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This dissertation develops a general framework for designing stabilizing feed-

back controllers and observers for dynamics with state/time dependent gains on the

control signals and measured outputs. These gains have potential singularity periods

but satisfy a technically non-trivial condition referred to as persistence of excitation.

A persistence filter design constitutes the primary theoretical innovation of this work

around which the controller and observer development is centered. Application ar-

eas of singular gain systems considered in this study include robotics, biomechanics,

intelligent structures and spacecrafts.

Several representative problems involving singular, time-dependent gains are

addressed. The specific contributions of this dissertation are outlined as follows: (i) a

stabilizing feedback for linear, single-input systems with time-varying, singular con-

trol scaling is designed that allows arbitrary exponential convergence rate for the

closed-loop dynamics. An adaptive control generalization of this result allows asymp-

totic convergence in presence of unknown plant parameters. An extension to a special,
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single-input nonlinear system in the controller canonical form is also proposed. It is

proven that this control design results in bounded tracking error signals for a tra-

jectory tracking objective; (ii) observer design for linear, single-output systems with

time-varying, singular measurement gains is considered. A persistence filter similar

in structure to the control counterpart aids an observer design that guarantees expo-

nential state reconstruction with arbitrary convergence rates; (iii) the observer and

controller designs are combined to obtain an exponentially stabilizing output feed-

back controller for linear, single-input, single-output dynamics with singular gains on

both the control and measurements. A novel separation property is established as a

consequence. The construction motivates applications to stabilization with reversible

transducers which can switch between sensor and actuator modes. The results are

verified on two illustrative applications, vibration control using piezoelectric devices

and inverted pendulum stabilization with a DC motor. The linear result is further

generalized to include state dependent gains; (iv) application of the persistence filter

theory to spacecraft attitude stabilization using intermittent actuation is explored.

The intermittence is characterized by a time-varying, periodically singular control

gain. A nonlinear persistence filter allows construction of an exponentially stabilizing

controller and simulations verify convergence with intermittent actuation where con-

ventional proportional-derivative control fails; (v) a stabilization result for a special

multi-input, linear system with time-varying matrix control gains is presented. The

matrix gain is assumed to be diagonal but allows fewer controls than states subject to

a controllability assumption in absence of the singular gain matrix. The single-input

adaptive control results are shown to extend to the multi-input case. An application

to angular velocity stabilization of an underactuated rigid spacecraft is considered.
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Chapter 1

Introduction

1.1 Motivation

The primary focus of this research is on design of feedback controllers and

observers for dynamical systems with state and time-varying, singular control or

observation gains. Time-varying control gains which pass through singularities have

profound implications on designing stabilizing feedback laws. These include (i) loss of

system controllability during the singular phases of the control gain and (ii) inability

to employ standard control theoretic tools such as feedback linearization to cancel out

nonlinearities in the system. However, singular intervals in the control gain do not

necessarily imply an uncontrollable system. This work formulates sufficient conditions

on the time-varying gains to help resolve certain longstanding problems associated

with the control and estimation of these classes of systems.

The interest in designing feedback controllers for systems with singular, state

or time-varying control gain stems from several representative real world applications.

The application most relevant to aerospace engineering is perhaps the spacecraft at-

titude stabilization problem using only magnetic torquers as actuators for Low Earth

Orbit (LEO) satellites. Magnetic actuation is also of interest in space based interfer-

ometry missions such as Terrestrial Planet Finder (TPF) 1 and the MicroArcsecond

1http://planetquest.jpl.nasa.gov/TPF-I/tpf-I_index.cfm

1
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X-ray Imaging Mission (MAXIM) 2. A singular, state and time-dependent matrix

gain appears in the attitude dynamics due to the fact that the resultant torque from

magnetic actuators comes out to be the cross product of the central magnetic field

vector and the dipole moment vector (the control variable) of the spacecraft. There-

fore a control vector (dipole moment vector) in the direction of the magnetic field

fails to produce any output torque resulting in an instantaneous singularity along

the central magnetic field. Classical solutions using linearizing approximations to the

attitude control problem with magnetic actuation have been proposed by Stickler and

Alfriend [84] and references therein. Psiaki [63] has proposed control laws based on

Linear Quadratic Regulation (LQR) theory while feedback laws proposed in Lovera

and Astolfi [40] are based on Lyapunov analysis and averaging theory results. A de-

tailed survey of magnetic spacecraft stabilization techniques can be found in Silani

and Lovera [75] for the interested reader. Most of the results however suffer from

certain drawbacks, and introduce certain non-trivial approximations. The work by

Psiaki [63] assumes the Earth’s magnetic field to evolve periodically and is also based

on a linearization of the original spacecraft dynamics in order to apply LQR results.

The control law proposed by Lovera and Astolfi [40] relies on averaging theory and is

an existence type result which requires apriori knowledge of an averaging parameter.

Another class of differential equations possessing singular, state or time de-

pendent control gains are nonholonomic chain form integrators. These are systems of

the form

ẋ1 = u1

2http://maxim.gsfc.nasa.gov/mission/mission.html

2
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ẋi = u1xi+1, i = 2, . . . , n− 1

ẋn = u2 (1.1)

with u1, u2 being the control inputs and xi’s being the states. Systems of the

form (1.1) frequently arise while modeling kinematic constraints in a multitude of

mechanical systems, e.g. rolling wheels, front-wheel drive automobiles, tractors and

multi-body trailers, multi-body spacecrafts and others. The control gain can be pop-

ulated in matrix form using Eq. (1.1) as follows,

G(x1, x2, . . . , xn) =


1 0
x3 0
...

...
xn 0
0 1

 (1.2)

where singularities referred to are due to the states passing through zeros and also due

the fact that the number of controls is less than the number of states. References [32]

and [58] provide an extensive survey of the work done in chain form systems. It is

well known that static state feedback cannot stabilize systems of the form (1.1) [7].

Much of the literature related to nonholonomic chain form system stabilization using

time-varying and discontinuous feedback is covered in Kolmanovsky and McClamroch

[32] and Morin and Samson [53] respectively. Further, stabilizing control design for

these classes of systems using notions of persistence of excitation of the control gain

have been illustrated by Loria et al. [38]. It is however important to observe that

these solutions all cater to drift-free dynamics as represented by Eq. (1.1) while study

of more general classes of systems with drift still remains an open problem.

Examples of state and/or time-varying gains also arise in other areas. A par-

ticularly significant application from the area of biomechanical engineering pertains

3



to Functional Electrical Stimulation (FES). Functional Electrical Stimulation can be

concisely defined as the process of applying electrical pulses to nerve fibers resulting

in muscle activation. FES has been employed by many investigators to artificially

activate skeletal muscles thus restoring some mobility in subjects with upper motor

neuron lesions (see for example Selzer et al. [73] and references therein). Patients

suffering from paraplegia in the upper part of the body remain unable to generate

electrical impulses for the motor neurons to produce muscle contraction and thus

motion. The aim with FES is thus to artificially stimulate these motor neurons

through external electrical impulses to substitute for the body’s electrical impulse.

Considerable studies on modeling muscle actuation of the knee joint have been under-

taken [66, 61, 17, 16]. Some of these researchers have proposed dynamical models of

the knee-shank system with time-dependent control gains including the work by Dur-

fee [16]. The model in this paper for the knee-shank system essentially lumps the

nonlinear dependence (attributed to calcium dynamics and muscle fatigue) into a

time varying gain g(t) to the control u which in this case is the pulse width. The

model is thus reduced to a second order system for the shank given by,

Jq̈ = Jf(q, q̇) + g(t)u (1.3)

Here the nonlinear drift term is:

f(q, q̇) =
1

J
[Mgra(q) +Mela(q) +Mvis(q̇)] (1.4)

where

Mgra(q) = −mgl sin(q), represents the gravitational component,

Mela(q) = −k1e−k2q(q − k3) is the elastic muscle moment,

Mvis(q̇) = −B1sign(q̇)|q̇|B2 .

4



J is the moment of inertia of the lower part of the leg.

k1, k2, k3, B1, B2 are unknown constants to be identified.

In addition to dynamics where state and time-varying control or measurement

gains arise naturally, it is also possible to conceive applications wherein gains are

artificially introduced to suit specific design requirements. Time-varying gains on the

actuator side can be utilized to schedule actuator operation, e.g. to allow for inter-

mittent actuator operation due to mission or hardware requirements. Some examples

where intermittent control can be advantageous are: (i) flow control of scramjet en-

gines, (ii) spacecraft attitude control with intermittent thruster operation to allow

for mission requirements or optimizing thruster performance, (iii) spacecraft attitude

control using Control Moment Gyroscopes (CMG) with intermittence introduced as

a means to counter CMG saturation or singular configurations. On the measurement

side time-varying gains could signify intermittent measurement from the sensors to

conserve communication bandwidth and computation power or simply due to data

transmission errors. These situations arise typically in Networked Control applica-

tions where wireless networks are typically relied upon for communicating sensor

data.

In view of the above motivating examples and the fact that there remain several

unanswered theoretical questions, this dissertation focuses on design of controllers and

observers for systems with singular, state or time-varying scaling on the control or

measurement term. Through this work some of the long outstanding queries in this

area have been answered and a general framework for feedback control and observer

design has been established for the aforementioned systems.

5



1.2 Mathematical Preliminaries

The following classical definitions will be repeatedly referred to throughout

this dissertation work.

Definition 1.1. [71, p. 72] The signal G(·) : R → Rn×m is said to be persistently

exciting (PE) if there exist finite positive constants µ1, µ2 and T such that,

µ1In ≤
∫ t+T

t

G(τ)GT (τ) dτ ≤ µ2In ∀t ≥ t0 (1.5)

where In is the n by n identity matrix.

Note 1.1. In the subsequent work whenever an assumption of persistent excitation

is made on a time-dependent signal, the quantities µ1 and T are not assumed to be

explicitly known in the above definition. The fundamental idea is that even when

the signal is assumed to satisfy the persistence assumption, the knowledge of signal

behavior beyond the current instant is not required.

Definition 1.2. [71, p. 24-25] The origin x = 0 ∈ Rn is a globally exponentially

stable equilibrium of

ẋ = f(t,x), f(t,0) = 0 ∀t ≥ t0, x(t0) = x0, t0 ∈ R (1.6)

if there exist finite positive constants m, α such that the solution x(·) satisfies

‖x(t)‖ ≤ me−α(t−t0)‖x0‖, ∀x0 ∈ Rn,∀t ≥ t0 (1.7)

The parameter α is the rate of convergence.

6



Definition 1.3. (Sastry and Bodson [71, p. 35]) The linear time-varying system

[C(t), A(t)] defined by

ẋ(t) = A(t)x(t), x(t0) = x0

y(t) = C(t)x(t)

where x(t) ∈ Rn and y(t) ∈ Rm, A(t), C(t) are piecewise continuous functions is

called uniformly completely observable (UCO) if there exist finite, strictly positive

constants β1, β2, δ such that, for all t0 ≥ 0,

β2In ≥
∫ t0+δ

t0

ΦT (τ, t0)C
T (τ)C(τ)Φ(τ, t0)dτ ≥ β1In (1.8)

with Φ(t, t0) being the state transition matrix corresponding to A(t) (i.e., x(t) =

Φ(t, t0)x(t0)).

Note 1.2. The integrand in the inequality (1.8) is identical to the observability

grammian [68]. The UCO criterion is therefore a stronger version of the observability

condition where the uniformity is due to the fact that the condition in Eq. (1.8)

holds for all initial time t0 and complete because the condition is valid for all initial

conditions at time t0.

1.3 Classical Results

The results presented in this dissertation work rely on an assumption of per-

sistence of excitation as per Definition 1.1 on the singular, time-varying control and

measurement gains. However, the important thing to note is that global informa-

tion on the persistent gain signals is not required i.e., the actual values of constants

µ1, T in Definition 1.1 are not needed. This is indeed what differentiates the results

presented here from classical feedback laws such as the one presented below.

7



Theorem 1.1. [68] Consider the linear, time-varying system,

ẋ = A(t)x+B(t)u (1.9)

where x ∈ Rn, u ∈ Rm along with the following controllability and modified control-

lability grammians,

W (t0, tf ) =

∫ tf

t0

Φ(t0, σ)B(σ)BT (σ)ΦT (t0, σ)dσ (1.10)

Wα(t0, tf ) =

∫ tf

t0

2e4α(t0−σ)Φ(t0, σ)B(σ)BT (σ)ΦT (t0, σ)dσ (1.11)

for α > 0. Suppose there exist positive constants δ, ε1 and ε2 such that,

ε1In ≤ W (t, t+ δ) ≤ ε2In (1.12)

for all t. Then given a positive constant α the feedback law,

u(t) = −BT (t)W−1
α (t, t+ δ)x (1.13)

is such that the resuling closed-loop system is uniformly exponentially stable with rate

α.

It is worthwhile to highlight some features of the above state feedback law

formulation which claims a strong exponentialy stability result for general linear,

time-varying systems. The assumption in Eq. (1.12) is called the uniform complete

controllability assumption. For general time-varying systems it is difficult to com-

pute the controllability matrix W (t, t + δ) mostly due to the complexity of Φ(t0, σ).

However this is considerable simplified if the drift matrix A is constant in which case,

Φ(t0, σ) = exp(A(t0 − σ)). However, the control law implementation in Eq. (1.13)

8



requires knowledge of the interval of controllability δ which is considerably difficult

to determine.

In this work, special classes of linear, time-varying systems are considered

albeit obviating the requirement of knowledge of the controllability interval. More

specifically, it is possible to claim that the controllability interval δ and the persistence

of excitation parameters µ1, T are related.

To prove this claim, it is assumed that the uniform controllability criterion in

inequality (1.12) is satisfied for all time t as required in the above theorem. Further,

linear systems with the following special structure are considered,

ẋ = Ax+BG(t)u (1.14)

which will be considered in this work.

The controllability matrix corresponding to the (A,B) pair is,

Qc = [B AB · · · An−1B] (1.15)

Suppose, for contradiction it is assumed that (A,B) is not a controllable pair and

therefore that Qc has rank less than n. This implies existence of a unit vector α such

that αTQc = 01×nm and so QT
c α = 0nm×1. The following is now computed,

W (t, t+ δ)α =

∫ t+δ

t

eA(t−σ)BG(σ)GT (σ)BT eA
T (t−σ)α dσ (1.16)

Applying the Cayley-Hamilton theorem to expand the exponential of AT (t− σ), the

above equation can be written as,

W (t, t+ δ)α =
n−1∑
i=0

∫ t+δ

t

γi(σ)eA(t−σ)BG(σ)GT (σ)BT (Ai)Tα dσ (1.17)

9



where the time-dependent coefficients γi(σ) arise from the characteristic polynomial of

AT . However, QT
c α = 0nm×1 implies that BT (Ai)Tα = 0m×1 for i = 0, 1, . . . , (n− 1).

It can thus be concluded that α is in the null space of W (t, t+δ) and hence the latter

is not full rank. This violates the uniform controllability assumption and thus it can

be concluded by contradiction that (A,B) is indeed a controllable pair.

Now, assuming that G(t) is not persistently exciting (Def. (1.1) implies that

given any T > 0, any ε > 0 (arbitrarily small) and any vector β(t) there exists a time

t such that,

βT (t)

∫ t+T

t

G(σ)GT (σ) dσβ(t) ≤ ε‖β(t)‖2 (1.18)

Since, the left hand side is non-negative it is true that,

βT (t)G(σ)GT (σ)β(t) ≤ ε‖β(t)‖2, ∀σ ∈ [t, t+ T ] (1.19)

The following quadratic form is now considered for any unit-vector α,

αTW (t, t+ δ)α =

∫ t+δ

t

αT eA(t−σ)BG(σ)GT (σ)BT eA
T (t−σ)α dσ (1.20)

which can be written by applying the Mean-value theorem to the above equation as,

αTW (t, t+ δ)α = (αT eA(t−σ
∗)BG(σ∗)GT (σ∗)BT eA

T (t−σ∗)α)T (1.21)

Then, defining β(t) , BT eA
T (t−σ∗)α it is possible to claim from Eq. (1.19) that,

αTW (t, t+ δ)α ≤ Tε‖BT eA
T (t−σ∗)α‖2 (1.22)

Controllability of (A,B) implies that ‖BT eA
T (t−σ∗)α‖ > 0 for all unit-vectors α. So,

given any ε1 in Eq. (1.12) it is possible to choose ε = ε1/(T‖BT eA
T (t−σ∗)α‖2) in order

to ensure that the uniform controllability condition (1.12) is violated. Therefore by

contradiction, G(t) is indeed persistently exciting.
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Uniform complete controllability for dynamics (1.14) thus implies controlla-

bility of (A,B) and PE of G(t). Therefore, assuming no knowledge of controllability

interval δ implies no knowledge of persistence parameters µ1 and T as claimed.

1.4 Literature Review

1.4.1 Singular control-gain dynamics

Control theory for broad classes of nonlinear systems with time and state

dependent control gains continue to draw significant research attention in the light of

several interesting practical applications [40, 63, 84, 39, 70, 38].

Stability problems involving time-varying dynamics routinely arise in the clas-

sical framework of adaptive identification and control for linear systems [71, p. 71-73].

More precisely, in the setting of gradient algorithms for adaptive identification, the

dynamics of the parameter estimation error vector x(t) ∈ Rn is typically given by

the drift-free system, ẋ = −γw(t)wT (t)x wherein w(·) : R → Rn×m is often referred

to as the regressor and the scalar positive constant γ is the learning rate parameter.

The seminal work by Morgan and Narendra [51, 52] establishes that uniform bound-

edness and persistence of excitation of the regressor matrix w(·) is both necessary

and sufficient to ensure exponential convergence of the parameter estimation error

dynamics to the origin. The role of the learning rate parameter γ is equally inter-

esting from the standpoint that one would, by increasing the value of γ, expect to

obtain faster convergence rates. In fact, for the n = 1 scalar case, using notions of

time-averaging, it can be demonstrated that increasing γ for ẋ = −γw(t)wT (t)x with

w(t) being PE indeed provides arbitrarily large exponential rates of convergence (see

e.g. Chaillet et al. [10]). This intuitive yet fairly rudimentary belief, however, doesn’t
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hold true more generally for n ≥ 2. This assertion follows from the important results

of Sondhi and Mitra [76] and Kreisselmeier [33] wherein it is shown that even with a

bounded and persistently exciting regressor signal w(·), it is not possible to increase

the convergence rate for ẋ = −γw(t)wT (t)x arbitrarily by increasing the gain γ, thus

largely limiting the ability to robustly stabilize in presence of arbitrary drift terms

for systems of the form ẋ = Ax− γw(t)wT (t)x.

Returning to a main focus of this work on stabilization of dynamics of the

following single-input system

ẋ = Ax+ g(t)Bu, u(t) ∈ R,x(t0) = x0 ∈ Rn, t0 ∈ R (1.23)

it must be pointed out that the overall control coefficient g(·)B with time-varying

scalar gain g(·) (itself being PE) does not necessarily satisfy the PE condition except

in the scalar case n = 1. This leads to the belief that for n ≥ 2, the control scheme u =

−kg(t)BTx with (finite, arbitrarily large) positive feedback gain k will not generally

be able to exponentially stabilize (1.23) even under the simplified setting of no-drift,

i.e., A = 0.

The discussion on stabilization of systems of form (1.23) can be further mo-

tivated through recent work by Loria et al. [39]. In their work the authors bring to

attention several open problems on stabilizing systems of the form ẋ = Ax+B(t)u,

with A typically being unstable and B(·) being PE. Likewise, Chaillet et al. [10] seek

to answer some of the questions put forth in [39] for m-input systems with dynamics

ẋ = Ax+g2(t)Bu with constant B ∈ Rn×m and the scalar signal g2(·) being bounded

and PE. One specific question addressed in [10] is whether it is possible to stabilize

ẋ = Ax+g2(t)Bu via time-invariant feedback of the form u = −Kx with K ∈ Rm×n
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while assuming pair (A,B) to be stabilizable. It must be noted that the aforemen-

tioned dynamical system is identical to that expressed in (1.23) for the single-input

(m = 1) special case modulo notation; this connection can be made explicit if the

time-varying gain g(t) is absorbed in the control expression as u = −g(t)Kx while

closing the control loop in (1.23). In [10], it is shown that for the special case when

matrix A is neutrally stable (all the eigenvalues have non-positive real parts and those

with zero real part have trivial corresponding Jordan blocks) it is always possible to

find a stabilizing constant feedback gain matrix K. Further, the choice of K is inde-

pendent of the PE parameters µ1, µ2 and T if T > µ1/µ2; in this setting, K = −αBT

with any scalar gain α > 0 ensures exponential stabilization. Without imposing any

additional smoothness restrictions on the control gain signal g(·), the work of Chail-

let et al. [10] also demonstrates existence of stabilizing time-invariant feedback of the

form u = −[k1 k2]x with suitable constants k1 and k2 for the single-input double

integrator special case ẋ = Ax+ g2(t)Bu, i.e.,

A =

[
0 1
0 0

]
, B =

[
0
1

]
where obviously the matrix A is no longer neutrally stable. The absence of more gen-

eral results in currently available literature pertaining to possibly unstable A matrices

leads to the following question which in essence is the problem stated in [39]:(Q1)

Given the system (1.23) with the pair (A,B) being assumed controllable and g(·)

assumed to be bounded, sufficiently smooth, and PE, does there exist a (possibly

time-varying) controller which will exponentially stabilize the origin of corresponding

closed-loop system for arbitrary, unstable drift matrices A?

In this thesis, a positive answer to (Q1) for this case of single-input, linear
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systems is provided. A solution to the exponential stabilization problem of the system

(1.23) is provided through a novel persistence filter construction. In this regard, this

work resolves, to our best knowledge, one in a series of long standing problems on

stabilization of systems with time dependent control gains. For the case of an n-

chain integrator system with drift, the persistence filter based control is applied to a

smooth and bounded trajectory tracking problem. The solutions are shown to remain

bounded in time.

1.4.2 Singular measurement-gain dynamics

The availability of all state measurements in practical control design appli-

cations is rare. This gives rise to the problem of state observer design to estimate

the unknown states representing the dynamics, given an input-output system. For

continuous-time, linear time-invariant dynamical systems, the observer design pro-

posed by Luenberger [45, 43] provided an elegant solution to the state estimation

problem. Recent research has provided some interesting results on observer design

for nonlinear dynamics. One of the earliest results was by Zeitz [89] which relies on

local linearization about the reconstructed state and then uses standard eigenvalue

assignment for linear systems. In this respect it is identical in flavor to the extended

Kalman filter [21]. The pioneering result in systematic design of nonlinear observers is

attributed to Krener and Isidori [34]. In their work, the authors seek local coordinate

transformations that linearize the nonlinear dynamics up to an additive input-output

injection term. However, the conditions imposed on the existence of such a trans-

formation are quite restrictive and almost impossible to find in the presence of an

input forcing the system. In other approaches towards the observer design problem
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Gauthier et al. [20] have proposed high gain nonlinear observers while Ciccarella et al.

[11] propose a Luenberger-like observer design for nonlinear systems. These results

however rely on restrictive smoothness requirements. More recently Kazantzis and

Kravaris [30] have proposed nonlinear observers based on a fairly general set of condi-

tions and rely on solving a system of singular first order partial differential equations.

Besancon and Hammouri have done considerable work on nonlinear observer design

based on interconnected subsystems and state transformations. A comprehensive

summary of this work is available in Lamnabhi-Lagarrigue et al. [35] and Besançon

[4] for the interested reader.

However, the bulk of literature for nonlinear observer design deals with au-

tonomous systems only. In the context of linear systems or state-affine systems,

Hammouri and de Leon Morales [22] and Besançon et al. [5] have proposed exten-

sions of the Kalman filter [27, 28] to design observers that guarantee exponential

convergence at an arbitrary rate in the absence of noise. Each of these results re-

quires a state-dependent sufficiency condition called uniform complete observability

(UCO) to be satisfied.

This work formulates a novel observer construction for a special linear, time-

varying (LTV) system which consists of a time-varying scaling on the measurements.

The scalar nature of the filter construction proposed here is in contrast to the matrix

Kalman filter like constructions in literature and leads to a lower order observer for

this special case. A separation property for the control design is also established using

this observer and potential for nonlinear extensions is validated by proving a special

case of the same.

15



1.4.3 Attitude stabilization with intermittent control

Thrusters have been a popular choice for micro-satellite attitude control sys-

tems owing to their high power to weight ratio and because they use fewer number

of moving parts that can fail over time. Thruster applications to spacecraft attitude

stabilization have been widely studied in the past. The reader is pointed to classical

texts like Sidi [74] and Bryson [8] and references therein for an extensive treatment

of the topic. Thrusters have typically been used as on-off actuators and therefore

are not suitable for high pointing accuracy requirements, e.g. space interferometry

missions like TPF [36, 13] and MAXIM [9].

There have been numerous developments in design of variable amplitude thrust-

ing without excessive loss of efficiency of operation. Fisch et al. [19] study the variable

operation of a Hall thruster without reduction in operational efficiency at low mass

flow rates using segmented electrodes. Stone [85] has developed a prototype variable

amplitude cold gas thruster using a high-speed intelligent loading system which of-

fers significant improvement in performance characteristics over traditional reaction

control jets. He also states the possibility of rescaling the system to achieve desired

thrust output without significant penalties on performance. Further classical results

pertaining to Pulse Width, Pulse Frequency Modulation (PWPFM) [74] also provide

efficient means of generating variable torques using on-off thrusters. These advances

enable application of continuous feedback design for spacecraft attitude stabilization

using thrusters.

Feasibility of conventional thrusters to micro and nano-satellite applications is

however still limited by several factors. Micro-satellite maneuvers need thrusts that

are below the minimum threshold from conventional thrusters. Recent developments
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in micro-propulsion therefore seek to reduce the lower thrust threshold, and the min-

imum pulse-widths over which thrusters can be operated. For an extensive survey

of modern micro-propulsion technologies the reader is referred to Rossi [67], Mueller

[57], Stanton [83] and references therein. Additionally, gas based thrusters have non-

zero rise and fall times that are needed to establish steady-state propellant flow (cold

gas systems) and for propellant reaction (hot gas systems) [88]. These times vary

between a few milliseconds to several hundred milliseconds. It is important to ensure

that attitude control torque commands be implemented during the maximum thrust

phase since the thrust provided during the rise and fall phase is uncertain.

It is therefore of value to schedule thruster operation so that no torque com-

mands are made during rise and fall times and also to allow for intermittent thruster

operation. Although the thrusters are still producing forces during these rise and fall

times, they merely contribute to disturbance torques which eventually die out. The

ideas of the persistence filter will be applied in this work to design a stabilizing con-

troller for the nonlinear micro-satellite attitude dynamics with a prescribed thruster

on-off schedule. The spacecraft attitude dynamics formulation has considerable simi-

larity with the magnetically actuated spacecraft. The control scaling for the attitude

dynamics with magnetic actuation turns out to be a matrix with both state and time

dependent terms as opposed to a scalar time-dependent control gain used to model

thruster intermittence. Lovera and Astolfi [41, 42] have formulated the attitude sta-

bilization problem for a spacecraft using magnetic actuators and provided solutions

based on averaging theory. The exponential stability claims are however local and

depend on the averaging parameter. For the stabilization problem considered in this

work, the idea is to design a stabilizing control law for the original dynamics instead
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of a time-averaged counterpart in order to circumvent issues related to choice of the

averaging parameter.

1.4.4 Non-static feedback control

The class of control laws derived in this work fall under the category of time-

varying or dynamic feedback control laws. The notion of non-static feedback control

has been looked at even in classical control literature such as Linear Quadratic Reg-

ulators that employ dynamic stabilizing feedback to optimize certain performance

characteristics. In recent times interest has been renewed in time-varying feedback

laws in stabilizing underactuated systems. It was shown by Brockett [7] that au-

tonomous nonlinear dynamical systems not satisfying a necessary condition cannot

be stabilized by static continuous feedback laws. Amongst the most prominent exam-

ples of such systems being the spacecraft attitude dynamics with only two controls.

Results by Samson [69] indicated the potential for using time-periodic feedback to

asymptotically stabilize such a non-static feedback stabilizable system. This was

followed by a major research effort directed at deriving time-varying and continu-

ous asymptotic stabilizers for driftless control systems with fewer inputs than states

which inherently failed the Brockett condition [62, 86, 70]. Stabilizing controllers for

chain-form non-holonomic integrators was one of the major contributions of this mass

of work. Morin et al. [55] also developed a time-varying feedback law to stabilize the

attitude of a spacecraft with only two controls. However, these results suffer from the

drawback of providing less than exponential convergence rates and are local results

which were found in real applications to hinder performance. Many pioneering results

on homogeneous differential equation and control systems by Hermes [23] and Kawski
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[29] led to investigations in applying homogeneous approximations and feedback to

driftless systems by M’Closkey and Murray [47, 48, 49], Morin and Samson [53] and

Morin et al. [56] in an effort to improve convergence rates. These results achieve

exponential convergence in a small neighborhood of the origin but with no control on

the convergence rates. The results for driftless systems have been extended to systems

with drift with respect to the rigid body attitude control problem with two actuators

by Coron and Kerāı [12], Morin and Samson [54] based on notions of homogeneous

feedback. M’Closkey and Morin [46] have proposed homogeneous feedback laws to

locally exponentially stabilize more general classes of nonlinear systems with drift.

Non-static feedback laws are sought in this work for the specific class of systems

with singular, state and/or time-varying control gains and unstable drift. This work

seeks to exploit the persistence of excitation property of the control gains similar to

the work by Loria et al. [38] on neutrally stable systems. For the class of systems

considered in this work, the control design based on the persistence of excitation

paradigm is shown to guarantee arbitrary rates of exponential convergence and global

stability unlike the aforementioned results.

1.5 Dissertation Outline

The primary focus of this dissertation work is on development of a systematic

framework for feedback controller and observer design for dynamics with state or time

dependent control and measurement scaling. These gains can potentially pass through

an instantaneous singularity or remain singular over a period of time resulting in

temporary loss of controllability or observability of the system. The singular nature of

the control (measurement) gains significantly complicates controller (observer) design
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and in this dissertation explicit time-dependent stabilizing controllers and observers

for several representative classes of dynamical systems are proposed.

The core contribution of this research is the development of a novel persistence

filter which is a stable, linear dynamical system forced by the persistent gain terms.

It is this fundamental innovation and its modifications that are built upon to design

stabilizing controllers and observers for the aforementioned class of systems. Following

is a sequential outline of the problems addressed in this dissertation.

In Chapter 2, an exponentially stabilizing controller for linear, single-input

systems with a singular, time-varying control gain is formulated. The lack of invert-

ibility of the control gain term implies conventional pole-placement algorithms cannot

reliably provide stabilization for these systems. The new controller development is

based on ideas of backstepping based design and hinges on a novel persistence filter

construction as mentioned above. It is demonstrated that a nonlinear modification

to the persistence filter additionally allows adaptation for unknown plant parameters

and guarantees asymptotic convergence of the states to the origin. For the trajectory

tracking problem, it is concluded that the persistence filter based controller results

in all signals remaining bounded, although convergence of the tracking error dynam-

ics to the origin is no longer guaranteed for this case. Since the persistence filter

based feedback design relies on the controller canonical representation of the system,

this chapter also proves interesting stabilization results for certain general classes of

nonlinear systems in the controller canonical structure.

The dual-problem to the one in Chapter 2 is considered in Chapter 3 i.e.,

observer design for linear, single-output systems with a singular, time-varying mea-

surement gain. An observer design guaranteeing exponential reconstruction of the
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states is postulated in this chapter based on a persistence filter identical in structure

to the control design case. The persistence filter has scalar dynamics which sets it

apart from Kalman-filter like observer designs proposed in literature [22, 5] requiring

a matrix filter construction. The scalar filter construction further allows for nonlinear

extensions and for this special case implies an observer with fewer number of state

variables as compared to Kalman-filter like observers. In this chapter, the proposed

exponential observer and stabilizing controller from Chapter 2 are further combined

to design an observer based controller for dynamics with singular, time-varying gains

on both the control and the measurements. A separation property is thus shown

to hold for the persistence filter based control design. This permits an exponen-

tially stabilizing controller design based on the results in Chapter 2, independent

of the observer design shown in this chapter. The persistence filter based observer

and controller is shown to motivate interesting applications to control with reversible

transducers. In this framework transducers can operate as both sensors and actuators

and constantly switch between the two modes. The switching can be modulated by

user-defined orthogonal, singular, time-varying gains preceding the control and the

measurements. Employing reversible transducers in this smooth switching algorithm

accomplishes both sensing and control objectives while drastically reducing the hard-

ware requirements. Two specific applications of interest considered here are vibration

control using piezoelectric devices and inverted pendulum stabilization using a dc

motor. The utility of the scalar persistence filter is illustrated in devising a nonlinear

extension to the combined observer based controller design framework which is not

possible via linear techniques such as the Kalman filter.

In Chapter 4, a nonlinear stabilization problem in the presence of singular,
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time-varying control gains is studied and a nonlinear persistence filter based feedback

controller is developed. The objective is to stabilize the attitude and angular velocity

of a spacecraft with only intermittently operational actuators. The specific actuator

focused on in this context is variable amplitude thrusters. However, the same ideas

are applicable to any intermittent actuation problem such as intermittent control

with CMG’s to avoid singularities or allow for desaturation. The intermittence in

the thrusting is scheduled through a singular, time-varying control gain and a novel

nonlinear persistence filter forced by the gain signal is developed. This persistence

filter construction is employed to design a stabilizing controller which guarantees ex-

ponential convergence of states to the system origin irrespective of the on-off duration

of the actuators.

Multi-input extensions to the persistence filter based stabilizing feedback de-

sign are sought in Chapter 5. A special case problem is considered where each control

input is scaled by a different time-varying, singular gain term. This implies a diag-

onal matrix control gain in the system dynamics. It is proved that by employing a

particular canonical transformation for multi-input systems by Anderson and Luen-

berger [2], the problem can be reduced to a set of single-input systems with singular

control gain and unidirectional coupling between systems. This allows extension of

the persistence filter framework to design a stabilizing feedback law for this multi-

input dynamical system with minor modifications from the single-input case to handle

the coupled states. The adaptive control result proposed for single-input dynamics

is also extended to prove asymptotic stabilization with unknown plant parameters.

An application to angular velocity stabilization of an underactuated, axisymmetric

spacecraft is explored in this chapter.
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This chapter concludes with a list of commonly used notation throughout this

document as follows.

Notation. Throughout this work bold face variables are used to denote vector quan-

tities; R(t) is the persistence filter state; the | · | operator denotes the absolute value

of a scalar argument; ‖ · ‖ denotes the Euclidean norm for vectors and the Euclidean

induced norm for matrices even if the time-argument is suppressed, unless otherwise

specified; ‖ · ‖∞ represents the standard L∞ norm for functions; d·e is the ceiling

function defined as dxe = min {z ∈ Z |x ≤ z}; H[z] = {0 if z < 0; 1 if z ≥ 0} is the

discrete Heaviside function defined for z ∈ Z; x(k)(t) denotes the kth time-derivative

of the signal x(t); Ai,j denotes the (i, j)th term of a matrix A; det(A) denotes the

determinant of square matrix A; two real, scalar functions α1(t) and α2(t) are said to

be “orthogonal” if their inner product defined by α1 · α2
.
=
∫∞
0
α1(τ)α2(τ)dτ equals

zero; Br = {x : ‖x‖ < r}, is the open ball of radius r around the origin in Rn; Amin,

Amax represent the smallest and largest eigenvalues respectively of symmetric matrix

A; mod(·, ·) is the modulo function; Ik represents the identity matrix of dimension k;

the time-argument for various functions is suppressed unless necessary for clarity in

enunciation; the initial time (t0) for all subsequent differential equations is assumed

to be 0 unless otherwise stated.
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Chapter 2

Persistent Filters for Exponential Stabilization of

Linear, Single-input Systems

This chapter focuses upon robust stabilization of a class of single-input, control-

affine, linear dynamical systems with time-varying control gains and unstable drift of

the form,

ẋ = Ax+ g(t)Bu, x(t0) = x0 ∈ Rn, t0 ∈ R (2.1)

Here, the state x(t) ∈ Rn, A ∈ Rn×n, g(·) : R → R is assumed Cn−1, bounded with

bounded derivatives up to order (n− 1), and persistently exciting (cf. definition 1.1),

B ∈ Rn×1 and control input u(t) ∈ R. The matrix A associated with the drift term

in (2.1) is arbitrary and can indeed be unstable i.e., it can have eigenvalues with

positive real parts. The pair (A,B) is assumed controllable. The scalar time-varying

control gain g(·) can be singular (g(t) = 0) at several instants in time or stay singular

over a window of time.

The chapter is organized as follows. In Section 2.1 a higher-order PE condition

is derived. This result will be useful for stability proofs in the sections that follow.

Section 2.2 provides the main result on stabilization of system (2.1) with arbitrary,

unstable drift A. A modification to the persistence filter construction that allows

adaptation for unknown plant parameters is also introduced. The persistence filter

based control construction is also extended to stabilize a special class of systems with

24



nonlinear drift in a controllable canonical form. Section 2.3 applies the persistence

filter based control to the smooth, bounded trajectory tracking problem. Section 2.4

provides sample simulations for the stabilization and trajectory tracking problems.

Section 2.5 concludes with a discussion of the results obtained in this chapter.

2.1 Higher-order PE conditions

Lemma 2.1. Consider g(·) : R → R with some finite positive integer m, such that

gm(·) is bounded and satisfies the PE condition, i.e., ∃ finite T, µ1, µ2 > 0 such that,

µ1 ≤
∫ t+T

t

g2m(τ)dτ ≤ µ2, ∀t ≥ t0, (2.2)

then there exist finite positive constants γ1 and γ2 such that,

γ1 ≤
∫ t+T

t

g4m(τ)dτ ≤ γ2, ∀t ≥ t0 (2.3)

Proof. Applying the Cauchy-Schwarz inequality gives the following inequality,{∫ t+T

t

g2m(τ)dτ

}2

≤
[∫ t+T

t

g4m(τ)dτ

] [∫ t+T

t

1dτ

]
(2.4)

which on applying equation (2.2) yields,∫ t+T

t

g4m(τ)dτ ≥ µ2
1

T
> 0 (2.5)

Further, boundedness of g(·) implies,∫ t+T

t

g4m(τ)dτ ≤ ‖g‖2m∞
∫ t+T

t

g2m(τ)dτ ≤ µ2‖g‖2m∞ (2.6)

Thus, given (2.2) is satisfied for any finite positive integer m, (2.3) is also holds true

with γ1 = (µ2
1/T ) and γ2 = µ2‖g‖2m∞ .
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2.2 Persistence filter based stabilization

Consider the dynamics in equation (2.1) along with other stated assumptions

on A, B and g(·). Given that pair (A,B) is controllable, there exists non-singular

matrix T ∈ Rn×n such that the transformation z = T−1x yields the following con-

trollable canonical form,

ż = (T−1AT )z + g(t)(T−1B)u =


0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . . 0
0 0 0 · · · 1
a1 a2 a3 · · · an

 z + g(t)


0
0
...
0
1

u (2.7)

with ai’s being the coefficients of the characteristic polynomial of A such that det(A−

λIn×n) =
∑n

j=0−aj+1λ
j with an+1 = −1. It is thus sufficient to find a control u(·)

that stabilizes the following cascaded integrator dynamics,

ż1 = z2

...

żi = zi+1

...

żn =
n∑
i=1

aizi + g(t)u (2.8)

where it is important to re-emphasize that the scalar control gain g(·) is assumed to

be Cn−1, bounded with bounded derivatives up to order (n−1) and satisfying the PE

condition (1.5).
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2.2.1 Persistence Filter Construction

The persistence filter state R(t) ∈ R is defined to have the following dynamics,

Ṙ = −λR + gk(t) (2.9)

with initial condition R(t0) > 0 for some t0 ∈ R, k = max{2, 2dlog2 ne} and λ > 0. It

needs to be recognized that the parameter λ essentially dictates the bandwidth for

the linear low-pass persistence filter defined through (2.9).

Lemma 2.2. Let g(·) : R → R be Cn−1 be bounded with bounded derivatives up to

order (n − 1) and PE (1.5), k , max{2, 2dlog2 ne}, λ > 0. Then the solution R(·) of

(2.9) with initial condition R(t0) > 0, t0 ∈ R satisfies,

∃Rmin > 0 s.t. ∀t ≥ t0 : 0 < Rmin ≤ R(t) ≤ ‖R‖∞ (2.10)

Proof. It is possible to conclude that g(·) being PE implies g2(·) also to be PE via

Lemma 2.1. Repeated application of the same lemma ensures PE for the signal gk/2(·)

for k = max{2, 2dlog2 ne}, i.e., there exist positive constants µ1, µ2 and T such that,

µ1 ≤
∫ t+T

t

gk(τ)dτ ≤ µ2, ∀ t ≥ t0 (2.11)

It must be noted that although its possible for gk/2(·) to be less than zero at several

instants in time, gk/2(·) still satisfies the PE condition. In terms of the pre-specified

control gain signal g(·), the analytical solution R(·) of equation (2.9) can be explicitly

established as follows:

R(t) = e−λ(t−t0)R(t0) + e−λt
∫ t

t0

eλτgk(τ)dτ ∀t ≥ t0, t0 ∈ R (2.12)
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The next step is to confirm the existence of Rmin > 0 as in (2.10). To that end, for

t0 ≤ t < t0 + T the lower bound on R(·) from (2.12) is e−λTR(t0). Second, assuming

t = t0 + nT + δ with 0 ≤ δ < T and n ∈ N, the integral term in (2.12) can be

expanded as follows

R(t) =e−λ(t−t0)R(t0) + e−λ(t0+nT+δ)
[ ∫ t0+T

t0

eλτgk(τ)dτ + · · ·+
∫ t0+nT

t0+(n−1)T
eλτgk(τ)dτ

+

∫ t0+nT+δ

t0+nT

eλτgk(τ)dτ
]

≥e−λ(t−t0)R(t0) + e−λ(nT+δ)
[∫ t0+T

t0

gk(τ)dτ + · · ·+ eλ(n−1)T
∫ t0+nT

t0+(n−1)T
gk(τ)dτ

]
≥e−λ(t−t0)R(t0) + µ1e

−λ(nT+δ) [1 + eλT + · · ·+ eλ(n−1)T
]

≥e−λ(t−t0)R(t0) + µ1e
−λ(nT+δ)+λ(n−1)T

≥µ1e
−2λT (2.13)

Thus, for all t ≥ t0 and any λ > 0, there exists a lower bound for R(·) for all t ≥ t0

given by,

R(t) ≥ min
{
e−λTR(t0), µ1e

−2λT} , Rmin > 0 (2.14)

Also, the dynamics governing R(t) in (2.9) are those of a stable linear system with

bounded forcing gk(·). This readily ensures R(·) is bounded from above. This, along

with equation (2.14), gives ‖R‖∞ ≥ R(t) ≥ Rmin > 0, ∀t ≥ t0.

Note 2.1. In the analysis that follows, whenever R(·) appears as an argument to a

function, it represents the solution path described by (2.12) for all t ≥ t0 and not a

separate state with dynamics (2.9). This is indeed possible since the solution R(·) in

(2.12) depends on pre-specified quantities λ, t0, R(t0) and g(t) for all t ≥ t0.

28



2.2.2 Stabilization of Single-input Dynamics

The persistence filter defined in the previous section is now employed to de-

sign a stabilizing control for the single-input system with a singular, time-varying

control gain. The following set of augmented states are introduced for control design

purposes,

Ω1 , z1

Ωi+1 ,
d

dt
Ωi +

gk

2R
Ωi, i = 1, 2, . . . , (n− 1) (2.15)

Lemma 2.3. Consider the system represented by (2.8), with scalar control gain g(·)

assumed to be Cn−1, bounded with bounded derivatives up to order (n−1) and satisfying

the PE condition (1.5) and function R(·) as given by (2.12) with R(t0) and λ being

real, positive constants. There exist bounded, differentiable functions ψij(·) such that

each one of the augmented states Ωi in (2.15) can be represented as,

Ωi = zi + gk−i+2

i−1∑
j=1

ψij(R, g, g
(1), . . . , g(i−2))zj ∀ i = 2, . . . , n (2.16)

Proof. The lemma will be proved with induction arguments. First, note Ω2 = z2 +

(gk/2R)z1 from the definition of augmented states (2.15). Thus there exists function

ψ21(R, g) = (1/2R) such that (2.16) is true for i = 2. Further the function ψ21(·) is

bounded since R(t) ≥ Rmin > 0, ∀t ≥ t0 (cf. equation (2.14)) and Ṙ(t) is well defined,

∀t ≥ t0 by virtue of construction (2.9). It is now assumed that Lemma 2.3 holds for

i = m < n, i.e. there exist bounded and differentiable functions ψmj(·) such that

equation (2.16) holds for j = 1, 2, . . . ,m − 1. Then using (2.15) gives the following
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identities,

Ωm+1 =
d

dt
Ωm +

gk

2R
Ωm

= żm + (k −m+ 2)gk−m+1ġ
m−1∑
j=1

ψmjzj + gk−m+2

m−1∑
j=1

ψ̇mjzj

+gk−m+2

m−1∑
j=1

ψmj żj +
gk

2R

[
zm + gk−m+2

m−1∑
j=1

ψmjzj

]

= zm+1 + gk−m+1

[m−1∑
j=1

(
(k −m+ 2)ġψmj + gψ̇mj +

gk+1

2R
ψmj

)
zj

+
m−1∑
j=1

gψmjzj+1 +
gm−1

2R
zm

]
(2.17)

So that defining ψ(m+1)j as,

ψ(m+1)j =

 (k −m+ 2)ġψmj + gψm(j−1)H[j − 2] + gψ̇mj + (gk+1/2R)ψmj,
j = 1, . . . , (m− 1)

gψm(m−1)H[j − 2] + (gm−1/2R), j = m
(2.18)

it is evident that Ωm+1 = zm+1 + gk−m+1
∑m

j=1 ψ(m+1)j(R, g, g
(1), . . . , g(m−1))zj for

i = m + 1. The differentiability and boundedness of each ψ(m+1)j(·) is guaranteed

from the assumption that g(·) is Cn−1, bounded with bounded derivatives up to order

(n−1) and that R(t) ≥ Rmin > 0, ∀t ≥ t0. Further, since the ψmj’s involve derivatives

of g(·) up to g(m−2)(·), the ψ(m+1)j’s have derivatives of g(·) up to g(m−1)(·) which arises

from the term involving ψ̇mj in the definition (2.18). Thus by induction Lemma 2.3

holds for all i = 2, . . . , n.

Remark 2.1. Consider the dynamics (2.8), augmented states defined by (2.15) and

function R(·) given by (2.12) with R(t0) and λ being real, positive constants. Then a

choice of k = max{2, 2dlog2 ne} and assuming that g(·) is Cn−1, bounded with bounded

derivatives up to order (n − 1) and PE (1.5), guarantees that for i = 2, . . . , n, each
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(Ωi−zi) is homogeneously scaled by g(t) to a degree greater than or equal to unity. This

is evident directly by subtracting zi on both sides of equation (2.16) and substituting

for k.

Ωi − zi = gk−i+2

i−1∑
j=1

ψij(R, g, g
(1), . . . , g(i−2))zj ∀ i = 2, . . . , n (2.19)

Further
[
d
dt

(Ωn − zn)
]

is also homogeneously scaled by g(t) to a degree greater than

or equal to unity.Taking the time derivative on both sides of (2.19) for i = n gives,

d

dt
(Ωn − zn) = gk−n+1

n−1∑
j=1

[
(k − n+ 2)ġψnjzj + ψnjzj+1 + ψ̇njzj

]
(2.20)

which with the prescribed choice of k ensures that
[
d
dt

(Ωn − zn)
]

is homogeneously

scaled by g(·) to a degree greater than or equal to unity.

Lemma 2.4. Consider the system represented by (2.8), with scalar control gain g(·)

assumed to be Cn−1, bounded with bounded derivatives up to order (n−1) and satisfying

the PE condition (1.5), function R(·) as given by (2.12) with R(t0) and λ being

real, positive constants and augmented states (2.15). There exists a finite, positive,

constant ρ such that,

‖z(t)‖ ≤ ρ‖Ω(t)‖, ∀t ≥ t0 (2.21)

where, Ω , [Ω1, . . . ,Ωn]T and z , [z1, z2, . . . , zn]T .

Proof. Referring back to (2.16) in Lemma 2.3 and defining φij as,

φij =

{
1, j = i and i = 1, . . . , n
gk−i+2ψij, j = 1, . . . , (i− 1) and i = 2, . . . , n

(2.22)

one can readily conclude that there exists a linear transformation,

Ωi =
i∑

j=1

φij(R, g, g
(1), . . . , g(i−2))zj, i = 1, 2, . . . , n (2.23)

31



It is therefore possible to re-write Ω as,

Ω = W (R, g, g(1), . . . , g(n−2))z (2.24)

Further the transformation matrix W (·) ∈ Rn×n is bounded since each φij(·) is

bounded due to (2.22) and boundedness of the ψij(·) functions. It is obvious that the

matrix W is invertible for the n = 1 case since z1 = Ω1 in (2.15). Invertibility is now

assumed for the case of any integer n = m so that,

zi =
i∑

j=1

φ̃ij(R, g, g
(1), . . . , g(i−2))Ωj, i = 1, 2, . . . ,m (2.25)

where each φ̃ij(·) is bounded. Taking the derivative of both sides of the above equation

for i = m and keeping in mind from the dynamics (2.8) that żm = zm+1 for m =

1, 2, . . . , n− 1 yields,

zm+1 =
d

dt
zm =

m∑
j=1

˙̃φmjΩj +
m∑
j=1

φ̃mj
d

dt
Ωj

=
m∑
j=1

˙̃φmjΩj +
m∑
j=1

φ̃mj

[
Ωj+1 −

gk

2R
Ωj

]

=
m∑
j=1

(
˙̃φmj −

gk

2R

)
Ωj +

m∑
j=1

φ̃mjΩj+1 (2.26)

where the definition of the augmented states (2.15) has been used to arrive at the

second step above. Now defining φ̃(m+1)j as,

φ̃(m+1)j =

{
˙̃φmj − (gk/2R) + φ̃m(j−1)H[j − 2], j = 1, . . . ,m

φ̃mm, j = m+ 1
(2.27)

yields zm+1 =
∑m+1

j=1 φ̃(m+1)jΩj. Now since each zi for i = 1, . . . ,m is already express-

ible as a linear function of the Ωi’s the following holds true,

zi =
i∑

j=1

φ̃ij(R, g, g
(1), . . . , g(i−2))Ωj, i = 1, 2, . . . ,m+ 1 (2.28)
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This proves invertibility of matrix W for n = m+ 1 and therefore by induction that

the linear relationship represented in equation (2.24) is both bounded and invertible.

This implies existence of a bounded W̃ (·) ∈ Rn×n such that

z = W̃ (R, g, g(1), . . . , g(n−2))Ω (2.29)

and so the norms can be related as ‖z(t)‖ ≤ ‖W̃‖∞‖Ω(t)‖ which proves the lemma

with ρ = ‖W̃‖∞.

The following Theorem formally states the main result on stabilization in this

chapter,

Theorem 2.1. Consider the system with dynamics defined by (2.1), ai’s being the co-

efficients of the characteristic polynomial of A such that det(A−λIn) =
∑n

j=0−aj+1λ
j

with an+1 = −1, function R(·) as given by (2.12) and the augmented states Ωi as de-

fined by equation (2.15). Assuming that the initial condition R(t0) > 0, t0 ∈ R,

k = max{2, 2dlog2 ne}, λ is chosen as,

λ > max

(1 + |a1|), (2 + |a2|), . . . , (2 + |an−1|), (1 + 2an +

(n−1)∑
i=1

|ai|)

 = λ∗c (2.30)

and the function g(·) to be Cn−1, bounded with bounded derivatives up to order (n −

1) and satisfying the PE condition (1.5), the origin of the system (2.1) is rendered

globally exponentially stable by a control law of the form,

u =
n∑
i=2

ai
1

g
(Ωi − zi)−

1

g

d

dt
(Ωn − zn)− gk−1

2R
Ωn (2.31)

Remark 2.2. Restating Remark 2.1, the choice k = max{2, 2dlog2 ne} ensures that each

(Ωi − zi) for i = 2, 3, . . . , n and d
dt

(Ωn − zn) is homogeneously scaled by g(t) to a
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degree greater than or equal to one. The division by g in the control law (2.31) is

therefore only symbolic and used here for the ease of representation. Accordingly, it is

crucial to emphasize that there arises no division by g(·) in the control law as defined

by (2.31). Further substituting from (2.16) and (2.20), the control law in (2.31) is

algebraically equivalent to,

u = gk−i+1

n∑
i=2

ai

i−1∑
j=1

ψijzj − gk−n
n−1∑
j=1

[
(k − n+ 2)ġψnjzj + ψnjzj+1 + ψ̇njzj

]
−g

k−1

2R
[zn + gk−n+2

n−1∑
j=1

ψnjzj] (2.32)

A note on existence and uniqueness: Based on equation (2.32) it is pos-

sible to group terms corresponding to each zi and construct

Ψ̃ : Rn+1 → R1×n, (R, g, g(1), . . . , g(n−1))→ Ψ̃(R, g, g(1), . . . , g(n−1))

Then defining

Ψ : R→ R1×n, t→ Ψ(t) := Ψ̃(R(t), g(t), g(1)(t), . . . , g(n−1)(t))

gives,

u(t) = Ψ(t)z(t) (2.33)

where z , [z1, z2, . . . , zn]T . It follows from the assumptions in Theorem 2.1 and

Lemma 2.3 that Ψ is time-varying, continuous and bounded. As has been clarified

in Note 2.1, R in the argument of Ψ represents the analytical solution path in (2.12)

and thus R is not a state of the closed-loop system. The control u is therefore strictly

linear in the states z. Keeping in mind that z = T−1x from equation (2.7) and

substituting for u(t) in (2.1) gives the following linear closed-loop dynamics,

ẋ = (A+ g(t)BΨT−1)x, x(t0) = x0 ∈ Rn, t0 ∈ R (2.34)

34



Since (A+g(t)BΨT−1) is continuous, there exists a unique continuously differentiable

solution to the closed-loop system given by (2.1) and (2.31) for any t0 ∈ R and x0 ∈ Rn

[68, p. 40-46].

Proof. For purposes of the stability and exponential convergence analysis, scalar func-

tions Vi(R,Ωi) = Ω2
iR for i = 1, 2, . . . , n are defined. The following Lyapunov-like

candidate function is considered,

V (R,Ω1, . . . ,Ωn) =
n∑
i=1

Vi(R,Ωi) =
n∑
i=1

Ω2
iR (2.35)

From the bounds on R(·) in Lemma 2.2,

Rmin‖Ω(t)‖2 ≤ V (R(t),Ω1(t), . . . ,Ωn(t)) ≤ ‖R‖∞‖Ω(t)‖2, ∀t ≥ t0 (2.36)

The time derivative of Vi for each i = 1, 2, . . . , (n − 1) along trajectories of (2.8)

written as V̇i , d
dt

(Ω2
i (t)R(t)) is,

V̇i = 2ΩiR[
d

dt
Ωi] + Ω2

i [−λR + gk] = −λRΩ2
i + 2ΩiR[

d

dt
Ωi +

gk

2R
Ωi]

= −λRΩ2
i + 2ΩiRΩi+1 (2.37)

Similarly, the time-derivative of Vn along (2.8) written as V̇n , d
dt

(Ω2
n(t)R(t)) is,

V̇n = 2ΩnR[
n∑
i=1

aizi + gu+
d

dt
(Ωn − zn)] + Ω2

n[−λR + gk] (2.38)

Substituting for the control law u(t) from equation (2.31) in V̇n yields,

V̇n = −λRΩ2
n + 2ΩnR[

n∑
i=1

aiΩi] = −(λ− 2an)RΩ2
n +

n−1∑
i=1

2RaiΩnΩi (2.39)
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V̇ ,
∑n

i=1 V̇i can be computed by combining equations (2.37)-(2.39) as,

V̇

R
≤ −λ

(n−1)∑
i=1

Ω2
i − (λ− 2an)Ω2

n + 2|Ω1||Ω2|+ 2|Ω2||Ω3|+ · · ·+ 2|Ωn−1||Ωn|

+
n−1∑
i=1

2|ai||Ωi||Ωn| (2.40)

Further applying inequality 2|Ωi||Ωj| ≤ Ω2
i + Ω2

j to bound cross terms in (2.40) leads

to,

V̇

R
≤ −(λ− 1− |a1|)Ω2

1 −
(n−1)∑
i=2

(λ− 2− |ai|)Ω2
i − (λ− 2an − 1−

(n−1)∑
i=1

|ai|)Ω2
n (2.41)

Choosing λ to strictly enforce the inequality (2.30) implies that,

V̇ ≤ −R(λ− λ∗c)
n∑
i=1

Ω2
i ≤ −(λ− λ∗c)V (2.42)

which implies ∀t ≥ t0,

V (t) ≤ V (t0)e
−(λ−λ∗c)(t−t0) (2.43)

This along with the lower bound on V (·) from (2.36) immediately ensures

uniform boundedness for all augmented states Ωi(·) which from (2.29) readily leads to

boundedness of all states zi(·) in the closed-loop due to bounded control law (2.31).

Moreover, from (2.43) and (2.36), it is possible to conclude that the norm of the

augmented states exponentially converges to the origin, i.e. ‖Ω(t)‖ ≤ pe−α(t−t0),

∀t ≥ t0 with p =
√
V (t0)/Rmin and α = (λ − λ∗c)/2. Using the result in Lemma

2.4 it is evident that ‖z(t)‖ converges exponentially to zero. Further due to the

linear transformation between the original states x(t) and transformed states z(t) it

is possible to claim global exponential convergence of x(t) in equation (2.1) to the

origin.
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Figure 2.1: Stabilization example for a 4th-order open-loop unstable system.

2.2.3 Stabilization Example

The control law in (2.31) is simulated for several stabilization test cases. A

sample simulation for a 4th-order open-loop unstable system according to (2.1) is

presented here. The numerical parameters are A = diag[1, 3, 0, 2]; B = [1, 1, 1, 1]T ;

k = 4; t0 = 0; λ = 14; x0 = [5, 3, 2, 6]T ; R(0) = 1; g(t) = sin(t). The results from

these simulations are shown in Figure 2.1. The norm of the state ‖x(t)‖ converges to

origin exponentially as expected.
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2.2.4 Adaptive Control

One immediate and important extension to the linear, single-input stabiliza-

tion result is the introduction of adaptation. Suppose that, no information about

the system matrices A and B in Eq. (2.1) is available except that the matrix pair

(A,B) is controllable. In this scenario it is assumed that A and B matrices are

already in the controller canonical form (2.8). In the sequel, modifications to the

control law (2.31) are introduced to stabilize the system without the knowledge of

these system parameters.

To begin with, a new persistence filter state R(t) ∈ R is proposed with

bounded, time-varying gains and lower boundedness of R(t) as in Lemma 2.2 for

the constant λ case shown.

Lemma 2.5. Consider the persistence filter defined by,

Ṙ = −λ̂(t)R + gk(t), (2.44)

Let g(·) : R→ R be Cn−1, bounded with bounded derivatives up to order (n−1), n being

the order of dynamics (2.8) and PE (1.5), k , max{2, 2dlog2 ne}, 0 < λ̂min ≤ λ̂(t) ≤

λ̂max. Then the solution R(·) of (2.44) with initial condition R(0) > 0 satisfies,

∃Rmin, Rmax > 0 s.t. ∀t ≥ 0 : 0 < Rmin ≤ R(t) ≤ Rmax (2.45)

Proof. It is possible to conclude that g(·) being PE implies g2(·) also to be PE via

Lemma 2.1. Repeated application of the same lemma ensures PE for the signal gk/2(·).

A new variable Rm(t) is defined to evolve along the following first order dy-

namics for analysis purposes,

Ṙm = −λ̂maxRm + gk(t), 0 < Rm(0) < R(0) (2.46)
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Since, λ̂max > 0 exists as per the assumptions of the above Lemma, it can be concluded

based on Lemma 2.2 that there exists a Rm,min > 0 such that Rm(t) ≥ Rm,min. Now

defining R̃ , R−Rm,

˙̃R = −λ̂R + λ̂maxRm

≥ −λ̂maxR̃

=⇒ R̃(t) ≥ e−λ̂maxtR̃(0) (2.47)

The final inequality in (2.47) combined with the fact that R̃(0) = R(0)− Rm(0) > 0

allows the conclusion that R(t) ≥ Rm(t) for all time t ≥ 0. This implies from the

lower bound on Rm(t) that R(t) ≥ Rm,min > 0 as claimed in the Lemma.

The proof of the other side of the inequality (2.45) is identical. It is possible

to define another variable RM(t) evolving as,

ṘM = −λ̂minRM + gk(t), RM(0) > R(0) > 0 (2.48)

and following the same steps as for the proof of the lower bound, it can be claimed

that R(t) ≤ RM(t) for all t ≥ 0. Further, since RM(t) ≤ ‖RM‖∞ as per Theorem 2.2

it is immediately evident that R(t) ≤ ‖RM‖∞ , Rmax.

The modified persistence filter construction allows design of a control law based

on estimates of the actual parameter values which are then adapted. The adaptive

control result is stated formally in the following theorem.

Theorem 2.2. Consider the system with dynamics defined by (2.8) with unknown

coefficients ai, persistence filter R(·) given by (2.44) and the augmented states Ωi
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as defined by equation (2.15). Assuming that the initial condition R(0) > 0, k =

max{2, 2dlog2 ne}, λ̂ evolving as,

˙̂
λ = νR‖Ω‖2, any ν > 0 and any λ̂(0) > 0 (2.49)

and the function g(·) to be Cn−1, bounded with bounded derivatives up to order (n −

1) and satisfying the PE condition (1.5), the origin of the system (2.8) is rendered

globally asymptotically stable by a control law of the form,

u =
n∑
i=2

âi
1

g
(Ωi − zi)−

1

g

d

dt
(Ωn − zn)− gk−1

2R
Ωn (2.50)

where the parameter estimates âi evolve according to,

˙̂ai = −2RηiΩn(Ωi − zi), any âi(0), ηi > 0 i = 2, 3, . . . , n (2.51)

Note 2.2. It is essential to point out that no exponential convergence guarantees

can be made for the adaptive control problem owing to the nonlinear closed-loop

dynamics involving estimates âi. Theorem 2.2 therefore only guarantees asymptotic

convergence.

Proof. Owing to an identical definition of the augmented states Ω as Theorem 2.1

and Vi = Ω2
iR, i = 1, 2, . . . , n with R being the modified persistence filter defined in

Eq. (2.44) one obtains,

V̇i = −λ̂RΩ2
i + 2ΩiRΩi+1, i = 1, 2, . . . , n− 1 (2.52)

However, the directional derivative of Vn along dynamics (2.8) and (2.44) is modified

as follows,

V̇n = −(λ̂− 2an)RΩ2
n +

n−1∑
i=1

2RaiΩnΩi − 2RΩn

n∑
i=2

ãi(Ωi − zi) (2.53)
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after substituting the modified control law (2.50) and defining ãi , (ai − âi) for

i = 2, 3, . . . , n. The following choice of a potential function for stability analysis is

now made,

V ,
n∑
i=1

Ω2
iR +

1

2ν
λ̃2 +

n∑
i=2

1

2ηi
ã2i (2.54)

where λ̃ , λ̂− λ̂∗ with constant λ̂∗ to be defined later. The directional derivative of

V along (2.8), (2.49) and (2.44) is,

V̇ = −
n−1∑
i=1

λ̂RΩ2
i − (λ̂− 2an)RΩ2

n + 2R
n−1∑
i=1

ΩiΩi+1 +
n−1∑
i=1

2RaiΩnΩi

−2RΩn

n∑
i=2

ãi(Ωi − zi) +Rλ̃‖Ω‖2 −
n∑
i=2

1

ηi
ãi ˙̂a (2.55)

The top line in the above equation is identical to Eq. (2.40) and therefore the following

inequalities can be arrived at using Eqs. (2.40)-(2.42),

V̇ ≤ −R(λ̂− λ∗c)
n∑
i=1

Ω2
i − 2RΩn

n∑
i=2

ãi(Ωi − zi) +Rλ̃‖Ω‖2 −
n∑
i=2

1

ηi
ãi ˙̂ai

≤ −Rε
n∑
i=1

Ω2
i −R(λ̂− λ∗c − ε)

n∑
i=1

Ω2
i − 2RΩn

n∑
i=2

ãi(Ωi − zi)

+Rλ̃‖Ω‖2 −
n∑
i=2

1

ηi
ãi ˙̂ai (2.56)

for any ε > 0. Then with λ̂∗ , (λ∗c + ε) and parameter estimates ai evolving as

Eq. (2.51) it is possible to simplify the above inequality as follows,

V̇ ≤ −Rε
n∑
i=1

Ω2
i (2.57)

The following signal chasing arguments now allow proof of asymptotic conver-

gence of the states z to the origin,
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1. It is possible to claim based on the structure of Eqs. (2.44) and (2.49) that

R(t) ≥ 0. For contradiction, suppose that there exists a time T ∗ > 0 at which

R(T ∗) < 0 for the first time. More specifically, say R(T ∗) = −δ < 0. This

implies from Eq. (2.44) that,

Ṙ(T ∗) = λ̂(T ∗)δ + gk(T ∗) (2.58)

In the above gk(T ∗) ≥ 0 (since k is even). Further, since T ∗ is the first instant

at which R(t) becomes negative, it is true that R(t) ≥ 0 for all t ∈ [0, T ∗). This

combined with the fact that λ̂(0) > 0 it is possible to conclude from Eq. (2.49)

that
˙̂
λ ≥ 0 in interval [0, T ∗) and therefore that λ̂(t) ≥ λ̂(0) > 0 in [0, T ∗).

By continuity of λ̂(t), it is also true that λ̂(T ∗) > 0. It is now evident from

Eq. (2.58) that Ṙ(T ∗) > 0 and hence that R(t) increases from −δ immediately

beyond t = T ∗. This claim holds for any infinitesimal −δ < 0 which implies

that the infimum of R(t) is zero.

2. From Eq. (2.54), V ≥ 0 and from Eq. (2.57), V̇ ≤ 0. This implies that V∞

exists and is finite where,

V∞ , lim
t→∞

V (t) (2.59)

Further it is also true that R‖Ω‖2, λ̃, ãi ∈ L∞ for i = 1, 2, . . . , n.

3. Integrating both sides of Eq. (2.57) yields,

V (0)− V∞ ≤
∫ ∞
0

(
√
R‖Ω‖)2dt (2.60)

which implies that
√
R‖Ω‖ ∈ L2.
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4. The term d(R‖Ω‖2)/dt is now explored. This is one of the pieces of the potential

function V and hence the derivative is given by Eq. (2.55) barring the last two

terms which are contributions from the λ̃ and ãi terms in V (Eq. 2.54). Then

it is straightforward to conclude from boundedness of closed-loop signals as

claimed above that d(R‖Ω‖2)/dt ∈ L∞. This implies that

d

dt
R‖Ω‖2 = 2

√
R‖Ω‖ d

dt

√
R‖Ω‖ ∈ L∞ (2.61)

which implies that d(
√
R‖Ω‖)/dt is unbounded if and only if

√
R‖Ω‖ = 0.

5.
√
R‖Ω‖ ∈ L2∩L∞. Further, d(

√
R‖Ω‖)/dt ∈ L∞ if

√
R‖Ω‖ 6= 0 which implies

from Barbalat’s Lemma that
√
R‖Ω‖ → 0 as t → ∞. Else,

√
R‖Ω‖ = 0 in

some finite time.

6. From the boundedness of λ̃ and the fact that λ̂∗ is a finite constant (albeit

unknown), it can be claimed that ‖λ̂‖∞ exists and is finite. Further,
˙̂
λ ≥ 0

from (2.49) and the initial condition on λ̂ is strictly positive. These imply that

0 < λ̂(0) ≤ λ̂ ≤ ‖λ̂‖∞ which implies from Lemma 2.5 that Rmin > 0 exists such

that R(t) ≥ Rmin for all t ≥ 0.

7.
√
R‖Ω‖ → 0 and R(t) ≥ Rmin > 0 together implies that Ω → 0 at least

asymptotically.

Following identical arguments as Theorem 2.1 regarding invertibility of the

transformation from z to Ω implies that z → 0 at least asymptotically. Nothing

however can be said about the convergence of estimates âi or that of the persistence

filter gain λ̂.
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2.2.5 Nonlinear Extension

The previous theorem shows development of a stabilizing control design for lin-

ear, single-input dynamics. It is important to note that the construction hinges upon

the existence of the controller canonical form (2.8) which is guaranteed for linear,

time-invariant systems by the controllability assumption. Therefore in the subse-

quent development it will be shown that an identical control construction stabilizes

a nonlinear integrator of the form,

ż1 = z2

...

żi = zi+1

...

żn =
n∑
i=1

ai(t, z)zi + g(t)u (2.62)

Corollary 2.1. Consider the system with dynamics defined by (2.62), the nonlinear

functions ai are assumed to be uniformly bounded above as |ai(t, z)| ≤ ai,M for all

t ∈ R≥0 and z ∈ Rn, function R(·) as given by (2.12) and the augmented states Ωi

as defined by equation (2.15). Assuming that the initial condition R(t0) > 0, t0 ∈ R,

k = max{2, 2dlog2 ne}, λ is chosen as,

λ > max

(1 + a1,M), (2 + a2,M), . . . , (2 + an−1,M), (1 + 2an,M +

(n−1)∑
i=1

ai,M)

 = λ∗c

(2.63)

and the function g(·) to be Cn−1, bounded with bounded derivatives up to order (n−1)

and satisfying the PE condition (1.5), the origin of the system (2.62) is rendered
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globally exponentially stable by a control law of the form,

u =
n∑
i=2

ai(t, z)
1

g
(Ωi − zi)−

1

g

d

dt
(Ωn − zn)− gk−1

2R
Ωn (2.64)

Proof. The analysis follows along the lines of the proof of Theorem 2.1 except that

Eq. (2.41) is modified to,

V̇

R
≤ −(λ−1−a1,M)Ω2

1−
(n−1)∑
i=2

(λ−2−ai,M)Ω2
i −(λ−2an,M−1−

(n−1)∑
i=1

ai,M)Ω2
n (2.65)

where the only change is that each occurrence of |ai| is replaced by its uniform upper

bound. Following a choice of λ > λ∗c as prescribed by Eq. (2.63), it is possible to

conclude as before that

V (t) ≤ V (t0)e
−(λ−λ∗c)(t−t0) (2.66)

for all t ≥ t0. This along with the lower bound on V (·) from (2.36) immediately

ensures exponential convergence of Ω(t) and in turn of z(t) from Lemma 2.4.

2.3 Trajectory tracking

In this section the focus is narrowed to cascaded integrator systems given

in (2.8) and the problem of tracking any specified bounded, Cn trajectory in time is

explored. It is evident from the dynamics of the cascaded integrators with drift in

equation (2.8) that the origin is the only equilibrium for the system. Thus, stabiliz-

ing the system along any other prescribed non-trivial trajectory requires continuous

control effort forcing the system. It is thus obvious that perfect tracking is out of

reach in this setting because the control signal is scaled by the function g(·) which

can remain singular for large intervals of time.
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The tracking objective requires that the state z1(·) from (2.8) follow as closely

as possible any prescribed bounded and Cn smooth trajectory zm(·) while maintaining

boundedness for all closed-loop signals. The desired trajectory is defined as zd =

[zm, żm, . . . , z
(n−1)
m ]T . The trajectory tracking objective is to drive the error signal

e(t) = z(t) − zd(t) as close to zero as possible while ensuring closed-loop stability.

With these definitions substituted in (2.8), the error dynamics are expressed by,

ė1 = e2

...

ėi = ei+1

...

ėn =
n∑
i=1

aiei + gu+ [
n∑
i=1

aiz
(i−1)
m − z(n)m ] (2.67)

For convenience of notation the following placeholder is introduced,

σ(t) , [
n∑
i=1

aiz
(i−1)
m − z(n)m ] (2.68)

Further, analogous to the augmented state definitions in (2.15), the following variables

are defined,

Ω̃1 , e1

Ω̃i+1 ,
d

dt
Ω̃i +

gk

2R
Ω̃i, i = 1, 2, . . . , (n− 1) (2.69)

Theorem 2.3. Consider the cascaded integrator system with dynamics (2.8) with ai’s

being real, constant drift term coefficients, error dynamics (2.67), function R(·) as

given by (2.12) and augmented error states as defined by (2.69). Assuming that the

initial condition R(t0) > 0, t0 ∈ R, k = max{2, 2dlog2 ne}, λ > λ∗c + 1 with λ∗c chosen
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as in (2.30), and the function g(·) is Cn−1, bounded with bounded derivatives up to

order (n− 1) and satisfies the PE condition (1.5), a control u(t) given by,

u =
n∑
i=2

ai
1

g
(Ω̃i − ei)−

1

g

d

dt
(Ω̃n − en)− gk−1

2R
Ω̃n (2.70)

ensures that the tracking error e(t) remains uniformly bounded and converges to a

residual set specified by,

∀t ≥ t0 : ‖e(t)‖2 ≤ ‖R‖∞
(λ− λ∗c − 1)Rmin

(ρσmax)
2 (2.71)

where, σ(·) is defined by equation (2.68), σmax = supt |σ(t)| and Rmin is as defined by

equation (2.14).

Proof. The analysis, to a large extent, proceeds along lines identical to the proof of

Theorem 2.1. The Lyapunov-like candidate function for the tracking case is chosen

as V (R, Ω̃1, . . . , Ω̃n) =
∑n

i=1 Ω̃2
iR(t). Skipping the algebra, the following equation

directly presents V̇ , d
dt

(
∑n

i=1 Ω̃2
iR) as evaluated along the solutions of the closed-

loop system (2.67) and (2.70),

V̇

R
≤ −λ

(n−1)∑
i=1

Ω̃2
i − (λ− 2|an|)Ω̃2

n + 2|Ω̃1||Ω̃2|

+2|Ω̃2||Ω̃3|+ · · ·+ 2|Ω̃n−1||Ω̃n|+
n−1∑
i=1

2|Ω̃i||ai||Ω̃n|+ 2|Ω̃n|σmax

≤ −(λ− λ∗c)
n∑
i=1

Ω̃2
i + 2|Ω̃n|σmax (2.72)

where λ∗c is defined in (2.30). Upper bounding the last mixed term in the above

equation as before yields,

V̇ ≤ −R[(λ− λ∗c)
(n−1)∑
i=1

Ω̃2
i + (λ− λ∗c − 1)Ω̃2

n] +Rσ2
max (2.73)
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if λ > (λ∗c + 1) then setting γ = (λ− λ∗c − 1) gives,

V̇ ≤ −γV + ‖R‖∞σ2
max (2.74)

Since V =
∑n

i=1 Ω̃2
iR, integrating equation (2.74) proves exponential convergence

of Ω̃i to the residual set
∑n

i=1 Ω̃2
i ≤ ‖R‖∞

(λ−λ∗c−1)Rmin
σ2
max, ∀t ≥ t0. Further based on

Lemma 2.4 one can claim that there exists a finite positive constant ρ such that

‖e(t)‖2 ≤ ‖R‖∞
(λ−λ∗c−1)Rmin

(ρσmax)
2, ∀t ≥ t0 as described in (2.71).

Note 2.3. Although tracking error convergence is guaranteed according to (2.71),

the ensuing residual set does not necessarily become smaller with increase in λ. This

is because the lower bound Rmin for R(·) is inversely proportional to parameter λ as

seen in (2.14).

2.3.1 Trajectory Tracking Example

Next the tracking problem for a second-order cascaded integrator with dynam-

ics given by equation (2.8) is simulated. Figure (2.2) shows a sample simulation for

the trajectory tracking case with control law (2.70). The various simulation parame-

ters are: k = 2; λ = 25; t0 = 0; a1 = 2, a2 = 4; g(t) = sin(t); z0 = [20, 30]T , R(0) = 1;

zm(t) = 4 sin(3t) + cos(5t). It is evident from the simulation plots that the norm of

the error states ‖e(t)‖ remain bounded and converge to a residual set.

2.4 Concluding Remarks

A novel technique for devising stabilizing control laws for single-input sys-

tems with time-varying and potentially singular control gains is presented. The main

technical innovation comes from the formulation of a persistence filter within the
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Figure 2.2: Trajectory tracking example for a 2nd-order cascaded integrator problem.

controller implementation. The new control scheme is shown to exponentially sta-

bilize large classes of single-input nth-order open-loop unstable linear systems with

prescribed (arbitrary) rates of convergence, which, to our best knowledge, is the first

such result in the stabilization of systems with time varying control gains. An adap-

tive control modification to the persistence filter allows for asymptotic stabilization

even with unknown plant parameters. A class of nonlinear dynamical systems in the

controller canonical form were also shown to be stabilizable with an identical control

law.

The stabilization result generalized to apply to trajectory tracking of nth-order

cascaded integrators indicates that the tracking errors are guaranteed to exponentially
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converge to a residual set about the origin. The size of this residual set, however

cannot be readily regulated based on the current results.
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Chapter 3

Persistent Filters for Observer Design in Linear,

Single-output Systems

The aim of this chapter is to establish a novel observer construction for a

special linear, time-varying (LTV) system which consists of a singular, time-dependent

scaling on the measurements. The construction is based on a scalar persistence filter

motivated by results in Chapter 2 and guarantees a lower order filter as compared to

the Kalman filter [22, 5] like constructions proposed in literature for similar dynamics

in this special single output case.

A separation property for stabilizing control and observer design is also es-

tablished based on the proposed observer and control design from Chapter 2. The

separation property implies that in the presence of time-varying scaling on both the

control and measurements an observer and a stabilizing feedback law can be designed

independently of each other. The time-varying scaling on the control and measure-

ment can be designed to mimic switching between control and actuation mode for

reversible transducers (devices which can work both as sensors and actuators). This

motivates interesting new developments for output feedback control law design for two

specific applications shown in this chapter: (i) Vibration control of a flexible beam

with Piezoelectric actuator/sensor [14]; (ii) Inverted pendulum stabilization with a

DC servo motor [59]. It is immediately evident that the shared sensing and actua-
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tion methodology has the potential to significantly reduce the power, hardware and

data transmission costs required in controlling the system. The persistence based ob-

server and controller further preserves the smoothness of the states and control unlike

previous results based on discontinuous switching [14, 59] between the two modes.

The scalar nature of the persistence filter offers potential for nonlinear ex-

tensions of the observer based control design proposed in this chapter. Therefore,

an extension of the persistence filter based observer and control design to a specific

nonlinear system is also presented and proved as an illustration.

The rest of this chapter is organized as follows. Section 3.1 formally states the

observer design problem to be solved in this chapter. Section 3.2 introduces the prin-

ciples involved in the observer formulation employing a fourth order system to ensure

simplicity while considering a general enough case to cover all aspects of the design

process. Section 3.3 extends the fourth order observer developed in the previous sec-

tion to the general nth-order dynamics. It is proved that the observer guarantees

exponential reconstruction of all states from the measurements at an arbitrary rate.

Section 3.4 begins discussion on the design of a stabilizing output feedback

controller for a linear, time-varying, single-input, single-output system with singular,

time-varying gains on both control and measurements. The control design is accom-

plished in this section by proving a separation property for the proposed observer

design and controller from Chapter 2, thus allowing independent design of expo-

nentially stabilizing controller and observer for the dynamics under consideration.

Section 3.5 proves the claim that an observer and controller of identical structure as

in Section 3.4 allow state estimation and stabilization for the case where the gains

have additional state dependenence. Section 3.6 illustrates novel applications of the
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persistence filter based observer and controller design to reversible transducer sys-

tems using two representative examples. Section 3.7 concludes with a discussion of

the results obtained in this chapter.

3.1 Observer Design Problem

The following linear, single-output dynamical system is considered,

ẋ = Ax+Bu, x(0) = x0 (3.1)

y = g(t)Cx+ g(t)v(t) (3.2)

where x ∈ Rn, A ∈ Rn×n, B ∈ Rn×m, u ∈ Rm are known bounded inputs, C ∈ R1×n,

g(t) is a time-varying, scalar observation gain which can be singular at several instants

or windows of time and v(t) is the measurement noise (usually follows a Gaussian

distribution with zero mean). Under the assumption that (A,C) is an observable pair

and g(·) is sufficiently smooth and satisfies the persistence of excitation condition, that

there exist finite positive constants µ1, µ2 and T such that,

µ1 ≤
∫ t+T

t

g2(τ) dτ ≤ µ2 ∀t ≥ t0 (3.3)

The aim is to design estimate x̂ such that x̂ → x exponentially for the nominal

(noise-free) dynamics.

It must be noted that the persistence of excitation condition in equation (3.3)

is precisely the condition (1.5) specialized to the case of a scalar G(t). Further, zeros

of the observation gain g(t) in Eq. (3.2) could potentially represent phases with no

sensor output.
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3.2 Observer Design - 4th order dynamics

The observer design methodology will be motivated in this section using a

fourth order system. Stated below is an important Lemma regarding the development

of a persistence filter for the system (3.1)-(3.2). The persistence filter formulation is

identical to the developments in Lemma 2.2 and is therefore stated here without proof.

The persistence filter state R(t) ∈ R is defined to have the following dynamics,

Ṙ = −λR + gk (3.4)

with initial condition R0 > 0 and λ > 0 and k = max{2, 2dlog2 ne}. It needs to

be recognized that the parameter λ dictates the bandwidth for the linear, low-pass

persistence filter defined through (3.4).

The persistence filter defined above is exactly identical to Eq. (2.9) for the

dual control problem. Therefore, Lemma 2.2 implies existence of an upper bound

and a strictly positive lower bound on the persistence filter state R(t).

Remark 3.1. In the analysis that follows, whenever R(·) appears as an argument to

a function, it represents the solution to the linear, differential equation (3.4) for all

t ≥ 0 and not a separate state with dynamics (3.4). This is indeed possible since the

solution function R(t, R0) depends on pre-specified quantities λ, R0 and g(t) as given

by,

R(t, R0) = e−λtR0 +

∫ t

0

e−λ(t−τ)gk(τ)dτ (3.5)

Assuming that (A,C) in Equations (3.1)-(3.2) is an observable pair, the input-

output dynamics can be reduced to the following observable canonical form using a
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known similarity transformation z = T−1x,

ż = Aoz + T−1Bu =

[
01×(n−1)
I(n−1)

−a
]
z + T−1Bu (3.6)

y = g(t)zn (3.7)

where I(n−1) is the identity matrix of size (n − 1) and a = [an, . . . , a1]
T is the

vector of coefficients for the characteristic equation of matrix A (det(σI − A) =

σn +
∑n

i=1 aiσ
n−i).

The structure of the observer is assumed to be,

˙̂z = Aoẑ + T−1Bu+ η(t, ẑ, y) (3.8)

where ẑ is the observed state and η = [η1, . . . , ηn]T is the “innovation” term to be

determined through subsequent analysis. Subtracting Eq. (3.8) from Eq. (3.6) leads

to the following error dynamics (z̃
.
= z − ẑ),

˙̃z = Aoz̃ − η(t, ẑ, y) (3.9)

The rest of this section will be specialized to the 4th-order (n = 4) dynamics

case. The observer design is derived through a Lyapunov-like construction which

is defined in terms of the persistence filter state R and augmented states Ωi (i =

1, 2, 3, 4). The Lyapunov function candidate is chosen as,

V
.
=

4∑
i=1

Ω2
iR (3.10)

The foremost step in the observer design methodology is the choice of the

augmented states Ωi which are functions of the states z, the observer gain g(t) and
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the persistence filter state, R(t). Consider the derivative of each individual term of

the Lyapunov candidate function, given the dynamics of R as in Eq. (3.4),

d

dt
(RΩ2

i ) = −λRΩ2
i + 2RΩi

(
Ω̇i +

gk

2R
Ωi

)
(3.11)

The fundamental idea behind the choice of the augmented states is to ensure that

the term within the brackets on the right hand side reduces to a linear combination

of the augmented states only, thus forming a mixed term which can be dominated by

the negative definite terms. In what follows, Ωi’s are systematically defined to satisfy

this constraint. The final augmented state is always defined as,

Ω4
.
= z̃4 (3.12)

Consider then the following definition for Ω1,

Ω1
.
= z̃1 −

gk

2R
z̃2 + D1

(
gk

2R

)
z̃3 −D2

1

(
gk

2R

)
z̃4 (3.13)

with the operator, D1
.
= [d/dt + gk/(2R)] so that given any time-varying function

f(·) : R≥0 → R the operation on f(t) is defined as D1(f(t)) = df/dt + gkf/(2R).

Higher exponents of the operator D1 denote the action of the the operator on itself,

e.g. D2
1(f(t)) = D1(D1(f(t))) and so on. From the above definition, the term in the

brackets in Eq. (3.11) can be evaluated using the error dynamics (3.9) as,(
Ω̇1 +

gk

2R
Ω1

)
=

[
(−a4z̃4 − η1) +

gk

2R
z̃1

]
−
[
gk

2R
(z̃1 − a3z̃4 − η2) + D1

(
gk

2R

)
z̃2

]
+

[
D1

(
gk

2R

)
(z̃2 − a2z̃4 − η3) + D2

1

(
gk

2R

)
z̃3

]
−
[
D2

1

(
gk

2R

)
(z̃3 − a1z̃4 − η4) + D3

1

(
gk

2R

)
z̃4

]
(3.14)
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Each term in the square brackets above corresponds to each term in Eq. (3.13). As is

evident, the prescribed choice of Ω1 results in cancellation of terms not accountable

by the innovation term, η1 (since these states are not measured). After carrying out

these cancellations and choosing η1 according to,

η1
.
= − g

k

2R
(−a3z̃4 − η2) + D1

(
gk

2R

)
(−a2z̃4 − η3)

−D2
1

(
gk

2R

)
(−a1z̃4 − η4)−D3

1

(
gk

2R

)
z̃4 (3.15)

with gz̃4 = (y − gẑ4) .
= (y − ŷ), allows simplification of Eq. (3.14) to,(

Ω̇1 +
gk

2R
Ω1

)
= −a4z̃4 = −a4Ω4 (3.16)

which generates a cross-term which can be dominated as required.

Continuing as above, Ω2 is chosen to be,

Ω2
.
= z̃2 −

gk

R
z̃3 + D1

(
3gk

2R

)
z̃4 (3.17)

The following term evaluated along the error dynamics (3.9) as before gives,(
Ω̇2 +

gk

2R
Ω2

)
=

[
(z̃1 − a3z̃4 − η2) +

gk

2R
z̃2

]
−
[
gk

R
(z̃2 − a2z̃4 − η3) + D1

(
gk

2R

)
z̃3

]
+

[
D1

(
3gk

2R

)
(z̃3 − a1z̃4 − η4) + D2

1

(
3gk

2R

)
z̃4

]
(3.18)

= Ω1 − a3z̃4 − η2 −
gk

R
(−a2z̃4 − η3)

+D1

(
3gk

2R

)
(−a1z̃4 − η4) + D2

1

(
2gk

R

)
z̃4 (3.19)

where Eq. (3.19) has been arrived at by substituting for z̃1 in terms of Ω1 from

Eq. (3.13) and then canceling out like terms. All terms scaled by g(t) in the above
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equation can be compensated for with η2 as,

η2
.
= −g

k

R
(−a2z̃4 − η3) + D1

(
3gk

2R

)
(−a1z̃4 − η4) + D2

1

(
2gk

R

)
z̃4 (3.20)

which leads to, (
Ω̇2 +

gk

2R
Ω2

)
= Ω1 − a3Ω4 (3.21)

Finally, Ω3 is defined as follows,

Ω3
.
= z̃3 −

3gk

2R
z̃4 (3.22)

and the following term evaluated along error dynamics (3.9) gives,(
Ω̇3 +

gk

2R
Ω3

)
=

[
(z̃2 − a2z̃4 − η3) +

(
gk

2R

)
z̃3

]
−
[(

3gk

2R

)
(z̃3 − a1z̃4 − η4) + D1

(
3gk

2R

)
z̃4

]
(3.23)

Re-writing z̃2 in terms of Ω2 from Eq. (3.17) and canceling like terms, the above

equation reduces to,(
Ω̇3 +

gk

2R
Ω3

)
= Ω2 − a2z̃4 − η3 −

(
3gk

2R

)
(−a1z̃4 − η4)−D1

(
3gk

R

)
z̃4 (3.24)

η3 can be chosen so as to cancel the terms scaled by g(t) as follows,

η3
.
= −

(
3gk

2R

)
(−a1z̃4 − η4)−D1

(
3gk

R

)
z̃4 (3.25)

which leads to, (
Ω̇3 +

gk

2R
Ω3

)
= Ω2 − a2z̃4 (3.26)

Ω4 has already been defined in Eq. (3.12) and therefore the following term can

be evaluated for error dynamics (3.9) as,(
Ω̇4 +

gk

2R
Ω4

)
= z̃3 − a1z̃4 − η4 +

gk

2R
z̃4 (3.27)

= Ω3 − a1Ω4 (3.28)
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where Eq. (3.28) has been obtained by choosing η4 as follows and writing z̃3 in terms

of Ω3 from Eq. (3.22),

η4
.
=

2gk

R
z̃4 (3.29)

It is now possible to formally state the design and convergence properties of

the persistence filter based observer for the linear, 4th-order dynamics.

Theorem 3.1. For n = 4 in the linear input-output dynamics (3.1)-(3.2), the ob-

server state evolving as,

˙̂x = Ax̂+Bu+ Tη (3.30)

with η defined in equations (3.15), (3.20), (3.25), (3.29), augmented states Ω =

[Ω1, Ω2, Ω3, Ω4]
T defined as in equations (3.12), (3.13), (3.17), (3.22) and R(t) being

the solution to the persistence filter (3.4), guarantees exponential convergence of the

estimation error (x̃ = x − x̂) to zero, assuming g(t) is persistently exciting and C3,

R0 > 0, k = 4 and λ satisfies,

λ > max

{
(|a4|+ 1), (|a3|+ 2), |a2|+ 2), (1 +

4∑
j=2

|aj| − 2a1)

}
(3.31)

Proof. The Lyapunov candidate function defined in Eq. (3.10) is used to prove conver-

gence claimed above. The important steps in taking the derivative of the Lyapunov

candidate along trajectories corresponding to the error dynamics (3.9) have been il-

lustrated above. Using equations (3.16), (3.21), (3.26) and (3.28), V̇ can be written
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as,

V̇ = −λR
4∑
i=1

Ω2
i + 2R

4∑
i=1

Ωi

(
Ω̇i +

gk

2R
Ωi

)
(3.32)

= −λR
4∑
i=1

Ω2
i + 2R[−a4Ω1Ω4 + Ω2Ω1 − a3Ω2Ω4

+Ω3Ω2 − a2Ω3Ω4 + Ω4Ω3 − a1Ω2
4] (3.33)

≤ −λR
4∑
i=1

Ω2
i +R

[
(|a4|+ 1)Ω2

1 + (|a3|+ 2)Ω2
2

+(|a2|+ 2)Ω2
3 + (1 +

4∑
j=2

|aj| − 2a1)Ω
2
4

]
(3.34)

≤ −R
[
(λ− |a4| − 1)Ω2

1 + (λ− |a3| − 2)Ω2
2 + (λ− |a2| − 2)Ω2

3

+(λ− 1−
4∑
j=2

|aj|+ 2a1)Ω
2
4

]
(3.35)

where the inequality 2|Ωi||Ωj| ≤ Ω2
i + Ω2

j has been utilized to arrive at (3.34). In

Eq. (3.35), choosing λ to satisfy Eq. (3.31) then reduces Eq. (3.35) to,

V̇ ≤ −αV (3.36)

with α defined as,

α
.
= min

{
(λ− |a4| − 1), (λ− |a3| − 2), (λ− |a2| − 2), (λ− 1−

4∑
j=2

|aj|+ 2a1)

}
(3.37)

It is evident from Eq. (3.36) that V converges as, V (t) ≤ V (0)e−αt. This along with

the lower bound on R(t) from Lemma 2.2 implies that, ‖Ω(t)‖ ≤
√

R(0)
Rmin
‖Ω(0)‖e−αt/2.

Further, re-arranging equations (3.12), (3.13), (3.17), (3.22) it is possible to show that

z̃ = M(t)Ω where M(t) has a uniform upper bound, i.e. ‖M(t)‖ ≤Mmax. This yields

the desired convergence result for z̃ as,

‖z̃(t)‖ ≤Mmax

√
R(0)/Rmin‖Ω(0)‖e−αt/2 (3.38)
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Now since z̃ → 0 exponentially, so does x̃ = T z̃ because T is a non-singular transfor-

mation to the observable canonical form. Therefore assigning x̂
.
= T ẑ, the observer

dynamics (3.30) can be recovered.

3.3 Observer Design - nth order dynamics

In this section the main result on observer construction for the nth-order, linear

dynamics (3.1) is presented. The construction of augmented states Ω = [Ω1, . . . , Ωn]T

is now proposed for the general nth-order dynamics. The augmented states are related

to the states z̃ as follows,

Ω
.
=



1 −κ D1 (κ) −D2
1 (κ) . . . . . . . . . (−D1)

n−1 (κ)
0 1 −2κ D1 (3κ) −D2

1 (4κ) . . . . . . (−D1)
n−2 ([n− 1]κ)

0 0 1 −3κ D1 (6κ) . . . . . . . . .
...

...
...

...
...

...
...

...
0 . . . . . . . . . . . . 0 1 −(n− 1)κ
0 0 0 . . . . . . . . . 0 1


z̃

= Γn (t)z̃ (3.39)

where κ
.
= gk/(2R).

The structure of Γn (t) has been arrived at by developing the corresponding

augmented states for lower order dynamics and then generalizing the same. Although

notationally cumbersome, the following step-by-step procedure allows construction of

Γn (t) for a general nth-order system,

1. Γn (t) is upper-triangular with all entries on the main diagonal being unity.

2. The construction begins by defining the first row of Γn (t). The first row is

exactly as shown in Eq. (3.39) i.e., Γn 1,j = −D1( Γn 1,j−1) for 2 < j ≤ n and

Γn 1,2 = −κ.
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3. The term immediately following the diagonal (on the first superdiagonal) incre-

ments by −κ in each row, i.e. Γn i,i+1 = −κ+ Γn i−1,i for 2 ≤ i ≤ (n− 1).

4. The (i, j)th term for 2 ≤ i ≤ (n − 2) and (i + 2) ≤ j ≤ n in Γn (t) is given by

Γn i,j = −D1( Γn i,j−1) + Γn i−1,j−1.

5. The signs preceding the non-zero terms on each row alternate.

For illustration purposes Γn (t) for a fifth order system, i.e., n = 5 based on the above

rules is presented here,

Γ5 (t)
.
=


1 −κ D1(κ) −D2

1(κ) D3
1(κ)

0 1 −2κ D1(3κ) −D2
1 (4κ)

0 0 1 −3κ D1 (6κ)
0 0 0 1 −4κ
0 0 0 0 1

 (3.40)

Further, given Γn (t) for order n it is straightforward to populate the same for a

(n + 1)-order system. This can be elucidated by considering the n = 5 case above

and writing out Γn (t) for n = 6.

Γ6 (t)
.
=


Γ5

−D1( Γ5 1,5)
−D1( Γ5 2,5) + D1( Γ5 1,5)
−D1( Γ5 3,5) + D1( Γ5 2,5)
−D1( Γ5 4,5) + D1( Γ5 3,5)

Γ5 4,5 − κ
0 0 0 0 0 1



=


1 −κ D1(κ) −D2

1(κ) D3
1(κ) −D4

1(κ)
0 1 −2κ D1(3κ) −D2

1 (4κ) D3
1 (5κ)

0 0 1 −3κ D1 (6κ) −D2
1 (10κ)

0 0 0 1 −4κ D1 (10κ)
0 0 0 0 1 −5κ
0 0 0 0 0 1

 (3.41)

Remark 3.2. The matrix Γn (t) defined in Eq. (3.39) is invertible (all eigenvalues are

1). The inverse can be obtained by solving for z̃ in terms of Ω by starting at the
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last equation in the definition above. Further, it can be verified that Γn −1(t) has a

uniform upper bound due to the existence of a uniform lower bound on R(t).

The choice of the “innovation term” η solves the following linear system of

equations in terms of Γn (t) from Eq. (3.39),

Γn (t)η
.
= −( Γn (t)− In)az̃n +


D1( Γn 1,n)

− Γn 1,n + D1( Γn 2,n)
− Γn 2,n + D1( Γn 3,n)

...
− Γn n−1,n + D1( Γn n,n)

 z̃n (3.42)

where a was defined immediately following Eq. (3.6). Eq. (3.42) has been deliber-

ately left as a linear system to be solved because Γn (t) being upper triangular allows

sequential solution to the system starting at the last equation.

Note 3.1. It is easily verifiable that each term in the definition of η above is uniformly

scaled by ỹ and is therefore implementable.

Now that the augmented states Ω and the “innovation term” η for the general

nth-order, linear dynamics have been defined, the main result on state observer design

for singular, time-varying observation gains for general linear time-invariant dynamics

follows.

Theorem 3.2. Consider the general, linear input-output dynamics specified by Eqs.

(3.1)-(3.2) and let z = T−1x be the transformation to the observable canonical form.

Then the observer evolving as,

˙̂x = Ax̂+Bu+ Tη (3.43)

with η defined by Eq. (3.42), Ω defined by Eq. (3.39) and R(t) being the solution to

the persistence filter (2.9) guarantees exponential convergence of the estimation error
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(x̃ = x − x̂) to zero, assuming g(t) is persistently exciting and C(n−1), R0 > 0,

k = max{2, 2dlog2 ne} and λ satisfies,

λ > max

{
(|an|+ 1), (|an−1|+ 2) . . . , |a2|+ 2), (1 +

n∑
j=2

|aj| − 2a1)

}
.
= λ∗ (3.44)

Further, the rate of exponential convergence is (λ− λ∗)/2.

Note 3.2. Kalman filter based observer designs [5, 22] require the propagation of

a symmetric covariance matrix of size n × n in addition to the n state estimates.

This implies that the observer consists of (n + (n(n + 1)/2)) states. On the other

hand the persistence filter based observer requires propagation of an additional scalar

persistence filter only, resulting in an (n+ 1) state observer. Therefore, the observer

proposed in the above theorem is lower order as compared to Kalman filter based

observers for identical dynamics.

Proof. The following candidate Lyapunov function is considered for analysis purposes,

V
.
=

n∑
i=1

Ω2
iR (3.45)

The directional derivative of V along dynamics (3.6)-(3.7) with R evolving according

to Eq. ((2.9) can be written using notation established in this section as,

V̇ = −λR‖Ω‖2 + 2RΩTD1(Ω) (3.46)

A crucial step in the proof of convergence is therefore to diligently compute D1(Ω).

Referring back to Eq. (3.39), D1(Ω) can be computed as follows,

D1(Ω) = D1( Γn (t))z̃ + Γn (t) ˙̃z (3.47)
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which on substituting for ˙̃z from Eq. (3.9) yields,

D1(Ω) = D1( Γn (t))z̃ + Γn (t)


0
z̃1
...

z̃n−1

− Γn (t)


an
an−1

...
a1

 z̃n − Γn (t)η (3.48)

Further, with Γn (t)η as defined by Eq. (3.42),

D1(Ω) = D1( Γn (t))z̃+ Γn (t)


0
z̃1
...

z̃n−1

−


D1( Γn 1,n)
− Γn 1,n + D1( Γn 2,n)
− Γn 2,n + D1( Γn 3,n)

...
− Γn n−1,n + D1( Γn n,n)

 z̃n−


an
an−1

...
a1

 z̃n
(3.49)

The first term in the above equation can be computed as,

D1( Γn (t))z̃ =
κ −D1(κ) D2

1 (κ) . . . (−1)n−2D1)
n−1 (κ) D1( Γn 1,n)

0 κ −2D1(κ) . . . (−1)n−3D1)
n−2 ([n− 2]κ) D1( Γn 2,n)

0 0 κ −3D1(κ) . . . D1( Γn 3,n)
...

...
...

...
...

...
0 0 . . . . . . 0 D1( Γn n,n)

 z̃
(3.50)

Similarly the second term in (3.49) can be re-written as,

Γn (t)


0
z̃1
...

z̃n−1

 =


−κ D1 (κ) −D2

1 (κ) (−D1)
n−2 (κ) (−D1)

n−1 (κ) 0
1 −2κ D1 (3κ) . . . (−D1)

n−2 ([n− 1]κ) 0
0 1 −3κ . . . . . . 0
...

...
...

...
...

...
0 0 . . . 0 1 0

 z̃ (3.51)
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Then combining Eqs. (3.50) and (3.51) with the rest of the terms in (3.49) yields,

D1(Ω) =


01×n

Γn 1
...

Γn n−1

 z̃ −


an
an−1

...
a1

 z̃n

=


0

Ω1
...

Ωn−1

−


an
an−1

...
a1

Ωn (3.52)

where Γn i represents the ith row of Γn . It is interesting to note that a suitable choice

of Ω and η implies that D1(Ω) = A0Ω. The expression for D1(Ω) from above can be

used to compute the derivate of the Lyapunov function using Eq. (3.46) as,

V̇ = −λR‖Ω‖2 + 2RΩT




0
Ω1
...

Ωn−1

−


an
an−1

...
a1

Ωn


= −λR

n−1∑
i=1

Ω2
i − (λ+ 2a1)RΩ2

n + 2R[Ω1Ω2 + . . .+ Ωn−1Ωn

−(anΩ1 + . . .+ a2Ωn−1)Ωn]

≤ −λR
n−1∑
i=1

Ω2
i − (λ+ 2a1)RΩ2

n + 2R[|Ω1||Ω2|+ . . .+ |Ωn−1||Ωn|

+(|an||Ω1|+ . . .+ |a2||Ωn−1|)|Ωn|] (3.53)

Now employing the inequality 2|Ωi||Ωj| ≤ Ω2
i +Ω2

j in Eq. (3.53) it is possible to arrive

at the following inequality on V̇ ,

V̇ ≤ −(λ− 1− |an|)RΩ2
1 −

n−1∑
i=2

(λ− 2− |an−i+1|)RΩ2
i − (λ+ 2a1 − 1−

n∑
j=2

|aj|)RΩ2
n

≤ −(λ− λ∗)V (3.54)

with λ∗ defined in Eq. (3.44).
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It is evident from Eq. (3.54) that V converges as, V (t) ≤ V (0)e−(λ−λ
∗)t.

This along with the lower bound on R(t) from Lemma 2.2 implies that, ‖Ω(t)‖ ≤√
R(0)/Rmin‖Ω(0)‖e−(λ−λ∗)t/2. Further, from z̃ = Γn −1(t)Ω and the upper bound on

‖ Γn −1(t)‖, the desired convergence result for z̃ follows as stated below,

‖z̃(t)‖ ≤ ‖ Γn −1‖∞
√
R(0)/Rmin‖Ω(0)‖e−(λ−λ∗)t/2 (3.55)

Now since z̃ → 0 exponentially, so does x̃ = T z̃ at the same rate since T is a

non-singular transformation to the observable canonical form. Therefore assigning

x̂
.
= T ẑ, it is possible to recover the observer dynamics (3.43).

Remark 3.3. The authors have attempted to exploit the proposed solution of the dual,

control problem [78] to design directly an observer for the dynamics (3.1)-(3.2). The

solution thus obtained required propagation of the persistence filter state R backwards

in time. However, the unbounded nature of the backwards in time solution to the

stable linear system (2.9) made the algorithm inapplicable.

3.4 Separation Property for Control Design

In this section a separation property for a stabilizing control design is es-

tablished corresponding to the following linear, single-input, single-output (SISO)

dynamics,

ẋ = Ax+ gc(t)Bu, x(0) = x0 (3.56)

y = g(t)Cx (3.57)
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with states, x ∈ Rn, y, u ∈ R, (A,B) pair being controllable, (A,C) pair being

observable and g(t), gc(t) both PE and sufficiently smooth. The dynamics is identical

to Eq. (3.1)-(3.2) with the extra layer of complexity that the control is also scaled by

a potentially singular scaling gc(t). The convergence of the state observer individually

has been proved in Theorem 3.2 and the design of a stabilizing controller has been

shown in Chapter 2. The idea is to combine these results to design a dynamic feedback

stabilizing the input-output dynamics (3.56)-(3.57) to the origin.

The control design in Chapter 2 is based upon the controllable canonical form

with states, zc = T−1c x. The augmented states are defined as,

Ωc
1

.
= zc1

Ωc
i+1

.
=

d

dt
Ωc
i +

gkc
2Rc

Ωc
i , i = 1, 2, . . . , (n− 1) (3.58)

where Rc is the persistence filter state for the control design with dynamics,

Ṙc = −λcRc + gkc (3.59)

with initial condition Rc(0) > 0, k = max{2, 2dlog2 ne} and λc > 0. Existence of

Rc,min > 0 and ‖Rc‖∞ satisfying Rc,min ≤ Rc ≤ ‖Rc‖∞ is guaranteed by Lemma 2.2.

It needs to be recognized that the parameter λc plays an identical role as the filter

gain in (3.4), i.e., it governs the bandwidth of the linear low-pass persistence filter

defined through (3.59).

For the case where full-state feedback is available, the following result from

Chapter 2 gives an exponentially stabilizing feedback law for (3.56).

Theorem 3.3. Consider the system with dynamics defined by (3.56). Let ai’s be the

coefficients of the characteristic polynomial of A (det(σIn −A) = σn +
∑n

i=1 aiσ
n−i),
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Rc(·) be the solution of the linear, differential equation (3.59) and the augmented states

Ωc
i be defined by equation (3.58). Assuming that the initial condition Rc(0) > 0,

k = max{2, 2dlog2 ne}, λc is chosen as,

λc > max

{
(|an|+ 1), (|an−1|+ 2) . . . , |a2|+ 2), (1 +

n∑
j=2

|aj| − 2a1)

}
= λ∗ (3.60)

and the function gc(·) is Cn−1, bounded with bounded derivatives upto order (n−1) and

satisfies the PE condition (1.5), the origin of the system (3.56) is rendered globally

exponentially stable with rate (λc − λ∗)/2 by a control law of the form,

u∗ = −
n∑
i=2

an+1−i
1

gc
(Ωc

i − zci )−
1

gc

d

dt
(Ωc

n − zcn)− gk−1c

2Rc

Ωc
n (3.61)

where zc
.
= [zc1, . . . , z

c
n]T

.
= T−1c x are the states of the controller canonical form given

by,

żc = ATo z
c + gcT

−1
c Bu (3.62)

with Ao as defined in Eq. (3.6).

Remark 3.4. The division by a potentially singular control gain gc(t) in (3.61) is only

symbolic and provides an easy method for actually determining the feedback u∗(t) for

any n. A choice of k = max{2, 2dlog2 ne} ensures that each (Ωc
i − zci ) for i = 2, 3, . . . , n

and d
dt

(Ωc
n − zcn) is homogeneously scaled by gc to a degree greater than or equal to

one, so that there is no division by zero in (3.61). Using notation identical to Chapter

2, the control can be written as a linear function of the states as,

u∗(t) = Ψ(t)T−1c x (3.63)

with Ψ : R≥0 → R1×n being bounded.
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Note 3.3. The structure of the lower bound on λc in equation (3.60) is identical

to λ∗ in Eq. (3.44). For n = 1, λ∗ in Eq.’s (3.44) and (3.60) specializes to λ∗ =

max {0,−2a1} and for n = 2 to λ∗ = max {(|a2|+ 1), (1 + |a2| − 2a1)}.

The following result formalizes the separation property for control design for

the SISO dynamics (3.56)-(3.57) using the observer design in Theorem 3.2 and the

control design in Theorem 3.3.

Theorem 3.4. Consider the SISO dynamics (3.56)-(3.57). Let ai’s be the coefficients

of the characteristic polynomial of A (det(σIn − A) = σn +
∑n

i=1 aiσ
n−i), Rc(·) be

the solution to the linear, differential equation (3.59), R be the solution to the linear,

differential equation (2.9), z = T−1x be the states corresponding to the observable

canonical form, zc = T−1c x be the states corresponding to the controllable canonical

form. Further assume that g(t), gc(t) are persistently exciting and C(n−1) with bounded

derivatives up to order (n − 1), R(0), Rc(0) > 0, k = max{2, 2dlog2 ne}. Then the

following control law,

û(t) = Ψ(t)T−1c x̂ (3.64)

where Ψ(t) is determined by Eq.’s (3.61) and (3.63), along with the state observer

dynamics,

˙̂x = Ax̂+ gc(t)Bu+ Tη, x(0) = x0 (3.65)

where η is defined by Eq. (3.42) and Ω by Eq. (3.39), guarantees exponential conver-

gence of the estimation error (x̃ = x− x̂) and states x to the origin if λ > λ∗ + 2λ∗c,

λc > λ∗c and λc − λ 6= −(λ∗ + λ∗c) with λ∗ defined in Eq. (3.44) and λ∗c defined in

Eq. (3.60).
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Proof. Subtracting Eq. (3.65) from Eq. (3.56), the observation error dynamics comes

out to be exactly identical to the case of Theorem 3.2. Therefore Theorem 3.2 guar-

antees existence a constant γ > 0 such that

‖x̃(t)‖ ≤ γ‖x̃(0)‖e−(λ−λ∗)t/2 (3.66)

The closed-loop dynamics for the state can be written based on control law (3.64) as,

ẋ = (Ax+ gcBu
∗)− gcBũ (3.67)

where ũ = u∗− û = Ψ(t)T−1c x̃. The linear, nominal system (ũ = 0) is already known

to be exponentially stable by Theorem 3.3, with rate (λc−λ∗c)/2 which implies that,

γ̃ce
−(λc+λ∗c)t/2 ≤ ‖Φ(t, 0)‖ ≤ γce

−(λc−λ∗c)t/2 (3.68)

where Φ(t, 0) is the state transition matrix corresponding to (Ax + gcBu
∗), i.e. sat-

isfies,

d

dt
Φ(t, 0) = (A+ gc(t)BΨ(t)T−1c )Φ(t, 0), Φ(0, 0) = In (3.69)

Using the upper bound in the above equation and the Cauchy-Schwarz inequality, it

is possible to bound ũ(t) from above as,

|ũ(t)| ≤ γ‖ΨT‖∞‖T−Tc ‖‖x̃(0)‖e−(λ−λ∗)t/2 (3.70)

The solution to the linear, ordinary differential equation (3.67) in terms of Φ(t, 0) is,

x(t) = Φ(t, 0)x(0)− Φ(t, 0)

∫ t

0

Φ(0, τ)gc(τ)Bũ(τ)dτ (3.71)

Taking norms on both sides and applying the bounds on ũ and Φ(t, 0) as above, the

following inequality can be arrived at,

‖x(t)‖ ≤ γce
−α1t‖x(0)‖+

γ

γc
‖gc‖∞‖B‖‖ΨT‖∞‖T−Tc ‖e−α1t

∫ t

0

e(α3−α2)τdτ (3.72)
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where α1
.
= (λc − λ∗c)/2, α2

.
= (λ − λ∗)/2 and α3

.
= (λc + λ∗c)/2. Using β as a

placeholder for the constant γ‖gc‖∞‖B‖‖ΨT‖∞‖T−Tc ‖/γc in the above inequality and

computing the integral gives,

‖x(t)‖ ≤
(
γc‖x(0)‖ − β

(α3 − α2)

)
e−α1t +

β

(α3 − α2)
e−(α2−λ∗c)t

≤
(
γc‖x(0)‖+

β

|(α3 − α2)|

)
e−α1t +

β

|(α3 − α2)|
e−(α2−λ∗c)t (3.73)

Further, if the assumptions on λ and λc stated in the theorem are satisfied then

Eq. (3.73) implies exponential convergence of the states x to the origin. This along

with the exponential convergence of the estimation error x̃ shown in (3.66) completes

the proof.

3.5 A Nonlinear Extension

In this section an extension to the observer based control design in Theorem 3.4

is presented for a specific nonlinear system. Before stating the theorem, the notion

of uδ-persistency of excitation as proposed by Loria et al. [37] is defined.

Definition 3.1. [37] Let f(·, ·) be such that the system ẋ = f(t,x) where state

x ∈ Rn is partitioned as x = [xT1 , x
T
2 ]T with x1 ∈ Rm, x2 ∈ Rn−m and solution

x(t) = x(t, t0,x0) starting at (t0,x0) ∈ R≥0 × Rn is forward complete. Assume that

φ : R≥0 × Rn → Rp×q is such that the function φ(·,x(·, t0,x0)) is locally integrable.

The pair (φ, f) is called uniformly δ-persistently exciting (uδ-PE) with respect to x1

if for each r, δ > 0 there exist positive constants T (r, δ) and µ(r, δ) such that, for all

(t0,x0) ∈ R≥0 ×Br, all corresponding solutions satisfy,{
min

s∈[t,t+T ]
‖x1(s)‖ ≥ δ

}
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⇒
∫ t+T

t

φ(τ,x(τ, t0,x0))φ
T (τ,x(τ, t0,x0))dτ ≥ µIp

(3.74)

for all t ≥ t0

Corollary 3.5. Consider the single-input, single-output dynamics

ẋ = Ax+ gc(t,x)Bu, x(0) = x0 (3.75)

y = g(t,x)Cx, (3.76)

with states, x ∈ Rn, y, u ∈ R, (A,B) pair being controllable, (A,C) pair being observ-

able and g(·, ·), gc(·, ·) : R≥0 × Rn → R both sufficiently smooth. If the measurement

gain g(t,x) and control gain gc(t,x) (both assumed to be known) are uδ-PE with

respect to x and (A,C) pair is observable, then the observer based control design in

Theorem 3.4 under the assumptions made therein guarantees exponential convergence

of the estimation error (x−x̂) and the states x to the origin for this nonlinear system.

Note 3.4. If g(t,x) and gc(t,x) satisfy the PE condition (1.5) irrespective of the

value of x (e.g. g(t,x) = gc(t,x) = ν(t)(1 + ‖x‖2) with ν(t) being PE) then it is

immediately evident that Theorem 3.4 can be directly applied to design a stabilizing

dynamic controller. However, the purpose of Corollary 3.5 is to consider gains which

satisfy the marginally weaker uδ-PE condition and provide a stabilizing observer based

controller. This allows inclusion of a much larger array of gains g(t,x) and gc(t,x)

(e.g. g(t,x) = gc(t,x) = ν(t)‖x‖2 with ν(t) being PE) for which the stabilization

result holds.

Proof. The important structural difference that occurs due to the state dependence

of the control and measurement gains is the fact that R and Rc as defined by
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Eq.’s (2.9) and (3.59) respectively become nonlinear functions of the states. It is

however straightforward to show that existence and uniqueness of solutions to the

closed loop system relies on non-singularity of R and Rc. Now given the fact that the

convergence of the filter variables is at most exponential, R and Rc remain non-zero

for all finite time t thus guaranteeing existence of unique solutions.

The estimator problem is considered first with observer dynamics structurally

similar to that in Theorem 3.2 keeping in mind that R is now an additional state of

the system. The derivative of the energy functional V
.
= ‖Ω‖2R is identical to the

4th-order case shown in Eqs. (3.32)-(3.35). It is important to note that V is no longer

a candidate ‘Lyapunov’ functional because of the state dependence of R. However, it

can still be concluded that V converges at most exponentially, i.e. −αV ≤ V̇ ≤ −αV

where α = λ+ λ∗ and α = λ− λ∗ with λ∗ defined by Eq. (3.44).

Using identical arguments as above for the control problem it can be verified

that Vc
.
= ‖Ωc‖2Rc for the closed-loop nominal system defined in Theorem 3.3 satisfies

−αcVc ≤ V̇c ≤ −αcVc. The lower bounds on V̇ and V̇c imply that Ω, Ωc cannot

potentially converge to the origin in finite time (at most exponential convergence).

Suppose for contradiction that, ‖x‖ ≥ δ∗ > 0 for all time. Then applying the

uδ-PE property of g(t,x) and gc(t,x) yields pairs (µ, T ) and (µc, Tc) respectively using

Definition 3.1 and δ = δ∗−ε (some 0 < ε < δ∗). It is then possible to show existence of

strictly positive lower bounds Rmin and Rc,min on the persistence filter states identical

to Lemma 2.2. Although the augmented states Ω and Ωc (Eqs. (3.39) and (2.15)) are

nonlinear functions of states for this case, it is not difficult to verify the existence and

boundedness of the inverse transformation. Ergo, exponential convergence of ‖Ω‖2R

and ‖Ωc‖2Rc establishes that ‖x̃‖2R and ‖x‖2Rc for the nominal system (ũ = 0)
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converge to the origin exponentially. This along with the lower bounds on R and Rc

gives exponential convergence of ‖x̃‖2 and ‖x‖2 for the nominal system with rates α2

and α1 respectively (as in proof of Theorem 3.4). It is possible to write the derivative

of ‖x̃‖2 and ‖x‖2 along the closed-loop dynamics for ũ = Ψ(t,x)T−1c x̃ as,

d

dt
‖x‖2 = xT (Ax+ gc(t,x)Bu∗)− gc(t,x)xTBũ

≤ −α2‖x‖2 + ζ‖x‖‖x̃‖ (3.77)

d

dt
‖x̃‖2 = x̃T [Ax̃− Tη(t,x)]

≤ −α1‖x̃‖2 (3.78)

with u∗ as in Theorem 3.4 and ζ = ‖gc‖∞‖B‖‖Ψ‖∞‖T−1c ‖. Then a choice of a Lya-

punov candidate function given by V
.
= ‖x̃‖2+‖x‖2 and a straightforward completion

of squares above proves exponential convergence of ‖x̃‖ and ‖x‖. However, this entire

analysis holds true only as long as ‖x‖ ≥ (δ∗ − ε). Now since ε is a finite non-zero

constant, the preceding arguments imply that ‖x‖ < δ∗ at certain finite time based

on the above exponential convergence result. This contradicts the initial assumption

(‖x‖ ≥ δ∗ > 0 for all time) and therefore implies that x̃, x→ 0 exponentially.

3.6 Simulations

3.6.1 Vibration Control with Piezoelectric Element

In the first example of application of the persistence based observer and con-

troller design, vibration suppression in a simply supported Aluminum beam is con-

sidered using a Piezoelectric (PZT) element which can switch between sensor and

actuator modes. Piezoelectric devices have been used for some time now for vibra-

tion control in flexible structures. There have also been recent developments such as
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self-sensing (the PZT element acts as sensor and actuator simultaneously) and passive

control based on shunted PZT elements. A survey of these developments can be found

in Moheimani [50]. The hardware accompanying the PZT transducers (such as Power

Amplifiers) tend to contribute much more towards the overall cost and weight of the

active vibration control system. Therefore switching between sensing and actuation

modes provides an efficient way for vibration control while significantly reducing cost,

complexity and weight requirements for vibration control in large, flexible structures.

The example discussed in this section is based on Nudehi and Mukherjee [59] but

uses a single PZT element (Fig. 3.1). Further the proposed observer and controller

design utilizes a smooth switching scheme in comparison to the discontinuous switch-

ing between sensing and actuation modes employed in Nudehi and Mukherjee [59].

PZT Element

0.25 m

1.0 m

View
Sectional View

50 mm

5 mm

PZT

Figure 3.1: Simply supported beam with PZT element for vibration suppression

The state-space model proposed by Devasia et al. [15] is adopted for controller

and observer design for vibration suppression in an Euler-Bernoulli beam for sim-
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ulation purposed. The modal dynamics for the first and second modes are given

by,

ẋ = Ax+ gc(t)Bu (3.79)

y = g(t)Cx (3.80)

where x = [η1, η2, η̇1, η̇2]
T and

A =

[
02×2 I2×2
−W 2 −2ζW

]
, B =

 02×1
b1
b2

 , C = [c1 c2 01×2]

Here, ηi, i = 1, 2 is the ith modal amplitude, W = diag(ω1, ω2) with ωi, i = 1, 2 be-

ing the ith natural frequency of the beam, ζ is the structural damping of the beam

and bi, ci for i = 1, 2 are constants that depend on the properties of the PZT actua-

tor/sensor and its location on the beam. Further, g(t) and gc(t) are user prescribed

smooth functions signifying the switching schedule for the PZT element. The values

of the parameters governing the modal dynamics are computed to be,

ω1 = 7.64π2, ω2 = 30.55π2;
b1 = −0.006, b2 = −0.032;
c1 = −0.910× 105, c2 = −4.757× 105;

The interested reader is referred to Devasia et al. [15] and Nudehi and Mukherjee

[59] for further details on this application problem. The above specified quantities

along with ζ = 0.01 for aluminum are sufficient to specify the dynamics of the first

two modes for the simply supported beam in Fig. 3.1 . The switching functions g(t)

and gc(t) are designed to be smooth functions to ensure boundedness of derivatives

for the control algorithm. The following ‘bump’ function is therefore a convenient
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Figure 3.2: Switching curves g(t) and gc(t) represented using bump functions

choice since it is smooth and has a compact support for x ∈ R.

Ψ(x) =

{
e−1/(1−x

2) for |x| < 1
0 for |x| > 1

(3.81)

A plot of the switching functions used in these simulations is shown in Fig. 3.2. In

this plot the phases with g(t) 6= 0 signify that the PZT element is in the sensor mode

with no controllability and the phases with gc(t) 6= 0 indicate that the PZT element

is in the actuator mode with no observability.

It is obvious that the structure of the input-output dynamics in Eqs. (3.79)-

(3.80) are identical to the SISO dynamics in Eq. (3.56)-(3.57) for n = 4. The separa-

tion property in Theorem 3.4 is therefore utilized to design an observer and stabilizing

controller for the modal dynamics.

The results of the vibration suppression simulation using a single PZT element

as a sensor and an actuator corresponding to the configuration in Fig. 3.1 are shown

in Fig. 3.3. The switching time between the sensor and actuator modes is fixed at 0.1

s for this simulation. In these simulations two parameters of the control design are

experimented upon to control the convergence rate. The first one being the persistence

filter gain λc (Eq. (3.59)) and the second one is the size kc of the switching function
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Figure 3.3: Persistence observer based controller performance for vibration suppres-
sion. The bold and dotted lines in the plots indicate vibrations in the controlled
system and the unforced system respectively.
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gc(t). A comparison with the uncontrolled beam is shown in these plots because the

oscillations are inherently damped out by the material. Fig. (3.3a) and (3.3b) show

that the PZT element considerably accelerates the vibration damping successfully

stabilizing the first two modes within a span of 1 s. The lower rate of convergence

implies lower required control effort for stabilization. This rapid vibration attenuation

is imperative for safe operation of large, flexible structures.

3.6.2 Inverted Pendulum Stabilization

g

DC Motor

Figure 3.4: Inverted pendulum with DC Servo motor for sensing and actuation.

The second example of the application of the persistence based observer and

controller considers an open-loop unstable system. Here, stabilization of the inverted
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pendulum (Fig. 3.4) in the unstable, θ = 0 configuration is considered using a dc servo

motor. This example is referred to the work by Das and Mukherjee [14]. The servo

motor can operate in both sensor and actuator modes which allows for switching

between the two modes thus reducing control hardware required. In contrast to

the work by Das and Mukherjee [14], a smooth switching based control design is

implemented which results in smooth state and control evolutions.

The states of the system are x = [θ, θ̇, i]T where i is the motor current, the

input u is the control voltage and the output y is the back-EMF from the servo. The

dynamics is identical to Eq. (3.56)-(3.57) (n = 3) and the matrices A, B and C are

given by,

A =

 0 1 0
mgL
I

− b
I

Km

I

0 −Km

La
−Ra

La

 , B =

 0
0
1
La

 , C = [0, Km, 0] (3.82)

Here m is the mass of the pendulum, L is its effective length, b is the damping

coefficient, and I is the mass moment of inertia about the center of rotation. Ra and

La denote the resistance and inductance of the motor and Km represents the motor

constant. The values of these parameters [14] are given in Table 3.1.

mgL 0.0677 kg m2/s2

I 8.327× 10−4 kg m2

La 640× 10−6H
b 0.002 kg m2/s
Ra 9.5 Ω
Km 0.0047N.m/A

Table 3.1: Parameters for inverted pendulum simulation

It can be verified that A is not Hurwitz and hence the system is open-loop

unstable unlike the previous example. The smooth switching curves g(t) and gc(t)
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are chosen identical to the previous vibration suppression example (Fig. 3.2) but with

different switching time between the sensor and actuator modes. The switching time

is arrived upon by experimenting with different values and choosing the one that

leads to quick convergence and low control inputs (voltage to dc motor). As in the

previous example, the separation property in Theorem 3.4 is utilized to design an

observer and stabilizing controller for the inverted pendulum outfitted with a DC

motor sensor/actuator.

The evolution of the states and their estimates for this simulation is shown

in Figures 3.5,3.6 and 3.7. In each of these figures the first plot shows the state

stabilization and the second plot the estimation error convergence. The estimation

error convergence is plotted for a shorter period of time because the errors go below

machine precision beyond 0.9-1.0 s. The switching cycle is 0.1 s with the dc motor

in sensor mode for 0.01 s and actuator mode for 0.09 s. The initial conditions for the

simulation are, x = [0.2, 0, 0]T and x̂ = [0, 0, 0]T . It is evident that θ, θ̇, i and

their estimates converge to the origin within the duration of the simulation (1.5 s).

Further, smooth switching between the sensor and the actuator modes also

ensures a smooth controller and observer. Therefore the evolution of the states is

smooth as seen in these plots. This is certainly an important advantage over shared

sensing and actuation control algorithms based on non-smooth switching [14].

3.7 Discussion

The notion of persistence filters introduced in the previous chapter was ap-

plied here to solve the dual, observer problem. An observer for a special linear,

single-output system with singular, time-varying measurement gains was developed.
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(a) θ convergence

(b) θ̃ convergence

Figure 3.5: Inverted pendulum stabilization with DC Servo motor - Angle stabiliza-
tion

The construction employed a scalar filter and resulting in a lower order observer

as compared to Kalman filter like observers for identical dynamics. Standard Lya-
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(a) θ̇ convergence

(b)
˙̃
θ convergence

Figure 3.6: Inverted pendulum stabilization with DC Servo motor - Angular velocity
stabilization

punov techniques were used to demonstrate that the observer ensures exponential

reconstruction of the states subject to a persistence of excitation condition on the
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(a) i convergence

(b) ĩ convergence

Figure 3.7: Inverted pendulum stabilization with DC Servo motor - Current stabi-
lization

measurement gain.
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Based on the proposed observer design for singular, time-varying measurement

gain dynamics, a separation property for the case wherein the control is also scaled

by a time-varying, singular scaling is established. This allows for independent control

design based on the estimated states only. The scalar nature of the persistence filter

allows for extensions to nonlinear dynamics, a particular case of which has been proved

here. This potent observer and controller combination based on the persistence fil-

ter has interesting applications to stabilization of systems with reversible transducers

which switch between sensing and actuation modes. Two specific examples are con-

sidered here: (i) vibration suppression in a flexible beam with a PZT sensor/actuator

and (ii) stabilization of the inverted pendulum configuration using a DC servo mo-

tor. In either case, the efficacy of the persistence filter based observer and controller

to guarantee stabilization while effectively reducing the cost and complexity of the

control system has been demonstrated. Further, these algorithms implement smooth

switching between the sensing and actuation modes resulting in smooth state and

control evolutions which is not possible with the discontinuous switching schemes

proposed in literature.
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Chapter 4

Persistent Filters for Spacecraft Attitude

Stabilization

In this chapter, the attitude stabilization problem of a micro-satellite employ-

ing a variable amplitude cold gas thruster is considered so as to ensure zero torque

commands during thruster rise and fall times. To this end, an artificial control pre-

scaling g(t) is defined, typically chosen to be a periodically modulated step function

representing the thruster on and off schedule. The actual applied control torque to the

system is g(t)u(t) while the designed control signal is u(t). Designing a continuous

control law with g(t) possibly zero over several windows of time is a non-trivial task

due to non-applicability of standard feedback linearization results. Loria et al. [39]

have cited several classes of open problems where the control is scaled by a periodically

singular gain, g(t). One specific problem concerns stabilization of ẋ = f(x)+g(t,x)u

using a stabilizing control u∗ for dynamics ẋ = f(x) + u. To this end, Jiang et al.

[25] have shown that in general, a feedback u = k(x) that asymptotically stabilizes

ẋ = f(x) + p(x)u may not stabilize ẋ = f(x) + g(t)p(x)u with g(·) being persis-

tently exciting. The persistence filter formulation in Chapter 2 for linear, single-input

systems is extended to design a time-varying feedback law u(t) for this attitude sta-

bilization problem. It needs to be emphasized that the persistence filter construction

for the attitude stabilization problem is a significant advancement over the earlier lin-

ear construction in Chapter 2 in the sense that the filter state defined here has both
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state and time dependence. It is shown that this controller guarantees exponential

convergence of the angular velocity and the vector part of the attitude quaternion

to zero. Simulations carried out on a typical micro-satellite example confirms that

attitude and angular velocity errors converge to the origin for the closed-loop system.

Further, imposition of on-off window g(t) ensures zero commanded torques over the

thruster rise and fall phases as desired. Through representative simulations the per-

formance of the controller designed here is compared to the results obtained from the

classical proportional derivative controller [87]. This to the best of our knowledge will

be the first attempt at employing continuous feedback control design to compensate

for non-trivial thruster rise and fall times and intermittent torque actuation.

The rest of this chapter is organized as follows. Section 5.1 formally states the

spacecraft attitude control problem to be solved. Section 5.2 shows the development

of a novel state dependent persistence filter state to be used in stabilizing feedback

design. Section 5.3 develops the feedback control design for the attitude stabilization

problem with intermittent actuation. Section 5.4 implements the control law to sta-

bilize a micro-satellite with intermittent proportional thrusters. Section 5.5 wraps up

the chapter with some concluding remarks.

4.1 Problem Statement

The spacecraft attitude stabilization problem with thruster on-off scheduling

is focused upon in this chapter. In this section the corresponding attitude kinematics

and dynamics equations for the spacecraft in a body frame of reference are set up

which will then be referred to in the sequel.

Several attitude parameterizations are available in literature [88, 72] to repre-
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sent the attitude kinematics. In the work that follows, attitude kinematics are formu-

lated using the four-dimensional, unit-norm constrained Euler parameters (quater-

nions), β = [β0, βv]T . The quaternion kinematic differential equation can be written

in vector form as [72], [
β̇0
β̇v

]
=

1

2

[
−βTv

β0I + S(βv)

]
ω (4.1)

where ω ∈ R3 is the spacecraft angular rate expressed in a body-fixed frame, I is

the identity matrix in R3×3 and S(γ) represents the skew-symmetric cross-product

tensor given by,

S(γ) =

 0 −γz γy
γz 0 −γx
−γy γx 0

 (4.2)

for any γ = [γx, γy, γz]
T ∈ R3. The spacecraft dynamics represented in the body

frame along with a known thruster scheduling g(t) are given by,

Jω̇ = −S(ω)Jω + g(t)u(t) (4.3)

where J is the symmetric and positive definite spacecraft inertia tensor, g(t)u(t) ∈ R3

is the actual commanded thruster torque, u(t) ∈ R3 is the designed torque, g(t) is a

user-defined, C1 scalar function that is not necessarily periodic but serves to encode

the thruster on-off phases. For practical applications g(t) should mimic a modulated

step function, i.e. it should be non-zero when the thrusters are in operation and

zero during the thruster off phase. However, for the purpose of control development

g(t) will be required to be at least C1. This is accomplished by generating a C1

approximation of the actual discontinuous signal which is then used as g(t) for control

design purposes.
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The technical goal here is to formulate torque command u(t) to stabilize to

the origin the angular velocity and the vector part of the attitude quaternion for the

dynamics represented in Equations (4.1)-(4.3), with a known, pre-designed scheduling

function g(t). It will be assumed that the scheduling function g(t) is persistently

exciting. This assumption is reasonable since it can be shown that persistency of

excitation guarantees system controllability.

4.2 Persistence Filter Design and Properties

Continuous control design for the spacecraft dynamics defined in the preceding

section is non-trivial owing to the non-feedback linearizability of the dynamics. In

other words, g(t) goes through singularities and therefore cannot be inverted. This

problem is addressed through an extension of the framework on persistent filter states

developed in Chapter 2. In this section is introduced the construction and properties

of a novel persistence filter state which will subsequently be used in formulating a

stabilizing feedback law u(t).

The persistence filter state R(t) ∈ R is defined to have the following dynamics,

Ṙ = −λR + g2(1 + β0) (4.4)

with initial condition R(0) > 0 for any λ > 0. The Lemma that follows relates the

persistence property of g(t) in filter dynamics (4.4) to existence of a positive lower

bound on R(t) for all t ≥ 0. In the context of the attitude stabilization problem at

hand, the persistence of excitation of signal g(·) implies the existence of a time-interval

T such that the thrusters turn on at least once during each such interval.
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Lemma 4.1. Let g(·) : R → R be PE (Definition 1.1), and λ > 0. Assume further

that β0 = −1 occurs only at isolated instants in time. Then the solution R(·) of (4.4)

with initial condition R(0) > 0 satisfies,

∃Rmin > 0 s.t. ∀t ≥ 0 : 0 < Rmin ≤ R(t) ≤ 2‖g‖2∞/λ (4.5)

Proof. In terms of the pre-specified control gain signal g(·), the analytical solution

R(·) of equation (4.4) can be explicitly established as follows,

R(t) = e−λtR(0) + e−λt
∫ t

0

eλτg2(τ)(1 + β0(τ))dτ ∀t ≥ 0 (4.6)

Next, the existence of Rmin > 0 as in (4.5) is proved. To that end, for 0 ≤ t < T

(the parameter T is the window size described in Def. 1.5), the lower bound on R(·)

from (4.6) is e−λTR(0). Next, assuming t = nT + δ with 0 ≤ δ < T and n ∈ N, the

integral term in (4.6) can be expanded as follows,

R(t) = e−λtR(0) + e−λ(nT+δ)

[∫ T

0

eλτg2(τ)(1 + β0(τ))dτ + · · ·

+

∫ nT

(n−1)T
eλτg2(τ)(1 + β0(τ))dτ +

∫ nT+δ

nT

eλτg2(τ)(1 + β0(τ))dτ

]

≥ e−λ(nT+δ)
[∫ nT

(n−1)T
eλτg2(τ)(1 + β0(τ))dτ

]
≥ e−λ(T+δ)

∫ nT

(n−1)T
g2(τ)(1 + β0(τ))dτ (4.7)

The first inequality in (4.7) has been arrived at by dropping the exponentially con-

vergent initial condition dependent term and all sub-integrals except the one over the

interval [(n− 1)T, nT ]. This is possible because the integrands are all non-negative.

The second inequality is a result of bounding from below the monotonic exponential

term in the integrand for time interval [(n− 1)T, nT ]. For g(t) ∈ R and PE (Eq. 1.5),
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Loria et al. [38] have shown the existence of a non-trivial sub-interval [ε1(n), ε2(n)] of

[(n− 1)T, nT ] such that,

g2(t1) ≥
µ1

2T‖g‖∞
, ∀t1 ∈ [ε1(n), ε2(n)] (4.8)

It is now possible to bound from below the integral in inequality (4.7) as,∫ nT

(n−1)T
g2(τ)(1 + β0(τ))dτ ≥ µ1

2T‖g‖∞

∫ ε2(n)

ε1(n)

(1 + β0(τ))dτ ≥ µ1

2T‖g‖∞
C(n), ∀n ∈ N

(4.9)

where existence of C(n) > 0 is guaranteed since the function (1 + β0(·)) has only

isolated zeros in time. Further since the sequence {C(n)} does not converge to zero

(as n→∞), it can be concluded that Cmin , infnC(n) > 0 which implies from (4.7)

that R(t) can be bounded from below for all t ≥ 0 as,

R(t) ≥ min

{
e−λTR(0),

µ1

2T‖g‖∞
Cmine

−2λT
}

, Rmin > 0 (4.10)

Also, the dynamics governing R(t) in (4.4) is a stable linear system with bounded

forcing g2(·)(1+β0(·)). It is immediately evident that this forcing term can be bounded

by a constant, i.e., g2(·)(1+β0(·)) ≤ 2‖g‖∞. The uniform upper-bound on the forcing

term can be used to bound the persistence filter state, R(t) following dynamics (4.4)

as,

R(t) ≤ 2‖g‖2∞/λ (4.11)

Thus, both sides of equation (4.5) have been verified.

4.3 Stabilization of Spacecraft with Singular control gain

Theorem 4.1. Consider the spacecraft dynamics in Equations (4.1)-(4.3) and per-

sistence filter defined by Equation (4.4). Assuming that the control gain g(t) is per-
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sistently exciting and C1, R(0) > 0, λ > 0, the feedback control law defined by,

u = −2g

R
S(βv)Jω − 4ġ

R
Jβv +

2gṘ

R2
Jβv −

2g

R
Jβ̇v −

g

2R
(1 + β0)JΩ (4.12)

with augmented state,

Ω = ω +
2g2

R
βv (4.13)

guarantees exponential convergence of βv → 0 and ω → 0, provided the choice of

filter bandwidth parameter λ satisfies,

λ > max

{
1

2Jmin
,
1

2

}
(4.14)

Remark 4.1. An additional smoothness (C1) condition on the control scaling g(t) is

imposed as part of the above stabilization theorem, to ensure that the control signal

u(·) as specified by Eq. 4.12 remains bounded at all times.

Proof. Starting with (4.3), the dynamics governing the augmented state Ω obtained

by substituting for the control law u(t) (Eq. 4.12) are,

JΩ̇ = −S(Ω)Jω − g2

2R
(1 + β0)JΩ (4.15)

Existence and Uniqueness of Solutions : The closed-loop system as represented by

equations (4.1), (4.4) and (4.15) can be concisely written as,
β̇0
β̇v

JΩ̇

Ṙ

 =


−0.5βTv (Ω− (2g2/R)βv)

0.5(β0I + S(βv))(Ω− (2g2/R)βv)

−S(Ω)J(Ω− (2g2/R)βv)− g2

2R
(1 + β0)JΩ

−λR + g2(1 + β0)

 , f(t, β0,βv,Ω, R)

(4.16)

It is evident from (4.16) that partial derivatives of f with respect to the states,

[∂f/∂x], where x = [β0, βv, Ω, R], exist and are continuous for all time t and state
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values such that R 6= 0. Given initial conditions such that R(0) > 0 there exists a

compact neighborhood of [β0(0), βv(0), Ω(0), R(0)] over which f is Lipschitz [31].

By a local existence and uniqueness theorem [31] there exists a unique solution to the

closed-loop dynamics for time interval [0, δ1], with some δ1 > 0. Now, the following

cases are considered,

Case I, β0(0) = −1 or β0 converges to -1: Given R(0) > 0, equation (4.6) implies

that R(t) ≥ R(0)e−λt > 0 for all finite time t. Therefore at the end of the time

interval above, R(δ1) > 0 and so the solution can be extended to [0, δ2] for

some δ2 > δ1 > 0 since local existence and uniqueness can be argued as before,

starting at R(δ1) > 0. The solutions can be thus continued for all finite time

since R(t) > 0 for all finite time t. So unique solutions to (4.16) are guaranteed

for all finite time t ≥ 0.

Case II, β0 = −1 at isolated points only: Given R(0) > 0, Lemma 4.1 implies

that R(t) ≥ Rmin > 0 for all time t ≥ 0 (especially also as t → ∞). Then

using the same arguments as in Case I, it is in fact possible to extend solutions

continuously for all time t ≥ 0 in this case.

The following storage function is defined in terms of the quaternions and augmented

state Ω for the stability analysis,

V , 2(1− β0)R +RΩTJΩ (4.17)

Taking derivatives of V (t) along closed loop dynamics (4.1), (4.4) and (4.15) yields,

V̇ = −λRΩTJΩ− 2λ(1− β0)R +RβTv Ω (4.18)
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The mixed term in Equation (4.18) is expressible as the inner-product R〈βv,Ω〉.

Bounding from above this mixed term using the Cauchy-Schwarz inequality of vectors

and completing squares yields,

V̇ ≤ −
(
λJmin
Jmax

− 1

2Jmax

)
RJmax‖Ω‖2 − 2

(
λ− 1

4
(1 + β0)

)
R(1− β0) (4.19)

where the identity ‖βv‖2 = 1−β2
0 has been employed. With a choice of λ that satisfies

inequality (4.14) and noting that (1 + β0) ≤ 2 an upper bound on V̇ can be obtained

given by,

V̇ ≤ −γV = −max

{
λJmin
Jmax

− 1

2Jmax
, λ− 1

2

}
V (4.20)

which on integration gives, V (t) ≤ V (0)e−γt where γ = max{(2λJmin− 1)/2Jmax, λ−

1/2}. The control formulation here does not preclude initial conditions with β0(0) =

−1 or convergence to β0 = −1 and the following two scenarios ensue,

1. If β0 = −1 and ω = 0 at some finite time ts ≥ 0, then using the unit norm con-

straint on the quaternions it can be deduced that u(t) = 0 from equation (4.12).

Existence of a unique solution to the closed-loop system (4.16) is guaranteed

for all finite time by Case I discussed above. Since, u, ω, βv = 0 for all t ≥ ts,

this is an equilibrium of (4.16) and that completes the proof.

2. If β0 = −1 and ω 6= 0 at some finite time ts ≥ 0 then from the unit norm

constraint on the quaternions it can be concluded that βv(ts) = 0. The kine-

matics (4.1) then becomes, β̇0(ts) = 0 and β̇v(ts) = −ω/2 which implies that

going forward in time, βv is perturbed from 0 and therefore β0 cannot stay at

-1 for t > ts. For this case where β0 = −1 only instantaneously, the existence

of a unique solution for all time is guaranteed by Case II above. Further from
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Lemma 4.1 existence of Rmin > 0 such that R(t) ≥ Rmin holds for all t ≥ 0.

This combined with the upper bound on V (t) as in V (t) ≤ V (0)e−γt gives,

2(1− β0) + ΩT (t)JΩ(t) ≤ V (0)

Rmin

e−γt (4.21)

which proves exponential convergence of ‖Ω‖2 and (1− β0). This implies that

βv goes to zero exponentially. The norm of the augmented state can be bounded

from below as, ‖ω‖ − |2g2/R|‖βv‖ ≤ ‖Ω‖ using definition (4.13). The expo-

nential convergence of βv and ‖Ω‖ to zero implies exponential convergence of

‖ω‖ → 0.

It has therefore been proved that the vector part of the quaternion and the angular

velocity go to zero exponentially in either case (in fact, if β0 → −1, the convergence

is finite-time).

Remark 4.2. The proposed control law in Eq. (4.12) is not well defined in SO(3), the

group of rotation matrices. This is due to the fact that, u(t, R,β,ω) 6= u(t, R,−β,ω)

whereas both β and−β correspond to the same rotation matrix in SO(3). This results

in the closed-loop dynamics exhibiting unwinding as described by Bhat and Bernstein

[6], i.e. initial conditions close to β0 = −1 equilibrium could unwind up to 360◦ to

the β0 = −1 equilibrium.

Remark 4.3. It is important to reiterate the fact that introduction of control pre-

scaling g(t) helps pre-determine a thruster on-off schedule. This is paramount since

prior information of thruster on-off times aids appropriate adjustments in thruster

firing to account for rise and fall times in the thrust profile. Further so long as g(t)

is PE, the control law (4.12) will ensure convergence even if the thruster off periods

become significantly longer than the on-periods.
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4.4 Simulations

In this section the control strategy delineated in the prequel is applied to a

representative micro-satellite attitude control problem. A cubical micro-satellite is

assumed with specifications adapted from the example in Stanton [83, p.119-122]

(Table 4.1).

Table 4.1: Micro-Satellite specifications

Mass of Spacecraft, ms 15 kgs
Propellant Mass, mp 10 kgs

Moment arm, l 1 m

Principal Inertias
J1 = 3.0514 kgm2

J2 = 2.6628 kgm2

J3 = 2.1879 kgm2

The attitude control system is assumed to be actuated by a low cost, cold-gas

thruster configuration similar to the one proposed by Adler et al. [1]. The thruster is

further assumed to be installed with the ability to generate variable thrust amplitudes

(e.g. see Stone [85]). The cold gas thrusters are subject to non-trivial rise and fall

times during which optimal thrust is not achievable and hence utility for attitude

control is limited in these phases. Typical values for rise and fall times for cold

gas micro-thrusters is 5 ms (see e.g. cold gas micro-thrusters offered by Moog 1 or

AMPAC 2). In these simulations the rise (tr) and fall (tf ) times are conservatively

assumed to be 10 ms each. The control pre-scaling g(t) used for the control design is

chosen to be a periodic step function (period T ≥ tr + ton + tf ) with maximum thrust

1http://www.moog.com/products/propulsion-controls/spacecraft/components/cold-gas-
thrusters/solenoid-actuated-suspended-armature/

2http://www.ampacispcheltenham.eu/pages/prgasthrust1.htm
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phase ton specified as below,

g(t) =


0, mod(t, T ) ≤ tr
h, tr < mod(t, T ) ≤ tr + ton
0, mod(t, T ) > tr + ton

(4.22)

However, since the control design requires the derivative of g(t) to be bounded, g(t)

in Equation (4.22) is approximated by a piecewise cubic Hermite interpolating poly-

nomial (PCHIP) which ensures continuous first derivatives. Another advantage of

this interpolation technique is that it has low overshoot for non-smooth data (which

is the case here) which guarantees that the approximation follows the non-smooth

g(t) closely. This is crucial for this application wherein zero torque commands are

anticipated during the thruster off phases and during rise and fall periods. The step

size “h” for g(t) as described in Equation (4.22) is varied from one cycle to the other.

This provides an extra degree of freedom in modulating the control torques com-

manded during each on-phase. Figure (4.1) shows an example of a typical thrust

profile with non-zero rise and fall times (represented by tr and tf in the figure) and

selection of the control pre-scaling g(t). It can be seen that the interpolation closely

follows the actual designed g(t) and further that any control command of the form

g(t)u(t) ensures zero torques during the thruster rise and fall phases.

Note 4.1. In an actual implementation scenario, the variable thrust mechanism may

not be able to ensure precisely zeros force output from the thruster during the rise

and the fall phases. These will show up as disturbance torques causing convergence

to a small residual set about the origin of the attitude dynamics.

The persistence filter based controller is according to Equation (4.12) in Theo-

rem 4.1. For comparison purposes the following classical proportional-derivative (PD)
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Figure 4.1: Normalized thrust profile and g(t) design

controller from Wen and Kreutz-Delgado [87] is used,

u = −kpβv − kvω, with kp, kv > 0 (4.23)

In this representative simulation, the stabilization of the micro-satellite de-

scribed above with initial conditions, β0(0) = −0.9, βv(0) = [0.4359, 0, 0]T , ω(0) =

0.1[π/12, π/6, π/12]T is considered. Besides thruster rise and fall times, the simula-

tions also explore attitude stabilization with intermittent thruster operation. The per-

formance of the control strategies were evaluated for successively decreasing thruster

on-phases and increasing off-phases. In order to make an equitable comparison of the

two feedback controllers, the PD controller was also turned off during the thruster off-

phases and the system allowed to drift. For the current simulation the thruster on-off

schedule is prescribed in Table (4.2). The rest of the parameters for the simulation

are kp = 8, kv = 6, λ = 0.51, R0 = 50, ton = 3.2s, T = 8s.
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Table 4.2: Thruster on-off schedule

Thruster on (s) 0 8.01 16.01 24.01 32.01 40.01 48.01 56.01
Thruster off (s) 3.21 11.21 19.21 27.21 35.21 43.21 51.21 59.21

Figure (4.2) shows the evolution of the kinematic parameters. As is evident,

the persistence filter based controller results in β0 → 1 and ‖βv‖ → 0, whereas no

such convergence is observed with the PD controller.

Figure 4.2: Attitude convergence, (a) Persistence filter based control, (b) PD con-
troller

Identical results as for the kinematic parameters are seen in the evolution of

the angular velocity in Figure (4.3). The angular velocities converge close to the

origin with the control design shown in this chapter whereas the PD controller does

not result in convergence. The inadequate performance of the classical PD controller

is owing to the lack of control torque over large periods of time with short on-phases

over which the proportional-derivative control acts. Although the structure of the
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attitude stabilization problem does not lead to unbounded angular velocities, there

is no convergence.

Figure 4.3: Angular velocity evolution, (a) Persistence filter based control, (b) PD
controller

The control histories for the persistence controller are shown in Figure (4.4)

and for the PD controller in Figure (4.5). Conversion of torques to effective thrust

is straightforward and based on thruster configuration, e.g. for a set of 6 thrusters

with 2 on each principal axis and a moment arm of 1 m (Table 4.1), the force output

required from each thruster is same as the torque shown in the plots.

The plots have been divided in time to focus on each thruster ‘on’ phase for

better resolution. As expected the commanded torques for the persistence controller

become smaller as time progresses although it requires slightly higher control torques

in the beginning of the simulation.
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Figure 4.4: Control Torques - Persistence Filter based Controller, x-axis represents
time in seconds and y axis is the norm of control torque in Nm

4.5 Conclusions

This chapter shows development of a new time-varying controller for space-

craft attitude and angular velocity stabilization assuming a possibly singular control

scaling. The control design is based on a persistence filter construction that utilizes

the persistence of excitation properties of the control scaling term and guarantees ex-

ponential convergence of the angular velocity and the vector part of the quaternion to

the origin. The efficacy of introducing an on-off type control scaling for stabilization

with low-cost, cold gas, variable amplitude thrusters with non-zero rise and fall times

is explored. It has been shown that the artificially introduced, periodic on-off scaling

precludes control commands during the thruster warm up and cooling down phases

since force output during these periods is sub-optimal and often unpredictable. The

fact that the periodic, on-off control scaling is pre-specified allows foreknowledge of
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Figure 4.5: Control Torques - PD Controller, x-axis represents time in seconds and y
axis is the norm of control torque in Nm

time-windows over which actuation is required by the system and thus leads to better

management of limited thrust resources on micro-satellites. In this vein, simulations

were performed for a particularly stressful case with intermittently active thrusters

where the on phases were relatively shorter than the off periods. It was shown that

the persistence filter based controller led to convergence of states while classical pro-

portional derivative controller failed. An original technique for continuous control

design in problems where only intermittent actuation is available has therefore been

postulated in this chapter.

It is worth mentioning that the fundamental focus of this chapter was on

attitude stabilization with intermittent actuation. Although the subsequent devel-

opment is based on proportional thrusters, the control law can be mimicked for any

intermittent thrusting system. A potential example is attitude stabilization with in-
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termittently operating Control Moment Gyroscopes where the intermittence could be

used to allow for desaturation or to avoid singular configurations.
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Chapter 5

Persistent Filters for Stabilization of Multi-input

Linear Systems

The idea of persistence filter based control design has been developed in the

preceding chapters to address dynamics with scalar, state or time-varying gains. In

this chapter the previous results are extended to stabilize multi-input, linear systems

with time-varying, matrix gains which can potentially pass through singular phases.

The results presented here pertain to the special case of diagonal control gain matrices

occurring in the dynamics as given by,

ẋ = Ax+BG(t)u (5.1)

with x ∈ Rn, u ∈ Rm with m ≤ n, A ∈ Rn×n, B ∈ Rn×m and G(·) : R≥0 → Rm×m. It

is assumed that the (A,B) pair is controllable and G(t) is sufficiently smooth, satisfies

the PE condition in Def. 1.1 and has the form,

G(t) =


g1(t) 0 . . . 0

0 g2(t) . . . 0
...

...
. . .

...
0 0 . . . gm(t)

 (5.2)

For this specific case with the time-varying control gain having a diagonal structure

it is not difficult to verify that the PE condition in Def. 1.1 simply implies that each

component function gi(t) satisfies the scalar persistence condition, i.e., there exist
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finite, positive scalars T, µ1, µ2 such that for all t ≥ 0,

µ1 ≤
∫ t+T

t

g2i (τ)dτ ≤ µ2, ∀i = 1, 2, . . .m (5.3)

The chapter is organized as follows. The subsequent section discusses a trans-

formation to a special block-triangular canonical form for any general controllable

multi-input system. The canonical structure has significant utility in the proposed

control design algorithm. Section 6.3 addresses the problem of stabilizing multi-input

dynamics with diagonal, matrix time-dependent gains on the control. The section

begins by defining the persistence filters to be used in constructing the control law

followed by augmented state definitions. The main result on a stabilizing controller

design is stated as a theorem in this section. An adaptive control extension identical

to the single-input case is also proposed at the end of this section in the form of

a Corollary. The adaptive control result hinges on a modified nonlinear persistence

filter formulation. Section 6.4 studies two numerical examples for application of the

proposed control design theory. The first example looks at a third order, linear dy-

namical system with two control inputs. Time-varying, singular gains are introduced

into each control input to imply actuator re-orientation. The proposed control law

is shown to result in exponential convergence at arbitrary rates. The second exam-

ple looks at the nonlinear problem of spacecraft angular velocity stabilization with

only two actuators. One of the actuators can however reorient to alternately provide

torques in two directions. The modified persistence filter allows design of a stabilizing

control law for this system. The control law is shown to be inertia-free, i.e. it does

not require knowledge of the spacecraft moments of inertia.
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5.1 Canonical Transformations

The development of a stabilizing control and exponential observer design was

based upon transformations to a suitable canonical structure in Chapters 2 and 3.

The existence of these transformations for SISO systems is guaranteed by controlla-

bility and observability of the underlying dynamics. An important feature of these

transformations for SISO systems is their uniqueness.

In this chapter similar transformations are sought for multi-input systems

which prove useful in designing stabilizing feedback laws. The primary interest is in

canonical forms derivable as a result of the controllability of matrix pair (A,B) in

Eq. (5.1). However, it is well known that the choice of transformation for multi-input

systems is no longer unique. Although the columns of the canonical transformation

are still selected from linearly independent columns of the controllability matrix,

different sets of columns lead to different forms of the transformed system. These

canonical forms were proposed by Luenberger [44] and illustrated in detail in Kailath

[26] and Antsaklis and Michel [3].

The specific canonical form that will be employed in this chapter is different

from the preceding structures and refers to the work by Anderson and Luenberger [2].

In what follows the construction of the similarity transformation and the canonical

structure resulting from this transformation are summarized. The system (5.1) is

completely controllable if the n× nm matrix,

C = [B AB . . . An−1B] (5.4)

has rank n. In order to construct a suitable similarity transformation, the columns
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of C in the following arrangement are considered,

M =


b1 Ab1 A2b1 . . . An−1b1
b2 Ab2 A2b2 . . . An−1b2
...

...
...

...
...

bm Abm A2bm . . . An−1bm

(5.5)

where bi denotes the ith column of B. Looking at the first row in M above, it is

possible to find r1 such that Ar1b1 is the first column that has a linear dependence

on the preceding columns, i.e., such that ∃ α1,i, i = 1, 2, . . . r1 satisfying

Ar1b1 + α1,1A
r1−1b1 + . . .+ α1,r1b1 = 0 (5.6)

Such an r1 must exist since r1 > n implies more than n linearly independent columns

in C which is not possible since C has only n rows. The last r1 basis vectors are then

chosen as,

fn = b1

fn−1 = Ab1 + α1,1b1

...
...

fn−r1+1 = Ar1−1b1 + α1,1A
r1−2b1 + . . .+ α1,r1−1b1 (5.7)

If r1 = n the construction of the transformation is complete. However, if r1 < n

then the above procedure is carried forward by looking at the second row of M in

Eq. (5.5). As before it is possible to find the smallest integer r2 such that Ar2b2 is

linearly dependent on the previous columns in the row as given by,

Ar2b2 + α2,1A
r2−1b2 + . . .+ α2,r2b2 = 0 (5.8)

108



and the next block of basis vectors are chosen as,

fn−r1 = b2

fn−r1−1 = Ab2 + α2,1b2

...
...

fn−r1−r2+1 = Ar2−1b2 + α2,1A
r2−2b2 + . . .+ α2,r2−1b2 (5.9)

If r1 + r2 = n the procedure is complete else the same sequence of steps as before is

followed. In general suppose that the first p ≤ m rows of M are needed to define the

basis vectors fi, i = 1, 2, . . . n. Then, r1 + r2 + . . . rp = n.

The similarity transformation T corresponding to the transformed states z =

Tx can now be defined as,

T−1 = [f1, f2, . . . , fn] (5.10)

which yields the canonical system Â = TAT−1 and B̂ = TB defined as follows.

Â =


Âp,p 0 0 . . . 0

Âp−1,p Âp−1,p−1 0 . . . 0
...

...
. . .

...
...

Â2,p Â2,p−1 . . . Â2,2 0

Â1,p Â1,p−1 . . . Â1,2 Â1,1

 (5.11)

Â clearly has a lower triangular block structure with diagonal blocks defined as,

Âj,j =


0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

0 . . . 0 0 1
−αj,rj −αj,rj−1 . . . −αj,2 −αj,1

 (5.12)

109



which is reminiscent of the controller canonical form for single-input systems shown

in Chapter 2. The lower triangular block matrices in Â turn out to have the following

structure,

Âk,j =


βk,j,1 0 . . . 0
βk,j,2 0 . . . 0

...
...

... 0
βk,j,rk 0 . . . 0

 , ∀k < j (5.13)

for some constants βk,j,l for l = 1, 2 . . . , rk which signify the nature of the coupling be-

tween the states in each block. The lower-triangular structure implies a unidirectional

coupling and the first block is completely decoupled from the other blocks. Further,

it is interesting to note that the evolution of the states in each block depend only on

the first state in each of the previous blocks due to the structure of Âk,j in (5.13).

The structure of the control scaling matrix B̂ for the transformed system comes

out to be,

B̂ =

p m− p en en−r1 en−r1−r2 . . . erp

× × ×
× × ×
× × ×
× × ×
× × ×

 (5.14)

where ek is a unit vector with zeros for all elements except the kth component which is

unity and each of the ×’s represent possible non-zero elements. It is evident from the

partitioned matrix B̂ that the controls corresponding to the first p (also the number

of blocks in Â) columns are sufficient to control the system while the rest (m − p)

controls are redundant and will henceforth be set to zero. Finally, the transformed

dynamics is given by,

ż = Âz + B̂G(t)u (5.15)
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5.2 Stabilization of Multi-Input Dynamics

The results in the preceding section allow transformation of any linear system

of the form (5.1) uniquely to a canonical form given by Eq. (5.15) provided that

the pair of matrices (A,B) is controllable. Further, since the state transformation

between x and z is constant and non-singular, the stabilization of z implies the same

for x with identical control law u. The control design is therefore based upon the

transformed dynamics (5.15).

The persistence filter for the multi-input dynamics is a set of linear dynamics

identical to the single-input case as in Eq. (2.9) corresponding to number of diagonal

blocks in Â, i.e.,

Ṙj = −λjRj + gkj (t), j = 1, 2, . . . , p (5.16)

with Rj(0) > 0, k = max{2, 2dlog2 re}, r = max{r1, r2, . . . , rp} and λj > 0. Since each

individual persistence filter is identical to the single-input case, it can be inferred as

before from Lemma 2.2 and PE of gj(t) the existence of positive lower and upper

bounds on each Rj(t) for all t ≥ 0. These will henceforth be denoted as, Rj,min and

Rj,max respectively. Persistence filters are required corresponding to the gains on only

the last p controls because the rest of the controls are redundant as evidenced by the

structure of B̂ in Eq. (5.14). These redundant controls are set to zero and do not

play any further role in the system stabilization. In a physical sense, these controls

can be eliminated in the design phase itself to avoid over-actuation of the system.

Prior to stating the main result on feedback stabilization of multi-input sys-

tem (5.1), it is worthwhile to establish some notation to conveniently handle the

considerable number of states involved in the closed-loop dynamics. The column vec-
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tor z is partitioned based upon the number of block-diagonal matrices Âj,j (with j

being the assigned block number) as,

z =


zp

zp−1

...
z1

 (5.17)

where zj = [ zj 1, zj 2, . . . , zj rj
]T ∈ Rrj has additional indexing j on components cor-

responding to the block they belong to. Similar notation will be followed in defining

the augmented states Ω which are partitioned as,

Ω =


Ωp

Ωp−1

...
Ω1

 (5.18)

5.2.1 Construction of Augmented States

The construction of augmented states from z is an important intermediate

step in the control design process and is critical for the Lyapunov analysis of the

closed-loop dynamics. The augmented states are defined with respect to each block

in matrix Â. Starting with the dynamics of the p-block in Eq. (5.15),

żp = Âp,p z
p +


0
0
...

gp(t)up

 (5.19)

where, up+1 = up+2 = · · · = um = 0 and Âp,p is defined in (5.12). The dynamics above

is in the standard controller canonical form for a single-input system as in Eq. (2.7).
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The augmented state definition is therefore similar to Eq. (2.15) and given by,

Ωp 1 , zp 1

Ωp i+1 ,
d

dt
Ωp i +

gk

2R
Ωp i, i = 1, 2, . . . , rp − 1 (5.20)

Moving forward, the (p− 1)-block has dynamics given by,

żp−1 = Âp−1,p−1 zp−1 +


βp−1,p,1
βp−1,p,2

...
βp−1,p,rp−1

 Ωp 1 +


0
0
...

gp−1(t)up−1

 (5.21)

which as mentioned earlier indicates coupling with the previous block. This coupling

motivates a slightly different choice of augmented states for this block as compared

to the single-input case,

Ωp−1
1 , zp−1

1

Ωp−1
i+1 ,

d

dt
Ωp−1
i +

gk

2R
Ωp−1
i − βp−1,p,i Ωp 1, i = 1, 2, . . . , rp−1 − 1 (5.22)

Following the same pattern as above, the augmented states for the (p−j)-block

(j < p) are defined as,

Ωp−j
1 , zp−j

1

Ωp−j
i+1 ,

d

dt
Ωp−j
i +

gk

2R
Ωp−j
i −

p∑
s=p−j+1

βp−j,s,i Ωs 1, i = 1, 2, . . . , rp−j − 1

(5.23)

5.2.2 Feedback Law Design

The main result on stabilizing feedback law design for the multi-input dynam-

ics (5.1) will be stated in this section involving the persistence filter and augmented
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state definitions made previously. The stabilization result is stated as a theorem

below which is followed by a Lyapunov analysis based proof of the same.

Theorem 5.1. Consider the linear, multi-input dynamics in Eq. (5.1) under the

assumptions that (A,B) is a controllable pair and the component functions of G(t)

are Cn−1, bounded with bounded derivatives upto order (n − 1) and satisfy the PE

condition (1.5). Further, let z = Tx where T is the transformation to the canonical

form defined in Eqs. (5.10)-(5.14) and the augmented states defined in Eqs. (5.20)

and (5.23). Then the following control law,

uj = − 1

gj

rj∑
i=1

αj,rj−i+1( Ωj i − zj i)−
1

gj

d

dt
( Ωj rj

− zj rj
)−

gk−1j

2Rj

Ωj rj
(5.24)

for j = 1, 2, . . . , p and uj = 0 for j > p with the persistence filters defined in Eq. (5.16)

with Rj(0) > 0, k = max{2, 2dlog2 re}, r = max{r1, r2, . . . , rp} and λj > 0 guarantees

exponential convergence of x to the origin subject to following inequalities on λj, j =

1, 2, . . . , p,

γ1 >

p−1∑
l=1

‖Â1,1+l‖

γj >

p−j∑
l=1

‖Âj,j+l‖+ 2

j−1∑
l=1

‖Âj−l,j‖, j = 2, . . . p− 1

γp >

p−1∑
l=1

‖Âp−l,p‖ (5.25)

where, γj for j = 1, 2, . . . , p is defined to be,

γj , λj − max
l∈[2,rj−1]

{
(1 + |αj,rj |), (2 + |αj,rj−l+1|), (1− αj,1 +

rj−1∑
i=1

|αj,rj−i+1|)
}

, λj − λ∗j (5.26)
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The rate of exponential convergence can be made arbitrarily large by appropri-

ate choice of persistence filter gains and the following expression provides a conser-

vative estimate of the same.

σ = min

{
γp
2
,
γp−j −

∑p−j
l=1 ‖Âj,j+l‖
2

, γ1 −
p−1∑
l=1

‖Â1,1+l‖
}

(5.27)

Note 5.1. The structure of the controller is identical to the single-input feedback

law (2.31). Remark 2.2 therefore ensures that the division by singular gain gj in the

control law above is only symbolic. The choice of k specified after Eq. (5.16) ensures

that each term above is scaled by gγj , γ ≥ 1 guaranteeing cancellation of gj in the

numerator and denominator. As a result, no division by the singular gain exists in

the actual control law expression.

Proof. Corresponding to each block in Â, energy functionals are defined which are

then combined with appropriate scaling to arrive at a candidate Lyapunov function

for the entire dynamics (5.15). The constituent energy functional for arbitrary block

j where j = 1, 2, . . . , p is,

V o
j = Rj

rj∑
i=1

Ωj 2
i (5.28)

which has the following derivative accounting for the persistence filter dynamics (5.16),

V̇ o
j = −λjRj

rj∑
i=1

Ωj 2
i + 2Rj

rj∑
i=1

Ωj i

(
d

dt
Ωj i +

gkj
2Rj

Ωj i

)
(5.29)

Focusing now on each individual block, the mixed term in Eq. (5.29) for the

p-block is computed. From the augmented state definitions for this block in Eq. (5.20)

it can be shown that,

rp∑
i=1

Ωp i

(
d

dt
Ωp i +

gkp
2Rp

Ωp i

)
=

rp−1∑
i=1

Ωp i Ωp i+1 + Ωp rp

(
d

dt
Ωp rp +

gkp
2Rp

Ωp rp

)
(5.30)
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where the last term on the right hand side above can be evaluated from dynam-

ics (5.19) as,(
d

dt
Ωp rp +

gkp
2Rp

Ωp rp

)
=

(
−

rp∑
i=1

αp,rp−i+1 z
p
i + gpup +

d

dt
( Ωp rp − zp rp) +

gkp
2Rp

Ωp rp

)
(5.31)

Substituting for control up in the above expression from Eq. (5.24) yields,(
d

dt
Ωp rp +

gkp
2Rp

Ωp rp

)
= −

rp∑
i=1

αp,rp−i+1 Ωp i (5.32)

Finally substituting back into Eq. (5.30) and then in (5.29), the directional derivative

V̇ o
p for the p-block can be obtained to be,

V̇ o
p = −λpRp

rp∑
i=1

Ωp 2
i + 2Rp

[
rp−1∑
i=1

Ωp i Ωp i+1 − Ωp rp

rp∑
i=1

αp,rp−i+1 Ωp i

]

≤ −(λp + αp,1)Rp

rp∑
i=1

Ωp 2
i + 2Rp

[
rp−1∑
i=1

| Ωp i|| Ωp i+1|+ | Ωp rp|
rp−1∑
i=1

|αp,rp−i+1|| Ωp i|
]

(5.33)

which applying inequality 2|ω1||ω2| ≤ ω2
1 + ω2

2 yields,

V̇ o
p ≤ −Rp

[
(λp − 1− |αp,rp |) Ωp 2

1 +

rp−1∑
i=2

(λp − 2− |αp,rp−i+1|) Ωp 2
i

+(λp − 1 + αp,1 −
rp−1∑
i=1

|αp,rp−i+1|) Ωp 2
p

]
(5.34)

which is identical to Eq. (2.41) as expected. Now assuming that λp is chosen large

enough to render the bracketed terms positive, i.e. γp > 0 as defined in Eq. (5.26),

simplifies (5.34) to,

V̇ o
p ≤ −γpV o

p = −γpRp

rp∑
i=1

Ωp 2
i (5.35)
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The directional derivative is now computed as shown in Eq. (5.29) for any

arbitrary j < p. Using the augmented state definitions (5.23), the last term in

Eq. (5.29) can be evaluated as,

rj∑
i=1

Ωj i

(
d

dt
Ωj i +

gkj
2Rj

Ωj i

)
=

rj−1∑
i=1

Ωj i Ωj i+1 + Ωj rj

(
d

dt
Ωj rj

+
gkj

2Rj

Ωj rj

)

+

rj−1∑
i=1

Ωj i

p∑
s=j+1

βj,s,i Ωs 1 (5.36)

where the term corresponding to the last augmented state in above equation can be

computed as before as,(
d

dt
Ωj rj

+
gkj

2Rj

Ωj rj

)
=

(
−

rj∑
i=1

αj,rj−i+1 z
j
i + gjuj +

p∑
s=j+1

βj,s,rj Ωs 1

+
d

dt
( Ωj rj

− zj rj
) +

gkj
2Rj

Ωj rj

)
(5.37)

Substituting for control uj in the above expression from Eq. (5.24) yields,(
d

dt
Ωj rj

+
gkj

2Rj

Ωj rj

)
= −

rj∑
i=1

αj,rj−i+1 Ωj i +

p∑
s=j+1

βj,s,rj Ωs 1 (5.38)

Cross terms begin to appear in Eqs. (5.36) and (5.38) as a consequence of Âk,j (for

k < j) matrices being non-zero which indicate coupling with the states in the previous

block. However, as stated before it can be verified that the coupling is unidirectional

and involves only the first state in each block. Combining Eqs. (5.38) and (5.36) and

substituting the result back in (5.29) yields the following directional derivative,

V̇ o
j = −λjRj

rj∑
i=1

Ωj 2
i + 2Rj

[ rj−1∑
i=1

Ωj i Ωj i+1 +

rj−1∑
i=1

Ωj i

p∑
s=j+1

βj,s,i Ωs 1

+ Ωj rj

(
−

rj∑
i=1

αj,rj−i+1 Ωj i +

p∑
s=j+1

βj,s,rj Ωs 1

)]
(5.39)
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The mixed terms corresponding to the j-block can be dominated using the negative

quadratic terms in the above equation as before to yield,

V̇ o
j ≤ −Rj

[
(λj − 1− |αj,rj |) Ωj 2

1 +

rj−1∑
i=2

(λj − 2− |αj,rj−i+1|) Ωj 2
i

+(λj − 1 + αj,1 −
rj−1∑
i=1

|αj,rj−i+1|) Ωj 2
j

]
+ 2Rj

[ rj∑
i=1

Ωj i

p∑
s=j+1

βj,s,i Ωs 1

]
(5.40)

The last term in Eq. (5.40) contains the mixed terms with states from the j + 1, j +

2, . . . , p-blocks and can be written in a more simplified form as,

V̇ o
j ≤ −Rj

[
(λj − 1− |αj,rj |) Ωj 2

1 +

rj−1∑
i=2

(λj − 2− |αj,rj−i+1|) Ωj 2
i

+(λj − 1 + αj,1 −
rj−1∑
i=1

|αj,rj−i+1|) Ωj 2
j

]
+2Rj

[
Ωj T
(
Âj,j+1 Ωj+1 + . . .+ Âj,p Ωp

)]
(5.41)

Choosing as before γj > 0 as defined in Eq. (5.26) simplifies (5.41) to,

V̇ o
j ≤ −γjV o

j + 2Rj

[
Ωj T
(
Âj,j+1 Ωj+1 + . . .+ Âj,p Ωp

)]
≤ −γjRj

rj∑
i=1

Ωj 2
i + 2Rj

[
Ωj T
(
Âj,j+1 Ωj+1 + . . .+ Âj,p Ωp

)]
(5.42)

The following energy-like function is defined for combining the p and p − 1

blocks,

V[p,p−1] , V o
p−1 + 2

Rp−1,max

Rp,min

V o
p (5.43)

The direction derivative of V[p,p−1] can be computed based on Eqs. (5.35) and (5.42)
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to be,

V̇[p,p−1] ≤ −2
Rp−1,max

Rp,min

γpRp

rp∑
i=1

Ωp 2
i − γp−1Rp−1

rp−1∑
i=1

Ωp−1 2
i

+2Rp−1 Ωp−1 T Âp−1,p Ωp

≤ −Rp−1,max

Rp,min

γpRp

rp∑
i=1

Ωp 2
i − γpRp−1

rp∑
i=1

Ωp 2
i − γp−1Rp−1

rp−1∑
i=1

Ωp−1 2
i

+Rp−1‖Âp−1,p‖
(
‖ Ωp−1 ‖2 + ‖ Ωp ‖2

)
≤ −Rp−1

[
(γp − ‖Âp−1,p‖)

rp∑
i=1

Ωp 2
i + (γp−1 − ‖Âp−1,p‖)

rp−1∑
i=1

Ωp−1 2
i

]

−Rp−1,max

Rp,min

γpRp

rp∑
i=1

Ωp 2
i

≤ −Rp−1

[
(γp − ‖Âp−1,p‖)

rp∑
i=1

Ωp 2
i +

(γp−1 − ‖Âp−1,p‖)
2

rp−1∑
i=1

Ωp−1 2
i

]

−min

{
γp
2
,
(γp−1 − ‖Âp−1,p‖)

2

}
V[p,p−1] (5.44)

where the second inequality has been arrived at by using available bounds on Rp, Rp−1

and applying the Cauchy-Schwarz inequality on the mixed term.

The following energy-like function allows amalgamation of the p to p−2 blocks,

V[p,p−2] , V o
p−2 +

Rp−2,max

Rp−1,min
V[p,p−1] (5.45)

The pattern followed in prescribing the amalgamated energy function is evident from

the above equation. Proceeding along identical steps as Eq. (5.44), it can be shown

that the directional derivative of V[p,p−2] turns out to be,

V̇[p,p−2] ≤ −Rp−2,max

Rp−1,min
min

{
γp
2
,
(γp−1 − ‖Âp−1,p‖)

2

}
V[p,p−1]

−Rp−2

[
(γp − ‖Âp−1,p‖ − ‖Âp−2,p‖)‖ Ωp ‖2
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+

(
γp−1 − ‖Âp−1,p‖

2
− ‖Âp−2,p−1‖

)
‖ Ωp−1 ‖2

+(γp−2 − ‖Âp−2,p−1‖ − ‖Âp−2,p‖)‖ Ωp−2 ‖2
]

≤ −min

{
γp
2
,
(γp−1 − ‖Âp−1,p‖)

2
,
(γp−2 − ‖Âp−2,p−1‖ − ‖Âp−2,p‖)

2

}
V[p,p−2]

−Rp−2

[
(γp − ‖Âp−1,p‖ − ‖Âp−2,p‖)‖ Ωp ‖2

+

(
γp−1 − ‖Âp−1,p‖

2
− ‖Âp−2,p−1‖

)
‖ Ωp−1 ‖2

+
(γp−2 − ‖Âp−2,p−1‖ − ‖Âp−2,p‖)

2
‖ Ωp−2 ‖2

]
(5.46)

Continuing in this prescribed manner the rest of the amalgamated Lyapunov

candidate functions are defined by the following recursive formula,

V[p,p−j] , V o
p−j +

Rp−j,max

Rp−j+1,min

V[p,p−j+1] (5.47)

for j = 2, . . . , p − 1. Diligently carrying out the derivatives of each V[p,p−j] and

proceeding as before to compute V̇[p,p−j−1], the following final candidate Lyapunov

function can be arrived at,

V , V[p,1] (5.48)

for which the directional derivative along dynamics (5.15) can be compactly written

as,

V̇ ≤ −σV −R1

(
γp −

p−1∑
l=1

‖Âp−l,p‖
)
‖ Ωp ‖2

−R1

p−1∑
j=2

(
γj
2
− 1

2

p−j∑
l=1

‖Âj,j+l‖ −
j−1∑
l=1

‖Âj−l,j‖
)
‖ Ωj ‖2 (5.49)

where σ is defined in Eq. (5.27).
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Assuming now that all inequalities (5.25) are satisfied, integrating both sides

of Eq. (5.49) yields that V (t) ≤ V (0) exp(−σt). Further from the positive definiteness

of each component function V o
j , j = 1, 2, . . . , p, it is possible to proceed backwards

progressively starting at Eq. (5.47) to recover exponential convergence of each term

V o
j at arbitrary rate σ. For example,

V = V[p,1] = V o
1 +

R1,max

R2,min

V[p,2] (5.50)

which implies exponential convergence of V o
1 and V[p,2] at rate σ. Then from the

definition of V[p,2], i.e.,

V[p,2] = V o
2 +

R2,max

R3,min

V[p,3] (5.51)

exponential convergence of V o
2 and V[p,3] at an identical rate can be concluded. Sim-

ilarly, subsequent steps will prove exponential convergence with rate σ for all V o
j .

This along with the fact that there exists an Rj,min > 0 corresponding to each Rj(t)

implies exponential convergence of states Ωj = (
√
V o
j /Rj,min) at a rate σ/2. The

invertibility of the augmented states definitions (5.20), (5.22) and (5.23) to recover

zj identical to results in Chapter 2 further proves exponential convergence of zj and

in turn that of x to zero at the same rate.

5.2.3 Adaptive Control Modification

As was the case for single-input systems in Chapter 2, it is possible to intro-

duce adaptation to the control law described in Theorem (5.1) for situations wherein

the matrices describing the system, i.e. A and B are unknown. A controllability

assumption is made on the matrix pair (A,B) as in Theorem 5.1. Further, these ma-

trices are assumed to be unknown but in the canonical form described by Eq. (5.15).
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The following Corollary is therefore stated in terms of matrices Â and B̂ as system

matrices. An important facet of this assumption is that the minimum number of

controls required to ascertain system controllability is known (this is the same as the

number of blocks in Â denoted by p).

Corollary 5.1. Consider the linear, multi-input dynamics in Eq. (5.15) with un-

known system matrices Â and B̂ assumed to form a controllable pair and the compo-

nent functions of G(t) are Cn−1, bounded with bounded derivatives up to order (n−1)

and satisfy the PE condition (1.5). Further, let the augmented states be defined as in

Eqs. (5.20) and (5.23). Then the following control law,

uj = − 1

gj

rj∑
i=1

α̂j,rj−i+1( Ωj i − zj i)−
1

gj

d

dt
( Ωj rj

− zj rj
)−

gk−1j

2Rj

Ωj rj
(5.52)

for j = 1, 2, . . . , p and uj = 0 for j > p with the persistence filters defined by,

Ṙj = −λ̂j(t)Rj + gkj (t), (5.53)

with Rj(0) > 0, k = max{2, 2dlog2 re}, r = max{r1, r2, . . . , rp}, the evolution of λ̂j(t)

given by,

˙̂
λj = νjRj‖ Ωj ‖2, any νj, λ̂j(0) > 0 (5.54)

and parameter estimates evolving as,

˙̂αj,rj−i+1 = −2ηj,iRj Ωj rj

rj∑
i=1

α̃j,rj−i+1( Ωj i− zj i), any α̂j,rj−i+1(0), , ηj,i > 0 j = 1, 2, . . . , p

(5.55)

guarantees asymptotic convergence of z to the origin.

Proof. The analysis of this result draws heavily from the corresponding single-input

adaptive control result in Theorem (2.2). The constituent energy functionals in
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Eq. (5.28) are each modified to,

V o
j = Rj‖ Ωj ‖2 +

1

2νj
λ̃2 +

rj∑
i=1

1

2ηj,i
α̃2
j,rj−i+1 (5.56)

with the parameter estimate error defined as α̃j,rj−i+1 , αj,rj−i+1 − α̂j,rj−i+1 and

λ̃ , λ̂j − λ̂∗j with the constant λ̂∗j to be defined later in the course of this proof.

Following steps identical to Eqs. (5.30)-(5.35), the derivative of the energy

functional corresponding to the p-block after substituting for up from Eq. (5.52) turns

out to be,

V̇ o
p ≤ −(λ̂p − λ∗p)Rp‖ Ωp ‖2 − 2Rp Ωp rp

rp∑
i=1

α̃p,rp−i+1( Ωp i − zp i)

+
1

νp
λ̃

˙̂
λ−

rp∑
i=1

1

ηp,i
α̃p,rp−i+1

˙̂αp,rp−i+1 (5.57)

where an additional term is obtained due the fact that the control law is in terms of the

estimates α̂p,rp−i+1 as in Eq. (2.53). Adding and subtracting terms as in Eq. (2.56)

and substituting for
˙̂
λp and ˙̂αp,rp−i+1, i = 1, 2, . . . , rp from Eqs. (5.54) and (5.55)

respectively yields,

V̇ o
p ≤ −εpRp‖ Ωp ‖2 (5.58)

where the choice λ̂∗p , (λ∗p + εp) has been made. The uncoupled nature of the Ωp dy-

namics allows direct application of the signal-chasing arguments following Eq. (2.57)

to conclude that there exist Rp,min, Rp,max > 0 such that 0 < Rp,min ≤ R(t) ≤ Rp,max

and that Ωp → 0 asymptotically.

Analysis identical to the above can be carried out in computation of directional

derivatives for all subsequent V o
j ’s. Diligent book keeping will show that for the
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p− 1, p− 2, . . . , 1-blocks the derivatives of the potential functions start showing cross

terms with states from the previous block as was evident in Eq. (5.42),

V̇ o
j ≤ −εjRj‖ Ωj ‖2 + 2Rj

[
Ωj T
(
Âj,j+1 Ωj+1 + . . .+ Âj,p Ωp

)]
(5.59)

where for each j, the choice λ̂∗j , (λ∗j + εj) is made. Further,
˙̂
λj and ˙̂αj,rj−i+1, i =

1, 2, . . . , rj are as specified in Eqs. (5.54) and (5.55) respectively. The cross terms im-

ply as in the proof of Theorem 5.1 that amalgamated potential functions are required

to complete the proof of convergence,

V[p,p−j] , V o
p−j +

Rp−j,max

Rp−j+1,min

V[p,p−j+1], for j = 1, . . . , p− 1 (5.60)

The definitions of these amalgamated potential functions are identical to the non-

adaptive case except for V[p,p−1] where a factor of ‘2’ is seen in Eq. (5.43). Here, the

assignment V[p,p] , V o
p has been made. Following identical steps as Eq. (5.44), it is

possible to compute the derivative of V[p,p−1] as,

V̇[p,p−1] ≤ −Rp−1

[
(εp − ‖Âp−1,p‖)

rp∑
i=1

Ωp 2
i + (εp−1 − ‖Âp−1,p‖)

rp−1∑
i=1

Ωp−1 2
i

]
(5.61)

Subsequently proceeding along the same lines as above in evaluating V̇[p,p−j]

and defining as in Eq. (5.48), V = V[p,1],

V̇ ≤ −R1

[(
εp −

p−1∑
l=1

‖Âp−l,p‖
)
‖ Ωp ‖2 +

(
ε1 −

p−1∑
l=1

‖Â1,1+l‖
)
‖ Ω1 ‖2

+

p−1∑
j=2

(
εj −

p−j∑
l=1

‖Âj,j+l‖ −
j−1∑
l=1

‖Âj−l,j‖
)
‖ Ωj ‖2

]
(5.62)

It is possible to choose each εj sufficiently large to ensure that the right hand side of

the inequality above is always non-positive. The specific choice of the εj’s does not
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impact the control law since they do not enter the control formulation in Eq. (5.52).

It is only required that εj’s be finite which is true since the entries of the matrix Â

are finite. It is also important to note that choosing εj’s to ensure that V̇ ≤ 0 also

guarantees that all preceding V̇[p,p−j] ≤ 0.

The structure of the dynamics for each Rj(t) and λ̂j(t) is identical to that

of their single-input counterparts in Eqs. (2.44) and (2.49). Therefore it can be

established based on the first of the signal-chasing arguments following Eq. (2.57)

that each Rj(t) ≥ 0 for all t ≥ 0. The signal-chasing arguments for this multi-input

case are now completed in the following steps,

1. V[p,p−1] from Eq. (5.60) is now considered,

V[p,p−1] , V o
p−1 +

Rp−1,max

Rp,min

V o
p (5.63)

It has already been established that Rp,min > 0 exists and that V o
p ≥ 0. Further,

since Rp−1(0) > 0 it must be true that Rp−1,max > 0. Finally Rp−1(t) ≥ 0 implies

that V o
p−1 ≥ 0 and therefore that V[p,p−1] ≥ 0.

2. From Eq. (5.61) it is evident based on the choice of ε′js specified above that

V̇[p,p−1] ≤ 0. This along with V[p,p−1] ≥ 0 implies that a finite V[p,p−1](∞) ,

limt→∞ V[p,p−1](t) exists and that Rp‖ Ωp ‖2, Rp−1‖ Ωp−1 ‖2, λ̂p, λ̂p−1 and the pa-

rameter estimates in the p, p− 1-block are all bounded (L∞).

3. Integrating both sides of Eq. (5.61) keeping in mind the existence of a finite

V[p,p−1](∞) confirms that
√
Rp‖ Ωp ‖ and

√
Rp−1‖ Ωp−1 ‖ belong to the class of

L2 functions (i.e. are square integrable).
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4.
√
Rp−1‖ Ωp−1 ‖ ∈ L2 ∩ L∞ implies by application of Barbalat’s Lemma that√
Rp−1‖ Ωp−1 ‖ → 0 asymptotically.

5. Boundedness of λ̂p−1 implies existence of Rp−1,min > 0 by Lemma 2.5 such

that Rp−1(t) ≥ Rp−1,min for all t ≥ 0. Rp−1(t) > 0 implies from Eq. (5.54)

that
˙̂
λp−1 ≥ 0 and therefore that λ̂p−1 ≥ λ̂p−1(0) > 0 for all t ≥ 0. Another

application of Lemma 2.5 gives the existence of finite upper bound Rp−1,max > 0

with Rp−1(t) ≤ Rp−1,max for all t ≥ 0.

6.
√
Rp−1‖ Ωp−1 ‖ → 0 asymptotically and Rp−1(t) ≥ Rp−1,min > 0 together imply

that Ωp−1 → 0 asymptotically.

The above arguments have successfully proved that Ωp , Ωp−1 → 0 asymptot-

ically. It is now evident that following identical signal-chasing arguments as above

sequentially on V[p,p−2], V[p,p−3], . . . , V[p,1] allows conclusion of asymptotic convergence

of all Ωj ’s to the origin. Finally, the invertibility of the augmented states definitions

(5.20), (5.22) and (5.23) to recover zj implies in turn that zj → 0 for j = 1, 2, . . . , p

as claimed in the Corollary.

5.3 Some Remarks on Multi-Output System Estimation

It has been shown in Chapter 3 that the single-input stabilization results

based on a persistence filter can be mimicked for single-output systems with scalar,

persistent gains on the output side. The formulation however required extensive

changes to the augmented state definitions and was based upon the observer canonical
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form (as opposed to the controller canonical form for the dual control problem). It is

however interesting to note that the transformed A matrices are transposed in each

of the canonical forms as is evident by comparison of Eqs. (3.6), (3.7) and (2.8).

The successful resolution of the multi-input stabilization problem with a di-

agonal singular gain matrix by transformation to a corresponding block-triangular

canonical form provides some hope of achieving a similar observer counterpart for

multi-output systems. To this end the following dynamics are defined,

ẋ = Ax+ u

y = G(t)Cx (5.64)

with x ∈ Rn, u ∈ Rn, A ∈ Rn×n, C ∈ Rs×n and G(·) : R≥0 → Rs×s. It is assumed

that the (A,C) pair is observable and G(t) is sufficiently smooth, satisfies the PE

condition in Def. 1.1 and has the form,

G(t) =


g1(t) 0 . . . 0

0 g2(t) . . . 0
...

...
. . .

...
0 0 . . . gs(t)

 (5.65)

The PE claim on G(t) implies in this case too that each of the component functions

gi(t), i = 1, 2, . . . , s satisfy the PE condition.

Observability of the (A,C) pair in Eq. (5.64) implies controllability of (AT , CT ).

The canonical transformation described in Section 6.1 can therefore be constructed

to obtain a non-singular matrix T such that, Â = TATT−1 and B̂ = TCT where Â

and B̂ are defined in Eqs. (5.11)-(5.14). The similarity transformation, z = (T−1)Tx
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is now considered. This results in the following transformed dynamics,

ż = Aoz + (T−1)Tu

y = G(t)Coz (5.66)

with Ao = ÂT and Co = B̂T . It has therefore been possible to obtain canonical

dynamics which are the transpose of the case for the control problem. This is now in

suitable form to carry out observer design. Following are some of the features of the

transformed system,

• The matrix Ao is now upper triangular so that the 1-block is decoupled as

opposed to the p-block in the control case.

• Each diagonal block has the same structure as the observer canonical form for

a single output system with the last state in each corresponding block being

the measured output. More specifically the first p outputs are, y(1 : p) =

[g1 z
1
r1
, g2 z

2
r2
, . . . , gp z

p
rp ]T assuming that z is still partitioned according to

Eq. (5.17).

• The last s − p rows in the Co are redundant outputs and need not be used in

the observer design process since the system is observable with only the first p

outputs.

• The upper triangular structure of Ao implies that each block (1 + j)-block has

coupling with the j-block for j = 1, 2, . . . , p−1. However based on the structure

of Âk,j in Eq. (5.13) it can be inferred that the coupling terms appear only in

the first state corresponding to each block.

128



• The evident similarities with the dual control design problem leads to the belief

that an exponential observer design for multi-input systems with diagonal, sin-

gular gains on the measurements can be accomplished by extending Theorem 3.2

based on the above canonical form.

• The observer design would begin at the uncoupled 1-block estimation error

dynamics and then proceeding in steps to higher numbered blocks which is

exactly the reverse of the order followed in the control design. The estimation

error dynamics corresponding to the 2-block has coupling with the error states in

the 1-block which have already been rendered exponentially stable. This implies

that the coupling terms wash out exponentially fast resulting in exponential

convergence of the 2-block error states. These arguments can potentially be

continued to establish exponential reconstruction of all states.

5.3.1 Observer Design

Let the observer have the following dynamics,

˙̂z = Aoẑ + (T−1)Tu+ η

ŷ = G(t)Coẑ (5.67)

Then the error dynamics for z̃ , z − ẑ is,

˙̃z = Aoz̃ − η

ỹ = G(t)Coz̃ (5.68)

with η = [ ηp , ηp−1 , · · · , η1 ]T .
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The analysis begins by looking at the error dynamics of the 1-block which as

stated earlier is an uncoupled single-output system and can be verified to have the

following form,

d

dt
z̃1 = ÂT1,1 z̃

1 − η1

ỹ1 = g1 z1 r1
(5.69)

Therefore applying Theorem 3.2 to design η1 guarantees that z1 → 0 exponentially.

Going forward, the error dynamics of the 2-block has a coupling with z̃1 as

follows,

d

dt
z̃2 = ÂT2,2 z̃

2 + ÂT1,2 z̃
1 − η2

ỹ2 = g2 z2 r2
(5.70)

Suppose η2 is chosen based on Theorem 3.2 for the following nominal dynamics (i.e.,

if the coupling term did not exist),

d

dt
z̃2 = ÂT2,2 z̃

2 − η2

ỹ2 = g2 z2 r2
(5.71)

Substituting, the innovation term η2 thus obtained back in Eq. (5.70) it can be

concluded that in the absence of the coupling term the linear, time-varying system

is exponentially stable. Further, it is known from the analysis corresponding to the

1-block that z̃1 and hence the coupling term is exponentially decaying. Therefore, the

observer dynamics is an exponentially stable linear system forced by an exponentially

decaying forcing allowing the conclusion that z̃2 → 0 exponentially.

The analysis can be continued along identical lines to conclude exponential

convergence of all z̃i for i = 1, 2, . . . , p to the origin. This leads to the following
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Lemma on observer design for multi-output dynamics with matrix, singular, time-

varying gains.

Lemma 5.1. Consider the linear, multi-output dynamics in Eq. (5.64)-(5.65) under

the assumptions that (A,C) is an observable pair and the component functions of

G(t) are Cn−1, bounded with bounded derivatives up to order (n − 1) and satisfy the

PE condition (1.5). Further, let z = (T−1)Tx transform the dynamics (5.64) to

Eq. (5.66). Then the following observer,

˙̂x = Ax̂+ u+ T Tη (5.72)

with η = [ ηp , ηp−1 , · · · , η1 ]T where each ηi (i = 1, 2, . . . , p) is designed using Theo-

rem (3.2) on the following nominal dynamics,

d

dt
z̃i = ÂTi,i z̃

i − ηi

ỹi = gi z
i
ri

(5.73)

guarantees x̃ , (x − x̂) → 0 exponentially under the assumptions made in Theo-

rem (3.2).

5.4 Numerical Simulations

5.4.1 Third Order Dynamics Stabilization

In order to illustrate the result in Theorem 5.1 a third order dynamical system

with two control inputs is considered. The system matrices corresponding to the

structure described in Eq. (5.1) are,

A =

 1 1 −2
−12 6 −2

0 2 −3

 , B =

 0 0
50 0
0 50

 (5.74)
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It is straightforward to verify that A is an unstable matrix and further that the pair

(A,B) is controllable. Following the sequence of steps outlined in Section 6.1 results

in the following canonical structure corresponding to Eq. (5.15),

Â =

 1 0 0
−2 0 1
4 2 3

 , B̂ =

0 1
0 0
1 0

 (5.75)

which resembles Eqs. (5.11)-(5.14).

For the purposes of the simulation, gi(t) for i = 1, 2 are set to mimic on-off

signals in a smooth fashion. The following smooth function with compact support

described in Jamshidi and Kirby [24] is used to define the conjugate functions g1(t)

and g2(t),

φ(t) = (1 + cos(tπ))H(1− t2) (5.76)

where H(z) = {0 if z ≤ 0 & 1 if z > 0} is the standard Heaviside step function.

For this simulation, each actuation cycle was assumed to be of duration 1 s with

g1(t) ‘on’ for 0.4 s followed by a 0.2 s gap of no actuation and g2(t) turned ‘on’ for

the last 0.4 s of the cycle. The alternating character of the control gains g1(t) and

g2(t) is representative of a single actuator reorienting to provide control in the two

independent directions. With this setup it is possible to design a feedback law to

stabilize the dynamics described by matrices A and B in Eq. (5.74).

The results of the simulation are shown in Figures (5.1) and (5.2).The initial

conditions for the simulations are x0 = [0.2, −0.1, 0.5]T and R1(0) = R2(0) = 1.

The duration of the simulation was 30 s and the persistence filter gains are chosen as

λ1 = 15 and λ2 = 3. As expected from the claims made in the theorem, exponential

convergence of the states to the origin is seen with reasonable control effort while
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Figure 5.1: Third Order Dynamics Stabilization - x(t)

using only a single actuator alternating between two directions. The control effort is

plotted for the first 10 s of the simulation only for visual clarity.

5.4.2 Axi-Symmetric Underactuated Spacecraft Stabilization

In this section an interesting application of Corollary 5.1 in angular velocity

stabilization of an underactuated spacecraft with one axis of symmetry is explored.

In Chapter 5, it was shown that in the presence of an identical actuation schedule for

all three body axes, both the angular rates and attitude could be stabilized based on

the persistence filter theory. Here, a special sub-problem of the same is considered.

It is assumed without loss of generality that the body axis of the spacecraft

is aligned with the principal axis and further that there is an axis of symmetry, say
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Figure 5.2: Third Order Dynamics Stabilization - u(t)

J2 = J3 where J1, J2, J3 are the principal moments of inertia. The control design

will show that actual values of the inertias are not required for implementation of

the control law. It is further assumed that there are only two physical actuation

mechanisms one of which can however reorient to alternately provide torque on two

axes (refer ‘Thruster Gimballing’ in Stanton [83]). The angular velocity dynamics for

this setup written in the body frame of reference are,

ω̇1 = g1(t)u1 (5.77)

ω̇2 =
(J3 − J1)

J2
ω1ω3 + g2(t)u2 (5.78)

ω̇3 =
(J1 − J2)

J3
ω1ω2 + g2(t)u3 (5.79)

The dynamics corresponding to ω2 and ω3 have the same gain on the control repre-
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senting identical actuator schedules. Further, the gains g1(t) and g2(t) are designed

to be time-wise orthogonal functions (defined in the notation section of the Introduc-

tion) to signify actuator reorientation. It can be assumed without loss of generality

that one of the actuators can reorient to provide torques about the first and second

principal axes. The other actuator is fixed to provide torque about the third princi-

pal axis but has the same firing schedule as in the second axis (g2(t)). An example

could be a cylindrical satellite with a reorienting actuator (say a gimballing thruster)

between the roll and yaw directions while having a fixed actuator in the pitch direc-

tion. Reducing the number of actuators required for angular velocity stabilization

has obvious advantages especially with reference to micro-satellites with considerable

weight and power constraints.

The dynamical system in Eq. (5.77) is an uncoupled single-input system and

so applying the results from Theorem 2.1, the following control law,

u1 = − g1
2R1

ω1 (5.80)

with the persistence filter,

Ṙ1 = −λ1R1 + g21(t) (5.81)

and any λ1, R1(0) > 0 guarantees that ω1(t) ≤ ω1(0)
√
R1(0)/R1,min exp−(λ1t/2). In

this convergence estimate although the rate is known and can be chosen arbitrarily

large, the knowledge of R1,min is not assumed to be available. Substituting back this

expression for ω1(t) in the dynamics, it is possible to write Eqs. (5.78)-(5.79) as,

ω̇2 = k1e
−(λ1t/2)ω3 + g2(t)u2 (5.82)

ω̇3 = k2e
−(λ1t/2)ω2 + g2(t)u3 (5.83)
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where k1 , ω1(0)
√
R1(0)/R1,min(J3 − J1)/J2 and k2 , ω1(0)

√
R1(0)/R1,min(J1 −

J2)/J3 are unknown. The following nonlinear persistence filter is now defined along

the lines of Eq. (5.53),

Ṙ2 = −λ̂2R2 + g22(t) (5.84)

with R2(0), λ̂2(0) > 0. Defining Vi , ω2
iR2, i = 2, 3, the following directional deriva-

tives result,

V̇2 ≤ −(λ̂2 − k1)R2ω
2
2 + k1R2ω

2
3 (5.85)

V̇3 ≤ −(λ̂2 − k2)R2ω
2
3 + k2R2ω

2
2 (5.86)

where ui = −(g22/2R2)ωi, i = 2, 3. The upper bounds on the exponential terms have

been used to arrive at the above inequalities. Now defining V , V2 + V3 + λ̃22/ν with

λ̃2 , λ̂2 − λ̂∗2 where λ̂∗2 is a constant to be specified later, the directional derivative

can be computed as in the proof of Corollary 5.1,

V̇ ≤ −(λ̂2 − k1 − k2)R2(ω
2
2 + ω2

3) +
1

ν
λ̃2

˙̂
λ2

≤ −εR2(ω
2
2 + ω2

3) (5.87)

The final inequality has been arrived at by making the following choices,

λ̂∗2 , k1 + k2 + ε (5.88)

˙̂
λ2 = νR2(ω

2
2 + ω2

3) (5.89)

Applying identical signal-chasing arguments as in the proof of Corollary 5.1

and Theorem 2.2 following Eq. (5.87), asymptotic convergence of ω2, ω3 to zero can

be concluded along with exponential convergence of ω1 to zero from before.
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Figure 5.3: Angular Velocity Stabilization for Underactuated Spacecraft

A sample simulation on a representative micro-satellite was carried out to test

the efficacy of the proposed control. For the purposes of the simulation the inertias

were chosen as J1 = 3 kgm2, J2 = J3 = 2 kgm2. These values are only required

for simulation purposes and not for controller implementation as stated above. The

initial conditions were chosen as ω(0) = 0.1[π/12, −π/6, π/8]T , R1(0) = R2(0) = 1,

λ̂2(0) = 2. The various simulation parameters were chosen as λ1 = 2 and ν = 0.01.

Further, the scheduling functions g1(t) and g2(t) were chosen orthogonal to each other

with g1(t) active over 1.8 s followed by a 0.4 s gap where none of the actuators are

operating followed by a 1.8 s g2(t) ‘on’ window over a cycle of 4 s. This accounts for

actuator reorientation as required. The design of g1(t) and g2(t) is based on smooth,

compactly supported functions described in Eq. (5.76) and look similar in nature to

Fig. 3.2.
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Figure 5.4: Control Torques - Angular Velocity Stabilization for Underactuated
Spacecraft. Blue, Green and Red curves represent control commands on first, second
and third principal axes respectively.

Figure 5.3 shows the angular velocity evolution and Figure 5.4 the correspond-

ing control torque in each actuation cycle. It is evident from these plots that the

control law produces the desired convergence of the angular velocities to the origin

with reasonable control torques and using only two reorientable actuators. The con-

trol plots clearly depict the alternating nature of actuation between the first and the

second axes.

5.5 Concluding Remarks

This chapter shows extension of the persistence filter based controller frame-

work to stabilize multi-input, linear dynamics with a diagonal, time-varying control
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gain. The number of controls is allowed to be less than the number of states to

handle general cases as long as the system satisfies the linear time invariant con-

trollability condition in absence of the time-dependent control gains. The gains can

potentially pass through singular phases representing gaps in actuation. However,

these time-varying gains are assumed to satisfy the persistence of excitation condi-

tion to allow for the system to be controllable in presence of the gain matrix. The

stabilizing controller is designed by transforming the original multi-input system to

a canonical form consisting of a series of single-input dynamics coupled in one direc-

tion only. Subsequently, a set of persistence filters are defined corresponding to each

single-input system in the canonical form. The structure of the control law is identical

to the single-input case in Chapter 1 although the augmented state definitions are

altered to account for coupling between the single-input blocks. The performance of

the proposed control law was illustrated through a third order dynamical system with

two control inputs. It was shown that although the system requires two inputs for

controllability, allowing actuator reorientation resulted in stabilization using a single

physical actuator with the proposed control law. An adaptive control result for the

case wherein the system matrices are unknown was also developed in this chapter.

The result is a direct extension of the corresponding single-input adaptive control law

in Chapter 2. It was shown that a modified nonlinear persistence filter allows con-

struction of stabilizing multi-input control law even when the plant matrices are not

precisely known. The modified persistence filter formulation was employed to design

a feedback law for asymptotically stabilizing the angular velocity of a spacecraft with

only two actuators, one of which can reorient to alternately provide torque in two

directions.
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Chapter 6

Conclusion

6.1 Discussion

The primary goal of this dissertation has been to fill significant gaps in liter-

ature with reference to stabilizing controller and observer design in the presence of

singular measurement or control gains and unstable drift. This research provides a

novel perspective for controller and observer design for aforementioned systems based

on a relatively mild technical assumption called “persistence of excitation”. Through

the development of a unique persistence filter, stabilizing feedback controllers and

state observers have been postulated for a variety of dynamical systems.

An exponentially stabilizing feedback law based on a linear persistence filter

was proposed in Chapter 2 for general linear, single-input systems with a time-varying,

singular gain on the control term. Further, the convergence rate could be commanded

to arbitrarily large values. In the presence of uncertainty in the plant parameters,

it was demonstrated that a nonlinear modification to the persistence filter allows

formulation of an adaptive control law which guarantees asymptotic stabilization. It

was also shown in this chapter that a control law of identical structure exponentially

stabilizes a special case of a nonlinear dynamical system in the controllable canonical

form. A numerical example was presented to illustrate the theoretical claims made

in this chapter.
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The dual observer problem of designing state estimators for linear, single-

output systems with time-varying, singular gain on the measurement term was ad-

dressed in Chapter 3. Using an identical persistent filter construction, a state observer

that allows exponential reconstruction of all states at arbitrary rates of convergence

was designed. For this special case, the scalar persistence filter is in contrast to

Kalman-filter like observers that require a matrix filter construction. The controller

design from Chapter 2 and the proposed observer design were combined to design a

dynamic observer based controller for exponential stabilization of linear, single-input,

single-output systems with time-varying, singular gains on both the measurement and

control. A separation property for independent controller and observer construction

was thus proved. The simulations in this chapter illustrate application of the dynamic

controller to stabilization with reversible transducers which can operate as both sen-

sors and actuators. The transducers are assumed to switch between the sensor and

actuator modes which are depicted as time-varying, singular gains on the control

and measurements. Two specific applications pertaining to vibration damping using

piezoelectric devices and inverted pendulum stabilization with a DC motor are con-

sidered as illustrative examples. This chapter also extends the stabilization results to

the case where the control and measurement gains have additional state dependence,

subject to mild technical assumptions.

In Chapter 4, the ideas of persistence filters for linear systems were extended

to stabilize the nonlinear spacecraft attitude dynamics with intermittent actuation.

The intermittence in actuation could arise due to a variety of reasons (e.g. mission

requirements, saturating actuators like CMG’s etc., thruster rise and fall times) and

is modeled as a scalar, time-varying gain on the control which passes through phases
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of singularity. A nonlinear, state dependent persistence filter is developed and then

utilized to come up with an exponentially stabilizing feedback law. Simulations in

this chapter pertain to accommodation of rise and fall times in a proportional thruster

through intermittent control design. Results indicate that the persistence filter based

controller results in convergence with intermittent actuation even when conventional

Proportional-Derivative controller fails.

The results up to Chapter 4 pertain to unstable dynamics with singular gains

that are scalar in nature. Although a formidable problem in itself with few solution

attempts in literature, matrix gains in multi-input systems represent a more realistic

scenario. This can be attributed to significantly different actuator dynamics implying

that the singularities of these actuators may not coincide. In Chapter 5, the single-

input results are extended to a multi-input system where each control term is scaled

by a unique time-varying gain signal. The number of controls is allowed to be less than

the number of states in general and only a controllability assumption on the linear,

time-invariant dynamics in the absence of gains is required. The persistence filter

structure is identical to the single-input problem although multiple filters are required

corresponding to each single-input block in a canonical form. The adaptive control

result for single-input systems is also generalized to asymptotically stabilize multi-

input dynamics with plant uncertainties. The adaptive controller design is tested in

angular velocity stabilization of a symmetric spacecraft with only two actuators.

6.2 Statement of Contributions

This dissertation has made several original contributions to the field of control

design for dynamics with state and time dependent control or measurement gains.
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These are outlined as follows,

1. The notion of persistence filters for stabilizing controller and observer design is

introduced in this work. The development of persistence filters for linear, single-

input and single-output systems, spacecraft attitude dynamics and special cases

of linear, multi-input systems have been shown.

2. An exponentially stabilizing controller with arbitrary convergence rate was de-

veloped for linear, single-input systems with time-varying, singular gains. The

controller guarantees exponential convergence in presence of arbitrary unstable

drift terms which to the best of our knowledge is a novel result in this area.

Previous results on stabilizing feedback have only dealt with cases involving no

drift [52], neutrally stable drift or double integrator [10] systems. Further, an

adaptive controller was designed employing the persistence filter framework that

guarantees asymptotic stabilization for linear, single-input systems with uncer-

tain plant parameters and time-varying control gains. It was also shown that

the controller structure can be extended to stabilize special nonlinear dynamical

systems in a controller canonical form [78, 77].

3. A state observer for linear, single-output systems with time-varying singular

output gains was proposed based on a linear persistence filter. The observer

ensures exponential reconstruction of all states from the measurements. In ad-

dition, for this special case the observer depends on a scalar filter which is in

contrast to the Kalman-filter like observers [5, 22] which depend on a covariance

matrix propagation. Therefore, the persistence filter based observer construc-

tion results in an observer with a fewer number of states for identical dynamics.
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The observer was combined with the persistence filter based controller to de-

velop a novel dynamic output feedback controller for linear, single-input, single-

output systems involving time-varying, singular gains on both the control and

the observations. The observer based control design was generalized for the

case with additional state dependence of the control and measurement gains.

Application of the persistence filter based controller and observer for reversible

transducers which can act as both sensors and actuators was also developed in

this work [81, 82].

4. A controller for exponentially stabilizing the attitude and angular velocity of a

spacecraft with only intermittently operational actuators was postulated in this

work. Intermittent actuation is modeled using a time-dependent, singular con-

trol scaling and the result hinges on a state and time-dependent persistence filter

construction. Intermittent actuation could arise in practical applications due to

mission requirements, thruster rise and fall times, CMG singularity avoidance

etc. Simulations indicate that the persistence filter based control law ensures

convergence even when classical proportional-derivative control laws [87] fail in

the presence of intermittence in actuation [79, 80].

5. The persistence filter construction proposed for linear systems with scalar, time-

varying control gains was extended to multi-input systems with matrix, time-

varying gains. The special case of diagonal, time-varying matrix scaling on the

control inputs was addressed and a stabilizing feedback law was designed based

on persistence filter theory. The number of control inputs is allowed to be lower

than the number of states for this general case and the only requirement was that
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the system be controllable without the time-varying gains on the control. The

potentially singular, diagonal, time-varying gain matrix allows for situations

where the control inputs cycle between on and off phases at different schedules.

Further, an adaptive control law was proposed by extension of the single-input

counterpart that guarantees asymptotic stabilization for uncertain multi-input

systems. The multi-input results represent a significant advancement towards

stabilizing general dynamical systems with intermittent actuation constraints.

A possible extension of observer design for single-output systems to the multi-

input case with distinct singular gains corresponding to each sensor was also

proposed in this work.

6.3 Future Work

The development of the persistence filter to design stabilizing control laws for

dynamics with time-varying, singular scaling opens up a wide variety of theoretical

and applied avenues for further research.

1. In Chapter 2, the trajectory tracking problem was briefly explored. The persis-

tence filter based controller was shown to guarantee convergence to a residual

set which however could not be shrunk by appropriate choice of a controller

parameter. So a critical question to ask is whether the persistence filter based

controller can be modified to address trajectory tracking problems. It is not

difficult to conclude that in lieu of the singular phases in the control scaling,

it is not possible to achieve exact tracking. However, the possibility of close

to perfect tracking for such dynamical systems and the ability to arbitrarily

regulate the size of the tracking error are interesting prospective research areas.
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2. In this work a multi-input extension of the persistence filter based control design

is presented for the case where the matrix, time-varying control gain is diagonal.

Although this in itself is a substantial improvement over existing results, it is of

great theoretical interest to look at stabilization of linear dynamics with more

general time-varying, matrix control gains. The results in current literature

corresponding to general matrix, time-varying control gains pertain to drift-

free or neutrally stable dynamics only.

3. A further query beyond solving the most general linear problem with singular,

time-varying gains is whether these results can be mimicked or extended to

apply to dynamical systems where the gains are both state and time dependent.

This has considerable applications especially in stabilization of nonholonomic

chain form dynamics with unstable drift as described in the Introduction.

4. Extensions of the stabilization results with matrix gain to nonlinear plants,

specifically the spacecraft attitude dynamics can go a long way to address

specific issues such as attitude stabilization with magnetic actuators and re-

orientable actuators (thruster gimballing) for micro-satellite applications. In

either of these examples, matrix state or time-dependent gains precede the

control vector in the attitude dynamics. Successful resolution of the attitude

stabilization problem with magnetic actuation or re-orientable actuators will

open up attractive alternatives for micro-satellite control with reduced num-

ber of actuators or completely propellant free actuation. A sub-problem of

the most general case with re-orientable actuators was considered in Chapter 6

where angular velocity stabilization with only two actuators was addressed for

a symmetric spacecraft.
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5. Another key application area of exploration is consensus control of multi-agent

systems. Considerable implementations of multi-agent systems have been stud-

ied in recent literature and many more envisioned for the future. The framework

developed in this work can potentially be extended to address issues related

to the control or measurements going through singular phases in multi-agent

systems. Such a situation can arise in the following instances and warrant

individual attention,

• Current literature is abundant with results on consensus control of linear

time-invariant or feedback linearizable systems. Notions from Graph the-

ory are employed to prove a variety of consensus results [18, 60, 64, 65].

However, if the dynamics involve singular, time-varying gains preceding

the control (e.g. a formation of spacecrafts with magnetic torquers as ac-

tuators) then feedback linearization is not possible and the application of

Graph theoretic results is doubtful. It would be valuable to look at per-

sistence filter notions from this work in an effort to achieve consensus in

non-feedback linearizable dynamics.

• The possibility of time-dependence in consensus control problems can also

arise due to the communication architecture. In general, consensus control

problems assume a fixed graph topology, i.e. it is assumed that the com-

munication link between the agents remains fixed with time. However, in

real applications it might be the case that although two agents can poten-

tially communicate with each other at some times yet at other times due

to some obstacle, communication might not be possible. This results in an

on-off behavior within the communication architecture. The persistence
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filter based control framework has the potential to help address the issue

of achieving consensus with intermittently operative communication links

between individual agents in the network.

6.4 Concluding Remarks

In conclusion, this dissertation deals with fundamental issues revolving around

singular phases in the control or measurements by virtue of state and time dependent

gains. Smooth, static feedback laws have been known to be ineffective in stabilizing

in the presence of singular control gains and unstable drift. This dissertation work

therefore proposes dynamic feedback controllers based on a unique persistence filter

construction. Singular gains appear in varied control applications ranging from con-

ventional areas such as rigid body attitude stabilization with magnetic actuators or

fewer than three independent actuators and nonholonomic systems such as spherical

robots to modern theory on switched systems such as switching reversible transducers

as well as consensus and networked control systems encompassing multifarious appli-

cations pertaining to autonomous vehicle formations, regional/national power grids,

systems biology, national/global economies, and urban traffic networks. In short, this

research paves the way for better understanding of intermittent actuation or sensing

applications in control design.
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