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Abstract 

 

Alternative Estimation Approaches for  

Some Common Item Response Theory Models 

 

 

 

 

 

Pooneh Sabouri, MSStat 

The University of Texas at Austin, 2010 

 

Supervisor:  Daniel A. Powers 

 

In this report we give a brief introduction to Item Response Theory models and 

multilevel models. The general assumptions of two classical Item Response Theory, 1PL 

and 2PL models are discussed. We follow the discussion by introducing a multilevel level 

framework for these two Item Response Theory Models. We explain Bock and Aitkin‟s 

(1981) work to estimate item parameters for these two models. Finally we illustrate these 

models with a LSAT exam data and two statistical softwares; R project and Stata.  



 vii 

 

Table of Contents 

List of Figures………………………………………………………………………….viii 

1 Introduction ............................................................................................................. 1 

2 Item Response Theory (IRT) Model ....................................................................... 3 

2.1 One Parameter Logistic Model (1PL) ................................................................. 3 

2.2 Two Parameter Logistic Model (2PL) ................................................................ 5 

3 Multilevel Model and IRT ...................................................................................... 7 

3.1 1PL Model as a Multilevel Model ...................................................................... 7 

3.2 2PL Model as a Multilevel Model ...................................................................... 9 

4 Item Parameters Estimation .................................................................................. 11 

4.1 Marginal Maximum Likelihood Estimation for 1PL ........................................ 11 

4.2 Marginal Maximum Likelihood Estimation for 2PL ........................................ 13 

5 Model Fitting using Software ............................................................................... 17 

5.1 1PL Model Fitting ............................................................................................. 17 

5.2 2PL Model Fitting ............................................................................................. 20 

6 Summary ............................................................................................................... 25 

7 Appendix A ........................................................................................................... 26 

R Codes ......................................................................................................................... 26 

Stata Codes.................................................................................................................... 26 

8 References ............................................................................................................. 28 

9 Vita ........................................................................................................................ 30 

 



 viii 

List of Figures 

Figure 1 ICC for 1PL IRT model ........................................................................................ 5 

Figure 2 ICC for 2PL IRT model ........................................................................................ 6 

Figure 3 Description of the LSAT dataset ........................................................................ 17 

Figure 4 Results of fitting data to 1PL (Rasch) Model in R ............................................. 18 

Figure 5 Results of fitting data to 1PL (Rasch) Model in Stata ........................................ 19 

Figure 6 ICC for LSAT data fitted to 1PL (Rasch) Model ............................................... 19 

Figure 7 1PL IRT model using another code in Stata ....................................................... 20 

Figure 8 2PL parameter estimation in Stata ...................................................................... 21 

Figure 9 2PL parameter estimation in Stata (continued) .................................................. 21 

Figure 10 2PL parameter estimation without constraint in Stata ...................................... 22 

Figure 11 2PL parameter estimation in Stata (continued) ................................................ 23 

Figure 12 2PL parameter estimation in Stata (continued) ................................................ 23 

Figure 13 Estimate for IRT score assuming 1PL IRT model ........................................... 24 

Figure 14 Estimate for IRT score assuming 2PL IRT model ........................................... 24 



 ix 



 1 

1 Introduction 

Item Response Theory (IRT) models are considered as “one of the most important 

methodological advances in psychological measurement in the past half-century 

(Mckinley & Mills, 1989, p. 71)”. In psychometrics, Item Response Theory is a statistical 

approach to design and analyze instruments, which measure abilities, attitudes or other 

variables (Sijtsma & Junker, 2006). IRT models play major roles in analysis and study of 

tests and item scores. IRT models can be used to explain the relationship between 

individuals‟ ability and responses to item on tests based on the characteristics of the test 

items. Responses to the items are not limited to dichotomous (yes, or no etc.) but can also 

be in the form of polytomous responses (i.e., strongly agree, agree, neutral, disagree or 

strongly disagree). Traditionally, IRT models were the domains of psychometric 

methodology. However over the years, broader perspectives have viewed IRT models as 

special cases of a larger class of models called multilevel or hierarchical models (Adams, 

Wilson, & Wu, 1997; Boeck & Wilson, 2004; Searle & McCulloch, 2001). The idea of 

viewing IRT as a statistical model using the linear or nonlinear multilevel models has 

been discussed by several researchers. For instance Kamata (Kamata, 1998, 2001) 

suggested a multilevel generalized linear model for Rasch model. Beretvas and Williams 

(2004) continued Kamata‟s work and developed models for polytomous items. And 

Turhan (2006) extends Kamata‟s work for two-parameter logistic (2PL) models. Others 

(Adams, et al., 1997; Fox & Glas, 2001; Rabe-Hesketh, Skrondal, & Pickles, 2004; 

Rijmen, Tuerlinckx, De Boeck, & Kuppens, 2003) introduced IRT models as generalized 

linear mixed models (GLMM) and Nonlinear mixed models (NLMM). All these efforts 

provide new perspectives about IRT models and make the connection between 

psychometrics and the field of statistics, which makes it possible to develop and fit new 

models (Natesan, Limbers, & Varni, 2010).  

This report aims to explain model fitting for two fundamental IRT models from the 

perspective of multilevel models. The report begins with overview of the IRT model, its 

assumptions, and description of one and two-parameter IRT models. Next, we introduce 

the multilevel models for these two IRT models and subsequently discuss model fitting 
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and parameter estimation. Finally, a data simulation and software illustration will be 

described.  
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2 Item Response Theory (IRT) Model 

There are several unidimensional IRT models, which differ in their underlying 

assumptions and mathematical models. However there are two assumptions common to 

all IRT models: unidimensionality and local independence. The assumption of 

unidimensionality requires that a set of test items only measure one latent trait or ability. 

The latent trait or ability is expressed with a variable,   where 



  , . Local 

independence, the second assumption, means that individual‟s responses to different test 

items are statistically independent. In another words, after controlling for ability,  , an 

examinee‟s answer to one item does not impact his/her answer to other items (Hambleton 

& Swaminathan, 1985).  

In addition to the following assumptions that are common to all of IRT models, these 

models always contain latent trait parameters and item location parameters. The latent 

trait usually indicates person‟s ability and the item location parameter quantifies item 

difficulty (or easiness). In addition to the item location, other parameters can be included 

in the IRT models to explain more dimensions of tests, and the impact of a person‟s 

covariates. The scope of this report, however, is limited to discussion of one-parameter 

and two-parameter unidimensional IRT models.  

2.1 One Parameter Logistic Model (1PL) 

The one-parameter logistic (1PL) model, also known as the Rasch (1966) model, was 

developed by Rasch in 1960s and is the least parameterized IRT model. In this model, the 

probability that an individual answers an item correctly is parameterized using only the  

individual‟s ability and item difficulty. The mathematical form of the probability that 

individual i has a correct response on item j is defined as,  

Eq 2.1   



Pij(y j 1|i)
exp(i bj)

1exp(i bj)
 

Where 



y j  is a binary random variable with value of 1 for a correct response and 0 for an 

incorrect answer. The probability is typically written as a logit model: 

Eq 2.2    jiij bp )(logit  
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In this model    denotes individual i’'s ability and    is the location of item j on the 

same scale as the ability. The location parameter,     describes the relative easiness of an 

item, is the point at which an individual has a 50 percent chance of correctly responding 

to item j (Hambleton & Swaminathan, 1985)  and it usually ranges in value from -3 to +3. 

                represents the probability that an individual i with ability level   , 

answers item j correctly, assuming that an item is scored dichotomously (correct or 

incorrect).   

Under the local independence assumption, a person‟s ability parameter    is invariant 

with respect to the item difficulty, and an item difficulty is invariant with respect to the 

person‟s ability. Therefore both higher ability or lower difficulty would lead to the higher 

probability of a correct response and vice-versa (Powers & Xie, 2008). The 1PL model 

assumes only item difficulty impacts the individual‟s performance. The guessing 

behaviors of individuals are not parameterized in this model as well. The relationship 

between observed responses to items and individual‟s ability is depicted by the item 

characteristic curve (ICC). The ICC represents the probability of a correct response as a 

function of an examinee‟s ability or latent trait level  .  

Figure 1 shows three graphs for ICC each with different item difficulty parameters. 

The reference line y = 0.5 passes through each graph showing the location parameters on 

the x-axis. It can be seen that an individual with ability equals 1, has higher probability of 

a correct answer for an easy item where this person has lower probability of a correct 

response to an average item. The same person has a very low probability of choosing the 

correct answer to a difficult item. 
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Figure 1 ICC for 1PL IRT model 

The 1PL IRT model or Rasch model is the simplest model among all IRT models. It can 

be extended to the 2PL model that characterizes items with two parameters: item 

difficulty and item discrimination.  

2.2 Two Parameter Logistic Model (2PL) 

It is very unrealistic to assume that the probability of a correct response to an item 

only depends on person‟s ability and item difficulty. Specifically, for multiple choice and 

other item types, it is very unlikely to have the same discrimination of items across 

individuals with the same ability levels. Therefore a better model would be similar in 

form to the 1PL IRT model with an additional parameter, item discrimination. The new 

model is called a two-parameter logistic model.   

The two-parameter logistic IRT model (2PL) is characterized by two parameters: 

item difficulty and item discrimination (Birnbaum, 1968). In the 2PL model, the 

probability of a correct response for person i on item j, given their ability level    is stated 

as follows: 



 6 

Eq 2.3   



Pij(y j 1| j)
exp[a j(i bj)]

1exp[a j(i bj)]
 

Here, similar to the 1PL model,    is the item difficulty parameter for item j. The 

additional parameter    denotes the item discrimination parameter. The item 

discrimination parameter indicates the effectiveness of an item in separating examinees 

into different ability levels. Items with higher values for the discrimination parameter are 

more useful in categorizing examinees by ability levels than are ones with lower values 

for the discrimination parameter (Figure 2). Figure 2 contains ICCs for items with three 

different discrimination parameters. The item with the highest discrimination has the 

steepest slope. 

 

Figure 2 ICC for 2PL IRT model 

In the following section we describe how 1PL and 2PL IRT models can be explained 

in a multilevel framework. Then using that framework, we explain model fitting and item 

parameter estimation.   
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3 Multilevel Model and IRT  

Educational and social data are often collected in a hierarchical form: Students are 

nested within their classes, classes within schools and so on. Therefore models that 

recognize these hierarchies have proven to be useful compared to the traditional 

approaches (Adams & Wilson, 1996; Adams, et al., 1997; Goldstein & Jon, 1996). 

Structural measurement models and their accompanying marginal maximum likelihood 

estimation models (Bock & Aitkin, 1981; Bock & Lieberman, 1970; Boeck & Wilson, 

2004) are representations of nonlinear multilevel models that are well known in the 

psychometric literature. Nonlinear and linear multilevel models define a larger family of 

models called Generalized Linear Mixed Models (GLMM).  

In all GLMMs, the observed value is related to the predictors via a link function. 

Therefore it can be said that each GLMM has three components: (i) A random variable 

that describes the distribution of the response or observed value with a given mean. (ii) A 

link function, which connects the expected value of the random variable to the predictors. 

(iii) Predictors or covariates. We discuss each of these components in the 1PL and 2PL 

IRT models and later we explain how to estimate the item parameters.    

3.1 1PL Model as a Multilevel Model 

To begin with, we shall assume that there are n items on the test and k examinees.  

Recalling that in Eq 2.1,     represents the observed value for individual i,   

         , to item j, 



j  1,2,...,n .     is a random variable with a Bernoulli 

distribution. The expected value and variance of the item response    are: 

Eq 3.1     



E(yij |i)  pij  

Eq 3.2   
  



Var(yij |i)  pij (1 pij )  

In the 1PL IRT model, items can be seen as units clustered within individuals. 

Therefore we have item level as level-I and individual level as level-II under the GLMM 

framework. Then we need a link function that connects the probability of the correct 
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response to individual‟s ability and item parameters. For a Bernoulli distribution we can 

use probit or logit links. Choosing the logit link function we will have:  

Eq 3.3    



ij  log
pij

1 pij










 

The linear predictor in the item level or level-I is the item difficulty, which can be 

expressed as,  

Eq 3.4   



n

q

iqjiqiinjinjiiiij XXX
1

0110 ...   

Where 



Xqij  
is a dummy variable denoting individual i’'s response to item j. The 

dummy variable is 1 when j=q and 0 when    . The     is the intercept and the 

coefficient     represents coefficient for each      or coefficient associated with each 

item. Eq 3.4 can be reduced to: 

Eq 3.5     



ij  i0  iq   

Compared to the 1PL IRT model defined in Eq 2.2,     represents the “easiness” of 

the qth item where it is the reverse of the usual “difficulty” interpretation of the item 

parameters. Therefore to be consistent with the 1PL IRT model we let        .  

In order to achieve full rank for the design matrix, one of the dummy variables in the 

equation should be dropped. The dropped item will become the reference item and the 

item parameter of each individual item will be defined as the difference from     

(Kamata, 2001). Then,  Eq 3.4 will be written as: 

Eq 3.6   




 
1

1

0)1()1(110 ...
n

q

iqjiqijniniijiiij XXX   

In this equation,     indicates the intercept and     represents the easiness of each 

item j=1,…,n-1. The Eq 3.7 shows item level or level-I of the GLMM and it does not 

include the individual‟s ability parameter. However     is assumed to be a random effect 

across individuals. The random effect is denoted by individual‟s ability. Therefore, the 

individual level or level II of this model is: 
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Eq 3.7     



















            

             

0)1()1(

101

0000

nni

i

ii u








 

where 



u0i  is a random component that is distributed as a normal function with a mean of 

0 and variance of   . The random component plays the role of individual‟s ability. Now 

we can combine all three equations: Eq 3.3, Eq 3.5 and Eq 3.7 and we will have, 

Eq 3.8   



iq  log
piq

1 piq









 00  0q  ui0  ui0  00 0q  

 

Which has the same form of Eq 2.2 and, 

Eq 3.9    



piq 
1

1 exp ui0  00  0q  
 

The model allows for both probit and logit function. In order to use the probit model, 

we can rewrite Eq 3.8 in terms of the probit transformation of probability of a correct 

response to item j=q. Therefore we have,  

Eq 3.10      qiiqiq uupz 00000000)(  

 

Where, 

Eq 3.11  



pij  P(yiq 1 |i) q (i) 
1

2
exp(

t 2

2
)dt

z j ( piq )



  

In both of these modes, we can estimate parameters with full maximum likelihood or 

partial maximum likelihood, which will be discussed in the next chapter.  

3.2 2PL Model as a Multilevel Model 

The 2PL IRT model can also be parameterized to a multi level model or GLMM. 

The previous model for 1PL IRT can be extended to a 2PL mode by adding an unknown 

random weight to the latent trait parameter (Natesan et al., 2010). Therefore the logit 

model can be written as,  
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Eq 3.12   iqqiq u  000  

Where,  

Eq 3.13  



iq  log
piq

1 piq









                     where piq  P(yiq 1 |i)

    

Therefore q  is the discrimination parameter for item q, q=0,1,…,n-1. The item 

discrimination parameter describes the extent to which an item distinguishes among 

examinees with ability just below and just above the difficulty level of the item. The 

value of the parameter should theoretically range from 0 to infinity, but it typically ranges 

between 0 and approximately 2 (Hambleton & Swaminathan, 1985).  

Although the discrimination parameter is an item dependent value, it is the weight of 

the parameter latent trait and it is analogous to factor loadings in factor analysis which 

“specify the extent to which item [q] is measuring each of the underlying dimensions or 

factors” (Rijmen & Briggs, 2004, p. 256)“. The only difference is that in factor analysis, 

factor coefficients are bounded between -1 and 1 whereas in this model, we are only 

interested in the item with positive discrimination parameters. In addition the 

discrimination parameter is not limited to -1 and 1. It can be any positive number 

(Natesan et al., 2010).  

This model can be fit with statistical software by defining factor loadings for the 

latent trait. This will be discussed in the last section of this report. To obtain parameter 

estimates, there are several methods. In the following we will explain the Marginal 

Maximum likelihood discussed by Bock and Aitkin (1981) and Bock and Lieberman 

(1970). 
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4 Item Parameters Estimation 

To estimate parameters for both the 1PL and 2PL IRT models we assume that the 

subjects represent a random sample from a population where their ability (latent trait) is 

distributed according to a normal distribution function. Let 



yij 1 represent if subject  

responds correctly to item j, and 



yij  0
 
for an incorrect answer. The probability of a 

correct response to item j for subject i will be denoted as 



pij  P(yij 1|i). The Joint 

and Marginal maximum likelihood method for parameter estimation was introduced by 

several researchers (Bock & Aitkin, 1981; Bock & Lieberman, 1970; Lord, 1980; Lord & 

Novick, 1968). The Joint Maximum likelihood method is suitable when the number of 

items is few but for larger item test, the method does not provide a feasible approach to 

estimate parameters (Bock & Aitkin, 1981). Therefore we chose Marginal Maximum 

likelihood described by Bock and Aitkin to explain parameter estimation for both IRT 

models.  Under both estimation methods, a likelihood function will be formed and using 

numerical methods we will describe how to find its maximum with respect to item 

difficulty and item discrimination. For the 1PL IRT model we use the gradient solution 

explained by Thissen (1981) and the EM algorithm suggested by Bock and Aitkin (1981) 

when finding the maximum for the 2PL IRT model. The EM algorithm can also be 

applied to the 1PL IRT model.  

4.1 Marginal Maximum Likelihood Estimation for 1PL 

In Eq. 2.1 the probability that  person i correctly responds to item j nj ,...,2,1  can 

be expressed as (Thissen, 1981),  

Eq 4.1    



P xij 1 |i 
1

1 exp  i b j  
 

Or 

Eq 4.2    



P xij 1 |i 
exp i b j 

1 exp i b j 
 

And the probability of an incorrect answer will be 



i
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Eq 4.3  



P xij  0 |i 1 P xij 1 |i 
exp  i b j  

1 exp  i b j  


1

1 exp i b j 
 

where 



b j
 is the difficulty parameter for item j. Let pattern  iniii yyy ,...,, 21k  

denote subject i‟s response pattern to n items and let )(  denote the normal pdf with 

mean zero and unit variance for ability, i . Then the posterior density for i for the 

response vector ik is, 

Eq 4.4      
 i      )()|1(1)|1(

1

i

y

iij

y

j

iij
ijij

yPyP 


  

Given the local independence assumptions, we can write the conditional likelihood 

function for 



y ij  as: 

Eq 4.5   

   

   

k

k

y

eC

egnyP

yPyPL

ig

i

j

iij

y

iij

y

j

iiji
ijij

)(          

)(exp)|1(          

)|1(1)|1()|(
1


















 

where  

Eq 4.6        
j

iji

j

iijig yggnyPC  ere        wh)(exp)|1()(   

and, 

Eq 4.7     



ek i
 exp (1 yij )b j

j













  

)( igC   is equal for all similar response patterns, ik . And g is the number of correct 

responses g=0,1,…, n. The expression in Eq 4.7 depends on response pattern ik . The 

unconditional (marginal) probability of observing a specific response pattern ik  is 

Eq 4.8   



P ki  k  ek Cg (i)(




 i)di
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To form the likelihood function, we assume that there are N subjects and n items. 

The number of subjects who answer with the same response pattern k , is denoted by kr  

where, 

Eq 4.9    )2,min(,...,1,0 nNk   and   



rk  N
k

  

Following Bock and Lieberman (1970) the likelihood to be maximized will be, 

Eq 4.10    



L 
N!

rk!
Pk 

k


rk  



N!

rk!
 is a constant with respect to 



b j
, item difficulty. Therefore Eq 4.10 can be 

written as 

Eq 4.11   



L Pk 
k


rk

   ek Cg ()  d 
k


rk

 

Therefore the log-likelihood function will be,  

Eq 4.12      dCeL g

k

k )(log)Log( kr  

To estimate the item difficulty parameters,  nbbb ,...,, 21b , we have  

Eq 4.13   



Log(L)

b
 0

Log(L)

b j

 rk P x ij  0 |i  
k


1 ek Cg (i)(i)di

b j

 0

 

 

The results for Eq 4.13 are estimates for item difficulty parameters. An alternative 

method has been suggested by Aitkin and Bock (1981), which will be discussed for the 

2Pl IRT model. However it is applicable for the 1PL model as well.  

4.2 Marginal Maximum Likelihood Estimation for 2PL 

To estimate the 2PL IRT model, instead of the logit link function, we used the probit 

link function, which was originally discussed by Bock and Aitkin. Calculation can be 

applied to the logit model as well. Assume that we have N subjects where their ability is a 
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random variable from a normal distribution. The probability that subject i correctly 

responds to item j can be expressed as 

Eq 4.14  



pij  P yij 1 |i  j (i) 
1

2
exp

t 2

2









dt

z j ( i)



  

)(
1

ij 


  is the probit transformation or the link function for the 2PL IRT model. 

Where,  

Eq 4.15   



 j

1(i)  z j (i)  a j (i b j )   

It is convenient to restate Eq 4.15 as an equation with an intercept and slope.  

Eq 4.16   



 j

1(i)  z j (i)  a ji  c j                     where c j a jb j
 

Given a subject‟s ability, 



i
, we assume that the subject‟s responses to the items, are 

independent (i.e., the conditional independent assumption). If 



y i  yi1,yi2,...,yin  denotes 

the pattern of subject i to the n items on the test, then,  

Eq 4.17  



P y  y i |i   j (i) 
yij

1 j (i) 
1yij

j1

n

   

Then the unconditional probability will be,  

Eq 4.18   



P y y i  P y y i|i g i di





  

Where )(g  is the pdf for subject‟s ability, which by assumption is a normal 

function. Let the item score patterns observed in a random sample of N subjects and n  

items be indexed by 



l 1,2,...,s where 



smin(N,2n). The number of subjects who 

respond in pattern l is denoted lr  where  

Eq 4.19     



rl

l

s

  N  

The frequencies lr  are multinomially distributed with parameters N and 

 ll Pp xx  . The log likelihood can be formed as follows: 
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Eq 4.20     



 

















s

l

ll

l

s

l

r

l

l

pr
r

N
Lp

r

N
L l

1

log
!

!
loglog

!

!
 

By applying Gauss Hermite quadrature we can approximate the likelihood equation 

for item parameter vector, 



u j  a j ,c j  by the summation,  

Eq 4.21

 

where, 

Eq 4.22   

       

   

 



 













q

k

kkl

q

k

k

n

j

x

k

x

kl

XAXL

XAXXP ijij

1

1 1

1

)(=    

1
~

 

Where q depends on the degree of accuracy for Gauss-Hermite quadrature. )( kl XL  

is the conditional probability of 



x l
 when 



  Xk
. In order to find the item parameters we 

have to find the derivative of the log likelihood function with respect to each item 

parameter: jj ca , . We assumed that subjects are grouped into homogeneous groups, each 

with a distinct ability value kX . The item difficulty parameter (or the intercept in  

Eq 4.16) and item discrimination parameter (or the slope in the same equation) can be 

estimated for each item by conventional probit analysis. The equations for these 

parameters are respectively,  

Eq 4.23  
 

 
 



q

k j

kj

kj

kjkj

kjkjk

c

Xz
X

XX

XNr
0)(

)(1)(

)(




 

Eq 4.24  
 

 
 



q

k

k

j

kj

kj

kjkj

kjkjk
X

a

Xz
X

XX

XNr
0)(

)(1)(

)(




 

The information matrix is 

Eq 4.25   



I
c j

a j









 N W j (Xk)

1 Xk

Xk Xk

2











k

q

  



 logL

u j

 (1)
xij 1 rl

 ̃P l

z j (Xk)

u j

h (Xk) 
xih 1h (Xk ) 

1xihh(Xk)
h j

n












k

q


l

s

 A(Xk)  0
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Where we have, 

Eq 4.26   



W j (Xk) 
 j (Xk)

 j (Xk ) 1 j (Xk) 
. 

Using these results, Eq 4.21 can be expressed as, 

Eq 4.27 



rl

˜ P ll

s


x lj

 j (Xk )


1 x lj 
1 j (Xk )














 j (Xk )

z j Xk 
u j

Ll Xk A Xk  0
k

q

 

rl x ljLl Xk 
l

s


˜ P l


rlLl Xk 

l

s


˜ P l














 j (Xk )

 j (Xk ) 1 j (Xk ) 























 j (Xk )
z j Xk 
u j

A Xk  0
k

q



 

In this equation we have,  

a) kX  is a tabled quadrature point (node) and 



A(Xk) is the corresponding weight.(see 

Stroud & Sechrest, 1966) 

b) 



rl A Xk Ll Xk 
l

s

 / ˜ P l 
˜ N k  is the frequency of correct response to item j at level k 

given 



x ij
 and 



 j (Xk)   

c) 



rl xlj A Xk Ll Xk 
l

s

 / ˜ P l r jk is the expected sample size at level k given 



 j (Xk)  

Repeating the application of Eq 4.27 over the set of items constitutes an EM solution 

of the derivative of the likelihood function to find estimation for item parameters (Bock 

& Aitkin, 1981). Using the estimated item parameters and empirical Bayes, a prior 

distribution for  , the latent trait, can be estimated.  
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5 Model Fitting using Software 

In previous chapters we discussed how 1PL and 2PL IRT models are framed as 

GLMM or multilevel models. In this chapter we use a binary data from the Law School 

Admission Test (LAST). LSAT is a half –day standardized test which is administered 

four times each year at specific test centers around the world. LSAT test is required for 

applying to law schools in many countries. The data that we used in this report has 5 

items and 1000 respondents.  We illustrate how each IRT model can be fitted using 

GLMM and statistical softwares. We use R , which isfree statistical software and can be 

downloaded from http://www.r-project.org/ and Stata, another all-purpose statistical 

software.  

5.1 1PL Model Fitting  

To fit the IRT model with R, Package ltm can be freely downloaded from CRAN. 

For both software packages the parameter estimation will be done using marginal 

maximum likelihood approach. The LSAT data has been saved as part of the ltm package 

in R. The descriptive statistics of the data is given in Figure 3. 

Descriptive statistics for the 'LSAT' data-set 

 

Sample: 

 5 items and 1000 sample units; 0 missing values 

 

Proportions for each level of response: 

             0       1    logit 

Item 1   0.076   0.924   2.4980 

Item 2   0.291   0.709   0.8905 

Item 3   0.447   0.553   0.2128 

Item 4   0.237   0.763   1.1692 

Item 5   0.130   0.870   1.9010 

 

Frequencies of total scores: 

       0   1   2    3    4    5 

Freq   3  20  85  237  357  298 

Figure 3 Description of the LSAT dataset  

http://www.r-project.org/
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Next, we fit the data to a 1PL or Rasch model and estimate the difficulty parameter. 

The 1PL IRT or the Rasch model is defined as,  

Eq 5.1    ijij xp  )(logit
 

Figure 4 and Figure 5 represent the result of model fitting using multilevel models in 

R and Stata respectively. Both results show similar findings for item difficulty 

parameters.  

AIC     BIC    logLik   deviance 

4951    4990     -2469       4939 

Random effects: 

 Groups   Name          Variance   Std.Dev. 

 id        (Intercept)   0.502      0.70852  

 

Number of obs: 5000, groups: id, 1000 

 

Fixed effects: 

         Estimate  Std. Error   z value  Pr(>|z|)     

item1     2.70466     0.12861    21.029   < 2e-16 *** 

item2     0.99367     0.07494    13.260   < 2e-16 *** 

item3     0.23736     0.06843     3.469   0.000523 *** 

item4     1.29894     0.08009    16.219   < 2e-16 *** 

item5     2.08205     0.10135    20.544   < 2e-16 *** 

--- 

Signif. codes:  0 „***‟ 0.001 „**‟ 0.01 „*‟ 0.05 „.‟ 0.1 „ ‟ 1  

 

Correlation of Fixed Effects: 

        item1   item2   item3   item4 

item2   0.054                   

item3   0.057   0.098             

item4   0.051   0.085   0.092       

item5   0.041   0.068   0.073   0.064 

Figure 4 Results of fitting data to 1PL (Rasch) Model in R 

In both models the assumption is that subjects‟ ability has a normal distribution with 

mean of zero and unknown variance. And variance has been estimated as the variance of 

the random effects in subject levels. In R, the results give us a variance of 0.502 

(variance of random effects) and for Stata we have 0.57. 
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Figure 5 Results of fitting data to 1PL (Rasch) Model in Stata 

 

Figure 6 ICC for LSAT data fitted to 1PL (Rasch) Model 
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Figure 7 1PL IRT model using another code in Stata 

5.2  2PL Model Fitting 

In order to fit the two-parameter item response model in equation Eq 3.1, we need to 

define an equation using the eq command and then use the eqs() option to specify the 

variables item1 to item5 in the linear combination of variables that multiplies the 

latent variable in Eq 3.1. The command for this equation is: 

 eq load: item1-item5 
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Figure 8 2PL parameter estimation in Stata 

 

Figure 9 2PL parameter estimation in Stata (continued) 



 22 

In this model, the default in Stata is that the factor loading for item 1 is constrained 

to 1 and the variance of the latent variable was estimated freely. To obtain the parameters 

of the model where the standard deviation is constrained to 1 instead, we can interpret the 

standard deviation: 

Eq 5.2    82567731.068174302.0   

And then set it as the first loading and multiply all other loading by this value. In this 

way, the variance of the latent variable will be constrained to 1. There is also another 

method to estimate the 2PL IRT model, where the factor loadings are not constrained to 

any number and the latent variable will be modeled as standard normal with a mean of 

zero and a variance of 1. In order to do that, we need to use the frload() option to free 

the first factor loading and the constraints option to set the variance of the latent 

variable to 1.  In order to use these options, we need to know the equation and column 

number for the parameter of interest. Therefore, using the results from previous 

command, we can display the matrix of the results from the previous commands:  

 

 

Figure 10 2PL parameter estimation without constraint in Stata 

The last parameter is the standard deviation of the latent variable or SEM. We can 

constrain this to 1 by defining the constraint and use it in the gllamm command as 

follows: 
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Figure 11 2PL parameter estimation in Stata (continued) 

 

Figure 12 2PL parameter estimation in Stata (continued) 
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In Stata, we can use the gllapred code and find the ability or the IRT score for 

each individual and the associated standard error (Rabe-Hesketh, Skrondal, & Pickles, 

2004). Depending on the IRT model we can estimate the ability (or the IRT score) and  

the standard error for each individual. Figure 13 shows the IRT score and the standard 

error for 21 individuals when the 1PL IRT model is assumed. The same parameter 

estimates are given in Figure 14 when the 2PL IRT model is estimated.  

 

Figure 13 Estimate for IRT score assuming 1PL IRT model 

 

Figure 14 Estimate for IRT score assuming 2PL IRT model 

  96.   20   -.71024742   .61073475  
  91.   19   -.71024742   .61073475  
  86.   18   -.71024742   .61073475  
  81.   17   -.71024742   .61073475  
  76.   16   -.71024742   .61073475  
  71.   15   -.71024742   .61073475  
  66.   14   -.71024742   .61073475  
  61.   13   -.71024742   .61073475  
  56.   12   -.71024742   .61073475  
  51.   11   -1.0789396   .60434502  
  46.   10   -1.0789396   .60434502  
  41.    9   -1.0789396   .60434502  
  36.    8   -1.0789396   .60434502  
  31.    7   -1.0789396   .60434502  
  26.    6   -1.0789396   .60434502  
  21.    5   -1.0789396   .60434502  
  16.    4   -1.0789396   .60434502  
  11.    3    -1.442392    .6020837  
   6.    2    -1.442392    .6020837  
   1.    1    -1.442392    .6020837  
        id      scorem1     scores1  

. list id scorem1 scores1 if item1==1&id<21, clean

  96.   20   -.84999676   .66642393  
  91.   19   -.84999676   .66642393  
  86.   18   -.84999676   .66642393  
  81.   17   -.84999676   .66642393  
  76.   16   -.84999676   .66642393  
  71.   15   -.84999676   .66642393  
  66.   14   -.84999676   .66642393  
  61.   13   -.84999676   .66642393  
  56.   12   -.84999676   .66642393  
  51.   11    -1.200976   .66253075  
  46.   10    -1.200976   .66253075  
  41.    9   -1.2177291   .66241935  
  36.    8   -1.2177291   .66241935  
  31.    7   -1.2177291   .66241935  
  26.    6   -1.2177291   .66241935  
  21.    5   -1.2177291   .66241935  
  16.    4   -1.2177291   .66241935  
  11.    3   -1.5661214   .66159716  
   6.    2   -1.5661214   .66159716  
   1.    1   -1.5661214   .66159716  
        id      scorem1     scores1  

. list id scorem1 scores1 if item1==1&id<21, clean
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6 Summary 

In this report we discussed how IRT models can be framed as generalized linear 

mixed models (GLMM). We explained two IRT models, 1PL and 2PL, as multilevel 

models and their parameter estimation using marginal maximum likelihood. The 

framework can be applied to other IRT models and other estimation methods such as 

Bayes models are introduced and discussed within literature (Adams, et al., 1997; Fox & 

Glas, 2001; Rabe-Hesketh, Skrondal, & Pickles, 2004; Rijmen, Tuerlinckx, De Boeck, & 

Kuppens, 2003).  

The standard IRT models; 1PL and 2PL, can easily be adapted and extended and 

framed as GLMMs. The researchers can customized the models according to their data 

and research questions and the resulting models can be easily estimated, as demonstrated 

here, using statistical software.  
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7 Appendix A 

R Codes 

#Descriptive statistics for LSAT data 
R> Library(ltm) 
R> descript(LSAT) 

 
#1PL IRT model or the Rasch model using the reserved code 
R> fit1PL <- rasch(LSAt) 
R> summary(fit1PL) 
#Plot the ICC for 1PL 
R> plot(fit1PL, legend = TRUE, cx = “botommright”) 

Stata Codes 

clear 

clear matrix 

cd /Users/poonehsabouri/Documents/Stat.Report 

set memory 132m 

set matsize 800 

infile id y item using LSAT_long.dat 

gen item1 = 1 if item ==1  

replace item1 = 0 if item1 ==. 

gen item2 = 1 if item ==2  

replace item2 = 0 if item2 ==. 

gen item3 = 1 if item ==3  

replace item3 = 0 if item3 ==. 

gen item4 = 1 if item ==4  

replace item4 = 0 if item4 ==. 

gen item5 = 1 if item ==5  

replace item5 = 0 if item5 ==. 

gllamm y item1 item2 item3 item4 item5, i(id) l(logit) f(binom) nocons adapt  

matrix list e(b) 

 

xtlogit item item1-item5, nocons i(id) 

 

 

twoway (function y=1/(1+exp(-[y]item1 -x*[id1]_cons)), range(-2.5 2.5))                   /* 

*/     (function y=1/(1+exp(-[y]item2 -x*[id1]_cons)), range(-2.5 2.5) clpatt(dot))       /* 

*/     (function y=1/(1+exp(-[y]item3 -x*[id1]_cons)), range(-2.5 2.5) clpatt(dash))      /* 

*/     (function y=1/(1+exp(-[y]item4 -x*[id1]_cons)), range(-2.5 2.5) clpatt(longdash)), 

/* 

*/     legend( label(1 "Item 1") label(2 "Item 2") label(3 "Item 3") label(4 "Item 4") ) /* 

*/     xtitle(Ability) ytitle(Probability of correct answer) 

 

eq load: item1-item5 
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gllamm y item1 item2 item3 item4 item5, i(id) eqs(load) l(logit) f(binom) nocons adapt  

 

matrix list e(b) 

 

twoway (function y=1/(1+exp(-[y]item1 -x*[id1_1]item1)), range(-2.5 2.5))                               

/* 

*/     (function y=1/(1+exp(-[y]item2 -x*[id1_1]item1*[id1_1l]item2)), range(-2.5 2.5) 

clpatt(dot))       /* 

*/     (function y=1/(1+exp(-[y]item3 -x*[id1_1]item1*[id1_1l]item3)), range(-2.5 2.5) 

clpatt(dash))      /* 

*/     (function y=1/(1+exp(-[y]item4 -x*[id1_1]item1*[id1_1l]item4)), range(-2.5 2.5) 

clpatt(longdash)), /* 

*/     legend( label(1 "Item 1") label(2 "Item 2") label(3 "Item 3") label(4 "Item 4") )           

/* 

*/     xtitle(Ability) ytitle(Probability of correct answer) 

 

constraint def 1 [id1_1]item1 = 1 

gllamm item item1-item5, nocons link(logit) fam(bin) i(id) eqs(id) constr(1) frload(1) 

adapt 

 

 

%estimate latent trait paramter% 

 

gllapred score, u 

list id scorem1 scores1 if item1==1&id<21, clean 
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