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A central feature of wireless networks is multiple users sharing a com-

mon medium. Cellular systems are among the most common examples of such

networks. The main phenomenon resulting from this inter-user interaction is

interference, and thus analyzing interference networks is critical to determine

the capacity of wireless networks. The capacity region of an interference net-

work is defined as the set of rates that the users can simultaneously achieve

while ensuring arbitrarily small probability of decoding error. It is an inher-

ently hard problem to find the capacity region of interference networks. Even

the capacity region of a general 2-user interference channel is a prominent open

problem in information theory. This work’s goal is to derive achievable regions

that are improved over known results, and when possible, capacity theorems,

for K user interference networks.
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Another multiuser channel that is commonly found in wireless systems

is a broadcast channel. Broadcast channels stand side by side with Interference

channels as the two of the most important channels for which capacity results

are still not completely known. In this work we develop inner and outer bounds

on the capacity region of fading broadcast channels, using which we find a part

of the capacity region under some conditions.

In summary, this work first presents coding arguments for new achiev-

able rate regions and, where possible, capacity results for K-user interference

networks. Second, it provides inner and outer-bounds for a class of fading

broadcast channels.
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Chapter 1

Introduction

In everyday life, we observe many scenarios in which multiple users

share the same medium. Cellular and ad-hoc wireless networks are two most

common examples of such scenarios. In these networks, signals from each

user interferes with those from other users, and thus the performance of most

current wireless networks are said to be interference-limited and not noise-

limited. Finding the capacity region of such a network is a long standing open

problem in information theory.

Note that the key difference between interference and noise is that the

interference belongs to a codebook. Random coding arguments for additive

noise networks, unfortunately, make interference resemble additive noise. By

granting structure to this interference, it is indeed possible to differentiate in-

terference from noise. This use of structured codebooks at all the transmitters

is referred to as “aligning” the interference at each receiver. That is, one might

be able to (partially) decode the sum of the interference signals (if they are

aligned appropriately) and thus partially cancel it to achieve a higher rate per

user.

Another channel of equal importance to interference channels in wireless
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(particularly cellular systems) are broadcast channels. The downlink is an

integral component of any centralized wireless system. The fading broadcast

channel is the most basic broadcast channel whose capacity still remains open.

In this thesis, we make significant progress on this problem by determining

inner and outer bounds on the capacity region of this channel.

1.1 Interference Channel Background

Interference channels were first introduced by Ahlswede in [1], where he

considers two settings each with two senders and two receivers with marginal

distributions p(y1|x1, x2) and p(y2|x1, x2). In the first setting, both receivers

are interested in the messages of both senders versus in the second setting,

where each receiver is only interested in the message of his corresponding

transmitter. In [1], Ahlswede shows that the first channel is equivalent to two

multiple access channels (MAC) and determines its capacity region. He also

presents an achievable region based on multiple access channel coding argu-

ments for the second channel. The second channel is called interference channel

(IFC) and it turns out that finding its capacity region is a hard problem, still

unknown in many cases.

Carleial [11] considers a two user, Gaussian IFC where the signal at

each receiver is a linear combination of transmitted codewords and a Gaussian

noise. Assuming power constraint Pi for transmitter i and noise variance Ni
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at receiver i, (i = 1, 2), [11] considers the following channel model:

Y1 =
√
a11X1 +

√
a21X2 + V1

Y2 =
√
a12X1 +

√
a22X2 + V2 (1.1)

which is then further simplified in [12], to the following model:

Y1 = X1 + c21X2 + V1

Y2 = c12X1 +X2 + V2 (1.2)

where Vi is a white Gaussian noise with power one (as depicted in Figure 1.1).

The capacity region of a general Gaussian IFC is a long standing open problem

in general. We divide the two user Gaussian IFC into three categories:

1. Very strong: cij ≥ Pi + 1 for i = 1, 2.

2. Strong: cij ≥ 1 for i = 1, 2.

3. Weak: at least one of cij ≤ 1.

Under “very strong” interference conditions, Carleial [11] obtains the

capacity region. Specifically, he proves that under these conditions, one can

achieve the rate Ri =
1
2
log(1 + Pi

Ni
) for each user, when receivers decode the

interference first, subtracts it from the received signal, and then decodes its

own message. For discrete channels, the same results hold [39], and these

conditions can be expressed equivalently as the following:

I(Xi;Yj) ≥ I(Xi;Yi|Xj) for i = {1, 2}.
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Figure 1.1: Standard form of the Gaussian IFC

For “strong” interference channels, the capacity region is obtained by

Sato [40] and in parallel work by Han and Kobayashi [22]. The idea is to show

that, in this case, decoding both messages at each receiver is in fact optimal.

It is not hard to show that when the strong interference condition is satisfied,

assuming that receiver i can decode message wi, receiver i can modify his

channel (knowing wi) to create a better (less noisy) version of the signal at

the other receiver, and therefore he should be able to decode the message of

the other user as well. In [40] Sato conjectured that the same capacity region

should be valid for discrete channels if the following condition is satisfied:

I(Xi;Yj|Xj) ≥ I(Xi;Yi|Xj) for i = {1, 2}. (1.3)

Later, Costa and El Gamal [16] prove his conjecture. Furthermore, The au-

thors in [29] extend this results to the case where the transmitters have com-

mon information as well as their private message to transmit. They obtain

the capacity region under the same constraints given in (1.3).

For the “weak interference” case, we still do not know the capacity
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region in general. Many inner/outer-bounds have been obtained, a few of

which we present next.

In [37], Sato determined three outer-bounds for the IFC. The first two

are derived by letting transmitters/receivers cooperate. The third one can be

viewed as the cut-set bound, and is proven to be tighter than the other two. He

also introduced a degraded Gaussian IFC, roughly when one of the channels is

better than the other (i.e. one receiver can simulate the other receiver’s signal

by using its own signal as the input of a hypothetical channel), and found

[38] conditions under which a channel is degraded. He characterized an inner

and outerbound for this channel that meet at one point. He also determines

the sum-rate capacity of this class of Gaussian IFC1. Later, Costa [15] showed

an equivalence of a class of degraded Gaussian IFC and Gaussian Z-channels

(IFC with one of its interference link omitted) and used this fact to find two

nontrivial point on the boundary of the capacity region of Gaussian IFC.

There is also an outer-bound derived by Carleial [13] for the capacity

region of the weak Gaussian IFC. Kramer [25] extended it by using a genie

idea. That is, when a genie gives both the receivers just enough information

to enable them to decode the other user’s message as well. The same genie

idea is used later to derive new outerbounds [19, 41] for the same channel. In

later works, genie’s role is to just give a boost to the intended signal at each

receiver rather than to enable them to decode the other user’s message, which

1Look at [36, Theorem 2] for more detail.
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eventually, leads to a tighter bound in many cases. Motahari and Khandani

[31] then proposed a tighter outerbound on the capacity region of Gaussian

IFC compared to [19, 25].

There are numerous results on the achievability region (inner bound) of

Gaussian IFC as well. Sato determined an inner bound by requiring one of the

receivers to decode both of the messages while the other one is just interested

in its own message [37]. Carleial [12] improved this region by dividing the rate

of each transmitter into two parts. One part is used to transmit a common

message Zi that needs to be decoded at both the receivers, and the other part

is to encode the private message Xi aimed to be decode only at receiver i

using a superposition-like idea. He proved that the new inner-bound beats

TDM (Time Devision Multiplexing) in several cases. However, in some cases

TDM outperforms his inner-bound.

Later, Han and Kobayashi [22] extend the results of [12], which is still

the best known achievable scheme for the general IFC. They use optimal code-

books rather than Gaussian’s, along with joint decoders at the receivers. They

also utilized a timeshare random variable instead of using convex hull of the

achievable rates. They show that in some specific cases of Gaussian IFC, time-

sharing achieves rates that can not be achieved by convex closure operation.

Later [14] showed that this can not happen for the discrete channels. This

paper also simplifies the achievable rate expressions and reduces the number

of auxiliary random variables used in those expressions.

Along the same line of research, Sason [36] proposed an inner-bound
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for the Guassian IFC as a simplified version of [22], which includes both TDM

and the capacity points given in [15]. He also determined the sum-rate ca-

pacity of the Z-channel and degraded IFC in [36]. Another simplification of

[22] is proposed by [19] for the 2-user Gaussian IFC. In [19] sufficient power

to the private message is assigned such that the unintended receiver sees this

part of the message with a power comparable to the noise power. This achiev-

able region is compared with the outerbound they derived in the same work

and conclude that they are within one bit for a general two-user Gaussian

IFC. Later, authors of [31] consider yet another simplified version of [22] when

Gaussian codebook is used. They also further reduced the complexity of find-

ing this region with weak interference. Moreover, they provide some cases

in which the full HK achievable region can be characterized when Gaussian

codebook is used for the Gaussian IFCs.

Although we still do not have any capacity results of the general weak

interference Gaussian IFC, we know some characterizations for some classes.

For example in a very weak regime when the following holds (channel model

is given in (1.2)):

√
c12(c21P1 + 1) +

√
c12(c21P2 + 1) ≤ 1, (1.4)

the sum-rate capacity is derived in [4, 31, 41] independently. It is proved that

in this setting, treating interference as noise at each receiver achieves the

corresponding sum-rate capacity. In addition, we know the sum-rate capacity

in the mixed Gaussian IFC [31], when c12 > 1 > c21 or c21 > 1 > c12.
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For the interference networks with more than two users, Annapureddy

and Veeravalli find the sum-rate capacity of the one to many (only one of

the transmitters interfere with all the receivers) and many to one (all of the

transmitters interfere with just one receiver) setting in a K-user, Gaussian

IFC [3]. Their proof is also based on a genie aided.

Finally, it is worth mentioning that there are also other approaches

to characterize, in an order sense, the capacity region of IFC. “Degrees of

freedom” determines the rate of increase in the sum-rate of a network with

respect to 1
2
log(SNR) as the transmitters’ power Pi increases (and eventually,

goes to infinity):

Dsum = lim sup∑K
i=1 Pi→∞

max
(R1,R2,...,RK)∈C

∑K
i=1 Ri

1
2
log(

∑K
i=1 Pi)

For the K-user, time/frequency varying Gaussian IFC, it is proved that one

might be able to achieve K
2
degrees of freedom [8, 9, 43]. This result also holds

for some specific constant value channel gains [10].

1.2 Introduction to Lattices

Random coding has been used for several years as the primary scheme to

obtain achievability results for Gaussian channels in information theory [42].

Subsequently, structured codes (lattices) were employed for channel coding

in [6]. The main motivation was that they have a lower encoding/decoding

complexity compared to random coding. Furthermore, De Buda showed in [6]

that the worse case probability of error can be computed when lattices are

8



used, rather than the average probability of error used in random coding. He

proved that one can achieve rates within one bit of the capacity using lattices.

Poltyrev studies the exponent of error probability when lattice codes are used

in decoding a Gaussian noise [34]. Other papers [7, 27] use intersection of a

good lattice with a thin spherical region as a codebook to achieve the capacity

of point to point AWGN channel with average probability of error over all such

codewords going to zero. However, as Loeliger [28] noticed, such a codebook

does not have desired structure of lattices anymore.

Loeliger, in his paper [28], constructs lattice codebooks based on linear

codes (construction A) that can achieve the rates up to 1
2
log( P

N
) when lattice

decoding is used at the receiver. The proposed codebook is the intersection

of a shifted lattice and a spherical region to preserve the power constraint

at the encoder. Authors of [47] proposed an achievable scheme using lattice

codebooks to achieve the capacity of AWGN channel (1
2
log(1 + P

N
)) utilizing

ML decoding at the receiver rather than lattice decoding.

Next, Erez and Zamir propose a lattice scheme to achieve the capacity

of AWGN channel in [18]. They use another lattice as the shaping region in

place of a hyper-sphere as used in the previous works. They also employ a

dither (another random variable known at both the transmitter/receiver) for

the proof to work out.

In addition to AWGN channels mentioned above, lattices are used in

other scenarios in information theory, for example in source coding [26, 48],

dirty paper coding and canceling the known interference [17].
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In more recent years, lattices attract even more attention [32, 33]. It

turns out that the underlying structure of lattice codebooks can be used to

“align” the unwanted interferences at multi-terminal scenarios [5, 44]. This

property can be used to achieve higher rates for the intended users.

In this work, we aim to explore how lattices can be used further to

achieve higher rates in some classes of interference channels. We will talk

about these classes of interest in more detail in the next chapter.

1.3 Previous Work on Fading Broadcast Channel

The Gaussian fading broadcast channel is of the basic Gaussian chan-

nels whose capacity region is still unknown. This channel is a broadcast chan-

nel with additive Gaussian noise and multiplicative state. This multiplicative

state is unknown to the transmitter while being known to the receivers. Such a

channel represents one of the most basic models for down-link communication

in a conventional cellular system without channel state feedback. This channel

is significantly different from a Gaussian channel without a fading state in that

it is, in general, a non-degraded broadcast channel.

Gaussian fading broadcast channels have been studied, when the chan-

nel state is known to both the transmitter and receivers. In this setting, it

is found to reduce to multiple parallel degraded broadcast channels [21]. In

the case of vector Gaussian fading broadcast channels with state known to all

parties, again, we have a separation into parallel channels, where dirty paper

coding yields the rate region for each parallel case. However, such a separa-
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tion does not hold in the case where the state is not known to the transmitter.

Moreover, dirty paper coding as employed in [24] does not directly apply to

such settings.
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Chapter 2

Lattice Coding for Interference Networks

In this chapter, we study the achievable rates for some classes of inter-

ference networks using lattice codes. We first find a “very strong” interference

condition for a K-user interference channel, where we show that transmission

is possible at the same rate as if the interferers are absent. Next, we investigate

a 3-user interference channel when one user’s message is known for the other

two senders and we derive conditions, as before, for interference-free commu-

nication. Finally, we propose a “layered lattice decoding” scheme for the same

channel model to find the total degrees of freedom achieving in this system.

We also present an achievable region for the symmetric 3-user Gaussian IFC,

that outperforms the generalized version of Han and Kobayashi region [22] for

three users when a Gaussian codebook is used.

2.1 Motivation and Previous Work

Interference channels have been studied extensively since the pioneer-

ing work of Ahlswede [1] and they became one of the most prominent open

problems in Information theory. Even a 2-user Gaussian interference channel

has not been completely solved yet. Recently, [19] finds the capacity of a 2-
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user Gaussian IFC within one bit. However, their result does not naturally

extend to scenarios with more than two users.

As detailed in the introduction, Carleial determines conditions for a

two user Gaussian IFC [11] under which each user can transmit with the same

rate as if there is no interference (“very strong interference conditions”). A

naive extension of Carleial’s results leads to highly stringent conditions on

the channel to be “very strong” in terms of interference. Thus, an important

question here is to determine if an alternate approach exists that provides us

with a significant class of K interference channels for which capacity can be

characterized.

What makes this naive extension restrictive, is its dependency on both

K, number of users, and power level at the transmitters. We are interested in a

scheme which results in a similar condition as the one that Carleial determined

for two user channels through removing the dependency on K. Since even the

mere dependency of the condition on power is undesirable, one would like to

eliminate it at the cost of providing transmitters with some extra information.

Another dimension of interest in a K-user Gaussian IFC is its perfor-

mance in high power level at the transmitters. As mentioned in the intro-

duction, when the channels are time/frequency varying, K
2

of total degrees

of freedom can be achieved [9]. Unfortunately, our knowledge is very limited

when the channel gains are constant [10]. In general one can achieve only one

degree of freedom. This is when the best known upper-bound on the total

degrees of freedom is K
2
[23]. The question we would like to address is if one
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can achieve more than one degree of freedom for a more general class of K-user

Gaussian IFC when channel gains are constant.

2.2 Lattice Preliminaries

In this section we present definitions and lemmas essential to establish

the results of this dissertation.

An n-dimensional lattice Λ is defined as:

Λ = {x ∈ Rn : Gz = x, z ∈ Zn},

where G is an n × n matrix of rank k. The Voronoi region V of a lattice is

defined as:

V = {x ∈ Rn : ∥x∥ ≤ ∥x− λ∥,∀λ ∈ Λ},

where ∥.∥ is the Euclidean distance.

Let V be the area of the Voronoi region V and σ2(V) denote the second

moment per dimension of the Voronoi region V which is defined as:

σ2(V) =
1

n

∫
V
∥x∥2dx
V

.

Let GΛ denote the normalized second moment of the lattice Λ, defined

as:

GΛ =
σ2(V)

V
.

It is known that GΛ ≥ 1
2πe

for all lattices. A lattice Λ is called “good for

quantization”1, if GΛ → 1
2πe

when n → ∞.

1It is also referred to as “good for source coding”.
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Every y ∈ Rn can be uniquely written as y = λ + r, where λ ∈ Λ and

r ∈ V. This leads to the following two definitions:

• QΛ (y) = λ corresponds to the quantized value.

• [y] mod Λ = r is the error resulting from the quantization process with

respect to Λ.

A lattice Λ is said to be “good for channel coding” if, for the channel

Y = λ+N ′ with additive Gaussian noise of power PN ′ , we have:

1. PN ′ < σ2(V) and

2. For every λ ∈ Λ, the probability of error in decoding λ goes to zero

as the dimension n goes to infinity. This requirement can be expressed

mathematically as:

lim
n→∞

Pr(λ̃ ̸= λ) = 0.

A lattice Λf is nested into another lattice Λc if Λc ⊂ Λf . Let Vc(Vc)

and Vf (Vf ) be the Voronoi regions (volume of the Voronoi region) of lattices

Λc and Λf respectively. The nesting ratio2 ρ(Λc,Λf ) of this pair of lattices is

defined as:

ρ(Λc,Λf ) =

(
Vc

Vf

) 2
n

.

2Note that this is different from the conventional definition of nesting ratio given in [18]
which is the square root of what we have defined here.
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Let C be the lattice points of Λf that are contained in the Voronoi region Vc,

i.e. C = {Λf ∩ Vc}. The cardinality of C is given by |C| = Vc

Vf
= ρ

n
2 . The

corresponding coding rate of this codebook, C, is defined as:

R =
1

n
log |C| = 1

2
log(ρ).

2.3 Gaussian Interference Channel Model

In this section, we first study the channel model for the Gaussian K-

user interference channel and then state the channel model for the “cognitive”

K-user IFC.

1. K-user interference channel consists ofK pairs of users (transmitter/receiver)

who want to communicate with each other. The ith transmitter has a

message mi to send to the ith receiver (i = 1, 2.., K), which is drawn

uniformly from the set Wi = {1, 2, ..., 2nRi}, independent of other trans-

mitters’ messages. Each user uses an encoding function Ei(.) : Wi →

Rn and transmits the encoded message (which is called the codeword)

through the channel. For example, user i sends Xi = Ei(mi) if (s)he

wanted to send the message mi. Receiver i uses a decoding function

Di(.) : Rn → Wi to decode the transmitted message. Assume that re-

ceiver i receives Yi, the corrupted version of Ei(mi). An error is occurred

if Di(Yi) ̸= mi. Average (maximum) probability of error is computed by

averaging (finding the maximum) probability of error over all the mes-

sages. The K-tuple of rates R = (R1, R2, ..., RK) is achievable if each
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pair of users can reliably transmit its own message over the channel, i.e.

average/maximum probability of error in transmission goes to zero as

n (number of dimensions) increases. We also assume an average power

constraint on the transmitters that can be written as the following:

1

2nRi

∑
mi∈Wi

1

n
∥Ei(mi)∥2 ≤ Pi, (2.1)

where ∥.∥ is the Euclidean length of the vector.

The channel output at the receiver i is given by the following:

Yi =
K∑
l=1

hliXl + Zi, (2.2)

where hli is a real constant number denoting the interference gain from

transmitter l to the receiver i, and Zi is an n-dimensional additive white

Gaussian noise. Note that we can write (2.2) as the following:

Y = HX + Z

Without loss of generality we can assume hii = 1 and the noise covariance

matrix is J3. As an example, a three user fully connected Gaussian IFC

is depicted in Figure 2.1. If all the hij’s are equal to a and all power

constraint Pi’s are equal to P for all i, j ∈ {1, 2, ..K}, we call this channel

“symmetric K-user Gaussian IFC”. We also say channel satisfies “strong

3n× n-diagonal matrix with all ones on the diagonal entries
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Figure 2.1: 3-user Gaussian IFC

interference condition” if all the cross channel (interference gains) are

greater than the direct channel gain at each receiver.

At this point, we turn our attention to the channel model for the cogni-

tive case.

2. K-user “cognitive” interference channel is very similar to the above chan-

nel, with the following important difference: All users i ∈ {2, 3, ...K}

know the messages are transmitted by the first user anti-causally. There-

fore, the encoding functions for the users except the first user can be in

general more complicated: E ′
i(., .) : Wi ×W1 → Rn. Since we do not as-

sume any extra information at the receivers, their decoding function will

still be the in the same form as discussed before, i.e. D′
i(.) : Rn → Wi.

Every transmitter still has an average power constraint as given in (2.1),

and the channel is the same as (2.1). Specifically, we are looking at chan-
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Figure 2.2: Cognitive 3-user IFC

nels where the interference gains hij satisfy the following conditions:

• h1j = b for all j ∈ {1, 2, .., K},

• hj1 = a for all j ∈ {1, 2, .., K},

• hii = 1 for all i ∈ {1, 2, .., K},

• hij = 0 for all i, j ∈ {1, 2, .., K} and i, j ̸= 1 and i ̸= j,

and also P2 = P3 = ... = PK .

We call the first pair of users “Licensed” and the others “Cognitive”

users. A 3-user cognitive IFC is shown in Figure 2.2.

In the following section, we discuss our preliminary results on the above

two models.
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2.4 Results on the “Very Strong” Interference K-User
IFC

We start with our main result and then we will provide the scheme to

achieve the desired rate.

Theorem 2.4.1. For a K-user symmetric Gaussian IFC (the model is given

in Section 2.3 part 1), if the channel gain a satisfies

a2 ≥ (P + 1)2

P
, (2.3)

the capacity region of the channel, denoted by Cap is given by

Cap =

{
(R1, . . . , Rk) :

Rk ≤ 1
2
log(1 + P ) ∀ k ∈ K

}
. (2.4)

Note that 1
2
log(1 + P ) is the capacity of the point to point Gaussian

channel. This theorem implies that users can transmit as if there is no inter-

ference present. Now we describe the encoding/decoding scheme that enables

us to completely remove the interference at each receiver and therefore get the

desired rate.

2.4.1 Encoding/Decoding Schemes

The main idea to completely remove the interference is to use the in-

tersection of a shifted lattice and a thin sphere shell as the codebook at each

transmitter. Let us assume that there exists such a lattice Λ, an appropriate

shift s, and a good shaping region (the thin sphere) S (proof in [44]). So, the

codebook is given by C = (Λ + s) ∩ S.
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Encoding:

Transmitter i: Simply transmit ti ∈ C

Let Λg = Λ + (K − 1)s, which corresponds to the lattice that the

receivers use to decode the interference. We also need to define a decoding

function DΛ(.) which is the minimum-angle decoding introduced in [47]. This

decoding function will be used at the receivers to decode the intended message

after removing the interference.

Decoding:

Receiver i: Decodes the “interference” first, thus mitigating its effect. Then

decodes the desired message. Let Y ′
i = Yi

a
= Xi+Zi

a
+
∑K

j=1,j ̸=i Xj, and

let Ii =
∑K

j=1,j ̸=i Xj denote the sum-interference at receiver i. Then the

decoding steps translate to:

1- Decode interference: Ĩ = QΛg (Y
′
i ).

2- Decode message: t̃i = DΛ

(
Yi − aĨ

)
.

2.4.2 Discussion

Note that in order to be able to use the above scheme, we need to assert

that the choices for s, S and Λ satisfy the following conditions: The probability
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of error approaches zero as the number of dimensions grows to infinity, and

the codebook C contains enough codewords, specifically ∥C∥ ≥ 1
2
log(1 + P ).

The main idea here is that we are only decoding the sum of interferers’

codewords at each decoder, versus decoding each interferer’s codeword sepa-

rately. This is feasible for two reasons: The sum interference comes from a

known lattice (we call this interference alignment at the decoders), and the

interference gain is so large that the shaping region S plus noise is inside the

Voronoi region of the scaled lattice. So, we can decode the interference first,

subtract it from the original signal and then decode the intended message.

The above theorem states a “very strong” interference condition for

the K-user symmetric IFC, but we can extend it to non-symmetric case. For

instance, in a 3-user Gaussian IFC, if the following condition holds:

h12

h21

h23

h32

h31

h13

∈ Q,

we can still define appropriate lattices such that interferes are aligned at each

receiver. The exact expression is provided in [45].

The coding scheme we use here is based on [28] and [47]. Note that

the compatibility of lattices used in these two papers enables us to do so.

However, we could simply use a nested lattice construction as used in [18] and

get the same results. That would also change the complex decoding DΛ(.) to

a much simpler lattice decoding, and would also provide more structure to the

codebook. This latter scheme is used in the next section.
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2.5 Results on the Cognitive K-User Interference
Channel

As in the previous section, here we first state our main result on the

“very strong” interference condition for the cognitive Gaussian IFC and then

present the corresponding coding scheme.

Theorem 2.5.1. For the multiuser cognitive interference channel (the model

is given in Section 2.3 part 2), the following rates are achievable:

R1 =
1
2
log(1 + P1) at the licensed receiver, and

R2 =
1
2
log(1 + P2) at the cognitive receivers,

if

{
a2 > (P1+1)(P2+1)

P2
, and

b2 > P2+1
P2P1

(1 + max{P1, P2}).

Note that the above rates are the corresponding capacity of point to

point channels (as if the interference is not present).

Remark 2.5.1. Comparing Theorems 2.5.1 and 2.4.1, one can observe that the

condition on the interferers gains hi1 = b becomes independent of the power,

o(1) compared to o(
√
P ), at the price of giving the messages of one transmitter

to the others a priori.

2.5.1 Lattice Construction

For simplicity, let us define the following values:

α1 ,
P1

P1 + 1
, α2 ,

P2

P2 + 1
,

l1 , (α2b)
2 P1

P1 + 1
, l2 ,

P2

P2 + 1
,

r1 , 1 + P0, r2 , 1 + P1.
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Note that from the assumptions on a and b, l1 < (α2b)
2P1, l2 < P2, (α2b)

2P1 >

P2 and l1 > l2. Assume the following ordering for the parameters4:

(α2b)
2P1 > P2 > l1 > l2 (2.5)

We know that there exist “good” lattices Λ′
c0

⊂ Λc1 ⊂ Λ′
f0

⊂ Λf1 such

that:

ρ(Λ′
f0
,Λf1) =

l1
l2

ρ(Λc1 ,Λ
′
f0
) =

P2

l1

ρ(Λ′
c0
,Λc1) =

(α2b)
2P1

P2

.

Let Vc1 be the Voronoi region of the lattice Λc1 . By appropriately

scaling all the lattices above we can obtain the following:

σ2(Vc1) = P2.

Let Λf0 =
1

α2b
Λ′

f0
and Λc0 =

1
α2b

Λ′
c0
. From this, we can obtain Λc0 ⊂ Λf0 .

Each cognitive transmitter uses as its codebook the set C1 = Λf1 ∩Vc1 ,

and the licensed transmitter utilizes the codebook C0 = Λf0∩Vc0 . Note that, by

the nature of the construction, each codebook has cardinality |Ci| = R
n
2
i , and

thus supports the desired rate. Next, we describe the encoding and decoding

schemes.

4Note that the steps here can be repeated for an alternate valid ordering of these param-
eters in order to obtain the same result, such as (α2b)

2P1 > l1 > P2 > l2.
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2.5.2 Encoding/Decoding Schemes

Each transmitter computes and transmits the following codeword:

Encoding:

Licensed Transmitter: Generates a vector U0 ∈ Vc0 that is uniformly dis-

tributed over Vc0 . In order to communicate t0 ∈ C0, it transmits the

vector X1 = [t0 − U0] mod Λc0 .

Cognitive Transmitter i: Generates a vector Ui that is uniform over Vc1 .

To communicate ti ∈ C1, it sends Xi = [ti − α2bt0 − Ui] mod Λc1 .

Let Λg = Λf1 −
∑K

i=2 Ui. At the receivers, the following functions will be used

to decode their intended messages.

Decoding:

Cognitive Receiver i: Determines

t̃i = QΛf1
([α2Yi + Ui − α2bU0] mod Λc1) .

5

Licensed Receiver: Decodes the “interference” first, thus mitigating its ef-

fect. Then decodes the desired message. Let Y ′
1 = Y1

a
= X1+Z1

a
+
∑K

i=2Xi,

5This is a modified version of the construction used in [17]
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and let I =
∑K

i=2Xi denote the sum-interference at the Licensed receiver.

Then the decoding steps translate to:

1- Decode interference: Ĩ = QΛg (Y
′
1).

2- Decode message: t̃0 = QΛf0

(
α1(Y1 − aĨ) + U0

)
.

2.5.3 Discussion

The above encoding/decoding scheme is in fact combining Lattice dirty-

paper coding [17] at the cognitive transmitters and very strong interference

decoding (which is used in Theorem 2.4.1) at the licensed receiver. However,

there are two main difficulties to implement this as it is, which we have taken

care of in the above scheme. Note that the cognitive users’ codeword should

be a shifted version of one lattice, because it is only then that we can align

them at the licensed receiver and use the very strong interference channel de-

coding mechanism (as described in Section 2.4). But this causes the following

problems:

1. Different power constraints P1 and P2 at the licensed and cognitive

transmitters may make the construction of lattices such that each Xi

(2 ≤ i ≤ K) is a shifted version of the same lattice infeasible. Note that

in constructing each Xi we should perform dirty paper coding and with

respect to X1 which is a lattice point belonging to a different lattice.

This problem can be solved employing nested lattices.

2. If we simply used traditional mechanism for dirty paper coding (as in
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[17], the shift needed for each codeword at the cognitive transmitter

would depend on the licensed codeword, and so the interference I at

the licensed receiver will be their sum. This dependency would prevent

us from using existing results on decoding mechanisms for very strong

interference channels at the licensed transmitter, therefore we modify the

dirty paper coding mechanism in our work to eliminate this dependency.

2.6 Results on a General K-User Interference Channel

Similar to the past sections, we first state our main results and then

describe the corresponding encoding/decoding scheme.

Theorem 2.6.1. Consider a symmetric 3-user Gaussian IFC with channel

parameter a, and noise variance equal to 1 (the model is given in Section 2.3

part 1). The total degrees of freedom of the channel satisfies

Dsum ≥


max

(
1, 3× log(a2−1)

log(2a4−a2)

)
, a2 ≥ 2

1, 1
3
≤ a2 ≤ 2

max

(
1, 3×

log
(

1−a2

2a2

)
log

(
1+a2

2a4

)
)
, a2 ≤ 1

3

(2.6)

Note that in the case where a >
√
2 or a <

√
1
3
, we can achieve more

than one degrees of freedom. Also, one can observe that as a → ∞, Dsum → 3
2
,

which is the best that one can expect for the total degrees of freedom. This

means our scheme is, in fact, optimal for large a’s. The same thing holds for

small a’s, when a → 0. We should note that the when a = 0, IFC becomes

equivalent K parallel Gaussian point to point channels, which have K total
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degrees of freedom.

The second theorem is on the achievable rate when transmitters’ powers

are finite6. We state it for the case where a2 ≥ 2, the case a2 ≤ 1
3
is similar

and is described in [45].

Before we start, we need the following definition:

Pa,N = (a2 − 1)
(2a4 − a2)N − 1

2a4 − a2 − 1
.

Theorem 2.6.2. Consider the symmetric 3-user Gaussian IFC given in Sec-

tion 2.3 part 1. Then

a) if a2 ≥ 2 and P ≤ a2 − 1, each user can achieve a symmetric rate given by

Rsym =
1

2
log(P ). (2.7)

b) If a2 ≥ 2, and there exists integer N1 > 0 such that

Pa,N1 < P < Pa,N1+1,

then each user can achieve a symmetric rate given by

Rsym =
N1

2
log(a2 − 1) +

1

2
log

(
1 +

(2a2 + 1)(P − Pa,N1)

1 + (2a2 + 1)Pa,N1

)
. (2.8)

c) If a2 ≥ 2, and there exists integer N1 > 0 such that P = Pa,N1, then each

user can achieve a symmetric rate given by

Rsym =
N1

2
log(a2 − 1). (2.9)

Note that the former theorem can be obtained from the latter, using

part (c) and letting N1 go to infinity.

6Compared to the case where P → ∞ where we study the total degrees of freedom.
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2.6.1 Encoding/Decoding Schemes

We describe the encoding/decoding algorithm for a three user, symmet-

ric Gaussian IFC here. We construct N codebooks Cj = (Λj + sj)∩Sj for j =

1, 2, .., N such that codebook Cj has average power Pj = (a2−1)(2a4−a2)N−j.

Choices of lattices Λj, shifts sj and spherical thin shell Sj should be appropri-

ate as mentioned in 2.4.

Encoding:

Transmitter i: Splits the message into N parts - mi1 ,mi2 , . . . ,miN . For j =

1, . . . , N , encodes message mij into codeword tij from the codebook Cj

and transmits Xj =
∑N

i=1 tji.

We know that receiver i will receive the following:

Yi =
N∑
j=1

tij + a
3∑

l=1,l ̸=i

N∑
j=1

tlj + Zi.

Let Iij denote the interference at receiver i due to the jth sub-message

from the other transmitters, which is given by:

Iij =
3∑

l=1,l ̸=i

tlj.

We also need to define the following shifted lattices:

Λg,j = Λj + 2sj.
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Decoding:

Receiver i: Performs layered decoding through N stages. Let Yi,1 , Yi and

Y ′
i,j =

Yi,j

a
, the decoding steps at stage j translates to:

1- Decode interference: Ĩij = QΛg,j

(
Y ′
i,j

)
.

2- Decode message: t̃ij = QΛj

(
(Yi,j − aĨij)

)
and construct the next

signal layer as Yi,j+1 = Yi,j − aĨij − t̃ij.

2.6.2 Discussion

Here, we use the same lattice construction as given in [28]. If we could

use minimum-angle decoding as we did in Section 2.4, we would not have the

gap 1/3 < a2 < 2 anymore. Unfortunately, that would result in a problem

while decoding the message at stage j and finding t̃ij: Since the perceived

noise here is not a white Gaussian noise anymore, the assumption of [47] is

not applicable and so we can not use the methodology in Section 2.4.

For the case where a2 ≤ 1/3, we should reverse the decoding steps

above, i.e. at each stage, we should first decode the message and then the

interference. This is because now the signal is stronger than interference, so

we should decode the signal first, subtract it from the message and then decode

the interference in the next step.

As mentioned earlier, the scheme presented above outperforms the gen-

eralized Han and Kobayashi scheme [22] for more than 2-user IFC when a
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Gaussian codebook is used. Moreover, we are able to achieve more than one

degree of freedom in many cases.

2.7 Results on K-user Very Strong Interference Condi-
tion

Here we describe the essence and intuition behind our approach to ob-

taining achievable rates for the K user GIFC. First, consider those G-IFCs as

defined in Section 2.3 that have integer-valued channel gains. In this case, the

G-IFC received signal vector is a superposition of integer-scaled values of the

transmit signals plus additive noise. To develop an achievable region, we use a

two-step coding process as follows. First, each transmitter restricts itself to us-

ing a transmit alphabet comprising of elements from the same “good” lattice.

We call a lattice “good” if it is good for both quantization and channel coding

as defined in the last section. The channel structure ensures that the receiver

observes a valid lattice point, and as the lattice is “good for channel coding”,

the Gaussian noise can be removed at each of the receivers. We call the result-

ing noiseless channel a discrete deterministic interference channel (DD-IFC).

This DD-IFC is a lattice input lattice output linear transformation channel.

Second, we use algebraic alignment mechanisms to determine achievable rates

for this DD-IFC. In other words, we determine the largest (symmetric) sub-

set of the “good” lattice where each receiver can determine its corresponding

transmit lattice point.

This two step process is described mathematically as follows:
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Step 1: We choose a pair of “good” n-dimensional nested lattices:

Λf = G1

(
1

q
G2.Zq + Zn

)
, (2.10)

Λc = G1Zn. (2.11)

where n is a large positive integer, G1 ∈ Rn×n, G2 is an n-dimensional vector

from Zn
q , the operation “.” indicates modulo q multiplication, and q is a prime

number. Note that the modulo multiplication can be considered as a real

multiplication because of the additive integer part in Equation 2.10.

Note that Λc ⊂ Λf . We also use the fact that there exist “good”

matrices G1 and G2 that render these lattices to be good simultaneously for

quantization and channel coding. We choose C0 = Λf ∩ Vc as the transmit

alphabet over n channel uses for each transmitter in the system. Given that

the channel coefficients are integral, the received signal across n channel uses

at each receiver is given by

Yi =
K∑
j=1

H(i, j)Xj +Ni

whereXj is an n-length transmit lattice point from Transmitter j andNi is the

n-length Gaussian noise observed at Receiver i. Note that
∑K

j=1H(i, j)Xj is

also an element of the fine Lattice Λf . Since Λf is given to be “good” for chan-

nel coding, Receiver i can, with high probability, determine
∑K

j=1H(i, j)Xj

from Yi. Thus each receiver can eliminate noise and the system becomes, with

high probability, equivalent to the DD-IFC:
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Y = HX

where X,Y are the K×n matrices comprised of Xi,Yi ∀i respectively.

Step 2: Note that finding the sum-rate capacity (and the entire capacity

region) of the DD-IFC is a highly non-trivial problem as it is an n-letter

channel. Thus, this step focuses on reducing it to a tractable analysis. In

order for each receiver to recover its intended message in the DD-IFC, we

require algebraic coding to be superposed on the lattice alphabet, i.e., each

transmitter uses a (largest possible) subset of transmit alphabet C0 that can

be decoded at its intended receiver. A closer look at the construction of the

fine lattice Λf given in Equation (2.10), shows that every element a ∈ Zq

corresponds to a unique point in C0. This means the codebook Ci at Receiver

i, which is a subset of C0, corresponds to a subset Ĉi ∈ Zq, and can be obtained

as following:

Ci =

{
G1

(
1

q
G2Ĉi + Zn

)}
∩ Vc. (2.12)

We transform the problem of construction Ci from C0 at each transmit-

ter into one of determining a one dimensional codebook Ĉ ∈ Zq for the same

channel. Let E ∈ (Ĉ1 × Ĉ2 × ... × ĈK). From Equation (2.12) Xi at each
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Transmitter i in the DD-IFC has the following form:

Xi =
1

q
G1G2Ei +G1Ii, (2.13)

for some Ii ∈ Zn, where Ei is the ith element of E. Thus, we can rewrite Yi

at Receiver i as:

Yi =
K∑
j=1

H(i, j)Xj =
1

q
G1G2

K∑
j=1

H(i, j)Ej +G1I, (2.14)

where I =
K∑
j=1

H(i, j)Ij ∈ Zn because H is an integer matrix.

Assuming that the first entry of the vector G2 is one, it is easy to check

that one can obtain Ŷi =
K∑
j=1

H(i, j)Ej from Yi if Ŷi < q for all i ∈ {1, 2, ..., K}

and Ei ∈ Ĉi. In other words, we can define an equivalent scalar DD-IFC from

E ∈ (Ĉ1 × Ĉ2 × ...× ĈK) to Ŷ as the following:

Ŷ = HE, (2.15)

if the codebook Ĉi’s satisfy the following condition:

Wmax = max

{
max

E∈(Ĉ1×Ĉ2×...×ĈK)
HE

}
+ 1 ≤ q. (2.16)

Thus, with a slight abuse of notation for convenience, we replace the

original G-IFC with a scalar DD-IFC given by:

Y = HX, (2.17)
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such that

Wmax = max

{
max

X∈(C1×C2×...×CK)
HX

}
+ 1 ≤ q. (2.18)

Note that Equation (2.18) represents an “alphabet constraint” for the

scalar DD-IFC. This alphabet constraint is more stringent than the one im-

posed using lattice structure on the G-IFC, but it is sufficient condition that

enables us to obtain non-trivial achievable rates for the original G-IFC.

Next, we define the notion of efficiency for scalar DD-IFCs and connect

it with the achievable rate for this channel.

Definition 1. “Efficiency” is defined for a set of codebooks C = (C1,C2, ...,CK)

as the following:

Eff(C) =

K∑
i=1

Ri

log (Wmax)
, (2.19)

where Ri =
1
m
log(|Ci|), and m is the number of channel uses Transmitter i

utilizes to convey its codeword.

In the next theorem, we state an achievable sum-rate for this channel.

Theorem 2.7.1. The following symmetric rate is an achievable sum-rate for

a scalar G-IFC (2.17)

K∑
i=1

Ri =
1

2
log

(
P

N

)
× Eff(C)
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Note that we desire that Eff(C) be as close to K/2 as possible as effi-

ciency represents the total DoF achieved in the system. Theorem 2.7.1 finds

that efficiencies (much) greater than 1 are possible, and therefore rates that

match “good” achievable DoF results can be achieved at finite (moderate)

SNRs as well.

Before presenting the main result of this section, we start with the

following definitions. Let r⃗ be a K dimensional vector. Define D(r⃗) to be a

K ×K matrix with r⃗ on its diagonal and zero on non-diagonal entries.

Remark 2.7.1. Let d⃗ = (d1, d2, ..., dK) be an K dimensional vector,
(
D(d⃗)

)−1

,

is a diagonal matrix with diagonal entries equal to ( 1
d1
, 1
d2
, ..., 1

dK
). With abuse

of notations, in this section, we write d⃗−1 = ( 1
d1
, 1
d2
, ..., 1

dK
), and refer to the

matrix
(
D(d⃗)

)−1

as D(d⃗−1).

Next, we define the relation between two matrices.

Definition 2. Let H and H ′ be two integer K×K matrices. We write H ∼ H ′,

H and H ′ are equivalent, if there exist integer vector r⃗ = (r1, r2, ..., rK) and

rational vector d⃗ = (d1, d2, ..., dK), such that:

D(d⃗−1)HD(r⃗) = H ′.

We can show that the defined binary relation, ∼ is in fact an equivalence

relation. We denote the equivalence class of matrix H as C[H]. We define

Eff(C[H]) as

Eff(C[H]) = sup
Ĥ∈C[H]

Eff(CĤ). (2.20)
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Next, we state the main result of this section for G-IFC’s.

Theorem 2.7.2. For the G-IFC channel model in Section 2.3 with integer

channel gains, i.e., H ∈ ZK×K, and any ϵ > 0, the following sum-rate is

achievable:

K∑
i=1

Ri =
1

2
log

(
P

N

)
× (Eff(C[H])− ϵ).

Note that in general, Eff(C[H]) > Eff(H). Again, the important point

to note is that this is a result for any SNR and is not asymptotic in SNR. An

immediate result from Theorem 2.7.2 is an achievable total degrees of freedom

as stated below:

Corollary 2.7.3. For the Gaussian interference channel with an integer chan-

nel matrix H, the following is an achievable total degrees of freedom:

DoF = Eff(C[H]).

Next, we state a theorem for a general G-IFC without an integer-valued

channel matrix. The approach here is to quantize the channel to an integer and

employ dithers to render the error in quantization independent of the desired

signal.

Theorem 2.7.4. Let H ∈ RK×K be the channel matrix and Ĥ = ⌊H⌋ be

a matrix where each entry is the floor of the corresponding entry in H. Let

Hdiff = H − Ĥ be the “difference” matrix, and

Hdmax = max
i

{
K∑
j=1

Hdiff(i, j)
2

}
.
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Let Zadd = PHdmax +N . For any ϵ > 0, the following sum-rate is achievable:

K∑
i=1

Ri =
1

2
log

(
P

Zadd

)(
Eff(C[Ĥ])− ϵ

)
.

We can further extend our achievable schemes for a more general class of

G-IFC. Specifically, assumption on the channel matrix for “strong interference

regime” (Hii = 1 and Hij ≥ 1) in Section 2.3 can be relaxed. Consider a

general G-IFC as:

Y = HX +N, (2.21)

with power constraint Pi for transmitter i, noise variance Ni at receiver i and

channel matrix H. For a given positive real numbers P and N , let d⃗1(N) =(√
N1

N
, ...,

√
NK

N

)
, d⃗2(P ) =

(√
P
P1
, ...,

√
P
PK

)
, and H ′ be defined as:

H(N,P ) = D(d⃗1(N))−1HD(d⃗2(P )).

It is easy to check that the interference channel model as discussed above is

equivalent to an interference channel matrix H ′ with power constraint P for

all the transmitters and noise power N at all the receivers. For this equivalent

channel the following remark holds true.

Remark 2.7.2. For all positive P and N , Let Ĥ(N,P ), H(N,P )dmax and Zadd

be defined similar to Theorem 2.7.4 from matrix H(N,P ), P and N . For any

ϵ > 0, the following sum-rate is achievable for the channel model given by

Equation (2.21):
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K∑
i=1

Ri =
1

2
log

(
P

Zadd

)(
Eff(C[Ĥ(N,P )])− ϵ

)
.

Proof. The proof is similar to the proof of Theorem (2.7.4). Note that the

only condition we use in the proof is the integer channel matrix Ĥ. Other

constraints enforces by “strong interference” assumption can be removed.

Note that for the finite SNR, we are able to maximize the achievable

sum-rate from Theorem 2.7.2 on different P,N > 0. Moreover, if there exists

a pair of P,N > such that H(N,P ) ∈ ZK×K , the following is an achievable

total degrees of freedom for this channel:

Eff(C[Ĥ(N,P )]).
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Chapter 3

Gaussian Fading Broadcast Channel

In the previous chapter, we obtained results on the maximum achievable

rate for an interference network. We would like to address the same question

in this section for fading broadcast channel. We present a new outer-bound

for a subclass of these channels and prove it can be potentially tight in some

scenarios.

3.1 Channel Model

The notation used in the chapter is as follows:

The two user broadcast fading channel is given mathematically by:

Y1 = X +
N1

H

and

Y2 = X +
N2

G

where X denotes the output of the Transmitter which is limited to a

power of Q, and Yi corresponds to the input observed by Receiver i, i ∈ {1, 2}.

Each received signal undergoes a fade corresponding to random variables H for
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Receiver 1 and G for Receiver 2. This fade is assumed to be known perfectly

to each receiver, and is thus modeled as a multiplicative factor impacting the

receiver-side additive Gaussian noise Ni at each receiver. This received side

noise is assumed to be normalized to be of unit variance at each receiver. As

stated in the introduction, the instantiations of neither H nor G are known to

the transmitter. The transmitter, however, is aware of the distributions of H

and G. Our goal is to find non-trivial outer bounds on the capacity region of

this channel, and when possible, exact sum-capacity results for this channel.

For simplicity, both H and G are assumed to have a discrete support.

Thus, H can take one of n possible fade-states h1 < · · · < hn in accordance

with the p.m.f [p1, p2, . . . , pn]. Similarly, G takes on one of m possible values

g1 < · · · < gm according to the p.m.f. [q1, q2, . . . , qm] .

3.2 Background & Main Result

In this section, we first present an overview on exiting literature regard-

ing outer bounds for the broadcast channel. Second, we present the main result

based on an optimization framework for the outer bound based on Costa’s EPI.

3.2.1 Definitions and Background

We define C1 to equal the ergodic point-to-point capacity of Receiver 1.

In other words, if Receiver 2 were absent from the channel model, the ergodic
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capacity is known and equals:

C1 ,
1

2
E
[
log(1 +QH2)

]
In the same spirit, C2 is defined to equal 1

2
E [log(1 +QG2)]

The first outer bound for the broadcast channel, developed from the

expressions in [2], is fairly intuitive:

{(R1, R2) : R1 ≤ C1, R2 ≤ C2} (3.1)

Such an outer bound is clearly tight at at least two extreme points of

the channel’s capacity region. However, it is unclear if such a bound would be

tight at other points of the region as no achievable strategy is known to exist.

To improve on the outer bound in (3.1), multiple approaches exist in

literature. The most significant class of bounds is a genie-aided approach

[41], where a genie is provided to the transmitter, the receiver(s) or both.

Although a powerful approach, this genie must be carefully designed so as to

lead to computable expressions for the outer bound while not “weakening” the

outer bound significantly.

One example of this genie based approach is the so-called “1-bit” genie

[35]. Here, the transmitter is provided with a single bit of non-causal feedback

per channel use, corresponding to:

1(H ≥ G)
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where 1(.) is the indicator function. This feedback transforms the chan-

nel into a set of parallel degraded channels, one corresponding to all settings

when H ≥ G and another when H < G. As the channel capacity is known

as a computable expression for each degraded channel, an ergodic average of

the two rate-region forms an outer bound on the original channel in Section

(3.1). It is shown in [46] that this bound is within 26 bits/channel use of the

capacity region. Although this approach yields a rate region that is strictly

better as an outer bound than the rate region in (3.1), it is still unclear if it is

tight at points other than the two extreme points of the capacity region.

This chapter is based on building a class of computable outer bounds

based on the Körner-Marton for the broadcast channel [30]. This outer bound,

for a memoryless broadcast channel with channel transition probability p(y1, y2|x)

is given by:

{(R1, R2) :
∪

p(u,x)

R1 ≤ I(X;Y1|U) R2 ≤ I(U ;Y2)} (3.2)

Note that a similar expression, given by:

{(R1, R2) :
∪

p(v,x)

R1 ≤ I(V ;Y2) R2 ≤ I(X;Y2|V )} (3.3)

is also a valid outer bound on this channel. In this chapter, we will refer

to either (3.2) or (3.3) as the Körner-Marton outer bound, with the context

clarifying which permutations of users is under consideration.
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The Körner-Marton outer bound can be generalized to a memoryless

broadcast channel with state with transition probability p(y1, y2|x, h, g), where

the state is only known to the receivers as:

{(R1, R2) :
∪

p(u,x)

R1 ≤ I(X;Y1|U,H) R2 ≤ I(U ;Y2|G)} (3.4)

Note that the Körner-Marton outer bound is computable as an opti-

mization problem for a discrete memoryless broadcast channel as a cardinality

bound on the auxiliary random variable U can be imposed [20]. However,

in the case of the Gaussian fading broadcast channel, there is no cardinality

bound on U (or, for that matter, any restriction on the support of p(u, x))

and therefore the expression in (3.4) is not directly computable. Thus, the

rest of this chapter is dedicated to developing a framework under which the

bound and its relaxations can be computed for the Gaussian fading broadcast

channel.

The Körner-Marton outer bounding framework is chosen for multiple

reasons: first, it is known that this outer bound is tight for the degraded (static

and fading) and MIMO Gaussian broadcast channels with full state knowledge

at transmitter and receivers. Thus, it is conceivable that it would be a good

choice of this channel as well. Second, the rate expressions involve only one

auxiliary random variable, and therefore can be optimized with fewer steps

than one with more parameters.
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An arbitrary point on the boundary of the Körner-Marton outer bound

in (3.4) can be expressed in terms of the objective:

R1 + wR2 ≤ I(X;Y1|U,H) + wI(U ;Y2|G), (3.5)

where w is a positive weighting factor. Intuitively, since the rate region

is convex, R1 + wR2 represents a tangent to the rate-region boundary and all

points are covered for 0 ≤ w ≤ ∞.

Our focus in this chapter is on a portion of the Körner Marton rate

region corresponding to 1 ≤ w ≤ ∞ in (3.5). Note that, despite this narrowing

in the range of possible values for w, an upper bound corresponding to every

point on the channel’s rate region is obtained when a permuted optimization

problem of the form:

ŵR1 +R2 ≤ ŵI(V ;Y1|H) + I(X;Y2|V,G) (3.6)

is considered for 1 ≤ ŵ ≤ ∞. In other words, an intersection of the two

outer bounds corresponding to (3.5) and (3.6) will form an outer bound on the

capacity region of the original channel. Given the symmetries and similarities

between (3.5) and (3.6), the rest of the chapter will focus on (3.5) alone, and

leave the treatment of (3.6) to the reader.

Next, we proceed to describe the main result of this chapter.
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3.2.2 Main Result

The main results of this chapter is a computable outer-bound on a

portion of capacity region of a class of fading broadcast channel. This outer-

bound is tight for a non-trivial class of channels. In Section 3.3, we address

the proposed achievable scheme. Throughout this section, we assume w ≥ 1

and function r(w, x) as defined as:

r(w, x) ,
n∑

i=1

pi
x+ 1

h2
i

− w
m∑
j=1

qj
x+ 1

g2j

. (3.7)

Let 1k be a k-dimensional row vector of all one. Next theorem, provides

a condition under which we have a computable outer-bound for the channel

we introduced before.

Theorem 3.2.1. For each w, depending on the value of r(w, x) for 0 ≤ x ≤ Q,

we have the following cases:

Case 1: r(w,Q∗) = 0: In this case the following is an outer bound for

the weighted sum-capacity R1 + wR2:

R1 + wR2 ≤
1

2
E
[
log(1 +H2Q∗)

]
+

w

2
E
[
log

(
1 +G2Q

1 +G2Q∗

)]
,

if there exists a n×m, positive matrix A satisfying the following conditions:

• 1nA = 1m

• [a1a2 . . . an]A = [b1b2 . . . bm]
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• ∀k ∈ {1, 2, . . . n},
k∑

i=1

pi
ai

≤ w
m∑
j=1

qj
bj

(
k∑

i=1

Aij

)

where ai = Q∗ + 1
h2
i
and bj = Q∗ + 1

g2j
.

The outer-bound is tight if in addition to above conditions we have:

E
[
log

(
1 +H2Q

1 +H2Q∗

)]
≥ E

[
log

(
1 +G2Q

1 +G2Q∗

)]
.

Case 2: r(w,Q) > 0: In this case the following is the weighted sum-capacity

R1 + wR2:

R1 + wR2 =
1

2
E
[
log(1 +H2Q)

]
,

if there exists a n×m, positive matrix A satisfying the following conditions:

• 1nA = 1m

• [a1a2 . . . an]A = [b1b2 . . . bm]

• ∀k ∈ {1, 2, . . . n},
n∑

i=k

pi
ai

≥ w
m∑
j=1

qj
bj

(
n∑

i=k

Aij

)

where ai = Q+ 1
h2
i
and bj = Q+ 1

g2j
.

Case 3: r(w, 0) < 0: In this case the following is the weighted sum-

capacity R1 + wR2:

R1 + wR2 =
w

2
E
[
log(1 +G2Q)

]
,

if there exists a n×m, positive matrix A satisfying the following conditions:

• 1nA = 1m
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• [a1a2 . . . an]A = [b1b2 . . . bm]

• ∀k ∈ {1, 2, . . . n},
k∑

i=1

pi
ai

≤ w

m∑
j=1

qj
bj

(
k∑

i=1

Aij

)

where ai =
1
h2
i
and bj =

1
g2j
.

The third condition in each case is referred as a majorization require-

ment.

This theorem partially characterizes the capacity region of this channel

under some conditions. We show this fact in the next section. In the next

corollary and theorem, we show that the class of channel given in the Theorem

3.2.1 includes non -trivial channels.

Corollary 3.2.2. For a non-degraded, one sided fading broadcast channel, i.e,

m = 1, the following is an upper-bound on the weighted sum-rate:

R1 + wR2 ≤
1

2
E
[
log(1 +H2Q∗)

]
+

w

2
log

(
1 + g2Q

1 + g2Q∗

)
,

We show in the next section that this upper-bound is in fact tight and

therefore part of the capacity region of one sided, fading broadcast channel,

w > 1, is characterized.

The following theorem also provide an upper-bound on the part of ca-

pacity region of another class of fading broadcast channels that are potentially

non-degraded.
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Theorem 3.2.3. Consider a 2-user broadcast fading channel with channel

fades {h1 < · · · < hn} and {g1 < · · · < gm} with corresponding probability

distribution pi, qj, where hn > gm and pn ̸= 0. If channel fades satisfy one of

the following two conditions:

1. (1− pn)g
2
1 ≥

n−1∑
i=1

pih
2
i

2.
1− pn
g2n

≥
n−1∑
i=1

pi
h2
i

Then the following is an upper-bound on the weighted sum-rate of the channel:

R1 + wR2 ≤
1

2
E
[
log(1 +H2Q∗)

]
+

w

2
E
[
log

(
1 +G2Q

1 +G2Q∗

)]
,

Note that degraded Gaussian broadcast channel is an instant of Theo-

rem 3.2.3. We state this formally in the next corollary.

Corollary 3.2.4. In a two user, fading broadcast channel, if gn < h1, the

weighted-sum rate for w > 1 is upper-bounded as follows:

R1 + wR2 ≤
1

2
E
[
log(1 +H2Q∗)

]
+

w

2
E
[
log

(
1 +G2Q

1 +G2Q∗

)]
.

In the next section we show achievable rates for this channel and pro-

vide a part of the capacity region of fading broadcast channel under some

conditions.
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3.3 Achievable Scheme

The achievable scheme we adopt is (simple) Gaussian superposition

coding. In essence, the transmitter superposes two codewords to derive its

transmit sequence X, in the form X = X1 + X2. Here, Xi is the codeword

to be decoded at Receiver i. Each codebook corresponding to Xi is generated

i.i.d. in accordance with a Gaussian distribution, with the variance of X1 given

by 0 ≤ Q̃ ≤ Q and of X2 by Q− Q̃. Given this, we have

R1 ≤
1

2
E
[
log
(
1 +H2Q̃

)]
(3.8)

R2 ≤ min

(
1

2
E
[
log

(
1 +H2Q

1 +H2Q̃

)]
,
1

2
E
[
log

(
1 +G2Q

1 +G2Q̃

)])
(3.9)

as rates that are achievable in the system over all choices of 0 ≤ Q̃ ≤ Q.

In a similar spirit, the rates given by

R1 ≤ min
(

1
2
E
[
log
(

1+H2Q

1+H2Q̃

)]
, 1
2
E
[
log
(

1+G2Q

1+G2Q̃

)])
R2 ≤ 1

2
E
[
log
(
1 +G2Q̃

)] (3.10)

are also achievable on this channel. The union of the two rate regions

given by (3.8,3.9) and (3.10) describes the entire achievable rate region for this

channel.

In this section, we focus on achievable rates from Equations (3.8) and

(3.9). Note that in Equation (3.9), if

E
[
log

(
1 +H2Q

1 +H2Q̃

)]
≥ E

[
log

(
1 +G2Q

1 +G2Q̃

)]
, (3.11)
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the following weighted sum-rate can be achieved:

R1 + wR2 ≥
1

2
E
[
log(1 +H2Q̃)

]
+

w

2
E
[
log

(
1 +G2Q

1 +G2Q̃

)]
(3.12)

We maximize right hand side of (3.12) with respect to 0 ≤ Q̃ ≤ Q,

by taking derivative and set it to zero. The optimal Q∗ should satisfy the

following equation:
n∑

i=1

pi
Q∗ + 1

h2
i

= w
m∑
j=1

qj
Q∗ + 1

g2j

Note that this is the same condition as (??). This means if for this optimal

Q∗, condition (3.11) and Condition (??) holds, the following is the weighted

sum capacity of this channel for the given w > 1:

R1 + wR2 =
1

2
E
[
log(1 +H2Q∗)

]
+

w

2
E
[
log

(
1 +G2Q

1 +G2Q∗

)]
. (3.13)

We use this fact to prove the following theorems.

Theorem 3.3.1 (half of the capacity region of one-sided fading broadcast

channel). Consider a non-degraded, one sided fading broadcast channel, where

the second channel is fixed. For w ≥ 1, if Equation (??) has a solution 0 <

Q∗ < Q, the following characterizes the weighted sum capacity region of this

channel for w

R1 + wR2 =
1

2
E
[
log(1 +H2Q∗)

]
+

w

2
E
[
log

(
1 + g2Q

1 + g2Q∗

)]
.

If the solution of Equation (??) occurs outside the interval [0, Q], weighted

sum-capacity is achieved at one of the end points.
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There are also two-one sided channels that their capacity region can be

computed partially. Next theorem gives one of such classes.

Theorem 3.3.2. Consider a broadcast fading channel with parameters satis-

fying the following:

1− pn
g2n

≥
n−1∑
i=1

pi
h2
i

.

For w ≥ 1, if Equation (??) has a solution 0 < Q∗ < Q, the following

characterizes the weighted sum capacity of this channel for w

R1 + wR2 =
1

2
E
[
log(1 +H2Q∗)

]
+

w

2
E
[
log

(
1 +G2Q

1 +G2Q∗

)]
.

If the solution of Equation (??) occurs outside the interval [0, Q], weighted

sum-capacity is achieved at one of the end points.
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Chapter 4

Summary

4.1 Summary

In this work, we improve on known achievable rates for K > 2 user

interference channels. We study a K-user Gaussian interference channel and

obtain a “very strong” interference threshold for the interference-link gains

that is independent of K. If the interference gains are larger than this thresh-

old, receivers can cancel out the interferences completely and communicate as

if all interference is absent. We also generalize this idea by using layered decod-

ing at the receivers to devise an achievable scheme for all values of interference

gains which yields a lower bound for the total degrees of freedom of this chan-

nel. Then, we provide one transmitter’s message to the other transmitters

(thus formulating a cognitive interference network scenario) and determine

new thresholds on the interference-link gains in order to communicate as if

there is no interference present.

Next, we investigate a new outer-bound on the capacity region of a

class of Gaussian fading broadcast channel. We show that this outer bound

is tight for a class of channels. Specifically, for a one sided fading broadcast

channel we find a non-trivial portion of capacity region. We further extend
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this class to more general class of fading broadcast channels.
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