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Minimum miscibility pressure (MMP) is a key parameter in the design of gas 

flooding. There are experimental and computational methods to determine MMP. 

Computational methods are fast and convenient alternatives to otherwise slow and 

expensive experimental procedures. This research focuses on the computational aspects 

of MMP estimation. It investigates the shortcomings of the current computational models 

and offers ways to improve the robustness of MMP estimation.  

First, we develop a new mixing cell method of estimating MMP that, unlike 

previous “mixing cell” methods, uses a variable number of cells and is independent of 

gas-oil ratio, volume of the cells, excess oil volumes, and the amount of gas injected.  

The new method relies entirely on robust P-T flash calculations using any cubic equation-

of-state (EOS). We show that mixing cell MMPs are comparable with those of other 

analytical and experimental methods, and that our mixing cell method finds all the key tie 

lines predicted by MOC; however, the method proved to be more robust and reliable than 

current analytical methods.   
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Second, we identify a number of problems with analytical methods of MMP 

estimation, and demonstrate them using real oil characterization examples. We show that 

the current MOC results, which assume that shocks exist from one key tie line to the next 

may not be reliable and may lead to large errors in MMP estimation. In such cases, the 

key tie lines determined using the MOC method do not control miscibility, likely as a 

result of the onset of L1-L2-V behavior.    We explain the problem with a simplified 

pseudo-ternary model and offer a procedure for determining when an error exists and for 

improving the results.  

Finally, we present a simple mathematical model for predicting the MMP of 

contaminated gas. Injection-gas compositions often vary during the life of a gasflood 

because of reinjection and mixing of fluids in situ. Determining the MMP by slim-tube or 

other methods for each possible variation in the gas-mixture composition is impractical. 

Our method gives an easy and accurate way to determine impure CO2 MMPs for variable 

field solvent compositions on the basis of just a few MMPs.  Alternatively, the approach 

could be used to estimate the enrichment level required to lower the MMP to a desired 

pressure.  
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CHAPTER 1: INTRODUCTION 

This chapter provides a brief introduction to the motivations of the present study, 

its objectives, and its results. The following chapters discuss these subjects in detail. 

1.1 DESCRIPTION OF THE PROBLEM  

Enhanced oil recovery (EOR) has become more popular as oil reservoirs become 

mature, and easy to produce oil resources dwindle.  An established method of EOR is gas 

injection. In any gas injection design, one of the most important parameters is minimum 

miscibility pressure (MMP). MMP is the lowest pressure at which gas and oil become 

miscible at a fixed temperature. MMP is an important parameter that determines the 

efficiency of oil displacement by gas. The MMP is important because when gas and oil 

are miscible, the pore scale efficiency (or displacement efficiency) is 100% in the 

absence of dispersion. Hence, knowledge of MMP is essential in gas flooding designs. 

MMP can be estimated using either experimental or computational methods. 

Slim-tube experiments are widely accepted as the standard experimental procedure to 

estimate the MMP. These experiments are generally reliable because they use real fluids 

and can capture the complex interactions between flow and phase behavior in a porous 

medium. These experiments, however, are also slow and expensive to conduct, and thus, 

in practice, few MMPs are obtained this way. Because of a lack of sufficient data points 

and the small amount of dispersion in the displacements, estimating the slim-tube MMP 

may be difficult (Johns et al. 2002).  An additional experimental way to determine MMPs 

is to perform single-cell, multi-contact experiments, where fresh gas is mixed with 
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equilibrium oil, or fresh oil is mixed with equilibrium gas. These experiments can 

provide useful MMP and phase behavior data for gas floods that are either purely 

condensing or vaporizing, but most gas floods are condensing/vaporizing (CV) drives, 

meaning that they have features of both a condensing and a vaporizing drive, and this 

makes the results of such experiments less accurate (Zick 1986; Johns et al. 1993).  Other 

experimental MMP methods, such as vanishing-interfacial-tension tests (Rao 1997) and 

rising-bubble experiments (Christianson and Haines 1987) are unlikely to provide good 

MMP predictions because they fail to reproduce the interaction of flow and phase 

behavior in CV floods (Jessen and Orr 2007).  

Computational methods provide fast and cheap alternatives to slim-tube 

experiments. They are also indispensable tools in tuning equations of state to MMP for 

compositional simulations. Incorporating the MMP in the process of tuning can improve 

the accuracy of equations of state in gas displacement simulations (Jessen and Stenby 

2007; Egwuenu et al. 2008). There are three types of computational methods to estimate 

MMP: numerical simulation of slim-tube, analytical methods, and mixing cell (cell-to-

cell) methods.   

Estimating the MMP by 1-D compositional simulation mimics the flow in porous 

media that occurs in slim-tube experiments (Yellig and Metcalfe 1980). As with slim-

tube experiments, the MMP is determined from an arbitrary bend in the recovery curve, 

typically called the “knee” (Jarrell et al. 2002). However, coarse-grid compositional 

simulations can suffer from numerical dispersion effects, causing the MMP to be in error 

(Stalkup 1987, Johns et al. 2002). The effect of dispersion can be reduced, but not 
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eliminated, by using higher-order methods (Johns et al. 2002). One way to improve the 

accuracy of the estimated MMP is to repeat the simulations for different levels of 

dispersion (various grid-block sizes), and extrapolate the obtained MMPs to zero 

dispersion. The 1-D slim-tube simulation method can therefore be more cumbersome and 

time-consuming than other computational methods, since multiple 1-D simulations must 

be made at different pressures and with different grid-block sizes.  

Analytical methods of estimating MMP use the method of characteristics 

(MOC)(Jessen et al. 1998; Orr et al. 1993; Wang and Orr 1997). The MOC relies on an 

equation of state to find a set of key tie lines that govern the oil displacement by gas. The 

MMP estimation algorithms based on MOC tracks these key tie lines with pressure to 

find the MMP of the displacement. The MMP occurs at the pressure at which any one of 

the key tie lines first intersects a critical point (or its length becomes zero).  

Difficulties may arise, however, in using the MOC to find key tie lines. Yuan and 

Johns (2005) demonstrated that it is possible to converge to a wrong key tie line. The 

present author’s first-hand experience with the current MOC methods implemented in 

PVTsim (v17.3.0 2008), UTPVT (v2 2007), and Yuan and Johns (2005) show that the 

MOC method can fail to converge to a solution for the oil and gas systems encountered in 

fields. This failure was noted by Mogensen et al. (2009), who also pointed out that the 

MMP from MOC methods can be in large error compared to a mixing cell method. In the 

present research, we provide more examples of MOC-based algorithms that fail in 

estimating MMP. We further explain the main reasons for the observed failure and 

provide solutions to prevent the failure or to correct the results. 
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Mixing cell (cell-to-cell) methods estimate the MMP based on repeated contacts 

between gas and oil. Prior to the present study, all published cell-to-cell (mixing cell) 

methods have been simplified versions of slim-tube simulations. As a result, they are 

affected by dispersion. Furthermore, the early versions of the cell-to-cell method can only 

predict the MMP for a condensing drive or a vaporizing drive but not for a CV drive 

(Hutchinson and Braun 1961; Cook et al. 1969; Metcalf et al. 1973; Pedersen et al. 1986; 

Clancy et al. 1986; Lake 1989; Jensen and Michelsen 1990; Neau et al. 1996). The 

inability of these methods to predict MMP for CV displacement renders them useless for 

most gas flooding applications. Jaubert et al. (1998a, 1998b) and Zhao et al. (2006a, 

2006b) devised later versions of the cell-to-cell method that could potentially estimate 

MMP for CV displacement. However, none of these later methods have addressed the 

fundamental drawbacks of mixing cells such as lack of robust criterion for MMP 

estimation. The mixing cell method can be a robust alternative to MOC-based methods if 

its fundamental drawback is addressed. The present research fills this gap by developing 

a new mixing cell method using a fundamentally different approach from the previous 

methods.  

1.2 RESEARCH OBJECTIVES  

All the computational methods discussed above suffer from a number of 

computational problems. The objectives of the present study were to: 
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1. Develops a new mixing cell method for estimating the MMP. The research 

shows that the mixing cell results are consistent with those of the MOC and 

that the new method is more robust than the MOC for some displacements. 

2. Identify a number of problems in MOC methods. The problems were related 

to assumptions of MOC methods that may not be true for complex oil and gas 

systems. As a result, MOC methods can fail or lead to a wrong answer.  

3. Develop a new, simple method of estimating the MMPs of contaminated gas 

mixtures. This model is quite useful for estimating the MMP when the 

injection gas—for example CO2—is contaminated with small amounts of 

other gases such as C1 or H2S. The model uses only a few pure components 

MMPs and can be readily applied by field engineers. 

1.3 STRUCTURE OF THE DISSERTAION 

The structure of this dissertation is based on the obtained results. Chapter 2 gives 

a detailed background on the MOC and previous mixing cell methods and reviews their 

development prior to this research. Chapter 3 describes the new mixing cell methods and 

discusses them in detail, showing them to be consistent with the MOC. This chapter gives 

examples demonstrating that the new mixing cell method is more robust than MOC, and 

then provides an algorithm for implementation in PVT packages. Chapter 4 identifies 

problems with the current MOC and offers examples of each problem, and proposes 

solutions for some of them. Chapter 5 offers a new method for estimating the MMP of a 

contaminated gas mixture and then illustrates the accuracy and limitations of this model 
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through examples. Finally, Chapter 6 summarizes the results of this research and makes 

recommendations for future research. 
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CHAPTER 2: BACKGROUND 

 

This chapter provides a background to the methods of minimum miscibility 

pressure (MMP) estimation.  The intent is to familiarize the reader with the current 

methods, their advantages, and their disadvantages through a review of the literature.  

The first section reviews the experimental methods and their pros and cons.  The next 

section discusses computational methods in detail.  The final section examines existing 

methods for estimating the MMP of contaminated injection gases, which are frequently 

encountered in gas injection application. 

2.1 MMP AND DEVELOPMENT OF MISCIBILITY IN GAS INJECTION 

MMP is the lowest pressure at which oil and gas develop miscibility at a fixed 

temperature. MMP is a key parameter in designing gas injection, because theoretically at 

the MMP, gas recovers all the oil that it contacts within a porous medium. 

During gas injection, miscibility can develop in one of two ways: first-contact 

miscibility (FCM) or multi-contact miscibility (MCM).  If the oil and gas that come into 

contact form a single phase at any arbitrary ratio, they are first-contact miscible. In most 

cases, however, oil and gas are not first-contact miscible, yet they develop miscibility 

through mass transfer as gas moves along in the porous medium and contacts fresh oil.  

The resulting miscibility is called multi-contact miscibility.  In this case, the MMP is the 

minimum pressure at which multi-contact miscibility can develop.  In developing MCM, 
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the transfer of components between the two phases is essential and is facilitated by the 

flow of phases in the porous medium. 

Multi-component miscibility can happen in three types of displacements: a 

vaporizing gas drive, a condensing gas drive, and a condensing/vaporizing (CV) drive 

(Stalkup 1987; Zick 1986).  In a vaporizing gas drive, gas contacts fresh oil at the front of 

the displacement.  Some of the intermediate components of the oil are vaporized to gas, 

thus enriching the gas.  The enriched gas moves along and contacts fresh oil at the front, 

and the new contacts further enriches the gas.  Within a finite number of contacts, the gas 

may be sufficiently enriched to develop miscibility with fresh oil.  The result is the 

formation of a miscible transition zone at the front of the displacement that effectively 

displaces the oil.  This type of miscible injection is a vaporizing gas drive whereby 

miscibility develops at the displacement front.  In general, the miscible injection of dry 

gas, flue gas, or nitrogen into a relatively heavy oil reservoir is a vaporizing gas drive.   

In a condensing gas drive (or enriched-gas drive), the gas is relatively enriched 

with intermediate components while the oil is relatively heavy.  When gas first contacts 

the oil, some intermediate components condense from the gas to the oil, resulting in 

lighter oil.  This lighter and enriched oil does not move as fast therefore is left behind and 

contacted by fresh gas.  As a result, the enriched oil becomes further enriched, and after 

repeated contacts, the oil is sufficiently enriched to be miscible with the fresh gas.  In this 

way, miscibility develops at the trailing edge of the displacement. 

The condensing/vaporizing gas drive, first described by Zick (1986) and Stalkup 

(1987), has features of both a vaporizing and a condensing gas drive.  In this type of 
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displacement, neither the gas nor the oil is sufficiently rich to develop miscibility through 

condensation or vaporization alone.  Instead, the transfer of intermediate components 

from gas to oil (condensation) and from oil to gas (vaporization) creates a condition 

whereby both oil and gas become miscible.  Therefore, in a condensing/vaporizing gas 

drive, the miscibility develops somewhere between the leading edge and trailing edge of 

the displacement. 

This dissertation uses the term MMP in its strict thermodynamics definition, that 

is, the MMP is defined in the absence of dispersion. Similar to MMP, one can define the 

MME, or minimum miscibility enrichment, which is the minimum enrichment needed for 

gas to develop miscibility with oil at the reservoir pressure and temperature. 

2.2 METHODS OF ESTIMATING MMP 

There are several experimental and computational methods for estimating MMP. 

This section reviews both methods, but the focus of this dissertation is on computational 

methods. 

2.2.1 Experimental methods for estimating MMP 

MMP can be estimated through a number of experiments: slim-tube experiments, 

mixing-cell experiments, rising bubble/falling drop experiments, and vanishing interfacial 

tension experiments.  This section reviews these experiments and describes some of their 

shortcomings.  Although the cost and the time of conducting many of these experiments 

are prohibitive, if carefully performed, such experiments can duplicate the complex 

interaction of oil and gas, and produce reliable and useful results. 
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2.2.1.a Slim-tube experiments 

The slim-tube experiment is the widely accepted experimental method for 

estimating MMP.  A slim-tube is a long, narrow tube packed with glass beads or sand.  

The length of the tube is between 5 and 120 ft (Elsharkawy et al. 1992; Orr et al. 1982), 

and the diameter varies from 0.12 to 0.63 in, with 0.25 in as a typical diameter (Danesh 

1998; Elsharkawy et al. 1992).  Because of this large length-to-diameter ratio, the slim-

tube experiment comes close to a one-dimensional displacement, thus isolating the effect 

of phase behavior on displacement efficiency. 

In slim-tube experiments, gas is injected into a slim-tube that is saturated with oil. 

The injection temperature and pressure are kept constant (pressure is generally kept 

constant by a back-pressure regulator).  The rate of gas injection is such that it does not 

induce a large pressure gradient.  The slim-tube displacement velocity is typically 

between 120 and 200 ft/D (Danesh 1998).  

To determine MMP, three or more slim-tube experiments are performed.  In each 

experiment, oil recovery and pore-volume of injected gas are recorded.  The recovery 

data are then used to estimate MMP using a number of criteria.  The most common 

criterion is the break-over pressure in a plot of recovery versus pressure, when recovery 

is recorded after typically injecting 1.2 pore volume of gas (Danesh 1998; Yellig and 

Metcalfe 1980).  Other MMP criteria are 80% recovery at gas breakthrough (Holm and 

Josendal 1974) and 90%–95% of ultimate recovery (Glaso 1990; Hudgins et al. 1990; 

Jacobson 1972). 
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Slim-tube experiments, however, have significant drawbacks. These drawbacks 

partly stem from the lack of standards both in conducting the test and in interpreting its 

results.  Elsharkawy et al. (1992) published a thorough review of slim-tube procedures in 

the early 90s.  These procedures, which have not changed since, are time-consuming and 

expensive to conduct.  Each experiment involves extensive procedures to clean and 

restore the slim-tube before the next test, and the cleaning can be especially complicated 

if asphaltene is precipitated during the experiment.  Furthermore, the results of a slim-

tube experiment can be uncertain because of the lack of data points and because of the 

impact of dispersion (Walsh and Orr Jr. 1990; Johns et al. 2002).  Orr et al. (1982) raise 

concerns about whether the results of one slim-tube experiment are reproducible with 

another slim-tube.  Despite these shortcomings, slim-tube experiments remain the most 

reliable experimental method of estimating MMP in the industry, because they can 

replicate the actual interaction of oil and gas in a one-dimensional porous medium. 

The literature reveals other experimental methods of determining MMP, the most 

cited of which are multiple-contact mixing experiments, rising-bubble 

experiments(Christiansen and Haines 1987), and vanishing interfacial tension 

experiments; the following sections briefly review each of these methods. 

2.2.1.b Multiple-contact experiment (mixing cell experiment) 

Multiple-contact experiments can accurately estimate MMP under certain 

conditions.  The main purpose of a multiple-contact test is to study the phase behavior of 

injection gas and oil (Bryant and Monger 1988; Menzie and Nielsen 1963; Turek et al. 
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1988). Nevertheless, such tests, as they are currently designed, can measure MMP only if 

the displacement type is a condensing or a vaporizing drive, not a condensing/vaporizing 

one.  

The multiple-contact test relies on contacts between oil and gas.  In each contact, 

oil and gas are mixed at a specified ratio in a pressure-volume-temperature (PVT) cell 

and brought to equilibrium.  A single PVT cell or a series of cells is used to make 

repeated contacts between oil and gas in a forward or a backward manner.  In a forward 

contact, after each contact the equilibrium gas is retained while the equilibrium oil is 

replaced with fresh oil. Consequently, at each stage, the equilibrium gas from the 

previous stage contacts fresh oil. In a backward contact, equilibrium oil is retained and 

the gas is replaced with fresh injection gas.  The contacts are repeated until there is no 

further change in the composition of the phases.  These experiments are repeated at 

several pressures until the repeated contacts result in a single phase (seen visually from 

the window on the cell).  

The main drawback of multiple-contact tests is their inability to measure MMP 

for a condensing/vaporizing drive.  These experiments can be a fast and cheap alternative 

to slim-tube experiments when the miscibility mechanism is known beforehand to be 

either condensing or vaporizing. 

2.2.1.c Rising bubble /falling drop experiment  

Christiansen and Haines (1987) first introduced the rising bubble experiment as a 

rapid alternative to slim-tube experiments.  The experiment is based on the visible 
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appearance of a gas bubble as it rises through the oil column; this consists of a high-

pressure transparent tube eight inches long that is filled with oil and kept at a desired 

pressure and temperature.  Gas is introduced through a needle at the bottom of the tube, 

which then forms a bubble and rises through the column.  Christiansen and Haines (1987) 

describe how the shape of the rising gas bubble is used to assess the MMP criteria.  

Although rapid and cheap compared to slim-tube experiments, the rising bubble 

method suffers from major limitations, the most important of which is its unreliability in 

predicting MMP for condensing and condensing/vaporizing gas drives.  The rising gas 

bubble attempts to duplicate the forward contact of gas and oil in reservoirs.  As gas rises, 

it makes contact with fresh oil at any stage of the experiment.  As a result, the gas 

becomes richer and richer as it gets closer to the top, similar to the advancing gas front in 

the reservoir, but not necessarily the same.  If miscibility develops, therefore, it will do so 

at the front of the advancing gas.  Thus, rising bubble experiments can likely predict the 

MMP for a vaporizing gas drive, but not for a condensing drive (Zhou and Orr 1998).  

Whether such experiments can accurately determine the MMP for a 

condensing/vaporizing drive remains to be determined (Zhou and Orr 1998).  

The falling drop experiment is a modified version of the rising bubble experiment 

and is used for predicting MME (Christiansen 1986; Zhou and Orr 1998) and MMP in a 

condensing gas drive.  The principle of the experiment is the same as the rising bubble, 

the difference being that a bubble of oil is introduced into a gas-filled chamber.  As with 

the rising bubble experiment, it is unclear whether the falling drop method can accurately 
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predict the MMP for a vaporizing/condensing gas drive, and therefore it is not commonly 

used in the industry (Zhou and Orr 1998). 

2.2.1.d Vanishing interfacial tension (VIT) experiment 

Rao (1997) proposed the vanishing interfacial tension (VIT) experiment as a 

method for determining MMP (or MME).  This method is based on measuring the 

interfacial tension (IFT) between oil and injected gas at various pressures and at a fixed 

temperature.  It consists of a high-pressure, high-temperature cell filled with the injection 

gas.  A drop of crude oil (about 10% of the cell volume) is then introduced into the cell 

through a capillary tube (Rao and Lee 2002).  The IFT between the oil drop and the gas is 

determined by analyzing the shape of the hanging oil drop and the densities of the oil and 

the gas.  The pressure is then increased by introducing more gas into the cell and the IFT 

measurement is repeated.  The MMP is approximated by extrapolating the plot of IFT 

versus pressure (or enrichment, for MME) to zero.  Ayirala and Rao (2006) presented a 

modified version of the experiment in which the overall composition in the cell is kept 

constant and IFT is measured with both a capillary rise method and with a shape analysis 

of the hanging oil drop.  For more information about different variation and applications 

of the VIT method, see Jessen and Orr (2008) and the references therein. 

Orr and Jessen (2007) analyzed the VIT method through a series of ternary and 

quaternary systems and concluded that a VIT estimate of MMP is highly dependent on 

the overall composition of the cell and can be significantly different from the analytically 

calculated MMP (see section 2.2.2 for details).  It is not clear which overall composition 
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gives a reasonable MMP.  The VIT method, however, is fundamentally limited in that “it 

investigates mixture compositions that are linear combinations of the initial oil and 

injection gas that are quite different from the critical mixture that forms at the MMP in a 

gas–oil displacement in a porous medium” (Orr and Jessen 2007, page 99).  Jessen and 

Orr (2008) further extended their analysis to a multi-component mixture and observed 

that the mixtures created in VIT cells do not generally lead to reliable estimates of MMP.  

They concluded that VIT experiments may not be a dependable method of determining 

MMP for multi-component oil mixtures. 

2.2.1.e Summary 

The experimental methods developed to date for estimating MMP are expensive,  

time-consuming, or cannot accurately estimate the MMP for condensing/vaporizing 

displacements.   Among these methods, the slim-tube experiment is the only known 

experiment that realistically reproduces the interaction between oil and injection gas and 

is therefore able to predict the MMP for condensing/vaporizing displacements.  The 

reliability of the slim-tube experiment, however, comes at cost of the time and expense of 

carrying out the procedure. Current multiple-contact experiments can only predict MMP 

for a condensing or a vaporizing gas drive, and thus are not a substitute for slim-tube 

experiments.  Similarly, rising bubble experiments are not a suitable replacement for 

slim-tube experiments because it is still unclear (and seems unlikely) that the method can 

accurately estimate MMP for all displacement types, including a condensing/vaporizing 

drive.  If carefully used, however, rising bubble tests can be reliable for predicting the 
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MMP of a vaporizing gas drive displacement.  The vanishing interfacial tension method 

has been shown to be inconsistent with analytically calculated MMPs for 

condensing/vaporizing drive displacements, and highly dependent on initial composition, 

and therefore is not a recommended experimental method.   

The experimental methods for determining MMP, thus, are both costly and time 

consuming (as with the slim-tube test) or unable to predict MMP for a 

condensing/vaporizing gas drive (as with rising bubble and multiple-contact 

experiments).  Nevertheless, they can provide useful phase behavior data that can be used 

to develop and verify the reliability of a computationally calculated MMP. 

2.2.2 Computational method of estimating MMP 

Computational methods for MMP estimation have been developed over the years 

to estimate the MMP from cubic equations-of-state (EOS). The fundamental assumption 

of all the computational methods is that the phase behavior can be accurately described 

with a tuned EOS.  This assumption must be especially true near the critical region for an 

accurate estimation of MMP.  There are three primary computational methods: slim-tube 

compositional simulation, analytical calculations with method of characteristics (MOC), 

and multi-contact mixing cell models.  This section reviews these methods along with 

their merits and drawbacks. 

2.2.2.a Slim-tube simulation 

Slim-tube simulation duplicates the slim-tube experiments in a computational 

simulator.  A compositional simulator solves the one-dimensional flow equation (often 
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without a dispersion term) using the tuned cubic EOS for the oil and gas.  The procedure 

and interpretation of the results is the same as that of the experimental methods; that is, 

oil recovery at 1.2 pore volume of gas injected is plotted versus pressure.  The break-over 

point at say 90% recovery may then be used as a criterion for MMP. 

Simulation of a slim-tube is significantly cheaper and faster than running the 

actual experiments, but the phase behavior of the oil and gas must be well-described by 

an EOS for a reliable MMP estimation, and this is especially true in the near-critical 

region.  

Slim-tube simulation has a number of drawbacks.  First, it is slower and more 

time-consuming compared to other computational methods.  The setup and calibration 

time is considerably longer than other computational method. In addition, several 

simulations with varying number of grid blocks are needed for a reliable MMP estimate.   

Moreover, a MMP estimate from simulation can be affected by numerical 

dispersion (Johns et al. 2002; Stalkup 1987), because slim-tube simulations are based on 

finite-difference schemes.  Dispersion in finite-difference schemes occurs for two reasons 

(Jessen et al. 2004).  The first reason is truncation errors, which stem from approximating 

the differentials in a convective-diffusion equation.  Lantz (1971) described truncation 

errors in simulations and also presented the truncation error expression for various finite-

difference schemes.  The second reason is that simulations have a series of mixing cells at 

their core, and in such mixing cells numerical dispersion arises because species (or 

components of mixture) can enter a neighboring cell faster than the actual flow rate 
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would permit.  For small time steps, the value of numerical dispersion depends on the 

grid size and is on the order of Δx/2, where Δx is the size of the grid block (Lantz 1971). 

Dispersion will result in loss of miscibility, as it causes the composition route to 

enter into the two-phase region.  One way to minimize this effect is to use a large number 

of grid blocks.  A more effective alternative is to run the simulations for varying grid-

block size and then extrapolate to the oil recovery at infinite block size.  This 

extrapolation is done using a plot of recovery versus 1/(Δx)2 (Stalkup 1987) or versus 

1/Δx (Stalkup et al. 1990; Stalkup 1990). To minimize the effect of dispersion, one may 

use total variation diminishing (TVD) schemes (Harten 1997) in simulation.  A TVD 

scheme reduces front smearing, thereby reducing the effect of dispersion. 

2.2.2.b Method of Characteristics (MOC)                                                                

The method of characteristics for estimating MMP refers to an algorithm that is 

derived from the solution of the dispersion-free one-dimensional (1D) flow equations 

(Orr 2007).  The name method of characteristics is in fact a mathematical technique for 

solving hyperbolic partial differential equations such as 1D flow equations.  Throughout 

this dissertation, the term MOC refers to the algorithm for estimating MMPs based on an 

analytical solution of displacement using the method of characteristics.  This section 

reviews the MOC method, its development, and its drawbacks. 

2.2.2.b.1 Development of the analytical solution for oil and gas displacement 

Welge et al. (1961) developed the analytical solution for gas/oil displacement in a model 

for predicting the recovery in an immiscible three-component two-phase displacement.  
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In essence, their model is an extension of the Buckley-Leverett (1942) immiscible 

displacement method.  Later, Wachmann (1964) made a similar extension for alcohol and 

water.  De Nevers (1964) extended the Buckley-Leverett model to carbonated water 

flooding, noting that CO2 moves more slowly than the water flood.  De Nevers was the 

first to point out the similarity of this behavior to gas chromatography.  Larson and 

Hirasaki (1978) and Larson (1979) developed a model based on method of characteristics 

for surfactant flooding.  This model assumed the displacement is fully self-sharpening 

(see glossary for definition) to simplify solving the governing equation. 

Helfferich (1981) generalized the theory of multi-component, multi-phase 

displacements in porous media.  Helfferich’s theory borrowed from the principles of 

chromatography, especially the concept of coherence.  The principle of coherence, as it 

applies to gas injection, means that the oil and gas compositional mixture (a composition 

variation) will not travel as a single wave in porous media. Instead, it breaks into several 

“coherent” waves that travel at different speeds.  From the concept of coherence, 

Helfferich derived the coherence condition, which requires that “all dependent variables 

at any given point in space and time have the same velocity.”  The concept of coherence 

and the coherence condition played a key role in the development of an algorithm for 

estimating MMP.  Hirasaki (1981) and later Dumore et al. (1984) presented an 

application of Helfferich for a three-component system.  Hirasaki applied the theory to 

surfactant flooding and Dumore et al. presented its application to a three-component 

system for both condensing and vaporizing gas drives.  
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Monroe et al. (1990) first examined the analytical theory for quaternary systems 

and showed that there exists a third key tie line in the displacement path, called the 

crossover tie line.  Orr et al. (1993) and Johns et al. (1993) confirmed the existence of the 

crossover tie line for condensing/vaporizing drives and presented a simple geometric 

construction for finding the key tie lines (gas, oil, and crossover).  Their geometric 

construction assumed that consecutive key tie lines are connected by shocks along non-

tie-line paths.  They demonstrated that the MMP occurs at the pressure at which any one 

of the three key tie lines first intersects a critical point (becomes zero length).  Johns et al. 

further showed that the crossover tie line controls the development of miscibility in 

condensing/vaporizing drives and that the estimated MMP is below the predicted MMP 

when assuming either a pure condensing or a pure vaporizing drive.   

Johns and Orr (1996) presented a procedure for calculating the MMP for more 

than four components, and extended their geometric construction to construct the first 

multi-component displacement of (ten-component) oil by CO2.  They provided a general 

methodology for composition path construction for any number of oil and gas 

components and showed that nc-1 key tie lines exist which the composition path must 

follow.  They showed that the composition path consists of either a rarefaction wave 

(continuous variation) or shock along the non-tie-line paths from each key tie line to the 

next.  They further stated that miscibility develops when any one of these key tie lines 

becomes zero length (intersects a critical point).  The MMP calculation, therefore, was 

reduced to finding a series of key tie lines from the oil to injection gas composition 

whose tie-line extensions intersect sequentially.  Wang and Orr (1997) demonstrated their 
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multi-component approach by calculating the MMP for injection gases with more than 

one component.  They found the intersection points of the key tie-line extensions by 

applying a Newton-Raphson scheme in compositional space.  In their iteration method, 

they also assumed that only shock jumps occur from one key tie line to the next, which 

Johns (1992) and Johns and Orr (1996) speculated to be a close approximation.  Jessen et 

al. (1998) improved the speed of Wang and Orr’s method by the inclusion of fugacity 

equations in the Newton-Raphson scheme.  Yuan and Johns (2005) recently simplified 

the size of the Newton-Raphson problem, and showed that it is possible to converge to 

the wrong set of key tie lines, which is a potential drawback of these analytical MOC 

methods, unless the solution is correctly constructed.   

 

2.2.2.b.2 Mathematical model of MOC  

For a multiphase multi-component flow, the continuity equation is written as 

follows (Orr 2007): 

1 1 1
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∂ ∑ ∑ ∑ . 
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In Eq. (2.1), pN is the number of phase, cN  is the number of component, t is time, 

ijx is the mole fraction of component i in phase j, jρ is density of phase j, jS is the 

saturation of phase j, jv is Darcy velocity of phase j, φ is porosity of the medium, 

and ijK is the dispersion tensor of component i in phase j.  Eq. (2.1) represents 
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accumulation (the first term from left), convection (the second term), and the dispersion 

(the third term) of component i in an arbitrary volume of a porous medium.  In one 

dimension, Eq. (2.1) is simplified to: 
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j j j
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We can further simplify Eq. (2.2) with the following assumptions: 

1- We can neglect the effect of dispersion.  This assumption cancels the dispersion 

term (the third term in the equation). 

2- We can neglect the volume change due to mixing.  Neglecting the volume change 

due to mixing does not change the MMP, because it does not change the key tie 

lines (Dindoruk 1992; Orr 2007).  When there is no change in volume due to 

mixing, the molar density of a component will be constant for all phases.  This 

assumption is reasonable for displacement at high pressure.    Therefore: 

 

i ij j ijc xρ ρ= .   (2.3)
 

In (2.3), ijc is the volume fraction of species i in phase j, and iρ  is the density of 

pure component i. 

3- We can neglect capillary pressure differences.  Neglecting the capillary pressure 

allows us to express the velocity in fractional flow and total flow velocity terms: 
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q
= = .  (2.4)

 

In Eq. (2.4), jq  is volumetric flow rate of phase j, q is total volumetric flow rate, 

jf is the fractional flow of phase j in the flow, and v  is total flow velocity.  Furthermore 

assume porosity,φ , is constant it drops from Eq. (2.2). Following these assumptions, Eq. 

(2.1) simplifies to Eq. (2.5). 
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In Eq. (2.5), iρ  represents the density of component i.  The density of each 

component is constant and the same in all phases.  We can shorten Eq. (2.5) to a 

dimensionless form with the following definitions: 
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In Eq. (2.6) and (2.7), L  represents the length of the one-dimensional porous 

medium and injv  is the injection velocity.  We derived Eq. (2.11) by substituting Eq. (2.6) 

to (2.10) into (2.5), dividing the results by ρi , and since there is no volume change due to 

mixing injv v= , therefore 1Dv = . 
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In the above equations, iC and iF  are overall volume fraction and overall 

fractional volumetric flow of component i, respectively. 

 Eq. (2.11) is a simplified continuity equation in the form of a hyperbolic first-

order differential equation.  Nevertheless, it is the starting point for developing the theory 

of multi-component, multiphase displacement, and ultimately, for the algorithm to 

calculate MMP.  For displacement, such as gas or polymer injection, we subject Eq. 

(2.11) to the following boundary and initial conditions:  



 25

 

( ,0) initial
i D iC x C=  (2.14)

(0, ) inj
i D iC t C= . (2.15)

 

A solution to Eq. (2.11) is a sequence of compositions that satisfies Eq. (2.11), Eq. (2.14), 

and Eq. (2.15), and connects the initial and injection composition; these sequences of 

compositions are called composition routes.  To construct the composition routes, we use 

the method of characteristics.  We can then re-write Eq. (2.11) as follows: 
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For the cn  component, we expand Eq. (2.16) to the following: 
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where 1 1[ ,..., ]T
ncC C C −=  and J  is the Jacobian: 
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By defining λ so that,  
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Eq. (2.17) becomes an eigenvalue problem in which eigenvalues are the velocities of the 

given overall composition and eigenvectors are the paths’ directions in compositional 

space. Path directions are the allowable way to proceed in composition space in order to 

satisfy the strong form of the original differential equation, Eq. (2.11). The eigenvalue 

problem is 

 

( ) 0J I Xλ− = . (2.20)

 

In Eq. (2.20), X is the eigenvector corresponding to λ  eigenvalues.  A 

composition path can be constructed by integrating eigenvectors.  There are infinite paths 

that can be constructed; the correct solution, however, is the composition route that 

satisfies the following additional constraints (Johns 1992): 
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1- Velocity constraint:  The velocity constraint requires that the composition wave 

velocity in an upstream wave is always larger than (or at least equal to) that of a 

downstream wave.  In other words, a downstream wave can never overtake an 

upstream wave; therefore, the solution will be single-valued.  The violation of the 

velocity constraint leads to a multi-valued solution.  To resolve the multi-value 

solution, we introduce shocks—discontinuities that satisfy the integral form of 

mass balance (weak form). 

2- Entropy condition:  If we introduce a shock, the entropy condition ensures it 

propagates stably as dispersion vanishes.  The entropy condition requires that the 

shock velocity be less than or equal to the composition wave velocity on the 

upstream side, and greater than or equal to the wave velocity on the downstream 

side of the shock.  

3- Continuity condition:  The solution, that is the composition route, will remain 

continuous despite small changes in initial conditions or other input parameters. 

 

2.2.2.b.3 MMP calculation 

Application of Eq. (2.20) to gas injection displacements has shown that the 

behavior of the displacement is controlled by a set of key equilibrium tie lines (Johns 

1992; Monroe et al. 1990; Orr 2007).  Johns and Orr (1996) demonstrated that miscibility 

is achieved whenever one of the key tie lines becomes zero length where the length of a 

tie line is calculated by Eq. (2.21), in which x and y  are equilibrium liquid and vapor 

compositions: 
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Therefore the problem of miscibility can be restated as finding key tie lines at a 

given pressure and calculating whether any of the key tie lines approaches zero length as 

pressure increases.  By this criterion, MMP is the pressure at which any of the key tie 

lines first approaches zero length. 

To find all key tie lines, one must construct composition routes that are made of 

composition waves and shocks.  In theory, finding the MMP requires constructing the full 

solutions at as many pressures as are needed until one finds a pressure at which the 

criterion of zero length is satisfied within a tolerance.  For practical purposes, however, 

Wang and Orr (1997) assumed that key tie lines are only connected by shocks (assuming 

a fully self-sharpening system).  This assumption significantly simplifies finding the key 

tie lines.  If the tie lines are connected by shocks, one can show that the law of mass 

conservation requires that their extensions must intersect.  Moreover, if gas is a pure 

component, the problem is further simplified, because the lightest component of oil 

disappears across each shock that connects the key tie lines.  Based on these assumptions, 

the algorithm for finding MMP for a pure gas can be summarized as follows (Wang and 

Orr 1997): 

1. Find the oil and gas tie lines by performing negative flash calculations (Whitson 

and Michelsen 1989) (see Appendix A). 
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2. Find the next key tie line (crossover tie line) by locating the intersection point of 

the oil tie line and the crossover tie line, and performing a negative flash at that 

intersection point. The intersection is found by locating the composition where the 

most volatile component remaining in the oil disappears. This composition can be 

outside of positive composition space. The most volatile component of oil has the 

largest K-value, where the K-value of a component in a two-phase system is 

defined as follows:  

 

i
i

i

yK
x

=  
(2.22)

    

If the most volatile component is denoted by L  then the composition of 

intersection point m  is calculated by (2.23). 

 

( ) 1... 1... 2
m m

m m m i i
i i L c cm m

L L

y xx x i N i L m N
y x

α −
= + = ≠ = −

−
 (2.23)

 

3. Perform a negative flash for point m
iα  to find the second crossover tie line, which 

must extend through that point.  Because the lightest component has already been 

removed, the negative flash is performed in compositional space with Nc -1 

dimension. 
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4. Repeat steps 2 and 3 until all key tie lines are found. There must be Nc -1 key tie 

lines (one oil tie line, one gas tie line, and Nc - 3 crossover tie lines). 

5. Calculate the tie-line length with Eq. (2.21). If the shortest tie line does not meet 

the tolerance criteria, increase the pressure and repeat steps 1 to step 5. 

 

If the gas component is not pure, then the lightest component may not disappear 

across each shock that connects the key tie lines.  Therefore, the intersection points mα  

cannot be easily found.  Hence, a full set of intersection-point equations must be solved 

simultaneously to find the key tie lines (Wang and Orr 1997).  To solve the system of 

equations, a Newton-Raphson root finding scheme can be used.  

For a multi-component gas, the intersection points are no longer at place where a 

component disappears. Instead, a set of nc-1 tie lines must be found simultaneously that 

intersect sequentially.   Based on this observation, Jessen et al. (1998) improved the 

algorithm to calculate MMP for a multi-component gas mixture.  The algorithm includes 

a new formulation for the intersection point and the inclusion of fugacity constraints in 

the set of equations.  The algorithm proposed by Jessen et al. (1998) is as follows: 

1. Assume the gas is a pure component.  The closest approximation would be the 

gas component with the largest mole fraction.  Then, for a low pressure far 

from MMP, apply the Wang and Orr (1997) algorithm. 

2. Add the impurity to the gas using Eq. (2.24).  The fraction θ  changes from 

zero (pure gas) to 1 (actual gas).  
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(1 ) pure actual
inj inj injz z zθ θ= − +  (2.24)

 

Solve the following system of equations to find all the key tie lines. 
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(2.26)

 

subject to equilibrium constraints (2.27) and mass balance (2.28).  
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The system of equations is solved using a Newton-Raphson scheme with the 

initial gas from the previous step (either pure gas or a previous lower θ  in Eq. 

(2.24)). 

3. Repeat steps 2 and 3 until θ =1. 

4. Increase pressure.  Repeat step 3 with θ =1 for the new pressure. 
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5. Calculate tie-line length with Eq. (2.21).  If tie-line length reaches zero within 

the specified tolerance, the pressure is the MMP; otherwise, repeat step 5 until 

the criterion is met.  

 

Yuan and Johns (2005) developed modifications to further improve the speed of 

the algorithm; these include the reduction of the unknown parameters using an explicit 

minimum distance function and examination of the solution structure, and using the 

singular value decomposition technique to solve the system of equations.  These 

modifications, however, add speed at the expense of complicating an already complex 

problem.  Since Yuan and Johns’ research there has been no major improvement to the 

existing MMP calculation algorithms using MOC. 

2.2.2.c  Mixing cell (cell-to-cell) methods  

In some cases, MMP can be calculated by mixing cells.  The mixing cell method 

consists of one or a series of virtual PVT cells in which phase equilibrium calculations 

are performed.  The basic idea in these single and multiple mixing cell methods is to mix 

(analytically) gas and oil in repeated contacts, resulting in new equilibrium compositions.  

This section reviews first, single-cell calculation, and then, multi-cell calculations. 

2.2.2.c.1 MMP calculation with a single cell  

 MMP calculation with a single mixing cell, as the name implies, uses a single 

virtual PVT cell and an equation-of-state to estimate MMP (or MME).  These methods 

are based on the simplifying assumption that the oil or gas tie line controls miscibility 
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(Hutchinson and Braun 1961).  A single PVT cell is then used to make repeated contacts 

between oil and gas in a forward or a backward manner (as described below) to converge 

to the oil or the gas tie line.  The criterion for MMP is the pressure at which the 

converged tie line becomes the critical tie line (i.e., reaches zero length).  Published 

papers on single-cell mixing-cell methods differ in their estimation procedures (Hagoort 

and Dumore, 1985; Kuo, 1985; Luks et al., 1987; Jensen and Michelsen, 1990; Neau, 

1996); however, the key steps in common among them can be summarized as follows: 

1. Forward contacts:  Fill the cell with the original oil at a fixed pressure and 

temperature.  The first pressure is chosen to be far from the expected MMP 

range.  

2. Add a quantity of gas to the cell.  The quantity should be large enough so that 

the overall mixture of oil and gas results in two phases after equilibrium 

calculation. 

3. Calculate the equilibrium phases at a fixed pressure and temperature.  

4. Take the equilibrium gas and mix it with the original oil.  

5. Repeat steps 3 and 4 until the equilibrium composition no longer changes with 

additional contacts, that is, the equilibrium composition converges to the oil 

tie line. 

6. If the length of the tie line, calculated by Eq. (2.21), reaches zero or some 

specified tolerance, the pressure is the MMP; otherwise, pressure is increased 

and steps 1 to 6 are repeated. 
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Forward contacts are useful in calculating the MMP for a vaporizing gas drive. 

For a condensing gas drive, one can use backward or reversed contacts in which the 

equilibrium liquid contacts the original gas at each step (instead of the equilibrium gas 

and the original oil as described in the above procedure).  Repeated backward contacts 

converge to the gas tie line (instead of the oil tie line).  The procedure and criteria for 

the MMP remain the same for backward contacts. 

The main drawback of a single cell model is its inability to estimate MMP for 

condensing/vaporizing displacements.  As Jensen and Michelsen (1990) and Orr (2007) 

explained in detail, the deficiency of these methods lies in their fundamental assumption 

that the phase behavior of complex oil and gas can be simplified to a ternary system.  As 

a consequence, only two key tie lines can be found by a single cell—the oil tie line by 

forward contacts and the gas tie line by backward contacts.  If the miscibility is 

controlled by either of these tie lines, single-cell mixing-cell methods can accurately 

estimate the MMP; otherwise, as is the case for most oil and gas composition, the MMP 

estimates can be greatly in error. 

2.2.2.c.2 MMP calculation with multiple cells (cell-to-cell) 
Multiple mixing-cell methods are essentially simplified slim-tube simulations in 

which only phase equilibrium calculation is carried out and solving the flow equation is 

ignored. There are variety of published multiple-cell mixing-cells methods (Cook et al. 

1969; Jaubert et al. 1998ab; Metcalfe et al. 1973; Pederson et al. 1986; Zhao et al. 2006); 

however, all are more or less based on the study of Cook et al.  
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Multiple-cell mixing cells consist of a series of PVT cells ranging from 5 to 500 

cells that are connected and are initially filled with oil.  Typically, gas is mixed in the 

first cell at a trial pressure and, assuming complete mixing within the cell, the equilibrium 

phases are calculated.  Then the excess volume of the cell (mostly equilibrium gas) is 

carried to the next cell and mixed with the fluid in the cell.  The process continues for a 

series of cells until some specified volume of gas is injected (typically 1.2 times the total 

volume).  Early multiple mixing cells methods were used to study the development of 

miscibility rather than calculating the MMP.   

Jaubert et al. (1998b) published the first algorithm for calculating MMP, based on 

the method of Metcalfe et al (1973).  The method of Jaubert et al. attempted to account 

for all displacement mechanisms including condensing/vaporizing, but like 1D 

simulation, this method can be affected by dispersion. To reduce the effect of dispersion, 

recovery factors at 1.2 pore volumes injected (PVI) are determined for a fixed pressure 

and number of cells.  The number of cells is changed, and the calculation of recovery 

factor at the same pressure is repeated.  A plot of the recovery factor versus 1/ N , 

where N  is the number of cells, gives the estimated recovery factor at zero dispersion for 

that pressure.  A graph of the estimated zero-dispersion recovery factor is then made for 

several pressures, an extrapolation of which at say 97% recovery gives the pressure 

corresponding to the MMP. Jaubert et al. provide an example of an algorithm for a 

number of condensing/vaporizing displacements.  The following steps describe the 

algorithm of Jaubert et al. (1998b) for calculating the MMP. 
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1. Set a trial pressure, Ptrial.  All phase equilibrium calculations are to be carried 

out at Ptrial and constant temperature (reservoir temperature Tres). The typical 

procedure uses 500 PVT cells. 

2. The amount of gas is to be injected is 1.2 the total volume of all cells (1.2 

PV).  Inject an amount of gas equal to 33% of the first cell volume into the 

first cell.  

3. Assuming complete mixing, calculate the equilibrium phases in the cell.  

4. After calculation, move the excess volume of the cell to the next cell, moving 

the gas phase first. If there is still excess volume left over after moving the 

gas, move the liquid phase. 

5. Repeat steps 2 and 3 for the next cell until 1.2 PV of the gas is injected into 

cell one. Record the recovery factor at 1.2 PV injected, 1.2
NRF , for cells 50, 

100, 200, and 500. 

6. The recovery factor for an infinite number of cells, 1.2RF ∞ , for the trial pressure 

is calculated by extrapolating the plot of 1.2
NRF vs,1/ N  where N  is 50, 100, 

200, and 500.  1.2RF ∞  estimates the recovery when there is an infinite number 

of cells and its calculation serves to mitigate the impact of dispersion. 

7. Repeat steps 1 to 5 for a higher trial pressure.  Jaubert et al. (1998b) provided 

recommendations about how to choose the next pressure for a faster 

estimation. 
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8. Plot 1.2RF ∞ versus trial pressure.  The MMP, obtained by extrapolation, is the 

pressure at which 1.2 97%RF ∞ = . Jaubert et al. (1998b) determined the 97% 

empirically. 

 

  Zhao et al. (2006a; 2006b) presented a more complex multiple mixing-cell 

method, where they included fractional flow to determine transfer amounts.  They found 

key tie lines by graphing the tie-line lengths along profiles of their fixed cell model.  

They also used the key tie-line length (see Eq. (2.21)) as the criterion for finding the 

MMP.  However, Zhao et al. (2006a; 2006b) did not provide a direct algorithm for 

calculating MMP; instead, they used the mixing cell method to study the development of 

miscibility and the effect of gas-oil ratio and fractional flow on miscibility.  Zick also has 

an unpublished method that appears to be similar to those of Jaubert et al. and Zhao et al., 

although the details of this method are unpublished (MMPz Manual 2002).  

There are number of drawbacks to the multiple-cell mixing-cell methods that have 

been developed prior to the present study. These drawbacks relate to the way these 

mixing cell methods are derived from simplifying compositional simulators, and thus 

they inherit the drawbacks of simulations, including the effect of dispersion. 

First, aside from the method of Jaubert et al. (1998b), no one has developed a 

procedure for calculating MMP.  Research instead has studied the development of 

miscibility and the interaction of injected gas with oil.  
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Second, all multiple-mixing cell methods in the literature are prone to dispersion 

because, similar to compositional simulation, they use a fixed number of cells that have a 

finite volume.  They move a specified volume of fluid from one cell to the other without 

solving the flow equation.  To estimate the correct MMP from these mixing cells, 

therefore, one has to mitigate the impact of dispersion.  Jaubert et al. (1998b) did this by 

extrapolating the recovery to an infinite number of cells.  

Third, the mixing-cells method have not used a robust criterion, which is the 

length of key tie lines, to determine the MMP.  The only proposed procedure—that of 

Jaubert et al. (1998b)—uses 1.2RF ∞ =97% ( 1.2RF ∞  as the recovery factor extrapolated to 

infinite number of cells).  However, the value of 97% was established empirically 

through observation.  Zhao et al. (2006a; 2006b) used tie-line length, but not for the 

purpose of MMP estimation.  

In summary, multiple mixing cells methods in the literature are simplified 

simulations, and research has mostly developed them to study the development of 

miscibility rather than to calculate the MMP. All of these methods used cells with finite 

volume and thus, as with simulations, their results have to be corrected for dispersion. 

Most mixing cell methods proposed cannot estimate MMP for a condensing/vaporizing 

displacement. Furthermore, in the multi-cell mixing-cell method the estimation of MMP 

is not based on a robust criterion and is not well-described in the literature.  For example, 

in the procedure of Jaubert et al. (1998b), the choice of the next pressure increment 

requires other calculations. 
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In contrast, the present research has developed a simple, practical, and robust 

multiple mixing-cell method to determine the MMP for displacements with any number 

of components.  Our mixing cell method differs from the previous ones in that we start 

with two cells and increase them until the desired accuracy in the key tie lines is 

obtained; that is, we keep all contacts as the method proceeds.  We then determine the 

MMP based on the pressure at which the first key tie-line length becomes zero.  This new 

method is described in the next chapter. 

2.3 SUMMARY 
Computational methods for calculating MMP can provide a fast and cheap 

alternative to experimental methods, providing the EOS can accurately describe the phase 

behavior.  Despite their convenience, however, the current computational methods have a 

number of drawbacks.  Slim-tube simulation is slower than other computational methods 

and its results can be affected by dispersion.  The tie-line approach based on MOC can 

converge to the wrong tie line and is prone to failure.  We describe in Chap. 4 how MOC-

based estimation can be significantly in error as a result of the bifurcation of two phase 

region into separate two-phase regions.  Mixing cell methods have not yet been well 

developed; they are all simplified slim-tube simulations, and thus also prone to 

dispersion.  Aside from algorithm by Jaubert et al. (1998b), no mixing-cell algorithm is 

capable of predicting MMP for condensing/vaporizing displacement. Jaubert et al.’s 

approach is yet another simplified slim-tube simulation approach that uses recovery 

factor as a criterion to estimate the MMP.  In Chapter 3, we develop a true mixing cell 

method that works for all displacements regardless of the displacement mechanism. Our 
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mixing cell is not a simplified slim-tube simulation, and uses tie-line length as the 

criterion to estimate MMP. 
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CHAPTER 3: A NEW MULTIPLE MIXING-CELL METHOD  
OF ESTIMATING MMP 

 
This chapter presents a simple, practical, and robust multiple mixing-cell method 

to determine the MMP for systems with any number of components.  This mixing cell 

method differs from the previous ones in that we start with two cells, and increase them 

until the desired accuracy in the key tie lines is obtained.  That is, we keep all contacts as 

the method proceeds. We then determine the MMP based on the pressure at which the 

first tie-line length in any cell becomes zero.  The first section describes the proposed 

mixing cell algorithm in detail and shows that it can capture all of the key tie lines of the 

displacement to any accuracy desired.  In subsequent sections we show that, in practice, 

the MMP is determined not by finding all of the key tie lines, but by tracking only the 

shortest one. We give several examples of MMP calculations and compare them to 

analytical MOC calculations and slim-tube experiments, showing good agreement. 

3.1 A NEW MULTIPLE MIXING -CELL MODEL 

This section describes the basic steps in our mixing-cell method, which is 

remarkably simple.  Our method does not calculate recovery factors nor transfer specific 

amounts of fluid based on cell volumes; it relies only on performing pressure-temperature 

(PT) flash calculations using any EOS, and on moving the injected and equilibrium gas 

ahead of the equilibrium liquid in each cell.  The goal of this section is to demonstrate 

that we achieve identical key tie lines to those that are found using MOC method. 
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Furthermore, in some cases we have found new tie lines other than a` key tie line that 

controls the miscibility. 

We begin with two cells at fixed temperature and pressure, where the injection 

gas is located in the upstream cell and the reservoir fluid in the downstream cell (see Fig. 

3.1).  The reservoir oil (xO) and injection gas (yG) are then mixed, in any mole fraction 

desired, although we generally use the mass balance equation z=xO+α (yG –xO) with 

α equal to 0.5.  As long as the pressure is below the MMP, the resulting overall 

composition z will be either in the two-phase region or in the region of tie-line 

extensions.  Thus, a flash or negative flash (Whitson and Michelsen 1989) with a cubic 

EOS can be performed at this overall composition, resulting in two equilibrium 

compositions, one for liquid (x), and one for vapor (y).  The equilibrium vapor moves 

ahead of the equilibrium liquid since gas is injected.  This is the first contact.   

The second series of contacts contains both an upstream and downstream contact 

(see Fig. 3.1).  The downstream contact mixes the equilibrium vapor (y) with fresh oil, 

and the upstream contact mixes the equilibrium liquid (x) with fresh injection gas.  When 

mixing vapor and liquid, we always use the same material balance equation, z=xO+α (yG 

–xO).  Two new sets of equilibrium liquid and vapor phases result from these flash 

calculations, so that we now have six cells, including the reservoir oil and injection gas.  

This completes the second contact.   

We then make additional contacts until all key tie lines develop and converge to 

within a specified tolerance.  Thus, after N contacts, we have a total of 2N+2 cells.  
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The following steps summarize a procedure for estimating MMP with our mixing-

cell model.  The procedure is based on finding the key tie-line lengths at each pressure.  

The procedure can be time consuming, depending on the tolerances specified for the 

convergence to each key tie line.  A faster approach for MMP calculation based on a 

novel extrapolation technique is given in section 3.3.  

1. Specify the reservoir temperature, and an initial pressure that is substantially 

below the MMP.  We typically use an initial pressure of 500 psia.  

2. Start with two cells filled with injection gas, and reservoir oil.  Mix the gas 

and oil, and flash the resulting overall composition (using any cubic EOS) to 

get two new equilibrium compositions, liquid x and vapor y. 

3. Mix the resulting equilibrium liquid(s) (x) with equilibrium vapor(s) (y), 

assuming gas moves ahead of the oil phase.  Each of the contacts results in 

new compositions for the next set of contacts. 

4. Continue with additional contacts by mixing neighboring cells, as shown in 

Fig. 3.1, until all NC -1 key tie lines develop and converge to a specified 

tolerance.  We automatically identify a converged tie line by checking the tie-

line lengths between neighboring cells—that is, we calculate for each cell the 

slope of the tie-line length as a function of the cell number.  A key tie line is 

developed when three successive cells have a slope of zero, to within a 

specified tolerance.  A zero slope means that two neighboring cells have the 

same tie-line length to within a specified tolerance.  This indicates the 

development of a key tie line and results in a flat region when plotted as tie-
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line length versus the number of cells.  In this study, we use a very strict 

tolerance of 10-8 because we want to demonstrate the accuracy of the method.  

Once all key tie lines are found, we proceed to the next step. 

5. Calculate the tie-line length of each key tie line found in step 4), and store the 

minimum tie-line length (TL).  

6. Increase the pressure and repeat steps 2 through 5.  There are a variety of 

ways to determine the next pressure to use.  For the second pressure, we 

simply increase the pressure by a small amount, say 200 psia.  To determine 

the third pressure, we use a linear extrapolation of the tie-line lengths (from 

the previous two pressures) to zero tie-line length to obtain the first MMP 

estimate.  The increment in pressure, ΔP, is determined by dividing the 

difference in the estimated MMP and the current pressure by three, or by 

however many additional pressure points are desired.  Smaller increases are 

possible, but at the expense of time and with little improved accuracy in the 

final MMP estimate.  For subsequent pressures, ΔP is based on a power-law 

extrapolation of the minimum tie-line lengths found at the previous three 

pressures; that is, we do a multiple parameter regression of the minimum tie-

line lengths to determine the exponent n in TLn = aP+b, where a is the slope 

and b is a constant.  The three parameters are determined when the correlation 

coefficient exceeds 0.999.  We then determine a first estimate of the MMP as 

the pressure at which the power-law extrapolation gives zero length.  Typical 
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values for n are between 1.5 and 10, although the extrapolated MMP near the 

actual MMP changes little over this range. 

7. Repeat step 6 for two or three additional pressures, fitting the last three 

pressure points, until the MMP is estimated to within the desired accuracy, say 

20 psia.  If the accuracy is not satisfactory, then use smaller pressure 

increments in step 5.  This approach not only yields the final MMP, but also 

gives an estimate of the uncertainty in the MMP based on the MMP estimate 

from the previous regression.  We take the absolute value of the difference in 

the previous MMP estimate and the final MMP estimate as the uncertainty of 

the MMP.  It is likely that this MMP range is larger than the true error in the 

final MMP.   

 

The proposed method has several advantages over other MMP estimation 

methods.  First, compared to the analytical MOC methods it is very robust, since all flash 

calculations are in positive composition space, and there are no Newton-Raphson 

iterations to solve.  The mixing cell model always results in a single unique solution, 

unlike MOC, which requires careful checking to ensure convergence to the correct set of 

key tie lines.  Further, there are no assumptions regarding whether shocks connect key tie 

lines or continuous variations.  Thus, the mixing cell approach given here will locate all 

key tie lines, whether composition paths have shocks or continuous variations that 

connect key tie lines.  In theory, these key tie lines could include ones that are transitional 



 46

in nature (Seto et al. 2006; Seto and Orr 2008), although we did not locate them in this 

research.   

The proposed mixing model should also be able to handle displacements where 

three or more phases are present, something that is currently very difficult with MOC 

methods (LaForce and Johns 2005).  Because the proposed mixing-cell method does not 

incorporate volumetric information, the mixing cell method only finds the key tie lines of 

the displacement, not the 1-D composition path.  

The mixing cell approach proposed here requires no input of petro-physical 

parameters or the solution of the flow equations.  Our approach can also correct for 

dispersion by continuing cell-to-cell contacts until all the key tie lines are converged (or 

one of the tie lines approaches zero length), without the need for determining recoveries 

or making plots of recovery as a function of the number of cells.  In addition, the 

approach is automatic, and gives an estimate of the MMP and its uncertainty.    

3.2 EXAMPLES OF MMP CALCULATIONS 

In this section, we give examples of MMP calculations for gas floods published in 

the literature.  We also show the effect of the assumed relative mobility of the phases on 

the MMP calculation.  We use the Peng-Robinson EOS (1978) for all calculations in this 

research.  

Example 1: Four-Component Condensing/Vaporizing (CV) Displacement. 

  The first example is a simple CV displacement of three-component oil (CH4, C4, 

and C10) by a two-component injection gas (CH4, CO2) at a temperature of 160oF. Orr et 
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al. (1993) and Wang and Orr (1997) reported the MMP and the key tie lines for this 

displacement using the MOC.  The composition of oil and gas considered and the EOS 

properties are shown in Table 3.1. 

For such a displacement, there are three key tie lines: the oil tie line; the gas tie 

line; and the crossover tie line.  Fig. 3.2 presents four profiles of the key tie-line lengths 

for the displacement at 2000 psia (about 300 psia below MMP) as a function of the cell 

number and the number of contacts made.  As the figure shows, the three key tie lines 

develop as the number of contacts proceeds.  The key tie lines are nearly fully developed 

after 50 contacts, although it takes 250 contacts for all three key tie lines to converge to 

within the slope tolerance of 10-8, as described in the previous section.  As shown, the 

crossover tie line for this displacement controls miscibility because its tie-line length is 

shorter than either the gas tie line or the oil tie line.  Fig. 3.3 illustrates the CV behavior 

further in that the K-values for the crossover tie line are nearest to 1.0.  The condensing 

portion of the displacement occurs at the leading edge (downstream), while the 

vaporizing portion occurs at the trailing edge (upstream).  Miscibility is developed in the 

middle of the displacement in CV drives.  Fig. 3.1 illustrates that for CV drives, 

miscibility occurs in a cell somewhere between the oil and gas tie lines, whereas for 

vaporizing drives, miscibility occurs at the oil tie line (the most downstream tie line), and 

for condensing drives, the gas tie line (the most upstream tie line).   

Fig. 3.4 shows the key tie-line lengths for this displacement as a function of 

pressure.  The dashed lines are the key tie lines from Wang and Orr (1997), while the 

symbols are the converged key tie lines from our mixing cell model.  Agreement between 
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the two is identical, within the tolerances specified.  The MMP is estimated by the power-

law extrapolation using n = 1.8 for the last three pressure points (see Fig. 3.5).  For this 

system, the calculated MMP from our mixing-cell method is 2303±4 psia.   This 

compares well to Wang and Orr (1997)’s reported MMP of 2297 psia.    

Fig. 3.6 gives the K-values for each component in each cell at a pressure (2305 

psia) just slightly greater than our estimated MMP.  The profile of the K-values clearly 

shows the development of miscibility in the middle of the displacement that is 

characteristic of a CV drive.  At this pressure, however, the crossover tie line does not 

exist for MOC methods, but for our mixing-cell model, a slight amount of dispersion 

causes some two-phase flow so that the crossover tie-line is retained.  Continued contacts 

would decrease its length further, although zero length cannot be reached.  This is not a 

problem for our mixing-cell method because the MMP can be estimated accurately based 

on tie-line lengths determined for pressures below the estimated MMP.   We show in 

section 3.3 that we can extrapolate the minimum tie-line lengths as a function of the 

number of contacts to get a negative minimum tie-line length at an infinite number of 

contacts at pressures above the MMP.  

Example 2: CO2 Displacement of Ten-Component Oil.   

The second example is a case that both Johns and Orr (1996) and Wang and Orr 

(1997) previously examined using MOC: the displacement of ten-component oil at 120oF 

by pure CO2.  As in case 1, the displacement is CV because a crossover tie line controls 

miscibility.  Table 3.2 gives the composition of the oil and EOS properties of the 
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components.  Johns and Orr predicted a MMP of 1350 psia for the system based on an 

extrapolation of crossover tie-line 1 becoming zero length.  Wang and Orr, however, 

calculated tie-line lengths well above 1300 psia and obtained a MMP estimate of 1466 

psia for the same system.  The difference between the two models was attributed to the 

fact that Johns and Orr did not have a robust cubic EOS for tie lines above 1300 psia.  

However, our MMP prediction using an in-house MOC code named PennPVT (Appendix 

B) gives nearly perfect agreement with that of Johns and Orr, up to 1300 psia.  In 

addition, the key tie-line lengths calculated from PennPVT and our new mixing-cell 

method agrees to within four-digit accuracy (see Fig. 3.7).  As Fig 3.7 shows, crossover 

tie line 2 becomes the minimum-length tie line at about 1283 psia, nearly the same 

pressure at which the cubic EOS for Johns and Orr could no longer converge.  Fig. 3.8 

gives a close-up view of Fig. 3.7, which shows that crossover tie line 2 (using our MOC 

code) drops suddenly to the MMP (estimated to be 1298 +/- 2 psia).  This is confirmed by 

our mixing cell method, which also finds that crossover tie line 2 becomes the smallest tie 

line at 1283 psia.   The new mixing cell method also agrees well with the MMP predicted 

from our MOC code, in that it indicates a MMP of about 1298 +/- 5 psia, using power-

law extrapolation (see Fig. 3.9).               

The agreement between our new mixing cell method, our MOC code (PennPVT; 

See Appendix B), and the results of Johns and Orr (1996) all support the idea that we 

have the correct MMP and key tie lines for this displacement.  Further, the small 

differences in the key tie-line lengths observed with our mixing cell model and that of the 

MOC show a trend in the errors—that is, the magnitude of the errors from the gas to oil 
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tie lines are 0.0 (gas tie line), 10-4 (crossover tie-line 1), 10-5, 10-5, 10-6, 10-7, 10-7, 10-8, 

10-9 (crossover tie-line 8), and 0.0 (oil tie line).  The trend is explained by the fact that 

unlike our mixing-cell method, the MOC generally assumes that all key tie lines are 

connected by shocks along their non-tie-line paths, and there is no non-tie-line rarefaction 

wave present.  Johns and Orr (1996) showed, however, that the actual composition path 

takes a rarefaction wave (continuous variation) between the oil tie line and crossover tie 

line 1, which is exactly where the differences between the two methods are greatest.  

Our results explain why Johns and Orr (1996) could not converge to key tie lines 

above 1300 psia.  We do not know why Wang and Orr (1997) failed to locate these key 

tie lines.  It is likely that they used different EOS parameters than they reported, or they 

converged to the wrong set of key tie lines above 1300 psia.  This displacement is a very 

difficult one for MOC methods to calculate primarily because of the steep drop in 

crossover tie line 2 over just a few psia.  Our in-house MOC code, PennPVT, has been 

developed to ensure that the correct set of key tie lines are found, as is evidenced here by 

good agreement with our mixing cell model.    

Example 3: Rich Gas Displacement of Eight-Component Oil.   

Our next example is a displacement of eight-component oil by a five-component 

gas, as is described by Hearn and Whitson (1995) and Wang (1998).  Table 3.1 lists the 

composition of the oil and rich gas, and the EOS properties.  The temperature for this 

system is 212oF.  The minimum tie-line length from the mixing-cell method as a function 

of pressure is shown in Fig. 3.10.  The MMP from the mixing-cell method is 3179 +/- 10 
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psia (see Fig. 3.11).  This agrees favorably with Hearn and Whitson, who reported a 

MMP of 3190 psia from compositional simulation.  They also reported a slim-tube MMP 

of 3315+/-100 psia for this system.  Wang also reported a similar MMP of 3259 psia 

from MOC (Wang actually reported 3279 psia in his text, but his figure clearly shows a 

MMP of 3259 psia).  This displacement is combined condensing and vaporizing (CV), 

because a crossover tie line controls miscibility. 

3.3 FAST MMP APPROXIMATION WITH NEW MIXING CELL METHOD  

This section presents a novel algorithm for estimating the MMP using a minimum 

number of contacts.  Instead of continuing contacts until a tie line is converged to a small 

tolerance, we find the smallest tie-line length with each additional contact at a fixed 

pressure.  We plot the minimum tie-line length as a function of the inverse of the number 

of contacts raised to some constant (1/Nm).  We extrapolate that trend to find the 

minimum tie-line length at an infinite number of contacts.  When the pressure is below 

the MMP, the minimum tie-line length for an infinite number of contacts will be positive, 

whereas when the pressure is above the MMP, the minimum tie-line length for an infinite 

number of contacts will be negative; that is, repeated contacts will yield a composition 

outside of the region of tie-line extensions for a finite number of contacts.  The procedure 

for MMP estimation finds the pressure at which the extrapolated tie-line length for an 

infinite number of contacts (TL∞) is exactly zero.  From our experience, only four or five 

trial pressures are needed to accurately estimate the MMP.  
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We demonstrate the procedure that is implemented in PennPVT with an example 

as reported by Zick (1986) and Jessen et al. (1998). First, we find the MMP assuming a 

purely condensing and a purely vaporizing drive.  This calculation is very fast as we find 

the pressure at which the tie-line extension through the oil (for a vaporizing case) or the 

gas (for a condensing case) becomes zero length.  The minimum of these two MMP 

values is the upper estimate for the MMP of a combined CV drive.    

The first trial pressure is equal to the upper bound of the MMP divided by four.   

The advantage of this approach is that the first trial pressure is likely below the MMP, 

although this is not necessary for the method to converge successfully.  We then make N 

contacts, depending on the accuracy required, and determine TL∞ . For example, Fig. 3.12 

gives the minimum tie-line lengths as a function of the number of contacts (1/Nm) for a 

twelve-component oil displaced by a five-component gas, as shown in Table 4.  Here, 

different values of m are used so that the data fall on a straight line.  We find that m 

between 0.2 and 0.3 generally produces a relatively straight line, although this can be 

adjusted if necessary.  In this example, we fit a straight line through the last 10 contacts 

to determine TL∞. 

The second trial pressure is set to one-half of the upper bound of the MMP.  

Contacts are repeated again at this pressure to determine TL∞.  Based on these two 

pressures, we linearly interpolate (or extrapolate) to where TL∞=0 (see Fig. 3.13 and 

Table 3.5).  This gives the third trial pressure at which TL∞ is estimated.  This procedure 

is repeated until convergence within a specified tolerance (say, 10 psia).  The MMP can 
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also be estimated for different values of m to see the sensitivity of the MMP to this value.  

PennPVT reports a range of MMPs for m = 0.15, 0.25, and 0.35.  The estimation of MMP 

with this approach is very fast, typically less than a minute when 30 contacts are used.  

The value of MMP from our mixing cell is 3104 psia when 30 contacts are used 

and m=0.2.  Zick (1986) reported a MMP of 3125 psia from slim-tube experiments and 

Jessen et al. (1998) reported a value of 3095 psia using the MOC. Using the simple 

approach previously presented for examples 1 to 3, we estimate the MMP to be 3188 +/- 

50 psia with 700 contacts. The uncertainty range is obtained by using m = 0.15 and m = 

0.35 to estimate lower and upper bound of MMP.  More contacts can be used for greater 

accuracy.  We also used the fast approach to estimate the MMP—for example 1 to be 

2215+/-90 psia, 1307 +/- 15 psia for example 2, and 2970 +/- 100 psia for example 3.  

These are close to the MMPs estimated from slim-tube experiments and the MOC as 

described previously.  Using more than 30 contacts would result in more accurate MMP 

estimates. 

3.4 DISCUSSION 

This section discusses a number of important features in our new mixing-cell 

method, some of which have been briefly discussed in the previous section. 

3.4.1 The new mixing-cell method does not find the compositional path.  

Our new mixing-cell method finds all the key tie lines, which are essential 

features of a displacement.  The method does not, however, find the compositional path 

of the displacement.  The foremost reason is that the mixing cell approach does not 
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incorporate volumetric information and mobility of phases, even though it has an implied 

assumption that gas is always more mobile.  

A simple example is given in Fig. 3.14 to illustrate that the mixing-cell method’s 

trial compositions are not the compositional path predicted by the MOC. The trial 

compositions from the mixing-cell method depend on the arbitrary parameter α described 

in 3.1. 

3.4.2 Mixing-cell method predicted MMP improves with more contacts 

With a larger number of contacts, both the precision and the accuracy of mixing-

cell estimates improve. With more contacts, more information is available for estimating 

TL∞, the infinite number of contacts. The uncertainty range of the estimated MMP tends 

to decrease with an increasing number of contacts.   

This trend is demonstrated with an example fluid given by Uleberg and Høier 

(2002).  Table 3.6 provides the fluid parameters for this fluid.  Fig. 3.15 shows the results 

of mixing cells for 50, 100, 200, and 400 contacts.  The x-axis is 1/N, where N is the 

number of contacts, and the y-axis shows MMPs for each contact with an error bar based 

on m of 0.15 and 0.35. 

The figure indicates that uncertainty decreases with increasing number of contacts 

for this case. An MOC-based code by Yuan (2003) estimates the MMP to be 4838+/-1, 

while the slim-tube measured MMP reported by Uleberg and Høier (2002) is 4777+/-73 

psia.  
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3.4.3 Impacts of the parameters α and m 

There are two arbitrary parameters in the new mixing-cell prediction model.  One 

is parameter α, that determines the mixing ratio of oil and gas for each cell, and the other 

is parameter m, which is used to estimate TL∞ (the minimum tie-line length at an infinite 

number of contacts). 

Parameter α appears in z=xO+α (yG –xO) for each contact.  We recommended 

α=0.5, but any arbitrary number between 0 and 1.0 can be used.  The values closer to 0, 

promote the development of the oil tie line and tie lines that are close to the oil tie line, 

whereas values closer to 1.0 lead to the development of the gas tie line first.  Fig. 3.16 

illustrates this behavior with an example from Wang and Orr (1997), and Table 3.6 gives 

the fluid characterization and EOS data. As the figure suggests, the choice of 0.5 will 

likely lead to a more balanced development of the key tie lines.  The added benefits of 

using 0.5 is to minimize the number of negative flashes, thus minimizing the possibility 

of picking a wrong tie line if multiple tie lines exist (see Chap. 4 for discussion on the 

existence of multiple tie lines for a single composition).  Values such as 0.1 and 0.9 will 

result in more negative flash calculations performed, because compositions to be flashed 

are frequently outside of the two-phase region.  The optimization of parameter α may 

speed up the mixing cell, although that is not examined in this research. 

Parameter m is used in (1/N)m
 to estimate the TL∞.  We suggest the value 0.25 for 

estimating MMP and values of 0.20 and 0.30 for range of uncertainty.  These values are 

empirically derived based on our observation of minimum tie-line progression with each 
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contact, and based on comparing the results of several values of m between 0.1 and 1.  

Figs. 3.17 and 3.18 demonstrate the progression of the minimum tie lines with each 

contact up to 100 contacts for several values of m. The example is a six-component fluid 

from Wang and Orr (1997); Table 3.6 gives the fluid characterization and EOS data.  The 

MMP for the system is 2386+/-5 psia.  The figure suggests a value of m between 0.2 and 

0.3 will straighten the trend and therefore lead to more accurate results.  Further analysis 

of parameter m may improve the performance of the mixing-cell model.  The 

optimization of parameter m can increase the accuracy and decrease the uncertainty of the 

MMP estimate. By varying m and reporting the range of MMP, our approach gives some 

indication of the MMP uncertainty. 

3.4.4. Key differences from other mixing-cell methods 

There are major differences between our new mixing cell method and previous 

models. The most important of them are the following: 

1. Our mixing-cell method does not use a fixed number of cells, whereas all the 

previous methods do. Using a fixed number of cells is the consequence of 

using simplified simulations in the previous methods. In our mixing cell, 

however, the number of cells is not fixed and increases with the number of 

contacts. 

2. In our mixing-cell method, cells do not have volume, while in other methods, 

cells do.  Other methods use the volumetric information to determine the 

amount of each phase moving to the next cells. 
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3. Our mixing-cell method does not use any of the following parameters in 

estimating MMP: viscosity of phases, fractional flow, gas-oil ratio, oil 

recovery, and mobility of phases. The other methods use all or some of these 

parameters for the estimation. 

3.4.5 Key advantages of our new mixing-cell method over MOC-based algorithms 

The mixing-cell method described in this chapter has a key advantage over the 

faster and more available MOC-based method.  Although the mixing-cell method finds 

all the key tie lines predicted by MOC, it also passes through all the tie lines in between 

the key tie lines. Therefore, the results of this mixing cell method are more reliable for 

some complex behaviors where key tie lines do not control the miscibility.  Such cases 

and the key differences between this mixing-cell method and MOC-based methods are 

discussed in Chapter 4. 

3.5 SUMMARY 

We have developed a true mixing-cell model for estimating MMP (or MME) and 

the key tie lines in the composition path.  The method is simple, robust, and faster than 

conventional 1D slim-tube simulation.  The main conclusions from this research are as 

follows: 

1. Our mixing-cell method can accurately find all key tie lines for a 

displacement, regardless of the number of components in the injection gas and 

reservoir fluid.  Unlike other mixing-cell methods, our method automatically 
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corrects for dispersion by performing additional contacts until a small 

tolerance in the tie-line slopes are met.  

2. The results of our mixing-cell method agree well with the MMP and key tie-

lines from our analytical MOC software and from slim-tube experiments.  The 

tie lines determined by our mixing cell method may be slightly more accurate 

than those obtained by an MOC calculation that is based on the assumption 

that all the key tie lines are connected by shocks, when the actual 

displacement includes rarefactions between key tie lines.  

3. Our mixing-cell method is accurate for all displacement types, including 

combined condensing/vaporizing drives.  

4. The relative value of the phase mobilities (fractional flow) does not affect the 

MMP.  In all cases examined here, we converge to the same key tie lines 

independent of the fraction at which equilibrium gas and oil are mixed.  

5. The speed of the mixing-cell method in estimating MMP can be substantially 

increased by a novel extrapolation technique described in example 4 that 

allows for positive and negative tie-line lengths. 
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Oil Gas Tc (
oF) Pc (psia) ω C1 C4 C10 CO2

C1 0.2 0.2 -116.63 667.8 0.0104 - - - -

C4 0.15 - 305.65 550.7 0.201 0.027 - - -

C10 0.65 - 652.1 305.7 0.49 0.042 0.008 - -

CO2 - 0.8 87.9 1071 0.225 0.1 0.1257 0.0942 -

Composition Properties Binary Interaction Parameters

 

Table 3.1:  Composition of oil and gas and properties of the components for case 1  
(from Orr et al.  1993 and Wang and Orr 1997). 

 
 
 
 

Oil Gas Tc (
oF) Pc (psia) ω CO2 C1 C2 C3 C4

CO2 - 1.0 87.6 1071 0.225 - - - - -

C1 0.35 - -116.6 667.8 0.01 0.1 - - - -

C2 0.03 - 89.7 708.4 0.099 0.13 0 - - -

C3 0.04 - 205.8 617.4 0.152 0.135 0 0 - -

C4 0.06 - 294.6 543.3 0.187 0.13 0 0 0 -

C5 0.04 - 366.5 475.3 0.252 0.125 0 0 0 0

C6 0.03 - 453.9 431 0.296 0.12 0.02 0.03 0.03 0.03

C7 0.05 - 512.9 397 0.351 0.12 0.03 0.03 0.03 0.03

C8 0.05 - 564.4 364 0.394 0.12 0.035 0.03 0.03 0.03

C10 0.3 - 647.6 320 0.491 0.12 0.04 0.03 0.03 0.03

C14 0.05 - 790 230 0.755 0.12 0.06 0.03 0.03 0.03

Composition Properties Binary Interaction Parameters

 

Table 3.2: Composition of oil and key EOS parameters for case 2 (from Metcalfe and 
Yarborough 1979 and Johns and Orr 1996). 
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Oil Gas Tc (
oF) Pc (psia) ω Ωa Ωb C1+N2 C2+CO2

C1+N2 0.341 0.646 -120.87 661.5 0.0127 1.00351 1.0855 - -

C2+CO2 0.056 0.124 89.73 760.9 0.1113 1.0175 1.03587 0.01511 -

C3 0.055 0.103 206.03 616.3 0.1454 1.0 1.0 0.00326 0.01828

C4's 0.059 0.089 294.93 543.1 0.1868 1.00229 0.99748 0.00344 0.01708

C5's-C6 0.092 0.038 417.53 462.2 0.2693 0.99558 0.9928 0.00391 0.01682

C7+ (1-2) 0.195 - 632.43 376.8 0.3663 0.98309 0.99562 0.02678 0.01682

C7+ (3-4) 0.155 - 932.63 237.8 0.6797 0.96443 0.99911 0.0434 0.01682

C7+ (5) 0.047 - 1186.03 158.2 1.0468 1.00216 1.00958 0.05834 0.01682

* EOS Constant Correction Factors

Composition Properties BIPEOS CF*

 

Table 3.3: Composition of oil and gas, and EOS properties for case 3 (from Hearn and 
Whitson 1995). 

 
 

BIPs

Oil Gas Tc (
oF) Pc (psia) ω CO2

CO2 0.0656 0.1775 87.89 1069.443 0.228 -

CH4 0.3711 0.3878 -116.59 666.018 0.008 0.12
C2 0.0538 0.188 90.05 707.094 0.098 0.15

C3 0.0373 0.2196 205.97 614.673 0.152 0.15

C4 0.0261 0.0271 305.69 550.125 0.193 0.15

C5 0.0187 0 385.61 488.511 0.251 0.15

C6 0.0218 0 453.65 429.831 0.296 0.15

C7+(1) 0.1791 0 649.49 418.095 0.454 0.15

C7+(1) 0.091 0 798.35 280.197 0.787 0.15

C7+(1) 0.0605 0 927.05 240.588 1.048 0.15

C7+(1) 0.0447 0 1075.91 221.517 1.276 0.15

C7+(1) 0.0302 0 1342.49 212.715 1.299 0.15

Composition Properties

 

Table 3.4: Composition of oil and gas, and EOS properties for case 4 at 185oF (from 
Zick 1986). 
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Trial pressure
psia

TL∞ 

for m = 0.2

Extrapolated pressure 

for TL∞= 0,  psia

1887 0.23251 3774

3774 -0.16285 2996

2996 0.03399 3131

3131 -0.00816 3105

3105 -0.00017 3104
 

Table 3.5: Trial pressures for MMP calculation of case 4. The pressures converge to 
the MMP shown in bold.  

 
 

Oil Gas
P1 0.5904 0.7122
P2 0.0849 0.1299
P3 0.0415 0.0778
P4 0.0681 0.0791
P5 0.0963 0.0011
P6 0.1017 0.0000
P7 0.0172 0.0000  

 
Binary Interaction Param.

Tc (
oF) Pc (psia) ω Ωa Ωb P1 P2

P1 -117.91 674.39 0.012 0.47588 0.07664 - -
P2 89.78 772.96 0.112 0.47652 0.08059 0.01594 -
P3 206.03 624.21 0.145 0.45829 0.0776 0.00101 0.01907
P4 371.41 499.72 0.238 0.45522 0.07724 0.00115 0.01764
P5 660.38 377.86 0.378 0.44951 0.07746 0.03185 0.01925
P6 983.17 216.71 0.764 0.44098 0.07773 0.09425 0.01992
P7 1259.71 133.69 1.258 0.45823 0.07854 0.12582 0.01992

Properties EOS Parameter

 

Table 3.6: Oil and gas composition, and PR78 fluid characterization for the 
displacement reported by Uleberg and Høier (2002). Reservoir temperature 
is 266 oF. 
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Oil Gas Tc (
oF) Pc (psia) ω CO2 C1 C4

CO2 0.05 1.0 87.9 1071 0.225 - - -

C1 0.2 0 -116.63 667.8 0.0104 0.1 - -

C4 0.05 0 305.65 550.7 0.201 0.1257 0.027 -

C10 0.4 0 652.1 305.7 0.49 0.0942 0.042 0.008

C14 0.1 0 789.51 235.2 0.679 0.1098 0.0725 0.0078

C20 0.2 0 920.91 161.4 0.907 0.0865 0.054 0

Composition Properties Binary Interaction Parameters

 

Table 3.7: Oil and gas composition, and PR78 fluid characterization for the 
displacement reported by Wang and Orr (1997). Reservoir temperature is 
160 oF. 
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Figure 3.1: Illustration of repeated contacts in the multiple mixing cell method.           
G: injecting gas composition; O: oil composition; Y: equilibrium gas 
composition; X: equilibrium liquid composition. 
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Figure 3.2: Development of key tie lines using our mixing cell model for the four-
component displacement (case 1) at 2000 psia and 160 oF. 
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Figure 3.3: K-values for the four-component displacement (case 1) at 2000 psia and  
160 oF after all key tie lines are developed after 250 contacts. 
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Figure 3.4: Key tie-line lengths as a function of pressure for the four-component 
displacement of case 1.  The MMP occurs where the crossover tie line has 
zero length at about 2303 psia. 
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Figure 3.5: Extrapolation of the tie-line length for case 1 (see Fig. 3.4).   
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Figure 3.6: K-values for the four-component displacement (case 1) at 2305 psi and 
160oF.  The crossover tie line is approaching zero length as the pressure is 
slightly above the estimated MMP. 
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Figure 3.7: Comparison of key tie lines for case 2 found from mixing cell method (solid 
dots) and MOC using PennPVT package (lines).   
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Figure 3.8: Close-up view of Fig. 7 showing key tie lines for case 2 from MOC 
(PennPVT), and those from the new mixing-cell method (solid dots).   Only 
the minimum tie-line length is tracked by the mixing cell method.   
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Figure 3.9: Extrapolation of the minimum tie-line lengths from the mixing cell method 
for case 2.  The MMP is estimated to be 1298 psia based on the last four 
data points.  
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Figure 3.10: Minimum tie-line length for case 3 from the mixing cell method, as 
compared to that of Wang and Orr (1998).  The MMP is controlled by 
crossover tie line 4, and is approximately 3179 +/- 10 psia from our mixing 
cell method.   
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Figure 3.11: Power-law extrapolation to the MMP for case 3, using our mixing-cell 
model.  The MMP is 3179 +/- 10 psia. 
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Figure 3.12: Extrapolation of the minimum tie-line length for case 4 at a pressure of 3774 
psia to determine TL∞..  A value of m=0.2 gives the best straight line.  This 
value of TL∞=-0.16 corresponds to point 2 in Fig. 13. 
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Figure 3.13: Trial pressures and interpolation to obtain the pressure (MMP) at which 
TL∞=0.  The first trial pressure is labeled “1” and so forth. 
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Figure 3.14: Mixing cell trial overall composition is not as same as displacement path. In 
the figure K-values: {1.5, 2.5, 0.05}, oil: {0.29, 0.15, 0.56}, and       gas: {0, 
1, 0}. 
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Figure 3.15: Improvement of MMP estimates and uncertainty with increasing number of 
contacts for example described by Uleberg and Høier (2002).  
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Figure 3.16: Impact of parameter α in z=xO+α (yG –xO) on mixing cell results. The 
parameter can control which tie lines are developed first. The fluid is a six-
component example from Wang and Orr (1997). 
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Figure 3.17: Choice of different m for extrapolation purposes. MOC determines the 
minimum tie-line length to be 0.1976 for this example.  
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Figure 3.18: Choice of different m for extrapolation purposes. The pressure for this 
example is higher than MMP (2380). Mixing cell estimate the TL∞  to be 
negative (except m=1). 
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CHAPTER 4: LIMITATIONS OF MOC APPROACHES  
TO CALCULATING MMP 

 
Calculation of MMP with an algorithm based on the MOC is fast, precise, and, for 

simple cases, accurate.  Nevertheless, it has a number of limitations that are rooted in the 

assumptions of the method and the algorithm.  Because of these limitations, the method 

can fail or result in an incorrect estimate of MMP when applied to complex oil and gas 

systems encountered in the field.  This chapter discusses these limitations and their 

impact on the MOC algorithm. We begin by explaining our MOC algorithm for 

calculating MMP, which is used as a tool in our research on identifying the limitations, 

and then discuss the general problems with the MOC algorithm and give examples to 

clarify these problems. Next, we describe specific problems, such as the violation of key 

assumptions in the MOC, that can result in incorrect estimates, and finally, we discuss 

solutions to these problems. Throughout this section, we use “MOC” to refer to the fast 

key tie-line approach based on MOC, not the exact composition path that moves along tie 

line and nontie-line eigenvector paths.  

4.1 AN IMPROVED MOC-BASED ALGORITHM FOR ESTIMATING MMP 

For the purpose of the present study, we have developed an MOC algorithm for 

estimating MMP.  The algorithm is based on the Wang and Orr (1997) algorithm for pure 

gas injection with, however, a number of modifications.  For example, our algorithm uses 

an enhanced version of Li-Johns’ constant K-values flash (Li and Johns 2007) to replace 
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standard Rachford-Rice constant K-values flash.  This enhanced version, presented in 

Appendix A, ensures the convergence of negative flash calculations even when the 

overall composition is in negative compositional space (so called negative-space flash), a 

situation that is common during MMP calculation with an MOC algorithm. Furthermore, 

using Li-Johns’ constant K-values flash allows checking for the existence of second 

solutions in constant-K flash calculations. No further check is required because Juanes 

(2008) has shown there are at most two tie lines for a constant K-value flash that extend 

to a given overall composition outside of the two-phase region.  

Our other major modification is the inclusion of a continuity argument in finding 

the key tie lines as explained in steps 2 to 4 of the procedure.  This procedure is used to 

avoid finding a wrong set of key tie lines. The detailed procedure is as follows: 

1. Set the reservoir temperature and the PREOS parameters.   Define a starting 

pressure, say 500 psia.   

2. Approximate the oil and gas displacement by a three-component system, 

where the components are the pure injection component and the two heaviest 

components in the oil.  The oil molar composition must sum to 1.0, which is 

accomplished by normalizing the mole fractions contained in the real system 

for these three-component oil.  This solution is known, because there are only 

two key tie lines, one that extends through the gas (the gas tie line) and 

another that extends through the oil (the oil tie line).  We first check that a 

two-phase region exists between the gas component and the heaviest 

component.  If not, the starting pressure is reduced and step 2 is repeated.  
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3. Add small mole fraction increments of the next heaviest component in the real 

oil to the system, increasing the dimensionality of the problem (making a 

quaternary system out of a ternary system, for example).   The new oil 

composition is normalized to sum to 1.0 based on the original mole fractions 

for these components and the current mole fraction of the component that is 

being added.  We take small increments in the mole fraction until the original 

mole fraction in the real oil for that component is obtained, and check as we 

proceed that the key tie lines found are consistent with the previous ones.  We 

locate the key tie lines for each small increment, based on the geometric 

construction first shown by Johns and Orr (1996), and outlined in Wang and 

Orr (1997) and Yuan and Johns (2005). We use (Li and Johns 2007) method 

for performing a flash where overall compositions can be negative.  From the 

(Li and Johns 2007) approach, we check how many tie lines intersect the point 

in negative composition space, and if there are two, we select the key tie line 

from the flash that is nearest the previous one.  

4. Repeat step 3 for the next heaviest component in the oil, adding another 

crossover key tie line until all components in the oil have been added.   We 

check as we proceed that all key tie lines can be found.  If not, the starting 

pressure exceeds the MMP, and the pressure must be lowered.  Once all 

components are complete, we have found the key tie lines at the starting 

pressure (500 psia in this example).   
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5. Increase the pressure in small increments and find all key tie lines using the 

geometric construction.  This assumes that shocks occur from one key tie line 

to the next.  We compare the length of the key tie lines found in the previous 

pressure step to check continuity of the key tie lines.  The curve of key tie-line 

lengths with pressure should be monotonic without discontinuities.  The MMP 

is the pressure at which any one of the key tie lines first becomes zero length.  

The MMP is often estimated by extrapolating the smallest key tie line to zero 

length.  All important information related to “quality control” of the MMP 

estimate, such as the error in the MMP (from extrapolation of key tie-line 

lengths) and the K-values and lengths of all key tie lines, are output in 

PennPVT (2008). 

 

The above procedure is coded into the PennPVT (PennPVT 2011) program (see 

Appendix B for more details).  We use PennPVT (2008) to calculate the MMP based on a 

cubic equation of state (EOS).  This code is ideal for calculating MMPs for pure-

component gases because it carefully finds all key tie lines, starting with a well-defined 

and known ternary solution as described above.  

The results of our algorithm are consistently checked against the known solutions 

in the literature and against other available codes such as PVTsim (2009).  We found our 

algorithm to be in excellent agreement with the literature and with other MOC-based 

programs. For example, the MMP estimated by PennPVT for the six-component system 

described in Wang and Orr (1997) is 2388 ± 3 psia, compared to the 2380 psia reported 
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by Wang and Orr (1997).  The PennPVT calculation of the tie-line length versus pressure 

for this example is shown in Fig. 4.1. 

Furthermore, Mogensen et al. (2009) extensively evaluated the performance of 

our algorithm compared to others and to experimental data.  A comparison by Mogensen 

et al. (2009), as shown in Table 4.1, indicates that PennPVT’s results are slightly more 

accurate and precise than the other MOC-based codes. 

4.2 LIMITATIONS OF MOC-BASED METHODS 

In this section we show that the results of current MMP algorithms based on the 

MOC that assume shocks exist from one key tie line to the next may not be reliable.  We 

demonstrate that the key tie lines determined using current MOC methods do not control 

miscibility for such cases.  The likely reason is the bifurcation of a two-phase region into 

two separate two-phase regions which is being explained using simplified pseudo-ternary 

models.  We give examples from the literature that show similar behavior for simpler 

systems. Finally, we present steps to identify the problem and improve the results. 

4.2.1 MMP Calculation Discrepancies 

Although MOC-based algorithms have proven useful in predicting MMPs, their 

approach so far is based on the application of the MOC to simple two-phase gas 

displacements.  For such application, most MOC methods for MMP prediction assume 

that shocks occur from one key tie line to the next, and that there are only Nc-1 key tie 

lines.  For brevity’s sake, we will refer to this as the “shock jump” MOC method for 

MMP prediction.  When shocks are assumed from one key tie line to the next, the MMP 
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is determined when one of these key tie lines becomes zero length.  Such an assumption 

is made based on the general observation that non-tie-line eigenvalues from one key tie 

line to the next are either monotonically increasing or decreasing (Johns 1992).  This 

assumption is essential for geometric construction of the shock jump solutions.  For many 

displacements examined, this approach results in very small calculation errors of the key 

tie lines and the associated MMP (Johns 1992; Johns and Orr 1996; Ahmadi and Johns 

2008).  If the non-tie-line eigenvalues are not monotonic from one key tie line to the next, 

there is likely a shock and a continuous variation along that portion of the non-tie-line 

path.  One could determine the exact composition path at a fixed pressure by avoiding the 

assumption that shocks occur from one key tie line to the next and using the MOC to 

solve for each rarefaction wave and shock when it occurs.  This exact MOC approach 

could estimate the MMP by varying pressure, as Johns and Orr (1996) did when they 

solved the composition route with a rarefaction along a non-tie line path. In most cases, 

however, the MOC solution would be quite complex and not nearly as fast to calculate as 

the shock jump MOC method. 

Mogensen et al. (2009) compared the MMPs predicted by various computational 

methods for the Al-Shaheen oil displaced by CO2 and noted a significant difference 

between the MMP predicted by the MOC and a method based on an unpublished code by 

Zick (MMPz Manual 2001).  The results showed that the differences increased as the API 

gravity of the oil decreased.  The difference in the MMP was observed to be nearly 1500 

psia for 26o API oil and 5000 psia for 20o API oil.  For API oils greater than 30o, the 

differences were very small.  Mogensen et al. offered no explanation for the differences. 
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In the following section, we demonstrate several potential problems in using the 

MOC method for MMP prediction that have not been previously identified.  We begin by 

examining the MMPs for the displacements reported in Mogensen et al. (2009).  We then 

reduce the ten-component displacement to a pseudo-ternary system that shows the same 

behavior, and explain why the differences in MMP occur.  We give a simple way to 

identify and partially correct the MMP error using MOC.  We further illustrate that the 

observed phase behavior can occur in real systems, using a ternary system of CO2/C1/C16 

for which experimental data has been reported.  

4.2.2 Bifurcation problem 

We first consider the same fluid characterizations and oil compositions developed 

by Mogensen et al. (2009).  We calculated the MMPs using our in-house PennPVT code 

(PennPVT 2011), which does both MOC calculations and mixing-cell calculations based 

on the paper of Ahmadi and Johns (2008).  We performed all phase behavior calculations 

in this study using the Peng-Robinson EOS (Robinson and Peng 1978).  

Fig. 4.2 shows the difference between MMP predictions by the shock jump MOC 

method and the mixing-cell method for pure CO2 displacement of Al-Shaheen oil.  The 

mixing-cell results are obtained with 200 contacts.  The results are consistent with those 

observed by Mogensen et al. (2009), in that the difference between the two MMP 

calculation methods increases substantially as the API of the oil decreases.  The MMPs 

using this MOC method are always greater than the MMP from the mixing-cell method 

for low API oils.  The maximum difference in the MMP approaches 6500 psia at 15o API.  
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A slim-tube experiment for 23.5o API oil shows the MMP from the mixing-cell method is 

more consistent than the MMP from the shock jump MOC (see Fig. 4.2). The 

discrepancy between the MMPs from the slim-tube experiment and the mixing-cell 

method can be explained by the fact the EOS was developed for oils ranging 15o to 40o 

API and not tuned specifically to this oil with 23.5o API. 

We originally believed that the MMP differences were related to convergence 

problems to the correct key tie lines as suggested by Yuan and Johns (2005).  Fig. 4.3 and 

4.4, however, show that the key tie lines for the displacement of 15o API oil using the 

shock jump MOC method are very close to those found using the mixing-cell method.   

The MOC results shown in Fig. 4.3 indicate that the oil tie line controls miscibility for 

this low API oil, which is consistent with a vaporizing drive.  The mixing-cell tie lines 

shown in Fig. 4.4 at the pressure of 6900 psia are the same as those found using the 

MOC, except there is an additional feature with a much smaller tie-line length than is 

seen in any of the key tie lines from the shock jump MOC method.  This additional 

feature, which is not a key tie line determined by the shock jump MOC method, reaches 

zero length before any of the Nc-1 key tie lines, and therefore controls miscibility for the 

low-API oils.  

 Table 4.2 gives a pseudo-ternary system derived from the Al Shaheen oil that is 

used to explain the additional feature present in Fig. 4.4.  Although simplified, this 

ternary system shows the same behavior as the ten-component system for low-API oil—

that is, for CO2 injection at 133oF, the MOC predicts a MMP of 27,000 psia for the 

ternary displacement, while the mixing-cell method predicts a MMP of 18,500 psia.  This 
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large difference of more than 8000 psia is difficult to explain, since the shock jump MOC 

approach for a ternary displacement can easily find the unique key tie lines that bound the 

composition path.  For a ternary system, the dispersion-free path must shock into the two-

phase region along the oil tie line, and then shock out of the two-phase region along the 

gas tie line.  Thus, the MMP for a ternary system is reduced to finding the pressure at 

which the oil or gas key tie lines first become zero length.  In this case, the oil tie line 

becomes zero length first at 27000 psia, indicating a vaporizing drive.   

Fig. 4.5 shows the phase behavior for the ternary system at a pressure of 8000 

psia, well below the MMP predicted by both the mixing-cell and MOC approaches.  As 

shown, the two-phase region has an “hourglass” shape, indicating that the tie-line lengths 

are not monotonic from the gas to oil tie lines (see Fig. 4.6).  This is also true for the non-

tie-line eigenvalue, which first decreases then increases from point B to A in Fig. 4.5.  

Thus, the assumptions made in the development of the analytical theory using the shock 

jump MOC method are not satisfied in this simple pseudo-ternary system.  This type of 

“hourglass” phase behavior is physically possible, as is demonstrated in the literature 

(Orr and Jensen 1984; Larson et al. 1989; Sandler 2006).    

MOC predicts two key tie lines for a three component system.  One key tie line is 

the oil tie line (the tie line that extends through the oil composition) and the other is the 

gas tie line (the tie line that extends through the gas composition).  These two tie lines are 

shown by the dashed lines in Fig. 4.5 at 8000 psia.  The composition path traverses the 

two-phase region from the gas tie line to the oil tie line.  According to the shock jump 

MOC approach, the MMP is the minimum pressure at which the length of any key tie line 
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first becomes zero.  As the pressure increases, the lengths of the key tie lines should 

decrease.  Inherent in the shock jump MOC theory is that the key tie lines, which bound 

the composition paths, also bound the range of the tie line lengths encountered along the 

entire composition path from the gas to oil tie lines.  This is not the case, however, for 

this pseudo-ternary system or the displacement for low-API Al-Shaheen oils.   

Fig. 4.7 shows the two-phase regions and the oil and gas key tie lines for the 

pseudo-ternary displacements of oil O by CO2 at pressures from 10000 psia to 19500 

psia. As the pressure increases, the two-phase region becomes smaller and the oil and gas 

key tie lines decrease in length.  However, the tie lines between these key tie lines 

decrease in length faster, and the two-phase region snaps off at a pressure of 18500 psia, 

the same pressure that the mixing-cell method determines is the MMP.  That is, a critical 

point occurs at 18500 psia, which causes a bifurcation of the two-phase region.  Thus, the 

shock jump MOC approach, which assumes that the key tie lines control miscibility, 

gives the wrong MMP because it examines only the key tie-line lengths, not the tie lines 

in between.  The oil and gas key tie lines are not zero length at this pressure.  If the entire 

composition path were calculated using the complete MOC approach instead of just the 

key tie lines, it would correctly predict the MMP of 18500 psia, because that composition 

path must inevitably pass through the critical point.  Such a calculation is possible, but 

has not yet been done, because the analysis is complicated by the increasing and 

decreasing non-tie-line eigenvalues.  The likely solution when pressure is at or above the 

MMP is a shock from the gas composition to the two-phase region along the gas tie line, 

and then a variation to the equivelocity point on the gas tie line, by a variation from the 
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equivelocity point to the critical point in a two-phase region that includes the gas tie line, 

and finally, followed by a shock from that critical point to the oil composition.  The likely 

solution before the bifurcation, however, may involve an extra transitional tie line.  The 

existence of a transitional tie line has been reported by Seto and Orr (2008).  MOC 

analysis can be further complicated by the shape of the two-phase region, which suggests 

that tie lines can intersect at multiple points in the single-phase region.  

The mixing-cell method correctly predicts the MMP for these pseudo-ternary 

displacements because it encounters all of the compositions and tie lines in between the 

key tie lines.  Thus, it is able to find the minimum pressure at which any of the tie lines in 

the composition path, including those of the key tie lines, becomes zero length.  Fig. 4.8 

gives the tie lines encountered from the mixing-cell method using only 250 contacts at 

18500 psia, which is very near the pressure at which the two-phase zone bifurcates.  The 

oil and gas key tie lines are found, but the additional feature with even smaller tie-line 

lengths is very similar to those of Fig. 4.4 for the Al-Shaheen oil.  The additional feature 

in this ternary example occurs between the oil and gas tie lines, while for the Al-Shaheen 

oil, the region of smaller tie lines occurs between the oil and crossover tie line 1.    

The physical explanation of the phase bifurcation is likely the result of CO2 and 

heavy hydrocarbon phase behavior at temperatures near the critical temperature of CO2, 

and the formation of liquid-liquid (L1-L2) and liquid-vapor (L1-V) phases.  The L2 phase 

is rich in CO2.  As a result, the two-phase region is separated into L1-V phases for a large 

C1 mole fraction, and L1-L2 for a large CO2 mole fraction.  The transition to and 

separation of the L1-L2 phase region results in the hourglass-shaped two-phase region, 
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and ultimately, in the failure of the key tie-line approach in MMP calculation.  Such 

phase behavior has been reported for a CO2/C1/C16 system at temperatures of 70oF and 

90oF (Larson et al. 1989; Orr and Jensen 1984).  The bifurcation can also occur even at 

temperatures above the critical temperature of CO2 (Bryant and Monger 1988).  Larson et 

al. (1989) suggested that the phase transition occurs when there are heavy oil fractions 

and CO2 present, and oil is lean in intermediate extractable components.  Our phase 

behavior calculations support Larson et al.’s conclusion, which may also explain the 

trend of MMP calculated with MOC for Al-Shaheen with API (Fig 4.2).  

We replicated the simple CO2/C1/C16 system of Larson et al. (1989) at 90oF to 

show that the key tie-line approach based on MOC fails in this system as well.  Table 4.3 

gives the parameters for PR76 EOS (Peng and Robinson 1976) used by Larson et al.   We 

inject pure CO2 into a reservoir with an oil mixture of 55% C1 and 45% of C16.   Fig. 4.9 

shows the evolution and eventual bifurcation of the two-phase region into L1-V and L1-L2 

regions.  The phase behavior of this system indicates that the expected MMP is near 2310 

psia, whereas the key tie-line approach based on MOC predicts a MMP of 2795 psia.  

The mixing-cell method, however, estimates an MMP of 2312 psia.  The difference once 

again is explained by the bifurcation of the two-phase region, which means that there are 

shorter tie lines between the key tie lines, than are found by the key tie-line approach 

based on MOC where only shocks occur from one key tie line to the next.  Again, a more 

complete MOC analysis by calculating the composition route for this system may result 

in the correct MMP estimate.  In the examples above, we did not find three phases coexist 

at the same time. Therefore, the bifurcation is not a result of L1-L2-V phase behavior. 
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Improving Current MOC Methods for MMP Prediction.   

The pseudoternary and Al-Shaheen oil displacements by CO2 show that current 

MOC methods that only find the key tie lines could miss other tie lines of shorter length 

that control miscibility.  A simple way to identify if these other tie lines exist is to 

construct dilution lines from each successive key tie lines found using MOC to the next, 

checking the tie–line lengths between them.  If the tie lines between two key tie lines are 

shorter than the other key tie lines. the possibility exists that the MOC method may give a 

poor MMP prediction.  If those tie lines are shorter than all of the key tie lines found by 

MOC, then the shortest key tie line will control miscibility.  A simple procedure to 

improve MOC is as follows: 

1. Find all key tie lines using the standard geometric construction with MOC at a 

trial pressure. 

2. Obtain mixing lines by connecting the middle of each two consecutive key tie 

lines, starting from the oil tie line to the crossover tie line 1. 

3. Numerically calculate the slope of the tie-line lengths at the two ends of each 

mixing line by taking a small step in between those key tie lines. 

4. If the slopes of the tie line lengths from the end-points of the mixing lines 

have different signs, it is very likely there is a tie line between them of shorter 

length.  If the signs of the slopes are the same, then it is likely (although not 

guaranteed) that one of the key tie lines is shorter than any of the tie lines 

between them.  This approach will work well if there is only one minimum 

along the mixing line between the two key tie lines. 

5. Based on the outcome of step 4) along each mixing line, find the tie line with 

the shortest length between each consecutive key tie lines.  A simple bi-

section method is used for this purpose, where the tie-line length at the 
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midpoint of the mixing line is first calculated.  The bi-section proceeds until 

the tie line along that mixing line is found where the tie-line slope is zero 

(within a small tolerance).  We have generally observed that only one of the 

mixing lines contain a tie line of shorter length than its end-point key tie lines.  

The shortest tie-line length (along all mixing lines) is output as a tie line that 

potentially controls miscibility. 

6. Repeat steps 1 to 5 by increasing the pressure until one of the key tie lines, or 

tie lines along the mixing lines between them have zero length.  This pressure 

is the MMP.  

 

Fig. 4.10 and 4.11 show the MMPs predicted using the new MOC procedure.   

For all of the lower API oils, the MOC procedure correctly identified that a shorter tie 

line may exist than those of the key tie lines.  The MMPs predicted with the new 

procedure are much closer to the mixing-cell MMPs,  although they are still in error by 

up to 1000 psia for the lowest API oils.  A likely reason for the error is that we 

approximate the composition path by the mixing line between the key tie lines, making 

the composition path planar between them.  The composition paths using MOC that are 

found by taking the eigenvalue path between them are typically not planar (Johns 1992).  

Thus, the tie lines that are intersected by the mixing line between two key tie lines are  

not exactly the same as the tie lines that are encountered with the mixing-cell method.   

We verified that this is possible by taking new mixing lines from the equilibrium liquid 

compositions from one key tie line to the equilibrium liquid compositions of the next key 

tie line.  For Al-Shaheen oil, the MMPs when calculated this way were typically 500 psia 

lower than the MMPs when the mixing line goes from the mid-point of each key tie line 

to the next.   
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We also used this approach for the simple CO2/C1/C16 system of Larson et al. 

(1989).  The new algorithm significantly improves the MMP estimate (2315 psia versus 

2795 psia). 

 

4.2.3 Correction of Component K-Value Ordering Using MOC 

We also noticed a problem in convergence of our MOC approach when the order 

of the component K-values changed from one key tie line to the next as pressure 

increased.  This potential problem has not been documented in the literature and can be 

easily corrected.  Consider another Middle-Eastern oil displaced by CO2 at 212oF; this oil 

has eleven components, including H2S and pseudo-component C3C4. 

We start the MOC calculation using PennPVT at a low pressure of about 200 psia.   

Once pressure is increased to around 1500 psia, the calculations failed to converge. 

However, if the first pressure begins at 2150 psia instead of 200 psia, the MOC 

calculations converge and the MMP is calculated.  Fig. 4.12 shows the tie-line lengths of 

the key tie lines starting from 200 psia to where it failed, and then from 2150 psia to the 

MMP.  The portion of the figure at the middle with no tie lines is the pressure range at 

which MOC fails to find all the key tie lines for this example. 

The reason for the failure is that one or more component K-values switch their 

relative order at these pressures.  For example, consider the MOC calculations at 1500 

psia: because the gas is pure CO2, the calculation is straightforward, and only involves 

extracting the oil components from the lightest to the heaviest in a series of geometric 

constructions.  In the first step, a negative flash is performed on the oil, and the 
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components are sorted by K-values from highest to lowest.  The oil tie line is extended to 

the plane where the lightest component disappears (typically methane).  That point is then 

flashed to find the tie line that intersects it from the composition space where the lightest 

component is not present.  This tie line is crossover tie line 1, and it is extended to the 

composition where the next lightest component (as given by the component K-values) is 

zero.  This composition is then flashed to find crossover tie line 2, and so forth.  During 

these steps, however, the order of the component K-values is assumed to remain the same 

as the original order determined at the oil tie line.  At 1500 psia, however, the order of the 

K-values for the H2S and C3C4 component changes from crossover tie-line 1 to 2 (see 

Fig. 4.13): the H2S becomes more volatile than C3C4.  The change in K-values order is 

crucial, because in the next step H2S should be extracted, according to the new order. 

MOC methods that are based on Wang and Orr’s (1997), however, assume the old 

(original) order, and extract the wrong component (C3C4).  The result is an extension of 

the key tie line to a point in composition space where no other tie line intersects it.  As a 

result, the procedure fails to find any tie line in the next step, and the calculation stops 

(fails). 

This problem is avoided simply by sorting the components by K-values after 

finding each new key tie line.  We implemented this new approach in PennPVT and, as 

shown in Fig. 4.14 , the result is a continuous progression of key tie-line lengths with 

pressure. Depending on the implementation approach, the algorithm by Jessen et. al 

(1998) or Yuan et. al (2005) may not encounter this ordering problem. 
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4.2.4 OTHER POTENTIAL PROBLEMS WITH MOC APPROACHES 

One of the problems with MOC-based algorithms is finding more than one tie 

lines as the solution.  This non-uniqueness problem is related to negative flash 

calculation; any non-uniqueness of the flash solution has a direct impact on the results of 

an MOC-based algorithm. 

We have found that non-unique solutions can arise in two situations: one is when 

there is more than one tie line that extends through a point; the other is when the 

constant-K flash has two valid solutions.  Simple examples of these situations are 

described below. 

4.2.4.a Existence of multiple tie lines 

The phase behavior of a system can be such that there is more than one tie line 

extending through one point inside and outside the positive composition space.  This 

abnormal behavior can lead to the failure of an MOC-based algorithm that relies on 

negative flash.  

The existence of multiple-solution tie lines for a point outside of the positive 

composition space is expected and discussed in Yuan and Johns (2005); however, we 

offer an example of an instance when multiple true solutions can be found within the 

positive composition space.  Consider the simplified pseudo-ternary system discussed in 

4.2.2.  Table 4.3 gives the parameters of fluid for PR76 EOS (Peng and Robinson 1976).  

Fig. 4.15 shows the phase behavior of this system at 8000 psia and 133oF along with a 

selected number of tie lines.  For this system, one can find three tie lines that extend 
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through single oil compositions inside of the positive space, as shown in the figure.  The 

intersection points can also be found analytically (see Eq. 5.20 of Johns (1992)).  Fig. 

4.16 illustrates an example where three tie lines as shown extend through composition A.  

Once again, MMP calculation based on MOC may result in a large error depending on 

which oil tie line is found, or can fail due to convergence problems.  One solution to this 

problem is using the continuity argument to find the tie lines.   As discussed in section 

4.5, we have incorporated the continuity argument into our MOC-based algorithm for 

calculating MMP. 

Finding the composition path using MOC may also be difficult for these systems. 

Consider gas G1 between the two tie lines: the question arises over the choice of the oil 

tie line for G1-A displacement.  A composition route using MOC has not been developed 

for such systems.  Simulation indicates, however, that the tie line with the lower CO2 

fraction is the oil tie line for the G1-A displacement (shown in Fig. 4.17 along with three 

other gases).  A careful analysis with MOC may provide a rationale for this choice; such 

an analysis, although beyond the scope of this dissertation, may improve the current 

MOC analysis.   

4.2.4.b Existence of two roots in constant K-flash 

A constant K-value flash is the internal part of a flash calculation, which, in turn, 

is central to any MOC-based algorithm for calculating MMP.  The constant K-value flash 

algorithm has been shown to have at most two physical solutions (Juanes 2008).  The 

non-uniqueness is more common in negative space flash where at least one of the 
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component’s mole fractions is negative.  Depending on the algorithm and choice of the 

root, the existence of the second solution may lead to a convergence problem. 

We use and recommend using an enhanced version of Li-Johns constant K-value 

flash (Li 2007; Li and Johns 2007), which is ideal for negative flash calculations.  The 

method and its merits are discussed in Li (2007).  We have enhanced the search window 

of the method; the details are described in Appendix A. 

 An example of a two-root solution is given in Fig. 4.18.  Composition A has two 

valid tie-line solutions; the choice of the solution depends on the initial guess in the Li-

Johns algorithm.  Fig. 4.19 indicates that the choice of the initial guess affects the final 

solution.   

The existence of two solutions in constant K-value flash has important 

consequences for an MOC-based calculation that relies on negative flash.  A similar 

situation in MMP calculation may lead to failure of the algorithm or erroneous results. 

Although important, the check for the second tie line is overlooked in the commercial 

codes.  Checking for the second solution is very simple and straightforward using the Li-

Johns objective function.  The Li-Johns objective function has only one extremum within 

the valid-roots-window, and is linear in between the poles.  It is sufficient, therefore, to 

check the slope of the objective function at the upper limit and lower limit window.  If 

the objective functions at the two limits have different signs, two roots are expected; 

otherwise, the solution is unique. If two valid solutions are found, the correct solution is 

determined by continuity argument.  The logical root to select is the one that is closer to 

the previous root.  
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4.3 SUMMARY 
We showed that current MOC-based methods that assume shocks between key tie 

lines can lead to incorrect MMP predictions when the tie-line lengths are not monotonic 

between each successive key tie line. The main conclusions of this chapter are: 

1. MOC methods for MMP prediction should include a check of the tie-line 

lengths along a mixing line from each successive key tie line to the next.  If a 

shorter tie line exists it could control miscibility instead of the oil, gas, or 

crossover tie lines. 

2. Checking for the shortest tie line along mixing lines between key tie lines can 

correctly identify that an error may exist in the MMP.   Including this tie line 

also allows for a better prediction of the MOC MMP, although the MMP may 

still be in error, because the correction is only an approximation of the tie line 

that controls the miscibility. 

3. MOC methods may also fail to find a solution when the K-values are not 

strictly ordered from one key tie line to the next.   This problem is easily 

corrected if the components are reordered at each successive key tie line in the 

calculation. 

4. Our multiple mixing-cell MMP, described in Chapter 3, is more reliable than 

MOC methods as it is not adversely affected by K-value ordering or the 

assumption that tie-line lengths must be monotonic from each key tie line to 

the next.   MOC methods are highly accurate, however, when tie-line lengths 
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are monotonic between the consecutive key tie lines, and this can now be 

easily checked. 
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Well T oF APIo

Zick's PVTSim UT Cronquist Yelling &
Metcalfe

Johnson &
 Pollin Glaso Yuan

Well 1 133 23.5 3,313
(-15.6)

3,403
(-13.3)

3,468
(-11.7)

2,974
(-24.2)

1,670
(-57.5)

1,233
(-68.6)

2,560
(-34.8)

2,519
(-35.8)

Well 2 135 32.6 2,259
 (15.9)

2,270 
(16.4)

2,087
(7.0)

2,064 
(5.6)

1,696
(-13.0)

1,520
(-22.1)

1,907
(-2.2)

2,330
(19.5)

Well 3 132.5 28.6 1,681
 (-3.9)

1,622
(-7.3)

1,891
(8.1)

2,353
(34.5)

1,664
(-4.9)

1,557
(-11.0)

2,151
(22.9)

2,043
(16.7)

Well 4 135 34.9 1,772
 (17.7)

1,777
(18.1)

1,840
(22.3)

1,889
(25.5)

1,696
(12.7)

1,563
(3.9)

1,808
(20.1)

1,942
(29.0)

13 13.8 12.3 22.5 22 26.4 20 25.3Avg. Abs. Deviation (%)

Calculated MMP (psia) and relative deviation from measured MMP (%)

 

Table 4.1: Comparison of PennPVT (2008) estimation to other methods for a CO2 
displacement (after Mogensen et al. (2009)).  

 

 

Tc (
oF) Pc (psia) ω CO2 C1N2 C26-35

CO2 87.89 1069.87 0.225 - - -

C1N2 -118.67 664.06 0.00857 0.1186 - -

C26-35 1258.83 224.98 1.0908 0.0847 0.0008 0

Properties Binary Interaction Parameters

 

Table 4.2: Fluid characterization for the pseudoternary system derived from the Al 
Shaheen oil. 

 

 

Tc (
oF) Pc (psia) ω CO2 C1 C16

CO2 87.89 1069.87 0.225 - - -

C1 -116.59 667.20 0.008 0.1 - -

C16 845.33 249.39 0.742 0.077 0 -

Properties Binary Interaction Parameters

 

Table 4:3:  Fluid characterization for ternary system CO2/C1/C16 (after Larson et al. 
1989).  
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Figure 4.1: PennPVT MMP estimation for system described in Wang and Orr (1997). 
The estimated MMP is 2388 ± 3 psia compared to 2380 psia reported by 
Wang and Orr.  
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Figure 4.2:  Comparison of predicted MMPs using MOC and mixing-cell methods for 
compositional variations in the Al-Shaheen (Mogensen et al. 2009). The 
MMPs become significantly different for oil with API less than 30o. 
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Figure 4.3: MOC calculation of the key tie-line lengths for the 15o API oil in Fig. 4.1.  
The calculation shows that the oil tie line controls miscibility, making this a 
vaporizing drive. 
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Figure 4.4: Mixing cell tie lines for Al-Shaheen oil of 15o API at 6900 psia.  The same 
key tie lines are found as with MOC, but there is an additional feature with a 
much shorter tie-line length than any of the key tie lines.   
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Figure 4.5: Phase behavior of a pseudo-ternary system at 8000 psia and 133 oF.  The tie-
line lengths do not increase monotonically from the injection gas tie line to 
the oil tie line. 
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Figure 4.6: Tie-line lengths and non-tie line eigenvalues from B to A in Fig. 4.5.  Both 
are not monotonic in the two-phase region. 
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Figure 4.7: Phase behavior of the ternary system at 133oF for varying pressures.  The 
two phase region is split (bifurcated) at one critical point around 18500 psia.   
Above that pressure, there are two two-phase regions, where each one has a 
separate critical point. 
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Figure 4.8: Mixing-cell tie lines generated after 250 contacts for the pseudo-ternary 
system at 18500 psia. 
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Figure 4.9:  Bifurcation of two phase region into L1-L2 and L1-V phases at 90 oF (using 
the cubic EOS parameters after Larson et al. 1989). 
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Figure 4.10: The results from the corrected MOC algorithm are much closer to the 
mixing-cell MMPs.  The MOC procedure correctly identifies a problem for 
all oils with oAPI less then 30.    
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Figure 4.11: The results from the corrected MOC for API oil of 15o.  The shortest tie line 
(located between oil and crossover tie-line 1) becomes zero length at a 
pressure far lower than what current MOC methods predict.   
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Figure 4.12: MOC calculation fails, for pressures between 1500 and 2140 psia, because 
of switching of component K-values relative to each other.   
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Figure 4.13: The K-values of H2S and C3C4 change their relative order on crossover tie-
line 2 at 1500 psia. 
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Figure 4.14: A correction to MOC where components are sorted by their K-values for 
each key tie line eliminated the problem shown in Fig. 11. 
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Figure 4.15: More than one tie line can extend through one point inside the positive 
composition space. The black dots show the region where of three tie lines 
intersect. 

C1N2

C26-35 CO2

8000 psi
133 oF

A

 

Figure 4.16: Point A is the intersection of three tie lines within the positive space. 
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Figure 4.17: Simulation results for gases G1 and G2 show that the oil tie line is not 
unique, and depends on the gas composition. 
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Figure 4.18: Composition A has two valid solutions. The constant K-values are 5, 2, and 
0.5 respectively. Composition A is {-0.15, 0.025, 1.125}. 
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Figure 4.19: The Li-Johns objective function for case shown in Figure 4.18 indicates 
there are two valid roots. 
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CHAPTER 5: MMP PREDICTION FOR  
CONTAMINATED CO2 MIXTURES 

 

Understanding the impact of the gas compositional changes on the MMP is 

essential to optimal design of field-wide pressure management and CO2 utilization.  

Determining the MMP by slim tube or other methods for each possible variation in the 

gas mixture composition is impractical.  This chapter gives an easy and accurate way to 

determine impure CO2 MMPs for variable field solvent compositions based on just a few 

pure-component MMPs. The approach could alternatively be used to estimate the 

enrichment level required to lower the MMP to a desired pressure.      

We first outline how the MMP is calculated using the method of characteristics 

and our mixing cell method.  We then present the methodology for predicting MMPs for 

variable gas compositions based solely on a few MMP calculations.  The practicality of 

this approach is that a simple spreadsheet can be used to determine the MMPs for impure 

gas compositions without the need to perform new slim-tube experiments or make new 

analytical MOC/mixing cell calculations.  We demonstrate for two oils that the predicted 

MMPs agree very well with the predicted MMPs for CO2 contamination levels of 

practical interest.   

 

5.1 MMP CONTAMINATION MODEL 

In this section, we develop a simple model to predict the MMP of an oil 

displacement by impure CO2.  The model is based on the observation that MMPs at small 

contamination levels are nearly linear with contaminant mole fraction.  That is, the MMP 

of a gas mixture that has Nc components is predicted with: 
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2 2

1
*

1
CO

Nc

CO i i
i

MMP y MMP y MMP
−

=

= + ∑  (5.1)

 
Where 

2COy is the mole fraction of CO2 and yi is the mole fraction of the contaminating 

component i in the injection gas, and 
2COMMP  is the MMP for the pure CO2 and MMPi

*  

is the “extrapolated” MMP for injection of pure component i.   The extrapolated MMP is 

not the true MMP for those pure components, but is used only to model the linear trend.  

This is similar to how component fugacities in thermodynamics are modeled by linear 

trends at small dilution with second components (Sandler 2006).  MMPi
*  is therefore 

analogous to the use of Henry’s constant at small dilution.    

Figure 5.1 illustrates the use of Equation (5.1); Suppose we have impure CO2 

injection, where CO2 is contaminated with methane.  The MMP for displacement of oil 

with mixtures of these two components can change nonlinearly over its entire range from 

0 to 100% methane contamination.  At low contamination levels, however, the MMP 

changes linearly with the methane mole fraction in the gas.  The key is to find the 

contamination level at which the MMP deviates from this linear trend (20% in Figure 

5.1).  This maximum contamination level can vary depending on the oil and the injection 

components.  As shown in Figure 5.1, MMPi
* is the extrapolated MMP of the linear trend 

to pure methane injection.  The extrapolated value could be very close or very far from 

the true MMP with pure methane.  In practice, we are only interested in contamination 

levels of the CO2 injection stream that are relatively small, say less than 20% mole 

fraction, making this approach very useful. 

The model has two important practical applications. The foremost application is 

to determine the effect of contamination of the injection gas CO2 stream by one or more 
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components on the MMP, where the MMPs are estimated based on these linear trends 

from just a few MMP measurements.  The MMPs can be measured from slim-tube 

experiments and/or calculated with MOC and mixing cell methods.  The second 

application is to estimate the enrichment level of a particular component (say ethane) 

required to lower the MMP to reservoir pressure.  Equation (5.1) can be used for either 

application. We give two example displacements to demonstrate the MMP calculation 

approach and its accuracy.  Both fluid characterizations are developed with the Peng-

Robinson equation-of-state (Peng and Robinson 1976).   

 

 

Example 1: Oil A Displacements 

The first example (oil A) is based on West Texas crude at 88oF.  This oil has an 

API of 33o and a viscosity of 2.6 cp at its saturation pressure of 755 psia.  The fluid 

characterization for oil A was obtained following the procedure of Pedersen and 

Christensen (2006).   We tuned the PREOS to the swelling data using as few tuning 

parameters as possible.   We adjusted only nine parameters related to the three heavy 

components and CO2, and limited their adjustment to +/- 10%.   The adjustments were 

limited so that trends in critical properties with carbon number are preserved (see Figure 

5.2).  Figure 5.3 shows the good fit obtained to the swelling data.   We tuned the EOS to 

the first three saturation pressures (bubble-point pressures) at 0%, 20%, and 40% mole 

fraction CO2.   The last saturation pressure at 60% CO2 was not fit, but instead was used 

to test the predictive capability of our characterization.  As shown in Figure 3 the match 

is excellent.  Table 5.1 gives the PREOS parameters for the oil A characterization.  
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Extrapolated Pure-Component MMPs.  We first calculate the MMPs for 

displacements of oil A by various pure injection gases using the method of characteristics 

(MOC) method available in PennPVT.  We used a temperature of 88oF for all MMP 

calculations.  Table 5.2 gives the MMP results using MOC for each pure-injection gas.     

MOC relies on correctly finding the first key tie line that intersects a critical point.  

Figure 5.4 shows the key tie-line lengths as a function of pressure for the case of pure 

methane injection.  There are 11 key tie lines because there are 12 components in the gas 

flood.   Tie-line 1 is the oil tie line, and tie-line 12 is the gas tie line.  As is shown, tie-line 

2 (a crossover tie line) is the first tie line to approach zero length with pressure so that the 

MMP is approximately 4367 psia.   The uncertainty in the MMP estimate is small owing 

to the closeness of the tie line to a critical point (Ahmadi and Johns 2008).    

CO2 phase behavior often exhibits a third hydrocarbon phase at temperatures 

below around 120oF.  From phase stability calculations, we observed the existence of a 

small third CO2-rich liquid phase at large CO2 concentrations and pressures around 1000 

psia.  MOC estimates of MMP are currently not possible for three hydrocarbon phases so 

we used a two-phase approximation at these pressures.  Assuming a two-phase 

approximation, the MMP for pure CO2 injection with oil A is about 1137 psia.  This 

MMP is likely not far from the correct value as indicated by three slim-tube results for oil 

A that give an MMP of about 1100 psia at 88oF  (Creek and Sheffield 1993; Fong et al. 

1992; Winzinger et al. 1991).   Okuno et al. (2011) also show that high displacement 

efficiency is obtained very near three-phase regions.  For impure gas streams, the small 

three-phase region disappears as pressure and contamination level are increased making 

our approach valid.  

The MMP for pure nitrogen depends significantly on the binary interaction 

parameters used.  For the oil A characterization we used default values as given by 
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Pedersen and Christensen (2006).  We did not modify the BIP parameters for nitrogen 

since there was no available experimental data to tune the EOS.     

Except for nitrogen, the MMP changes nearly linearly from 0 to 100% 

contamination of the CO2 gas stream.  The calculated MOC value for pure nitrogen 

injection was large (about 43000 psia).  Thus, we estimated the MMP for 20% N2 and 

80% CO2 using the mixing-cell approach.  An extrapolation of a linear fit to that value 

and the MMP for pure CO2 gave an extrapolated MMP of about 11739 psia for N2. 

To validate the MOC MMPs, we calculated the mixing-cell MMPs for the pure-

component injection gases using the oil A characterization.  The MMPs from MOC and 

the mixing-cell method were nearly identical except for a small difference for pure CO2 

injection.  The mixing cell MMP for CO2 is 1230 psia, 100 psia different from the MOC 

value of 1137 psia.  The MMP from the mixing cell model is 4404 psia for C1, and 156 

psia for C3, which are very close to the MOC values.  Except for nitrogen, we used the 

pure-component MOC MMP values for the extrapolated MMPs in Equation (5.1) since 

the trends are nearly linear over the entire composition range.    

Validation of the MMP Contamination Model.  We used the mixing-cell 

method described in Chapter 3 to calculate MMPs for gas injection mixtures, where CO2 

is contaminated by the five components.  These compositions are used to validate the 

predicted MMPs from Equation (5.1).  Again, all MMPs for oil A are calculated with a 

temperature of 88oF.  

Figure 5.5 shows a comparison of the MMPs estimated for a binary injection gas 

consisting of CO2 and C1 from the mixing-cell method and those predicted only from the 

pure-component MOC MMPs.   The predicted values assume a linear combination of the 

extrapolated MOC MMPs.  The predicted MMP for contamination of CO2 with methane 
is given by ( )

2 1

* *
2 21

CO CCO COy MMP y MMP+ − .   As is shown, the fit to the MMPs calculated 



 111

with the mixing cell model is very good indicating a linear behavior of the MMP with the 

mole fraction of methane in the CO2 injection stream.   Such a linear behavior is not 

always the case for methane contamination (see oil B example below).  

We calculated MMPs from the mixing cell model using the oil A characterization 

for several additional binary injection gases, namely CO2-N2, CO2-H2S, CO2-C2, and 

CO2-C3.  We also calculated the MMPs for a ternary injection gas composed of CO2, C1, 

and C2, where C1 and C2 are always an equal-molar (50-50) mixture.  For example, if the 

contamination mole fraction is 10%, the mole fraction of C1 and C2 is 0.05.   We also 

calculated MMPs using all six-components in the injection gas, where CO2 is mixed with 

a gas mixture of 50% N2, 20% C1, 10% H2S, 10% C2, 10% C3.  

The mixing-cell MMPs for pure and impure injection gases are given in Table 3.  

Figure 6 shows that the predicted MMPs based on linear interpolation of the MMPi
* 

values are very close to the mixing-cell MMPs for all injection gas mixtures considered.  

The average root mean squared error is only 15 psia in the predicted MMP.   Thus, for oil 

A the MMP can be predicted accurately using Equation (5.1) for contamination of CO2 

with these five components up to a 20% mole fraction.  The predicted MMPs could be 

extended over the entire composition range if nitrogen were not in the injection gas. 

 

Example 2: Oil B Displacements  

The second example displacement at 160oF uses the same volatile oil as described 

in Jutila et al. (2001) and reported in Yuan et al. (2005) as “oil D”.  The PREOS 

parameters for this oil can be found in Jutila et al. (2001).  Unlike oil A, the MMPs as a 

function of methane contamination in the CO2 injection stream are highly nonlinear (see 
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MMP curves in Yuan et al. (2005)).  Thus, this example demonstrates an extreme case in 

which to test Equation (5.1).     

The calculated MMP using MOC for pure CO2 injection is 1940 psia, which 

agrees well with the mixing-cell MMP of 1925 psia.  The MMPs using MOC for pure N2, 

C1, and C2 are 16029 psia, 15950 psia, and 1135 psia respectively.   These values also 

agree well with the mixing-cell method, which gave MMPs of 16008 psia for N2, 16004 

psia for C1, and 1128 psia for C2.   

Figure 5.7 gives the mixing-cell MMPs for binary gas mixtures where CO2 is 

contaminated by N2, C1, or C2.  Figure 11 also shows the linear fits of the mixing-cell 

MMPs at small contaminant mole fractions.  As shown, these linear fits for N2 and C1 do 

not extrapolate to the pure-component MMPs, indicating that these MMPs are highly 

nonlinear.  The MMP for C2, however, is nearly a linear function of C2 molar 

concentration in the gas.   The root mean square error between the linear fits of the 

MMPs and the mixing-cell MMPs is about 78 psia, reflecting the uncertainty in the MMP 

estimates by the mixing-cell method and that the MMP for the CO2-N2 mixture at 20% 

N2 contamination is not exactly in the linear region.  The MMPs for nitrogen-CO2 and 

methane-CO2 mixtures at large mole fractions merge and become constant because the 

displacements become primarily vaporizing drives and the oil tie line controls miscibility.  

Thus, the MMPs for a vaporizing drive are independent of the gas composition (Dindoruk 

et al. 1997).  

The extrapolated values are used in Equation (5.1) to predict MMPs for any gas 

composition where the total contaminant mole fraction is less than 20% (see Table 5.4).  

The 20% level is arbitrary and a smaller or larger level could have been used depending 

on the accuracy and range desired.  In this case, the 20% level is used because the 

nitrogen-CO2 MMP starts to deviate from the linear portion at that level.  Figure 5.8 
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shows that the predicted MMPs in that range are accurate to within +/- 64 psia of the 

mixing-cell MMPs using the linear function.  Although this is not as good as for oil A, it 

demonstrates that even for highly nonlinear MMPs Eq. (1) can be used to model the 

MMPs well for a large level of contamination of the CO2 stream.  Table 5.5 gives the 

predicted and mixing-cell MMPs shown in Figure 5.8.   

 

5.2 RESULTS AND CONCLUSIONS 

We developed a very simple, rapid, and practical method to calculate impure CO2 

MMPs for any number of gas components and mole fractions based on a few MMP 

values.  The approach requires knowing the pure CO2 MMP, and one binary mixture 

MMP for each additional gas component at the maximum contamination level desired.  

These MMPs can be obtained using any reliable method, such as slim-tube experiments, 

slim-tube simulation, MOC, or mixing-cell methods.  We also demonstrated how to 

examine the sensitivity of the local displacement efficiency to reservoir mixing and 

contaminant level.  The key conclusions of this section are  

1. MMPs for injection gas mixtures with two or more components lie 

approximately on a linear mole-fraction weighted interpolation of the pure 

CO2 MMP and binary MMPs calculated at a small contaminate mole fraction.  

The accuracy of the method depends on selecting binary MMPs that lie along 

the linear portion of the MMP versus mole fraction curve.  This simple result 

allows accurate MMPs in the linear region to be estimated for any level of 

contamination by any number of gas components. 

2. Oil A showed a nearly linear MMP with mole fraction for each gas 

component mixed with CO2, except for nitrogen.  Oil B exhibited highly 
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nonlinear MMPs for most of the impure components.  The MMPs for both oil 

displacements, however,  were well modeled by linear trends up to 20% mole 

fraction of the impure components.  The maximum contamination level that 

can be modeled depends on the reservoir oil considered and the accuracy 

desired.   

3. Oil A showed varying levels of sensitivity to dispersion depending on the 

contaminant component.  The oil is only moderately sensitive to mixing for 

the case of pure CO2 injection (displacement efficiency at the MMP is 0.85 to 

0.90 at typical field scale mixing levels).  Contamination by methane 

decreases this sensitivity.  The local displacement efficiency for oil A 

decreases very quickly for pressures just below the MMP so that the reservoir 

pressure should be maintained above the predicted MMP for this oil.    
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zi Tc (°F) Pc (psia) ω

Vol. Shift
 (ft3/lb-mole)

Mw ΩA ΩB

H2S 0.0599 212.81 1296.2 0.1 –0.1026 34.076 0.4572 0.0778

CO2 0.01 88.79 1071.3 0.225 –0.0427 44.01 0.4572 0.0778

C1 0.0898 –116.59 667.78 0.013 –0.1443 16.043 0.4216 0.0778

C2 0.0692 90.1 708.34 0.0986 –0.1033 30.07 0.4572 0.0778

C3+ 0.1328 375.96 1728 0.1917 –0.0587 56.6136 0.6859 0.0778

C6 0.0449 453.83 436.62 0.299 –0.0073 84 0.6859 0.0778

C7+ 0.4546 664.62 277.62 0.4279 0.0865 149.2089 0.4572 0.0778

C19+ 0.1388 1431.6 220.51 0.979 0.3995 348.3132 0.4572 0.0778

H2S CO2 C1 C2 C3+ C6 C7+ C19+

H2S 0

CO2 0.096 0

C1 0.05 0.1 0

C2 0.05 0.1 0 0

C3+ 0.05 0.1 0.0146 0.01 0

C6 0.05 0.1 0.0279 0.01 0 0

C7+ 0.05 0.1 0.0467 0.01 0 0 0

C19+ 0.05 0.1 0.0656 0.01 0 0 0 0

Binary Interaction Parameters

 

Table 5.1:  Fluid characterization for oil A used in MMP calculations.  

 

 

Min Average Max
N2 42,830 42,865 42,900

CH4 4,364 4,367 4,369

CO2 1,135 1,137 1,139

H2S 306 319 332

C2 670 676 681

C3 150 155 159

MMP (psi)

 

Table 5.2:  MMP values by MOC for oil A fluid characterization at 88oF.  
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Mole Frac. Predicted 
(MMP, psia)

Mixing Cell 
(MMP, psia)

% N2

0 1,137 1,230
10 2,197 2,110
20 3,257 3,209
100 11,739 –

% C1

0 1,137 1,230
10 1,460 1,438
20 1,783 1,759
70 3,398 3,447
80 3,721 3,833
100 4,367 4,405

% C2

0 1,137 1,230
10 1,091 1,086
20 1,045 1,045
100 676 –

% C3

0 1,137 1,230
10 1,039 923
20 941 890
30 842 849
70 450 460
100 155 156

% C1 / C2 (equi-molar)
0 1,137 1,230
10 1,275 1,376
20 1,414 1,452

% N2 / H2S / C1 / C2 / C3 

(2:1:5:1:1 molar ratio)
0 1,137 1,230
10 1,488 1,584
20 1,839 1,823

*  The predicted MMP values using only the pure-component MOC MMPs are also 
given. All MMP values are plotted in Fig. 5.  The extrapolated MMPs are 1,137 psia 
for CO2, 11,739 psia for N2, 4,367 psia for C1, 676 psia for C2, 319 psia for H2S, and 
155 psia for C3.  

Table 5.3:  MMP values calculated from the mixing cell method for the oil A fluid 
characterization at 88oF. The predicted MMP values using only the pure-
component MOC MMPs are also given. All MMP values are plotted in 
Figure 5.5.  The extrapolated MMPs are 1137 psia for CO2, 11739 psia for 
N2, 4367 psia for C1, 676 psia for C2, 319 psia for H2S, and 155 psia for C3. 
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MMPi*
(psia)

MMP from MOC
(psia)

N2 8,730 16,029

C1 5,044 15,950

C2 1,458 1,134
* The extrapolated values are used in Eq. 1 to predict the MMPs for 
displacement of Oil B by contaminated CO2 streams.

 

Table 5.4:  Oil B pure-component and extrapolated MMP values from linear fits of 
Figure 5.10.   The extrapolated values are used in Eq. 5.1 to predict the 
MMPs for displacement of oil B by contaminated CO2 streams.  

 

CO2 N2 C1 C2 Min Likely Max Predicted 
MMP

0.9 0 0.05 0.05 1,947 2,055 2,127 2,071
0.9 0.05 0 0.05 2,059 2,193 2,282 2,256
0.9 0.05 0.05 0 2,193 2,375 2,496 2,435
0.85 0.05 0 0.1 2,054 2,163 2,237 2,232
0.85 0 0.05 0.1 1,948 2,032 2,091 2,047
0.85 0.05 0.05 0.05 2,299 2,361 2,468 2,411
0.85 0 0.1 0.05 2,077 2,209 2,296 2,226
0.85 0.1 0 0.05 1,981 2,539 2,833 2,596
0.85 0.05 0.1 0 2,330 2,552 2,697 2,590
0.85 0.1 0.05 0 2,459 2,740 2,921 2,775
0.8 0 0.05 0.15 1,926 2,003 2,057 2,023
0.8 0.05 0 0.15 2,029 2,122 2,185 2,208
0.8 0.05 0.05 0.1 2,198 2,332 2,415 2,387
0.8 0.1 0 0.1 2,337 2,489 2,592 2,572
0.8 0 0.1 0.1 2,076 2,181 2,253 2,202

Injection Mixture (mole fraction)

*  The predicted values use the extrapolated MMPis from Table 5.4 and Eq. 5.1, not the pure-component MMPs.

Mixing-Cell MMP (50 contacts, psia)

 

Table 5.5:  Comparison of predicted and mixing-cell MMPs for oil B.  The predicted 
values use the extrapolated MMPi*s from Table 5.4 and Eq. 5.1, not the 
pure-component MMPs. 

 



 118

 

20%

MMP*C1
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Figure 5.1:  Illustration of the region where MMPs are linear for a binary methane-CO2 
mixture. The linear region is extrapolated to 100% contamination to obtain 
MMPi* used in the linear interpolation given by Eq. 5.1. 
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Figure 5.2:  Tuned critical properties for oil A fluid characterization showing preserved 
trend with molecular weight. a) critical pressures, and b) critical 
temperatures. 
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Figure 5.3:  Match of oil A fluid characterization to bubble-point pressures from 
swelling test data (shown as solid dots).  The match is excellent and 
correctly predicts the bubble-point pressure at 60% CO2 mole fraction.   
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Figure 5.4:  Calculated key tie lines for displacement of oil A by pure methane.  The tie-
line length for tie-line 2 (one of the crossover tie lines) becomes zero at the 
MMP of about 4367 +/- 2 psia.  Tie-line 1 is the oil tie line, and tie-line 11 is 
the gas tie line.  

MMP 
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Figure 5.5: Comparison of MMP values for CO2/C1 using mixing cell method and those 
predicted from the extrapolated MMPs.  The extrapolated MMPs are nearly 
equal to the pure-component MMPs for all components, except for nitrogen.     
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Figure 5.6:  Comparison of all MMP values from mixing cell and those predicted using 
Eq. (1).  The average root mean squared error in the MMP is 15 psia.  
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Figure 5.7:  Oil B MMPs at 160oF for CO2 binary gas streams contaminated by N2, C1, 
and C2.  The impure MMPs are calculated using our mixing-cell method.  
The pure-component MMPs were calculated using MOC, and were verified 
using the mixing-cell method.  The RMSE error of the linear fits to all 
binary data is 78 psia.  
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Figure 5.8:  MMPs calculated using Eq. 1 (x-axis) agree to within +/- 64 psia (RMSE) of 
the calculated mixing-cell MMPs for a variety of multi-component gas 
compositions given in Table 5.5 and for binary data shown in Figure 5.7.    
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CHAPTER 6: SUMMARY, CONCLUSIONS, AND 
RECOMMENDATIONS FOR FUTURE RESEARCH 

 

6.1 SUMMARY AND CONCLUSIONS 
In this research, we have addressed the objectives described in Chapter 1. The 

objectives of the present study were to: 

4. Develops a new mixing cell method for estimating the MMP. The research 

shows that the mixing cell results are consistent with those of the MOC and 

that the new method is more robust than the MOC for some displacements. 

5. Identify a number of problems in MOC methods. The problems were related 

to assumptions of MOC methods that may not be true for complex oil and gas 

systems. As a result, MOC methods can fail or lead to a wrong answer.  

6. Develop a new, simple method of estimating the MMPs of contaminated gas 

mixtures. This model is quite useful for estimating the MMP when the 

injection gas—for example CO2—is contaminated with small amounts of 

other gases such as C1 or H2S. The model uses only a few pure components 

MMPs and can be readily applied by field engineers. 

First objective was to develop a new mixing cell method to estimate MMP. The 

conclusions regarding the first objectives were: 

1. A true mixing-cell model was developed for estimating MMP (or MME) and 

the key tie lines in the composition path.  The method is simple, robust, and 

faster than conventional 1D slim-tube simulation.  
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2. The new mixing-cell method can accurately find all key tie lines for a 

displacement, regardless of the number of components in the injection gas and 

reservoir fluid.  Unlike other mixing-cell methods, our method automatically 

corrects for dispersion by performing additional contacts until a small 

tolerance in the tie-line slopes are met.   

3. The results of the mixing-cell method agree well with the MMP and key tie-

lines from our analytical MOC software and from slim-tube experiments.  The 

tie lines determined by our mixing cell method may be slightly more accurate 

than those obtained by an MOC calculation that is based on the assumption 

that all the tie lines are connected by shocks, when the actual displacement 

includes rarefactions between tie lines.  

4. The mixing-cell method is accurate for all displacement types, including 

combined condensing/vaporizing drives.  

5. The speed of the mixing-cell method in estimating MMP can be substantially 

increased by a novel extrapolation technique described in example 4 that 

allows for positive and negative tie-line lengths. 

The second objective was to identify the problems with MOC methods. In this 

regard, we make the following conclusions: 

1. The research shows current MOC-based methods that assume shocks between 

key tie lines can lead to incorrect MMP predictions when the tie-line lengths 

are not monotonic between each successive key tie line.  

2. MOC methods for MMP prediction should include a check of the tie-line 

lengths along a mixing line from each successive key tie line to the next.  If a 

shorter tie line exists it could control miscibility instead of the oil, gas, or 

crossover tie lines. 
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3. Checking for the shortest tie line along mixing lines between key tie lines can 

correctly identify that an error may exist in the MMP.   Including this tie line 

also allows for a better prediction of the MOC MMP, although the MMP may 

still be in error. 

4. MOC methods may also fail to find a solution when the K-values are not 

strictly ordered from one key tie line to the next.   This problem is easily 

corrected if the components are reordered at each successive key tie line in the 

calculation. 

5. The newly developed multiple mixing-cell MMP, described in Chapter 3, is 

more reliable than MOC methods as it is not adversely affected by K-value 

ordering or the assumption that tie-line lengths must be monotonic from each 

key tie line to the next.   MOC methods are highly accurate, however, when 

tie-line lengths are monotonic between the consecutive key tie lines, and this 

can now be easily checked. 

 

The third objective was to develop a simple model to estimate MMP for impure 

CO2. The following conclusion regarding the third objective can be made: 

1. A very simple, rapid, and practical method was developed to calculate impure 

CO2 MMPs for any number of gas components and mole fractions based on a 

few MMP values.  The approach requires knowing the pure CO2 MMP, and 

one binary mixture MMP for each additional gas component at the maximum 

contamination level desired.  These MMPs can be obtained using any reliable 

method, such as slim-tube experiments, slim-tube simulation, MOC, or 

mixing-cell methods.  We also demonstrated how to examine the sensitivity of 

the local displacement efficiency to reservoir mixing and contaminant level.   
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2. MMPs for injection gas mixtures with two or more components lie 

approximately on a linear mole-fraction weighted interpolation of the pure 

CO2 MMP and binary MMPs calculated at a small contaminate mole fraction.  

The accuracy of the method depends on selecting binary MMPs that lie along 

the linear portion of the MMP versus mole fraction curve.  This simple result 

allows accurate MMPs in the linear region to be estimated for any level of 

contamination with  any number of gas components. 

3. The validity of model was shown with two examples: Oil A and Oil B. Oil A 

showed a nearly linear MMP with mole fraction for each gas component 

mixed with CO2, except for nitrogen.  Oil B exhibited highly nonlinear MMPs 

for most of the impure components.  The MMPs for both oil displacements, 

however,  were well modeled by linear trends up to 20% mole fraction of the 

impure components.  The maximum contamination level that can be modeled 

depends on the reservoir oil considered and the accuracy desired.   

 

6.2 RECOMMENDATIONS FOR FUTURE RESEARCH 

We have identified at least five areas of this research that need further research. 

The first area is the application of mixing cells to predict MMP for a three-phase 

displacement. Extension of two-phase mixing cell method to three phases requires the 

handle of the contacts of a third phase with oil and with gas. It no longer suffices to 

assume gas moves ahead and contact oil.  The challenge is to determine how to move the 

two liquid phases. The research on three-phase displacement involving CO2 by Okuno 

(2009) may be helpful in developing such a model. 
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The second area is optimizing the mixing cell parameters to reduce the 

uncertainly range of the estimates and to increase the speed of calculation. We have 

briefly discussed the impact of parameters α and m in the development of tie lines and 

uncertainly of estimates. It may be possible to further optimize these two parameters. For 

example, parameter α can change dynamically during calculation, thus directing the 

results toward the development of a certain tie line, which reduces the number of 

calculations and time for each trial pressure. Similarly, the range of parameter m may be 

optimized to decrease the range of uncertainty of the results. 

The third area is the development of MOC solution for phase behavior that has 

hourglass shape and discussed in Chapter 4.  No solution exists in the literature for such 

systems. Constructing an analytical solution for those cases may help create a more 

robust MMP estimation algorithm based on MOC.  Determination of whether the 

bifurcation tie line plays any role in the analytical solution is an important part of MOC 

development. Similarly important is the detection of whether phase behavior has a 

potential of bifurcation, before starting the MMP calculation. 

The fourth area is the experimental verification of the impact of bifurcation on 

MMP. We suggest slim-tests for a four-component displacement whose phase behavior 

has bifurcation. Three-component displacements described in Chapter 4 may be helpful 

in identifying such a four-component system. 

The fifth area for research to examine why for some oils MMP shows a nonlinear 

trend with an increase in gas contamination (as seen in Oil B described in Chapter 5), and 

others does not. The answer to this question may refine the method presented in Chapter 

5, or may lead to a more general method of MMP estimation for contaminated gas 

mixtures. 
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Appendices 

 

APPENDIX A: ENHANCEMENT TO LI-JOHNS CONSTANT-K WINDOW OF SEARCH 

Li-Johns (Li 2007) is a constant-K flash calculation method that is an alternative 

to RachFord-Rice method (Rachford and Rice 1952). Li-Johns method is especially 

useful in negative-space flash calculations. Therefore, it is recommended for calculating 

MMP when using MOC. We have enhanced the Li-Johns procedure to include a narrower 

window of space when composition to be flash falls in negative space (that is at least on 

zi < 0). In this appendix, the method is first described. Next the enhancement in window 

search is presented. Finally examples are given to show the robustness of the method. 

 

A.1 Li-Johns Formulation 

Li-Johns method relies on an objective function that is derived through 

transformation of the original composition. The derived objective function is: 
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The details of the transformation is described in Li (2007) and Li and Johns 

(2007).  The procedure based on the Li-Johns objective function is as follows: 

1. Sort the K-value of the components from the largest to smallest so that 

K1>1>KNc. 

2. Pick a guess for x1. 
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3. Find a upper limit and lower limit of window of search for the solution. This 

window is only works when overall composition is positive (zi > 0). 
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 (A.2) 

 

4. Solve new objective function, Equation (A.1), that is based on x1. Newton-

Raphson technique is quite effective because the function is linear and there 

are no asymptotic poles in the window of search.   

5. Once x1 is found, the rest of xi are found using inverse transformation. 
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6. Finally, yi are found through K-value definition. 

 

        1...i i i Cy K x i N= =  (A.4) 

 

The original window of search shown in (A.2) is only applicable when the overall 

composition lies in positive space. However, negative space flash calculation is essential 

for the purpose of MMP calculation using MOC. One can derive a new window of search 

when overall composition lies in negative space.  

We start by deriving the upper bound for each xi. Since K1>1>KNc then 

Ci i N iK x K x≥ . Therefore: 
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From (A.5) one can conclude: 
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Substitutes 1 in x1max for any i to arrive at  
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Equation (A.7) express the upper bound  xi. To derive a window let 
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(A.8) 

Inversion of Equation (A.8), and substitution of Equation (A.3) for xi gives,     
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Because  1 1 0K − > , we have after some rearrangement and inversion,    
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when ( ) 11 / 0i iK z z− >  and 1 0x > .  Thus, when both ( ) 11 / 0i iK z z− >  and  1 0x > , we have, 
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If a negative value is obtained in the brackets of Eq. A.11, that value must be 

discarded since it implies 1 0x < .  When ( ) 11 / 0i iK z z− < , the inequalities in Eq. (A.9) are 

reversed, and we have, 
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Therefore the new window is defined as  

 

1min 1 1maxx x x≤ ≤ . (A.13)

 

A.2 Examples 

The following examples show the effectiveness of the enhanced window of 

search. The first example is a three-component system with K1=5.0, K2=2.0, and K3=0.5.  

The enhance window was applied for a range of overall composition that lay in negative 

space. The results, shown in Fig. A.1 and given in Table A.1, indicate the success of the 

approach in finding the solutions. 

The second example shows inadequacy of the original window of search for 

negative space flash. For this example, the composition and the K-values are given in 

Table A.2. The original window of search derived by Li (2007) is  0 < x1 < 0.111, 

however, the enhanced window indicates that x1 < 0 and x1 > 0.44 which clearly, and 

correctly, shows there is no solution for the given composition. 

The third example shows that using the original window may result in failure 

(again, the window is not originally derived for negative overall composition). The 

composition and the K-values for this example are given in Table A.3. The original 

window of search indicates that 0 <  x1 < 0.067, however the enhanced window of search 
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suggests that 0.0169 < x1 < 0.049. The visual inspection of root between 0 and 0.067, 

shown in Figure A.3, indicates there are three roots and two asymptotes exist in the 

original window of search, while for the enhanced window there are only two roots. Both 

roots in the in the enhanced version’s window are valid. The valid roots and resulting 

composition are given in Table A.4. 

The last example shows that even for a positive overall composition, the enhanced 

method can result in a smaller window of search.  Consider the composition and K-values 

that are given in Table A.5. The original window of search is applicable here and results  

in  0.00166 < x1 < 0.1667, while the enhanced window of search suggests that 0.00171 < 

x1 < 0.0214.  The valid root is x1 = 0.00222. Visual inspection of the objective function, 

shown in Figure A.4, indicates that the enhanced window is also more effective because 

it limits the objective function to a linear region, while the original window of search 

includes a slight non-linearity close to the lower boundary of the window. 
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Table A.1: Overall compositions indicated on Fig A.1. Letter z in the table indicates the 
overall composition. 

Points Comp. A B C
z -0.5196 -0.0402 1.5598
x 0.0912 0.0596 0.8491
y 0.4562 0.1193 0.4246
z -0.4873 -0.1063 1.5937
x 0.0728 0.1150 0.8122
y 0.3638 0.2301 0.4061
z -0.4472 -0.1764 1.6236
x 0.0593 0.1554 0.7853
y 0.2966 0.3108 0.3926
z -0.3969 -0.2516 1.6484
x 0.0478 0.1899 0.7623
y 0.2391 0.3798 0.3812
z -0.3317 -0.3342 1.6658
x 0.0369 0.2228 0.7404
y 0.1843 0.4456 0.3702
z -0.2398 -0.4301 1.6699
x 0.0249 0.2588 0.7164
y 0.1243 0.5175 0.3582
z -0.1536 -0.5032 1.6568
x 0.0154 0.2873 0.6974
y 0.0768 0.5746 0.3487
z -0.1091 -0.5355 1.6445
x 0.0108 0.3010 0.6882
y 0.0539 0.6020 0.3441
z 0.0000 -0.6000 1.6000
x 0.0000 0.3333 0.6667
y 0.0000 0.6667 0.3333

7

8

9

3

4

5

6

1

2
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Table A.2: Compositions and K-values used in the example 2.  

Comp. z K
A -0.2 9
B 0.47 6
C 0.15 4.5
D 0.13 3.8
E -0.08 2.78
F 0.23 1.2
G 0.2 0.018
H 0.1 0.0009  

 

 

 

Table A.3: Compositions and K-values used in the example 3.  

Comp. z K
A 1.954 15
B 1.175 7.75
C 0.542 3.5
D 0.157 1.5
E 0.023 0.88
F -0.11 0.6
G -1.348 0.0018
H -1.393 0.00009  
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Table A.4: Solutions to the roots shown in Figure A.3.  

Comp. R1 R2 R3

x1 0.0275 0.0175 0.0587
x2 0.0338 0.0216 0.0709
x3 0.0402 0.0261 0.0801
x4 0.0449 0.0317 0.0729
x5 0.0575 0.4554 0.0318
x6 0.1100 0.0508 -1.4169
x7 0.3378 0.1954 1.0355
x8 0.3483 0.2015 1.0669

* Roots are shown in bold  

 

 

 

Table A.5: Compositions and K-values used in the example 4.  

Comp. z K
A 0.01 6
B 0.17 4
C 0.1 3
D 0.179 2
E 0.2 1.2
F 0.1 1.01
G 0.17 0.4
H 0.05 0.02
I 0.02 0.001
L 0.001 0.00009  
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Figure A.1: Example of a range of overall compositions, which lay in negative space, 
flashed with enhanced Li-Johns window of search. 
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Figure A.2: The enhanced Li-Johns search window is x1 <0 and x1 > 0.44 (not shown), 
which correctly identifies that there is no solution for the given composition 
and K-values.  
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Figure A.3: The enhanced Li-Johns window of search is 0.0169 < x1 <0.049, which 
contain two valid roots (details are given in Table A.4). 

 

 



 139 

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.0016 0.0017 0.0018 0.0019 0.002 0.0021 0.0022 0.0023
X1

F
(x

1)

enhanced window

original window

root

0.0214

0.1667

upper boundary x1

 

Figure A.4: For this positive overall composition, given in Table A.4, the enhanced Li-
Johns search window is smaller and more effective than the original search 
window.  
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APPENDIX B: PENNPVT TOOLKIT  

PennPVT was developed to demonstrate the techniques given in this dissertation 

for MMP determinations. Appendix B is intended to be a manual for PennPVT and is an 

independent document. Figures and tables numbering is therefore different from the rest 

of the dissertation. 
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PART I – PENNPVT SPREADSHEET 

 

PennPVT is a phase behavior calculation toolkit developed in the Gas Flooding Joint 

Industry Project at the University of Texas at Austin.  The toolkit incorporates the latest 

research in the area of minimum miscibility pressure (MMP) calculation and is 

distributed solely for the use of the sponsors of the Gas Flooding JIP.  Currently, the 

PennPVT Spreadsheet features consist of phase equilibrium calculations for two phases 

(PT flash calculations) and minimum miscibility calculations (MMP calculations) for 

pure gases.   The following sections explain these features in detail.   

 

1.  Overview 

 This section provides a general overview of the toolkit.  The toolkit has three 

worksheets: the Data, BIPs, and Comp Data sheets. Removing or renaming any of these 

will cause irreparable damage to the PennPVT program. 

 

The Data sheet is the main worksheet where calculations are set up and executed.   A 

typical screenshot of Data sheet is shown in Figure 1.  The sheet can be divided into two 

parts.  On the left, are the components, and an area where the conditions and tolerance of 

the calculations are defined; on the right, the gray area is where calculations are set up.    

 

 
Figure 1 –  Data sheet.   
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The BIPs sheet is dedicated to the values of the binary interaction parameters for each 

pair of components.  Figure 2 is a screenshot of the BIPs sheet.  Because BIPs are always 

symmetric, the upper triangle of the BIPs matrix is discarded (the gray parts in Figure 2).   

 

 

Figure 2 – BIPs sheet.   

 

The Comp Data sheet is a table of the components and their physical properties.   The 

data on this sheet are only used when a user chooses to automatically fill the properties of 

the components or select the library components.  Users can add to, delete, or modify the 

component data at any time.   Users can set up and carry out calculations without using 

the Comp Data sheet by entering the component data directly onto the Data sheet.  

Figure 3 shows a screenshot of the Comp Data sheet.   
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Figure 3 – Comp Data sheet.   

2.  Settings  

The PennPVT Spreadsheet uses cubic equations of state (EOS) for both flash and MMP 

calculations.  The Settings button on the Data sheet provides options for the type of EOS 

and tolerance (precision) of the calculations.   Figure 4 shows these options.   

 

‘g’ determines if the components 
can be listed as gas.  
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Figure 4 – Settings form.   

 

1: EOS 

The user can choose among the four cubic equations of state.  The Appendix of this 

manual gives details about the equations of state that can be used.   

 

2: Add Oil Components 

With this option, the user can select the library component.   The list is composed of 

the components in the Comp Data sheet.   The user can select multiple components 

using the Ctrl or Alt keys (Figure 5).   

2 

1 3 

4 
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Figure 5 – Add component dialog box.   

 

3: Tolerances 

Tolerances determine the precision of the phase equilibrium calculations.   The 

criteria for equilibrium are ˆ ˆ/ 1L V
i if f Tol− <  where îf denotes the fugacity of 

component i in phases L and V and Tol is the tolerance of the calculations.   

 

PennPVT uses two methods to iterate during equilibrium calculation: successive 

substitution (SS) and the Newton-Raphson method.   While the SS method is robust, 

it is slow, especially at near-critical conditions (a linear convergence rate).  The 

Newton-Raphson method, on the other hand, is fast (a quadratic convergence rate) 

but depends on the initial guess, and can fail to converge to the solution.   PennPVT 

combines the two methods for a solution that is both quick and robust.  It starts 

with the SS method until the Switch tolerance is met, so that 

ˆ ˆ/ 1L V
i if f Switch Tolerance− < .  Then, using the current stage as a reliable initial guess,  

it switches to the Newton-Raphson steps and iterates until the Final tolerance is met 

for all components, that is ˆ ˆ/ 1L V
i if f Final Tolerance− < .  When the final tolerance is 

met, PennPVT considers the calculation complete and outputs the results.  
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4: Find Properties 

The user can enter the name of the component directly to the sheet and use this 

option to find the properties. 

 

The ser can also change the settings on the sheet by changing the values in the related 

cells on the Data sheet (Figure 7).   

 

 

 
Figure 7 

1: Direct input 

The user can directly input the components and the relevant parameters.   

 

2: Tolerances 

The user can change the tolerances.    

 

3: Equation of state 

The user can choose the EOS with this drop-down menu.   

 

 

4: Pressure and Temperature 

The pressure and temperature of the component can be entered to these cells.   

 

5: Calculation Panel 

Calculations are set up and run through the corresponding icons. 

1 

2 3 4 5 
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3. Fluid setup  

This section demonstrates the basics of fluid setup in steps. For each calculation, there are 

minimum required inputs, which are given in Table 1. In the table, the symbol ‘ ’ 

indicates that the parameter is required for the calculation while ‘-’ means the parameter 

will not be used in the calculation. 

 
Table 1 – Required input for each of the calculations. 

Input Unit Flash MMP Contacts

Oil zi fraction

Gas zi fraction -

Tc 
oF

Pc psia

ω - acentric factor

Vol. Shift   ft3/lb-mole optional - - volume shift; used for density calcualtions

Mw lb/lb-mole optional - - used for density calculations

Ωa
-

Ωb
-

Vc    ft3/lb-mole optional - - used for viscosity calcualtions
 

 

3.1 EXAMPLE OF A FLUID SETUP 
An example is given here to show how a fluid is set up. The example is a fluid  modeled 

with PR78. Tables 2a and 2b give the parameters and composition of this fluid.  



 

            

            

           PennPVT Spread sheet and Functions          8      

 

             

 151

 
Table 2a -  Fluid composition and properties for example 1. 

Oil zi Tc (oF) Pc (psia) ω Vol Shft* Mw Vc (ft3/lb-mol)

CO2 0.0175 87.8900 1069.8700 0.2250 -0.0300 44.0100 1.5100

C1 0.3000 -116.5900 667.2000 0.0080 -0.0833 16.0430 1.5900

C2 0.1525 90.0500 708.3500 0.0980 -0.0927 30.0700 2.3700

C3 0.0850 205.9700 615.7600 0.1520 -0.1000 44.0970 3.2500

C4 0.0975 305.6900 551.1000 0.1930 -0.1000 58.1240 1.4400

C6 0.0825 453.6500 430.5900 0.2960 0.0223 86.1780 5.9300

C14 0.0750 729.4220 279.1600 0.7270 0.2000 190.0000 12.5400

C15+ 0.1900 960.5300 148.4300 0.8910 2.1600 310.6090 23.2500  
 
Table 2b – Binary interaction parameters (BIP) for example 1. 

CO2 C1 C2 C3 C4 C6 C14 C15+

CO2 - - - - - - - -

C1 0.120 - - - - - - -

C2 0.120 0 - - - - - -

C3 0.120 0 0 - - - - -

C4 0.120 0 0 0 - - - -

C6 0.120 0 0 0 0 - - -

C14 0.010 0 0 0 0 0 - -

C15+ 0.010 0 0 0 0 0 0 -  
 

The steps to set up the fluid are as follows: 

 

Step 1. In Data sheet, clear the component data if there are any (Figure 8).  There 

are three methods of entering the components and properties. For the 

example here, we will use all the methods to input the fluid. 
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Figure 8  

 

Method 1: Enter the name and use the Find Properties options in 

Settings. This method only works for library components that are listed in 

the Comp Data sheet, and it requires two steps. For the given example, 

the first step is to enter CO2, C1, C2, C3, nC4, and nC6 as shown in 

Figure 9. The second step is to use the Find Properties button in the 

Settings form as shown in Figure 10. The results of calculation are shown 

in Figure 11. 

 

 

 
Figure 9 
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Figure 10 

 

 

 
Figure 11 
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Method 2: Use the Add Oil Components button in the Settings form and 

select the desired components from the list (Figure 12). 

 

  
Figure 12  

 

For the given example, chose C14 from the list and Add them to the sheet.   

Note that the user can use the Ctrl or Shift key to select and add multiple 

components at any time (Figure 13).    
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Figure 13 – Step 3: Multiple components can be selected at once with Ctrl or Shift.   

 

Figure 14 demonstrates the results of using method 2. 

 

 
Figure 14 

 

Method 3: Pseudo-components, such as C15+ in the example, are added 

manually.   It is possible to add pseudo-components to the library as 

needed or to modify the existing component in the Comp Data sheet.   
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Figure 15 – Pseudo-components can be added manually.  

 

Step 2. Enter the composition under Oil zi.    

Step 3. If the EOS is not set to PR78, select PR78 from the drop down menu. 

PennPVT prompts before changing the values of EOS parameters,Ωα and 

Ωβ (Figure 16).  Selecting Yes updates the values to the default of the 

selected EOS; choosing No keeps the current values in place (Figure 17). 

 

 
Figure 16 
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Figure 17 

 

Step 4. Enter the binary interactions parameters in the BIPs sheet as shown in 

Figures 18a, 18b, and 18c. 

 

 
Figure 18a 
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Figure 18b 

 

 

 

 

 
Figure 18c 
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4. Flash Calculations 

Two-phase equilibrium calculations in the PennPVT Spreadsheet are performed with the 

Flash button, , in the Data sheet.  PennPVT Spreadsheet uses the Li-Johns function [2] 

instead of traditional Rachford-Rice [4].  Li-Johns is more robust, particularly for 

negative flash, and for negative overall composition flash, which is common in MMP 

calculations. The PennPVT Flash option uses Wilson’s [1] correlation to generate an 

initial guess for the calculations.  

 

Upon clicking on Flash button, a dialogue box appears and a name is automatically given 

for the resulting sheet (Figure 19).   

 

 
Figure 19 – Input a name for the output of the flash calculations.   

 

The program creates a sheet with the given name and outputs the results to it.  Figures 20 

and 21 show how the results are presented.   

 

 
Figure 20 
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Figure 21 – The results of a typical flash calculations.   

1: Input 

User input for this particular calculation 

 
2: Results 

 xi: Fraction of component i in liquid (or less volatile) phase fraction.   

 yi:  Fraction of component i in vapor (or more volatile) phase fraction.   

 Ki: K-value of component i defined as yi/xi.   

 fiL: Fugacity of component i in liquid phase.   

 fiV: Fugacity of component i in vapor phase.    

fiz:  Fugacity of pure component i.    

  ρ : Density of the liquid phase in lb-mass/ft3.  

 Mw: Average molecular weight of the phases.  

1 

2 
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4.1 EXAMPLE FLASH CALCULATIONS 
In this example, oil that is setup in section 2 (Fluid Setup) is flashed to standard 

conditions. For this purpose, we take the following steps: 

Step 1. Follow section 2.1 to set up the fluid given in Tables 2a and 2b. 

Step 2. Change the pressure and temperature on the Data sheet to 14.7 psia and 

68oF, as shown in Figure 22.  

 

 
Figure 22 

 
Step 3. Select Flash option, , on the calculation panel. 

Step 4. Enter a name for the output sheet, then hit the ‘Run ->’ button (Figure 23).   

 

 
Figure 23 
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Step 5. The program performs flash calculations and creates a results sheet with 

the given name (Figure 24).   

 

 
Figure 24 
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4.2 TROUBLESHOOTING  
The initial guess is a source of potential convergence problems in PennPVT. There are 

two reasons for potential convergence problems related to the initial guess: Wilson’s 

correlation and insufficient Successive Substitution steps (a large Switch tolerance). 

 

PennPVT uses Wilson’s correlation to generate initial guesses. In rare flash calculation, 

Wilson’s correlation may not be adequate. As a result, the flash calculation may converge 

to a trivial solution or not converge at all. If there are reasons to suspect the initial guess 

for having convergence issues, the user can supply initial guesses as flash inputs. To 

supply initial K-values, column M of Data sheet may be utilized as shown in Figure 25. 

 

 
Figure 25 

 

If supplied, the Flash program uses the values given in column M as initial K-values; 

otherwise, it uses Wilson’s correlations to generate initial K-values. It is strongly 

recommended to keep column M clear, except for seldom-needed uses.  

 

Insufficient Successive Substitution (SS) steps are the second reason for a potential 

convergence problem.  PennPVT uses the slower SS method to obtain a reliable initial 

guess instead of the faster, but less robust, Newton-Raphson (NR) method.  For the 

details about how PennPVT uses SS steps, see the description on Tolerance in Section 
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2.1. If not enough SS steps are taken—in other words if switch Tolerance is too large—

the initial guess obtained for NR from SS is inadequate and may cause convergence 

problems. In these cases, PennPVT prompts the user about the NR convergence. As a 

solution, it is recommended that the user lower the Tolerance by one or more orders of 

magnitude.  

5. MMP Calculation – MOC  

PennPVT can calculate the minimum miscibility pressure (MMP) based on the method of 

characteristics (MOC). The MOC method generally assumes that the displacement can be 

described with a set of key tie lines whose extension intersects sequentially.  Miscibility 

is achieved when one of these key tie lines intersects the critical point (becomes a tie line 

with zero length).  A critical assumption in using the MOC to calculate MMP is that there 

are only shock jumps among the key tie lines. A detailed discussion about the application 

the method of characteristic can be found in references [5] to [10].  A discussion of the 

limitations of the method can be found in reference [12].   

 

PennPVT finds all the key lines at a given pressure with a series of negative-space flash 

calculations.  Then PennPVT finds the tie line of a minimum length.  The current 

implementation procedure is found in [11].  The current implementation of the MOC can 

only calculate MMP for pure gases.  For gas mixtures, the Mixing Cell method is 

available in PennPVT.  The MMP is the pressure at which the minimum tie-line length is 

less than a previously set value.  The definition of tie-line length is as follows: 

 

|| ||x y−   (1) 

 

where x and y are equilibrium compositions (vectors).   A prerequisite for MMP 

calculation is to have the oil composition already specified on the Data sheet.    
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5.1 MMP SETUP 

MMP calculation is invoked by the MMP button, , on the Data sheet.   From available 

methods, select Method of Characteristics (MOC) as shown in Figure 26. 

 

 
Figure 26 

 

The MMP calculations setup has three steps.  The first step is to select the injection gas 

and specify the temperature and initial pressure.  The second step is to specify the binary 

interaction of the gas and the criteria of the terminations.  The third step to set the options 

of the calculation such as tolerance values.   

 

Step 1: Gas selection  

The first step is to choose the gas and initial conditions for the calculations.   Figure 27 

shows the screen.   
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Figure 27  

 

1: Gas selection 

The user can select a gas from the library (Comp Data sheet).  The drop-down 

menu lists the components that are labeled as gas in the Comp Data sheet (see 

Figure 4).  The user can modify the gas choice or create a new gas.  If the user has 

already added the gas to the list of components on the Data sheet, the Gas 

Component shows the user’s choices.  The user can add the gas to the data sheet 

prior to clicking on MMP calculations by entering 1.0 on column labeled Gas zi .  

See Figures 28 and 29 for clarification.   

 

1 

2 
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Figure 28 – Adding a gas manually to the sheet.  

 

 

Figure 29 – The added gas on the sheet is detected by the setup form.  

 

2: Temperature and initial pressure  

Calculations are performed at a constant pressure determined by the user.  The user 

also needs to specify a starting pressure.  It is important to choose a starting pressure 
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that is far from the MMP. If a pressure larger than MMP is selected as the initial 

pressure, the program prompts for a lower initial pressure and terminates.   The 

PennPVT finds the MMP with pressure steps.  At each step, the program builds the 

MMP estimate using the information from the previous step.  The information from 

the previous pressure especially becomes valuable at a pressure near the MMP.   

 

Step 2: BIP 

In step 2, the user confirms or modifies the BIP (Figure 30). 

 

 
Figure 30 

 

1: BIPs  

Selecting the View/Change all BIPs button takes the user to the BIPs sheet, where 

it is possible to view and change the BIP.  Figure 31 shows the screenshot after 

selecting View/Change all BIPs.    
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Figure 31 – After the BIPs have been edited, the ‘Done!’ button takes the user back to the setup form. 

 

Step 3: Options 

In step 3, the user sets the termination criteria and specifies the output sheet (Figure 32).   

 

 

Figure 32 

1 

2 
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1: Options 

The user can specify the criteria by which the calculation is terminated.  These 

criteria are as follows: 

1.  (Predicted MMP – P ) < x 

At each pressure step, PennPVT linearly extrapolates the minimum tie- 

line length of the last two steps to estimate the MMP.  This criterion 

specifies how close the estimate of the MMP can get to the current 

pressure before the program terminates.  In essence, this option 

specifies how accurately the MMP should be calculated.  

 

2. Pressure step < x 

PennPVT starts the calculation from the initial pressure specified by the 

user and increases the pressure by steps.  The size of each step is the 

inverse of the minimum tie-line length.   Therefore as the pressure nears 

the MMP, the program takes smaller steps.   This option determines what 

is the smallest step that the program can take.   

 

3. Refine steps when minimum tie-line length < x 

The user can force the program to take smaller steps.  Smaller steps 

provide a better initial guess for the next pressure and this is helpful in 

some difficult cases.  This option allows the user to specify a minimum 

tie-line length after which the program takes much smaller steps.  The 

size of the steps will depend on the current tie-line length values.   

 

2: Output sheet 

The user specifies a name for the output sheet.  The program creates the sheet and 

adds it to end of the sheet list.   
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5.2 MMP RUNTIME 
 The calculation begins when Start Calculation is selected from the second setup 

window (see Figure 32).  During the calculation, the program shows the MMP 

Calculations window, similar to Figure 33.   

 

 
Figure 33 – MMP runtime window.   

 

1 

2 

3 



 

            

            

           PennPVT Spread sheet and Functions          29      

 

             

 172

1: Current pressure and minimum tie-line length 

The top part of the windows displays the current action, pressure, and the minimum 

tie-line length 
 

2: Progress bar 

The progress bar shows how close the current pressure is to the MMP estimates.   

The estimation is based on linear extrapolation of last two pressure steps.   

 

3: Information window 

The information window updates the user with the current processes and the steps 

that the program takes to build the solution.   

 

When the calculation is finished or terminated, an OK button appears on the update 

window.  Figure 34 shows a complete calculation.  Note that the calculated MMP is 

shown as a range.   The range is determined by linear extrapolation of the last two 

minimum tie-line lengths to zero tie-line length.  
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Figure 34 – MMP calculation is completed. 

5.3 MMP RESULTS 
The results of the MMP calculations are presented in a sheet similar to Figure 35.  The 

top part of the sheet shows the setup of the problem.  The bottom part lists the length of 

key tie lines at each pressure.  They are labeled Oil Tie, Tie 2, …, Gas Tie, respectively, 

from the oil tie line to the gas tie line.  The results also list the K-values of the component 

of the tie lines with the minimum length for each pressure.    
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Addition of Min Tie column. In some cases, a last column titled Min Tie is added after 

the K-values.  A non-zero value of Min Tie for a particular pressure means that a tie line 

other than the key tie lines has the minimum length.  In other words, the shock jump 

assumption does not hold for that particular pressure and a smaller tie line length is found 

from one key tie line to the next.  For the details and discussion of this subject, see 

reference [12]. 
 

 
Figure 35 – Results of MMP calculations.   
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The tie-line length and K-values are also plotted with the pressure to show the quality of 

the solutions.  Figure 36 shows an example of the plots.  The K-values plot in Figure 36 

shows all the K-values converging to 1 at MMP.  

 

Note: In some cases the K-values plot is not continuous.  The discontinuity is due to the 

fact that K-values at each pressure are only given for the tie line with the minimum 

length.   Thus, a K-value discontinuity can be due to a change in the key tie line with the 

minimum tie-line length. 
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Figure 36a 
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Figure 36b.   

5.4 EXAMPLE MMP CALCULATIONS WITH THE MOC METHOD 
The example shows all the steps of a typical MMP calculation.  This example uses 

displacement described by Orr and Wang [13] at 160oF.  The parameters for the PR78 

EOS are given in Table 3.  Wang and Orr reported a MMP of 2380 psia for displacement 

of this oil with CO2.  The following steps show how this is done.   
 

Table 3 – Composition, properties, and BIPs of the oil example given by Orr and Wang [8]. 

Oil zi Tc (oF) Pc (psia) ω CO2 C20 C14 C10 C4 C1

CO2 0.0500 87.8900 1069.8700 0.2250 - - - - - -

C20 0.2000 920.8400 161.4000 0.9070 0.0865 - - - - -

C14 0.1000 729.4220 279.1600 0.7270 0.1098 0.0000 - - - -

C10 0.4000 611.1610 353.7600 0.5764 0.0942 0.0000 0.0000 - - -

C4 0.0500 305.5800 550.7000 0.2010 0.1257 0.0000 0.0078 0.0080 - -

C1 0.2000 -116.5900 667.2000 0.0080 0.1000 0.0540 0.0725 0.0420 0.0270 -  
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Step 1. Setup the oil components first.  Enter the temperature of displacement and 

chose the PR78  EOS (Figure 37).   

 

 
Figure 37   

 

Step 2. Click on MMP icon and select Method of Characteristics from the 

dialogue (Figure 38). 

 

 
Figure 38   

 

Step 3. Select the MMP icon on the sheet.  In the MMP Setup dialogue box, 



 

            

            

           PennPVT Spread sheet and Functions          35      

 

             

 178

select CO2 as the injection gas from the drop-down menu.   The 

components on this list are compiled from the library components that have 

the letter g in their gas column.  Also change the initial pressure to 300 

psia.   Hit ‘Next->’ to continue (Figure 39).   

 

 
Figure 39   

 

Step 4. In the next dialogue box select View/Change all BIPs (Figure 40).  
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Figure 40   

 

Step 5. Fill the BIP matrix with appropriate values.  When finished, click on 

‘Done!’ and go back to the BIPs dialogue box (Figure 41).  The BIP box 

should now be filled with the BIP values (Figure 42).  

 

 
Figure 41   
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Figure 42   

 

Step 6. In the Options window, leave the termination conditions in the Options 

section as they are, but change the output sheet to MMP Example (Figure 

43).  
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Figure 43   

 

Step 7. Setup is now complete.  Now click Start Calculation to start the process.  

The stages of the calculation are shown through MMP runtime form.  

When the calculation is complete or terminated, an OK button is displayed 

on the form (Figure 44).  The result of the MMP calculation is shown as a 

range; for this example, the MMP is between 2200 psi and 2208 psi.  The 

size of the range depends on the criteria that are input in the Options 

section of the Options dialogue box.  
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Figure 44 – Calculation is complete. 

 

Step 8. Click on the OK to see the results in detail, as shown in Figure 45.  The 

first plot shows the tie-line length of the key tie lines versus the pressure.  

This plot can verify the accuracy and consistency of the results.  The 

second plot shows the K-values of the tie line with the minimum length at 

each pressure versus the pressure.  The plot is essential for verifying the 

results.  As expected in the case of this example, the K-values of the oil tie 
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line (Tie 1) have converged to 1 as the pressure nears the MMP.  

Sometimes the K-values in this plot appear discontinuous; this is because at 

each pressure the K-value of the tie line with minimum length is given on 

the sheet.  Therefore, if the tie line with the minimum length changes, for 

example, from an oil tie line to a crossover tie line, at the next pressure the 

K-values of the crossover tie line are given.  In this example, because the 

oil tie line (Tie 1) becomes the critical tie line (or hits the critical point), the 

process is 100% vaporizing (or 0% condensing).   
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Figure 45 – Results of MMP calculation. 
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5.5  UNCOMMON OR UNUSUAL RESULTS 
In this section, we discuss a few uncommon results, which may occur during MMP 

calculation, and the potential causes of the behavior. 

 

Figure 46 shows tie-line lengths curves are twisted at around 300 pisa. Unfit fluid 

characterization is the likely reason for an unusual trend of tie-line length with pressure. 
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Figure 46 – Unfit/overturned fluid characterization may cause unusual trend in Tie line length. 

 

Figure 47 shows a tie line named Min Tie becomes zero length first and thus controls the 

miscibility for this displacement.  Min Tie is not a key tie line.  Min Tie controls the 

miscibility when a tie line other than a key tie line becomes zero length first.  This 

phenomenon in MMP calculations is called bifurcation and is discussed in detail in [12].  

The Mixing Cell method is more accurate in dealing with bifurcating cases, and thus it is 

recommended that the user re-run the same calculation using the Mixing Cell method. 



 

            

            

           PennPVT Spread sheet and Functions          43      

 

             

 186

 

0

0.2

0.4

0.6

0.8

1

1.2

1.4

0 1000 2000 3000 4000 5000 6000 7000
Pressure,  psia

T
ie

-l
in

e 
L

en
gt

h

Oil Tie
Tie 2
Tie 3
Tie 4
Tie 5
Tie 6
Tie 7
Gas Tie
Min Tie

shortest tie line 
(black) is not a key tie 
li

 
Figure 47 – Min Tie, a non-key tie line, controls the miscibility (becomes zero length first). 

 

Figure 48a shows that two tie lines approach zero at the same time, suggesting miscibility 

is achieved at 800 psia.  Figure 48b, however, shows that the K-values do not approach 

1.0 as expected.  The likely reason for this behavior, which is seen in H2S displacements, 

is that the gas becomes liquid at the pressure where tie lines approach zero length (for 

example see the K-value for H2S  (KH2S) on Figure 48b for this displacement).  
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Figure 48a 

 

0.001

0.01

0.1

1

10

0 200 400 600 800 1000
Pressure,  psi

K
 V

al
ue

s

KH2S
KC10
KnC4

 
Figure 48b 

 

 



 

            

            

           PennPVT Spread sheet and Functions          45      

 

             

 188

6. MMP Calculations – Mixing cell 

PennPVT can calculate the MMP with the Mixing Cell method developed in the Gas 

Flooding JIP.  The details of the Mixing Cell method can be found in [11]. The Mixing 

Cell method is fundamentally different from the MOC in that it not only finds the key tie 

lines but also all the tie lines between the key tie lines. As a result, the method is more 

robust than the MOC.  On the downside, the Mixing Cell method is slower than the 

MOC. The current implementation of the Mixing Cell method in PennPVT, although 

generally more accurate than MOC, is less precise (has a larger uncertainty range).  

 

The Mixing Cell option is invoked by selecting the MMP button,  , and choosing 

Mixing Cell from the available methods (Figure 49).  

 

 
Figure 49 

 

In the next panel, shown in Figure 50, the user can chose the number of contacts 

simulated for each trial pressure.  A higher number of contacts results in a more 

precise estimation but a slower calculation time.  The default number of contacts is 

30. In the same panel, the user can enter the output sheet. Hit Next to go to the next 

panel. 
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Figure 50 

 

1: Contacts 

The user can determine the number of contacts.  This value determines how many 

contacts are made at each trial pressure (for MMP estimation, typically between 5 to 

10 trial pressures are need). The default value is 30.  
 

2: Output sheet 

The results of calculation are output to a sheet with this name. 

 

The next screen is the BIPs review screen, which is similar to the MMP-MOC method 

screen, with replacing  a Run button in place of Next ->.  Similar to the MMP-MOC 

screen, the Mixing Cell screen has run-time window but with a few differences.  Figure 

51 shows an example of this window. 

1 

2 
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Figure 51 – Mixing Cell run-time window. 

 

1: Current pressure and minimum tie-line length 

The top part of the windows displays the current action, pressure, and the minimum 

tie-line length. 
 

2: Progress bar of contacts 

The progress bar shows how the current contacts are progressing.…. 

1 

2 

3 
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3: Information window 

The information window updates the user with the current processes and the steps 

that the program takes to find the solution.   

6.1 MIXING CELL RESULTS 
To describe the results, an example is given below (Figure 52).  The results of the Mixing 

Cell calcaulations are the MMP with an associated range.  

 

 
Figure 52 – An example of Mixing Cell results. 
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1: Results 

The Mixing Cell results are in the form of a pressure with an associated range.  The 

range is determined by the estimates from the last trial pressure.  The mechanism of 

displacement is also reported, though without reporting the condensing/vaporizing 

percentage. 
 

2: Estimates of minimum tie-line length at the trial pressures. 

The m shown at the top of the results refers to the exponent that is used in the 

extrapolation technique.  At each trial pressure, the Mixing Cell method makes a 

specified number of contacts (50 in the example shown here) and estimates the 

minimum tie-line length if an infinite number of contacts were made.  For this 

purpose, the Mixing Cell method tracks the minimum tie-line length with contacts, 

and extrapolates the trend to the minimum number of contacts.  The exponents are 

used to linearize the trend.  The optimum exponent differs from case to case, but is 

in the range of 0.15 to 0.35, with the likely number being around 0.25.  The Mixing 

Cell method uses these values to estimate the MMP and its range.  The MMP 

estimate uses m=0.25 and the range estimates use 0.15 and 0.35 for the lower and 

upper boundary, respectively. If the range is too large, repeat the MMP calculation 

using a greater number of contacts. 

 

3: The estimated minimum tie-line length at trial pressure. 

The plot of the estimated minimum tie-line length versus the pressure is useful in 

quality control. 

6.2 EXAMPLE OF MMP CALCULATIONS WITH MIXING CELL METHOD 
This example uses the same data as that in the MOC section, a displacement described by 

Orr and Wang [8] at 160oF.  The parameters are given in Table 4. 
 

 



 

            

            

           PennPVT Spread sheet and Functions          50      

 

             

 193

Step 1. Set up the oil components first.  Enter the temperature of displacement and 

chose the PR78 EOS (Figure 52). 

 

 
Figure 52 

 

Step 2. Select the MMP from the gray panel and choose Mixing Cell from the 

Available Methods and chose next (Figure 53). 

 
Figure 53 

 

Step 3. In the next panel (Figure 54), the user can choose the number of      

contacts simulated for each trial pressure. A higher number of contacts 

results in a more precise estimation but a slower calculation time.  The             

default number of contacts is 50. In the same panel, the user can enter the 
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output sheet. Hit Next to go to the next panel. 

 

 
Figure 54 

 

Step 4. Similar to the BIPs panel in the MOC method (Figure 55), the next panel 

allows the user to review and change BIPs,.  After entering the BIPs and 

reviewing them, select Run to start the calculation. 
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Figure 55 

 

 

 

Step 5. Once the calculation is completed, the result is displayed in the dialog box, 

as shown in Figure 56. Selecting the OK button, will take the user to the 

output sheet (Figure 47). 
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Figure 56 

 

 

 

 

 

 



 

            

            

           PennPVT Spread sheet and Functions          54      

 

             

 197

 
 

Figure 57  
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7. Contacts 

Contacts is a program that simulates one step of the Mixing Cell method.  For a given 

pressure, it makes a specified number of contacts starting from the oil and gas 

composition.  Once the contacts are completed, the program outputs the compositions of 

the cell and the tie-line length.  The main purpose of the program is to provide the user 

with a tool to inspect the Mixing Cell results if necessary.  Contacts is invoked by the 

Contacts button,     , on the gray panel (Figure 58). 

 

 
Figure 58 

 

1: Number of Contacts 

The user specifies the number of contacts to be made.  The default is 50. 
 

2: Pressure 

1 

2 
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3 
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By default, pressure (and temperature) are set to be those found in the Data sheet 

cells (C2 and C3). However, the user can specify a different pressure using this 

option. 

 

3: Output Sheet 

A worksheet using the given name is created for outputting the results. 

 

4: Three Phase Detection. 

By default, both Mixing Cell and Contacts do not check for the existence of a third 

phase.  If this option is selected, Contacts will run a stability analysis on the resulting 

phases of a two-phase flash. If any of the phases is determined to be unstable, 

Contacts prompts for detection of a third phase. 

 

In the output sheet (Figure 59), tie-line length, K-values, liquid composition, and vapor 

composition of each cell are given on the sheet.  In addition, tie-line length and K-values 

are also plotted. 
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Figure 59 – Contacts output sheet. 
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PART II – PENNPVT FUNCTIONS 

 

PennPVT Functions is a collection of VBA functions for phase behavior calculations.  

These functions are both imbedded in the PennPVT Sheet and distributed through an 

Excel Add-in.  PennPVT Functions enables users to utilize PennPVT Spreadsheet 

components (such as Flash) in VBA programming and on Excel sheet.  

1.  Installation of Add-ins 

The easiest way is to install the add-in through the Add-ins… option.   The following 

steps will install PennPVT on the user’s Excel: 

 

1- Choose Tools from the menu bar.  

2- Select the Add-ins… option.  

3- Select Browse… then PennPVT v3.9.xla from the appropriate folder and hit OK.  

 

PennPVT v3. 0 now appears in the add-ins dialog box and its functions are accessible.  

Removing the check mark by PennPVT v3.9 will uninstall the add-ins, although the name 

will remain in the list with an unmarked checkbox.   

2.  Available functions 

The current version of PennPVT Functions has the following accessible functions: 

1- PennFlash() :  Two-phase flash calculations for use in VBA programming 

2- PennFlash_Sheet() : Two-phase flash calculations for use in Excel Sheet 

3- ReturnText() : Translates the returned code from the PennFlash_Sheet() to the 

corresponding text 

4- PennStable(): Performs stability analysis based on Michelson’s method [3]  

5- PennStable_Sheet(): Performs stability analysis based on Michelson’s method [3] 



 

            

            

           PennPVT Spread sheet and Functions          59      

 

             

 202

in Excel Sheet  

6- PennMMP(): Calculates MMP for pure gases using MOC  

2.1  PENNFLASH() 
The flash function provides a convenient way to include two-phase equilibrium 

calculations in any VBA code.  The function uses an object1 concept to take the inputs 

and return the results.  The PennFlash() function input looks like this: 

 

PennFlash(z(), Component_Properties , T, P , Flash_Settings, initial_k())  

 

 

Below is a description of the PennFlash() arguments according to their orders: 

 

1- z() is overall composition that passes as an array.   Its type is Double2.  

 

2- Component_Properties is an object3 that carries a number of variables such as 

component properties and binary interaction parameters.  These variables and 

their types are listed in Table 4.  Note that all of them are arrays.   

 
Table 4 - Component_Properties variables  

Variables Description  Type 

Comp_Name() Component names   String 

Tc() Critical temperatures in Rankine   Double 

Pc() Critical pressures in psi   Double 

w() Accentric factors   Double 

BIP() Binary interaction parameters: a two-  Double 

                                                 
1 Object here refers to a collection of variables.  
2 For details on VBA data types, see the VBA documentation for ‘Data Types’.   
3 To VBA, it is a user-defined data-type, but in concept it is an object.  

1 2 3 4 5 6 7

as Flash_Results 
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dimensional array of Nc x Nc  

VolShift() Temperature independent volume shift 

parameters in ft3/lb-mole 

 Double 

Mw() Optional.  Molecular weight: optional 

because it is used for calculating 

densities and other physical properties  

If not supplied, the calculation is 

ignored  

 Variant 

  

To use Component_Properties in VBA, treat it as a data type (e. g., Double, 

String, Boolean, etc. ).  For example, see the following lines: 

 
Dim Oil_1 as Component_Properties 

ReDim Oil_1. Tc(1), Oil_1. BIP(1,1) 

Oil_1. Tc(1)=”CO2” 

 

The first line defines Oil_1 as Component_Properties.  That means Oil_1 is an 

object of Component_Properties kind; therefore Oil_1 has all the variables listed 

in Table 1.  The second line initializes the Tc’s that belongs to Oil_1 (here dot,     

‘. ’, means belongs to) and gives it a dimension of 1.  It also initializes the BIPs, 

which is a two-dimensional array.  In the third line Oil_1, Tc(1) receives a value 

CO2.  Because Oil_BIP(1,1) is not given any values, it is regarded as 0.  See 

Example 1 for a sample code.  

 

Note: It is a common practice in VBA to use a ‘ With … End With’ statement 

with objects.  Using ‘With … End With’ increases the readability of the code 

while making the coding shorter.  An example of such use is given in Example 1.  

Please see the related documentation on VBA.  
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3- T is the temperature of the flash in Rankine, Double.  

 

4- P is the pressure of the flash in psi, Double.  

 

5- Flash_Settings is an object that passes the general settings such as tolerances and 

type of EOS.  Table 5 lists the variables that Flash_Settings carries.  Two of the 

variables in Flash_Settings are not currently used and the rest are optional.  The 

Units and R will be used in future developments.  

 
Table 5 – Flash_Settings variables.  

Variables Description  Type 

EOS Optional.  Determines the type of 

EOS.  The current version has four 

types built-in: PR78, PR, SRK, and 

“RK”. The default is PR78.  

 String 

Switch_Tolerance Optional.  Sets the tolerance below 

which the calculation switches from 

Successive Substitution steps to 

Newton steps for faster convergence.  

The default is 10-4.   

 Double 

Final_Tolerance Optional.  Sets the final tolerance for 

the end of calculations.  The default  

is 10-8.  

 Double 

R Gas constant.  Currently set to 10.7316 

ft3psiR-1lb-mol-1 for the current version. 

 Double 

Units Not used in the current version.  Set to 

Field units.  

 Double 
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6- Initial_k() is optional and supplies initial K-values for calculation.  If omitted, the 

initial K-values are calculated from Wilson’s correlation [1]: 
 

K(i)=(. Pc(i) / P) * Exp(5. 37 * (1 + . w(i)) * (1 - . Tc(i) / T)) 

 

7- Flash_results is an object that returns the results of the calculations.  Table 6 lists 

the elements of Flash_results.  

 
Table 6 – Flash_results variables.  

Variables Description  Type 

x() Composition of the heavier phase4  Double 

y() Composition of the lighter phase   Double 

k() Converged K-values as defined by K=y/x   Double 

f_L() Fugacities of the heavier phase in psi   Double 

f_V() Fugacities of the lighter phase in psi   Double 

L Mole fraction of the heavier phase   Double 

V Mole fraction of the lighter phase   Double 

ro_L Density of the heavier phase; requires the 

molecular weight.  If Mw is not supplied it 

returns zero.  

 Double 

ro_V Density of the lighter phase; requires the 

molecular weight. Returns zero if Mw is 

not supplied.  

 Double 

Z_L Compressibility factor of the heavier phase  Double 

Z_V Compressibility factor of the lighter phase   Double 

ReturnCode Returns the status of the calculation 

through codes.  See Table 12 for details.  

Function ReturnText() can translate the 

 Integer 

                                                 
4 The symbol for heavier phase is L and for the lighter phase is V.  
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code into the corresponding text.  

Counter Returns the total number of iterations.   Integer 

 

Table 7 lists all the possible return codes.  Note that some of them are for future 

development and do not appear in the current version.  

 
Table 7 – ReturnCode description.  

Code Description 

0 Normal termination: compositions were 

calculated.  

1 Currently not used.  

2 No tie line found, i.e., at some point during the 

calculation all K-values either become greater 

than one or less than one.  

3 Diverging solution: in rare cases Newton steps 

can diverge, especially if the number of 

successive substitution steps is insufficient.  

Normally setting a smaller Switch_Tolerance 

resolves the problem.  

4 The result is potentially a trivial solution, i.e., 

all K-values are very close to 1; this is expected 

very close to a critical point.  

5 Solution did not converge within 1000 steps; 

this is expected very close to a critical point.   

6 No solution exists for negative space flash.   

7 Phase is stable.  

8 One of the phases is unstable.   

10 Incomplete or illogical input: signifies a 

problem in preparing and passing the inputs.   
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2.1.1  Examples for PennFlash() 
The following are examples that show how the function is effectively used in 

programming.  

 

Example 1 – A typical use of PennFlash() 

Flash calculations using the EOS PR78 for a set of data.  

 
Sub Simple_Flash() 
 
Nc = 6 
 
ReDim z(Nc) 
Dim MyComp As Component_Properties 
With MyComp 
    ReDim .Tc(Nc), .Pc(Nc), .w(Nc) 
    ReDim .BIP(Nc, Nc)  
 
    For i = 1 To Nc 
        z(i) = Cells(2 + i, 2) 
        .Tc(i) = Cells(2+ i, 3) ‘oF  

  .Tc(i) = .Tc(i) + 459.67 ‘oF -> R 
        .Pc(i) = Cells(2 + i, 4)    ‘psi  
        .w(i) = Cells(2 + i, 5) 
    Next i 
End With 
 
T = 200 + 459.67 ‘oF -> R 
P = 200  ‘psi 
 
Dim MySettings As Flash_Settings 
With MySettings 
    .EOS = "SRK" 
    .Final_Tolerance = 0.0000000001 
    .Switch_Tolerance = 0.0001 
End With 
 
Dim My_Flash_Results As Flash_Results 
My_Flash_Results = PennFlash(z, MyComp, T, P, MySettings) 
 
With My_Flash_Results 
    If .ReturnCode=0 then 
        For i = 1 To Nc 
         Cells(2 + i, 7) = .y(i) 

      Cells(2 + i, 8) = .x(i) 
         Cells(2 + i, 10) = .f_V(i) 
         Cells(2 + i, 11) = .f_L(i) 
       Next i 

Read the data from the sheet  
See Figure 1a 

Define MyComp as Component_Properties 

Gives dimension to variables in the MyComp.  
Dot symbol ‘. ’ Before the variables means it 
belongs to MyComp.   Lookup ‘With … End 
With’ for more details 

Set the temperature and pressure  

Define MySettings as Flash_Settings 

Flashes and returns the 
results to My_Flash_Results 

Output the results to the sheet 
 
Note that from all the 
available outputs, only four 
are output to the sheet

Define the number of components 

Check if the operation 
was successful (Code 0) 
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    End if 
End With 
 
End Sub  

 

Figures 60 and 61 show the sample data and results of the above example.  

 

 
Figure 60 – Sample input of example 1.  

 

 
Figure 61 – Results of example 1.  

 

Example 2 – Plot density versus pressure 

This example is a code that shows how a pressure versus vapor density curve can be 

produced.  Note that molecular weight (Mw) of the components should be supplied in 

order to calculate the density of the phases.   Otherwise ro_L and ro_V return zero.  

 
.  
.  
.  
Dim My_Flash_Results As Flash_Results 
For P = 200 To 800 Step 50 
    My_Flash_Results = Flash(z, MyComp, T, P, MySettings) 
    With My_Flash_Results 
        If .ReturnCode = 0 Then 
            Cells(Row + 10, 2) = P 

xi yi fi
L fi

V 
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            Cells(Row + 10, 3) = .ro_V 
            Row = Row + 1 
        End If 
    End With 
Next P 
.  
.  
.  

 
 

Note: the current Flash function does not have any procedure for input data validation.  

Such built-in data validation procedure would have slowed down the code.  Therefore, it 

depends entirely upon the user to ensure the quality of the input data input.  

 

Note: It is possible to supply an initial K-value to the flash function.  Such provision is 

especially useful in calculation near the critical region.  In that case, the flash input will 

look like this: 
 

The_Results = Flash(z, My_Comps, T, P, My_Settings, k_previous) 

 

In the above example, k_previous must be an array with the appropriate dimension.   

2.2  PENNFLASH_SHEET() 
PennFlash_Sheet() makes the flash calculations function available through the worksheet.  

It is a quick and handy way to do phase equilibrium calculations on the worksheet.  The 

input arguments of PennFlash_Sheet() are all of Variant type.  Variant type enables the 

user to either supply number or select cells on the sheet as input.  The list and the order of 

inputs for PennFlash_Sheet() are listed below and Table 8 provides a brief description of 

each of these arguments: 

 

Flash_Sheet( Comp_Name , z , Tc , Pc , w , BIP,  P , T ,  Optional Mw,  Optional EOS,  

           Optional Tol_N , Optional Tol  , Optional k_initial) 
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PennFlash_Sheet() uses PennFlash() at its core.  PennFlash_Sheet() takes the data from 

the sheet and prepares it and feeds it to PennFlash() and returns the results back to the 

sheet.  The reader may ask why there are two functions that do the very same job. The 

answer is that the PennFlash() function is designed from a programmer’s point of view.  

It is versatile and can be easily deployed in a code.  It is also structured for future 

development and expansion.  However, PennFlash_Sheet() is made for convenient use on 

a sheet, not as a programming tool; thus it lacks the efficiency of PennFlash().  

 
Table 8 – Arguments of PennFlash_Sheet() 

Variables Description  Type 

Comp_Name Name of components.  Should not be 

omitted but can be passed as empty 

cells.  

 Variant 

z Overall composition   Variant 

Tc Critical temperature in Rankine   Variant 

Pc Critical pressure in psi   Variant 

w Accentric factor   Variant 

BIP Binary interaction parameters.  BIP 

must be defined even if it is zero.  It 

must be a two-dimensional symmetrical 

array.  

 Variant 

P Pressure in psi   Variant 

T Temperature in Rankine   Variant 

Mw Optional.  Molecular weight: optional 

because it is used for calculating 

densities and other physical properties.  

If not supplied, the calculation is 

ignored.  

 Variant 
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EOS Optional.  See EOS in Table 2.  The 

default is “PR78”.  

 Variant 

Tol_N Optional.  See Switch_Tolerance in 

Table 2.  The default is 10-4.  

 Variant 

Tol Optional.  See Final_Tolerance in 

Table 2.  The default is 10-8.  

 Variant 

Vol_shift Optional.  Peneloux volume shift in 

ft3/lb-mole 

 Variant 

Initial_K Optional.  See Initial_K in PennFlash() 

arguments (page 4).  

 Variant 

 

An easy way to access and use PennFlash_Sheet() is to use Insert Function.  The 

following steps explain the procedure in detail: 

 

Step 1: Select an empty cell on the sheet, then click on Insert Function, , on the 

worksheet (Figure 62).   

 

 
Figure 62 – Step 1: ‘Insert Function’ button.  

 

Step 2: From the drop-down menu, find the Phase Behavior Functions and select 
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PennFlash_Sheet(), as shown in Figure 63. 

 

 
Figure 63 – Step 2: Select PennFlash_Sheet() from Phase Behavior Functions.  

 

Step 3: Use the  button to select the appropriate input from the worksheet.  

Alternatively, the user can enter the values directly into the argument field (Figure 64).  
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Figure 64 – Step 3:  Enter or select the function arguments.  

 

Step 4: Once all the required arguments have been supplied, hit OK.  The answer 

appears in the cell in the format  “A| B x C”.  

 

 

 

 

 

Figure 65 shows a typical result.  In the figure, the results cell is indicated by an arrow.   

At the bottom, “0| 13 x 6” indicates that the calculation has been successful with no 

abnormality (return code 0) and the full results take 13 rows and 6 columns of the sheet, 

starting from this cell (Figure 65).  The next step shows how to see the results.  

 

Return code;  
listed on Table 13 

Size of the array of the results; B is 
number of rows and C is number of the 
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Figure 65 – Step 5: The format of the results.  

 

Step 5: The result of the flash is returned as an array, and array formula5 rules are applied 

to it.  To see the full array on the sheet, Excel requires that the user select (or highlight) 

the same number of cells on the sheet as the array has, press F2, then press 

Ctrl+Shift+Eenter.  For instance, to see the results of the above example, the user needs 

to select 13 rows and 6 columns from cell B23, press F2, and then press 

Ctrl+Shift+Eenter.  See Figures 66, 67, and 68 for examples.   

 

                                                 
5 See Excel help for “array formula”.  A good example of an array formula is the Frequency function in 
Excel.  
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Figure 66 – Step 5a: Highlight the appropriate number of cells (here 13 x 6).  Note that the  

box on the upper left corner (indicated by arrow) can be  

a helpful guide for the size that has been selected.   
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Figure 67 – Step 5b: Press F2.  Once pressed, all the supplied arguments of the  

function are highlighted.   
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Figure 68 – Step 5c: Press CTRL+SHIFT+ENTER to get the results.  
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Note:  If the size of the selected cells is smaller than the size of the results, the full 

results are not shown; see Figure 69 for an example.  

 

 
Figure 69 – Incomplete display of results. 

The required size was 13 x 6 but 7 x 4 was selected.  

 

Note:  If the size of the selected of cells is larger than the size of the results, “#N/A” is 

shown on extra cells; see Figure 70 for an example. 

 

 
Figure 70 – The required size was 13 x 6 but 14 x 7 was selected. 
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Note: PennFlash_Sheet() acts similar to any other Excel sheet function.  This means that 

changing the inputs instantly changes the results.6  For instance, if you change the 

pressure from 250 to 350 psi in above example, the results are immediately changed on 

the sheet (if the Autocalcualte option in Microsoft Excel is not disabled).  This is 

particularly useful when is combined with Excel Goal Seek or Solver and can be used 

for tuning purposes.  The following is an example of using flash for simple purposes.  

 

Example 3 – Finding the bubble point pressure 

This example uses the flash function to find the bubble point.  Suppose we would like to 

find the bubble point of the composition seen in Step 5c.  The composition is already 

flashed at 200 psi and 120oF.  To find the bubble point at this temperature, Goal Seek or 

Solver can be used in the following steps: 

 

1- Pick a cell and enter the objective function.  At the bubble point, the liquid mole 

fraction is 1; therefore, the objective function is = (1 – Liquid Fraction).  Instead of 

Liquid Fraction, enter or select the address of the liquid fraction on the sheet                

(see Figure 71).  

 

2- Open the Goal Seek dialog box from  Tools -> Goal Seek … and set cell to the address 

of the objective function cell, and set it To value 0 By changing cell that has the pressure 

(Figure 72).  

 

3- The results of Goal Seek can be accepted or rejected (Figure 73).   In the same way, 

Solver can be used.  However, Solver’s solution is generally more accurate than that of 

Goal Seek.  

 

 

                                                 
6 By default, Excel recalculates the formula automatically; however, it is possible to disable this option.  
Check Tools -> Option… -> Calculation to see whether the option is enabled.  
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Figure 71 – Objective function to find the bubble point.  
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Figure 72 – Goal Seek configuration.  
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Figure 73 – Goal Seek results.  
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Bad input error or #VALUE 

Excel returns ‘#Value’ for PennFlash_Sheet() functions for erroneous input.  The most 

probable cause of the error is inconsistent inputs.  For example, if text is entered for 

temperature instead of numeric values, the function returns #Value.   

2.3  RETUNTEXT() 
The ReturnText() function translates the error code to the appropriate text (see Table 10 

for details of the codes and the corresponding text).  As an example, if -10,000oF is 

entered for temperature in the above example, the results will be as shown in Figure 74. 

 

 
 Figure 74 – -10000oF returns results.  

 

One can simply enter =ReturnText(code) in a cell to see the corresponding text for this 

code (Figures 75 and 76).  

 
Figure 75a – ReturnText() function.  

 
Figure 75b – ReturnText() results.  
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2.4  PENNSTABLE() 
PennStable performs a stability analysis on a given overall composition.  The 

methodology of the analysis is given by Michelsen [3].  The PennSTable() function looks 

like this: 

 

PennStable(z() , Component_Properties , T, P , Flash_Settings, initial_k()) as Variant 

 

 

The details of the arguments 1 to 6 are described in the PennFlash() section.  

PennStable() returns 0 or 1, as detailed in Table 9.  

 
            Table 9 – PennStable() return values 

Value Description 

0 The composition z() at the given 

condition is unstable and splits into at 

least two phases.  

1 The composition z() at the given 

condition is stable. This does not 

guarantee stability. 

-1 There is an error with input or for some 

reason PennSable() could not complete 

the calculations.  

 

 

Example – PennStable in VBA 

PennStable() usage in VBA is similar to the PennFlash() given in Example 1.  The only 

difference is that PennStable() returns values instead of objects.  For an example of the 

usage, see the below code.  

1 2 3 4 5 6 7
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.  
.  
.  
IsStable = PennStable(z, MyComp, T, P, MySettings)     
Select Case IsStable 
    Case 0 
        MsgBox "The phase is stable" 
    Case 1 
        MsgBox "The phase is unstable" 
    Case -1 
        MsgBox "Unable to calculate." 
End Select 
.  
.  
.  

 
 

PennStable() can also be used to generate phase envelopes.  The below code shows the 

crude way to generate a phase envelope.  

 
.  
.  
.  
For T = -100 To 700 Step 25 'all in Fahrenheit 
    IsStable_prev = 1 
    For P = 10 To 3000 Step 5 
        IsStable = PennStable(z, MyComp, T + 459.67, P, MySettings) 
        'Detects the phase boundaries  
        If (IsStable - IsStable_prev) <> 0 And IsStable <> -1 Then 
            ii = ii + 1 
            Cells(ii + 2, 2) = T 
            Cells(ii + 2, 3) = P 
        End If 
        IsStable_prev = IsStable 
    Next P 
Next T  
.  
.  
.  
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2.5  PENNSTABLE_SHEET() 
PennStable_Sheet() provides an easy way to use PennStable() on an Excel sheet.  

PennStable_Sheet() is accessible through an Excel function as described in 

PennFlash_Sheet() steps 1 to 3.  The only difference is that in step 2, instead of choosing 

PennFlash_Sheet, PennStable_Sheet() is selected.  Figure 76 shows a typical usage of the 

function and Figure 77 demonstrates the results.  

 

 
Figure 76 – Usage of PennStable_Sheet.   
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Figure 77 – The results of PennStable_Sheet().   

 

Table 10 shows the values that PennStable_Sheet() can return.  

 
            Table 10 – PennStable_Sheet() return values 

Value Description 

Unstable The composition z() at the given 

condition is unstable and splits into at 

least two phases.   

Stable The composition z() at the given 

condition is stable. This does not 

guarantee stability. 

Input Err There is an error with input or for some 

reason PennSable() could not complete 

the calculations.  
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2.6  PENNMMP() 
PennMMP() enables users to use the MMP modules from PennPVT as a function in a 

VBA program.  The input structure of PennMMP() function is as follows.  

 

PennMMP(z() , Components_Properties , Component_Properties T, Flash_Settings, 

MMP_Setting) as MMP_Results 

 

The description of the argument is as follows.  

1- z() is overall composition of the oil that is passed as an array.  For details, see 

Table 1 in the PennFlash() section.  

 

2- Component_Properties (oil) holds the properties of the oil.  This object is 

explained in details in the PennFlash() section, Table 4.  

 

3- Component_Properties (gas) holds the properties of the gas.  Because pure gas is 

expected, the array variables related to this object has only one dimension.  For 

clarification, see the following example (PennMMP in VBA).  This object is 

explained in detail in the PennFlash() section, Table 4.  

 

4- T is the temperature of the flash in Rankine, Double.  

 

5- Flash_Settings is similar to what is described and listed in Table 5. 

 

6- MMP_Settings is an object that passes the essential settings for MMP calculation 

such as termination criteria and starting pressure.  The sub-variables of this object 

are listed in Table 11.   

 

7- MMP_Results is an object that returns the results of calculations.  The sub-

variables of this object are listed in Table 12. 

1 2 (oil)  4 5

6 7

3 (gas)  
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     Table 11 – MMP_Settings 

Variables Description  Type 

Initial_P Specifies the starting pressure.    Double 

Store_Data Currently not in use.    Boolean 

ByPassStability Currently not in use.   Double 

Min_tie_Switch Specifies a minimum tie-line length 

after which the program takes much 

smaller steps.  The size of the steps 

depends on the current tie-line length 

values.  

 Double 

Min_PMMP_P Specifies how close the estimate of 

the MMP can get to the current 

pressure before the program 

terminates.  

 Double 

Min_Pressure_Jump Specifies the smallest pressure step 

that the function can take before it 

terminates.  

 Double 

 
       Table 12 – MMP_Results 

Variables Description  Type 

Upper_P The upper bound of the MMP 

estimation: the linear extrapolation of 

the previous and current minimum tie-

line length to zero.   

 Double

Lower_P The lower bound of the MMP 

estimation: the pressure at which one of 

the criteria given in MMP_Setting is 

met.  

 Double
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Min_tie_length Minimum tie-line length at the current 

pressure.  

 Double

Condensing_Percentage Fraction at which the process is a 

condensing drive at the current pressure. 

 Double

Tie_length() A two-dimensional array that contains 

the tie-length of all the key tie lines and 

the pressure at which they are 

calculated.  The structure of the 

variables is Tie_length( Nc, P_Steps) 

where Nc is the total number of 

components and P_Steps is the number 

of pressure iterations.  Tie_length(1, 

P_Steps) always holds the pressure 

values.  The remaining Nc-1 columns 

contain the tie-line length of the key tie 

lines.  

 Double

K_values() A two dimensional array that contains 

the K-values of the components of the 

tie line with minimum tie-line lengths at 

each pressure iteration.  The structure of 

the array is similar to Tie_length() 

discussed above.  

 Double

ErrorCode Returns the error code encountered 

during the calculations; see Table 10 for 

details.  

 Integer 

ErrorCode Returns text related to error codes; see 

Table 10 for details.  

 String 
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    Table 13- ErrorCode and ErroText 

 ErrorCode ErrorText 

0 Normal Termination.  

2 Initial pressure is first contact miscible.  

Calculation is terminated.  Problem may be 

solved by trying a lower initial pressure. 

3 Convergence problem in flash calculations.  

Calculation is terminated.  Problem may be 

solved by taking more successive substitution 

steps or by making the switch tolerance 

smaller.  

4 Potential trivial solution.  Calculation is 

terminated.  Problem may be solved by taking 

more successive substitution steps or by 

making the switch tolerance smaller.  

5 Convergence problem in flash calculations.  

Calculation is terminated.  Problem may be 

solved by taking more successive substitution 

steps or by making the switch tolerance 

smaller.  (Note that this is similar to 3 but the 

error points to a different part of the code) 

6 The flash calculation has no solution.  

8 Phase behavior is three phases by stability 

analysis.  The current method works only for 

two phases.  Calculation is terminated.  

10 Incorrect or insufficient input.  
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Examples – PennMMP in VBA 

 
' arrays indices start from 1 (the default is zero in VBA) 
Option Base 1 
 
Sub PennMMP_01_Tests() 
Nc = 6          ' Number of oil components 
Dim Oil_Prop As Component_Properties  'properties of oil components 
Dim Gas_Prop As Component_Properties  'properties of the gas component 
ReDim z(Nc) As Double   ' overall composition of oil 
 
Dim T As Double, P As Double 
With Oil_Prop 
    ReDim .Comp_Name(Nc), .Tc(Nc), .Pc(Nc), .w(Nc), .BIP(Nc, Nc) 
End With 
With Gas_Prop 
    ReDim .Comp_Name(1), .Tc(1), .Pc(1), .w(1), .BIP(1, Nc) 
End With 
 
T_Const = 459.67    ' constant for converting Fahrenheit to Rankine 
' Filling the oil properties 
'-------------------------- 
For i = 1 To Nc 
    z(i) = Cells(7 + i, 3)  'overall composition 
    With Oil_Prop 
        .Comp_Name(i) = Cells(7 + i, 2) 
        .Tc(i) = Cells(7 + i, 4) + T_Const  'in Rankine 
        .Pc(i) = Cells(7 + i, 5) 
        .w(i) = Cells(7 + i, 6) 
        For j = 1 To Nc 

‘BIP between oil components 
            .BIP(i, j) = Cells(7 + i, 9 + j)    
        Next j 
    End With 
Next i 
 
' Filling the gas properties 
'-------------------------- 
With Gas_Prop 
    .Comp_Name(1) = Cells(7, 2) 
    .Tc(1) = Cells(7, 4) + T_Const  'in Rankine 
    .Pc(1) = Cells(7, 5) 
    .w(1) = Cells(7, 6) 
    For j = 1 To Nc 
        .BIP(1, j) = Cells(15, 9 + j)   'BIP between gas and oil 
components 
    Next j 
End With 
 
'Pressure and temperature 
P = Cells(2, 3) 
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T = Cells(3, 3) + T_Const   'in Rankine 
 
' Flash settings is needed since PennMMP uses flash 
'----------------------------------------------- 
Dim F_Settings As Flash_Settings 
With F_Settings 
    .EOS = "PR78" 
    .Final_Tolerance = 0.0000000001 
    .Switch_Tolerance = 0.0001 
End With 
 
' MMP settings  
'---------------------------------------------------- 
Dim M_Settings As MMP_Settings 
With M_Settings 
    .Initial_P = P     
    .Min_tie_Switch = 0.0001     
    .Min_PMMP_P = 1 
    .Min_Pressure_jump = 0.5     
End With 
 
'define MyMMP as MMP_results 
Dim MyMMP As MMP_Results 
MyMMP = PennMMP(z, Oil_Prop, Gas_Prop, T, F_Settings, M_Settings) 
     
With MyMMP 
    Cells(19, 1) = Format(Str(.Lower_P), "#.00") + "< MMP <" +  _ 

 Format(Str(.Upper_P), "#.00") + " psi" 
    Cells(20, 1) = "The process is " + _  
                   Format(Str(.Condensing_Percentage * 100), "#.00") _  
                   + "% condensing" 
    Cells(21, 1) = .ErrorText 
    No_of_Pressure_Steps = UBound(.Tie_length) 
 
    ‘ write the results to sheet 
    For i = 1 To No_of_Pressure_Steps 
        For j = 1 To Nc 
            Cells(22 + i, j) = .Tie_length(i, j) 
        Next j 
    Next i 
End With 
 
Cells(22, 1) = "Press. " 
For j = 1 To Nc - 1 
    Cells(22, j + 1) = "Tie " + Str(j) 
Next j 
 
End Sub 
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GAS FLOODING JIP CONTACTS 

Please send your feedback and suggestions to Dr.  Russell Johns (rjohns@psu.edu), the 

director of Gas Flooding JIP at Pennsylvania State University.   
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APPENDIX - EQUATION OF STATE 

PennPVT uses the general form EOS: 

 

1 2( )( )
RT aP
v v b v bδ δ

= −
+ +

 

 

From this general form the various form EOS could be found (Table A1). 

 
 Table A1 

EOS δ1 δ2

RK 0 1

SRK 0 1

PR 1 +  √2 1 -  √2

PR78 1 +  √2 1 -  √2  
 

The program uses a dimensionless form of the above equation that is obtained by 

following definitions.  

 

2 2

aPA
R T

=  

 

bPB
RT

=  

 

PvZ
RT

=  
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PennPVT uses van der Waals mixing rule to calculate A and B of a mixture.  For a 

mixture with Nc components 

 

1

Nc

i i
i

B x B
=

= ∑  

 

1 1

Nc Nc

i j ij
i j

A x x A
= =

= ∑∑  

 

(1 )ij ji i j ijA A A A k= = −  

 

ijk  are binary interaction parameter.  

 

2
2 [1 ( )(1 )]ai ri

i i ri
ri

P
A m T

T
ω

Ω
= + −  

 

bi ri
i

ri

P
B

T
Ω

=  

 

Ωa and Ωb and m(ωi) are defined in Table A2 for each EOS. 
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Table A2 

EOS Ωa Ωb m (ω)

RK 0.42748 0.08664 0

SRK 0.42748 0.08661 0.48 + 1.574 ωi - 0.176 ωi
2

PR 0.45724 0.0778 0.37464 + 1.54226 ωi - 0.269922 ωi
2

if ωi < 0.4          0.37464 ωi + 1.54226 ωi - 0.269922 ωi
3

        else       0.379642 + 1.48503 ωi - 0.164423 ωi
2 + 0.016667ωi

3
PR78 0.45724 0.0778

 
 

 

The implicit form of above cubic EOS would be  

 
3 2 2

1 2 1 2 1 2 1 2[( 1) 1] [ ( ) ( 1)] [ ( 1)] 0Z B Z A B B B Z AB B Bδ δ δ δ δ δ δ δ− + − − + + − + + − + + =  

 

And the fugacity coefficient is calculated by  
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Glossary 

Roman symbols 
iC   Overall volume fraction and  

ijc   Volume fraction of species i in phase j 

iF   Overall fractional volumetric flow of component i 

jf   Fractional flow of phase j in the flow, and 

ijK   Dispersion tensor of component i in phase j 

K   K-values 

L   Length  

N  Number of contacts in (in mixing cell) 

cN   Number of components  

pN   Number of phases  

jq    Volumetric flow rate of phase j 

1.2RF ∞   Extrapolated recovery to infinite cells when 1.2 pore volume is injected 

jS   Saturation of phase j 

t   Time 

TL  Tie-line length 

TL∞  Minimum tie line length at infinite number of contacts (in mixing cell) 

v    Total flow velocity 
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jv   Darcy velocity of phase j 

injv    Injection velocity 

x   Composition of liquid phase 

ix   Mole fraction of component i in liquid phase  

ijx   Mole fraction of component i in phase j 

y   Composition of gas phase 

iy   Mole fraction component i in gas phase  

z   Overall composition of mixture 

iz   Mole fraction of component i in mixture 

Greek letters 

iρ   Density of pure component i  

jρ   Density of phase j 

φ   Porosity 

α   Mixing-ratio parameter (in mixing cell) 

λ   Eigenvalues 

 

Superscript 

G  Gas 

O  Oil 

m  Linearizing exponent used in 1/Nm (mixing cell) 
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Abbreviations 

MOC  Method of Characteristics 

MMP  Minimum miscibility pressure  

MMP*  Extrapolated minimum miscibility pressure (Chapter 5) 

MME  Minimum miscibility enrichment  

BIP  Binary interaction parameters 
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