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In the generation of the standard GRACE gravity fields, the K-Band Ranging 

(KBR) system data is used in its range-rate mode. Because time derivatives attenuate the 

gravity signal relative to the data noise at the lower frequencies, it is thought that 

solutions using range data might have better low-degree (low-frequency) characteristics. 

The purpose of this work is to detail the methods required to generate range-based 

solutions, to determine some of the properties of these solutions and then to compare 

them to range-rate based solutions. It is demonstrated that the range-based solutions are 

feasible. Different subarc lengths and parameterizations were considered.  Although, the 

most effective combination of subarc lengths and parameterizations are not picked, it is 

concluded that estimating the mixed periodic term along with bias, bias-rate, bias-

acceleration and periodic terms degrades the quality of the range based solution and 
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therefore should not be used. Further study is necessary to pick the optimal combination 

of subarc length and parameterization which would be used in the time-series analysis.  
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Chapter 1: Introduction 

Launched in 2002, Gravity Recovery and Climate Experiment (GRACE) is a twin 

satellite system that tracks changes in the Earth’s gravity field by noting minute changes 

in the separation between the two satellites. The Earth’s gravity field changes are driven 

primarily by water cycle. The identical twin satellites, at an altitude of 485 Km, are in the 

same polar orbit approximately 220 Km apart and orbit the Earth about 16 times a day. 

GRACE is the first earth monitoring mission in the history of space flight whose key 

measurements are not derived from electromagnetic waves either reflected off, emitted 

from, or transmitted through the Earth’s surface and/or the Earth’s atmosphere. Instead 

the mission uses a microwave ranging system to accurately measure changes in the speed 

and distance between the two satellites. The ranging system is so sensitive that it can 

detect changes in separation as small as 10µm, which is th the width of human hair, 

over a separation of 220 Km. 

The underlying concept behind GRACE is that, when the first satellite passes over 

a region of slightly stronger gravity (a gravity anomaly), it is pulled slightly ahead of its 

other twin which is the trailing satellite. This causes the distance between the satellites to 

increase. The first spacecraft then passes the anomaly and slows down. Meanwhile, the 

trailing spacecraft accelerates and then decelerates over the same region. By measuring 

the constantly changing distance between the two satellites and combining that data with 

precise positioning measurements from the on-board GPS instruments, a detailed map of 

the Earth’s gravity is constructed.  

Implicitly GRACE helps us understand the variations in the Earth’s mass 

distribution because gravity is determined by mass alone. This understanding becomes 

very important in the study of changes in the global sea level, depletion and recharge of 

continental acquifers and deep ocean currents. Ever since the launch, the harmonious 

GRACE twins have facilitated the generation of monthly gravity field models that are 

about a hundred times more accurate than the existing models, thereby substantially 
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improving the accuracy of techniques used by oceanographers, hydrologists, glaciologists 

and geologists. 

In the generation of the standard GRACE gravity fields, the K-Band Ranging 

(KBR) system data is used in its range-rate mode. As a rule of thumb, taking time 

derivative of a signal moves the noise into lower frequencies and integrating a signal 

moves the noise into higher frequencies. In other words, range-rate processing attenuates 

the gravity signal relative to the data noise at lower frequencies. In the present context, 

the term “lower frequencies” mean the lower degree terms in the mathematical 

expression of the Earth’s gravity field. So it is thought that solutions using range data 

might have better low frequency (low degree) characteristics. So an improvement in the 

accuracy of the lower degree terms, especially the 퐶 ,  which describes the equitorial 

bulge of the Earth, is expected.  

Before the processing of GRACE range measurements is attempted, a basic 

understanding of the idiosyncrasies of range data is in order. Unlike the range-rate data, 

the range data contains large discontinuities called “Pass Breaks” which are caused due to 

cycle slips in the K-Band ranging system. Consequently, the range data contains very 

large biases. On the other hand, large cycle slips are uncommon for range-rate data and it 

varies about a mean of zero. Therefore, the range data is several orders of magnitude 

larger than the range-rate data and presents several numerical issues in the ancillary 

software used to generate GRACE gravity fields.  

The purpose of this work is to detail the methods required to generate range based 

solutions, to determine some of the properties of these solutions and compare them to the 

range rate based solutions.  
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Chapter 2: Mathematical Preliminaries 

In this chapter, a brief summary of the mathematics of estimation is presented. 

Also the fundamental equations representing the gravity field of a planet are explained. 

The generation of the GRACE gravity field is an estimation problem solved using 

a least squares formulation. A least squares formulation basically attempts to estimate a 

set of states, X, using a set of noisy observations Y, over a span of time. This is done by 

linearizing about a reference trajectory, X* which is initially guessed. The deviation of 

the true state, X, from the nominal state, X*, is 푥. The estimate of this deviation is 푥. The 

linearized observation deviation vector is defined as 푦. The estimate of the deviation is 

calculated using the following equation: 

                                            푥 =  퐻 푊퐻 +  푃 퐻 푊푦 +  푃 푥                      Eq. 1           

where, H is the information matrix, W is the weight matrix, 푥  is the apriori estimate of 

푥, and 푃  is the apriori error covariance matrix [3]. The physical significance of this 

term, 푃 , is to limit the extent to which the new information (arising from each iteration) 

influences the solution relative to the apriori estimate. If the covariance is large, 푃  

turns out to be small and the apriori information will have a lesser influence.  

The state vector, X, includes parameters such as satellite positions and velocities, 

and most importantly, the gravity coefficients. For a range solution, the measurement 

model is the inter-satellite range at time t, and is given by the following equation: 

 

Y  =   ‖푟⃗ +  푟⃗ ‖+ 퐵 + 푅푡 + 퐴푡 + 

                                      푃 푠푖푛휔푡 + 푃 푠푖푛휔푡 + 푀 푡푠푖푛휔푡 + 푀 푡푐표푠휔푡 + 휀                Eq. 2     

where, 푟⃗  and 푟⃗  are the position vectors of GRACE-A and GRACE-B respectively and 

the other terms except 휀  are the kinematic empirical K-band ranging (KBR) parameters. 

These parameters will be referred to as “KBR parameters” in the rest of this report. They 
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exist to account for the systematic errors outside the frequency range of interest (which is 

mainly twice per orbit revolution or higher). 퐵 is the bias, 푅 is the bias-rate, 퐴 is the bias-

acceleration, 푃  and 푃  are the periodic terms, and 푀  and 푀  are the mixed periodic 

terms. The time 푡 is measured from a specific epoch and 휔 is the average orbital rate of 

GRACE satellites. 

This equation directly relates to the theoretical “Observation-State equation”. 

Basically, the actual observation, Y, and the observation model, 퐺(푋(푡)), are given by 

            Y = 퐺(푋(푡)) + 휀                                                             Eq.3 

where, 휀 is the observation error. This error consists of two parts: the systematic error and 

the random error. So in Eq. 2, the bias, bias rate, bias acceleration, periodic and mixed 

periodic terms contribute to the systematic error. On the other hand, 휀  is the random 

error.  

The next important concept is that of the State Transition Matrix. It is a classical 

mathematical mapping function. It maps a deviation from a reference trajectory forward 

and backward in time. It depends on the linearization of the equations of motion. It is 

typically represented as Φ(푡, 푡 ) and it means the mapping is from a time epoch 푡  to 

time 푡. It is obtained by solving the following initial value problem: 

              Φ(푡, 푡 ) = 퐴Φ(푡, 푡 ) ;  Φ(푡 , 푡 ) = 퐼                           Eq. 4                        

where, A is the matrix of the partial derivatives of the equations of motion with respect to 

the states, X and evaluated along the reference trajectory X*.  

In order to obtain an accurate gravity field, accurate dynamic and observation 

models are needed. These models and the corresponding linearizations are resident in the 

Multi-Satellite Orbit Determination Program (MSODP). MSODP integrates the nominal 

trajectory, generates the H matrix and the 푦 vector. Subsequently the H and 푦 are written 

to a data file called “Regres File”. 
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The GRACE mission uses a very large number of state variables and they can be 

broadly classified into the categories – satellite states, kinematic parameters, dynamic 

parameters and gravity coefficients. The satellite states are the spacecraft’s position and 

velocity at a certain epoch which is typically the start of each day. The kinematic 

parameters are the empirical parameters that appear only in the measurement equation 

such as the KBR parameters discussed above. The dynamic parameters are all the 

parameters other than the satellite states and gravity coefficients that appear in equations 

of motion. The gravity coefficients are what the GRACE mission seeks to determine. 

The gravity coefficients, 퐶  and 푆  are the coefficients in the expression for the 

spherical harmonic gravity potential, 푉. The equation of the gravity potential, 푉, of a 

particle at a distance 푟 from the center of a spherical body and located at latitude 휙 and 

longitude 휆 is given by: 

              푉 =  ∑ ∑ 푃 (sin휙)(퐶  cos푚휆 +  푆 sin푚휆 )       Eq.  5      

where, 푙 and 푚 are the degree and order of the potential, respectively, 푎  is the planetary 

equatorial radius, G is the universal gravitational constant, 푀  is the mass of the planet 

(in the case of GRACE, the planet is the Earth) and 푃 is the associated legendre 

polynomial of degree 푙 and order 푚 [1]. If it is assumed that the origin of the spherical 

coordinates is co-incident with the planet’s center of mass, then the gravity potential 

reduces to: 

            푉 =  +  ∑ ∑ 푃 (sin휙)(퐶 cos푚휆 +  푆 sin푚휆)      Eq. 6         

Since 푉 is an infinite sum, in order to be able to handle the problem, 푙 must be 

limited to some value, 푙 . For typical GRACE monthly gravity field processing, we do 

a 180×180 solution, which means 푙  is 180. So the gravity solution contains over thirty 

thousand terms from 퐶 ,  to 푆 , . The model of the gravitational acceleration felt by a 

spacecraft is then the gradient of this potential. In addition to these gravity coefficients, 

there are other KBR, kinetic and dynamic parameters estimated. Ultimately, several 
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thousand parameters are estimated in a typical monthly solution, many of them being 

kinematic states that are re-set several times during the course of a single day. 
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Chapter 3: Methodology 

The entire process of generation of a GRACE gravity field involves running six 

job decks which are – GPS job, Accelerometer and Attitude determination (also called 

acc+att job), Observation job, Flags job, Gravity job, Aesop job and the Post processing 

job.  

Section 3.1: Pre-Fit Residuals and Data Editing 
After running the acc+att script, it is necessary to remove any obviously bad data. 

Bad data are typically outliers (lying outside a specific interval of values) and their 

immediate neighbours. For example, in range rate processing, any data point lying 

outside the interval 3E-06 m/s to -3E-06 m/s are considered bad and edited out. Such bad 

data are caused by spacecraft anomalies or maneuvers. Inclusion of these points can lead 

to reduced quality solutions. Every effort is made to identify bad data before the regres 

file generating process, but occasionally, some bad points trickle through the filters and 

these must be manually edited.  

Data editing is achieved using two jobs, namely, the “obs_job” and the 

“flags_job”. The obs_job does automatic editing based on the quality flags. It does this by 

creating a manedit file with the edited points removed. It also creates plots that are used 

for manual editing. Usually, most of the days do not need manual editing. For the sake of 

completeness, a brief description of manual editing is given later in this section. The 

flags_job finds the data points that have been edited, by comparing the original file with 

the manedit file for each day. Using the time instant associated with these points, it 

creates an edited obs file in which the editing flag is set for these deleted points. 

The internal working of the obs_job can be explained as follows. The first step in 

this editing process is to fit a mixed polynomial/sinusoidal function to the data. This 

process is automated by the routine – “remodel_alt”. The polynomial has the form: 
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 푦 = 퐴푐표푠(푈) +  퐵푠푖푛(푈) +  퐶 + 퐷푡 +  푄푡 +  푅푡 +  퐸푡 cos(푈) + 퐹푡 sin(U)   Eq. 7            

The actual polynomial may include all or some of the coefficients listed. 

However, if 퐴 is selected, then 퐵 is selected as well. The coefficient pairs 퐶,퐷 and 퐸,퐹 

are similar. The purpose here is to approximate the GRACE least squares solution and 

subtract this curve fit from the data. What remains is referred to as the “pre-fit residuals”. 

Ideally, the pre-fit residuals have zero mean and small standard deviation. Bad data and 

outliers are easily seen in the pre-fit residuals as spikes in a residual vs. time plot as 

shown in Figure 1. 

 
Figure 1: July 4th, 2004 Pre-Fit Residuals before editing 

Once the pre-fit residuals are obtained, the next step is to zoom into the plots and 

manually identify and remove the bad data spikes. This is done by picking a time span 

from the plot (like Figure 1) and manually removing the span from the data file. So 

Figure 1 illustrates a day with bad data and Figure 2 illustrates the same day after the 

manual editing. 

 
Figure 2: July 4th, 2004 Pre-Fit Residuals after editing 
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It can be very clearly observed that the abnormal spikes which were present in 

Figure 1 have been wiped out in Figure 2.  

Section 3.2: Creation of REGRES Files 
The difference between processing range GRACE data and range rate starts in the 

gravity job. This job generates the REGRES files contaning range based parameters, 

partial derivatives and observations. The difference is in the inputs to be given to the 

MSODP. 

The first change is in the STA/OBS card of the gravity script. The inputs 

associated with the primary identifier STA/OBS are used to specify the type of 

measurements to process (or simulate), editing criteria and tracking station network. 

Also, various corrections to the observations can be activated or deactivated. In this, 

MEAS16 activates the low-low satellite to satellite range rate and MEAS15 activates the 

low-low satellite to satellite range. So, to generate range based REGRES files, MEAS15 

is to be given as an input. 

The next change is in the SOLVEPARAM card of the gravity script. The inputs 

associated with the primary identifier SOLVEPARAM specify which additional 

quantities are to be estimated and in which mode to be estimated. In Eq. 2, the range 

observation model containing the 5 KBR parameters – bias, bias-rate, bias-acceleration, 

periodic and mixed periodic terms, was described. These are the five additional 

parameters to be estimated. MSODP can estimate each of them in three different modes, 

as follows.  

The time over which a subarc parameter is in effect is called the subarc length and 

can be up to a day long. The first mode is to reset each parameter after a fixed time 

period. This is the mode used for range-rate based solution. This mode is undesirable for 

range data because the pass breaks create large discontinuities in the data and having 

single value of, say, 퐵, across one of these discontinuities will create extremely large 

residuals and lead to poor solutions. The second mode is to reset each parameter after a 
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pass break, but not otherwise. This is also undesirable because there is no guarantee that 

pass breaks will occur frequently enough to allow KBR parameters to be reset as often as 

needed to accommodate slowly changing systematic errors in the data and in the 

dynamical model. Indeed, pass breaks are the exception rather than the norm.  

The third mode is the combination of the previous two. This mode resets the 

subarcs after each pass break, but then further breaks down the pass into subarcs of fixed 

length. This mode can lead to very short subarcs right before pass breaks or at the end of 

a day, but this only means that the data within will have a weakened influence on the 

solution. The range data solutions generated here use this third mode. Figure 3 illustrates 

the three subarc modes across a pass break.  

              
Figure 3: Subarc modes 

Therefore, in the SOLVEPARAM card, mode 3 is given as the mode of 

estimating KBR parameters.  

The third change is in the SUBARC card. The input associated with the identifier 

SUBARC determine the subarc length for each subarc parameter. In other words, in the 

SOLVEPARAM card, the additional parameters to be estimated are specified and in the 

SUBARC card, how often they are to be estimated is specified.  

For the subarc lengths considered here, a logical place to start would be the 

GRACE standard range-rate regres generation. This creates the partials for all the 

parameters (bias, bias rate and periodic) once per revolution. Hereafter, this will be 

referred to as “Standard” subarc set. Because the regres files allow for extra parameters to 
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be included in the information matrix, the standard subarc set also includes bias-

acceleration and mixed periodic terms once per revolution. The GRACE standard range-

rate regres file does not use these, but they are available in the range regres files. It 

should be noted that, because range-rate is the derivative of range, the bias rate term for 

range is equivalent to the bias acceleration for range rate. 

In order to find a workable range solution, it was necessary to investigate other 

subarc lengths. A plausible selection is an upper limit on how often the various 

parameters might be estimated without adversely affecting the C20 estimate. A twice per 

revolution signal can be approximated by 4 bias parameters or 4 bias rate parameters or 2 

bias acceleration parameters per revolution. These make up part of “Very Short” subarc 

set of regres files. As a middle ground, a “Short” set was also created with the bias and 

bias rate parameters being estimated twice as often as the standard set but only half as 

often as the very short set. Table 1 summarizes the subarc lengths in the regres files for 

each parameter and set. 

Table 1: Number of Subarcs per Revolution for KBR Parameters on Regres Files 
     Standard Short Very Short 
Bias 1 2 4 
Bias-Rate 1 2 4 
Bias-Acceleration 1 1 2 
Periodic 1 1 1 
Mixed Periodic 1 1 1 

Section 3.3: Least Squares Solution 
Once the regres files have been created and the range data edited, the least squares 

solution can be performed. In the GRACE processing, this is done with a program called 

Aesop, using a month’s worth of regres files. The Aesop script has built-in apriori values 

for the KBR parameters and an associated error variance. The apriori variances for the 

bias, bias-rate, bias-acceleration, periodic and mixed periodic are set to 1E+20 for range 

based solution, as opposed to 100 for range-rate based solution. This allows more 

freedom for them to adjust as needed for range.  
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At this point, the actual KBR parameters to be solved for must be selected. In the 

standard range rate GRACE processing, the KBR parameters are bias, bias-rate and 

periodic, which will be referred to here as BRP (from the variable names in Eq. 2). As 

with the subarc lengths, this is a logical place to begin searching for a workable method 

to generate range based solutions. It was felt that BRP was under-parameterizing the 

KBR measurement and so it made sense to increase the parameters. To that end, the other 

two parameterizations chosen were BRAP (bias, bias-rate, bias-acceleration and periodic) 

and BRAMP (bias, bias-rate, bias-acceleration, mixed periodic and periodic). In general, 

it is undesirable to add higher order terms such as bias-acceleration or mixed periodic and 

remove the related lower order terms such as bias-rate and periodic, respectively. This is 

because, if the higher order term is required, then the data also generally contains signal 

that can be taken up by the lower order term. As a result, BRM or BAP type 

parameterizations were not considered. These three parameterizations, coupled with three 

different subarc lengths, led to a matrix of possible solution methods, summarized in 

Table 2. Other parameterizations or subarc lengths are possible, of course, but these are 

the ones that were studied here and appeared to span the most likely range of cases. 
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Table 2: Matrix of Range case types 

 

Here, a succint discussion of the choice of the weighting matrix, 푊, is in order. In 

the ideal case where the errors, 휀, are purely random, 푊 is the inverse of the covariance 

matrix for 휀. This can be expressed as: 

                  푊 =  푅 =  (퐸[휀휀 ])                                                  Eq.8 

where,  퐸 indicates the statistical expectation. Since true errors are unknown for each 

observation, Aesop uses an iterative optimal weighting scheme. An initial guess for the 

weight for each observation is input, and a solution is run. The post-fit data residual RMS 

is calculated, and the input weights are scaled to match their post-fit RMS. Aesop 

considers the process converged if no single weight changes by more than 10% of its 

previous value [2]. This process is used in the same form in both the range and range-rate 

solutions. However, because of the different units between the range and the range-rate 

data, the weights are not directly comparable. The range-rate initial weights are 20.0 for 

KBR range-rate data and 12.0 for GPS data. Using these values, the optimal weighting 

scheme converges in two iterations. The initial weights for the range case are 0.01 for 

 BRP BRAP BRAMP 
Standard Subarc Bias: 1/rev 

Bias-Rate: 
1/rev 
Periodic: 1/rev 

Bias: 1/rev 
Bias-Rate: 1/rev 
Bias-Acceleration: 
1/rev 
Periodic: 1/rev 

Bias: 1/rev 
Bias-Rate: 1/rev 
Bias-Acceleration: 
1/rev 
Periodic: 1/rev 
Mixed Periodic: 1/rev 

Short Subarc Bias: 2/rev 
Bias-Rate: 
2/rev 
Periodic: 1/rev 

Bias: 2/rev 
Bias-Rate: 2/rev 
Bias-Acceleration: 
1/rev 
Periodic: 1/rev 

Bias: 2/rev 
Bias-Rate: 2/rev 
Bias-Acceleration: 
1/rev 
Periodic: 1/rev 
Mixed Periodic: 1/rev 

Very Short 
Subarc 

Bias: 4/rev 
Bias-Rate: 
4/rev 
Periodic: 1/rev 

Bias: 4/rev 
Bias-Rate: 4/rev 
Bias-Acceleration: 
2/rev 
Periodic: 1/rev 

Bias: 4/rev 
Bias-Rate: 4/rev 
Bias-Acceleration: 
2/rev 
Periodic: 1/rev 
Mixed Periodic: 1/rev 
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KBR range data and 1.0 for GPS data. These represent the averages of the converged 

weights of several cases. However, the converged weights show much more variability 

day-to-day and the process needs as many as four iterations to converge. Also, it is to be 

noted that the low value for range weights is a reflection of the standard deviation, 휎, on 

the regres file and not necessarily an indication of the merit of range data compared to the 

range-rate data. 

Section 3.4: Solution Testing 
The quality of the solution can be analyzed using several tests. These tests can be 

broadly classified into two categories: numerical and geodetic. The numerical tests are 

the tests that measure the quality of the solution from a mathematical standpoint, 

regardless of the geodetic truth of the solution. The geodetic tests work in the other 

direction and indicate the geodetic truth in the solution. The numerical tests considered 

here revolve around the post-fit residuals, degree variance and degree error plots of the 

entire gravity field. On the other hand, the geodetic tests considered here are the ocean 

circulation tests, the geoid anomaly maps and inspection of C20 values.  

The first and easiest test to do on the solution is to examine the post-fit residuals. 

Ideally, these are small and lacking in structure. The RMS of the post-fit residuals is the 

best way to guage their size. The RMS is simply the square root of the mean of squares of 

residuals. The smaller the RMS, the better the solution was able to accommodate the data 

(because the units are different, the range and range-rate residual RMS cannot be 

compared directly). A time history of the post-fit residuals is the easiest way to visualize 

the time-based structure of the residuals. If the data appear random, it means, there is not 

much of a time based structure. Figure 4 illustrates a typical range-rate post-fit residual 

time plot.  Note the generally random nature on this time scale, but also note the 

regularity of the spikes. 
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Figure 4: March 1st, 2008 Range-Rate Post-Fit Residuals 

The post-fit residuals, while important, do not tell the full story of the numerical 

quality of the solution. The gravity coefficients, degree error variance (DEV or “formal 

sigmas”), degree variance (DV) and degree difference variance (DDV) are widely used. 

The DEV, DV and DDV are typically graphed versus degree like in Figure 5, where the 

lower degrees can be associated with longer spatial wavelength features of the gravity 

field and the higher degrees associated with shorter wavelengths. 

 
Figure 5: Degree plots for March 2008 Range-Rate 
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The degree error variance is a measure of the formal (computed) uncertainity in 

the gravity coefficients. The DEV spectrum is computed from the square-root of the 

diagonals of the covariance (the variance) of the least squares solution, 푃, defined as: 

                                       푃 =  [퐻 푊퐻]                                                          Eq. 9    

Taken individually, the standard deviations can be used to see how changes in a 

solution method affect the uncertainity in a particular gravity coefficient of interest, such 

as C20. These formal sigmas from one of the range-rate solutions for the first three even 

zonals, C20, C40 and C60 are listed in Table 3. 

Table 3: August 2010 Range-Rate Formal Sigmas 
 Formal Sigmas 
C20 2.0121E-11 
C40 5.7476E-13 
C60 3.5409E-13 

 

The degree variance spectrum is constant for all coordinate systems, and thus, by 

extension, for all solutions. It serves as a sanity check on new solutions. It is defined as: 

                                     휎 =  ∑ (퐶 +  푆 )                                            Eq. 10 

where, 퐶  and 푆  are the gravity coefficients in Equation 5. If a candidate range-based 

solution is not close to the DV curve of an accepted solution, such as that of the range-

rate based solutions, then there is a problem with the candidate solution and it should not 

be considered further. 

The degree difference variance spectrum is the difference between the solution being 

considered and some accepted “truth” solution. The solution used for this purpose is the 

GGM03C field, the most recent GRACE-derived mean field. A DDV spectrum can also 

be created to reflect the differences between two candidate solutions. 
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Having discussed the numerical tests, the other category – geodetic tests are 

described in the following paragraphs. As mentioned earlier, unlike the numerical tests, 

they depend on physical systems.  

The ocean circulation tests examine the high-order gravity terms by comparing 

the known global ocean current to those predicted by using the geoid derived from the 

candidate gravity field. In the absence of ocean currents, sea level matches the geoid. By 

subtracting the mean sea level from the geoid to obtain the ocean dynamic topography, a 

measure of the ocean’s circulation can be created. By comparing this computed ocean 

circulation to the WOA01 hydrographic data, the gravity field’s quality can be measured. 

This is done through the use of correlation coefficients in zonal (east-west) and 

meridional (north-south) components. A correlation of unity indicates a perfect match 

between the ocean dynamic topography implied by the candidate gravity field and the 

WOA01 hydrographic data, while zero indicates no match. These correlations are 

referred to as the ocean circulation statistics. The March 2008 range-rate data is shown in 

Table 5. These statistics are insensitive to the long wavelength (low-order) terms, so the 

expected improvement in low-order terms with the use of range data would not be seen 

by this test. The purpose of using this test is to determine whether, and by how much, the 

range data degrades the higher order terms compared to range-rate data. 

Table 4: March 2008 Range-Rate Ocean Circulation Correlations 
 Zonal Meridional 
March 2008 
Range-Rate 

0.933 0.562 

 

Another more qualitative method of assessing the global gravity field is to make a 

geoid anomaly map. This is most useful when the candidate monthly gravity field is 

differenced from a high-accuracy GRACE-based mean gravity field, such as GGM03C. 

The difference highlights the changes in the candidate field from the reference field, 

usually due to hydrological processes, such as depletion of underground water table in 

Northern India or Amazon rainfall. Any relative highs or lows in the geoid anomaly maps 
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that cannot be explained by hydrological or other geophysical processes are then assumed 

to be flaws in the gravity field. For example, the geoid anomaly map for March 2008 

range-rate data is shown in Figure 6. The geoid anomaly maps in this report use a 

Gaussian smoothing of 400 Km to remove some high frequency errors in the geoid and 

some streaks due to GRACE ground tracks. 

 
Figure 6: March 2008 – GGM03C Range-Rate Geoid Anomaly Map 

Geoid anomaly maps are best used to compare the low frequency portion of the 

gravity field, which is where the dominant temporal gravity variations are found. This 

method can be used to evaluate a single month, but it can also be used for evaluating a 

series of months.  

The best way to determine the accuracy of the time-variable C20 solution is to 

compare its values to independent solutions. These solutions are generated using Satellite 

Laser Ranging (SLR) measurements of independent satellites, such as LAGEOS, 

STELLA, STARLET and Ajisai. These measurements are then used to solve for a gravity 

field much smaller than the degree and order 120 GRACE fields. The resulting C20 is 

then used as an independent check on GRACE C20 values. To highlight the variations in 

C20, a mean value is removed, creating ∆C20. The existing SLR data used the C20 value 

from GGM03C as the mean value. For consistency, the same value was used to create the 
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range-rate ∆C20 values. As seen in Figure 7, the range-rate ∆C20 shows a greater variation 

than the SLR derived ∆C20.  

 
Figure 7: ∆C20 from Satellite Laser Ranging (SLR) and Range-Rate Solutions 

However, caution must be exercised when interpreting results based on C20 as the 

cause of tide-like aliases that appear in C20 from GRACE are not fully understood. Also it 

cannot be safely assumed that the SLR curve is the truth.  
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Chapter 4: Results 

The objective of this chapter is to find the “best” range solution. In order to find 

the best range solution, the tests mentioned in the previous section were run for the 

March 2008 data set. March 2008 was selected because it required no manual editing and 

the range-rate solution was of good quality.  

Section 4.1: General Properties of Range Solutions 
The purpose of this section is to determine some general properties of range 

solutions vis-à-vis range-rate solution and hence show that the idea of processing range 

observations to obtain gravity field has some promise and does not yield anomalous 

results. For the present, the Short BRAP parameterization is chosen as generally 

representative of range solutions because it is the middle-of-the-road choice. It uses 

neither the most nor the fewest parameters. However, it is not to be understood that Short 

BRAP is the best combination of subarc length and parameterization. It will be shown 

eventaully that it is not. The point here is to show that the gravity solution obtained using 

range processing compares well with the solution from range-rate processing. 

The first and most direct way to compare a range solution to a range-rate solution 

is to examine the various spectra compared to the range-rate solution for the same month 

as shown in Figure 8. Firstly, the DV of the range solution agrees very closely with that 

of the range-rate solution. This indicates that the range-based gravity field is not 

anomalous. 

More importantly, the degree error variance of the range solution shows the 

expected behaviour. That is, at low frequency (low degrees), the DEV of the range 

solution is lower than the range-rate solution and at high frequency (high degrees), the 

opposite is true. The cross-over point where the range and range-rate solutions have about 

the same formal sigmas, is about degree 70. The lower error at lower degrees is 

consistent with the expectation that the range solution would have higher formal sigmas 
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at higher degree (shorter wavelength) and lower formal sigmas at lower degree (longer 

wavelength). 

 
Figure 8: March 2008 Range and Range-Rate Degree Plots 

However, one important fact must be kept in mind. The ideal situation is where all 

the errors are random. But, in GRACE all the errors are not random. In the range 

processing, the magnitude of the partials may be larger than that in range-rate processing 

and consequently, the range solution would have lower formal sigmas. As a summary, the 

range DEV curve lying below that of the range-rate DEV curve has some significance. 

But nothing decisive can be concluded from it. 

Table 5 shows a comparison of the performance of one range-based gravity 

solution with that of the range-rate based solution. The ocean circulation statistics for the 

range-based solution are worse, at least for the meridional component and this was 

expected as ocean circulation statistics are insentive to low-order terms and sensitive to 

the higher order terms. Hence the expected improvement in low-order terms with the use 

of range data will not be seen in this test. An interest in range based solutions is based 

upon the desire for an improvement in the low degree performance. Therefore, the ocean 

tests will carry less weight in evaluating the quality of range solutions. 
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Table 5: Ocean Statistics for March 2008 Range and Range-Rate Solutions 
 Zonal Meridional 
Range-Rate 0.933 0.562 
Range 0.932 0.549 

 

Next, attention is turned to the post-fit residuals. The post-fit residuals are 

difficult to compare for the simple reason that range-rate post-fit is in units of m/sec and 

range post-fit residuals are expressed in units of m. Also, as mentioned earlier, range 

signal has a very large bias and this is something that the range-rate signal does not have. 

As seen in Table 7, the range KBR residual RMS is more than an order of magnitude 

larger than the range-rate KBR residual RMS. However, this is not of concern because 

the two data types use different units. The high agreement in the GPS residual RMS 

supports this conclusion. The GPS postfit residuals in both solutions are almost the same. 

The equivalent sizes of the GPS residuals indicates that the solutions are comparable in 

their fit to the data. If the GPS residuals were much lower in the range case, then that 

would indicate that the optimal weighting scheme was strongly favouring the GPS data 

over the KBR data. But here, the GPS postfit RMS is very similar, indicating that the 

higher KBR residual in the range case is equivalent to the lower KBR residual in the 

range-rate case. 

Table 6: Residual RMS Comparison 
 KBR GPS 
Range-Rate 0.2854 µm/sec 1.426 cm 
Range 11.5631 µm 1.424 cm 

 

Also, an interesting feature can be noted. Figure 9 illustrates the post-fit residuals 

for 1st March, 2008 for the short BRAP case. This plot is to be compared with Figure 4 

which corresponds to the post-fit residuals of the range-rate solution for the same day. 

The KBR postfit residuals for the range-based solution are much less uniform. The 

regular spikes present in the range-rate solution are not present. Instead, the spikes are 

more randomly distributed in size and location. And the same feature has been observed 
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in the post-fit residuals for all days. The author does not know the reason for this 

behaviour and investigation of this is left for future study. 

 
Figure 9: March 1st, 2008 Range Post-Fit Residuals 

To summarize, the key idea conveyed by all the above mentioned tests, values 

and plots is – use of range data for generating gravity field solutions has some promise, 

especially at lower degrees. What remains is to determine how the range cases vary with 

different parameterizations and different subarcs. 

Section 4.2: Matrix Tests 
Having described the general properties of a range-based solution and compared 

the performance of one example with that of range-rate based solutions, the next step will 

be to analyze all nine cases in Table 2 to determine the behaviour of the range-based 

solutions to changes in subarc lengths and in KBR parameterization. The goal is to 

choose one or two combinations of subarc length and parameterization that show the 

most promise for a time-series analysis. The letter-number-letter codes in each cell of the 

matrix in Table 7 are the name assigned to the case as it was generated. Or rather, these 

are the location of the results of the runs on the authors work directory. 

Table 7: Matrix of case types and names 
 BRP BRAP BRAMP 
Standard k006/a k006/b k006/c 
Short k007/a k007/b k007/c 
Very Short k008/a k008/b k008/c 
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It makes sense to start the analysis with the simplest of all – post-fit residual 

RMS. The average GPS post-fit residuals for all nine cases are almost the same, differing 

in the third or fourth digit. Thus the GPS postfit residuals don’t help in discriminating the 

performance of the nine cases and therefore the results aren’t given here. More significant 

is the KBR post-fit residuals which are shown in Table 8.  

Table 8: KBR Residual RMS (µm) 
 BRP BRAP BRAMP 
Standard 16.9388 13.5507 12.0066 
Short 13.8805 11.5631 10.1639 
Very Short 10.5388 8.1631 7.0558 

 

There is an improvement as you move down and right in the KBR post-fit 

residuals. And this behaviour is expected. The more estimated parameters in a solution, 

the lower the residuals should be. But a lower KBR post-fit residual is not necessarily 

indicative of a better solution in a geodetic sense. 

The degree plots for all the nine cases, shown in Figures 10 through 18, compare 

the range solution with different subarc lengths and parameterizations with their range-

rate counterpart, which is the RL05 solution. 
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Figure 10: Standard BRP Vs Range-Rate Solution         

 
Figure 11: Standard BRAP Vs Range-Rate Solution 
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             Figure 12: Standard BRAMP Vs Range-Rate Solution 

 
       Figure 13: Short BRP Vs Range-Rate Solution       
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   Figure 14: Short BRAP Vs Range-Rate Solution            

 
         Figure 15: Short BRAMP Vs Range-Rate Solution         
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          Figure 16: Very Short BRP Vs Range-Rate Solution 

 
                                             Figure 17: Very Short BRAP Vs Range-Rate Solution                                       



 29 

 
Figure 18: Very Short BRAMP Vs Range-Rate 

An important observation to be made in Figures 10 through 18 is that, on 

traversing down Table 7 and on traversing from left to right, the degree at which the DEV 

curves of the range and range-rate solution cross over increases. Other than this, all the 

plots look very similar; the DEV curve for the range solution starts below that of the 

range-rate solution and the over-lapping of the DV curves indicates that none of the range 

solution cases are anomalous. 

Another way of looking at this spectrum is to compare among these cases. This is 

illustrated in Figures 19 through 24. In these plots, the range-solution were deliberately 

left out in order to ensure that neatness and clarity are not compromised. 
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              Figure 19: Standard Subarc Degree Plots containing cases: k006a, k006b and k006c 

 
              Figure 20: Short Subarc  Degree Plots containing cases: k007a, k007b and k007c 
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             Figure 21: Very Short Subarc Degree Plots containing cases: k008a, k008b and k008c 

 
         Figure 22: BRP Degree Plots containing cases: k006a, k007a and k008a 
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                Figure 23: BRAP Degree Plots containing cases: k006b, k007b and k008b 

                           
            Figure 24: BRAMP Degree Plots containing cases k006c, k007c and k008c 
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It is evident from Figures 19 through 21 that increasing the number of parameters, 

or going to the right in Table 7, improves the high-degree uncertainity in the gravity field 

as measured by the DEV, but at the expense of low-degree performance. Moving straight 

down Table 7 causes a similar behaviour, as seen in Figures 22 through 24. Because the 

interest in the range solution is based on the hope it might improve the low-degree 

portions of the gravity field, this would indicate that moving down and right in Table 7 

might be counter-productive, despite the improvement in KBR residual RMS. 

The C20, C40 and C60 terms’ are very instructive. The formal sigmas of C20 are 

shown in Table 9. Here, the sigmas become smaller on moving towards the right along a 

row and moving towards the bottom along a column. The Standard BRAMP case and 

Short BRAMP case are the exceptions, even though their sigmas slightly larger than their 

corresponding BRAP cases. The important point to be noted is, all the C20 formal sigmas 

are lower than that for the range-rate solution. 

Table 9: C20 Formal Sigmas for Range Cases 
 BRP BRAP BRAMP 
Standard 1.4717E-11 1.3711E-11 1.3807E-11 
Short 1.4287E-11 1.3632E-11 1.3645E-11 
Very Short 1.3796E-11 1.3065E-11 1.3053E-11 
C20 Sigma for Range-Rate Solution: 1.6281E-11 

 
The C40 and C60 formal sigmas, in Tables 10 and 11, are also always lower than 

their corresponding range-rate counterparts. From Table 10, it is seen that for each 

subarc, the BRAP parameterization has the lowest C40 sigmas, . As far as the sigmas for 

C60 is concerned, for each subarc length, the BRAMP parameterization resulted in the 

least sigma. 
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Table 10: C40 Formal Sigmas for Range Cases 
 BRP BRAP BRAMP 
Standard 1.9067E-13 1.5224E-13 1.8278E-13 
Short 1.8775E-13 1.6028E-13 1.9468E-13 
Very Short 2.0723E-13 1.9217E-13 2.4909E-13 
C40 Sigma for Range-Rate Solution: 9.2507E-13 

 

Table 11: C60 Formal Sigmas for Range Cases 
 BRP BRAP BRAMP 
Standard 1.5739E-13 1.1842E-13 1.0356E-13 
Short 1.3813E-13 1.1215E-13 1.0062E-13 
Very Short 1.4189E-13 1.1647E-13 1.1081E-13 
C40 Sigma for Range-Rate Solution: 4.7067E-13 

 
However, it must again be reiterated that formal sigmas for range solutions being 

lower than the corresponding range rate solutions don’t lead to anything decisive. Their 

being less than the sigmas associated with the range-rate solution is definitely a positive 

sign. But this alone is not sufficient to conclude that range-based solutions have a lower 

degree performance. This is because the errors are not random in GRACE. In the range 

processing, the magnitude of the partials may be larger than that in range-rate processing, 

which reflects as lower formal sigmas.  

Next, attention is turned to the ocean circulation tests. No particular pattern could 

be observed in the zonal correlations, given in Table 12. For the meridional correlations 

given in Table 13, it can be observed that for any given subarc length, the BRAP 

parameterization has the highest correlation followed by the BRAMP parameterization 

followed by BRP. And no pattern could be observed along the columns. 

Table 12: Range Case Zonal Correlations 
 BRP BRAP BRAMP 
Standard 0.928 0.933 0.933 
Short 0.930 0.932 0.932 
Very Short 0.929 0.932 0.931 
Correlation for Range-Rate Solution: 0.933 
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Table 13: Range Case Meridional Correlations 
 BRP BRAP BRAMP 
Standard 0.515 0.557 0.551 
Short 0.529 0.549 0.549 
Very Short 0.541 0.557 0.551 
Correlation for Range-Rate Solution: 0.562 

 

The geoid anomaly maps shown in Figure 25, differenced from GGM03C mean 

field and smoothed to 400 Km, are very similar to each other, in terms of their overall 

structure and features. They all contain highs in the Amazon river basin, in the south-

central African region and lows in the Northern Indian Subcontinent and Greenland. 

However, there are some minor differences. For example, the breadth and depth of the 

low in the western most tip of Africa varies from case to case.  

From Figure 26, it is observed that the standard BRP case and all cases with 

BRAMP parameterization have several striations. Also, the standard BRAP case looks 

the best and short BRAP case looks the next best.  
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The last point to be discussed is how the C20 values derived from these range 

cases match with the SLR derived C20 value. Table 14 illustrates the deviation of the C20 

values of the range cases from the SLR derived values, which are released by the Jet 

Propulsion Lab (JPL). 

Table 14: Deviation of C20 values from SLR derived C20 
 BRP BRAP BRAMP 
Standard -0.307332E-10 -2.013535E-10 -3.448234E-10 
Short -0.798442E-10 -2.971865E-10 -3.924902E-10 
Very Short -2.983836E-10 -4.533092E-10 -5.906747E-10 
Range-Rate derived C20 – SLR derived C20 = 0.6185991E-10 

 

 Not much can be extracted out of the information in Table 14 as the range-based 

solution is available for just one month and for comparing with the SLR derived values, a 

time-series of range-based solutions will be more useful. 

The goal of creating and analyzing these nine cases was to determine which one 

or two KBR parameterizations show the most promise for a time-series analysis. Some of 

the tests performed do not help in choosing the right subarc-parameterization 

combination. For instance, the KBR RMS values just show the expected behaviour of 

RMS going down as number of parameters estimated increases. On the same note, the 

degree plots only show that nothing is anomalous. Furthermore, the results of some of the 

tests are rather confusing. For instance, the very short BRAMP case has the least C20 

formal sigma but has the highest C40 formal sigma. A better C20 at the expense of degree 

4 coefficients is not desirable. Also, the performance of the standard BRP case and short 

BRP case in the ocean circulation test appears to be bad. However, these two cases give 

the best match to the SLR derived C20 values. 

 In the ocean circulation tests, columns 2 and 3 in Table 7 give the best results 

with standard BRAP and very short BRAP having the highest correlations.  The geoid 

anomaly maps in Figure 26 clearly show that standard BRAP to be the best and short 

BRAP to be the second best.  
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The only pattern that can be observed is that none of the above mentioned geo-

physical tests point to the third column in Table 7 which is BRAMP parameterization. 

More study would be needed to pick the cases that will be used for a time-series analysis. 
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Chapter 5: Conclusions and Agenda for Future Work 

Taking the time derivative of a signal moves the noise into lower frequencies and 

integrating a signal moves the noise into higher frequencies. In the gravity signal, the low 

frequencies correspond to the low degree and oredr terms. As such, the range data might 

be expected to improve the low degree portions of the gravity field relative to the range-

rate data, if the data noise is a significant limitation to the gravity solution accuracy.  

However, this low-order improvement comes at the expense of high-degree 

performance. This behaviour was expected because noise was moved from the low 

degree terms to the high-degree terms. The degradation of the ocean circulation 

correlations of the range cases relative to the range-rate cases and the larger high-degree 

DEV plots support this conclusion. 

Of the nine parameterizations tested, the very short BRAMP and very short 

BRAP parameterizations appeared to perform the best. In order to distinguish between 

the promising very short BRAP and very short BRAMP, they must be tested in a time-

series of solutions, which will be done subsequently by the author. To be specific, the 

author plans to create monthly solutions for the entire year of 2008 and subsequently 

evaluate the yearly solution using Δ퐶  time series, C20 formal sigmas, geoid anomaly 

maps, ocean circulation tests, degree plots and KBR post-fit residuals. It is felt that 

comparing the Δ퐶  time series of the SLR derived values to those from range-rate 

solution would be very helpful. If the range-based Δ퐶  time series matches the satellite 

laser ranging series better than the range-rate based series, that would be the strongest 

evidence to support the idea that range-based solutions perform, in some regards, better 

than the range-rate based solutions. 

Another case of potential interest is a parameterization that uses only the KBR 

bias and bias-rate parameters. A BR parameterization was not used in this study because 

it was assumed that whatever signal the periodic parameter in the range-rate solution is 
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absorbing, the same is also present in the range data. This assumption should be tested. 

For the same reasons, the BRA parameterization might also be interesting.  

Eventually, it might be possible to be able to determine whether range data 

produces better solutions than the range-rate data and this work is a first step in that 

process. In order to be able to make such a  determination, however, many more cases 

would be need to be created and evaluated, using the best available background models.  
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