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The concept of Berry phase, since its proposition in 1984, has found

numerous applications and appears in almost every branch of physics today.

In this work, we study several physical effects in ferromagnetic metal materials

which are manifestations of the Berry phase. We first show that when a domain

wall in a ferromagnetic nanowire is undergoing precessional motion, it pumps

an electromotive force which follows a universal Josephson-type relation. We

discover that the integral of the electromotive force over one pumping cycle

is a quantized topological invariant equal to integer multiples of h/e, which

does not depend on the domain wall geometry nor its detailed dynamic evolu-

tion. In particular, when a domain wall in a nanowire is driven by a constant

magnetic field, we predict that the generated electromotive force is propor-

tional to the applied field with a simple coefficient consisting of only funda-

mental constants. Our theoretical prediction has been successfully confirmed

by experiments. Similar effect known as spin pumping occurs in magnetic

multilayer heterostructures, where a precessing free magnetic layer pumps a

spin current into its adjacent normal metal layers. Based on this effect, we
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propose two magnetic nanodevices that can be useful in future spintronics

applications: the magnetic Josephson junction and the magneto-dynamic bat-

tery. The magnetic Josephson junction has a drastic increase in resistance

when the applied current exceeds a critical value determined by the magnetic

anisotropy. The magneto-dynamic battery acts as a conventional charge bat-

tery in a circuit with well-defined electromotive force and internal resistance.

We investigate the condition under which the power output and efficiency of

the battery can be optimized. Finally we study the side jump contribution in

the anomalous Hall effect of a uniformly magnetized ferromagnetic metal. The

side jump contribution, although arises from disorder scattering, was believed

to be independent of both the scattering strength and the disorder density.

Nevertheless, we find that it has a sensitive dependence on the spin structure

of the disorder potential. We therefore propose a classification scheme of dis-

order scattering according to their spin structures. When two or more classes

of disorders are present, the value of side jump is no longer fixed but depends

on the relative disorder strength between classes. Due to this competition,

the side jump contribution could flow from one class dominated limit to an-

other class dominated limit when certain system control parameter changes.

Our result indicates that the magnon scattering plays a role distinct from the

normal impurity scattering and the phonon scattering in the anomalous Hall

effect, because they belong to different scattering classes.
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Chapter 1

Introduction

This chapter introduces the basic notions and the background knowl-

edge which will be used throughout this dissertation. Emphasis will be put on

the two central concepts around which all the research topics presented here

are organzied, namely, the Berry phase and the ferromagnetic metal.

We begin with the discussion of an analog of the Berry phase in clas-

sical mechanics: the Hannay angle of a Foucault pendulum. This discussion

will provide us with some insights towards the understanding of its more ab-

stract counterpart in quantum mechanics. We then present the derivation of

the Berry phase for a general quantum adiabatic process, and study a simple

example: a spin-half in a magnetic field. After that we discuss the basics of

ferromagnetic metal materials, attempting to build up simple physical pictures

and models which are amenable to theoretical analysis in later chapters. Fi-

nally we describe the outline of this work and the logical connections between

the chapters.

1.1 Foucault Pendulum

Consider an explorer traveling around the earth with a swinging pen-

dulum. The process is considered to be adiabatic if the motion of the explorer

is slow enough such that the corresponding time scale is much larger than the
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period of the pendulum. We further assume that the pendulum is frictionless

and the earth somehow stops rotation to simplify the problem. Then during

the travel the pendulum remains swinging in the same plane with constant

amplitude and period.

The explorer starts his journey from the north pole, carrying his pen-

dulum along a longitude, say, through Austin, towards the equator. When he

hits the equator (somewhere in the pacific ocean), he moves along the equator

to the east, and finally goes along another longitude through Paris back to

the north pole. The path (denoted by C) is illustrated in Fig. 1.1. If the

explorer sets his pendulum swinging in the north-south plane when he starts

out, the pendulum would keep swinging north-south during the journey. How-

ever, when he returns to the north pole, he will be surprised to find that the

pendulum no longer swings in the same plane. Instead, the new plane makes

a finite angle γC with the original one. The angle γC , depending only on the

geometry of the traveling path, can be easily calculated as

γC =
AC

R2
, (1.1)

where AC is the surface area enclosed by the path C and R is the radius of

the earth. This just corresponds to the solid angle subtended by the area AC .

In fact, the result in Eq.(1.1) is valid for any closed path on a sphere

as along as the adiabatic condition is satisfied. It provides a very simple

explanation of the precession of the Foucault pendulum. Foucault pendulum,

named after the French physicist Leon Foucault, is a tall pendulum free to

swing in any vertical plane. It was first built up in 1851 to demonstrate the

self-rotation of the earth. As illustrated in Fig.1.2, instead of being carried

by a traveling explorer, the pendulum is now transported by the rotating

2



Austin

Paris

Figure 1.1: (color online). Parallel transport of a pendulum on the earth. The
journey starts from the north pole, goes through Austin and Paris and finally
gets back to the north pole, as indicated by the red curve in the figure. The
swinging plane of the pendulum is changed when the pendulum returns to its
starting point.

earth. After one day, the pendulum goes back to its original position but its

oscillation plane is changed by an angle. According to Eq.(1.1), this angle is

solely determined by the surface area enclosed by the latitude along which the

pendulum moves. Its value is γ = 2π(1− cos θ) (mod 2π) where θ is the polar

angle as indicated in Fig.1.2.

The example above demonstrates that the adiabatic evolution of a sys-

tem parameter (here the position of the pendulum on a sphere) which is sup-

posed to have minimal influence on the system dynamics can actually produce

a surprisingly non-trivial effect. When the parameter returns to its initial

value, the state of the system does not recover its initial state. Moreover, the

difference only depends on the geometry of the path traced out by the system

during its evolution. This kind of phenomena is generally known as nonholon-

3



Austin

Paris

θ

Figure 1.2: (color online). Transport of the Foucault pendulum by the self-
rotation of the earth.

omy and the rotation angle γ for the Foucault pendulum is an example of the

more general Hannay angle for classical integrable systems [17].

Let’s take a closer look at this pendulum problem. As is evident from

Fig.1.1, although the pendulum is maintained to swing north-south all the

way during its transportation as required by the adiabaticity, the meaning of

“north-south” could differ for two different points. For example, the north-

south planes for the two points labeling Austin and Paris do not coincide. This

shows that each point on the sphere holds its own local reference frame. The

frames for different points in general differ. Adiabatic transportation requires

that the pendulum’s oscillation adapts to the local frame of each point it is

passing by.1 Therefore when observed from a global perspective, the oscillation

plane gradually rotates as a result of the variation of local reference frames.

Following this line of argument, we see that if we begin with a three

1This is known as parallel transport in the terminology of differential geometry. For the
present case, it means that the oscillation plane always keeps a fixed angle with the geodesic
(great circle on a sphere) segment where the pendulum is moving on.
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dimensional (3D) Euclidean space, we can choose a global reference frame that

is applicable to any point in this space. However, if we restrict ourselves on

a two dimensional (2D) subspace of the original 3D Euclidean space, a global

reference frame can no longer be defined in general (unless it happens to be a

flat plane), as is the case for a spherical surface. This simply reflects the fact

that the 2D subspace is not flat, in other words, it is curved. In such a case,

the best we can expect is a set of local reference frames attached to each point

in this subspace. The “inconsistency” between the local reference frames on a

curved surface is at the heart of the geometrical effect induced by an adiabatic

transport.

Furthermore, the description of a 2D subspace requires a connection

between the local frames of (at least) nearby points and a way to quantify the

degree of non-flatness around each point. The latter task leads to the concept

of curvature.2 For a sphere, the (Gaussian) curvature Ω is a constant 1/R2.

From Eq.(1.1), we can rewrite the rotation angle in a more illuminating form

γC = AC Ω, (1.2)

which directly corresponds to the surface integral of the curvature field in the

region enclosed by the path C. This nice formula relates a global quantity

γC , which may be acquired after a long trip, to a local property Ω. We shall

encounter essentially the same formula again in the context of the Berry phase.

To recap: due to certain constraints, the physical system we are inter-

ested in is usually allowed to move only on a subspace of a higher dimensional

2Mathematically, curvature is only well-defined for differentiable manifolds, which is
usually the case for physical systems we are interested in.
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space. Although the original higher dimensional space might be flat, such di-

mensional reduction process generally generates curvatures in the subspace.

The curvature in turn affects the dynamics of the physical system that is con-

fined to this subspace. In particular, it can lead to a nontrivial geometric effect

when the system undergoes an adiabatic cycle.

1.2 Berry Phase

1.2.1 Formal derivation

There is another kind of angle which plays a leading role in quantum

mechanics: the phase angle. Although an overall phase has no physical effects,

a relative phase can produce interference effects and is responsible for the wave-

like behaviors observed in the microscopic world.

In 1984, Michael Berry discovered that an adiabatic evolution of a

quantum system in some parameter space could give rise to an extra geomet-

ric phase factor [11], similar to the rotation angle discussed in the previous

section. To clarify the meaning of this statement, we re-derive the Berry

phase in the following.3 Let’s consider a general physical system described

by a Hamiltonian H. The adiabatic evolution is represented by some time

dependent parameters R1(t), R2(t), · · · , RN(t) in the Hamiltonian, which sub-

tend an N -dimensional parameter space. A cyclic adiabatic evolution then

traced out a closed path C in the parameter space with R(T ) = R(0). Here

R = (R1, R2, · · · , RN) represents a vector in the parameter space and T is the

period of this evolution. Assume that H(R) has a discrete spectrum with no

3The derivation here closely follows Berry’s original derivation in Ref.[11].
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degeneracy on path C,4

H(R)|n(R)⟩ = εn(R)|n(R)⟩, (1.3)

where εn(R) is the eigen-energy of the state |n(R)⟩. Let’s prepare the system

such that it is initially in the n-th eigenstate,

|ψ(t = 0)⟩ = |n(R(0))⟩. (1.4)

Adiabatic condition means that the change of R is slow enough such that ∆ ≫
~/T during the evolution, where ∆ is the minimum energy spacing between

the state |n(R)⟩ and other eigenstates (for the same R). Then the adiabatic

theorem states that the system will always stay on the n-th instantaneous level

during its journey in the R-space. We can express this constraint as

|ψ(t)⟩ = exp

(
− i

~

∫ t

0

εn(τ)dτ

)
eiγn(t)|n(R(t))⟩, (1.5)

where we explicitly separate the fast varying dynamic phase out, and the

second factor represents a possible geometric phase factor. Substituting this

trial solution into the Schrodinger equation,

H(R(t))|ψ(t)⟩ = i~
∂

∂t
|ψ(t)⟩, (1.6)

we find that
d

dt
γn(t) = i⟨n(R(t))|∇Rn(R(t))⟩ · d

dt
R(t), (1.7)

where the gradient operator and the dot product are defined in theN -dimensional

R-space. The phase γn(t) can then be written as a path integral along C,

γn(t) = i

∫ R(t)

R(0)

⟨n(R)|∇Rn(R)⟩ · dR. (1.8)

4If degeneracy is present, the submanifold involving degenerate eigen-levels has to be
treated as a whole, leading to the so-called non-Abelian Berry phases and Berry curvatures.
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It is important to note that this γn(t) is a gauge dependent quantity, which

means that under a local U(1) gauge transformation |n(R)⟩ → eiϕ(R)|n(R)⟩,
the value of γn(t) also changes. To speak of any definite value of γn(t), we must

specify the gauge fixing condition at first. However, this gauge dependence is

eliminated when we go all the way back to the initial point at t = T , i.e. for

a closed path C, with

γn(C) = i

∮
C

⟨n(R)|∇Rn(R)⟩ · dR, (1.9)

which is the celebrated Berry phase. One should note that: (1) from the

normalization condition ⟨n(R)|n(R)⟩ = 1, the integrand

An(R) ≡ i⟨n(R)|∇Rn(R)⟩ (1.10)

is purely real, so the Berry phase γn(C) is real. (2) This phase obtained from

a closed path is gauge invariant, hence can produce physical effects. (3) Its

value does not depend on how fast the parameter R changes (as long as the

adiabatic condition is satisfied). It only depends on the geometry of the path

C traced out by the system in R-space, therefore it is termed as a geometric

phase. (4) The integral vanishes for an one dimensional (1D) R-space, but

is generally nonzero for dimensions higher than one. The appearance of this

extra phase factor after the system returns back reflects the nonholonomy in

quantum mechanics. It can give rise to interference effects, for example, the

interference pattern observed in the Aharonov-Bohm effect can be understood

as a physical consequence of the Berry phase.

By Stoke’s theorem, we can turn the line integral to a surface integral.

For a 3D R-space, this leads to

γn(C) =

∫
S(C)

Ωn(R) · dS, (1.11)
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where

Ωn(R) = ∇R × i⟨n(R)|∇Rn(R)⟩

= −Im
∑
m̸=n

⟨n(R)|∇RH(R)|m(R)⟩ × ⟨m(R)|∇RH(R)|n(R)⟩
[εm(R) − εn(R)]2

,

(1.12)

where S(C) is a smooth surface with boundary C, and in the second step,

we have used the completeness relation and integration by parts.5 From the

appearance of Eq.(1.9) and Eq.(1.11), we observe that the quantity An be-

haves just like a vector potential in electromagnetism, while Ωn behaves like

a magnetic flux density; and like their counterparts, An is gauge dependent,

and Ωn is gauge invariant. They are termed as the Berry connection and the

Berry curvature respectively (for reasons I will discuss shortly). In his orig-

inal work [11], Berry showed that the magnetic flux density could indeed be

interpreted as a Berry curvature in real space when considering the Aharonov-

Bohm effect.

Now let us make a comparison between the Berry phase and the rota-

tion angle in the classical pendulum problem from the previous section. The

position R of the pendulum on a sphere now corresponds to the position in an

abstract parameter space for a quantum system. At each position, we have a

5For a general N -dimensional R-space, Stoke’s theorem indicates that

γn(C) =

∫
S(C)

Fn,

where Fn = −Im⟨dn| ∧ |dn⟩ is a 2-form. When written in terms of the local coordinate R
on S(C), 2Fn = Fn

ij dRi ∧ dRj with tensor elements

Fn
ij = −2Im⟨∂in|∂jn⟩.

For the 3D case, we can represent this antisymmetric tensor as a vector, hence recovering
the result in the main text.
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local reference frame. For the pendulum problem it indicates the orientation

such as north or east, and it is specified by two unit vectors as basis. For a

quantum system, the local reference frame is spanned by the local eigenstates

{|n(R)⟩} (at the fixed R). Due to the R dependence, the local frames at two

different points need not coincide. The adiabatic evolution requires the system

state to adapt to the local frames it passes by, with its components along each

basis vector fixed (up to a phase). The difference between the local frames at

nearby points is measured by An, hence it is known as the connection. By

comparing Eq.(1.11) with Eq.(1.2), we see that Ωn indeed plays the role of

a curvature. The appearance of the Berry phase indicates that the subspace

(the manifold consisting of all the n-th levels) which the system is constrained

to move on is curved.

Before proceeding, we have a few remarks on the Berry curvature: (1)

since the property of a space is almost completely determined by its curvature

field, the Berry curvature may be viewed as a more fundamental quantity, from

which the Berry phase for an arbitrary loop can be calculated. (2) According

to the principle of relativity, a curved space can be mapped to a flat space

with some effective force field. Hence there should be a direct link between

the Berry curvature and the effective force acting on the system, which is

explicitly demonstrated in the semiclassical theory. (3) The form of the second

line of Eq.(1.12) is similar to the expression for a second order perturbation.

This implies that the curvature may be considered as originated from virtual

transitions between the n-th level and the other levels.6 Constraining the

system to evolve in the n-th state is a dimensional reduction process, i.e.

we reduce the full Hilbert space to a subspace with a lower dimension. As

6The real transition never occurs as required by the adiabaticity.
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S

Figure 1.3: (color online). When a spin-1/2 adiabatically follows a rotating
magnetic field, it traces out a curve on the spin sphere. There is a nonzero
Berry phase generated when the spin returns to its initial state, which is equal
to (minus) half of the solid angle subtended by the area of S(C).

discussed before, this reduction usually generates curvatures. Now we can

further view the existence of curvature as a kind of remedy to include the

influence of the other dimensions that have been dropped.

1.2.2 Example: spin-1/2 in a magnetic field

To better understand the points discussed in the previous section, we

study probably the simplest example: a spin-1/2 particle in a magnetic field.

This model is simple enough to allow a direct analytical treatment. Meanwhile,

this model is capable of describing a general two level system, therefore its

behavior can already explain a wide range of quantum phenomena. Especially

in solid state physics where the active energy range is only a small window (on

the order of thermal energy) around the Fermi surface, we need to consider

only a few electronic bands near the Fermi energy and the low energy physics

can often be captured by this model approximately.
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The Hamiltonian of this model can be put in a general form:

H = b · σ, (1.13)

where σ = (σx, σy, σz) is a vector of the Pauli matrices and b is a 3D vector.

For example, for an electron in a static magnetic field with a flux density B,

we have b = ge
2
µBB where ge(> 0) is the electron’s g-factor and µB is the

Bohr magneton. We can express b in terms of spherical angles θ and ϕ,

b = b(sin θ cosϕ, sin θ sinϕ, cos θ). (1.14)

Then the two eigenstates can be expressed as

|+⟩ =

(
cos θ

2

sin θ
2
eiϕ

)
, |−⟩ =

(
sin θ

2

− cos θ
2
eiϕ

)
, (1.15)

with eigen-energies ε± = ±b respectively.

Now consider b as our adiabatic parameter which spans a 3D parameter

space. Assume that the system is initially in the |+⟩ state. Adiabatic evolution

keeps the system on this upper level but the state itself changes due to its

dependence on b. The Berry curvature of the upper level can be calculated

straightforwardly from Eq.(1.12),

Ω+(b) = − b

2b3
, (1.16)

which resembles the field of a magnetic pole with charge −1/2. This pole sits

at the origin of the parameter space where the two levels become degenerate.

Hence degeneracy plays an important role as sources for the Berry curvature

field in parameter space. When the curvature field is integrated over a closed

surface containing the degeneracy point, the result would be −2π according

to Gauss’s law. Assume that the magnitude b is kept fixed when the vector
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b traces out a closed path C in b-space. Then the induced Berry phase is

obtained by the surface integral of the curvature field,

γ+(C) = −1

2

∫
S(C)

b

2b3
· dS = −1

2
ΞC , (1.17)

where ΞC stands for the solid angle subtended by the spherical surface S(C)

from the origin. Except for the factor −1/2 which originates from the nature of

spin-1/2, the result has the same form as the rotation angle for the pendulum

problem, reflecting their similar underlying geometric structure.

For many cases, the change in b is induced by its dependence on some

other parameter R and it is more convenient to perform the analysis in the

R-space. For example, if we consider a two dimensional R-space with R =

(R1, R2), then the curvature field is a scalar,

Ω+(R) = − 1

b3
b ·
(
∂b

∂R1

× ∂b

∂R2

)
. (1.18)

Such a 2D vector could stand for a position on a 2D plane in real space (as for

the case of a magnetic domain wall in chapter 2) or it can represent a point

in the 2D Brillouin zone (as we shall encounter in the study of the anomalous

Hall effect). The presence of a nonzero curvature field means that although we

are trying to force the system to stay on the upper level and make it “forget”

about the lower level, the lower level inevitably demonstrates its existence

through “curving” the space.

1.3 Basics of Ferromagnetic Metals

Ferromagnetism appears as a spontaneous magnetic ordering that can

usually persist on a macroscopic length scale. Its origin lies in the Coulomb
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interaction. For isolated atoms, the Pauli exclusion principle keeps the elec-

trons with the same spin apart therefore helps to reduce the energy due to

the Coulomb interaction. This energy is known as the atomic exchange en-

ergy. Such a tendency for spontaneous spin polarization is summarized in the

first Hund’s rule which states that the electrons in an incomplete atomic shell

first choose to maximize their total spin. When atoms are bound together

to form solid crystals, atomic orbits are hybridized to become energy bands.

This band formation suppresses the spin polarization and also quenches any

orbital magnetic moment contribution that can be finite for isolated atoms.

However, for elements with partially filled inner shells, the spin polarization

has a chance to survive. This is the case for most of the transition metals with

partially filled d-orbitals. These materials and their alloys are the focus of our

study in this dissertation.

Ferromagnetic materials are characterized by the magnetization M

which represents the strength of magnetic ordering below a critical tempera-

ture, known as the Curie temperature. For transition-metal ferromagnets, the

magnetization is large, which indicates a strong exchange splitting between

the majority and the minority spin bands. For the study of transport phe-

nomena, it is helpful to consider the currents as being carried by itinerant

electrons that are exchange coupled to the background magnetic ordering rep-

resented by a self-consistent mean field, which leads to the following term in

the Hamiltonian

Hex = ∆ m̂(r) · σ. (1.19)

Here the unit vector m̂(r) is the orientation of the local exchange field at po-

sition r which is parallel to the magnetization vector, and ∆ is the coupling

strength which is on the order of 1eV for transition metals and their alloys.
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This model is sometimes referred to as the s-d model although the original

s-d model was proposed in a different context[41], i.e. for describing the cou-

pling between electrons in a nonmagnetic host material with a local magnetic

impurity. It should be noted that the d-orbitals in transition metals are in

fact strongly hybridized and are not localized to each atomic site. We also

note that this coupling term has the same form as the Hamiltonian (1.13),

suggesting that the Berry phase effect might appear in this system.

The dynamics of the order parameter field, on the other hand, is usually

described phenomenologically by the Landau-Lifshitz-Gilbert (LLG) equation

in the micromagnetic theory:

dm̂

dt
= −γm̂×Heff + αm̂× dm̂

dt
+ N. (1.20)

Here γ = |g|µB/~ > 0 is (minus) the gyromagnetic ratio, Heff is an effective

magnetic field that can be derived from the free energy F ,

Heff(r) = − 1

Ms

δF

δm̂(r)
, (1.21)

with Ms = |M| being the saturation magnetization, α is the dimensionless

Gilbert damping constant, and N is a torque term due to spin transfer effects

(from coupling with itinerant electrons). We have assumed that the saturation

magnetization Ms is a constant because its value is determined by the atomic-

like exchange, hence a small deviation can cause a huge energy penalty.

The free energy appearing in Eq.(1.21) determines the ground state

magnetic configuration. It has three major contributions: the micromagnetic

exchange energy, the magnetocrystalline anisotropy energy and the magneto-

static energy. The micromagnetic exchange energy tends to align the magneti-

zation field along the same direction, it can be written as a term Aex|∇m̂|2 with
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some positive coefficient Aex. The magnetocrystalline anisotropy comes from

the spin-orbit interaction. It tends to align the magnetization direction along

some crystal symmetry axis. Its specific form depends on the detailed material

properties. For a crystal with uniaxial anisotropy along the z-direction, this

energy can be expressed as −Ku(m̂ · ẑ)2. The magnetostatic energy includes

the energy due to external applied magnetic field and the energy due to non-

local dipolar interaction between magnetizations at different positions. The

latter one leads to the so-called shape anisotropy.

The different contributions to the free energy dominate on different

length scales. As a result of their competition, even at the equilibrium ground

state, the magnetization configuration may be inhomogeneous for large sam-

ples. Such sample is usually found to be divided into magnetic domains, as

shown schematically in Fig.1.4. The magnetization within each domain is

roughly uniform, but its direction changes widely from one domain to an-

other. The transition region between two domains is known as a domain

wall, in which the magnetization gradually rotates from the orientation of one

domain to the other. The domain wall width is determined by a compromise

between the exchange energy and the anisotropy energy (crystalline anisotropy

plus shape anisotropy), with length scale
√
Aex/K where K is the anisotropy

energy scale. Its specific value depends on details of the material properties,

the sample geometry and the domain wall type, which typically ranges from

a few nanometers to hundreds of nanometers. The influence of domain wall

dynamics on the itinerant electrons will be our focus in the second chapter.

Modern fabrication technology has realized high quality magnetic mul-

tilayer heterostructures with the layer thickness down to the nanometer scale

and the lateral dimensions on the order of hundreds of nanometers. The inter-
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Figure 1.4: (color online). A schematic drawing of magnetic domain structures
of a bulk ferromagnet. The magnetization within each domain is roughly uni-
form, as denoted by the green arrows. The regions between different domains
are the domain walls.

est in such structures partly originates from their successful application in the

information storage technology, such as the hard disk read heads which utilize

the giant magneto-resistance (GMR) effect. The magnetic elements in such

structures can usually be approximated as being uniformly magnetized, hence

can be described as a single macroscopic spin. This macrospin approximation

will be adopted in our discussion in the third chapter on magnetic devices

based on multilayer structures.

The effects of the spin-orbit interaction on the itinerant electrons can

often be neglected when studying the spin transfer effects or the longitudinal

transport phenomena in transition metal ferromagnets, due to its small energy

scale (typically of a few tens of meV, compared with the large exchange split-

ting or the Fermi energy). However, it is indispensable for the study of the

anomalous Hall effect. The anomalous Hall effect is similar to the ordinary

Hall effect, but occurs in ferromagnetic materials without an applied magnetic
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field. It appears as a transverse voltage induced by a longitudinal current

flow. Despite its long history, there are still subtleties which have not been

fully understood till now. In the last part of this work, we shall focus on an

important side jump contribution in the anomalous Hall effect.

1.4 Outline of This Work

Armed with the basic knowledge of the Berry phase and the ferromag-

netic metal, we shall discuss in chapter two the electromotive force (emf )

generated by a moving domain wall. We shall show that for a domain wall

moving through a nanowire, this emf has a universal simple expression and

can be regarded as a result of the Berry phase related topological pumping

process. Such pumping process also finds its appearance in the magnetic mul-

tilayer nano-structures. In chapter three we propose two nanodevices that

utilize this pumping mechanism to achieve some unusual functionalities. In

chapter four we turn to the anomalous Hall effect which is closely related to the

Berry curvature in reciprocal space, and study the dependence of the so-called

side jump contribution on different types of disorder scattering.
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Chapter 2

Topological Electromotive Force Induced by

Domain Wall Dynamics

2.1 Introduction

The interplay between charge transport and magnetic domain wall

(DW) dynamics has been a subject of extensive research during the past two

decades. A major driving force behind is its promising application in making

new types of information storage devices that can be more compact and more

energy efficient [38]. This research topic is also appealing from a purely aca-

demic perspective, because the collective and quasiparticle degrees of freedom

are entwined in an essential way, giving rise to many novel and interesting

physical phenomena.

The usual setting for both theoretical and experimental investigations

has the geometry of a nanowire etched on a soft ferromagnetic thin film. The

film is thin enough (with thickness ∼ 10nm) such that the variation of m̂ along

the thickness direction can be neglected. Due to the strong shape anisotropy,

the magnetization easy axis is usually along the wire. Let us take the wire axis

The contents of this chapter are based on the articles: S. A. Yang, G. S. D. Beach,
C. Knutson, D. Xiao, Q. Niu, M. Tsoi, and J. L. Erskine, Universal Electromotive Force
Induced by Domain Wall Motion, Phys. Rev. Lett. 102, 067201 (2009); S. A. Yang, G. S.
D. Beach, C. Knutson, D. Xiao, Z. Zhang, M. Tsoi, Q. Niu, A. H. MacDonald, and J. L.
Erskine, Topological electromotive force from domain-wall dynamics in a ferromagnet, Phys.
Rev. B 82, 054410 (2010).
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a b

Figure 2.1: (color online). A schematic drawing of the two basic domain wall
types in a magnetic nanowire: (a) the transverse domain wall and (b) the
vortex domain wall. The red dot in (b) indicates the core of the vortex wall
where the magnetization points out of plane.

to be along the x-direction. If we have m̂ = +x̂ on the left side and m̂ = −x̂ on

the right side, there will be a DW in the middle separating the two domains.1

The DW typically takes one of the two geometries: the transverse type DW or

the vortex type DW, which are drawn schematically in Fig.2.1. Which type

of wall occurs at ground state depends on the details. Generally speaking,

transverse DW has lower energy than vortex DW for narrow wires, while for

wide wires the vortex DW is favored [44].

As being demonstrated in the prominent GMR effect, the magnetic

configuration can strongly influence the charge transport property. In the

same spirit, it has been found that the presence of a static DW will change the

electrical resistance of a nanowire [21, 25, 70, 82]. In 1996, Slonczewski [66] and

Berger [10] independently proposed the mechanism of spin transfer torques.

Soon afterwards it has been verified that a DW can be driven by the spin-

transfer torques from a spin polarized current to move within a nanowire [4,

5, 26, 40, 80, 89].

The inverse of this effect, i.e. the appearance of an emf generated by

1Such a geometry is known as the head-to-head configuration.
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a DW propagating through a nanowire, known as the ferro-Josephson effect,

was originally predicted by Berger in 1986 [9]. Here the motion of the DW can

be driven by a current, or by an external applied magnetic field, etc. There

was renewed interest in this effect during the past few years due to its intimate

connection with spin transfer torques. Theoretically, Berger’s original result

has been re-derived via several different approaches [3, 23, 24, 58, 67, 78, 91–93].

Barnes and Maekawa showed that the emf is related to the spin Berry phase of

the adiabatic transport of a conduction electron around a loop [3]. Saslow de-

rived this result from a non-equilibrium thermodynamic approach [58]. Duine

started from a functional integral method and investigated the role played by

nonadiabatic and spin relaxation processes in this effect [23, 24], which is also

studied by Tserkovnyak and Mecklenburg [78]. Numerical studies on this effect

have been performed by Stamenova et al..

Starting from the semiclassical formalism, we show that this emf is

due to the Berry curvatures experienced by conduction electrons in a spin tex-

ture that varies in space and time. The effect can then be interpreted as one

particular example of a class of real space topological pumping effects. The

manifestation of its topological nature is that the integral of the pumped emf

over one pumping cycle is a quantized topological invariant equal to integer

multiples of h/e [92]. As a result, a universal relationship between the emf and

the frequency of DW precession can be established, which has been success-

fully verified by the experiment [91]. Furthermore, our local gauge invariant

theory combined with standard electrostatic methods provides a systematic

framework for calculating the full chemical potential distribution induced by

general local spin dynamics.

In the following, we shall first describe the semiclassical formalism that
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we adopt for analyzing this problem. In section 2.3 we provide a topological

argument for the DW induced emf which is valid for any type of DW. We

then discuss our method to solve for the full chemical potential distribution

induced by general local spin dynamics in section 2.4. In section 2.5 we briefly

discuss the first experimental detection of this emf. Section 2.6 contains some

further discussions.

2.2 Semiclassical Formalism

The central task in classical mechanics is to derive a set of equations

of motion of the position and momentum variables that are used to describe

the system, and solve these equations subjected to some initial conditions.

In quantum mechanics, due to the Heisenberg Uncertainty Principle, we can-

not define both the instantaneous position and the instantaneous momentum.

However, we can achieve a semiclassical description of the quantum system by

modeling particles as wavepackets. These wavepackets are required to have

limited widths in both the real space and the momentum space such that a

position and momentum pair can be defined. Then we can recover a simi-

lar equations of motion description just like that in classical mechanics. In

crystalline solids, the requirement is that the width of the wavepacket in re-

ciprocal space is narrow compared with the Brillouin zone, and the spread of

wavepacket in real space (typically a few tens of lattice constants) is small

compared with the length scale on which our observation is taken. This also

means that the external potential should be smooth enough over the width of

the wavepacket.

The semiclassical formalism is especially suitable for describing elec-

tron transport in metals under weak electric or magnetic fields. The high
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carrier density screens Coulomb interaction making the single particle picture

appropriate. The quantum information is partly encoded in the band energy

dispersion which is solved from the Schrodinger equation and is used as an

input in the semiclassical equations of motion. Another piece of quantum in-

formation is about the effect of Berry phase on the electron dynamics. Shown

by Sundaram and Niu [69], the time evolution of the phase space center (rc,kc)

of the wavepacket in a single Bloch band is affected by several Berry curvature

terms defined in phase space (plus time),

ṙc =
∂E

~ ∂kc

− (Ωkr · ṙc + Ωkk · k̇c) −Ωkt, (2.1)

k̇c = − ∂E

~ ∂rc
+ (Ωrr · ṙc + Ωrk · k̇c) + Ωrt, (2.2)

where E(rc,kc) is the energy of the wavepacket (band energy plus energy due

to external fields), and Ω’s are the Berry curvature tensors defined in terms of

the Berry connections,2

Aki = i⟨u| ∂
∂ki

|u⟩, Ari = i⟨u| ∂
∂ri

|u⟩, (2.3)

where i = 1, 2, 3 labels the three Cartesian components of a vector and |u(r,k)⟩

is the periodic part of the local Bloch eigenstate for this band [69]. The

Berry curvatures correspond to the gauge fields associated with these gauge

potentials. For example,

Ωkirj =
∂

∂ki
Arj −

∂

∂rj
Aki , (2.4a)

Ωrit =
∂

∂ri
At −

∂

∂t
Ari . (2.4b)

2Hereafter we shall drop the subscript c referring to the wavepacket center whenever
appropriate.
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All other Berry curvatures are defined in a similar way.

Each individual Berry curvature term in the above equations of motion

can have significant influence on the dynamics of electrons in appropriate con-

texts. The term with k-space Berry curvature Ωkk represents an anomalous

velocity. It plays a leading role in the anomalous Hall effect as we shall dis-

cuss in chapter four. The term Ωkt, which arises when the system depends on

certain time-varying parameters, leads to a charge pumping effect. Consider

the simplest case of a band insulator along x-axis with a single fully occupied

band. When the system has some parameter that is periodically varying in

time, a quantized charge can be pumped through the system over one period

T [72],

Q =

∫ T

0

dt jx = e

∫ T

0

dt

∫
BZ

dkx
2π

Ωkxt = eZ, (2.5)

where BZ denotes the Brillouin zone, (−e) is the electron charge, and Z is an

integer known as the first Chern number. This quantization of charge pumping

is because the (k, t)-subspace forms a closed surface (due to periodicity in both

k and t) and the integral of the curvature field over a closed surface must be

quantized (in units of 2π).3 As we commented in section 1.3, the Chern number

Z can be viewed as a topological charge enclosed by the closed (k, t)-surface

and is responsible for the flux field Ωkt.

The last term Ωrt in Eq.(2.2), which is the counterpart of Ωkt, is our

focus in this chapter. While the Ωkt term pumps a current, the Ωrt term

“pumps” an emf. Observe that ~k̇c, being the rate of change of momentum,

is just the force acting on the electron, hence Ωrt just constitutes a local force

3This corresponds to the generalized Gauss-Bonnet theorem in differential geometry. See
Ref. [17] for a discussion.
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field. Work is consumed or extracted when moving electrons in this force field.

Therefore the emf E along some path l can be calculated directly as

E = −~
e

∫
l

dr ·Ωrt. (2.6)

This is the origin of the main contribution to the emf induced by DW motion.

Because this approach is local and gauge invariant from the very beginning,

it is physically transparent and does not involve any elusive concepts like

the Berry phase on an open path as in Ref. [3]. Furthermore, a comparison

between Eq.(2.5) and (2.6) makes it natural to anticipate that there is also

a topological invariant associated with the time integral of the emf in one

period, as we discuss in the following section.

2.3 emf from Topological Pumping

The emf induced by DW motion reflects the influence of the magnetiza-

tion dynamics on the itinerant electrons. As discussed in section 1.3, we shall

model the coupling between magnetization field and the conduction electrons

by the s-d like Hamiltonian,

Hex = ∆ m̂(r, t) · σ. (2.7)

The typical coupling strength ∆(∼ 1eV) is large, hence the conduction electron

spin will adiabatically follow the direction −m̂ during its evolution.4 For the

convenience of presentation, we shall define a (unit vector) local spin field

n̂(r, t) ≡ −m̂(r, t), indicating the local orientation of the conduction electron

spin. When n̂(r, t) varies in space and time, it traces out a path on the unit

4The magnetization dynamics corresponds to a much smaller energy scale, e.g. for a
precession with frequency as high as 100GHz, the corresponding energy is about 0.1meV.
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spin sphere as discussed in section 1.2.2 and the accompanying Berry curvature

fields will influence the conduction electron’s dynamics.

Consider the nanowire geometry with the wire axis along the x-direction

and the magnetization m̂ having a head-to-head configuration.5 Then the

corresponding local spin field n̂ is fixed at the two ends of the wire with

n̂(x = −∞) = −x̂, n̂(x = +∞) = +x̂. (2.8)

This geometric constraint plays an essential role in our topological argument.

In order to easily picture the pumping process, we first consider a transverse

DW. The local spin direction n̂ of a transverse wall is assumed to be a function

of only one coordinate x (See Fig.2.1). Hence it is also known as the one

dimensional DW.6

The dynamics of DW can be induced by various means. The simplest

way to drive the DW is to apply a static uniform magnetic field. At low fields,

the DW makes a rigid translational motion like a soliton. When the field is

above the so-called Walker breakdown field [59], the local spins begin to precess

around the external field, causing the entire DW to precess periodically during

its translation. If we look at the curve C[n̂] traced out by the vector n̂(x, t)

on a unit sphere, this DW precession can be pictured as a “rope skipping”

process of the curve C, as shown in Fig.2.2.

The Berry curvature field Ωxt is calculated from the definition Eq.(2.3)

and Eq.(2.4b) with |u⟩ = |κ⟩⊗|χ⟩, where |κ⟩ is the orbital part of the eigenstate

5The situation for a tail-to-tail configuration corresponds to reversing the sign of m̂
(hence n̂). Our topological arguments applies to both configurations.

6In reality, the DW width has a gradual change from one along the width of the wire.
However, it has little effect on the emf measured far away.
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n(x,t)

Figure 2.2: (color online). (Up) Local spin configuration for a transverse DW
at an instant of time. (Bottom) A curve C is traced out by n̂ on the surface of
a unit sphere. S(C) is the shaded spherical surface bounded by C and the half
equator. When the DW precesses, the area of S changes with time. During
one pumping period, the area swept by C is 4π.

wavefunction and |χ⟩ = |n̂,±⟩ is its spin part. The n̂ dependence of state |u⟩

only comes from the spin part. During an adiabatic evolution, the transition

between the two spin states |n̂,±⟩ is suppressed and each spin sector can

be considered separately. In the following discussion, we focus on the spin

majority carriers with |χ⟩ = |n̂,+⟩, as in the half metal limit. The result is

easily extended to include the spin minority carriers as will be discussed at

the end of the next section.

Parameterizing n̂(x, t) by spherical angles (θ, ϕ), the Berry curvature

field takes the following form,

Ωxt =
1

2
sin θ

(
∂θ

∂t

∂ϕ

∂x
− ∂θ

∂x

∂ϕ

∂t

)
. (2.9)
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The emf along the wire can be obtained by a direct integration,

E = −~
e

∫ ∞

−∞
dx Ωxt =

~
2e

d

dt

∫
C

cos θ dϕ, (2.10)

where in the second step the integrand is evaluated over the curve C[n̂]. The

two ends of C are pinned at the two opposite poles of the unit sphere inter-

secting with the x-axis according to the constraint of Eq.(2.8). Due to the

presence of the time derivative, the integral in Eq.(2.10) is equal to a contour

integral along the boundary of the surface region S(C) enclosed by C and any

fixed (time independent) curve on the sphere. Let’s take the auxiliary curve to

be the half equator, as indicated in Fig.2.2. By Stoke’s theorem, the contour

integral can be turned into a surface integral which equals the area of S(C),

E = − ~
2e

d

dt

∫
S(C)

d cos θ ∧ dϕ = − ~
2e

d

dt
Area(S). (2.11)

This expression is nonzero when the area of S is time dependent. Therefore

an emf can be generated when the curve begins to sweep over the surface of

the sphere, i.e. when the DW precesses, such as being driven by a magnetic

field above the Walker breakdown. In one period, the area swept by the curve

is an integer multiples of 4π. Therefore the integral of the pumped emf over

one period must be a topological invariant,∫ T

0

dt E =
h

e
Z, (2.12)

with Z being an integer. For the simple transverse wall precession as depicted

in Fig.2.2, we have Z = −1.

At first glance, it might appear that the integral of the curvature Ωxt

over the (x, t)-surface should not be quantized because the manifold is not

closed, i.e. the system configuration at x = −∞ differs from that at x =
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+∞. However, as we have shown above, the real topology of this problem is

of a closed spherical surface together with the constraint Eq.(2.8) that fixes

the ends of the curve C on this surface. The pumping is realized by the

“rope skipping” movement of the curve C explained above. According to this

argument, the average emf over one period is simply

E =
~
e
ωZ. (2.13)

Here the pumping frequency ω is the frequency of the DW precession. It

is clear that this result does not depend on the detailed DW profile nor on

the details of its dynamical evolution, justifying our contention that it is a

topological pumping effect.

In a previous work by Barnes et al. [2], the authors argued that the emf

is a consequence of the release of magnetostatic energy as the DW propagates

under the influence of a magnetic field. However, the above analysis shows that

the topological pumping is related to the DW precession only and has nothing

directly to do with the DW displacement. For example, for a moving DW

without precession, which occurs when the DW is driven by a magnetic field

below Walker breakdown, there should be no emf induced by the topological

pumping. In contrast, if one manages to establish a DW pinned in space but

free to precess, it can also pump the same emf as in Eq.(2.13). This situation

is analogous to the spin pumping effect in magnetic multilayer structures [77],

which is the working principle of the magneto-dynamic battery that we will

discuss in chapter three.

The analysis above is readily extended to general types of DWs. It has

been found that the transverse DW is only stable in narrow wire geometry,

but that vortex, double vortex and more complex structures form in wider
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wire structures [44, 71]. Each vortex DW is characterized by two integers p the

polarization, and q the vorticity. Here p = ±1 indicates whether n̂ in the vortex

core is pointing upward or downward, and q = ±1 is the winding number of

n̂ field around the vortex core.7 Pumping is induced when the vortex reflects

back and forth periodically between the two wire edges. Such a situation

can be realized, for instance, by a driving magnetic field above a critical field

which is also termed as the Walker breakdown field. Oscillatory field-driven

vortex DW motion has been studied using numerical simulations [50], and has

been detected by recent experiments [32, 90]. During the periodic oscillation

along transverse direction, each time the vortex core encounters the edge, its

polarization p will change sign while the winding number q is preserved [50,

61, 75].

The pumped emf between the two ends is obtained by integrating the

force field Ωrt along a line connecting the two ends, e.g. for the line y =

0. Again we can map the unit vector n̂ on this line to a curve on the unit

spin sphere and repeat our “rope skipping” argument. However, unlike the

transverse wall case, the movement of the curve C is not due to the precession

of the wall plane, but is triggered by the transverse motion of the vortex core.

Before the vortex core hits the line, the curve lies on the equator. When the

core is passing across the line, C moves out of the xy-plane since the vector n̂

in the core has a finite z-component. After the traversing process is complete,

an area equal to half the spherical surface is swept by C. The other half of the

spherical surface is swept when the core bounces back from the edge with a

reserved polarity. Again the integral of the pumped emf over one period leads

to a quantized topological invariant, and the average emf is the same as in

7Textures with q = −1 are sometimes referred to as antivortex in the literature.
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Eq.(2.13) with ω being the frequency for the transverse motion of the vortex

core.

The above discussion demonstrates the power of a topological approach

that makes it possible to deal with arbitrary DW geometries at the same time.

In the following, we treat the vortex DW case using an alternative approach

which illustrates the connection between the pumped emf and the topology

of the vortex more clearly. For one period, we assume that the vortex starts

out from the upper edge, travels across the strip, gets bounced back from the

lower edge, and returns to the upper edge. Let R = (X(t), Y (t)) denotes the

position of the vortex center and v = (Ẋ, Ẏ ) its velocity. Notice that the Berry

curvatures depend on space and time only through (x−X(t)) and (y− Y (t)).

The time integral of the emf over the first half period can be converted to a

surface integral,∫ T/2

0

dt E = −~
e

∫ T/2

0

dt

∫ ∞

−∞
dxΩxt = −~

e

∫
dxdy Ωxy, (2.14)

where the real space Berry curvature Ωxy when written in terms of spherical

angles is

Ωxy =
1

2
sin θ(∇θ ×∇ϕ) · ẑ, (2.15)

which can be obtained directly from Eq.(1.18) by identifying (R1, R2) as spatial

coordinates in 2D. It is well known that the surface integral of the Berry

curvature Ωxy for a vortex gives a topological invariant called the Skyrmion

charge [6] which does not depend on the detailed profile of the DW,∫
dxdy Ωxy = πp q. (2.16)

So we observe immediately that the time integral of the emf (2.14) has a

quantized value. As for the second half period, the vortex moves in the opposite
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transverse direction, however p also changes sign, so the integral of emf over

the second half period is the same as that for the first half. Furthermore,

because vy has the same sign as pqvx [61], the sign of emf is determined after

specifying the direction of the longitudinal motion of the vortex. Therefore, for

a vortex DW propagating from left to right, we recover the result E = −(~/e)ω.

It should be emphasized that our local approach based on Berry curva-

tures is a gauge invariant theory from the very beginning, unlike approaches

based on Berry phases or Berry connections which always need a gauge fixing

step. In the original work by Berger [9], the force takes a form of a spatial

gradient because a gauge has been implicitly chosen such that Ax = 0. In the

work by Barnes and Maekawa [3], the gauge has been fixed in another way

such that At = 0 at x = ±∞.

The topological argument presented above (with the relation Eq.(2.12))

is a significant novel result. From this argument, we can see immediately that

the average emf is given by a universal Josephson type relation which only

depends on the frequency of the DW transformation. If we measure the voltage

drop along the direction of DW motion, then an average voltage drop of ~ω/e

should be detected.

2.4 Methods for Solving Full Potential Distribution

Starting from our local gauge invariant theory, it is easy to identify

the topology of the system and calculate the pumped emf. These correspond

to the global properties of the system. However, the real power of a local

approach is that it also enables us to study various local properties, like the full

instantaneous chemical potential distribution produced by the DW dynamics.
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The starting point is the Boltzmann equation for the phase space dis-

tribution function g(r,k, t) in the relaxation time approximation,

dg

dt
= −g − f

τ
, (2.17)

where τ is the relaxation time, and

f(r,k) =
1

e[E(r,k)−µ(r)]/kBT + 1
, (2.18)

is the local Fermi distribution function appropriate for the electron energy

E and the local chemical potential µ at the position r, kB is the Boltzmann

constant and T is the temperature. The distribution function g can be solved

as

g = f −
∫ t

−∞
dt′ e−(t−t′)/τ

[
ṙ · ∂

∂r
+ k̇ · ∂

∂k

]
f. (2.19)

Assuming that the semiclassical dynamics is much slower than the relaxation

time, which is usually the case in metals, the time integral can be carried

out directly. The time derivatives ṙ and k̇ above can be substituted from the

semiclassical equations of motion Eq.(2.1) and (2.2). Here we neglect the spin-

orbit coupling, hence the term Ωkt in Eq.(2.1) vanishes. We then find that the

terms involving derivatives of E get canceled out, and we are left with

g = f − τ ṙ · (∇µ− ~Ωrt)
∂f

∂µ
. (2.20)

In the steady state the transport current of an open system must be zero

at every point in space. Hence the irrotational part of the field ~Ωrt has

to be balanced by the chemical potential gradient ∇µ. In experiment, what

we really measure is the difference of chemical potentials between two points.

The voltage signal read from a voltmeter is connected to the chemical potential

difference ∆µ through the relation

V = −∆µ/e. (2.21)
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Note that we are using the word chemical potential in our discussion to include

both electrical potential contributions that bend the conductor’s bands, and

Fermi energy contributions that establish the position of the chemical potential

within those bands. In metals the Fermi energy variation is always negligible so

that the chemical potential variation is in fact essentially equal to the electrical

potential variation. In this way, the measured voltage signal reflects the emf

induced by the topological pumping term Ωrt.

The full chemical potential distribution can therefore be solved from

the Poisson equation,

∇2µ = ~∇ ·Ωrt, (2.22)

subjected to the Neumann boundary condition.8 This can be understood

by noticing that in the equation of motion (Eq.(2.1)), the Ωrt acts as an

effective electric field (while the field Ωxyêz is an effective magnetic field). The

divergence of the force field on the right hand side therefore plays the role of

source charge densities. At this stage, the problem of calculating µ has been

completely mapped into a standard electrostatic problem and hence can be

attacked by utilizing well developed techniques [34, 92, 93].

Before proceeding, we would like to address an issue related to the

experimental measurement. When the DW is driven by a constant applied

magnetic field, the possibility that the coupling between the external field

and the conduction electron spin, i.e. the Zeeman energy term, could affect

the measured voltage signal arises as an interesting issue [3, 67]. The Zeeman

energy is part of the total energy E(r,k), and from the analysis above, it

is clear that the spatial variation of E does not contribute to the chemical

8The current perpendicular to the surface of the metal must vanish. Using Ohms law it
follows that the perpendicular chemical potential gradient also vanishes.
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potential gradient in the steady state. Therefore the measured voltage signal

should not be affected by the Zeeman energy term.

In the following, using the vortex DW as an example, we detail how

the potential distribution is calculated. The curvature field Ωrt, when written

in terms of spherical angles, is9

Ωrt =
1

2
sin θ

(
∂θ

∂t
∇ϕ− ∂ϕ

∂t
∇θ
)
. (2.23)

For a vortex DW, θ and ϕ only depend on time through the combinations

(x − X(t)) and (y − Y (t)), where (X, Y ) is the center of the vortex core as

defined in the previous section. We find that

Ωrt = −Ωxy ẑ× v, (2.24)

which mimics the relation between electric field and magnetic field. The charge

density on the right hand side of Eq.(2.22) is peaked around the DW and

vanishes in a uniform domain. The potential and field outside the DW region

can be calculated by a standard multipole expansion method.

For regions far away from the DW (compared with the DW size), only

the lowest non-vanishing multipole moment is needed. For the case of a vortex

DW, the lowest order moment turns out to be the dipole moment,

P = ε0
~
e

∫
d2r r∇ ·Ωrt = −ε0

~
e

∫
d2r Ωrt = ε0

~
e
p q π ẑ× v, (2.25)

where we have used Eq.(2.16) and (2.24). The dipole has a magnitude that

is proportional to the Skyrmion charge and its direction is perpendicular to

the velocity of the vortex core. The dipole distribution is concentrated in

9Berry curvature term in ferromagnetic system was first discussed by G. E. Volovik [84].
This result, again, can be easily obtained from Eq.(1.18).
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the vortex core, which is much smaller than the wire width [44]. Boundary

conditions can be imposed using the image charge method. We replace the

boundary condition by image dipoles having mirror symmetry with respect

to the two boundaries at y = +w/2 and y = −w/2 (w is the width of the

wire). This creates a line of dipoles on the y axis. At regions far from this

line, the electric field source can be approximated by an infinite line of dipoles

with an average dipole density (Px/w)x̂. Hence the voltage difference between

x = −∞ and x = +∞ is

Vx = πp q
~
e

vy
w
. (2.26)

Since pqvy has the same sign as vx, the sign of Vx only depends on the sign

of vx, i.e. the direction of DW propagation. Notice that when the vortex core

begins to perform zigzag motion at fields above the Walker breakdown field,

π|vy|/w = ω. The average voltage drop along the DW propagation direction

is therefore V x = ~ω/e, recovering our previous result.

The motion of the vortex along the wire also generates a transverse

voltage. For a vortex at the center of the wire, the transverse voltage at the

longitudinal position of the vortex is found to be

Vy = π
~
e

vx
w
. (2.27)

When measured through a pair of lateral leads, below breakdown, one should

observe a pulse of transverse voltage with the peak value given in Eq.(2.27) and

with a time width determine by the wall speed and the lead width. Oscillations

occur within this pulse above the breakdown when the vortex executes zigzag

motion. Each time the vortex collides with a sample edge and gets reflected,

Vy will change sign. Therefore, by timing the transverse voltage pulse, one

can determine the position and the speed of the DW, and by measuring the
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Figure 2.3: (color online). The potential distribution µ/(−e) calculated nu-
merically from the Poisson equation for a vortex at the center of a nanowire
moving with velocity v = (150, 150)m/s. The field distribution closely resem-
bles that for an electric dipole.

frequency of the oscillations, one can detect the zigzag motion of the vortex

core.

Oscillatory DW motion in nanowires has been indirectly measured by

magneto-optic polarimetry [90]. The effect is manifested by the broadening

of the magneto-optic transient produced by a DW sweeping across the probe

beam. The voltage method described here offers a direct approach.

In the following, we calculate the full potential distribution by solving

the Poisson equation (2.22) directly. In order to do this, we consider a specific

DW configuration,

θ(r) =
π

2
(1 − e−|r−R|/aV ), (2.28a)

ϕ(r) = Arg(r−R) +
π

2
, (2.28b)

where aV is the radius of the vortex core, and the vortex structure is confined

within an outer radius RV that is comparable to w. Eq.(2.28) specifies a
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typical vortex with p = q = 1. The potential distribution µ/(−e) obtained

numerically is plotted in Fig.2.3. In the calculation, we set w = 600nm,

aV = 10nm, RV = 200nm, and v = (150, 150)m/s for a vortex core at the

center of the wire. Notice that the potential profile indeed coincides with that

of an electric dipole pointing in the direction perpendicular to the velocity, as

anticipated in Eq.(2.25).

For the spin minority band, the curvature field Ωrt differs from that

for the spin majority band by a minus sign. This can be easily seen from

Eq.(1.18), where the sign change of b leads to a sign change of the curvature

field. Then by the requirement that no current flows in the system, we have

the following relation:

(E↑ − Vx)σ↑ + (E↓ − Vx)σ↓ = 0, (2.29)

where σ↑(↓) is the conductivity for the spin majority (minority) channel. Be-

cause E ≡ E↑ = −E↓, we have

Vx = pE, (2.30)

where p = (σ↑ − σ↓)/(σ↑ + σ↓) is the spin polarization of the sample.

If the vortex DW is driven by an applied static magnetic field above

Walker breakdown field, the transformation frequency ω is given by the Larmor

frequency ω = γH [32, 39, 42]. Hence we have the relation Vx/H = p (~/e)γ ≈
p × 11.6nV/Oe, which has indeed been confirmed by the experiment [91, 92].

We shall briefly review the experimental results in the following section.

2.5 Experimental Results

The first experimental detection of the emf induced by DW motion has

been carried out in Erskine’s group [91, 92]. In order to observe this effect, a
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thin-film ferromagnetic nanowire structure was fabricated such that a single

magnetic DW could be repeatedly nucleated, injected, and driven along the

wire in the same direction. By measuring the average voltage that is developed

along the wire during the wall propagation, together with its field dependence,

the emf predicted above has been identified and characterized.

The experiments were performed on a planar nanowire patterned from

a continuous 20nm-thick Permalloy (Ni80Fe20) film. The device structure is

shown in Fig.2.4. From this film, two parallel trenches were etched away to

define a 500nm-wide and 35µm long Permalloy nanowire. The geometry of

the wire dictates that the DW inside the wire must be of vortex type. One

end of the nanowire was then milled to a triangular point, while the other end

remained contiguously joined to the pad. The joined pad region served as a

nucleation source for DWs due to its very low coercivity. The tapered geometry

at the pointed end of the nanowire wire ensured that DWs would not nucleate

within the wire. Hence, magnetic reversal within the wire occurred by the

motion of a single vortex DW, always entering the wire from the injection pad

and traveling in the same direction. In order to measure the voltage generated

along the wire during wall propagation, the pointed end of the nanowire was

re-connected to the adjacent pad with a nonmagnetic Pt bridge. Electrical

contacts were then made to the two pads, permitting measurement of the

voltage along the nanowire.

The magnetic DW dynamics in the device were characterized using

a high-resolution time-resolved scanning Kerr polarimeter [52]. The average

domain wall speed along the wire direction was measured as a function of the

applied dc magnetic field, yielding the mobility curve shown in Fig.2.5. A

Walker breakdown field ∼ 8.5Oe is observed.
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Figure 2.4: (color online). Scanning electron micrograph of planar nanowire
device. Inset shows cut end prior to deposition of Pt bridge.
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Figure 2.5: (color online). Measured mobility curve for domain wall motion
in the nanowire.
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Figure 2.6: Measured emf as a function of the drive magnetic field. Solid line
has slope of 10 nV/Oe.

The voltage drop Vx generated during the DW motion is detected and

systematically tested. The result is plotted as a function of applied field in

Fig.2.6. We observe that Vx varies in proportion to the driving field, with a

slope of ∼ 10nV/Oe. This is close to the predicted slope γ~/e = 11.6nV/Oe,

and suggests a spin-polarization p ∼ 0.85, somewhat higher than expected but

within reasonable experimental bounds.

2.6 Discussion

In our theory, the emf is induced by the adiabatic alignment of the con-

duction electron spins with the local spin field. Nonadiabatic processes due

to spin misalignment will also contribute to the emf. Although nonadiabatic

contributions will always be small compared to the topological pumping (adi-

abatic) contribution for wide DWs like those in nanowires, they could become
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important for narrow DWs trapped at point contacts [23, 24, 31, 78, 79]. We

note that the pumping process is expected to cause enhanced damping of local

spin dynamics [98], closely paralleling the similar effect in magnetic multilayer

structures [77].

The topological argument with the result Eq.(2.12) is extremely pow-

erful. It shows that as long as the magnetization is pinned towards opposite

directions at the two ends, no matter how complicated the middle region might

be, the integral of the emf over one period assumes a quantized value. This

value could serve as a topological signature of the system.

For a system containing multiple DWs, if these DWs are well separated,

then each DW behaves independently and the emf generated is a sum of the

emf ’s from every single DW. When the DWs begin to interact with each other,

the dynamics of the local spins become complicated, as is seen when a high

magnetic field is applied [18]. In that case, the period T can be very long, hence

it is more meaningful to calculate the instantaneous potential distribution by

a numerical implementation of our theory combined with simulations based

on the Landau-Lifshitz-Gilbert equation.
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Chapter 3

Spin Pumping and Two Magnetic Nanodevices

3.1 Introduction

The research on the magnetic multilayer nanostructures is one of the

most active fields in the past thirty years. The most famous discovery is the

giant magneto-resistance (GMR) effect [1, 12], in which a ferromagnet/normal

metal/ferromagnet (F/N/F) heterostructure has a large change of resistance

(up to a few tens of percent) when the relative orientation of the ferromagnetic

layers switches from parallel to anti-parallel. Later, it has been found that an

even larger change in relative resistance can be achieved if the normal metal

spacer layer is replaced by an insulating layer, known as the tunneling magneto-

resistance (TMR) effect [46, 47]. The GMR effect and the TMR effect soon lead

to successful commercial applications such as the magnetic field senors and the

read heads in magnetic hard drives. They demonstrate that the quasiparticle

transport in nanostructures can be controlled efficiently by manipulating the

collective magnetic order configuration.

On the other hand, the possibility to control the magnetization dy-

namics by using an electric current flowing through the nanostructure is also

actively pursued. Slonczewski and Berger independently proposed that a cur-

rent penetrating a magnetic multilayer structure can transfer its spin angu-

lar momentum to the local magnetization leading to spin transfer torques on

the magnetic layers [10, 66]. The existence of spin transfer torques has been
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confirmed by experiments [57, 81]. The mechanism provides a promising al-

ternative to realize magnetic switching for information storage devices. Spin

transfer torques can also be used to excite a high frequency steady state mag-

netic precession leading to so-called spin transfer torque oscillators, which can

be used as nanoscale microwave sources, sensors or mixers [62].

The devices based on magnetic multilayer nanostructures typically con-

sist of free layers whose magnetization directions are free to rotate, and fixed

layers whose magnetization directions are pinned either by making these layers

thicker or by attaching them to anti-ferromagnetic layers. There are also spacer

layers which are used to control the coupling between the nearby ferromagnetic

elements. The state-of-the-art technology has enabled the fabrication of high

quality magnetic heterostrutures with the layer thickness down to nanometer

scale. The lateral dimension of the structure is usually below a few hundred

nanometers in order for the spin transfer effect to dominate over the influence

of the Oersted field produced by the current. Theoretical treatment of these

structures usually neglects the spatial variation of magnetization within each

ferromagnetic layer and adopts the macrospin approximation.

The effect of emf pumping by a domain wall also finds its correspon-

dence in magnetic multilayer structures. Tserkovnyak et al. showed that

a precessing free layer pumps a spin current into its adjacent normal metal

layers [76, 77]. This mechanism explains the enhanced Gilbert damping ob-

served in ferromagnetic resonance experiment, and later it was confirmed more

directly by experiment [19]. The effect of spin pumping is derived from a

general parametric pumping theory by Brouwer [15], who showed that for a

mesoscopic system with two periodically varying parameters X1 and X2, the
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charge pumped through contact m into the system over one period is given by

Qm =
e

π

∫
A

dX1 dX2

∑
β

∑
α∈m

Im
∂S∗

αβ

∂X1

∂Sαβ

∂X2

, (3.1)

where A is the area enclosed by the path of (X1(t), X2(t)) in the parameter

space, S is the scattering matrix of the system, and α and β are the labels of

the conducting channels of contacts. We can observe some similarity between

the integrand of Eq.(3.1) and the expression of Berry curvature. The main

difference is that we are no longer talking about energy eigenstates but are

instead using scattering matrices. This is because the description of an open

system is different from that of a closed system. Nevertheless, it has been

shown that the pumped charge can be identified as a generalized Berry phase

defined for a scattering matrix [99].

Our aim in this section is not to investigate the nature of spin pumping,

but is rather to look for its possible applications in spintronics. We propose

two magnetic nanodevices that are related to this spin pumping mechanism

and have interesting electric properties. The first device is what we refer to

as the magnetic Josephson junction, which has similar I-V characteristics as

the superconducting Josephson junction. The second one is called a magneto-

dynamic battery which can be used as a charge source just like a conventional

charge battery. In the following, we first describe the theoretical framework

that we adopt for analyzing the properties of these devices. Then each device

is studied in detail.

3.2 Magnetoelectronic Circuit Theory

Due to the presence of sharp boundaries in the transport direction of

multilayer structures, the requirement for a slowly varying background po-
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Figure 3.1: (color online). A schematic plot of a ferromagnet/normal metal
(F/N) hetero-junction. The charge and spin currents flowing into the nor-
mal metal node can be expressed as a function of the potentials on the two
sides, the interface conductance parameters, and the time dependence of the
ferromagnetic layer’s magnetization.

tential in semiclassical formalism is no longer valid. We therefore adopt the

magnetoelectronic circuit theory, which is microscopically based on the scat-

tering approach [13, 14]. It simplifies the analysis of transport in magnetic

heterostructures by neglecting some weak nonlocal effects in order to decom-

pose the structure into nodes and spin dependent resistors between the nodes.

The key equations of the magnetoelectronic circuit theory relate the

charge and spin currents flowing from a ferromagnet into an adjacent normal

metal to the charge chemical potential µ and the (vector) spin dependent part

of chemical potential µs on each side. For the charge current through the F/N

interface,

Ic =
eg

2h
[2(µN − µF ) + p(µs

N − µs
F ) · m̂F ] , (3.2)

where the unit vector m̂F refers to the ferromagnet’s magnetization direction,

g ≡ g↑,↑ + g↓,↓ is the total conductance, p ≡ (g↑,↑ − g↓,↓)/g is the contact

polarization, ↑ and ↓ refer to the majority and minority spins and gσ,σ is a
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dimensionless spin dependent conductance.1 For a static magnetization the

analogous expression for spin current is

Is = − g

8π
[2p(µN − µF )m̂F + [(µs

N − µs
F ) · m̂F ]m̂F

+ηm̂F × µs
N × m̂F ] ,

(3.3)

where η ≡ 2g↑,↓/g, and g↑,↓ being the dimensionless spin mixing conductance.

The conductance parameters gσ,σ
′
can be calculated from the scattering matrix

elements [14], but here we will just treat them as phenomenological parameters

characterizing the system. When the magnetization direction m̂F becomes

dynamic, an additional spin current is pumped into the normal metal with [76]

Ips =
~g
8π

η m̂F × dm̂F

dt
. (3.4)

This result is derived from Brouwer’s two parameter adiabatic pumping theory,

which shares the same physical origin with the emf pumping by domain wall

dynamics in the previous chapter. We shall see this connection more clearly

in the discussion of the magneto-dynamic battery.

Similar to the usual practice in the standard electric circuit analysis,

after obtaining the expressions of currents in terms of chemical potentials, the

conservation of charge and spin within each normal metal node leads to the

following relations,∑
j

Ij→i
c = 0,

∑
j

Ij→i
s = Ci

∂µs
i

∂t

∣∣∣∣
relax

, (3.5)

where j → i means that the current is flowing from node j to node i, Ci

is a node-specific parameter and the right hand side of the second equation

represents the effect of spin relaxation processes. These coupled equations are

1“Dimensionless” means that the g’s are values of the conductances in units of e2/h.
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then used to solve for the potentials µi and µs
i , from which the system behavior

can be determined.

3.3 Magnetic Josephson Junction

There is close analogies between ferromagnetism and superconductivity.

They both are electronic ordered state characterized by an order parameter.

The expression of the domain wall induced emf ~ω/e is similar to the ac

Josephson relation V = ~ϕ̇/(2e), where V is the voltage across a Josephson

junction and ϕ is the superconducting phase difference across the junction.

Here we explore an analogy of the Josephson effect in the magnetic

multilayer structures. It is known that the electrical properties of a circuit

containing a Josephson junction typically change drastically when the junc-

tion’s critical current is exceeded. We propose that the magnetic nanostruc-

ture illustrated in Fig.3.2, which we refer to as a magnetic Josephson junction

(MJJ), can exhibit similar drastic effects when a critical current related to the

free magnet’s in-plane anisotropy is exceeded. We shall show that the resis-

tance of an MJJ can increase substantially when its critical current is exceeded

provided that either source or drain currents are strongly spin polarized and

the magnetization relaxation in the free magnet layer is not too rapid. 2

3.3.1 Free layer equation of motion

The MJJ device has an F/N/F/N/F geometry. The two ferromagnetic

electrodes have opposite magnetization directions, serving as spin polarized

2The contents of this section are based on the article: S. A. Yang, Q. Niu, D. A. Pesin,
and A. H. MacDonald, Theory of I-V characteristics of magnetic Josephson junctions, Phys.
Rev. B 82, 184402 (2010).

48



current source and drain. The free magnetic layer in the middle is sandwiched

between two non-magnetic normal metal spacer layers to avoid direct mag-

netic coupling with the electrodes. We assume that the free magnetic layer is

small enough that its magnetization is spatially constant. Its magnetization

direction dynamics is then described by the Landau-Lifshitz-Gilbert (LLG)

equation,

dm̂

dt
= −γ m̂×Heff + α m̂× dm̂

dt
+

1

S
(m̂× Is) × m̂, (3.6)

where we have explicitly written down the torque N in Eq.(1.20) as the Slon-

czewski spin transfer torque.3 Here S = MsV/γ is the magnitude of the total

spin of the free magnetic layer, V is the free layer volume, Is is the net spin

current flowing out of the free layer and the combination (m̂ × Is) × m̂ =

Is− (Is · m̂)m̂ selects the component of Is that is transverse to m̂. We assume

that there is no applied magnetic field. The effective magnetic field arises

mainly from the magnetostatic energy of the free layer with an elliptical cross

section characterized by a free energy

F = Kzm
2
z +Kp sin2 ϕ, (3.7)

where ϕ is the magnetization orientation azimuthal angle and the anisotropy

parameter Kz ≫ Kp so that the magnetization direction is always close to its

easy plane. When the magnetization direction is expressed in terms of mz and

ϕ, and mz is assumed to be small, the LLG equations take the form

ṁz =
1

S

∂F

∂ϕ
+ αϕ̇+

1

S
Izs , (3.8)

3Besides Slonczewski spin transfer torque, which captures the overall conservation of
angular momentum, there can be other contributions to the coupling between transport
currents and magnetization dynamics. See Ref. [57].
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Figure 3.2: (color online). A magnetic Josephson junction consists of a free
magnetic layer with a well-defined easy-plane and weak in-plane anisotropy
separated by non-magnetic spacers from magnetic source and drain electrodes
whose magnetizations are opposite and perpendicular to the easy plane. In
this article we choose the spin z-axis along the free magnet hard direction.

ϕ̇ = − 1

S

∂F

∂mz

− αṁz +
1

S
Iϕs . (3.9)

As discussed later we will be most interested in circumstances under

which ṁz = 0 and Iϕs , the component of spin-current in the azimuthal direction

vanishes. In that limit the right hand side of the equation for ϕ̇ reduces

to the difference between the chemical potential of majority and minority

spin electrons. Eq.(3.8) is then precisely equivalent to the resistively and

capacitively shunted Josephson junction model [74] with easy-plane anisotropy

playing the role of the capacitance,

ṁz = − S

2Kz

d2ϕ

dt2
, (3.10)

in-plane anisotropy playing the role of the superconducting coupling which

supports a supercurrent

Isup = Kp sin(2ϕ), (3.11)

αϕ̇ playing the role of a dissipative quasiparticle current, and the spin transfer

torque term playing the role of a junction bias current.

50



It is well known that the electrical properties of a Josephson junction

changes drastically at its critical current. Due to the connections revealed

above, we expect that similar behaviors can occur in an MJJ. Because the

MJJ bias current is a spin-current not a charge current, and its dissipationless

supercurrent transports spins from up to down states not charges from one

side of the junction to the other, the current-voltage relationship of a circuit

in which an MJJ is embedded is more subtle than in the superconducting

Josephson junction case, and collective effects are generally weaker. In the

following, we analyze MJJ I-V relationships with the aim of identifying cir-

cumstances under which the resistance change at the critical current can be

large in circuits that are fabricated with modern spintronic materials.

3.3.2 Static resistance

We follow the standard procedure of magnetoelectronic circuit theory to

write down expressions for the currents flowing through the four F/N interfaces

in an MJJ. We assume that the normal metal nodes have sizes smaller than

the spin-flip diffusion length, allowing its spin-flip scattering to be neglected.

Setting the total charge and spin currents into each of the two normal metal

nodes to zero yields eight equations for the eight unknown parameters which

specify the spin dependent chemical potentials of the two normal metal nodes.

For small bias voltages the free layer magnetization can achieve a static

value by balancing the circuit bias and collective transport terms: Izs = Isup.

This corresponds to the static mode of MJJ. We note that m̂F = ±ẑ for source

and drain electrodes respectively. Set the source and drain chemical poten-

tials to ±U/2 and assume that the source and drain electrodes are identical
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(except for their magnetization directions). It follows from symmetry that

spin-accumulation in the direction perpendicular to m̂ and ẑ vanishes in both

normal metal nodes, reducing the number of free variables to six. We separate

the normal metal chemical potentials into accumulation (+) and transport (−)

contributions defined by

µα,± ≡ µ1α ± µ2α, (3.12)

where α = c,m, z for charge, free magnet, and source magnetization directions,

and the index i = 1, 2 of µiα denotes the i-th normal metal node.

Simple equations for µα,± can be obtained by adding and subtracting

the charge and spin conservation relations for the two nodes. In this way it

is easy to verify that for the static case µc,+ = µm,+ = µz,− = 0, properties

that can also be established by symmetry considerations. The three remaining

equations determine the chemical potential differences that drive charge and

spin currents across the free magnetic layer, µc,− and µm,−, and the accumu-

lation of spin injected by the source and drain electrodes µz,+:

2(g + 2G)µc,− + gpµz,+ + 2GPµm,− = 2gU,

2gpµc,− + (g +Gη)µz,+ = 2gpU,

4GPµc,− + (2G+ gη′)µm,− = 0, (3.13)

where we have introduced the shorthand notations g = g↑,↑ + g↓,↓, p = (g↑,↑ −
g↓,↓)/g and η′ = 2g↑,↓/g for the interfaces between normal metal and source and

drain electrodes. The corresponding upper case G’s and η refer to interfaces

between the normal metals and the free magnetic layer.

The charge current is most conveniently evaluated at either source or

drain electrode with the result that

Ic =
eg

2h

(
µc,− +

1

2
pµz,+ − U

)
. (3.14)
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Although the static MJJ resistance RS = U/(−eIc) depends on the detailed

values of the various interface conductance parameters, it tends to be close

to the sum of the individual interface resistances and is not especially sensi-

tive to source or drain electrode spin polarization; in the limit in which all

ferromagnets are fully polarized and identical, for example, the static MJJ re-

sistance is 5(h/e2)/g. This result applies until the perpendicular spin current

Izs = (Gη/8π) µz,+ reaches its critical value Icrit = Kp. The corresponding

critical charge current flowing through the MJJ is proportional to Icrit. For

typical values p ∼ 1, η ∼ 2, Kp ∼ 105J (per m3) and assuming that G = g,

the citical charge current density is on the order of 1 × 10−7A/nm2 for a free

layer with a thickness around 1nm.

3.3.3 Dynamic resistance

Once Isup reaches its maximum value, Icrit = Kp, the magnetization’s

azimuthal angle becomes time-dependent and the time average of Isup quickly

becomes negligible. In this dynamic limit Izs must be balanced against the

dissipative term −αϕ̇. Therefore when Izs is substantially larger than Kp, a

dynamic steady state is approached in which

ϕ̇ = − 1

αS
Izs . (3.15)

This precession of magnetization induced by spin current is the working prin-

ciple of spin transfer torque oscillators. Because of their long spin relaxation

times, the normal metal nodes do not follow this precession so that the com-

ponents of the spin dependent part of the chemical potentials vanish along

directions other than ẑ. This leaves four unknown chemical potentials and ϕ̇

to be determined by Eq.(3.15) and the four circuit equations for conservation
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of Ic and Iz at each node. In the dynamic case the total spin current Izs flowing

out of the free magnet includes a spin pumping contribution [77]:

Izs = − 1

8π
Gη(µz,+ − 2~ϕ̇). (3.16)

The induced pumping current tends to counter the bias current, effectively

increasing the resistance. Following the same strategy as in the static case we

find that µc,+ = µz,− = 0 while the remaining unknowns satisfy the equations:

2(g + 2G)µc,− + gpµz,+ = 2gU,

2gpµc,− + (g +Gη)µz,+ − 2Gη~ϕ̇ = 2gpU,

Gηµz,+ − 2Gη~ϕ̇ = 8παSϕ̇. (3.17)

The third of these equations relates the spin currents out of the free layer to

the spin decay rate. The electrical properties of an MJJ are most interesting

when the dimensionless coupling constant formed by comparing the right and

left hand sides of Eq.(3.17)

Λ ≡ 4παS

~Gη
(3.18)

is small. Taking typical values [77] of G ∼ 10 (per nm2), η ∼ 2 and of

(4πMs)/γ ∼ 100 nm−3 yields Λ ∼ 10α d[nm], where d is the film thickness,

suggesting that small values are possible in thin magnetic layers made from

materials like Permalloy that have small values of α. Solving Eqs. (3.17) for

Λ = 0 we find that the dynamic MJJ resistance

RD =
h

e2
4G+ 2g(1 − p2)

4Gg(1 − p2)
, (3.19)

which diverges for p → 1. When source and drain electrodes are strongly

spin polarized and Λ is small, the MJJ circuit should suffer a large increase in

resistance at its critical current.
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Figure 3.3: (color online). The ratio of dynamic and static resistance ζ ≡
RD/RS plotted as a function of the damping parameter α and the polarization
p. The parameters used here are g = G = 10 (per nm2), P = 0.5, η = η′ = 2,
Ms = 105A/m, and d = 1nm. This ratio ζ diverges as α→ 0 and p→ 1.

This drastic resistance change can be qualitatively explained as follows.

In the static regime, the free layer magnetized in the xy-plane breaks spin rota-

tion symmetry along the z-axis. Exchange field driven spin flips then provides

a path for electrical conduction between oppositely polarized electrodes. In

the dynamic regime, precession of the free layer restores spin rotation sym-

metry and the z-component of the conduction electron spin is approximately

conserved, increasing the electrical resistance.

In Fig.3.3, we plot the ratio ζ ≡ RD/RS, which characterizes the per-

formance of an MJJ, as a function of the damping parameter α and the polar-

ization p. ζ increases as α decreases or p increases, and diverges in the limit

α→ 0 and p→ 1.
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3.3.4 Discussion

The influence of magnetization dynamics on electronic transport can

be described by accounting for spin pumping, as in the analysis summarized

above, or equivalently by accounting for a dynamics induced emf. As we have

seen in chapter two, the emf induced by domain wall precession is p~ϕ̇/e with

ϕ̇ being the domain wall precession frequency and p the bulk transport current

spin polarization. For the MJJ considered here, spin transport is no longer

adiabatic. In order to relate the two perspectives we assume that the influence

of precession in the MJJ can also be captured by imposing an extra emf β~ϕ̇/e

that accounts for the difference between static and dynamic circuit resistances:

U

RD

=
U − β~ϕ̇
RS

, (3.20)

The value of β then depends on the microscopic MJJ parameters and can be

evaluated by comparing Eq.(3.20) with the results from the magnetoelectronic

circuit analysis. Some typical values of β are plotted in Fig.3.4 as a function

of p (= P ) for different values of α. For the completely adiabatic case, we

should expect β = p which is a straight line in the figure. Although the β of

an MJJ generally deviates from this straight line due to nonadiabatic effects, it

approaches the straight line in the p→ 0 and p→ 1 limits. For p = 1, the same

result can be obtained by making a unitary transformation into the rotating

frame of m̂(t) [77] and the result amounts to a relative shift ~ϕ̇ between the

chemical potentials of the two electrodes. We find that the magnetic damping,

parameterized by α, slightly decreases the value of β, because the dissipation of

energy through damping can be regarded as an extra resistance in the circuit.

From the analysis above, the current drops once the bias voltage U

increases above a critical value determined by the in-plane anisotropy, i.e.
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Figure 3.4: (color online). The ratio between ~ϕ̇/e and the magnetization
dynamics induced emf in an MJJ plotted as a function of the polarization p
for different values of damping parameter α. These results were obtained for
P = p, g = G = 10 (per nm2), η = η′ = 2, Ms = 105A/m, and d = 1nm. The
straight line β = p applies for smooth magnetization textures.

when the precession of magnetization begins. This signals a negative resistance

region of the I-V curve similar to that for the Gunn diode [33]. For MJJ with

high performance (ζ ≫ 1), it could be used as a good fuse link, for example,

to control the maximum current that can flow through a circuit.

Our analysis indicates that MJJ circuits which exhibit large and sud-

den relative change in resistance can be fabricated using modern spintronic

materials with perpendicular anisotropy [51] and strongly polarized spin cur-

rents [56, 96]. Besides having an academic interest, because of the insight that

it provides in comparing the magneto-dynamic emf and the spin pumping

notions in metal spintronics, the MJJ may also be useful for practical appli-

cations.
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Figure 3.5: (color online). Two geometries of magneto-dynamic battery con-
nected with external load. The battery consists of F/N multilayer heterostruc-
tures with sizes small enough such that the magnetization of each F layer is
assumed to be uniform. Current is driven by a free ferromagnetic layer with
precessing magnetization direction m̂. Other ferromagnetic layers have fixed
magnetization directions. The two geometries are referred as geometry A and
geometry B in our discussion.

3.4 Magneto-dynamic Battery

A precessional free ferromagnetic layer pumps spin currents into its ad-

jacent normal metal layers. The spin signal generated in this way can be con-

verted into an electrical signal by spin relaxation processes, allowing the device

to mimic a charge battery. This opens the way to creating novel nanoscale volt-

age sources and microwave detectors. Recent research has achieved increases

in the voltage output of these magneto-dynamic devices[7, 87]. However, the

power output and the energy efficiency, which are two important measures of

a battery’s performance, have not been discussed so far.

We study two prototype geometries (illustrated in Fig.3.5) for devices,

which we refer to as magneto-dynamic batteries (MDBs), in which magne-

tization precession in a free magnetic layer drives currents through a closed

circuit. We show that the two characteristic properties of a conventional charge
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battery, emf and internal resistance, are well-defined in MDBs, and examine

conditions which maximize the output power and the energy efficiency.

The device geometries considered here can also be viewed as discrete

versions of a pinned 90 degree domain wall (Fig.3.5(a)) and an 180 degree

domain wall (Fig.3.5(b)) respectively. Indeed we find a close correspondence

between the emf of an MDB and the emf pumped by a precessional domain

wall [91]. We show that the effective internal resistance includes not only the

electrical resistance of the structure but also resistances associated with spin

pumping and spin relaxation processes. For a given emf and an internal resis-

tance, the role of an MDB in a circuit is equivalent to that of a conventional

charge battery. As a result, the output power of an MDB will be maximized

if the external load satisfies the impedance matching condition familiar from

the standard circuit theory. The efficiency of an MDB in delivering magnetic

energy to the external circuit during a magnetic reversal is optimized by re-

ducing the thickness and magnetic damping of the free layer. In the following

sections, we first discuss the description of spin relaxation and then we turn

to investigate the characters of the MDBs.

3.4.1 Spin relaxation

As we shall see from later calculations, the spin relaxation process plays

an essential role in converting magnetic energy into electric work. We assume

that the MDB’s length along the transport direction is smaller than the spin-

flip diffusion length lsf. In this case spin-relaxation within the MDB is negli-

gible and relaxation occurs mainly in the external load, which we model by a

normal metal resistor in which the spin transport and relaxation is described
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by a spin diffusion equation [35, 83]:

0 = D
∂2µs

∂z2
− µs

τsf
. (3.21)

Here D is the diffusion constant, τsf is the spin-flip relaxation time and z ∈

[0, L] is the coordinate along its transport direction. This equation is solved

with the boundary conditions µs(0) = µs
1, µ

s(L) = µs
2 at the two ends which

are labeled as node 1 and 2 in Fig.3.5(a). The general solution of the spin

diffusion equation is

µs(z) = µs
1 coshκz +

µs
2 − µs

1 coshκL

sinhκL
sinhκz, (3.22)

where κ = 1/
√
Dτsf. In the limit lsf ≡

√
Dτsf ≫ L, spin relaxation in the load

is negligible and its spatially constant spin current is

I1→2
s ≃ − ge

8π
(µs

2 − µs
1), (3.23)

where ge is the electrical conductance of the load. This result basically means

that there is no spin relaxation. We will be most interested in the opposite

case lsf ≪ L, in which the current is spin-polarized only near the ends of the

load. In this limit the spin current flowing into node i from the load is

Iis ≃ −gsf
8π

µs
i , (3.24)

where we have defined a dimensionless spin-flip conductance gsf ≡ 2hνAeD/lsf

with ν being the density of states per spin and Ae being the cross sectional

area of the load resistor. In the following we combine these considerations to

analyze our MDB device.
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3.4.2 Internal resistance and optimal power output

When the free layer magnetization m̂ of the MDB undergoes preces-

sional motion, it pumps spin currents into its adjacent normal metal layers.

The fixed magnetic layers and spin-relaxation processes in the circuit combine

to convert the spin accumulation into a dc charge current flowing through the

load. We consider first a steady state operation mode in which m̂ precesses

around the fixed-layer-orientation (z-axis) with constant polar angle θ and

azimuthal angle precession rate ϕ̇.

For an MDB with geometry A (Fig.3.5(a)), following the procedure

of magnetoelectronic circuit theory, we divide the circuit into three normal

metal nodes (labeled as 1, 2 and 3) linked by resistive elements. We assume

that the precession rate is much larger than the spin relaxation rates at the

normal metal nodes. Spin accumulations at the nodes, then cannot follow

the precession and must vanish along directions other than ẑ, i.e. µs
i = µs

izẑ

(i = 1, 2, 3). Setting the total charge and spin currents into each node to zero

yields five equations because conservation of charge reduces the number of

independent equations by one.

First when there is no spin relaxation in the circuit Eq.(3.23) applies

and the spin currents pumped by the free layer to its left and right cancel

each other in the circuit. The steady state solution is then µ1 = µ2 = µ3

and µs
1z = µs

2z = µs
3z = ~ϕ̇, i.e. no currents flow through the load; majority

and minority spins defined with respect to the fixed layer’s magnetization

both have spatially constant chemical potentials which differ by ~ϕ̇ but are

decoupled. The energy pumped into spin sector cannot be released for electric

work without spin relaxation.
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In the following we assume that the system is in the strong spin-

relaxation limit in which Eq.(3.24) applies. For θ = π/2 the five coupled

linear equations,

−2G0P0∆µ23 −G0µ
s
2z + (Gη +G0)µ

s
3z = Gη~ϕ̇,

(Gη + gsf)µ
s
1z = Gη~ϕ̇,

2G0P0∆µ23 + (G0 + gsf)µ
s
2z −G0µ

s
3z = 0,

2(G+ ge)∆µ12 + 2G∆µ23 = 0,

−2ge∆µ12 + 2G0∆µ23 +G0P0µ
s
2z −G0P0µ

s
3z = 0, (3.25)

can be solved for the five unknowns µs
iz (i = 1, 2, 3), ∆µ12 ≡ µ1 − µ2, and

∆µ23 ≡ µ2 − µ3. Here G and P are conductance parameters across the free

layer while G0 and P0 are for the fixed layer. For simplicity, we assume that the

spin mixing conductances (characterized by η) for the left and right interfaces

of the free layer are identical. The algebra is more unwieldy for general angle

θ but the main features of the solutions are identical to the θ = π/2 case we

discuss explicitly. In practice, steady state precession with θ ≈ π/2 can be

realized, e.g. by engineering a free layer with strong easy plane anisotropy and

driving the device with an external microwave field.

After solving these coupled linear equations, the voltage drop across

the external load can be expressed as

V =
∆µ12

−e
=

E

1 + ger
, (3.26)

which has the same form as the voltage output by a charge battery with emf

E and a dimensionless internal resistance r. For θ = π/2

E =
P0

1 + (1 − P 2
0 )G0(

1
gsf

+ 1
Gη

)

~ϕ̇
2e
, (3.27)

62



and

r =
1

G
+

G0Gη + gsfG0 + gsfGη

G0 [(1 − P 2
0 )(G0Gη + gsfG0) + gsfGη]

. (3.28)

We note that both spin pumping (proportional to Gη) and spin relaxation

(proportional to gsf) enter the expressions for both the emf and the internal

resistance.

It is particularly illuminating to examine the limit of P0 → 1, i.e. the

case of a fully polarized fixed layer. In this limit E = ~ϕ̇/2e coincides with the

emf pumped by a 90 degree domain wall in a fully polarized ferromagnet[91].

The internal resistance is the sum of four series-connected contributions:

r =
1

G
+

1

G0

+
1

Gη
+

1

gsf
, (3.29)

In addition to the electrical resistances of its magnetic elements, r includes

spin-mixing resistance and spin-relaxation resistance contributions. Note in

particular that the internal resistance increases when gsf decreases, i.e. when

the spin relaxation rate is reduced.

An analogous analysis applied to the MDB geometry B (Fig.3.5(b))

leads to results similar to results similar to Eqs.(3.27) and (3.28).4 When the

two fixed layers have the same conductance parameters and are fully polarized,

the emf and the internal resistance of the MDB have the following simple

expressions for θ = π/2

E =
~ϕ̇
e
, r =

1

G
+

2

G0

+
2

Gη
+

2

gsf
. (3.30)

The emf for geometry B is double that of geometry A and coincides with

that of an 180 degree domain wall [91]. When θ deviates from π/2, the emf

4See Appendix A for a detailed discussion.
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generally decreases and the internal resistance increases, as shown in Fig.3.6(a)

and Fig.3.6(b). With increasing polarization P0, both the emf and the internal

resistance will increase. Note that for P0 = 1, the emf has the constant value

~ϕ̇/e independent of θ (for θ ̸= 0, π). This property can be understood by

making a transformation to the rotating frame of m̂ which results in a relative

shift ~ϕ̇ between the chemical potentials on the two sides of the MDB, an

argument which we have mentioned in the discussion of MJJs.

Having established the equivalence between an MDB and a conven-

tional charge battery, it follows from standard circuit theory that the output

power Pout ≡ V Ic is maximized when the external load resistance is equal to

the internal resistance, known as the impedance matching condition. In our

notation, the requirement is ge = r−1. The maximum output power achieved

is Pmax
out = e2E2/(4hr). In Fig.3.6(c) we plot the output power for geometry

B as a function of the load conductance ge. As ge → 0, the circuit becomes

an open loop, V coincides with the corresponding emf and there is no output

power. For large values of ge, more power is consumed by the internal resis-

tance, which also decreases the output power. The maximum Pout is obtained

when the impedance matching condition is satisfied. We observe that higher

polarization P0 helps to increase the output power.

3.4.3 Energy efficiency during magnetic reversal

Energy efficiency measures the fraction of available energy which can

be turned into useful work, and needs to be optimized along with the output

power in practice. Here we consider the energy efficiency of an MDB when

its free layer undergoes magnetic reversal, i.e. when the angle θ changes from

π to 0 under the influence of an external static exchange field H = H ẑ. Our
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Figure 3.6: (color online). (a) emf in units of ~ϕ̇/e and (b) inverse of the
internal resistance for an MDB with geometry B (Fig.1b) as a function of θ;
(c) the output power for geometry B versus external conductance ge when
θ = π/2 and ϕ̇ = 10GHz. The three curves in each figure are for the three
values of polarization P0 = 1.0, 0.9, 0.8. Here the values of conductances are
in units of e2/h per nm2. In the calculation we take G = G0 = 10, gsf = 100,
P = 1, η = 2, and the cross sectional areas of the MDB and the load resistor are
equal to 104 nm2. The maximum value of Pout is reached when the impedance
matching condition is satisfied, which occurs at ge = 2.38, 2.58, and 2.75 for
the three curves respectively.

purpose is to analyze how the magnetostatic Zeeman energy stored in the

MDB is released through different channels and how the energy efficiency can

be optimized. For this operation mode, we assume for definiteness that the

free layer has little magnetic anisotropy, and that its magnetization dynamics

is governed by the Landau-Lifshitz-Gilbert equation,

dm̂

dt
= −γm̂×H + αm̂× dm̂

dt
+

1

S
(m̂× Is) × m̂. (3.31)

Here γ is (minus) the gyromagnetic ratio, α is the Gilbert damping constant.

The last term on the right hand side of Eq.(1.20) is a Slonczewski spin-transfer

torque term, Is is the net spin current flowing out of the free layer, and S is

the magnitude of the total spin in the free layer (S = MsAd/γ where Ms is the
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Gilbert

spin torque

output

Figure 3.7: (color online). (a) Time dependence of dissipated powers dur-
ing the magnetic reversal of an MDB (geometry B): that dissipated through
Gilbert damping, that dissipated through spin-transfer torque and the final
output power Pout on the load. (b) Dependence of the efficiency ξ on the load
conductance ge, and (c) on the damping constant α and the free layer thick-
ness d. The inset of (a) shows the time evolution of angle θ. These figures are
based on typical values G = G0 = 10, gsf = 100, ge = 1.5, A = Ae = 104nm2,
P = P0 = 1, η = 2, α = 0.005, Ms = 8 × 105A/m and d = 2nm.

magnitude of the magnetization, A is the layer’s cross sectional area, and d

is its thickness). The switching process is assumed to be slow compared with

the precessional motion (θ̇ ≪ ϕ̇) so that at each instant m̂’s dynamics can

be viewed as a steady state precession with fixed θ as studied in the previous

section. Since the two MDB geometries have qualitatively the same behavior,

we focus on geometry B in the following discussion.

The total magnetostatic energy Em = 2γHS is released either through
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the Gilbert damping or through the spin-transfer torque, which can be explic-

itly seen in the following equation:

dEm

dt
= −γSH ·

(
αm̂× dm̂

dt
+

1

S
m̂× Is × m̂

)
. (3.32)

The Gilbert damping term captures the rate at which energy is delivered to the

free magnet’s microscopic degrees of freedom whereas the spin-transfer torque

captures the rate at which energy is dissipated in the magneto-electronic cir-

cuit, including in the load. We combine Eq.(1.20) with the equations obtained

from circuit theory and numerically solve the time evolution of the system

with initial condition θ(t = 0) = π. In Fig.3.7(a), we plot the typical time

dependence of the powers dissipated through Gilbert damping, through spin-

transfer torque, and Pout(t) = V Ic whose time integral gives the useful output

work Wout. We observe that all powers are peaked when θ(t) = π/2. The

energy efficiency ξ ≡ Wout/Em obtained in this case is 16.5% and a major part

of energy (∼ 65%) is dissipated by Gilbert damping. Since the time scale here

is mainly set by Gilbert damping, higher efficiency also means higher average

output power, which implies that impedance matching is also important for

optimizing energy efficiency, as shown in Fig.3.7(b).

The magnitude of the spin current in Eq.(3.32) is proportional toGdm̂/dt.

Compared with the Gilbert damping term, we see that the ratio between the

energy that goes to electric work and the energy dissipated by Gilbert damping

is positively correlated with the factor G/(αS), which is proportional to (αd)−1

if Ms and the conductance per unit area are fixed. As shown in Fig.3.7(c),

high efficiency can be achieved for a very thin free layer with small damping.
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3.4.4 Discussion

Previous focus in the study of magneto-dynamic devices is on how to

increase the voltage output. Propositions utilizing tunneling barriers [27, 48]

or Coulomb blockade effect [7] have been put forward. However, our focus

in the present work is trying to make the magnetic device a good battery.

Therefore it is advantageous to use metallic structures in order to reduce the

internal energy dissipation.

Our result indicates that for increasing both the power output and the

energy efficiency, a thin free layer is desired. However, for a very thin layer,

the description by the circuit theory is no longer valid. As we mentioned

before, the circuit theory requires that the dimension along transport direction

should be larger than the spin coherence length (typically of a few angstroms

for transition metal ferromagnets). Otherwise, interference effects such as

coherent back scattering, non-local exchange coupling need to be taken into

account and a fully quantum mechanical treatment will be required.
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Chapter 4

Scattering Universality Class of Side Jump in

Anomalous Hall Effect

4.1 Introduction

In 1879, Edwin H. Hall discovered the ordinary Hall effect in normal

metals [29], in which a longitudinal current flow is deflected by a perpendicular

applied magnetic field and leads to a voltage drop along the transverse direc-

tion. The experimental results can be summarized by the following formula

for the Hall resistivity:

ρxy = R0B, (4.1)

where R0 = 1/(ne) is the ordinary Hall coefficient with n being the carrier

density. Two years later Hall also reported an anomalous Hall effect (AHE)

measured in ferromagnetic iron [30]. The effect is anomalous in the sense that

the Hall voltage is almost 10 times larger than that of a normal metal and the

signal has a strong dependence on the magnetization. An empirical expression

for the anomalous Hall resistivity can be written as

ρxy = R0B +RsM, (4.2)

where Rs is the anomalous Hall coefficient which is found to have complicated

dependence on the longitudinal resistivity. This relation also indicates that

The contents of this chapter are partly based on the article: S. A. Yang, H. Pan, Y.
Yao, and Q. Niu, Scattering universality classes of side jump in the anomalous Hall effect,
Phys. Rev. B 83, 125122 (2011).
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the AHE can take place in the absence of the applied magnetic field for a

nonzero magnetization.1

While it has been widely used experimentally as a standard technique

for the characterization of ferromagnetic materials, the theoretical formulation

of the AHE proves to be complicated and is a subject full of controversial

issues and conflicting results [49]. In recent years, important connections have

been established between the AHE and the momentum space Berry phase of

electrons [16, 36, 54, 69]. This triggers revived interest in this subject and is

followed by extensive researches both theoretically and experimentally.2

It is now generally accepted that the spin-orbit interaction and the spin

splitting are two essential ingredients for the AHE. An intuitive picture is

that the spin-orbit coupling bends the trajectories of two spin species towards

opposite transverse directions; and the spin splitting creates the population

difference between spin majority and minority carriers therefore leading to a

net charge Hall current. In the theoretical treatment, it is usually more con-

venient to calculate conductivity (as the current-current correlation function)

instead of resistivity.3 As for the anomalous Hall conductivity σxy, it can be

divided into an intrinsic contribution which is scattering independent, and an

extrinsic contribution which is related to scattering. In the weak scattering

regime, the extrinsic contribution can be expanded into a series according to

the parametric dependence on the disorder density ndis. The expansion starts

from order n−1
dis which is known as the skew scattering contribution, and the

next order n0
dis term is known as the side jump contribution.

1Note that the time reversal symmetry has to be broken for the appearance of Hall effect.
2The recent progress has been reviewed by Nagaosa et al. in Ref. [49].
3The two are related by ρxy = σxy/(σ

2
xx + σ2

xy) ≈ σxy/σ
2
xx, because we usually have

σxx ≫ σxy.
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The side jump contribution is of special interest in that it arises from

the scattering, but surprisingly it does not depend on either the scattering

strength nor the disorder density (we shall use the term “disorder strength” to

stand for both the scattering strength and the disorder density). Theoretical

calculations of simple model systems show that the side jump contribution is

usually at least as important as the intrinsic contribution [22, 55, 63, 65]. On

the other hand, first principles calculations of several transition metal ferro-

magnets and ferromagnet spinels show good agreement between the intrinsic

contribution and the experimental results, indicating that the side jump con-

tribution only plays a subdominant role in these systems [85, 86, 94, 95, 97].

Recent experiments also show that the side jump contribution could have

a strong dependence on temperature [73] and its relative magnitude to the

intrinsic contribution could strongly depend on the strength of spin-orbit in-

teraction [60]. These findings are manifestations of the intriguing nature of

the side jump effect of which our understanding is still far from complete.

Historically, the concept of side jump was first devised by L. Berger [8],

which refers to the coordinate shift (which has a component along transverse

direction) of a wavepacket during an impurity scattering. This process leads

to a contribution of order n0
dis to the anomalous Hall conductivity. Recently,

through both the semiclassical Boltzmann approach and the Kubo formula

approach [63, 65], it has been found that besides the coordinate shift process,

several other scattering processes also contribute terms of order n0
dis. Therefore

our present usage of the term side jump based on the parametric dependence

on n0
dis includes all the scattering induced terms of order n0

dis, not only the

contribution from Berger’s original coordinate shift process.

In the study of physical systems, properties which are insensitive to the
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detailed parameter values and system configurations but only determined by

the symmetry are especially interesting and important. It is helpful to define

universality classes based on the behavior of these universal properties under

certain imposed symmetry and study the generic properties of each class. Side

jump can be regarded as a universal property for a disordered system in the

sense that its value does not depend on the detailed disorder profile, but we

shall see that it has sensitive dependence on the symmetry property of the

scattering. Consequently, it is natural to define universality classes of disorder

scattering according to their side jump contributions and study the anomalous

Hall response for each class.

In our study, we propose three universality classes of disorder scatter-

ing, each has a different structure in spin space. We find that: (1) for each

individual class, the side jump contribution takes a distinct value independent

of the detailed disorder profile. In particular, we show that the magnon scat-

tering plays a distinct role from both the impurity scattering and the phonon

scattering in the AHE. (2) When several classes of scattering are present, the

side jump depends on their relative disorder strength and a sign change is pos-

sible as a result of their competition. Since in real physical systems scattering

processes of all the three classes co-exist, our finding indicates that a careful

classification and analysis of different scattering processes is indispensable for

an accurate account of the AHE.

In the following, we first briefly review a simple semiclassical picture

of side jump. Then we propose and discuss the three scattering universality

classes of side jump. Our ideas are demonstrated by a concrete analytical

calculation of the anomalous Hall conductivity for the gapped Dirac model.

Finally we discuss the important consequences of our theory, especially about
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the contribution from the magnon scattering in the AHE.

4.2 Picturing Side Jump

In his original 1970 work, Berger considered the scattering of a wavepacket

on a square-well potential [8]. By the standard partial wave expansion method,

he found that the center of the wavepacket undergoes a small shift during the

scattering with both longitudinal and transverse components. The transverse

shift was proposed as a mechanism for the AHE. The connection between the

side jump and the Berry curvature was later revealed by Sinitsyn et al. [64, 65].

Consider a wavepacket constructed from the Bloch states of a single band,

|Ψkc⟩ =

∫
dk w(k− kc)|ψk⟩, (4.3)

where w is the weighting factor for a well-localized wavepacket, and |ψk⟩ =

[1/(2π)D/2]eik·r|uk⟩ is the Bloch state with D being the dimensionality of the

system. Assume that there is no explicit time dependence in the Hamiltonian,

then in the presence of a dc electric field E, the equations of motion for the

center of the wavepacket is reduced from the general form Eq.(2.1), given by

ṙ =
∂εn(k)

~ ∂k
− k̇×Ω, (4.4)

~k̇ = −eE−∇V (r), (4.5)

where εn(k) is the n-th band energy dispersion and V (r) is the disorder po-

tential. As we discussed in section 2.2, the Berry curvature in k-space is

Ω(k) = −Im

⟨
∂un
∂k

∣∣∣∣× ∣∣∣∣∂un∂k

⟩
. (4.6)

In the study of the AHE, the transport occurs in a plane, so we are concerned

with a 2D system. In this case, the Berry curvature only has the z-component,

73



i.e.

Ω(k) = Ωz(k)ẑ = −2Im

⟨
∂un
∂kx

∣∣∣∣ ∂un∂ky

⟩
. (4.7)

From Eq.(4.4), when the electron is driven by an applied electric field, k̇ is

nonzero. Hence the Berry curvature term −k̇×Ω gives rise to an anomalous

velocity in the transverse direction, which results in the so-called intrinsic

contribution of the AHE:

jintx = (−e)
∫

dk

(2π)2
vx(k)f(k) = −e

2

~
Ey

∫
dk

(2π)2
Ωz(k)f(k), (4.8)

where we have assumed that the electric field is along the y-direction. Because

the velocity is already first order in Ey, only the equilibrium distribution func-

tion f(k) is needed.

When the electron undergoes a scattering, k̇ is also nonzero. The

anomalous velocity term then leads to a coordinate shift of the electron, which

is Berger’s original side jump mechanism. To gain a better understanding of

why the side jump contribution is independent of the disorder density, we sim-

plify the discussion by assuming that that the Berry curvature is a constant

Ω(k) = Ωz and the energy dispersion is isotropic in k-space with only one band

intersecting the Fermi level. If the wave-vector changes from k to k′ during a

scattering, its coordinate shifts

∆x(k,k′) = (ky − k′y)Ωz, (4.9)

along the transverse direction. Let ω(k,k′) be the frequency of such scattering.

Then for a wavepacket moving with average wave-vector k, it acquires an

average transverse velocity vsjx (k) from this coordinate shift process:

vsjx (k) =
∑
k′

ω(k,k′)∆x(k,k′) =
kyΩz

τtr
, (4.10)
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where
1

τtr
=
∑
k′

ω(k,k′)(1 − cos θ(k,k′)), (4.11)

is the inverse of the transport scattering time, and θ(k,k′) is the angle between

k and k′. The transverse charge current associated with this velocity is

jsj(1)x = (−e)
∫

dk

(2π)2
vsjx (k) ∆g(k). (4.12)

In contrast to the intrinsic contribution, here we should use the nonequilibrium

part of the distribution ∆g = g−f which is linear in the applied electric field.

From the Boltzmann equation, we find that (see Eq.(2.20))

∆g(k) = τtrEy
∂εn
~ ∂ky

∂f

∂µ
. (4.13)

We observe that the scattering time τtr gets canceled in the final result hence

such a contribution is independent of the disorder density (and also the scat-

tering strength).

However, besides this contribution from coordinate shift process, there

exist several other scattering related contributions which are also identified

to be independent of the disorder density [49, 63]. The convention now is to

include all the contributions that arise from scattering but are parametrically

independent of scattering under the same name of side jump. As discussed

in Ref. [63, 65], all these contributions are ultimately related to the Berry

curvature. Therefore the AHE can be regarded as a Berry phase effect.

4.3 Classes of Disorder Scattering

The general form of a random disorder potential for carriers with spin

(or pseudospin) degrees of freedom can be written as

V̂dis(r) =
∑
i

[V0(r−Ri) + V(r−Ri) · σ̂] , (4.14)
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where Ri (i = 1, 2, · · · ) are the positions of the randomly distributed scattering

centers, σ̂ = (σ̂x, σ̂y, σ̂z) is a vector with components of the Pauli matrices.

Note that in this chapter we use the hat to indicate that the corresponding

quantity is a 2×2 matrix in spin space. We assume that the statistical average

of the disorder potential is zero (any nonzero value only shifts the origin of

the total energy) and the second order spatial correlation only depends on the

difference in the positions,

⟨Vdis(r)⟩c = 0, ⟨Vdis(r)Vdis(r′)⟩c = B(r− r′), (4.15)

where the angular bracket ⟨· · · ⟩c denotes disorder average. In order to discuss

skew scattering which originates from higher order scattering processes, we

allow a non-vanishing third order disorder correlation instead of requiring the

disorder to be purely Gaussian.

Time reversal symmetry has to be broken for the appearance of the

AHE [49]. In a ferromagnet, this is realized by the spontaneous magnetic

ordering. We shall be most interested in the configuration that the magne-

tization is perpendicular to the 2D plane where the transport occurs, as is

pertinent for most experimental investigations. It is reasonable to assume

that over disorder average the system is isotropic in the 2D plane with no

preferred in-plane direction. With this symmetry constraint, the total angu-

lar momentum of the carriers along the z-direction is conserved on average.

Due to spin-orbit coupling, the carrier’s orbital motion which is tied to its

orbital angular momentum depends sensitively on the change of its spin angu-

lar momentum during a scattering. Based on this consideration, we propose

the following three classes of disorder scattering, which as we will see lead to
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different values of the side jump contribution:

class A V̂ = V o1̂,

class B V̂ = V oσ̂z,

class C V̂ = V oσ̂±/
√

2,

(4.16)

where V o denotes the orbital part of the scattering potential, and σ̂± ≡ σ̂x ±
iσ̂y. Each class has a different action on the carrier’s spin. Class A is isotropic

in the spin space. Class B, like class A, conserve the z-component of the

carrier spin, but spin up and spin down carriers experience different scattering

potentials. Class C, unlike the first two classes, induces spin-flips. The three

classes represent a quite general classification scheme for real physical systems.

This classification scheme is also evident if we consider the disorder correlation

function under the in-plane rotational symmetry,4⟨
V αβ
dis (r)V βα

dis (r′)
⟩
c

= ⟨V0(r)V0(r′)⟩cδαβ + ⟨Vz(r)Vz(r′)⟩c(σ̂z)αβ(σ̂z)βα

+
∑
i=x,y

⟨Vi(r)Vi(r′)⟩c(σ̂i)αβ(σ̂i)βα,
(4.17)

where α and β are the spin indices. Since ⟨VxVx⟩c = ⟨VyVy⟩c due to the in-plane

rotational symmetry, the last term is proportional to

[(σ̂+)αβ(σ̂−)βα + (σ̂−)αβ(σ̂+)βα] , (4.18)

with each term being invariant under spin rotations around the z-axis. The

three terms in Eq.(4.17) just correspond to the three classes we have defined.

Before proceeding, we point out an important difference between class

C and class A, B on their third order correlation functions. The class C

4The term which is proportional to ⟨V0Vz⟩c need not vanish under the symmetry con-
straint. However, such a scattering process is rarely physically relevant. Therefore in the
interest of transparency we do not consider this term in the present work.
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disorder can be expressed as V(r) · σ̂ where V is a random in-plane vector.

Under in-plane rotational symmetry, V has no preferred direction therefore

its third order correlations like ⟨V V V ⟩c must vanish. However for class A or

class B, the third order correlation is not dictated by this symmetry constraint

hence does not necessarily vanish. This difference will be reflected in the skew

scattering contribution to the AHE.

The transverse motion of carriers in the AHE is a result of the spin-orbit

interaction. In our classification scheme, each class of scattering has different

effects on the carrier’s spin, hence will also have different effects on the carrier’s

orbit. This is the underlying reason for their distinct contributions to the AHE

and especially the side jump part. In the following section, we demonstrate

this idea by a concrete model calculation.

4.4 Anomalous Hall Effect of Gapped Dirac Model

4.4.1 Model and approach

To demonstrate the rationale of our classification scheme, we calculate

the anomalous Hall conductivity for the gapped Dirac model. This model is

usually considered as the minimal model for the AHE [49]. The model Hamil-

tonian reads (we set ~ = 1 and assume ∆ > 0 in the following calculations)

Ĥ = v(kxσ̂x + kyσ̂y) + ∆σ̂z, (4.19)

where the spin-orbit interaction is contained in the first term with v being the

coupling constant, and the last term represents an exchange splitting which

breaks the time reversal symmetry and is also responsible for the finite electron

mass at the band edge. This model captures interesting physics near a generic

band anti-crossing point due to the spin-orbit interaction.
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The eigenstates of the system are

ψ±
k (r) =

1√
A
eik·r|u±k ⟩, (4.20)

with the corresponding energy eigenvalues

ε±(k) = ±
√

(vk)2 + ∆2, (4.21)

where ± labels the upper and lower band respectively, A is the system size,

and |u±k ⟩ is the spin part of the eigenstate. Note that this model is again a

special case of the general model (1.13) we have studied in section 1.2.2, with

an effective field b = (vkx, vky,∆). Hence the spin part of the wavefunction is

given by Eq.(1.15) as

|u+k ⟩ =

(
cos θ

2

sin θ
2
eiϕ

)
, |u−k ⟩ =

(
sin θ

2

− cos θ
2
eiϕ

)
, (4.22)

where θ and ϕ are now defined by

cos θ =
∆√

(vk)2 + ∆2
, sin θ =

vk√
(vk)2 + ∆2

, tanϕ = ky/kx. (4.23)

Due to the spin-orbit interaction, the spin state is a function of the momentum

k. The energy spectrum consists of two anti-crossing bands with a band gap

of 2∆. From the dispersion relation Eq.(4.21), the geometry of the bands can

be termed as a “Dirac hyperboloid” (of two sheets).

To calculate the anomalous Hall conductivity, we follow Sinitsyn et

al. [63] by using the Kubo-Streda formula [20, 68]. In this approach, the Hall

conductivity can be separated into two parts in the weak scattering regime,

σxy = σI
xy + σII

xy, where σI
xy is a Fermi surface contribution which includes all

the important scattering contributions, and σII
xy is a Fermi sea contribution

for which we only need to retain the scattering-free component [63]. In the
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following we consider that the system is electron doped with the Fermi energy

εF > ∆. Due to the particle-hole symmetry, the following results can be easily

generalized to the hole-doped case. We assume that the system is in the weak

scattering regime with kF l ≫ 1, where kF is the Fermi wave vector and l is the

electron mean free path. It has been found that σII
xy vanishes for the present

model [63]. So the task gets reduced to the evaluation of σI
xy which is given

by the following expression

σI
xy =

e2

2πA
Tr
⟨
v̂xĜ

R(εF )v̂yĜ
A(εF )

⟩
c
, (4.24)

where ĜR and ĜA are the retarded and advanced Green’s functions respec-

tively, v̂x and v̂y are the velocity operators, and the trace is taken over both the

momentum and the spin spaces. In the weak scattering regime, the calculation

is performed perturbatively in the small parameter 1/(kF l).

In our model, we consider the scattering processes to be quasi-elastic,

hence the disorder lines in Feynman diagrams carry no energy arguments.

This serves as a good approximation for the scattering by collective excitations

such as phonons or magnons as long as the energy of the collective excitation

involved in the scattering is much less than the Fermi energy. Since the typical

energy scale of excitations is kBT , this condition is satisfied for temperatures

with kBT ≪ εF . Furthermore, for massless excitations with a spectrum ω(k) =

vqk (vq is a constant sound speed), quasi-elastic approximation is justified even

at higher temperatures if the quasi-particle speed vq is much less than vF , viz

the band velocity at Fermi level. For massive quasi-particle excitations, the

validity of this approximation can be justified if the quasi-particle mass is

much larger than the electron’s effective mass.

In the following, we calculate the Hall conductivity for each individual

class, or equivalently, when one class of scattering is dominant. The evaluation
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of the conductivity follows standard procedures, and the relevant Feynman di-

agrams under the self-consistent non-cross approximation have been identified

before [63]. The results are listed below.

4.4.2 Intrinsic contribution

The intrinsic contribution to the AHE is a property purely of the spin-

orbit coupled band structure. It was first proposed by Karplus and Lut-

tinger [37], and recently its connection with the Berry phase of Bloch elec-

trons is established [36, 54]. The intrinsic contribution to the anomalous Hall

conductivity equals the integration of the Berry curvature of all the occupied

states. Because it does not depend on scattering, the intrinsic contribution is

the same for all the three disorder universality classes. In the Kubo-Streda

formalism, intrinsic contribution is the sum of the scattering-free parts of σI
xy

and σII
xy.

For the electron doped case, we can divide the intrinsic Hall conduc-

tivity σint
xy into two parts,

σint
xy = σint(v)

xy + σint(c)
xy , (4.25)

where σ
int(v)
xy is the contribution from all the fully occupied valence bands be-

low the Fermi surface and σ
int(c)
xy is the contribution from the partially filled

conduction band where the Fermi surface lies in. The contribution from com-

pletely filled bands σ
int(v)
xy must be a topologically quantized value Ce2/(2π)

with C being an integer called the first Chern number [49]. The lower band of

the massive Dirac model has a contribution of −e2/4π. This is not a contra-

diction because the Dirac band is not bounded. For any real physical system,

the evaluation of C must go beyond the low energy effective model and require
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Figure 4.1: (a)-(d) are the four conductivity diagrams of the side jump that
correspond to the distribution function correction. + and − represent the
upper and lower band respectively. Υ stands for the renormalized velocity
vertex which is dressed by a ladder like diagram as shown in (e).

complete information of the entire Fermi sea. On the contrary, the contribu-

tion σ
int(c)
xy from the partially filled conduction band can be regarded as a Fermi

surface property [28] and is captured within the effective model,

σint(c)
xy = −e2

∫
k<kF

d2k

(2π)2
Ω+(k) =

e2

4π
(1 − cos θF ), (4.26)

where θF is the spherical angle θ at the Fermi surface when k = kF . This

expression just corresponds to the Berry phase an electron acquires when it

goes around the Fermi surface once.

4.4.3 Side jump contribution

Now let’s focus on the side jump contribution which is the central quan-

tity we are interested in. For each individual class, it is independent of the
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disorder density ndis and the scattering strength V o. It can be expressed in

terms of θF and a set of scattering times defined on the Fermi surface. For

notational convenience, we define

1

τi
≡ 2πndis

∫
d2k′

(2π)2
|V o

k′k|
2 cosi(ϕ− ϕ′)δ(εF − ε+

k′), (4.27)

where V o
k′k = ⟨k′|V o|k⟩ is the matrix element of the orbital part of the scat-

tering potential in momentum space and i = 0, 1, 2, · · · is an integer.

In the semiclassical picture, the side jump we defined here consists

of three components: a contribution from the coordinate shift (the original

Berger’s side jump), a contribution from the correction of the distribution

function (called the anomalous distribution), and a contribution from some

higher order scattering processes (called the intrinsic skew scattering). The

first two components are shown to be equal [63]. In the Kubo-Streda ap-

proach, Fig.4.1 shows a set of diagrams that contributes to the side jump in

the chiral (eigenstate) basis. These correspond to the contribution from the

anomalous distribution function correction. The diagrams corresponding to

the contribution from the coordinate shift can be obtained by simply exchang-

ing the subscripts x and y in Fig.4.1 and further making a 180◦ rotation (i.e.

exchanging GR and GA). The resulting contribution to the Hall conductivity

from these two components for each scattering class is

class A : σsj(a)
xy = − e2

2π

sin2 θF cos θF (τ−1
0 − τ−1

1 )

(1 + cos2 θF )τ−1
0 − 2 cos2 θF τ

−1
1 − sin2 θF τ

−1
2

,

class B : σsj(a)
xy = 0,

class C : σsj(a)
xy =

e2

4π
cos θF .

(4.28)

We observe that the different scattering class contributes very differently to the

Hall conductivity. In the diagramatic approach, this difference originates from
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Figure 4.2: The diagrams corresponding to the part of the side jump from
fourth order scattering processes (intrinsic skew scattering).

the different k dependence at the scattering vertices, which in turn results

from their different spin structures.5 It should be noted that the vanishing

value of class B is not a general feature but rather depends on the specific

model we considered here.6

The third component (intrinsic skew scattering) results from certain

fourth order scattering processes. The corresponding diagrams are shown in

5See Appendix B for an example of this diagramatic calculation.
6For example, the side jump contribution from class B does not vanish for the k-quadratic

model Ĥ = v[(k2x − k2y)σ̂x + 2kxkyσ̂y] + ∆σ̂z.
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Fig.4.2 and the results are

class A : σsj(b)
xy = − e2

4π

sin4 θF cos θF (τ−1
0 − τ−1

2 )(τ−1
0 − 2τ−1

1 + τ−1
2 )[

(1 + cos2 θF )τ−1
0 − 2 cos2 θF τ

−1
1 − sin2 θF τ

−1
2

]2 ,
class B : σsj(b)

xy =
e2

4π

sin4 θF cos θF (τ−1
0 − τ−1

2 )2[
(1 + cos2 θF )τ−1

0 − 2τ−1
1 + sin2 θF τ

−1
2

]2 ,
class C : σsj(b)

xy = 0.

(4.29)

The σ
sj(b)
xy contribution vanishes for class C is a very general result because each

such diagram contains a factor of the form
∫

sinϕdϕ from the momentum in-

tegration at the velocity vertex, which suppresses the intrinsic skew scattering

processes.

The total side jump contribution to the anomalous Hall conductivity

is given by σsj
xy = σ

sj(a)
xy + σ

sj(b)
xy . It is clear that each class has a distinct side

jump contribution. Scattering rates with the same power appear in both the

nominator and the denominator of the expressions in Eqs.(4.28,4.29), hence

the results are independent of the disorder strength. The dependence on the

band parameters such as ∆ and εF are also different for different classes.

Furthermore, it should be noted that different classes can have side jump

contribution with different signs, as shown here between class A and the other

two classes.

4.4.4 Skew scattering contribution

Although our focus is the side jump contribution, to be complete, we

also calculate the skew scattering contribution for each scattering class. In the

semiclassical picture, skew scattering contribution comes from the asymmetric

part of the scattering rates in higher order scattering processes. The leading
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contribution is related to the third order disorder correlation and has a n−1
dis

dependence.7 The corresponding Feynman diagrams are shown in Fig.4.3 and

the skew scattering contribution to the Hall conductivity for each class is given

by

class A : σsk
xy = − e2

2π

sin4 θF cos θF τ
−2
sk[

(1 + cos2 θF )τ−1
0 − 2 cos2 θF τ

−1
1 − sin2 θF τ

−1
2

]2 ,
class B : σsk

xy =
e2

2π

sin4 θF τ
−2
sk[

(1 + cos2 θF )τ−1
0 − 2τ−1

1 + sin2 θF τ
−1
2

]2 ,
class C : σsk

xy = 0.

(4.30)

where

1

τ 2sk
≡2πεFndis

∫
d2k′

(2π)2

∫
d2k′′

(2π)2
⟨V o

kk′V o
k′k′′V o

k′′k⟩c sin(ϕ′ − ϕ)

·
[
sin(ϕ− ϕ′′) + sin(ϕ′′ − ϕ′) + sin(ϕ′ − ϕ)

]
δ(εF − ε+

k′)δ(εF − ε+
k′′).

(4.31)

Note that the factor 1/τ 2sk is proportional to ndis, hence σsk
xy is of order n−1

dis.

Because the third order correlation vanishes for the class C disorder as we dis-

cussed in section 4.3, 1/τ 2sk,C = 0 and the skew scattering process is forbidden

for this type of disorder scattering. Therefore, we see an important qualitative

difference between the anomalous Hall response for class C and that for the

other two classes: in the weak scattering regime, the leading contribution for

both class A and class B is the skew scattering of order n−1
dis. But for class

C the leading contributions are the intrinsic and the side jump, which are of

order n0
dis.

7Contributions to the skew scattering involving disorder correlations higher than the
third order are conceivable. In our present model, we do not consider such correlations.
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Figure 4.3: The two diagrams corresponding to the skew scattering contribu-
tion.

4.4.5 Anomalous Hall conductivity

The above results are valid for the disorder scattering with general

orbital part. If we consider the simple white noise (short range) disorder, the

results for the Hall conductivity are greatly simplified. In this case, we have

for each class
1

τ1
= 0,

1

τ2
=

1

2τ0
. (4.32)

Then the total Hall conductivity can be written as (σ
int(v)
xy is not included here,

as discussed in section 4.4.2):

class A:

σxy =
e2

4π
(1 − cos θF ) − e2

π

sin2 θF cos θF
1 + 3 cos2 θF

− 3e2

4π

sin4 θF cos θF
(1 + 3 cos2 θF )2

− 2e2

π

sin4 θF cos θF
(1 + 3 cos2 θF )2

τ−2
sk

τ−2
0

.

(4.33)

class B:

σxy =
e2

4π
(1 − cos θF ) +

e2

4π

sin4 θF cos θF
(3 + cos2 θF )2

+
2e2

π

sin4 θF
(3 + cos2 θF )2

τ−2
sk

τ−2
0

. (4.34)

class C:

σxy =
e2

4π
. (4.35)
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The expression in Eq.(4.33) recovers the result obtained in Ref. [63]. Clearly,

each universality class has its distinct extrinsic Hall conductivity and different

functional dependence on the system parameters such as θF . Note that for class

C, the side jump contribution cancels with the part of the intrinsic contribution

which depends on the Fermi energy, making the final result a constant and the

value is the same as the intrinsic contribution for a completely filled conduction

band (i.e. in the limit θF → π/2). We have checked that this interesting

cancelation occurs for a generic class of Hamiltonians H = vkn[cos(nϕk)σ̂x +

sin(nϕk)σ̂y] + ∆σ̂z where n is an integer.

Here we are most interested in the part of the Hall conductivity that

is of order n0
dis. This includes the intrinsic contribution and the side jump

contribution,

σ0
xy = σint

xy + σsj
xy. (4.36)

In Fig.4.4, for each scattering class (with the white noise spatial correlation),

we plot σ0
xy as a function of the Fermi energy εF for the gapped Dirac model.

Observe that σ0
xy for class C takes a constant value e2/4π which is independent

of Fermi energy, and the curves for both class A and class B approach this con-

stant value asymptotically as εF → ∞. For class A, the extrinsic contribution

has an opposite sign as compared with the the intrinsic contribution. Because

of this sign difference, the Hall conductivity for class A takes negative values

for Fermi energies below εF ≈ 7.3∆. This behavior differs from that for class

B and class C whose extrinsic contributions have the same sign as the intrinsic

contribution such that their overall σ0
xy’s are always positive. This shows that

the Hall conductivity sensitively depends on the class of disorder scattering.
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Figure 4.4: (color online). σ0
xy plotted as a function of the Fermi energy εF

for each of the three universality classes. σ0
xy is measured in units of e2/(4π),

and εF is measured in units of ∆ which is half of the band gap.

4.4.6 Competition between classes

In the presence of two or more classes of scattering, there will be a

competition between them in the anomalous Hall response. The resulting side

jump contribution takes the following generic form:

σsj
xy =

∑
α aατ

−1
α∑

α bατ
−1
α

+

∑
αβ cαβτ

−1
α τ−1

β∑
αβ dαβτ

−1
α τ−1

β

, (4.37)

where τα(β) is the scattering time defined for each class of scattering involved,

aα, bα, cαβ and dαβ are the (disorder independent) coefficients which depend

only on intrinsic system parameters such as θF in the present model.

As an example, let’s consider the competition between class A and

class C. The calculation is tedious but straightforward. The resulting total

Hall conductivity can be expressed as

σxy =
e2

4π
(1 − cos θF ) − e2

π

sin2 θF cos θF (1 − ζ)

(1 + 3 cos2 θF ) + 4 sin2 θF ζ

− e2

π

sin4 θF cos θF (3
4
− ζ + 2η)[

(1 + 3 cos2 θF ) + 4 sin2 θF ζ
]2 , (4.38)
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where the parameter ζ defined as ζ ≡ (τ−1
0C − τ−1

1C )/(τ−1
0A − τ−1

1A ) is a measure

of the relative disorder strength of the two classes, and η ≡ τ−2
sk,A/(τ

−1
0A − τ−1

1A )2

is a factor for the skew scattering contribution from class A, here τiA stands

for the scattering time τi defined in Eq.(4.27) for class A scattering and τiC

is similarly defined. The first term above is the intrinsic contribution, and

the remaining two terms (with η = 0) belong to the side jump contribution.

Observe that in the limit ζ → 0 or ζ → +∞, Eq.(4.38) recovers our previous

results in Eq.(4.33) and Eq.(4.35). The value of the Hall conductivity varies

continuously as ζ changes between these two limits. This shows that the value

of the side jump is no longer independent of disorder strength but can vary as

a result of the competition between different scattering classes.

In Fig.4.5, we plot the Hall conductivity σ0
xy (by setting η = 0) as a

function of the Fermi energy for different values of ζ. As ζ increases from zero,

the curve of σ0
xy is shifted upwards from the class A dominated case due to the

increasing contribution from class C scattering, and finally approaching the

value e2/(4π) for the class C dominated case. This competition behavior is

more clearly seen in Fig.4.6, where σ0
xy is plotted at three fixed Fermi energies

as a function of ζ. We see that as ζ increases, σ0
xy increases monotonically. In

the energy range εF < 7.3∆, there is a sign change of σ0
xy during this crossover.

4.5 Discussion and Conclusion

As demonstrated in section 4.4.5, each scattering class has its own

distinct contributions to the AHE. This suggests that for the study of the

AHE in real materials, competing scattering processes belonging to different

classes need to be handled carefully.

In ferromagnetic materials, normal (non-magnetic) impurity scattering
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Figure 4.5: (color online). σ0
xy plotted as a function of the Fermi energy εF

for fixed values of ζ. σ0
xy is measured in units of e2/(4π), and εF is measured

in units of ∆.
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Figure 4.6: (color online). σ0
xy versus the ratio of scattering rates ζ for fixed

values of the Fermi energy. σ0
xy is measured in units of e2/(4π). The plot shows

the crossover from the Class A dominated regime to the Class C dominated
regime as ζ increases.
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and the phonon scattering belong to Class A since they are both isotropic in

spin space. Most of the previous studies on extrinsic AHE are focused on this

class of scattering and indeed it has been found that the electron-phonon scat-

tering has similar contribution as the normal impurity scattering (although

there is no skew scattering for phonon scattering due to the conservation of

phonon population in steady state) [43], which is consistent with our theory.

Magnetic impurities with spin directions oriented along the average magneti-

zation is of class B and they should generate a contribution different from that

of the normal impurities. This has also been observed in the study of dilute

magnetic semiconductors [45, 53].

Scattering processes of class C also exist. For example, magnetic im-

purities with random in-plane magnetic orientations are of this class. The

scattering of electron by magnons also belongs to class C. To see this more

clearly, let us consider the coupling between the conduction electron spin σ̂

and the local spin S (within an s-d model approach),

Ĥint = −J
∫
dr [σ̂(r) · S(r)]

= −J
2

∫
dr (σ̂+S− + σ̂−S+ + 2σ̂zSz) ,

(4.39)

where J is the exchange coupling constant. The last term 2σ̂zSz describes

the Zeeman splitting (which has already been included in non-perturbed part

of the Hamiltonian), whereas the first two terms describe the scattering by

magnetic excitations. There is a transfer of spin angular momentum between

conduction electrons and local spins during this process, hence such kind of

scattering is of class C in our classification.

For real material samples studied in experiments, all the three classes of

scattering are present at finite temperatures. At low temperature, the normal
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impurity scattering usually dominates. With increasing temperature, electron-

magnon scattering becomes more important and can compete with normal

impurity scattering and phonon scattering. Especially for materials with a

high Debye temperature and a low Curie temperature, we can conceive a

situation in which class A and class C compete as depicted in section 4.4.6.

Then the value of the side jump Hall conductivity would flow between the two

limiting values as a function of the temperature.

Finally we point out that the concept of “spin” in our discussion can

be very general, corresponding to any discrete degrees of freedom (sometimes

called a “pseudospin”). For example, in a bipartite lattice (such as graphene),

the sublattice degree of freedom can be treated as a pseudospin. Anomalous

valley Hall transport occurs in graphene when there is a sublattice symme-

try breaking in the system [88]. For bilayer systems, it is the layer index

that plays the role of a pseudospin. Then the scattering processes can be

classified according to their effects related to the pseudospin. For example,

inter-sublattice scattering in a bipartite lattice or interlayer scattering in a

bilayer system would both belong to class C. In general, our results indicate

that a careful analysis of the various scattering processes according to their

pseudospin structures is indispensable for the study of the AHE in these sys-

tems.

In summary, we have shown that the extrinsic part of the anomalous

Hall conductivity has a strong dependence on the spin structure of the disor-

der scattering. We propose three universality classes of disorders according to

their side jump contributions to the anomalous Hall conductivity. Each class

has its distinct value of side jump. When two or more classes of scattering are

competing, the side jump contribution is determined by their relative disorder
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strength. Various scattering processes in real physical systems can be classi-

fied into these three classes. In particular, we demonstrate that the magnon

scattering has a distinct side jump contribution from the normal impurity scat-

tering and the phonon scattering and the value of the side jump contribution

could change as some system control parameter (such as temperature) varies.
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Appendix A

Circuit analysis of magneto-dynamic battery

In this appendix, we show the detailed calculations that lead to the

result Eq.(3.30) and the set of equations that are used in numerical evaluations

in section 3.4.3.

For a magneto-dynamic battery with geometry B, we divide it into

four normal metal nodes and the resistive elements between them, as shown

schematically in Fig.A.1. The charge current and the spin current flowing

between the nodes are expressed in terms of the potentials on the nodes by

using the formula from the magnetoelectronic circuit theory. For example, the

currents flowing from node 3 to node 4 are

I34c =
e

2h
[2G(µ4 − µ3) +GP (µs

4z − µs
3z) cos θ] , (A.1)

I34s = − 1

8π

[
2GP (µ4 − µ3) cos θ +G(µs

4z − µs
3z) cos2 θ +Gη(µs

4z − ~ϕ̇) sin2 θ
]
ẑ.

(A.2)

The meaning of each parameter here has been defined in the main text. After

obtaining the expressions of all the currents, we apply the current conservation

relations Eq.(3.5) for each node, which results in a set of seven coupled linear

equations:

−2ge∆µ12 + 2G0∆µ23 +G0P0µ2z −G0P0µ3z = 0, (A.3)

2G0P0∆µ23 + (G0 + gsf)µ2z −G0µ3z = 0, (A.4)
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Figure A.1: (color online). The magneto-dynamic battery with geometry B.
In the magnetoelectronic circuit theory approach, We divide the circuit into
four normal metal nodes and the resistive elements between them.

2(G0 + ge)∆µ12 + 2G0∆µ23 + 2G0∆µ34 −G0P0µ1z +G0P0µ4z = 0, (A.5)

−2G0P0(∆µ12 + ∆µ23 + ∆µ34) + (G0 + gsf)µ1z −G0µ4z = 0, (A.6)

−2G0∆µ23 + 2G∆µ34 −G0P0µ2z + (G0P0 +GP cos θ)µ3z −GP cos θµ4z = 0,

(A.7)
−2G0P0∆µ23+2GP cos θ∆µ34 −G0µ2z

+ (G0 +G cos2 θ +Gη sin2 θ)µ3z −G cos2 θµ4z = Gη sin2 θ~ϕ̇,
(A.8)

2G0P0∆µ12+2G0P0∆µ23 + 2(G0P0 −GP cos θ)∆µ34 −G0µ1z

−G cos2 θµ3z + (G0 +G cos2 θ +Gη sin2 θ)µ4z = Gη sin2 θ~ϕ̇,
(A.9)

The effect of the spin pumping, embodied by the terms involving ϕ̇ in the last

two equations, appears as the source for this set of coupled linear equations.

A simple analytic solution can be obtained when θ = π/2, with

∆µ12 = − eE

1 + ger
, (A.10)
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where the parameters E and r are defined by

E =
P0

1 + (1 − P 2
0 )G0

(
1
gsf

+ 1
Gη

) (~ϕ̇
e

)
, (A.11)

r =
G0gsf(G0 + 2G−G0P

2
0 ) +Gη[(G0 + 2G)(G0 + gsf) −G2

0P
2
0 ]

G0G [G0gsf(1 − P 2
0 ) +Gη(G0(1 − P 2

0 ) + gsf)]
. (A.12)

They correspond to the effective emf and internal resistance of the battery.

When the fixed ferromagnetic layers are fully spin polarized, i.e. P0 = 1, we

obtain the result Eq.(3.30) shown in the main text.

To investigate the magnetic reversal process of the free layer under

an external magnetic field, we need to combine with Eqs.(A.3–A.9) the LLG

equation for the free layer. The LLG equation can be written in the form of

−αGη
8πS

µs
3z −

αGη

8πS
µs
4z +

[
1 + α2 +

~αG
4πS

η

]
ϕ̇ = γH, (A.13)

d(cos θ)

dt
= α(1 − cos2 θ)ϕ̇− G sin2 θ

8πS

[
η(µs

3z − ~ϕ̇) + η(µs
4z − ~ϕ̇)

]
. (A.14)

For the numerical calculation, we set the initial value θ(t = 0) = π. At each

instant t, we solve the set of linear equations (A.3–A.9) with Eq.(A.13) for a

fixed value of θ(t), and plug the result into Eq.(A.14) to get the value of θ at

the next time instant (t+ ∆t). The time step ∆t is chosen to be much smaller

than the time scale of the reversal process.
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Appendix B

Perturbative evaluation of Kubo-Streda

formula

In this appendix, I sketch out how the diagrams in the perturbative

expansion of the Kubo-Streda formula are evaluated. We perform this calcu-

lation in the eigenstate basis, i.e. we express various quantities in the basis of

Eq.(4.22). For example, the velocity operators in this basis are

v̂x(k) = v

(
sin θ cosϕ −i sinϕ− cos θ cosϕ

i sinϕ− cos θ cosϕ − sin θ cosϕ

)
, (B.1)

v̂y(k) = v

(
sin θ sinϕ i cosϕ− cos θ sinϕ

−i cosϕ− cos θ sinϕ − sin θ sinϕ

)
, (B.2)

where the spherical angles are defined in Eq.(4.23). The disorder potential is

also written in this basis

V̂ αβ
k′k

= V o
k′k

⟨
uαk′|ϖ̂|uβk

⟩
, (B.3)

where the 2 × 2 matrix ϖ̂ takes the spin structure for each class as listed in

Eq.(4.16).

Note that the velocity vertex which is diagonal in the band indices

such as v++
x needs to be dressed by a diffuson (i.e. a ladder diagram). This

is because the combination GR+GA+ is of order kF l, which cancels the small

factor ndisV
2 (of order 1/(kF l)) from the scattering line. In contrast the off-

diagonal elements such as v+−
x do not need a diffuson correction because the
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Figure B.1: A Feynman diagram that contributes to the side jump contribu-
tion. It corresponds to Fig.4.1(a) in the main text.

combination GR−GA+ ∼ 1/∆ is small. This diffuson correction is related to

the transport scattering time. In fact, we have the following relation,

GR+(k)Υ++
x (k)GA+(k) ≈ v++

x 2πτ trδ(ε− ε+k ), (B.4)

where the transport scattering time τ tr is defined as

1

τ tr
≡ 2πndis

∫
d2k′

(2π)2
∣∣V ++

k′k

∣∣2 (1 − cos(ϕ− ϕ′))δ(εF − ε+
k′). (B.5)

The cosine factor indicates that the large angle scattering is more effective in

momentum relaxation.

As an example, we calculate the diagram in Fig.B.1 of the side jump

contribution. Following standard diagramatic rules, we have

Fig.B.1 =
e2

2π

∫
d2k

(2π)2
v−+
y GA+(k)Υ++

x GR+(k)ndis

∫
d2k′

(2π)2
V ++
kk′ G

R+(k′)V +−
k′k

GR−(k)

≈ e2

2π

∫
d2k

(2π)2
v−+
y v++

x 2πτ trδ(ε− ε+k )ndis

∫
d2k′

(2π)2
V ++
kk′ V

+−
k′k

iπδ(εF − ε+
k′)

εF − ε−
k′

= − e2

16π
sin θF

(τa)−1

(τ tr)−1
,

(B.6)
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where we have defined that

1

τa
≡ 2πndis

∫
d2k′

(2π)2
V ++
kk′ V

+−
k′k

δ(εF − ε+
k′). (B.7)

For the result of each class of disorders, we just need to plug in the corre-

sponding V matrix and the proper transport scattering time τ tr. For class A

disorder,
1

τ tr
=

1

2
(1 + cos2 θF )

1

τ0
− cos2 θF

1

τ1
− 1

2
sin2 θF

1

τ2
, (B.8)

1

τa
=

1

2
sin θF cos θF

(
1

τ0
− 1

τ1

)
. (B.9)

Therefore the contribution in Fig.B.1 for class A is

Fig.B.1 = − e2

16π

sin2 θF cos θF ( 1
τ0
− 1

τ1
)

(1 + cos2 θF ) 1
τ0
− 2 cos2 θF

1
τ1
− sin2 θF

1
τ2

. (B.10)

All the other diagrams are calculated in a similar way.
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