discuss. This
process takes the raw or time-ordered-data and assembles the sky map. We
refer readers to [79] for details.
3.2.5

Error Analysis and Forecasting
Equation 3.12 shows the posterior distribution of CS which is used to

estimate C` . With the inclusion of noise in the analysis, we can investigate
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the error in the estimated C` for current and future probes. To this end, we
build on the simple example in section 3.2.2. The variance of C`sky is known
since it comes from a Gaussian distribution. Based on equation 3.12, we infer
that ∆i |C ∼ norm(0, C). Therefore, the variance of our estimation of CS is
2
(CS + CN )2
N

(3.13)

To relate this to the C` , we note that the window function in section 3.2.3 is
orthogonal. Specifically,
Z

1

dµW`0 W` = δ`0 `
−1

Integrating equation 3.13 by 4π

R1
−1

2
.
2` + 1

(dµ/2)W` and taking the square root results

in the error of our estimate of C` .
r 

Z
2
dµ
W ` CN
C` + 4π
N
2
For simplicity, we assume a Gaussian beam profile and constant white noise.
This results in

s


2
C` + w e`(`+1)σ .
(2` + 1)fsky

(3.14)

N becomes (2` + 1)fsky since there are 2` + 1 m’s for each `. The fsky part
comes from the reality that some of the sky is too contaminated to be analyzed.
This contamination comes from foreground signals dominated by our galaxy.
σ defines the beam size, and w defines the noise per pixel. Our treatment
of window functions and beam profiles is simplistic. For an example of the
calculation of realistic window functions, see [80].
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Note that to find specific error values demands a specific value of C` .
We must know C` to know the error in our estimate of it. In other words, these
forecasted error bars not only depend on the chosen model but on the chosen
parameter values. Therefore, one must take the specific values from forecasting
analysis with caution. The analysis presented here is somewhat different in
literature. Here, we have based most of our analysis on Bayesian analysis
and general statistical analysis in hierarchy models. In literature, forecasting
analysis of the CMB has been done by Fisher matrix analysis[81][82] and
Monte Carlo simulation[83][1]. The Fisher matrix analysis takes the curvature
of the likelihood function which in this case would be equivalent to equation
3.12. The inverse of the Fisher matrix is related to the error. See page 337338 in [77] for more details. Alternatively, Monte Carlo simulations of the
intrinsic variance and noise can be performed. These forecasting methods can
be expanded to place bounds on the model parameters themselves.

3.3

Large Scale Structure
While the CMB measures the perturbations in the photon distribution,

LSS measures the perturbations in the matter distribution. The CMB photons
after recombination freely propagate towards us today. In the case of matter,
perturbations to their distribution grow over time. As the matter gets clumpier
and clumpier, stars and galaxies begin to form. This non-linear growth, among
other factors, means that the linear perturbation model is not accurate at
small scales. Where the precision of CMB inferencing is limited by the cosmic
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variance, the precision of LSS inferencing is limited by our calculations of
theory. The linear matter power spectrum is limited not only to the scales we
can compare with observation but also on the exact observation we use. In
the future, it might be possible to obtain a direct measure of the matter power
spectrum through weak lensing surveys. However, at this time, these surveys
do not have the precision necessary for neutrino inferencing. For a review of
weak lensing, see [84]. Another probe is the Lyman alpha forest. This is the
sum effect of light coming from distant objects such as Quasars and being
absorbed by the intervening intergalactic medium. These absorption lines
can be used to help constrain the amplitude and shape of the matter power
spectrum and the Hubble rate at higher redshifts than galaxy surveys[85]. The
most precise measurements of the matter power spectrum come from galaxy
surveys. However, these galaxy surveys do not measure the matter power
spectrum directly.
The first large survey was the Cfa survey done between 1977-1982[86].
The 2dFGRS in 1997 - 2002 had enough precision to detect the Baryon Acoustic Oscillation: the expected wiggles in the matter power spectrum due to the
same physics as the CMB angular power spectrum[87]. The Sloan Digital Sky
Survey began observing in 2000 and is currently in its third phase[88]. The
SDSS is currently the largest survey. Future galaxy survey projects include
the Large Synoptic Survey Telescope[89], the Dark Energy Survey[90], and
HETDEX[91]. The BAO has garnered much attention for its ability to be a
standard ruler. This standard ruler has been a target to gather more data
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about dark energy. The information from the BAO is a subset of the total
matter power spectrum. We choose to examine the entire power spectrum
data and do not focus on the BAO.
3.3.1

Theoretical Matter Power Spectrum
The theoretical matter power spectrum is in some ways a simpler cal-

culation than the CMB angular power spectrum. First, we do not work on
a spherical domain and do not have to work in the spherical harmonic basis.
Second, the evolution of matter perturbations is much simpler as seen in section 2.3.2. One simply needs to integrate the ODE equations up to some point
(the effective redshift of a galaxy survey) and use the value of the matter perturbations to solve for the power spectrum. Unlike the CMB, we can observe
structure at various positions so we are no longer constrained by the cosmic
variance.
We can follow similar steps to find the matter power spectrum as we
did for the CMB. The matter power spectrum is
P (q) ∝ δ 3 (~q0 − ~q) < δ(~q0 )δ(~q) > .
Note that δ is already written in the Fourier space. In real space, the power
spectrum becomes the correlation function, ξ(~x0 − ~x). If we rewrite δ into the
deterministic part and the initial conditions, the matter power spectrum can
be written as
P (q) ∝ Pp (q)|δ(t, q)|2 .
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Unlike the CMB, galaxy surveys have an effective redshift so δ may not necessarily be integrated to today. The measure of the matter power spectrum is a
comparison of observation with the first moment of the matter perturbations.
It also does not require integration over the Fourier space unlike the CMB
angular power spectrum. In this respect, the calculation of the matter power
spectrum is simpler. However, this is were the simplicity ends as the next
couple of sections discuss.
Before moving to the next section, we now discuss the window function
for galaxy surveys. We limit ourselves to volume galaxy surveys rather than
deep, narrow surveys. The covariance of the signal is
Z

d3 qP (q)wi (~q)wj∗ (~q)

CS,ij ∝

where wi is a weighting function based on the pixel scheme. A Fourier pixel
scheme results in
Z
wi =

d3 x −ı~q·~x ıqi ·~x
e
e .
V

The window function is defined as the integral over the angular parts in the
signal covariance definition. If we integrate the weighting functions over the
entire solid angle and divide by 4π, the signal covariance matrix becomes
Z
Cs =
0

∞

dq
q 3 P (q)
W (q)
q
2π 2

where W (q) is the window function. Unlike the CMB analysis, the signal
covariance and window function integrals do not come out nicely. In general,
the power spectrum from a survey is not measured well on scales near the size
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of the survey. Therefore, we are only concerned with q >> 1/R where R is
the radius of the survey. In this case, the window function behaves close to a
delta function picking out only the very nearby modes. The signal covariance
simplifies to
CS,ii ≈

P (q)
.
V

See [24] for more discussion.
3.3.2

Galaxy Surveys
The power spectrum from galaxy surveys differ from the theoretical

matter power spectrum in three ways:
1. Nonlinear Gravitational Evolution[92]
2. Redshift space distortion[93]
3. Bias[94]
The theory behind calculations of the CMB and LSS power spectrum is a
linear theory. It assumes that the perturbations are small. This assumption
is valid for the CMB. However, for matter at small scales, this assumption no
longer holds true. The small gravitational perturbations at the time of last
scattering grow as time progresses. At some point, these perturbations grow
large enough such that gravitationally bound structure form. In a universe in
which matter is dominated by CDM, structure begins at small scales first. In
fact
q > qNL ≈ 0.2h Mpc−1
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are non-linear today. qNL is a time dependent term. The earlier the time, the
smaller the scales that have become non-linear. Calculation of the non-linear
power spectrum is difficult. N-body simulations have been carried out by
groups[95][96] but these can only be done for a small set of parameter values.
At this point it is unrealistic for statistical inferencing. Analytic fitting schemes
to calculate the non-linear effect have been studied such as HALOFIT[97].
Galaxy surveys do not measure position of objects but rather their
redshifts. This fact causes a distortion from the real space distribution due
to gravitational effects. Galaxies form cluster structures among themselves.
If a galaxy is closer to us then the rest of its cluster, it is gravitationally
pulled towards the cluster center. This causes a redshift since the galaxy has
a peculiar velocity away from us. The opposite effect occurs when the galaxy
is behind the cluster from our point of view. This scenario causes a blueshift
since the galaxy is attracted toward us. The total effect is to stretch the
apparent distribution in redshift space. This effect is sometimes referred to as
the Fingers-of-God effect.
Finally, the bias is the relationship between the distribution of CDM
and normal matter. CDM is modeled as non-interacting where as normal
matter interacts with photons through Compton scattering. This interaction
results in a different power spectrum for normal matter. Therefore, the power
spectrum of galaxies does not reflect the total matter spectrum exactly. This
bias must be accounted for when comparing with theory. However, this bias
is also a non-linear effect. [98] proposed an empirical equation to relate the
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galaxy power spectrum to the linear matter perturbation power spectrum and
account for non-linearity.
3.3.3

Halo Power Spectrum
The analysis by Reid et. al.[99] reduced the effect of bias in LRG by

comparing the Halo power spectrums. As stated before, previous analysis
measured the galaxy power spectrum and related this to the matter power
spectrum with an empirical equation for the bias. Reid et. al. take the
measured galaxy survey and infer a halo power spectrum. This measured
halo power spectrum is then compared to a theoretical halo power spectrum
derived from the matter power spectrum. The advantage of this method is
that the bias is greatly reduced. The disadvantage is the need of N-body
simulations in order to calculate the theoretical halo power spectrum. In [100],
the preliminary work on the N-body simulations was done.
In this approach, the theory and the measurement meet halfway. The
halo power spectrum must be calculated from the linear power spectrum. The
measurement of the galaxy survey must be turned into an estimate of the
halo power spectrum. To calculate the theoretical halo power spectrum, three
corrections to the linear power spectrum were performed. First a suppression
of the BAO signal was done analytically using the empirical formula in [101].
The second correction uses Halofit to model the nonlinear corrections. Even
at q < qnl , there are small corrections that need to be taken into account. The
third is the bias. While the bias is smaller than the galaxy power spectrum, it
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still exists. As in [98], an empirical bias equation is formed and marginalized
over during statistical analysis.
On the observational side, the calculation of the halo spectrum involves
understanding the errors. Understanding the errors means one must understand CS . Unlike the CMB, the CS in the matter power spectrum does not
follow a simple solution. Only in the extreme simple case do we get an analytic expression. The CS is estimated using mock catalogues of the Halo
power spectrum, using the experimental window function. Instead of N-body
simulations, log-normal distributions are assumed as the distribution of the
underlying density[98].
3.3.4

Forecasting
Similar to the CMB, we present the forecasting methods for the matter

power spectrum. Section 3.3.1 discussed the signal covariance. We assume
the simplification of CS ≈ P (k)/V for this subsection. The noise for a galaxy
survey can be summed up as
δˆi =

Z

d3 xwi (~x)

n(~x) − n̄(~x)
.
n̄(~x)

This shows the difference between the observed average density and the density
at a certain pixel. wi here is the Fourier pair that was seen in section 3.3.1.
We assume Poisson noise; this is the appropriate model when we have discrete
tracers of an underlying continuous field. The Poisson distribution has its
expectation value equal to its variance. We set this value equal to λ.
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Based on the above equation and the properties of the Poisson distribution, the noise covariance matrix is
Z
CN =

d3 x

wi (~x)wj∗ (~x)
.
n̄(~x)

This assumes that n comes from a Poisson distribution with λ = n̄. We can
follow the exact same steps of the CMB to find the error in the estimate of
the power spectrum.
r

2
NV



1
Pi +
n̄

(3.15)

Here Pi is the power spectrum for bin i. N = 4πqi2 δq which takes into account
the bin process. This case is somewhat simpler than the CMB only because
we have made very rough approximation on CS . In [99], the q’s studied were
restricted to roughly 0.02h Mpc−1 to 0.2h Mpc−1 . The latter number is due to
the nonlinear growth of structure as discussed before. To push this value higher
would require more precise knowledge of the nonlinear power spectrum and
bias. The former number is mostly due to the geometry of the survey. Since
only a finite size is observed, not all q modes can be observed with precision.
This number can be pushed lower with greater size. For our purposes, we
restrict our analysis to this range.
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Chapter 4
Massive Neutrinos in Cosmology

In chapter 2, we outlined the theoretical equations governing expansion
and the perturbations. We implicitly restricted the discussion to massless neutrinos for simplicity. In this section, we discuss neutrinos with small masses.
This small mass creates more complexities than seen in chapter 2. Massive
neutrinos act as hot dark matter (HDM). Unlike CDM, HDM decouples from
the primordial plasma while it is relativistic. In section 2.1, we saw that the
energy density of non-relativistic matter and massless particles had simple behaviors with respect to the scale factor. HDM does not and generally requires
numerical calculations for ρ. Since HDM does not in general have p << E, we
can expect the need for the radiation hierarchy to describe the perturbations
as seen in section 2.3.3. Connecting these perturbations to the stress energy
tensor also requires numerical integration.
The study of massive neutrinos in the cosmological framework has been
done for a number of years. In 1966, Gershtein and Zeldovich placed an upper
bound of 15 eV based solely on the idea that neutrinos should not be so heavy
as to overclose the universe[102]. In 1977, Sato and Kobayashi studied the
mass bounds of neutrinos from decays of heavy leptons[103]. [104] studied the
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effect of massive neutrino on large scale structure in 1980. Other investigations on the effect on cosmic observables by neutrinos include [105][106]. In
more recent studies, [107] examined the accuracy of the fluid approximation
against the full radiation hierarchy equations. [108] investigated the massive
neutrino anisotropy background. In a work similar to our aims, [109] found
that the matter power spectrum needed a precision less than 0.5% to differentiate between hierarchy using a 2 mass eigenstates model. Bounds on the
neutrino mass have been studied by a variety of researchers. [110] found an
upper bound of 1.5 eV by combining WMAP 5 and SDSS LRG DR7 data.
[111] found an upper bound of 0.44 eV without axions and 0.41 eV with axions when combining WMAP 7, LRG 7, and measurement of H0 . Recent
studies have investigated the effects on the nonlinear power spectrum and
observations from weak lensing[112], the growth function and the observed
galaxy luminosity function[113], and the nonlinear halo based on hydrodynamical simulations[114]. For a review of the effects of massive neutrinos in
cosmology, see [115].

4.1

Effect on the FRW universe and perturbations
As seen in section 2.1, the behavior of the energy density for pho-

tons and CDM is simplistic. The radiation and non-relativistic matter energy
density scale as a−4 and a−3 , respectively. HDM does not have an analytic
relation. In the early universe, ρHDM behaves like radiation. At the present
time, HDM behaves like CDM. In general, the energy density for HDM must
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be numerically calculated.
Z
ρ=g

d3 p p 2
p + m2 f (x, p, t)
(2π)3

The aspects of the numerical integration is discussed later. For this discussion,
it is sufficient to recognize the complexity of ρHDM . Because massive neutrinos
behave like non-relativistic matter today, we can relate their relative fraction
to their absolute mass. First, the relative fraction is
Ωi =

ρi
ρcr

where
3H02 = 8πGρcr .
Also, it is common to break up the Hubble constant into a unitless parameter:


H0 = 100 km/s
h where h is unitless. Based on equation 2.6, for a nonMpc
relativistic species, ρ = nm. Also for HDM, n ∝ a−3 . Therefore, if we know the
current number density of neutrinos today, we have a simple identity between
the absolute mass and the energy density today.
P
mν
Ων =
94.1eV
For the perturbations, we saw that in the massless case, the radiation
hierarchy followed equation 2.22. For massive neutrinos, we have a similar
equation only with factors of p/E. Taking the Legendre moments of equation
2.19 yields
Ψ̇` = −

1 qp 1
[(` + 1)Ψ`+1 − `Ψ`−1 ]
a E 2` + 1
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(4.1)

for ` ≥ 2. For ` equal to 0 or 1, extra terms from the gravitational perturbations emerge as seen in section 2.3.3. In the strictly non-relativistic case,
p << E and this equation truncates after ` = 1. This is not necessarily so
for the neutrino case. In the next section, we discuss the qualitative effects
of this equation on the observables. Section 4.3 discusses how these equations
are numerically solved. Because of the nature of HDM, the radiation hierarchy
calculation is somewhat different than massless particles.

4.2

Effect on Observables
Geometric probes are restricted to the near present universe. Therefore,

the effects of neutrino mass are difficult to observe. Even with its seemingly
small absolute mass, massive neutrinos act like non-relativistic matter. For
measurements of H0 , HDM and CDM are indistinguishable. Also, measurements of Sne Ia will mostly likely not exceed a redshift of 10. Therefore, massive neutrinos are no different than non-relativistic matter for these probes.
However, while the expansion history of the universe can only be directly observed in recent times, its effects can be seen in the perturbative observations
of the CMB and LSS.
The unique modifications of the expansion rate from HDM can be seen
in perturbations. One such effect occurs to the time of matter-radiation equality. As discussed in section 3.2, the CMB is a result of the acoustic oscillation
in the primordial plasma. These oscillations occur at scales that have entered
the horizon during the radiation dominated period. Perturbations at scales
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which enter the horizon during the matter dominated period do not oscillate.
Therefore, the time of matter-radiation equality is an important marker. If
neutrinos are massless, this time can be calculated quite simply. However,
the inclusion of HDM makes this calculation non-analytical. This effect can
be easily seen in the matter power spectrum. Figure 4.1 is an example of an
estimate matter power spectrum from various probes[2]. Note that in both
figure 4.1 and figure 4.2, the x-axis label k is equivalent to q in our work.
The solid curve is the theoretical power spectrum for the best fit values of the
cosmological parameters. The turnover point indicates the scale that entered
the horizon at equality. For scales smaller than this (larger q), the power spectrum decreases. These perturbations are erased by the radiation dominated
universe. The earlier the scale enters the horizon, the more time there is to
interact and to dampen these perturbations. Larger scales have smaller amplitude since they have had less time inside the horizon. Less time inside the
horizon means less time for gravity to clump up matter.
We have seen one of the effects of HDM on perturbations. This effect
was actually due to modifications in the background evolution, not the actual
perturbations themselves. Another effect due to HDM is the suppression of
perturbations at small scales. The behavior of HDM in this case is scale
dependent. At present times, HDM at large scales behave the same as CDM.
In fact they are indistinguishable. However, at small scales, HDM’s relativistic
behavior emerges. The large kinetic energy counteracts the gravitational pull
of metric perturbations. In effect, part of the matter can not clump at small
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Figure 4.1: Estimated Power Spectrum from [2]
scales. Therefore, the matter power spectrum is damped at small scales with
respect to a non-HDM universe. We can examine equation 4.1 to understand
this behavior. The right hand side is sensitive to

q p
.
aE

Massive neutrinos will

behave like radiation if this prefactor is significant. Even if

p
E

is small, q might

be large enough such that massive neutrinos behave like radiation. Therefore,
we expect at large q, massive neutrinos still have radiative behavior and do
not clump. This prefactor also depends on the scale factor and therefore the
Hubble rate. The larger the universe becomes, the smaller this prefactor is.
The scale at which suppression occurs is sometimes called the freescale. The
dependence of the freescale through the pre-factor times time to take make it
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unitless. The scale would be the inverse of q with p scaling as inverse of a and
E equal to the mass. Figure 4.2 demonstrates this effect[3]. The dotted and
dashed curves are for massive neutrino models. The solid curve is the power
spectrum for the massless case.

Figure 4.2: Effect of Massive Neutrinos on Power Spectrum[3]

The CMB and LSS are more sensitive to the effects of HDM than
nearby observations of the expansion rate. As discussed in the last paragraph
of section 4.1, we expect a suppression of the matter power spectrum at large
q. This effect is perhaps our best chance of observing the effects of massive
neutrinos. Unlike the CMB, the LSS is a measurement of the matter perturbations. Therefore, LSS observations are probably the closest thing to a
direct observation of cosmic neutrinos as we can practically expect. Also,
the matter power spectrum does not have the fundamental uncertainty of the
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cosmic variance as the CMB does. However, several factors exist which hamper the precision of LSS as discussed in section 3.3. Some of the suppression
effects of massive neutrinos fall in the non-linear regime where perturbation
calculations are not accurate. The bias problem also needs to be addressed
precisely in order for more precise inferencing from galaxy surveys. The CMB,
on the other hand, provide more precise measurements of the perturbations.
However, these measurements are perturbations of the photons. These perturbations themselves are indicative of the gravitational perturbations of the
early universe. Therefore, the effects of the modified expansion history and
dampening at small scales is not as strong in the CMB. The dampening effect
is an integrative effect over time. The CMB is more analogous to a snapshot
of the early universe.

4.3

Numerical Calculations
The calculation of massive neutrinos effects both the FRW energy den-

sity & pressure and the perturbations. For the energy density,
p
Z
p2 + m2
d3 p
ρ=g
(2π)3 eE/T + 1

(4.2)

where we now assume a Fermi-Dirac phase space distribution. By taking this
form, we assume that the neutrinos were in thermal contact with the primordial
plasma in the early universe. After decoupling, the phase-space distribution
keeps its thermal shape but with the temperature falling as a−1 . Similarly the
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pressure is
Z
P =g

d3 p
p2
1
p
.
3
E/T
2
2
+1
(2π)
p +m e

(4.3)

We see that the calculations of ρν and Pν require numerical integration
for every T needed. This scenario can be quite cumbersome. Rather than
calculate this for every instance of a, interpolation tables are calculated first.
Then a spline method is used for interpolation. The current CAMB code’s
default setting calculates ρν and Pν at 2000 points to build the interpolation
tables. At these points, the integrals in equations 4.2 and 4.3 are solved with
an extended trapezoidal rule plus the next order term in the Euler-Maclaurin
summation formula (see Appendix). We find that the current settings provide
very good accuracy for the calculation of ρν . An eight-fold increase of the
number of interpolation points has almost no effect. Figure 4.3 illustrates
this error. The x-axis is just an index value. The largest difference is 1.4 ×
10−10 . Therefore, we are not concerned with the error from these numerical
integrations.
As stated before, HDM can not be approximated by fluid equations.
Just like the photons, the neutrinos follow a hierarchy equations stemming
from the anisotropic pressure. Equation 4.1 defines the radiation hierarchy
for massive neutrinos. Accuracy of the code can be improved by increasing
the number of equations actually calculated. This statement is also true for
photons and is discussed in section 5.1.2. However, as discussed in chapter 2,
we have to connect Ψ with the metric perturbations through the stress energy
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Figure 4.3: Interpolation error from 8-fold increase in calculation of ρν . Integral calculated at points from 0.01 eV to 600 eV. Numbers on horizontal axis
are the array indexes for points between this range.
tensor. Specifically, we need to calculate
Z
1
d3 p p 2
δ= g
p + m2 f0 Ψ
ρ
(2π)3
Z
d3 p p2 p̂i p̂j
i
δTj = g
f0 Ψ
(2π)3 E
Z
1
d3 p
i
v =
g
pp̂i f0 Ψ
3
ρ0 + P 0
(2π)
Just as in the zero order ρ and P case, these integrals are numerically calculated using the extended trapezoidal rule. Since the methodology and parameters of these methods are the same as the calculation of ρ, we expect the
error to be of the same order of magnitude.
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4.4

Effects from Hierarchy
The previous parts of this chapter focused on the difference between

massive and massless neutrinos. Here, we present numerical calculations to
demonstrate effects from neutrino hierarchy. In particular, we examine the
possible effects of neutrino mass hierarchy on the matter power spectrum and
CMB angular spectrum. Based on our earlier discussion, we do not present
any comparisons of geometric probes. We assume a flat universe with adiabatic initial conditions and a cosmological constant to explain the present
acceleration. Tables 4.1 and 4.2 show the chosen parameter values. The τ
parameter determines the amount of reionization.

The figures below show

Table 4.1: Testing Values for Non-Neutrino Parameters.
(km/s)/Mpc
Ωb h2
0.02219
Ωc h2
0.1122
H0
65.0
τ
0.086
ns
0.953
A
2.5 × 10−9

H0 in units of

Table 4.2: Testing Values for Neutrino Masses
Normal Inverted Degenerate
m1
0.015 eV 0.001 eV
0.038 eV
m2
0.024 eV 0.051 eV
0.038 eV
0.074 eV 0.061 eV
0.038 eV
Pm3
mν 0.113 eV 0.113 eV
0.114 eV
2
Ων h
0.0012
0.0012
0.0012
the difference between the hierarchy schemes and the degenerate case. We
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present the differences in terms of percentages. Figure 4.4 shows the difference between the two neutrino mass hierarchies and the degenerate case for
the matter power spectrum. The percent differences are on the order of a
tenth of a percent. Note that we can not accurately model the matter power
spectrum much beyond the q ≈ 0.2 mark. Nonlinear effect begin to take effect here. Figure 4.5 shows the difference between the two hierarchies for the

Figure 4.4: Percent difference between Mass hierarchies and Degeneracy
matter power spectrum. The percent difference between the two is similar to
the difference with the degenerate case. Therefore, we can expect that at the
same level where the degenerate case is no longer accurate, we would be able
to differentiate between the two hierarchies. In other words, based on figures
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4.4 and 4.5, when the degenerate case is no longer accurate, our data should
be able to reveal which hierarchy fits the observations best.

Figure 4.5: Percent difference between Normal and Inverted Hierarchy

Figure 4.6 shows the percent difference between the mass hierarchies
and the degenerate case for the CMB angular spectrum. The percent level
difference is on order of hundreth percents. The difference in the CMB is an
order of magnitude lower than the matter power spectrum. Note that the
cosmic variance is roughly 2% at the lowest. Even with the precision of the
CMB probes, the difference between hierarchy and non-hierarchy can not be
inferred from the CMB alone. The cosmic variance prevents this.
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Figure 4.6: Percent Difference in the CMB between Neutrino Hierarchy and
Degeneracy

79

Chapter 5
Numerical and Computational Aspects

The physics of cosmology is encoded in the set of coupled ODEs from
chapter 2. Here, these perturbation equations are examined from a numerical point of view. These issues are important to understand the accuracy of
CAMB. From a numerical point of view, the core of the calculation is the integration of the cosmology ODEs in the Fourier space. The errors associated
with numerical integration methods are akin to Taylor series approximation.
In addition, the Boltzmann equation for relativistic species involve a hierarchy
of ODEs as seen in section 2.3.3. This infinite hierarchy must be truncated
which introduces another source of error. Finally, calculation of observables requires interpolation. Solving for ever C` is not practical. We test the accuracy
of the CAMB code for models with neutrino mass hierarchies.

5.1

General Accuracy
In this section, we discuss factors that effect the calculations of CMB

and LSS for any models. The three main factors are: numerical integration,
radiation hierarchy truncation, and calculation of the C` ’s. The first factor
stems from any numerical integration of ODEs. The second factor was dis-
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cussed in section 2.3.3. We discuss the use of the line-of-sight algorithm which
helps alleviate this issue. Finally, for the CMB angular spectrum, the C`0 s
are integrated over the entire Fourier space. This numerical integration and
interpolation leads to errors.
5.1.1

Integration Scheme
For cosmology, we are interested in the initial value problem. We have

a set of ODEs with some defined initial conditions. Our discussion of errors is
general. More details about the exact schemes can be found in the appendix.
We focus only on explicit (time-forward) schemes. The errors introduced in
numerical integration are independent of any physics or cosmology models. In
fact, the stochastic initial conditions are removed from the actual ODEs as
seen in equation 3.9. Most of the computation can be done without regard to
the primordial power spectrum. Once the integration has completed, then the
initial conditions can be applied; this statement is true as long as we work in
the linear regime. For a reference to numerical integration of ODEs, see [116].
Explicit schemes for ODE integration stem from the finite difference
approximation to derivatives. For example, if we have
∂y
= f (y, t),
∂t
where f (y, t) is some function, the explicit finite difference approximation
would be
y(t + h) − y(t)
≈ f (y, t)
h
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where h is some finite number. The simplest numerical scheme for integration
would be
yi+1 = yi + hfi
where yi and fi are y and f (y, t) evaluated at ti = ih + t0 , and t0 is the initial
time. This is why these methods are also called “time-forward” methods. y
at the next time step is calculated based only on the current time step. The
accuracy of the code depends on the choice of h. To estimate the error, we
look at the Taylor expansion.
y(t + h) = y(t) +

∂ 2 y h2
∂y
h+ 2
+ ···
∂t
∂t 2

Each step introduces an error of O(h2 ). The total error then is


tf − t0
N=
(h2 ) = O(h)
h
where N is the number of steps. This type of error is termed “truncation”
error. Truncation errors are based on finite difference approximation of the
derivative. Even if a computer could hold infinite number of bytes per number,
this error still occurs. Ideally we could set h as low as possible. However, there
is a minimum value which h can be due to the finite bytes of memory. This
type of error is termed “round-off” error. If h is very low, then the difference
between y(t+h) and y(t) becomes extremely small. If this difference is smaller
than the smallest number the memory can hold, then the output is erroneous.
This round-off error is dependent on the precision or the number of bits used
per value.
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The simple example above was the Euler method. It is considered a
first order integration method. In general, extensions of this method, called
Runge-Kutta (RK) methods, are used in scientific computing. Trial steps are
taking between the time interval to obtain a more accurate estimate of the
derivative. For example, a second order RK method uses a middle point to
increase the accuracy.
k1 = hf (y, t)


1
1
k2 = hf y + k1 , t + h
2
2
yi+1 = yi + k2
This RK2 scheme produces an error of order h3 per step and h2 overall. RK2 is
also referred to as the midpoint method. A fourth order RK method calculates
k1 = hf (y, t)



1
1
k2 = hf y + k1 , t + h
2
2


1
1
k3 = hf y + k2 , t + h
2
2
k4 = hf (y + k3 , t + h)
yi+1 = yi +

k1 k2 K − 3 k4
+
+
+
6
3
3
6

This method results in an order h5 error per step and h4 overall. RK4 is a
popular method for ODE integration. It is a rather robust integrator which
is also rather easy to implement. It is not always the most accurate but its
balance of simplicity and accuracy makes it a common choice. The downside
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is the possibility of instabilities. Time-steps must be made small enough such
that the RK algorithm is stable. The actual time-steps also control the accuracy of the integrals. The CAMB code uses a RK45 code. This method is a
slight variation on the Runge-Kutta scheme.
The cosmology ODEs are Fourier transformed. This removes the spatial
derivatives and also connects better with our initial conditions which are probabilistic statements in Fourier space. In first order linear perturbation theory,
each q-mode evolves independent from one another. This simplification allows
calculations to be performed on high-performance parallel computers. One
may simply distribute the various q’s to multiple processors to calculate. This
feature is important because RK methods and MCMC statistical methods do
not parallelize well if at all. In fact, the higher the accuracy of the code, the
more time steps are required. These steps themselves cannot be parallelized
as they are explicit.
5.1.2

Numerical Radiation Hierarchy
As seen in section 2.3.3, relativistic species have an infinite hierarchy

of ODEs to describe the evolution of their phase space distribution. Initial
calculations were limited by the size of hierarchy they could calculate. If one
wished to calculate C` to some `max then one must include all the ODES in
the hierarchy beyond this point to ensure accuracy for C` max . In addition,
one must integrate over sufficient number of Fourier modes to obtain accurate
values. The line-of-sight integration approach by [28] changed this scenario.
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This algorithm works as follows. First, one integrates equation 2.15 along the
photon past light cone. This results in an integration expression for ∆. The
Legendre moments of ∆ then follow as
Z t0
dt S(t, q)j` (q(t0 − t)).
∆` (t0 , q) =
0

Here j` is the Bessel function, t0 is the time today, and S(t, q) is called the
source function. The source function contains all the physics and is the result
of the integration of the ODEs. Note that S(t, q) does not depend on `. For
all `’s, we only need one S(t, q). This method effectively eliminates the need
for a large radiation hierarchy.
The hierarchy is not completely eliminated. The source function depends on specific moments stemming from the collision terms. For photons,
the monopole and quadrapole moments of the photons intensity and polarization is needed. Therefore, the radiation hierarchy needs to go far enough such
that these moments are integrated accurately. However, this hierarchy is much
smaller than the work prior to [28] and is no longer dependent on the desired
`max . Current practice is to keep the hierarchy up to 7 or 8 moments. For
neutrinos, this method simplifies the neutrino hierarchy into another source
function. The source function for neutrinos only depends on the metric perturbations.
5.1.3

Calculation of Observables
The two main observables that are calculated based on perturbations

are the CMB angular spectrum and LSS power spectrum. The LSS matter
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power spectrum is calculated based on the transfer functions: δi where i indexes the different types of matter. Solving for the matter power is just a
matter of integrating δi to the desired redshift, find the total matter δ, and
then multiply by the primordial power spectrum. The accuracy of this calculation depends on the previous two factors.
For practical reasons, the C` ’s of the CMB angular spectrum are not
calculated for every `. The smoothness of the CMB at large ` allows one to
interpolate with confidence. The CAMB code calculates C` at intervals of 50
for ` ≥ 10. For low `, the discrete nature of the angular power spectrum
requires narrow sampling. The C` also require integration over the Fourier
modes. The number of q’s for which the differential equations are solved can
lead to more accurate C` ’s. For our purposes, this factor is not relevant since
we focus on the LSS. We include this discussion for completeness.

5.2

Testing Results
We test the CAMB accuracy for the three factors described in section

5.1. The accuracy was checked for normal hierarchy, inverted hierarchy, and
the degenerate case. The CAMB code has established parameters for these
three factors: boost, lboost, and lsampleboost. The lsampleboost increases the number of points the spline routine uses for interpolation. lboost
increase the number of terms in the radiation hierarchy for both photons and
neutrinos. boost decreases the time steps and other factors related to numerical integration of the ODEs. It also controls the number of Fourier modes
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used. Our goal is to find the right values for boost and lboost such that
the precision of the calculated matter power spectrum is sufficient for neutrino
mass hierarchy. In other words, we want the error in P (q) to be less than the
differences seen in section 4.4. Since we are only interested in the matter power
spectrum we do not present the differences from increasing lsampleboost since
that only affects the CMB calculations.
Figures 5.1 and 5.2 show the estimated accuracy from decreasing the
time integration steps and the increase of terms in the radiation hierarchy.
As expected, the precision appears independent of the actual mass hierarchy
model. In both cases, the percent differences are of the same magnitude as
those seen in the previous chapter. In fact, the maximum error due to the radiation hierarchy is barely under 1%. Therefore, the default accuracy settings
are not sufficient when examining differences in the neutrino mass models.
Figures 5.3 and 5.4 show the estimated accuracy when boost and
lboost equal 2, respectively. Note that these parameters are not restricted to
integer values. An increase in the number of time steps seems to have very
little effect on the accuracy of the code. However, increasing the number of
terms in the radiation hierarchy does affect accuracy significantly. The maximum error is decreased by a factor of almost 10. In retrospect, this result is
not unexpected. After all, at larger q values, the radiative terms in the neutrino perturbation become more relevant. Therefore, it seems intuitive that
the radiation hierarchy becomes more important to the accuracy in massive
neutrino models. Since the neutrino hierarchy causes effects at the 0.1% level,
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Figure 5.1: Accuracy of Power Spectrum for boost = 1
the error in the calculation of the power spectrum should be slightly more
accurate than lboost = 2. A setting of boost = 1.5 and lboost = 2.5 should
be sufficient.
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Figure 5.2: Accuracy of Power Spectrum for lboost = 1
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Figure 5.3: Accuracy of Power Spectrum for boost = 2
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Figure 5.4: Accuracy of Power Spectrum for lboost = 2
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Chapter 6
Inference with Importance Sampling

In chapter 4, we examined the impact of neutrino hierarchy on the
CMB and LSS. The differences in the CMB were well below the cosmic variance. Therefore, we do not expect the CMB to have the statistical power to
differentiate between hierarchies. Rather than use the standard MCMC sampler, we propose the use of importance sampling. MCMC methods explore the
likelihood using a Markov algorithm. In the limit of infinite sample size, the
Markov chain converges to a true sample of the likelihood. However, this convergence may be slow depending on the exact type of MCMC. The increasing
amount of data in the future will increase the amount of computational time
to calculate the likelihood. In addition, since we are dealing with neutrino
hierarchies, the theoretical calculations of power spectrum require more time.
An alternative route can be done with importance sampling. Importance sampling is based on weighting. Say we have a distribution g(x) which
we have sampled from. Now we want to make statistical inferences on distribution f(x). We can use those samples from g(x) and weight them by w = f /g.
Then inferences can be made based on those weights and the original sample.
For instance, if we want to know the mean of f(x), denoted Ef [x], we can
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approximate it as
Ef [x] ≈

1 X
xi w(xi )
N

where xi ∼ g(x). If we already have samples from g(x), we can forgo sampling
from f (x) and weight the samples from g(x). This technique can also be
helpful if f (x) is hard to sample from but g(x) is not.
We implement importance sampling to take advantage of the CMB’s
lack of sensitivity to neutrino hierarchy. We propose to sample from the CMB
likelihood based only on the degenerate model. The lack of sensitivity of the
CMB means that these samples would represent not only the degenerate model
but also the hierarchy models. Then these samples are weighted to the LSS
based on importance sampling. This technique reduces the computational
time in many ways. First, the MCMC sampler only needs to be done on the
CMB. This sampling can be done with only the degenerate model. Once the
MCMC sampling of CMB is done, the importance sampling weights can be
calculated. At this step, we do not have to implement a random search as in
MCMC. Therefore, importance sampling is a much more efficient algorithm.

6.1

General Framework of Importance Sampling
In this section, we explain importance sampling more formally. Let

h(x) be a function where x is a random variable from distribution g(x). For
example, we might want to know the expected value/mean of g(x). Then h(x)
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would be h(x) = x. The expected value is
Z
Eg [h(x)] =

h(x)g(x)dx
X

where X is the support or domain of the distribution g(x) and Eg [h(x)] denotes
the expected value of the function h(x) when x ∼ g(x). This integral may be
difficult to solve analytically. What if we could sample from g(x)? Then the
expected value can be approximated as
N
1 X
h(xi )
Eg [h(x)] =
h(x)g(x)dx ≈
N i
X

Z

where xi is a set of N samples from g(x). This approximation is akin to Monte
Carlo integration.
Suppose we want to make inferences on h(x) but from a different distribution, f (x). If the sampling from f (x) is possible and not too difficult,
then we could do the same thing as before. But what if f (x) was too difficult
to sample from or we could not sample from it at all? In some situations,
it is easier to calculate the value of the distribution than to sample from it.
Importance sampling addresses this issue. The expected value of h(x) can be
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written as
Z
Ef [h(x)] =

h(x)f (x)dx
ZX

=

h(x)
ZX

=

f (x)
g(x)dx
g(x)

h(x)w(x)g(x)dx
X

= Eg [h(x)w(x)]
≈

N
1 X
h(xi )w(xi ).
N i

In the last line, xi ∼ g(x) not f (x). The weights, w(xi ), are equal to the ratio
of the distributions:

f (x)
.
g(x)

As a result, we can use our samples from g(x) to

make inferences on f (x) if we weight them by the ratio of the distributions
at each sample point. We have bypassed the need to sample from f (x). All
we need to be able to do is calculate the value of the distributions at different
points.
What happens if we only know the distribution functions f (x) and g(x)
up to proportionality? In other words,
Z
f (x)dx = c 6= 1.
X

Technically, f (x) would not be a probability density function(PDF); 1c f (x)
would be the PDF. We now explain how this affects our procedure.
Let
Z
f (x)dx = c
X
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and
Z
g(x)dx = d.
X

Then the weights should be
w(x) =

1
f (x)
c
1
g(x)
d

=

d f (x)
.
c g(x)

Now inferences on the function h(x) can be approximated by
1 X
h(xi )w(xi )
N
1 X d f (x)
h(xi )
=
N
c g(x)
  X
1
d
f (x)
=
h(xi )
N
c
g(x)
  X
1
d
=
w∗ (xi )h(xi )
N
c

Ef [h(x)] ≈

where w∗ (xi ) =

f (xi )
g(xi )

and xi ∼ d1 g(x). We do not know what c and d are so we

need to estimate them.
Remember that
Z
c=

f (x)dx.
X

We can modify this similarly as we did before. We change the integral such
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that we can sample from g(x).
Z
c=

f (x)dx
ZX

f (x)
g(x)dx
X g(x)
Z
c
f (x) 1
=
g(x)dx
d
g(x) d
ZX
1
=
w∗ (x) g(x)dx
d
X
1 X ∗
w (xi )
≈
N
=

where xi ∼ d1 g(x). Now we have a numerical estimate of dc . The estimation of
Ef [h(x)] is now


 X
1
d
Ef [h(x)] ≈
w∗ (xi )h(xi )
N
c
P ∗
1
w (xi )h(xi )
= N 1 P ∗
w (xi )
P N∗
w (xi )h(xi )
= P ∗
w (xi )
where xi ∼ d1 g(x) ∝ g(x) and w∗ (x) =

f (x)
.
g(x)

So far in this discussion, we have assumed that g(x) and f (x) have
the same support. What if they have different support? First, in order for
importance sampling to be a valid method, the support of g(x) must contain
the support of f (x). In other words, Y ⊃ X where Y is the support of g and
X is the support of f . For those samples of g which do not fall in X, these
samples are discarded. Since the expectation value of f is an integration over
X, then these outliers from the sample of g do not contribute.
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6.2

Application to Cosmological Inference
We now apply this technique to cosmology. x becomes θ: the set of

parameters for the desired cosmological model. In the case of a flat ΛCDM
model, θ = {Ωb h2 , Ωc h2 , ΩΛ , ns , A, τ }. The distributions that we want to inference from are
θ ∼ f (θ|data)
where data is some desired combination of cosmological observables. In the
language of Bayesian statistics, f (θ|data) is called the posterior distribution.
For example, we want to make inference on the combination of WMAP
7[6] and SDSS LRG DR7[99]. The posterior distribution is
f (θ|LRG + WMAP) = f (θ|LRG)f (θ|WMAP)
where we have assumed that the two data sets are independent. Samples from
f (θ|WMAP) can be acquired from [117]. In this case, the weights become
w(θ) =

f (θ|LRG)f (θ|WMAP)
= f (θ|LRG).
f (θ|WMAP)

If we want to make inferences on θ ∼ f (θ|LRG + WMAP), we can use the
samples from θ ∼ f (θ|WMAP) and weight them by w(θ) = f (θ|LRG).
The posterior distribution is often hard to calculate. By definition,
f (θ|LRG) =

f (θ, LRG)
f (θ, LRG)
.
=R
f (LRG)
f (θ, LRG)dθ

Using Bayes Theorem,
f (θ|LRG) =

f (LRG|θ)f (θ)
f (LRG)

∝ f (LRG|θ)f (θ)
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where f (LRG|θ) is called the likelihood, which we denote as LLRG (θ), and f (θ)
is called the prior distribution, which we denote as π(θ). The prior distribution
can represent prior data or prior beliefs on the parameters. For now we let the
priors be uniform/flat (π(θ) ∝ constant). We can now calculate the posterior
distribution and therefore the weights up to proportionality: w(θ) ∝ LLRG (θ).
In summary, if we want to know the expectation value of h(θ) where
θ ∼ f (θ|LRG + WMAP), we can use the samples from f (θ|WMAP). The
weights are w(θ) = LLRG (θ). Inference of h(θ) becomes
P
h(θ)LLRG (θ)
, θ ∼ f (θ|WMAP)
Ef (θ|LRG+WMAP) [h(θ)] ≈ P
LLRG (θ)
We could generalize this procedure for many different data sets. For example,
we may want to make inferences based on WMAP, LRG, current measurements
of the Hubble rate, and expansion from Supernova. The posterior would be
f (θ|WMAP + LRG + Ho + Sne) = f (θ|WMAP)f (θ|LRG)f (θ|Ho)f (θ|Sne).
Importance sampling could use the samples from WMAP
θ ∼ f (θ|WMAP)
and use the weights
w(θ) = f (θ|LRG)f (θ|Ho)f (θ|Sne) ∝ LLRG LHo LSne
to make inference on this posterior.
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6.3

Obtaining Upper Bounds on Mass
If we apply importance sampling to most parameters, finding point or

interval estimates is straight-forward. g(θ) = θ gives us the means. Intervals
can be found by estimating the variance, g(θ) = (θ − E[θ])2 . Then, θ̂ ± sˆθ
where θ̂ is the estimate of the mean and sˆθ is the estimate of the standard
deviation. This interval estimate is a 1 − σ confidence interval based on the
assumption that the underlying distribution is normal.
The problem with this is that a normal distribution seems a poor model
P
for the distribution of
mν . For example, figure 6.1[4] shows the estimated
distribution from MCMC sampling. While the distributions do appear bell-

Figure 6.1: Estimated distribution of Neutrino mass for Various data sets[4]
shaped, they are cut-off at 0. A normal distribution would not be appropriate.
Instead we assume a truncated normal: a normal distribution cut-off at the
lower and upper points a and b. We allow b to be ∞. For the degenerate,
normal hierarchy, and inverted hierarchy cases, we set a = {0, 0.059, 0.099} eV
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as the lower bounds, respectively (see chapter 7).
How can we use this to get upper bounds on the neutrino hierarchy?
This question is a little bit harder than it first seems. If we have a sample from MCMC, we would simply order the samples and find where 95% of
them fall under. For the neutrino mass PDF, we propose a fit to the truncated normal distribution. This fit would be based on the sample mean and
standard deviation. The upper bound would be found by solving for x when
P
Prob( mν < x) = 0.95. Alternatively, one may use a non-parametric estimate based on the weighted histogram.
6.3.1

Summary of the Truncated Normal
Truncating any distribution causes some modifications to the probabil-

ity distribution. For our case, the PDF becomes
φ(x|µ, σ) =

f (x|µ, σ)
1 − F (a|µ, σ)

where f (x|µ, σ) is the PDF for the untruncated normal distribution with population mean µ and standard deviation σ, F (a|µ, σ) is the cumulative distriRx
(x−µ)2
bution function (CDF) which is F (x|µ, σ) ∝ −∞ e− 2σ2 , and a is the appropriate lower cut off. The CDF of a normal distribution is sometimes called the
error function, Erf(x), and can not be determined analytically. Therefore, the
PDF for a truncated normal can only be found numerically.
Also, µ and σ are no longer the mean and standard deviation of the
distribution. The truncation modifies this. For our case, with a lower bound
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of a, the mean and variance are
E[x] = µ + σ 2

f (a|µ, σ)
= µ + σ 2 φ(a|µ, σ)
1 − F (a|µ, σ)

and

Var[x] = σ 1 −
2

f (a|µ, σ)
1 − F (a|µ, σ)


µ − a + σ2

f (a|µ, σ)
1 − F (a|µ, σ)


,

respectively. See Appendix B for derivations. Solving for µ and σ in terms of
the mean and variance can not be done in closed-form and requires numerical
techniques.
We also need the CDF of the truncated normal when we want to get
upper bounds on the neutrino mass. The CDF for a truncated normal with
lower bound at a is
Z x
φ(x0 |µ, σ)dx0
Φ(x|µ, σ) =
Za x
f (x0 |µ, σ)
dx0
=
1
−
F
(a|µ,
σ)
a
Z x
1
f (x0 |µ, σ)dx0
=
1 − F (a|µ, σ) a
Z x

Z a
1
0
0
0
0
=
f (x |µ, σ)dx −
f (x |µ, σ)dx
1 − F (a|µ, σ)
−∞
−∞
F (x|µ, σ) − F (a|µ, σ)
=
1 − F (a|µ, σ)
For a 95% upper bound, what we want to find is U such that
Φ(U |µ, σ) = 0.95
F (U |µ, σ) − F (a|µ, σ)
=
1 − F (a|µ, σ)
F (U |µ, σ) = F (a|µ, σ) + 0.95(1 − F (a|µ, σ))
which most statistical software packages can solve.
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6.3.2

Estimation of the Truncated Normal
Our current situation is this. We can use importance sampling to esti-

mate the sample mean and variance, denoted x̄ and s2 . However, we do not
have estimates on µ and σ and therefore can not get an estimate on the 95%
upper bound. What we want are ways to estimate µ and σ based on x̄ and s2 .
The two most straight-forward estimators are method of moments (MOM) and
maximum likelihood estimators (MLE). MOMs are relatively straight forward;
set the sample mean, x̄, equal to the population mean, E[x], and similarly for
the standard deviation.
x̄ = µ̂ + σ̂ 2

f (a|µ̂, σ̂)
1 − F (a|µ̂, σ̂)

and

s = σ̂ 1 −
2

2

f (a|µ̂, σ̂)
1 − F (a|µ̂, σ̂)


µ̂ − a + σ̂ 2

f (a|µ̂, σ̂)
1 − F (a|µ̂, σ̂)



with the hats meaning the estimators for the parameters. Just like there was
no closed form solution for µ and σ, there is no closed form for µ̂ and σ̂. This
problem is a set of 2 nonlinear equations that must be solved numerically.
The MLEs are defined as the values of µ and σ that maximizes the
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likelihood. The log-likelihood for our truncated normal distribution is
!
N
Y
` ≡ logL = log
φ(xi |µ, σ)
i

"
= log
"

1
1 − F (a|µ, σ)

N Y
N

#
f (xi |µ, σ)

i

N 

N/2



−1
= log
exp
[(N − 1)s2 + N (x̄ − µ)2 ]
2σ 2

1 
N
= −N log(1 − F (a|µ, σ)) − log(2πσ 2 ) − 2 (N − 1)s2 + N (x̄ − µ)2
2
2σ
1
1 − F (a|µ, σ)

1
2πσ 2

#

We are left to numerically optimize ` for parameters µ and σ with s and x̄
known from importance sampling.
6.3.3

Making Bounds on the Neutrino Mass

We now have all the statistical tools needed. The random variable x
P
in the previous subsections is now
mν . We can use importance sampling to
P
obtain the mean and variance of
mν from a set of cosmological data. µ and
P
σ are estimated numerically using MOM or MLE. Then one solves for
mν
in
F(

X

mν |µ, σ) = F (a|µ, σ) + 0.95(1 − F (a|µ, σ))

to find the upper bound at the 95% level.

6.4

Testing Importance Sampling
In this section, we verify the use of importance sampling. First we test

whether the truncated normal distribution is a good fit to the data. In other
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words, we examine whether the bounds from a fitted truncated normal match
the bounds from a full MCMC analysis. Next we test if importance sampling
gives us the same bounds as a full MCMC analysis on the joint posterior. All
numerical routines were done on Matlab R . Evaluations of the PDF and CDF
for the untruncated normal distribution are also done in Matlab R .
6.4.1

Testing the Truncated Normal Fitting
We compare the upper bounds from WMAP 7[6] with the upper bounds

assuming a truncated normal distribution. Since we are checking only the validity of the truncated normal, we do no importance sampling. We simply
P
use the mean and variance of the WMAP 7 chains from the ΛCDM + mν
model. We then calculate the 95% upper limit using both MOMs and MLEs.
If we obtain the same upper bounds and if the estimates on µ and σ seem
reasonable, then we will conclude that the truncated normal is a good descripP
tion of the distribution for
mν . As discussed in section 6.3.2, the MOMs
require us to solve a set of non-linear equations. The MLEs require a numerical
optimization routine. The non-linear equations are solved with a LevenbergMarquardt algorithm[118][119]. The optimization routine uses a Nelder-Mead
simplex search algorithm[120].
The results are in table 6.1. All parameters are in units of eV. WMAP
P
places an upper bound of
mν < 1.3eV at the 95% confidence level. The
MOM estimation has a slightly lower bound and very different estimate of µ.
This estimate seems poor when we consider the actual shape of the distribu-
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tion. Fig. 6.1 does not seem to indicate a negative µ. MLEs have effectively
the same bound as the WMAP case. The estimates of µ and σ also seems reasonable when compared to the estimate of the distribution(see the red curve
in Fig. 6.1).
P
Table 6.1: Estimation of µ, σ and
mν based on MCMC chain
MOM MLE
µ̂
-1.272 0.395
0.901 0.513
Pσ̂
mν 1.213 1.299
Note that this only tests the validity of the truncate normal. In other
words, we are checking if fitting to a truncated normal distribution is reasonable. The use of MLEs do seem to give us the correct results while MOMs do
not. In the rest of this paper, we use the MLE estimation of µ and σ. The
next subsection checks the importance sampling technique.
6.4.2

Testing Importance Sampling
We test importance sampling for three cases.

• ΛCDM weighting with H0 .
• ΛCDM weighting with LRG.
• ΛCDM +

P

mν weighting with LRG and H0 .

We chose these 3 sets based on a few aspects. All three cases are done by
Komatsu et. al.[6] using MCMC so we can check our results. The first case is
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the simplest. We do not have to do any theoretical calculation of the CMB or
matter power spectrum. It is a simple weighting. The second case tests the
weighting of LRG without adding massive neutrinos. Finally, the third set tests
importance sampling for models with massive neutrinos. To get intervals on all
P
the cosmological parameters except mν , we assume a Gaussian distribution.
Therefore, we can not obtain different upper and lower bounds on interval
estimates. MCMC estimates are done non-parametrically and therefore can
produce asymmetric intervals. However, this asymmetry appears small in
current cosmological inferences. In tables 6.2, 6.3, and 6.4, the units of H0 are
P
(km/s)/Mpc, the units of
mν are eV, and A is written in factors of 10− 9.
For the first case, the simple weighting is done by using the measured
Hubble rate of 74.2±3.6 from Riess et. al.[61] as discussed in section 3.1.4. We
check the means and intervals we obtain from weighting and compare them
with the results of the MCMC done by WMAP[6]. Table 6.2 shows our results.
This is the ΛCDM model; neutrinos are treated massless. Table 6.2 shows
almost identical inferences. For this simple case, importance sampling and
MCMC yield equivalent results.
Table 6.2: Importance Sampling of WMAP7 by H0 for ΛCDM Model
Imp. Samp.
MCMC
A
2.39 ± 0.10
2.39 ± 0.10
ns
0.967 ± 0.013
0.967 ± 0.013
2
Ωc h
0.1088 ± 0.0048 0.1087 ± 0.0047
Ωb h2 0.02270 ± 0.00057 0.02270+0.00055
−0.00056
H0
72.1 ± 2.1
72.1+2.1
−2.0
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Table 6.3 shows the results of the second case. The weighting is done
by calculating the likelihood of LRG as explained in section 3.3.3. An algorithm to calculate this likelihood is publicly available at [117]. In this case we
use CAMB along with the modifications by Reid et. al.[100] to compute the
theoretical halo power spectrum. Likelihood calculations are done as discussed
in previous sections. As in the first case, we see almost identical results. The
differences between importance sampling and MCMC do appear larger than
in table 6.2. However, these estimates are statistically the same. The differences can probably be attributed to sampling variation and differences in
parametric/non-parametric estimations.
Table 6.3: Importance Sampling of WMAP7 by LRG for ΛCDM Model
Imp. Samp.
MCMC
A
2.489 ± 0.100
2.491 ± 0.099
ns
0.960 ± 0.013
0.959 ± 0.013
2
Ωc h
0.1161 ± 0.0037 0.1161 ± 0.0036
Ωb h2 0.02244 ± 0.00055 0.02247+0.00053
−0.00054
H0
68.8 ± 1.7
68.7 ± 1.6
Table 6.4 shows the results of the third case. This model does include
degenerate massive neutrinos. Table 6.3 and table 6.4 show similar results.
While there are slight differences, the estimates are statistically equivalent.
This last case was important since it was the only case with massive neutrinos.
Based on these 3 test cases, we are confident that importance sampling does
obtain similar bounds as those obtained from MCMC. The truncated normal
P
distribution does appear to be a good fit to the
mν distribution.
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Table 6.4: Importance Sampling of WMAP7 by H0 & LRG for ΛCDM +
Model
Imp. Samp.
MCMC
A
2.437 ± 0.096
2.442 ± 0.096
ns
0.966 ± 0.013
0.965 ± 0.013
Ωc h2
0.1133 ± 0.0034
0.1136 ± 0.0035
Ωb h2
0.02266 ± 0.00053 0.02265 ± 0.00054
68.5 ± 1.8
68.5 ± 1.8
P H0
mν <
0.45
0.44
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P

mν

Chapter 7
Current and Forecasted Bounds on Neutrino
Mass

As was discussed in section 4.4, the effect of hierarchy is roughly an
order of magnitude smaller on the CMB than on the matter power spectrum.
This motivates our importance sampling. Rather than do a full MCMC analysis with neutrino hierarchy, we importance sample based on the CMB samples
for the degenerate neutrino case. For instance, the MCMC results for WMAP
are publicly available[117]. We can then weight them according the either the
normal or inverted neutrino hierarchy case with data from galaxy surveys or
other cosmological data. For the current galaxy survey, we use the SDSS LRG
as in section 6.4.2.
Neutrino oscillation experiments are sensitive to mass differences squared.
The latest results are
2
−5
∆m2 ≡ |m2b − m2a | = 7.65+0.69
−0.60 × 10 eV

and
2
−3
∆m2A ≡ |m2c − m2a | = 2.40+0.35
−0.33 × 10 eV

at the 99.73% confidence level. The former comes from solar oscillations and
the later from atmospheric oscillations [121]. Here ma,b,c are set mass eigen110

states. We denote m1,2,3 as the mass eigenstates from lightest to heaviest,
respectively. This notation differs from the convention of the Particle Data
P
Group. For the hierarchies, we need to relate the mν to the individual mass
eigenstates. In general
X

mν = m1 +

q

m21

+

∆m2

q
+ m21 + a2

(7.1)

where a2 = ∆m2 + ∆m2A . ∆m2 depends on which hierarchy we desire. For a
normal hierarchy, ∆m2 = ∆m2 while for the inverted hierarchy, ∆m2 = ∆m2A .
Equation 7.1 is solvable; we have one unknown and one equation. However,
P
m1 can not be solved analytically. For a given mν , we employ a root-finding
algorithm; specifically, we use a Newton-Raphson/Bisection hybrid algorithm
from Numerical Recipes[116]. With regard to importance sampling, we assume
P
a lower truncated normal distribution for the
mν . Based on equation 7.1,
we set the truncations points for the normal and inverted hierarchy at 0.058511
and 0.098754, respectively.
For the lightest eigenstate, one may wish to know if the mass is consistent with zero. In other words, one may wish to know if the lightest mass
eigenstate is actually massless. As seen in equation 7.1, equating m1 from
P
mν can not be done analytically. Therefore, it would be mathematically
P
difficult to derive the PDF of m1 based on the known PDF of
mν . For this
work, we assume a truncated normal distribution for m1 with truncation at
0. Note that this is not based on any mathematical reasoning. Formally, one
P
must transform the PDF of
mν based on equation 7.1. However, this seems
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difficult to accomplish. Therefore, we assume a truncated normal distribution
P
for m1 for the same reasons we assumed a truncated normal for
mν . Parameters in all tables in this chapter follow the convention in chapter 6. A is
P
written in factors of 10−9 . H0 is in units of (km/s)/(Mpc). Both
mν and
m1 are in units of eV.

7.1

Bounds from Current Data
For current data, we use the same combination of data as table 6.4.

Table 7.1 shows our results from importance sampling. Figures 7.1 and 7.2
P
Table 7.1: Importance Sampling of WMAP7 by H0 & LRG for ΛCDM + mν
Model
Deg.
Normal
Invert
A
2.437 ± 0.096
2.439 ± 0.083
2.451 ± 0.090
ns
0.966 ± 0.013
0.967 ± 0.013
0.966 ± 0.013
Ωc h2
0.1133 ± 0.0034
0.1140 ± 0.0034
0.1139 ± 0.0033
Ωb h2
0.02266 ± 0.00053 0.02264 ± 0.00044 0.02263 ± 0.00044
68.5 ± 1.8
68.4 ± 1.7
68.3 ± 1.7
P H0
mν <
0.45
0.43
0.45
m1 <
0.15
0.14
0.14
are the estimates of the probability densities for

P

mν and m1 . These figures

are just the truncated normal PDF’s for the estimated µ and σ. The estimates
of µ and σ for the truncated normal was discussed in section 6.4.1. The peaks
of the PDF’s in figure 7.1 are quite different. The degenerate case has a µ well
above 0. The variance is also quite broad relative to the hierarchy case. Both
hierarchy cases have truncations to the right of their untruncated peaks. The
variance of the normal case appears slightly broader than the inverted case.
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Figure 7.1: Probability Density of

P

mν for WMAP + SDSS LRG + H0

The PDFs of m1 are quite similar. The truncation is not as large an effect
here. Interestingly enough, the PDF of the inverted case is quite similar to the
degenerate case. Even with the distinct PDFs in figure 7.1, the upper bounds
on the total mass are roughly the same.

7.2

Effect of Future CMB Measurements
The most precise measurement of the CMB was done by the WMAP

probe. Its data helped usher in the era of precision cosmology. The next
generation space probe is Planck[122]. Planck was launched in 2009. At the
time of this paper, the first year analysis of the primary signal had not been
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Figure 7.2: Probability Density of m1 for WMAP + SDSS LRG + H0
completed. The Planck data are expected to measure up to the third acoustic
peak with high precision. The statistical analysis should be dominated by
cosmic variance up to this scale. Another probe, CMBPol[123], is planned for
after Planck. Its primary goal is the measurement of the polarization with a
focus on extracting information about inflation. Forecasting has been done on
both Planck and CMBPol by [1]. Table 7.3 shows the experimental set up of
both these probes.
Earlier in section 4.4, we argued that the neutrino mass hierarchy has
little to no effect on the CMB power spectrum. Therefore, we can forecast
the parameter estimates from the degenerate massive neutrino models. For
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Table 7.2: Experimental Set-ups[1]
Experiment Channels FWHM Noise/pixel 10−6
Planck
70
14’
4.7
100
10’
2.5
143
7.1’
2.2
CMBPol
150
5.6’
0.037

fsky
0.85

0.72

our purposes, we set the following means and uncertainties based on [1]. The
mean values were chosen to roughly fit the current parameter estimates to the
P
degenerate model. The mean value of
mν was chosen to be lower than both
minimums of normal and inverted hierarchy. This choice is rather arbitrary
and would be an interesting case if it were true.
Table 7.3: Forecasted Errors on Parameters from Planck and CMBPol[1]
Experiment Mean Planck Error CMBPol Error
Ωb h2
0.0227
0.00014
0.000033
ΩCDM h2
0.110
0.0017
0.00071
ns
0.963
0.0034
0.0016
A
2.44
0.032
0.016
H
68.5
0.53
0.12
P 0
mν
0.03
0.13
0.07

To illustrate the impact of better CMB measurements, we importance
sample on the current LRG data. We can then compare the estimates on
the neutrino mass and see how the future CMB probes improve the current
estimates. Table 7.4 shows the estimates of the cosmological parameters. The
values statistically agree with the forecasted values. This result is expected
since the precision of the parameters is dependent on CMB. Also, we would not
expect a current probe of LSS to have more effect than a future CMB probe.
115

Even with the current SDSS LRG data, the upper bounds on the absolute
mass have shrunk. These upper bounds are now at the level of [4]. Also, the
differences in the upper bounds for the total mass between different hierarchy
P
schemes is approaching 10%. These values are still above the minimum
mν
values for both normal and inverted hierarchies. Figures 7.3 and 7.4 show the
Table 7.4: Importance Sampling of Planck forecasts by LRG
Deg.
Normal
Invert
A
2.435 ± 0.034
2.438 ± 0.032
2.439 ± 0.032
ns
0.9637 ± 0.0033
0.9635 ± 0.0035
0.9634 ± 0.0034
Ωc h2
0.1103 ± 0.0016
0.1103 ± 0.0017
0.1105 ± 0.0016
2
Ωb h
0.02270 ± 0.00012 0.02269 ± 0.00014 0.02271 ± 0.00013
H
68.43 ± 0.60
68.33 ± 0.54
68.41 ± 0.53
P 0
0.230
0.258
0.278
mν <
m1 <
0.077
0.080
0.084
estimated PDFs of the total mass and lightest mass eigenstate. From figure
7.3, the shapes of the PDFS here are similar to the WMAP case. One difference
is the general reduction in the variance of the PDFs. Another difference is that
the peaks of the m1 PDFs are closer to 0.
Table 7.5 and figures 7.5 & 7.6 show the same results as above but
for the CMBPole forecasts. Again, the precision of the CMBPol experiment
shrinks the upper-bound. The differences between the degenerate case and
hierarchy cases are approaching 20%. However, these bounds are nevertheless
impressive when we consider we are using current galaxy surveys.
The PDFs for

P

mν and m1 are very similar to the Planck case. Note

that these estimates assume that the chosen hierarchy is the correct model.
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Figure 7.3: Probability Density of

P

mν for Planck + LRG

We have not checked how well they fit the actual data.

7.3

Effect of Hubble Constant
When inferencing from the CMB alone, the Hubble constant is a de-

generate parameter. Tighter bounds from direct measurements of H0 should
result in tighter bounds on other parameters. As mentioned in section 3.1.4,
we can expect the errors to reach around 2% in future measurements. At this
level, one must be careful on the selection of the forecasted value. Based on
the CMB, the median values for H0 are consistently under 70 for massive neutrino models. Recent direct measures of the H0 seem to prefer median values
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Figure 7.4: Probability Density of m1 for Planck + LRG
around 72. If the errors from both the CMB and H0 decrease to forecast values
and their median values stay the same as today, then these two probes could
be in disagreement. If this were to occur, then we would rule out the massive
neutrino model with a cosmological constant. If one were very secure in the
fact that neutrinos are massive and treated properly, then one could use this
as evidence against a cosmological constant.
For our purposes, we set a forecasted measurement of H0 = 71.5 ± 1.5.
At this value, the Planck forecasted values should still be within uncertainty.
Figures 7.7 and 7.8 show the estimated PDFs of the total mass and lightest
eigenstate. These estimates of the PDF are very similar to the Planck only
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Table 7.5: Importance Sampling of CMBPol forecasts by LRG
Deg.
Normal
Invert
A
2.438 ± 0.017
2.439 ± 0.016
2.442 ± 0.016
ns
0.9633 ± 0.0016
0.9631 ± 0.0016
0.9631 ± 0.0016
2
Ωc h
0.11006 ± 0.00067
0.11004 ± 0.00065
0.11010 ± 0.00073
Ωb h2
0.022702 ± 0.000029 0.022698 ± 0.000033 0.022700 ± 0.000034
68.51 ± 0.14
68.49 ± 0.12
68.49 ± 0.13
P H0
mν <
0.147
0.173
0.184
m1 <
0.049
0.050
0.047
case.

Table 7.6 shows the parameter estimates. Estimates of the upper

bound of the total neutrino mass differ a little less than 10%. These estimates
are almost the same as those down without H0 . The small error already on
H0 from Planck relative to direct measurements weights the sample closer to
the Planck level. There is a slight rise in the median value but well within
statistical variance. The differences in the neutrino bound are only seen in the
degenerate case.
Table 7.6: Importance Sampling of Planck forecasts by H0 Forecast & LRG
Deg.
Normal
Invert
A
2.433 ± 0.033
2.436 ± 0.032
2.440 ± 0.031
ns
0.9636 ± 0.0034
0.9632 ± 0.0034
0.9633 ± 0.0034
2
Ωc h
0.1106 ± 0.0016
0.1102 ± 0.0016
0.1105 ± 0.0015
Ωb h2
0.02272 ± 0.00012 0.02269 ± 0.00014 0.02272 ± 0.00014
68.87 ± 0.58
68.68 ± 0.49
68.76 ± 0.50
P H0
mν <
0.219
0.258
0.278
m1 <
0.073
0.080
0.083
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Figure 7.5: Probability Density of

7.4

P

mν for CMBPol + LRG

Future Galaxy Surveys
In the previous section, we examined the effects of future CMB probes

on the current SDSS LRG survey. Rather than follow a particular survey, we
forecast the galaxy survey power spectrum to find what value is suitable to
see neutrino mass hierarchy. To this end, we assume a simplistic likelihood
with a multivariate normal distribution with diagonal covariance matrix. This
analysis is equivalent to a χ2 goodness-of-fit. To estimate the error, we refer
to equation 3.15 , the forecasted errors in galaxy surveys. First, we need to
determine the parameters of this future galaxy survey so that the error bars are
lower than the differences caused by neutrino mass hierarchy. An ambitious
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Figure 7.6: Probability Density of m1 for CMBPol + LRG
goal would be errors below 0.1%. We assume a galaxy survey of roughly 15, 000
square degrees based on proposed observations such as BigBOSS project on
SDSS stage IV[124] and JDEM project using WFIRST[125]. This area would
roughly be twice that of SDSS LRG DR7. We also assume a center red shift of
1 with width around 0.4. Based on these choices, we estimate a volume survey
of 20h−3 Gpc3 . We assume n̄ ≈ 1. We restrict the likelihood calculation to
scale lengths 0.02 to 0.2 h/Mpc. Figure 7.9 shows the estimate percent error
for a survey of this kind.
We simulate the matter power data by assuming true parameter values
and then calculating the power spectrum. For all the non-neutrino parameters,
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Figure 7.7: Probability Density of

P

mν for Planck + H0 + LRG

we assume the central values in table 7.3 We find that the high precision of
this kind of survey would make the importance sampling technique a poor
tool. The motivation for importance sampling was the precision data of the
CMB. Currently the CMB is a more precise observation that can place bounds
on all the parameters. However, based on our work, the precision of this
fictitious survey would make this tool ineffective. At this level, even a CMBPol
experiment would not provide a necessary precision. Even with forecasted
error values half of CMBPol led to only a few points in the importance sampling
space. In other words, the samples from future CMB experiments would have
too much variation with respect to a matter power spectrum of this precision.
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Figure 7.8: Probability Density of m1 for Planck + H0 + LRG
Most of the sample values would yield a very small likelihood beyond the
precision of computation. In this case, one would choose an MCMC algorithm
to sample the matter power spectrum.

123

Figure 7.9: Forecasted Errors of Matter Power Spectrum
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Chapter 8
Summary

In chapters 2 and 3, we reviewed the theoretical cosmological equations
and how they are connected to our observations. We emphasized our review on
the source of the radiation hierarchy. The three observables we examined were
the Hubble constant, CMB, and LSS. In chapter 4, we examined the effects
of massive neutrinos on these same observables. A qualitative explanation
of these effects was given that focused on the matter power spectrum. We
examined quantitatively the effect of the neutrino hierarchy on both the LSS
and CMB. We found that the effect on the CMB was an order of magnitude
lower than the matter power spectrum. These effects were also much smaller
than the cosmic variance. Therefore, we concluded that neutrino hierarchy
effects must be observed through LSS observations. The effects on the matter
power spectrum were found to be roughly 0.1 − 0.2%. Since we are dealing
with sub-percent level effects, we investigated the accuracy of the Boltzmann
code in chapter 5. For the CAMB code, we found that the number of radiation
hierarchy terms kept during integration was the key factor in terms of accuracy.
At default settings, the error peaks at 0.9%. We found that settings of boost
= 1.5 and lboost = 2.5 would be sufficient for these levels. In chapter 6, we
discussed the use of importance sampling in inferencing the neutrino masses.
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Since the CMB is insensitive to neutrino hierarchy, we can sample from the
CMB likelihood based only on the degenerate neutrino case. Then importance
sampling can weight these points in the parameter space based on the LSS
likelihood. We verify that this technique acquires the same bounds on the
neutrino mass as the conventional MCMC. In chapter 7, we implemented this
technique to current and future probes. We used forecasted samples of the
parameters based on the Planck and CMBPol experimental setups. While
increased precision of CMB probes reduced the upper bound on neutrino mass,
it could not determine the hierarchy alone. We determine the properties of a
future galaxy survey necessary to observe the effects of neutrino hierarchy.
As stated before, the effect of the neutrino hierarchy is smaller on the
CMB than the LSS. Our study indicated effects on the order of 0.10% on the
LSS and effects on the order of 0.01% on the CMB. In addition, the effects on
the CMB are well below the cosmic variance. This result motivated our importance sampling technique. We found that this technique to be much more efficient than a brute-force MCMC sampler. However, the importance sampling
P
technique required a statistical model for the
mν . We found that a truncated normal distribution fitted well. Specifically, we found the bounds from
an assumed truncated normal to be in good agreement with non-parametric
bounds. Our implementation of importance sampling took advantage of the
CMB’s insensitivity to neutrino hierarchy and reduced the amount of computation time. Once a sample of the CMB posterior is done, then the weight
calculation reduced to calculations of the LSS likelihood. Our technique would
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reduce the burden of the original sampling of the CMB posterior by allowing
one to work with only degenerate neutrinos. Unlike MCMC techniques, once
the CMB sample is performed, we no longer have to worry about convergence.
The resultant inferences from our technique were equivalent to the common
MCMC methods.
Based on our work, we concluded that the improved precision of CMB
probes will most likely decrease the upper bounds on the neutrino mass. In
addition, the differences in these bounds differ around 10% based on the neutrino hierarchy. In the case of Planck, the difference between the degenerate
bound and the inverted bound reached 20%. We conclude that future bounds
on the neutrino mass must take into account the hierarchy if one wishes for
precision better than 10%. Upper bounds that fall below the minimum mass
in the inverted hierarchy may be reached with future CMB and LSS probes.
While it might be tempting to rule out the inverted hierarchy in this case,
the effect of the neutrino hierarchy on these bounds needs to be taken into
account.
We also investigated the desired precision of a galaxy survey to detect
the neutrino mass. A survey of 15, 000 square degrees and mean redshift 1
should come close to the type of precision needed to detect neutrino hierarchy
differences. However, at these precision levels, the importance sampling technique is not useful. A measure of the matter power spectrum at this precision
level outweighs the CMB precision level. Even a CMBpol level probe will not
reach the precision of this galaxy survey. However, we note that this error
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analysis was done simplistically and realistic errors could be higher.
In this work, we have focused on inferring the mass bounds of neutrinos. We do not discuss which neutrino mass model fits the data best. What
we have done is examine the effect of the models on these upper bounds. One
may wish to statistically find which model has a larger probability with respect
to the data. These statistical techniques fall under the category of model selection. Since model selection techniques are more precarious than inferencing
techniques, we do not implement them here. Bayes factors is one method that
could be used.
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Appendix A
Statistical Properties

Here we list any statistical theorems we used without discussion. We
refer readers to the texts Casella & Berger[77] and Gelman et. al.[78] for more
details. The page numbers to the relevant text are noted below.
The sum of normal random variables yields a normal random variable

This statement can easily be verified by moment generating functions.
The moment generating function (MGF) is defined as
M (t) = E[ext ]
where x is the random variable. The MGF of a normal distribution with
mean and variance µ and σ 2 is eµt+σ

2 t2 /2

. The MGF for a sum of x’s is

then
M (t) =

Y

E[ext ] = et

P

µ+t2 /2

P

σ2

.

i

Therefore the sum of normal random variables follows a normal distribution with mean equal to the individual µ’s and σ 2 , respectively. See
page 214 in Casella & Berger.
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Distribution of sample variance is χ2
Theorem 5.3.1 on page 218 in Casella and Berger states that
(n − 1)s2
∼ χ2n−1 .
σ2
Note that we have assumed that σ 2 is a known parameter. A χ2 distribution has expected value equal to the number of degrees of freedom. Its
variance is also the number of degrees of freedom. The support of a χ2
distribution is positive real values with the degrees of freedom restricted
to positive integers.
The marginalization of normal hierarchy model
We define the hierarchy model as follows. We have data x from a normal
distribution with mean θ and variance σ 2 . We then let θ come from
a normal distribution with mean µ and variance τ 2 . In our example,
µ = 0. We often want the marginal distributions over this joint posterior
distribution. Equation 5.1 in Gelman et. al. shows the form of f (τ |x).
In this case

f (τ |x) ∝

1
2
σ + τ2

−N/2 Y


exp −

x
2
2(σ + τ 2



In terms of τ , this is a complicated probability but it has the same
functional form as a normal distribution for x with mean 0 and variance
σ 2 + τ 2 . See pages 134 - 136 for details.
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Appendix B
Derivation of Mean and Variance of Truncated
Normal

The mean or expected value is defined as
Z
E[x] =

x φ(x|θ)dx
X

where φ(x|θ) is the probability density function (PDF), θ are the parameters
of the PDF, and X is the support or domain of the PDF. The PDF of the
truncated normal with lower cut-off a is
φ(x|µ, σ) =

f (x|µ, σ)
1 − F (a|µ, σ)

where f (x|µ, σ) and F (a|µ, σ) are the PDF and cumulative distribution function (CDF) of the normal distribution, respectively.
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B.1

Mean
The expected value can be derived as so.
Z

∞

x φ(x|µ, σ)dx

E[x] =
a

Z

∞

f (x|µ, σ)
dx
1 − F (a|µ, σ)
a
Z ∞
1
x f (x|µ, σ)dx
=
1 − F (a|µ, σ) a
Z ∞
1 x−µ 2
1
x
√
=
e− 2 ( σ ) dx
1 − F (a|µ, σ) a
2πσ
=

x

Now standardize the normal distribution. In other words, let z =

x−µ
σ

thus

dz = σ1 dx.
Z ∞
1 x−µ 2
x
1
√
e− 2 ( σ ) dx
1 − F (a|µ, σ) a
Z ∞2πσ
zσ + µ − z2
1
√
e 2 dz
=
1 − F (a|µ, σ) a−µ
2π
σ
Z ∞
z2
1
zσ
√ e− 2 dz +
=
a−µ
1 − F (a|µ, σ)
2π
σ
Z ∞
z2
1
zσ
√ e− 2 dz +
=
a−µ
1 − F (a|µ, σ)
2π
σ

µ
√
2π

Z

µ
√
2π

Z

∞

e

2
− z2

e

2
− z2

!
dz

a−µ
σ

∞

!
dz

a−µ
σ

Let’s work with the first integration term and then come back to the
second term. The first term can be done with a simple transformation.
Z

∞
a−µ
σ

z2
zσ
√ e− 2 dz
2π
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Now let u = z 2 /2 thus du = z dz. Then
Z

∞
a−µ
σ

z2
zσ
√ e− 2 dz =
2π

Z ∞
σ
=√
e−u du
2
a−µ
1
2π 2 ( σ )
σ
= − √ e−u |∞
1 a−µ 2
2( σ )
2π


2
1
− 12 ( a−µ
2
)
σ
=σ √
e
2πσ
= σ 2 f (a|µ, σ)
where again f (a|µ, σ) is the PDF of the normal distribution at the lower cutoff.
As for the second integral term
µ
√
2π

Z

∞

z2

e− 2 dz
a−µ
σ

we will be able to write this in terms of the CDF.
µ
√
2π

Z

∞

z2

e− 2 dz =
a−µ
σ

µ
=√
2π

Z

∞

µ
e dz − √
2π
−∞


a−µ
= µ − µF
|0, 1
σ
2

− z2

Z

a−µ
σ

z2

e− 2 dz

−∞

= µ(1 − F (a|µ, σ))
In the last line we have used the fact that F (a|µ, σ) = F

a−µ
|0, 1
σ



where

again F (x|µ, σ) is the CDF of the normal distribution. This property can be
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easily seen by the definition and standardization.
F (x|µ, σ) =
Z

x

√

=
−∞

Z

1 x−µ 2
1
e− 2 ( σ ) dx
2πσ

x−µ
σ

z2
1
√ e− 2 dz
2π
−∞
x−µ
= F(
, 0, 1)
σ

=

Back to the expectation value we have
E[x] =
1
=
1 − F (a|µ, σ)

Z

∞
a−µ
σ

z2
zσ
µ
√ e− 2 dz + √
2π
2π

Z

∞

e
a−µ
σ


1
σ 2 f (a|µ, σ) + µ(1 − F (a|µ, σ))
1 − F (a|µ, σ)
f (a|µ, σ)
+µ
= σ2
1 − F (a|µ, σ)

=

B.2

Variance
The Variance is defined as


Var[x] = E (x − E[x])2 = E[x2 ] − (textE[x])2

We are left to evaluate E[x2 ].
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2
− z2

!
dz

E[x2 ] =
Z

∞

x2 φ(x|µ, σ)dx

=
Za ∞

f (x|µ, σ)
dx
1 − F (a|µ, σ)
a
Z ∞
1
(σz + µ)2 −z2 /2
√
=
e
dz
1 − F (a|µ, σ) b= a−µ
2π
Z ∞σ
1
1
2
√ (σ 2 z 2 + 2µσz + µ2 )e−z /2 dz
=
1 − F (a|µ, σ) b
2π
=

x2

We are now left with three integrals to perform, effectively. The first integral
is in the form of the second moment. However, we are not integrating over
the entire real line so this is of no use. This integral can be done through
integration by parts (done two times). The result is
Z ∞
σ2
2
√
z 2 e−z /2 dz =
2π b


Z ∞
σ2
−z 2 /2
−z 2 /2 ∞
=√
e
dz
−z e
|b +
2π
b
σ 2  −b2 /2 √ h
=√
be
+ 2π 1 − F (a|µ, σ) ])
2π
= σ 2 (a − µ)f (a|µ, σ) + σ 2 (1 − F (a|µ, σ))
The second integral can be done with a substitution u = z 2 /2. This
results in
2µσ
√
2π

Z

∞

z e−z

2 /2

dz =

b

2µσ  −b2 /2 
=√
e
2π
= 2µσ 2 f (a|µ, σ)
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The third integral is simply a function of the CDF
µ2
√
2π

Z

∞

e−z

2 /2

dz = µ2 (1 − F (a|µ, σ))

b

The first part of this is canceled when we solve for the variance. After combining all these terms, we are left with
 2

1
Var[x] =µ2 +
σ (a − µ) + 2µσ 2 + σ 2
1 − F (a|µ, σ)
"

2 #
f
(a|µ,
σ)
f
(a|µ,
σ)
− 2µσ 2
+ σ4
1 − F (a|µ, σ)
1 − F (a|µ, σ)



f (a|µ, σ)
f (a|µ, σ)
2
2
a−µ−σ
=σ 1+
1 − F (a|µ, σ)
1 − F (a|µ, σ)
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Appendix C
Numerical Techniques

In this appendix we briefly review some of the numerical algorithms
used in cosmology calculations. For full discussion, we refer readers to [116].
In the main body of this work, we mention some techniques without any
discussion. In chapter 5, we discuss the numerical integration of ODEs in
some detail so that the reader may understand the sources of error. This
section of appendix begins with numerical integration of functions as these are
needed in calculating the neutrino energy density. Next, we discuss further
the numerical integration of ODES. Finally, the optimization routines used in
chapter 6 are discussed.

C.1

Numerical Integration of functions
We discuss the techniques used in CAMB to integrate the massive neu-

trino energy density, pressure and perturbations. These integrals are onedimensional; therefore, no Monte Carlo techniques are used. These techniques
are sometimes referred to as quadrature techniques. In short, integrals are
approximated by summations
Z b
f (x)dx ≈

N
X

a

i
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ci f (xi )

where ci depends on the exact algorithm. The trapezoidal rule takes the
average of the function at the end points.


Z b
1
1
f (a) + f (b)
f (x)dx ≈ h
2
2
a
where h = b − a. In effect, they are assuming a straight line between points a
and b and calculating that area. The error of this algorithm is of order h3 f 00 .
The extended trapezoidal rule breaks the interval b − a into many intervals
and then applies the same rule within these smaller intervals. This is called
the extended trapezoidal rule or composite rule. The result is


Z b
1
1
f (x)dx ≈ h
f (a) + f (a + h) + f (a + 2h) · · · + f (b − h) + f (b)
2
2
a
where h = (b − a)/N and N is the number of intervals. The error is on order
h2 (b−a)f 00 . This assumes equal intervals. This approximation can be furthered
by adding the next terms in the Euler-Maclaurin summation formula.
The integrals over the phase-space results in improper integrals from 0
to ∞. Therefore, the above algorithm is not optimal. The improper integral
can be broken into two pieces.
Z b
Z
Z ∞
f (x)dx =
f (x)dx +
a

∞

f (x)dx

b

a

For our purposes, we know f (x) is a function with a proper integral. All that
needs to be done is to integrate from a to b using the extended trapezoidal
rule and then calculate the last integral as
Z ∞
Z 1/b
1
f (x)dx =
f (1/x)dx
x2
b
0
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In the case of the phase-space distribution, f (y) → 0 as y → ∞, 0. Therefore,
if one were to apply a trapezoidal rule to the above integral, one would only
need to evaluate f (1/x) at x = 1/b. This is the method in CAMB.

C.2

Numerical Integration of ODES
The bulk of the computation time involves ODE integration. ODE

integration techniques are split between explicit and implicit methods. The
difference is the numerical treatment of the first order derivatives. Explicit
methods are also called “forward” methods since the values of the next time
step are based entirely on the previous step. These methods tend to be easier to
implement but sometimes require very small time steps to be stable. Implicit
methods are also called “backward” methods since the next time step values
are based on the previous step and the current step. This method requires nonlinear solvers at each time step making them more complicated to implement
then explicit methods. Implicit methods have the advantage of being stable
therefore allowing for larger time steps. We only discuss explicit techniques.
The simplest explicit method of integrating ODES is the Euler’s method.
First, the finite difference approximation to a first order derivative is
dy
y(t + h) − y(t)
≈
dt
h
for some finite h. For the ODE
dy
= f (t, y)
dt
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The Euler method would approximate this as
yn+1 = yn + f (tn , yn ) ∗ h
where yn = y(tn ), tn = t0 + nh, and t0 is the initial time. In chapter 5, we
discussed the generalization of Euler methods to multiple steps: the RungeKutta method. However, one may wish to have a flexible time step in order
to ensure a proper error. This desire leads to RK pair methods. RK pair
methods calculate RK coefficients twice: two sequential ordered pairs. These
are then subtracted in order to reveal the error. This estimate of the error
can be used to control the time steps. The CAMB code uses a RK 45 pair
based on Verner’s method[126]. A review of Verner’s pair along with other
pair methods can be seen in [127].

C.3

Optimization and Nonlinear Solvers
Here, we discuss the Newton-Raphson and bisection methods that were

used to solve for m1 . The bisection method finds the roots of a function buy
finding increasingly smaller intervals. Each iteration cuts the interval by half,
then finds which interval still contains the root. The Newton-Raphson method
uses the Taylor series approximation to find an approximation to the root. For
each iteration, the root is estimated at y = x−f (x)/f 0 (x) where y is new point.
This method requires knowledge of the first derivative.
Now, we discuss the optimization and nonlinear solver routines implemented within Matlab. The optimization routine is a direct search method.
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In other words, this optimization algorithm requires no derivative calculation
where other algorithms like Newton-Raphson do. The particular routine is the
Nelder-Mead simplex search alogrithm based on geometry[120] . For a single
iteration, the points in the parameter space are set to the vertices of the simplex. The center of gravity of this simplex is used to calculate new iteration
points by various geometric operations. For the nonlinear solver, we used the
Levenberg-Marquardt algorithm[118][119]. This algorithm is a particular kind
of least-squares curve fitter. This iterative process picks a new value based on
the derivative much similar to a steepest decent algorithm.
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