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This dissertation explores several aspects of the theory in industrial organization. 

The first chapter builds a model with two cost asymmetric firms who not only 

have Cournot competition in the spot market but also have the opportunity to trade 

forward contracts. It is shown that with forward trading, low cost firm not always 

produces more than high cost firm. In an interior equilibrium, both total output and 

consumer welfare increase compared to the case without forward trading. When cost 

function is linear, forward trading is socially beneficial in that low cost firm has higher 

market share as well as profit share, and that total output, consumer welfare and social 

welfare increase.  
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The second chapter analyzes duopoly firms’ choices among ad-free and ad-

supported service with different advertising displays: mandatory advertising where ads 

are integrated with the main content and cannot be dismissed by users; or optional 

advertising where users are allowed to dismiss ads at will. The model also takes into 

account the effect of consumers’ heterogeneous ad tastes on their contribution to ad 

revenues. The results reveal that ad revenues intensify competition, suppress equilibrium 

prices and profits, and diminish the differentiation effect. 

The third chapter studies firms’ business model choices and pricing decisions 

when they can choose to provide ad-free service, ad-supported service with cost-per-click 

(CPC) revenue model or cost-per-mille (CPM) revenue model, or a combination of them 

in monopoly or duopoly environment. It’s shown that offering both types of ad-supported 

services is not an optimal strategy for a monopolist and that its optimal strategy is to 

vertically differentiate by providing an ad-supported service and an ad-free service. 

Furthermore, when the monopolist adopts the CPM-based ad revenue model, the price of 

the ad-supported service is more sensitive to increases in the marginal ad revenue than 

the case with the CPC-based model. In the equilibrium of competitive setting, exactly one 

firm offers an ad-supported service alone while the other firm offers the ad-free service 

with or without the same type of ad-supported service depending on the ad revenues. 
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Chapter 1

Cost Asymmetry, Forward Trading and Efficiency

1.1 Introduction

Whether forward trading is socially beneficial has been a question among

economists for a long time. The common argument is that forward trading allows

some risk averse agents to hedge risk. In their seminal paper, Allaz and Vila (1993)

[2](also Allaz (1992) [1]) show that the presence of forward market can improve mar-

ket efficiency by inducing firms to behave more aggressively in the spot market even in

the absence of any risk. Based on this argument, forward trading has been proposed

as an important mechanism to solve market power problem in electricity market (for

example, Green (1999) [14], Newbery (1998) [25]).

However, Mehanc and Salanie (2004) [21] challenge this pro-competitive view

arguing that if firms compete in prices instead of quantities in the spot market, then

in equilibrium, both firms would take long positions, which results in higher prices

than had the forward market not existed. Liski and Montero (2005) [19] consider

an infinitely-repeated model and show that the possibility of forward trading allows

firms to sustain collusive profits that otherwise would not be possible to achieve.

Even if we accept Allaz and Vila (1993) [2]’s assumption that firms compete in

quantities, there still remains some questions. One of which is that they assume firms
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have the same cost structure. While in reality, it is very rare that firms have the same

cost function. In a standard Cournot competition, low cost firm will always produce

more than high cost firm. But when firms are able to trade in forward market, will

this result still hold? In this paper, I extend Allaz and Vila (1993) [2]’s model by

introducing cost asymmetry between firms and a general cost function instead of

constant marginal cost. I am interested in how market outcomes vary with the cost

asymmetry, and whether forward trading is still socially beneficial.

It is shown that with forward trading, low cost firm not always produces more

than high cost firm, but total output and consumer welfare increase in an interior

equilibrium. When cost function is linear, low cost firm has higher market share and

profit share than had the forward market not existed. The more cost efficient a firm

is, the more market power it gets. So low cost firm benefits from the emergence of

forward trading. Under some certain conditions, low cost firm may even use forward

trading as a strategic tool to enhance his market power and force high cost firm out

of spot market that otherwise would not be possible to happen. In this case, low cost

firm would become a monopolist in the spot market. In Allaz and Vila (1993) [2]’s

paper, since firms are symmetric, this could not happen. The introduction of cost

asymmetry complicates the results. But as long as cost function is linear, Allaz and

Vila (1993) [2]’s conclusion that forward trading enhances competition still holds even

in the case of cost asymmetry.

The structure of this paper is as follows. In section 2, I set up the two-period

Cournot competition model with forward trading, solve for equilibrium and evaluate

the market efficiency. Section 3 explores a special case of constant marginal cost.
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Specific results are given and different cases are discussed. Section 4 concludes the

paper.

1.2 The Model

The underlying economic environment is the same as in Allaz and Vila (1993)

except that we allow for cost asymmetry between firms. There are two firms (1

and 2)1 producing a homogeneous good at different costs. Firm 1’s cost function is

C(x) : R+ → R+, while firm 2’s cost function is αC(x), where α ∈ (0, 1). Assume

C(x) is differentiable, convex and increasing. So firm 2 is the low cost firm. Note

that if C(x) = cx, α = 1, then we are in Allaz and Vila (1993)’s case.

There are 2 periods. In the first period, firms simultaneously choose the

amount of forward contracts they want to sell or buy in the forward market, which

call for the delivery of the goods they will produce in the second period. These for-

ward contracts are actually binding and observable precommitments. Let fi denote

firm i’s forward position. We adopt the convention that fi > 0 corresponds to firm

i selling forwards (taking a short position), i.e., firm i commits to sell quantity of fi

goods at price pf in the second period. Similarly, fi < 0 corresponds to firm i buying

forwards (taking a long position). The forward market price pf is set by a Bertrand

auction where at least two speculators bid for the aggregate forward positions.

In the second period, after observing each other’s forward position, firms have

Cournot competition in the spot market. They simultaneously choose outputs x1 and

1If there are more than 2 firms, then we can rank their marginal costs. Things would become
more complicated, but the basic idea of this paper applies.
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x2, which cover their spot market sales and the forward obligations. The spot market

price is given by the inverse demand function Ps(X) = a − X, where X = x1 + x2,

and a > c.2

To focus on the strategic effect of forward market, we assume there’s no un-

certainty in this game. Now we solve this two-period game by backward induction.

We will use the following notation through out the paper.

Table 1.1: Notations and Definitions

Notation Definition

x∗i (x̂∗i ) Firm i’s output level with (without) forward market.

π∗i (π̂∗i ) Firm i’s profit with (without) forward market.

σ∗i ( σ̂∗i ) firm i’s market share with (without) forward market.

γ∗i ( γ̂∗i ) firm i’s profit share with (without) forward market.

X∗ (X̂∗) Total output level with (without) forward market

Π∗ (Π̂∗) Total profit with (without) forward market

CW ∗ (ĈW
∗
) Consumer welfare with ( without) forward market

SW ∗ (ŜW
∗
) Social welfare with (without) forward market

2This condition ensures high cost firm has positive demand in the monopoly case.
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1.2.1 Spot Market

Given the forward positions f1 and f2, firms must decide how much to produce

in the second period. Firm i’s payoff function in the second period is

πsi = Ps(X)(xi − fi)− Ci(xi)

xi−fi is the quantity that firm i sales in the spot market. If fi > xi, then firm i needs

to buy the difference at spot market price in order to fulfill the forward contract.

Firms want to maximize their profits. The necessary first order conditions and

sufficient second order conditions are:

P ′s(X)(xi − fi) + Ps(X)− C ′i(xi) ≤ 0 (= 0 if xi > 0)

P ′′s (X)(xi − fi) + 2P ′s(X)− C ′′i (xi) < 0

We restrain that the output xi should be nonnegative. In this section, we just consider

interior solution for the moment, which means both firms are active in the spot

market.

Under linear demand, P ′′s (X) = 0, P ′s(X) = −1, C ′′i (xi) ≥ 0, so second order

conditions always hold. The two first order conditions are

a− 2x1 − x2 + f1 − C ′1(x1) = 0 (1.1)

a− 2x2 − x1 + f2 − C ′2(x2) = 0 (1.2)

which implicitly define the optimal output level as a function of the forward

position taken in the first period xi = xi(f1, f2), i = 1, 2. Thus, firms can influence

5



the spot market equilibrium through their forward market positions. Using Implicit

Function Theorem, we can solve for ∂xi
∂fi

and
∂xj
∂fi

from equations (1.1) and (1.2). It

can be shown that

∂xi
∂fi

> 0,
∂xj
∂fi

< 0,
∂xi
∂fi

+
∂xj
∂fi

> 0, for j 6= i

.

So an increase in firm i’s forward sales at period 1 affects positively this firm’s

output level and negatively rival firm’s output, but the total output is increased. This

is because with forward sales, the marginal revenue of firm i at period 2 is given by

P ′s(X)(xi − fi) + Ps(X), thus the decrease in price necessary to sell another unit on

the spot market does not affect the units already sold forward at period 1.

Note that if f1 = f2 = 0, then equations (1.1) and (1.2) are just the first order

conditions of Cournot competition under cost asymmetry. It’s obvious that in this

case low cost firm will produce more in the equilibrium. We have the following:

Lemma 1. Benchmark (without forward trading)

If ∀x > 0, C ′1(x) > C ′2(x) > 0, C ′′1 (x) ≥ C ′′2 (x) ≥ 0 and demand is linear, then

under Cournot competition, the first order conditions are

a− 2x̂1 − x̂2 − C ′1(x̂1) = 0 (1.3)

a− x̂1 − 2x̂2 − C ′2(x̂2) = 0 (1.4)

in equilibrium, x̂∗1 < x̂∗2.

Lemma 1 states that under a cost asymmetric Cournot competition, low cost

firm will always produce more than high cost firm in equilibrium, not matter what the

6



forms of cost function are, as long as they are differentiable, convex and increasing.

However, as we will discuss it later, when forward market is introduced, the above

statement is not always true.

1.2.2 Forward Market

Back to forward market, firm i’s overall payoff function is3

πi = Pffi + πsi (fi, fj)

Rearranging terms, we get

πi = [Pf − Ps(fi, fj)]fi︸ ︷︷ ︸+ [Ps(fi, fj)xi(fi, fj)− Ci(xi(fi, fj))]︸ ︷︷ ︸
The profit function includes two components. The first one is the arbitrage profit and

the second one is the standard Cournot profit.

The presence of competitive speculators eliminates the possibility of arbitrage.

So in equilibrium, the forward market price must be equal to the spot market price:

Ps = Pf . Now the profit maximization problem can be written as

max
fi

πi = Ps(fi, fj)xi(fi, fj)− Ci(xi(fi, fj))

Note that we don’t have any constraint on fi. fi could be either positive or negative

or zero. The first order conditions of the profit maximization problem are

(p− C ′i)
∂xi
∂fi

= xi(
∂xi
∂fi

+
∂xj
∂fi

)

By solving the profit maximization problem, we can get the equilibrium outcome.

3We assume the discount factor equals one or payment is not realized until delivery completes.
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1.2.3 Equilibrium Results

Lemma 2. In an interior equilibrium of Cournot competition with forward market,

a− x1 − x2 − C ′1(x1) = x1(1− 1

2 + C ′′2 (x2)
) (1.5)

a− x1 − x2 − C ′2(x2) = x2(1− 1

2 + C ′′1 (x1)
) (1.6)

If the cost function has a form of C(x) = c(x + θ)γ, where θ ≥ 0, γ ≤ 5, then in

equilibrium, x∗1 < x∗2.

Equations (1.5) and (1.6) in Lemma 2 determine the equilibrium outputs x∗1

and x∗2, and therefore, the equilibrium forward positions f ∗1 and f ∗2 . However, we

can’t get the same conclusion x∗1 < x∗2 as in Lemma 1 unless the cost function has

the specific structure specified in Lemma 2. It’s possible that x∗1 > x∗2 under some

forms of cost function.4 Proposition 1 explicitly states the relationship between the

equilibrium outputs x∗i and forward positions f ∗i .

Proposition 1. In an interior equilibrium of Cournot competition with forward mar-

ket,

x∗1 = (2 + C ′′2 (x∗2))f ∗1 (1.7)

x∗2 = (2 + C ′′1 (x∗1))f ∗2 (1.8)

If f ∗2 ≥ f ∗1 , then x∗2 > x∗1, but not the other way around.

4For example, C(x) = 0.3x6, α = 0.4, a = 1
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Note that x∗i > 0, then f ∗i > 0, both firms have short positions. Proposition

1 states that if firm 2 has pre-committed to sell more in the forward market, then it

will definitely produce more in the spot market. The intuition is that, on one hand,

firm 2 has to meet the delivery requirements of forward contracts, on the other hand,

firm 2 has cost advantage so that it can produce more. However, if firm 1 has sold

more in the forward market(f ∗1 > f ∗2 ), then it could be x∗2 < x∗1 or x∗2 > x∗1, which

depends on the forms of the cost function. If the cost function is linear or quadratic,

then in equilibrium, low cost firm produce more and has higher forward position.

Corollary 1. If the cost function is linear C(x) = cx + d or quadratic C(x) =

1
2
cx2 + bx + d, where b ≥ 0, d ≥ 0, then in an interior equilibrium of Cournot

competition with forward market, f ∗2 > f ∗1 and x∗2 > x∗1. In addition,
∂x∗1
∂α

> 0,

∂x∗2
∂α

< 0, and
∂x∗1
∂α

+
∂x∗2
∂α

< 0.

So in the case of linear cost and quadratic cost, low cost firm always has

advantage over high cost firm. It will both produce more in the spot market and sell

more in the forward market. The effect of cost asymmetric on these two firms are

opposite. As α increases, low cost firm’s output decreases, high cost firm’s output

increases, and total output decreases in α.

1.2.4 Efficiency Analysis

In this section, we analyze the impact of forward trading on market outcomes

by comparing the total output, consumer welfare and social welfare with the bench-

mark case where forward trading is not available.

9



The consumer welfare (denote as “CW”) and social welfare (denote as “SW”)

are defined as

CW =
1

2
(a− P )2

SW = CW + π1 + π2

Proposition 2. In an interior equilibrium of Cournot competition, compared to the

benchmark case where forward trading is not available, the total output and consumer

welfare with forward market are increased. Furthermore, if neither firm produces less

with forward trading, then social welfare is increased while total profits are decreased.

Both firms are worse off when forward trading is available.

When forward trading is available, total output will increase, spot market price

will drop, and thus consumers are better off with increased consumer welfare. There-

fore, Allaz and Vila (1993)’s argument that forward trading enhances competition is

valid even in the case of cost asymmetry and a general cost function, as long as both

firms are active in the spot market.

However, the effects of forward trading on firms’ profits and total social welfare

are ambiguous. Firms tend to increase their own output with the introduction of

forward trading, but as shown in the next section, when firm 2 has sufficient cost

advantage, firm 1 may decrease its output when forward trading is available or even

be driven out of spot market. Nevertheless, if neither firm decreases its output, then

Proposition 2 indicates that both firms end up being worse off with less profits, but

social welfare is increased.

10



We are also interested in the change of firms’ market shares and profit shares.

But without the specific form of cost function, they are undetermined. In the following

section, we consider the special case: constant marginal cost. Then we can get the

equilibrium results explicitly and compare all relevant firm characteristics: price,

quantity, market share and profit.

So far we only consider the interior solution that both firms are active in

the spot market. In the following section, we will also explore the corner solution

where one of the two firms is inactive in the spot market. In fact, when demand is

sufficiently low and firm 2 has enough cost advantage, high cost firm may be forced

not to produce in the spot market but still has short position in the forward market.

1.3 A special case: constant marginal cost

In this section, we consider a special case: constant marginal cost. Firm

1’s cost function is C1(x) = cx, while firm 2’s cost function is C2(x) = αcx, where

α ∈ (0, 1). Using the equations from previous section, it’s straightforward to compute

the equilibrium outcomes of Cournot competition with and without forward trading.

We first define three regions of demand level in the table below for the a value and

then show that the equilibrium outcomes significantly change as a falls into different

regions.

1.3.1 Without forward market

Lemma 3. Let α∗1 = (2− a
c
), the equilibrium outcomes of Cournot competition without

forward market are:
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Table 1.2: Regions for Values of a

Region and Demand Level a Range

Region I (High) a > 3c

Region II (Medium) 3c ≥ a > 2c

Region III (Low) 2c ≥ a > c

• When a > 2c, or when 2c ≥ a > c and α ∈ (α∗1, 1),

x̂∗1 =
a+ (α− 2)c

3
, π̂∗1 =

(a+ (α− 2)c)2

9

x̂∗2 =
a+ (1− 2α)c

3
, π̂∗2 =

(a+ (1− 2α)c)2

9
(1.9)

X̂∗ =
2a− (1 + α)c

3
, P̂ ∗ =

a+ (1 + α)c

3

• When 2c ≥ a > c and α ∈ (0, α∗1],

x̂∗1 = 0, π̂∗1 = 0

x̂∗2 =
a− αc

2
, π̂∗2 =

(a− αc)2

4
(1.10)

X̂∗ =
a− αc

2
, P̂ ∗ =

a+ αc

2

Lemma 3 shows that, when demand is sufficiently high (a > 2c), or when

demand is low but firm 2 has small cost advantage (α ∈ (α∗1, 1)), both firms are active

in market; otherwise, when demand is low (2c ≥ a > c) and firm 2 has sufficient cost

advantage (α ∈ (0, α∗1)), firm 1 will be forced out of the market and firm 2 becomes the

12



monopolist and produces the monopoly output. In any of the cases, as α increases,

total output and total profit both decrease, while price goes up.

1.3.2 With forward market

Lemma 4. Let α∗2 = 1
2
(3− a

c
), the equilibrium outcomes of Cournot competition with

forward market are:

• When a > 3c, or when 3c ≥ a > c and α ∈ (α∗2, 1),

f ∗1 =
a+ (2α− 3)c

5
, x∗1 =

2(a+ (2α− 3)c)

5
, π∗1 =

2(a+ (2α− 3)c)2

25

f ∗2 =
a+ (2− 3α)c

5
, x∗2 =

2(a+ (2− 3α)c)

5
, π∗2 =

2(a+ (2− 3α)c)2

25
(1.11)

X∗ = x∗1 + x∗2 =
4a− 2(1 + α)c

5
, P ∗s = P ∗f =

a+ 2(1 + α)c

5

• When 3c ≥ a > c and α ∈ (0, α∗2],

f ∗1 =
−a+ αc

3
, x∗1 = 0, π∗1 = 0

f ∗2 =
a− αc

3
, x∗2 =

2(a− αc)
3

, π∗2 =
2(a− αc)2

9
(1.12)

X∗ =
2(a− αc)

3
, P ∗s = P ∗f =

a+ 2αc

3

Lemma 4 shows that when demand is high (a > 3c), or when firm 2 has small

cost advantage (α ∈ (α∗2, 1)), then both firms have short positions in forward market

and positive outputs in spot market. This is the outcome first presented by Allaz an

Vila (1993).

If the demand is not high (3c ≥ a > c), and firm 2’s marginal cost is signifi-

cantly lower (α ∈ (0, α∗2]), then in equilibrium, high cost firm (firm 1) chooses not to

13



produce in the spot market since the equilibrium spot market price is lower than its

marginal cost. Low firm (firm 2) still possesses a short position in the forward market,

while high cost firm takes a long position (note that α < α∗2, then f ∗1 = −a+αc
3

< 0).

By taking a long position, π1 = [Pf − Ps]f1, firm 1 will buy in the forward market

and sell in the spot market, thus the higher the spot price, the better it is for firm 1.

Firm 2 becomes a monopolist in the spot market, but it has to produce more than a

monopolist does, i.e. x∗2 = 2(a−αc)
3

> x∗m = a−αc
2

. If firm 2 produces at the monopoly

output x∗m, the spot market price will be higher than firm 1’s marginal cost c, then

firm 1 will react and produce positively, which may result in higher total product and

lower market price, thus lower profit for firm 2. Therefore, by producing more with

its significantly lower marginal cost, firm 2 keeps firm 1 out of the spot market.

Note that the effect of cost asymmetry on firm 1 and firm 2’s forward trading

is opposite: f ∗1 is increasing in α while f ∗2 is decreasing in α. Interestingly, when

3c ≥ a > c, f ∗1 is discontinuous at α∗2: for α = α∗2, f ∗1 = c−a
2

is negative, and for

α > α∗2, f ∗1 is positive. However, f ∗2 is continuous in α.

1.3.3 Efficiency Analysis

Combining Lemma 3 and Lemma 4, we get Table 1.3, which states the equi-

librium outcome of Cournot competition with and without forward market.

Now we can show how the presence of cost asymmetry and forward market

affects market efficiency case by case.

Proposition 3. Under linear demand and linear cost function, with or without for-

ward market,
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Table 1.3: Equilibrium outcomes with and without forward market

Cournot competition Cournot competition
without forward market with forward market
Case 1: a > 3c, then α∗1 < α∗2 < 0

∀α ∈ (0, 1) interior solution (1.9) interior solution (1.11)
Case 2: 3c ≥ a > 2c, then α∗1 < 0 ≤ α∗2

α ∈ (0, α∗2] interior solution (1.9) corner solution (1.12)
α ∈ (α∗2, 1) interior solution (1.9) interior solution (1.11)

Case 3: 2c ≥ a > c, then 0 ≤ α∗1 < α∗2
α ∈ (0, α∗1] corner solution (1.10) corner solution (1.12)
α ∈ (α∗1, α

∗
2] interior solution (1.9) corner solution (1.12)

α ∈ (α∗2, 1) interior solution (1.9) interior solution (1.11)

• total outputs, total profits, consumer welfare and social welfare are continuous

and decreasing in α, while price is continuous and increasing in α.

• low (high) cost firm’s output, profit, market share and profit share are continuous

and decreasing (increasing) in α

Proposition 3 states how the cost asymmetry affects the equilibrium outcome

of Cournot competition with and without forward market. No matter there is forward

market or not, when α increases, low cost firm loses its cost advantage gradually, thus

produces less; high cost firm benefits from increasing α and produces more. Overall,

the increasing α has a negative impact on consumer welfare, firms’ total profits and

social welfare, since the production becomes less and less cost efficient.

Proposition 4. Comparing the equilibrium outcomes of Cournot competition with

and without forward market, when there exits forward market,
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1. low cost firm has higher output, while high cost firm may have higher or lower

output (as shown in Figure A.1).

2. high cost firm has less profit, while low cost firm may have more or less profit

(as shown in Figure A.1).

3. low (high) cost firm has higher (lower) market share and profit share (as shown

in Figure A.2).

4. total output, consumer welfare and social welfare increase, spot market price

decreases (as shown in Figure A.3).

It is worth noting two effects when analyzing the impact of forward trading on

equilibrium results. One effect is the degree of cost asymmetry. If there’s no forward

trading, then the low cost always firm produces more and earns more than the high

cost firm. The other effect is the competition effect caused by the introduction of

forward trading. If there’s no cost asymmetry (α = 1, as in Allaz and Vila (1993)),

then trading on the forward market represents a prison’s dilemma for the two firms.

Both firms will sell forward and produce more to take advantage of forward trading

and thus end up being worse off. The shape of equilibrium outcomes depends on the

relative strength of these two effects.

More specifically, when α is sufficiently small, cost advantage effect dominates

competition effect caused by the forward trading, thus high cost firm produces less

when forward trading is available. In the extreme cases (α < α∗2 in Case 2 and

Case 3), high cost firm may even been driven out of the spot market. Low cost
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firms produces more and makes higher profits than had forward market not existed.

When α approaches 1, the forward trading effect dominates, both firms increase their

outputs. Consequently, both firms end up being worse off with lower profits.

Although the change of each firm’s output and profit when forward trading

is available depends on the value of α, the effect of forward trading on each firm’s

relative strength is clear. Forward trading enhances low cost firm’s market power

by increasing both its market share and profit share. Further more, since α∗1 < α∗2,

it is much easier for low cost firm to force high cost firm out of spot market than

had forward market not existed. As shown in Case 3 when demand is very low

(2c ≥ a > c), and 0 < α∗1 < α∗2, although firm 1 could be driven out of spot market

both with and without the presence of forward market, it happens more often when

there is forward trading.

When we consider the effect of forward trading on market efficiency, Propo-

sition 4 shows that total output, consumer welfare and social welfare will increase.

Total profits may increase or decrease, which depends on the value of α as well as the

demand level. So forward trading may not in the interests of firms, but it is socially

beneficial.

In summary, we have the following proposition.

Proposition 5. In the case of constant marginal cost, forward trading improves mar-

ket efficiency.

Forward trading improves market efficiency in two ways: on one hand, total

output, consumer welfare and social welfare all increase; on the other hand, low cost
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firm has more market share and profit share, thus the market shifts towards the more

cost efficient firm.

1.4 Conclusion

Allaz and Vila (1993) presents a great idea that the presence of forward trading

can induce firms to behave more aggressively and thus increase total output and social

welfare even in the absence of any uncertainty. But they only consider the case that

firms are symmetric and cost function is linear. This paper extends Allaz and Vila

(1993) by introducing cost asymmetry between firms and a general cost function.

We have shown that in an interior equilibrium, Allaz and Vila (1993)’s main

results partly hold in that total outputs increase and consumer welfare improves,

while the change of total profits and social welfare are indetermined. But low cost

firm may not produce more than high cost firm, which is different from the case

without forward trading. With linear demand, linear or quadratic cost function, the

low cost firm’s short position and output are larger than those of the high cost firm.

We also explore the case of constant marginal cost. Low cost firm’s market

share and profit share increase when there is forward trading. Total output, consumer

welfare and social welfare also increase. Thus, the existence of forward trading is

socially beneficial.

There are still many ways to improve this work. The first issue is that for

simplicity reason we only consider linear demand in the spot market. What if the

demand function is nonlinear? can we get a similar result?
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The second issue is that this is a simple two-period model. In Liski and

Montero (2005), they consider an infinitely-repeated model. Can their results apply

to our model? This is challenging but worth exploring.

The last but not least issue is that there is no uncertainty in this model.

But one of the most important roles of forward trading is that it can help the risk

averse agents to hedge risk. So it is natural to consider a model with uncertain

demand and/or uncertain consumer endowments. Allaz (1992) has some research on

the interaction between uncertainty and strategic effect of forward trading. We leave

all these issues for future research.
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Chapter 2

Ad Display and Ad-Supported Business Model

Competition

2.1 Introduction

The digital age has redefined the mass media industry. When Youtube be-

came a world-wide phenomenon, online media emerged as an important channel in

addition to traditional means of entertainment. Alongside the growth of these online

services, there has been an increasing multitude of advertising styles. The versatility

of the online environment and availability of user characteristics spurred development

of specialized targeting techniques and rich display options. Online service providers’

varied choices of ad support construct different business models in this rising com-

petitive field. In entertainment, Hulu took the first steps to make numerous TV

programs and films available online for free, legally, and has recently announced a

more comprehensive package “Hulu Plus” priced at $9.99 per month.1 While Netflix

has yet to acquire an ad support, Hulu follows certain forms of TV ads and adds

its twist of offering users ad choice of certain products and movie trailers in place of

1“Hulu Offers a $9.99 Subscription to Full Seasons of Current TV Shows,” The New York
Times, June 29, 2010. http : //www.nytimes.com/2010/06/30/business/media/30hulu.html? r =
1&scp = 2&sq = Hulu%20plus&st = cse.
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multiple interruptive ads.2 In the meantime, some other online content providers may

choose to use ads that are non-interruptive and offer a customizable experience for

its users. For example, Youtube primarily uses in-video ads that provide informative

links related to the video content and can be closed at a mouse click. These online

service providers then effectively deliver different experiences to be consumed by users

of varying preferences.

In this study, we use a game theoretic model and aim to provide an under-

standing of the strategic interactions among competing service providers that may

acquire different styles of ad support – how do ad-supported and no-ad firms strategize

in a price competition? Which factors lead to non-zero pricing of the ad-supported

service? What is the role of advertising revenue under various forms of competition?

Our analysis also delivers implications on ways digitization changes business model

competition. As online marketing continues to mature and starts appeal to more

users’ interest and taste, the competitive outcome also evolves. We explore the forces

behind the survival and exclusion of certain business models.

For tractability, we consider two styles of ad support: 1) mandatory adver-

tising, which is the conventional marketing style that integrates ads with the main

content, and 2) optional advertising, which uses non-interruptive ads by overlapping

ads on the main content and allows users to dismiss/disable them. Traditional tele-

vision, newspaper, magazines, webpages, and even Hulu are examples of firms using

2Hulu users can choose to watch a movie trailer in the beginning of the program in place of
commercial interruptions, and choose to watch ads of a certain type of product (e.g., a sports car
instead of a minivan).
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the mandatory style of ad supported businesses. As to optional advertising, TiVo is

one of the initial efforts to counteract television ads; online applications sometimes

allow dismissal of display ads; Youtube’s in-video ad is another instance of optional

advertising. Based on no-ad support and ad-supported business models of mandatory

and optional adverting, we study three competition settings, asymmetric, ad-driven,

and full business model competitions, focusing on ad support that involves display

advertising.3 The asymmetric competition builds a simple framework, where a no-ad

firm competes with a firm that adopts an ad support. The analysis here helps to

extract important intuitions that also underpin theoretical findings in the ad-driven

and full competition settings. The ad-driven setting is relevant for industries where

the core service by itself is not a profitable business – newspaper is an example. The

costs of news production, printing, and distribution exceed consumers’ values. Hence,

newspapers and magazines are rarely ad-free. Given consumers’ indisposition to pay

for online contents, online news business and other content services face considerable

challenges in (re)engineering their ad-supported business models. Lastly, we make all

business models available to both firms in a full competition setting, and compare

the results with the previous findings.

Advertising is not only a source of revenue, but also serves as a differentiation

device. Thus, in the context of ad-supported business models where firms provide

homogeneous core services, one firm should choose the mandatory advertising strategy

in competition with a no-ad firm since the mandatory strategy (weakly) dominates

3Undoubtedly, online advertising in other forms such as keyword advertising has been phenom-
enally successful. Keyword advertising implements innovative pay-per-click contingent payment
contract with advertisers. A rich literature has emerged on this topic.
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the optional strategy; in equilibrium, both firms are able to sustain positive price

due to differentiation. However, the degree of differentiation achieved is conditional

on the marginal advertising revenue obtained by the ad-supported firm. Higher ad

revenues increase ad-supported firm’s incentives to obtain a larger market share, and

thus intensify the price competition. As a result, the differentiation-driven equilibrium

disappears under a sufficiently high level of ad revenue. In fact, in this case both firms

choose the mandatory strategy – firms abandon no-ad strategy not only to pursue ad

revenues, but also to escape suppressed equilibrium prices and profits.

The degree of differentiation also depends on the bounds of consumer ad taste

(given the same distributional spread). Upward shifts of consumer ad taste may result

in both the mandatory and no-ad firms cutting price in equilibrium, again due to ad

revenue effect that exacerbates the competition. The implication is that the trend of

moving to ad-supported business models in the competitive environment could be the

outcome of successful online marketing techniques that enable ad-supported firms to

withstand aggressive price wars rather than being defaulted as a low-quality service.

The rest of this paper is organized as follows. In Section 2, we review the

related literature. Section 3 presents the model. In Section 2.4, we analyze the price

competition under asymmetric competition, where only one firm is ad-supported and

choosing between optional and mandatory advertising. We then study the ad-driven

competition in Section 2.5, where both firms adopt the ad-support. In Section 2.6,

we derive the equilibrium of the full competition. We consider a few variations of

the model by relaxing some assumptions in Section 2.7. And finally we conclude. All

proofs are relegated to Appendix.
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2.2 Literature Review

A body of research in ad-supported business models has developed recently.

From a monopolistic perspective, Fan et al. (2008) study the optimal pricing and

advertising strategies for media providers to distribute media over traditional and

online channels, and show that the monopoly firm should generally adopt both chan-

nels as options for consumers and optimize the overall profits [11]. They model how

the channel difference factors, such as online channel access cost, advertising level

and revenues, and program quality, affect the monopoly firm’s optimal price and ad-

vertising levels [11]. Prasad et al. (2003) investigate a monopoly’s optimal business

model strategy (i.e., subscription-based or ad-supported) and the amount of adver-

tisements to offer [28]. They also compare strategies under different parameter values

and discuss implications given consumer income segmentation. Our work connects

more closely with the studies with a competitive setting. Peitz and Valletti (2008)

analyze two symmetric settings endogenizing advertising level and content variety

when competing media platforms are both “pay-tv” or “free-to-air,” and compare

the competitive outcomes of these scenarios [27]. They find that in general both mar-

ket structures do not result in optimal social welfare. Casadesus-Masanell and Zhu

(2010) address an incumbent’s business model reconfiguration problem in choosing

the optimal business strategy while facing an ad-sponsored entrant [6]. They find

that among four choices of business models, the incumbent tends to strategize by

employing a pure business model rather than a hybrid business model that combines

fee-based approach with advertising, because offering consumers an option that is

similar to the service provided by the rival would cannibalizes differentiation, which
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may create higher surplus for both firms [6]. Our work coincides with this intuition;

furthermore, we discover advertising revenues to play the role of weakening such dif-

ferentiation; in this case, a business model that offers consumers more options and

creates more intense competition may be an equilibrium strategy. Also, instead of

emphasizing an incumbent’s strategic response, we endogenize both firms’ business

model decisions in a competition, which is suggested as a meaningful extension by [6].

Our work also relates to the literature in online advertising. In particular, a

line of studies has analyzed the strategies of targeted advertising [9] [15] [12]. While

these works have investigated the marketing strategies of the advertisers in ways to

selectively influence consumer demands and their market impact, our study looks

for the business model strategies of the competing firms, which serve as platforms for

advertisers and online users. In keyword advertising, many studies have examined the

specific performance-based auction mechanism, and demonstrated its efficiency over

the traditional second-price auction in ranking advertisements [7] [20] [35]. Rather

than focusing on problems between advertisers and the firm, we look at the interaction

between the firms and users through strategies in ad delivery and pricing.

As ad-supported firms provide a market that joins online advertisers and

users [10], our work is connected to the two-sided market literature [30] [5] [3]. Studies

in this area have been prolific in investigating the pricing and governance structures.

By endogenizing competing firms’ business model decisions, our contribution lies in

discovering possible exclusion of the advertising side as a market equilibrium based

on competitive factors and consumers’ attitude towards advertisements.
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2.3 Model Setup

Consider a duopoly market, where two firms provide perfectly substitutable

services, for which consumers have homogeneous valuation with the reservation price

r. Assume that consumers have unit demand, and r is sufficiently large such that the

market is covered. The firms have zero marginal cost.

Firms may acquire advertising support. Denote no ad-support business model

by ‘N’. We distinguish ad-supported business models by their styles of ad delivery.

With mandatory advertising, denoted by ‘M’, ads are integrated with the core service

and cannot be dismissed; with optional advertising, denoted by ‘O’, ads overlap the

main content and an option is offered to remove them.

A consumer’s valuation for advertisements, θ, is characterized by the uniform

distribution, θ ∼ U [α, α + 1], where α ∈ [−1, 0) (i.e., some consumers have negative

valuation for ads, while some value ads positively),4 and denoted by the cumulative

distribution function G(θ). An ad-supported firm derives marginal advertising rev-

enue of β ∈ (0, 1) from all consumers with θ > 0, and from a proportion δ ∈ (0, 1)

among consumers with θ < 0.5 Consumers’ utility function for a firm’s service with

4Kaiser and Song (2009) [17] show that readers in many magazine segments appreciate advertis-
ing. Moreover, as discussed in Section 2.7, our main results are robust without requiring consumers
having strictly positive valuation for ads.

5Here, the implicit assumption is that firms offer contingent payment contracts to the advertisers
such that payments are only collected when ads attract users. An increasingly pervasive implemen-
tation is the pay-per-click contract discussed in the introduction. Thus, consumers who like ads
will click on them and contribute to firm’s advertising revenues; consumers who dislike ads may
accidently click on the ads with probability δ ∈ (0, 1). Note that we exclude two extreme cases:
δ = 0 where consumers who dislike ad do not contribute to firm’s advertising revenue at all, and
δ = 1 where all consumers click on the ads and contribute to firm’s advertising revenue.
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advertisements at price p is

u(p) = r − p+ θ. (2.1)

There are three stages. In the first stage, firms choose whether to adopt an

ad support; if so, it incurs a fixed cost F for investment in marketing resources such

as setting up the advertising technology and establishing relations with advertisers.

We let F be homogeneous for the mandatory and optional strategies. In the second

stage, the ad-supported firm chooses between the strategies of optional advertising

(O) and mandatory advertising (M).6 In the third stage, both firms observe each

other’s business strategy choices and engage in price competition. Consumers ob-

serve firms’ business models and their corresponding prices while making purchase

decisions. Figure 2.1 shows the game tree.

We analyze the game by backward induction. Referring to Figure 2.1, we call

subgame 1 and subgame 2 as “asymmetric competition”, where only one firm is ad-

supported and choosing between optional and mandatory advertising. Subgame 3 is

the so called “ad-driven competition”, where both firms adopt ad support. We omit

the trivial case (N,N), where both firms make zero profit due to Bertrand competition.

In the following sections, we first derive the equilibrium results to these subgames,

then we turn to the analysis of full competition.

6We assume that firms do not incur additional cost by implementing optional or mandatory
advertising. On one hand, optional advertising may seem to require more advanced technology
for the necessary functionalities; on the other hand, with the advertising-avoidance technology and
increasingly skilled and tech-savvy consumers, preventing consumers from disabling ads becomes
more challengingly when firms choose mandatory advertising.
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Figure 2.1: Game Tree

2.4 Asymmetric Competition

In asymmetric competition, one firm has committed to a no-ad business model,

the other firm acquires ad support and makes the business model decision on whether

to adopt mandatory or optional advertising; however both firms strategize in setting

price. Without loss of generality, let firm 1 be the firm without the ad-support, and

let firm 2 choose between the mandatory and optional advertising strategies. We will

solve for the equilibrium price under strategy sets (N,M) and (N,O), and then find

the dominant strategy.
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2.4.1 Mandatory Advertising Strategy

When firm 2 chooses the mandatory advertising strategy, consumers’ prefer-

ence between firm 1’s service alone and firm 2’s service with ads depends on the prices

and consumers’ valuation for ads. Based on Equation (2.1), a consumer purchases

from firm 1 when θ < p2 − p1. The demand function for firm 1 then follows

q1(p1, p2) =

{
G(p2 − p1), if p1 ≤ r;
0, if p1 > r.

The profit functions of the two firms are,

π1(p1, p2) = G(p2 − p1) ∗ p1, (2.2)

π2(p2, p1) = (1−G(p2 − p1)) ∗ p2

+β ∗min{1−G(p2 − p1), 1 + α}

+b ∗max{0,−G(p2 − p1)− α}. (2.3)

Firm 2 obtains the consumers on the upper end of the valuation continuum,

and firm 1 obtains the rest. The relative price levels determine on which side of θ = 0

the market split occurs. That is, when firm 2 charges a lower price than firm 1, it will

have all consumers with positive θ as well as some with negative θ, while by charging

a higher price, firm 2 does not serve any ad-averse consumers and loses some favor-ad

consumers to firm 1.

Firm 2 receives advertising revenues from favor-ad consumers at the marginal

revenue β. Let b ≡ βδ < β, firm 2 also receives ad revenue from ad-averse consumers

at the rate b. Although firms derive most advertising revenues from consumers who
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actually value ads, the ad-averse consumers may also contribute to the advertising

revenues at a lower rate.7

We first define three regions in the table below for the α value. Lemma 5

summarizes the equilibrium prices and profits at different values of α.

Table 2.1: Regions for Values of α

Region and Ad Aversion α Range

Region I (Strong) max{−1,−2(1− b)} ≤ α < −1
2
(1− b)

Region II (Moderate) −1
2
(1− b) ≤ α ≤ −1

2
(1− β)

Region III (Mild) −1
2
(1− β) < α < 0

Lemma 5. (No-Ad vs. Mandatory)

For the strategy set (N,M), the equilibrium prices, demands, and profits are shown

in Table 2.2. When b ≥ 1
2
, there is an additional range of −1 ≤ α < −2(1 − b)

below Region I, where p∗1 = −1
2
α, p∗2 = 0, q∗1 = 1

2
α, q∗2 = 1 + 1

2
α, π∗1 = 1

4
α2, and

π∗2 = β(1 + α)− 1
2
αb.

When α falls in a lower value range, the ad-averse consumer segment is larger.

The equilibrium prices vary under different levels of ad aversion, characterized by

Regions I through III. The equilibrium prices are plotted with ad aversion in Figure

7These ad-averse users may find certain ads appealing given their situational needs or accidental
clicks on the ads. Their responses to the ads then translate to the service provider’s advertising
revenues given the pay-per-click and other similar ad pricing mechanisms.
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Table 2.2: Equilibrium Prices, Demands, and Profits for Strategy Set (N,M) when
b ≤ 1

2

Region Price (p∗) Demand (q∗) Profit (π∗)

1
3
(1− α− b)† 1

3
(1− α− b)† 1

9
(1− α− b)2

I 1
3
(2 + α− 2b) 1

3
(2 + α + b) 1

9
[(2 + α)2 + b2] + β(1 + α)− 5+7α

9
b

−α −α α2

II −α 1 + α† (β − α)(1 + α)†

1
3
(1− α− β) 1

3
(1− α− β) 1

9
(1− α− β)2

III 1
3
(2 + α− 2β)† 1

3
(2 + α + β)† 1

9
(2 + α + β)2†

Note: Firm 1’s results are listed first. The larger value between two firms is marked by †.

2.2. With strong ad-aversion (in Region I), the mandatory firm sets a lower price

than the no-ad firm to attract some of these ad-averse consumers while serving favor-

ad consumers. With moderate ad-aversion (in Region II), two firms sustain equal

and positive prices. Here, differentiation induced by heterogeneous consumer taste

for ads eliminates the Bertrand price war. With mild ad-aversion (Region III), the

mandatory firm forgoes the ad-averse consumer segment and generates its revenues

from the large favor-ad consumer segment by raising its price above that of the no-ad

firm.

While the relative pricing seems intuitive given the level of ad aversion, Lemma

5 reveals that the effect of differentiation on pricing induced by the same distribution

of ad taste heterogeneity is dependent on the value range. In other words, stronger

ad aversion leads to higher equilibrium prices than if consumers’ ad tastes are shifted
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Figure 2.2: Equilibrium Prices under Strategy Set (N,M)
when b ≤ 1

2

upward (see both Figure 2.2 and Figure 2.3). This effect is created by ad revenues

and is also illustrated in following two results. Lemma 5 further indicates that an

additional α range exists, where the mandatory firm offers its ad-supported service

at no charge (Figure 2.3). When b ≥ 1
2
, price competition intensifies because the

ad-averse consumers become more valuable to the mandatory firm. As higher ad

revenues intensifies rivalry, the equilibrium prices in Region I are lower in Figure 2.3

compared to those in Region I of Figure 2.2.

Proposition 6. Under strategy set (N,M), both firms’ equilibrium prices are decreas-

ing in β and δ; π∗1 is decreasing in β and δ, π∗2 is increasing in β, while the effect of

δ on π∗2 is ambiguous.

As discussed above, higher β and b cause the mandatory firm to rely more on

generating ad revenues by expanding its demand, which results in lower equilibrium

prices. The no-ad firm suffers from higher ad revenue (either from ad-adverse or
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Figure 2.3: Equilibrium Prices under Strategy Set (N,M)
when b ≥ 1

2

favor-ad consumers), while the mandatory firm is better off from higher β, but not

necessarily better off at a higher b when ad aversion is high. The intuition is that

in this case the demand shift from the no-ad firm to the mandatory firm may not

compensate fully the mandatory firm’s revenue loss due to its price-cut.

Proposition 7. For the strategy set (N,M), π∗2 > π∗1 ∀α when b ≥ 1
2
, and π∗2 > π∗1 iff

α > b−1−3β
2+3β−3b

when b < 1
2
.

In the subgame equilibrium, the mandatory firm generates higher revenues

than the no-ad firm for most cases. When ad aversion is moderate to mild, the

mandatory firm has a clear advantage from pricing above the no-ad firm and gaining

a large favor-ad consumer segment. With strong ad aversion, the ad revenue from ad-

averse consumers is the determining factor in the comparison of two firms’ revenues.

Under the strategy set (N,M), we find several surprising effects of ad revenues

on firms’ pricing strategies. While competing with a no-ad firm, the mandatory
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firm may sustain a positive price through the differentiation created by consumers’

taste variation towards ads; but it provides its ad-supported service for free when

the ad-aversion is strong such that it creates a sufficiently large quality gap between

the two firms. Ad revenues diminish this differentiation effect when consumer ad

tastes shift toward the positive end, as mandatory firm’s incentives to serve more

consumers (thus generate more ad revenues) increasingly dominate its differentiation

incentives. Another unexpected insight is that ad revenues from ad-averse consumers

may lower both firms’ equilibrium revenues, while ad revenues from favor-ad con-

sumers always have positive effects on ad-supported firm’s revenues. This implies

that the ad-supported firm’s business model for collecting revenues from advertisers

should go beyond the purely traffic-based pricing mechanism, such as the primitive

pay-per-thousand-impression (PPM) methods ubiquitously used before pay-per-click

(PPC) was introduced.

2.4.2 Optional Advertising Strategy

For the strategy set (N,O), firm 2 undertakes the optional advertising strategy,

and the favor-ad consumers get the service with ads. Note that only one price is

assigned to a service with optional advertising, regardless of consumers’ decision of

whether to enable advertisements. The ad-averse consumers are able to eliminate the

disutility from ads, in effect, receive ad-free service from firm 2. Therefore, under the

strategy set (N,O), the marginal ad revenue from ad-averse consumers, b, is irrelevant;
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and two firms compete only in price for the ad-averse consumers.8

Consumer chooses firm 1’s service, if

{
p1 < p2, for θ ≤ 0;
θ < p2 − p1, for θ > 0.

Lemma 6. (No-Ad vs. Optional)

The equilibrium outcomes for the strategy set (N,O) is as follows:

1) For −1 ≤ α ≤ −(1− β), p∗1 = p∗2 = 0, π∗1 = 0, and π∗2 = β(1 + α);

2) For −(1 − β) < α ≤ −1
2
(1 − β), there exists no pure-strategy equilibrium; the

mixed-strategy equilibrium yields π∗1 = 0 and π∗2 = β(1 + α);

3) For α > −1
2
(1 − β) (Region III), the equilibrium is identical to that under the

strategy set (N,M) in Lemma 5.

Even though optional ads would be preferred by consumers over mandatory

ads, the price competition under the strategy set (N,O) can result in a Bertrand price

war. When ad aversion is moderate to strong, differentiation induced by favor-ad

consumers’ taste is insufficient; thus, the optional firm has incentives to undercut no-

ad firm’s price, as ad-averse consumers are indifferent between the two firms’ services

offered at the same price. For both Regions I and II, the no-ad firm makes zero

revenue. However, the story turns around with overall improved ad experience. Given

mild ad aversion, the optional firm forgoes the sufficiently small ad-averse consumer

segment and seeks differentiation strategies. Therefore, in Region III the equilibrium

outcome is identical to that under (N,M).

8In some cases, consumers incur a decision cost when provided with options. Introducing such a
variable slightly complicates the model but does not change the main results obtained in the current
more stylized framework (see the discussion in Section 2.7).
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2.4.3 Dominance of Ad-Support Business Model

Proposition 8. In the asymmetric competition (i.e., no-ad versus ad-supported),

mandatory advertising is a weakly dominant strategy: In Regions I and II, the manda-

tory advertising strategy yields strictly higher revenues than the optional strategy for

the ad-supported firm; In Region III, the ad-supported firm is indifferent between the

two strategies.

When the majority of consumers are still not satisfied with ads, the compet-

itive force will rule out the seemingly more sensible ad-support strategy that allows

ad to be optional. Firms then both benefit from the differentiation induced by con-

sumer taste heterogeneity for ads. Thus, the mandatory strategy is dominant. When

ads have reached a level of quality in terms of targeting and display (hence enough

consumers become accepting of ads), the type of business model undertaken by the

ad-supported firm becomes irrelevant because differentiation is achieved in the same

manner using either style of ad-support by leveraging on the taste heterogeneity

among favor-ad consumers. However, as we previously highlighted, such differentia-

tion can be dampened by ad revenues that aggravate price competition.

Figure 2.4 indicates the area where ‘M’ is dominant on a plot of ad revenues

β and the lower bound of consumer ad taste α. For α above −1
2
, the area where ‘M’

is strictly dominant narrows as β increases. In other words, higher ad satisfaction

brings the optional ad-supported business model into equilibrium when sponsoring

ads is also sufficiently lucrative.

It is straightforward to show that Proposition 8 holds for b ∈ [0, β). One
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Figure 2.4: Optimal Ad-Supported Business Model for Asym-
metric Competition

might interpret that as regardless of the ad-supported firm’s pricing scheme for the

advertisers (PPC or PPM), the same result holds. We identify two caveats: 1) By

Proposition 6, higher b may lead to lower profits for both firms, which suggests that

even when the equilibrium outcome of the business model is unchanged, such pricing

scheme differences affect profitability; 2) in the case where ad-supported firm does

not effectively price discriminate among advertisers such that the difference between

b and β is small, there is likely some spill over of β to b compared with the case in

which the firm only charges advertisers who have generated consumer interests (i.e.,

b = 0). Therefore, under a PPM-like pricing scheme, β may be lower, and ‘M’ is more

likely the equilibrium business model.

2.5 Advertising-Driven Competition

In this section, we examine the business model competition where both firms

have the ad-supported business model, and choose between ‘M’ and ‘O.’ Since both
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firms are ad-supported, we can gain intuitions on competition driven by advertising

revenues. We again look at the two styles of ad delivery, mandatory and optional,

and discuss the results in the context of ad-supported competition.

Let us assume that consumers are indifferent between the advertisements pro-

vided by two firms. First, consider the case where both firms choose mandatory

advertising (M,M). A consumer’s utility for either firm is Equation (2.1). Clearly,

a consumer’s valuation for ads has no effect here – she will simply purchase from

the firm that is offering the lower price. Thus, the Bertrand competition yields the

subgame equilibrium with both firms charging zero price and splitting the adver-

tising revenue. It is straightforward to see that when both firms sell their services

with optional advertising (O,O), the same intuition applies. However, the equilibrium

revenues are different under strategy sets (M,M) and (O,O), because the mandatory

strategy generates ad revenues among ad-averse consumers as well.

Proposition 9. (Identical Ad Support) Under the strategy set (M,M) or (O,O),

in equilibrium, p∗1 = p∗2 = 0. However, the equilibrium revenues are different in these

two cases:

1) For (M,M), π∗1 = π∗2 ≡ π∗MM =
1

2
β(1 + α)− 1

2
αb;

2) For (O,O), π∗1 = π∗2 ≡ π∗OO =
1

2
β(1 + α).

The above results are based on the non-negative price assumption. Without

such an assumption, the equilibrium profits will be zero with firms charging equal

and negative prices. Negative pricing can be reflected in rewards, coupons, credits,

or other forms of “payments” offered to consumers. For simplicity, we focus on non-
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negative pricing, while our findings will still hold if this assumption is to be relaxed.

Now, we consider the case where firms choose different strategies. Without the

loss of generality, let firm 2 undertake the optional advertising strategy, so the strategy

set considered is (M,O). The favor-ad consumers will get the same ad-supported

service from either firm. For ad-averse consumers,

u1(p1) = r − p1 + θ, if purchase from firm 1;

u2(p2) = r − p2, if purchase from firm 2.

Thus,

a consumer chooses firm 1’s service, if

{
p1 < p2, for θ ≥ 0,
θ > p1 − p2, for θ < 0.

The firms’ profit functions are

π1(p1, p2) =


(1−G(p1 − p2))p1 + β[(1 + α) + δ(−α−G(p1 − p2))], if p1 < p2;
1

2
(β + p1)(1 + α), if p1 = p2;

0, if p1 > p2.

π2(p1, p2) =


G(p1 − p2)p2, if p1 < p2;
1

2
(β + p2)(1 + α) + (−α)p2, if p1 = p2;

p2 + β(1 + α), if p1 > p2.

Lemma 7. (Mandatory vs. Optional) Under the strategy set (M,O), the equi-

librium results are as follows:

1) In Region I, p∗1 = 1
3
(2 + α− 2b), p∗2 = 1

3
(1− α− b), π∗1 = 1

9
[(2 + α)2 + b2] + β(1 +

α)− 5+7α
9
b, and π∗2 = 1

9
(1− α− b)2;

2) In Regions II & III, p∗1 = p∗2 = 0, and π∗1 = π∗2 = 1
2
β(1 + α).
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When b ≥ 1
2
, there exists an additional range −1 ≤ α ≤ −2(1 − b), where p∗1 = 0,

p∗2 = −1
2
α, π∗1 = β(1 + α)− 1

2
αb, and π∗2 = 1

4
α2.

Under both strategy sets (M,O) and (N,O)9 there is a critical α value, at which

the firm with the optional advertising strategy shifts its price from charging a higher

price than the competitor to pricing at zero or vice versa. In other words, at this

critical α value, the firm with the optional advertising strategy gains a sufficiently

large market demand that induces differentiation, and switches away from aggressive

price-cuts driven by rest of the consumers it serves. The competition under the

strategy set (M,O) reverses that under (N,O). When the optional firm competes

against the no-ad firm, ad-averse consumers are faced with the same services and drive

the Bertrand outcome; when the optional and mandatory firms engage in competition,

Bertrand pricing may occur due to the preferences of favor-ad consumers since both

firms offer ad-supported service.

This result also indicates that the ad-averse and favor-ad segments impact

the price competition differently. In the (N,O) case, the optional firm needs a larger

consumer segment (i.e., 1
2
(1 + β))10 than the (M,O) case (i.e., 1

2
(1− b))11 to deviate

from the price war. The reason that the optional firm seems “greedier” in the (N,O)

case is that it is serving favor-ad consumers, who generate ad revenues that dampen

the differentiation effect and lower the equilibrium prices and revenues. Thus, a larger

9Refer to Section 2.4 for details of the analysis.
10The optional firm would price positively instead of undercutting rival’s price when α > − 1

2 (1−
β). The size of favor-ad consumer segment, which the optional firm gets, is then 1

2 (1 + β).
11The optional firm serves the ad-averse consumer segment in this case, when α < − 1

2 (1 − b),
yielding market share of at least 1

2 (1− b).
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market size is needed to turn the optional firm away from engaging in the price war.

Proposition 10. In the ad-driven competition, in equilibrium both firms choose ‘M’ if

α and/or β are sufficiently high; otherwise, firms choose different styles of ad-support

in equilibrium, (M,O) or (O,M). In the top shaded area of Figure 2.5 with higher

values of α, (O,O) is also an subgame equilibrium.

Figure 2.5: Equilibrium Ad-Supported Business Models for
Ad-Driven Competition

Corollary 2. When b ≥ 1
2
, for −1 ≤ α < −1

2
(1−b) M is a strictly dominant strategy;

for −1
2
(1− b) ≤ α < 0, M is a weakly dominant strategy.

In an ad-driven competition, firms either engage in Bertrand price competition

and rely on ad revenues or use different styles of ad-support to create differentiation.

Figure 2.5 shows that under strong ad aversion, competing firms both choose the

mandatory strategy in equilibrium if they can extract sufficiently high ad profits from

ad-averse consumers. In this situation, sponsoring ads is both firms’ only revenue
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source. On the other hand, differentiation can be attained in equilibrium for lower

α values when β is sufficiently low. Here one of the ‘M’ firms trades off ad revenues

to price above its competitor with the strategy ‘O.’ Essentially, whether it is feasible

for ad-supported firms to achieve such differentiation in equilibrium depends on the

tradeoffs between lost ad revenues and additional revenues from a higher price. We

have established that negative ad taste heterogeneity creates more differentiation,

therefore, firms are willing to give up a higher β at lower α values. This is explained

by the negative slope of the line separating the bottom area in Figure 2.5.

When firms achieve higher ad satisfaction (i.e., higher α), there is little leverage

to create differentiation. They then offer the same style of ad-support in equilibrium,

meaning it is possible that both firms choose ‘O.’ This competitive outcome, albeit is

most ideal from consumers’ perspective, is more likely to vanish as the marginal ad

revenue increases. The reasoning is that at a higher β, either ‘O’ firm could deviate to

the strategy ‘M’ in attempt to create a differentiated market and collect ad revenues,

which would force the other firm to also switch to ‘M’ to claim its share of the ad

revenues. Therefore, when β increases, (O,O) may not be sustainable in equilibrium,

and both firms only choose ‘M.’

When firms must acquire some form of ad-support, they would often strategize

to extract ad revenues at the expense of ad-averse consumers and price at zero or the

marginal cost, because other strategies may not be feasible given characteristics of

this type of industry. For instance, a style of ad-support that lessens disutility for ad-

averse consumers would compete in similar ways as the no-ad strategy; hence, unless

sufficiently high price can be obtained, it would not be a profitable business model.
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However, if ad experience is considerably improved through contextual relevance and

display manners, even with remaining ad aversion either form of ad-support can be

successful in reaping ad revenues in a competitive market.

2.6 Full Competition

In this section, we take into account the fixed cost F and analyze firms’ decision

on whether to acquire ad support in the first stage. To perform the analysis, we take

the equilibrium results from the ad-driven competition (Section 2.5) for Subgame 3 in

Figure 2.1, and then compare them with the equilibrium profits from the asymmetric

competition (Section 2.4) for Subgames 1 and 2. We obtain the following proposition

of equilibrium results.

Proposition 11. The equilibrium results of the full compeition are,

i) when β is sufficiently high, both firms adopt the mandatory advertising strategy,

(AM,AM), at higher values of α (AO,AO) is also an equilibrium;

ii) when β is lower, two firms differentiate in their business models, (AM,N), at higher

values of α (AO,N) is also an equilibrium.

Expectedly, Figure 2.6 inherits a few similarities from Figure 2.5. In a full

competition case where the no-ad business model ‘N’ is possible, higher marginal ad

revenues still lead to ad-driven equilibrium (or equilibria) in the same way as the

ad-driven competition. With the identical line separating the lower area of both

firms choosing mandatory strategy only ((AM,AM) or (M,M)) and the top area of

an additional equilibria with the optional strategy ((AO,AO) or (O,O)), the same
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Figure 2.6: Equilibrium Business Models for Full Competition

intuition that higher α incentivizes firms to deviate to the mandatory strategy applies.

In some cases, the strategy ‘N’ is the optional strategy at a lower cost, since

ad-supported business model incurs the fixed cost F . In the lower left area, which

exactly overlaps the area with (M,O) in Figure 2.5, ‘N’ is employed in place of ‘O’

for the differentiation effect. The critical distinction of the full competition compared

with previous scenarios lies in the upper left are of the graph. Instead of only relying

on ad revenues as in Figure 2.5, firms are now necessarily better off pricing positively

through differentiation, (AM,N) and (AO,N). In the ad-driven competition, the op-

tional strategy cannot act as the no-ad strategy in this area of the graph, because

the firm choosing ‘O’ would have incentives to pricecut to obtain ad revenues from

favor-ad consumer segment. In fact, in the full competition case, the ‘AO’ strategy

perform like the ‘AM’ strategy in competing with ‘N’ in a differentiated market.

When an industry does not restrict firms to ad-supported business models,

firms are granted more opportunities to differentiate and price above zero. Suffi-
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ciently low ad revenues secure the market position for the no-ad business model,

which is further fortified at a higher ad aversion. The optional advertising strategy

plays a different role here than in the ad-driven competition. While a strategy that

lessens ad aversion may help to create differentiation in ways similar to the no-ad

strategy, such ad-supported business models are too costly compared to the plain no-

ad alternative; in other word, the flexibility of the options provides little additional

value to the firm. However, given ads can be presented in a quality manner, the

optional strategy is effective for attracting consumers who may appreciate additional

information provided by ads when the competitor only offers the ad-free service.

2.7 Extension

In this section, we discuss some of the assumptions made throughout our

analysis. Overall, relaxing these assumptions will increase the complexity of the

model without changing the main results or adding significant insights to the current

research question.

2.7.1 Negative Ad Valuation Only

In the current model, we have assumed a uniform distribution of ad valua-

tion that extends to the positive range. One may argue that given the nature of

advertisements, all consumers are ad averse. While we take the point of view that

effective targeting and innovative advertising techniques will produce advertisements

that are appreciated by consumers, here we show that our results are robust without

consumers who have strictly positive valuation for ads.
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We consider a variation of θ distribution that does not include any positive

values; Instead, there is a mass point at θ = 0. Thus, θ ∼ [α, 0], characterized by a

cdf F (θ), such that for θ < 0, F (θ) = G(θ), and for θ = 0, F (θ) = 1. The results for

the symmetric analysis are not affected by this change of distribution.

Under the asymmetric analysis, for the strategy set (N,M), it can be shown

that for α < −1
2
(1− b), p∗1 = 1−α−b

3
, and p∗2 = 2+α−2b

3
; thus the results are unchanged.

For α > −1
2
(1 − b), p∗1 = p∗2 = 0, π∗1 = 0, and π∗2 = β(1 + α). Notice that this result

is nearly identical to the equilibrium in the ad-supported competition (Lemma 7),

with the difference that firm 1 makes zero profit here due to the lack of ad support.

Intuitively, in both scenarios, users who favor ads are indifferent between the service

offered by competing firms. For the strategy set (N,O), firms have no leverage to

create differentiation; thus, the subgame equilibrium result is p∗1 = p∗2 = 0, π∗1 = 0,

and π∗2 = β(1 + α), for all α.

Firms’ equilibrium strategies are then unchanged for the case of strong ad aver-

sion. The results become simpler in the case of moderate to mild ad aversion, where

both firms choose ad-support in equilibrium: (AM,AM), (AM,AO), (AO,AM), and

(AO,AO). When positive ad valuation is removed, firms’ equilibrium strategies are not

sensitive to advertising revenues. The equilibrium strategies are either differentiation-

driven with a strongly ad averse market, or both firms adopt ad support with mod-

erate to mild ad aversion.
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2.7.2 Decision Cost c

Another assumption we used is that facing optional advertising, consumers

with negative ad taste disable ads costlessly; thus, the firm with optional strategy is

identical to the no-ad firm for these consumers. We now consider an extension of the

model that incorporates a decision cost c born by consumers who disable ads, because

the time, action, or learning cost incur in order to disable ads may not be negligible.

Assume −c > α and 0 < c < 1
2
.12

In the no-ad (firm 1) vs. optional (firm 2) case, consumers’ utility function

follows,

buy from firm 1, u(p1) = r − p1,

buy from firm 2, u(p2) =

{
r − p2 − c, if disable ads;
r − p2 + θ, if not disable ads.

A consumer will disable ads if θ < −c. Then, we have

u(p2) =

{
r − p2 − c, if θ < −c;
r − p2 + θ, if θ ≥ −c.

Therefore, consumers choose firm 1’s service when{
−c < p2 − p1, if θ < −c;
θ < p2 − p1, if θ ≥ −c. ⇔ max{θ,−c} < p2 − p1.

12Note that if −c ≤ α, i.e., c ≥ −α, then no consumers will disable ads since the decision cost is
too high. In this case, mandatory advertising is equivalent to optional advertising.
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The profit functions of the two firms are,

π1(p1, p2) = q1(p1, p2) ∗ p1 (2.4)

π2(p1, p2) = (1− q1(p1, p2)) ∗ p2

+β ∗min{1− q1(p1, p2), 1 + α}

+b ∗max{0,−q1(p1, p2)− α}. (2.5)

In the mandatory advertising (firm 1) vs. optional advertising (firm 2) case,

consumers’ utility function is,

buy from firm 1, u(p1) = r − p1 + θ;

buy from firm 2, u(p2) =

{
r − p2 − c, if disable ads;
r − p2 + θ, if not disable ads.

Consumers will disable ads if θ < −c. Then, we have

u(p2) =

{
r − p2 − c, if θ < −c;
r − p2 + θ, if θ ≥ −c.

Therefore, consumers choose firm 1’s service when{
θ > p1 − p2 − c, if θ < −c;
p1 < p2, if θ ≥ −c. ⇔ max{−θ − c, 0} < p2 − p1.

The firms’ profit functions are

π1(p1, p2) =


(1−G(p1 − p2 − c))p1 + β(1 + α) + b(−α−G(p1 − p2 − c)), if p1 < p2;
1

2
[(β + p1)(1 + α) + (b+ p1)c], if p1 = p2;

0, if p1 > p2;

and
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π2(p1, p2) =


G(p1 − p2 − c)p2, if p1 < p2;

(−c− α)p2 +
1

2
[(β + p1)(1 + α) + (b+ p1)c], if p1 = p2;

p2 + β(1 + α) + bc, if p1 > p2.

We omit the details of the analysis of the above two cases and discuss the

equilibrium results in this setup. It turns out that these equilibrium results are

roughly identical to those of the original model. The only difference is reflected

in the intuition that the consumers who do not dislike ad as much as the cost to

disable them would behave differently under a positive decision cost. While the

equilibrium prices and profits of the above settings are non-trivially different, the

final equilibrium strategies are the same as before but with an additional α range,

−1
2
(1− b)− c ≤ α < −1

2
(1− b), where the pure-strategy equilibria are (AM,AM) and

(AO,AO). This means that the mandatory and optional strategies make no difference

to these consumers who have relative low ad aversion compared to the decision cost,

as they will not disable ads even given the option to.

2.8 Conclusion

Motivated by rapid digitization of media content and increasing awareness for

novel business strategies, we explore the competition between firms that may adopt

different styles of ad support in their business models. As online advertising has come

a long way since the inception of e-business, strategic focus of ad-supported models

now extends beyond mere accrual of impression-based revenues at the expense of

degraded user experience. We consider such shifts in users’ taste for ads and analyze
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the price competition, in which a single ad-supported firm competes with a rival with

the traditional no-ad business model or both firms are ad-supported. The results

reveal the role of ad revenues when competing firms may leverage user heterogeneity to

create differentiation. Ad revenue is found to intensify the competition and suppress

equilibrium prices and profits. Moreover, positive user ad taste heterogeneity leads

to less differentiation than negative user ad taste heterogeneity. Therefore, progress

in online advertising for improved advertiser payment contracts and user experience

jeopardizes co-existence of firms that are vertically differentiated by their exclusion

or sponsorship of ads.

In future extensions, it may be interesting to endogenize consumer ad valuation

such that firms compete and also choose their advertising investment, which influences

ad quality. Also currently, the distribution of consumers’ valuation for ads is common

knowledge. While this assumption is widely used in the literature, when firms attempt

novel advertising models they may conduct surveys and gather data on consumer

feedback that is unavailable to the public; in this case, a model with asymmetric

information may be more appropriate.

50



Chapter 3

Vertical Differentiation with Advertising Support

and Implications for Online Ad Revenue Models1

3.1 Introduction

Online media has emerged as an important channel for content distribution2.

The shift to online service provision has led a rapid development and re-engineering

of business models. The online channel fosters business model innovations by en-

abling the technologies for versatile advertising models. To succeed in the the new

competitive landscape, firms are reconfiguring their service strategies, in which the

advertising support model becomes increasingly relevant. As the traditional print

business continues to suffer losses, publishers and newspapers are making their con-

tents available through mobile apps on newly popularized online medium (e.g., smart-

phones, the iPad, etc.) and relying on various advertising sponsorships to generate

revenues. During the decline of DVD sales in the entertainment industry, Netflix

began to digitize movie content and include instant streaming in its subscription ser-

1This chapter is co-authored with Mei Lin and Andrew B. Whinston. I built the model and
derived most of the results. I also plotted the figures in Matlab and wrote majority of the proofs.

2According to 2010 Interactive Advertising Bureau (IAB) Internet Advertising Revenue Report,
The Internet has continued to grow in significance when compared to other ad supported media. In
2010, Internet Advertising surpassed advertising revenues in Newspapers and becomes the second
largest advertising channel. Internet ad revenues for 2010 reached a record $26 billion, an increase
of 15 percent compared to 2009.
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vices. While Netflix is primarily based on an ad-free business model, Hulu provides

the most current TV programs online for free financed by the advertisements and is

experiencing steady growth in its earnings [26]. Recently, Hulu introduced a more

comprehensive package “Hulu Plus” priced at $7.99 a month, which is also supported

by advertisements.

These online service providers face an array of alternatives in offering their ser-

vices. If an advertising support is acquired, they may provide a single ad-supported

service or a combination of services that may or may not be accompanied by ads.

Their strategic consideration may also depend on their market position in a partic-

ular channel. While Hulu is the dominant provider of current television programs

in the mobile market (e.g., smartphones and tablets), it faces competition with the

traditional content providers as it brings its contents to the television screens.3 The

multitudes of access channels, service offerings, and advertising revenue models cre-

ate a complex problem for these online service providers in monetizing the service

content. They struggle, in both monopoly and competitive market positions, with

the optimal types of services to offer and the choice of the online ad revenue model.

Despite the initial buzz generated by the ad-supported free online service, Hulu’s paid

service, which also has advertisements, led a series of disappointing market perfor-

mance.4 In this paper, by analytically modeling the monopoly and duopoly settings

3Many models of television sets are equipped with the technology necessary to stream Hulu
contents (see http : //www.hulu.com/plus?src = homepage#devices). Additionally, devices such
as PlayStation 3, Xbox 360, and TiVo Premiere, etc. also enable this feature. Similarly, Netflix’s
online content can also be transferred to the TV screen using similar technologies.

4Hulu received many criticisms for still including advertisements in the paid ser-
vice [33]. Hulu responds with explanations about the monetization concerns (http :
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we address firms’ pricing decisions and business model decisions between service of-

ferings of providing an ad-free service, an ad-supported service, or a combination of

these services.

In analyzing the ad-supported business models, we differentiate between the

cost-per-thousand impressions (a.k.a., cost-per-mille) (CPM) and the cost-per-click

(CPC) revenue models5. The CPM ad revenue model has been commonly used for

many traditional medium including television, radio, and newspaper/magazine. The

idea is to charge advertisers based on the number of impressions regardless of the ad-

vertising effectiveness. CPM is also widely adopted in online advertising especially for

video and display ads (e.g., Hulu). From the publisher’s perspective, the CPM-based

ad revenues are proportional to the usage or demand of the service/good supported by

the advertisements. The rich interface in the online environment allows for more ad-

vanced ad revenue models. The CPC model is one of the most popular and successful

ad revenue models that prices advertising payment according to the ad performance.

As its name suggests, advertisers only pay for the clicks received on their ads. Most of

the search advertising mechanisms are based on the CPC model; moreover, Facebook

also offers the CPC advertising option, and in-video ads on Youtube can be purchased

on a CPC basis. While a focused study of the choice of a particular ad revenue model

may need to consider multiple perspectives including consumer behavior, advertiser

behavior,6 technology, and privacy issues, we compare two most commonly used ad

//consumerist.com/2010/08/hulu− explains−why−hulu− plus− shows−ads−has− limited−
content.html). Later, Hulu also reduced the subscription price from $9.99 to $7.99 per month.

5According to IAB, CPM and CPC revenue models account for 33% and 62% of internet adver-
tising revenue respectively

6Some argue that Hulu uses the traditional CPM model because the advertisers for the TV-type
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revenue models, CPC and CPM, in analyzing firms’ business model decisions to estab-

lish the initial findings from the economic viewpoint. In both monopoly and duopoly

settings, we offer the implications for firms’ pricing strategies under the CPC and

CPM models.

An advertising support generates additional revenues while creating a differen-

tiated quality by “degrading” the online service to a quality level inferior to the ad-free

service. A monopoly online service provider can acquire an advertising support and

offer multiple types of services to achieve vertical differentiation by targeting users

with heterogeneous ad sensitivity. We find that the monopolist’s optimal business

model is to offer both an ad-supported service and an ad-free service. This combina-

tion of offerings serves users who may be excluded if only a single ad-supported service

is available and generates additional advertising revenues compared to a purely ad-

free business model. Moreover, it is suboptimal for the monopolist to offer multiple

types of vertically differentiated ad-supported services, in which case cannibalization

would occur between these ad-supported services.

The advertising revenue model, CPC or CPM, plays a role in the optimal

prices set by the monopolist. We compare how the optimal prices change under these

revenue models as the ad revenue rate increases. First, when a single ad-supported

service is offered, the optimal service price decreases at a higher rate under the CPM

revenue model than if the CPC model is used. Since the CPM model generates the ad

revenue based purely on the user demand (and not conditional on user ad sensitivity

ads are currently reluctant to adopt a drastically different advertising scheme.
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as in the CPC model), the monopolist would be more inclined to reduce price for

additional ad revenues. Second, when the monopolist offers both the CPM-based

ad-supported service and the ad-free service, the optimal price of the ad-supported

service goes down the same amount whether the ad-free service is included or not;

however, if the CPC model is used, the monopolist cuts the price of the ad-supported

service more aggressively when the ad-free service option is also present.

In a competitive environment, an advertising support may help rival service

providers differentiate their services and mitigate the price competition. We model

two firms that compete by choosing the service offerings and setting the prices of the

services provided. Our results indicate that in equilibrium exactly one firm offers a

single ad-supported service, while the rival may offer the ad-free service alone or si-

multaneously with the same type of ad-supported service depending on the marginal

ad revenues. We also find that when the latter firm offers both the ad-free service and

the ad-supported service, higher marginal ad revenue leads to a higher equilibrium

price of the ad-free service – when the advertising support is more profitable, the firm

has incentives to internally shift the ad-free demand to the ad-supported service by

increasing the price of the ad-free service. The firm would do so more aggressively

when the CPM revenue model is used than if the CPC model is used. This result con-

trasts with the monopoly results where the optimal price of the ad-supported service

decreases in the ad revenue rate while the ad-free service price remains unchanged.

The remaining of the paper is organized as follows. We review related liter-

ature in Section 2. In Section 3.3, we model the monopolist’s optimization problem

in choosing the business model(s) and service price(s) and characterize the optimal
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results. We study the duopoly case in Section 3.4 and derive the equilibrium. We

then discuss our theoretical and managerial contributions in Section 3.5 and conclude.

3.2 Literature Review

Our work is closely related to the theories in vertical differentiation. In a

monopoly context, Mussa and Rosen [24], Moorthy [22], Salant [31] and others ex-

amine the optimality of vertical differentiation based on different cost structures for

qualities of products and various assumptions on consumer utility functions and het-

erogeneity. These studies explore the question of whether offering additional lower-

quality options induces unfavorable competition within the monopolist’s product line,

and offer insights into the scenarios under which such cannibalization does or does

not occur. In particular, Mussa and Rosen [24], as one of the seminal works on ver-

tical differentiation, show that offering multiple qualities of products is optimal for

the monopolist under linear consumer utility function and continuous types; Moor-

thy [22] derives contrasting results by generalizing consumer utility function. Further,

Bhargava and Choudhary [4] extend and contribute to this line of literature by gen-

eralizing the consumer distribution and the marginal cost functions. They find that

only the ratio of the cost of improving quality to the increase in consumers’ utility

is relevant in the monopolist’s optimal strategy, and that offering the highest quality

alone is optimal if this product has the lowest cost-to-quality ratio [4]. Several seminal

works study vertical differentiation with competition. Shaked and Sutton endogenize

competing firms’ entry decisions as well as quality and price decisions and find that

in equilibrium exactly two firms enter the market and produce vertically differenti-
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ated goods [32]. Moorthy contrasts the results of vertical differentiation in a duopoly

setting with those in a monopoly setting and points out that the competition results

in inefficient differentiation [23]. In the context of differentiation using ad-supported

services, our work follows the common assumption of zero marginal production cost

for information goods and focuses on the consumer heterogeneity in their sensitivity

toward the quality difference induced by the advertisements and allow each competing

firm to offer multiple qualities of services simultaneously.

Branching from vertical differentiation, [4] and other related studies have sug-

gested to investigate the role of advertising revenue in firms’ offering of multiple

product qualities. A body of research in ad-supported business models has developed

recently. Riggins [29] examines a monopolist’s strategies in pricing and quality design

when offering two types of products: fee-based and sponsorship-based. He studies the

effects of ad revenues on the product quality determined by the content quality and

ad relevancy [29]. The results are that decreasing ad revenues may lead to higher

quality differentiation between two products, and that improved ad relevancy has the

opposite effect that reduces the price of fee-based product [29]. However, [29] does

not consider the monopolist’s inclusion or exclusion of ad sponsorship in its product

offering. Dewan et al. [8] study an ad-supported website manager’s problem in dy-

namically balancing the content and advertisements on a website and find that it is

optimal to bring more content and fewer ads initially to generate a large view base.

Fan et al. [11] model how the channel difference factors, such as online channel access

cost, advertising level and revenues, and program quality, affect the monopoly firm’s

optimal price and advertising levels in media distribution over traditional and online
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channels [11]. Kumar and Sethi [18] study the dynamic pricing problem in a hybrid

service model that is based on both subscription revenues and advertising revenues

with a CPM model and find the optimal subscription fee and advertising level over

time. Prasad et al. (2003) find the conditions for a monopoly’s optimal business

model to be selling one or both of subscription-based and ad-supported products to

one or both types of consumers [28]. They compare strategies using numerical anal-

ysis under different parameter values and discuss relevant marketing issues [28]. In

both monopoly and competitive contexts, we establish the connection between the

ad-supported business models and the theories of vertical differentiation while differ-

entiating cost-per-click (CPC) and cost-per-thousand-impression (CPM) ad revenue

models. Our study evaluates firms’ strategies of mixing the ad-free product with

ad-supported versions of the product under different ad revenue models.

In a competitive setting, Peitz and Valletti (2008) analyze two symmetric set-

tings endogenizing advertising level and content variety when competing media plat-

forms are both “pay-tv” or “free-to-air,” and compare the competitive outcomes of

these scenarios [27]. They find that in general both market structures do not result in

optimal social welfare. Casadesus-Masanell and Zhu (2010) address an incumbent’s

business model reconfiguration problem in choosing the optimal business strategy

while facing an ad-sponsored entrant [6]. They find that among four choices of busi-

ness models, the incumbent tends to strategize by employing a pure business model

rather than a hybrid business model which combines fee-based approach with adver-

tising; the reason is that offering consumers an option that is similar to the service

provided by the rival would cannibalizes differentiation, thus result in lower surplus
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for both firms [6]. Rather than emphasizing an incumbent’s strategic response, we

endogenize both firms’ business model decisions in a competition, while considering

two types of ad revenue models most commonly seen in practice, cost-per-click (CPC)

and cost-per-thousand-impression (CPM).

Another stream of literature to which our work is relevant is in online adver-

tising. In particular, studies on targeted advertising [9] [15] [12] have investigated the

marketing strategies of advertisers in ways to selectively influence consumer demand

and their market impact; under both monopoly and competitive settings, our study

also examines the market impact of different advertising strategies, however, from

the perspective of intermediary firms, which may use different advertising models to

create vertical differentiation in its product line and segment the market by second-

degree pricing discrimination. In keyword advertising, many studies have examined

the specific performance-based auction mechanism employed by the advertising in-

termediary, and demonstrated its efficiency over the traditional second-price auction

in ranking advertisements [7] [20] [35]. Rather than studying problems between ad-

vertisers and the intermediary, we look at the interaction between intermediaries and

consumers in terms of intermediaries’ strategies in pricing their services, and creating

vertical differentiation using different ad revenue models.

The ad-supported intermediary serves as a two-sided market that joins adver-

tisers and users [10]. Studies in two-sided market literature [30] [5] [3] are prolific

in investigating the pricing and governance structures. By endogenizing competing

firms’ business model decisions, our contribution lies in discovering possible exclusion

of the advertising side in a market equilibrium under the conditions of ad revenue
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models and consumers’ attitude towards advertisements.

3.3 Ad-Supported Monopoly

We consider a monopolist that is equipped with three types of online services,

ad-free service and ad-supported services with either high-quality or low-quality ad-

vertisements. The monopolist is interested in offering a single type of service, or a

combination of different types of services, that maximizes its revenues. The revenue

sources include (1) the subscription revenues based on demand and prices (the mo-

nopolist may set a different price for each type of service offered; and ad-supported

services can be priced above zero) and, if any ad-supported service is offered, (2) the

advertising returns generated from the market segment served by such services. We

assume zero marginal cost following the literature of information goods, and equal

fixed costs for these three types of services. The monopolist incurs the production

cost in obtaining any outside licenses7 and setting up the online service regardless of

the inclusion of advertising support. Although ad-supported services may introduce

additional upfront costs, we are interested in the case where the fixed production

costs for the core service are dominant.8

Suppose consumers are homogeneous in their valuation for the online service

at the reservation value r and experience negative utility from advertisements in ad-

supported services. Let consumers differ in their ad sensitivity denoted by θ, which is

7For example, online media content provider must acquire licenses and legal rights from record
labels and content suppliers.

8The results can be interpreted for differentiated fixed costs.
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uniformly distributed in the interval [0, 1]. A consumer’s utility for an ad-supported

service i ∈ {L,H} offered at the price pi is r − θki − pi, where ki is the most ad-

averse consumer’s disutility from type i service’s advertisements. We assume that low-

quality ads induce higher disutility than high-quality ads , i.e., kL > kH . Furthermore,

let kH < r < kL so that all consumers (even the most ad-averse consumers) are willing

to purchase the high-quality ad-supported service at some positive price, whereas

at least some consumers (who experience higher ad aversion) will rather purchase

nothing than getting the low-quality ad-supported service for free. This assumption

allows for clear contrast between ad-supported services with low- and high-quality

advertisements.

Consumers have differentiated experiences from two qualities of ad-supported

services because of different advertising models. Let the low-quality ad-supported

service represent the naive mechanism that does not specialize in ad targeting and

uses the CPM-based revenue model, which refers to the cost-per-thousand (impres-

sions) ad pricing and charges advertisers purely based on the number of ad displays

disregarding user feedback. Thus, the ad revenue of the low-quality ad-supported

service is proportional to the number of consumers; in other words, if this service is

priced at pL and generates the demand of qL, then πL = qL(pL + β), where β is the

marginal ad revenue.9

9We treat the ad revenue as exogenous and do not explicitly model the interactions between the
advertisers and the firm, because our study focuses on the firm’s business model decision in offering
service combinations. Characterizing the firm as a two-sided market and formulating its interactions
with both the consumers and the advertisers will be a meaningful future direction and can reveal
insights for the firm’s pricing strategies on both sides of the market simultaneously. Mixing two-sided
pricing and the business model decisions, however, may lead to an intractable model and results that
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On the other hand, the high-quality ad-supported service implements targeting

techniques and uses the CPC-based, cost-per-click, revenue model. Thus, it only

generates ad revenues when consumers find ads useful and respond to them. Suppose

ads elicit consumer interest at a probability, and consumers who are less ad-averse

(with a lower θ) are more likely to click on ads; thus, for a consumer with θ, let

the probability of clicking an ad be 1 − θ. Then, for a high-quality ad-supported

service priced at pH capturing consumers between θ0 to θ1, the revenues would be

πH = (θ1 − θ0)pH + β′
∫ θ1
θ0

(1 − θ)dθ, where β′ is the marginal ad revenue of the

CPC model. We assume β′ > β, so that the effectiveness of CPC-based ad revenue

model warrants a higher marginal revenue than the CPM-based model used by the

low-quality ad-supported service.

We will first discuss the monopolist’s optimal pricing strategy in offering a

single service of each type. For notational simplicity of the following analysis, we

normalize kL to k and let kH = αkL = αk where α ∈ (0, 1).

3.3.1 Business Model with A Single Type of Service

Ad-free, N

Without advertisements, consumers have the same utility, u(pN) = r − pN .

It is straightforward to show that the monopolist’s optimal price for a single ad-free

service is p∗N = r, and its revenue is π∗N = r.

are too complex to interpret.
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Table 3.1: Parameters and Decision Variables

Notation Definition Comment

r Consumers’ reservation value of ad-free service M † : kH < r < kL
D∗ : r ≥ k

θ Consumers’ ad sensitivity θ ∼ U [0, 1]
kL = k Consumer’s disutility from low-quality ad (for θ = 1)
kH Consumer’s disutility from high-quality ad (for θ = 1)

α kH = αkL M: α ∈ (0, 1)

D: α = 1 or kH = kL

β Ad revenue rate for CPM model
β′ Ad revenue rate for CPC model
pN , pn Price of ad-free service
pH , ph Price of service with H-quality (or CPC) ad support
pL, pl Price of service with L-quality (or CPM) ad support
† Monopoly
∗ Duopoly

High-Quality Ad-Support, H

If the monopolist only offers ad-supported service with high-quality advertise-

ments, the market may not be covered. In the market not covered case, consumers

will purchase when r − θαk − pH > 0. The indifference consumer is then θ∗ = r−pH
αk

;

and the demand consists of consumers with θ in the interval [0, r−pH
αk

]. The monopolist

revenue function is,

πH(pH) =
r − pH
αk

pH + β′
∫ r−pH

αk

0

(1− θ)dθ. (3.1)

For the market covered case, all consumers will purchase; so the revenue func-

63



tion is,

πH(pH) = pH + β′
∫ 1

0

(1− θ)dθ. (3.2)

Monopolist finds the optimal price that maximizes its revenues.

Lemma 8. The monopolist that offers high-quality ad-supported service only has a

positive optimal price. If r ≤ 2αk, the market is not covered at optimal, p∗H =

αkr+β′(r−αk)
2αk+β′

and π∗H = (r+β′)2

2(2αk+β′)
; If r > 2αk, the market is covered, and p∗H = r − αk

and π∗H = r − αk + 1
2
β′.

Proposition 12. When the market is not covered, the marginal ad revenue, β′, sup-

presses optimal price, i.e.,
∂p∗H
∂β′
≤ 0, and the total revenue increases in β′. When the

market is covered, p∗H is constant in β′, and π∗H increases in β′.

When the online service does not offer sufficient value, with high-quality ad-

vertisements the monopolist’s optimal strategy is to only serve consumers who are

less ad-averse and leaving the rest of the market not covered (i.e., the optimal price

does not justify the purchase of ad-supported online service for more ad-averse con-

sumers.). In this case, an increase in the marginal ad revenue, β′, shifts some weight

from the first term to the second term of the monopolist’s revenue function (3.1);

thus, the monopolist is willing to trade a possible reduction in the sales revenue of

the online service for additional ad revenues generated from its demand. As a result,

the optimal price decreases in β′ – the monopolist lowers price to extend its market

share in order to achieve higher ad revenues.10 The gain from a larger market share

10This result along with other results that find negative effects of the ad revenue on the optimal
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outweighs the loss from price reduction; in optimal, the total revenues increase with

β′.

The strategy of capturing partial market is suboptimal, when consumers have

high valuation for the online service. In this case even the most ad-averse consumer

would purchase the ad-supported service at a high price, further increasing the price

would lead to costly demand reduction; hence, the monopolist’s optimal strategy is

to set the highest price possible while covering the entire market (i.e., the most ad-

averse consumer is indifferent between not purchasing or purchasing at the optimal

price). Since the monopolist is already capturing the maximum market share, higher

β′ cannot further incentivize the monopolist to increase demand, the optimal price is

then constant in β′. The total revenue increases with β′.

Low-Quality Ad-Support, L

The analysis here is similar to the case where only high-quality ad-supported

service is offered. If the market is not covered, the indifference consumer is θ∗ = r−pL
k

,

and the monopolist’s revenue function is,

πL(pL) =
r − pL
k

(pL + β). (3.3)

Lemma 9. When r > β, the monopolist charges a positive price in optimal and the

market is not covered: the optimal price is p∗L = r−β
2

and revenue is π∗L = (r+β)2

4k
. When

price (Propositions 13, 14, and 15) are consistent with the literature on the pricing of ad-supported
service [6] [28]. However, we also compare this effect under different ad revenue models, CPC-based
and CPM-based, as well as in cases when the monopolist offers a single or a combination of services.
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r ≤ β, the monopolist offers the low-quality ad-supported service for free: p∗L = 0 and

π∗L = rβ
k

.

While in the high-quality ad-support case, the monopolist always sets a pos-

itive price in optimal and considers whether to forgo part of the market depending

on the value of r relative to 2αk, in the low-quality ad-support case, the monopolist

cannot serve the entire market regardless of its price, hence based on the comparison

of values of r and the marginal ad revenue, β, it strategizes on whether to solely rely

on advertising returns.

Proposition 13. When only the low-quality ad-supported service is offered, the marginal

ad revenue, β, also suppresses the monopolist’s optimal price (similar to the high-

quality case, H). However, this negative effect of the marginal ad revenue on the

optimal price is stronger in the low-quality case than in the high-quality case (see

Proposition 12).

The effect of marginal ad revenue when the monopolist offers the low-quality

ad-supported service parallels the intuition of the high-quality ad-support case: as

marginal returns from the ad support increase, the monopolist has more incentive

to lower price and increase demand, which generates ad revenues. Such incentives

are stronger for a monopolist offering the low-quality ad-supported service due to the

CPM-based advertising model, which allows for a proportional increase of ad revenue

with respect to its market share. On the other hand, in the high-quality case where

CPC model is used, more ad-averse consumers are less likely to generate ad returns.

Increasing market share through price reduction will only attract consumers who are
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more ad-averse and has decreasing marginal returns, thus the optimal price does not

decline as sharply as in the low-quality CPM case.

3.3.2 Business Models Mixing Multiple Types of Services

Ad-Free and High-Quality, nh

If the monopolist offers both ad-free and high-quality ad-supported services

at different prices without the low-quality ad-supported service, the maximization

problem becomes

maxπnh(pn, ph) = (1− pn − ph
αk

)pn + (
pn − ph
αk

)ph +

∫ pn−ph
αk

0

(1− θ)β′dθ (3.4)

s.t. r − pn ≥ 0, pn − ph ≥ 0 (3.5)

Consumers either purchase one of the two types of services at the corresponding

price or choose to not purchase; however, the latter does not occur in optimal. The

presence of the ad-free service ensures that the market is covered, because intuitively

the monopolist always has the incentive to serve any consumers who are too ad-

averse to purchase the ad-supported service by offering them the ad-free service at the

reservation price r. In fact, by solving the maximization problem with the constraint

r − pn ≥ 0, the optimal ad-free price is indeed r.

Lemma 10. When mixing the ad-free and the high-quality ad-supported services, the

monopolist covers the entire market, and in optimal, p∗n = r, p∗h = r − αkβ′

2αk+β′
, and

π∗nh = r + β′2

2(2αk+β′)
.

Lemma 11. The optimal price of the high-quality ad-supported service is higher when

offered with the ad-free service than that in the case where it is offered alone (p∗h > p∗H).
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The optimal revenue under the nh business model is clearly higher than that

under a single ad-free service N (π∗N = r). Thus, while mixing two types of services,

the monopolist is effectively using second-degree price discrimination by letting con-

sumers who are more ad-averse purchase the more expensive ad-free service while

offering the ad-supported service to those who are less ad-averse. Mixing the ad-

supported service does not have a cannibalistic effect.

The nh case also builds upon the previous case H where only the high-quality

ad-supported service is offered. In the former setting, for r ≤ 2αk the market is not

covered; a naive strategy (which is shown to be suboptimal by the above Lemma)

to extend to the nh setting is to sell the ad-free service to all the remaining con-

sumers keeping all else unchanged. The monopolist has the incentive to also alter its

pricing strategy for the ad-supported service, because with the ad-free service more

surplus can be extracted from some of the more ad-averse consumers served under

ad-supported service.

Proposition 14. When the monopolist mixes the ad-free and the high-quality ad-

supported services (nh), the optimal price p∗h for the ad-supported service decreases

in the marginal ad revenue, β′, while the overall revenues π∗nh increases in β′. The

negative effect of β′ on the optimal price of the ad-supported service is stronger in

this case than the one where only the high-quality ad-supported service is offered .

Due to the CPC-based revenue model, the effect of decreasing the price of the

ad-supported service is different when the high-quality ad-supported service is offered

alone or with the ad-free service. As Lemma 11 indicates, the monopolist charges a
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lower p∗H to attract more ad-averse consumers in the absence of ad-free service, while

under the provision of two types of services it price-discriminates and charges a higher

p∗h. In the latter case, consumers who choose the ad-supported service are overall more

likely to pay attention to advertisements and generate ad revenues than those in the

former case. As a result, when two types of services are offered, a marginal decrease

in ph will lead to a more significant increase in ad revenue; and as β′ increases, the

monopolist cuts the price of the high-quality ad-supported service more aggressively

when it is offering two types of services than when it is providing the ad-supported

service alone.

Ad-Free and Low-Quality, nl

If the monopolist offers the ad-free and the low-quality ad-supported products,

then its revenue function is

maxπnl(pn, pl) = (1− pn − pl
k

)pn +
pn − pl
k

(pl + β) (3.6)

s.t. r − pn ≥ 0, pn − pl ≥ 0 (3.7)

The similar analysis as the nh case follows.

Lemma 12. When mixing the ad-free and the low-quality ad-supported services, the

monopolist covers the entire market, and in optimal, p∗n = r, p∗l = r − β
2
, and π∗nl =

r + β2

4k
.

Lemma 13. The optimal price of the low-quality ad-supported service is higher when

offered with the ad-free service than that in the case where it is offered alone (p∗l > p∗L).
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The intuition here parallels that for the comparison between offering the high-

quality ad-supported service alone and with the ad-free service. The monopolist is

also price-discriminating here and leveraging its price for the low-quality ad-supported

service to balance the demands of the two types of services.

Proposition 15. When the monopolist mixes the ad-free service with the low-quality

ad-supported service (nl), the optimal price p∗l decreases in the marginal ad revenue

β. The negative effect of β on on the optimal price of the ad-supported service is the

same as the case where the low-quality ad-supported service is offered alone.

The argument from the high-quality ad-supported cases does not apply here.

Since the low-quality ad-supported service uses the CPM model, ad returns are pro-

portional to the market share and independent of consumer ad aversion, which con-

trasts with the CPC model in the high-quality ad-supported service. Therefore, in its

pricing strategy, the monopolist only considers the size of its ad-supported demand;

as a result, the strength of the effect of β on the price of the low-quality ad-supported

service stays the same whether ad-free service is offered.

Mixing Both Types of Ad-Supported Services, hl or all

Let us first consider the case where the monopolist offers both high- and low-

quality ad-supported services but no ad-free products, hl. Its maximization problem

is then

max
ph,pL

πhl(ph, pl) = (
r − ph
αk

− ph − pl
(1− α)k

)ph +

∫ r−ph
αk

ph−pl
(1−α)k

(1− θ)β′dθ +
ph − pl

(1− α)k
(pl + β)(3.8)

s.t. 1 ≥ r − ph
αk

≥ ph − pl
(1− α)k

≥ 0.
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In the interior solution, r−ph
αk

> ph−pl
(1−α)k

> 0, the monopolist has positive demand

for both ad-supported services. The revenue at optimal is as follows:11

π∗hl =

{
(r+β′)2

2(2αk+β′)
+ (β−β′)2

2[2(1−α)k−β′] , if r ≤ 2αk;

r − αk + 1
2
β′ + (β−β′)2(1−α)k

2[2(1−α)k−β′] , if r > 2αk.

The corner solutions are actually equivalent to the H case and the L case analyzed

in the previous sections: when ph = pl, i.e., ph−pl
(1−α)k

= 0, all consumers will buy the

high-quality service, which is equivalent to not offering the low-quality ad-supported

service at all; and when ph is sufficiently high, i.e., r−ph
αk

= ph−pl
(1−α)k

, all consumers

will resort to the low-quality service. And we find that when the high-quality ad-

supported service yields higher marginal ad revenue than the low-quality option, the

monopolist’s optimal solution for the hl business model lies in one of the corner

solutions. The same findings apply to the business model that mixes all three types

of service, which is derived in Appendix D.1.2.

Lemma 14. If β′ > β, then π∗hl = max{π∗H , π∗L}, π∗all = max{π∗nh, π∗nl}

The monopolist cannot be better off by leveraging vertical differentiation through of-

fering both types of ad-supported services, whether with or without the ad-free service.

Given β′ > β, the optimal revenue of offering a single high-quality ad-supported

service dominates the revenues of the interior solution because the low-quality alterna-

tive necessarily cannibalizes the high-quality ad-supported service. In the case when

a single high-quality ad-supported service does not cover the market, the excluded

consumers are those who are the most sensitive to ads. Not only that the low-quality

11For the full analysis, please refer to Appendix D.1.1.
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ad-supported service has no appeal to the consumers who are not served by the high-

quality ad-supported service, it captures consumers who are the least sensitive to

ads, hence are most effective in generating clicks and ad revenue for the high-quality

ad-supported service. Therefore, combining these two types of ad-supported services

is suboptimal for the monopolist. It is interesting to note that our result is in stark

contrast with that found by Casadesus-Masanell and Zhu [6], who show that in the

monopoly case offering two types of ad-supported services that are vertically differ-

entiated by the amount of advertisements does not lead to cannibalization.12

The same intuition follows for introducing the low-quality ad-supported service

to an nh business model, which will result in provision of all three types of services.

While the ad-free and high-quality ad-supported services share the market, the the

introduction of a lower quality service at a lower price will again cannibalize the

high-quality ad-supported service. Therefore, given β′ > β, both hl and all business

models can be eliminated from the monopolist’s optimal strategy.

Special Case: β > β′

It may also be interesting to explore the case, where β > β′; in other words,

the CPM revenue model, albeit could lead to an advertising format that induces more

nuisance for users, can be valued more highly by certain advertisers whose marketing

scheme is to create the psychological effects of ads through impressions.

12They term this type of business model as the “dual model,” in which the high-quality ad-
supported service is priced positively while the low-quality alternative is offered for free. The main
difference between our model and theirs is that we focus on the consumer heterogeneity in their
sensitivity towards advertisements whereas in [6] consumers are heterogeneous for their valuations
for the overall quality. See Section 3.5.1 for further elaboration.
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Under the assumption of β > β′, as long as condition 2(1 − α)k − β′ < 0 is

satisfied, Lemma 14 still holds; However, if 2(1 − α)k − β′ > 0, the monopolist can

be better off offering both ad-supported services, i.e., π∗hl > max{π∗H , π∗L}, in which

case the optimal strategy lies in the interior solution. The interpretation is that if

the marginal ad revenue for the low-quality ad-supported service is higher than that

of the high-quality option, only when the quality difference is sufficiently substantial

such that it dominates the effect of ad revenues, will it justify creating such vertical

differentiation; otherwise, one of the corner solutions of offering an ad-supported

service alone still dominates the interior solution.

3.3.3 Business Model Comparison

Proposition 16. π∗nh > max{π∗N , π∗H} and π∗nl > max{π∗N , π∗L}

It is suboptimal for the monopolist to offer a single ad-free service (N) or a single

ad-supported service (H or L); it is better off by offering both simultaneously (nh or

nl).

When offering the ad-free service only, the monopolist forgoes substantial ad

revenues that can be obtained from consumers who are less ad-averse and have high

probability to respond to ads and generate revenues. When offering an ad-support

service only, the monopolist has the incentive to lower its price to attract the ad-

averse consumers, whereas by also offering the ad-free service, the monopolist can

increase the price of the ad-supported service to target the consumers who are less

ad-averse while extracting surplus fully from the highly ad-averse consumers with the

ad-free service.
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Table 3.2: Monopolist’s Equilibrium Revenues with Single- or Mixed-Service Busi-
ness Models

Service Type(s) Optimal Revenue Comparison

Ad-free Only π∗N = r

High-quality Only π∗H =

{
(r+β′)2

2(2αk+β′)
if r ≤ 2αk;

r − αk + 1
2
β′ if r > 2αk.

Low-quality Only π∗L =

{
(r+β)2

4k
if r > β;

rβ
k

if r ≤ β.

Ad-free and High-quality π∗nh = r + β′2

2(2αk+β′)
π∗nh > max{π∗N , π∗H}†

Ad-free and Low-quality π∗nl = r + β2

4k
π∗nl > max{π∗N , π∗L}†

† See Proposition 16

Proposition 17. Given β′ > β, the optimal strategy is offering the ad-free service

with the high-quality ad-supported service (nh) or with the low-quality ad-supported

service (nl); otherwise, offering the ad-free service with both ad-supported service (all)

may be optimal.

We have established that the monopolist’s optimal business model strategy

is to provide an ad-supported service in conjunction with the ad-free service, given

β′ > β. To find the optimal strategy, the question the monopolist faces is then,

instead of obtaining revenues based purely on service subscriptions at the consumers’
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full reservation price, how to trade some of this demand for a lower subscription

revenue but additional ad revenues.

The quality difference between the two ad-support options determines the

relative subscription revenues – wider quality gap means that the high-quality ad-

supported service can be priced higher and leads to less tradeoff in subscription rev-

enues. Furthermore, given its CPC revenue model, the high-quality ad-supported

service generates the highest ad revenue payoff only among the least ad-averse con-

sumers and has decreasing marginal ad revenues as its market share expands,13 which

leaves the consumer segment that is increasingly ad-averse to be served by the ad-free

service. On the other hand, when the monopolist mixes the low-quality ad-supported

service with the ad-free service, the optimal price decreases faster in the marginal

ad revenue than that with the high-quality option, i.e., |∂p
∗
h

∂β′
| < |∂p

∗
l

∂β
| – the tradeoff

between subscription revenue reduction and additional ad revenue is more severe.

The result from the different manners, in which two types of ad-support options

segment the market in the presence of the ad-free service and generate ad returns,

depends on the marginal revenues of these two options. First, below a certain β

value, the nh business model dominates nl if β′ is greater than β (and even for

some β′ values that are lower than β), because the high-quality ad-supported service

can more efficiently distribute the tradeoffs by sustaining a comparable subscription

revenue and not trading a large demand for ad revenues. However, such advantage

13Recalling the revenue models of these two types of ad support, the high-quality option has a
CPC model and is thus more profitable when serving less ad-averse consumers, whereas the low-
quality CPM revenue model only accrues revenues proportional to demand.
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of nh diminishes at an increasingly rate with β; when the marginal ad revenue of

the low-quality option is sufficiently attractive, nl may dominates nh even when the

high-quality option yields higher marginal ad revenue, because the monopolist may

shift to an advertising-driven strategy by trading substantial ad-free demand for ad

revenues generated by the low-quality ad-supported service. The high-quality ad-

supported service would not work as effectively in this case due to the decreasing

marginal revenues inherent in its revenue model.

Figure 3.1: Monopolist’s Optimal Business Model

We also note that in the special case where β > β′, the business model that

combines all three services may be optimal. This occurs when the marginal revenues

are relatively low compared with the quality gap between the two options of ad sup-

port (β′ < 2(1−α)k). Based on such quality differentiation, for some values of β that

are higher than β′, the monopolist can be better off leveraging the vertical differen-
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tiation among two ad-supported services while also offering the ad-free service. In

this case, nh may be suboptimal, because also introducing the low-quality alternative

can boost the ad revenues (β > β′); in the same time, nl may also be suboptimal,

as the loss in subscription revenue can be compensated by an additional high-quality

ad-supported service.

3.4 Ad-supported Duopoly Competition

In this section, we turn to the analysis of two firms’ equilibrium business

models in a competitive environment. Here we distinguish two types of ad-supported

services only by the ad revenue models in the same manner as in the monopoly setting:

“H” refers to the ad-supported service with the CPC revenue model, where as “L”

refers to that with the CPM revenue model. Each firm may offer a single type of

service that is either ad-free or ad-supported, N,H or L, or provide both ad-free and

ad-supported options to its users. In the latter case, we consider the possibilities of

mixing an ad-free service with either ad-supported service, denoted by nh and nl.14

We assume consumers perceive two ad-supported services to be the same qual-

ity ex ante, that is, kH = kL = k. Therefore, consumers are indifferent between these

two ad-supported services at equal prices, and a firm will not simultaneously offer two

types of ad-supported services. This allows us to omit service combinations that are

not critical to our analysis, so that we can focus on the effects of competition and ad

14The notation remains consistent with the previous section, such that lower-case letters represent
a firm’s offering of a combination of services. Thus, nh or nl represents the business model that
offers both the ad-free service and the ad-supported service with the CPC or CPM revenue model,
respectively.
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revenue models on the equilibrium business models. For the similar reasons, we do

not include in our model the horizontal differentiation between the services offered by

competing firms, as the mixture of vertical and horizontal differentiation often leads

to complex solutions without substantial additional insights. We let r ≥ k, meaning

that all consumers are willing to receive an ad-supported service if it is free.15 This

helps to eliminate the scenarios when the market is not covered.

There are two stages. In the first stage, each firm chooses from strategy set

{N,H,L, nh, nl}. In the second stage, both firms observe each other’s choice from

the previous stage and engage in price competition.

Both Firms Offer the Ad-Free Service

The cases where the ad-free service is present in both firms’ business models

are trivial, whether it is offered alone (N) or jointly with an ad-supported service

(nh or nl). The Bertrand competition leads to a zero price for the ad-free service

provided by either firm. The ad-supported services, if existent, also cannot be priced

above zero, since they are of a lower quality than the ad-free service. Assuming non-

negative pricing, consumers will choose the ad-free service from either firm with equal

probabilities. Thus, both firms will have zero profit in equilibrium.

Table 3.3 displays the payoff matrix of the duopoly competition. To find the

equilibrium business models, we are then left to consider the following three cases:

1. Submatrix 1 in green color, where one firm offers ad-free service and the other

15Our main results will not change if r < k.
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offers a single ad-supported service H or L;

2. Submatrix 2 in cyan color, where both firms provide a single ad-supported

service H or L;

3. Submatrix 3 in yellow color, where one firm provides a single ad-supported

service, while the other provides both ad-free and ad-supported service at the

same time.

We will derive the equilibrium prices and profits under these scenarios and then turn

to the analysis of firms’ business model choices in the first stage.

Table 3.3: Payoff Matrix of Duopoly Competition

Firm 2
N H L nh nl

N (0,0) (N,H) (N,L) (0,0) (0,0)

H (H,N) (H,H) (H,L) (H,nh) (H,nl)

Firm 1 L (L,N) (L,H) (L,L) (L,nh) (L,nl)

nh (0,0) (nh,H) (nh,L) (0,0) (0,0)

nl (0,0) (nl,H) (nl,L) (0,0) (0,0)

3.4.1 Submatrix 1

Without loss of generality, let firm 1 offer the ad-free service. The possible

strategy profiles include (N,H) and (N,L).

When firm 1 offers the ad-free service alone, and firm 2 offers an ad-supported

service alone, consumers will choose ad-free service if r − p1 > r − θk − p2, thus,
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θ > p1−p2
k

. Firm 1’s revenue function is π1(p1, p2) = (1 − p1−p2
k

)p1. For firm 2, if it

offers the ad-supported service under the CPC revenue model,

π2(p1, p2) =
p1 − p2

k
p2 +

∫ p1−p2
k

0

(1− θ)β′dθ; (3.9)

Under the CPM revenue model, the revenue function follows

π2(p1, p2) =
p1 − p2

k
(p2 + β). (3.10)

By solving the first-order conditions, we derive the following equilibrium results

when firm 2 offers either type of ad-supported service (Table 3.4). The proofs for these

results are relegated to the appendix.

Table 3.4: Duopoly Equilibrium Results with Firm 1 Offering the Ad-Free Service
Alone (N)

Revenue Model of Firm 2’s Ad-Support Service

CPC-Based, H CPM-Based, L



β′ < k p∗N = 2k2

3k+β′
, π∗N = 4k3

(3k+β′)2
,

p∗H = k2−kβ′
3k+β′

, π∗H = (2k+β′)(k+β′)2

2(3k+β′)2
;

β′ ≥ k p∗N = k
2
, π∗N = k

4
,

p∗H = 0, π∗H = 3
8
β′.



β < k
2

p∗N = 2k−β
3
, π∗N = (2k−β)2

9k
,

p∗L = k−2β
3
, π∗L = (k+β)2

9k
;

β ≥ k
2

p∗N = k
2
, π∗N = k

4
,

p∗L = 0, π∗L = 1
2
β.

Proposition 18. When firm 1 offers the ad-free service alone and firm 2 offers the

ad-supported service, in equilibrium firm 1 sets a higher price and obtain a larger

market share than firm 2. When firm 2 adopts the CPM-based ad revenue model, it

80



receives a higher equilibrium revenue than firm 1 if β < 1
2
k, in which case it also

sets a zero price; In the case of CPC-based model, firm 2 receives a higher equilibrium

revenue given sufficiently high β′, where it may set a positive price. (If β′ < k̄ ≈ 0.72k,

π∗N > π∗H ; otherwise, π∗N ≤ π∗H .)

With firm 2 adopting either type of ad revenue model, two firms are essentially

differentiated in quality with firm 1 providing the premium service without ads and

setting a higher equilibrium price. Increasing ad revenues always drive down both

firms’ equilibrium prices and eventually lead to a zero price for the ad-supported

service. When firm 2 offers the ad-supported service for free, it generates higher

revenues than the ad-free rival due to highly profitable ad support.

Despite the commonalities of the pricing strategies under the CPC and CPM

revenue models, firm 2 has a stronger incentive to offer the ad-supported service for

free under the CPM model than under the CPC model, as the marginal ad revenue

increases. Furthermore, firm 2 is more likely to gain higher equilibrium revenues com-

pared to the ad-free rival under the CPM model than under the CPC model. These

differences are due to that the CPM model is more effective in generating ad revenues

from users despite their sensitivity towards ads. Two firms capture consumers on the

opposite ends of the ad sensitivity spectrum: firm 1 serves more ad-averse consumers

with the ad-free service, whereas firm 2 serves less ad-averse consumers with the ad-

supported service. The different effects of the two ad revenue models lie in how two

firms compete for the consumers towards the middle of the spectrum. Firm 2 with

a CPC model would value consumers who are less ad averse and likely to generate

clicks, is thus less inclined to compete for the consumers located around the middle
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of the spectrum. With a CPM model, firm 2 does not differentiate consumers in

such ways because ad revenues are proportional to the demand. Therefore, the price

competition is more intense when firm 2 adopts the CPM revenue model.

Intuitively, for extremely profitable ad support, firm 2 can generate higher

revenues than firm 1 in equilibrium. It is interesting to note that given a CPC-

based revenue model, firm 2 can surpass firm 1 in total revenue while offering the

ad-supported service at a positive price, whereas when firm 2 adopts the CPM model

the level of ad revenues that rewards firm 2 with a higher total revenue than its rival

also leads to a zero price due to the high intensity of price competition.

3.4.2 Submatrix 2

In Submatrix 2, neither firm offers the ad-free service. Both firms could offer

a single ad-supported service H or L.

Lemma 15. If both firms offer a single ad-supported service (H or L), then in equi-

librium both services will be priced at zero, p∗H = p∗L = 0, and the equilibrium profits

are, π∗H = 1
4
β′ and π∗L = 1

2
β.

When the ad-free service is absent in the market, the consumers’ indifference

in ad-supported services leads to zero pricing and equal demand for competing firms.

In this scenario, two firms would simply choose the ad-supported revenue model that

generates higher returns based on the values of β and β′. Such choices are independent

of the rival’s decision, since neither demand nor price will be affected by the revenue

model choice.

82



3.4.3 Submatrix 3

We now consider the case where firm 1 offers multiple versions of the online

service and firm 2 offers a single ad-supported service alone. More specifically, firm 1

provides an ad-supported service in addition to the ad-free service, thus, the possible

strategy profiles include (nh,H), (nl,H), (nh, L), and (nl, L).

If firm 1 simultaneously offers an ad-supported service with the ad-free service,

the two firms’ ad-supported services will lead to Bertrand competition and result in

zero price for any type of ad-supported service offered by either firm. Consumers

decide whether to purchase the ad-free service or the ad-supported service, assum-

ing those who purchase the ad-supported service will be served by either firm with

probability 1
2
.

The revenue function forms of either firm only depend on the firm’s own ad

revenue model but not that adopted by the rival. If firm 1 adopts the CPC-based ad

revenue model, its revenue function will have the form, πnh = (1− pn
k

)pn + 1
2

∫ pn
k

0
(1−

θ)β′dθ. Otherwise, with the CPM ad revenue model, it will have the revenue function,

πnl = (1− pn
k

)pn + 1
2
pn
k
β.

For CPC- and CPM-based ad revenue models, firm 2’s revenue function will

take the following forms, πH = 1
2

∫ pn
k

0
(1− θ)β′dθ and πL = 1

2
pn
k
β, respectively.

By solving the first-order conditions of the combinations of these competitive

scenarios, we obtain the equilibrium results in Table 3.5.

Proposition 19. Regardless of the type of ad-supported service firm 1 offers with

its ad-free service, the equilibrium price of the ad-free service is increasing in the
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Table 3.5: Duopoly Equilibrium Results with Firm 1 Offering Both Ad-Free and
Ad-Supported Services

The Revenue Model of Firm 2’s Ad-Support Service

CPC-Based, H CPM-Based, L

Firm 1 with nh

p∗n = k(2k+β′)
4k+β′

, p∗h = 0, π∗nh = (2k+β′)2

4(4k+β′)
;

p∗H = 0, π∗H = (2k+β′)(6k+β′)β′

4(4k+β′)2
; p∗L = 0, π∗L = (2k+β′)β

2(4k+β′)
.

Firm 1 with nl

when β ≤ 2k p∗n = 2k+β
4
, p∗l = 0, π∗nl = (2k+β)2

16k
;

p∗H = 0, π∗H = β′

64k2
(2k + β)(6k − β); p∗L = 0, π∗L = β

8k
(2k + β);

when β > 2k p∗n ≥ k, p∗l = 0, π∗nl = 1
2
β;

p∗H = 0, π∗H = 1
4
β′; p∗L = 0, π∗L = 1

2
β.

marginal ad revenue of the ad-supported service. And the equilibrium price of the ad-

free service increases faster when the CPM ad-supported service is offered compared

to the CPC alternative.

When firm 1 offers both the ad-free and ad-supported services, the ad-free

service is priced positively in equilibrium while all ad-supported services are priced at

zero. Thus, firm 1 captures the highly ad-averse consumers using the ad-free service at

a higher price, while competing with firm 2 for the remaining consumers using an ad-

supported service. When the ad support generates increasing ad revenues, firm 1 will
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be more inclined to shift the demand from the ad-free service to the ad-supported

service. Proposition 19 indicates that it achieves this demand shift by increasing

the price of the ad-free service, and that it does so more aggressively when the ad-

supported is based on a CPM revenue model. In fact, in an extreme case of offering

the ad-free service and the CPM-based ad-supported service, firm 1 may discourage

all consumers from choosing the ad-free service when β > 2k. In this scenario, the ad

revenues are sufficiently attractive that firm 1 may set the price of the ad-free service

high enough such that it is effectively offering the CPM-based ad-supported service

alone.

3.4.4 Equilibrium Analysis

Having the optimal pricing strategies under each scenarios, we now character-

ize two firms’ business model choices in the first stage.

We have shown that the cases where ad-free service is present in both firms’

business models cannot occur in equilibrium, since both firms get zero profit in this

situation, and either firm can be better off by switching to the ad-supported service.

Thus, we only need to compare the payoffs in the colored submatrices.

3.4.4.1 Firm 1 provides N

Proposition 20. Compare (N,L) and (N,H)

If firm 1 provides the ad-free service only, the optimal strategy for firm 2 is to pro-

vide the ad-supported service under the CPC revenue model when β′

β
is sufficiently

high, otherwise, firm 2 is better off providing the ad-supported service under the CPM
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revenue model.

Figure 3.2: Firm 2’s Optimal Strategy When Firm 1 Offers the Ad-
Free Service Alone, N

Figure 3.2 shows that when the marginal revenues of CPC and CPM models are

comparable, firm 2 generally adopts the CPM model in equilibrium. However, when

the marginal ad revenue of the CPC model is substantially higher, the CPC model

may be optimal because two firms can target consumer with different preferences and

obtain higher equilibrium prices. Firm 2 will then prefer generating most of its ad

revenues from less ad-averse consumers and have less incentive to undercut the rival’s

price.
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3.4.4.2 Firm 1 provides H or L

Lemma 16. When one firm offers the ad-supported service alone, the other firm is

always (weakly) better off by providing both the ad-free and ad-supported services than

providing the ad-supported service alone.

Proposition 21. When the marginal ad revenue of firm 1’s ad-supported service is

above a certain threshold (β′∗ or β∗, see Figure 3.3), firm 2 will offer an ad-supported

service with the ad-free service and is increasingly likely to choose the same type of

ad-supported as its rival as this ad revenue increases; for this marginal ad revenue

below the threshold, firm 1 may offer the ad-free service alone or mix it with the type

of ad-supported service not offered by its rival.

Figure 3.3: Firm 2’s Optimal Strategy When Firm 1 Offers the CPC-
Based (Left) or the CPM-Based (Right) Ad-Supported
Service

87



For firm 2, the implications of mixing the ad-free and ad-supported services

depend largely on the marginal ad revenues. The tradeoffs of offering an ad-supported

service in addition to the ad-free service are unfavorable when the ad support is not

sufficiently profitable, in which case firm 2 is better off offering the ad-free service

alone. By adding an ad-supported option to its offerings, firm 1 would trigger the

Bertrand competition with the ad-supported service provided by firm 1. The prices of

the ad-supported services will then be zero. If the ad support does not generate high

returns, firm 1 still needs to rely on revenues generated by the ad-free service, which

is now facing an intense price competition inflicted by firm 2 itself. As a result, given

low marginal ad revenues, by offering both the ad-free service and an ad-supported

service firm 2 cannot obtain high revenues from the ad support nor from the ad-free

service due to the price cut.

Given sufficiently profitable ad supports, firm 2’s optimal strategy would be to

offer both the ad-free and ad-supported services. This way, firm 2 can share significant

ad revenues with the rival while setting a higher price for its ad-free service to extract

additional surplus from the highly ad-averse consumers.

Lemma 17. β′∗ > β∗

The marginal ad revenue threshold β′∗, where firm 2 is indifferent between N and

nh when firm 1 offers the CPC-based (H) ad-supported service, is higher than β∗,

the threshold where firm 2 is indifferent between N and nl when firm 1 offers the

CPM-based (L) ad-supported service.

Several differences exist between the cases when firm 1 choose CPC-based and

CPM-based ad-supported services. First, firm 2’s indifference points between nl and
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nh business models require a higher marginal ad revenue for the CPC-based revenue

model. The CPC-based model does not target consumers who are moderately or

highly ad averse and thus increasingly unlikely to generate ad clicks. With the nh

business model, firm 2 is still pressured to lower the price of the ad-free service for

a sizeable market share. Therefore, a higher marginal revenue for the CPC model

is needed to offset the reductions in the revenues associated with the lowly-priced

ad-free service.

Second, Proposition 21 and Lemma 17 imply that firm 2 may be more likely

to choose the single ad-free service when the rival uses the CPC-based ad support

compared with the case of the CPM-based ad support. This is again due to the CPC

revenue model, which targets a narrower consumer segment and induces firm 2 to

lower the price for the ad-free service more aggressively in equilibrium.

3.4.4.3 Equilibrium Business Models

Proposition 22. In a competitive equilibrium, exactly one firm offers the ad-supported

service alone, while the other firm provides the ad-free service. The latter firm may

vertically differentiate by simultaneously offering the same type of ad-supported service

as its rival when marginal ad revenue is sufficiently high.

Recalling that in the monopoly case vertical differentiation is optimal, because

the monopolist can generate substantial ad revenues from the consumers who are not

ad averse while setting a positive price for all types of services offered. In the duopoly

setting, vertical differentiation also occurs in equilibrium under the same intuition,

however, the ad-supported service may be offered by one or both firms depending on
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the ad revenues. A key difference in the competitive setting is that one firm may offer

the ad-free service alone in equilibrium, which is not optimal under the monopoly

case for all scenarios. This is due to the competitive force that will drive down the

prices of the ad-supported service, if it is offered by both firms. The inclusion of

the ad-supported service when it is also offered by the rival can only be sustained

by sufficient ad revenues, in which case both firms offer the ad-support service in

equilibrium (with exactly one also offering the ad-free service).

There may exist multiple eqilibria when β and β′ fall into some certain regions,

as shown in Figure 3.4.

Figure 3.4: Duopoly Firms’ Equilibrium Business Models
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3.5 Discussion

3.5.1 Theoretical Contribution

Our work contributes to the literature in vertical differentiation by studying

the offering of multiple qualities in the context of business model strategies, where

factors aside from the cost structure and consumer utility functions may also be im-

portant for firms’ decisions. In particular, when vertical differentiation is achieved

by lower-quality services that are supported by advertisements, the advertising rev-

enue levels and models will affect the firms’ decisions. The literature of ad-supported

business models has considered firms’ pricing problems and strategies in offering ser-

vices with or without the ad support. However, a full analysis of a firm’s optimal

business model decision (and competing firms’ equilibrium business model decisions)

among the ad-free and different types of ad-supported services is not present, to our

best knowledge. Our work extends the previous studies by endogenizing a monop-

olist’s and two competing firms’ business model and pricing decisions and offer new

insights that contrast with the past findings. Furthermore, we compare two types of

ad revenue models, CPC and CPM, which have not been discussed in depth in this

literature.

In the monopoly case, we find that simultaneously offering two vertically dif-

ferentiated ad-supported services will lead to cannibalization and the monopolist’s

optimal strategy is to offering an ad-free service and an ad-supported service. This

result contrasts with the finding in Casadesus-Masanell and Zhu [6]. They conclude

that in the monopoly case offering two types of ad-supported services that are ver-

tically differentiated by the amount of advertisements does not lead to cannibaliza-
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tion [6]. An important difference between the model setup of [6] and our work is that

they characterize consumer heterogeneity in the valuation of both the product qual-

ity and the quality difference due to advertisements simultaneously, whereas we treat

the consumers’ heterogeneity as the sensitivity solely towards advertisements. There-

fore, in [6] the high-quality ad-supported service alone would not serve consumers

who are less sensitive towards ads because they also do not highly value the quality

of the product itself, these consumers can then be captured by a free low-quality

ad-supported service – no cannibalization occurs. In our model, the high-quality ad-

supported service, if offered alone, would only potentially exclude highly ad-averse

consumers, who also would not prefer a service with lower-quality advertisements.

As a result, in the context of heterogeneous consumer ad sensitivity, offering both

qualities of ad-supported service leads to cannibalization.

In the duopoly setting, we differ from the vertical differentiation literature

by allowing the competing firms to offer multiple types of services and also consider

different ad revenue models. Interestingly, we find that in equilibrium it is possible for

a firm to offer two types of services simultaneously, which can lead to Bertrand price

competition with the rival that is offering an ad-supported service. Comparing with

Casadesus-Masanell and Zhu’s model that analyzes an incumbent’s optimal strategy

given an entrant’s free ad-supported service, we endogenize both firms’ business model

decisions and prices. In equilibrium, exactly one firm offers the ad-supported service

alone, which may be at a zero or positive price depending on the other firm’s business

model. The relative values of the marginal ad revenues under the CPC and CPM

models determine two firms’ mutual best responses. Furthermore, by incorporating
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the business model alternative with a combination of the ad-free and ad-supported

services, which is not considered in the related studies, we find that this business

model may be a firm’s equilibrium strategy.

3.5.2 Managerial Implications

Our results in both the monopoly and the duopoly settings offer practical

insights. The service providers may have a dominant position in the market place of

the online channel, in which the monopoly results apply. For example, Hulu is the only

source for full episodes of current television shows in the online channel, through the

PCs or mobile devices including wireless phones running iOS (iPhone, iPhone touch,

iPad, etc.) and Android. Based on our findings, offering two qualities of ad-supported

services–which is Hulu’s current strategy–leads to the problem of cannibalization. The

free lower-quality service is likely to erode the potential market shares of the high-

quality ad-supported service, Hulu Plus. In other words, few users would reluctant

to choose the paid ad-supported service over the free alternative. Thus, our results

would suggest that in the online channel where Hulu plays a dominant role, it is

better off eliminating advertisements from the high-quality paid service. By offering

an ad-free service and an ad-supported service in this case can avoid cannibalization.

In order to reach more consumer segments, many online service providers also

utilize the traditional channel. For example, both Hulu and Netflix make their con-

tents available on the television sets through a wide range of technologies. According

to our analysis, for the competition between Hulu and TV content providers for the

same content, only one provider should offer the paid ad-free service to avoid direct
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price competition. Given that several networks such as HBO are currently offering

paid ad-free content, Hulu’s best strategy would be to only offer the ad-supported

service for the similar contents or to simply avoid competing over these contents.

Interestingly, Hulu explicitly made it clear that it would never compete with these

premium content [13]. Therefore, when utilizing multiple channels, online service

providers may need to strategize on the types of content to include/exclude based on

their competitive positions in each channel.

3.6 Conclusion

Vertical differentiation through ad-supported business models is an important

strategy and a challenging problem for online service providers. We study a mo-

nopolist’s optimal combination of service offerings and competing firms’ equilibrium

business models while differentiating CPC and CPM advertising revenue models. Our

findings add insights to the existing literature by revealing different results under an

emphasis on the heterogeneity in consumers’ attitudes towards advertisements. We

also extend the previous works by considering service combinations that have not

been analyzed and are in fact part of the equilibrium strategies. Moreover, differ-

ent ad revenue models are found to have distinct impacts on the pricing of both

ad-supported and ad-free services.

The current model takes the interaction between advertisers and the firms as

given. A valuable extension will incorporate the two-sided-ness of the ad-supported

business models and formulate the dependencies between advertisers’ decisions and

those of users. Furthermore, to explore the evolution of the emerging market of the
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online services, a dynamic model will offer additional strategic guidance on the timing

of business model reconfiguration.
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Figures
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Figure A.1: Firms’ Outputs and Profits
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Figure A.2: Firms’ Market Shares and Profit Shares
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Figure A.3: Total Output, Total Profit and Welfare
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Appendix B

Appendix for Chapter 1

Proofs

Proof of Lemma 1.

Proof. Compare equations (1.3) and (1.4), we get

x̂2 − x̂1 = C ′1(x̂1)− C ′2(x̂2)

If x̂∗1 > x̂∗2, then LHS<0, while RHS>0, since C ′1(x̂∗1) > C ′1(x̂∗2) > C ′2(x̂∗2). If x̂∗1 = x̂∗2,

then LHS=0, while RHS>0, since ∀x > 0, C ′1(x) > C ′2(x). So it should only be

possible that x̂∗1 < x̂∗2.

Proof of Lemma 2.

Proof. By differentiating equations (1.1) and (1.2), we get

−2dx1 − dx2 + df1 − C ′′1dx1 = 0

−dx1 − 2dx2 + df2 − C ′′2dx2 = 0

or [
2 + C ′′1 1
1 2 + C ′′2

] [
dx1

dx2

]
=

[
df1

df2

]
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Let D = (2 + C ′′1 (x∗1))(2 + C ′′2 (x∗2))− 1 > 0, then we have[
dx1

dx2

]
= D−1

[
2 + C ′′2 − 1
−1 2 + C ′′1

] [
df1

df2

]
So we get

∂x1

∂f1

= D−1(2 + C ′′2 )

∂x1

∂f2

= −D−1

∂x2

∂f1

= −D−1

∂x2

∂f2

= D−1(2 + C ′′1 )

Plugging into (p − C ′i)
∂xi
∂fi

= xi(
∂xi
∂fi

+
∂xj
∂fi

), it’s straight forward to get (1.5) and

(1.6).

When the cost function has the form of C(x) = c(x+ θ)γ, where θ ≥ 0, γ ≤ 5,

then C ′(x) = γc(x + θ)γ−1, C ′′(x) = γ(γ − 1)c(x + θ)γ−2. From equations (1.5) and

(1.6), it is easy to get

x1−x2 =
x1

2 + αγ(γ − 1)c(x2 + θ)γ−2
− x2

2 + γ(γ − 1)c(x1 + θ)γ−2
+αγc(x2+θ)γ−1−γc(x1+θ)γ−1

Let M = (2+αγ(γ−1)c(x2 +θ)γ−2)(2+γ(γ−1)c(x1 +θ)γ−2) ≥ 4, the above equation

can be written as

(1− 2

M
)(x1−x2) = rc(

γ − 1

M
−1)[(x1+θ)γ−1−α(x2+θ)γ−1]−θγ(γ − 1)c

M
[(x1+θ)γ−2−α(x2+θ)γ−2]

If x∗1 ≥ x∗2, then LHS≥ 0, while RHS< 0 since γ−1
M
≤ 0, (x1 + θ)γ−1 > α(x2 + θ)γ−1,

(x1 + θ)γ−2 > α(x2 + θ)γ−2, a contradiction. So in equilibrium, x∗1 < x∗2.
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Proof of Proposition 1.

Proof. From equation (1.1), we get

a− x1 − x2 − C ′1(x1) = x1 − f1

Plug it into equation (1.5), we get equation (1.7) immediately. Same for equa-

tion (1.8).

If f ∗2 ≥ f ∗1 , then we have

x∗2
2 + C ′′1 (x∗1)

≥ x∗1
2 + C ′′2 (x∗2)

or equivalently,

x∗2(2 + C ′′2 (x∗2)) ≥ x∗1(2 + C ′′1 (x∗1))

If x∗2 ≤ x∗1, then C ′′2 (x∗2) ≤ C ′′2 (x∗1) < C ′′1 (x∗1) (if C(x) is a linear function,

then C ′′(x) = 0, but as shown in the Corollary 1, in this case, f ∗2 > f ∗1 ), thus

x∗2(2 + C ′′2 (x∗2)) < x∗1(2 + C ′′1 (x∗1)). Contradiction.

So f ∗2 ≥ f ∗1 ⇒ x∗2 > x∗1.

Proof of Corollary 1.

Proof. When C(x) = cx+ d, the interior equilibrium results are

f ∗1 =
a+ (2α− 3)c

5
, f ∗2 =

a+ (2− 3α)c

5
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x∗1 =
2(a+ (2α− 3)c)

5
, x∗2 =

2(a+ (2− 3α)c)

5

It’s easy to compare and get f ∗2 > f ∗1 , x∗2 > x∗1. In addition,
∂x∗1
∂α

= 4
5
> 0,

∂x∗2
∂α

= −6
5
<

0, so
∂x∗1
∂α

+
∂x∗2
∂α

= −2
5
< 0.

When C(x) = 1
2
cx2 + bx+ d, from Lemma 2, we get

(1 + c− 1

2 + αc
)x∗1 + b = (1 + αc− 1

2 + c
)x∗2 + αb

So ∀α ∈ (0, 1),

(1 + c− 1

2 + αc
)x∗1 < (1 + αc− 1

2 + c
)x∗2

x∗2
x∗1

>
(1 + 2c+ αc+ αc2)(2 + c)

(1 + c+ 2αc+ αc2)(2 + αc)
> 1

f ∗2
f ∗1

=
x∗2
x∗1
∗ 2 + αc

2 + c
>

(1 + 2c+ αc+ αc2)

(1 + c+ 2αc+ αc2)
> 1

Differentiating equations (1.5) and (1.6) with respect to α, we get

(2 + c− 1

2 + αc
)
∂x∗1
∂α

+
∂x∗2
∂α

+
c

(2 + αc)2
x∗1 = 0

(2 + αc− 1

2 + c
)
∂x∗2
∂α

+
∂x∗1
∂α

+ cx∗2 + b = 0

Thus get have

(2 + αc− 1

2 + c
)
∂x∗2
∂α
−

∂x∗2
∂α

+ c
(2+αc)2

x∗1

2 + c− 1
2+αc

+ cx∗2 + b = 0

[(2 + αc− 1

2 + c
)− 1

2 + c− 1
2+αc

]
∂x∗2
∂α

+ cx∗2 + b− c

(2 + c)(2 + αc)2 − (2 + αc)
x∗1 = 0
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Since (2 + αc − 1
2+c

) > 1
2+c− 1

2+αc

, cx∗2 + b − c
(2+c)(2+αc)2−(2+αc)

x∗1 > 0, then
∂x∗2
∂α

< 0.

Similarly, we also get

[(2 + c− 1

2 + αc
)− 1

2 + αc− 1
2+c

]
∂x∗1
∂α

=
1

2 + αc− 1
2+c

(cx∗2 + b)− c

(2 + αc)2
x∗1

Since (2 + c− 1
2+αc

)− 1
2+αc− 1

2+c

> 0, 1
2+αc− 1

2+c

(cx∗2 + b)− c
(2+αc)2

x∗1 > 0, then
∂x∗1
∂α

> 0.

And it is easy to get

∂x∗1
∂α

+
∂x∗2
∂α

= −(1 + c− 1

2 + αc
)
∂x∗1
∂α
−− c

(2 + αc)2
x∗1 < 0

Proof of Proposition 2.

Proof. We can prove by contradiction.

By comparing equations (1.3), (1.4) and (1.5), (1.6), we get the following:

X∗ − X̂∗ + (x∗1 − x̂∗1) + C ′1(x∗1)− C ′1(x̂∗1) =
x∗1

2 + C ′′2 (x∗2)

X∗ − X̂∗ + (x∗2 − x̂∗2) + C ′2(x∗2)− C ′2(x̂∗2) =
x∗2

2 + C ′′1 (x∗1)

If X∗ ≤ X̂∗, then since
x∗1

2 + C ′′2 (x∗2)
> 0,

x∗2
2 + C ′′1 (x∗1)

> 0, we must have

(x∗1 − x̂∗1) + C ′1(x∗1)− C ′1(x̂∗1) > 0

(x∗2 − x̂∗2) + C ′2(x∗2)− C ′2(x̂∗2) > 0

which implies x∗1 > x̂∗1 and x∗2 > x̂∗2 because of the convexity of cost functions. But

then

X∗ = x∗1 + x∗2 > X̂∗ = x̂∗1 + x̂∗2
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which contradicts with the assumption that X∗ ≤ X̂∗. Thus, X∗ > X̂∗.

Since CW =
1

2
(a− P )2 =

1

2
X2, we get CW ∗ > ĈW

∗
immediately.

If neither firm produces less with forward trading, then there are only 3 possible

cases: {x∗1 = x̂∗1, x
∗
2 > x̂∗2}, {x∗1 > x̂∗1, x

∗
2 = x̂∗2} or {x∗1 > x̂∗1, x

∗
2 > x̂∗2}.

Since

SW = CW + π1 + π2 =
1

2
(x1 + x2)2 + (a− x1 − x2)(x1 + x2)− C1(x1)− C2(x2)

we have

∂SW

∂xi
= a− x1 − x2 − C ′i(xi) > 0

So in any one of the first 3 cases, social welfare increases.

Now we prove that both firms are worse off if neither produces less.

• If {x∗i = x̂∗i , x
∗
j > x̂∗j}, then π∗i < π̂∗i because P ∗ < P̂ ∗.

• If {x∗i > x̂∗i , x
∗
j = x̂∗j}, we know that πi(xi, xj) = (a − x1 − x2)xi − Ci(xi)

is maximized at (x̂∗i , x̂
∗
j) since a − 2x̂∗i − x̂∗j − C ′i(x̂

∗
i ) = 0, then x∗i > x̂∗i ⇒

a− 2x∗i − x̂∗j − C ′i(x∗i ) < 0, which implies πi(x
∗
i , x
∗
j) < πi(x̂

∗
i , x̂
∗
j).

• If {x∗i > x̂∗i , x
∗
j > x̂∗j}, then x∗j > x̂∗j ⇒ πi(x̂

∗
i , x̂
∗
j) > πi(x̂

∗
i , x
∗
j), and

a− 2x∗i − x∗j − C ′i(x∗i ) < a− 2x̂∗i − x∗j − C ′i(x̂∗i ) < 0,

which implies πi(x̂
∗
i , x
∗
j) > πi(x

∗
i , x
∗
j). Thus we have πi(x̂

∗
i , x̂
∗
j) > πi(x

∗
i , x
∗
j).

Therefore, both firms end up with lower profits when forward trading is avail-

able.
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Proof of Lemma 3

Proof. α∗1 is the critical value at which the interior x̂∗1 = 0.

If a > 2c, then α∗1 < 0, ∀α ∈ (0, 1), α > α∗1. Thus x̂∗1 is always positive, we get

the interior solution.

If 2c ≥ a > c, then 1 > α∗1 ≥ 0. For α ∈ (α∗1, 1), x̂∗1 is always positive, we get

the interior solution; for α ∈ (0, α∗1], x̂∗1 could not be negative, but at least zero. The

constraint is binding, so by plugging x̂1 = 0 into (1.4), we get the corner solution.

For the interior solution, X̂∗|α∗1 = a − c, Π̂∗|α∗1 = (a − c)2, P̂ ∗|α∗1 = c. For the

corner solution, X̂∗|α∗1 = a− c, Π̂∗|α∗1 = (a− c)2, P̂ ∗|α∗1 = c. So total output function,

total profit function, and price function are all continuous. And since the derivatives

of total output and total profit with respect to α are negative in both interior solution

and corner solution, these two functions are decreasing in α. Similarly, price function

is increasing in α.

Proof of Lemma 4.

Proof. α∗2 is the critical value at which the interior x∗1 = 0.

If a > 3c, then α∗2 < 0, ∀α ∈ (0, 1), α > α∗1. Thus x∗1 is always positive, we get

the interior solution.

107



If 3c ≥ a > c, then 1 > α∗1 ≥ 0. For α ∈ (α∗2, 1), x∗1 is always positive, we get

the interior solution; for α ∈ (0, α∗2], x∗1 could not be negative, but at least zero. The

constraint is binding, so by plugging x̂1 = 0 into (1.6), we get x∗2 = 2(a−αc)
3

, and by

(1.8), we have f ∗2 = a−αc
3

. Since x∗1(f1, f2) = max{min[a−(2−α)c+2f1−f2
3

, a−c+f1
2

], 0}, we

should have f ∗1 ≤
−a+(3−2α)c

3
. The first order condition for f1 is given by 2

3
(Ps−c)− 1

3
x1,

which is negative since Ps < c at x1 = 0, thus π1 is decreasing in f1. f1 can be negative,

which means firm 1 is buying forward contracts. The largest amount of corresponding

forward contracts a trader can sell to firm 1 is X∗ − f ∗2 = a−αc
3

, so f ∗1 = −a−αc
3

.

Proof of Proposition 3.

Proof. • Without forward market:

For the interior solution, X̂∗|α∗1 = a − c, Π̂∗|α∗1 = (a − c)2, P̂ ∗|α∗1 = c. For the

corner solution, X̂∗|α∗1 = a − c, Π̂∗|α∗1 = (a − c)2, P̂ ∗|α∗1 = c. So total output

function, total profit function, and price function are all continuous. And since

the derivatives of X̂∗ and Π̂∗ with respect to α are negative in both interior

solution and corner solution, these two functions are decreasing in α. Similarly,

P̂ ∗ is increasing in α.

• With forward market:

For the interior solution, X∗|α∗2 = a − c, Π∗|α∗1 = 1
2
(a − c)2, P ∗|α∗1 = c. For the

corner solution, X∗|α∗1 = a − c, Π∗|α∗1 = 1
2
(a − c)2, P ∗|α∗1 = c. So total output

function, total profit function, and price function are all continuous. And since
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the derivatives of X∗ and Π∗ with respect to α are negative in both interior

solution and corner solution, these two functions are decreasing in α. Similarly,

P ∗ is increasing in α.

It is very similar to show that low (high) cost firm’s output and profit are

continuous and decreasing (increasing) in α.

Since x∗1 is increasing in α, while X∗ is decreasing in α, then σ∗1 =
x∗1
X∗

is

increasing in α, and σ∗2 = 1 − σ∗1 is decreasing in α. Similarly, π∗1 is increasing in

α, while Π∗ is decreasing in α, then γ∗1 =
π∗1
Π∗

is increasing in α, and γ∗2 = 1 − γ∗1 is

decreasing in α.

Proof of Proposition 4.

Proof. We need to prove:

1. x∗2 > x̂∗2. Since α∗2 > α∗1, it is impossible that corner solution without forward

market while interior solution with forward market, so there are three cases:

• Case 1: both interior solutions

x̂∗2 = 1
3
(a+ (1− 2α)c), x∗2 = 1

5
(2(a+ (2− 3α)c)), then x∗2− x̂∗2 = 1

15
(a+ (7−

8α)c). Since α < 1 < 1
8
(7 + a/c), we get x∗2 > x̂∗2.

• Case 2: interior solution without forward market, and corner solution with

forward market

x̂∗2 = 1
3
(a + (1 − 2α)c), x∗2 = 2

3
(a − αc), then x∗2 − x̂∗2 = 1

3
(a − c) > 0, so

x∗2 > x̂∗2.
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• Case 3: both corner solution

x̂∗2 = 1
2
(a− αc), x∗2 = 2

3
(a− αc), then x∗2 − x̂∗2 = 1

6
(a− c) > 0, so x∗2 > x̂∗2.

2. π∗1 ≤ π̂∗1. There are also three cases:

• Case 1: both interior solutions

π̂∗1 = 1
9
(a + (α − 2)c)2, π∗1 = 1

25
(2(a + (2α − 3)c)2), then ∆ = π∗1 − π̂∗1 =

1
225

(−7a2 + (22α−8)ac+ (47α2−116α+ 62)c2). Let α∗ = 1
94

(116−22a/c),

then

∂(π∗1 − π̂∗1)

∂α
=

1

225
(22ac+ (94α− 116)c2)

{
< 0, if α < α∗

> 0, if α > α∗

If a > 3c, α∗2 < 0, to show that π∗1 < π̂∗1, we only need to show ∆ < 0

at both α = 0 and α = 1: ∆(0) = −7a2 − 8ac + 62c2 < 0 since a > 3c;

∆(1) = −7a2 + 14ac− 7c2 = −7(a− c)2 < 0.

If a ≤ c, α∗2 > 0, since α∗2 − α∗ = 25
94

(1 − a/c) < 0, we get α∗2 < α∗. To

show that π∗1 < π̂∗1, we need to show ∆ < 0 at both α = α∗2 and α = 1:

∆(α∗2) = − 1
36

(a− c)2 < 0. So π∗1 < π̂∗1 holds for interior solutions.

• Case 2: interior solution without forward market, and corner solution with

forward market

π̂∗1 > 0, π∗1 = 0, so π∗1 < π̂∗1.

• Case 3: both corner solution

In this case, π∗1 = π̂∗1 = 0

3. σ∗1 ≤ σ̂∗1, σ∗2 ≥ σ̂∗2. There are still three cases:
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• Case 1: both interior solutions

σ∗1 = a+(2α−3)c
2a−(1+α)c

, σ̂∗1 = a+(α−2)c
2a−(1+α)c

, then σ∗1 − σ̂∗1 = (α−1)c
2a−(1+α)c

< 0, so σ∗1 < σ̂∗1.

Since σ∗2 = 1− σ∗1, σ̂∗2 = 1− σ̂∗1, then σ∗1 < σ̂∗1 ⇔ σ∗2 > σ̂∗2.

• Case 2: interior solution without forward market, and corner solution with

forward market

σ∗1 = 0, σ̂∗1 > 0, so σ∗1 < σ̂∗1, and also σ∗2 > σ̂∗2.

• Case 3: both corner solution

In this case, σ∗1 = σ̂∗1 = 0, σ∗2 = σ̂∗2 = 1.

4. γ∗1 ≤ γ̂∗1 , γ∗2 ≥ γ̂∗2 . There are still three cases:

• Case 1: both interior solutions

γ∗1 =
π∗1

π∗1 + π∗2
=

(p∗ − c)x∗1
(p∗ − c)x∗1 + (p∗ − αc)x∗2

, γ̂∗1 =
π̂∗1

π̂∗1 + π̂∗2
=

(p̂∗ − c)x̂∗1
(p̂∗ − c)x̂∗1 + (p̂∗ − αc)x̂∗2

,

then γ∗1 < γ̂∗1 ⇔
(p∗ − c)x∗1

(p∗ − αc)x∗2
<

(p̂∗ − c)x̂∗1
(p̂∗ − αc)x̂∗2

. Since σ∗1 < σ̂∗1 ⇒ 0 <
x∗1
x∗2

<

x̂∗1
x̂∗2

, and p∗ < p̂∗ ⇒ 0 <
(p∗ − c)

(p∗ − αc)
<

(p̂∗ − c)
(p̂∗ − αc)

, we have γ∗1 < γ̂∗1 . Since

γ∗2 = 1− γ∗1 , γ̂∗2 = 1− γ̂∗1 , then γ∗1 < γ̂∗1 ⇔ γ∗2 > γ̂∗2 .

• Case 2: interior solution without forward market, and corner solution with

forward market

γ∗1 = 0, γ̂∗1 > 0, so γ∗1 < γ̂∗1 , and also γ∗2 > γ̂∗2 .

• Case 3: both corner solution

In this case, γ∗1 = γ̂∗1 = 0, γ∗2 = γ̂∗2 = 1.
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5. X∗ > X̂∗, CW ∗ > ĈW
∗

and SW ∗ > ŜW
∗
. From Proposition 2, we get

X∗ > X̂∗, CW ∗ > ĈW
∗
, so we only need to show SW ∗ > ŜW

∗
. There are still

three cases:

• Case 1: both interior solutions

∆ = SW ∗ − ŜW
∗

=
1

225
(8a2 − 8(1 + α)ac+ (114.5α2 − 221α + 114.5)c2)

∂∆

∂α
=

1

225
(−8ac+ (229α− 221)c2) < 0

Sine ∆(α = 1) = 8
225

(a− c)2 > 0, then SW ∗ > ŜW
∗
.

• Case 2: interior solution without forward market, and corner solution with

forward market

SW ∗ = 4
9
(a− αc)2, ŜW

∗
= 1

9
(4a2 − 4(1 + α)ac+ 1

2
(11α2 − 14α + 11)c2)

∆ = SW ∗ − ŜW
∗

=
1

9
(4(1− α)ac+

1

2
(−3α2 + 14α− 11)c2)

∂∆
∂α

= 1
9
(−4ac+ (−3α + 7)c2) is decreasing in α. So we just need to check

if ∂∆
∂α

< 0 at the lower bound of α.

If 3c ≥ a > 2c, α ∈ (0, α∗2], then ∂∆
∂α

= −4ac + 7c2 < 0 at α = 0. If

2c ≥ a > c, α ∈ (α∗1, α
∗
2], ∂∆

∂α
= 1

9
(−ac + c2) < 0 atα∗1. Therefore, ∆ is

decreasing in α.

Since ∆(α∗2) = 13
72

(a− c)2 > 0, we have SW ∗ > ŜW
∗
.

• Case 3: both corner solution

SW ∗ = 4
9
(a− αc)2, ŜW

∗
= 3

8
(a− αc)2, so SW ∗ > ŜW

∗
.

112



Appendix C

Appendix for Chapter 2

Proofs

Proof of Lemma 5.

Proof. i) Suppose p∗1 > p∗2, firms’ profit functions are π1 = (p2 − p1 − α)p1 and

π2 = (1 − p2 + p1 + α)p2 + β(1 + α) + b(p1 − p2). The equilibrium prices are

p∗1 = 1−α−b
3

, p∗2 = 2+α−2b
3

.

If max{−1,−2(1 − b)} < α < −1
2
(1 − b), p∗1 > p∗2 > 0 holds. The equilibrium

profits are π∗1 = 1
9
(1−α− b)2 an π∗2 = 1

9
{(2 +α)2 + b2}+ β(1 +α)− 1

9
(5 + 7α)b.

ii) If b ≥ 1
2
, then −1 ≤ −2(1− b). For −1 ≤ α ≤ −2(1− b), p∗2 is driven down to

0. Maximizing π1 = (−p1 − α)p1 yields p∗1 = −1
2
α, q∗1 = −1

2
α, and q∗2 = 1 + 1

2
α.

π∗1 = 1
4
α2, π∗2 = β(1 + α)− 1

2
αb.

iii) Now suppose p∗1 < p∗2. π1 = (p2− p1−α)p1, π2 = (1− p2 + p1 +α)(p2 +β). The

equilibrium prices are p∗1 = 1−α−β
3

and p∗2 = 2
3
(1− β) + 1

3
α.

But now 0 < p∗1 < p∗2 implies −1
2
(1 − β) < α < 1 − β. The equilibrium profits

are π∗1 = 1
9
(1− β − α)2, π∗2 = 1

9
(2 + β + α)2, π∗2 − π∗1 = 1

3
(1 + 2β + 2α), which is

positive if α > −1
2
(1− β).
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iv) For −1
2
(1− b) ≤ α ≤ −1

2
(1− β), the only possible case is that p∗1 = p∗2 = p.

In this case, firms’ profit functions are π1 = −αp and π2 = (1 + α)(p+ β).

Let’s check if firm 1 deviates. ∀ε > 0, if p1 = p+ ε, then π̃1 = (−ε− α)(p+ ε),

and π̃1−π1 = −ε(p+ ε+α). So if p+α ≥ 0, π̃1−π1 < 0, firm 1 will not charge

higher price.

If p1 = p−ε, then π̃1 = (ε−α)(p−ε), and π̃1−π1 = ε(p−ε+α). So if p+α ≤ 0,

π̃1 − π1 < 0, firm 1 will not charge lower price. Therefore, if p = −α, then firm

1 will not deviate.

Now let’s check if firm 2 deviates at p = −α. If p2 = −α + ε, then π̃2 =

(1− ε+α)(−α+ ε+ β), and π̃2− π2 = ε(1− ε+ 2α− β). Since α ≤ −1
2
(1− β),

we have 1 + 2α− β ≤ 0, thus π̃2 − π2 < 0, firm 2 will not charge higher price.

If p2 = −α− ε, then π̃2 = (1 + ε+ α)(−α− ε) + β{(1 + α) + δε},

π̃2 − π2 = ε(−1− ε− 2α + b)

since α ≥ −1
2
(1− b), we have −2α− 1 + b ≤ 0, thus π̃2− π2 < 0, firm 2 will not

charge lower price.

Therefore, p∗1 = p∗2 = −α is a unique equilibrium. The equilibrium profits are

π∗1 = α2, π∗2 = (1 + α)(β − α). Since 1 + α > −α > 0, β − α > −α > 0, then

(1 + α)(β − α) > α2, i.e. π∗2 > π∗1.

Proof of Proposition 6.
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Proof. For β < 1
2δ

, referring to Table 2.2, p∗1 and p∗2 are clearly decreasing in β in

region I and III, where as for other values of α, p∗1 and p∗2 do not depend on β. For

β ≥ 1
2δ

, we also have p∗1 = −1
2
α and p∗2 = 0, when −1 ≤ α < −2(1− βδ). The prices

here are also independent of β. It is clear that p∗1 and p∗2 are decreasing in δ in region

I, and independent in other regions.

From Table 2.2, π∗1 is clearly decreasing in β and δ. When b ≥ 1
2
, for −1 ≤ α <

−2(1−βδ), π∗2 = β(1+α)− 1
2
αβδ,

∂π∗2
∂β

= 1+α− 1
2
αδ > 0,

∂π∗2
∂δ

= −1
2
αβ < 0, thus π∗2 is

increasing in β and decreasing in δ. For max{−1,−2(1−βδ)} ≤ α < −1
2
(1−βδ), π∗2 =

1
9
[(2+α)2+β2δ2]+β(1+α)− 5+7α

9
βδ,

∂π∗2
∂δ

= 1
9
β(2βδ−5−7α), which is positive when α is

low and negative when α is high. Φ =
∂π∗2
∂β

= 1
9
δ(2βδ−5−7α)+1+α, ∂Φ

∂α
= −7

9
δ+1 > 0,

and Φ|α=−1 = 1
9
δ(2βδ + 2) > 0, Φ|α=−2(1−βδ) = δ(1 − 4

3
βδ) + 1 − 2(1 − βδ) > 0, so

Φ =
∂π∗2
∂β

> 0. Thus π∗2 is increasing in β in region I. And it is easy to see that π∗2 is

also increasing in β in region III.

Proof of Proposition 7.

Proof. 1) First look at the case when b ≥ 1
2
.

For −1 ≤ α ≤ −2(1− b), π∗2 − π∗1 = β(1 + α)− 1
2
α(b+ 1

2
α) > 0.

For −2(1− b) < α < −1
2
(1− b), π∗2 − π∗1 = (2

3
+ β − b)(α+ 1) + 2

3
(b− 1

2
), which

is positive since 2
3

+ β − b > 0, α + 1 > 0 and b ≥ 1
2
.

As shown in the proof of Lemma 5,

for −1
2
(1− b) ≤ α ≤ −1

2
(1− β), π∗2 = (1 + α)(β − α) > π∗1 = α2;

for −1
2
(1− β) < α < 1− β, π∗2 − π∗1 = 1

3
(1 + 2β + 2α) > 0;
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and for α ≥ 1− β, π∗2 = α + β > π∗1 = 0.

Therefore, when b ≥ 1
2
, π∗2 > π∗1 ∀α .

2) Now look at the case when b < 1
2
.

As shown in Lemma 5, for −1
2
(1− b) ≤ α, π∗2 > π∗1.

For −1 < α < −1
2
(1− b), π∗2 − π∗1 = (2

3
+ β − b)α− 1

3
b+ 1

3
+ β, which is strictly

increasing in α since 2
3

+ β − b > 0.

π∗2 − π∗1|α=− 1
2

(1−b) =
1

2
(β + b+ βb+ b2) > 0

π∗2 − π∗1|α=−1 = −2

3
(
1

2
− b) < 0

So when b < 1
2
, π∗2 > π∗1 iff α > b−1−3β

2+3β−3b
.

Proof of Lemma 6.

Proof. Suppose p2 > p1, then firms’ profit functions are π1 = (p2 − p1 − α)p1 and

π2 = (1− p2 + p1 + α)(p2 + β). We can see that this case is exactly the same as the

mandatory case for α > −1
2
(1− β) (see the proof for Lemma 1).

For α ≤ −1
2
(1 − β), if p1 > p2, all consumers will purchase from firm 2,

while firm 1 has no market share. So firm 1 would lower its price. Firm 2’s profit is

π2 = p2 + β(1 + α), so it has incentive to raise its price. Therefore, there is no pure

strategy equilibrium for p1 > p2.
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Now check if p1 = p2 = p is an equilibrium. In this case, π1 = −1
2
αp and

π2 = −1
2
αp+ (1 + α)(p+ β).

If p > 0, there exists ε > 0, such that for p2 = p− ε, π̃2 − π2 = p− ε + β(1 +

α) + 1
2
αp− (1 + α)(p+ β) = −1

2
αp− ε > 0, so firm 2 has incentive to lower its price.

If p = 0, firm 2 may have incentive to raise its price. For p2 = ε > 0,

π̃2 − π2 = (1 − ε + α)(ε + β) − (1 + α)β = ε(1 − ε + α − β), which is positive if

α > −(1− β).

So for −1 ≤ α ≤ −(1 − β), p1 = p2 = 0 is the unique equilibrium; for

−(1− β) < α ≤ −1
2
(1− β), there is no pure strategy equilibrium.

We can find out the mixed strategy equilibrium profits for both firms. Let

Gi(p) = Prob(pi ≤ p) be the probability that firm i sets prices no more than p, it

is clear that the lower bound of both firms’ price is 0. By the properties of mixed

strategy equilibrium, πi(p,G
∗
j) is constant at all prices in the support of G∗i . So we

have

π1(0, G∗2) = G∗2(0) ∗ 0 + (1−G∗2(0)) ∗ 0 = 0

π2(0, G∗1) = G∗1(0) ∗ β(1 + α) + (1−G∗1(0)) ∗ β(1 + α) = β(1 + α)

Thus π∗1 = 0, π∗2 = β(1 + α) for α ≤ −1
2
(1− β).

Proof of Proposition 8.

Proof. By comparing firm 2’s profits under mandatory and optional strategies, it is

clear that for α > −1
2
(1− β), profits are identical.
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For −1
2
(1 − b) ≤ α ≤ −1

2
(1 − β), πM2 = (1 + α)(β − α), πO2 = β(1 + α), and

πM2 − πO2 = −α(1 + α) > 0.

For max{−1,−2(1− b)} < α < −1
2
(1− b), πM2 = 1

9
{(2 +α)2 + b2}+β(1 +α)−

b5+7α
9

, and πM2 −πO2 = 1
9
(2+α)[(2+α)−2b]+ 1

9
b(b−1−5α). Since 2+α > max{1, 2b},

the first term of the above equation is positive; since α < −1
2
(1− b), b− 1− 5α > 0,

then πM2 − πO2 > 0.

When b ≥ 1
2
, −1 ≤ −2(1−b). For −1 ≤ α ≤ −2(1−b), πM2 = β(1+α)− 1

2
αb >

πO2 .

Thus ∀α, mandatory strategy is weakly dominant for firm 2. And for α ≤

−1
2
(1− β), mandatory advertising strategy yields a higher profit for firm 2.

Proof of Proposition 9.

Proof. It follows straightforward from the perfect substitutability of two firms’ ser-

vices and advertisements that consumers are indifferent between the offerings of the

two firms, when they choose the same advertising strategies. The Bertrand com-

petition results in zero price. As firms evenly split the market, they make equal

advertising revenue of 1
2
β(1+α)− 1

2
αb when they choose (M,M) strategy and revenue

of 1
2
β(1 + α) when choosing (O,O) strategy.

Proof of Lemma 7.

Proof. Suppose p1 > p2. Since π1 = 0, π2 = p2 + β(1 + α), firm 1 has incentive to

lower its price, while firm 2 has incentive to raise price, so this is not an equilibrium.
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Suppose p2 > p1. Now π1 = (1 − p1 + p2 + α)p1 + β[(1 + α) + δ(p2 − p1)],

π2 = (p1 − p2 − α)p2, it’s easy to get the equilibrium prices p1 = 1
3
(2 + α − 2b),

p2 = 1
3
(1− α− b). So p∗2 > p∗1 > 0 if max{−1,−2(1− b)} < α < −1

2
(1− b).

When b ≥ 1
2
, −1 ≤ −2(1 − b). For −1 ≤ α ≤ −2(1 − b), p∗1 = 0, maximizing

π2 = (−p2 − α)p2 yields p∗2 = −1
2
α.

For α ≥ −1
2
(1 − b), p∗1 = p∗2 = p is the only possible equilibrium. Now

π1 = 1
2
(1 + α)(β + p), π2 = 1

2
(1 + α)(β + p) + (−α)p, It’s easy to verify that if p > 0,

firm 1 has incentive to undercut. But if p = 0, both firms don’t deviate and make

positive profits π∗1 = π∗2 = 1
2
β(1 + α).

Proof of Proposition 10.

Proof. i) First we examine the case when b ≥ 1
2
.

• For −1 ≤ α ≤ −2(1 − b), the payoff matrix of firm 1 and firm 2 is as

follows:

Table C.1: Payoff Matrix for −1 ≤ α ≤ −2(1− b) when b ≥ 1
2

Firm 2
M O

Firm 1 M 1
2β(1 + α)− 1

2αb,
1
2β(1 + α)− 1

2αb β(1 + α)− 1
2αb,

1
4α

2

O 1
4α

2, β(1 + α)− 1
2αb

1
2β(1 + α), 1

2β(1 + α)

Since

1

2
β(1 + α)− 1

2
αb− 1

4
α2 =

1

2
β(1 + α)− 1

2
α(b+

1

2
α) > 0
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and

β(1 + α)− 1

2
αb− 1

2
β(1 + α) > 0

thus “M” is a dominant strategy for both firms. The only equilibrium is

(M,M).

• For −2(1− b) ≤ α ≤ −1
2
(1− b), the payoff matrix of firm 1 and firm 2 is

as follows:

Table C.2: Payoff Matrix for max{−1,−2(1− b)} ≤ α ≤ −1
2
(1− b)

Firm 2
M O

Firm 1 M 1
2
β(1 + α)− 1

2
αb, 1

2
β(1 + α)− 1

2
αb 1

9
{(2 + α)2 + b2}+ β(1 + α)− b 5+7α

9
, 1

9
(1− α− b)2

O 1
9

(1− α− b)2, 1
9
{(2 + α)2 + b2}+ β(1 + α)− b 5+7α

9
1
2
β(1 + α), 1

2
β(1 + α)

We show that “M” is a dominant strategy.

First, need to show that 1
2
β(1 + α)− 1

2
αb > 1

9
(1− α− b)2, or equivalently,

∆ = 1
2
β(1+α)− 1

2
αb− 1

9
(1−α−b)2 > 0. Since ∂∆

∂α
= 1

2
(β−b)+ 2

9
(1−α−b) >

0, it is enough to show that ∆ > 0 at α = −2(1 − b). Since 1
2
≤ b ≤ 1,

∆|α=−2(1−b) = (2b− 1)(1− b+ 1
2
β) > 0 holds.

Second, we have shown in the proof of Proposition 7 that 1
9
{(2+α)2 +b2}+

β(1+α)− 1
9
(5+7α)b > β(1+α), so 1

9
{(2+α)2+b2}+β(1+α)− 1

9
(5+7α)b >

1
2
β(1+α) holds. Thus, given that a firm chooses optional advertising (“O”),

the other firm’s best response is mandatory advertising (“M”).

Therefore, “M” is a dominant strategy for both firms. The only equilibrium

is (M,M).
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• For −1
2
(1− b) ≤ α ≤ 0, the payoff matrix of firm 1 and firm 2 is as follows:

Table C.3: Payoff Matrix for −1
2
(1− b) ≤ α ≤ 0

Firm 2
M O

Firm 1 M 1
2β(1 + α)− 1

2αb,
1
2β(1 + α)− 1

2αb
1
2β(1 + α), 1

2β(1 + α)

O 1
2β(1 + α), 1

2β(1 + α) 1
2β(1 + α), 1

2β(1 + α)

Clearly, “M” is a weakly dominant strategy and there are two equilibria

(M,M) and (O,O).

ii) Then we examine the case when b < 1
2
.

• For −1 ≤ α < −1
2
(1−b), the payoff matrix of firm 1 and firm 2 is the same

as in Table C.2. We have already shown that ∆ = 1
2
β(1+α)− 1

2
αb− 1

9
(1−

α − b)2, which can be positive or negative. When ∆ > 0, the equilibrium

is (M,M); otherwise, the equilibria are (M,O) and (O,M).

• For −1
2
(1− b) ≤ α ≤ 0, “M” is a weakly dominant strategy and there are

two equilibria (M,M) and (O,O).

In summary, for α < −1
2
(1− b), the equilibrium is (M,M) or (M,O) and (O,M)

depending on the values of α and β. For α > −1
2
(1 − b), the equilibria are (M,M)

and (O,O).

Proof of Corollary 2.
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Proof. Refer to the proof for Proposition 10.

Proof of Proposition 11.

Proof. Strong Ad Aversion

1. If b ≥ 1
2
, from proposition 8 and 10, we know that M dominates N in the

second stage. So in the first stage, the payoff matrix is as follows for −1 ≤ α ≤

−2(1− b):

Table C.4: Stage One Payoff Matrix for −1 ≤ α ≤ −2(1− b) when b ≥ 1
2

Firm 2
N AM

Firm 1 N 0,0 1
4α

2, β(1 + α)− 1
2αb− F

AM β(1 + α)− 1
2αb− F , 1

4α
2 1

2β(1 + α)− 1
2αb− F , 1

2β(1 + α)− 1
2αb− F

If F is relatively small, then β(1+α)− 1
2
αb−F > 0, 1

2
β(1+α)− 1

2
αb−F > 1

4
α2

(from the proof of Proposition 10), so (AM, AM) is the only equilibrium.

For −2(1− b) ≤ α ≤ −1
2
(1− b), the payoff matrix is as follows:

Table C.5: Stage One Payoff Matrix for −2(1− b) ≤ α ≤ −1
2
(1− b) and b ≥ 1

2

Firm 2
N AM

Firm 1 N 0,0 1
9

(1− α− b)2, 1
9
{(2 + α)2 + b2}+ β(1 + α)− 5+7α

9
b-F

AM 1
9
{(2 + α)2 + b2}+ β(1 + α)− 5+7α

9
b− F , 1

9
(1− α− b)2 1

2
β(1 + α)− 1

2
αb− F , 1

2
β(1 + α)− 1

2
αb− F
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If F is relatively small, then 1
9
{(2 + α)2 + b2} + β(1 + α) − b5+7α

9
− F > 0,

1
2
β(1 + α) − 1

2
αb − F > 1

9
(1 − α − b)2 (from the proof of Proposition 10), so

(AM, AM) is the only equilibrium.

2. If b < 1
2
, from Proposition 8, in the subgame where one firm chooses No-ad

and the other chooses Ad-supported in the first stage, “Mandatory” dominates

“Optional”; from Proposition 10, if both firms choose Ad-supported in the first

stage, then in the second stage, the equilibrium strategy is one firm chooses

“M” and the other chooses “O”. Without loss of generality, we assume firm 1

chooses “M”, and firm 2 chooses “O”. The payoff matrix is as follows:

Table C.6: Stage One Payoff Matrix for −1 ≤ α ≤ −1
2
(1− b) and b < 1

2

Firm 2
N AM|AO

Firm 1 N 0,0 1
9

(1− α− b)2, 1
9
{(2 + α)2 + b2}+ β(1 + α)− 5+7α

9
b-F

AM 1
9
{(2 + α)2 + b2}+ β(1 + α)− 5+7α

9
b− F , 1

9
(1− α− b)2 1

9
{(2 + α)2 + b2}+ β(1 + α)− 5+7α

9
b− F , 1

9
(1− α− b)2 − F

From the proof of Proposition 6, when α is small, 1
9
(1 − α − b)2 > 1

9
{(2 +

α)2 + b2}+β(1 +α)− 5+7α
9
b−F , the equilibrium strategy sets are (N,AM) and

(AM,N); when α is large, 1
9
(1−α−b)2 < 1

9
{(2+α)2 +b2}+β(1+α)− 5+7α

9
b−F ,

the equilibrium strategy is (AM, N). Thus the pure strategy equilibria are (AM,

N) and (N, AM).

Moderate Ad Aversion When −1
2
(1−b) ≤ α < −1

2
(1−β), from Proposition

8, in the subgame where one firm chooses No-ad and the other chooses Ad-supported
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in the first stage, “Mandatory” dominates “Optional”; from Proposition 10, if both

firms choose Ad-supported in the first stage, then in the second stage, the subgame

equilibria are (M,M) and (O,O). The payoff matrix is as follows:

Table C.7: Stage One Payoff Matrix for −1
2
(1− b) < α ≤ −1

2
(1− β)

Firm 2
N AM|AM or AO

N 0, 0 α2, (β − α)(1 + α)− F

Firm 1 AM|AM (β − α)(1 + α)− F , α2 1
2β(1 + α)− 1

2αb− F , 1
2β(1 + α)− 1

2αb− F

or AO or 1
2β(1 + α)− F †, 1

2β(1 + α)− F †

Note: The payoff with subgame equilibrium (AO,AO) is marked with †.

1) When 1
2
β(1 + α)− 1

2
αb− F > 1

2
β(1 + α)− F > α2, (β − α)(1 + α)− F > 0, the

equilibria are (AM,AM) and (AO,AO).

2) When 1
2
β(1 + α)− 1

2
αb− F > α2 > 1

2
β(1 + α)− F , (β − α)(1 + α)− F > 0, the

equilibria are (AM,AM) and (AM,N).

3) When α2 > 1
2
β(1 + α)− 1

2
αb− F > 1

2
β(1 + α)− F , (β − α)(1 + α)− F > 0, the

equilibria are (AM,N) and (N,AM).

Mild Ad Aversion When −1
2
(1 − β) ≤ α < 0, for subgames where one

firm chooses N and the other chooses A, the ad-supported firm has the same profits
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under M and O strategies; for the subgame where both firms choose A, the subgame

equilibria are (M,M) and (O,O). The payoff matrix is as follows:

Table C.8: Stage One Payoff Matrix for −1
2
(1− β) < α < 0

Firm 2
N A

N 0, 0 1
9(1− α− β)2, 1

9(2 + α+ β)2 − F

Firm 1 A 1
9(2 + α+ β)2 − F , 1

9(1− α− β)2 1
2β(1 + α)− 1

2αb− F , 1
2β(1 + α)− 1

2αb− F

OR 1
2β(1 + α)− F †, 1

2β(1 + α)− F †

Note: The payoff with subgame equilibrium (O,O) is marked with †.

1) When 1
2
β(1+α)− 1

2
αb−F > 1

2
β(1+α)−F > 1

9
(1−α−β)2, 1

9
(2+α+β)2−F > 0,

the equilibria are (AM,AM) and (AO,AO).

2) When 1
2
β(1 + α)− 1

2
αb− F > 1

9
(1− α− β)2 > 1

2
β(1 + α), 1

9
(2 + α+ β)2 − F > 0,

the equilibria are (AM,AM) and (AM,N).

3) When 1
9
(1−α−β)2 > 1

2
β(1+α)− 1

2
αb−F > 1

2
β(1+α)−F , 1

9
(2+α+β)2−F > 0,

the equilibria are (AM,N) and (AO,N).
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Appendix D

Appendix for Chapter 3

D.1 Monopoly: Mixing Two Ad-Supported Services

D.1.1 hl Business Model

Based on the revenue function Eq. (3.8), the FOCs are

∂πhl
∂ph

=
r − 2ph
αk

− 2ph − 2pl − β
(1− α)k

+ β′(− 1

αk
− 1

(1− α)k
+
r − ph
α2k2

+
ph − pl

(1− α)2k2
) = 0

∂πhl
∂pl

=
2ph − 2pl − β

(1− α)k
+ β′(

1

(1− α)k
− ph − pl

(1− α)2k2
) = 0

Add the two FOCs up, we get r−2ph
αk

+ β′(− 1
αk

+ r−ph
α2k2

) = 0.

In the interior solution, r−ph
αk

> ph−pl
(1−α)k

> 0, which leads to

• r ≤ 2αk, p∗h = αk(r−β′)+rβ′
2αk+β′

, p∗l = p∗h −
(1−α)k(β−β′)
2(1−α)k−β′ , π

∗
hl = (r+β′)2

2(2αk+β′)
+ (β−β′)2

2[2(1−α)k−β′] .

• r > 2αk, p∗h = r − αk, p∗l = p∗h −
(1−α)k(β−β′)
2(1−α)k−β′ , π

∗
hl = r − αk + 1

2
β′ + (β−β′)2

2[2(1−α)k−β′] .

To ensure that the above interior solution exists, we need the condition,

β − β′

2(1− α)k − β′
> 0 (D.1)
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There are also two corner solutions. One is equivalent to the H case, where

ph−pl
(1−α)k

= 0: p∗h = p∗H , p
∗
l = p∗H , π

∗
hl = π∗H . The other corner solution is equivalent to

the L case, where ph−pl
(1−α)k

= r−ph
αk

: p∗h = (1− α)r + αp∗l , p
∗
l = p∗L, π

∗
hl = π∗L.

Given β′ > β, condition (D.1) is equivalent to 2(1 − α)k − β′ < 0, thus

(β−β′)2
2[2(1−α)k−β′] < 0. By comparing π∗hl in the interior solution and π∗H , it is straightfor-

ward that the latter is greater. So the interior solution is not optimal. The monopolist

is better off by offering only one ad-supported service instead of both.

D.1.2 all Business Model

maxπall(pn, ph, pl) = (1− pn − ph
αk

)pn + (
pn − ph
αk

− ph − pl
(1− α)k

)ph

+

∫ pn−ph
αk

ph−pl
(1−α)k

(1− θ)β′dθ +
ph − pl

(1− α)k
(pl + β) (D.2)

s.t. r − pn ≥ 0 (D.3)

pn − ph
αk

≥ ph − pl
(1− α)k

≥ 0 (D.4)

The Lagrangian function can be written as

L(pn, ph, pl, λ) = (1− pn − ph
αk

)p+ (
pn − ph
αk

− ph − pl
(1− α)k

)ph +
ph − pl

(1− α)k
(pl + β)

+β′[
pn − ph
αk

− ph − pl
(1− α)k

− 1

2
(
pn − ph
αk

)2 +
1

2
(
ph − pl

(1− α)k
)2]

+λ1(r − pn) + λ2(
pn − ph
αk

− ph − pl
(1− α)k

) + λ3(ph − pl)
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The FOCs are,

∂πall
∂pn

= 1− 2pn
αk

+
2ph
αk

+ β′
1

αk
(1− pn − ph

αk
)− λ1 +

1

k
λ2 = 0

∂πall
∂ph

=
2pn − 2ph

αk
− 2ph − 2pl − β

(1− α)k
+ β′(− 1

αk
− 1

(1− α)k
+
pn − ph
α2k2

+
ph − pl

(1− α)2k2
)

− 1

(1− α)k
λ2 + λ3 = 0

∂πall
∂pl

=
2ph − 2pl − β

(1− α)k
+ β′(

1

(1− α)k
− ph − pl

(1− α)2k2
) + λ2(−1

k
+

1

(1− α)k
)− λ3 = 0

Adding the three FOCs shows that λ1 > 0, so p∗n = r.

If pn−ph
αk

> ph−pl
(1−α)k

> 0, we have

p∗h = r − αkβ′

2αk + β′
(D.5)

p∗l = r − αkβ′

2αk + β′
− (1− α)k(β − β′)

2(1− α)k − β′
(D.6)

π∗all = r +
β′2

2(2αk + β′)
+

(β − β′)2

2[2(1− α)k − β′]
(D.7)

This requires β−β′
2(1−α)k−β′ > 0.

Similarly, we also have two other corner solutions. One is p∗h = r− αkβ′

2αk+β′
, p∗l =

p∗h, π
∗
all = r+ β′2

2(2αk+β′)
; the other corner solution is p∗h = (1−α)r+αp∗l , p

∗
l = r− β

2
, π∗all =

r+ β2

4k
. It is straightforward that given β′ > β, π∗hl is greater than π∗all in (D.7). So the

solution that both ad-supported services have positive demands is suboptimal. The

monopolist is better off by offering ad-free service with only one ad-supported service

instead of with both.

D.2 Proofs

Proof of Lemma 8.
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Proof. From the monopolist’s revenue function (3.1), the FOC can be obtained:

αk(r − 2pH) + β′(−αk + r − pH) = 0,

which gives us p∗H = αk(r−β′)+β′r
2αk+β′

and π∗ = (r+β′)2

2(2αk+β′)
. The indifference consumer for

this case is

θ∗ =
r − p∗H
αk

=
αkr + αkβ′

αk(2αk + β′)
.

When the market is not covered, αkr+αkβ′

αk(2αk+β′)
≤ 1, which holds if and only if r ≤ 2αk.

When r > 2αk, the market is covered. From (3.2), we easily see that the monopolist

needs to set the highest price possible to maximize its revenues. For the market to be

covered, the most ad-averse consumer needs to have positive valuation by purchasing

the service, i.e., r − αk − pH ≥ 0. Thus, the optimal price is p∗H = r − αk and

π∗H = r − αk + 1
2
β′.

It is straightforward to verify that p∗H > 0 in both cases given the assumption

that r > kH = αk.

Proof of Proposition 12.

Proof. When market is not covered, r ≤ 2αk,

∂p∗H
∂β′

=
(−αk + r)(2αk + β′)− αk(r − β′)− β′r

(2αk + β′)2
=
αk(r − 2αk)

(2αk + β′)2
≤ 0

∂π∗H
∂β′

=
4(r + β′)(2αk + β′)− 2(r + β′)2

4(2αk + β′)2
=

2(r + β′)(4αk − r + β′)

4(2αk + β′)2
> 0

When market is covered, p∗H = r − αk is constant in β′, π∗H = r − αk + 1
2
β′ clearly is

increasing in β′.
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Proof of Lemma 9.

Proof. Suppose the market is not covered, from the revenue function (3.3) the FOC

can be derived: r−2pL−β
k

= 0, which gives p∗L = r−β
2

, π∗L = (r+β)2

4k
, and the demand

r+β
2k

. Positive price requires the condition r > β. Given the assumption r < kL = k,

when r > β, the demand in optimal r+β
2k

< r+r
2k

< 1. Thus, the market is not covered

at the optimal positive price.

If r ≤ β the monopolist offers the service for free at optimal. Based on

the assumption r < k, the market is still not covered at price zero, its revenue is

π∗L = rβ
k

.

Proof of Proposition 13.

Proof. When r > β, p∗L is decreasing in β at the rate of 1
2
.

In the high-quality ad-support case, p∗H decreases in β′ at the rate of αk(2αk−r)
(2αk+β′)2

.

Given r > αk, we can conclude that αk(2αk−r)
(2αk+β′)2

< α2k2

(2αk+β′)2
. Clearly, α2k2

(2αk+β′)2
< 1

2
.

Proof of Lemma 10.

Proof. From the objective function (3.4), the Lagrangian equation can be written as

L(pn, ph, λ1, λ2) = (1−pn − ph
αk

)pn+(
pn − ph
αk

)ph+

∫ pn−ph
αk

0

(1−θ)β′dθ+λ1(r−pn)+λ2(pn−ph)
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The FOCs with respect to pn and ph are,

∂πnh
∂pn

= 1− 2pn
αk

+
2ph
αk

+ β′
1

αk
(1− pn − ph

αk
)− λ+ λ2 = 0

∂πnh
∂ph

=
2pn − 2ph

αk
+ β′(− 1

αk
+
pn − ph
α2k2

)− λ2 = 0

Adding the two FOCs shows that λ∗1 = 1 > 0, so the constraint is active, and p∗n = r.

By solving the FOCs, we can then get that p∗h = r− αkβ′

2αk+β′
and π∗nh = r+ β′2

2(2αk+β′)
.

Proof of Lemma 11.

Proof. For r ≤ 2αk, p∗H−p∗h = −αkr
2αk+β′

< 0; and for r > 2αk, p∗H−p∗h = −2α2k2

2αk+β′
< 0.

Proof of Proposition 14.

Proof.
∂p∗h
∂β′

= −2α2k2

(2αk+β′)2
< 0,

∂π∗nh
∂β′

= 2β′(4αk+β′)
4(2αk+β′)2

> 0. And, −2α2k2

(2αk+β′)2
< αk(r−2αk)

(2αk+β′)2
.

Proof of Lemma 12.

Proof. The equilibrium is derived in the same way as that of the nh case (see the

proof for Lemma 10).

Proof of Lemma 13.

Proof. It is straightforward to show that p∗l = r − β
2
> p∗L = r−β

2
.

Proof of Proposition 15.
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Proof. It is easy to see that
∂p∗l
∂β

=
∂p∗L
∂β

= −1
2
.

Proof of Lemma 14.

Proof. Based on the results derived in Appendix D.1.1, when the monopolist offers

both types of ad-supported service, one of the corner solutions dominates the interior

solution. Since the corner solutions are equivalent to offering one type of ad-supported

service alone, the hl business model does not do better than H or L.

Appendix D.1.2 details the analysis of the business model that offers all types

of services. Similarly, a corner solution where the monopolist effectively offers one

type of ad-supported service with the ad-free service dominates the other solutions.

Therefore, the business model all is weakly dominated by either nl or nh business

model.

Proof of Proposition 16.

Proof. The equilibrium revenues show that π∗nh > π∗N , π∗nl > π∗N .

• r ≤ 2αk, π∗nh − π∗H = r + β′2

2(2αk+β′)
− (r+β′)2

2(2αk+β′)
= r(4αk−r)

2(2αk+β′)
> 0,

• r > 2αk, π∗nh − π∗H = r + β′2

2(2αk+β′)
− (r − αk + 1

2
β′) = 2α2k2

2αk+β′
> 0,

• r > β, π∗nl−π∗L = r+ β2

4k
− (r+β)2

4k
= (4k−r−2β)r

4k
> 0 (Given the assumption r < k),

• r ≤ β, π∗nl − π∗L = r + β2

4k
− rβ

k
= 4kr+β2−4rβ

4k
> 4r2+β2−4rβ

4k
= (2r−β)2

4k
> 0.

Therefore, π∗nh > max{π∗N , π∗H} and π∗nl > max{π∗N , π∗L}.
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Proof of Proposition 17.

Proof. 1. If β′ > β, or β > β′ and 2(1−α)k−β′ < 0, we have π∗hl = max{π∗H , π∗L}, π∗All =

max{π∗nh, π∗nl}.

By Proposition 16, the maximum profit could only be π∗nh or π∗nl.

∆π = π∗nh − π∗nl =
2kβ′2 − 2αkβ2 − β2β′

4k(2αk + β′)

Thus π∗nh > π∗nl iff 2kβ′2 − 2αkβ2 − β2β′ > 0.

2. If β > β′ and 2(1− α)k − β′ > 0, we have

π∗all = r +
β′2

2(2αk + β′)
+

(β − β′)2

2[2(1− α)k − β′]

π∗nh = r +
β′2

2(2αk + β′)

π∗hl =

{
(r+β′)2

2(2αk+β′)
+ (β−β′)2

2[2(1−α)k−β′] , if r ≤ 2αk

r − αk + 1
2
β′ + (β−β′)2(1−α)k

2[2(1−α)k−β′] , if r > 2αk

It can be shown that π∗hl > max{π∗H , π∗L}, π∗All > max{π∗nh, π∗hl}. Therefore, the

maximum profit could only be π∗all or π∗nl.

Proof of Lemma 15

Proof. Since kH = kL = k and r ≥ k, all consumers are indifferent between services

offered by two firms and will choose either one with probability 0.5. The Bertrand

competition leads to zero price for both firms offering either type of ad-supported

service, p∗H = p∗L = 0. And the profit functions are, π∗H = 1
2

∫ 1

0
(1− θ)β′dθ = 1

4
β′ and

π∗L = 1
2
β.
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Proof of Table 3.4 Results

Proof. In this case, firm 1 offers the ad-free service only. When firm 2 provides the

CPC-based ad-supported service, its revenue function is given by Eq. (3.9), the first-

order conditions of the firms 1 and 2 are, 1− 2p1−p2
k

= 0 and p1−2p2
k

+β′
(
p1−p2
k2
− 1

k

)
=

0, respectively. By solving these two FOCs for p1 and p2, we get p∗1 = 2k2

3k+β′
and

p∗2 = k2−kβ′
3k+β′

. By substituting these prices into the revenue functions, we derive the

equilibrium revenues to be π∗1 = 4k3

(3k+β′)2
and π∗2 = (2k+β′)(k+β′)2

2(3k+β′)2
. Notice that the

condition β′ < k must satisfy for positive p∗2. Thus, when β′ ≤ k, p∗2 = 0. Based on

firm 1’s FOC, p∗1 = k/2. And the equilibrium revenue values will follow.

Similarly, when firm 2 provides the CPM-based ad-supported service, its rev-

enue function is given by Eq. (3.10). Firm 1’s FOC stays the same, while firm 2’s

FOC becomes p1−2p2−β
k

= 0. Solving the two FOCs yields the equilibrium prices

p∗1 = 2k−β
3

and p∗2 = k−2β
3

, which are then used to derive the equilibrium revenues.

Positive p∗2 implies the condition β < k/2. Thus, when β ≥ k/2, p∗2 = 0. Using firm

1’s FOC we get p∗1 = k/2. The equilibrium revenues are then derived based on this

pair of equilibrium prices.

Proof of Proposition 18

Proof. For the case (N,H), we compare the equilibrium prices and revenues as follows:

• β′ < k, p∗N − p∗H = 2k2

3k+β′
− k2−kβ′

3k+β′
= k2+kβ′

3k+β′
> 0. d∗H =

p∗N−p
∗
H

k
= k+β′

3k+β′
,

d∗N = 1− p∗N−p
∗
H

k
= 2k

3k+β′
, thus d∗N − d∗H = k−β′

3k+β′
> 0,

π∗N − π∗H =
8k3 − (2k + β′)(k + β′)2

2(3k + β′)2
.
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Since k̄ satisfies 8k3 − (2k + k̄)(k + k̄)2 = 0 and 8k3 − (2k + β′)(k + β′)2 is

decreasing in β′, thus if β′ < k̄ ≈ 0.72k, π∗N > π∗H ; if k̄ < β′ < k, π∗N < π∗H .

• β′ ≥ k, p∗N − p∗H = k
2
> 0, d∗H =

p∗N−p
∗
H

k
= 1

2
, thus d∗N = d∗H .

π∗N − π∗H =
k

4
− 3

8
β′ ≤ k

4
− 3

8
k < 0.

For the case (N,L),

• β < k
2
, p∗N−p∗L = 2k−β

3
− k−2β

3
= k+β

3
> 0. d∗L =

p∗N−p
∗
L

k
= k+β

3k
, d∗N = 1− p∗N−p

∗
L

k
=

2k−β
3k

, thus d∗N − d∗L = k−2β
3k

> 0

π∗N − π∗L =
(2k − β)2 − (k + β)2

9k
=
k − 2β

3
> 0

• β ≥ k
2
, p∗N − p∗L = k

2
> 0. d∗L =

p∗N−p
∗
H

k
= 1

2
, thus d∗N = d∗L.

π∗N − π∗L =
k

4
− 1

2
β ≤ 0

Proof of Proposition 19

Proof. In the case of (nh,H/L), ∂p
∗
n

∂β′
= 2k2/(4k+β′)2; in the case of (nl,H/L), ∂p

∗
n

∂β
= 1

4
.

Both ∂p∗n
∂β′

and ∂p∗n
∂β

are positive, and ∂p∗n
∂β′

< ∂p∗n
∂β

.

Proof of Lemma 16
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Proof. We need to show that given firm 2 chooses L or H, for firm 1 π∗nl ≥ π∗L,

π∗nh > π∗H .

When β ≤ 2k, π∗nl−π∗L = (2k+β)2

16k
− 1

2
β = 1

16k
[(2k+β)2−8kβ] = 1

16k
(2k−β)2 ≥ 0.

When β > 2k, ‘nl’ is equivalent to ‘L’. Therefore ‘nl’ weakly dominates ‘L’. π∗nh−π∗H =

(2k+β′)2

4(4k+β′)
− 1

4
β′ = k2

4k+β′
> 0. So ‘nh’ strictly dominates ‘H’.

Proof of Proposition 21

Proof. f(β′) = π∗nh− π∗N = (2k+β′)2

4(4k+β′)
− 4k3

(3k+β′)2
, we have f(β′∗) = 0 and ∂f(β′)

∂β′
> 0, thus

for β′ > β′∗, π∗nh > π∗N and vice versa.

For β′ > β′∗, firm 2 will offer nh or nl.

∆ = π∗nh − π∗nl =
(2k + β′)2

4(4k + β′)
− (2k + β)2

16k

∆ could be positive or negative depending on the values of β and β′. Since ∆ is

increasing in β′ and decreasing in β, firm 2 will more likely to choose nh as the

marginal ad revenue β′ increases.

For β′ < β′∗, firm 1 will offer N or nl.

π∗N − π∗nl =
4k3

(3k + β′)2
− (2k + β)2

16k

Thus, when β is small, firm 2 will offer ad-free service alone. As β increases, firm 2

tends to mix ad-free service with CPM-based ad-supported service.

Similarly, g(β) = π∗nl − π∗N = (2k+β)2

16k
− (2k−β)2

9k
, we also have g(β′∗) = 0 and

∂g(β)
∂β

> 0, thus for β > β∗, π∗nl > π∗N and vice versa.
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Proof of Lemma 17

Proof. At β∗, π∗N = π∗nl. Thus (2k−β)2

9k
= (2k+β)2

16k
⇔ β∗ = 2

7
k.

Let f(β′) = (2k+β′)2

4(4k+β′)
− 4k3

(3k+β′)2
, it can be shown that ∂f(β′)

∂β′
> 0. Since f(2

7
k) < 0

and by definition f(β′∗) = 0, then β′∗ > 2
7
k = β∗.

Proof of Proposition 22

Proof. Proposition 21 shows firm 1’s best response to firm 2’s business model choice

H or L. Now we check firm 2’s best response given firm 1’s business model choice N,

nh or nl.

Given firm 1 choosing N, firm 2’s payoff under H or L is as follows:

π∗H =
(2k + β′)(k + β′)2

2(3k + β′)2
, π∗L =

{
(k+β)2

9k
, β < k

2
1
2
β, β ≥ k

2

π∗H > π∗L if β′

β
is sufficiently large, otherwise, π∗H < π∗L. Thus, when β′ < β′∗ and

β′

β
is sufficiently large, the equilibrium is (H,N); when β < β∗ and β′

β
is small, the

equilibrium is (L,N).

Given firm 1 choosing nh, firm 2’s payoff under H or L is as follows:

π∗H =
(2k + β)(6k + β′)β′

4(4k + β)2
, π∗L =

(2k + β′)β

2(4k + β′)

π∗H > π∗L iff (6k + β′)β′ > 2(4k + β′)β, or equivalently, β′

β
> 2(4k+β′)

6k+β′
> 4

3
. When β′

β
is

small, π∗nh < π∗nl, thus (L,nh) can not be equilibrium. Therefore, when β′ > β′∗ and

β′

β
is sufficiently large, the equilibrium is (H,nh).
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Given firm 1 choosing nl, firm 2’s payoff under H or L is as follows:

π∗H =

{
(2k+β)(6k−β)β′

64k2
, β < 2k

1
4
β′, β ≥ 2k

π∗L =

{
(2k+β)β

8k
, β < 2k

1
2
β, β ≥ 2k

π∗H > π∗L if (a)(6k − β)β′ > 8kβ when β < 2k and (b)β′ > 2β when β ≥ 2k.

But we can show that π∗nh > π∗nl under condition (a) or (b). Thus (H,hl) could not be

an equilibrium. When β > β∗ and β′

β
is small, π∗H < π∗L and π∗nh < π∗nl, the equilibrium

is (L,nl).

In summary, if β′

β
is sufficiently large, the equilibrium is (H,nh) when β′ > β′∗

and (H,N) when β′ ≤ β′∗; if β′

β
is small, the equilibrium is (L,nl) when β > β∗ and

(L,N) when β ≤ β∗.
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