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We examine various models of soft matter, and one model of 

quasicrystals, focusing on abrupt changes as density is varied. We consider in 

detail two models, one of granular matter and another of confined wires, showing 

that the models become ordered as density is increased, with crystalline order 

observed in the former and nematic order observed in the latter. We associate the 

phenomenon of random close packing with the onset of crystalline order in our 

granular model, and we conjecture that crumpled wires should exhibit a nematic 

transition with increasing compaction. We also consider two other models of 

granular matter: one which describes dilatancy onset as a second order phase 

transition, and one which describes random loose packing as a precise, well-

defined density. Finally, we examine an equilibrium model of quasicrystals with 

a first order phase transition to a solid phase without any crystalline order. 
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I. INTRODUCTION

Equilibrium statistical mechanics has long been used to understand the collective behavior

of large numbers of interacting particles. Though the theory has classically been associated

with systems in thermal equilibrium, the ideas of statistical mechanics have more recently

been used to understand, with varied success, a wide array of systems, including physical

systems like granular matter [EO, Ra, AR2] and crumpled sheets [BK, AR1, AR3], as well as

purely combinatorial systems like networks [PN]. P.G. de Gennes [dG1, dG2], S.F. Edwards

[EO], and many others have advocated the broad applicability of statistical mechanics,

adopting the hypothesis that, in principle at least, any many-body system can be described

by the appropriate family of probability distributions, though the distributions may depend

on the protocols used to prepare the system [SNRS, Ra].

The theory has been particularly successful in modeling phase transitions – abrupt changes

in behavior corresponding to global restructuring of systems. In physical systems this re-

structuring often has a geometric nature, corresponding for example to molecules approxi-

mately aligning with a crystal lattice [An, LL]. To understand this concept it is worthwhile

to consider the hard sphere model [Lo], a famous model of equilibrium statistical mechanics

which has been used to explain the freezing and melting of real materials [TR, Bar].

Consider all the possible configurations of non-overlapping congruent spheres (“hard

spheres”) in a finite subset V of R
3 at a fixed volume fraction φ. (Assume V is large

and convex.) At low density, most configurations are disordered. At high density, however,

computer simulations show that most configurations exhibit an ordered structure [HR, RH]

close to that of the optimum-density configurations conjectured by Kepler (and recently

proven by Hales [Ha]). Moreover, at certain intermediate densities, simulations show that

most configurations are a mixture of these two types of structures, with both large disor-

dered and large crystalline regions. This behavior is the hallmark of what is called a first

order phase transition.

Now imagine simplifying the above model by replacing the spheres by congruent, parallel

hexagons with edges and centers on a triangular lattice. Imagine further that the hexagons

1



are in a vertical plane and are subject to gravity and infinite friction, so that each hexagon

must “sit” on another hexagon. In [AR2] we introduce such a model, which is in the style

of the Edwards theory [EO] of granular matter, to understand the physical phenomenon of

random close packing [Ra1]. Recent experimental work [ND] has shown that random close

packing may correspond to the sudden appearance of “bulk” crystals in granular samples

(see also [SCM]). Our model supports this experimental observation: we prove our model

exhibits signs of crystallization at high density, and we show by Monte Carlo simulation

that the model is disordered at low density. The boundary between these regimes in the

model – to which we associate random close packing – corresponds to a phase transition, in

support of a recent conjecture in [Ra1].

The geometric mechanism behind this high-density ordering is perhaps more apparent

in the following model of liquid crystals [dGP, On]. Consider all possible configurations in

R
2 of nonoverlapping long, thin, congruent box-shaped rods of any orientation, at a fixed

volume fraction φ. For φ near zero, the rods are mostly far apart from one another, and so

in most configurations the orientations of the rods will be random. On the other hand, for

φ ≈ 1 the rods will mostly be very close together, so that in most configurations neighboring

rods must have nearly the same orientation. One might ask whether this orientation persists

even for far away rods. Computer simulations suggest that this is the case: at high density,

configurations have a long-range, preferred orientation, signaling a nematic phase [Fr].

Now consider modifying the above model of liquid crystals by connecting all the rods

with tiny springs, so that a configuration can be thought of as one very long, thin (confined)

string. Such “stiff” strings can be considered models of polymers [AR1, JK] or crumpled

wires [AR3]. In [AR1] we introduce a lattice version of this model which is a generalization

of the well-known Flory model [Fl] of polymer melting. We show the model behaves quite

like the aforementioned model of liquid crystals, with a first order phase transition between

a disordered, fluid-like phase and a nematic (orientationally ordered) phase. (For crumpled

wires we do not know of any experimental evidence of such a transition.)

Crystalline and nematically ordered phases are easy to understand geometrically – one

can think in terms of particles in the most probable configurations aligning with each other
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(in a nematic phase) or with a lattice (in a crystalline phase). In [AR5, AR6], however,

we consider models with transitions to “solid” phases in which the high-density ordering

is unusual [AR6] or not apparent at all [AR5]. In [AR5] we consider a model of granular

matter at dilatancy onset [Re, RN] which exhibits a kind of “solidification” without any

obvious geometric ordering. We show that the model has a sharp change in volume response

to an infinitesimal shear at dilatancy onset; this supports recent experimental evidence

[SRNS, MSRSS] that dilatancy onset in sand corresponds to a phase transition. In [AR6]

we introduce a lattice model of quasicrystals which is a generalization of the model of [KR];

the model exhibits a first order phase transition to a solid “quasicrystalline” [LS, GS] phase

without any particle-type translational symmetry.

All of the work in this thesis is motivated by open, current physical problems which share

a common characteristic – namely an abrupt change in the behavior of a physical system

as a function of some parameter (like density). The models of [AR1, AR2], inspired by the

possible phenomena of random close packing in granular matter and nematic ordering in

crumpled wires, give a good picture of the main ideas underlying our work. In this thesis

we examine in detail these models. Before describing results from [AR1, AR2], we examine

the hard sphere model – a prototypical example of the theoretical pattern underying these

results – in more detail in section II. In section III, we consider the model of granular matter

from [AR2], proving it exhibits ordering at high density. In section IV we discuss Monte

Carlo simulation and error analysis, following techniques of [AR4]. In section V we return

to the model of [AR2], but focus on lower densities, using Monte Carlo techniques discussed

in section IV. In section VI we examine the model of crumpled wires from [AR1]. In sections

VII, VIII, and IX we include the full texts of (the preprint versions of) [AR5, AR6, AR4].

In section X we summarize all these results.
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II. THE HARD SPHERE MODEL

In physics, the hard-sphere model is an old and famous model of equilibrium matter

which has a close experimental realization in certain colloids [RDXRC]. The model consists

of particles x1, ..., xN in a volume V ⊂ R
3 interacting with the pair potential

Φ(xi, xj) =







∞, if |xi − xj | < σ

0, otherwise

where σ > 0. Consider a microcanonical ensemble with interaction Φ, where particle den-

sity and (kinetic) energy are fixed, with the latter at zero. The model then admits the

following purely geometric description. Consider the set XN,V of all configurations of N

non-overlapping unit-volume spheres centered inside a cube V . One obvious quantity of

interest is the volume of XN,V , namely

|XN,V | =
1

N !

∫

V ′

dx (1)

where V ′ is the set of N -tuples x = (x1, ..., xN ) ∈ V N such that |xi − xj | ≥ σ := 2( 3
4π )

1/3

for i 6= j. This is closely related to the entropy density

SN,V :=
1

N
log |XN,V |. (2)

In order to see many interesting features of the model, one must consider how its behavior

changes as the system size increases unboundedly. More precisely, one fixes a particular

particle density φ := N/V (here the same as volume fraction) and takes the infinite volume

limit, in which N,V → ∞ and N/V → φ. A simple convexity argument implies that in the

infinite volume limit there is a well-defined entropy density,

S(φ) := lim
N,V→∞,N/V→φ

SN,V . (3)

It is generally accepted that the entropy density S(φ) has a flat portion, at the ends of
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which are “kinks”, so that dS(φ)/dφ is discontinuous. The hard-sphere model then exhibits

a first order phase transition, so called because the first derivative of S(φ) is discontinuous.

(There are no proofs of this, however.) While this description of the transition is useful as

a definition, it is not particularly illuminating; one may ask what a “typical” configuration

looks like, and whether configurations look qualitatively different at low and high density.

In order to answer these questions, one puts a probability measure on the subsets of

XN,V , namely the uniform probability measure µN,V so that all configurations of spheres are

equally probable. Then one takes a limit µφ of the measures µN,V as N,V → ∞, N/V → φ.

(One takes a weak-* limit of a subsequence, arguing existence of an accumulation point by

showing that the measures live in a compact space [Ru1].)

One may employ the measures µφ to ask questions related to “most” configurations of a

given density. (The measures may not be unique; different choices of boundary conditions

in the infinite volume limit may give different limiting measures µφ.) It turns out that

there are qualitative geometric differences between low and high density configurations; low

density configurations are completely disordered and isotropic, while high density configura-

tions have a crystalline geometric structure resembling the optimally dense configurations.

Furthermore there is a region of intermediate densities in which large configurations are

partly disordered and partly crystalline [Ra1].

More precisely, there exist a ≈ 0.49 and b ≈ 0.54 such that: for φ < a, the measures µφ are

supported on configurations which are completely disordered and isotropic (and furthermore

for such φ there is a unique limiting measure µφ); for φ > b the µφ are supported on

configurations which are crystalline and have approximately the same crystalline structure

as the optimal configurations (for such φ the position and orientation of the crystalline

configurations on which µφ is supported depend on the boundary conditions taken in the

infinite volume limit); and for φ ∈ [a, b], µφ is a convex combination of µa and µb. It

should be emphasized that none of this is proven, with the exception of µφ being unique

and supported on disordered configurations at very low density φ << a [Ru1]. Most of the

evidence for the claim comes from Monte Carlo and molecular dynamics simulations (see,

for instance, [AF, ZHB]).
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In simulations it is difficult to measure S(φ) for large φ (see [AF, HR, Sp] for some at-

tempts). To show a transition through computer simulation, one generally uses ensembles

which fix the average of φ instead of fixing φ at a precise value. One such ensemble is the

grand canonical ensemble, which uses a parameter µ to control the average number of parti-

cles N in a fixed volume V . In the grand canonical ensemble, a first order phase transition

can be seen in, for instance, a jump discontinuity (developing as V → ∞) in the average of φ

as a function of µ. (The average of φ, unlike the entropy S(φ), can easily be measured from

simulations.) Here the jump discontinuity corresponds, via a Legendre transformation, to

the flat portion of S(φ) [Gr]; at this precise µ, the disordered and crystalline phases coexist,

and the average volume fraction φ does not have a well-defined value.

The first order phase transition, and corresponding geometric ordering, is a common

feature of materials at high density. In the next section we explore its appearance in granular

matter, a form of soft matter of which sand is a common example.
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III. A MODEL OF GRANULAR MATTER

Granular matter can be loosely defined as a large collection of static, macroscopic nonco-

hesive particles sedimented in a fluid (for instance air). Granular matter is a form of soft

matter, the latter loosely defined as matter which can be macroscopically deformed with a

small amount of energy compared with a typical equilibrium solid. A simple probabilistic

model of granular matter, due to S.F. Edwards [EO], consists of a simple modification to

the hard sphere model discussed above – the model is modified by restricting the space of

configurations to those which are stable under gravity and friction. The Edwards model ap-

pears to be reasonably justified for granular samples which are prepared by the fluidization

and sedimentation approach of [SNRS].

According to a conjecture of C. Radin [Ra1], the model behaves quite like the hard sphere

model, as follows. Consider the measures µφ discussed above, except now the measures

correspond to the new ensemble of configurations stable under gravity and (infinite) friction.

There exist d ≈ 0.6 and e ≈ 0.64 such that: for d < φ < e, the measures µφ are supported

on geometrically disordered, isotropic configurations; for φ > f the µφ are supported on

configurations which have the crystalline structure of optimally dense configurations; and

for e ≤ φ ≤ f the measures µφ are convex combinations of µe and µf . Here d ≈ 0.6 is the

random loose packing density [AR4], the lowest density at which bulk random samples exist,

and e ≈ 0.64 is the random close packing density [Ra1], the lowest density at which large

random samples exist without bulk-sized crystals. There is indirect experimental evidence

for this conjecture in [SCM, ND]. In [AR2] an Edwards-style model is introduced to support

the conjecture; we now discuss this model.

The model is a variant of the old equilibrium model of congruent hard hexagons on a

triangular lattice [Bax, HP], with hexagonal edges a multiple of the lattice spacing. In

analogy with S.F. Edwards’ model of granular hard spheres [EO], we modify the model of

[HP] by restricting phase space only to those configurations of hard-core parallel hexagons

in a vertical plane which are stable under gravity and infinite friction. That is, the model

consists of all configurations of hard-core parallel hexagons centered on the triangular lattice
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FIG. 1: A hexagon centered on the triangular lattice, with side length s = 3.

L, with side length s a fixed integer multiple of the lattice spacing, such that at least one

of the lower edges of each hexagon intersects one of the upper edges of another hexagon.

See Figs. 1-2. We use a fixed boundary consisting of a “shell” of hexagons which intersect

their neighbors in full faces; see Fig. 2. The space enclosed by this boundary is called V .

(Hexagons on the boundary are not considered part of the configuration.)

We use a grand canonical ensemble; that is, a probability measure mV on the subsets of

the set of all such configurations, such that the probability of seeing a configuration C with

exactly n hexagons is equal to

mV (C) = exp(µn)/ZV , (4)

where µ is a variable parameter and ZV is the appropriate normalization. Let m be any

weak* limit point of the measures mV , as |V | → ∞. (Such limits exist by compactness.

Clearly mV and m depend on µ but we suppress this for ease of notation.)
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FIG. 2: A configuration (boundary is in boldface).

The model exhibits a phase transition from a disordered fluid phase to a crystalline solid

phase, which we expect (but do not prove) to be first order. At large positive µ, the measure

m depends on the precise boundary conditions chosen while taking the limit |V | → ∞; for

small positive µ, the measurem is unique. Thus for large µ, the center of a configuration will

be sensitive to a distant boundary, while for small µ the system behaves like a disordered

fluid. We first prove the former statement; we cite Monte Carlo simulation evidence to

justify the latter.

Before giving a precise meaning to our result on sensitivity to the boundary we need a

few definitions. Recall that L is the regular triangular lattice on which our hexagons are

centered.

A sublattice is a subset of L consisting of the centers of a collection of hexagons which tile
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the plane. (There are 3s2 distinct sublattices.) We say a collection H of hexagons is on the

boundary sublattice if the centers of all the hexagons in H are in the sublattice defined by

the hexagons on the boundary of the container V .

Given a point x in the boundary sublattice, we define the neighborhood Nx of x to be the

set of all points in L inside a hexagon h centered at x, excluding those on the bottom three

edges of h.

A contour is a connected component of the union of the following two sets: (the closure

of) the set of all space inside V not covered by hexagons; and the set of all line segments of

length at most s − 1 which are intersections of neighboring hexagons. Given a contour C,

the region enclosed by C is the simply-connected region of minimal area which contains C.

We use the term outer contour for a contour which is not contained in any region enclosed

by any other contour. See Fig. 3.

Let C be a contour of area k (in units of hexagon area), and let E be the region enclosed

by C. The (closures of the) connected components of E \C will be called C-interior regions.

Note that the hexagons which intersect the topological boundary of a C-interior region R

are on the same sublattice. We say these hexagons are on the outside of R and we say the

remaining hexagons in R are on the inside of R.

We will assume without loss of generality that the origin O is in the boundary sublattice.

Our order parameter p(µ) is then defined as follows.

Definition 1. Let pV (µ) be the conditional mV -probability that, given there is a hexagon

h centered at a point in the neighborhood NO of the origin, h is centered at the origin. We

write p(µ) for the corresponding (infinite-volume) m-probability, p(µ) := lim supV→∞ pV (µ).

Note that if the influence of boundary conditions tends to disappear as V → ∞, then

p(µ) is identically equal to (3s2)−1 (the inverse of the number of distinct sublattices). In

the following theorem, we prove this is not the case when µ is sufficiently large.

Theorem 1. For sufficiently large µ, p(µ) > (3s2)−1; that is, a hexagon centered in NO

will not be, in the infinite system, centered equiprobably on each of the 3s2 sublattices.

Note that if there is no hexagon centered in NO, or if there is a hexagon centered in NO
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FIG. 3: An outer contour (shaded region).

but not at the origin itself, then there is an outer contour enclosing the origin. Our proof,

which begins with this observation, relies on two main ingredients: First, we must show

that the probability of seeing a fixed outer contour C becomes exponentially unlikely as the

area of C increases; second, we put an exponential upper bound on the number of contours

of fixed area enclosing the origin. The first estimate can be improved by taking µ large, and

then by combining both ingredients one obtains the theorem.

Lemma 1. Let C be an outer contour of area k (in units of hexagon area). The mV -

probability that a configuration has the contour C is at most exp(−µk). This estimate is

independent of V .

Proof. The main idea of the proof is to create a 1−1 correspondence between configurations

having the contour C, and configurations without C but with more hexagons, since for

positive µ the latter will be exponentially more likely. Going in this direction, we define a

1− 1 correspondence S → T , where

S = {configurations in V with the contour C and n hexagons},
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T = {configurations in V with n+ k hexagons},

as follows. Let A ∈ S. We define a map A→ A′ as follows. For each C-interior region R of

A, pick a hexagon h on the outside of R, without loss of generality h is centered at x ∈ Ny,

and translate R by y − x while leaving the rest of A unchanged. This produces a unique

arrangement A′ of hexagons in V . We show that the hexagons in A′ are non-overlapping,

and furthermore that A′ has a void C ′ which can be covered by k non-overlapping hexagons.

Suppose h1 and h2 are distinct hexagons in A, and let h′1 and h′2 be the images of these

hexagons in A′. If h1 and h2 are in the same C-interior region then clearly their images in

A′ do not overlap, since translating the region does not change their positions relative to one

another. Thus assume h1 and h2 are in different C-interior regions. If either hexagon is on

the inside of the C-interior region to which it belongs, then the images of the two hexagons

cannot overlap due to trivial distance considerations. (Any C-interior region is translated by

a distance of at most s.) So assume both hexagons are on the outside of distinct C-interior

regions, and write y1 and y2 for the centers of h1 and h2, respectively. Then y1 ∈ Nx1
and

y2 ∈ Nx2
for some x1 6= x2, since centers of distinct non-overlapping hexagons must be

in distinct neighborhoods. By definition of the map A → A′, the hexagons h′1 and h′2 are

centered at x1 and x2, respectively. Since x1 and x2 are distinct points in the boundary

sublattice, h′1 and h′2 do not overlap, as desired.

Now, consider the image H ′ in A′ of the set H of hexagons on the outsides of the C-

interior regions of A. By definition of the map A → A′, the hexagons in H ′ are on the

boundary sublattice. Notice also that all the hexagons in H ′ remain in the region enclosed

by C. Since C is an outer contour, the hexagons on the outer border of C are also on the

boundary sublattice, and these hexagons are fixed by the map A→ A′. It follows that there

is a void C ′ in A′, which can be thought of as the “image” of C, such that C ′ is bordered by

hexagons which are all on the boundary sublattice. The void C ′ can be therefore be covered

by k non-overlapping hexagons.

Let A′′ be the image of A′ under the map which fills C ′ with k non-overlapping hexagons

and fixes the rest of A′. We claim that A′′ ∈ T . All that must be shown is that each hexagon

in A′′ intersects one of the three upper edges of another hexagon. If h′′ is the image of a
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hexagon on the inside of a C-interior region in A, then clearly this property holds true,

since the relative local structures on the inside of C-interior regions do not change in the

map A→ A′ → A′′. On the other hand, if h′′ is the image of a hexagon in the outside of a

C-interior region, or if it is inside C ′, then this property also holds because C ′ is completely

covered by nonoverlapping hexagons in A′′.

Next we show that the correspondence S → T defined by A → A′′ is 1 − 1. Suppose

A0 and A1 are distinct configurations in S. There is an obvious pairwise correspondence

between the C-interior regions of A0 and of A1. The outsides of corresponding C-interior

regions of A0 and A1 are identical, because the contour defines these outsides. So since A0

and A1 are distinct, either at least one of these pairs of corresponding C-interior regions,

say R0 and R1, have distinct insides, or A0 and A1 must be different outside the region

enclosed by C. In the latter case A′′
0 and A′′

1 must be distinct, because the map A → A′′

fixes everything outside the region enclosed by C. In the former case, the images of R0 and

R1 are distinct and so A′′
0 and A′′

1 must also be distinct.

Using the correspondence S → T we can now put an exponential bound on the probability

of seeing the outer contour C. Let Z = ZV be the normalization defined above, let Hn be

the number of configurations A with the contour C and n hexagons, and let H ′′
n be the

number of configurations A′′ with n + k hexagons. By the above correspondence we have

that H ′′
n ≥ Hn, and of course we also have that

∑∞
n=0 e

(n+k)µH ′′
n ≤ Z. Thus, the probability

of seeing the contour C is

1

Z

∞
∑

n=0

enµHn ≤
∑∞

n=0 e
nµHn

∑∞
n=0 e

(n+k)µH ′′
n

≤ e−kµ

as desired.

Lemma 2. The number of contours C of size k (in units of hexagon area) enclosing the

origin is less than akb
k, where ak = O(k2) and b is constant. (Both ak and b depend on s.)

Proof. Let C be a contour of area k (in units of hexagon area), such that C encloses the

origin. Consider a graph with vertex set L∩C (recall L represents the underlying triangular
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lattice). Join two vertices in the graph with an edge if they are nearest neighbors in L. Note

that each connected component of this graph is at a distance of less than s from another

component; join all the components by edges of length less than s.

Now we have a connected graph such that all its edges have length less than s. Consider

a spanning tree for this graph, duplicate all the edges of the tree to get a graph G, and

then choose a (directed) Eulerian path γ in G, that is, a path which traverses each edge

in G exactly once. (It is a well-known fact of graph theory that Eulerian paths exists for

such duplicate graphs.) Such a path covers all the points in L ∩ C, so to upper-bound the

number of possible contours C it suffices to upper-bound the number of such paths γ.

Since each hexagon contains O(s2) lattice points, the number of possible starting points

for γ is O(s4k2). Also, since all the edges of γ have length less than s, given a point on

γ there are O(s2) possibilities for the next point on γ. Observing that γ traverses O(s2k)

points, the result follows.

Proof of Theorem 1. From Lemmas 1-2, we find that the probability of seeing an outer

contour enclosing the origin is no greater than
∑

k>0 ak(exp(−µ)b)k, and this sum can be

made arbitrarily small for µ sufficiently large. Recall that if there is no hexagon centered

at the origin, then there is an outer contour enclosing the origin. Since the latter event has

arbitrarily small probability for µ sufficiently large, the former must also; one concludes,

therefore, that the probability there is a hexagon centered at the origin is arbitrarily large

for µ sufficiently large. This probability is smaller than the conditional probability p(µ), so

we conclude that p(µ) > (3s2)−1 for µ sufficiently large, as desired.

Note that although the result of Theorem 1 holds for any fixed finite hexagon side length

s, it does not apply in the “continuum” limit s→ ∞.
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IV. MONTE CARLO SIMULATION AND ERROR ANALYSIS

Models in statistical mechanics are often analytically intractable. In particular key quan-

tities like the free energy cannot be computed analytically; more generally, the probability

measure describing the system is unknown, because the appropriate normalization – the

partition function – cannot be calculated. In such cases it is often useful to consider Monte

Carlo simulation, in which one takes advantage of the fact that many relative probabilities

can be calculated.

The basic such technique, called the Metropolis algorithm [MRRTT], is as follows. (Here

we focus on discrete models for simplicity; see e.g. [AR5] for a continuum example.) Consider

a model given by a probability measure Pr(·) on the subsets of configurations in the model.

Writing X for the (finite) set of all configurations, let

Pr(A) = f(A)/Z (5)

be the probability of A ∈ X, where f : X → R is a known function and Z =
∑

A∈X f(A) is

the appropriate normalization. (Assume all configurations have positive probability.) The

Metropolis algorithm generates a sequence A0, A1, ... of random configurations from the

model, where An is the nth configuration selected.

The Monte Carlo step – which selects the next configuration, An+1, given the current

configuration, An – is as follows. Suppose the nth configuration, An, has been selected. A

trial configuration A′
n is then proposed according to some (usually simple) algorithm. The

probability of A′
n relative to An is

Pr(A′
n)/Pr(An) = f(A′

n)/f(An) (6)

Here the probability normalization Z, which is often impossible to analytically compute,

has disappeared. Set An+1 = A′
n with probability p, and An+1 = An with probability 1−p,
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where

p := min{1, P r(A′
n)/Pr(An)} (7)

is easily computed from f(An) and f(A
′
n).

Consider now a sequence A0, A1, ..., An of configurations obtained in this way, where A0

is an initial configuration. (Note that the selection of each configuration depends only on

the previous configuration; that is, the configurations are realizations of a Markov chain.)

If

(1) for all A,A′ ∈ X, the conditional probability of proposing a step A → A′, given

that the current configuration is A, is the same as that of proposing the reverse step

A′ → A, given that the current configuration is A′;

(2) any configuration in X can be reached, with positive probability, from A0 by some

sequence of steps; and

(3) f is not a constant function,

then it can be proven that in the limit n→ ∞, configurations will be selected according to

equation (5), regardless of the initial configuration A0. (The condition that f is nonconstant

ensures that the underlying Markov chain is aperiodic.) More precisely: as n → ∞, the

conditional probability of selecting An+i = A at the (n + i)th step, given that the ith

selection was Ai, approaches Pr(A).

Since sampling with the Metropolis algorithm is only proven to approach the distribution

(5) in the limit as n→ ∞, it is important to consider how large n must be for the samples

to be reasonably accurate. While in some cases one can prove rates of convergence [CD], it

is common to use nonrigorous techniques to argue that the samples are accurate.

Many such techniques involve the (standard unbiased) autocorrelation R [Ge], given by

R(k) =

∑n−k
i=0 (ψ(Ai)− λ) · (ψ(Ai+k)− λ)

(n− k + 1)σ2
, (8)
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FIG. 4: A typical graph of autocorrelation R(k) vs. number of Monte Carlo steps k, for ψ = volume
fraction (a typical measurement on configurations in a model).
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FIG. 5: A zoomed-in look at the graph from Fig. 4, with a definition of the initialization time kI .

.

where ψ : X → R is some relevant function on configuration space (for example, particle

density), and λ and σ2 are the sample average and variance of ψ over the sequence A0, ..., An
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of configurations; that is,

λ =

∑n
i=0 ψ(Ai)

n+ 1
, (9)

and

σ2 =

∑n
i=0(ψ(Ai)− λ)2

n
. (10)

The value R(k) = 1 indicates perfect correlation, and R(k) = −1 indicates perfect anti-

correlation. If R(k) ≈ 0 for k ≥ k0, one suspects that the sampling, at least with respect to

the function ψ, has converged to the appropriate distribution when at least k0 Monte Carlo

steps are made. (Of course it is always possible the sampling is stuck in a particular region

in configuration space, and in practice one always tries to rule this out.) See Fig. 5 for

typical graphs of autocorrelation. As k approaches n, the number of summands averaged in

(8) becomes small, making the value R(k) less reliable. For this reason the domain of R(k)

is often restricted to a smaller order of magnitude, for instance k < T := 10−1n.

A simple benchmark for how many Monte Carlo steps are needed for the sampling to

converge is the following. Let k0 be the smallest positive integer with R(k0) < 0, and define

σ2
0 =

1

(T − k0 − 1)

∑

k∈(k0,T )

R(k)2. (11)

Then set k to be the smallest positive integer with R(k) < σ2
0 . The value k = kI , called an

initialization time, estimates the number of Monte Carlo steps necessary before the sampling

loses dependence on the initial configuration A0. (See Fig 5.)

Once sampling has converged, it is useful to have a measure of how many Monte Carlo

steps are needed to produce a sample which is independent of an arbitrary past sample.

A simple measurement of this is the following. Delete the first kI configurations from the

original chain A0, A1, ..., An to obtain a new chain AkI
, AkI+1, ..., An. Now recompute R

and k from the new chain as above, and set kM = k. The value kM is called a mixing

time. If the length, n, of the chain A0, ..., An is a large multiple of the mixing time, kM , one

18



expects that the sample average

ψ̄ =
1

n+ 1

n
∑

i=0

ψ(Ai) (12)

reasonably approximates the ensemble expected value

E(ψ) =
1

Z

∑

A∈X

ψ(A). (13)

There remains the problem of quantifying the expected error in the estimate ψ̄ ≈ E(ψ). A

common method is batch means [Ge], in which one divides the chain A0, ..., An into “batches”

A0, ...Ab−1;Ab, ..., A2b−1; ...;A(l−1)b−1, ..., An. Here b is the number of configurations in a

batch, and l = ⌊n/b⌋ is the total number of batches. “Batch averages” ψ̄j are then computed,

ψ̄j =
1

b+ 1

b−1
∑

i=0

ψ(Ajb−1+i). (14)

If the batch size b is a large multiple of the mixing time kM , then an appropriate central

limit theorem implies that the batch means should be approximately normally distributed

[KV]. Furthermore, for large batch size b the batch means ψ̄j should be approximately

independent. For confidence intervals, one applies Student’s t-distribution to the batch

means [St]. (A p-confidence interval around ψ̄j is, strictly speaking, the realization of a

random interval which covers the true mean E(ψ) with probability at least p.)

If the batch averages really were independent and normally distributed, such confidence

intervals would be rigorous; of course in practice one can only argue that the batch averages

are close to being independent and have distributions close to being normal. The assumption

of normality seems more stringent, since relatively large numbers of independent samples

are generally needed for normality. However, the t-distribution has been shown to be quite

robust against deviations from normality [DL], and the method of batch means is often

used even without batch size being large enough for the batch averages to be approximately

normally distributed [AR4].
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V. A MODEL OF GRANULAR MATTER AT LOW DENSITY

In this section we consider again the model of section III. (We use the notation of that

section.) Recall that section III focuses on the behavior of the model at large positive µ.

Here we discuss the behavior of the model at small positive µ, beginning with the following

conjecture.

Conjecture 1. For sufficiently small nonnegative µ, p(µ) ≡ (3s2)−1; that is, a hexagon

centered in NO will be, in the infinite system, centered equiprobably on each of the 3s2

sublattices.

For sufficiently negative µ, one can prove that average volume fraction φ approaches zero

as V → ∞. We are not interested in that regime; we consider only µ ≥ 0. (Although µ = 0

should correspond to zero pressure, or random loose packing [AR4], we do not make this

claim here.) Since for such µ configurations are still quite dense, one cannot understand

them as arrangements of approximately independent particles, as is done in low-density

virial expansions in classical equilibrium statistical mechanics.

We do not prove the above conjecture here. We instead produce simulation evidence

that for small positive µ – we will focus somewhat arbitrarily on the interval 1 ≤ µ ≤ 2

– configurations are disordered, in the sense that our order parameter p(µ) (defined in

Definition 1 of Section III) is identically equal to (3s2)−1. Assuming the conjecture is true,

we have the following corollary.

Corollary 1. The order parameter p(µ) is not analytic at some positive µ = µc. The model

therefore has a phase transition at µc.

The nonanalyticity occurs when p(µ) rises above (3s2)−1. At the transition, the sublat-

tice determined by the boundary hexagons becomes probabilistically favored. The phase

transition, therefore, corresponds to the model inheriting the crystalline structure of the

boundary.

In our simulations we can only estimate the finite-system parameter pV (µ). It is important

to note that pV (µ) is analytic for any finite V , so pV (µ) cannot be precisely equal to (3s2)−1
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FIG. 6: A plot of a configuration in equilibrium at µ = 1 and volume 729 (in units of hexagon
volume)

.

at low µ; small fluctuations must be expected. In all of our simulations, however, we find

the finite-size system parameter pV (µ) to be within small confidence intervals of (3s2)−1 for

µ ∈ [1, 2]. We therefore expect the infinite-system parameter p(µ) to be identically equal to

(3s2)−1 for µ ∈ [1, 2]. Note that the burden is easier to show independence of the boundary,

as we do, than it is to show dependence on the boundary, since the latter requires careful

study of finite size effects as the system size grows. For the former, if small systems already

are (mostly) boundary independent, one expects the same to be true for larger systems.

We simulated systems with volumes ranging from 276 to 1151 (in units of hexagon volume)

using the Metropolis algorithm described in Section IV. We first checked that our simulations

were not sensitive to the initial configuration; since simulations starting at low density tended

21



1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
0.02

0.025

0.03

0.035

0.04

0.045

0.05

0.055

0.06

chemical potential, µ

p(
µ)

 

 

data1

data2

data3

data4

data5

data6

data7
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to equilibrate faster, we started our main simulations with void configurations. To obtain

numerical estimates of pV (µ), we considered the following functions of our Monte Carlo

configurations. For a configuration A we let δ(A) = 1 if there is a hexagon in A centered

at the origin; we let δ(A) = 0 otherwise. We define t(A) = 1 if there is a hexagon in A

centered at a point in the neighborhood NO of the origin, and t(A) = 0 otherwise. Then for

each system size V we compute the following statistic:

pM :=
δ(A1) + δ(A2) + · · ·+ δ(AM )

t(A1) + t(A2) + · · ·+ t(AM )
(15)

So the expected value of pM is exactly pV (µ). We obtain error bars for pM as de-

scribed in section IV, using batch means to obtain 95% confidence intervals from Student’s

t-distribution. (We used about 10 batches for each µ, with batch size at least 5 mixing

times.) See Fig. 7 for the data from all system sizes, and Fig. 8 for the data on the largest

system with confidence intervals. Notice that the confidence intervals cover the desired value

(3s2)−1 about 95% of the time, as appropriate.
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In review, we have proven in section III that for sufficiently large positive µ, p(µ) is

greater than (3s2)−1, and in fact p(µ) approaches 1 as µ→ ∞. We also have evidence from

Monte Carlo simulation that for µ ∈ [1, 2], p(µ) is identically equal to (3s2)−1, which is

indicative of boundary insensitivity (which we associate with disorder). Since a constant

function cannot be analytically extended to have different values, the order parameter p(µ)

cannot be analytic, and so the model undergoes a phase transition at some µ > 2. The

transition, which corresponds to the sudden appearance of crystalline structure at a critical

µ, is consistent with the conjecture of [Ra1].
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VI. A MODEL OF CRUMPLED WIRE

Crumpled materials – for example crumpled sheets or wires – are, like granular matter,

a form of soft matter. Imagine crumpling a sheet of paper into a compact ball. The sheet

develops creases and folds. While the creases are “irreversible”, the folds can be considered

elastic. We introduce a model to study the geometric changes associated with the folds of

a long, thin wire as it is compacted in a thin box.

Consider such a wire which has been compacted into a very high density state. Suppose

that the wire does not crease, so that it has a minimum radius of curvature, and suppose

further that there is a significant energy cost for elastic bending. The most probable very

high density configurations are then “layered”, consisting of parallel rows of wire, with

few bends between the rows. On the other hand, at low density, configurations of wire

are disordered, with many “wiggles” and no orientational order. One may ask whether the

transition between these types of behavior is smooth or singular. In our model we show that

the transition is singular, in the precise sense of a phase transition. Although there is not

yet experimental evidence for a transition, statistical mechanics ensembles have been used

to study crumpled materials in [BK, SB], with the authors of [BK] finding a second-order

transition in a field-theoretic continuum model of crumpled wires.

We use a grand canonical statistical mechanics ensemble, with parameters to control the

average density and energy of a walk. To understand the use of energy as an independent

parameter, consider the following. Suppose that we have many identical wires with unit

square cross-sections, and assume it costs energy E to bend a single such wire to a given

curvature. Then it should cost energy nE to bend a row of n parallel such wires to the same

curvature. Now consider a wire built of the same material but with circular cross sections

of radius r, with πr2 = n; one would expect it to cost energy greater than nE to bend

such a wire to the same curvature. Furthermore if the circular cross section has radius cr,

the energy cost should be greater than c2nE. Thus the bending energy is nonlinear in the

thickness of the wire, so energy is justifiably an independent parameter in our modeling.

Our model consists of a single random self-avoiding walk (SAW) on a finite square lattice,
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FIG. 9: (a) The graph of average density versus µ at β = 1.5, for system volumes V = 402 through
V = 1202.

with an energy cost for bends in the walk. The model is a generalization of the Flory

model [Fl, JK] of polymer melting: the Flory model fixes density at its optimum value of 1,

while we include density as a variable. (Here density is particle density, with the particles

corresponding to the vertices of the walk.) While the Flory model has a second order

phase transition between disordered and nematic states [JK], our model has a first order

phase transition. (A useful history of the Flory model, and a prediction that the transition

becomes first order at lower density, can be found in [JK].)

We now describe the model in detail. Consider the set W of all self-avoiding polygons

(i.e., closed self-avoiding loops) on the square lattice with periodic boundary conditions,

L = (Z/vZ)2, with v a fixed positive integer. The energy E(w) of polygon w in W is defined

as the number of right angles in w, and the length N(w) of w is the number of unit line

segments in w. Given an inverse temperature β = 1/T and a chemical potential µ, the free

25



1.2 1.25 1.3 1.35 1.4 1.45
0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

µ

E
/V

 

 

V = 1202

V = 1002

V = 802

V = 602

V = 402

FIG. 10: The graph of average energy per volume vs. β at µ = 0.15, for system volumes V = 402

through V = 1202.

energy of the model is βE − βµN − S(E,N) where S(E,N) is the entropy, that is, the

natural logarithm of the volume in phase space of self-avoiding polygons at fixed E and N .

As usual in a grand canonical ensemble this is optimized by the probability measure mβ,µ

defined on the subsets of W by

mβ,µ(w) =
1

Zβ,µ
e−β(E(w)−µN(w)) (16)

for w ∈ W, where Zβ,µ is the appropriate normalization. In this notation we have suppressed

the dependence of mβ,µ and Zβ,µ on the system volume V = v2.

To simulate the model we fix either β or µ, and then slowly increase the other parameter,

starting from well into the disordered regime. The basic Monte Carlo step is as follows

(see pgs. 41-44 in [vR]). Given a polygon w(t) at step t in the simulation, we introduce,
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FIG. 11: The graph of specific heat vs. β at µ = 0.15, for system volumes V = 402 through
V = 1202.

with probability pi, a trial configuration w(t)′ which changes the length of w(t) by ℓi. (The

conditional probability of proposing the trial configuration w′, given that w is the current

configuration, is the same as that of proposing the trial configuration w, given that w′ is

the current configuration, as discussed in Section IV.) If w(t)′ is not self-avoiding then we

take w(t+1) = w(t); otherwise we set w(t+1) = w(t)′ with probability q = min(Q, 1), and

w(t+ 1) = w(t) with probability 1− q, where

Q = eβ[µℓi+E(w(t))−E(w(t)′)] (17)

Here p1 = p2 = 2/5, p3 = 1/5, ℓ1 = −2, ℓ2 = 2 and ℓ3 = 0. (The choices of the pj were

somewhat arbitrary.)

We computed mixing times for the simulation of each (β, µ) as described in section IV.

We found that our simulations of each (β, µ) were, in the worst cases, at least 5 mixing
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times long (on average), and we therefore believe our Monte Carlo runs are reasonably close

to sampling the distributions mβ,µ. (For µ between −0.05 and 0.06, mixing times, in units

of Monte Carlo steps, are between 2×107 and 4×107, while mixing times increase to about

2× 109 near the transition µ.)

We repeated each of our simulations 100 times, and obtained 95%-confidence intervals

for the averages of particle density and energy per volume from Student’s t-distribution

with 99 degrees of freedom. The confidence interval widths were, for all (β, µ), less than

0.0009 for particle density and less than 0.004 for energy per volume; see [AR1] for details.

(Measurements related to specific heat were calculated differently, and are discussed below.)

A single simulation of the largest system (V = 1202) contains 8 × 1011 basic Monte Carlo

steps, with 1010 Monte Carlo steps in the simulation of each of 80 points (β, µ).

Along with average energy per volume 〈E〉β,µ/V and average density 〈φ〉β,µ, we measure

order parameters corr and lay, which were introduced in [AR3] and are defined as follows.

Given a polygon w, corr(w) is the proportion of edges in w which have the same orientation

(horizontal or vertical) as a randomly chosen edge in w. Given w, lay(w) is the normalized

volume u2/V of the largest square sublattice L′ = (Z/uZ)2 ⊂ L such that the orientation

of w (horizontal or vertical) at the origin agrees with the orientation of w at 80% or more

of the sites in L′. (We choose an orientation for the polygon w so that each lattice site has

a unique horizontal or vertical orientation. The number 80% is somewhat arbitrary; any

value significantly above 50% should suffice.)

We compute specific heat (1/V )∂〈E〉β,µ/∂T from fluctuations, that is,

T 2 ∂〈E〉β,µ
∂T

= 〈E〉β,µ〈µN − E〉β,µ − 〈EµN − E2〉β,µ (18)

To compute the values of 〈·〉β,µ in equation (18), we took averages of the relevant measure-

ments over 100 independent simulations. Then for 95%-confidence intervals we repeated this

process 4 times, and used the Student’s t-distribution with 3 degrees of freedom. The widths

of the confidence intervals for specific heat were all less than 2.8; see [AR1] for details. We

checked that the curve computed from fluctuations agreed with the numerical derivative of
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FIG. 12: a) The graph of specific heat vs. β and µ, for V = 1002. b) Estimation of β values which
maximize specific heat at fixed µ.

energy.

In contrast with [AR3] we simulate well into the ordered regime and find direct evidence

of a first order phase transition. In particular the trends with increasing system size in the

curves of Figs. 9 and 10 strongly suggest that the average density and average energy per

volume both develop jump discontinuities at the transition, in the infinite volume limit. In

confirmation, Fig. 11 shows the specific heat developing a delta function singularity at the

transition.

We plot the specific heat surface as a function of β and µ, as well as the (β, µ)-coordinates

of the maximum of specific heat, at various 0.125 ≤ µ ≤ 0.175, 1.35 ≤ β ≤ 1.5 in Fig.

12. The latter gives an indication of the transition curve; note that as µ increases, the
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FIG. 13: a) The graph of corr vs. β at µ = 0.15, for volumes V = 402 to V = 1202. b) The graph
of lay vs. β at µ = 0.15, for volumes V = 402 to V = 1202.

temperature at which the transition occurs increases.

As evidence of a nematic transition, the measurements corr and lay (see Figs. 13 and 14)

exhibit a jump discontinuity at the transition from their disorder values of 1/2 and zero,

respectively.

Our Monte Carlo simulations incorporate many moves which are “rejected”. In fact the

rejection rate ranges from about 95% to almost 99%, depending on (β, µ), with higher rejec-

tion rates at large β or µ. Simulations of a similar model using a rejectionless algorithm have

been published [OFJK,Ja]. The rejectionless algorithm, however, applies only to random

strings (with ends) and cannot be used with our model of random loops.

In summary, we have introduced a generalization of the Flory model of polymer melting

which allows for a positive fraction of vacant lattice sites. Our model can also be thought of

as a model of crumpled wire; in particular, as discussed above, energy can be considered an

independent parameter in such (nonequilibrium) setting. We have shown by Monte Carlo
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FIG. 14: a) The graph of corr vs. µ at β = 1.5, for volumes V = 402 to V = 1202. b) The graph of
lay vs. µ at β = 1.5, for volumes V = 402 to V = 1202.

simulation that our model has a transition to a nematic phase at high density and low

temperature. Whether real crumpled wire has such a phase transition is part of an ongoing

experiment including the author.

The Flory model also has such a transition at low temperature. However, by contrast with

the Flory model – which has one parameter and a second order phase transition [JK] – our

model has two independent parameters, β and µ, and we find a first-order, discontinuous

phase transition across the curve shown in Fig. 12 b). This is direct evidence supporting the

suggestion in [JK] that the second order transition in the Flory model becomes first order

at lower density when vacancies are included in the model. It still remains to reconcile this

behavior with that found in the field-theoretic model of continuum loops in [BK].
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c)

FIG. 15: Configurations with V = 1002 in equilibrium at: a) (β, µ) = (1.5, 0.03) and density
φ = 0.515, b) (β, µ) = (1.5, 0.124) and density φ = 0.894, c) (β, µ) = (2.5, 0.01) and density
φ = 0.146, d) (β, µ) = (2.5, 0.04) and density φ = 0.529.
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VII. DILATANCY TRANSITION IN A GRANULAR MODEL

Static granular matter, such as a sand pile, can exist in a range of densities. In its

densely packed state it expands under shear, while when loosely packed it contracts under

shear [RN]; the boundary between these regimes, ‘dilatancy onset’, was first popularized

by Reynolds in 1885 [Re]. We introduce a model in which the transition between these

different volume responses to shear appears to be singular, in the precise traditional sense

of a second order phase transition, as discussed below. (For two dimensional treatments of

the transition see [AS,PLR,TH], and for an interpretation as a glass transition see [CH].)

Such modeling can only apply to granular materials in states which are sufficiently re-

producible to qualify for the term ‘phase’; see [NKBJN, SNRS] for experimental efforts.

To determine experimentally whether the response to shear corresponds to a change of

phase, the states before and after shear should represent true phases. This necessitates that

the shear be infinitesimal, so that it does not drive the material into a more complicated

(‘nonequilibrium’) state. We are mainly concerned, therefore, with modeling the volume

reaction to the infinitesimal shear of granular matter. Although, as noted above, the phe-

nomenon of dilatancy onset has been known for over a hundred years, we know of no volume

response measurements from which one may directly determine whether or not dilatancy

onset is a phase transition. In large part this is due to the difficulty of working with gran-

ular samples, in the appropriate range of volume fractions, in states which are sufficiently

reproducible [NKBJN, SNRS].

Our modeling follows in a long line of research, championed by Edwards [EO], de Gennes

[dG1] and others, in which certain nonequilibrium materials, in particular granular matter,

have been modeled probabilistically, using a simple variant of equilibrium statistical me-

chanics. For reviews on such modeling see for instance [BKLS, Ch, EG, He]. Markov chain

Monte Carlo simulation of our model suggests that dilatancy onset can be understood as a

second order phase transition, a discontinuity in a second derivative of the appropriate free

energy.
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The model

Our “granular hard cubes” model is a granular variant of the classical hard cubes model

[HHB] of equilibrium statistical mechanics, the latter being a simplification of the classical

hard sphere model in which the spheres are replaced by nonoverlapping, parallel cubes. So

our model uses layered configurations of hard, parallel, unit cubic grains; see Fig. 16. To

model the reaction to a change of strain we mimic the spherical caps that grains in one layer

present to grains in neighboring layers by adding cubic “bumps” of width w to the top and

bottom of our cubes; see Fig. 17b. We use w = 0.3, a choice discussed below; see Fig. 18.

As we will see below when we discuss dilatancy, these bumps use the third dimension to

add a significant resistance to shear. In our model each grain must sit on exactly four other

grains (except grains on the boundary of the configuration), and grains cannot overlap. We

do not allow any grain to sit on the bump of another grain; thus, the grains appear on

discrete vertical layers, so the distance in the direction of gravity (or z-direction) between

the centers of grains on adjacent layers is equal to 1; see Fig. 19. There are n2 grains in

each layer, and n total layers, so there are N = n3 total grains.

For boundary conditions we require that in a given configuration the centers of the grains

on the boundary in a single layer all lie on the edges of a rhombus with angle of strain α

and area L2, where α = 0 represents a square (see Fig. 17a). Thus, our configurations have

boundaries which are essentially cylinders on rhombic bases. The volume of a configuration

is then defined as V = nL2. To prevent grains from getting stuck between the boundary

grains, we impose top-bottom periodic boundary conditions, and we remove the bumps from

the grains nearest to the boundary and on the boundary. We restrict α to α ≥ 0 since the

shapes of configurations corresponding to angles α of opposite sign are merely rotations of

one another. (It is more complicated, and unnecessary, to model the effect of shear stress

on the two representations of the same shape.) A configuration C is represented by the

centers of all the grains in C, i.e. C ∈ (R2 × Z)N (the grains are given an arbitrary fixed

labeling, and the center of a grain is the center of the unit cube comprising the grain). A

single grain g in C is represented by its center, (xg, yg, zg) ∈ R
2 × Z. For simplicity we
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require one of the grain centers to be at the origin, and all of the grain centers to be in the

octant x ≥ 0, y ≥ 0, z ≥ 0.

We use the following “volume/strain” ensemble. (Related ensembles have been used

previously in granular modeling – see for instance [BC, BE] – as well as modeling thermal

systems – see for instance [PR, Ma].) Our ensemble, instead of fixing volume and strain,

uses Lagrange multipliers p and f to control average volume and strain. The Lagrange

multipliers enter into the maximization of entropy in the usual way. (In the literature 1/p

and 1/f are sometimes called compactivity and angoricity.) In other words the states of

the model, which, in the general approach of Edwards [EO] are probability densities of

configurations of grains, optimize the free energy

F (p, f) := S − pV + fαV, (19)

where S is the entropy, V is the volume in physical space, and α ≥ 0 represents the angle

of strain (see Fig. 17a). The ensemble partition function is

Zp,f =

∫ ∞

0

∫ ∞

0

(
∫

V,α

dC

)

exp(−pV + fαV ) dV dα, (20)

where
∫

V,α
dC represents integration over the space of allowed configurations at fixed α and

V , and ln(
∫

V,α
dC) is the entropy S = S(V, α). Consider the change of coordinates ψV,α

which maps configurations C at fixed V and α into Ω = ([0, 1]2 ×{0, 1/n, 2/n, ..., 1})N such

that ψV,α maps each grain center (x, y, z) to (L−1(x − tan(α)y), L−1y, n−1z). It is easy to

see that this map has Jacobian equal to V −N . Thus, using the new coordinates one can

rewrite the partition function as

Zp,f =

∫ ∞

0

∫ ∞

0

∫

Ω

Φ(ψ−1
V,α(Q))V N exp(−pV + fαV ) dQdV dα, (21)

where Φ(C) = 1 if C corresponds to a configuration which satisfies the conditions of the

model, and Φ(C) = 0 otherwise. The probability density of a configuration with volume V

35



and strain angle α is therefore

mp,f (C) = V N exp(−pV + fαV )/Zp,f . (22)

Our model uses cubes instead of the more traditional spheres. Cubes are preferable here

as they allow one to automatically maintain the contacts necessary to support grains ‘under

gravity’ even while straining the system, a big advantage in the simulation.

Another natural question is whether we can correctly model the response in density to

shear stress when we only consider (configurational) states which are regular in the sense

that the network of contacts in the system forms the same graph structure as a face centered

cubic crystal. It would be preferable to allow more general states, but this is very difficult

in practice. And although such regular states may give misleading quantitative results for

the response to shear, we expect to obtain the correct qualitative results, which is our only

goal. In particular, the quantitative results we obtain are not meant to accurately represent

real materials.

We show next why our model exhibits dilatancy onset: the separation of a high density

regime of states, in which the material expands under infinitesimal shear, from a low density

regime, in which it contracts under infinitesimal shear [RN]. (The more interesting question,

however, and the main focus of this paper, is whether the model predicts that the transition

through dilatancy onset is singular in the parameter p.)

From the probability density of (22) it follows that if f = 0 then the state of lowest

possible particle density, called random loose packing, occurs at p = 0 [AR4] and some

strain α = α0. (For this argument the value of α0 is irrelevent.) At sufficiently low p and

infinitesimal increase of f from 0, which should correspond to an infinitesimal shear stress,

the density has no way to change except to increase. So at sufficiently low density there is

a regime in which the system contracts under infinitesimal shear stress.

On the other hand, at least since Reynolds [Re] one understands the expansion of (dense)

granular matter under shear, which he termed dilatancy, in geometric terms, as the need

for parallel layers of spheres to get out of each others’ way under a strain deforming the

layers, by separating and/or by thinning within the layers. For our grains, with bumps
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FIG. 16: Layers of parallel cubes.

mimicking spherical caps, this thinning phenomenon should still be present. That is, for a

sufficiently dense configuration, neighboring layers should “feel” each others’ bumps, so that

under an infinitesimal shear stress the layers should then spread out, producing a dilatancy

effect. Note that, among optimally symmetric configurations (where the particle centers on

each layer form a square lattice), at particle density φd := (1 + w)−2 the bumps on a given

layer will touch the grains on the layer above. We interpret φd as a (rough) estimate of

the minimal particle density required for dilatancy; see Fig. 18. In our simulations we use

w = 0.3, and so φd ≈ 0.59. The qualitative dilatancy effect is not sensitive to the precise

value of w, though the value φd is. To understand the choice of w consider the following.

For cubes without bumps at zero pressure, a free volume estimate shows that the average

particle density should be 9/16. At this density, neighboring cubes in perfectly regular

configurations of cubes will be separated by a distance of 1/3, and so for such configurations

adding a bump of width w ≤ 1/3 will not create any overlap. We chose w slightly less than

1/3, so that the cubes would not feel the bumps at low pressure, and also so that very high

pressures weren’t necessary to see the dilatancy effect.
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FIG. 17: a) A view from above of a layer in a configuration (only boundary grains, and without
their bumps), with a definition of the strain angle α; b) A cubic grain, with bumps on top and
bottom faces.

FIG. 18: A horizontal cross-section of the closest packing possible of maximally regular grains,
with the small black square representing a bump. By partitioning along the dotted lines, one can
calculate the particle density of the configuration, φ = (1 + w)−2.
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So the bumps, together with the universal behavior at low p or density, explain the

existence of dilatancy onset. The main question then is: as density is varied, does the

transition through the dilatancy onset proceed in a smooth or in a singular manner? We

will show there is an unambiguous second order phase transition at dilatancy onset, at

density near φd = 0.59. This suggests, by analogy with matter in thermal equilibrium, that

the material in the two regimes differs in other characteristics as well, for instance it would

be expected that the yield force would behave differently in the two regimes. In [SNRS]

the yield force is measured as a function of density, and a second order phase transition is

found at a density roughly 0.598. Dilatancy onset was not carefully measured because of the

experimental setup, but in other experiments has approximately coincided with the yield

transition. Our result suggests the yield transition and dilatancy onset are simply different

manifestations of the same phenomenon.

The Simulation, and Results.

Each simulation of N particles begins with α = 0 and V > N/φd. The basic Monte Carlo

step is as follows. Let C(k) be the configuration at the kth step of the Monte Carlo chain,

where C(k) has volume V and strain α. For each grain g in C(k) let (xg, yg, zg) be the

coordinates of the center of g. We allow three types of move, each of which produces a trial

configuration C ′. In the first type a single particle moves locally, in the second type the

configuration changes volume, and in the third type the configuration changes shape.

The first type of move is attempted with probability 1− 1/N . For this type of move we

choose a random non-boundary grain g in C(k), and obtain C ′ by replacing g with a grain

centered at (xg + βγ, yg + (1 − β)ψ, zg). Here β is a Bernoulli random variable, i.e. β = 0

or 1 each with probability 1/2, and γ and ψ are random variables uniformly distributed in

the largest intervals (a1, a2) and (b1, b2) containing zero such that, for all a ∈ (a1, a2) and

b ∈ (b1, b2), replacing g with a grain centered at (xg + a, yg, zg) or (xg, yg + b, zg) does not

create overlap of grains. Such moves will produce configurations satisfying the conditions

of the model, and are accepted with probability 1.
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The second and third types of move are each attempted with probability 1/(2N). Let

η, ν be random variables distributed uniformly in (−1, 1), and fix (small) positive real

parameters ǫ and δ. For the second type of move, we obtain C ′ by replacing (xg, yg, zg) by

(λxg, λyg, zg) for each grain g in C(k), where λ = (V + ηǫ)1/2/V 1/2. For the third type of

move, we obtain C ′ by replacing (xg, yg, zg) by (xg + νδyg, yg, zg) for each grain g in C(k).

By construction, the probability density of proposing a move C → C ′ is the same as

the probability density of proposing a move C ′ → C. To preserve detailed balance, the

acceptance probability for the latter two types of moves is therefore

p = min(1, Φ(C ′)(V ′/V )Ne−p(V ′−V )+f(α′V ′−αV )), (23)

with V ′ the volume of C ′ and α′ the strain angle of C ′, and where, as above, Φ(C ′) = 1

if C satisfies the conditions of the model and Φ(C ′) = 0 otherwise. So for moves of the

second and third type, we set C(k + 1) = C ′ with probability p, and C(k + 1) = C(k) with

probability 1−p. Thus, the Monte Carlo steps are chosen so that the stationary distribution

of the Markov chain has the desired limiting probability distribution (22).

In our simulations, we want to measure how the average of the density φ = N/V changes

as f varies near f = 0. (For convenience we do not include the bumps in the calculation of

φ, but since particle number N is fixed in our simulation, the “true” volume fraction is just

a constant multiple of φ.) That is, we want to estimate the derivative

D(p) :=
∂〈φ〉p,f
∂f

∣

∣

∣

∣

f=0

(24)

of the average 〈φ〉p,f of φ as a function of p. So D(p) < 0 (resp. D(p) > 0) represents

volume expansion (resp. contraction) under infinitesimal strain, which is directly relevant

to our study of dilatancy onset.

From the definition of mp,f in (22) we have

〈φ〉p,f =
1

Zp,f

∫ ∞

0

∫ ∞

0

∫

Ω

N

V
Φ(ψ−1

V,α(Q))V N exp(−pV + fαV ) dQdV dα, (25)
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FIG. 19: An arrangement of grains, viewed from above.

from which it follows by differentiation that

D(p) =
∂〈φ〉p,f
∂f

∣

∣

∣

∣

f=0

= N〈α〉p,0 −
[

〈φ〉p,0
][

〈V α〉p,0
]

. (26)

Thus, to estimate D(p) from our simulations we set f = 0 and calculate the sample averages

of Nα, φ, and V α. With the free energy F (p, f) = S − pV + fαV = ln(Zp,f ), which is the

quantity minimized by the state mp,f , one can see from (19), (21) and (25) that

〈φ〉2p,0
N

∂

∂f

(

∂F (p, f)

∂p

) ∣

∣

∣

∣

f=0

=
〈φ〉2p,0
N

∂

∂f

(

∂ ln(Zp,f )

∂p

) ∣

∣

∣

∣

f=0

= D(p),

(27)

and so the function D(p), as a second derivative of the free energy, is a quantity for which

a discontinuity might reasonably be described as a second order phase transition.

We investigate systems of N = 83 = 512, 103 = 1000, 123 = 1728, 143 = 2744 and 163 =
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FIG. 20: The graph of D(p) =
∂〈φ〉p,f
∂f

∣

∣

∣

∣

f=0

, which measures the response in average density, 〈φ〉p,f ,

to change of strain. The insert gives error bars on the system with 4096 grains.
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4096 grains at p1 < ... < pk, where the p values chosen are different for each size system. In

the simulations we begin at low p1, and then slowly increase p until just after the derivative

D(p) falls sharply below zero, roughly corresponding to pk. (For pressures significantly

greater than pk, the simulations become prohibitively slow.) The last configuration in the

simulation of pi is used as the starting configuration of the simulation of pi+1. We use the

standard biased autocorrelation function to determine a “mixing time”, measured as the

number of Monte Carlo steps required before the autocorrelation first crosses zero, and we

run our simulations long enough so that the simulation of each pi contains on average at

least 20 mixing times. Then we run 200 independent copies of each simulation to obtain

the averages 〈α〉p,0, 〈φ〉p,0, and 〈V α〉p,0. With these averages we compute D(p) from (26).

(We also ran some of our simulations much longer, with fewer copies and p values, and

noted agreement with the already-obtained data on D(p).) Then, for error bars on D(p),

we repeat the entire experiment 8 times and use the Student’s t-distribution.

Our simulations suggest that D(p) develops a discontinuity as the system size increases;

see Fig. 20. Changing variables we find that D, as a function of 〈φ〉p,0, develops a disconti-

nuity. We note that the φ-values where D(p) drops sharply below zero are relatively close

to the volume fraction φd ≈ 0.59 noted in the introduction. However because the sharp

drop in D(p) moves significantly with system size it is hard to pinpoint a precise transition

point. We plot 〈φ〉p,0 against p in Fig. 21b and D against 〈φ〉p,0 in Fig. 21a.

Note that for p ≤ 1, D(p) exhibits regular behavior in which D(p) is roughly constant,

D(p) = η ≈ 0.001. Then for 1 < p < 2, D(p) has some oscillation which is characteristic to

the system size. Then for p ≥ 2, D(p) steadily increases to a peak, then sharply decreases

through zero. We believe that D(p) is discontinuous in the limit of infinite system size, but

the rate of change of D(p) is so large it is difficult to measure its variation with system size.

Instead we consider two measures of the interval R in which the discontinuity is developing,

and then note that R gets smaller and smaller as system size increases.

We expect that the oscillation observed in D(p) in the interval 1 < p < 2 is caused by

finite-size effects, so that it disappears in the limit N → ∞. Furthermore we expect the

critical pc to fall at either the end or the beginning of the oscillation region. These two
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possibilities underlie, respectively, our measurements R1 and R2, defined below. Let η be

the average value of D(p) over p ≤ 1. The left endpoint of R1 is the smallest value of p where

p > 2 andD(p) ≈ η, and the right endpoint of R1 is the value of p where p > 2 andD(p) ≈ 0.

The widths of R1 are approximately 1.75 ± 0.05, 1.15 ± 0.05, 0.75 ± 0.05, 0.50 ± 0.05, and

0.30± 0.05 for systems of N = 83, 103, 123, 143 and 163 grains, respectively. On the other

hand, the left endpoint of R2 is defined as the smallest value of p such that D(p) differs

significantly from η, while the right endpoint of R2 is the same as the right endpoint of R1.

We estimate that the widths of R2 are approximately 3.55± 0.05, 1.55± 0.05, 1.25± 0.15,

1.15±0.05, and 1.00±0.05 for systems of N = 83, 103, 123, 143 and 163 grains, respectively.

In either case, based on the decreasing sizes of the intervals R1 and R2, we believe that the

jump from D(p) ≈ η to D(p) ≪ 0 occurs over an interval which is vanishing in the infinite

volume limit, which, given the relation between D(p) and the free energy F (p, f) in (27), is

reasonably termed a second order phase transition. And as noted in the introduction, there

is experimental evidence for this interpretation in [SNRS].

Conclusion

We have analyzed a model of granular matter using an Edwards ensemble [AKLS, Ch,

EG, He], the purpose being to understand the yield phase transition found in [SNRS].

The transition in [SNRS] occurs at approximately the same volume fraction, about 0.6, as

dilatancy onset [RN], but corresponds to a different response of the material, a penetration

force instead of a shear. Our granular model shows that shearing could produce a sharp

phase transition at dilatancy onset, defined as the boundary between the volume fractions

which expand under shear and those which contract under shear. As the two physical

phenomena, the yield transition and dilatancy onset, both occur at volume fractions near

0.6, we argue that they coincide, in the sense that they simply represent responses of two

phases of granular matter to different stimuli.

We also note that the behavior of granular matter at the random close packing density,

about 0.64, has been interpreted in [Ra, AR2] as the freezing point of a first order phase
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FIG. 21: a) D(p), our measure of the response of density to change of strain, as a function of the
average density, φ; b) The average density, φ, as a function of p.
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transition in which the high density regime is an ordered phase. Together with our results

here, this means that the usual freezing transition of equilibrium fluids, at which the material

acquires the solid features of an ordered (typically crystalline) internal structure as well as

a strong resistance to shear, seems to be split into two stages in granular materials, with

significant resistance to shear occuring at dilatancy onset at density about 0.6 [RN] and the

ordered internal structure occurring at the random close packing density of about 0.64 [SK].

A direct test of whether dilatancy onset defines a sharp phase transition poses some

experimental difficulty. The statistical approach seems to require that repeated preparations

of granular samples be able to sample the full granular phase space. This seems to be justified

for the fluidization/sedimentation method of [SNRS], and the tapping method of [NKBJN].

A test would therefore require a way to combine shearing with one of these preparation

protocols. It should be possible to perform a tapping protocol in a shear cell, but tapping

does not ordinarily produce samples at volume fractions below 0.6, making it hard to see

dilatancy onset. And while fluidization/sedimentation can prepare samples in the desired

range of volume fractions, this protocol is hard to perform in a shear cell.

On the theoretical side, our result helps to firm up the phase diagram of granular matter.

There was already experimental [SCM] and theoretical [Ra, AR2] support for a phase tran-

sition at random close packing, which is at volume fraction 0.64. Our result adds theoretical

support to the experimental evidence of [SNRS] for a phase transition at volume fraction

0.6.

The statistical modeling of granular matter using ensembles of Edwards’ type is, presum-

ably, justifiable only for certain preparation protocols, such as the fluidization/sedimentation

and tapping noted above. We hope that the growing evidence of interesting structure in

the state space of granular matter will help motivate further experimental development to

investigate these states, the analogue of the states of matter in thermal equilibrium.
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VIII. FIRST ORDER PHASE TRANSITION IN A MODEL OF

QUASICRYSTALS

Certain alloys have been shown to exhibit exotic structures in the sense that the structures

produce sharp X-ray Bragg peaks with symmetries which cannot arise from any crystal

[SBGC]. We model these materials with equilibrium statistical mechanics using a technique

due to Levine and Steinhardt [LS] which employs an energy ground state associated with

an “aperiodic tile set”, that is, a set of several geometric shapes which only achieve their

densest packings in nonperiodic ways, the best known two-dimensional example being the

kite and dart shapes of Penrose [Ga]. There is very little direct evidence that any equilibrium

statistical mechanics model would show a well-defined quasicrystalline phase at positive

temperature; we know only one model for which there is (simulation) evidence [LP, KR] of

such a phase. The theory of solid/fluid phase transitions often emphasizes the role of crystal

symmetry, going back at least to Landau [LL, An], and it is of interest to understand how

the quasicrystalline state, with its exotic form of symmetry [Ra2], fits into this picture. In

this regard it is noteworthy that the simulations in [LP, KR] indicate a continuous (high

order) transition between the fluid and quasicrystalline phases. We revisit this issue here

with slightly more realistic models and find clear simulation evidence of a discontinuous

(first order) transition. We contrast our results with related models of hard squares and of

Widom-Rowlinson type.

The model

Our models are variants of that used in [LP, KR], which we describe first. The lattice

model of [LP, KR] uses 16 types of particles, each corresponding to an element of a certain

subset S ⊂ {1, 2, 3, 4, 5, 6}4 of cardinality 16, associated with an aperiodic tiling set due to

Ammann [GS]. The model consists of configurations of particles on the square lattice Z
2.

It is convenient to interpret each element of S as a unit-edge square tile, with its 4 edges

colored using 6 possible colors {1, 2, 3, 4, 5, 6} in one of the 16 groups of 4 indicated by S;
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FIG. 22: Ammann’s 16 Wang tiles.

see Fig. 22.

The model in [LP, KR] requires precisely one particle/tile centered at each lattice site,

and each particle interacts with each of its 4 nearest neighbors only, with interaction energy

0 or −1, with the negative value when the edge colors match. A canonical ensemble is

used, but with density fixed at 1. The model then exhibits a continuous phase transition

at positive temperature [LP, KR], with the low temperature phase showing quasicrystalline

structure, including the symmetry [Ra2] it inherits from Ammann’s aperiodic tiling set.

We consider variants of the above model, investigating the consequences of two changes:

extending the size of the square tiles to integer edge length w ≥ 1 (they are still “hard” –

no overlap of tiles is allowed); and allowing a full range from 0 to 1 of volume fraction for

the particle configurations, in place of the fixed volume fraction of 1 used in [LP, KR]. Note

that the latter adds a second thermodynamic variable to the model.

The description of the interaction is a bit more complicated than in the w = 1 model of

[LP, KR], since tiles which are close but not touching may still interact, though with lower

amplitude. To define the interaction we need some notation. A tile-state A is an element of

Z
2 × S, with the first coordinate of A representing its center on the lattice, and the second

coordinate representing its edge colors. We define a pairwise interaction H between tiles

as follows. For each tile-state A, consider the four “nearest neighbor” (empty) squares of

the same size as A which surround A but do not overlap it, labelled N , S, W and E as in
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FIG. 23: The interaction energy depends on the ℓ1 distance between particle centers (dashed line).

Fig. 23. If another tile-state A′ is disjoint with A but overlaps one of these four squares –

it cannot possibly overlap more than one – its energy of interaction with A, H(A,A′), is as

follows. Assume without loss of generality that A′ overlaps N . Then H(A,A′): is negative

if and only if the north edge of A has the same color as the south edge of A′, and positive

otherwise; and has absolute value given by |H(A,A′)| = (3w − d)/(2w), where d is the ℓ1

distance between the centers of A and A′. (The ℓ1 distance between (x, y) and (x′, y′) is

|x− x′|+ |y − y′|.) If A′ overlaps S, W , or E, then the energy H is defined similarly.

Given an inverse temperature β, a chemical potential µ (common to all tiles/particle

types), and a finite volume V ⊂ Z
2, we consider the grand canonical ensemble: the proba-

bility Pβ,µ on configurations C of tile-states in V which is given by

Pβ,µ(C) =
exp [−β(H(C)− µN (C))]

Z,
(28)
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FIG. 24: A boundary shell (with edges colored instead of numbered).

where N (C) is the number of tiles-states in C, H(C) =
∑

A 6=A′∈C H(A,A′) is the total

energy of C, and Z = Z(µ, β) is the appropriate normalization. In our simulations we use

“square” volumes V = Z
2 ∩ [−k, k]2 with k an integer multiple of w. We use boundary

conditions as follows. Starting from a perfect tiling T by tile-states, that is, a configuration

of tiles covering Z
2 in which all edge colors match, we remove all the tiles except those

just outside V; this leaves a (fixed) boundary “shell”; see Fig. 24. (We use 10,000 different

boundary shells arising from random translations of a single tiling.)

It remains to define the order parameter, χ. Each tile-state has a “long/short pattern”

given by its 4 edge colors, where we call colors 1 and 2 “short” and colors 3, 4, 5 and 6

“long”. Note that, for any tile, horizontal edges are either both short or both long, and

vertical edges are either both short or both long, so there are 4 possible long/short patterns

for a tile. Any tile-state A centered “near” the site (wi,wj) ∈ V, namely centered in

[wi − w/2, wi + w/2) × [wj − w/2, wj + w/2), will be said to agree with T if it has the

same long/short pattern as the tile-state in T centered at (wi,wj). Now, consider the thick
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“shells” Vj = V − [−j, j]2. Given a configuration C in V and boundary from T , let j∗ be

the largest integer such that at least 80% of sites (wi,wj) in Vj∗ have a tile-state centered

nearby (in the above sense) which agrees with T . The order parameter χ is defined as the

corresponding normalized volume, χ(C) = |Vj∗ |/|V|.

Simulations, and results

We ran Markov-chain Monte Carlo simulations of the model with tile widths w = 1,

2, and 3. For each tile width w we simulated volumes |V| = (20w)2, (40w)2, (60w)2,

(80w)2 and (100w)2. (We will also use the notation V = |V|/w2, so V represents the

maximum possible number of tile-states in a single configuration.) The Monte Carlo steps

were designed to produce the target distribution of equation (28). The basic Monte Carlo

step involves a choice between four types of moves: moving a particle (locally), changing a

particle type, removing a particle, and adding a particle. As usual in grand canonical Monte

Carlo simulation, given a configuration C a trial configuration C ′ is introduced, effecting one

of the moves described above, and is accepted with probability determined by the desired

limiting distribution, that is, equation (28).

More precisely, the basic Monte Carlo step is as follows. Let C(n) be the configuration

at the nth step of the Monte Carlo chain, and choose a random lattice site x. Select

k ∈ {1, 2, 3, 4} with probability pk, where the pk are the probabilities of attempting the

four types of Monte Carlo moves, with the pk summing to 1 and p3 = p4. (We choose the

pk somewhat arbitrarily.) Without loss of generality suppose x ∈ R := [wi − w/2, wi +

w/2) × [wj − w/2, wj + w/2). First suppose k ∈ {1, 2}. If there is no tile-state centered

in R, then C(n+ 1) = C(n); otherwise, let A be the (unique) tile-state centered in R, and

produce a trial configuration C(n)′ by: if k = 1, moving the center of A to a site in R

chosen uniformly at random; if k = 2, replacing A with a different tile-state centered at the

same lattice site. Now suppose k = 3. If there is a tile-state A centered in R, then C(n)′ is

obtained by removing A; otherwise C(n+ 1) = C(n). Finally suppose k = 4. If there is no

tile-state centered in R, then let C(n)′ be the configuration obtained from C(n) by adding

51



a tile-state chosen uniformly at random and centered at x; otherwise C(n + 1) = C(n).

In cases where a trial configuration C(n)′ is introduced, we take C(n + 1) = C(n)′ with

probability Q = min(1, q); otherwise we take C(n+ 1) = C(n). Here q is given by

q := min{1, eβ[H(C)−H(C′)+µ∗(N (C′)−N (C))]}, (29)

where we have written C for C(n) and C ′ for C(n)′, and take H(C ′) = ∞ for trial con-

figurations C ′ with overlapping tiles. Here µ∗ = µ + β−1 ln(16s2) is chosen so that the

Monte Carlo configurations C(n) have limiting probability distribution given by equation

(28). (The value µ∗ arises because of the following. Starting with a configuration C, the

probability of proposing a trial configuration C ′ which removes tile-state A from C is 16s2

times the probability that, starting with the configuration C ′, a trial configuration C ′′ = C

is proposed which adds the tile-state A to C ′.)

For w = 2 and w = 3 we find clear evidence of discontinuous (first order) phase transitions.

At the transitions (at β = 1.5, near µ = 1.4 for w = 2 and near µ = 2.0 for w = 3) the average

volume fraction φ and energy per volume H/V exhibit developing jump discontinuities as

V increases; see Figs. 25-26. Furthermore the (volumetric) heat capacity, CV (defined as

the derivative of H/V with respect to T = 1/β), exhibits a developing delta function as V

increases (see Figs. 25-26).

From our data in Fig. 27, for the w = 1 model, there appears to be a continuous transition

(at β = 1.5 near µ = 0.8), from a disordered fluid phase to a phase with quasicrystalline

order, similar to the transition in [LP,KR] of the canonical ensemble at density 1.

To quantify the developing delta function in CV noted above for w = 2, 3 we measure,

from Figs. 25 and 26, the maximum value h of CV divided by the “width” of the graph

of CV at h/2 (see Fig. 28). The order parameter χ also develops a discontinuity at the

transition, signaling the onset of quasicrystalline symmetry: see Figs. 25-26.

52



FIG. 25: Data for w = 2 and β = 1.5.
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FIG. 26: Data for w = 3 and β = 1.5.
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FIG. 27: Data for w = 1 and β = 1.5.
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FIG. 28: Evidence of CV developing into a delta function for a) w = 2, and b) w = 3.

Comparisons

We next compare our results with related models, in particular hard squares and Widom-

Rowlinson models on Z
2; see [FAL] for a review of, and earlier references to, the former and

[LMNS] for a review of, and earlier references to, the latter.

At sufficiently high temperature the soft interaction between our particles must become

negligible compared to the hard core so we first review what is known about hard square

systems.

For hard squares on Z
2 the energy is zero for all configurations so it is convenient to use a

grand canonical ensemble with fixed temperature 1 and variable chemical potential µ. Hard
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squares with edge size w = 1 (“point hard core”) do not have a phase transition as µ is

varied, since the variables at each site, ‘occupied’ or ‘unoccupied’, are independent. For

fixed w ≥ 2 the densest configurations, of volume fraction 1 and corresponding to µ → ∞,

are degenerate, allowing parallel rows or columns of squares to slide independently in what

is called a “columnar” phase. It is generally accepted from simulation [FAL] that the model

with w = 2 has a continuous transition at volume fraction about 0.92. We only know of one

paper on the model with w = 3 [FAL]; the authors claim a first order freezing transition

beginning at a density above 0.91, but are unable to show developing discontinuities in any

thermodynamic quantities.

We now compare our model to hard squares on Z
2. Consider a version of our quasicrystal

model with w ≥ 2 but in a canonical ensemble with volume fraction fixed at 1. Based on

the results of [LP,KR], we expect this model to have a columnar phase at high temperature,

and a quasicrystalline phase at low temperature, with a transition between them at some

unknown temperature Tc. Now considering the same model except at lower volume fraction

or chemical potential, one expects the transition to the quasicrystalline phase to move to

lower temperature since the soft interaction should have less effect as the density is lowered.

We conclude that above temperature Tc our model should behave qualitatively like hard

squares, with disordered and columnar phases, but without a phase with quasicrystalline

order.

Absent from the above discussion is the effect on entropy, in our model, of the multiple

types of particle. This effect is emphasized in Widom-Rowlinson models, which we now

discuss. The multitype Widom-Rowlinson model with q colors, on Z
2, is defined by the

hard core condition that nearest neighbor sites cannot be occupied by different colors. The

main conclusion of such work is the existence (for large enough q) of two types of high

density phase transitions: one transition at which spatial symmetry is broken, producing

different population densities for the two sublattices, but without breaking the symmetry

between particle types, and a second (discontinuous) transition at higher density at which

the symmetry between particle types is broken, so that one particle type dominates the

density [LMNS]. These models, with diamond-shaped instead of square hard cores, are not
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simply related to our models, but there are two interesting variants treated by Georgii and

Zagrebnov [GZ] which are closely related. The first model has a square-shaped hard core,

with square width w = 2, between particles of different color; the second model adds to this a

smaller diamond-shaped hard core between nearest neighbor particles of the same color. One

could think of these models as employing a hard core of size w = 2 between all particles, with

a “cancelling” (or attractive) interaction between particles of like color on sites at separation
√
2 for the second model, and for sites at separation 1 and

√
2 for the first model. Thus

the models can be thought of as hard squares with an added particle-type-dependent short

range attraction, somewhat like our quasicrystal models. Both Widom-Rowlinson models

show only one transition, which is discontinuous. For the first model the high density phase

breaks particle type symmetry but not spatial symmetry, and for the second model the high

density phase breaks the symmetry of both space and particle type. In particular the second

model seems close to our (w = 2) quasicrystal model, and our results bear this out, with

a discontinuous transition corresponding to broken spatial and particle-type symmetries.

The correspondence might be closer if the attraction and repulsion in our model was a hard

rather than soft interaction, as in [Ru2].

It would have been useful to simulate our model over a range of temperatures, but we found

this prohibitively expensive in computation time. For this reason we investigated a technique

noted in [RE], in which the initial state for the simulation is an energy ground state. However

this technique proved to be unreliable here unless the runs were of comparable length to

those starting from vacuum, thus yielding no advantage; see Fig. 29. (We suspect that

simulations starting from an energy ground state get restricted to a narrow portion of phase

space more easily than those starting from the vacuum.)

Conclusion

We have introduced an extension of a two dimensional lattice gas model of a quasicrystal

[LP, KR]. That model was studied as a function of temperature at fixed density 1, with

simulations showing a continuous phase transition between a disordered (fluid) phase and a
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FIG. 29: Comparison of order parameter values of long and short runs starting from both vacuum
and perfect tiling, for w = 1 and V = 1002. (The long runs are 100 times longer than the short
runs.)

phase with quasicrystalline order. When we introduce vacancies into the model we find that

the basic character does not seem to change: there still appears to be only the two phases,

disordered and quasicrystalline, with a continuous transition between them.

We then generalized the model by extending the range of the hard core as well as allowing

variation in the density, and found, by simulation along a (low temperature) isotherm, that

the model then exhibits a discontinuous transition between a low density disordered and high

density quasicrystalline phase. The high density quasicrystalline phase breaks symmetries of

space (a square sublattice is preferentially populated) and particle type (the particles inherit
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the quasicrystalline boundary structure). Along an isotherm at sufficiently high temperature

we expect the model to exhibit the transition of simple hard squares (continuous for w = 2

and possibly discontinuous for w = 3), between the low density disordered and high density

columnar phases. At fixed high density or chemical potential we expect a transition from

the quasicrystalline phase to a columnar phase as temperature is raised from zero.

This family of models with unusual symmetry adds a special flavor to the more traditional

lattice gas models with hard core. Its complicated multiparticle structure seems at present

to defy proof of a transition, and is also expensive to simulate. Further progress in filling

out the phase structure of the model would be highly desirable.
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IX. RANDOM LOOSE PACKING IN GRANULAR MATTER

We introduce and analyze a crude model for the random loose packings of granular matter.

These packings, as well as random close packings, were carefully prepared by Scott et al

in the 1960’s [Sc,SK], mainly in samples of steel ball bearings. Gently pouring samples of

20,000 to 80,000 spheres into a container, the lowest possible volume fraction obtainable –

the so-called random loose packing density – was determined to be 0.608± 0.006.

The above refers to monodisperse steel spheres immersed in air; they also worked with

spheres of other materials immersed in other fluids; variations in the coefficient of friction

and in the effective gravitational force lead to somewhat different values for the random

loose packing density [SK].

Matter is generally described as “granular” if it is composed of a large number of non-

cohesive subunits each of which is sufficiently massive that its gravitational energy is much

larger than its thermal energy. A common example is a sand pile.

There are several classic phenomena characteristic of static granular matter, in particular

dilatancy, random close packing, and random loose packing, none of which can yet be

considered well-understood; see [dG2] for a good review. A basic question about these

phenomena is whether they are sharply defined or inherently vague. Dilatancy has recently

been associated with a phase transition measured by the response of the material to shear

[SNRS], which answers the question for this phenomenon. The case of random close packing

is controversial and awaits further experiment; see [TT,Ra1]. Our main goal here is to

analyze this question with respect to random loose packing, to determine whether or not

traditional theoretical approaches to granular matter predict a sharply defined random loose

packing density. It is clear that any experimental determination of a random loose packing

density will vary with physical conditions such as coefficient of friction, and we will take

this variation into account in our analysis below.

We begin by contrasting two common approaches to modelling static granular matter.

One, the more common, is the “protocol-dependent simulation,” in which one studies prop-

erties of dense packings by exploring a variety of methods of preparation of the packings; see
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FIG. 30: An allowed configuration.

[GB], [TT] or [ZM] for examples. Another approach goes under the name of Edwards theory

[EO], in which, basically, one adds the effects of friction and a strong gravitational force

to the hard sphere model of equilibrium statistical mechanics. We note that appropriate

specification of the added forces fully determines an Edwards model; there are no adjustable

parameters beyond those familiar from statistical mechanics, such as density and pressure.

(Of course one can always introduce further approximations or features, for instance mean

field theory, soft core, attraction, etc.) In particular, in an Edwards model all Markov chain

Monte Carlo simulations will, if done correctly, give the same result; there is no freedom in

preparing the packings the way there is in protocol-dependent simulation.

These two approaches – the protocol-dependent simulations and the Edwards approach

– have different strengths. There have been serious claims that the former approach has

serious difficulty making sense of some granular phenomena, in particular random close

packing [TT]. We have previously shown [Ra1] how Edwards theory allows a clean definition

of random close packing, and in this paper we show, by a very different mechanism, how

it allows for an understanding of random loose packing. In that sense our choice of using

an Edwards-type model is central to our argument. (We do not claim that the Edwards

approach has been proven the most accurate theory of static granular matter, but only that

it is a serious contender.)

We briefly summarize our Edwards-style model as follows: We consider arrangements of

hard-core parallel squares in a fixed rectangular box, where each square has to rest on either
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FIG. 31: A uniform configuration.

two squares below it or on the box’s floor, and we put a uniform probability distribution on

the set of all such arrangements. Then we run Markov chain Monte Carlo simulations and

measure the packing fraction of the Markov chain configurations.

We begin more ambitiously by discussing a more realistic model. As is standard in

Edwards theory we take as a starting point a variant of the hard sphere model of equilibrium

statistical mechanics. Consider a model consisting of large collections of impenetrable, unit

mass, unit diameter spheres in a large container, acted on by gravity and with infinite

coefficient of friction between themselves and with the container. Put a probability density

on the set of all mechanically stable packings of the spheres in their container, with the

probability density of a packing c proportional to exp[−E(c)], where E(c) is the sum of the

heights, from the floor of the container, of the centers of the spheres in the packing c. We

expect, but cannot show, that such an ensemble will exhibit a gradient in the volume fraction

(with volume fraction decreasing with height) and that there is a well-defined random loose

packing density as one approaches the top of the packing (where the analogue of hydrostatic

pressure goes to zero). By a “well-defined random loose packing density” we mean that as

one takes an infinite volume limit, the probability distribution for the volume fraction of

the top layer of the packing becomes concentrated at a single nonzero value. We emphasize

that we are focusing on a bulk property near the top of the configuration, not a surface

phenomenon.

The above determines a well defined zero pressure probability distribution for packings

c. One could imagine simulating the distribution with Monte Carlo or molecular dynamics,
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but this is not practical at the high densities which are necessary in a granular model. (We

emphasize that any such simulation should reproduce the above probability distribution; in

this Edwards-style model the equilibrium probability distribution is completely determined,

so there is no freedom available in deciding how packings are simulated.)

To make Monte Carlo simulations feasible, we make several simplifications in the way

gravity and friction are incorporated in the above model. First we switch to an ensemble

consisting of packings which are limits, as the gravitational constant goes to zero, of mechan-

ically stable packings; we effect this by setting E(c) = 0 in the relative density exp[−E(c)].

With this simplification configurations are now, in their entirety, representative of the top

layer in the original model. Next we consider the two dimensional version of the above:

congruent frictional unit disks in mechanically stable configurations under vanishingly small

gravity. Note that each such disk must be in contact with either a pair of supporting disks

below it or part of the container. (Here and elsewhere in this paper we neglect events of

probability zero, such as one sphere perfectly balanced on another.) We simplify the role of

gravity and friction in the model one last time by replacing the disks by congruent squares,

with edges aligned with the sides of the (rectangular) container, each square in contact with

either a pair of supporting squares below it or the floor of the container. This is now a

granular version of the old model of “(equilibrium) hard squares” [Ho], which is a simpli-

fication of “hard disks” and “hard spheres” (see [AH] for a review), in which gravity and

friction is neglected but kinetic energy plays a significant role. We emphasize that in our

granular model there is no longer any need to concentrate on the “top layer”; in fact we will

eventually be concerned with an infinite volume limit which, as usual, focuses on the middle

of the collection of squares and lets the boundaries grow to infinity. (We note that the

model is capable of handling higher densities by constraining the squares to lie in a tightly

containing box. We also note recent work by Song et al [SWM,Za] which takes a different

path, employing a mean field approximation instead of a simplified short range model which

can be fully simulated, as we have done.)

We have run Markov chain Monte Carlo simulations on this model with the following

results. We initialize the squares in an allowed configuration of some well-defined volume
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FIG. 32: 399 squares after 106 moves.

fraction anywhere between 0.5 and 1. If the initial volume fraction φ is not approximately

0.76, the simulation gradually expands or contracts the packings until the packing fraction

reaches the range 0.76± 0.01; see Figs. 33 and 34. Furthermore, as the size of the packings

increases, the standard deviation of the volume fraction tends towards zero.

The process is insensitive to the dimensions of the containing box except for extremes. We

choose the height of the box to be large enough so that the configurations of squares cannot

reach the ceiling (so the box height becomes irrelevant). We must choose the box width

more carefully, since if the side walls of the containing box abut a closely-packed initial

configuration, the simulation cannot significantly change the volume fraction; alternatively,

if the width of the box is much larger than that of the initial configuration, the simulation

will produce a monolayer on the floor. We ignore both extremes, however, and find that the

equilibrium volume fraction is otherwise insensitive to the width of the box. More precisely,

we found that the equilibrium volume fraction should be accurate if the box width is between
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2
√
N and 8

√
N , where N ≥ 100 is the number of squares. To understand these limits, first

note that since we will be conjecturing the behavior of the model in the infinite volume

limit, the equilibrium configuration should be a single bulk pile, so the box width should

be on the order of
√
N . Regarding the lower bound, note that at any volume fraction a

configuration occupies the least amount of floor space when the squares are arranged in a

single full triangle. The bottom level of such a triangle has just under
√
2N squares. Assume

the containing box fits tightly around the triangle; if the triangle has volume fraction greater

than 0.754 then the configuration will not be able to decrease to this equilibrium volume

fraction. We avoid this by ensuring that the box width is at least 2
√
N > (0.754)−1

√
2N .

To arrive at the upper bound we performed simulations on fixed particle number and let

the box width vary. We found that the equilibrium volume fraction was reliable so long as

the box width was less than about 8
√
N , at least for N ≥ 100.

We conclude that, for box widths in the aforementioned acceptable range, the equilibrium

volume fraction depends only on the number of squares in the system. The main goal of

our work is an analysis of the distribution of volume fraction – both the mean and standard

deviation – as the number of particles increases. We conclude that the limiting standard

deviation as particle number goes to infinity is zero, so the model exhibits a sharp value for

the random loose packing density, which we estimate to be approximately 0.754.

The heart of our argument is the degree to which we can demonstrate that in this model

there is a sharp value, approximately 0.754, for the equilibrium volume fraction of large

systems, and we postpone analysis of error bars to later sections. But to understand the value

0.754, consider the following crude estimate of the volume in phase space of all allowable

packings at fixed volume fraction φ. First notice that the conditions defining the model

prevent the possibility of any “holes” in a configuration. Furthermore, if we consider any

rectangle in the interior of a configuration, each horizontal row in the rectangle contains

the same number of squares. (One consequence is that in the infinite volume limit each

individual configuration must have a sharply defined volume fraction; of course this says

nothing about the width of the distribution of volume fraction over all configurations.) Now

consider a very symmetrical configuration of squares at any desired volume fraction φ, with
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the squares in each horizontal row equally spaced, and gaps between squares each of size

(1−φ)/φ centered over squares in the next lower horizontal row; see Fig. 31. Consider these

squares to represent average positions, fix all but one square in such a position, and consider

the (horizontal) degree of motion allowed to the remaining square. There are two constraints

on its movement: the gap size separating it from its two neighbors in its horizontal row, and

the length to which its top edge and bottom edge intersects the squares in the horizontal

rows above and below it. These two constraints are to opposite effect: increasing the gap

size decreases the necessary support in the rows above and below. A simple calculation

shows that the square has optimum allowed motion when the gap size is 1/3, corresponding

to a volume fraction of 0.75, roughly as found in the simulations. In other words, this

argument suggests that the volume in phase space (which for N squares we estimate to be

LN , where L is the allowed degree of motion of one square considered above) is maximized

among allowed packings of fixed volume fraction by the packings of volume fraction about

0.75. Note that this is only a free volume-type estimate, so it is by no means a proof that

a sharp entropy-maximizing volume fraction exists or is equal to or near 0.75.

To obtain accurate physical measurements a fluidization/sedimentation method has been

developed to prepare samples of millions of grains in a controlled manner; see [OL,JS] and

references therein for the current state of the experimental data. In these experiments a

fluidized bed of monodisperse grains sediment in a fluid. The sediment is of uniform volume

fraction, at or above 0.55 depending on various experimental parameters. Recall that the old

experiments of Scott et al [Sc,SK] reported a value of 0.608 for ball bearings in air; to achieve

the low value (0.55± 0.001 [JSSSSA]) the grains need to have a high friction coefficient and

the fluid needs to have mass density only slightly lower than the grains to minimize the

destabilizing effect of gravity. (In the absence of gravity one could still produce a granular

bed by pressure; we do not know of experiments reporting a random loose packing value for

such an environment.)

Given the dependence of the lowest achievable density on the characteristics of the ex-

periment, we need to clarify the goal of this paper. From the physical perspective it is

interesting that, for any fixed coefficient of friction and fixed relative density between the
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FIG. 33: Plot of volume fraction versus number of moves, from an initial volume fraction of 0.9991,
for 970 squares.

grains and background fluid, there seems to be a sharply defined lowest volume fraction

achievable by bulk manipulation. It is possible furthermore that by suitably varying the

coefficient of friction and relative density there is a single lowest possible volume fraction

(currently believed to be about 0.55 [JSSSSA]); we expect that this is the case, and that

this has a simple geometrical interpretation in terms of ensembles of frictional hard spheres

under gravity, as discussed above. This was the motivation of this work, and it is supported

by simulations of our model. Our results suggest that whatever the initial local volume

fraction of the fluidized granular bed, on sedimentation (in low effective gravity) most sam-

ples would have a well-defined volume fraction, the random loose packing density, with no

intrinsic lower bound on the standard deviation of the distribution of volume fraction.

There have been previous probabilistic interpretations of the random loose packing den-

sity, for instance [MP,PC], as well as the recent mean field model of Song et al [SWM, Za].

A distinguishing feature of our results is our analysis of the degree of sharpness of the basic
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FIG. 34: Plot of volume fraction versus number of moves, from an initial volume fraction of 0.5192,
for 994 squares.

notion, which, as we shall see below, requires unusual care in the treatment of error analysis.

In summary, we have performed Markov chain Monte Carlo simulations on a two dimen-

sional model of low pressure granular matter of the general Edwards probabilistic type [EO].

Our main result, superficially summarized in Fig. 40, is that in this model the standard devi-

ation of the volume fraction decays to zero as the particle number increases, which indicates

a well-defined random loose packing density for the model. This suggests that real granular

matter exhibits sharply defined random loose packing; this could be verified by repeating

sedimentation experiments [JSSSSA] at a range of physical dimensions. Our argument is

only convincing to the extent that the confidence intervals in Fig. 40 are small and justified,

which required a statistical treatment of the data unusual in the physics literature. We hope

that our detailed error analysis may be useful in other contexts.

69



Analysis of simulations

We performed Markov chain Monte Carlo simulations on our granular model, which we

now describe more precisely. We begin with a fixed number of unit edge squares contained

in a large rectangular box B. A collection of squares is “allowed” if they do not overlap

with positive area, their edges are parallel to those of the box B, and the lower edge of

each square intersects either the floor of the box B or the upper edge of each of two other

squares; see Fig. 30. Note that although the squares have continuous translational degrees

of freedom in the horizontal direction, this is not in evidence in the vertical direction because

of the stability condition: the squares inevitably appear at discrete horizontal “levels”.

Markov chain simulations were performed as follows. In the rectangular container B a

fixed number of squares are introduced in a simple “crystalline” configuration: squares are

arranged equally spaced in horizontal rows, the spacing determined by a preassigned volume

fraction φ, and with squares centered above the centers of the gaps in the row below it; see

Fig. 31. The basic step in the simulation is the following. A square is chosen at random

from the current configuration and all possible positions are determined to which it may be

relocated and produce an allowed configuration. Note that if the chosen square supports a

square above it then it can only be allowed a relatively small horizontal motion; otherwise it

may be placed atop some pair of squares, or the floor. So the boundary of the configuration

plays a crucial role in the ability of the chain to change the volume fraction. In any case

the positions to which the chosen square may be moved constitute a union of intervals. A

random point is selected from this union of intervals and the square is moved. The random

movement of a random square is the basic element of the Markov chain. It is easy to see that

this protocol is transitive and satisfies detailed balance, so the chain has the desired uniform

probability distribution as its asymptotic state [NB]. See Fig. 32 for a configuration of 399

squares after 106 moves. Our interest is in random loose packing, which occurs in the top

(bulk) layer of a granular pile, and we assume that the entirety of each of our configurations

represents this top layer. We emphasize that our protocol is not particularly appropriate

for studying other questions such as the statistical shape of the boundary of a granular pile,
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or properties associated with high volume fraction, such as random close packing.

After a prescribed number of moves, a volume fraction is computed for the collection

of squares as follows. Within horizontal level Lj , where j = 0 corresponds to the squares

resting on the floor, the distances between the centers of neighboring squares is computed.

(Such a distance is 1+ g where g is the gap between the squares.) Suppose that nj of these

neighboring distances are each less than 2, and that the sum of these distances in the level

is sj . At this point our procedure will be complicated by the desire to obtain information

during the simulation about inhomogeneities in the collection, for later use in analyzing

the approach to equilibrium. For this purpose we introduce a new parameter, p. For fixed

0 < p < 1 we consider those levels, beginning from j = 0, for which nj is at least 0.75p

times the length of the box’s floor. Suppose LJ(p) is the highest level such that it, and all

levels below it, satisfy the condition. We then assign the volume fraction

φ(p) =

∑J(p)
j=0 nj

∑J(p)
j=0 sj

(30)

to the assembly of squares. (The factor 0.75 represents the volume fraction we expect the

box’s floor to reach in equilibrium. Note that any two such calculations of volume fraction of

the same configuration may only differ by a term proportional to the length of the boundary

of the configuration, so any inhomogeneity is limited to this size.) Such a calculation of

volume fraction was performed regularly, after approximately 106 moves, producing a time

series of volume fractions φt for the given number of squares. (We suppress reference to the

variable p for ease of reading. As will be seen later all our results correspond to the choice

p = 0.4, so one can, without much loss, ignore other possibile values.) Variables φt and φt+1

are highly dependent, but we can be guaranteed that if the series is long enough then the

sample mean:

1

N

N
∑

t=1

φt (31)

will be a good approximation to the true mean of the target (uniform) probability distribu-
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FIG. 35: Plot of the mean of the volume fraction versus number of squares, using f2 for confidence
intervals. The curve is y = 0.7541 + 0.0998x−1/2.

tion for the given number of squares [KV].

We created such time series φt, each of about 104 terms (roughly 1010 elementary moves),

using values p = 0.2, 0.4, 0.6, 0.8, on systems for the following numbers of squares: 100m, and

1000m, for m = 1, 2, . . . , 9, with varying initial volume fractions. For each system we needed
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FIG. 36: Figure 12. Plot of the mean of the volume fraction versus number of squares, using f1 for
confidence intervals. The curve is y = 0.7541 + 0.0998x−1/2.

to determine the initialization period – the number of moves necessary to reach equilibrium

– and then the total number of moves to be performed. Both of these determinations were

made based on variants of the (sample) autocorrelation function f(k) of the time series
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{φt | 1 ≤ t ≤ T} of volume fractions, defined for 1 ≤ k ≤ T by:

f(k) =
1

T − k + 1

T−k+1
∑

t=1

(φt − φ̄)(φt+k − φ̄), (32)

where φ̄ is the mean of the series. This function is easily seen to give less reliable results as

k increases, because of limited data, so it is usual to work with functions made from it as

follows. One way to avoid difficulties is to restrict the domain of f ; we define the “unbiased”

autocorrelation f1(k) by f1(k) = f(k) for k ≤ T/10. Another variant we consider is the

“biased” autocorrelation f2, defined for all 1 ≤ k ≤ T by:

f2(k) =
1

T

T−k+1
∑

t=1

(φt − φ̄)(φt+k − φ̄), (33)

which reduces the value of f(k) for large k. (See pages 321-324 of Priestley [Pr] for a

discussion of this biased variant.) We consider both variants of autocorrelation; to refer to

either we use the term fj .

With these autocorrelations we determined the smallest k = kz such that fj(k) = 0. We

then computed the sample standard deviation σfj away from zero of fj restricted to k ≥ kz,

and defined kI to be the smallest k such that |fj(k)| ≤ σfj ; see Figs. 37-38. (For ease of

reading we sometimes do not add reference to j to quantities derived using fj .) This defined

the initialization period. Then starting from φkI
we recomputed the autocorrelation f̃j and

σf̃j and determined the mixing time, the smallest k = kM such that |f̃j(k)| ≤ σf̃j . kM

was interpreted as the separation k needed such that the random variables φt and φt+k are

roughly independent for all t ≥ k. (We performed the above using the different definitions

of volume fraction corresponding to different values of p, allowing us to analyze different

geometrical regions of the samples. For each system of squares we selected, for initialization

and mixing times, the largest obtained as above corresponding to the various values of p,

which was always that for p = 0.2, corresponding to the lowest layers of the configuration.)

Once we determined kI and kM we ran the series to φF , where F = kI + TkM for some

T ≥ 20. The values of kI and kM are given in Tables 1 and 2; the empirical means and
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FIG. 37: Plot of biased autocorrelation (for 8000 particles) versus number of moves, with horizontal
lines denoting one standard deviation away from zero.

standard deviations of volume fraction are given in Tables 3 and 4.

In all our results we use p = 0.4 to minimize the boundary effects presumably associated

with small or large p. (With large p the lowest level may have undue influence on the

volume fraction; with small p, the surface levels could have undue influence. Note that

the arrangements of squares on the lowest level and the surface levels are not restricted by

the arrangements of squares below and above them, respectively, and so the corresponding

volume fractions are not bound to the logic, discussed above, which suggested that each

level should equilibrate at a volume fraction of about .75. In spite of this, we found that

using any series corresponding to p in the range 0.2 ≤ p ≤ 0.8 generated a similar result.)

For all systems the volume fraction quickly settles to the range 0.76±0.01 and we can easily

see from Table 4 that the empirical standard deviations decrease with increase of particle
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FIG. 38: Close-up of Fig. 37, with initialization time.

number. In Fig. 39 we plot the empirical standard deviations against particle number, and

in Fig. 40 the data is replotted using logarithmic scales. In Fig. 40 we include the best

least-squares fit to a straight line y = ax+ b, obtaining a = −0.5004 and b = −0.8052. The

corresponding curve is included in Fig. 39. Also included in both graphs are 90% confidence

intervals for the true standard deviations, obtained as described in the next section, using

f2. (There was not enough data to obtain a confidence interval by this method for the

system with 8995 squares.) The same data is reanalyzed in Figs. 41 and 42 with confidence

intervals derived using f1.

We use the close fit to the line in Figs. 40 or 42, corresponding to 33 data points in a range

of particle number varying from 100 to 9000, to extend the agreement to arbitrarily large

particle number, and therefore to claim that the standard deviation is zero in the infinite

volume limit, or that there is a sharp value for the random loose packing density. The
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FIG. 39: Plot of the standard deviation of the volume fraction versus number of squares, using f2
for confidence intervals.

argument is supported from the theoretical side by noting the closeness of the slopes in Figs.

40 and 42 to −1/2. A slope of −1/2 would be expected if it were true that an equilibrium

configuration of N squares could be partitioned into similar subblocks which are roughly

independent – a proposition which would not be surprising given a phase interpretation of
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FIG. 40: Plot of the standard deviation of the volume fraction versus number of squares, using log
scales and f2 for confidence intervals. The line is y = −0.5004x− 0.8052.

granular media [Ra1]. Verifying such independence might be of some independent interest

but would require much more data and much longer running times.

This is our main result, since it shows how to make sense of a perfectly well-defined

random loose packing density within a granular model of the standard Edwards’ form.
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As to the actual asymptotic value of the volume fraction in the limit of large systems, we

assume that our simulations suffer from a surface error proportional to
√
N for a system of

N squares. The least-squares fit of a function of form A+B/
√
N to the data (see Figs. 35

and 36) yields A = 0.7541, and the good fit suggests an (asymptotic) random loose packing

density in our granular model of about 0.754.

Our argument concerning asymptotically large systems depends on the fit of our standard

deviation data to a curve, and the degree to which this fit is convincing depends on the

confidence intervals associated with our simulations. In the next section we explain how we

arrived at our confidence intervals.

Data analysis

A good source for common ways to analyze the data in Markov chain Monte Carlo sim-

ulation is chapter 3 in Newman and Barkema [NB]. We will give a more detailed analysis,

following the paper by Geyer [Ge] in the series put together for this purpose by the statistics

community [GR]. As will be seen, our argument is based on the precision of estimates of

various statistical quantities, and necessitates a delicate treatment.

Our simulations produce a time series cj of (dependent) random configurations of squares.

From this we produce other series g(cj) using functions g on the space of possible config-

urations c, in particular the volume fraction g1(c) = φ and g2(c) = (φ −K)2 for constant

K.

We use the common method of batch means. As described in the previous section, we first

determine an initialization time kI and a mixing time kM for our series cj from autocorrela-

tions. After removing the initialization portion of the series, we break up the remaining W

terms of the series into w ≥ 2 equal size consecutive batches (subintervals), each of the same

length W/w, discarding the last few terms from the series if w does not divide W evenly.

It should be emphasized that rarely, if ever, are conclusions drawn from a finite number

of Monte Carlo simulations a literal proof of anything interesting. We are going to obtain

confidence intervals (using the Student’s t-test [St]) for the mean and standard deviation
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FIG. 41: Plot of the standard deviation of the volume fraction versus number of squares, using f1
for confidence intervals.

of the volume fraction of our systems of fixed particle number. The t-test’s results would

be mathematically rigorous if in our simulations we had performed infinitely many moves;

of course this is impossible, so we will try to make a convincing case that we have enough

data to give reliable results. Ultimately, this is the most sensitive point in our argument.

80



1.5 2 2.5 3 3.5 4 4.5
−3

−2.5

−2

−1.5

logarithm of particle number

lo
ga

rit
hm

 o
f s

ta
nd

ar
d 

de
vi

at
io

n,
 9

0%
 c

on
fid

en
ce

 in
te

rv
al

s

FIG. 42: Plot of the standard deviation of the volume fraction versus number of squares, using log
scales and f1 for confidence intervals. The line is y = −0.5003x− 0.8055.

Assume fixed some function g, and denote the true mean of g(c) by µg. Assume, temporar-

ily, that enough moves have been taken for the t-test to be reliable. (We will come back to

this assumption below.) With the notation g(c) for the empirical average (1/w)
∑

k〈g(c)〉k
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of g(c), where 〈g(c)〉k is the empirical average of the kth batch, the random variable:

g(c)− µg
√

1
w(w−1)

∑

k(〈g(c)〉k − g(c))2
(34)

approximates a t-distribution, allowing one to compute confidence intervals for µg.

The above outline explains how (given the validity of the t-test) we could compute confi-

dence intervals for the mean value of the volume fraction for the time series associated with

our simulations for fixed numbers of squares. A small variation allows us to give confidence

intervals for the standard deviations of these variables, as follows.

Denote the true standard deviation of g(c) by σg. Using conditioning,

Pr(µg ∈ I ∩ σg ∈ J) = Pr(µg ∈ I)Pr(σg ∈ J | µg ∈ I)

= Pr(µg ∈ I)
∑

i

Pr(σg ∈ J | µg ∈ Ii)Pr(µg ∈ Ii | µg ∈ I), (35)

where {Ii} is a partition of I. We have discussed how to obtain I so that the factor

Pr(µg ∈ I) is at least 0.95. We now want to obtain J so that the factor Pr(σg ∈ J | µg ∈ I)

is also at least 0.95, and therefore Pr(µg ∈ I ∩ σg ∈ J) is at least (0.95)(0.95) > 0.90.

Consider, for each constant K, the random variable

ΣK =

√

(1/w)
∑

j

[〈g(c)〉j −K]2. (36)

Using (34) with (g(c)−K)2 playing the role of g(c), we can obtain a 95% confidence interval

for the mean of Σ2
K , which we translate into a 95% confidence interval JK for the mean of

ΣK . Assume the partition so fine that within the desired precision JK = Ji only depends

on i, where K ∈ Ii. Note that if K = µg, then the random variable ΣK has as its mean the

standard deviation σg. So if we let J = ∪iJi, then Pr(σg ∈ J | µg ∈ Ii) > 0.95 for all i, and

therefore Pr(σg ∈ J | µg ∈ I) > 0.95. In practice the union J = ∪iJi is easy to compute.

In the above arguments we have assumed that enough moves have been taken to justify the

t-test, which has independence and normality assumptions which are not strictly satisfied in
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our situation. We now consider how to deal with this situation. Some guidance concerning

independence can be obtained from the following toy model.

Assume that for the time series of the simulation one can determine some number kM ,

perhaps but not necessarily derived as above from the autocorrelation f(k), such that vari-

ables φi and φi+k in the time series are roughly independent if k ≥ kM . We model this

transition between independent random variables as follows.

Let T and M be nonnegative (integer) constants. For 0 ≤ t ≤ T and 1 ≤ m ≤ M − 1

we first define independent, identically distributed random variables XtM and from these

define:

XtM+m =
(

1− m

M

)

XtM +
m

M
X(t+1)M , (37)

together defining Xt for 0 ≤ t ≤ TM−1. Note that variables Xt and Xt+m are independent

for m ≥ 2M − 1.

A simple calculation shows that:

M−1
∑

m=0

XtM+m =
(M + 1

2

)

XtM +
(M − 1

2

)

X(t+1)M . (38)

Then another simple calculation shows that:

ST ≡ 1

TM

TM−1
∑

m=0

Xm =
1

T

[

T−1
∑

t=1

XtM +
1

2
(X0 +XTM ) +

1

2M
(X0 −XTM )

]

. (39)

In other words ST is the mean of roughly K independent variables.

Returning to the question of the assumptions in the t-test, the toy model suggests that

the independence assumption is easily satisfied. The normality assumption is usually taken

as the more serious [Ge]. But we note from [DL] that the t-test is quite robust with respect

to the normality assumption. Although the robustness of the t-test is well known and is

generally relied on, in practice one still has to pick specific batch partitions in a reliable

way. This is not covered in [Ge]. We arrived at a standard for batches of length 10 times
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mixing time for our series as follows. In outline, we use mixing times as computed above

to standardize comparison between our systems with different particle number. Those for

which our runs constituted at least 800 mixing times are assumed to give accurate values for

the mean volume fraction. Various initial segments of these runs are then used, with various

choices of batch partitions, to see which choices (if any) give reliable results for confidence

intervals. Batches of size 10 mixing times proved reliable even for initial segments in the

range of 20-100 mixing times, so this choice was then used for all systems. We emphasize

that we are using this method to determine a minimum reliable batch size on the sequence of

configurations, and then we apply this to the time series φt as well the time series [φt−K]2.

We now give more details.

For most of the systems of particle numbers 100-900 we have over 500 mixing times worth

of data, yet for some of the systems of particle numbers 1000-9000 we have, for practical

reasons, less than one tenth that depth of data. We want to choose a fixed multiple of

mixing time as batch length for all of our batches. To decide what range of mixing times

will be reliable we used various portions of the data from those of our longest runs, and

then applied the conclusions we drew to the other 3/4 of the runs.

More specifically, we treat as “reliable” the empirical volume fraction of the longest runs,

those of length at least 800 times mixing time. We then consider a range of batch partitions

of these systems to see which ones give accurate t-test results. We are looking for 95%

confidence intervals, so we expect such intervals to contain the true volume fraction 95% of

the time; since the true volume fraction is unknown we instead check how frequently the

intervals contain the empirical volume fraction, which for the longer runs we have assumed

is reliable. We do this for each of the runs of length 800 or more times mixing time. The

results on these systems are the following.

For each of our longer runs (of at least 800 mixing times), we considered various initial

portions of the run in each of six ranges of mixing times: 20-100, 100-200, 300-400, 400-500,

and 500-600. For each of these truncated runs we considered batch partitions of the data

into equal size batches of a variety of multiples of mixing time: 1-5, 6-10, 11-15, 16-20,

21-30, 31-40 and 41-50. For each size run and for each batch size we computed a 95%
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confidence interval for the true mean of the volume fraction, and determined whether or

not the confidence interval covers the sample mean for the full run (which we are assuming

is interchangeable with the true mean). The fraction of the more than 200 cases in each

category for which the sample mean lies within the confidence interval is recorded in Table

5. From this it appears that using batches of size 1-5 mixing times would be unreliable,

but that size 10 times mixing times would be reliable. (Table 5 is based on mixing times

obtained using the autocorrelation f2. Table 6 is similar, using the autocorrelation f1, and

again justifies the use of batches of size 10 times mixing time.)

We then used batches of size 10 times mixing times to obtain 95% confidence intervals for

the true mean of all the systems, obtaining the results tabulated in Table 3 and included in

Figs. 35 and 36.

Finally, we applied the above batch criterion to obtain 90% confidence intervals for the

true standard deviation of all our systems, using the method described earlier in this section.

The results are in Table 4 and in Figs. 39 – 42.
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Table 1

Basics

(using unbiased autocorrelation f1)

number of number of step size kI kM run length
squares moves in in units (init. time) (mixing time) in units of
in packing units of 109 of 106 in units of in units of mixing time

moves step size step size using f1
using f1 using f1

99 0.4 0.2 1 1 1998
100 0.4 0.2 1 1 1998
195 0.4 0.2 1 1 1998
205 0.4 0.2 1 1 1998
294 0.4 0.2 5 5 398
294 0.4 0.2 4 4 498
399 2 0.2 10 10 998
413 2 0.2 9 9 1110
497 2 0.2 17 17 587
504 2 0.2 17 17 587
600 2 0.2 12 12 832
603 2 0.2 23 23 433
690 2 0.2 14 14 713
690 2 0.2 20 20 498
790 2 0.2 43 43 231
803 2 0.2 14 14 713
913 2 0.2 34 34 293
913 2 0.2 75 73 135
996 12 1 13 13 953
1001 12 1 16 16 755
1955 12 1 38 38 318
2980 12 1 44 44 277
3003 12 1 51 53 234
3933 12 1 64 63 193
4008 12 1 99 75 158
4995 12 1 193 174 68
5908 12 1 163 96 125
6030 12 1 143 143 84
7037 12 1 223 261 46
7161 12 1 222 181 48
8015 12 1 132 120 100
8991 12 1 283 287 41
8995 12 1 632 631 18
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Table 2

Basics

(using biased autocorrelation f2)

number of number of step size kI kM run length
squares moves in in units (init. time) (mixing time) in units of
in packing units of 109 of 106 in units of in units of mixing time

moves step size step size using f2
using f2 using f2

99 0.4 0.2 1 1 1998
100 0.4 0.2 3 2 998
195 0.4 0.2 1 1 1998
205 0.4 0.2 1 1 1998
294 0.4 0.2 5 5 398
294 0.4 0.2 4 4 498
399 2 0.2 12 12 832
413 2 0.2 11 11 908
497 2 0.2 20 20 498
504 2 0.2 19 19 525
600 2 0.2 12 12 832
603 2 0.2 23 23 433
690 2 0.2 14 15 665
690 2 0.2 25 20 498
790 2 0.2 43 44 226
803 2 0.2 15 14 713
913 2 0.2 36 38 262
913 2 0.2 77 75 132
996 12 1 18 18 687
1001 12 1 16 16 755
1955 12 1 38 38 318
2980 12 1 56 56 218
3003 12 1 51 54 230
3933 12 1 76 78 156
4008 12 1 101 88 135
4995 12 1 191 177 67
5908 12 1 179 100 120
6030 12 1 139 151 80
7037 12 1 220 290 41
7161 12 1 199 186 47
8015 12 1 131 126 95
8991 12 1 282 355 33
8995 12 1 565 609 19
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Table 3

Volume Fraction

number of sample value end points of end points of
squares 95% confidence 95% confidence
in packing interval for interval for

true value, true value,
using f1 using f2

99 0.7637 0.7637±0.0007 0.7637±0.0007
100 0.7631 0.7631±0.0007 0.7631±0.0007
195 0.7617 0.7617±0.0005 0.7617±0.0005
205 0.7608 0.7608±0.0005 0.7608±0.0005
294 0.7605 0.7605±0.0004 0.7605±0.0004
294 0.7598 0.7598±0.0004 0.7598±0.0004
399 0.7596 0.7596±0.0002 0.7596±0.0002
413 0.7593 0.7593±0.0002 0.7593±0.0002
497 0.7590 0.7590±0.0002 0.7590±0.0002
504 0.7590 0.7590±0.0003 0.7590±0.0002
600 0.7583 0.7583±0.0002 0.7583±0.0002
603 0.7588 0.7588±0.0002 0.7588±0.0002
690 0.7581 0.7581±0.0002 0.7581±0.0002
690 0.7583 0.7583±0.0003 0.7583±0.0003
790 0.7578 0.7578±0.0003 0.7578±0.0003
803 0.7579 0.7579±0.0002 0.7579±0.0002
913 0.7575 0.7575±0.0002 0.7575±0.0003
913 0.7578 0.7578±0.0003 0.7578±0.0003
996 0.7575 0.7575±0.0001 0.7575±0.0001
1001 0.7574 0.7574±0.0001 0.7574±0.0001
1955 0.7565 0.7565±0.0002 0.7565±0.0002
2980 0.7558 0.7558±0.0002 0.7558±0.0001
3003 0.7559 0.7559±0.0002 0.7559±0.0003
3933 0.7554 0.7554±0.0002 0.7554±0.0002
4008 0.7558 0.7558±0.0003 0.7558±0.0003
4995 0.7555 0.7555±0.0004 0.7555±0.0005
5908 0.7549 0.7549±0.0003 0.7549±0.0003
6030 0.7551 0.7551±0.0004 0.7551±0.0003
7037 0.7545 0.7545±0.0005 0.7545±0.0004
7161 0.7550 0.7550±0.0005 0.7550±0.0007
8015 0.7551 0.7551±0.0004 0.7551±0.0004
8991 0.7551 0.7551±0.0004 0.7551±0.0012
8995 0.7550 none none
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Table 4

Standard deviation of volume fraction

number of sample value end points of end points of
squares 90% confidence 90% confidence
in packing interval for interval for

true value, true value,
using f1 using f2

99 0.0160 0.0160±0.0005 0.0160±0.0005
100 0.0157 0.0157±0.0006 0.0157±0.0006
195 0.0110 0.0110±0.0004 0.0110±0.0004
205 0.0108 0.0108±0.0004 0.0108±0.0004
294 0.0090 0.0090±0.0003 0.0090±0.0003
294 0.0090 0.0090±0.0003 0.0090±0.0003
399 0.0078 0.0078±0.0001 0.0078±0.0002
413 0.0076 0.0077±0.0001 0.0077±0.0001
497 0.0070 0.0070±0.0001 0.0070±0.0001
504 0.0069 0.0069±0.0001 0.0069±0.0001
600 0.0064 0.0064±0.0001 0.0064±0.0001
603 0.0064 0.0064±0.0001 0.0064±0.0001
690 0.0060 0.0061±0.0002 0.0060±0.0001
690 0.0060 0.0060±0.0002 0.0060±0.0001
790 0.0055 0.0055±0.0002 0.0055±0.0002
803 0.0055 0.0055±0.0002 0.0055±0.0002
913 0.0052 0.0052±0.0002 0.0052±0.0002
913 0.0053 0.0053±0.0001 0.0053±0.0001
996 0.0050 0.0050±0.0001 0.0050±0.0001
1001 0.0049 0.0049±0.0001 0.0049±0.0001
1955 0.0036 0.0036±0.0001 0.0036±0.0001
2980 0.0028 0.0028±0.0001 0.0028±0.0001
3003 0.0029 0.0029±0.0001 0.0029±0.0001
3933 0.0024 0.0025±0.0001 0.0025±0.0001
4008 0.0025 0.0025±0.0001 0.0025±0.0002
4995 0.0022 0.0022±0.0002 0.0022±0.0002
5908 0.0021 0.0021±0.0002 0.0021±0.0002
6030 0.0020 0.0020±0.0002 0.0020±0.0002
7037 0.0018 0.0019±0.0002 0.0019±0.0002
7161 0.0019 0.0020±0.0003 0.0021±0.0004
8015 0.0016 0.0017±0.0002 0.0017±0.0002
8991 0.0017 0.0017±0.0003 0.0021±0.0008
8995 0.0016 none none
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Table 5

Fraction of times the given batch size gives acceptable confidence interval for
given segment of total data of long runs, using unbiased autocorrelation f1

20-100 100-200 200-300 300-400 400-500 500-600
mixing mixing mixing mixing mixing mixing
times of times of times of times of times of times of
total data total data total data total data total data total data

1-5 0.0849 0.0867 0.1119 0.1191 0.1938 0.2082
number of 6-10 0.9410 0.9394 0.9830 1.0000 1.0000 1.0000
mixing 11-15 0.9648 0.9231 0.9656 1.0000 1.0000 1.0000
times 16-20 0.9524 0.9095 0.9777 0.9879 1.0000 1.0000
per batch 21-31 0.9650 0.9177 0.9673 1.0000 1.0000 1.0000

31-40 0.9712 0.9042 0.9643 1.0000 1.0000 0.9957
41-51 0.9375 0.8869 0.9402 0.9511 0.9783 0.9402

Table 6

Fraction of times the given batch size gives acceptable confidence interval for
given segment of total data of long runs, using biased autocorrelation f2

20-100 100-200 200-300 300-400 400-500 500-600
mixing mixing mixing mixing mixing mixing
times of times of times of times of times of times of
total data total data total data total data total data total data

1-5 0.0833 0.0924 0.1182 0.1259 0.2006 0.2326
number of 6-10 0.9245 0.9784 0.9805 0.9552 0.9762 1.0000
mixing 11-15 0.9107 0.9451 0.9607 0.9524 0.9707 1.0000
times 16-20 0.9728 0.9212 0.9745 0.9493 0.9655 1.0000
per batch 21-31 0.9486 0.9059 0.9592 0.9547 0.9744 1.0000

31-40 0.9780 0.9190 0.9592 0.9704 0.9852 1.0000
41-51 0.9000 0.8639 0.9441 0.9565 0.9814 1.0000
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X. CONCLUSION

We have examined in detail four models of nonequilibrium (soft) matter, as well as an

equilibrium model of quasicrystals; in all these models we find abrupt changes in behavior

arising at certain densities. In the granular model of sections III and V, we find a phase

transition at high density corresponding to the onset of crystalline structure. We associate

this transition with the physical phenomenon of random close packing [Ra1], which has been

shown in experiments to correspond to the appearance of bulk-sized crystals [ND, SCM].

(There are ongoing experiments to determine whether random close packing is a phase

transition in a precise sense.) The model of polymers/crumpled wires of section VI exhibits

a similar transition at high density, this time to a nematically ordered phase. For crumpled

wires we do not know of experimental evidence of such a transition. (The author is involved

in an ongoing experiment to determine whether such a transition exists.)

The granular model of section VII exhibits a phase transition to a phase which is “solid” in

the sense that it resists shear. More precisely, the linear volume response to an infinitesimal

shear has a change in character at a certain density φc, such that for densities below φc a

small shear causes an increase in density, while for densities above φc produces the opposite

effect. The transition through these regimes in the model is sharp, in the precise sense of a

second order phase transition. Dilatancy onset, represented in the model by φc, has been

experimentally associated with a phase transition in [SNRS, MSRSS]. Thus granular matter

may exhibit two distinct phase transitions: one in which there is a sharp change in response

to shearing (at dilatancy onset), and one in which bulk-size crystals start to appear (at

random close packing). In contrast with the models discussed in the previous paragraph,

the transition at dilatancy onset does not seem to be associated with any obvious geometric

ordering.

The model of quasicrystals of section VIII, unlike the other models in this paper, is a

true “equilibrium” model. (The model is a more realistic generalization of the models of

[LP, KR].) While the equilibrium theory of fluid-solid phase transitions often emphasizes

the crystalline symmetry of solids, our model shows a transition to a solid phase with an
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unusual “quasicrystalline” structure. The transition, like the fluid-solid transition of typical

equilibrium solids, is first order. The solid phase has crystalline spatial order (evidenced

by the particles preferentially populating a certain sublattice), and quasicrystalline particle-

type order. In particular, as with true quasicrystals, the model (at high density) does not

have translational particle type symmetry.

The granular model of section IX, unlike the rest of the models of this paper, is not

meant to show a phase transition in the traditional sense. However, the model does show

an abrupt change at a certain density – in the sense that bulk random configurations do not

exist below this density. We associate this abrupt change with the physical phenomenon of

random loose packing [SK]. In particular we show that there is no intrinsic lower bound on

the variance of the lowest possible density achievable by bulk random samples in the model.

Thus the model shows how Edwards modeling [EO] allows for a precise definition of random

loose packing. (Such modeling is only appropriate for carefully prepared granular samples

[SNRS].)

In sum, following the lead of de Gennes [dG1, dG2] and Edwards [EO], we have employed

ideas from equilibrium statistical mechanics to try to understand nonequilibrium (soft) mat-

ter. Our models provide theoretical support for understanding certain physical phenomena

in soft matter (like random close packing and dilatancy onset) as phase transitions, in the

traditional sense of equilibrium statistical mechanics. It would be very desireable to expand

on this understanding – for example to see if random loose packing can be understood as a

phase transition, or if crumpled wires really exhibit a phase transition to a “layered” state

at high density.
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